CHUYEN PE I HE PHUONG TRINH BAC

NHAT BA AN VA UNG DUNG
O 16p dudi, chﬁng ta da dugc hoc cach giéi hé phuong trinh bac nhat hai an. Trong chuyén dé nay, chung
ta s& tim hiéu vé hé phuong trinh bac nhat ba an va cach giai hé phuong trinh nay bang phuong phap
Gauss. Chung ta cung s& hoc cach van dung hé phuong trinh bac nhit ba 4n dé giai quyét mot s6 van dé
trong thuec tién cudc song.

Sau chuyén dé nay, ban co thé:

- Nhan biét dugc hé phuong trinh bac nhét ba an, nghiém cua hé phuong trinh bac nhét ba an.

- Giai duoc hé phuong trinh bac nhat ba 4n bang phuong phap Gauss.

- Tim dugc nghiém ctia h¢ phuong trinh béc nhit ba an béng méy tinh cam tay.

- Van dung hé phuo*ng trinh bac nhét ba 4n dé giai quyét mot sd van dé trong khoa hoc va trong
thuc tién cudc song.

Bai 1. Hé phwong trinh bic nhét ba 4n

Tir khéa: Hé phwong trinh bac nhit ba 4n; Nghiém; Phwong phap Gauss
Chung ta da biét cach mo ta mdi lién hé giita hai an s6 %Y phai thoa man dong thoi hai didu kién

x+by=cla +b >0 x+by=c (al+b >0) .
HETHY =4 (ﬂ' ' )Vé X TR =6 (ﬂ: : )béng cach st dung hé phuong trinh bac

nhit hai an:
(ax+by =
a,x+b,y =c,

Trong bai hoc nay, ta s& hoc cach giai quyét tinh huéng can mo ta mdi lién hé giira ba an s6 >~

phai thoa man dong thoi ba diéu kién:

ax+by+cz=d a,x+by+c,z=d, va 9% +by+cz =d,

1. Pinh nghia h¢ phuong trinh bic nhit ba in

HD1: Ba 16p 10A,10B,10C

16p 10A trdng duge 3 cdy bach dan va 4 ciy bang. Mdi hoc sinh 16p 10B trong duoc 2 ciy bach

gdém 128 hoc sinh cung tham gia lao dong trong cay. Mbi hoc sinh

dan va 5 cay bang. Mdi hoc sinh 16p 10C trdng duoc 6 cay bach dan. Ca 3 16p trdng dugc 476 cay
bach dan va 375 cay bang. Goi ¥ 1an luot 14 s6 hoc sinh cua cac 16p 10A,10B,10C

a) Lap cac hé thuc thé hién mdi lién hé gitra Y va 2.

b) Trong bang dir 1i€u sau, chon cac s6 lidu phu hop véi s6 hoc sinh cua mdi 16p 104 , 108 , 10C
va gidi thich sy lga chon cua ban.
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O HP1, ta nhan duogc ba hé thic thé hién méi lién hé giita ©>Y va z . Mbi hé thie d6 dugc goi 1a
mot phuong trinh bac nhat ba an (voi an 1a *>Y> 7). Ba phuong trinh d6 tao thanh mét hé phuwong
trinh bac nhét ba an.

Tong quét ta co:
- Phwrong trinh bac nhat ba 4n 13 hé thirc ¢6 dang:

ax+by+cz =d a, b, c,

*trong d6 ¥ >  goi la ba an va d 13 cac sb thuc cho trude goi 1a cac hé so,

thoa man % b, ¢ khong ddng thoi bang 0.

(xy:00:2,)

M&i bo ba sd thoa man phuong trinh trén goi 1a mot nghiém cua phuong trinh bic nhat ba

an.
- H¢ ba phwong trinh bac nhit ba 4n 13 hé c6 dang:
?al.‘r+ by+cz=d
a,x+by+c,z =d,
lax+by+c,z=d,

a.b.,c.d

trong d6 > Y 1a ba an, i 1a céac sO thuc cho trudc goi 1a cac hé so6. O diy cic hé so

a,.b,c, (i =1,2.3) khong déng thot bé“lng 0.

(xpi00:2,)

Mdi bd ba sd thoa man dong thoi ca ba phuong trinh ctia hé goi 1a mot nghiém cua hé

phuong trinh.
Giai hé ba phuong trinh bac nhat ba an 1a tim tat ca cac nghiém ctia no.
Chu y: H¢ ba phuong trinh bac nhét ba an con duoc goi tat 1a hé phuong trinh bac nhét ba an.
Vi du 1. Hé phuong trinh ndo dudi ddy 13 hé phuong trinh bic nhét ba 4n? M3i bo ba s§ (122)

CL23) co1a nghiém cua hé phuong trinh bac nhét ba an d6 khong?

(2x- 3y +4z = (3x-2)7 44z =

-x+ 2_1-+: =5 4x- 5_1' +2z =-3

Jx+d4y-z =2 x+3y-z=-1
O ' 2"

Loi giai
Hé phuong trinh (1) 13 hé phuong trinh bac nhit ba 4n.
Hé phuong trinh (2) khong phai 14 hé phuong trinh bac nhit ba 4n, vi phuong trinh thir nhat ciia hé ¢6
2

chtra V' .

Thay * =Ly =2.2 =2

vao vé trai cua ting phuong trinh ¢ hé (1) va so sanh véi vé phai, ta duoc:
Phuong trinh thir nhat: 2~ 6 +8 =4 (thoa man);

Phuong trinh tht hai: = 1 +4+2 =5 #8 (khong thoa mén).

Vay (1:2;2) khong 1a nghi¢m cua h¢ phuong trinh (1).

= y —F - — , . \ N N 0 A \ I3 7. A 0
- Thay * ~ Ly =2,z=3 vao vé trai cua tung phuong trinh & hé (1) va so sanh véi vé phai, ta duoc:



Phuong trinh tht nhat: =2~ 0+12 =4 (thoa man);

l+4+3 =8

Phuong trinh thtr hai: (thod man);

Phuong trinh thir ba: =3 +8- 3 =2 (thoa man).

Vay L23) 4y nghiém cua h¢ phuong trinh (1).

Thue hanh 1. Hé phuong trinh ndo duéi day 1 hé phuong trinh bac nhit ba 4n? Mdi bd ba sb (1;3:2) ,

(LL1) va (-1:2:3) c6 1a nghiém cua hé phuong trinh bac nhit ba 4n d6 khéng?

4x-2y+z=5
dxz-S5y+2z=-7
-x+3p+2z=3
(1)
r+2z =5
2x- y+z=-1
3x-2y=-7
(2) :

2. Giai hé phwong trinh bic nhit ba 4n bang phwong phap Gauss

O cac 16p dudi, chiing ta da biét cach giai hé hai phuong trinh bac nhét hai an. Dbi voi hé phuong trinh
bac nhat ba an, chung ta c6 thé tim dugc cach giai nhu thé nao?

Hoat dong kham pha 2. Cho cac hé phuong trinh:

a) H¢ phuong trinh (1) c6 gi dac biét? Giai hé¢ phuong trinh nay.

b) Bién d6i hé phuong trinh (2) vé dang nhu hé phwong trinh (1). Giai hé phwong trinh (2).

Hé phuong trinh c6 dang nhu hé phuong trinh (1) dwoc goi 1a hé phuong trinh bac nhit ba 4n dang tam
giac.

Moi hé ba phuong trinh bac nhét ba an déu bién ddi dugc vé hé phuong trinh bac nhét ba an dang tam
giac.

Vi du 2. Bién d6i hé phuong trinh sau vé hé phuong trinh bac nhit ba an dang tam giac roi giai hé vira
tim duoc.

Loi giai

Nhan hai vé cta phuong trinh (2) véi ~3, cong vé véi vé ciia phuong trinh nhan dugc v6i phuong
trinh (1), gilt nguyén cac phuong trinh (1) va (3), ta dugc h¢:

b
I
b

- y+

2y-2z =-

1_ v+ 2z =1

Ld

Nhan hai vé ctia phuong trinh (3) véi -2, cong vé voi vé ctia phuong trinh nhan dugc voi
phuong trinh (2.1), gilt nguyén cac phuong trinh (1) va (2.1), ta dugc h¢:



3x- y+z=3 (1)

2y-2z=-3 (2.1)

-6z =-5 (3.1)
5
z =—
Tt phuong trinh (3.1) ta co 6.

5 2
Zz == ] = —
Thay 0 vao phuong trinh (2.1), ta dugc 3,

1

z :é X =—
va 6 vao phuong trinh (1), ta duoc 2,

L-Eﬂ
27 36

Dé giai hé phuong trinh bac nhat ba 4n, ta c6 thé sir dung cac phép bién doi tu’orng du’O’ng dé
dua no vé hé phuong trinh bac nhat ba an dang tam giac, tir d6 tim
nghiém cua hé.

Thay

Vay hé phuong trinh d cho c6 nghiém duy nhat 1a

Céch giai nhu trén goi 13 gidi hé phwong trinh bdc nhdt ba dn bang
phwong phap Gauss.

Vi du 3. Giai hé phuong trinh sau biang phwong phap Gauss:

Nha todn hoc ngudi Brc
Carl Friedrich Gauss (1777-1855)

(x-2y+3z=9 (1)
2x+3y-z=4 (2)
x+5y-4z=2 (3)

Loi giai

Nhan hai vé ctia phuong trinh (3) véi - 2, cong vé véi vé ctia phuong trinh nhan duoc véi
phuong trinh (2), gilt nguyén cac phuong trinh (1) va (2), ta dugc hé:

(x-2y+3z=9 (1)
2x+3y-z=4 (2)
-Ty+7z=0 (3.1)

Nhén hai vé cua phuong trinh (1) véi -2, cong vé véi vé ctia phuong trinh nhan duoc véi
phuong trinh (2), gitt nguyén cac phuong trinh (1) va (3.1), ta duogc hé:

(x-2y+3z=9 (1)
Ty-T7z=-14 (2.1)
-Ty+7z=0  (3.1)

Cong vé véi vé cia phuong trinh (2.1) véi phwong trinh (3.1), giit nguyén cac phwong trinh (1)
va (2.1), ta dugc hé:

(x-2y+3z=9 (1)
Ty-Tz=-14 (2.1)
0y +0z =- 14 (3.2)



Phuong trinh (3.2) v6 nghi¢m. Do do, h¢ phuong trinh da cho vo nghiém.
Vi du 4. Giai hé phuong trinh sau bang phwong phap Gauss:

?2.".'+2_1'- z=-1 (1)
x+dy+z=-8 (2)
| x - 2y-2z=7 (3)

Loi giai

(3)

voi -1, cong vé vé6i vé ciia phuong trinh nhan duoc véi

()

phuong trinh @) , gilt nguyén cac phuong trinh O va , ta dugc hé:

Nhén hai vé cia phuong trinh

2x+2y- z=-1 (1)
x+4y+z=-8 (2)

6yp+3z=-15 (3.1)

A . A 5 \ 2 J \ A A 5 \ A
Nhan hai vé cua phuong trinh ( )VO’I 2 trir vé cho vé cuia phuong trinh nhan dugc cho

M., G.D

phuong trinh ) , giltt nguyén cac phuong trinh , ta dugc hé:

'2.1'+2_1'-::-| (1)
6y+3z=-15 (2.1)
6y+3z=-15 (3.1)

Hai phuong trinh @. l)Vé (3.1) gidng nhau, nén c6 thé viét hé phuong trinh thanh:
2x+2y-z=-1 (1)

6y +3z =15 (2.1)

(2 1) , 7 ==2v

T phuong trinh 7, tacd © y=> , thay vao phuong trinh

hé phuong trinh c6 vo s6 nghiém dang (-2y-3;y;-2y-5)

0 ta duge * = 2V" 3 vay
voi YER,

Nhin xét: Mot hé phuong trinh bac nht ba 4n c6 thé c6 nghiém duy nhét, vo nghiém hoic
v0 sO nghiém.

Giai cac hé phuong trinh sau bang phuong phap Gauss:

(x-2y =1 3x- y+2z=2 (x- y+z =0

x+2y- z==-2 x+2y-z =1 x=4y+2z =1

- 3y+z=3; 2x-3y+3z=2; dx- y+3z =l.
2) x-3y+z=3 b) | x-3y+3 ; c) [ 4x- y+3

j‘-‘" 2 R SR , ,
21 1im phuong trinh cua parabol (F): 2 =ax” +bx+cla 20) bi&t (P) ¢ qua ba diém
A0 -1), B(1:-2) va €(Z-1)



3. Sir dung may tinh cAm tay tim nghiém ciia hé phwong trinh bic nhit ba in

Ngay nay, ciing v4i su phat trién cia khoa hoc ki thuét, ngudi ta da san xuét ra nhiing
chi€c may tinh cam tay nhé gon, dé dang st dung dé hd tro viéc tinh toan.

C6 nhiéu loai may tinh cam tay c6 thé gitip tim nghiém ctia hé phuong trinh bac nhét ba an
mot cach dé dang. Chang han, ta c6 thé thuc hién trén mot loai may tinh cam tay nhu sau:

Vidu5s

Xét hé phuong trinh:
'x-3y+2z=5
x+2y-3z =
| 3x-y-z =2
Sau khi mo may, 4n phim MENU dé man hinh hién 1én ‘ b
bang luya chon. d % 135 d [ggld
An lién tiép cac phim (9] (1) (3] 48 man hinh hién thi E d Lefh, d AL d d
nhu hinh bén. l:Calculate
Tiép theo, 1an luot nhap cac hé sb cia timg phuong trinh _T;{m+ Oy + 0z
bang cach 4n lién tiép cac phim nhu sau: { g-“: . gf’ * 8;
Nhép hé s cua phuong trinh tht nhat: 0
W =) (@8] (=] (2] (=] 58] =]
Nhép hé s6 ctia phuong trinh thit hai:
V- @
WE R E I BEEWIE - Gy 2z= 5
) + o 3z= 4
Nhap hé s6 phuong trinh thir ba: " 1y e 1z -
AEOOELOEEZE <

Tiép theo, an lién tyc 3 1an phim E

Vi [ v vE- [ Ya vor A

Vay nghiém cua h¢ phuong trinh 1a

Chii y: D6i v6i cac hé phuong trinh bac nhét ba an vo nghiém hodc vo s6 nghiém, sau khi
thuc hién tuong tu nhu Vi du 5, ta nhan duogc két qua hién thi trén man hinh may tinh cam
tay nhu sau:



N0 Ve

No Solution/ |[Infinite Solution

Hé phuong trinh vo nghiém Hé phwong trinh ¢6 v6 s6 nghiém

Str dung may tinh cim tay, tim nghiém cta cac hé phuong trinh sau:

z =3.

Qx4+ y-z=-1 2x-3y+2z=5 (x- yp-z=-
x+3y+2z=2 x+2y-3z=4 2x- y+z=-1
3x+3y- 3z =-5; Jx-y-z=2: “dx+3y+
a) ' : "b) 7 " ¢) ! :
e N
F 4 Y
f &y
i o i
|g w .’ .a
y,

“.“£ Ba ban Nhén, Nghia va Phiic di vao cing tin ctia truong. Nhan mua mot li tra

stra, mot li nudc trai cay, hai cai banh ngot va tra 90000 déng.

