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LOI NOI PAU

Chuyén dé “Ho dwong cong tzep xtic voi duong . ¢é dinh” 1a mot van
dé thuong gap trong cac bai toan vé tiép tuyén va su tiép xac cua hai do thi,
duoc tmg dung rat nhiéu vao phuong trinh va bat phuong trinh c6 tham 50,
dac biét co trong cac dé thi tuyen sinh dai hoc va cao dang.

Tuy nhién, van dé tiép xtic van dang la van dé gay tranh luan nhiéu, nhat
1a tir khi Bo6 GD&DT quyét dinh ké tir ndm 2000-2001 khong duoc dung
phuong phap nghiém boi, nghiém kép dé giai cac bai toan vé tiép tuyén va
tiép xuc. That ra phuong phap nay rat tién loi cho cac ham da thire, phan
thirc va hon nita véi xu hudng dé ra hién nay néu dung no c6 thé giai quyét
nhanh céc bai toan tric nghiém.

Pé 1am rd van dé trén va nham gitp ban doc c6 cai nhin sdu hon, dung
dan hon Vé su tiép xuc, cu thé 1a su tiép xtc cua mot ho duong cong voi
duong cb dinh. Trong de tai nay, ching toi s€ giai quyét bai toan “Chirng
minh ho dwong cong tiép xivic véi dwong c6 dinh” dubi nhiéu quan diém
khac nhau, nhiéu phuong phap khac nhau.

* Noi dung dé tai dugc chia 1am 3 chuong:
Chuong 1: Téng quan Iy thuyét vé sy tiép xtc.
Chuong 2: Cac phuong phap chimg minh ho dudng cong tiép xuc véi dudng
cd dinh.
Chuong 3: Bai tap ap dung.

Trong chuong 1, dé tai dua ra cac khai niém co ban va b tic mot sé kién
thirc vé sy tiép xuc. Trong chuong 2 trinh bay cac phuong phap dé ching
minh ho dudng cong tiép xuc v6i dudng cd dinh. Mdi phuong phap déu c6
nhan xét va néu co sé cac phuong phap kém theo vi du cu thé. O chuong 3,
ching t6i dua ra mot s6 bai tp v4i nhiéu 101 giai khac nhau 4p dung tir cac
phuong phap di néu ¢ chuong 2, cting mot sé bai tdp (mg dung va tham
khao.

Tuy nhién, trong qua trinh bién soan, vi diéu kién va thoi gian c6 han nén
dé tai khong tranh khoi nhiing thiéu sét. Chung t6i rat mong nhan dugc
nhilng ¥ kién dong gop tir ban doc gan xa dé dé tai chung t6i duoc hoan
thién hon. Xin cam on quy ban doc !

Quy Nhon, ngay 20 thang 11 nam 2009.
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Chuwong I: TONG QUAN LY THUYET VE SU TIEP XUC

I. Cac khai niém co ban:
1. Ho dwong cong la gi?

Ho duong cong la bao gdm nhitng duong cung chung mot dic diém nao
d6, thdng nhat giira tit ca cac  duong. Qua cac bai toan da gép thi ta xet moi
quan h¢ do thong qua tham so

2. Duong co dinh: Duong cb dinh 13 bao gdm hai yéu t6: duong &cé dinh.

+ Puong: duong thang, duong cong

+ C6 dinh: khong lay chuyén, khong d6i

3. Quan hé tiép xuc:
a. Dinh nghia 1: Hai duong cong (C): y=f(x) & (D): y=9g(x) goi la
tlep xtc nhau néu gita chung ton tai mot tiép tuyén chung tai cing mot
diém.

Tu day, ta c6 (C) tiép xuc véi (D) = f(x) =g(x) co nghiém
g P ) =gix) " o
f(x) A

g(x)

b. Dinh nghia 2: Ho duong cong (Cm): y=f(x,m) duoc goi la tiép xtc voi
duong cb dinh (D): y=g(x) néu moi duong cua ho duong cong (Cm) déu tiép
xuc voi duong c6 dinh (D).

f(x,m) =g(x)
f'(x,m) =g'(x)

¥ Biéu dién hinh hoc su tiép xiic v6i mot dwong co dinh:

Tir déy, ta c6 (Cm) tiép xuc véi (D) = c6 nghiém Vm



Diém tiép xuc di dong Diém tiép xuc co dinh

4. Dinh nghia nghiém boi:
Cho f(x) 1a da thtrc dai s6. SO X, dugc goi la nghiém boi k cua f(x) khi va

£(x) =(x- x,)Kg(x)

chi khi f(x) chia hét cho (x — x.)* © 2 <ke Z;g(x,) #0

II. Pinh ly:
1. Dinh ly 1: Pa thirc f(x) co nghlem b1 x=X, khi va chi khi f(x,)=f ’(x,)=0

Chitng minh: + Diéu kién can: Néu x, 1a nghiém boi ciia phuong trinh

f(x)=0.Theo dinh nghia f(x)=(x - x,)* .Q(X) nén:

= (0= (x - X0)* . Q'(X) +2(x - x0).Q(x) = f(xo)=F *(x,)=0
+ Diéu kién dii: Néu f(x,)=f ’(x,)=0

Do f(x,)=0 = f(x)=(x - Xo) .G(x) = {’(xX)=(X - X,) .G’(X) + G(X)

= £7(X0)=G(Xo). Do £°(X0)=0 = G(X,)=0 = G(x)=(X - Xo).Q(x)

= f(x) = (X - Xo) .G(X) = (X - Xo)* .Q(X) 0

2. Pinh I 2: Cho hai phén thic hiru i f(X) = g((x)) g(x) VEX; Khi d6

db thi hai ham s6 y=f(x) va y=g(x) tiép xtic v6i nhau tai diém c6 hoanh d6
X=X, khi va chi khi phuong trinh P(x)V(x)- Q(x)U(x) = 0 c6 nghiém boi
X=X, , vO1 Q(x,) #0 , V(x,) #0

Chirng minh: Gia sir d6 thi hai ham s y=f(x) va y=g(x) tiép xtc vdi nhau
tai diém c6 hoanh dd x=x,

