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LGOI NOI DAU

Di bat bién, ung van bién
Ton t (Binh phap)

Ta hay tudng tuong cd mot hé thong trén doé ta thuc hién nhimg thao
tac khac nhau. Ta ¢ thé phan tich trang thai clia hé théng dé xac dinh
vi tri (muc dich) cdn dat dudc ti nhing vi tri khac. M4t trong nhiing cong
cu rat manh cho viéc phan tich hé thong 14 tinh chat bat bién cla mot
s6 dai lugng trong hé thdng. Nhimg dai lugng nay khéng thay doi dudi
nhitng thae tac khac nhau trong hé théng. Sy bat bién c6 thé dung ¢& chi
ra rang tt mét cau hinh khéng thé dat t6i mot cdu hinh khac. Xuyén sudt
cuBn sach nay 13 tu tudng bat bién thong qua cac chi 8 trong 6 hoe,
dai s6, hinh hoc va tro choi toan hoc, ...

Cudn sach duoce dat tén 1 Phuong phap dai lugng bat bién, day 1a
mong muén cla tac gida mudn bién soan mét loat cac phudng phap toan
hoc trong hoc tap va nghién clu. Trudc day tac gia da bién soan mét
$6 phuong phap giai toén trong cac cudn sach [6], [7], 8], [8], [10], [11].
Ngusi xua lam ra Binh phap dé ap dung va gidi quyét nhiing cudc chién
tranh, dién hinh nhét 12 bo Binh phap cla Ton tI va bo Binh phap cla
Tén Tan trong ting thai ki ma hai sean gia trén da trai nghiém qua va ap
dung vao thuc tién. Nhy ta da biét Binh phap chi cdn ¢6 36 muu ké ma
hod gidi duge hau hét cac tinh thé cla cac cudc chign tranh dat ra. Dac



4 _ : Phuong phap dal lugng bat bién

biét ngudi nAm dugc Binh phap va &p dung nod vao thuc t& nhu thé nao
la mét vin dé sang tao cla tiing ngudi va ting thai dai. C6 thé ndi cac
phuong phap gidi toan 13 nhiing muu k€ trong khi giai bai tap toan. Tac
gia cudn sach mao mudi bién soan nhiing phuong phap giai toan va hoc
toan clng hi vong thanh bd Toan phap cho minh va cdc ban tham khio.
R2t nhiéu van dé trong cach gidi toan va hoc toan cb thé tong két lai, tac
gia Ga suu t3m va chon loc nhing phuong phap dic trung nhat, nhing
bai tap hay va ¢b mic khéi quat cao mang ndi dung tedn hoc ¢o ban va
sau sic. Ban doc tim thdy phan nao cac phudng phap hoa gidi cac bai
tap hoac mét cach nhin trong hoc tap cling nhu thuc hanh tu minh gidi bai
tap.

Cung vai nhiing cubn sach cla tac gid da duge xudt ban, cudn sach
nay quan tam téi 5 van ¢&, moi van dé dugc gdi'gon trong mét chuong va
la mét phuong phap giai ap dung dai lugng bét bign. Mi chuong tudng
© d8i doc 1ap véi nhau, sau mdi tiét nhd trong chi dé 1a mdt van dé duge
dat ra va co vi du minh hoa, sau dé I& bai tap ap dung nhitng t tudng
cla tiét. Méi chuong o6 nhimg tiét dac trung khac nhau. Dc biét phan
cudi mdi chuong la mdt chuyén dé hay thé hién sif dung phugng phap cla
chugng d6, mbi vdn dé & Gay co thé phat trién thanh néi dung mot budi
noi chuyén ngoai khéa. Nhing bai tép duge ap dung cach gidi cla cac
bai miu nén khong ¢b gidi chi tiét. Chi co hai chuong cé huong dén va
goi y cla bai tap trong ca chuyén dé. Néi dung clia méi chuyén dé dugc
tom tit nhu sau:

Chuang 1: Nguyén Ii b3t bién. Nhiéu bai toan cho biét thuc hién mét
6 thao tac trén mot hé déi tuong nao do nhu cac s6, quan bai, quan cd
ho#c nhimng bién da cho. Tuy bai todn ¢é phiic tap nhung an chita nhing
dai wong bat bign nhu tinh chén & hoac tdng, tich cla cac bién khong
thay doi. Nhé phat hién ra hodc ¢6 tinh dua ra nhifng bién co tinh chét
bét bién hodc don didu bat bién, nhd vao nhiing di kién bat bién dua ta
den k&t tuan cla bai toan. Nhitng bai toan clia chuong nay a dua vao cac
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tinh chat s hoc, bai toan ciing mang tinh cac bai tap s hoc. Chuyén aé
|3 thiét 1ap cac ham bt bign va (mg dung ctia né. '

Chugng 2: Da thic d&i xtng hat bign. Tinh bat bién thé hién 5 viéc
dinh nghia nhimg da thifc d6i x(mg: Mét da thic hai bién goi 1a d&i xing
néu ta thay déi vai trd va vi trf gilta hai bién cho nhau, gia tri ciia da thic
khéng thay d8i. Tur dinh nghia trén ta chimg minh dugc moi da thirc d&i
ximg hai bién déu biéu di&n nhu da thitc cta cc da thiic d6i xing cd
sd, ma cac da thirc d8i xiing ¢ s& lién quan dén cong thiic nghiém clia
Viete!. Tir d6 ap dung da thirc cho hang loat cac van dé trong dai s6 so
cép nhu gidi hé phugng trinh voi méi vé clia cac phuong trinh ia nhiing da
thiic d6i x(mg; phan tich da thirc ra thira s8; gidi phuang trinh bang cach
dat &n s6 phy; gidi phuang trinh vai hé s6 d8i ximg, ... Chuyén dé 12 mét
I6p bai toan da thifc bac cao c6 cac hé s8 d6i x(mg, (g dung chuyén dé
giai phuong trinh bdc cao bang cach ha bac.

Chuong 3: Bt dang thic clia cic diy sd y ddng thi tu. Khi ching minh
bat déng thirc thi vai trd ¢ac bién hodc cac bién s6 tham gia trong bat ding -

~ thifc ngang nhau. Nhiéu khi sy chuyén dgi vai tro va vi tri gilfa cac blen'

cho nhau thi bat déng thirc van khong thay d8i, do d6 ta cho réng nhimg
bi&n s6 nay duge x&p theo mét thit ty nao d6 va nhd thém diéu kién duge
s&p ma chimg minh duoc bét déng thirc d& dang hon. Trong chi dé nay
ta xét bat dang thirc dugc tao bdi hai b s6 c6 sp xEp theo mot thir tir §a
biét, day Ia bat ding thilc vé tng cac cap s6 trong hai bo s8 dugc sap
x&p 61 wu nhat. Tir dinh Ii co ban cla chuyén dé, ta co thé chinhg minh
bat déng thirc Cauchy?, Chebyshev® va nhiéu (g dung khac. Chuyén dé
1a mot bat ging thirc rat tdng quat, c6 thé nhan dugc cac bt dang thirc
ndi ti€ng khac. Két qua cita chuyén dé 1a cac ban co thé sang tao ra rét
nhigu bat dng thitc mai va rat dep.

1Francois Viets (1540-1603): Nha todn hoc ngudi Phap.
2pugustin Louis Cauchy (1789-1857); Nha todn hoc ngudi BUc.
3Pafnuty Lvovich Chebyshev (1821-1894): Nha todn hoc ngudi Nga.



6 Phuong phap dai luong bat bién

Chuang 4: Phudng trinh ham. Dé gidi mét phuong trinh ham, ngudi ta
thuong thay déi gia tri cla ddi s dé nhén dugc nhing phuong trinh thich
hgp roi suy ra ham phai tim. Vi nhitng gié tri khac nhau, dang thic cla
phuong trinh ham khong di. hoac bat bién, ta dua ra phuong phap thé
cac gia tri. Phuong phap th( hai ¢é gidi phuong trinh ham 1a phuong phap
diém bat dong. Chuyén ¢é 1a nhilng @a thiic giao hoan, cach tim nhimg
da thlic giao hoan.

Chuang 5: Nhiing tro choi todn hoc. Mbt 58 bai toan trd chai tim kiém
nhiing chién thuat thang va hoa cla ngudi choi cling déu dua vao tinh
bat bign cla nhimg diéu kién d3 cho. Tim kiém mat 181 gidi cho bai toan
tro chai la mdt viéc rat khod, ngudi ta thudng phat hién ra nhiing bién don
diéu bat bién, nghia Ia ¢d tang hodc gidm mét dai lugng nao do theo mét
quy ludt c& dinh. Nhigu bai thi hoc sinh gidi rat hay ra & cac nuéc, vi nd
doi hoi hoc sinh suy luan mot cach logic va thdng minh. Chuyén dé 1a cac
‘chién thuat trong trd choi Nim, mét trd choi xudt xd tir Trung Quéc. Tro
choi duge phén tich ki va chi ra budc di d€ cho két qua thang.

Nhiéu bai tap d& duge lua chon tif nhigu ngudn khac nhau, viée gidi
vi dy vé bai tap nham maé té 6t phuong phap da dat ra, con nhiing cach
chirg minh khac ¢6 thé ¢b va hay han tac gid da bd qua (vi du nhu bat
déng thic Cauchy).

Cubn sach danh cho hoc sinh phd thang yéu toan, hoc sinh kha gidi
mdn toén, ¢ac thay ¢4 gido, sink vién dai hoc nganh toan, nganh tin hoc
va nhiing ngudi yéu thich toan hoc phé théng. Trong bién sean khang thé
tranh khéi sai sét va nham 1&n mong ban doc cho y kién. Moi gop v gui
vé dia chi: Nha xuét ban Gido duc, 81 Tran Hung Bao, Ha Noi.

Ha NOi, thang 9 nam 2004
Nquyen Hiu Dién
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1.1. Gigi thigu phuong phap dai luong bAT bien

Cho a,b,c |2 nhing s6 thyc. Ta xétBng S - a + b + c. Néu ta ddi
chd a cho b, bcho ¢ va ¢ cho g, thi tdng S luén luén chila mat. Tdng nay
khong thay @di d6i véi thiz tu thuc hién phép cang. D a, b, c ¢ thay o
thit ty nhu thé nao ching nifa S van khong thay ddi, nghia 1a S bat bién ddi
v@i viec thay ddi cac bién khac. Trong thuc t& cling nhu trong toédn hoc,
(4t nhidu van dé fién quan dén mdt s& déi tuong nghién clu lai bat bién
d8i véi su thay ddi cla nhiéu déi tugng khac. Vi dy, néu ta chuyén chd
theo huéng mét hinh khéi nao dé trong mét mat phang hoac trong khdng
gian, thi do dai cac canh, do Idn cac goc cla hinh, khoi khong thay dai...

Ta c6 thé hidu 1a ;: Moi dai iidng dinh tinh hay tinh chét va quan hé
gilia nhimng phén i cda mot hoac mot s6 tap hop ma khong thay doi voi
mot bién dbi ndo d6 dugc goi la bat bién.



8 Chuong 1. Nguyén Ii bat bién

Nhiéu vi du chira rang su bt bién co trong man s6 hag, dai s6 va hinh
hoc,... Nhing bai toén cé lién quan dén bat bién chia lam hai loai -

1. Nhimg bai toan 18y bat bién 1am két luan (hosc k&t qua) phai tim.
Nhimg bai toan loai nay duge liét ké rat nhidu trong chuong 1 cla
cudn s&ch [11]. Nhiing bt bign clia bai toan 1a két qua clia qua trinh

“1ap trong ndi dung bai toan.

2. Nhing bai toan idy tinh bat bién 1am phuong phap giai. Trong cuén
sach [11] c6 mét phan rét nhd a8 cap dén van dé nay. Chuong nay
ta d& cap gén cac khia canh clia Ioai bai toan nay, clng 1a trinh bay
phuong phap giai cho mét 18p bai toan.

Bai toan xudt phat nhu mdt chuyén ¢ tich

Nguai Néng déan iréng dugc mot cdy khé than co 99 qud chua chin
mau xanh va 1000 qua da chin mau vang. Mbt con Qua dén an méi ngay
hai qua khé'va n6i vai ngudi nng dan: "A'n mét qua trd cuc vang, may tui
ba gang mang di ma dung". Qua dén an hai qud khé bét ki khong phan
biét qud xanh va qua vang. Néu Qua an mot qué vang va mot quéd xanh
thi cay khe lai sinh ra mét qué xanh. Néu-Qua an hai qua vang, thi cay
khé fai sinh ra mot qué vang. Néu Qua an hai qud xanh thi cay khé lai
sinh ¢ling qué vang. H3i co the xdy ra trudng hop qua khé cudi cang con
fai trén cay 14 mau vang khong ?

DE thuan tién cho vidc gidi ta ki hiéu : Qua khé xanh 1A X; qué khé
vang la V; qua &n qua la 1 va cay khé sinh ra qué 12 . Khi d6 bai toan
¢d thé viét lai ngdn gon:

VIV XX oV, VX=X

Tir cach viét trén ta thdy rdng s& iuong qua xanh hodc 1a khong thay ddi
hoac la giam i 2 qua sau m&i 1an &n (m&i 13n Qua an hai qua). Vi trén
céy s6 nhing qua mau xanh la 18, con s6 nhitng qua mau vang Ia chin,

7,
et
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nén qua cudi clng trén cdy s$é 13 mau xanh, khong phu thudc vao cach
an qué cda Qua. '

Tinh bat bién trong bai toan trén 12 gi ? D6 1a 6 nhiing qua xanh dd
Qua c6 &n qué nhu thé ndo i nita thi nd khang thay d8i hoic néu nd thay
ddi thi thay déi mét cach c6 dinh 13 gidm di hai qua. Chinh dide bat bign
ddi voi qua xanh va gia thiét bai toan dua ta dén 10i gidi. Nhu vay viéc
tim ra tinh bat bign trong nhiing dai lugng da cho cla bai toan 1a rit quan
trong.