Nghia mua mét li tra sira,

ba cai banh ngot va tra 50000 déng. Phiic mua maét li tra sira, hai 1i nude trai cay, ba cai

banh ngot va tra 140000 dong. Goi $x, v, z
BAI TAP

1. Trong cac hé phuong trinh sau, hé nao 14 hé phuong trinh bac nhat ba an? Mdi bo ba s6

(- £2:1). (- 1.3:0.25:- L.25) ¢ 13 nghiém ctia hé phuong trinh bac

nhat ba an d6 khong?

o] = k3| L -Ib-|

2x-4y-3z=
(3x-2y+z=-0 (5x-2y+3z = 13x+8y-4z =
~2x+y+3z = 3x+2yz-z=2
2x+3y-2z=
e s - — . v Ve —_ i
a) .4"" _].""'?_ —I b) I.". 3_].""'..._— IC) .
2. Giai cac hé phuong trinh sau bang phuong phap Gauss:
(2x+3y =4 x+y+z =2 (x-p+5z=-2
x-3y=2 x+3y+2z=8 2x+y+4z =2
Ve — U — Ve —
2) | 2x+y-z=3 b) |3x- y+z =4, 0) x+2y- z =4
3. Str dung may tinh cam tay, tim nghiém ctia cac hé phuong trinh sau:
(x -5z =2 2x- y+z=3 (x42y- z =1
Ix+y-4z= x+2y- z =l 2x+y- 2z =2
sy +dy4 s =1 b p- 2z = e Ty= 4z =
a) | X ""'._._]. +F= I._ b) .3"" + 1] L —L, C) .4"" ?_]. 4_ —4.

4. Tim phuong trinh cua parabol (7)Y =ax’ +brtc(a #0) pidy.

a) Parabol (P) ¢¢ truc déi xtng * =! va di qua hai diém A(--%

}B(EI_ 3}.

b



b) Parabol (P) ¢6 dinh [ 24

va di qua diém M (- 1:3)

5. Mot dai li ban ba loai gas 45 Cv6i gia ban mdi binh gas 1an lugt 1a 520000 ddng,
480000 dong, 420000 ddng. Sau mot thang, dai li da ban duoc 1299binh gas cac loai voi
tong doanh thu dat 633960000 dong. Biét rang trong thang do, dai li ban duoc sd binh gas
loai B bing mét nira tong sd binh gas loai 4 va C. Tinh s binh gas mdi loai ma dai li ban
dugc trong thang do.

Bai 2. UNG DUNG HE PHUONG TRINH BAC NHAT BA AN

O cap Trung hoc co s, chiing ta dd quen vé6i giai bai toan bang cach 1ap phuong trinh (bac
nhét, bac hai) hodc hé phuong trinh (bac nhat hai én).

Trong bai ndy, ta s& lam quen vé&i cach giai mot sd bai toan thyuc té trong nhiéu linh vuc
khac nhau bang cach 1ap h¢ phuong trinh bac nhat ba an.

1. Giai bai toan bang cach lap hé phuwong trinh

Trude khi xét mot sé tng dung trong cac mon khoa hoc ty nhién va trong kinh té ¢ hai
muc tiép theo, trong myc nay ching ta lam quen véi cac budc giai bai toan bang cach 1ap
hé phuong trinh bac nhat ba an.

bPé gidi bai toan béng cach 1ap h¢ phuong trinh bac nhét ba an, ta thuc hién cac bude sau:
Budc 1: Lap hé phuong trinh

Chon 4an 14 nhiing dai luong chua biét.

Dua trén y nghia cua cac dai lugng chua biét, dat diéu kién cho an.

Duya vao dir kién cua bai toan, 1ap hé phuong trinh véi cac an.

Budc 2: Giii hé phuwong trinh.

Buwéc 3: Kiém tra diéu kién ciia nghiém va két luan.

Vidul

Gia vé vao xem mot budi biéu dién xiéc gom ba loai: 40000 d6ng danh cho tré em (dudi 6
tu6i), 60000 ddng danh cho hoc sinh va 80000 ¢4ng danh cho ngudi 16m. Tai budi bicu
dién, 900v¢ da dugc ban ra va tong sb tién thu duoc 1a 50600000 ¢6ng. Nguoi ta da ban
dugc bao nhi€u ve tré em, bao nhi€u vé hoc sinh va bao nhiéu vé nguoi 16n cho budi biéu
dién d6? Biét rang s6 vé ngudi 1on bang mot nira sd vé tré em va hoc sinh cong lai.

Giai

Goi **-Z1an luot 1a s0 vé tré em, vé hoc sinh va vé ngudi 16n da duoc ban ra %-)-Z€ ¥),

Co 900v¢ da dugce ban ra, ta cod

x+ y+z =900.

Tong sd tién thu duge trong budi biéu dién nay 1a 30600000 ddng, ta c6



40000x + 60000y + 80000z =50600000

2x+3y+4z =2530

hay
S6 vé nguoi 1on bang mot nira s6 vé tré em va hoc sinh cong lai, ta c6

x+y

hay x+ y- 2z =0.

Tu do, ta c6 hé phuong trinh
(x4 p+z =900
2x+3y+4z =2530
x+y-2z=

Sir dung mdy tinh cAm tay giai hé phuong trinh, ta duge; * =470.» =130.2 =300

Vay ¢6 470 vé tré em, 130 vé hoc sinh va 300 vé ngudi 16n da dugc ban ra.
ﬁi Ba van dong vién Hung, Diing va Manh tham gia thi diu noi dung ba mén phdi hop:

chay, boi va dap xe, trong do tbe do trung binh cta ho trén mdi ching dua duoc cho &
bang dudi day.

Tée dd trung binh (km/h)
Vin dong vién
Chay Bai Dop xe
Hung 12,5 3.6 ik
Dring 12 3,75 45
Manh 12.5 4 45

Biét tong thoi gian thi ddu ba mén phdi hop cua Hung 1a 1 gio 1 phat 30 gidy, cua Diing 1a
1 gior 3 phut 40 gidy va ciia Manh 1a 1 gio 1 phat 55 giay. Tinh cu li cia mdi ching dua.

4. Cho cac ménh dé sau:
P "Gia tri tuyét ddi cua moi sb thuc déu 16n hon hodc béng chinh no";
Q. nco sb tu nhién sao cho binh phuong ctia né bang 10 ";
R :"Co sb thuc * sao cho ¥ +2x=1=0r
a) Xét tinh diing sai ciia m&i ménh d¢ trén.
b) Sir dung ki hidu ™3 dé viét lai cac ménh dé da cho.
5. Xét tinh dung sai va viét ménh d& pha dinh cia cac ménh dé sau day:

a) FreN,x+3=0 b) Wx e R..‘I.': +1 321‘_0) Yae R‘Jﬂ_: = .

6. Cho cac dinh 1i:
P "Néu hai tam giac bang nhau thi dién tich ctia ching bang nhau";

Q:nNéua<b thi a+c<h+cn (Iﬁ'.b.CE R)

a) Chi ra gia thiét va két luan cta mdi dinh 1i.
b) Phat biéu lai mdi dinh 1i da cho, sir dung thuat nglr "diéu kién can" hodc "diéu kién du".
¢) Ménh dé dao ciia mdi dinh 1i d6 ¢6 1a dinh i khong?



"o

, phat biéu lai cac dinh li sau:
khi biét thirc cua n6 duong;

A

7. Str dung thuat ngit "diéu kién can va du
a) Mot phuong trinh bac hai ¢6 hai nghiém phan biét khi va chi

Ban c6 biet?

Cac gia thuyét trong toan hoc
Trong toan hoc, c6 nhimg ménh dé& duoc tin 13 ding nhung chua thé chtirng minh hay bac
b6 (ttc chi ra rang no sai). Ménh dé nhu vay duoc goi 1a mot gid thuyét toan hoc.
Nhiéu gia thuyét toan hoc 1a thach thirc 16n cho céc nha toan hoc trong thoi gian dai, cudi
cing d3 duoc chimg minh. Chang han, Pinh 1i 16n Fermat "Khong ton tai ba s6 nguyén

) ] n

dwong Y% sao cho ¥ TV T7 | trong d6 " 1a sb nguyén, ”>2 " dugc Pierre de
Fermat (1607 - 1665, nha toan hoc ngudi Phap) phat biéu vao nim 1630 trén bia mot cudn trong;
sach, kém theo dong chit ndi rang ong c6 phuong phap dé ching minh nhung khong thé

viét ra vi 1& sach qua hep. Phai sau d6 gan bén thé ki, Dinh 1i 16n Fermat méi duoc chimg
p

© Gia str ban ¢6 mot gia sach va cac quyén sach
nhu hinh dwéi diy. Ban sé xép cac quyén sach cua
minh Ién gia nhw thé nao? Hay gidi thich.

- J

1. Nhic lai vé tap hop
Nhu di biét & cap Trung hoc co sd, trong toan hoc, ngudi ta dung tir #dp hep dé chi mot nhom dbi
tuong nao d6 hoan toan xac dinh. Mdi dbi twong trong nhom goi 1a mot phdn ik cua tap hop do.

Vidu 1

a) Céc hoc sinh cua 16p 10 A ta0 thanh mét tap hop. Cac hoc sinh nir ciia 16p nay ciing tao thanh
mat tap hop.

b) Céac nghiém cua phuong trinh x*-4=0 tao thanh mot tap hop (goi 1a tdp nghiém ctua phuong

trinh X* - 4 =0 ). Tap hop nay c6 hai phan tir1a 2 va - 2.

Nguoi ta thuong ki hiéu tip hop bang cac chit cai in hoa AB.Co g ki hiéu phan tir cua tap hop

béang cac chit cai in thuong a,b,c,

Chu y: Doi khi, dé ngan gon nguoi ta dung tur "tap" thay cho "tap hop".
Pé chi @ 13 mot phan tir cua tdp hop 4, ta viét 4€ A (doc1a" @ thude 4 "). Pé chi @ khong la
phn tur cta tap hop 4, ta viét ¢ % 4 (doc1a" @ Khong thudc 4 ).

Mot tap hop co thé khong chira phan tir nao. Tap hop nhu vay goi 1a tap réng, ki hiéu @ .

Vidy 2

a) Cho 4 13 tap hop céc s6 tw nhién chin nhé hon 10, khi do V€ AYEAIEA10€ 4

b) Néu goi B 1a tap hop cac thang trong ndm am lich c6 31 ngay, thi B 1a tap rdng.



Ngudi ta thudng ki hiéu cac tap hop sé nhu sau: N 13 tap hop cac sé tw nhién; £ 1a tap hop céac sb

nguyén; Q 1a tap hop cac sb hiru ti; R 1a tap hop cac s thuc.

i

a) LAy ba vi dy vé tap hop va chi ra mét s phan tir cia chung.

b) Vi mdi tap hop N2 QR hay sir dung ki hiéu € va € dé chi ra hai phin tir thuoc, hai
phan tir khong thudc tap hop do.
(fl-f:-fBZD
rtr: - 31, =0
7 =7
Tir d6, ta ¢ hé phuong trinh =/ ¥4 ==
. - I, _Ta, I, =—A,I, =—A

Str dung may tinh cam tay giai hé phuong trinh, ta duoc 9 3 9

Vidu 5

Can bang phuong trinh phan tng hoa hoc khi dbt chay nhém trong oxygen:
Al+0, - — ALO..

Loi giai
Gia st 7% 1a ba s6 nguyén duong thoa man can bang phuong trinh phan Gmg
hod hoc:

vAl+y0, —— zALO,.

S6 nguyén tir nhom o hai vé bang nhau, ta c6 ¥ =2z,

Sb nguyén tir oxygen & hai vé bang nhau, ta c6 2V =37,

x =2z

Tu d96, ta c6 hé phuong trinh {2}’ =3z,

Vi ¥ 1a s6 nguyén duong nén ta chon Z =27 vé4i 7 1a s6 nguyén duong.

Hé phuong trinh c¢6 vo sd nghiém dang (473727 trong d6 # 14 s6 nguyén
duong.

pé phuong trinh c6 hé s6 don gian, ta chon 7 =1 tacé ¥ =4y =3 gy z=2,

Vay phuong trinh c4n bang phan tmg hoa hoc 1a 4Al+30, - = 2al,0,

= o

"2 Mot nha hoa hoc c6 ba dung dich cting mdt loai acid nhung véi néng do
khac nhaula 1070:20% 4 40%  Trong mot thi nghiém, dé tao ra 100m/ dung dich
ndng d6 18%  nha hoa hoc di sir dung luong dung dich néng d6 10% gip bdn lan

luong dung dich néng 6 40% . Tinh sb mililit dung dich mdi loai ma nha hoa hoc
do da st dung trong thi nghiém nay.

(o c A 1 cn A 1A A A 1A \ \ LA
“1 Ba loai té bao 4,B,C thuc hién so lan nguyén phan lan luot 1a 3,4,7 va tong
sO t€ bao con tao ra 1a 480 . Biét rang khi chua thuc hién nguyén phan, so té bao



loai B bang tong s t€ bao loai 4 va loai €. Sau khi thyc hién nguyén phan, tong
s0 t€ bao con loai 4 valoai € duoc tao ra gap nim 1an so té bao con loai B duoc
tao ra. Tinh s6 t€ bao con moi loai lic ban dau.
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Tinh cac cuong do dong di¢n

3. Ung dung trong giai bai toan kinh té

Vidu 6

Mot 6ng chu trang trai ¢6 24 ha d4t canh tac du dinh st dung dé tréng khoai tay,
bap cai va su hao voi chi phi dau tu cho mdi hecta lan lugt 1a 28 triéu dong, 24
tri¢u dong va 32 triéu dong. Qua tham do thi truong, 6ng da tinh toan dugce dién
tich dat trong khoai tdy can gap ba di¢n tich dat trong bap cai. Biét rang 6ng co
tong ngudn von st dung dé trong ba loai cay trén la 688 tricu dong. Tinh dién tich
dat can str dung dé trong moi loai cay.

Loi giai
Goi *7-7 lan luot 1a dién tich dat can st dung dé trong khoai tdy, bap cai va su
hao (don vi: hecta * 20,y 20,z 30).

Téng dién tich dat st dung dé trdng ba loai cdy 14 24 ha, ta co **¥ *= =24

Tong ngudn von st dung dé trong ba loai cdy 13 688 triéu dong, ta co

28x+24y+32z =088 hay Tx+ 0y +8z=172.

Dién tich dat trong khoai tiy gip ba dién tich dat trong bap cai, ta co

x =3y hay x- 3y =0.

‘f.r+ y+z =24
Tx+6y+8z =172
1 v=-3y=0

Tu do, ta c6 hé phuong trinh

x=12,y =4

Str dung may tinh cam tay giai hé phuong trinh, ta dugc: va z =8,



Vidu 7

Viy dién tich dat can trong khoai tay 1a 12 ha, trong bap cai 1a 4 ha va trdng su
hao 1a 8 ha.

Gia str 77253 1an luot 1a gia ban (goi tit 1a gid) mdi kilogam thit lon, thi bo va

thi ga trén thi truong. Qua khao sat, nguoi ta thay rang luong cung (luong san
pham duoc dua vao thi truong dé ban) cua tirng san pham nay phu thudc vao gia
cua no theo cong thirc nhu sau:

San phim Thit lgn Thit ga Thit bo

Lwogng cung Q. =-238+2F, O, =-247+P, Q, =-445+3F,

Qua khao sat, nguoi ta thay luong cau (luong san pham ma nguoi tiéu dung co
nhu cau mua) cua tung san pham khong chi phu thudc vao gid ctia san pham dé
ma con phu thudc vao gia hai san pham con lai theo cac cong thirc sau:

San phim Thit lon Thit ga Thit bo

Lwong ciu

0, =22-R+P- P, | O, =283+F-P-P. | 0, =25- F+P,- P

Ta néi thi truong can bang néu luong cung mdi san pham bang lugng cau cua san

pham do, tc 13
Gi4 ctia mdi san pham trén bang bao nhiéu thi thi truong cin bang?
Loi giai

Pé tim gia cua moi kilogam thit lgn, thit bo va thit ga, ta xét hé phuong trinh

Osi =P, -23842R =22- R +P- A (3R - P, + P, =260
Os, =Op, 247+ P, =283+R - P,- B R +2Py+ B =530
Os, =Up, e la |- M543 =25- R +P- A hay (B - P+4P, =470

St dung may tinh cAm tay giai hé phuong trinh, ta duge 1 =120, £ =250

P, =150

b

Viy thi trudng can bang khi gid ban ctia mdi kilogam thit lon, thit bo, thit ga 1an
luot 14 120 nghin dong, 250 nghin dong, 150 nghin dong.