Theo dinh nghia 1 ta cé6: % Z% (1)
P'(x,)Q(x,)- P(x,)Q'(X,) _U'(x,)V(x,)- U(x,)V'(x,)
Q?(x,) V2(x,) @)
T (1) © P(X)V(X,) =Q(x,)U(X,)

T(2)
= [P(%,)Q0%)- P(%,)Q'(X,)] V2(X,) =[ U'(xo)V (%,)- U(%,)V '(%,)] Q4(x,)



= [P06)Q0%,)- P(x,)Q'(0%,)] V2(x,)Q0%,)U(x,) =

=[ U,V (%,)- U,V (%,)] Q2(%,)P(%, )V (X,)
= [ P'(X)Q(X,)- P(X,)Q'(X,)] V(X)U(X,) =[ U'(X,)V(X;)- U(X,)V '(X,)] Q(X,)P(X,)

= QXU (%) [P (X )V (%) + P(%, )V 1(%,)] =P(x, )V (%,)[U(%)Q'(%,)+ U'(%,)Q(x,)]
= P'(x, )V (x,) + P(x, )V () =U(x,)Q'(%,) + U '(x,)Q(,)
= PV (%,)+ P(x, )V '(%,)- [U(%,)Q'(%,)+ U'(x,)Q(x,)] =0
< [POVO] | -[UXQX] | =0 o (gpem).
X=X X=X

0 0

Chuong 2: CAC PHUONG PHAP CHUNG MINH HQ
DPUONG CONG TIEP XUC VOI PUONG CO PINH

Trong chuong nay s trinh bay cac phuong phap dé giai quyét bai toan

“chimg minh ho dudng cong tiép xuc v6i duong cd dinh” theo mot trinh tur
tir tong quat dén nhimng truong hop déc biét dua trén sy thay d6i cac yéu tb
ho duong cong va dudng cb dinh hay diém tlep xtic. Moi phuong phap déu
¢0 vi dy minh hoa va nhimg nhan xét cho moi phuong phap dé ban doc thay
13 vé co s& cac phuong phap,va ap dung dé giai toan.

Bai toan: Chirng minh ho dwong cong (Cm) :y=f(x,m) tiép xiic vdi
dwong cé dinh (D) 2Voi (D) la mgt dwong da biét phwong trinh thi ta si
dung dinh nghia tiép xvic va dinh Iy 2 dé chirng minh (Cm) ttep xuc voi
(D). Bay gio ta chi xét cac phwong phdp chirng minh (Cm) tiép xiic véi
dwong co dinh (D), voi (D) chwa biét phwo’ng trinh cua no.

I. Phuong phap str dung dinh nghia tlep Xuc:

P6i véi bai toan di cho bit dang cua dudng c¢é dinh (D). Dya vio dinh
nghia veé su tiép xuc cua ho duong cong va duong ¢ dinh ta thuc hién céac
budc sau:

eBuwéc 1: Gia sit (Cm) :y=f(x,m) tiép xtc voi dudng cb dinh (D):y=g(x)

(g(x) chtra tham s6 gia dinh)
f(x,m) =g(x)
f'(x,m) =g'(x)

e Budc 3: Giai hé diéu kién co nghi¢ém Vm suy ra cac tham $6 gid dinh

trong g(x)

eBuwéc 2: (Cm) tiép xuc v6i (D) = { c6 nghiém Vm



Vi dy I: [ 3 ] Chimg minh ho (Cm): y —(m;?’r‘; M (M +#0) 1uén tip xuc

v6i mot duong thang cd dinh. o
Gidi: Gia st (Cm): y=f(x,m) tiép xtic voi dudng thang c6 dinh (D): y=ax+b
(Cm) tiép xuc vé6i (D) khi va chi khi hé sau ¢6 nghiém Vm =0

(Mm+Dx+m _
fxm =axto | xem P W
f'(x,m)=a LU
x+mp (2)
(1) & m+1- i:ax+b < a(x+m) =am+m+1- b- ALl
X+m X+m

o a_@rdmel-b v

X+m (X+m)?
2
2a—(a+BT;]1' b 42 :[(a+1)m+12- b}
Kéthop véi ) taduge | o | (x+m)
—  _=a 1 _ a
(x+my (X+m)> ¥
(m=0)
= dan? =(a+1’n? +2(1- b)(a+1)m+(1- b)
< (a- D’ +2(1- b)(@a+1)m+(1- b)? =0 (%)
(@-1°=0 4=1
(Cm) tiép xuc véi (D) & &) ding Ym=0 < {(@+1)(1- b)=0= | —
(1- b =0 b=1

Vay (Cm) tiép xuc v6i duong thang cb dinh (D): y=x+1.

#rChu y: Khi chimg minh dudng thang tiép xtc voi dudng tron, cac dudng
conic, thay vi str dung dinh nghia sy tiép xuc ta sit dung cac dang thirc vé
diéu kién tiép xtc ctia no.
I1. Phwong phap diéu kién nghiém bdi, nghiém kép:
Dua trén két qua suy ra tir Pinh 1y 2, ta ¢6 phuong phap sau:
*Buéc 1: Goi phuong trinh (D) 1a: y=g(x) ,( g(x) chira tham sd gia dinh)
*Budc 2: (Cm) tiép xuc voi (D) = f(X,m) =g(X) co nghiém bdi vm



*Buée 3: Giai phuong trinh diéu kién ¥ m suy ra cac tham sé gia dinh
trong g(x)

Nhdn xét: Phuong phap nay ciing chi str dung khi bai tap cho biét dang
ctia dudng cb dinh. Ho duong cong va dudng cb dinh 14 da thic phan thic
thi sit dung phuong phap nay, viéc tinh toan s€ don gian hon.

