Cau 1.

Cau 2.

Cau 3.

BAI TOAN 2. CUC TRI

(THPT Nguyén Khuyén 2019) Trong khong gian véi hé truc @2 cho céc diém

=1 7 o R L
AC1.2:3). 8(0:-5:8) va OM =ai+bk trong @6 %0 1a ca sb thuc luon thay ddi. Néu

uuu uuu

MA- 2MB

dat giac tri nho nhét thi gia tri 9~ b bang?
Loi giai
Tra loi: 0

. OM =ai+bk= M(a:0:h)
Ta co:

MA=(-1-a:2:3- B):MB =(6- a:-5:8- b)= -2MB =(-12 +2a:10:- 16+ 2h)

SN

= MA- 2MB =(a- 13:12:5- 13)

LI LLILI . -
‘wfz '*ws| =J(a-13Y +12 +(6- 13) =12

ood  ood
|w,4— 2MB

o=
—Iﬁﬁ{
Vay

b=13

.Dodo a-b=0

. .42 2: B(2:-1;3 .2

(S& Ha Noi 2019) Trong khong gian 97 cho hai diém AQ1:2:1) ; (-1 )Ve‘l diém

M (a:b;0) sao cho MA® + MB® nho nhit. Gia tri ctia @ +5 132
Loi giai

Tra loi: 2

Ta théy M (a:b0)e (G.U':"

31
——:2
2 2

' 1a trung diém cﬁa doan thing 4B | ta ¢6
L U0 U 42

MA® + H’E: “MA +MB (11~ 1) (13- 1)

=(2a" - 204000 )+ (18" + r* - 218101

o g T
=M +204% - 200 (14 +1B) = =IMP 45 =IM? 4T

Béi vay MA® + MB* nho nhat © IM ngan nhat < M 1a hinh chiéu vuong goc cia | trén mat
1

1’!‘——0] ﬂ:i__b:l:‘; ﬂ+b:E+—:2
2 2

phang (0xy ) Béi vay . Nhu vay 2 2

(THPT Nghia Hung Nd- 2019) Trong khong gian v6i hé truc toa do P2 | cho tam gidc

ABC o A(2;1;3)’ B(1;- 1-,2), C(S;-ﬁ;l). i M (x;y;z) thude mit phing (0yz)

MA + MB® + MC” dat gi4 trj nho nhét. Tinh gié trj bidu thirc £ =¥+ +2
Loi giai

sao cho

Tra loi: 0



Cau 4.

Cau 5.

Ll L N

2:27:2
Goi I 1a diém thoa 4+ 1B +1C =0 =1 “*“).

MA® + MB* + MC* :(-'J"’ij‘r * f‘i ): + (J‘ijf’ + :JFJJE ): + (JLJI} + JJFJC)
Ll

3 . . . NIRRT
=3MP + 14 + I8 +IC* +2MI.(IA+IB+IC) _3, 02 L 12 4 157 4 102

N M €(0yz) (Oyz)

M = MA" +MB” + MC" dat gi4 trj nho nhat © M 1a hinh chiéu cua | lén

e M(0:-2:2)

[
Il
=

\]é}] }J ::D - 2 +

A(3;2:1
(L& Quy Pén - Hai Phong - 2018) Trong khong gian véi hé toa 46 @7 cho (3:2 ),

B(-2:36) .. M(x,iy,:z,)
. biém fre AT

uuu uuu
C|MA+3MEB
khi

thay di thude mat phing O) 4, gia tri ctia biéu thirc

I=x,+y, +z,

nho nhét.
Loi giai

Tra loi: 2

_x,+3x,
v, +3y,
| —
T 143
z, =21t HI —E;E;E‘
Goi diém H thoa man 774+ 3HB =0 ki do: | 1+3 L 44 4]
Phuong trinh mit phang (Ory )12‘1 z=0,
f.‘r.__r =x,-al
Xét I 4 dodétoadddiém M cantimla; ‘v ~7H T 4
3 11
=x, +y, +z, = 7102
Vay T=x,+y,+z, 1 a _

(Chuyen Phan B$i Chau Nghé An 2019) Trong khong gian véi hé truc toa do @7 | cho mit
cay (Sl P +(p- 27 +z 417 =9
hai diém 4(4:3:D BG:1:3). M 13 diém thay ddi tren ). Goi ™" 14n luot 14 gia tri lon
nhat va gi4 tri nhd nhét ctia biéu thie £ =2MA° - MB®  Xac dinh ("~ 1),

Loi giai

Tra loi: 60



Cau 6.

Goi ! 1a diém thoa man 274 - IB =0
R E TIPSR, P

= .Iirf._.‘l. '15.'“-1.:' -.IIH"“_.:' _H}

= I(5:5:- 1)

Suy ra | 1a diém cé dinh.
Suy ra P dat gi4 tri nho nhat khi M/ dat gia tri nho nhét, P dat gia tri 16n nhat khi MI dat gi4 tri
16n nhét.

o T2 afoe N2 aie ATV —
(S)(r= Iy +(y= 2) Hz+1) =9 c6 tam 7 (13227 D a3 ban kinh R =3

Suyra & =3
Ma M 1a diém thay ddi trén )
Do do:

. Ml =IM, =JI- R =5-3=1
min
MI =IM, =J[+R =5+3 =8
max B
Suy ra - =8 - 27 =00

(Chuyén Vinh Phuc - 2018) Trong khong gian véi hé truc toa do OxXyz  cho mit cAu (s cod

phuong trinh 1a XAy 4z - 2x- 2y 0247 =0

(s)

. Cho ba diém 4 , M , B nim trén mat cau

sao cho QMB =90 Dién tich tam giac AMB ¢6 gia tri 16n nhét bang?
Loi giai
Tra loi: 4

tog )G +(p- 1) (- 3) =4 = (s) o6 tm 1(1;1;3) vi ban kinh R =2

T
Baira 4, M | B nim trén mit ciu (s) va QMB =90 = 4B qua I'= AB=1R=4

MA* + MB®  AB’

1 -
S s =—MAMB = = =4
Taco 2 4 4
AR
o MA=MB="_=2J2
Diu " =" xay ra V2 va AB =4

Do d6 dién tich tam giac AMB c6 gia tri 16n nhat bang 4.



CAu7. (Phan Dinh Phung - Ha Tinh - 2018) Cho /<. d.e.f 13 cac s§ thuc thoéa man

(d-1Y +(e-2) +(f-3) =1

3Y +(b- 2) +% =9
-(G+ J +( J+c Goi gia tri 16n nhat, gid tri nho nhat cua bi€u thuc

F :.J(g -dY +(b- e} +(c- [

14n lugt 1a M- Khi d6, M - M bing?
Loi giai

Tra loi: 8
Goi (d.e.f)

R :1’ B(a.b,c) 4 B

(5): G- 1) +(y-2) +(G-3) =1

ota
(5,):G+3) +(y-2) +2° =9

thi 4 thudc mit cAu m Uy (1;2;3), ban

kinh thuoc mat cau cO tam

-1 o :q
BER20) o inn R =3 gy g ML =52 B4R (5) |, (5)

khong cat nhau va ¢
ngoai nhau.

D thiy F =AB , AB maxkhi 1 =18 =8 > Gis 1 16n nhét bang 12 TR R =0
AB minkhi A =48 =85 Gid i nho nhét bing 12T B B =1
Vay M-m=8

Cau8. Trong khong gian 92 cho ba didm A(LLED  B(-2:34) 3 C(- 25D pigy M(a:56:0) gype

g Ox 2 2 2 e, . R z 2 2 20
mat phang (Ox) sao cho MA™ + MB~ + MC" dat gi4 tri nhé nhat. Tong 7 =@~ +b” bing?
Loi gidi
Tra loi: 10

G- 1;3;2)
(610]

Ta la trong tam tam giac ABC

Khi do



] ) T T T TP T
MA+MBE +MC =MA +MEB +MC

o od,, 0o o, 00 oo .
=(sG +G4) +(MG +GB) +(MG +GC)

: ) ) . 000 oo ood ood
—3IMG +GA* +GB* +GC* +2MG(GA + GB +GC)

=3IMG +GA* +GB® +GC°

Do d6 MA™ + MB™ + MC” nhg nhét khi va chi khi MG nhé nhit © M 14 hinh chiéu ctia G 1&n mit

phang (Oxy ) Do hinh chiéu vudng goc ciia G 1én mit phang (Oxy ) c6 toa do (- 1;3;0)Vr§1y

M (- 1;3;0)_T&dé T =(-1) +3° =10

Cau9. (THPT DPoan Thweng — Hai Dwong 2019) Trong khong gian @7 cho AQ-1,2)
B(-2:0;3) C(0;1;-2) Goi M (a;b;e) Oxy)

LI L LI LIl L

b

sao cho biéu thuc

HUd Dag [N MUl g

a4} LIl SN} S u| SN} Luu L

=(MI +IA)MI +IB)+2(MI + IB)(MI + IC) +3(MT + IC)(MI + I4)

(= ) L= P L= L LAM LR LN LA LA LAM

=6MI* +M/(4A +3IB +5C)+1AIB +2ABIC +3ICIA

4XA -+-3:~.’E + bx_
X = C
+ + -2 1 7
YA +3IB +5C =0p = A g S o Y | ——
Y 12 {12 12 1..':_*:l
Ak, +37, + 37,
Goi I 1 diém thoa man | 12
Ma: {4‘M +3"FE+5"FC} :D' }54}%4-2%}3 +3}:’_'}:4 —const  Nén Sr.fu'. = "Mfmir.
-2 1
, = M(-=,—,0) s
Suy ra M 1a hinh chiéu cua I 1én mat Oxy. 12 12 =T =12a+12b+c=-1

Céau 10. (THPT Ngé Quyén - Ba Vi - Hai Phong 2019) Trong khong gian véi hé toa do Oxyz goi diém
M (a;b;c . . ‘. , .
(a;b:c) woi ¢, b, € Ja cac phan sb t6i gian) thudoc mat ciu

x4y ezt 2x-dy- 4z- 7= ’ _ - '
(5):x*+) x=4y=-4z-7=0 sao cho biéu thae T =2a +3b+0c dat gia tri 16n nhét.

Khi d6 gié tri biéu thuc £ =2a- b+c¢ ping?
Loi giai
Tra loi: 6

X4y 4 -2x-4y-4z-T=0e (x- 1y +(y- 2) +(z-2) =16

M(a:be)e(§) e (a-1) +(b-2) +(c- 2) =16



Cau 11.

Cau 12.