Nhin xét: Trén thi truong, lugng cung mot san pham phu thudc vao gia ban san pham d6

(con goi 1a gia thi truong). Gia thi truong clia san pham do6 cang cao thi luong
cung san pham d6 cang 16n (do nha san xuat va nha phan phdi cang c6 dong luc
san xudt va phan phdi san pham dé thu dugc nhiéu loi nhuan). Chang han, ¢ Vi

Os, =-238+2R

du7ta théy lugng cung cua thit lon cang l6n néu gia A coa mdi

kilogam thit lon cang 16n.



Bén canh d6, lugng cau ctia mot san pham ciing phu thudc vao gia thi trudng cua
san pham d6 (gia cang cao thi lugng cau cang giam).

Mit khac, luong cung va lugng cau ctia mdi san pham con phu thudc gia thi
trudng cua nhirng san phém khac. Chéng han, néu gia cua thit bo hodc gia cua thit
ga thap hon so véi gia thit lon thi nguoi tiéu dung c6 xu hudéng mua thit bo hodc
thit ga thay vi mua thit lon. Nhu trong Vi du 7 ta thdy, lwong cau cta thit lon phu

B

thudc vao gia ! cua thit lon, gia B cia thit bo va gia B cia thit ga.

Vi du 8. M6t nha dau tu dy dinh sir dung 1 ty dong dé dau tu vao ba loai trai phiéu: ngan
han, trung han va dai han. Biét 13i xuét cua ba loai trai phiéu ngén han, trung han,
dai han mdi nam lan luot 1a 3%, 4% 5% Ngudi d6 du dinh s& dau tu sb tién vao
trai phiéu trung han gp d6i sd tién dau tu vao trai phiéu ngin han v6i mong

4.2% 3§ tién dau tu. Nguoi do

nén dau tu vao mdi loai trai phiéu bao nhiéu tién dé dép tmg duoc mong muébn

cua minh?

muon nhan dugc tong tién 1ai trong nam dau tién la

Loi giai
Goi *7 va z lan luot 1a s tién dau tu vao ba loai trai phiéu ngin han, trung han

va dai han (dO’Il Vi: ti d("sng’ x ED.}' =0,z ED)

Téng sb tién dy dinh dau tuw 13 1 ti dong, ta co ¥+ +2 =1,

L3i xuat ctia ba loai trai phiéu ngan han, trung han, dai han mdi nam lan luot 1a
\ A A A + A ~ - A [N \ 0
3%, 4% 5% va mong mudn nhan duoc tong tién 13i trong nam dau tién 1a +27

sO tién dau tu, ta co

0,03x+0,04y+0,05z =0,042

Ix+4y+5z =42

hay

S6 tién dau tu vao trai phi€u trung han gap doéi so6 tien dau tu vao trai phiéu ngan

han, ta c6 ¥ =2* hay 2x- y =0

‘“.1' +y+z=|
‘ Ix+4y+5z=4,2

2x- y =0

Tu do, ta c6 hé phuong trinh

Sir dung mdy tinh cAm tay giai hé phuong trinh, ta duge * =0-1:» =042 =0.4

Vay nha du tu nén dau tu 200 triéu ddng vao trai phiéu ngan han, 400 triéu dong
vao trai phiéu trung han va 400 triéu déng vao trai phiéu dai han.
3. Xét thi truong che, ca phé va ca cao. Goi ©>7 1an luot 1a gia ciia 1 kg ché, 1 kg

ca phé va 1 kg ca cao (don vi: nghin ddng, * =%» 20220y C4¢ luong cung va
lugng cau cia moéi san pham duoc cho nhu bang sau

San pham Luong cung Luong cau




=-3 - ) —28()= - =
Che QSI JE80+ x +1 QDI 350- x- z

=405+ x+2y- =z = -2y-z
Ca phé QS: 405+ x + =¥V =Z QD: 760 Ay

=-350-2x+3z =145- x+y-z
Ca cao ‘:—_]5_1 350-2x+3z QD; 145- x+y- z

Tim gia ctia mdi kg ché, ca phé va ca cao dé thi trudng can bang.

Dé mé rong san xut, mot cong ty da vay 800 triéu dong tir ba ngén hang 48 va
C, vé6i 131 xudt cho vay theo nam lan luot 1a 670837 va 9% Biét rang tong sd tién
1di nam dau tién cong ty phai tra cho ba ngan hang 1a 60 tri¢u dong va so tién 1ai
cong ty tra cho hai ngan hang 4 va C 1a bang nhau. Tinh sd tién cong ty da vay
ttr mdi ngan hang.

Béac Nhan c6 650 triéu dong dy dinh giri tiét kiém vao cac ngan hang 48 va C.
Biét cac ngan hang 4 3-C tra 14i xuét 1an luot 1a 8%/nam, 7>°”° /nam va 7% /nam.
Dé phu hgp véi nhu cau, bAc Nhan mong muon sau mot nadm, tong so ti€n 1ai bac
nhan dugc 1a 50 tridu déng va sb tién béc gl vao ngan hang B 16n hon s6 tién
gri vao ngan hang C 1a 100 tri¢u ddng. Hay tinh gitip bac Nhan s tién giri vao
mdi ngan hang sao cho dap tmg duoc yéu cau cia béc.

Mot cong ty san xuét ba loai phan bén

- Loai A ¢6 chira 18% nito, 4% photphat va 3% kali;

- Loai B c6 chtra 20% nito, 4% photphat va 4% Kkali;

- Loai C c6 chtra 24% nito, 3% photphat va 6% kali.

Cong ty san xudt bao nhiéu kg mdi loai phan bon trén? Biét ring cong ty da dung
hét 26400 kg nito, 4900 kg photphat, 6200 kg kali.

Mot dai li ban ba mau may diéu hoa? 8 va C, v6i gia ban moi chiéc theo tung
mau 1an luot 1a 8 tridu dong, 10 tridu déng va 12 triéu dong. Thang trudc, dai li
ban duogc 100 chiéc gdm ca ba miu va thu duoc so6 tién 1a 980 triéu déng. Tinh sb
lrong may diéu hoa mdi mau dai li ban duogc trong thang trude, biét ring sd tién
thu duogc tir ban may diéu hoa mau 4 va mau € 13 bang nhau.
Nhan dip ki niém ngay thanh 1ap Poan Thanh nién Cong san Ho6 Chi Minh, mot
truong Trung hoc phd thong di to chire cho hoc sinh tham gia céc trd choi. Ban to
chirc d chon 100 ban va chia thanh ba nhom #-5-C @ tham gia tro choi thi nhét.
1 1
Su khi tro choi két thire, ban td chirc chuyén 3 ban 6 nhom 4 sang nhom B; 2
s6 ban nhom B sang nhom C; s6 ban chuyén tir nhom € sang nhém 4 va B déu
1
bang 3 sd ban nhom € ban dau. Tuy nhién, nguoi ta nhan thiy sé ban & mdi



nhom 13 khong doi qua hai tro choi. Ban t6 chirc dd chia mdi nhom bao nhiéu
ban?

3. Mot ctra hang giai khat chi phuc vu ba loai sinh td: Xoai, bo va min cau. Dé pha
mdi li (c6c) sinh t6 nay déu can dung dén sita dic, sita tuoi va sita chua voi cong
thirc cho & bang sau:

Sinh 6 (i) Sita dic (m)) Sifa tugi (m/) Sita chua (mp)
Xoal 20 100 30
Bo 10 120 20
Ming cau 20 100 20
Ngay hom qua ctra hang da dung hét 2/ sira dac, 128/ sira tuoi va 29! sita chua.

Cira hang d3 ban dc bao nhiéu li sinh t6 mdi loai trong ngay hom qua?

4. Batébao 4B-C sau mot s6 1an nguyén phan tao ra 168 t& bai con. Biét sb té bai
4 tao ra gip bdn 1an sb t& bao Btao ra va sd 1an nguyén phan cua té bao € nhiéu
hon s6 14n nguyén phéan ciia t& bao B 1a bdn lan. Tinh sé 1an nguyén phan cua
moi té bao.

5. Cho so dd mach dién nhu Hinh 3. Biét & =428 =40 3 Ry =8Q 1y cac cuong

IV AN

do dong dién "2 va 3,

R b 1}
I R,
i
Il
4V
Hinh 3

6. Can bang phuong trinh phan tmg khi d6t chay khi methane trong oxygen
CH,+0, —'— CO,+H,0

7. Mot nha may c6 ba bd phan cit, may, dong gbi dé san xuat ba loai san phdm: Ao
thun, 40 so mi, 40 khoac. Thoi gian (tinh bang phat) ciia mdi bo ohaanj dé san xuat
10 céi 40 mdi loai dugc thé hién trong bang sau:



Thai gian (tinh bang phut) dé san xuat 10 cai
Bo phan
Ao thun Ao so mi Ao khoac
Cat 9 12 15
May 22 24 28
Dong goi 6 8 8

Céc bd phan cit, may va dong goi co t6i da 80,160 4 48 gio lao dong tuong ung

mdi ngay. Hay 1ap ké hoach san xuat dé nha may hoat dong hét cong suét.

. BaHaco ! ti dong dé dau tu vao ¢ phiéu, trai phiéu va g tiét kiém ngan hang. C6
phiéu sinh lgi nhuan 12%/ nam, trong khi trai phiéu va tién gui tiét kiém ngan hang
cho 13i suét lan luot 1a 8%/nam va 4%/nam. Ba Ha di qui dinh rang sb tién tiét
kiém gui ngan hang phai bang tong ctia 20%s6 tién dau tu vao cd phiéu va 10% g6
yieenf dau tu vao trai phiéu. Ba Ha nén phan bo ngudn vén cua minh nhu nao dé
nhan duoc 100tridu dong tién 14i tir cac khoan dau tu d6 trong nim dau tién.

. Trén thi truong c6 ba loai san phdm 45 C v6i gid mdi thn san phdm tuong tng 1a
X, .2 ( don vi: triéu ddng, * =% =0.220) [ yong cung va luong clu ciia mdi san
pham dugc cho trong bang dudi day:

San pham Lugng cung Luong cau
4 O, =4x—p—z—35 g, =~-xtyteth
B Oy ==x+4dy—z-5 Op, =x-2y+z+3
C Qg =—=x—-yt+dz-1 Op. =x+y-2=-1

Tim gid ban mdi san pham dé thi trudng cn bing.

10. V¢ vao xem mdt v kich c6 ba mirc gia khac nhau tiy theo khu vuc ngdi
trong nha hat. S lugng vé ban ra va doanh thu ctia ba suét dién duoc cho bai
bang sau:



S6 vé ban dugc
udtdien Khu vuc 1 Khuvuc2 | Khuwvuc3 (z?:::;:;’
10h00 — 12h00 210 152 125 pHg N/
15h00 — 17h00 223 165 118 2244
20h00 —22h00 254 186 130 2387

Tim gia vé tmg v&i véi mdi khu vuc trong nha hat?
Ban cé biet?

QUA TRINH QUANG HQP CUA THUC VAT

Anh sang mat trai

Quang hop 1a qua trinh trao ddi chat va chuyén hoa ning luong thudng dién ra
& thue vat. Nho ¢ chat diép luc, cay xanh s¢€ hép thu ndng luong tir anh sang

mit troi, dé chuyén hoa nude va khi carbon dioxide (COZ) n6 hut dugc thanh

nén dudng va dong thoi cling s& nha ra khi oxygen (02). Khi @ ¢6 vai tro rat
quan trong trong qua trinh duy tri sy séng cua con ngudi. C6 thé néi, quang
hop 14 mot chudi phan ing hoa hoc quan trong khong thé thiéu. N6 tao ra ning
lugng cho su séng; bu dap lai nhitng chat hitu co di bi st dung trong qua trinh

co,

sdng, gitp can bang khi 9 va trong khong khi. Trong tu nhién, phan trng

quang hop xay ra theo so d6 sau:
CO, +H,0—"'— C,H,0, +0,

Dé can bang phuong trinh hoa hoc trén, ta 1am nhu sau:

CO,.H,0,C,H,,0,.,0.

Goi *7>%! 1an luot 1a hé s can bang cua > trong phuong

trinh hoa hoc trén (¥7>%7 ¢ wdc chung 16n nhit bang 1).



Do s6 nguyén tir cing timg nguyén td ¢ hai vé bang nhau nén ta c6 hé phuong
trinh

(x =6z (x =0z (1)
Jx+y=0Z+2t= {2x+y =0zZ+2¢(2)
|2y =12z |y =0z (3)

Thay (1) va (3) vao (2) ta dugc 122 +0z =0z + 2t =  =0Z

Do *¥-%! ¢4 udc chung 16n nhat bing 1 nén ta chon = =1 = ¥ =y =t =0

Vay ta c6 phuong trinh héa hoc; 0C7: +0H:0 = — CHL,0, +00;

BAI TAP CUOI CHUYEN PE 1

1. Trong cac hé phuong trinh sau, hé nao 13 hé phuong trinh bac nhat ba 4n? Mdi
11 )

A CRH3)) ?:'?:']‘ 1A T A 1A Al 1k

bobaso = "7 '= </ codlanghiém ctua cac hé phuong trinh bac nhat ba

an d6 khong?

2x- y+z=-1 (4x-2yp+z =2 3x-2p+zx =2

-x+2y =l Bx+3z =I xy- y+2z =1

jy-2z=-2 -0y +2z =1 x+2y-3yz=-2
a) \7 b) ' c) LT

2. Giai cac hé phuong trinh sau bang phuong phép Gauss:

(x-2y+z=3 3x-2yp-4z=3 x4+ y+z =l
-y +z=2 dx+0y-z=17 Ix-y-z=4

D+ 2= 42y =§ -+ 51457 =-

a) | } + LZ ] b) ..'|.+._._'|. . C) ..'|.+._,_'|.+._,Z ]

3. Tim phuong trinh Parabol (P):y =ax’ +bx+cla iD), biét:
a) Parabol (P) cat truc hoanh tai hai diém phan biét c6 hoanh do lan luot 1a
M(-1:3)

= Py = N . <R
¥ =23 =l y3 di qua diém

2

b) Parabol (P) cét truc tung tai diém c6 tung do ¥ =2 va ham so dat gia tri

nho nhat bang-4 tai * =2,

4. Mot vién lam ngoc va hai vién hoang ngoc tri gia gap 3 1an mot vién ngoc
bich. Con bay vién lam ngoc va mot vién hoang ngoc trj gia gap 8 1an mot vién
ngoc bich. Biét gi4 tién cua bd ba vién ngoc nay 1a 270 triéu dong. Tinh gia
tién mdi vién ngoc.

5. Bén ngu dan gép von mua chung mot chiée thuyén. Sé tién ngudi dau tién
dong gop bang mot nira tong s tién cua nhimg ngudi con lai. Nguoi thi hai



Cau 8.

Cau 9.

Cau 10.

1
dong gop bang 3 tong so tién clia nhitng ngudi con lai. Nguoi thi ba dong gop
1
bang 4 tong sb tién cta nhitng ngudi con lai. Ngudi thir tw dong gop 130 tridu
dong. Chiéc thuyén nay duoc mua gia bao nhiéu?

6. Mot quy dau tu du kién danh khoan tién 12 ti ddng dé du tu vao cb phiéu.
pé théy duoe mire d6 rui ro, cac cb phiéu dugc phan thanh ba loai: rui ro cao,
rti ro trung binh va rti ro thap. Ban gidm dbc cua quy ude tinh cac cd phiéu rui
ro cao, rui ro trung binh va rui ro thép s€ ¢o lo1 nhuan hﬁng nam lan luot 14
15%.10% 3 6% . Néu dat ra muc tiéu dau tu ¢6 loi nhudn trung binh 1a 9%/

nam trén tong s6 von dau tu, thi quy nén dau tu bao nhiéu tién vao mdi loai cd

phiéu? Biét rang, dé an toan, khoan dau tu vao cac cd phiéu rai ro thap s& gap
doi téng cac khoan dau tu vao cac ¢ phiéu thudc hai loai con lai.