Vidu2:[3] Dé thay duoc phuong phap nay don gian hon, ta xét lai Vi
du 1, véi cach giai khéc.
(

mM+1)X+m Y S TR
) (M=0) Tuon tiép xtic vi mot
X+m

Chting minh ho (Cm):y =
duong thang co dinh.
Gidi: Goi phuong trinh duong thang ¢ dinh can tim 1 (D): y=ax+b
(M+Dx+m
X+m
= (M+1)x+m=(ax+b)(x+m) co nghiém kép Ym=0

= ax’+[(a- Jm+Db- 1| x+(b- Im=0

(Cm) tiép xuc voi (D) =ax+b c6 nghiém kép Ym=0

a#0
7 |a=[(a- 7 +(b- 17| n? +2(@- 1(b- Im+(b- 1) =0
a#0
(@-1°+(b-1°=0_ [a=1
“la-Db-1=0 {bzl
(b- 17 =0

Vay (D): y=x+1 ‘

Vidu 3:[3] Ching minh rang ho (Cm):
y =f(x) =2x2 + 2(m- Dx+ n? +4m luén tiép xtc v6i mot Parabol (P) cb
dinh

Gidi: Goi phuong trinh (P) can tim c¢6 dang y=ax+bx+c , a #0
(Cm) tiép xtc (P) ¢ phuong trinh  2x% +2(M- L)X+ N7 +4m=ax? + bx+C
c6 nghiém kép Vm

e (2- a)x2 + [Z(m- 1)- b] X + m2 +4m- c =0 c6 nghiém kép VYm



(2-a=0
= h 2 2
A =[2(m-D-b]" - 4(2- a)(m“+4m- ¢)=0 ,v¥m
m
(a#2
= <
(4a- 4)m? + (16a- 4b- 40)m+ b? + dac+4b- 8c+4=0 ,vm
[a#2
4a- 4 =0 a=1
s | = {b=-6
16a- 4b- 40 =0
5 c=-4
b +4ac+4b- 8c+4 =0

Vay (P) can tim [a y=x>- 6x—4 .
I11. Phwong phap tach bg phan nghiém kép:
Gia sir (Cm): y=f(x,m) tiép xuc v6i dudng cd dinh (D): y= g(x). Khi d6
phuong trinh: f(x,m) - g(x) =0 c6 nghlem bdi Ymnén ta co thé biéu dién

[O‘(m)x”'ﬁ(m)] voi 2<kez

f(x,m)- g(x) = S
Tu day ta c6 phuong phap nhu sau:
k 2<kez
eBuée 1: Biéu didn _[c(m)x+B(m)) voi 1o
k
e Buréc 2: Xét _ [mx+B(M)| ™ _ ) o6 nohiem boi
f(x,m) =g(x) = X 0 ¢0 nghiém b(
__ p(m)
a.(m)

*Budie 3: Két luan (Cm) ludn tiép xtc voi (D): y=g(x) c6 dinh.
Nhdn xét: Phuong phap nay cho cach giai ngan gon , doc dao, no giai
quyét duogc 16p cac bai toan ma khong can biét trudc dang cua dudng cb
dinh (D). Tuy nhién, can nam virng k¥ thuat bién doi

k
_[a(m)x+p(m)]
f(x,m) S

Ta co thé biérll d6i bang truc quan toan hoc hodc str dung phuong phap sau:
* Buoc 1: Lay dao ham theo m ham s6 y=f(x,m)

+9(X)




Ta co

k-1] ,
[a(m).x+[5(m)] lk}{x m)[a(m).x+ﬁ(m)] : y’(x,m)[a(m).x+ﬁ( )] J
m y (X,m)
p(m)
= XA =-
a(m)

* Bure 2: Bién ddi f(x,m) theo b phan nghiém boi
F(x,m) =(x- x)<.h(x)
Vidu 4: [2] Chtng minh khi m thay d6i, ho d6 thi

2
(Cm):f(x, M) = X° + 4X> + MX + M juén tiép xuc voi mot do thi ¢b dinh
2
Gidi: Ta co
1 7 1 7
f(x,m) :i(m2 + 2m>(+x2)+x3 +§x2 :i(x-‘- m)2 +X3+§x2

bat g(x) :x3 + ;xz. Ta co

Phuong trinh f(x) - g(x) :} (x + m)2 =0 cdé nghiém kép X =-m, Vm

2
A K , LA \ £ g . 3 72
= (Cm) luén ti€p xtc vé1 mot duong b dinh (D): g(x) =x~ + 5 X
Vidu 5: [4]
X2 +(1- 2m)x + m2 +2
Cho (Cm): y = . Chimg minh rang Vm #1,
x-1
(Cm) ludn ludn tiép xuc véi mot dudng cb dinh
Gidi:
, -2x2+2(m+1)x- 2m  -2(x- (x- m)  2(m x) 0
ym = = = 3 =
(x - 1)2 (x - 1)2 x-1
= X=m
)2 2
(X- M)%+x+2  (X-m)¢  x+2
= = =

x-1 TTx1 T x1



bat g(x) =

; (x- m)2 A,
Phuong trinh £(y) . g(x) = = 0 0 nghiém kép X =m, Vm #1
X_

. . X+2
Do d6 (Cm) ) Iuon tiép xuc véi duong co6 dinh (D): g(x) =

IV. Phwong phap dao ham:

*Budc 1: Viét lai phuong trinh y=f(x,m) thanh F(x,m,y)=0
F(x,y,m) =
*Buwdc 2: Khirm tir h¢ | gF (X,y, M) tim dugc ham y=g(x)

[ dm

*Budre 3: Ching minh ho (Cm): y=f(x,m) tiép xuc véi y=g(x) c¢b dinh
Nhgn xét: Phuong phap nay sir dung tt cho 16p cac bai toan ma khong can
biét dang ctia dudng cb dinh (D)

Vidu 6:12] Goi(Cm) la ho dudng cong c6 phuong trinh :
(m- 2)x- (m2 - 2m+ 4)
y = (1)
X-m .
Chting minh ho (Cm) ludn tiép xtc véi hai duong thang c6 dinh.
Gidi:

bat F(X,y,m) =(x- m)y- (m- 2)x+m2- 2m+4 =0

o mé- M(X+Y+2)+2X+Xy+4=0 (2)

= Fp(%y,m)=2m- (x+y+2)=0= m= ;(x+y+2)

Thay m vao (2) ta duoc :