NhUng bai toan cé dang nhu maot quy trinh hay thuat toan thudng tdn
tai mot trang thai khdi dau va mdt day nhiing buéc di hop 1& (budce bign
ddi). Két luan clia nhitng bai todn loai nay thudng phai trd 18i nhimg cau
hdi sau day -

1. Cé thé dat tdi duoc trang thai cudi cling @& cho khéng ?

2. Tim t&t ¢4 trang thai cudi cling co thé dat téi ?

3. Co t6n tai gidh han ti€n 16i mdt trang thai cudi cling khdng ?

4. Tim tat ca chu ki ¢d thé ¢ trong day trang thai ?

Phén sau day ta xét nhiing cach thitc tim tinh bat bién trong mdt bai
toan nhy thé nao théng qua cac vi du.

1.2. Phar hién baT bién TRong bai ToAN

Thong qua vi du sau day, ban doc sé& thay su bat bién dugc nhin tir
nhiing khia canh khéc nhau déu gidi dugc bai toén.

Vidu 1.1. Trén bang ta viét 10 du cong va 15 déu trir tai céc vi tri bat
ki. Ta thuc hign xéa hai ddu bat ki trong dé va viét véo dé mot dau céng
néu xoa hai ddu gidng nhau va dau trir néu x6a hai dau khac nhau. HGi
trén bang con lai dau gi sau khi ta thuc hién thao tac trén 24 13n?
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Loi gidi. Cach 1: Ta thay mdi ddu cong bang s6 1, con mdi du trir bang
s6 1. Thao tac thuc hién xda hai 6 va viét lai mot 8 sé la tich cia
chdng. Vi thé tich cla tat ¢ cac s6 viét trén bang sé khang thay déi. Vi
vay ngay tir dau gia thigt cho tich cée s6 trén bang bang 1, thi cudi cung
clng con lai s6 |, nghia 12 trén bang con lai ddu rtr.

Cacti 2- Ta lai thay mbi d3u cong bang s6 0, con ddu it bang s6 1.
Thao tac thuc hién 12 téng cla hai s6 x6a di 1a s8 chan thi ta viét lai s8
0. Nhu vay tdng cdc s6 trén bang sau khi thyc hién mot thao tac hoac I3
khong thay @i hoac la gidm di 2. BAu tién tdng cac s6 trén bang 1a mot
& 18 (bang 15}, thi s6 cudi cung trén bang con lai la 6 18, vay la s6 1.
Nghia 13 trén bang con dau trix '

Cach 3: Bang cach thay nhu d cach 1, bay gio sau méi 1an thao tac,
s8 1 hodc la khéng thay ddi hozc 1a giam di 2. Vi thé Iic ban ddu sé chif
s8 -1 1a 18, thi cudi cing chi con lai mét s6 -1, nghia la con lai mdt ddu
trur. . ©

Phan tich ba cach gidi ta thdy cach 1 Igi dung tinh khong @i cda tich
cac s8 vit trén bang; cach 2 sif dung tinh khéng déi cla tng chan cac
56 va céach 3 1a sy khdng d@di clia s6 chan céc ddu triz. Nhu vAy trong cach
gidi ta da s& dung tinh chét bat bién clia tich, t6ng hoc 6 lugng chén 1&
clia cac $6. Qua cach gidi trén ta thay ring khi gap nhiing I8p bai toan
ma thao tac {ap di 3p lai, ta phéi bién i va tim ra nhilng tinh bat bién
cla thao tac ta thuc hign. Chu y réng cac thao tac ta thuc hién khong phu
thudc vao thao tac trén hai 86 nao bat dau, viéc chimg minh nd tuong ty
nhu cach 1am trén, ban doc [am bai tap 1.18 (8 cudi phan nay). Mot bién
thé clia bai toan trén dudc cho dudi dang nhu vi du sau:

Vi du 1.2. Bon ki ti X va nam ki tu O dugc viét xung quanh mét dudng
trdn theo mot thir tu bat ki. Néu hai ki tu canh nhau fa nhu nhau thi ta viét
thém vao giita chung X mdi, ngugc lai ta viét thém vao gida chung O mdi.
Sau dé ta x6a nhiing ki tv ¢d X va O di. Ta thuc hién thao tac trén 1ap lal
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mot s 1an, HAi sau mot 8 1an thuc hién qué trink trén, fa co nhan duge
chin ki tu Q quanh dudng tron hay khéng?

L6i gidi. Néutadat X 1va O 1, khidé chiy la gitra nhing ki ty
canh nhau dugc thay bang tich clia ching. Né&u ta xét tich P cla tat ca
gia tri trudc va sau khi thuc hién mét I8n thay d0i, ta sé thdy rang P méi
béng hinh phuong cia P ci. Do do P ludn ludn bang | sau khi thuc hién
thay déi. Nhung chin ki hiéu O ddi hoi P I khéng bao gio co thé xdy
ra. ©

Vi du 1.3. Mot hinh vudng cé canh 4 crn duoc chia thanh 16 6 vudng, moi
6 vudng co canh 1cm. Trong mdi 6 vudng danh déu cong (1), trit mot &
dénh ddu trr (). Nhiing ddu d céc 6 vudng ¢o thé thay doi déng thdi theo
hang, cot hodc dudng chéo. Co khd nang sau hiu han lan doi dau theo
nguyén téc trén dén dén tat cad cac 6 vubng déu cé ddu cong (| ) khong?.

1 1 - .1 ' 7////7/////4
1 2

1 1 1 1 % //

Hinh 1.1 Hinh 12

LOi gidi. Ta thay ddu cong, trir bang cac sb tuong tng 1 va 1. Trang
thai ban dAu gia s( 1a hinh 1.1, Dai lugng bt bign & day 1a tich cac s6 d
cac 6 ¢b gach chéo trong hinh 1.2, vi sau nhiing thao tac mé ta trong bai
toan dai luong nay ludn ludn co gid tri - 1. Nghia 12 trong cac 6 dugc gach
chéo ludn 1udn t6n tai Mot 6 cd 86 1, suy ra khéng thé nhan dudc bang
khang chira mét ddu trir nao. ©
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Vidu 1.4. Trén bang ta viét tap hop s6 gém cac s60, | va 2. Ta thuc hién
x6a di hal s6 khac nhau va dién vao do chir s6 cua s6 con lai (nghia Ia 2
thay cho O va 1, 1 thay cho 0 v4 2; 0 thay cho 2 va 1). Chung minh rang
néu sau mot 86 idn thyc hién thao tac trén, trén bang chi con lai mot chir
s6 duy nhat thi chir s6 do khong phu thudc vao tha i thuc hién cac thao
tac cac s6 da co trén bang.

Loi gidi. Ta thuc hién mot 1an thao tac thi s6 Iugng méi loai trong ba loai
s6 trén tang 1&n hodc gidm di 1, suy ra s6 lugng cac loai 6 thay ddi tinh
chan 1é. Khi trén bang chi con lai mot s6, nghia 12 hai trong cac s6 0, ]
va 2 ¢6 6 Iugng bang khong, con s8 thlt ba biing mbt. Nghia 1a ngay tur
dau s6 lugng hai s6 trong ba s6 trén bang phai ¢6 ciing tinh chén 1& va
mét loai s6 con lai €6 tinh chan 1€ khac. Vi thé khang phu thude vao thir
tur thue hién thao tac, cudi cling chi con mét trong cac s8 0, 1 va 2 ¢on lai,
s0 nay co s4 lugng chén 18 khac véi s8 lugng chin 1€ cla hai s6 kia,. ©

Trong ching minh bai toan trén, néu s6 Iugng ¢a ba foai s& trén bang

¢6 cung tinh chan 12 thi dit ¢6 thuc hién cAc thao tac trén thé nao di niia,
cudi cling cling khong thé con mét s6 duy nhat trén bang. Cach gidi nhing
vi dy trén Ia rdt dién hinh, & cling cé phudng phap gidi ta xét mét vai bai
toén sau

Vi du 1.5. Trén bang ta viét ba s6 nguyén. Sau dé ta xoa di mot s6 va
viét vao do t6ng hai s8 con lai trir 6i 1. Thao tac nhu vay 13p lai mot s6
1an va cudi cung ta nhan duge ba s 17,1967, 1983. Phai chang nhiing s&
dau tién trén bang duge viét 14 2,2,2 ?

Loi gidi. Bai toan nay 1a mot bai toan khé da dudc ra trong mét ki thi hoc
sinh gidi & Nga. Ta tudng chimg nhu phai tim tai cac budc thuc hién tir ba
s két'qua dén cac s ban GAu. Nhung bai toan cb cau trd I3i 1 Vi cac
thao t&c da ra, ta khong thé thuc hién bién G6i tr ba 6 ban ddu dén ba
6 két qua, khi d6 cac ¢ach thr I3 vo vong. Bai toan c6 cho thao tac bign
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&6i ba s6 nhung khong cho bigt gi vé bt dau i 6 nao va thl’ tu ra sao?
Thé thi cai gi bat bién trong bai toan nay ? Ta xét cu thé ;

Sau budc dau tién tir ba s6 2, 2, 2 ta nhén dugc 2, 2, 3, ba s6 nay cd hai
s6 chin va mot s6 l&. TU budc thi hai trd di thi két qua luén ludn cd hai
56 chdn va mot s6 18 dU ta thuc hién bat ddu tir bat ¢l $6 ndo (vi nhimng
s6 chén bang tdng clia mét s6 chdn va mét s8 18 trir di 1; s6 18 1a tong
ctia hai s& chan trii di T). Nhung trong két qua da cho déu la ba sé 1é ca,
nén v4i thao tac da cho va xuét phat ir 2, 2, 2 khong thé cho két qua. ©

Bai toan trén dudc gidi nhd phat hién ra tinh chan 1& cla ba s8 khong
thay adi, nén U trang thai xudt phat khéng thé nhan dugc trang thai két
gua.

Vi du 1.6 (Kiev 1974). Nhing s61,2,3, ..., 1974 dudc viét trén mt bang.
Ngudi ta thay hai s6 bat ki bang mdt s§ hoac 14 t0ng hodc la higu cla hai
$6 dé. Chung minh réng sau 1973 Ian thuc hién thao tac trén, chi con mot
58 ¢on lai trén bang khong thé Ia 86 0.

Lo gidi. Vi kinh nghiém giai bai todn trude, ta quan tam dén tinh chan 1é
clia cac s6 @a cho va sau mdi l4n thao tac duge s& chan 1 nhu thé ndo.
Khi bt dau trén bang ¢d 987 6 1&. MBi Ian ta thuc hién thay d8i, s6 cla
nhimg s& 1& hoac la con nguyén (khi ta 18y hai s6 ¢6 tinh chan & khac
nhau ho3c hai s& cling tinh chén) hozc 1a gidm di hai s6 (khi ta 18y hai s6
cling tinh 1&). Nhy vay s6 clia nhitng s& 1& con lai sau mdi lan thuc hién
thay ddi tudn ludn 1a mot s6 &, Vay khi con lai mét s8 cudi cling trén bang
thi nd phai 1a sd &, do d6 né khéng thé 13 0. ©

Vi du 1.7. Mbt hinh tron dudce chia thanh sau ré quat. Nhing s6'1, 0, 1,
0, 0, 0 dugc viét vao trong céc ré quat nay thu tu theo nguge chiu kim
déng h6. Ta thuc hién thao tac fap: Tang sO clia hai ré quat canh nhau
1én 1 don vi. Khi thue hién cac thao tac trén c6 dua dén két qua cac sd
trong céc ré quat déu bang nhau khong ? '
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L Of gidi. Ky hiBu o4, ¢y, ..., ag 1& nhiing s6 trong céc ré quat hién thai. Khi
d6s6S a1 arlas ay ! oay  aeld mdtdailuong khéng ddi. Khai
djutacé S 2. Dichcubicingta mudnia S O sé khdng bao gid dat
gén. ©

Vi du 1.8. Ngoai bién dong, trén mot hon dac sinh song giéng than lan
co ba loai mau: mau xam ¢é 133 con; mau nau 155 con va mau dé ¢o
177 con. Néu hai con than lan khac mau gap nhau, thi chung déng thoi
d6i mau sang mau thirba. (Vi du néu than ian mau xam gap than lan mau
ndu, thi ca hai con déu doi sang mau do.) Trong nhitng trudng hop hai
con than lan cing mau gap nhau thi chung gitt nguyén khéng déi mau.
Co xay ra tinh trang 14 trén dao tat cd than lan trd thanh cung mot mau
duge khdng 7.

Loi gidi. Tinh ché&n 1& & cac bai trude 13 nhing bat bidn rat t6t ¢é ta giai
toan, thh chan 1€ ciing dude xac dinh bdi phép chia cac sé cho 2. Tuong
tu nhu vay ba s6 nguyén 133,155, 177 chia cho 3 ta dudc b s6 du' 1,2
va 0. )

Ta th(z xét néu mét con than 1&n xam gap mdt con than 1an nau, thi
ching déng thdi ¢6i thanh mau 6. Khi d6 ta ¢d 132 con xam, 154 con
nau va 179 con do. Nhiing s& du cla 13.1 154 va 179 ¢ho 3 tuong dng 1a
0,1 va 2, nghia 1a lai gap lai day di cac s6 dv da cd.

N&u mdt con than 1an xam gap con than 1&n mau do. thi ching déng
thai ddi mau thanh nau. Khi dé ta ¢b 132 than &n xam, 157 than 130 nau
va 176 than 1an dd. Lay nhitng s6 trén chia cho 3 cho s6 du tuong tng 13
0,1 va 2, nghia 1 lai gip ¢a ba kha nang clz s6 du.

Néu con than 1an nau va thin Ian 86 gap nhau, thi ching cung dai
mau thanh xam. Khi §6 ¢d 135 than [@n xam, 154 than 1&n ndu va 176 than
lan Gd. 86 du cla nhiing s8 than 1&n trén chia cho 3 tuong Ung 12 0.1 va
2, van co day d0 cac s6 du khi chia cho 3.
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B4t bién & Gay |2 U thay G6i mau nhu thé nao thi s6 du clia cac s0
lugng thin I3n chia cho 3 déu cb day i ba s60,1,2.