345 va téng sd

7. Ba loai té bao 4>5-C thyc hién sb 1an nguyén phén lan luot 13
té bao con tao ra 1a 216 . Biét rang khi chua thyc hién nguyén phan, s té bao
loai € béng trung binh cong s6 té bao loai 4 va loai B. Sau khi thuc hién
nguyén phan, téng s6 té bao con loai 4 va loai B duoc tao ra it hon sd té bao

con loai € dugc tao ra 1a 40. Tinh so té bao con mdi loai luc ban dau.

Cho so @b mach dién nhu Hinh 1. Biét ring ® =% =% =32 Hay tinh cac cuong
d6 dong dien -1 va .
1 R
e T
I
—>— __}—
L R
I 1
T 1
1V R
Hinh 1

Cho 4 B va C laba dung dich cung loai acid c¢6 nong do khac nhau. Biét rang
néu tron ba dung dich mdi loai 1%° Ml thi duoce dung dich ndng do 4™ (mol/lit);
néu tron 190 ! qung dich 4 véi 200 M dqung dich B thi duoc dung dich ndng do
0.6 M. n&y tron 100 ml dung dich B v¢i 200 ml dung dich € thi duoc dung dich
noéng do 0.3 M M3i dung dich 4B 3 C ¢h noéng d6 bao nhiéu?

Xang sinh hoc £5 1a hon hop xing khéng chi truyén thong va con sinh hoc (bio‘—
ethanol). Trong loai xdng nay chira 5% co6n sinh hoc. Khi déng co chay lugng con
trén thi x4y ra phan img héa hoc

C,H,0+0, —'— CO, +H,0



Can bang phuong trinh hoa hoc trén.

Céu 11. Trén thi truong hang hoa co ba loai san pham 4.B.C 54 gia mdi tan tuong tmg 13
X, V.2 (don vi: tricu ddng, ¥ =¥ 20:220) T yrong cung va luong ciu ctia mdi san

pham dugc cho trong bang dudi day.

San pham Lwong cung Luwong ciu
4 O, =-60+4x-2z | @, =137-3x+y
B Q;, =-30-x+5y-z | @, =131+x-4y+:
¢ Q. =-30-2x+3z 0, =157 +y- 2z

Tim gia cua moi san pham dé thi truong can bang
Cau 12. Giai bai toan c0 sau:

Tram trdu, tram cé
Trau dung an nam
Trdu nam dn ba
Ly khu trdu gia
Ba con mot bo
Hoi c¢6 bao nhiéu con trau ding, trau ndm, triu gia?
Chuyén dé 2
PHUONG PHAP QUY NAP TOAN HQC VA NHI THUC NEWTON
Chuyén dé nay c6 hai noi dung trong tam.
Dau tién, chiing ta s& di tim hiéu vé phuong phap quy nap toan hoc, mot cong cu
quan trong va hi¢u qua cua toan hoc. Chling ta 1am quen va thyc hanh str dung
phuong phap nay dé chirg minh nhiéu loai ménh dé toan hoc khac nhau.
Tiép theo, chiing ta s& tim hiéu siu hon va ddy di hon vé cong thirc nhj thirc
Newton va tam giac Pascal, cling nhu thuc hanh va van dung ching trong giai
toan.

243 3488

Sau chuyén dé nay, ban cé thé:

- Sir dung phuong phap quy nap toan hoc dé chirng minh nhiéu ménh dé toan
hoc khac nhau.

- Sur dung cong thirc nhj thirc Newton va tam giac Pascal dé khai trién cac biéu

thirc dang (a+b) ; van dung cong thirc khai trién gidi mot s6 bai toan lién

quan.



BAI 1: PHUONG PHAP QUY NAP TOAN HQC

Tir khoa Quy nap toan hoc, gia thiét quy nap.

Trong mot tro choi domino, cac quan domino dugc sdap x€p theo thir ty tir quan
dau tién dén quan cudi cung. Bi€t rang xay ra hai diéu sau:

1) Quan domio dau tién do;

2) Néu quan thtr ¥ d6 thi quan tha £ +1 do.

C6 thé két luan rang tat ca cac quan domino déu d6 khong? Hay giai thich.

Tro choi domino nhu trén 1a hinh &nh mo6 phong cia mot nguyén 1y toan hoc quan
trong ma ta s& tim hiéu trong bai nay.

1. Phwong phap quy nap toan hoc
HP kham pha 1: Bang cach t6 mau trén ludi 6 vudng nhu hinh vé duéi day,

|
ammd

l1+3+5+T7+0=52
1+ 35+ T=4#
l1+3+5=13
l1+3=1

L e e

!
!
]

Mot hoc sinh da phat hién ra cong thurc sau:
1434547+ +(2n-1)=n"
(D)

a) Hay chi ra cong thuc (1) ding veoi 7 =12:3.4.3

b) Tu viéc tdé mau trén ludi 6 vudng nhu hinh 1, ban hoc sinh khéng dinh rﬁng
cong thirc (1) chic chin dung véi moi sd ty nhién 7 =1. Khing dinh nhu
vay da thuyét phuc chua? Tai sao?



Vi mdi s tu nhién 7 21 cong thuce (1) 1a mot ménh dé toan hoc(ménh dé).
Ta néi ménh dé nay phu thudc sé tu nhién # =1,
M3i 1an t6 thém mot hang va cot nhitng 6 vudng, ban hoc sinh da kiém
nghiém cong thirc (1) thém mot trudng hop cta #. Tuy nhién, béi tap hop NV
l1a v6 han nén cach lam d6 khong thé chirng té cong thire (1) dung vo1 moi
n€N" Pé dat duge diu ndy, ta can dung suy luan.

Nguyén i quy nap toan hoc cho ta mot phuong phap suy luan manh me va co
hiéu quéa dé chting minh nhiéu ménh dé phy thudc sd ty nhién.

Nguyén ly quy nap toan hgc

)

e . A s e X £ - n P(n A ~ A PP .
Kién thire trong tam: Gia sir vo1 moi so tu nhién, 7 21, la mot ménh dé. Gia su hai

diéu kién sau thoa man:

PQ)

1) ding;
2) V&i mbi sb tw nhién £ =1 néuy P dang thi Plk+1) cling dung.
Khi do P(n) ding v61 moi $6 tu nhién 7 =1

pé chirng minh mdt m¢nh dé phu thudc vao s6 tu nhién ding véi moi "EN *
bang phuong phap quy nap toan hoc ta can thyc hién hai bude sau:

Buée 1. Chi ra ménh dé dtng véi 7 =1.

Burée 2. Gia thiét ménh dé dang véi sb tu nhién 7 =k =1 (goi 1a gia thiét quy
nap), ching minh rang ménh dé dang véi 7 =k +1,

Tt d6 theo nguyén 1y quy nap toan hoc, ta két luAn ménh dé ding v&1 moi $6

ty nhién "€N Vi du 1: Bang phuong phap quy nap toan hoc, chimg minh

1+3+45+7+..+Qn-D=n" |y 4610 v6i moi s6 tw nhién €N
Giai

Ta chimg minh bang phwong phép quy nap theo 7.

Buéc 1.Véi =1 tac 1=1"

Pay 1a ménh dé dung. Nhu vay (1) dung voi truong hop 7 =1.

Buéce 2. Gia st (1) dung voi 7 =k 21 nghialata co

[+3+5+T7+..+Qk-1)=k" (Gia thiét quy nap)

Ta can ching minh rang (1) cling ding véi # =k +1 nghia 13 ta phai chimg minh
[+3+5+7 4.+ k- D+ Qi+ =(k +1)

Theo gia thiét quy nap ta c6



[+3+454+7+..+0Qk-1D)+0Qk+1) = +Qk+1)
=k +2k +1

:UL + |):
Vay (1) dang véi 7 =k+1,
Theo nguyén 1y quy nap toan hoc, (1) dang véi moi sb ty nhién 7€ N .

Poi khi, ta can ching minh ménh dé P(n) ding v&1 moi sb tu nhién nZ=n, , VOi "1a sb tur nhién
nao dé. Khi d6, trong chirng minh bang phuong phép quy nap toan hoc, & Budce 1 ta chi 1a ménh dé dung
véi " =" va & Bubc 2 ta gia thiét ménh d? dang véi " K =,

Vi du 2. Ching minh ring bat ding thirc 2° > n dang v6i moi s6 ty nhién 7 =3,
Gidi
Buée 1. Véi " =5 taco 2 =27 =32 vy n” =25 vj 32 > 25 nen bt ding thite dang véi 7 =3,
’ ” k 2
Bude 2. Gia st bat ding thirc ding v6i 7 =k =5 nghialaco 2 >k
Ta chimg minh bat ding thic ding véi # =k *+1 nghia 1a cn chimg minh:
2 s (k+1)
St dung gia thiét quy nap, voi luu ¥ k=5 taco
p LA R L

=2k =k + k7 =k 45k =K 42k 43k

>k +2k +1 =(k +1)
Vay bat ddng thuc ding voi 7 =k +1,
Theo nguyén 1y quy nap toan hoc, bt déng thirc ding v6i moi s tw nhién 7 =35

. Chimg minh rang dang thirc sau ding véi moi 7€ N :
e n(n+1)

l+2+344+.. . +n =

% Chung minh rang bat dang thirc sau dung v&1 moi so ty nhién 7 =3,
2" =0 +n+2

2. Ung dung phwong phip quy nap toin hoc . ) )
Phuong phap quy nap toan hoc dugc st dung trong nhi€u linh vuc toan hoc khac nhau (s6 hoc, dai so,
hinnh hoc, giai tich,...). Duéi day, ta xét thém mot vai ing dung.
Vi du 3. Ching minh rang 3~ - 87- 9 chia hét cho 64 v&imoi 7EN

Gidi

o + (37 - 8n-9)'04 X . \ L +
Véimdi €N , Xét ménh dé ( ) . Ta can chirng minh ménh dé nay ding véi moi 7€ N,
Buée 1. Voi " =1 taco

(3*"** - 8n-9)=3"- 8- 9 =64 64

Vay ménh dé ding véi 7 =1,

‘ 3. 8k - 9):64
Buéc 2. Gia st ménh dé dang véi 7 =k =1 nghia 1a c6 ( )

Ta can ching minh ménh dé dung véi 7 =k+1 nghia 14 can ching minh
(3772 - 8(k +1)- 9):64

Taco



32‘.‘. "|]": _ S(JI!L_ + ])_ q :g-?’:{.ﬂ"” _ SA‘ _ ]?

=93 g - 9] +64(k +1)
Tong nay c6 sd hang dau chia hét cho 64 (do gia thiét quy nap) va sé hang thir hai duong nhién chia hét
cho 64, nén né chia hét cho 64. Vay ménh dé dang voi 7 =k +1.

Theo nguyén li quy nap toan hoc, ménh dé ding véi moi 7€ IN

, > , .
Vi du 4. Trong mat phang, cho n(n _2)du’(‘mg thang, trong d6 khong c6 hai duong thang nao song song

va khong co ba duong thang nao dong quy. Goi S 1a 56 giao diém ciia ” duong thang nay.

a) Tinh 5::5;.5,. 5 g véi truong hop ¢6 2, 3, 4, 5 duong thang.

b) Tt do, du doan cong thirc tinh 5 va chirng minh cong thirc d6 bang phuong phap quy nap toan
hoc.
’ Gidi
a) Tu hinh vé, ta c6 két qua nhu sau:

R i .8

$:=1 Sy= Ss=10
b) Ta co6:

s, =l1;

S5, =3=5,+2=1+2

S, =6=S5,+3=1+2+3

S, =10=5,+4=1+2+3+4
Tir d6, ta dy doan rang

nn-1)
2 2

S =1+2+3+4+.. +m-1)=

véi moi s6 tu nhién 7 =2 .
Ta s€ chirng minh cong thirc nay bang phuong phép quy nap toan hoc.

n(n-1)
n=2 S, =1 2 (2) n=2
Buoc 1. Voi ,taco va =1 nén cong thirc ding voi
g _k (k- 1)
) n=k =2 T @)
Buoce 2. Gia st ding véi nghia la c6 . Ta chirng minh ding
n=k+1 .
Vo1 , nghia la can ching minh:

(k+ Dk

&+l -

s




, k+1 d . k , ,
Goi duong thang thir la . Theo gia thi€t quy nap, duong thang da cho cat nhau tai

s, :k(ff- 1)
' 2

diém. Mit khéc, do khong c6 hai duong thang nio song song va khong ¢ ba
, ) , 4,k , ko
duong thang nao dong quy nén duong thang cat duong thang dé tai  diém khéac nhau

S k+1
va khac vé1  diém kia. Do do, s6 giao diém cua duong thang nay la

k-1 o422k (k+1Dk
s :5“{_( )+g- k- k+2k _(k+1Dk

k]l & - 5 5

) n=k+1
Vay cong thuc ding véi

) n=2
Theo nguyén li quy nap toan hoc, cong thirc ding v&1 moi so tu nhién

@ . . n' +2n o, . _ne IN'
™3 Chung minh rang chia hét cho 3 v6i moi

. , nelN
Chung minh rang dang thic sau day dung vé1 moi

]+[J.'+|:J.':+[J.'.'+[J,-'+ ...... [‘l."' —

G‘E Chtng minh rang trong mit phang, " duong thang khac nhau cung di qua mot diém
n (neN’)
chia mat phang thanh phan
=) LA : :
& (Cong thire 1ai kép) Mot khoan tién  dong (goi 1a von) dugce gui tiét ki€ém co ki
han & mot ngan hang theo thé thirc 131 kép (tién 13i sau mdi ki han néu khong rat

—

ra thi dugc cong vao von cua ki ké tiép). Gia st 1ai suat theo ki 1a } khong doi
qua céac ki han, nguoi giri khong rat tién von va 1ai trong sudt cac ki han dé cap
T " (neN’)
sau day. Go1  la tong so ti€n von va lai cua nguot gui sau ki han thu
L,1,,T;
a) Tinh



n

b) Tur 46, du doan cong thirc tinh  va chimg minh coéng thirc d6 bang phuong
phap quy nap toan hoc.

[ neN

1. Chtg minh cac dang thie sau ding voi moi

n(n+1)n+2)

12423434+ =n(n+1) = 3

a) ;
nln+1)(2n+1)

[+4+9+ - #n" = 0
b) ;

1+2+22 427 +2% ... 42" =2" . |
c)

o ~ neN

2. Ching minh rang, v4i moi , taco:

57 -1 , n’ +5n ,
a) chia hét cho 24; b) chia hét cho 6.

x>-1 (l + .‘L')“ =l +nx ne |N*
3. Chiing minh rang néu thi vO1 moi
a,b >0. L ~ neN

4. Cho Chtrng minh rang bat dang thirc sau dling v&1 moi

n=>2
5. Chlirng minh rang bat dang thirc sau ding v&1 moi s ty nhién

1 1 1 2n
l+—+—+...+—>

2 3 noon+l

A A, A4, A4, n n=3 S,

6. Trong mit phang, cho da giac ,c0 canh ( - ). Goi  la tong sé do
cac goc trong cua da giac.

S..S..S.

a) Tinh tuong g vo1 truong hop da gidc la tam giac, to giac, ngii giac.

Sn

b) Tir d6, dy dodn cong thirc tinh  va chirng minh cong thirc do bang phuong
phép quy nap toan hoc.



7. Hang thang, mot nguoi giri vao ngan hang mot khoan tién tiét kiém khong ddi
’ dong. Gia sir 14i suat hang thang la ' khong d6i va theo thé thuc 13i kép (tién
7, (n =1)
131 cua thang trude dugce cong vao von cua thang ké tiép). Goi 1a téng
tién von va lai cua ngudi do co trong ngan hang tai thoi diém ngay sau khi giri
n+l
vao khoan thu

UNENE
a) Tinh

T

n

b) Du doan cong thirc tinh ~ va ching minh cong thirc d6 bang phuong phap quy
nap toan hoc.

e
Goi y: Luu y cong thiac & Ll'&
Ban c6 biét?
Bai toan Thap Ha Noi

Bai toan Thap Ha Noi 1a mdt tro choi toan hoc dugc nha toan hoc nguodi Phap Edouard Lucas (1842 —
1891) phat trién vao nam 1883. Ngay nay bai toan trd nén ndi tiéng trén thé gidi, didc biét trong linh vuc
Khoa hoc may tinh.