1

4(x+y+2)2-;(x+y+2)2+2x+xy+4:O

< (x- y)2- 4(x- y)- 12=0<= Y= y=x-6
X-y=2 |y=X+2

V. Phuong phap bién:

10



*Buwée 1: Tim tap hop diém M(x,y) ma khong duong cong nio thudc ho
(Cm) di qua. Tap hop cac diém nay c6 duong bién (D): y= g(x)

(Ta tim tap hop diém M(x,y) ma khong duong cong nio thudc ho (Cm) di
qua bang cach xem phuong trinh F(x,y,m)=0 14 phuong trinh d6i véi an m.
Sau d6 tim diéu kién gi61 han gitra sy c6 nghiém va sy vo nghiém cua
phuong trinh F(x,y,m)=0. Gia st 1a y=g(x), khi d6 y=g(x) 12 dudng cb dinh
can tim)

*Buée 2: Ching minh ho (Cm):y=f(x,m) tiép xtc voi dudng cd dinh
(D)y=g(x).
Biéu dién su tiép xuc:

Nhdn xét: Phuong phap nay sir dung khi duong bién cta tap hop cac diém
M(x,y) ma khong c6 dd thi ndo ciia (Cm) di qua 1a mot dudng cong cé tinh
chat ctia mot hinh 16i. Phuong phap nay c6 dau hiéu nhan dang dic trung 1a
tham sd m ¢ bac cao nhat bang 2 trong biéu thirc f(x,m).

2X2+(1' m)X+1+m (1)
m- X

Vidu 7: | 2] Chirng minh ho (Cm): y=f(x,m)=

ludn tiép xtic véi mot dudng cd dinh.
Gidi: (1) duge viét lai y(m- x) =2x° + (1- M)x + 1+ m

o m(x+y-1) :2x2+x+1+xy (2)
X+y-1=0

Phuong trinh (2) v6 nghiém <

2X2+x+1+xy7ﬁ0

Ta chirng minh (Cm) tiép xtic voi duong thang (D): g(x)= 1-x
Xéthé

11



2x2+(1- m)x+1+m:1_ «
f(x,m)=g(x) m- X
3) : :g’ < 2
fFoxm)=g(x) |- 2x“+4mx- m2+2m+1__1
(m-x)2
x2+2x+1=O
< 2 x=1
TomDT 5T e
(m+1)2

= Vm# 1 hé (3) ludn ¢6 nghiém x=1
Vay (Cm) va dudng thang (D) ludn tiép xuc nhau.
Nhén xét: Loi gidi cho thdy:
+ (Cm) tiép xiic véi dwong thang (D):y=1-x tai tiép diém cé dinh c¢é hoanh
do x=-1
+ Khi m=-1, ho (Cm) suy bién thanh dwong thang y=-x-2 ; khéng c6 sw
tiép xiic.

VI. Phuong phap tlép tuyén c6 dinh:

Néu ho (Cm) chira dyng yéu t6 “ludn tiép xuc voi mot dudng thiang cb dinh
tai mot dlem ¢ dinh” thi ngoai nhirg phuong phap trén, phuong phap tiép
tuyén c6 dinh s€ don gian hon nhiéu. Phuong phap nay dugc xay dung trén
co s6 tai diém cb dinh, (Cm) c6 hé sb goc cua tiép tuyen khong d6i. Didu do
chtng t6 khi m thay d6i ho (Cm) ludn tiép xtc véi tiép tuyén ¢ dinh.

A(Xo,Yo)

Phwong phap:

eBuée 1: Tim cac diém cb dinh cta (Cm).

eBuwéc 2: Tinh dao ham f’(x) tai hoanh d6 cac diém cd dinh. Ching to
trong cac diém c6 dinh, ton tai mot diém ma tai do f ’(x) 1a mot héng s6. Gia
str ton tai A(Xo,yo): f’(x) =k=const.

*Bude 3: Két luan (Cm) ludn tiép xtic voi duong thang cb dinh 1a tiép
tuyén ctia ho (Cm) tai A(Xo,yo) c6 phuong trinh : y=k(x-xo)+yo

x 2+(m- 2)x+m

Vidu 8: 2] Cho ho Hypebol (Hm): (1)

X2- 2X+m

12



Chtng t6 rang Ym=0 thi (Hm) ludn tiép xuc voi mot duong cb dinh.
Gidi: Gia su (Xo,y0 ) 1a di€ém c6 dinh cta ho (Hm). Khi d6 ta c6

Yo (X5~ 2Xo+M)=X3+(mM- 2)Xy+Mm ,  Ymz0
m(yO "X 1)+ xo(yo-_ 1)(xO -2)=0 , Vm=0
{XO =0
(Yo~ Xo-1)=0 o Yo=1
| Yo=
Vay Ym=0 , ho (Hm) luén di qua hai diém cé dinh (0,1) va (2,3)
o, m?- mx
Tacoy =
(X%- 2x+m)?
y'(0) =

= Tai diém cb dinh (0,1),(Hm) c6 hé s goc cua tiép tuyén khong dbi.
Do d6 (Hm) luén tiép xuc véi tiép tuyén co phuong trinh y=x+1
Chii y: Trong vi du trén (Hm) c6 hai diém c6 dinh la (0,1) va (2,3).
Dé chitng minh bdi todn chi can ton tai mot trong cdac diém dy cé dao

. . . , m- 2
ham bang hang so la du. Con tai (2,3) ta co Y (2):7 phu thudc vao
m

tham s6 m nén tiép tuyén tai (2,3) khéng cé dinh. Diéu nay khéng can ghi
trong bai lam.
VI1.Phuong phap tim tiép tuyén c6 dinh di qua cac diém cue tri:
Trong trudng hop ho dudng cong tiép xuc vdi duong c¢d dinh tai cac

diém cuc tri thi ta str dung phuong phap sau s€ don gian hon.

Buwéc 1:Tim cac diém cuc tri X,,X,,.... ctia ho d6 thi (Cm):y=f(x,m)
bang cach giai phuong trinh f(x,m)=0

Buéc 2: Néu ton tai x; : f(x;)=p=const thi y=(f(x,m) tiép xtic voi
duong y=p tai diém (x.p)

Vidu 9: 3] Chung minh ho (Cm):
y =f(x,m) =x" - 3mx* +3(m’ - )x- m’ +3m  ludn tiép xtc voi hai

duong thang c¢6 dinh.