Ta co:

& [2a+3b+6c-20|<28 5, 43p +6c-

2@a- D+3(b- 2)+6(c- 3)|5J(33

+3° +ff).[(a 1) +(b- 2Y +(c- 2)

20 =28 = 2a+3b+0c =48

15

— ﬂ:_

2a+3b+0c =48 304 3h 4 b —48 7

-1 b-2 20

— = < {3a- 2b=-1 1h=—

2 3 3 L 7

a-1_c-2 L2ane= .38

, N _n T 2

Dau — xay rakhi: - 0 ' !

P=2a-b+c=212.20,38

Vay 77 7

(THPT Ngb Quyén - Ba Vi - Hai Phong 2019) Trong khéng gian vé6i hé toa d6 Oxyz, Cho diém
AQt2t 0) B(0;0;1)

W|N Ny NN N SN Ny NN} Uy dug

(vo t>0) piém P di dong thoa man OF- AP+ OF.BP + AP.BF =3
a

a
Biét rang co gia tri ‘= b yoi @b nguyén duong va & tdi gian sao cho OP gat gié tri 16n nhat
bang 3. Khi d6 gié tri cia € =20+ ping?
Loi giai
Tra loi: 11
s

.P(x;y;:) . OP =(x:y:2) AP =(x- 2t;y- 2t;z) EP =(x;y;z- 1)
01 , ta co: )

. P(x;y;:)
Vi

2

| Ny NN SN Ny N[N} NNy NN

thoa man OF-AP + OP.BP + AP.BP =3

= 3t +3)y 4327 - di- dn- 2i2-3=0= x4+ 427

E.‘ R =4 +1

3

-
- i{.‘l.'- i{l' Ztz-1=0
3 3 3

i

| 12
w|-E.:_-"

Nen © thudc mat cau tam

Ol =t<R

Ta co nén O thudc phan khong gian phia trong mit cau.

, OP , _
Pé ™ thi P10 thang hang va OP =0l +R

4
f=—
3

L =OI+R = 3=t++t" +1

aF NP
. Tur d6 tim duoc

Suy ra a =4,b =3

0 =2a+b =11

Suy ra
Vay,

(HSG Nam Dinh-2019) Trong khong gian véi hé truc toa do 9% cho cac diém
A4:1:5),8(3:0:1),c(- 1:2:0) M (a;b;c)

16n nhét, Tinh £ =a - 2b +4c.

JJJJJ LILEEl e

va diém théa man MAMB + 2MB.MC - 5SMC.MA
Loi giai
Tra loi: 13
M| NNy /N §] H|N Ny NN N} LUl Jdd

— | ] 3] ] - ] ]
+ Pt O =MA.MB + 2MB.MC - SMC.MA .



Cau 13.

m 00 . i . oog omom g, | ] ]
(MA- MB) =MA + MB* - 2MA.MB = MA.MB :;(M'A' +MB* - AB")

Wwoowwy o . W Ww Wy U o
(MB- MC) =MB* + MC* - 2MB.MC = 2MB.MC =MB + MC" - BC’

0 00 ] . mDOoD  0mom ] ] ]
(MC- MA) =MC* + MA® - 2MC.MA = MC.MA :;(MC' + MA® - AC?)

[NIN Ny NN oy gy [NIN]N NpuE|NN)

= Q =MA.MB +2MB.MC - SMCMA

:é(.-m* + MB® - AB*)+ MB* + MC* - BC® - ;(Mc* +MA® - AC?)

. 3 .3 N | ., . 5 )
=-2MA"+—MB - —_MC - —AB - BC" +—AC~
2 2 2 27
1 . . 5 - . 3 . 3 .
- —AB - BC* + = AC? ) ) T =-2MA* + = MB - —MC?
2 2 khong déi nén € 16n nhét khi 2 2 dat gié tri
16n nhat.
. 3 . 3 .
T =-2MA"+_MB - —MC*
+ 2 2

I 3000 3000
) -2FEA+—FER- —FEC =0
Goi E 13 diém thoa man 2 2

om o 000 om ma om 500
= -4FA+3EB- 3EC =0 = 4FE4 =3CB = EA :ZCB

:vE[[;E;E
2 4

m 0O, 3,00 000, 3000 000,
T =-2MA° +%M’B: - %MC: —-2(ME+EA) +%(.-‘|JE+EB) - % ME+EC)

. 3 . 3 . 3 . 3
=-2ME" - 2EA +:EB' - ;EC' =-2E4 +;.E'B' - ;EC'

.3 .03
-2E4A" +—EB - —EC-
Vi 2 2 khong ddinén 7' dat gia tri 16n nhat khi ME =0= M =E

L30T
-.-594.

= M

P=a-2b+4c=1- 2.E+4.E:IB
2 4

A(2:-2;4) B(-33;-1)

Trong khong gian véi hé truc toa dd @7 | cho hai diém va mit cau

(5):Ge= 1) +(p-3Y +(z-3) =3
Cﬁa 2..'1’{‘1] +311’£B] béng?

. Xét didm M thay d6i thudc mat cau ( ), gia tri nhd nhat



Cau 14.

Loi gidi
Tra loi: 105

Mit cau () co tam [(1;3;3) ban kinh R :‘E.

: NP = - E(-11:1
Goi £ 1a diém thoa man: 2EA+3EB =0 Suy ra ( )
Wy o AW 1]

e —2MA* +3MmB° =2(ME+EA) +3(ME+ EB) =5ME? +2EA" + 3ER
ét .

P dat gia tri nh6 nhat khi va chi khi ME dat gi4 tri nho nht.

_n i . . L s
IE —H\E >R suy ra diém E pim ngoai mat cau nén ME nho nhat bang
IE- R=23-B=3

Vay P =2MA" +3MB° =5ME’ +2EA +3EB° =105

(Kim Lién - Ha Noi 2019) Trong khong gian Y7 cho
9

(S)x*+ )+ +2x- 4y- 22 4= =0 4(0:2:0 Y f:m?
2 va hai diém ~ 0:2: ), B(2-6:-2 . bie

S - uuu U . . , ” N
thudc () thoa man MA-MB ¢4 gia tri nhé nhat. Téng @ +0+¢ bing
Loi gidi

Tra loi: 1

(S)x*+3  +22 +2x- 4y- 2z +§ =0 = (§)(x+1)+ (y- 2¥ +(z- 1) =

bd | Led

s

) . 1121 R=
m

Mit cau cota , ban kinh

— fen ) . \
Vi 4 =2 >R v IB _‘/g_“}R nén hai diém 4, B ndm ngoai mat ciu ()
K(;-2;-1)

Goi K 1a trung diém doan thing AB thi va K nidm ngoai mit cau

UL LLILL aNjNE} L
Ta c6: MA.MB =(MK + K4).(MK + KB)

— MK + MK.(KA+KB)+ KAKB
MR P MRAARATABITRARE MK - K4

Suy ra MA.MB nhg nhit khi MK nhé nhét, tirc 1a MK nho nhét.
Pénh gia: IM + MK 2IK = R+MK =IK = MK >]K- R

mat cau

. M(a:b;c)
m



Cau 15.

Suy ra MK nho nhit bang [K - R xay rakhi [, M| K thing hang va M nim gitra hai diém

[ , K  Nhu vay M 1a giao diém cua doan th'flng IK va mit cau
K =(2-4-2) 1K =2 +(-a¥ +(-2) =26 =4R =aIM

Co

' i
a=-—
2=4(a+1) 2

[ —1 :l

= {-4=4(b-2) |

uu uuu A — - =

Suy ra IK =4IM | 2=4(c-1) ‘ >

Vay at+b+c =1

Oxyz A(0:-1;3) B(-2;-8;-4)

Trong khong gian véi hé truc toa do , cho cac diém

C(Z;-l;l) o, A (5):(1‘—|)z+(}'— 2):4-(:—3): =14 . .-W(.T._,.j}'._,.j:._r) a2 R
va mat cau . Goi froMrTH T 1a diém trén
() s 2+ 7] P=x, +)
sao cho biéu thirc I - ~ | dat gia tri nho nhat. Tinh MM

Loi giai

Tra loi: 6
Goi Y 13 diém thoa min 3/4- 2JB+JC =0 < 2J0 +304- 208 +0C =0

NN N

< 200 =304- 20B+0C = J(3:6:9)

H[uiN| H|N[N) UL LIl [ LLl L LI H[N[N) H[N|NN] LILLI
C3MA- 2MB + MC =2MJ +(3J4- 2B +JC) |3.-WA - 2MB +.-w-*:| = 2_-w,r|
a nen
LLIL [ H|H{NN] n[a[n
IMA-2MB+MC| = 2MJ
DO d(’) min min .
S 1(1;2:3) = » ‘ o
Mt khéc: ( )cc') tam = '’ bankinh R =V14 v3 &7 =214 >R 2 @diém “ nim ngoai mit

3 . LS .M
cdunén Y cét mit cau tai hai diém = !”" %,

x =1+ 2t
(17):{y=2+4ttER
Phuong trinh dudng thang (2 =3+0i
x =142t
y =2 +4¢ ;=L
oo
z=3+0t = - |
o 2 R 2 - 7 — I] == —
Xét hé phuong trinh: [(x-1) +(y- 2) +(z- 3) =14 2
/ 2:4: / L ! = - =
Suy ra M, (2:4:6)., (0:0:0) M,J =\14:01,0 3is
LLIL LILL LLILL LU
IMA- 2MB + MC = 2MJ e M= M].

Vay

P=x,6+y, =2+4=0



A ~ . ~ - R e A V‘A.'+':+:' ::2 2
Cau 16. Trong khong gian toa @ @Y7 cho 2 diém 4, B thay dbi trén mit ciu oy k(2= . thoa

man 48 =6 _Gia trj 16n nhét cia bidu thie O4° - OB” 139

Loi giai
Tra loi: 12
. 2 2 —7 e
Mitcau * HYHEDT=2S o 100:0:0),

vid, B cung thudc mit cAu tAm I nén I4=IB

s - 08 =(04) - (08) =(0r+14) - (01+ 1)

L i L L1l LI u NN
—201(14- 1B)=201.B4 =201.BAcos ¢, ¢ =(01, 34)
VO1

Suy ra biéu thirc O4° - OB” dat GTLN khi va chi khi ¥ =Y.

max (04 - 0B*) =2.1.6.cos0 =12

A

Cau 17. Trong khong glan Oxyz , cho ba diém A(:4; 5) B(3;4; 0) C(2:-1 0) Goi M (a:b; L)

diém sao cho MA™ + MB” +3MC” dat gi4 tri nho nhat Téng ¢ i +h+o c6 gia tri bang
Loi giai

Tra loi: 4

m o 0o i 000 (0m 3000
i IA+IB+3IC =0 Of =——0A+—-0B+-0C =(2:1:1) = 1(2:1:1)
Goi ! 1a diém théa man 5 5 5
) ) T T T T T T TR T TRV
o T =mA +MmB +3mC =(Mr +14) + (7 +1B) +3(M1+1C)
Khi do,
=541 + 201 (T4 + 1B +3IC) + 4 + IB® +3IC"
=SMI® + 147 + 1B +31C7 (i 14+ IB+3IC =0)
vil, A, B C ¢§ dinh = £4° +IB" +3IC" khong d6i nén 7' nho nhdt < MI nho nhét

= M=IQ:LD)=a=2 4

3

=c =1

Vay a+b+c=4

" R . o 1A N . A Xy 4 - 2x-4y-4= s
Cau 18. Trong khong gian vdi hé toa do Oxyz  cho mit cAu (S)ix+) v dy-4=0 va hai
diém AlHZ4). BILAZ)  MN 1y day cung ctia mit cau thoa man MN ciung hudng voi

u=(0:1:1) vy MN =42 Tinh gi4 tri 16n nhét cta
Loi giai

Tra loi: 7

10



Cau 19.