Thap Ha Noi trong trd choi ndy gom ba cot A B &

(4, B.C) 4 1 dia e duomg kinh khc nhau, i N méi
dia c6 15 & gitta dé c6 thé ludn vao cac cot (xem & Hinh
1). Luc dau cac dia déu & cot 4, theo thir tw “nhé u trén
16n dudi”. Muc dich cta trd choi la chuyén tat ca g_ E cac
dia & cot 4 sang cot C (cot B chi dong vai tro g——np——— trung
chuyén) sao cho thoa man hai diéu kién: = {

1. Mbi bude chi dugc chuyén mot dia, Hinh 1. Mé hinh Thap Ha N6i véin =8

2. Cac dia dugc chuyén qua lai giita cac cot, nhung & bat ctr thoi diém nao cac dia trén mdi cot déu “nho
trén 16n dudi”.
Bai toan dat ra la:
Lam thé nao dé chuyén cdc dia tir cot 4 sang cét Cy
S6 buede it nhat bang bao nhiéu?
*)

. N A a1 a2 2 A R nelN
Goi S, 1a s budc it nhat dé chuyén ” dia tir cot 4 sang cot € (

5 =15, =3

. C6 thé dé dang chi ra

“Véi 1 =3, ta thyc hién cac budc nhu Hinh 2 duéi day va nhan duge > =/



Hinh 2

Gitra S va 5, c6 mdi lién hé. That vay, dé chuyén tur trang thai dau tién dén trang thai ) ta can 5,
budc chuyén (Budc 12,3 ). Tiép do, thuc hién mot bude (Budc 4) dé chuyén trang thai ) sang trang

5) . S S 6Ty () . L ®)

thai . Tiép theo, thuc hién “2 budc (Budc ) dé chuyén trang thai deén trang thai
S5, =28, +1

. Tt @0,
ta co

S (n=2).

Tong quat hoa qua trinh trén, ta c6 thé tim duge mbi lién hé gita “» va S
Tir d0, ta c6 thé du doan cong thirc tong quat:

S, =2"-1(n=1,2,3..)

va ching minh c6ng thirc nay bang phwong phép quy nap toan hoc.
Ban hady thu thuc hién diéu nay nhe.

Cdc ban cé thé ciing choi tro choi thii vi va bé ich nay véi cac vt dung san cé xung quanh nhw dong xu,
quyén sach , ... thay thé cho cac dia o trén.

Bai 2. Nhi thirc Newton

Tur khoa: Nhi thirc Newton; Tam giac Pascal.
' || " Ta di ¢6 cong thirc
(a+b) =C'a" +C'a"'b+...+Cra" b + ..+ C"'ab™ " +C"b"

trong truong hop " =1,2 3 4,5.

Cong thirc nay c6 dung vdi moi so tu nhién 7 khong? Lam the nao dé kiém tra?

1. Cong thirc nhj thirc Newton

1
C6 ba hop, mdi hop dung hai qua cau duoc
dan nhan @ va b (xem Hinh 1). Lay tir mdi hop mot
qua cau, Co bao nhiéu cach 14y dé trong ba qua cau
lay ra:

Hinh 1

a) ¢6 3 qua cau dan nhin b9



b) ¢6 2 qua cau dan nhin b
¢) ¢6 1 qua cau dan nhin b9
d) khong c¢6 qua cdu nao dan nhin b9

ST
F Y
R

]
ar 1

L

Bing lap luan tuong ty nhu , ta co thé sir dung to hop dé tim cac hé s6 cua cong thirc khai trién
(a+b) =a’+3a’b+3ab> + b

That vay, ta c6 khai trién

(a+ hf =(a+b)a+b)a+h)
=(aa+ab+ba+bb)a+h)
=aaa + aab + aba + abb + baa + bab + bba + bbb

=aaa +(aab + aba + baa )+ (abb + bab + bba )+ bbb
=g +3a’h+3ab” +b".
Y A 2 1A A b’ A A b X (a + b) , £ A e
Trong khai trién trén, dé nhan duogc s6 hang 0, ta lay s6 hang © trong thira s thir nhat nhan voi

(a+b) (a+ b)thl'r ba. Do d6, hé sd

3
ciia b’ bang so cach chon ba chit b tir ba chit b c6 trong ba thtra so (a+ b), tuc la G =l .

s6 hang b trong thira s6 thi hai, r6i nhan vé6i s6 hang b trong thira s6

Tiép theo, xét s6 hang 3ab® hay tong @bb +bab +bba pé nhan dugc mdi s6 hang ciia tong nay, ta lay

(a+b) Xe 1A e A , \ A(a+b) \ . .
, 101 nhan v&i s0 hang ¢ cua thira so con lai. Do do,

hé sb cua ab’ béng cach chon hai chur b tirba chit © co trong ba thira $6 (a+ b), tac la G =3 .

tich ctia hai s6 hang b tr hai thira s6

C, =3 C; =1

, 2 \ , 3 3
Lap luan tuong tu, ta dugc hé so cua b bang ,hésécua ¢ bang
Tur do, ta nhan duogc
(a+b) =Cla’ +Cia’b+Cab’ +C.b
A r A r e A s A A 3 3 ’ A 0 A A A 5 A
Mot cach tong quat, v6i so tu nhién batki #° 1, ta c6 thé mo rong 14p luan & trén
dé tim cac cac hé so trong khai trién biéu thirc:

(a+ b)" =(at Blg+ b))

nthie s
. « R « R r \ A 4 A (4 a”_kbk 1454 a N A A
Khai trién biéu thirc nay, ta nhan dugc cac so6 hang dang “* vo1 “k 1a hé so,
=1.2.3 A A N A s ~ \ ~ , \ A
k=L2.3...1 e sé 9 bing sb cach chon ¥ chit b tir 7 chit & c6 trong # thira s6
a+b

Nghia 1a % =6 (0 <k =n)

T d6, ta nhan duoc két qua:



V61 moi so tu nhién 7, ta co:

(a+b)" =Cla" +Cla" b+ +Cla""b" +--+ C"ab" ' +C'b (@

Cong thuc () duoc goi 1a cong thirc nhi thire Newton, goi tat 1a nhj thirc
Newton.
Chu y:

Ca"" b (0 <k

a) Trong cach viét vé phai cua (1), s6 hang <n) duoc goi 1a 56 hang

tong qudt.

A IS 1 A A . r A <\ e % A ~
b) V€ phai cua @) gom M+1 56 hang. Di qua cac s6 hang tir trai sang phai, s6 mil
ciia @ giam dan, s6 mil ciia P ting dan, nhung tong ciia chiing khong doi va bang

n (quy udc a’ =p’ =1,

6
Vi du 1. Hay khai tién 2

Loi gidi
Ap dung cong thirc nhj thirc Newton, ta co:

5

(x+2)° =C, x"+C =«

5

24C x" HC 0 2 HC 7 2 wC 2 ) 2"
=x" +12x" +60x" +160x" +240x" +192x +64.

Hoat dpng 1. Hiy khai trién:
6 7

2. Tam giac Pascal
Tir cac cong thie khai trién
(a+b)’ =I.

(a+h) =a+h.

b

(a+b) =a +2ab+b".

(a+b) =a +3a’b+3ab” +b .

b

(a+b) =a" +4a b+0a’h’ +4ab’ +b",

>

(a+b) =a’ +5a’b+10a'h” +10a’h’ +5ab* +b .

Céac hé sb duge viét thanh bang s6 nhu hinh 2 sau day. Néu sir dung ki hi¢u to
hop thi nhan dugc bang nhu hinh 3.



I 3 3 Q‘dQ
1 4 o6 4 1
5 10 10 5 1
Hinh 2
c’
G q
c, c C

Tir cac dang thice nhur:

C) =C, =1, C}=C; =4,
C) +C, =C;, C:=C, =C;,

C6 thé doan rang, véi moi 7EN* |

C, =C™" (0 =k =n) (2)
cHect =t (=k=n) (3)

Hay chirng minh c4c cong thtrc trén.

!
& m!

C_“ :m, fFEIN._ D E.II!I.- =n

Goi y: St dung cong thuc

3 Y =C" = . . N I
Str dung cong thire (3) véi luu ¥ ring & =% =1 véi moi 7€M, tir bang s & Hinh
2, ta c6 thé viét tiép lan luot tung hang s6 dé tao thanh mot bang s6, duoc goi la
tam giac Pascal (xem Hinh 4).



Hinh 4

Trong thyc hanh, tam giac Pascal giup ta nhanh chong xac dinh cac hé s6 khi khai
trién nhi thirc Newton.

Tu W va (2) suy ra

AB* + AC? =(BM?* +CM? )+ 2(BM MD - CM.MD)+ 2AM*

=(BM*+CM*)+24M°

b) Tur cong thirc dién tich tam gidc suy ra

l _p_a b ¢ 1 1 1

—_ = ——

r S 25 25 E_a’ill h, h

Nhan xét

. b+ a
m°- = - —
-

- Cong thuc 2 4 cho phép ta tinh duoc d6 dai duong trung tuyén cua
mot tam giac, khi biét ba canh ctia nd. C6 thé thu dugc cong thirc ndy bang cach

lam nhu trong bai 3-16 (Toan 10, tp mot).

- Néu goi £ 1a diém d6i xtmg v6i 4 qua M | thi t giac 4BEC 13 mot hinh binh
hanh véi hai duong chéo BC | AE . Khi d6 cong thic tinh do dai duong trung
tuyén & phan @) tro thanh BC +AE" =AB" + BE + EC" +CA°

Vi du 4. Cho tam giac 4BC ¢4 cic goc thdoa man sinC =2.sinB.cos4  Chirng minh
rang tam giac 4BC 1a mot tam giac can.

Giai
Ap dung céc dinh 1i sin va c0sin, ta c6

B +c’-a’
, , e o=2b—
sinC =2sinfcosd = ¢ =2hcos 4 2bc

s =h+c-a ea =b.
Vay tam giac 4BC cantai C.

Vi du 5. Dé do chiéu cao ctia mot toa nha, ngudi ta chon hai diém 4 va B thiang
hang véi chian C cua toa nha, cach nhau dm gy dung giac ké, tir 4 va B tuong
g nhin thdy dinh D cua tdoa nha dudi cac goc 35° va 40° so v6i phuong nam
ngang. Hoi chiéu cao cta tdoa nha do dugc 1a bao nhiéu mét?

Giai



Do €BD =40"  B4D =35° pgp UpB =40 - 35° =5° (H.3.3). Ap dyung dinh li sin cho

AB 5 . .
BD =——.smm4 =——.sin 35
tam gléc ABD tg duoc sin D sin S
. . h=CD=BDsinEBD=—" —.5in 35" .sin 40
Ttr d6 suy ra chiu cao cua toa nha bang 5102
~63,45(m)
, D
h. =it
35" 5"
A 15m B C

Hinh 3.3

Nhan xét. Viéc st dung cac hé thirc lugng trong tam gidc gitp ta co thé giai duogc
nhirng bai toan vé do dac trong thuc té&, nhu do chiéu cao cua mot vat thé, do
khoang cach giita hai diém ma khong thé do truc tiép dugc (xem bai tap 3-10,
3.1, 3.12),

C - Bai tap

3.7. Cho tam giac 4BC ¢6 d=45" € =30" y3 =12,

a) Tinh céc canh con lai cia tam giéc.

b) Tinh d6 dai ban kinh dudng tron ngoai tiép ctia tam giéc.
c¢) Tinh dién tich ctia tam giac.

d) Tinh d6 dai cac dudong cao cua tam giac.

3.8. Tam giac 4BC ¢6 a =19 b =6 yj ¢ =15

a) Tinh cos 4

b) Tinh dién tich tam giac.

¢) Tinh do dai duong cao .



d) Tinh d6 dai ban kinh dudng tron ndi tiép cua tam giac.

BAI TAP

1. Khai trién biéu thirc:

a) (x- 2}-‘)0; b) (3x- 1) ‘

. A A o 10 c LR , A , (2—,){)]2
2. Tim hé s cua ¥ trong khai trién cua biéu thuc .
r A r 2 O r r r N

3. Biét rang 4 1a mét so thuc khac 0 va trong khai trién cia (ax+1) , hé s0 cua x* gap bon lan
hé sb cua x* Tim gia tri cua 4.
4. Biét rang hé s6 cua X’ trong khai trién ciia (1+3x)’ 1a 90 . Tim gia tri ctia 7.
5. Ching minh cong thirc nhi thirc Newton (cong thirc (1), trang 35 ) bang phuong phap quy
nap toan hoc.

AL 3x-1) =a. +ax+ax’+a.x +ax +ax +ax’ +a.x . .
6. Biét rang ( ) oo : : : ; o . Hay tinh:

a,+a +a,+a, +a, +a, +a, +a,, b) a,+a,+a,+a,

a) ;
7. Mot tap hop c6 12 phan tir thi ¢ tt ca bao nhiéu tap hop con?
8. Ttr 15 but chi mau ¢6 mau khac nhau déi mot,
a) C6 bao nhiéu cach chon ra mot sé bat chi mau, tinh ca truong hop khong chon cai nao?
b) C6 bao nhiéu cach chon ra it nhat 8 bat chi mau?
Ban cé biét?
Tén goi Tam giac Pascal va Nhi thirc Newton
Tam giac Pascal dugc dat theo té€n cua nha toan hoc, nha vat 1i hoc, nha triét hoc tai ba nguoi
Phap Blaise Pascal, sau cong trinh ctia 6ng cong bd vao nam 1653 . Thyc ra, tam giac nay cling

n 4 A ~ ‘A 4 r 14
(a+b) voi 14 sO tu nhién da duoc nghién ciu trude do6

v6i cong thirc khai trién biéu thirc
béi cac nha toan hoc An Do va Ba Tu ¢ thé ki X, hay bdéi cac nha toan hoc Trung Hoa & thé ki
XI. Pascal c6 cong 16n trong viéc nghién ciru mot cach h¢ thong céc tinh chat cua tam giac nay,

cling nhu phat hién ra cac moi lién hé gitra ching véi 1i thuyét xac suat.

Blaise Pascal

(1623-1662)

Cong thure nhi thirc Newton dugc dit theo tén nha toan hoc, nha vat i hoc vi dai ngudi Anh
Isaac Newton. Nhu trén di noi, thuc ra cong thic nay (truong hop sé mil 14 sé ty nhién) da
dugc biét dén trudc thoi Newton hang thé ki. Newton 12 ngudi ¢6 cong md rong cong thirc cho
truong hop s6 mii 7 14 s6 thuc bat ki. Ong kham pha ra cong thire d6 vao nim 1664 , nhung
dén ndm 1676 méi cong bd. Cong thirc nhi thirc Newton c6 nhiéu tmg dung quan trong trong
nhiéu nganh toan hoc khac nhau nhu dai 30, giai tich, li thuyét X4c sut,...