Gigi: Taco: y’=3x*-6mx+3(m’>-1) 4y (Cm)
y’=0 & x*2mx+m*-1=0 & x=m-1 ¥ x=m+l / / /
f(m-1)=(m-1)’-3m(m-1)*+3(m*-1)(m-1)-m*+3m= 2 2

f(m+1):(m+1)3-3m(m+1)2+3(m2-1)(m+1)-m3+W\ / / / y =2
0 >
ANV

777 )

y=-"2



Ta biéu dién ho d6 thi (Cm) nhu hinh vé:
Tir do thi ta thay (Cm) ludn tiép xuc véi
Hai duong théng cd dinh 1a y=2 va y=-2

Nhin xét:0 vi du nay moi duong cong
(Cm) déu co 2 cyc tri,va 2 tlep tuyen cua
db thi di qua hai diém cuec tri déu c6 dinh
Bay gio ta xét 1 vi dy (Cm) c6 2 cyec tri
nhungchi co 1 tiép tuyén ¢ dinh tai mot
trong 2 cuc tri do.
Vidu 10: | 2 ] Ching minh ho (Cm) :

y = f(x,m)= lx3 - émx2 +2m’x - %m3 +1  (m #0)

3 2
Gidi : Ay
y'=x?-3mx +2m*
L X =m
y'=0e X =2m /
1 3 5 _N"%""""""" v =1
f(m) =§m3 - §m3 +2m’ - gm3 +1=1 / T~ -
£(2m) =- 8m’ - > 4m’ +4m*- 2m’ +1 va >
3 2 6
=- %m3+1

Tir hinhxv@ ta thdy (Cm) ludn tiép
xuc véi Kduong cb dinh y=1 tai diém cyc trj (m,1).
Nhin xét : + Tiép tuyén ciia (Cm) tai diém cuc tri ¢6 hoanh dé 2m song
song voi nhau

+V6i m=0 dé thi ham so tré thanh y :éxf khéng cé cure

tri.
Toum laii, ded chc'jt‘mg minh ho'|' ﬁbéﬂng cong (Cm) tiedp

AAAAAAA

Boduc 1 :Tim A66@ng coa RAonh (L).
Bobuc 2 :Chéung minh (L) tieap xuuc voui (Cm).

Chuwong 3: BAQI TAAP AUP DUING
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Trong ch66ng nagy chuung toai sed fAda ra cauc daing
bagi tadp fied aup duing cho calic ph66ng phaup trean.Moat
soa bagi tadp chuung ta seb trinh bagy nhieau cauch fiea
bain foic thady fddic 6u fiieam culla modi phédng phaup
mag bieat cauch léia choin ph66ng phaup thich héip cho
tégng bagi tadp cui thea.

Bagi 1: [ 3 | CMR ho (Cm):y == +(1;m£”m+1, m#=1 (1)
luoan tiedp xuuc véui moat A66eng thalng coa Aonh.
Giadi :

Nhaan xeut :Bagi toaun naé cho bieat daing culia né6éeng
cod fionh lag fi6éeng thatng, do fiou ta cou thea séd duing
Nnédic cauc phédéng phaup sau :

e Cauch 1 : Phuong phap s60 duing honh nghda tiedap xuuc.

.......

2x* +(I- m)x+m+1 _

ax +b Mz_
- m 2x+m+1+ —ax+b

- - X-m
2x*+(1- m)x+m+1 _a 7. (m+1)12:a
X-m (x- m)’
( 2
(a-2)(x-m):(m+1) +(3-am+1-b
- X - m
2
(m+1) ooy
\(X-m)z
g-p=m*)” G-am+l-b () gy =(G-am+l-b
(x- m)” X-m X-m
- A 5 — A 12
(m+1),=2-a (m+)°:2_a
(x - m)’ (x - m)’

= 4(a- 2)(m+1)°* +[(3- a)m+1- b’ =0 Vm #- 1

e (a-1)>’m’ +2[4(a- 2)+(3- a)(1- b)l.m+(1- b)’ +4(a- 2) =0 Vm #- 1
(a-1)* =0

= {4(a-2)+(3-a)l-b) =0 Eili(D):Fx-l
(1- b)" +4(a- 2) =0
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e Cauch 2 : Phuong phap Nieau kiean nghieam boai, nghieam
keup.

-------

(D) : y=ax+b

2x°+(1- m)x+m+1

< Pho6Nng trinh —ax +b cou nghieam keup

X-m
Vm #- 1
o 2x°+(1- m)x+m+1=(ax +b)(x- m) cou nghiedm kelUp
Vm #- 1
= (a- 2)x>- [(a- Dm+1- b]x - [(b+1)m +1] =0 co Unghiedm keup
Vm #- 1
a#2

A =(a- 1)’m’- 2[(a- )(b- 1)- 2(a- 2)(b+1)|m+(b- 1)> +4(a- 2) =0 Vm #- |

=

a#2 i
(a-1)* =0 T { =
o = 1b=-1 o = (D):y=x-1
(a- 1)(b- 1)- 2(a- 2)(b+1) =0 s —
(b-1)° +4(a- 2) =0 b;_l

e Cauch 3 : PP tauch boa phaan nghieam keup.
dy _x"+2x+1 _ (x+1) - f(m) _(x+1y
dm (x-m)° (x-m)’ X - m
Xeut hea phoong trinh td6ng giao :
2 —
(Cm):y:(x+l)2 y=x-1
(x-m)" < 1 (x+1)° _
(D):y=x-1 X-m
Do hea td6ng giao cou nghieam keup x=-1 nean (D):y=x-1
tiedp xuuc voui (Cm).
e Cauch 4 : Phobng phaup naio hagm.
Tog (1) ta viedt lali :  y(x-m)=2x*+(1-m)x+m+1
S(X-y-1)m-2x2+xy-x-1=0
Naét F(x,y,m)=(x-y-1)m-2x2+xy-x-1
Suy ra F'=x-y-1
Frn'=0&y=x-1