S6 Iugng &t ca than I&n trén dAo 1a 133 | 155 + 177 - 465 1a mot s8
chia hét cho 3. Néu tt ca than 1&n déu cling mét mau thi s& du cla s6
lugng thin 13n mau xam, ndu va do chia cho 3 tong Ung 12 0,0,0. Digu
nay vo I vi cac s6 du phai co ddy di cac 8 du nay khi chia cho 3. Nhu
vay cAu trd I6i 1a khong thé dugc. ©

Viéc tim ra dai lugng bét bién clla mét ddi tugng trong dir kien bai toan
that Igi hai khi gi&i nhiing bai toan loai nay. Su da dang cla cac bai toadn
nay dugc liét ké dudi day:

Vidy 1.9. Tai mdi & vudng trong béng 8 x 8 dugc viét mot s& nguyén. Ta
co thE chon bat ki bang nhd 3 % 3 hodc 4 x 4 va tang tét cd s6 trong héng
nh 18n 1. VGi cach lam nhu vay liéu o thé nhén duge nhiing s6 chia hét
cho 3 trong tat c& 6 vubng cla bang 8 x 8 sau mét s& hitu han lan thic
hién khong ?

L 67 gidi. Khong, khong bao gid ¢b két
qué nhu vay. That vay, ta tinh tdng cac
s& trong cac 6 dugc gach chéo trong

DIIININY,
BHGH AN
%, %

hinh 1.3. Bdi vi méi hinh vudng ¢d 5550
DAY %

LY,
4 « 4 chita 12 & gach chéo, con méi 22
hinh vudng ¢d 3 x 3 chifa 6 hodc ¥ 0, /r/y/ Y,
0 A///; %%,

N

thi sau mot thao tac tong cac sé tron Y AL,

cac o ac.h chéo chia cgho 3c¢os0 d?f %Q/{//;/A//t///%///
gach cheo chia cho 2 €0 DB

khong d6i. Vi thé néu ngay tU dau tinh

dugc téng khéng chia chia hét cho 3, Hinh 1.3

thi trong nhimg 6 gach chéo luén luén chira nhiing & ma trong 66 co chla

cac s khang phai bbi clia 3. ©

Cung li luan ahu vay ban doc cd thé gidi bai tap 1.19.
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Vidu 1.10. Trén mdt bdng 6 vudng co 8 < 8 6 vudng bao gém 32 6 tréng
va 32 & den. Néu mt ngudi choi co thé thay (8t ca 6 trédng thanh den va
& den thanh trdng cang mot luc trong mdt hang hodc mot cét bat ki, thi co
thé thuc hign hiju han budc thay déi nhu vay dé trén bang chi con dung
mot 6 den hay khéng?

Lo gidi. Khong. Néu cé ding k & den trong mot hang hoac mét cét trude
khi thyc hién thay d8i, thi sau khi thuc hién miét ian thay ddi, s6 6 den trong
hang d6 hosic cot dé sé 1a 8- k, sy thay dSiss 6 den 1 (8 k) -k - 8- 2k
o den trén bang. Vi 8 - 2k 13 m6t 8 chan, tinh chin 1€ cla s6 nhimg &
den van gilr hquyén trudc ciing nhu sau thyuc hién thay d8i. Do bat dau
¢6 32 6 den, nén khong thé chi con lai mdt 6 den trén bang tai mot bude
bign d6i nao 6. : @
Vi du 1.11.

Cho mot bang hinh vudng cé canh 10
cm, dugce chia ra thanh mot 100 6 vubng
Ahd vai canh 1em. Ngodi ra ta dat lén
dé 25 hinh cha nhat nhie nhau co chidu
caa 4cm va chibu réng Tem, méi hinh
chir nhat dugc chia ra thanh 4 6 vudng
co canh la 1cm. Co thé sép dat nhimg
hinh ch( nhéat trén béng hinh vuéng
sao cho chang phi toan b bang vudng
hay khéng ? (Khéng chdp nhan cé Hinh 1.4
hinh chif nhat néo I6i ra khéi canh ciia bang).

Lof gidi. Ta t6 bang vudng bing mau den trdng sao cho nhu hinh 1.4. Ta
nhan dugce 25 6 den va 75 8 trdng. Ta chd ¥ 14 dat nhitng hinh chir nhat
trén bang vudng sao cho méi 6 vudng clia hinh chif nhat tring vdi mot &
vuong ndo db cla bang vudng. Hinh chit nhat nay sé phl Ién hozc 14 2
hoac 1a 0 & vudng den. Tir d6 suy ra khi @3t tat ¢a 25 hinh chi nhat trén

ot
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bang vudng, chiing s& phl kin mot s& chan nhitng & vudng den. BJi viso
iigng ctia'® vudng den da to 1a 25, nd khdng phai 1a mot s6 chan. Nhu
vay khong thé phii bang 25 hinh chif nhat trén hinh vudng da cho.  ©

Vi du 1.12. Cho n 13 mdt s6 nguyén duong 1. Ngudi ta viét céc s
1,2,....,2n lén bdng. Sau db ngudi ta Idy hai s6 bat ki e,b thubc day
trén, xoa chung di va viét véo dé a - b. Chung minh rdng sau mot s6 an
thuc hién nhu vay, mot s6 1€ sé con lai cudi clng.

Lo gidi. Ki higu S 12 t8ng cla tt c& nhing s6 trén bang (chua xéa). Khoi
dAuS - T+2+-- +2n- n(2n+ 1) 1a mdt s8 1é. Sau mdi budc S b gidm
g 2min{a,b) - la+ b~ 'a bi, ddy la mdt s& chdn. Nhu vay tinh chin
18 clia S khdng ddi. Trong qua trinh gidm dénta co $ =1 (mod 2). Khi
d&u S 1a mot s6 [é. Nhu vay két thic sé cling 1a mot s6 1é. ©

Vidu 1.13. Tai céc dinh cla mat hinh fuc gidc 10, ta ghi céc s6: 8, 3, 12,
1, 10 va 6. Mdi fan thurc hién thay d&i nqudi ta co thé thém hodic bt véo
hai dink lién tiép tuy y cing mét-s6. Sau mot s Ian thuc hién nhu vay,
ta co thé dat dugc sau s6-5,2, 14,6,13 va 4 duoc thay 18n gt thir t véo
sdu sé trén khéng? '

L i gidi. Gia sir tai mét gt di ndo d6, tai cac dinh'cla luc gidc ¢d céc sé:

47,0z, 03,04, @5, 0. X6t1Ng S — a1 a0z 1 a3 - as + as - a¢. Khithém

vao hai s6 canh nhau cling mdt s thi 1 rang la tdng § van gilr nguy@n

gia tri. Trong trudng hop baitoan, tdng S 20 trong day s& két qua va day

s6 khdi dau triing nhau. Vay ta di tim mdt cach chuyén tir 8,3,12,1,10,6

thanh 5,2,14,6,13,4. Ki higu ' 1% ' 1a 58 thir nhét va s6 thir hai trir i 1:
[-1

83,121,106 "L 72121106
W22 g 004,3,10,6  UR 2 52,14,3,10,4
VAN 5 14,6,13,4. ®

Vi du 1.14. Ta sdp dat ba may tu dong trén mot day chuyén, mdi may
nhan doc mt tdm thé co ghi hai 6 nguyén va dua ra mot tm thé maoi

2 GIAI TOANBFPPBLBEB-A
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- theo nguyén tic sau: Sau khi doc thé cé ghi cap s6 (a, b), may thi nhét (1)
in ra thé co cap s (a- b, b), may thur hai (1) in ra thé co cdp sé{a + b, b)
va may thu ba (I1l) in ra thé cé cdp s (b, a). Khdi ddu ta cho thé co cap
$6 (19,87). Co thé dung ba may tu dong trén theo mdét thet tur bat ki dé
nhan dugc thé voi cap s6.

a) (41,14)? b) (18,81)?

Lor giai. Tim bat bién trong bai todn nay béng cach quan sat hé théng in
thé va nhiing cép s8 da cho va két qué. Ta thdy réing ¢ ba may déu thay
ddi s6 in ra nhung uGc s8 chung 18n nhét cia nd khdng thay ddi do ta nhd
dén thudt toan Euclid va cach tinh s6 in ra cda ba may. Ta thay ring udc
56 chung 18n nhat: (19,87) - 1va (18,81} - 913 hai $8 khac nhau, dU két
hap ba may nhu thé nao thi két qua b) ciing khang thé xay ra. Con truding
hop a) tinh bat bign thda man vi (14,41) - 1. Vay thé véi cac s6 (14,41)
c6 thé nhan dugc bing cach két hdp cac may ty ddng trén. Nhung ta phai
chi cac budc thuc hién méi 1a cach gidi tron ven bai toan. T4t nhién cd
rét nhiéu cach thyc hién két hgp ba may dé in ra két qua, ta chi cén chi
ra mét phuang an 13 g (con ¢b t6i uu hay khéng danh cho ban doc). Ki
hiéu s6 may trén mi tén I& thuc hién in theo 55 may nay:

111

(19,87) - (87, 19} (11,19) 11 (19 1 — 8,11 11,8
(3,8) (83} (zs]ﬂwsz) (l,z)Li;( S as, 1 A4
(1,13 -5 (1413 1 (13,141 2 a1, 149, @

Nhimng bai toan vé thay ddi vi tri cac s6 trong mét bb s ciing ¢d cach
gidi tim bét bién tuong tu.

Vidu 1.15. Nhiing 56 1,2,3, ..., n dugc s8p xép theo mot thir tu ndo do.
Mot phép bién d6i la déi ché bat ki hai s6 canh nhau trong bo s6 ¢o s&n.
Chimg minh rang néu ta thuc hién s6 I8 1&n phép bién dbi nhu vay, thi
fuén ludn nhan dugc mot sO khac vai bd s& ban ddu vé cac vi tri cla cac
$61,2,...,1n

2 GIAI TOANBPPDLBEBB

Y
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L6F gidi. Ta ki hidu ay,az,..., an 12 mot hoan vi clia bd $6 1,2,..,n. Ta
néi rang hai s6 a; va g; trong hodn vi nay 1a nghich ddo néu i < j thi
a; > a;. Khi ta thay d3i hai s& canh nhau trong hodn vi, nghia la chung
ta tang hoic gidm s6 lugng nghich dao di 1. Ta thuc hién s6 | 1&n thao
tac nhy vay, thi ta da bién a8 tinh chén 1& clia nhiing s nghich dao, diéu
d6 nghia |2 ta da thay d6i hoan vi. Béing cach ching minh tuong tuf ta cb
thé md rong bai toan nay nhu trong bai tap 1.20 (trong phén cudi cla tiét

nay). ©

Vi du 1.16. Tai nhing bén 6 16 khac nhau trong mot tuyén duong 6 1o
ciong xudt phat moét lue 25 & 6 theo cung chiéu (mdt tuyén dudng 0 6 1a
mot con dudng duy nhdt va khép kin). Theo nguyeén téc, nhiing 6 t6 nay
co thé vuot qua lan nhau, nhung khéng dude vugt qua hai xe. Nhimg 6
t6 nay cung két thac mdt vong dong thdi tai bén O 6 minh da xudt phat.
Chimg minh riing trong toan bo thoi gian s6 18n xe vuot nhau 1a mot s&
chéan.

LoF gidi. Ta ki hiéu mdt trong nhitng chiéc 6 t0 bing mau vang, nhiing
chiéc con lai dugc danh s6 1,2, 3, ..., 24 theo thir tu xudt phat tir vi tri xe
mau vang. Khi m&i 18n c6 xe vugt ma nd 1a xe ghi 8 va di sau xe mau
vang, thi day s thay ddi hai s& lién nhau trong trudng hop l&n xe vugt
nay khong tham gia xe mau vang.

Ta xét trniding hgp mot chigc xe nao do vugt chiéc 6 t6 mau vang. Néu
trudc thoi diém vugt nhu’ng 56 trong bang la mét hoan vias, az, ... , Q24, thi

. sau khi vugt chung tao thanh hoan vi az, a3, ..., azs, Q1. Ta gid thiét réng

sy vugt nhau hoan toan lién tiép 23 Ian thay di day s6: a1, az, .., a24 =
az,83,...,A24,07 =303, 04, ..., a4,0Q7,02 — ... = — az,83,.. q241 ar.
Néu xe mau vang thuc hién mot 1an vugt thi tir hoan vi ay, a2, ..., Qza
ta nhan dudc hodn vi azs, ay, az, ..., azs, tr hodn vinay cing bién d6i 23
14n thay déi day s6.
~Nhu vay du trong trutng hop nao thi mébi 1&n vugt dua dén mét s0 &
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lan chuyén d6i day s6. Néu trudng hop tdng quat s6 I4n vuot 13 1€, thi co
s6 I& 1&n chuyén d8i. Do bai toan 1.15 nhan dugc day s6 khac vdi bo s6
ban dau (khac vdi vi tri cac xe 1ic ban dau), nhung cudi cung cac xe lai
trd vé vi tri ban dau, nén ta cé s6 chén 18n cac xe vugt nhau. &)

Ré&t nhiéu dang bai toan tim dai luong bat bién, vi dy sau day tinh bat
bién dugic cho ngay trong gia thist clia dé bai:

Vidy 1.17. Cho di€m S - (a,b) trén mat phdng véi 0 < b < q, ta dung
déy céc diém (xn, yn) theo quy tic sau day:

Xn t Un ] 2XnYn.

X0 7@, Yo b, xn. 50 Ynanooo fun
n n

Tim gi¢i han cua cac di€ém sinh ra d trén.

Lo gidi. Bai toan nay dé tim thdy dai lugng bat bién. Tl cac cong thic
trén suy ra xn., 1Yns1 = XnYn vGi moi n. Ta tién hanh gidm chi s& dén
XnYn == ab v8i moi n. DAy chinh I dai lugng bat bién. Khdi dau ta déuy
€6 Yo < xo. M&i quan hé nay ciing bat bién véi moi n; Yn < Xn. That vay,
ta chitng minh bang phﬁdng phap quy nap, gid sl y, < xn véi mdt n nao
do, ta phéi chiing minh rang y, .1 < xa 1. Vi frung binh diéu hoa thuc su
nhd hon trung binh cdng, nén

Xa "YUn Xn - Yn Xn  Yn

0< xp. i .
n:1  Ynat T 3 <L 7
véi moi n. Do day gidm thuc sy, néntacé lim x, - fim Yn - x. Nhu
n - oo o4
vay, x> -~ ab,nghialax ab. : @

Bai luong bt bién trong bai toan trén gip ta rat nhiéu, ta phai ding
0én hai dai lugng bat bién d& grai. Nhimg bai toan kiéu thé nay ¢6 thé tim
thély rdt nhigu trong chuong 2 cudn sach [7].