N

Tam {(2:0) pan kinh R =3,

nén diém A% 2:4)

| P _e LILI e A
Taco A=(i04)= [4=5 1B=(0:2:2)= IB =22

nam ngoai mat cau

(S) va diém P142) pim trong mat cau ).

uuuy u =(0,1,1] ."1-’;.',‘!: :(D.‘k:k}.k }[:I

Do MN cung hudng véi suy ra do MN =42 suy ra
MN =(0;4:4)

A =T (4 (-6 ; 1 — AN
Goi i }, suy ra 4 =(%6:8) Khido AMNA 13 hinh binh hanh nén AM =AN

Ta c6 |[AM - BN|=|A'N - BN| <A'B

N. B thing hang © N 1a giao

, dAu bing xay ra khi 4>
diém cua mit cdu voi duong thing 4 B. (Diém NV luén tdn tai).

i NN}

B2 . N T ITEAa M- BN =4B=
AB=(-3-2-0) (o0 AB =37+ (27 + (-0 =T |[4M - BN|  =4B=T
(Cum Truomg Nghé An - 2022) Trong khong gian @7 cho céc diém 4(0:0:3) va
8(2;'3;'5) . (P) \ - 2 , \ \ . £ , . o A

. Goi la mat phiang chua duong tron giao tuyén cia hai mat cau

(1Y Y (- 2 R - R SUUE SUU O g
(5,).(.1 1Y +(y-1) +(z+3) =25 va (53)..1 +y +z"-2x-2y-14 D.Gc_)i M, N 13 hai

2 P — N . , T, lq -
diem thudc (P) sao cho MN =1 _Biét gia tri nhé nhat cua AM + BN ¢ dang a b‘/g (
a.b.c€N 3 ¢ 13 s nguyén té). Tinh a+b+c
Loi gidi

Tra 1oi: 93

o (8) (S)
Mat phang la giao tuyén ctia hai mdt cau va nén thoa man hé
(¥ + 37 427 - 2x- 2y +062- 14 =0

X4y 4z - 2x-2y- 14 =0 = 6z =0 z=0 Vi (P)=(Oxy)
z ==V vay

(P)

Nhan thay 4 va B n3m khac phia v6i nhau so véi mit phing

11



Cau 20.

A’ B
B

400,00 B(2-30) 4 . p. (P
Goi va lan luot 1a hinh chiéu cua va Ién .
Suy ra: AA':3’ BB’=S, AB :\/ﬁ'

AM +BN =J 447 + 407 +BB” + BN 2,(4d'+BB) +(4M +BN)

Lai co:
Mt khie A MMV +BN 24’8’ AM+BN 24’8~ MN =J13-1

AM + BN :;J(3+5f Ji3-1) =78- 2413
Suy ra

Vay a =78 ’ b =2 ’ c 213. Vay a+bh+c :93'
(THPT Phu Cir - Hung Yén - 2022) Trong khong gian @97 | cho mat ciu ) tam 7(Z:-1:3)

(5) X+ *+z7- 4x- 6z- 2=0

ankinh R =4 va mit cau . Biét mat phang (P) 13 giao cua hai

S)

mit cau ) va 17 Goi M-V 13 hai diém thay d6i thudc mit phang (P) sa0 cho MN =v2 _Gia
tri nhé nhét ciia AM + BN ping Va- b2 v GOER 3 A(0:5:0). B(3:-2:-4) Ty gia tri

b
gan dung cia @ (lam tron dén hang phan tram).
Loi gidi
Traloi: 0,13
A
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Cau 21.

Ta c6 (S):(x-2V +(y+1) +(z-3)V =loe= x +y +27 - 4x+2y-62-2=0

Vi(P) =(s)n(5,)= (P): y =0= (P) =(0zx)

O(0;0:0), C( A(0:5:0), B(3:- 2:- 4)

Ta co 3:0:-4) 13n lwot 12 hinh chiéu vudng goc cua xubng
mit phang ).

- —&. —
Ma 24 =5.0C =5, BC =2

Do do

AM + BN =\JOA* +OM* +{BC* +CN* 2,J(04 + BC) +(OM +CN)* =[49+(OM +CN)’

Lai c6 OM +MN + NC 20C = OM + NC =0C - MN =5- 2

DAu "=" xdy ra khi va chi khi @-™-N-C thing hang.

AM + BN =J49 +(OM + CN ) 24J49 +(5- 2)* =76- 1042

Vay
a=Tob=10= E:E =013
Suy ra a 76 .
(S¢ Ha Tinh 2022) Trong khong gian 97, cho hai mit clu
A"4l?l_l4'
(S):x" +(y- 1)y +(z-2) =16:(5, )i (- 1) +(p +1)" +2° =1 3’3" 3|

va diem . Goi

o < K , r.e 5 . o A S 3 S \ N A 5 S r < A
(P) 13 mat phang ti€p xdc vdi cd hai mat cau ( l) ( 3) va | 1a tam coa 77, Xét diém

M(a:bic) di dong tren ) sao cho IM tiép xic véi mit ciu (SZ), khi AM ngin nhat thi
a+b+c bing?
Loi gidi

Tra loi: - 1

I(0:1:2),R =4 (s,) J(1;- 1,0),R, =l

- A Sl 7oA \ - A 2 rLA
Mat cau co tam vamatcau - cOtam

, U=k R =3=(5).(5)

D tiép xuc trong tai E nhu hinh vé (vé dai dién la duong tron).
v N
V4 \\_
N ___._.lhi .
,' > fﬂ" ' ’:j
- - I
\ / \, / y,
\ ;
L " Fa f
N /S
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Cau 22.

0 qm (4 5 2
JE=—IJ =—(L;-2;-2)= E‘ RS
Ta co 3 333 va () 13 mit phing qua £ vuéng goc véi
(47 14
(P):x-2y-2z-6=0= A‘ 2 e
' ¢ phuong trinh 1a 333 . Theo gia thiét thi IM
tiép xtic voi 5 tai V.
N | |  EM 4
sinf = =—= tanf == =— = EM = =42

Tinh toan o3 ’JE El ‘E

Khido AM =A4E - EM =42 - 2 =3J2 DAy bing xay ra khi va chi khi 4> £ thing hang
nhu hinh vé:

3 \/E w?

L < .
A M E
w5000 -
AM =2 AE =2 (0:-4:4) (0;-3.;3}=r.-w‘f 14, ?‘z, +h4c=-1
Ta co 4 4 3

Oxyz

(Chuyén Nguyén Trai — Hai Dwong — 2022) Trong khong gian véi hé truc , cho mit cau

(S): X’ +1 +2 =l va hai diém 4(3:0:0): B(- I':I':D]'.GQiM 1a diém thudc mit cAu (S).Tinhgié

tri nhé nhét cta bidu thie MA +3MB
Loi gidi

Tra loi: 5
Goi M(x10:2) 13 diém cin tim.

E(S)= "+ +27-1=0

Tacd' M

MA :JI[.T— 3V +y° +z° MB :\Jl[r+|]|: +Hy- 1)+,

Suy ra; M4 +3MB =[(x- 3y +)7 + 27 +3J(x +1) +(y- 1)’ +2°

:J{x— 3P+ 422 +8( +7 +22)- 8 +3.J|[.r+|}3 +(p- 1)+

ng;

—3(MC + MB) =3BC voi c‘ 'E.:::r.:::r ‘

%‘ #3042 43 1) # (- 1) 42

Vay gid tri nho nhét cua biéu thue MA +3MB ping Skhi

wrﬂcmﬁs} . M{ 3- sJEquE;D‘_

CM =k -CB(k >0) 25 25
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Chu 23. (THPT P6 Luong — Nghé An — 2022) Trong khong gian @V cho dudng tron (©) 1a giao
tuyén ctia mit phang toa do (XO») ygi mit cau (5):(x=0) +(y- 0) +(z+3) =41 .Goi 4 1a

dudng thing di qua cac diém A00:12).B(0:4:8) 'y M.N 13 c4c didm thay di thir tw trén

(©) va d . Tinh gia tri nho nhét cia d6 dai doan MN (1am tron két qua dén hang phan tram)
Loi gidi

Tra loi: 2,35

o 2 - I_a1n :
Phuong trinh (€): (¥ 0OF + (0= 00" =32 i a0 1(6:6) v bian kinh & =442 |

Goi £ =(d)NOy.IK LOy.D =IK N(C).G =IF N(C).ML LOY Nhy vay d& MN dat gi tri

oo nhat thi M phai thuoe cung nho PO
| NL _FL

KH FK = ML :;;H:" _0-
| KH =d(K :(d)) =32

LM =6- Jﬁ.:- d*(1:(ML)) =6- 432~ KL =6-432- x°

MN =ML +LN? :J‘ o- x| +(6-32- ) 2\](':]',}'1'}: +(6-V32- ) =f(x)

V2]

KH L(d):NL L(d)
==
LK =x

y=f(x) :\(m'f}_ +(6-\B2- ), vre[- 4Z:a2]
Xét ham so .

F(x) =0 12x- (x+6)32- x* =0 & x =x_ =~3,5145€ [ 44/2:44/2]
= min f(x) = £(3,5145) =2,35488

Cau 24. (THPT Quing Xwong 1-Thanh Héa 2022) Trong khong gian véi hé toa dd 97 | cho mat clu
CoA(y- 1)+ =4

() ¢ phuwong trinh * - vadiém H(30:3) Goi A 1a dudng thing di qua diém
44/3
7 1 BC = \'F 2 r r
H va cét mat ciu theo day cung 3 khong do6i. Khi khodng céach tir O ¢én A 16n nhit

thi A di qua didm N(-20:m:in) Tipp mtn =9
Loi gidi

Tri 10i: 3

Ta c6 mit cau O co tam T(OLO va ban kinh R=2. Khi d6 ta co:

(3| 2
¥

3

d(I:A) =IE =,|R*

. Dé dang danh gia duoc khoang cach tir O ¢n A 16n
nhatkhi A va hai diém £-© ddng phing, tir d6 ta ¢6 hinh v& nhu sau:
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A

b‘ ”:»_w.