Isaac Newton

(1643-1727)

(Theo Britannica)

BAI TAP CUOI CHUYEN DPE 2

1. Chung minh ring cc dang thic sau dung véimoi 7EN

P+ +F 4 +p5° :”_(”"‘”_
a) 4 )
b) 1.4+2.7+3.10+ - +n(3n+1) =n(n +1)*

3

L S S : __n
)13 35 57 (2n-1)2n+1)  2n+1

2. Chimg minh rang v6i moi 7 € N .
a) 3 = 1- 21 ¢chia hét cho 4 ; b) 7= 4" - 3" chia hét cho 12 .

. N 3. . *
3. Chtng minh rang 8" 27" v&imoi "EN |

| 1 n+l
l+—+—+b—=

4. Chimg minh rang bat dang thiac 2 3 n 2 dong véimoi 7€ N

\ A K 9 3 s iR
5. Tim hé s6 cua ¥ trong khai trién:

X 7
1+—

a) (].' 3X)8’ b) \
(2x+3)x- 2)°

7 5 . <R
6. Tim hé sO cua ¥ trong khai trién .
(1+2x)°

7. a) Tim ba s6 hang dau tién trong khai tri€n cua , cac s0 hang duoc viét theo thu ty
sO mil cua ¥ tang dan.

r N 6
b) St dung ket qua trén, hay tinh gia tri gan dung cta 1,02",

(3x-4)"

8. Trong khai trién biéu thirc thanh da thirc, hiy tinh téng cac hé sé cua da thirc nhan

duoc.
9. Chirmg minh ring cac ding thirc sau dung véimoi #€N
I + EC'.: +4(_—-3 ek 2”-' (_—-.'Il- 1 + 2” (_—:l :3” .

a) ! )
) Gl +C Gt G2 =C) +CL 4G b CE

CHUYEN DE 3

BA PUONG CONIC VA UNG DUNG




Chuing ta da biét dinh nghia va phuong trinh chinh tic cia ba dudng conic, trong
chuyén dé nay ta s& cung tim hiéu chi tiét hon vé hinh dang va cac yéu tb dic
trung ctia ba dudng conic nhu tim sai, dudng chuan, ban kinh qua tiéu, dong thoi
van dung cac kién thirc nay vao giai quyét mot sé van dé thuc tién.

Sau chuyén dé nay, ban c6 thé:

- X4c dinh dugc cac yéu té dic trung ciia dudng conic (dinh, tiéu diém, tiéu cu,
d6 dai truc, ban kinh qua tiéu, tim sai, dudng chuan) khi biét phuong trinh chinh
tic ctua dudng conic do.

- Nhén biét dugc duodng conic nhu la giao ciia mat phang vo1 mat non.

- Giai quyét dugc mot s6 van dé thyc tién gan véi ba duong conic (fatoggle on
Vi du: giai thich mét sb hién twong trong quang hoc, x4c dinh qui dao chuyén
dong cua cac hanh tinh trong hé¢ Mat Tro1)

Bai 1. ELIP

Hanh tinh $M$ chuyén dong quanh Mit Troi theo quy dao hinh elip nhan tim Mt Troi
lam tiéu diém $F$. Lam thé nao dé tinh doan $FM$ khi biét phwong trinh chinh tic.

L

1. Tinh d6i xirng cia elip




On tap veé elip

X

Ta di biét elip () véi phuong trinh chinh tic @

.
2
.-.l _I
—= =

O<b=<a)
E (

(Hinh 1 ) ¢6 cac yéu tb:

4 (- a;0), 4, (a;0),B,(0;- b), B, (0:5)

- Bon dinh 1a
- Truc 16n 1a A4, :2a, truc nho BB, =2b
F.Xa - Hai tiéu diém £ CG0LF(@0) oo =Ja®- b
c= a w? - Tiéu cu 2c 13 khoang céach gitra hai tiéu diém.
Bl
Hinh 1
.‘{'2 1-’,2
E . —+==1
Cho elip (E) ¢6 phuong trinh chinh tic @~ b°
(0<b<a) 3 cho diém M (xy:7,) nim trén (£
Céc diém M, (— X ¥y )._.-Hr: (.‘I.',:,.f -V, )._M3 (— X;a- }',:,) 6
thude (E) hay khong?
Elip @ & nhén hai truc toa
do lam truc doi xirng va nhan
gbc toa do 1am tdm déi xiing. 4
—

Hinh chit nhat c6 céc canh di qua
cac dinh cua elip va song song

14
‘7{%’1 {‘éf‘ trme A‘AI V1’1’ﬂﬂ' ﬁI]’N(‘ o1 ]E\

Y _1 (0<b<a)
-

X
—+

Vidu 1.Choelip @

¢O bon dinh 1a

4, (-a:0), 4, (a;0),8,(0:- b), B,(0:b)

(E).

a. Xac dinh toa do bon dinh cta hinh chir nhat co sé cua

b. Cho mét diém M (x;y) bat ky trén (E). Chtng minh rang:

bh=0OM =a;-a =x =a,-b=y =bh
Giai
(E)

a. Goi 2RS 13 hinh chit nhat co s¢ cua *~’. Toa d6 bén dinh cta

PORS 13-



P(-a:b),0(a:b).Ra:-b),5(-a:-b)

b. M(x;)-’) (E)

1a diém bat ky trén nén ta co:
i+£:1
a b
Tl a el
Do 0<b<a ngntaco a a va b b

"
=]

. |6 Q

sy % )

2 e 4 en? . . . ,
Suyra 7" =¥ )7 =@ pep b =OM® =a”

Vay 0 =OM =a |

.\’2 2

Tea b tacod

X X X
—=l=x =20 = -aqa=x=a
e

Y o<l y =h'= -by<h

Tuwong tu ta cling cd &

[@] /ﬂ

oy

Moi diém thudc elip déu nam bén trong hinh chir nhat co so

a’l Viét phuong trinh chinh tic cia elip ¢6 kich thudc cta hinh chit nhat co s
1a 8 va 6 Hay xac dinh toa d6 dinh, tiéu diém, tiéu cur,

do dai tryc cua elip nay.

P

{ '-*:"":f 1 /4
=1 Hay gap mot manh giay c6 hinh elip (Hinh 5)

thanh bon phan chéng khit 1én nhau.
2. BAN KINH QUA TIEU

* Cho diém (x:y) nam trén elip
(£):+2 =1 o
a b ¢6hai tiéu diém la
F (- C‘-fﬂ)-.f‘_: (c:0) (Hinh 6)
2 2
a. Tinh M vy FM7 theo *03c
b. Chuing t6 rang

., ) 2ex
FM?- FEM® =4cx;FM - EM ==—
a

c. Tinh d6 dai hai doan ME Gy ME (e a-cox
(£)

Cho diém M nam trén elip
kinh qua ti€u cta diém M .

Hinh 5

. Céc doan thiang ME y

MF,

Hinh 6

dugc goi l1a hai ban



Vidu 2.

3. Tam sai

(£): 242 =i

Do dai hai ban kinh qua tiéu cua diém M (x,y) trén elip a b duoc tinh
MF, =a+5x MF, =a- £x
theo cong thirc: a a
a+Sx>0 a- x>0
Vi -a =x =a nén a Vé, a
2 )P .
4 A N . 4 4 A 9 R M(.’C;l’) A b E“‘?_
Tinh d6 dai hai ban kinh qua ti€u cua di€m 77 trén elip

Giai

Taco @ =3P =3 guyra e =Va - b =4

P dai hai ban kinh qua tiéu cva diém M 57 1.
4
MF, =a +5x=5 +—x.MF, =a- £ x=5- i.‘r
a 5 ) a 5
. yz _

, A qrc 1t 1z , . ) 2 MGey) A . a+£_

a. Tinh d¢ dai hai ban kinh qua tiéu cua diém 77 trén elip
’ R . -

b. Tim cac di€ém trén elip a b c6 do dai hai ban kinh qua tiéu bang
nhau.
o

Nguoi ta chimg minh dugc rang anh sang hay am thanh di tir mot tiéu diém, khi
dén mot diem M bat ky trén elip ludn cho tia phan xa di qua tiéu diém con lai,
nghia la di theo cac ban kinh qua ti€u (Hinh 7a)

Vom xe dién ngdm cta mot thanh phd c6 mit cét elip (Hinh 7b). Hiy giai thich
tai sao tiéng noi cua mdt nguo1 phat ra tir mot ti€u diém bén nay, mac du khi dén
cac diém khéc nhau trén elip van luén doéi lai tiéu di€m bén kia cung mot ltc.




_c 1 1

3
Cho biét ti s6 “Ta ctia céc elip lan luot1a 4, 2, 4
b
. Tinh ti s6 @ theo € va néu nhan xét vé sy thay doi
hinh dang elip gén véi hinh chit nhét co so khi €

thay d6i.

V6i moi elip, ta luén c6 0 <e <l

Ti s0 gitra ti€u cu va do dai truc 16n cua elip goi 1a tdm sai cta elip va dugc ki hiéu 1a €, tic la

[
e —.
a

b _Na-c =J1- &
Nhdn xét: Taco a a ,do do

- Khi tdm sai € cang bé (tirc 14 cang gan 0) thi & cang gan ¢ va elip trong cang “béo”.

b
- Khi tdm sai € cang 16n (ttrc 1a cang gan 1) thi ti s @ cang gan 00 va elip trong cang
“det”.
Vidu 3.
(£):—+L =i (£):1+2 =
a) Tim tam sai cua elip 25 16 wvaelip 25 24

b) Khong can vé hinh, theo ban elip nao “béo” hon?

Loi giai
2y Elip B g6 =5, b=4 suyra c=Na- b =3

]
, = _, e=—=;
Elip(E)cc')tfl=5,"5’=2‘/6 suyra ¢ =Ne -0 =l a5

3.1
s

b) Ta thiy 5 5, vay elip & “béo” hon elip &7
Rén luyén 3.

a) Tim tam sai cua elip 100 99

b) Khéng can vé hinh, theo ban elip
nao co6 hinh dang “det” hon? HD20782

Ung dung 3. Trong hé¢ Mat Troi, cac
hanh tinh chuyén dong theo quy dao




1a duong elip nhan tAm Mat Troi 1a mot tiéu diém. Tir hinh anh mo phong quy
dao chuyén dong cia cac hanh tinh nhu hinh bén. Hiy so sanh tim sai ctia quy
dao chuyén dong cua tiéu hanh tinh HD20782b.

4. Puong chuin

Vidu 4

Cho diém ¥ (x:) trén elip

(Nguén: https://www.nasa.gov)

~
r=2

(£): 42 = . 7
a- b vahai duong thang
ﬂl:.l'Z-g—_ rﬁ::.‘f:'ﬂ—_
C ; ¢ nhu hinh bén.

b

khoang cach tir M dén Al, A Taco

fe ) |ﬂ + L’.‘l.'| a+ex

d(M;A ) =[x+ =
e e e (Vi e>0
nén 4 +ex =MF = D).
MF, _a+tex
d(M;A)) atex
Suy ra e
MF,

(Mm:A

Duya vao theo céch tinh trén, hdy tinh d

LY
S

_g u‘j

A,

A,

)

‘Y_. ,_?
—1.+J’—w_ =1

Cho elip (£) c¢6 phuong trinh chinh tac @~ b°

o Ax +2 =0 i . F
Puong thang - duoc goi 1a cac dwong chuan ing voi ti€u diem ~ ! va
a
Ay:x-—=0 978 g " A 4 o Fo . (E)
- duoc goi 1a cac dwong chuan img véi ~ 2 cua elip .
MF MF,

va 06 hai tiéu diém 1 6 0), F,(c:0)

M (x;}.’)

Véi moi diem thudc elip, ta luon co6

dO68,) dOnA) ©

: Vi e

a a
-—<-ag<a<—

M (x;v)

Cho diém »7 trén elip

¢ nén duong chuan cua elip khong c6 diém chung vaéi elip do.

a) Tim toa d6 hai tiéu diém va viét phuong trinh hai duong chuin tuong tmg.

b) Tinh ti s khoang cach tir M dén tiéu diém va dén duong chuan tuong tng.



c) Véelip (E), hinh chit nhat co s& va hai duong chuan cua (£) trén hé truc toa
do O
Loi giai
o =S4 a_a 25
Tacoa=5;0=3 suyrac=Va -b =4, a 5.¢ ¢ 4,
25 0
, L. .2 - A . 2 Alx+y—=
a) Ung véi tiéu diém £ ( 4’0), ta co duong chuan | 4
25 0
, . : , Ayix-—=
Ung v6i tiéu diém £ (4 0), ta ¢ duong chuan 4
MF, MF, 4
= - —F =—
b) Ta ¢6 dM,A) d(M,A,) 5
v
P R Q
/ “\\
|oal B s
tas | -] T 0 B 25 1
T / T
S 3B, R
Ay Ay
C) Hinh 11

BTCB 4. Tim toa do hai tiéu diém va viét phuong trinh hai duong chuan tuong tmg cia cac elip sau:

(£.):
by 100 36

BTNC 4. Lap phuong trinh chinh tic cua elip ¢6 tiéu cu bang 6 va khoang cach gitra hai duong chuan la

50
3.
BAI TAP
E) X +2
1. Cho elip o4 30
b A . < A N < A A by ~ A 9 9 (E) \ ~ (E)
a) Tim tam sai, chiéu dai, chi€u rong hinh chit nhat co sé cua va ve .

b) Tim d¢ dai hai ban kinh qua tiéu cta diém » ©®) gran &),



(E)

¢) Tim toa d6 hai tiéu diém va viét phuong trinh hai duong chuin cua

(£): 1+ =i
Tim cac diém trén elip a b c6 do dai hai ban kinh qua tiéu nho nhat, 16n nhat.

Lap phuong trinh chinh tic ctia elip c6 tiéu cu bang 12 va khoang cach giita hai dudong chuan
169
la 6.

a) Tim tAm sai va do dai hai ban kinh qua tiéu cta diém M(G;0) trén (E).

b) Tim diém N trén (E) ga0 cho NF =NF |

(E)

SF, =2SF,

¢) Tim diém S trén sao cho

Trai Dét chuyén dong theo mot quy dao 1a dudng elip c6 tim sai 13 0.0167 v, nhan tam Mat
Troi 1a mot tiéu diém. Cho biét khoang cach gan nhat gitra Trai Dt va tam Mat Troi 1a khoang

147 trigu km, tinh khoang cach xa nhét giita Trai DAt va tim Mit Troi.

(Ngudn: https://www.universetoday.com)

Hinh 12

Ngay 04/10/1957 1 jen X6 di phong thanh cong vé tinh nhan tao dau tién vao khong gian, vé
tinh mang tén Sputnik I. V& tinh d6 c¢6 quy dao hinh elip (£) nhan tdm Trai Dat 13 mot tiéu
diém. Cho biét khoang cach xa nhat giira vé tinh va tam Trai Dat 1a 7310km vy khoang cach
gan nhit gitta vé tinh va tim Trai Dat 1a 6586km Tim tam sai cua quy dao chuyén dong cia

v¢ tinh Sputnik I.

(Nguon: https://vi.wikipedia.org)



Hinh 13

Ban c6 biét?
JOHANNES KEPLER VA QUY LUAT CHUYEN PONG CUA CAC
HANH TINH

Kepler (Johannes Kepler) 1a mot nha toan hoc va thién van hoc
ndi tiéng nguodi Pac. Ong 13 mot trong nhitng dai dién cia |
cudc cach mang khoa hoc thé ki XVIL Kepler duogc biét dén 4

nhiéu nhit boi cac dinh luat vé chuyén dong thién thé mang tén g

ong. s .
Johannes Kapler

Ba dinh ludt cua Kepler: (1571 — 1630}

Dinh ludt 1: Cac hanh tinh chuyén dong quanh Mt Troi theo

quy dao 1a duong elip v6i Mat Troi nam tai mot tiéu diém.

Dinh ludt 2: Pudng ndi mot hanh tinh véi Mat Troi quét qua nhitng dién tich

bang nhau trong nhitng khoang thoi gian bang nhau.

Dinh ludt 3: Binh phuong chu ki quy dao ciia mgt hanh -

tinh ti 1€ vo1 1ap phuong nira d§ dai truc 16n cua quy dao. e
Nghia 1a néu ta goi RS luot 14 thoi gian dé hai hanh 1_--— : ‘ :
tinh quay hét mot vong quanh Mat Troi va “°% lan luot

la d6 dai nura truc 16n elip quy dao cua hai hanh tinh do

thi ta co:



(Nguén: https://vi.wikipedia.org/wiki/Johannes_kepler)
Bai 2.