Bai rap

Bang nhimg cach lam cla cac vi du trén ta cd thé ap dung va gidi cac

bai tap sau day. MGt s6 bai ¢ dua ra gdi v, con néu khong cd goi v, cac
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ban xem lai nhimg bai mau & phan trudc va thuc hién cach gidi hoan toan
tuong tu.

> 1.18. Trén bang den viét mét s6 dau cdng (1) va mdt s8 dau trir (- ).
Cho phép xba di hai ddu bat ki va néu ching cling dau ta viét lai dau cong
(4}, con néu ching khéc déu ta viét lai d&u trir ( ). Chimg minh ring dau
cudi cling khdng phy thudc vao cac budc lién tiép thuc hién thao tac trén
(Goi y: Xem lai bai hai kh& phan trudc).

> 1.19. Tir bang trong gié thiét cla vi du 1.9 va cac thao tac nhu vay co
nhan dugc bang khdng chita mét s8 chdn nao khong? (Goiy: Xem lai
cach giai vi du 1.9).

> 1.20. Ching minh rang két luan cla vi du 1.15 con ding, néu trong
phép bién d6i ta d3i chd hai s6 bét ki trong hoan vi da cho. (Gidi nhu vi
dy 1.15). |

> 1.21. Ta xé mét miéng gidy thanh 10 ménh, trong moét s& manh gidy
dd, ta lai xé m&i manh thanh 10 manh nhd, va tiép tuc nhu vay. Haita co
thé nhan dugc theo cach lam trén 1975 manh gidy khong?

> 1.22. Trén bang ta vi€t cac s8 1,2, ..., 1975. Cho phép x6a hai $6 bat ki
va viét vao dd s8 du cla phép chia tng hai s6 nay cho 13. Sau mot s6
lan lam nhu vay trén bang chi con lai mét s8, hdi s& d6 ¢b thé 1a nhiing
s6 nao?

& 1.23. Trong méi 6 trong mang ¢3 4 x 4 ta viét ddu cong hodc dau trir,
Ta thyc hién bién ddi ddng thai theo hang hoc theo ¢dt vdi ddu ngugc
lai. S6 Iuong dau trif nhd nhét ta ¢ thé tinh dugc tif mang ban d&u va cac
mang bién ddi sau d6 goi la s& dac trung cia bang nay. S5 dac trung nay
c6 thé nhan dugc gia tri nhu thé nao? '

> 1.24. Trén mét dudng tron ¢6 30 con kién: 10 kién tréng va 20 kién den.
Cho phép dbi ché hai con kién ma gilra ching co ba con kién khac. Hai vi
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tri ciia hai con kién bat ki dudc goi 1 tuong duong néu ching cb thé ddi
ché cho nhau sau mdt s6 14n thuc hién phép ddi chd nhu trén. HOi ton tai
bao nhiéu vi tri khdng tuong duong clia nhimng con kién?

b 1.25. Nhing s6 1,2, ..., 2003 dugc viét theo thir tu nay. M8t phép bién
¢6i 1a chon bén s6 bat ki trong ching va dét lai ¢ac vi tvi ching da chieém
nhimg theo thir tu cac s8 nguac lai. C6 thé biing phép bién déi nay dé
thuc hién dudc viéc sdp xép thanh 2003,2002, ...,2,1 khéng ?

b 1.26. Cho bén s64,5,6,7. Mi I4n thuc hién thay d8i ngudi ta viét 4 s6
méi thay vao bon sé cii: Méi s6 mdi bang trung binh cdng clia ba sé da
6 trudc. Chitng minh rng sau mot s {an thay ddi ta khong bao gid dat

dugc nhém 4 s6: 5,6,7,3 (Gdi y: Chi y rng téng cda bdn s8 a, b,c,d va
albic blcldcidiaalbl

d ~ -~ L
3 ) 3 ) 3 ) 3 udn ludn bang nhau).

bén sé

b 1.27. Trén mét dudng thing phan bd mat s6 diém. Gilta moi hai diém
lién tiép ta danh ddu thém mot diém. Sau g6 gilra moi hai diém lién tiép
trong c&c didm nhan dugc ta lai danh d&u thém mot diém va van van. S6
lugng nhimng diém nhan dugc chan hay 1& sau khi ta thuc hién cach thém
diém trén 1000 Ian (Tra I5i: SO 1é).

> 1.28. Ta G4t hai may tuy ddng cé thé lam dugc céc thao tac sau day:
May | cho thé vao cb s6 nguyén A in ra trén nd tng A | 10 hodic A 1 15
theo su diéu khién clia ta. May Il cho thé vao cb s6 nguyén A in ra trén
né hiéu A - 10 hoac A 15 theo su diéu khién clia ta. Cho thé vao c6 s6
0, biing hai may tu déng trén ta c6 thé in ra thé ¢ s&: a) 125 hodc b) 123
dude kndng? (Tra I9i: a) C6 thé; b) Khong thé).

5 1.20. Chia mdt hinh chif nhat thanh nhimg 6 vudng cé canh 1cm. N
duge phl bdi toan bd, khéng chéng 1én nhau va khéng thdi ra mép ngoai,
bing s6 lugng da biét nhitng ménh cé hai dang: Nhiing manh hinh vudng
¢6 canh 2cm va manh hinh chif nhét c6 chiéu dai 4cm va rong 1cm. Néu
ta thay mét manh hinh vuéng bang mdt manh hinh chif nhat va bang cach
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chuyén chd nhiing manh con lai, thi hinh chif nhat ban ¢du c6 dugc phi
kin khong? (Ggi y: T6 hinh chiy nhéf hhu bai 1.11. Chl y mdt manh hinh
chi nhét phil 6 chdn 6 vudng tréng va chéin & vudng den, con manh hinh
vudng phit 1 & vudng Gen va ba 6 vudng trdng. Tré 16 Knbng ducc).

1.3. Giai 1oAN bang dai lugng bAT bién

'Béng tach phat hién ra nhung dai lugng bat bién trong bai toan ta
¢6 thé giAi nhidu bai todn. Tuy nhién néu khong luyén tap thi rat khé va
khéng c6 phudng phéap séng stia 48 gidi. Tiét nay ta tip tuc tim hiéu thém
nhiig cach tim dai lugng bt bién trong bai toan.

Vi du 1.30. Co ba d6ng s6i gém philng vién sdi nhd cé s6 luong tuong
tng 14 19,8 va 9 (vién séi). Ta dugc phép chon hai déng s6i va chuyén
mot vién séi clia nhing déng soi da chon sang déng soi thit ba. Sau mét
s6 1an lam nhu vay thi co kha nang tao ra moi déng séi déu co 12 vién s6i
khéng ?

1.6f gidi. Khong. Dat s6 vién s6i trong ba ddng sdi tuong (ng 1a a,b va c.
Ta xét s8 du chia cho 3 cda nhilng 8 nay. Khi xudt phat, nhiig s6 dong
du nay 1a 1,2,0. Sau mot I&n chon thay d8i, nhiing s8 du nay 13 0,1,2 vi
hat ddng sbi co sy chuydn mét vién soi dén ddng thit ba. Nhu vay nhimg
s6 du udn ludn 13 0,1, 2 véi nhiing thir tu khéac nhau (dai ivgng bat bién).
Do d6 tat ca cac dong si déu cé 12 vién sdi la khong thé duge (vi khi d6
36 du cla ba d8ng si 12 0,0,0, vd ti}. : . ©

Vi du 1.31. Hai ngudi choi mot trd choi vai hai déng keo. Déng keo thd
nhét co 12 céi va déng keo thir hai 6 13 cai. Mi ngudi choi dugc 1y hai
cai keo tor mbt trong hai d6ng keo hoac chuyén mt cai keo t dong thy
nhét sang dong thit hai. Ngudi choi nao khong thé 1am dugc nhiing thao

téc trén coi nhu 13 thua. Hay chung minh réng ngudi choi di iugt thit hai

khong thé thua. Ngudi 06 co thé thdng khong?
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-Loi gidi. Ta ki hiéu S 13 gia tri tuyét d6i cla s6 keo trong déng thr hai trr
di d6ng thit nhat, Khdi ddu, S 13 12+ - 1. Sau méi tdn choi § 56 gidm
hodc tang 1én 2. Nhu vay, sé duclia S chia cho 4 ¢cb dang: 1, 3; 1,3, ... Méi
1&n sau khi ngusi thir nhat chai, s6 du clia S chia cho 4 ludn ludn 13 3. Ta
thaly rang ngudi choi bi thua khi va chi khi khéng con cai keo nao & dong
th{r nhat va chi con mét cai keo & d8ng thit hai, khi d6 S - 1 - 0! = 1. Nhu
vay ngudi chai thr hai ludn ludn cb thé thuc hién dugc cach chdl do dé
ngudi d6 khang thua.

Ta thdy rang, hoac 14 t8ng s6 keo & hai déng gidam di hosc 12 s6 keo
§ ddng thir nhdt gidm di, nhu vay trd chdi phai ¢ két thic, do d6 ngudi
chai thiz hai phai thang. ©

Vidu 1.32. Mbi thanh vién cta mét cau lac bo ¢6 nhiu nhat 14 ba déi thi:
trong ¢au lac b (d6i thir & day 1 tuang tac Ian nhau). Ching minh rang
nhing thanh vién cia cau lac bd co thé chia thanh hai nhom sao cho méi
thanh vién trong mbi nhém ¢o nhiéu nhét mét déi thd trong cang nhom.

L o7 gidi. Khi bat ddu, ngdu nhién ta chia nhimg thanh vién trong cau lac
bé thanh hai nhém. Ki hiéu S 12 s6 cac cip 46i tho trong cung nhém.
NE&u mét thanh vién ¢d it nhat hai ddi thi trong ciing nhém, thi thanh vién
nay cd nhi€u nhat mdt d6i thi trong nhém khéc. Thanh vién nay dudc di
chuyén sang nhém khac, ta sé giam S di it nhat 1. Vi S [a mot s6 nguyén
khong am, né khong thé giam mai duge. Nhu vay sau mét s6 hitu.han 1&n
chuyén d8i, mi thanh vién co thé c6 nhidu nhat mét asi thi trong cung

mét nhém. ©

Chi y: Phuong phép chimg minh bai toan trén goi 13 phuong phap xubng
ddc v6 han. N6 chi ra riing ta khéng thé gidm mai s6 lugng khi nd chi ¢o
hiru han gia tri (ban doc c6 thé xem ki phuong phap nay trong cudn sach

(o).

Vi du 1.33. Ta bét déu voi nhimg s6 o,b,c,d. Ta thay chung bdi céc.

s6a’ a b b cc' - c dd d a Ta thuc hién qua

ok
o
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trinh nay 1996 ldn. CO kha nang dén s cubi cung A,B,C,D sao cho
BC- AD, AC BDI,’AB- CDi /4 nhing s6 nguyén t3?

Loi gidi. Trd |18i: Khong.
Bén budc 1ap dau tién cho két qua
a-b b-c c-d d-a
a-2b+c b-2¢c+d c-2d+a d-2a+b
a-3b+3c-d b-3c+3d-a ¢c-3d+3a-b d-3a+3b-c
2a-4b+6c-4¢  2b-4c+Bd-4a  2c-4d+6a-4b  2d-4a+Gb-4c
Do db sau 4 budc 13p tit ¢a cac sd déu la s8 chin. Nhu vay sau 1996
phép lap tat c& cac s6 1a béi clia 2. Vithé IBC - AD;,JAC -BD|,|AB - CD:
t4t ca 1a boi chia 4, suy ra khong c6 $8 nao 1 s8 nguyén 16. @

Vi du 1.34. Trong m¢t béng 6 vudng cd n x n 0 vdin la mét s6 1é. Trong

méi 6 ta viét +1 hodc 1. Goi a; 12 tich tat ca cac sd thudc hang thui va
b, /2 tich tat cd cac s6 thude cot thirj (1,7 - 1,2,..,n). Ching minh réng

a4 azt-4an +tbyba4 4 ba £0
L6f gigi. Néu ta d6i ddu clia s6 ndm & hang th(r p va cft thir g, nhing s8

a, va by ciing d3i ddu, con nhiing 58 khac van gilr nguyén. Ta xem sy
thay d8i clia a, | by trudc va sau khi d8i d&u:

trwde | sau | trude § sau | trude | sau | trude | sau

ap 1]+ -1 +1 +1 -1 +1 -1

by 1+ +1 -1 1]+ +1 -1
ap "l bq ‘2 +2 0 0 0 O +2 -2J

Ta thdy riing a, + b, bién d8i bng cach thém vao mot s3 bdi ciia 4. Ta xét
bang chicd s6 + 1, véibangnay aj +az+- -1 an by tbad- bbby~ 20
va theo didu kién n 1a mot s6 18, nhu vy téng nay khong chia hét cho 4.
Bdi vi mbi bang khac nhan duge tir bang toan sG {1 bang cach bién doi
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mot 56 phén 1 va ta thdy rAng tdng aq { az |- 1 ay 1 by 1 by | --- | by,

déu khdng chia hét cho 4 va nhu vay t8ng nay ludn khag 0. ©
Bai TAp |

> 1.35. Moi s6 trong cac s6 i 1 dén 1 000 000 dugc thay bing téng cac
s8 chil s6 cla nd. V8i dy s6 ta nhan duge, lai lam nhu vay va tiép tuc.
Cudi cing nhan dugc mét tridu sd c6 mét chir s6. Nhiing s& 1 nhidu hon
hay nhimg s6 2 nhiéu hon? (Gai y: Hay st dung s6 du cda mét s6 chia
cho 9 bang s du clia t8ng cac chi s8 chia cho 9. Tra I6i: Nhimg s6 1
nhiéu hon.)

> 1.36. (Hungari 1989) Tai méi dinh clia mét hinh vudng, ta d&t mot sé
que diém. Khdi ddu chi ¢6 mot que diém trén mét dinh va ba dinh kia
khong ¢c6 mot que diém nao. Budc ti€n hanh dat diém: Ngudi ta cho phép
fdy mt s3 bat ki nhiing que tai mot dinh va dt vao hai dinh bén canh s8
que ma tang cla ching bing hai I3n s6 que da 1ay di. Sau mot 88 hitu
han 1an g4t diém, s6 diém tai bén dinh hinh vudng c6 thé 14 1,9, 8.9 tinh
theo chiéu kim déng hd hoic 12 tinh theo ngudc chiéu kim déng hé duge
khong?