(0 =32:01 =118 =19

2 - 2+ 2
Ta  co: Ia==10"+0H nén AIOH vudng  tai o va
h
sin #HO __G = os FHO :ﬁ = 3"[
H 1H Jﬁ Mat khac ta co:
sin BHE =E os HHE HE NI - !
H 1H 1H V37 nén véi OF LA suy ra:

d(O;A),., =OF =0H sin BHE :3-.55in(ﬂfﬂ+ FHE} :'_’;ﬁl[sin Frio cos PHE +cos Frosin EHE}

) NI 26 |t
| 5 0 | =

MI Ef 2 [0 ,000 000 00O
_— — = =" = MI =" MO = 3MI-2M0 =0
Goi M =OI'NA khidotasuyra MO OF 3 3
M 0000 - .
w, =HM =(L;- ;1) = A :%:*1 S =

Giai hé tim ti cu trén ta ra duoe M (%:3:0) gy ra - -1 1
Ma A di qua N(-20:23:-20) pa ddng nhét suy ra M +1 =3,

CAu25. (Chuyén Lé Quy Pén — Da Ning 2022) Trong khong gian @Y7 cho hai mit ciu
-0) +(y-TV +(z-8) = (x= 6 #(y-T)V +(z-8) = .
(5):(x-0) +(y-7) +(z-8) =9 v (8,):(x-6) +(y-T7) +(z-8) L o4 bao nhicy

R A - M 7 A 1N A A [URY 5 A S < A
diém M thudc mat phang (Oxy ), voi toa d6 1a so nguyén, ma tu M ke duoc déen ( 1) ba tiép

MX MY, MZ (i

tuyén XY.Z 13 cac tiép diém va d6i mot khac nhau) sao cho mit phang

(XYZ) tiép xuc voi (Sz) ?
Loi giai

Tra loi: 8

s) . @) o 1(6:7:8)

Pau tién ta c6 hai mit cau va chung tam va ban kinh lan luot la

R =3.R, =I

Ta dic biét hoa hai diém - va c6 hinh v& sau day:
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Cau 26.

¥

pat M(@:b:0).(a.b L) yhi 46 ta c6: (4p dung hé thirc luong trong tam gide vudng).

MI :‘:‘:?_ :‘;—'_ =9= MI" =(a-0) +(b- 7)Y +04 =81 (a-0) +(b-7) =17

(C):(x-0F +(y-7) =17

. Bai toan chuyén vé tim

(a-6) +(h-7) =17

Tir d6 ta suy ra diém M thudc duong tron

s& nghiém nguyén (@) thea phuong trinh . Khi ay ta suy ra:
a-6.0-7 13 c4c can bac hai cti s6 chinh phwong. Tir d6 ta chia thanh hai truong hop nhu sau:

-

(- 6) - 1<a-6<I 5 <a <7
@ mﬁ =5 4 z 2c4" 3 E ”=*I[a.tb}:(5;3};(5;II};I[?;3};(?;II}
- 77 -4 <=h-7 <= =h =
rhp. (-7 =16 [-4< < 3=<h=
(a- 6f 4<a-6<4 [2<a<l0
@ mﬂ =10 ¢ = ¢ = (a:b) =(2:6):(10:0):(2:8):(10:8)
T, (07 S - 1<b-7<I 6 <b <8

Nhu vay tdng lai ta c6 8 toa dd nguyén M thoa man.
. . . L : Onz o A 2;1)
(THPT Hoang Hoa Tham - Pa Nang 2022) Trong mat phang “*> cho cac diém ,

B(2:0:1) C€(3:-1;2) a(y-5) +(z-2) =3

N ) .
va mat cau c6 phuong trinh - Goi
M (x; Vi z)

L2 o 1 S .2 2 2 2 . N 4
la diém trén mit cau ( sao cho biéu thuc 3MA™ - MB™ - MC” {at gia tri nho nhat.
Giatrj 7 =X¥+y+22 39

Loi giai
Tra loi: 7

Ta c6 (5):x*+(y-5) +(z-2) =3 = Am K(0:5,2) va ban kinh R :\/:‘:_

H|N] H|N]

- 3I4- IB- IC =0 = I(-2:7:0)

I\a;b; ,
oi (a:b:c) la diém théa man

G

0 et 1 1 1
Ta cé IMA® - MB* - MC* :3(-'W+IA) - .-W+IE) - ,.w+;c)
aco - -

[N} Ll

an LLI
e R _ _ z_ z_ 2 . ) i .
=M1 +2MI (314~ IB- IC)+314° - IB* - IC* _ 12 212 g2 g
Pé 3MA” - MB” - MC” {at gi4 trj nho nhat © M nh¢ nhat = 7-M-K thing hang.
IK =23 =2 M . 2, K= ML(-1;0:1 — D =
Ma K _“"E =R=M 1a trung diém cta LoD p =x+y+2z=T

17



Cau 27.

Cau 28.

. 1:- L .
(Sé KonTum 2022) Trong khong gian %% cho hai diém AG:1:-3). 5(0:- 2:3) va mit cau
(5]:(.1'+I): +3" +(z- 3): =1.

MA* +2MB’ bing?

r A R A - A S ’ s s 17 A 5
Xét diém M thay doi thuoc mat cau gia tri 16n nhat ctua
Loi giai
Tra loi: 84

co )Gy #3273y =1 IGL03) L pg

, VIR = T
Goi J 13 diém théa man JA+2J8 =0= J(1;- L1).

Khi do ta co:

ﬂ OO Wy AU Coww o W ﬂ ﬂ
A +2MB* =07 +74) +2(M7 +JB) =367 + 205 (U4 + 20B) + J47 + 278",

22 ASAR 4+ 2 ALBC ; , MJ =T +R =2 +1"+2° +1 =4.
Do do dé MA™ +2ME- max = MJS__ . Do dé mar

2 > 34 (27427447 )+ 2.(1F +17 +27 ) =84
Vay Max cua MA +2MEB 13 ( ) ( )

A(B;—E;ﬂ),B(D;I;D)Va ;

(M3 105 2017) Trong khong gian vGi hé toa do Oxyz  cho hai diém mat

s (8):(Ge-1) +(y- 2Y +(z-3Y =25 .. .. (P)iax+by+cz- 2=0
cau . Mat phang

(s)

di qua 4B va cht
theo giao tuyén 1a duong tron c6 ban kinh nhé nhét. Tinh I =@ +b+c

Loi giai
Tra loi: 3

(s) ... 1(1,2%3)
CcO tam

Mit cau va ban kinh R=5

Ae(ﬁﬁ{m-m&-z:u (a=2- 2
Be(P)  |b-2=0 “ 1b=2

Ta co

r=JR- [dE:@))] = 25- [d@)]

Ban kinh ctia dudng tron giao tuyén 1a

d(1;(P)) y
onn

Bén kinh ctia duong tron giao tuyén nho nhat khi va chi khi hat

3 |2— 2c+4+ 3c- 2|

|a+2b+3c- 2 (c+4)’

dir,(p))=b —— 1 > . o =
(1)) TC+DP+C J(Z-?ﬂ)ﬂ‘*? 5 - 8c+8

Ta c6

-48c - 144c+192

—= flo)=

B (c+4) i zJ (c+4)
Xét flo= 5¢*- Bc+8 (5°- 8c+8) 57 - 8c+8
. c=1
fle)=0= c4

18



Cau 29.

Cau 30.

Béng bién thién

X

— 3y -4 1 P
y' -

0o + o0 -
T I;
ﬁ\o/\l

V5

dlI;(P A _ _ B _
Vay (r:(P)) 16n nhat bang \/g Kkhi va chi khi €=1= a=0,b=2= a+b+c=3

M (1:1;1)

(THPT Gia Loc Hai Dwong 2019) Mit phang () di qua diém

Oz 1an luot tai A(“?O?O), 3(0:5:0), C(0:0:c)

g6 a+2b+3c bing?

cét cac tia Ox Oy

sao cho thé tich khéi tr dién OABC nhé nhat. Khi
Loi giai

Tra loi: 18

1

Vouse =—abc

Tir gia thiét ta co ¢ = 4P >0.¢>0 43 thé tich khéi ta dien OABC 13

X 1% Z
’ ) P —+—+—=]
Ta c6 phuong trinh doan chian mit phing codang @ b ¢

1 1 1
Me(P)= —+—+—=I

Ma a b ¢

Ap dung bat dang thirc cosi cho basd taco: @ b e abc

- — .
Vi, oo =—abc =—

Do d6 6 2 . Déng thirc xay ra khi va chi khi @ =b =¢ =3

= g=h=c=3

_Khi do a+2b+3c =18

bt | WO

min, =
Vay a5

(Bim Son - Thanh Héa - 2019) Trong khong gian @7 cho mit ciu
(5): G- 1) +(y+2) +(z-3) =27 . (a) 4(0;0;-4)
B(2:0,0) ()

S C 2 4 e 2
( ), la hinh tron co thé tich 16n nhat. Biét mat phang “ c6 phuong trinh dang
ax + h_].'- z+ec =0 , khl d(r) a- b'f'C béﬂg()

13 mat phang di qua 2 diém

, ) Lo . (C Ko i o4 ts A
va cat theo giao tuyén la duong tron sao cho khoi nén c6 dinh 1a tdm cua

Loi gidi
Tra loi; -4

(@) ()b =0 = ¢ =
+ Vi qua A ta co: (-4)+c=0=c=-4

(0!) 2 — —"
+ Vi qua B ta co: Zate=0=a -,
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Cau 31.