Hypebol; Truc ddi xirng; Tam d6i xtirng; Ban kinh qua tiéu;

Tam sai; Pwong chuan.

Nho vi¢e thu tin hi€u tir hai tram phat soéng B va

F , ) Clon tan
2 trén bo, hé thong dinh vi dat tai diem M trén
, , - B bién
con tau tinh duoc hi¢u s6 khoang cach tor M dén 1\

. . 600 km
Fi, F> va xac dinh dugc mot duong hypebol di e \
TR ezl SO0me

qua M .

1. Tinh d@6i xirng ciia dwong hypebol
On tap vé hypebol

b

]
o

7 =1 (a>0.h>0)

Ta da biét hypebol (H)Vc'ri phuong trinh chinh tic a b
(Hinh 1) ¢6 cac yéu té co ban sau:

- Cit truc OX tai hai dinh 4(-4,0),4,(a,0)

cht truc 9 .

nhung khong

- Truc thuc la 44, c6 do dai 24

- Truc o la BB oo dg dai 20 vei 5 (070).8.(0.0)

hai diém trén Oy .

- Hai tiew didm 1a 11 C©0152(0.0) (g e =Ja +1°
- Tiéu cu 2¢ 1a khoang cach giira hai tiéu diém.
Chii y: Hypebol gom hai phan riéng biét nam hai bén truc 40, mdi phan goi 1a

4,(-a,0)

mot nhanh cia hypebol. Nhanh di qua dinh gém nhiing diém

M (x,y) 4,(a,0)

L. . R ~ ] = | =2 , . ,
v6i ¥ <-a vi thoa man MF - MF =24 Nhanh di qua dinh

X ~ - A X,V v \ 5 ~ -] =2
gom nhirng diém M (x.) )VO'I X Zav3 thoa man MFH - ME =2a


https://vi.wikipedia.org/wiki/Johannes_kepler

X2 y?
., 3T S =1 .
Cho hypebol () vGi phuong trinh chinh tac @ b va diém

(H)

M(x,,v,) MG x v, ) ML Gy - v ) M (- x - )

coO

nam trén . Cac diém

thuoe F) khong?
.

|¥_ o —_—
(H), 7770 A1
Hypebol D d nhan hai truc toa do lam

truc doi xwng va nhan goc toa do lam tdm doi

xwng. Hinh chit nhat c6 hai canh lan luot di qua

hai dinh 4> va song song va&i truc Oy , hai canh

B.B

con lai di qua 2va song song vdi truc OX dugc

00i 14 hinh chit nhit co sé cia hypebol 7.

Nhan xét: Khi cang tién xa gdc toa d9, hai nhanh cua hypebol (H)cémg tién gan dén hai

duong thang chta hai dudng chéo ciia hinh chit nhat co s¢ ( nhung khong co
V —E X,y =- Er

diém chung). Hai duong thang ndy c6 phuwong trinh ~ @ = @  va duoc goi
1a hai duong tiém can cua hypebol (H).

Vi du 1. Cho hypebol ) ¢6 hai dinh 1a 4 @04 (@0) (30 40 1a BB: vei
B,(0:- b).B,(0:5)

(#)

a) Xac dinh toa do bon dinh cta hinh chit nhat co s¢

b) Cho mot diém M bat ki trén ). Chimg minh ring @ <OM .

Loi giai

a) Goi PORS 13 hinh chit nhat co s& cua (H). Toa dd bon dinh caa PERS 13
P(- a;h).{.}‘(ﬁ;h). R(a:- b).5(-a:- b)



b) Goi M O3 14 diém bét ki tren ).
X ) y? - x_2>1
Taco @ b ,suyra @ nén 9@ =% =¥+ =0M" p, 44 a<OM

Chu y: Moi diém thudc hypebol (ngoai trir hai dinh) déu nam ngoai hinh chit nhat
co sO.

#1]. Viét phwong trinh chinh tic cta hypebol c6 kich thude cua hinh chit nhat co
so 1a 8 va 6. X4c dinh dinh, tiéu diém, tiéu cu , do dai truc cta hypebol nay.

#x2. Khi bay v6i van tbc siéu thanh ( toc do chuyén dong 16n hon téc do 4m thanh
trong cting mdi truong), mot may bay tao ra mot ving nhidu dong trén mit dat
doc theo mot nhanh ciia hypebol 6 ( hinh 4). Phan nghe 1 nhat tiéng on cia ving
noi trén duge goi la tham nhidu dong. Bé rong ctia tham nay gip khong 5 1an cao
d6 ctia may bay. Tinh cao do cia may bay, biét bé rong ctia tham nhiéu dong
duge do cach phia sau may bay mot khoang 1a 40 ( mile ( dim) la don vi do

X Vo
. —_— :1
khoéang cach, Lmile =1,6km ) va (H)C(') phuong trinh: 400 100

' o
: ~
Bé rjng cua \‘
tham nhigu ding .

_‘»__
—40 -230 X

#
’f
. ’:‘. "
Hinh 4
2. Ban kinh qua tiéu.
M() () .\"_y_'-':l
e2. Cho diém ™ ***¥” nam trén hypebol 7)o gy
a) Chtrng minh rang FM™- FEM™ =dex
M(x;y) 4,(-a:0)

b) Gia st diém

. 0 A A 1 o A, | -] =2 ~ 1AL A
da chirng minh dugc & cau a) két hop voi tinh chat ME; = ME =20 43 biét ¢é

thudc nhanh di qua ( Hinh 5.a). Str dung két qua

MF, + MF, =-25 MF, =-a- Sx

chirng minh a , Tu do, ching minh cac cong thirc: a

MF. =a- x
- o



b) Gia sir diém 3 thuoe nhanh di qua = @ Hinh 5.b). Sir dung két qua

da chirng minh duoc & cau a) két hop véi tinh chat M2~ MA =20 43 pidt ¢é

. MF,+MF, =22 _ MF, =a+<x
chirng minh a , Tu do, chimg minh cac cong thirc: a |

MF, =-a+ E.‘l.'
} a

Hinh 5

0 Cho diém M thudc Hypebol (H). Céc doan thang ME, 4 ME, duogc goi la hai

ban kinh qua tiéu ctia diém M .

oyt
Do dai hai ban kinh qu tiéu cua diém MG y) trén hypebol (H): a b duoc
MF, =la+Zx| MF, =|a- Sx
tinh theo cong thurc @l a
x’ i y‘? -
Vi du 2. Tinh d6 dai hai ban kinh qua tiéu cua diém M(x;) trén hypebol (H#): 76" 9
Giai
Taco @ =42 =3 suyra c=5,
Do dai hai ban kinh qua tidu cia diém ¥ Gy) g5,
- : 5
MF, =la+Sx =4+ 22| ME, =la- S =la- 2x
a 4 . . a 4
oy
o) ey ET
o i hai ban kinh qua tiéu cta diém M 5Y) trén hypebol 64 36
) o 4,(a;0) (H): 25 ==
w2’ I hai ban kinh qua tién ctia dinh 2%/ trén hypebol a b .
3. Tam sai



(H): -2 = AN
»0l a b° Chungtoring @

tiéu cu va do dai truc thuc la tdm sai cua hypebol va dugc ki hi¢u 1a €, nghia la a

ypebol, ta luén co €>1.

xT

(H
ai cuia hypebol 64 30

Gidi
8,b :6, suy ra © =Ja +b =10
o =S = 10 5
aicﬁa(H) la a 8 4,
% Tim tdm sai cua céi hypebol sau:
Yo (#1,): = - 2 = ()~ -2 o
f&: vol () cO tam sai b?mg \/5 Chung minh truc thyc va truc 4o cua () co do dai
3
,f*: & c6 quy dao 1a mot nhanh caa hypebol () , nhan tam Mit Troi
) i€ém (Hinh 6). Cho bict tdm sai cia (H) bang 1,2 va khoang
cach gin nhét giita vat thé va tim Mt Troi 1a 2- 10"km
o MatTrdi
rong trinh chinh tic ctia (H) F
1g thirc tinh ban kinh qua tiéu cua vi tri M(xy) clia vat thé trong mat
do. Hinh 6
4. Puong chuin A
¥
i M
(H): -2 =
() M(x:Y) 4ren hypebol a b
74 L .
q &,:.1-+£:D;&::.1-—£:D al 2 L
va hai duong thing € € 0
(Hinh 7).

Hinh 7



A).d(r.4,) lan luot 1a khoang cach tir M dén cac duong thang ~1° 72,

MF,  |a+ex| |a+ex| e
M;a) | al latex]
e &
MF,
d(M:A,)

rach tinh trén, hay tinh

F(-c:0),F,(c:0) Pudng

__:l

ol 1) ¢6 phuong trinh chinh tie @ &’

va co hai tiéu di€ém
a

A, ix-—=0
€ duoc

A, :.1r+i =0

e duoc goi 1a dudng chuan tmg véi tiéu diém h va duong thiang

thang
goi 14 dudng chuan tng véi tiéu diém F, cua hypebol (H)

MF MF,

dOA) dOna)

iém M thudc hypebol, ta ludn c6

i [
-q<-—<—<g
e ¢ nén dudng chudn cua hypebol khong c¢6 diém chung véi hypebol do.

Vidy 4

. (H):
M(x:¥) (ran hypebol 16

a) Tim toa do hai tiéu diém va viét phuong trinh hai dudng chuin twong tmg.

56 khoang cach tir M dén tiéu diém va dén duong chuan tuong tng.

Giadi
T c S a _a _16
4b =3 suyrac =+a’ +b =5e=—=";"=—=—_
a 4 e ¢ 5
16
, e vz F(-50) o . i'n.l:x+?:[l
a) Ung véi tiéu diém "'~ ~ 77, ta c6 dudng chuan .
A, ix- 2 =g
5

Ung véi tiéu diém £(5:0) , ta c6 duong chuan :

MF MF,
- - =

b) Ta co: ¢(M:8) d(r:a.)
+ Tim toa d0 cua hai tiéu diém va viét phuong trinh ctia hai duong chuin tuong

5
1-

ung cua cac hypebol sau:



=

(7)1 -2 = (71,): -2 =y (7)Y .
2) 41 by 36 o4 R
+ Lap phuong trinh chinh tic ctia hypebol c6 tiéu cu bang 26 va khoang cach giira
288
hai duong chuén bang 13
BAI TAP
()2 -2
1. Cho hypebol 144 25
7 M[U;% ()
a) Tim tam sai va d0 dai hai ban kinh qua tiéu ctia di€ém 127 trén :

b) Tim toa do hai tiéu diém va viét phuwong trinh hai duong chuan tuong

ung.
¢) Tim diém ()& (#) sao cho Vi =2VE g6 Fi s 13 hai tieu didm ciia
(#)
2. Lép phuong trinh chinh tic cia hypebol c6 tiéu cu bang 20 va khoang cach
36
giita hai duong chuan bang 5 .
NI (o) I SRS S SRS
3. Cho dudng tron co tam "', ban kinh 7 va mdt diém 2 théa man
FF, =4r
a) Chimg t6 rang tim cua cac dudng tron di qua £ va tiép xuc véi © nam
trén mot duong hypebol (H).
b) Viét phuong trinh chinh tic va tim tAm sai cua (H).
4. Trong hoa‘zdong fno da}u bai qu§ dao hypebol (H) ciia
hoc, cho bi€t khoang cach \
con tau.

giita hai tram vo tuyén 1a
600km | van toc song vo tuyén
1a 300000km /s va thoi gian
con tau nhan duoc tin hiéu tur

hai tram trén b bién luon x £
cach nhau 0-0012s (‘hai tram i\ e A
v tuyén phat cac tin hiéu \Tram pht song 7 \\
cung mot thoi diém). Viét

phuong trinh chinh tac cta

Hinh 8



Ban c6 biet?

Hé thong dinh vi LORAN
ve

x | 20

14400 8100

Nguoi ta d tng dung tinh cht cua cac dudng hypebol dé dinh vi tau thuyén
ven bién thong qua hé thong LORAN.

Cach van hanh cua mot LORAN nhu sau:

Khi hai tram phat fiya b2

phat tin hi€u cung mot thoi
diém dén con tau, thi hiéu sd
giita hai thoi diém con tau
nhan duogc tin hiéu tir hai tram
nhan véi téc do ciia song vo
tuyén s& cho hiéu s khoang

cach tir vi tri cua tau dén h

va ©>. Do do, con tau dang &
dau do trén mdt hypebol co

tieu didmla & va 2. Bang
cach dua vao tram phat song
thi ba, £, chung ta c6 thé
hinh thanh mdt nhanh
hypebol khac véi tiéu diém 1a

£ va 5 Khi d6 vi tri coa

con tau 12 giao diém cta hai
nhanh hypebol noi trén.



Nguyén tac dua trén cac hypebol giao nhau nay duoc sir dung trén hé théng
dinh vi tam xa, duoc goi la LORAN ( LOng RAnge Navigation). Cac tram
radar dong vai trod tiéu diém cua cac hypebol, va tit nhién, may tinh duoc st
dung cho nhiéu thao tac can thiét dé xac dinh vi tri ctia con tau.

(Nguén: https://en.wikipedia.org/wiki/LORAN)

Bai 3. Parabo!

T khoao: Parabol; Truc doi xung; Dinh; Ban kinh qua tiéu; Tam sai.

Bai 3. Parabol

hoa: Parabol; Truc déi xiing; Dinh; Ban kinh qua tiéu; Tam sai.

Mt cit cua guong phan chuéu cua mot den pha la mot Y

parabol (P) val tum cua bong den dat tar tién diem F. '
Lam the nao de tim khoang cach tu F dén mot diem £

trén gurong khi biét phwong trinh chinh tac cta (P)?

(P)
Mit cit ctia guong phan chiéu ctia mot dén pha 1a mot parabol vo1 tim cua bong
F F
den dat tai ti€u diem . Lam thé nao dé tim khoang cach tr  dén mot diém trén

0]

guong khi biét phuong trinh chinh tac cia ?

1.Tinh ddi xirng ciia dwong parabol
On tap vé parabol

Ta d3 biét parabol (P) v6i phuong trinh chinh tic
2

i F
YO =2DX 66 tisu diém

va c6 duong

CAx=-L )
chuan 2

Parabol (P) nhan OX 1am tryc dbi ximg.

Giao diém cua parabol (7) va tryc dbi xtmg ciia no A
goi la dinh cua parabol.




M (x;y)

. . 4-2 n S =2 px £ A ,
a) Voi moi diém thudc parabol (P):y" =2pn (véi P>0 ) ta déu co

x =0 suyra (P) thudc nira mat phéng toa do co x =0,
) £ < 0 A . hid .
b) Vi 2 nén duong chuan cua parabol khong c6 diém chung véi parabol do.

M (x,:y,) M (x,:- v,)

- Chung to rang néu diém ° nam trén parabol (P) thi diém

cling nam trén parabol (P).

%" Khoang céach tir tiéu diém dén dudng chuan goi 14 tham sé tiéu cta parabol.
Khac voi elip va hypebol, dudng parabol chi c6 mot truc ddi xting, mot dinh

va khong co tam ddi xing.