> 1.37. Nhings6 1,2,..,n dugc sdp xép theo mot thir ty ndo 66 trén mét
duong thang. Ta c6 thé chuyén adi hai s6 bat ki canh nhau. Chiing minh
réng mdt sG 1& nhimg chuyén d3i tao ra day s6 ludn ludn khac véi day
dugc sap x&p theo thir tu ban dau.

1.4. BAaT bién don digu

Theo dinh nghia bét bién & phan trudc thi dai lugng bat bién 12 mot
tinh chét clia bai toan khong thay déi qua sy tac dong bién ddi clia hé
théng. Nhung khi ta thay ddi hé théng ma c6 dai lugng bign déi theo madt
quy ludt nao g6 thi sao ? Vi du nhu khi hé théng bign ddi ¢ mét dai lugng
lun ludn tang hodc lubn ludn gidm mot ligng ¢ dinh. Vi du nhu cdp 86

O

Y
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cong hodc cap 56 nhan thi nhiing s6 hang sau khac s8 hang trugc mét dai
lugng €& dinh ta cong sai hoac cong boi. TU d6 ngudi ta tinh du’ac cdng
thifc tdng quét cho cac s& hang ho&c nhing t6ng cac s hang dau tién.
Mbt dai lugng ludn ludn tang ho#c ludn ludn giam khi he thdng bi tac dong
dudc goi la dai lugng bat b:en don diéu. Trong phéan nay ta giai nhimg bai
toan cb dai lugng bat bién don digu. Clng nhu phéan trubc ta phéi tim ra
dai lugng bat bién don diéu dudi su thay ddi cac bién cla bai todn. Chinh
nhiing dai lugng bét bisn don diéu ¢an ta d&n 131 gidi cda bai toan.

Ngudi ta thudng thay rang mot hé thong can dat t8i mét cdu hinh cy
thé nao d5 ma bat bién don diéu khong thé thay 681 mai mai. Trudng hop
dién hinh 1a m6t dai lugng chia bai toan phai giam (hoac ludn tang) va

-khdng bao gid diing 1ai. Trailal, quy trinh bién adi trong didu kién cha bai

toan phai dimg fai, vi bat bién don diéu chi 1a hifu han nhiing gia tri hodc
la mét gi6i han ciia tat ca cac kha ning thay don Tirdo suy ra sy vo i va .
bai toan dudc gidi. Ta xeét vi dy:

Vi du 1.38. Mbi 6 trong béng hinh ch nhat m x n dugc viét mot 6 thure.
Ta thuc hién bién d6i ddu mot 1an cac s6 trén mdt hang hoac mét cdt bt
ki. Chung minh réng béng thao tac nhu trén ta co thé dua dén trong moi
hang va trong moi cot 16ng cac s cia nd Ja mot $8 khong am.

L & gidi. Dé thuan tién ta goi hang hosc cot 1a mot vét. Ta xet Bng t4t c2
céac s6 trong bang vdi su thuc hién bién d6i. TONg nay s& tang néu ¥ng
nhitng s6 trong mot vét thao tac 12 mot s6 am; tdng nay sé gidm khi téng
cac s6 trong vét thao tac 1a mot s6 duong va téng khéng thay ddi néu tdng
cla vét thao tac bang khong. Nghia la néu trong bang cb mdt vét vai tdng
cac s6 bang am, thi b3ng thao tac cho phép trén ta tang tong tat ca cac
s trong bang.

Liéu tdng cla tat ca cac s6 trong bang bang thao tac trén co the tang
1&n vé& han khéng? Khdng thé nhu vay dudc vi nhitng thao tac lam tang
téng cac so trong bang chi ¢ hitu han 1an, nghia ta chi ¢b hiiu han nhing
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béng s khac nhau. That vay, méi s6 trong mgt & hodc 14 tring vdi s6 ban
d8u hoac 1a khac vdi s6 ban diu béng mét dau trir. Vi thé sé lugng nhimg
bang khac nhau khong thé vuot qua 2mn, nghia (4 1ng cla t4t ca cac s&
trong bang chi c6 thé nhan hitu han nhiing gi& tri khéac nhau.

Ta xét bang s6 ban d4u. Ta chon trong nd nhimg vét ¢é t8ng cac s I3
am (néu khong cb vét nao nhu vay thi bai toan d dugc giai). Ta thuc hién
phep bién ddi trén vét nay. Trong bang vifa nhan dugc iai tim thay vét cd
tng cac s6 14 am thi ta lai thyc hign phép bisn d&i trén no va nhan dugc
bang mdi va tiép tuc nhu vay. Nhu vay mdi 1dn thyc hién phép bign ddi thi
- t8ng cac s6 trong bang tang 1én. Téng nay chi c6 thé nhan hi han gia
tri, nén hodc Ia'tai mét budc thyc hién nao d6 ta nh&n dugc bang can tim,

hodc la sdm hay mudn ta ciing nhan dugc bang vdi khd nang t8ng cuc-

dai. Bang vdi tinh chét nhu vay ta phai tim vi néu con mét vét ¢o téng am
na t6n tai trong né thi ta tai thuc hién mdt in nira phép bign- ddi, khi @6
t8ng cac s8 trong bang mdi nay téng Ién va I8n hon tdng cuc dai clia cac
sG trong bang, diéu nay v i, ©

Vidu 1.39. 7rén mat phdng cho n diém, khong co ba diém nao ném trén
mot dudng thdng va n duding thdng, khéng co hai duong thdng nao song
song vai nhau. Chung minh rdng tr cac diém nay cé thé ha duge nhing
dudng vudng goc doi mot khéng giao nhau Ién nhing duding thdng da cho
§a0 cho trén mdi duong thdng dude ha chi mot dudng vubng goc.

Lot gidi. Ta ha cac dudng vuong goe tir cac diém xudng cac dudng thing
da cho mot cach bét ki (méi giém ha vudng géc xudng mét dudng riéng).
NEu khéng cé hai dudng vudng géc ndo giao nhau thi bai toan dé dugc
gidi. ' '

Trong trudng hgp ngudc lai, ta xét hai duding vudng géc giao nhau AA,
va BB, dugc ha vudng géc tir cac diém A va B Ién dudng théng tuong
ing a va B (hinh 1.5). Cho P 13 giao diém cla hai duding thdng vudng
goc nay. Bay gid ta thay hai duong vuéng goc AA, va BB, bang AA, va
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BB a nhﬂ"ng duong vubng goc ha xubng b va « tuong ng. Ta sé ching
minh ring véi sy thay déi trén thi téng db dai cac dudng vudng goc giam
di. That vay, ta c6 AA; < ABy < AP | PB) va BB, < BA) < BP | PA),
cbng theo vE hai bt déng thifc trén cho kétqua AAz i BBy < AA; I BBy,
Bay gid ta ti€n hanh li luén nhu
bai trudc, ta xét bl tranh gdom n
dudng thang va n duding vudng géc.
Ta {8y hai dudng vubng gbc giao
nhau va thuc hién bign déi: Thay
hai dudng vudng géc nay bang hai
dudng vubng géc cb tdng do dai
cfia chdng nhd hon. Trong blc tranh
nhan dudc, ta lai tim hai dudng vudng
gde giao nhau va lai thuc hién thao Hinkh 1.5
thc bién ddi trén va tidp tuc nhu vay. Khi d6 hogc 1a dén mét bude nao
d6 ta nhan duge bic tranh cén tim vdi tdt cd cac duong vudng goc khéng

giao nhau; ho#c la cudi clng ta nhén duge bic tranh ¢ tong d6 dai tat

CA céc duBng vudng gbc nhd nhat (bdi vi t8ng nay chi cd thé nhan hitu
han cac gia trit). Day 1a blc tranh ma ta can tim. That vay néu con hai
duding vudng goc nao do cat nhau thi ta lai 4p dung thao tac thay gdi mdt
I&n nita va nhan dudc bac tranh véi t8ng d6 dai cac dudng vudng g nhd
hon nira, vo lil. ©

Phan tich cach gidi hai bai toan trén ta thdy rng viée gidi dugc tién
hanh thee mét sg d6: Ta dua vao mét dai ludng nao do (bai trudc 1a Bng
c4c s trong bang, bai ndy 1a téng db dai cac dudng vudng goc) va mot
thao-tac bién ddi ma két qua clia su bién ddi lam dai lugng ta dua vao
dugc bién adi theo mdt quy It xéc dinh (trong bai trudc 2 téng tang,
trong bai sav 12 t8ng gidm). Loi gidi dua trén co so dai kiong dua vac chi
nhan hizu han gia tri khac nhau. Suy ra thao tac chi co thé thuc hign hitu
han Ian va ta khang dinh dua dugc bai todn vé trang thai can im.
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Nhu vay, gidi loai bai toan nay dodi hdi sy sang tao cao va nhin bai
toan dudi goc 46 bién ddi v6i viéc tim ra nhiing dai lugng bat bién don
diéu (hodc tang, hodc giam hiru han 1an). Nhing vi du sau day 1a nhimng
bai todn kho nhung dude gidi bang so 66 ta da vach ra:

Vi du 1.40. Ching minh réng 2n diém bét ki trén mat phdng 1a ddu mat
ctia n doan thdng khong giao nhau.

Lov gidi.*Ta ké n doan thing véi céc

diém mut 1a cac diém da cho (méi didm A

chi dugc 13 d8u mit mét doan thing).

Néu tit cd cac doan théng

khdng ct nhau ta c6 18 gidi cla bai

toan. Ngugc fai, ta xét c3p doan thang

cét nhau, cho d6 12 AB va CD (hinh c g

1.6). MOt phép bién d6i duge xac dinh Hink 1.6

nhu sau: Ta d8i hai doan thing cit

nhau AB va CD thanh hai doan thdng khéng ct nhau AC va BD.
Ta di tim dai lugng bt bién don diéu gidm nhu sau: Vi t8ng dd dai cac

duong chéo AB va CD ciia tir giac 16i ABCD Ién hon t8ng d6 dai hai canh

dbi dién AC va BD, nhu vay ta |8y t8ng d6 dai n doan théng lam bat bign

don digu. Hién nhién téng nay chi nhéan hitu han nhitg gia tri (vi ta chi ¢6

hiu han céch tao n doan thing). Li luéin hodn toan tuong t nhu cac bai

trudc dua 6én mét hé théng n doan théng véi téng dé dai nhd nhat, trong

hé théng nay khong thé c6 hai doan thing giao nhau. ©

Vidu 1.41. Trén mét duong trdn ta dat n s6. Néu thir tu cac s6 a, b, ¢, d

théa man {a - a){b - c} > 0, thi hai sB'b va ¢ d6i chd cho nhau. Chung

minh rdng sau mét s& budc thi trén dudng tron khéng con bd L néo s&p

x&p nhu véy.

- Loi gidi. Phép bién di trong bai toan da dude cho. Thuc chat Ja ddi chd

hai 56 trén qudng tron, con cac s6 khéc van gilf nguyén. Ta phai tim dai
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huong bat bién ¢o lién quan dén sy thay doi hai s& nay. Nhu vy, cho thir
tr a,b,e,d sao cho {a d){b--¢) >0, nghiald ab { cd > ac 4 bd. Néu
thuc hign phép bién d6i da cho thi tir b t a, b, ¢, d chuyén thanh bd 1l
a,c, b, d. Ta thay rdng téng cla tich cac s6 canh nhau bi gidm di thyc su:
ab{bc+cd>acH cb bd

Hoan toan tu nhién, dai lugng bat bién don diétj 12 t8ng clia tich cac sG
ké nhau lién tiép trén dudng tron. Véi phép bign ddi da cho thi dai lugng
bt bién don diéu giam thuc su, va vi nd chi ¢b hitu han gia tri (tai sao?),
nén phép bién ddi clia ta chi ¢6 thé thuc hién hitu han I&n. Tiép tuc cach
gidi nhu cac bai trudc danh cho ban doc. ©

Nhiing bai toan vé hinh hoc c6 dang thay déi cdu hinh ciing cb thé giai
bing phuong phap dai lugng bat bign, :

Vi du 1.42. Tir mot da giac 16m ta tién hanh thao tac nhu sauw: Néu da
gigc ndm vé mot phia doi voi dudng thdng AB, & ddy A va B hai dinh
khong lién tidp cla da giac, thi mot phan cac canh cda da gidc dugce chia
ra béi hai diém A va B, dugc 18y déi xing qua tam Ia trung diém cda doan
thdng AB. Chiing minh réng sau mét s6 hdu han Ién thic hién thao téc
nhu vay da giéc da cho sé thanh da giac 16i.

Lo gidi. Nhu vay phép bién ddi

da cho d6 I3 viéc bién ddi da Yy X 3.
giac. Dai lugng bét bién don diéu A B o

5%
3| &l

v8i phép bién d8i nay 1a dién
tich cia da giac tang don diéu.
D& thdy réng dién tich cla da
. giac trong qua trinh bién ddi cla
da giac chi ¢b thé nhan hiu han
gia tri. Hinh 1.7
That vay, ta xé&t bd vecto doc theo cac canh clia da giac. Voi mét 1an thao
tac bd vecto khéng thay ddi, ma chi thay ddi thir tu lién tiép cla cac vecto

*
<
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canh nhau (hirh 1.7 minh hoa mét trudng hop cy thé). Nghia 12 sé lugng
nhitng da giac nhan duge théng qua thuc hién cac thao trén chi ¢b thé la
hitu han. Tir d6 suy ra dai lugng bét bién don diéu cla ta chi nhan dugc
hitu han gia tri. ©

Vi du 1.43. 2000 ngudi duge chia vao cac phong cta mdt tda nha 115
bubng. Mbi phut khéng phadi moi ngudi déu & trong phong, ma mét s6
ngui di tr phong it ngudi t6i phong co nhiéu ngudi hon. Chimg minh réng
toi mot lic néo do tat ca moi ngudi déu tap trung tai mdt phong.