= (0!) 2x+by-z-4=0

1(5-2:3) g 33

+ Mat cau ) c6 tam

|2- 2b-3- 4| _|2b+5

h = = =
(1.} S 3
+ Chiéu cao khdi non: JJ“ +b° +1 J'E' *5 .
— (pp+s|| (2b+5)
r=R* -0 = [27- | L] = ET_ﬁ
,If 2 T4
+Béan kinh duong tron: NES .
: 2b+5) | [2b+5
I :I—,Tr'h I—,T 27- ( - y | |
q ) 3 3 B +5 | \Jb* +5
+ Thé tich khoi non: ' :
+ Téi ddy ta c6 thé Thir cac trudng hop dap an.
Hoac ta lam tu luan nhu sau:
r__|zb+5
T es o f0=Q7-) [0;3«/5]
bat va xét ham so trén doan .
t =3
Cf)=0=
Cf)=27-3¢ t =-3(I) L
Ta co: ; . Ta c6 bang bién thién:
{ 0 3 3v/3
._flrlr-u
Fit) + 0 B
f(t) 54
[n’/f’#fjrr 0

Do do thé tich khéi nén 16n nhat khi va chi khi
2o+s| | .. :

- =3 = 45 +206+ 25 =9b" +45
,Jh-+5_

= 5b° - 20b+20=0= b =2

=3

ViVé.yH- b+c :'4'

Trong khong gian @*%Z | cho hai diém o " va mit cau
(S):(x=1)" +(p-2) +(z-3)° =6

(a.bc.deZ:d <-5)

Xét mat ph'fmg (Pliax+by+cz +d ::}’
14 mit phing thay ddi luon di qua hai diém 4> B . Goi (V) 1a hinh nén co
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dinh 1a tim ctia mit cau (5 va duong tron day 1a dudng tron giao tuyén cia (P) va (5) Tinh

. . T =la+b+c+d| . . .. s , At 12 £
gia tri cua |a | khi thiét dién qua truc cua hinh néon V) ¢o dién tich 16n nhat.

Loi giai

Tra loi: 6

Mit cau (5) ¢o tam [(1;2;3), ban kinh R :‘/g.
Co [4=IB :'JE nén 4B thudc mat cau (S,

:3

m_lrxl

ko |

48 =(- V3:3:0) =3 (1:- 1:0) = Ba M|

—(1 .1 —(ah ) =2 . .
Goi a =(L-10) va "l (a:bic) véi @ +P+C>0 la vecto phap tuyén cia mat phang (P

v

d =-0a- 3c
a=h

1£(P) %a +§b+3c-+a’:[}

— —
a.n =0

Vi 4,BE(P) nén co -

a-b =0 -

Goi :‘“‘F'{P”, (C)=(F)N(S) ;13 ban kinh duong tron (©).

r :\l‘R: -k :Jﬁ— b _

Dién tich thiét dién qua truc cta hinh n6n N

3 :i—.f’a.lr —hfo- Ew -3

i

max S =3 1pi h* =0-h"=h :\E.

ﬂ+3.&+3c'+a'| . . a=c
= d = &

\f’ﬂ:+b:+£': a=-c

h=d(1,(P))= 3 |

Néu @ =C iy b =a:d =-9a y (P)ax+ay+az-9a =0 x+y+z-9=0 (nhan).

Néu @ = C hi b =a.d =-3a va (Plrax+ay-az-3a=0+= x+yp-z-3=0 (loai).

Viy T :|a +h+c+d :ﬁ.

1a trung diém cua AB
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A(1:2:4).B(0:0:1) Wi ma

Oxyz mat cau

cho hai diém
g(F]:B_‘r+|"1_1'+L:-4:D

Cau 32. Trong khong gian

(5):Ce+1) +(y-1) +2° =4 B ya cit theo

. Mit phéan diqua 4,
giao tuyén 1a mot dudng tron c6 ban kinh nhé nhat. Tinh T =a +b+c?
Loi giai

Tra loi: 1

(s) 1(- 1;1;0) _
Taco: 6 tam " va ban kinh & =2
‘a+2b+4c-4=0 [a=-2b-12
A,Be(P)e ! - o |1 = (P):-2(b+06)x+by+4z- 4 =0.
c-4=0 c =4
Do ' '
. P )= r=fr-a )
Goi ” 1a ban kinh ctia duong tron la giao tuyén cta va a J ‘ ,dé 7 dat
3b+8|
i\ AFP))= |
o ﬁd(f-..(P}) s z ‘(( (%) J<h3+48h+lﬁﬂ
gia tri nho nhat dat gid tri 16n nhat. Ma - .
- Ty}
()= : 3x+8 F(e) = 32x+ 288 : () =0 = x =-9.
V57 +48x 41060 (V5" +48x+160)

Xét ham so

Béng xét bién thién:

X —x -9 +
I'(x) - 0 -
134
flx) | -1.34 /
\f[_g_]g 166
G
suy ra bang bién thién cia ham so6 la
! -0 -0 —§ 0
3
f(2)=166

14— 134
f(x) /
0

Dua vao bang bién thién, ta co: =-9=b=-9=a=0=T =L

T =l.

Két luan:

CAu 33. (Chuyén Lé Quy Poén Quéng Tri 2019) Trong khong gian @*¥Z | cho mit phing (P)
A(1;2;3) B(1;0:1) C(a;b;- 2)e(P)

X ¥+ 2=0 3 hai diém . Biém sao cho tam giac 4BC
c6 dién tich nho nhat. Tinh @+
Loi gidi

Tra loi: 0

C(ﬂ.jh.j-E:'E(P):- a-h+2=0=b=g+2= C(ﬂ;ﬂ.,.g_:_ 2)
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A.JE (U - - '}) JA:II‘.JT _(ﬂ- lia:- 5)=‘* [AJJB;JJCI =(10+2a:- 2a+2:2a- 2)

000 ood (2a+10Y +2(2a- 2Y 122+ 2 -
) Z%HAE._ACHZJ a - a :'-,II'L..G +;4ﬂ+|08 _ 3(g'+jg+'§l)
= 3(a+1) +24 >2J6 . g
VO1
mins. .. =2.J6 . C(-1:1:-2) _
Do d6 L J_khia_ I Khi d6 ta c6 = a+b=0
1(2:3:3) éJ(4;-1;1).Xét

(THPT Tran Phu - Pa Niing - 2021) Trong khong gian cho hai dié
¢6 hai dudng tron day nam trén mat cdu dudng kinh IJ' va c6 hai tim ndm trén

Cau 34.
khi tru T 6 hai
16n nhét thi hai mat phang chtra hai duong tron day cua

duong thang &/ . Khi c6 thé tich
+hy+ez+d = by +ez +d, = 24 d?
)c() phuong trinh dang x+by+ez+d, =0 va by +cz +d, D.Gié tri cua ! +d, bang?

Loi gii
Tra loi: 26
Iy
R =—=+6 M(3;1;2)

lat

- L. T | o 3 Ry L N
Taco v =(2-4:-2)=20-2; I). Mait cau c6 ban kinh 2 , tam
diém cua &/ .
Goi 7-X 1an Iuot 13 tm cua hai duong tron day cua hinh try

r=AH =AM " - MH" Jf:l—— J

Thé tich khéi tru:
o 7L I A
8-h :%.(344;*).;';

24- i

V =70°.h =T.

24- I N 24-h° N
2

Ta co:



Cau 35.

BT (aq_ g2 )2 a1
I [ .ﬁ‘ B = ‘ 24- h| =512« 24-h B <162
2 _ | 2 >
=V £4,Tﬁ_
24-k° .
LN —=n = :'{F- A "ri' :2\"'5:’ MH =MK :ﬁ
Dau = xayra 2

.\ N f \ A , <, A A . \
Goi vudng goc voi IJ vacach tam M cia mat ciu mot khoang la V2

= (a):x-2y-z4d =0

d(1.(2)) = 3-2.1- 2+4d| :|- | +d|
C()dtw-(a)}:ﬁ_Mé -J|:+(- 2 +(- 1) Vo

d=1+23

==
= [ 1+d|=23  [d=1-243

Nhan xét mit phang chira hai dudng tron ddy chinh 14 mit phang

A X . = 2 . =1-2 :+ _': :2
Khong mat tinh tong quat goi a I+“'“E'-d2 1-23 = d; +d, '53'.

Oxyz A4(4;0:0),8(0:5;0),C(0;0:¢) .

, cho cac diém
310

va mit cau () c6 ban kinh bang 2 ngoai tiép tu dién 0.4BC  Khj tong

Trong khong gian hé¢ toa dd

a=4,b=5c=06

PR NN T RN 2 a) .. A . o, A \
0UA+ OB +0C gat gi4 tri nho nhat thi mit phang di qua tam ! cua mit cau ( va song song

m._n._|:r._r:]EZ.ji

mx +ny + pz+q =0 (4 P 13 phan s tdi gian). Gia

. 0OAB
vo1 mat phang ( )c() dang
tri T=m+n+p+q bé“mg?
Loi giai
Tra 1oi: =3

Ja* +b* +¢&° s s s
. ) R= a f ¢ :?’{Eﬁﬂ'+ff+c' =90.
Ban kinh mat cau ngoai ti€p tir di¢n O.ABC 13 < <

Ta co

P=0A+0B+00C =a+h+r¢ Pt x=a-4=0y=bh-5=20z=c-0=0.

Khi do

@ +b 4+ =(x+4) +(p+5) +(z +6) =x* +37 + 27 +8x+10y +12z+ 77 =90.
= x +1 4+ +8x+10p+12z =13

T :(.‘L'+i1'+:): +12(x+y+z)=x"+ 17 +27 +8x+10p +12z +2(y + yz+ zx + 2x + ).
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Cau 36.

8+ l0y 4122213 L 250 . Gy +z) #12(x+ p+2)- 13 20.
Vi . . va nén

o x+y+tzzleo a-4+b-5+c-Tzle a+thb+czlo= {GA+GS+DC: - =lo.

Déu “ = ” xay ra khi va chi khi ¢ =P =3.¢ =T

A(4:0:0), B(0:5,0),C(0;0:7)
Suy ra, .

. s (S):x ey - 2ax- 2By - 2cz+d =0
Goi mat cau

Vi A(4:0:0), B(0:5:0),C(0:0:7), 0(0:0:0)

nén ta co hé

a=2
If'.'l' Sa+d =0 5
25-1064d =0 |"73
—
47-14z+d =0 ) 7
|d =0 2
d =0
5.7
Tam cua mit cau la 2)
Mit phéng “ song song v4i mit phang (04B) =(0xy):2=0= (a):z +e :0_
(.57
I 2,5:5 (a) =0 E’:—E
Vi thudc nén 2 >
Suyra’ 2=z=-T =0=m :I:I_:” :C'-:,U :2-:(]‘ — ?

T=m+n+p+q=-5

-1 -1
c-1210, H(- 1:2; ”,hinhn(’)n(N

(©)

Oxyz

Trong khong gian , cho hai diém c6 dudng cao

CH =h v3 ban kinh day la R =3‘E. G(_)iM 1a diém trén doan CH, 1a thiét dién cia mat
V). .. (V)

phing vuong goc vai truc CH tai M ctia hinh nén 1a khéi non co dinh H da
C o . N . 3 .

y la ( ) Khi thé tich khoi non () 16m nhat thi mat cau ngoai ti€ép nén co toa do tam

1(a;b,c),

bankinh1a € . Giatrj @ +b +c+d bing?
Loi giai

Tra loi: 6
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patfIM =x 0<x<h Goi I:R:" 1in luogt 1a tim va ban kinh dudng tron day caanéon V)| ban
5 _ o N =342

kinh duong tron (©) Khi d6 ta c6 CH =h =12 13 chiéu cao cua (N).R 3\'{:.