+x-1

Ta cou

0

.......

y=x-1

16



Xeut hea :
2x*+(1- m)x+m+1 _

f(x.m) =g(m) _ x-m X!
f'(x,m) =g'(x) 2x* - 4mx+m’ - 2m- 1 -
(x- m)’

2x° +(1- m)x+m+1=(x- 1)(x- m)

= (m+ly
(x-m)’

_ 17 =0 o gt
(x-my =m+1y||* 27

= x=-1
Vaay Vm hea fang xeut luoan cou nghieam x=-1
e Cauch 5 : Phoong phaup biean (loi giai da trinh bay ¢ vi du
phuong phép bién)
Tow cauch 4 ta thaay (Cm) luoan tieap xuuc véui A66eong
y=x-1 taii Aiieam cod rionh (-1 ;-2)
Do fiou ta cuéng cou thea théic hiedn fi6bic phébéng phatip
tieap tuyean coa nonh.
e Cauch 5 : PP tieap tuyean coa nonh.
Ta kieam tra phoéng phaup tieap tuyean coa ionh ii
qua cauc fieam coéic tro :
L 2x*-4mx+m*-2m- 1

(x- 1y

_3m+1
=
y'=0e 2x°-4dmx+m’- 2m- 1 =0 < 2
x, =m-1
? 2
Ta cou :
f(x,) =- %mz-m-% # const
f(x,) =- %mz-m-% # const

Do fAou khoang s60 duing phodng phaup tieap tuyedn
coa nonh Ai qua coic tro .
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Bagi 2 : [2] Goii (Hm) lag hoi Hyperbol cou phdébng
_(m- 2)x- (m*- 2m+4) "
X-m
Choéung minh hoi (Hm) luoan tieap xuuc voui 2 N66ang
thalung cod Aonh.
Giadi :

Nhaaéan xeut :Bagi toaun nad cho bieat daing cula
fi6éong cod fionh lag fibéeng thalng neén ta cuéng cou thea
sOU duing nddic cauc phééng phaup sau :

e Cauch 1 : Phééng phaup dugng Aonh nghda tieap xuuc.
Goii (D) lag N66@ng thaung coa nonh caan tim cou phdédng
trinh y=ax+b
(Hm) vag (D) tiedp xuuc nhau & Hea sau cou nghieam
vOui moii m

trinh y =f(x,m)

(m- 2)x- (m*- 2m+4) _
{f(x,m):ax+b o - Xx_mm = =ax +b M

f'(x,m) =a 4 2

=a

(x- m)’
(2) cou nghieam voui moii me a>0
Tog (1) suyra ax?+[b+1-m(a+1)]x+m?*m(b+2)+4=0
3
(V)c“)ui a>0,ph66ng trinh (3) cou
A=[(b+1)- m(a+1)] - 4a[m’ - m(b+2)+4]
=(a- 1)’m>+2(a- I)(b+2)m+(b+2)* - 16a
Nho vaay phodng trinh (3) cou nghieam voui moii m

- A =0, VmeR
A >0, VmeR
TH1: A=0, VmeR
a-1=0 a=I
< J(a-1)(b+2)=0 < |b=-6
(b+2)*-16a =0 b=2

TH2:A >0, VmeR
O<a #1 O<a #1
= =
A, <0 l6a(a- 1)’ <0
Vaay 2 N66ang thalng tiedp xuuc voui hoi (HmM) lag y=x-6
vag y=x+2

voa nghieam
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e Cauch 2 : Phodng phaup Aieau kiean nghieam boai,
nghieam keup.
Goii (D) lag Add@ng thaung cod Aonh caan tim cou phdédng
trinh y=ax+b
(Hm) tiedp xuuc voui (D)< phdong trinh  f(x,m)=ax+b cou
nghieam keup ¥m
- (m- 2)x- (m*- 2m+4)

- =ax+b cou nghieam keup voui
X—

moii m.

&(mM-2)x-(m?-2m+4)=(ax+b)(x-m)  cou nghieam keup voui
molii m

@ax?+(-am+b-m+2)x+m?3-2m+4-bm=0 cou nghieam
keup vOui moii m.

a #0
= J[A =(a+1)ym’- 2(a+1)m(b+2)+(b+2)*- 4a(m’ - 2m+4- bm) =0, Vm
o2 #0

(a*-2a+1)m* +[-2(a +1)(b+2)+8a+4abm +(b+2)*- 16a, Vm

a #0

2 - a1 =0 a =l a =l
a’-2a+l=
= S| b+2 =4 < {b=2
-2(a+1)(b+2)+8a+4ab =0 b2 =4 b=6

(b+2)’-16a =0
Vaay cou 2 n6dang coa nonh tieap xuuc voéui (HM) lag
y=X+2 vag y=X-6
e Cauch 3: Phoong phaup tauch boa phaan nghieam keup.

Ta coll C<11Y _(x- m)2-24 g [X=MH2
m  (X-m)
+VOui x=m+2
= £(x) _-[x- (m+2)]’+x’- (m+6)x +6m
X-m
__[x- (m+2)J +x(x- m)- 6(x-m) __[x- (m+2)J bx-
X-m X-m X-m
Choéung minh f(x) tieap xuuc voui g(x)=x-6 (gioang BT1)
+VOui x=m-2
- f(x) _-[x-(m-2)P+x’- (m- 2)x- 2m __[x- (m- 2)J +x 42
X-m X=-m

.......