L of giai. Két luan clia bai toan tudng chiing nhu khong tin dudc. Bai toan
dugc gidi nhd tim ra bat bign don Giéu. VEi mdi phong ta xét binh phuong
clia 8§ ngudi trong phong. Ki hidu téng cac s8 binh phuong 1a 5. Ta chi
ra rang S tang v&i mbi ngudi dudc chuyén di. That vay, gid st mot ngudi
di tir phong cé n ngudi t6i phong cé m ngudi, ma m > n. Khi db nhing
s binh phuagng clia 6 ngudi trong cac phong bign @8 tir n? va m2 thanh
{n- 1} va (m+ 1)? tuong (ing va cac phong khac thi khdng ddi. Nhu vay
S thay ddi nhu sau:

((n-IP 4 fm+ 1)) - (n?+m?) -

2

(m? 4 m? -+ 2mi P m? | m?) - 2im-n)12>2>0

Vay S udn judn tang.

Ta biét rdng s8 ngudi 1a 2000 (Mot bat biéh). Tén tai mot s8 hitu han
céch chia 2000 ngudi vao cac phong khac nhau, nhu vay tn tai hitu han
kh& nang gia tri cda S. Nghia ta S khéng thé taing mai mai. Nhung dén
mét lic hai phdng con ngudi trong do, quy trinh bai toan dugc thue hién
va § sé tdng va qua trinh nay dén khi dung lai, lUc d6 tat ca moi ngudi déu
trong mét phong. ) @
Vi dy 1.44. Cho b6 s6 a, b, ¢,d khbng phai tét c& bing nhau. Khdi déu

bang b8 (a,b,c,d) va (@ fai viec thay thé (a,b.c,d] béng
{u bbb cc  dd  a) Ching minh rdng khi t8p fai nhidu Ian viée

ey
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thay thé trén thi it nhat mot trong bon s6 sé trd thanh vé cung an.

Lof gidi. DAt P © (0n, Pn,Cn, dn ) 13 b0 bON 56 sau n phép @p. Khi 66
ta 6 an | byt cn | dn - OVvGin > 2. Ta khdng biét sir dung bt bién
nay nhu thé nao. Nhung ta lign tudng t6i trong hinh hoc, ham khoang
cach tir diém P,, dén diém gbc toa dd (0, 0,0, 0) dugc lién hé voi biéu thirc
a2 1b2 +¢ I d2. Néu ta chiing minh dugc biéu thiic trén khofg bi chin
trén thi bai toan dudc giai.

Ta di tim m&i fién hé gilfa hai budc lién ti€p Py, 1 va Py

ﬂi+1 + bgu 1 1 Cf‘l b1 + d121 -

2

= (an bn)z [ (bn 'Cn)2 t {cn dn)z { {dn 'ﬂn)k'
(a2 402 b e 1d2) 2anbn- 2bncn - 2endn 2dnan. (1.1)

mn

Bay gidf ta c0 thd diung an, -+ by 4 ¢ +dy - 0:

0= (an I bn +cntdn)? = (an 4 c)? t (b 1dn)? 4
| 2a1bn + 2andn +2bncn + 2endn.  (1.2)
Cong (1.1) vai (1.2):
@, 1 b2, bch, 4 dE oy _
S 2(e2 4 b2 el 1 d2) 1 tan tea) t (bt dn)?
> Zﬁaﬁ 1 bi -+-c,21 + d2).
T mdi quan hé bat bién nay ta dua ra két luan véin > 2,
a2 1b2 4 c2 a2 20 Yad i bf e+l
Khodng cach tir diém P, dén diém dau tang vb han, nghia 12 it nhat c6
mét thanh phdn phai trd [&n 16n bt ki. . ©
Ham khoang cach 1l mét didm dén diém Gau toa 6 rdt quan trong,
khi nao co mot day diém ta phai nghi ngay t8i ham nay.

Vi du 1.45. Mot thudt toan dugce xac dinh nhu sau)

3. GIAITOANBPPEDLBB-A
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Buge xudt phat: (xo,yoe) vOi 0 < xg < Yo,

. i
Budc tiép theo: xn.q - Xn_zyl Uni1 Xn 1Yn-
Tim gist han cda ddy (xn, Un ). )

Loi gidi. TU nhimg gia thiét da cho va tinh chat cla trung binh cong va
trung binh nhan cla hai 56 ta cb:
YUn - Xn

4
v6i moi n. Nhu vay cac day cb gidi han, vi nhiing day s8 duong va gidm
thuc su. Khi d6 gidi han cla cac day nay tring nhau va ta tim gidi han
chung nI||:nDe Xn ==X = nlit;nOo YUn =1y

Xn <Yn "= Xnil <Ynily Ynel ~Xni) <

Tinh bét bién ciing gitp ich cho viéc gidi bai nay. Nhung ¢é hoi khac
la khdng ¢b phudng phap ddi xiing gilta cac bién dé t|m bat bign. Ton tai
mét s& phuong phap xac dinh biéu thic bién d8i coa -~ " ho#c yn — X

n

khi bién dgi tir bude n dénn+ 1.
‘a) Trudng hgp xét thuong:

Xn+d __ *n4d _ {Xn 41 . f] + -'3?‘- (1.3)
Yn+1 vVEn+1Un Un 2 .
/1
T céng thic nay ta lién tudng toi cong thifc cos E = $ Vi ta

ludn ¢6 0 < < < 1, ta cd thé dat — = COs an. Khi do (1 3} trd thanh
yn yn
COS i = . cos 2 2 = 0 o 2—n = Mo, X,
Biéu nay tuang duong vdi
2" arccos S - arccos <2 (1.4
- Un Yo :

day la dai Jugng bat bién. (
b) Trudng hop xét hiéu: DE tranh can bac hai, ta xét y2 - x2 thay vi
Un Xn V& ta nhan duge
3. z
2 2 Yn  Xn .. P
y:‘tll X1 ™ n4 n=}"2\/9;41 xiﬂl \/fo x%
3.6l TON\IB.P.F’.Q.LB.B—B
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nghia 1a

P A R (1.5)
day la dai lugng bat bién th(r hai.

Tir (1.4} va (1.5), ta nhan dugc
. \/ﬁ - Ué X(ZJ

arccos — =" arccos o= 27 aresin 22— - 2™ arcsin
Uo Yn - 2"yq

2 . \,‘ L
V& phai cia ding thic trén tién téi —~——— khx n — oo. Cudi cung ta
nhan dugc
) U X
X =y — y=e 2 ©

arccos -—
Yo

Day 4 mot bai toan khé néu ta gidi bng cach khac.
Vidu 1.46. Mbi s6 trong nhilng s8 oy, az,...,6n 1§ 41 hodic —1 vata cd
S = gje20304 + 02030445 T -+ anaiazaz = 0.

Chimg minh rang n. chia hét cho 4.

L 6f gidi. Day 13 bai toan vé li thuyét s8, nhung ta ciing cé thé gidi no bang
bat bidn. Néu ta thay a; bing --a:, thi S khéng thay ddi dong du theo 4
vi b8n s6 hang canh nhau theo vong trdn thay ddi ddu cla ching (vi du
ta thay ddu cla ay thi bdn s6 hang canh nhau 1a 1020304, An 010203,
Gn_16nQ107, On 205 10 01). Thit vay, ndu hai trong s8 nhitng s6 hang
fa duong va hai 12 am thi tdng S khong thay ddi. N&u ba s hang trong
bn s6 hang cb cling ddu thi S s& thay ddi bdi +4 (néu cb ba s6 hang
duong va mét s8 hang am thi khi thay déu da mét 2 khi nb dudng, ma lai
con trir 2 khi né am, vay tong cong mét di 4. Tuong tu, néu ba s hang am
va mot s6 hang duong thi tdng tang ién 4). Cui clng tat ¢& bon thiia s6
trong s6 hang cung déu, thi S thay ddi +8 (vi mdi I&n thay ddu néu S da
mat.4 tai mat thém 4 khi ca bdn s& hang déu duong, trudng hop ca bdn
s hang déu am thi ngugc lai).
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Khdi ddutacd S - 0 diéu nay kéo theo S = 0 (mod 4]. Bay gid ta tign
hanh tirng budc mdi ddu am thay bang ddu duong, cac budc nay khéng
thay d6i S (mod 4). Khi ta thay hét cac du trirthi van con S = 0 (mod 4),
nhung khi ¢6 S w, nghia 1a n chia hét cho 4. _ ©

Vi du 1.47. Tai mdt hdi nghi cé mdi 2n quan khéach. Méi vi khach duge
mai ¢O nhigu nhat 1a n - 1 ké thir. Chung minh rang céc vi khach co thé
ngéi quanh mchr. ban trén sao cho khdng ai ngdi canh ké thi cda minh.

Al B
B’ LB

Hinh 1.8 _ Hinh 1.9

Lor gidi. Trubc tién ta x&p cac vi khach ngdi vao vi tri bat ki. D&t H 11 s§
nhitng ddi thu dich ngdi canh nhau. Ta phai tim dugc thuat toan ma nd
lam giam s& H khi H > 0. Cho (A, B) |a c&p this dich v8i B ngdi bén phai
A (hinh 1.8). Ta phai tach duoc cip nay ra. Diéu nay thuc hién duge ndu
cb mét cap khac (A’,B'), khi ta ¢8i chd B, A’ (hinh 1.9) va H s& gidm néu
(A, A’) va (B, B’} khéng ta nhimg cdp k& thu. Ta chi con chimg minh ring
mot cap (A’, B') luén ludn t6n tai vai B’ ngdi bén phai cha A’ ma A’ 13
ban clia A va B’ 1a ban clia B. Ta khdi ddu tir A va di theo chidu ngugc
kim dong hé (di vé phia phai) quanh ban. Ta sé& bat gap it nhat w ngudi
ban (khong phai ké thi) clta A. V& phia phai clia mBi ngudi ban cla A c6
it nh&t n chd. Nhithg chd nay khéng thé bi chim hét bdi cac k& thi cla
B vi B chi co nhigu nhét n 1 k& thi). Nhu vay t6n tai ngudi ban A’ clia A

&
v o”
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ma vé phia phai ngudi nay la B/, ma B’ id nguoi ban cla B. ©
Mbt 58 bai toan ta phéi ding dén hai bat bién don didu va hai bal bign
nay cd moi lién hé véi nhau.
Vi du 1.48. Trén mot mat phéng chia ludi vé han nhiing & vuong, mot s6
6 vudng dudc to den. Mot 6 vubdng trong ludi duge t6 mau theo nguyén
thc sau day: Méi & vubng dugc 16 den khi va chi khi it nhét c6 ba & vubng
bén canh no6 13 den trong budc t8 trudc @6 va trudng hdp khac thi o tréng.
Quy frinh nay dugc iap lai. Ching minh rang cudi cung khdng con mt &
den nao trén Iugi 6 vudng.

L i gidi. Ta xé{ tat ca hang c6 chia s 6 den. Ta xem xét ¢d hang clia
nhiing hang nay 13 khoéng céach chiéu doc giira hang cao nhét va hang
thdp nhat. Ta chi ra rang ¢ hang nay khéng bao gid tang. That vay, ta
¢6 thé chiing minh ménh dé manh hon: Hang bat ki khéng chura 6 vuong
den sé khéng thay doi theo nguyén tc t6 mau da cho. Bdi vi tai mbi budc,
mdi & vudng trong hang d6 cd nhidu nhat hai 6 den trén va dudi (vi 6 bén
canh bén phai va bén trai nd Géu [a tréng), nhu vy no s€ gilr nguyén la
trdng cho budc sau.

Nhy vay cd hang clia tit ¢& cac hang khong trang khong thé tang
dugc. Trudng hop gi sé xay ra khi ¢d hang clia cac hang ta dang xét la
mdt s6 16n hon 0 ? Trong trudng hgp nhu vay ta xét cd 6 den trong hang
phia trén nhat (nghia |a khoang cach tir & vudng den trai nhat t@i 6 vudng

‘den phdi nhat). Knoang cach nay khong thé tang ma nd uon ludn giam:

O vuéng den bén trai nhat sé& cé it nhat hai 6 vudng lan can trang (hudng
phia trén va bén trai 6 nay) va nhu vay nd phéi trd thanh trdng. Li luan
tuong tv ding cho & den bén phia phai nhat. Nhu vay ¢8 6 den clia hang
nay gidm dén khi né trd thanh khong, tai thai diém g6 hang nay toan bd
la  trdng, nhuf vay cd hang c{ia hang tét ca khéng trang cing giam.
Didu trén chi ra riing dén mét Itc tn tai it nhat mot hang véi mot vai 5
den trong @6, ¢& 6 Gen clia nhiing hang nhu vay s& giam. Gidm ¢ hang
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nay khdng phai mai mai, nhu vay cudi clng ta dat tdi trang thai khong cé
Mot hang ndo chira 6 vudng den, nghia 14 toan bé Ui tring. @

Trong cudn sach [9] tac gia ¢b trinh bay phuong phép giai phuong trinh
bang phuang phap gidm dén v cung. Ngudi ta thudng chira phufong trinh
vo dirth khdng cé nghiém nguyén theo phuong phép sau: Nguoi ta xay
dung mét ham cua nghiém {vi du nhu’tong céc bién) ma gia tri cua nd lasd
nguyén duang; khi dé cho mot nghiém, nguai ta lai xay dyng duoc nghiém
mdi, v&i nghiém nay ham sé da xay dung nhan gia trj nguyén duong nhd
han. Ngusi ta 1p lai qua trinh nay; nhan duoce day gidm vo han cac gia tri
nguyén dudng; diéu nay khéng thé dude, nghia la d3 chimg minh day so
nguyén duong d& xay dung khéng tdn tai, bai toan vo nghiém.

Vi du 1.49. Ching minh réng phuadng trinh vo dmh sau khéng co nghiém
nguyén khac khéng

8xt 4 4y 4 224 - 4,

L6 gidi. Gia su phuong trinh ¢6 nghiém nguyén (xp,yo,z0,u0) # (0,0,0,0).

Ta 6 8§ + 4y + 22§ - ud, suy rawd 2, vy ug | 2. Bt uo = 2u;.
Ta duge 4xg + 2y3 + 2§ - 8uf, suy razd © 2, vay zo 2. Dt zo = 221,
Ta duge 2x5 + y§ + 82} - 4uf, suyray? ' 2, vay yo | 2. Dityg - 2.