Khi d6 -1+ thing hang (I ndm giita €47 ).

EM CM
oS = EM _QH.CM
0 CH

Do tam giac ACEM = ACQH nén

R(h-x)
= prp=FM =FM ———

©)

7 , dinh O dayla ~ ’ 1a
The tich cua khoi noén
| |

B R(h- x)
v :E,TEMiH-w e T

h

| Rz 3
X =g _(h-x)x
3 h-

| R’ )
, j‘(‘r) :_-'T_-}(ﬁi'— :’)_ X
Ta c6 Xét ham so 3 ’(G<x<h)
. | R’ B | R ,
1) ZE,T 2 (h-x)h- 3.r). fx)=0= E,T 2 (h-x)h-3x)= x :E.

2

Lap bang bién thién ta c6

0 h B

_,I'"l,'u;l - 0 -

4TR M
fix) / 81 \

5 , B X =—
, thé tich khéi nén dinh © day la ©) \om mhekni * 73
Tur bang bién ta co6

Chu y: C6 thé danh gia dwa vao
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Cau 37.

{h— x+h-x+2x 3

2 1
(h- xY x=(h- x)h- x)x = —
{ { 2 3 voi 0<x<h Diuy "="

(h=-x)h- x)2x =

b | =

Clh-x)=lh-x)=2x= x :ﬂ
xdy ra khi ba so 3

M = =P g _BRCM _R(h- x)

Khi dé 3 h h

=2

)
i'"L
5

Goi P la giao diém cua HM véi mat cau ngoai ti€p nén Ta c6 AHFP vuong tai F
= HF~ =HM.HP

2

= HM? + MF? =HM.HP = 16+(2J2) =4.HP = HP =6

| 0 4 000
= d =HI =3 ZIHC = HI ZEHC: I-1;2:2)

Vay at+b+c+d =0

A (5,):(x- 1) +(,1'+3]: +(z-2) =49

Trong hé truc Oxyz  cho hai mit cau va
(P):4x- 3y+mz+22 =0

(5.): Ge- 10Y +(y- 9 +(z- 2) =400

va mit phing . C6 bao

. (5).Gs,)

nhiéu s6 nguyén m dé mp (P) cat hai mat cau

theo giao tuyén 14 hai dudng tron khong
co ti€p tuyén chung?

Loi giai
Tri 16i: 6

Mit cau (S‘) co tim , ban kinh R =7 : mit cu
R2 :20 Ta cb fJ(g';]Q;O)’ 114 =15

1(1;-3;2) (s,) J(10;9;2)
m , b

co ta an kinh

(P):4x- 3y+mz+22 =0 n, (4;- 3:m)

Mit phang ¢6 vec to phap tuyén

Un,=0 . [J < ,
Do P nén Y song song hoac chwra trong (P).

A A S L] S'? \

Ban kinh duong tron giao tuyén cua hai mat cau ( ‘) ( ) la

2p(p- D (p-20)(p-15) 28 20+7+15
F= = np=— =21

15 5 véi 2

27



Cau 38.

"

v

Phuong trinh mat phing chira dudng tron giao tuyén hai mat cau la (Q): - * 4y +30 =0

Ao ==L 4G:0)=22 | _a
Q) or=5 a0+ =d(1:(0))

|
Ta co 5,
. (5,).(s,)

Ta c6 mp(P) cit hai mit cau theo giao tuyén 14 hai duong tron, trong d6 duong tron nho

E-::a’(f.j(}:’})-:? = E{—|Em+35| =7
& trong dudng tron 16n khi 5 3 Nm?+25
(45m - 140m >0
= 1084

——m - 140m- 441<0
25

., A mE{-E;-I;Jr.:S.:G.:?I
Va cdé m nguyén, nén I,

AC2:1:1) . B(21:1)
va
(N)

: 2 .. N
Trong khong gian @7 | cho hai diém . Xét khoi nén V) c6 dinh 4

duong tron day ndm trén mit cau duong kinh AB  Khi c6 thé tich 16n nhét thi mit phang

(P) E(L:1:1)

, \ \ . W) .2 A , \ A
chtra duong tron day ctua ) cach diém mot khoang 1a bao nhiéu?
Loi gidi

Tra 10i: 0,5
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Cau 39.

. AB=(&00) . (), (100)
Ta co: nén co vtpt 1a

AB =4= R =2 pjt ¥ nhy hinh v&
Khéi nén ) c6 h=x+2 yy r’ =HC® =4- x*

| 1 3
S e et = K - |
=] _Bm h B,T(—L X )(.x+u) i 0<x <2

c v =(4- 3 Nx+2 .
Khao sat ham so - ( X ) voi 0 =x =2

M 0o
= 3IH =18 1(0:1:1)
VO1

+D(1 - 1)+0(z-1)=0

= x-—=0 . E(LL1 .
2 . Khoing cach tr diém (L1 t6i mit phing (P) 1a
2 1
d(E.(P))=— L= ——
JE+07 407 2

, 2:3:-1):8(1:3;-2 ‘

Trong khong gian %% cho hai diém AQ:3;-1):8(1:3:-2) va mat cau
by 4 dx Ay a2z 43 = G son | ciia it chu v dut

($)ex®+y7+ X 4y+ 3 U.Xétkhc‘n nén ( )cc') dinh 14 tdm | cua mat cau va dudng

) .. .(V)

tron day nam trén mat cau . Khi c6 thé tich 16n nhat thi mat phang chira duong tron day

A, B 2x+bhy+oz+d =0y vemz+e =0

cla N va di qua hai diém c6 phuong trinh dang va -

Gia tri caa D+e+d +e ping?
Loi giai

Traloi: - 13-

<

(s) 1(1:2:-1)

Mit cdu 7 c6 tim va ban kinh R =3

Xét khdi nén V) c6 dinh [, ban kinh day r va chiu cao h (h 1a khoang cach tir tim I dén mat
phang chira duong tron day) c6 thé tich 1a
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Cau 40.

v, :%,n-*h :;_,r(;ef - W )i :'5,7(3- W )h :;_,T(ya- n)

f(h)=3h-n (O;sﬁ)

e A . 4 =
Khéo sat ham - trén khoang ta duoc ' ¥ max khi # =1

Bai toan quy vé 1ap phuong trinh mat phang di qua 2 di€m A4,B va cach diém I mdt khoang
h=1

(P)

=(a:bic)a’ +b° +c* =0 .
Goi n =(a:bic)a ‘ )lé vecto phéap tuyén ciia mp

o BA =(1;0;1); nBA=0= a+c=0=c=-q

P . : : =la;b;-
Mp( ) di qua A, véi vecto phap tuyén n =(a;bi-a) c6 phuong trinh la

alx-2)+b(y-3)- alz+1)=0= ar+by- az- 3a- 3b =0

Ta

=l (a+b) =2a° +h° = a°- 2ab =0 =

a
J2a + b a =2b

+Vé’iﬂ=0p c=0P mp(P): y- 3=10

d(1,(P))=l=

+ Vi a=2b,ch()nh:|p a=Xc=-2P mp(P):2x+y- 2z- 9=10

Vay b=lc=- 2:d =-9¢e=- 3P btc+d+e=- I3.

(s)

(Chuyén Lwong Vin Chénh - Pha Yén - 2021) Trong khong gian @7 | cho mit ciu
4Q13)  B(6:5:5)

duong kinh AB | v6i diém . Xét khoi tru c6 hai duong tron day nam

L) 5 2 (T : ; )
trén mat cau va c6 truc nam trén duong thang AB  Khi () ¢0 thé tich 1om nhat thi hai mat
2xt+by+ez+d, =0

(dl;dg)?

phang lan luot chta hai day cua r c6 phuong trinh dang va

x+by+ez+d, =0 (d,<d, i6u s6 nguyén thud
xtby+ez+d, =0 , ( L2 ) C6 bao nhiéu so nguyén thudc khoang
Loi giai

Tra loi: 11

Goi (s)

Y R=—=¥———— =3
c6 tam 1 (4’ 3 4)Vé ban kinh 2 2 .
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Cau 41.

Xeét (P) vudng goc voi duong thang 4B . Khi d6

(T)_

(P):2x+2y+z+m =0 vsi mER.

Goi * >0 3 ban kinh cua khdi tru
Khi 6 thé tich khéi try ¥ =70 239- x> g5 (0<x<3),
pacf =V9- X 0<1<3 Khido V(e)=2(9- )2t =2 (18¢- 2°)

V(@) =x(18-6:2) V'()=0= z(18- 6*) =0 1 =3

o NE) 3

V'(t) + 0 -
V(1) / \

ihi T ¢ thé tich 16n nhit f =3 = x =v6

Ta c6 khoang céch tir tdim I cua () dén day cua khéi tru () la Vv R*- x> =V9-6 :\/g,

24+23+14 =-18+33
d ()= o AT o e | M8
et V22427 41 m=-18- 33

Khi d6 hai mat phang lan luot chira hai day cua (T)c() la 2X+2y+z- 18+3v3 =0 va
d, =-18+33

2x+2y+z-18- 343 =0 Suy ra L4 = 18- 33

Vay c6 11 gia tri nguyén can tim.

(Chuyén Thai Binh - 2021) Trong khong gian toa do Oxy , Cho hai diém A(2;1;3)’B(6;5;5).