Tim toa do tiéu diém, toa do dinh, phuong trinh duong chuan va truc di xung cua

parabol (P) v =dx -
Giadi

Taco 27 =% suyra P =2, Vay (P) c6 tiéu diém F(l;O), dinh 0(0:0) duong chuan
A:x =-1yanhan Ox lam truc d6i xtng.
Tim toa d6 tiéu diém, toa do dinh, phuwong trinh duong chuan va truc dbi xing cta

cac parabol sau:

R
2) (B):y’ :E.\'; b) (P):y ::‘.; 0 (P)l _5_1.

va duong thang 9 :x+2=0_Viét phuong
©)

Trong mit phang , cho diém

J(x,y)

nhung 1udn ludn di qua 4 va tiép xtic véi @

trinh ctia duong () 1a tap hop cac tam cua cac duong tron thay d6i

2. Ban kinh qua tiéu va tam sai ctia parabol

M (x; v) (P):y" =2px by
Cho diém trén parabol (Hinh 2).
Y, r P H

Tinh khodng cach tur diém dén tiéu diém  cua

1 |




g' Cho diém M trén parabol (P) c6 tiéu diém F va durong chudn A . Ta goi
M

d(M1:4) 1a tam sai

e =
doan FM 13 bdn kinh qua tiéu ctia diém M va goi ti s6
cua parabol (P). Moi parabol déu c6 tam sai € =! va parabol chinh tic

(F):_].’: :sz FM =x+

Vidu 2

o

c6 d6 dai ban kinh qua tiéu cva diém M %) 1

M(1;2)

? =4x

Tinh ban kinh qua tiéu cta diém trén parabol (P):y

Giai

Ta co 27 =% suyra P =2, Vay do dai ban kinh qua tiéu cta diém M (:2) la:

a
FM =x+2 Z1+2 =2,
3 %

Qz Tinh ban kinh qua tiéu ctia diém duéi day trén parabol twong Gng:
M, (1;-4) (B): )" =lox

a) Diém trén
M, (3;-3) (P):y* =3x

b) Piém trén

M, (a1 By =g

c) Piém trén

l#fgi Mot cong c6 dang mot dudong parabol (P) . Biét chiéu cao cua cong 1a 70 mva
khoang céch giita hai chan céng 1a 9 m. Ngudi ta mudn treo mot ngdi

sao tai tiéu diém F cia (P) bang mot doan day ndi tir dinh S cuia cong. Tinh
khoang cach tir tim ngdi sao dén dinh cong.




| 0]

@ Mit cit cia mot chao dng-ten c6 dang mot parabo ¢ phuong trinh chinh tic
5)
u‘w3

¥ =0.25¢_Biét dhu thu tin hiéu cia dng-ten dat tai ticu diém 7 cua ). Tinh
M(0,25:0,25)

khoang cach tir diém trén dng-ten dén F .

BAI TAP

1. Tim toa do ti€u di€m va phuong trinh chuan cia cac parabol sau:

(P):y* = (2):y7 =2 (P):)* =2

a) =T by 3 o) (B)2y? =v2x
2. Tinh ban kinh qua tiéu ctia diém da cho trén cac parabol sau:

o M (3:-6) o (R):) =12x M, (651) (B =5
a)biém 7 trén Y T b) Diém "2 trén 6 .

.2 M 3., 3 A > )t =
¢c)biém (V3:45) trén (7)) "E'x.

1
. v A[—;o . dix+i=o

3. Trong mit phang @, cho diém '# / va duong thang 4 . Viét phuong trinh

M (x;y)

cua duong (P) 1a tap hop tam cua cac duong tron © di dong nhung ludn di qua

4 vatiép xtuc voi 9 .

4. Cho parabol (P). Trén (P) 14y hai diém M-V sao cho doan thing MN di qua tiéu diém
(P)

F cta * 7. Chimg minh rang khoang cach tir trung diém / cta doan thang MN dén

2 N _MN 4 .
dudng chuan A cua (P) bang 2 va dudng tron duong kinh MN tiép xuc véi A.

5. Hay so sanh ban kinh qua tiéu ctia diém M trén parabol (P)

(P).

v6i1 ban kinh ctia duong
tron tam M | ti€p xtic voi duong chuan cua

6. Mot sao chdi 4 chuyén dong theo quy dao c6 dang mét parabol (P) nhan tdm Mat Troi
1a tiéu diém. Cho biét khoang cach ngin nhét gitta sao chdi 4 va tim Mat Troi 1a khoang

112 km.

(P).

a) Viét phuong trinh chinh tic ctia parabol



b) Tinh khoang céach giita sao chdi 4 va tam Mat Troi khi sao chdi nam trén duong thang
(P)

di qua ti€éu diém va vuodng goc véi truc doi xirng cua

1 0]

7. Mit cat caua guong phan chiéu ctia mot dén pha c6 dang mot parabo c6 phuong

M (1;/6)

= .2 A A ion. 4R ,
trinh chinh tdc ¥~ =%*. Tinh khoang cach tir diém trén guong dén tiéu diém cua

(P)

. (v61 don vi trén hé truc toa do la xentimét).

Bai 4. Tinh chit chung ciia ba dwong conic

®
§.

Parabol

-
/‘yp

Tai sao nguoi ta goi elip, hypebol, parabol la ba duong conic?

1. Giao cua mat phang véi mat non tron xoay

Gan mot 6ng nhya vao dau bong ciia mot dén chiéu nho dé tao ra mot chum anh sang hinh
mit nén tron xoay (hinh la, b). Chiéu dén 1én mét birc tudng voi cac goc nghiéng khac
nhau dé anh sang tir dén hét 1én birc tuong tao thanh cac bong khac nhau (Hinh 1c, d, e).
Nhan xét hinh anh ctia ban nhin thiy trén birc tuong.

Hinh 1



Nguoi ta chimg minh duge c6 thé tao ra cac duong tron, elip, hypebol, parabol bang cach
cho mat phang cat mat tron xoay.

Giao ciia mot mit phang v4i mot mét tron xoay (mit phang khong di qua dinh cta hinh
nén) ¢ thé 1a duong tron, dudng elip, dudng hypebol hay duong parabol.

Vidul

Trong Hinh 2a, giao ctia mit phang va mat non 1a mot duong parabol.

<

a) b) c)

Giao ctia mit phang va mit nén trong Hinh 2b,c c6 dang hinh dudng gi?

Khi may bay song song v&i mat dat van tc 16n hon van tbc 4m thanh sé tao ra cac 1op
khong khi dao dong c6 hinh mét non (né6n Mach) (Hinh 3) va tao ra ti€éng n6 manh, goi la
tiéng no siéu thanh. Nhitng nguoi trén mat dat néu nghe thay tiéng n6é nay cung mdt thoi
di€ém thi vi tri cia ho cung thuoc mdt duong hypebol. Hay giai thich diéu nay.

Non Mach,

a " o

Hypebol — s
Bde it

Hinh 3
2. Xac dinh duong conic theo tim sai tiéu diem, duwdng chuan

Cho duong conic ¢6 tiéu diém F, dudng chuan A va mot diém M 1a diém nam trén duong
MF

. 14 b) /( . A ~ *~ ? /( d M' A hY A . ? \ M
conic d6. Tim moi lién hé gitia ti s6 (1:4) va tén goi cua dudng conic.

(Hy &)

Dinh nghia chung cua cic dudng conic



Cho diém F c¢b dinh va duong thang A ¢b dinh khong di qua F. Tap hop cac diém M sao
MF

cho ti s6 d(a:4) bang mot hang sé duong € cho trudc duoc goi 1a dwong conic. Piém
F goi la tiéu diém, A goi la dwong chuan va € goi la tAm sai cuia duong conic.

Tir dinh nghia trén, két hop véi tinh chat cia elip, parabol va hypebol, ta co:
Elip 1a duong conic c¢6 tim sai € <1,

Parabol 1a dudng conic c6 tam sai € =1,

Hypebol 1a dudng conic c6 tim sai €¢>1.

Vidu 2

Xac dinh tam sai, toa o mdt ti€u diém va phuong trinh duong chuan tuong trng cia moi
dudng conic sau:

.\'3 'l-'_j .‘t’z 'l-'_j
2 —+—=1 -—=1
a) Vo =lax b) 10 5 c) 4 12
Giai
a) Conic (P): )" =14x 1a mot parabol. Ta co 2p=ld.p =T
7
(P) ) F{EQO ) A;g;:-z
Suyra - 7 c6 tiéu diém , duong chuan 2 vatamsai € =1,
(£): 2 +L o

b) Conic 10 5 lamotelip.

a 10

3
a —J_ b= 5 o =vJa’ - \.E € _—_g_———z" 5
Ta co 2 2
J2
. F-\E:O s A ey —o e=—
Suy ra (£) co tiéu diém ]( ' ), duong chuan Apx = 25 va tam sai 2
I:HJ:}L—- L:1
c) Conic 4 12 1a1 hypebol.
—— : 2
a=2h :E\JG__ c=\Ja +b" =4d.e :i =2 — q — =1
Ta co a e 2
Suy ra () co tiéu diém F, (4;0), duong chuan 2: ¥ =1 va tAm sai € =2

Vidu3



Cho dudng thang 2%+~ 1=0_Goi tén 1a 1ap cac phuong trinh céc duong (L) 1a tap hop
MO
céc diém M (v y)théa man d(a,A) trong mdi trudng hop sau:

1
e =—
a) 2b)e=2 c)e=l
Giai

o

x4 p- 1]
2

=  dM.A)=
Ta Cé MO =fx +3 Vé

e =—<I1
a) Do 2 dodé D 1amot duong elip.
MO _l om0 =d(M,A)

Mixyle(l)=
NS Gy T

Ta co
LTSI IDIPI :
= = S(_r +y ):I[.T-h}'- 1)

= 3-.,,‘.1': +)y =——
2
= B8x +8)y =x"+y +2xy- 2x-2y+le Tx +7y - 2xp+2x+2y-1=0.

Vay elip (L) ¢5 phuong trinh Tx* +7y" - 2xp+2x+2y- 1 =0
b) (D) ¢ e=2>1 do do (L) 1a mot hypebol.
MO  _»e mo =2d(M,A)

M(xiy)E(L) =
(1) €(L) d(M,A)

Ta co

= -.,|||.1': +° :2%*&!* 4yt =2x+y- 1)

= ox+yT :3(.1" +y +2xy- 2x- 3f1'+|)ﬁ 4y +4xy-4x-4y+2 =0

Vay hypebol (&) ¢6 phuong trinh WAyt Hdy s dx-dy+2=0
¢) D) ¢ e=1 do d6 (&) 1a mot parabol.
M(cy)E(L) = MO _\ o mo =d (M., A)
d(M,A)

Taco

5 = X + ¥ = I ] 5 5
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=x 4+ +2xp- 2x-2y+le x4y - 2y +2x+2y- 1 =0.

2+2}.2
Ty - 2xy+2x+2y-1=0

= 2x
Vay hypebol (L) ¢ phuong trinh
Xac dinh tdm sai, toa d6 mot tiéu diém va phuong trinh duong chuan tuong Gmg

ciia mo1 duong conic sau:



2 2 oo , 1
R — =1 yo=5x

a) 5 2 by 12 4 o)

@) Quy dao ctia cc vat the sau day 1a nhimg dudng conic. Nhimng dudng nay 1a elip,
\&=2 parabol hay hypebol?

Tén Tam sai
Trai Dat 0,0167
Sao choi Halley 0,9671
Sao chdi Great Southern of 1887 1,0
Vat thé Oumuamua 1,2

Hinh 5. V4t thé Oumuamua

Nguén: https://vi.wikipedia.org/wiki/oumuamud

Bai tap
1. Xac dinh tAm sai, toa d6 mot tiéu diém va phuong trinh dudng chuin twong tng cia

moi dudng conic sau:

Xy Xy
_+‘}_ =1 — =1

a) 9 7 b) 15 10

c) ¥ =X,

2. Viét phuong trinh ctia conic ¢6 tAm sai € =1, tiéu diém F:0) vy duong chuan
A:x+1=0

3. Viét phuong trinh ctia conic (©) trong moi trudng hop sau:
a) (©) ¢6 tieu diém 730 duong chuén A%~ 2 =0 v3 tm sai ¢ =2;

Arx+—=0 e=

25 4
b) (©) ¢6 tieu diém FC%9  duong chuén 4 vatimsai 5

4. Quy dao cua cac vat thé sau day 1a nhitng duong conic. Nhitng dudng nay 1a elip,
parabol hay hypebol?

Tén Tam sai
Sao hoda 0,0934
Mat Trang 0,0549
Sao Thuy 0,2056
Sao choi Ikeya-Seki 0,9999
C/2019 Q4 3,5

Hinh 6. Sao choi lkeya-Seki nhin tir Trai Dat

Nguén: https://vi.wikipedia.org

1. Tim toa do cac dinh, tiéu diém va ban kinh qua tiéu ing v6i diém M(x:¥) cuia cc conic
sau:

7 7 2

oy x )y

e —-—=1

a) 169 144 b) 25 144 . o) ¥ =lix

b



E): 42 o

(
2. Cho elip 25 9
a) Xac dinh tga do cac dinh, tiéu diém va tim tAm sai ctia (&),
b) Viét phuong trinh chinh tic cta parabol () ¢6 tiéu diém 1a tiéu diém c6 hoanh do
duong cua ()
¢) Viét phuong trinh chinh tic ctua hypebol () ¢6 hai dinh 14 hai tiéu diém caa (&), hai
tiéu diém 1 hai dinh cua (£). Tim tdm sai caa () .
3. Xac dihh tAm sai, tiéu diém va duong chuan twong Gmg ctia mdi dudng conic sau:

2 2 22
_+”_ﬂ:l @ 2 =1 y' =Tx
a) 16 12 ; b) 14 2 ; C) J A

4. Cho duong thing 4:** ¥ 1=0 ya ¢idm F(:D | viét phuwong trinh dudng conic nhan
1a tiéu diém, ¢ 13 dudng chuan va c6 tAm sai € trong mdi trudong hop sau:

a) T2 b) e =l c) €=2

5. Mt Trang chuyén dong theo mot quy dao 1a duong
elip c6 tAm sai bang 0,0549 va nhan tam Trai Dat 1a
mot tiéu diém. Biét khoang cach gan nhat giira tim
Trai Dt va tim Mt Trang la 362600km Tinh
khoang cach xa nhat giita tam Trai DAt va tAm Mat
Trang.

Ngu&n:
https://www.universetoday.com

Hinh 1. Trai Bat va Mat Trang

6. Ta d3 biét tinh chit quang hoc ctia ba duong conic
(xem phan doc thém Ban c6 biét? & trang 72 , sach gido khoa Toan 10, tap hai).
Hypebol ciing c6 tinh chat quang hoc twong ty nhu elip: Tia sang hudng t6i tiéu diém £

cta hypebol () khi gap mot nhanh cua ) sg cho tia phan xa di qua .

Mot nha nghién ctru thiét ké mot kinh thién vin vo tuyén chira hai gwong c6 mit cat

F'Vét

hinh parabol (P) va hinh mot nhanh cua hypebol 1) . Parabol (P) ¢6 tiu diém
dinh . Hypebol (1) ¢6 dinh 4, c¢6 chung mot tidu diém 1a & véi (©) va con c6 tiéu
diém thi hai > (Hinh 3).

Nguyén tic hoat dong cta kinh thién vin d6 nhu sau: Tin hiéu dén tir vii tru dugc xem
nhu song song v&i truc cua parabol (©), khi dén diém M cua () s& cho tia phan xaa
theo hudng ME, , tia nay gap () tai diém N va cho tia phan xa t6i % 12 noi thu tin

hi¢u. Cho biét S =14m,SF =2m (3 AR =Im sy (idt phuong trinh chinh tic ctia (P)
va (H)


https://www.universetoday.com/

(Nguon: https://sciencestruck com/parabolic-mirror-working-principle-applications)

Hinh 2

7. Mit cit ctia mot chao ang-ten la mot phﬁn cua

parabol (). Cho biét ddu thu tin hiéu dat tai tiéu
1

diém F cach dinh O cta chiao mot khoang 1a ©

a) Viét phuong trinh chinh tic cta ()

b) Tinh khoang cach tir mot diém M (0:06:0.2) ¢rap
ang-ten dén £,

8. Guong phan chiéu ctia mot dén chiéu co6 mit cat
hinh parabol (Hinh 5). Chiéu rong gitta hai mép
vanh ciia guong 1a MN =32em vj chiéu siu cua
guong la OH =24cm
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a) Viét phuong trinh chinh tic ctia parabol do.

=Y

b) Biét bong dén dit tai tiéu diém F cua guong.
Tinh khoang cach tir bong dén t&i dinh O cua
guong.
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Hinh 5