Ta duge x3 + 8y} + 4z} = 2u}, suy raxd © 2, vay xo | 2. Dait xo - 2x;.

Ta duge 8x] + 4y? + 22¢ - u?. Vay( 1,Y1,21, W) ¢ling 1a nghiém cla

phuong trinh g4 cho va ¢6 dang (<2 20 Yo %‘i %) quy trinh nay cé thé Iap
Xa Yo zZg Up

Cac sd ;‘2 . g,’f ;g , ;‘3 I cac sB nguyén vdi moi k € N. Pigu nay chi

xdy ra khi tt c& cac bién bang 0. vay phuang trinh da cho khéng co
nghiém nguyén khac 0. ©

lai mai Gén budc k: {

Ta ¢ thé tom tit cach gidi theo bit bin don diéu nhu sau:

9t
S
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- 1. Tim dai lugng bét bién don diéu va chisa nd phdi thay d6i dudi tac
ddng clia mot thao tac nao do.

2. Hay chi ra rang nd chi co thé thay 68i hitu han 1an; khi g6 ching
minh ring nd co thé chi dimg su thay d8i tai mdt thdi diém nao do.

Néu sy chuyén ddi khéng dudc cho trugc, thi ta phai xdy dyng nd mot
cach thich hop. Co rét nhiéu bét bién don diéu khac nhau ¢ thé xay
dung nhu. céc tdng, cac tich, gia tri cyc dai, gia tri cyc tigu va nhiéu dai
lugng thich hgp khac. Ban doc tim 101 trong muc béi tap cla &t nay véi
hudng dan o trén.

Trudc khi chuyén sang bai tap, ta xét mot khia canh nita clia bat bién
don diéu 1a dung bat bién don digu chi ra hé théng ta dang xét c6 cdu
ninh nhy mong mudn. Trong trudng hop nay bat bidn don digu khong cén
thigt didu kién thay ddi hiu han 1an; clng vay bat pién don digu khdng
cén cht ché IAm, n6 cd thé 13 hang s8 trong mdt s6 budce chuyen déi. Ta
chi ¢dn chi ra bét bién don digu co thé chi thay doi theo mot hudng néu nod
thay ddi tat cd va nd dat tdi mot cu hinh tr su thay d6i clia hudng khac
sinh ra. ‘

Vi du 1.50. (IMO 1986). Tai mbi dinh cda mdt ngd giac ngudi ta gan mot
88 nguyén sao cho téng cda nam 6 ta duong. Néu ba dinh lién tiép dudc
gan céc s6 x,y,z véiy < 0, thi thao tac sau day dugce thuc hién: Nhimg
6 x,y, z duoc thay bdi x +y, -y, z +y tudng dng. Thao téc nhut vay dugc
1ap lai t6i khi it nhadt mot trong nam s6 & s6 &m. Hay xéc dinh ¢6 mot quy
trinh can thiét dé két thic trong hitu han budc khong ?

L&f gidi. Thao tac l4p lai trong bai toan Judn ludn két thic. Chia khba clia
chimg minh & tim ra m6t ham gia tri nguyén duong f(x1,%2,...,xs5) clia
nhig nhan cla bat gidc, ma gia tri ham nay giam khi ta thuc hién cac
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thao tac. Bang cac di kién cda bai toan da cho ta cé thé &y ham

2

2
foxnxa, g, xaxs) 3 (uxig)?,

s

G day xs X, x7 - x». Gid it dén budcy - x5 <0, fix),x2,%3,%xa,Xs5)
€0 gia tri f. va sau khi thao tac tai busc nay f(xi,x2,x3,%4,%xs) €6 gia tri

KR g6 fy, - o o= 2(xy + X2 4 X3+ xa i xs5)xq < 0, vi tong clia cac
$6 xy,%2,X3, X4, X5 UGN ludn 13 s8 dugng. Néu thao tac trén khédng.dimg,
ta tim duge day vb han gidm fo > 1) > 5 > . .. nhing sé dudng khéng
am. Day sd nhis vy khong tn tai, nén qua trinh phai dimg fai tai mét thai
diém. ©

Bai rip
> 1.51. (M§ 1997). Cho p;,p2,p3,... I3 nhimg s8 nguyén 16, dudc sip

theo thir ty tang dan va cho xg 1a mot s thyc gilta 0 va 1. Cho s8 nguyén
dudng k, dinh nghia

0 Neu xy-1 =9,
L { Pk } néu xi. ;-340

Xk-1

8 day {x} ki hiéu Ia phan thap phan cug X. Hay tim va chu’ng minh rang
vOi tat ca xp théa man 0 « xa < 1 thi day;sgkc,x,,xz, ... Hién 18i 0.

> 1.52. (My 1993). Cho a,b 1a nhiing sé dudng Ié: Dinh nghia day (f,)
bang cach @&t f, = a,f, = b v 1y fr, v8in > 313 udc s6 18 18n nhat cla
fao1+ fn2. Chilng minh ring f,, 13 hang s6 véi n 40 16n va xac dinh gia
tri nay nhw ham ca o va b.

> 1.53. Tim tat ca nghiém nguyén dudng cda phuang trinh x2 + y?
3(22 + wd).

> 1.54. (Paui Zeitz). Cho mét 486 thi hitu han bt ki. Chitng minh ring cac
dinh ¢6 thé t& mau den va trdng sao cho, vdi mbi dinh, it nhadt mdt nira
nhimg dinh 1an can clia no dugc t6 mau ngugc lai véi mau nbd cb.

¥
L.



1>

1.5. Nhilng bai toan nang cao 41

& 4.55. Mét hinh tron dudc chia ra tam 2000 ré quat. C6 2001 con éch
trong cac ré quat nay. Ludn ludn tn tai hai con éch trong cung mét ré
quat; ¢& hai con &ch nhu vay nhdy tdi hai r& quat bén canh (theo chiéu
ngudc nhau). Chiing minh réng tai mot thdi diém nao @6 it nhat 1001 ré
quat déu ¢b éch.

1.7. Nhing bai ToAN NANG cao

Vi du 1.56. M6t i gidy dudc xé thanh ndm manh; mét s6 trong s6 5 manh
nhé nay lai dugc xé thanh 5 manh nhé nita, va mét sé trong cac manh
nhd nay lai dudc xé tiép thanh 5 manh, ... Y8y, néu cu tiép tuc xé nhu vay
thi cé khi nao ta duge 2002 manh gt’é} hay khong? Bugc 2005 ménh gidy
khbng?

L& gidi. Khi ta chia td gidy [am 5 manh va sau nay chia cac manh gidy ra
lam 5 manh 'nhé thi ¢ mbi 1dn 88 méanh gidy tang thém 4, Vay s3 manh
qidy, sau mbi |an xé thi cd dang 4k 4 1(k € N*), biéu thiic nay la bat bién
trong qua trinh xé gidy.

Vi 2002 # 4k + 1, nén khong thé xé duge 2002 manh.

2005 — 501.4 + 1, vy cb thé xé thanh 2005 manh sau lan thii501. ©

Vi du 1.57. Trong mét bang & vubng c6 8 x & 6. Trong mdi 6 dudc viét
mat 88 tu nhién. Ngudi ta cho phép thuc hién mot thao tac: Tang mot dan
vi d6i vai 18t cé cac s6 ndm trong nhiing bang & vubng co chiéu 3 x 3 hodc
4 x 4 thuc bdng & vubng da cho. HGi sau khi thue hién mot s6 thao tac
nhut trén thi toan bd nhing s6 trong bang ¢& chia hét cho 10 khong?

L6f gidi. Hién nhién tn tai nhiing bang ma ¢6 thé thyc hién nhimg thao
tac trén. Nhung ta chi ra cb nhilng bang khi thuc hién nhidng thao tac
trén khong thé cho két qua. Vi tinh chét chia hét cho 10, ta xét nhilng s6
theo modulo 10. Hai bang s ta cot nhu nhau khi va chi khi nhiing phén
t{f twong tng cla nd déng du theo modulo 10. Vi dong nhat nhu vay ta
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cb 105 bang khac nhau. Ta & chi ra thao tac clia ching ta la thuan lgi
néu mot bang nhan duge tr bang khac, thi bang thir hai ciing ¢6 thé nhan
dugc tir bang ban ddu. Diéu kién dvl 1a 4p dung thém 9 18n thao tac ta da
lam. Theo phuang phép nhu vy, dl dé chiing minh tdn tai bang, ma nd
khdng thé nhan duge tif bang toan s6 khong. S8 luong clia nhitng hinh
vudng cd 3 x 3 14 36, con hinh vudng ¢ 4 x 4 13 25. Vi trong mdi hinh
vudng nhu vay ta cé thé ap dung thao tac nhigu nhét 9 14n (sau 1an thir 9
ap dung s& nhan dugc bang xuét phét), s8 lugng chung clia nhimg bang
ma ta c6 thé nhan dugc tir bang khéng, khong vugt qua 1087, Nhu vy
khang dinh da dudc chimg minh. @

Vidu 1.58. Trong mét bdng 6 vubng c6 100 x 100 6 dudc dién déu cong
(1. Mot budc thue hign bang céch déi toan bd nhing ddu é mot hang
hoac mot ¢t ndo do sang dau ngugc lai. Co khd nang sau hiu han budc
nhu trén, béng 6 vubng nhan dugc sé co dung 1970 déu trir () ?

Loi gidi. Gia sir c6 khd nang sau mdt'sS hilu han budc nhan dugc bang
c6 1970 du trit. Cho tai hang thir i ta 6a d8i déu x; 18N, con tai cot thir j
ta da déi ddu y; tan. Khi d6 d4u tai 6 (1,7) da thay ddi x, + y; l&n. Suy ra
tai & nay c6 ddu trir (- ) khi va chi khi x, + y; 12 $6 1&. Cho p I3 s6 luong
86 & giifa cac s x;, con q 12 8 lugng nhiing s6 I8 giita cac s6 y;. Khi d6
56 lugng chung nhiing dau triz trong bang sé 1a
p(100 - q) + (100 - p).q = 100p + 100q  2pq,
G day ta nhan dugc ddng thic
100p + 100q - 2pq - 1970
hay la
{p ~50){q 50) = 1515 ~ 15.101,
BJivi 101 la mot s8 nguyén 18, it nhat mot trong nhimg s6p 50,9 50 chia
hétcho 101. Tachoddlap 50 chia hét cho 101, Nhung 50 < p - 50 < 50,
nén sy chia hét p - 50 cho 101 ¢hi xdy ra khip 50 - 0, diéu nay trai vai
bat d&ng thirc (p 50)(q 50} / 0. @

R
Pl
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Vi du 1.59. Tai dinh A, cla mot da giac déu 12 dinh danh ddu trer (),
con 1at cé cac dinh con Jai danh ddu cong (). MOt budc thue hién la doi
déng thai ba dau tai ba dinh lién tiép thanh dau ngudc lai. Ching minh
ring khong ¢ khé nang sau mot s6 hiu han budc thuc hién nhu trén sé
nhén dugc A; co dau trir{ - ), con tat cd cac dinh con lai mang dau cong

{(+).
L7 gidi. Ta chia cac dinh cla da giac déu 12 canh ra lam 3 nhom:
{A1, Ag, Az, Aroh A2, As, Ag, At} va {As, Ag, Ag, Aral.

Dé& thdy khi chon ba dinh lién ti€p thi méi dinh roi vao mét nhdm. Suy ra
sau méi l4n ddi d3u & ba dinh lign tiép, s6 lugng déu trl trong mdi nhom
tang I8n ho#c gidm di 1. Tir day suy ra sG lugng dau trlf trong nhom hai
va nhom ba ludn ludn cling tinh chén |&. That vay, khi bat du chai thi s6
Iuong dau trir bing 0. Sau 1&n déi th(r nhat co 1 déu trl, sau I&n adi th(r
hai méi nhém c6 0 hoc 2, sau I&n ddi thi ba |a 1 hodc 3, sau 1n dgi thr
tuv ia 0,2 hoac 4 va varrvan,

Truting hop riéng khdng thé ¢6 su phan bd trong nhém hai ¢ mdt déu
trir ma cac nhém khac khéng ¢d. @

Vi du 1.60. Cho béng s& (hinh 1.10) c6 tinh chat sau; Tong cla nhing
phan I trong mdi hang, mbi cot hodc duding chéo chia hét cho 2. Mot
thao tac cho phép chuyén mét don vi ¢ mét & sang & bén canh (6 bén
canh cta mot 6 13 & ¢d chung canh). C6 thé tu hinh 1.10 nhan dugc hinh
1.11 sao cho tat c8 phan & & cac 6 xung quanh la s6 chdn khéng?

ay | a» | az by [ by | bs
[a Y 2 s b4 1 bS
as | a7 | as bs | b7 | bs

Hinh 1.10 Hinh 1.11
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Loi giai. Tu gia thiét bai toan suy ra c8p 6 a»,a; va a4, as 1a clng
tinh chan 1&. Bdi vi o) | a4 | ag V@ ae 1 a7 | ag chia hét cho 2 suy ra
a1 i aa 1 2as | ay 1 ag chia hét cho 2, nghia ta ci} a4 -+ a7 | ag chia hét
cho 2. Cling tf diéu kién da cho ta cd a; + 2 i ag chia hét cho 2, nghia
1d ay + ag chia hét cho 2. Khi @6 a4 | a; chia hét cho 2 va suy ra a, va
a7 clng tinh chan 1&. Nhu vy ta di d&n két uan 13 a;, a4, a5 va a7 cling
tinh chan 18. _

NéU a;, as. as va a; 1 nhiing s6 chén, thi'a;, a3, ag va ag hoac tat
cd déu chan hoac tat ¢c& déu 1&. Khi d6 s6 lugng clia nhiing s6 chin 13 5
hodc la 9.

Néu az, a4, as v2 a7 1a nhiing $8 1&, thi a;, a3, ag va ag hoAc tit ¢a
déu chan hoic tat ca déu 1&. Khi d6 sé hugng clia nhimg s6 chédn 1 | hosce
1a 5. '

Nhu véy, 6 Iugng nhilng s6 chiin trong hang la mot s 1& (1,5, hosc 9).