Xét khéi non o )ngoai tiép mat cau dudng kinh 4B ¢6 B 1a tam dudng tron day khdi non. Goi
S 1a dinh khéi non V) Khi thé tich cia khéi non @Y nho nhét thi mat phing qua dinh S va

song song v4i mit phiang chtra dudng tron ddy cua (N)cé phuong trinh 2% *0y +cz+d =0

Tinh T =b+c+d
Loi gidi

Tra loi: 12
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N)

Thé tich cua khdi non (
( Chitng minh: Goi tim mat cau 1a 7 , khi d6 c6

2

= y.Xx Zr(\ly2+x2 +x)© 2="2

nhd nhat khi chi€u cao cta khoi noén gap doi duong kinh mat cau.

y-2r
Vi chidu cao khéi non 13 7, bén kinh déy 1 ¥ : bén kinh mat ciu 1a &> %Y >2r)
Thé tich khdi non la
2 2
V :lﬂxzy =lmf2. Y =lmf2 )
3 3 y=-2r 3 y=-2r
2 2
=lmf2. y-2r+ — Zlmfz. 2. [(y-2r). 4r +4r =§/rr3.
3 y-2r 3 y=-2r 3
2
’ y-2r= 4r < y =4r = dpcm.
Thé tich khdi nén nhé nhat khi y-2r )
\ , o, A — 2 2 2 _
DPuong kinh mit cau: 4B =V47 +47 +27 =6
Mit phéng (@) chira duong tron day cua ) di qua B vanhan 4B =(4:4:2) lam vecto phap

tuyén. Suy ra phuong trinh mit phang (a)lé

4(x-6)+4(y-5)+2(z-5)=0= 2x+2y+z- 27 =0

(8) qua dinh S va song song v&i mat phiang chira dudng tron day cia
x+by+cz+d =0

Do mit phang

phuong trinh 2 nén ta co:

co
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Cau 42.

b= b=2,c=l b2 e b=2,c=I
(‘( ;) S [[2.6+b5+c5+d| 12:{ T L lra =9
d(8;(8)) =248 = 27 +d| =36

/ \/22+(-2)2 +12 27+4] L’ =-63

Vay b =20 = 1d =19 4o ABEEN>AL(D), oichicra =10

(Chuyén Vinh — 2022) Trong khong gian @%¥Z | cho mit phing (£): 2%~ »+22+10 =0

A= 2V +(v+1V +(z- 3y =2 . . .
(S):= 27+ (17 +(2= 37 =21 ot kndi hop chirnhat ) c6 bén dinh nim trén

mit phang () va bén dinh con lai nam trén mit cau (5 Khi #) ¢4 thé tich 16n nhat, thi mat
(Q): 2x+ by +ez+d =0 Gia tri

mat cau

phang chira bén dinh cua () pim trén mit clu 9 1a
b+c+d bing

Loi giai

Traloi: = 13

DAu tién, ta c6 mit cdu ) tam (%~ 1:3) p4n kinh R=v21

, , , ' p— ¥ 9 , \ .
Ticp den ta nhan thay: d(I:(F)) =9> Jj nén suy ra mat phang () khong cat mat cau (5), Goi
@,b 13 cac kich thuée mat day hinh hop chit nhat va ¢ =4(/1(Q) Khi d6 ta co:

“'”’\' —(9+d)(21- d*) = f(d)

v =(d(1:(P)) +d(I:(0)))ab =(9+d Jab =(9 +rf}\' .
Ta co: o=

, v=1f = 21- 4 . Mdy=0= d =1= max f(d)={1(1
Xetham g6 * =/ (@D =O+ Q1) - (0:400) o /(D) ax f(d) =/ (1)

Suy ra thé tich khéi hop dat max khi va chi khi ¢ =4 /(@) =L(F i)

Suy ra:
11144 | d=-8 _ (0):2x- y+2z-8=0
3 d=-14 |(Q,):2x- y+2z-14=0

=] =

(Q):2x- y+2z+d =0;d(5(Q)) =

xét diém V(0:0:-8) b4t ki thuge mat phang (©) ta nhan ra dé thé tich max thi chiéu cao hop

phai max tic hai diém [va N phai nam ciing phia véi mit phang (&)
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Cau 43.

Cau 44.

(0,):2x- y+2z-14=0

Nhu vay ta nhéan mat phang do

v = v 477 = 14Y2x - v +F> -2
(“'1" Yi¥ ez H}(“l“ Y T EEy 14)>0 Vi (@) 2x+by+ez+d :U,tadéngnhéthésé

ra btc+d =-13

(THPT Hd Nghinh — Quéng Nam — 2022) Trong khong gian véi hé truc toa do @7 | cho ba
métph?mg (Plix+yp+z+5 :U; (Q):x+y+z+1=0 va (Ry:x+yp+z+2=0 .Ungvéiméicép
diém 48 1an luot thude hai mit phiang (P): (D) thi mit cau duong kinh AB 1uén cét mit phang
(R) theo mot dudng tron. Tim ban kinh nho nhat ctia dudng tron do.

Loi giai
Tra loi: 1

D@ thdy ba mit phing (P).(D).(R) song song voi nhau va mit phang (R) nim gitra hai mat
phing (£).(Q)
Goi (@) x+ >y +2+D =014 st phing cach déu hai mit phang (£)-(€)

|D-5| _|D-1|

Ta c6 \ﬁ ) V@

= D=3=(a)yx+y+z+3=0

d=—
Suy ra khoang cach giwa hai mat phiang (R).(a) 13 \/5 .

Khi d¢6 mit cau dudng kinh AB ¢ tam | 1uon thudc mit phing (@) cach déu hai mit phiang

(P).(O)

Mit cau tim ! ludn cit mat phing (R) theo mot duong tron co6 ban kinh la 4 .Dbé

4 2
A'En'.i.'l :ur[f F} fQ}] - = r = £ - ﬂr: =1
Fmin ¢ B vay " .

(So Ha Tinh 2022) Trong khong gian vd&i hé truc toa do Oxyz  cho mit ciu

- S - S TO I, , 1 ) .
[5}"1 Ty R 4-1 22=0 va diém M’(O,I,O)_Mat phang (P) g qua M va cit (5)

NCep: veiz,)

theo duong tron (€) ¢6 chu vinhd nhét. Goi 1a diém thudc dudng tron (©) sao0 cho

ON =6 1un Yo
Loi gidi.

Tra loi: 2

Nhaén thay ring, mit cau (5) ¢6 tam 7= LD pan kinh R :\/6 va diém M 1a diém ndm trong
mit cau nay. Goi  1a ban kinh hinh tron (©) va H 1a hinh chiéu ciia [ 1en ). D& thdy rang

H 13 tam duong tron (©) . Khi d6, ta c6 :JR: - IH’ 'EJRE - IM”.

Vay dé (©) ¢6 chu vi nhé nhét thi » nhd nhat khi dé H trung véi M |
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Cau 45.

Khi d6 mit phing (©) di qua M (0:1:0) y3 nhan vecto IM = (i~ L= D 13 vecto phép tuyén.
-(y-1)-z=0== x- y- z=-1.

Phuong trinh mit phing (P) c6 dang

5 N R T o—
Piém N vua thudc mat cau (5) vira thudc mat phang (P) va thoa ON _‘/g nén toa do cua

N

thoa hé phuong trinh.

1, +y, #z, +2x, - 4y, - 2z, =0 fE.r,:, -4y,- 2z, =-0
1, +3 , +:,:? =0 = 1, +3 , + :,j =0

X, = Yo~ 25 =1 Xg= ¥o= 25 = 1.

-2y, =4 ey, =2

ia

Lay phuong trinh dau trir hai 1an phuong trinh thir ba ta duoc

(Cum truwong Nam Dinh 2022) Trong khong gian OP¥7 cho hai diém

-2 S - 22 : z-1= . M(a:b; :
A(-1,2,4),B(- - 2:2) va mat phang (P):z-1 D.Diém M (a:b:c) thudc mat phang (P)

sao cho tam gidc MAB vuong tai M va dién tich tam giac MAB nho nhét. Tinh @ +b" +¢*
Loi giai

Tra loi: - 1

. Me(P)= c=1= M(ab:1)
Vi

SN NN}

A.-\% =(g+1b- 2:-3)
1
BM =(a+1:p+2:- 1)

LLILIL Ldug

Tam gide MAB vuong tai M nen M -BM =0= (a+1) +b =1= b <l= -1 <b =I

) [fﬁ,ﬁﬁ] =(2h+8:- 2(a+1):4(a +1))
Ta co
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Cau 46.

= Suus =%J4(b+ 4) +20(a+1)

:\]ff +8b+16+5(1- b?) =J-45 +8h+21

oy [ (B) =45 +85+21= £ (b)=-5b+8 20, Whe[- 1] T min f(b)=f(-1)=9
at

S . . £, 1.3 ch=1g—=- 3 3 i
= PamaB cég1étr1nh6nhétbang3kh1'ﬁ_ La=-1= & +b" +c" =1,

(THPT Pong Loc - Ha Tinh 2022) Trong khong gian véi hé truc toa do OxX¥z  ¢ho miit cAu

(5):x' 417 +2° =2022 M(@bic) 4apees0 (s)

. Hé1 c6 bao nhiéu diém thudc mat cau sao

4 . S . z 2 . 9 .
cho tiép dién cta (s tai M cit cac truc Ox s Oy s 0z 1an luot tai A , B s C ¢6 thé tich tir dién

OABC 13 nho nhét.
Loi giai

Tra loi: 4

Mt cin S e tam @00 Ui pan kinn R 532022

vi M@be)e(s) .2 up v z2022,

1 5 ;'l/f b 7
Tiép dién cua () tai M 1a mat phing di qua (a:b:c) va c6 vecto phap tuyén la

SN N}

oM =(a;b;c) nén phuong trinh tiép dién la

(@):ax+by+cz-a - b - ¢ =0 ax+by+cz- 2022 =0

Dé mit phang () ct cac truc Ox , Oy , 0z 13n luottai 4, B, C sao cho O4BC 13t dién
thi @5:¢ déu khéc 0.

(2022 | [, 2022 1 2022 |
A ;U;U‘,B‘O; ;D‘,C‘ 0:0: ‘
Ta cé i / | b J | c ) .
. _0OAoOeBOC _2022° 1
Q4BC - - ]
Khi do 0 0 labe|,

Ma a’+b* +¢ 23a’be = |abe| =674 = 1, 230334674

@ =674
a’ =b* =c* =674 = b =hJ674

c =hJ074

Dau bang xay ra khi .
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Cau 47.

Cau 48.

-1."4‘ =h=¢ :Jﬁ

a=b=J0T4:c =-Jo74
c =a =yJ074:b =-J074
b =c =\J074:a =-J074

M (a;b;c)

Ma @+b+c>0 5
Vay c¢6 4 diém thoa min yéu ciu bai toan.
Trong khong gian véi hé toa do @*¥7 | cho hai diém A= L2:4), B(- L-2:2) o3 mye phang
(P):z-1=0 pigm M(a:b:¢) thyse mit phing ) sao cho tam gisac MAB vuong tai M va c6
dién tich tam giac MAB nho nhat. Tinh @ +b" +¢

Loi gidi
Traloi: 1
Ta co M (@it

S| NN} LILILL]

AM =(a+Lb- 2:-3):BM =la+Lb+2:-1)

AM L BM < (a+1)y +b* - 443 =0 (a+1) =1- b
AM® =(a+1f +(b-2) +9=14- 4b

BM® =(a+1) +(b+2) +1 =4b+0

Sy =£4M: 3M* =(7- 2b)(2b+3) =-4b" +8h+ 21 <25, %h

a=-1
b =1
= mmns,, . =3 c =1

HE T dat duoc khi

(THPT Poéng Ha - Quiang Tri 2023) Trong khong gian 97, cho 2 diém
Al-2i- L2).B(2:- B4) vy mat phéng (P):z-1=0 pigy M(aib;c) thudc mat phéng (P)
sao cho tam giac MAB vuong tai M va co dién tich 16n nhat. Tinh T =2a-3b+c.