X =m- 2

6

(t66ng toi BT1)
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e Cauch 4 : Phuong phaup naio hagm.
(I1) AGbic vieat laii : y(x-m)=(m-2)x-(m?3-2m+4)
Sm2-(X+y+2)m+xy+2x+4=0
Naét F(x,y,m)= m?*(Xx+y+2)m+xy+2x+4 (*)
dF(x,y, m)
dm

7(113(3;31]’ m) =0 2m- (x+y+2) =0

=2m- (X +y+2)

e m :%(x+y+2) thea vago (*) ta

R
(@H
o
&

411(X+y+2)2 - ;(X+y+2)2 +2x+xy+4 =0

= X-y)Y-4x-y)-12=0< x-y=2 y=x+2

x-y=6 _ [ny-6

Ta chéung minh (Hm) tieap xuuc voui 2 A6d6@ng thaung y=x-
6 vag y=x+2 (nho trean)
e Cauch 5: Phob6ng phaup biean

Tog (I) suy ra mM2-m(x+y+2)+2x+xy+4=0

(*)

A, =(x+y+2) +42x +xy+4) =(y- x)* +4(y- x)- 12
(*) voa nghiedm fodi vouim & A, <0 & X-6 <y < X+2

Ta chéung minh (Hm) tieap xuuc voui 2 A6dang thaung
y=X-6 vag y=x+2 (bain fioic téi cm)

Tow cauch 3 ta thaay nééeng thaung y=x+6 tieap xuuc
véui hoi (Hm) taii x=m-2 vag i6beong thaung y=x+2 tieap
xuuc voui (Hm) taii x=m-2

Do fiot fiieam tiedp xutic culia 2 fi6éang thaung véui
hoi(Cm) di Aioang
Suy ra hoi(Hm)khodng cou fiieam cod fionh nedn khoédng séd
duing nédic phoong phaup tieap tuyean coa nonh.

2

+Ta cou: y'=f(x)=x’- 4x" +3x' - 5x" +mx +

4
\ 4 . n v o9 o
y :(x_ my = Hoi (Cm) khoang cou nieam cdic tro

nean khoang séu duing nééic phé6oéng phaup tieap tuyean
coa ronh Ai qua calic hieam céic tro.
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Bagi 3 : [3] CMR hoi (Cm):

= 2 . 7 \
y =f(x) =x°- 4x* +3x° - Sx? +mx+3 4m luoan tieap xuuc
vOui moat A6d@ng cong coa Aonh
Giadi :

Nhaéan xeut : Bagi tadp chae chae cho bieat nééesng coa
nonh lag 1 A66eng cong chéu khoang cho bieat daing cula
nou, do fiol chee col thea séa duing 3 phééng phatp sau.

e Cauch 1 : Tauch boa phaan nghieam keup

Ta cou
S—I}I;:x- %:0@ X :%: y =-(x- %)3”(5- 4x* +3x° - 4x3+%
Ta chéung minh A66gng cong g(x)=x’- 4x* +3x’ - x> +3 tiedp

4
xuuc voui (Cm)
2

Ta col phdong trinh f(x)=g(x) & x* - mx+mT =0 < (x- %)2 =0

cou nghieam keup x =%.

X - 4x* +3x° - 4x° +%

e Cauch 2 : Phobng phaup faio hagm
dy _ _m_ _
dam =X > =0 e m =2x

Thay vago phoong trinh f(x), ta A6dic

y =x° - 4x* +3x° - 4x? +%

Choéung minh A66gng cong y=x’- 4x* +3x’ - 4x2+% tiedp xuuc

vOoui (Cm) (nho trean)
e Cauch 3 : Phodng phaup biean.
Vieat laii pt f(x) theo m ta Ao6dicC :

mZ

e mx - X’ +4x*- 3x’ +5x* +y- %:0 (*)

Am :X2 +X5 - 4X4 +3X: = sz - y+i:X; = 4'X4'|'3X3 = 4X2 - y+i
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Ta chéung minh hoi Ad6gng cong y=x’- 4x* +3x’ - 4x2+% tiedp

xuuc voui (Cm) (nho trean)
Bagi 4 : [3] Choung minh raeng :
y =x*- 4mx’ +(6m’ - 1)x* - 2mx(2m’ - 1)+ m*- m* +1
luoan tiedp xuuc véui 2 Ad6@ng thalng coa Aonh.
Giadi :
Sod dumg phodng phaup tiedp tuyedn coa nonh Ai qua 2
fiiedm coic tro
y'=4(x’ - 3mx* +3m’x - m’)- 2(x - m)

=4(x- m)' - 2(x- m)- 4(x- m)[(x- m)' - 2]

X =m »y (Cm)
1
'=0e | X =m- —
Y 22
1 y =l
X =m+— 3 N\
\/5 y:Z

v

f(m) =1

1 3

i AoL U f(m-—=)==

Khi fiou ta cou : {f( 5) 1
3

1
f(m+—) =-=>
( 773

Towg foa tho suy ra hoi (Cm) tieap xuuc voui hai A66ang

thaling y=1 vag y=7

Trong de tai nay chiing ta chi nghién ctru vé ho duong cong tiép xuc véi
duong cb dinh. Tuy nhién ddi v6i ho dudng thang thi thi ciing 1am tuong tu.
Mo rong hon nira la d6i voi ca hai ho dudng cong. Sau day ta xét hai vi du
vé van dé trén.
Vidull:[1] Cho duong thang c6 phuong trinh
(A,): 2mx+(1- m)y- (1+n?) =0 (1)

Chtng minh rang: Khi m thay d6i, duong thang (A ) ludn tiép xtc voi

mot dudng tron ¢ dinh.
Gidi: De - mi(y+D+2mx+y-1=0 (2)
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Ta tim nhimg diém ma duong thang khong bao gio di qua Vm, tirc 1a
phuong trinh (2) v6 nghiém doéi véi m.
o A =x?+y?-1<0e x2+y?<1
= A tiép xtic voi duong tron x2 + y2 =1
Thr lai:
‘1+ m ‘ 1+ M2

\/4m +(1- n)? _\/(1+m2)2

= A_ ludn tiép xtic v6i duong tron tim O, ban kinh 1, Yyme R

=1 ,VmelRR

d(O,A

Vidu 12:[1] Cho hai duong cong y =m + (1- 2m)x? +2mx  va
y =3mx? + 3(1- 2m)x +4m- 2
Tim m dé hai dudng tiép xuc nhau.
Gidi: Hai duong cong da cho ti€p xuc nhau khi va chi khi phuong trinh
sau cO nghiém boi
mx +(1- 2m)x? + 2mx =3mx? + 3(1- 2m)x + 4m- 2 §))
D& thiy (1) = mx+x2 - 2mx? + 2mx - 3mx? + 6mx - 3x- 4m+2=0
e MX(X2 - 3x+2)- 2mx(x2 - 3x+2)+ x°- 3x+2=0
e (X%- 3x+2)(Mx- 2m+1) =0 (2)
Phuong trinh (1) ¢6 nghiém boi < Phuong trinh (2) c6 nghiém boi.

hoaélagx =1lagnghieén cua phddngtrinh  mx- 2m+1=0
hoaélagx =2 lagnghieén cua phddngtrinh - mx- 2m+1=0
Tom lai dé hai duong da cho tiép xtic voi nhau, diéu kién can va du 1a m=1.