Loi giai:
Tra loi: 6

Ta c6 Mia:be)e(P)= c=1= M(a:kl)

W W] N[N

= AM =(a+2;b+1;-1), BM =(a- 2:b+1;-3)

JJJJJJ

:%,j[(mz}f +2- a=] [(a- 2) +10- a=] :%J(4a+mu4- 4a) =f(2a+3)(7- 2a)
=J25- Ha- 1y =5iVa pay =" a=l= bh=-1

= Max(5

A

) =5 M(L-L1) =M(a;bie) = T =2a- 3b+c =6
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Cau 49.

Cau 50.

(S& Ha Nam 2023) Trong khong gian @7 | cho hai diém ALL0). B(3:- L4) (3 mat phang
(F)ix-y+z+1=0 Goi M 13 diém nim trén (F) sao cho | M4~ MB| ga¢ gia tri 16n nhat.
Hoanh d6 diém M 1a?

Loi giai

Tra loi: 0,75

Ta thdy hai diém 4B & cing phia so voi (©) nén | MA~ MBISAB 43 g4y "=v xay ra khi
M =ABN(P)
wu
Ta co 48 =(Z;-2:4) nén dudng thing 4B ¢ mot vécto chi phuong * = 12) my 4B qua
x =1+t
y=1-1
z=2t

AL L0) pay AB o6 phuong trinh '

l+¢-({1-t)+2t+1=0= ¢t =-

1
Tham s6 ! ung voi M thoa man 4, suy ra hoanh do diém M 1a

3
x=l+f=—
4

(S¢ Cin Tho 2023) Trong khong gian 997,  cho mit ciu
(S):(x= 1) +(p+2F +(z- 3V =27 Goi (&)
A0 0;-4), B(2:0:0)

la mat phing di qua hai diém
va cit (5) theo giao tuyén 1a dudng tron (€) sao cho khéi nén dinh 1a tim
cia ) va day la (€) 6 thé tich 16n nhét. Biét phuong trinh cua (@) ¢4 dang
ax+bhy- z+c =0{a.b.ce IH}_ Gia tri ciia 4~ b+c béng?

Loi giai
Tra loi: -4
Mit ciu ) ¢6 tam 7157 2:3) y3 ban kinh R =3V3
Pidm A(0:0:-4)e(a)= 4+c=0=c =4

BiZ:00)s(a)= 2a+c=0= g =- 2

k|

Diém

Mit phing (@) ¢ dang 2¥+bv-z-4=0
Goi d 13 khoang cach tir tam I 3én mat phéng (@) va r 1a ban kinh cia duong tron ),
Khi d6 khéi nén c6 dinh | va déay 1a duong tron (©) ¢6 thé tich 1a:

p :%m-:d :;—,T(Rf -d*)d :%,r(z?- d)d

st | (@) =(27- d*)d =-d’* +27d,(0 <d <3:3)

Suyra £ (@) =-3d*+27 3 f(d) =0 = -3d* +27 =0 = d =3( 3 0<d *'-'-.WG}‘

Béng bién thién:

38



Cau 51.

Cau 52.

d |0 3 3v3
f'(d) + 0 -

o] 7

Dua vao bang bién thién, ta thdy /(9) dat gi4 tri 16n nhat khi ¢ =3 hay thé tich khdi nén dat gia
tri 1on nhatkhi @ =3 <= d° =9

-5- 2b| .
d =d(I,(a)) =—F— (-5- 2by 0o 5
VT 2 - =¢ S5 - 206420 =0 = h =2
Ma VI+DT ey 54p .

Vay a- b+c=-4

(S¢ Ca Mau 2023) Trong khong gian O%7,  cho mit chu
il 2 ._'}: __'].3_-]. )
(S):(x+3) +(y-2) +(z- 2) _“?.G(_)imétphéng
A(0;0:- 2), B(-4;0,0)

(Plax+by+2z+c =0 di qua hai dlém
va cit ) theo giao tuyén 13 dudng tron () sa0 cho khéi nén dinh la
tam cia (5 va day 1a (©) ¢6 thé tich 16n nhit. Khi d6 @ +5° +¢” bing?

Loi giai

Tra loi: 21
Mat cau (S) cO tam 1(-3:2;2) , ban kinh R :3\/5 .

x=d, . (0<x<33)= F# =27- %

bat v6i 7 1a ban kinh duong tron giao tuyén.

V :I—,T.l':."r :I—,T(E? - x :l.'r

Thé tich khéinénla 3 3 Tir do suy ra Vs i x =3
((x) =x(27- ¥
(xét ham £ ) =x( ! )trén khoang (053\5).
-3+2b+4+4
d.‘.'_:.‘,“.. :| = = = | :3:.."' h:j
Taco: AE(FP)= c=4.BE(FP)= a =l 4 x-!l'+h'+2'

Vay a +b +c’ =21

(Chuyén Trin Phi - Hai Phong 2023) Trong khong gian O¥2 cho hai diém

Al- 1,2:4), B(- 1;-2:2) va mit phflng (P)y:z-1 :[J_ Didm M(a,b,c)E(F)

MAB vuéng tai M va dién tich tam gidc MAB nho nhét. Tinh @ +5" +¢* |
Loi giai

sao cho tam giac

Tra loi: -1
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Cau 53.

3
B
& 1
N B'
k "{r-—'___:__ Ii I giu-
/ P)
Ta c6 48 cung phia véi (P) 3 d(A(P)) =3d(B.(P)) =3
R , ] T 2 —
Goi 4B 1an luot 14 hinh chiéu cia 48 1en (F)= A LZD.B(-L-21)= 48 =4
Goi ]’[' lan luot 1a trung diém cua AB,AB = II L(P)I(- L0.3),1 (- LO:1). 11 =2 =IB .

Tam giac MAB vudng tai M=M thudc duong tron giao tuyén ctia mit cau tim I, ban kinh
[4=I8 :"E vO1 mat phfmg (P
Pudng tron giao tuyén c6 tim 7 , bankinh 7 =IM =K - I =1= B pim ngoai dudng tron
nay.

(M =48 n(1,r)

1
Sy =—AB d(M,AB)= (5,,) <= = M
s =5

IM+MB =18 1a trung diém cua I B .

M(-L-L1)= @ +b +¢ =1

Nhu vay, ta dugc

(Chuyén Vinh 2023) Trong khong gian @2 cho hinh 1ap phuong ABCD -ABCD ¢4
A(0;0:0)  B(3:0:0), D(0:3:0), 4 (0:0:3)

x4y 42 - 2ax- 2by- 2ez+d =0

Mit  cau 5 ¢ phuong trinh dang
, tiép xtic voi hai duong thing BD va BC . Khi thé tich
khéi cau (5) dat gi4 tri nho nhat, gia tri cia d bang?

Loi giai
Tra loi: 14

B=(30:0)= B =(3:0:3):D =(0:3:0)= D =(0:33) ., C=(330)= C =(33.3)

R
Vs =3aRs | A VS , \ RS ; = . 5o A (S) fiAn wrie vt had dred 2
Do 3 nén dé °™" thi ~ Mt mat khac mat ciu tiep xtc véi hai duong thang

. _d[(SD ).(Bc ]]
BD va BC pen ™" B 2
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Cau 54.

*Viét phuong trinh duong thing BD va BC

N LILLILL L
. (BD o e
BlIC)Tlg théng di qua diém B va co ”.ls D BD ( 3-. 3-. D}

(v =3- 3
=(BD):1y=3 (teR)

LILL] LR

. (BC) .. 2 B —(0)- 3
DPuong thang )d1quadlémBVéc() Uy =BC =(0;33)

(x =3
= (BC ): v =3t (f EIF{)
=3t

*Viét doan MN vudng goc chung cua (B D ) va (BC )

Goi ME(BD ):, M =(3- 3t;36;3),N E(BC ):, N :(3.:3; 3t )

LI

= MN :(3;;3; - 33t - 3)

: 00 000 , L
MN L(ED) MN -BD =0 -t+t -t=0 3
] = ]]]j' 1l =1 =1
MN L(BC)  |MN BC =0 |t-t+t-1=0 _2
' ' 3
= M =(2:1:3), N =(3:2:1)
MN=] :‘ EE
|2 2

. A Y . \ A 2 s 1 < A
Goi I 13 tm mat cau S thil 1a trung diém = va ban kinh mat cau

MN 3= 27 +(2- 17 +(2-3)7 _\B

R, =— = >~
' 2 2 2
3
a=—
2
= h:ivéﬁqzﬁzJﬂ:+b:+fz—dﬁEz\]‘é‘ +‘E 'l-E -d = d =14
2 ' 2 2 3] 12 2
5
c==
2

(Chuyén Ha Long - Quing Ninh 2023) Trong khong gian P2 cho cac diém

A4 1:2). B(L42).C(LLS) oy duong tron © 13 giao tuyén cua mat cau

x4y 4z = 2x-2y-4z-3=0 , _ .. -7 = A3 , ¥

(S)ix”+y 4z x-2y-4z-3=0 va mat phang 7=0 Biét rang c6 3 diem

M thuge (©) sao cho MA+MB +MC ¢ nhét. Téng cac hoanh d6 cua 3 diém M nay bang?
Loi giai

(Plix+y+=z

Tra loi: 6

(S)x +y +27-2x-2p-4z-3=0

Mit cau c6 tam 7 (512) pan kinh R =3
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A,B,C

Ta co: thudc ca mit cau (S) va mit phang (P) pgn 4:8.C(C)=(F)N(S)

Bai toan tro thanh: Trong mat phing (P) , cho tam giac déu ABC npi tiép dudng tron ),
Tim M thuge (©) sao cho MA +MB + MC |41 nhat

Khéng giam tong quat, gia st M thuoe cung nho B C, ldy diém £ trén doan thing AM sao cho
BE =BM

M
vi AMB=HCB =60 = ABME g3, quy ra BM =ME()

BE =BM 'BE =BM
Bay =How = | Banr =By = AABE =AcBM

=th =60 YEB =BmB
Xét AABE vy ACBM o ,QSE Bpu (+8BE =00) |

Suy ra CM =AE(2)

(1(2)
Do d6 MA+MB+MC = MA+ME+EA=2MA =4R vay MA+MB+MC 16y nhat khi
M =M

| 1a diém déi xtmg v6i 4 qua tim H cua duong tron (©).

Tuong ty M thudc cungnhé €A thi MA +MB +MC |6y nhitkhi M =M, 1a diém d6i xtmg véi
B quatam H cua dudng tron (M thuge cung nho 4B thi MA+MB +MC 16y nhit khi
M =M

3 1a diém dbi xtmg v6i € qua tim H coa duong tron (©).

Khi d6 Xy Xyt =3x, =x,+x, +X, :f:l.
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