= o m=1

CAC BAI TOAN UNG DUNG

Bai toan 1: [ 1] Bién ludn theo a s6 nghiém ctia phuong trinh :
(x- 1)°- 2Jx- g =0
Gidi: Viét lai phuong trinh da cho dudi dang ttuongw duong sau:
(x- 1)2 :2‘x- a‘

Trudc hét tim a dé nhanh phai cia do thi tiép xuc véi parabol

y =(x- 1)?. Goi xo 1a hoanh do tiép diém cua chiing thi ta c6 hé sau:
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(Xo- D*=2x- 4 _ %o :32

2(xn-1) =2 a=—
(Xo- 1) >

Tuwong ty khi a =5 thi nhanh trai cua do thi Y ZZ‘X' a‘ tiep xuc véi

parabol y =(x- 1)

Ta c6 hinh v€ sau day:

y=2|x-1/2| y=2|x-3/2|
(tng voi a=1/2) (tng voi a=3/2)

0 121 32 2 g
A
y
2
1\\\//
Y > »
y=2[x-1]
(a=1)

Tt céc do thi trén ta ¢6 nhan xét sau day:

- Nhéanh phai ctia Y =2(X- a’ cat parabol y =(Xx- 1)*tai hai diém néu a< g,

A < R A 3 A z 4 3
mot diém néu a :E , khong cat néu a> >
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X- a’ cat parabol y =(Xx- 1)?tai hai diém néu a> %,

- Nhanh phai ctia Y =2

.1 .1
mot diém néu a 25 , khong cat néu a< >
- Khi a=1 thi nhanh tréi, nhanh phai cia Y =2|X- & va y =(x- 1)2déng quy.
Tir d6 di dén két qua sau:

1. Phuong trinh da cho c6 4 nghi¢m khi 1 <a< 3 va a=1.
2 2
2. Phuong trinh da cho c6 3 nghiém khi a :%, a=1 hoac a Zg.

3. Phuong trinh da cho c6 2 nghiém khi a <% hoac a> ;

Nhin xét: Voi phwong trinh trén ta cé thé gidi nhuw sau (ciing sir dung tinh
tiep xuc gitta cac dwong)
Ta dwa phuong trinh da cho vé dang twong dwong sau:

X- a:ié(x- 1 e Xié(x- 1° =a (*)
Nhue vy s6 nghiém cua (*) la sé nghiém cia hai phwong trinh sau:
1eiloa v -Leiox-1za
2 2 2 2

1 1
Vé hai parabol va y =- > X2+ 2x- > trén cung mot hé truc toa do.

Pé y rang 2 2 2

e X-2x+1=0 < (x-1°=0
Tr do suy ra hai parabol nax tiép xiic véi nhau tai diém M(1,1)
Bay gio tir do thi suy ra ket qua trén




1/2

1
o . ... |[(C):y==cos’x- cosx+1 , .
Bai toan 2: [ 3 |Tim m dé€ hé: 2 tiép xtc voi nhau.

(D):y =xsinx+m

y L c0x- cosx+1=xsinx+m
Gidi: (C) va (D) tiép xtic nhau <

(cos®x - cosx +1) =(xsinx+ m)’

1 2 . ) )
ECO X- COSX+1=XsinX+m - {cos X- COsX+1=Xsinx+m

sinx- sinxcosx =sinx + xcosx | COSX(X+sinx) =0

COS2X - COSX +1=XSinX+m

COS2X - COSX+1=XSinX+m 0
cosx =0

COS2X - COSX+1=XSinX+m (an

(x+sinx) =0 .
(x+sinx) =0

1] cosx =0 = [

i i
1=xsinx+m@ x_§+2|<:rc ) X—§+(2k+1)313

He ) = {cosx =0

m=1- g 2kt m=1+g+ (2k +1)m
Xét ham sd F(X) =x+sinx, Xe€R. Taco: f(X) =1+ cosx=0 VxeR
Suy ra phuong trinh X+ SiNX=0 ¢4 nghiém duy nhat x=0.

Suy ra hé (IT) c6 nghiém < m=1.

Két luan: me <|1;1' %' 2kﬁ;1+g+(2k+1)n]»
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1. Ching minh ring (Cm): y _(3m+1)x- e +m ludn tiép xuc véi
X+m

hai duong théng cb dinh. ’ N
2. Tim dudng c6 dinh (D) tiép xtc vo1 moi ho duong cong (Cm):

y =f(x) =8%> + (1+ 2m)x? + 6m’x- m° - 1
x3- 2m+1x% - m(m+2)x+4- m?
x-1

3. Chting minh rang (Cm) : y=

ludn tiép xtic voi mot duong cong cb dinh.
4. Tim m d&& (Cm): y=x>- (m+Dx%- (2m’- 3m+2)x+2m(2m- 1)
tiép xuc véi duong thang y=-49x+98.
5. Chung minh rang khi m thay do6i, ho dudng cong (Cm) luén tx véi
mx3 - 2mx? + (m+1)x- 2m- 3

nhau. (Cm):y=
‘ X*+1 7
6. Ching minh rang khi @ thay do1i, ho duong thang
(D, ):Xcosa +ysino - 7coso. +9=0
ludn tiép xuc véi mot dudng cong cb dinh.
7. Timm d&é duong thang (D) :y =mx+4m- 12 tiép xuc vai
(D,):y =x*+5mx- 9
8. Bién luin s6 nghiém cua phuong trinh: ‘XZ - 5X +q =aX theo tham

SO a.
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