Ta x8t s bién ddi frén nhiing 6 bén canh mét 6. Néu x va y 13 nhing
$6 & hai 6 bén canh nhau, thi ta ¢é thao tac x,y — x — 1,y + 1. Ta xét
t&t ¢A cac trudng hop chdn 1& cho x va y: (chdn, chin), (chén, 18), (18,
1&). Sau khi thc hién thao tac ta nhan dugc tuong tng (18, 18), (1, chin),
(chén, chan).

Nhu vay, thao tac bién ddi khéng thay ddi tinh chin clia s6 lugng s6
chan (vi thay d6i s6 lugng 0 ho#ic 2). Trong hinh 1.10 cb 6 I& nhilng s6
chén, con trong hinh 1.1 ¢6 8 s8 chan, nghia Ia s6 chn. Suy ra bang

- nhu vay khéng nhan dugc khi thuc hién cac thao tac trén. ©

Vi du 1.61. Cho mét bang hinh vudng ké 6 10 x 10 va trong mdi 6 ta ghi
theo thir ty mot s6 tu nhién gém tir 361 dén s& 100: Hang thit nhét ghi tt
1. dén 10; hang thir hai ghi tor 11 dén 20; ... Chimg minh réing t6ng S cda 10
S6 bat ki cla béng, trong do khong co bét ki hai s6 nao thuoc cing mot
hang va khéng cé bat ki hai 56 nao thudc cing mot cot, 1a mot s6 khdng
d6i. Tim s6'S, |

PO
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L6f gidi. Ta ki higu s6 hang clia tdng S:
- Thudc hang 11&a a;;
-Thudc hang 21a 10 | az;
- Thudc hang 1012 90 + ay,.
Trong dd, cac s6 i nhién @y, a,..., a0 bao gdm gida 1 va 10, va

nhing s6 nay déi mot khac nhau, vi néu ta ¢6 a1 - a thi hai s6 a; va
10 I a, phai ndm trong cling mét cdt cua bang. Ta cb:

Swap F(10 Faz) t (201 az)+ -4 {F0 1 ap)
~{(10 420 +---49) 1 {ay taz |-+l
450 + (ay 4-az 4 -+ | ayp)-

B&i vi cac s6 ay, @, ..., o G6F mot khac nhau va nhan gia tri nguyén tir
1 d&n 10, mdi mdt s6 trong cac 6 tu nhién 1 1 dén 10 ¢b mat trong t8ng
ay t az | ---1 aro véitu cach [a mot s8 hang, ciing chi co mét 1n, do do

(48 {-ag-l---i0.10T1+2’;3+4+5|6l'7+3-|9l-|0 - 55,

Nhu vay S - 450 + 55 = 505 |14 dai lugng bat bién ddi vai moi cach chon
tdng cac so trong bang. . ©

Vi du 1.62. Cho khoi tap phudng tao bdi 27 khéi tap phuong nhé bang
nhau. Trong mbi khéi Jap phuong nhd co chita mot s6 +1'hoac 17 (Hai
khoi nhé goi la canh nhau néu ching co chung mét mat). Ta goi "méat cat”
cta khdi 1ap phuong 12 t&t ¢ nhing khéi Iap phuong nhd canh nhau va
nam trong mdt "mat phdng". Co thé thay déi ddu ddng thdi trong hai mat
cét co chung khéi 1ap phuong nhd, nhung khéng thay d&i ddu nhing khdi
lap phuong nhd chung.

Ban déu trong tat ¢ cac khéi nhé co chia 6 1. Co thé sau mot s6
budc thay doi ddu nhut trén thi cac khdi nhd & dinh cda khdi lap phuong
mang 1, con nhimg khéi nhd con lai déu mang |1 duge khdng?



46 Chuang 1. Nguyén li bat bién

Loi gidi. Ta di xac dinh su thay d8i s6 lugng clia 1 trong khdi 1ap phuong
nh trong khéi 13p phuong véi mét budc bién 661 bat ki. Trang hai mat it
nhiing ddu dugc thay G5i co s6 lugng 12 s8. N&u n trong ching 13 1,
cOn 12 nla +1, khidd sau khibign ditacén s6 1 1va (12 n)sd |,
nghia ta 6 lugng clla 1 dugc thay d6ila 12 n n - 2(6 - n), day la
mét s& chan. Suy ra tai méi budc bién d8i tinh chin I8 cha $6 luong clia
—1 gilt nguyén. Ban dau sd lugng s6 - | 1a 27, con ta mudn con 8 (trén
chc dinh ciia khéi 1ap phuong). Hién nhién gidu nay khong thé xay ra. ©

Vi du 1.63. Cho khéi iap phuong bao gém 27 khdi 1ap phuong nhé béng
nhau. Trong nhiing khoi Idp phuong nhé cia khdi Iap phuong chira nhing
$6 | 1. Mot budc bién déi ta ¢co thé thém cing mét s6 vao hai khéi lap
phuong nhd bén canh nhau (hai khi nhé c¢6 chung mat). Tu khdi lap
phuang da cho co the nhan duge khdi 1dp phuong sao cho

a) Trong tét cd khéi lap phuong nhéd c6 0, con khdi nhé 4 trong tdm co - 1;
b} Trong tat cé khdi Iap phuong nhd ¢6 0, con khdi nhé & trong tam +1 2

Ldi gidi. a) Cé thé nhan dugc khéi nhu vay, ban doc tim mét phusng &an.
b) Ta c6 dinh mét khdi nhd va goi nd 1a khdi trdng, nhimg khdi nhé
canh no 1a nhing khdi den, bén canh nhimg khéi den s& 14 nhing khéi
nhd trding va van van. Khi d6 méi khéi nhd s& hoac Ia tring ho#c 1a den,
mdi khéi tréng c6 khdi nhd bén canh 1 den va ngudc lai. Cho Py 13 t8ng
nhimg s6 trong cac khdi nhd trdng, Py 13 t8ng cac s6 trong cac khdi nhéd
den. Bi€u thiic P = P, - P4 khéng thay d8i v6i thao tac thay d8i da cho,
vi ta cfng thém cung mot s6 vao hai khdi nhé canh nhau (nghia 1a P, va
P4 déu gia tang nhu nhau). D& tinh dudc gia tri ban ddu cGa P 1a 1, néu
khai nhd & tam 13 den (P - 14 - 13). Khdi lap phuong nhu ddi hdi b) lai co
P 0 1- -1.Bayladiéu vé i, nghia [a khong thé cé khéi 1ap phuong
nhu diéu kién b). . ©
Nhimg bai toan tim s& budc thyc hiéh dé dat k&t qua Ia rat khod va
khdng c6 phuong phap chung nao. Ta xét mot vi du don gidn sau day:

ot
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Vi du 1.64. Trén bang viét mét ddy gém N $6 theo mot thir tu bat ki, mdi
6 d6 hodc fa - 1 hodc la 1. Mot phép bién dbi cho phép ta thay dbi ddu
cac s trong mot doan con cla ddy. Tim s& budc thyuc hién it nhét co thé
d& chuyén tir day ban ddu vé day chitoan s6 +1.

Loi gidi. Dai lugng bét bién don diéu clia bai nay Ia s luong cac cap s6
trong day canh nhau khac ddu. Khi ta thyc hién phép bién déi thay dau
mét doan thi dai lugng bét bién chi c6 thé thay ddi khdng 18n hon 2.

Ta s& ching minh rang t bd s& 1,41, 1, 11,... 48 nh&n duge bd
6 41,41, +1,... phéi thuc hién véi [N} buige (8 day [x] ki higu 1a phén
nguyén cliax). Ta xét hai truding hop s8 N chdn va s8 N 1&.

Gia sir N == 2k, nghia 1a {B31] - k. Khi d6 dai lugng bat bién don diéu
ban d&u 1a 2k — 1, cdn cudi cing béng khong. Nhung véik 1 budc thuc
hién s& khéng dat két qua. -

Gia st N = 2k + 1, nghia 1a [ +1) = k + 1. Trong trudng hdp ndy dai
ugng bat bién don didu ban ddu 1a 2k, vi thé sau k - 1 budc thyc hign thi
tir trang thai ban ddu khong thé ¢6 day toan s 1. Ta s& ching minh rang
sau k buc thuc hién phai dat duge trang thai mong mudn. That vay, ta
¢hG y réing sau mét lan thuc hign phép bién ddi dai lugng bat bién don
didu thay ddi kndng qua mét don vi.

Chi cén chitng minh réing vai [N1] budce thyc hién thi tif bd s6 ban
dau s& nhan duoc bb 8 chi co 1. Ta dua vao trong b s6 ban dau tét ca
cac nhom cb chita --1 s6 Iugng khdng 16n hon [M-1]. Tiép tuc ta thay ddi
d&u & cac s6 trong nhiing nhdém nay. ©

Bai 1Ap
»1.65. Trén mat phing cho N gidm, tif ching cb thé ndi vdi nhau thanh
nhifng doan théng. Biét ring tir mot diém bt ki khong xudt phat qua 11

doan thang. Chimg minh ring nhiing @iém nay ¢o thé 10 bang 4 mau sao
cho nhimg doan thing c6 hai ddu mat cling mau khong 16n hon N.
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>1.66. Cho mdt s diém mau d6 va mot s6 diém mau xanh. Mot s6 trong
ching néi v&i nhau thanh doan thing. Ta néi rang mdt diém 14 dac biet,
néu hon mét nifa cac diém con lai ndi vai N cd mau khac voi mau cia
nd. Néu ton tai di€m d4c bigt thi ta chon didm dAc bigt nay va to I1én nd
mau khac. Ching minh ring sau mét s& hiu han budc khéng con mét '
diém dac biét nao.

> 1.67. Trén mét dudng tron ta viét n s6 t nhién. Giita hai s6 canh nhau
ta viét udc sb chung i6n nhét. Sau d6 ta x6a nhing s& i di, nhimg s&
con Iaa ta lai thiic hién thao tac trén. Chimg minh ring sau mét s6 hitu han
I&n thuc hién thao tac thi tat ca cac s6 trén dudng tron Géu bang nhau.

> 1.68. Trén bang ta viét 10 s6: Mot s6 1 va chin s6 khac 0. Ta thuc hign
chon hat s§ bat ki va thay vao vi tri clia ching bang trung binh cong hau
s6 nay. SO nao 12 s6 nhd nhat ¢cé thé dat dugce tai vi tri clia $6 1 sau mot
day phép thuc hién trén.

> 1.69. Mot s6 em thigu nhi ditng thanh mét vong trdn va quay mat vao
trong, mbi em d8u cé mot s6 keo. Theo hidu 1anh dbng thai, mdi em dua
nifa s§ keo clia minh cho ban & bén phai (néu s8 keo cla mot em nao
do 1a 18, thi ngudi phu trach dua thém cho em d6 mdt cai keo). Hidu lénh
chot nhu vay 18p di 14p lai nhiéu 1an. Chitg minh ring d&n mét luc, tat ca
cac em trong cuéc chdi ¢b s6 keo bing nhau.

> 1.70. Trong mot thu vién trén gid sach cé N tap sach tra ciiu tiéng Anh.
Mét ngudi may mdi mét phat lam nhiing cang viéc sau: Chon mot tap bat
ki, m& nd khdng § dung vi tri va dat né vao dlng vi tf (nghia 1a néu s&
tap la k, thi nguoi may dat tap nay vao vi tri k trén gia sach). Chimng minh
rang sau mét thai gian tit ca cac tap sach sé dugc sép dang vi tri,

> 1.71. M8i mit clia mdt khéi 1ap phuong cb viét s trén d6 va tat ¢ cac
s6 déu khong giéng nhau. M3i s& dudc thay béng trung binh cong cia
nhiing s& trong bon mat bén canh. C6 kha nang nhan dugc cac s ban
dau trén mat ddi dién sau it nhat mét 1an thay ddi nhu trén khéng ?
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> 1.72. Trén mbi & cla bang ké 6 vudng 8 x 8 ¢d ghi mot s6, s6 nay 1a tich
clia chi s6 hang va chi s6 cot cia 6 dy. L8y ra 8 6 bat ki vé trong cac 6 &y
khong ¢6 hai & nao ndm trong clng mét hang hay cung mét cot. Chitng
minh réing tich clia cac s6 ndm trong cac & nay |4 khdng déi. Tinh tich 46
(Dap s6: (81} = 1625702400).

> 1.73. Cho mdt b sé lugng 2% céc s +1 va - 1. T d6 ta nhan bd s6
méi biing cach: M&i s nhan véi s6 ti€p theo, s6 cudi cling nhan véi s6
dau tién. Vai bo s6 mdi lai 13p lai thao tac trén va tiép tuc. Chimg minh
réng cudi cung ta nhan dugc chicd s6 + 1. '

1.6. Chuyén d€ vi ham bAT bién

Ta t8ng quat hda nhimg cach gidi loai bai toan nay bang céch dua ra
nhing khéi niém nhing trang thai tuong duong va nhiing ham bt bién.

1.6.1. Dinhinghia ham bAT bien TreEn TRang ThA

Nhing phan trudc ta da xét nhimg bai toan gidi bing cac dai lugng
bat bién c6 dang: Cho mdt tap hop M (nhiing phan tr cha nd la nhing
trang thai) va mét quy tac bién ddi cho phép ta chuyén tir trang thai nay
sang trang thai khéc; cau hdi thudng dat ra la cho mét trang thai o ¢6 thé
bing mét s6 budc thuc hién quy tac bién d6i G&n mét trang théi da cho
khéng ? Nbi cach khac, cho hai trang théi « va 3, ¢b thé bign ddi tir trang
thai o §én trang thai B sau mét s6 hitu han 1én thuc hién guy tac da cho
khéng? :

Hién nhién, ta ¢6 tinh chét sau day: Néu mét trang thai « ¢d thé tién
16i trang thai B va tir trang thai B ¢6 thé tién 8i trang thai v, thi ti o cd thé
ti€n tGi v, tinh chéat nay goi 1a finh bic cau. :

Né&u ti mt trang thai a ¢6 thé tién t6i trang thai B va ngugc lai tir trang
thai (5 c6 thé tién tdi trang thai «, thi tinh chét nay goi la tinh doi xing.

4. GIAI TOANBPFPBLBBA
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Khong phai mbi cép hai trang thai ndo ciing c6 tinh ddi ximg, vi vay ta
han ché chi xét cac tap trang thai c6 tinh ddi xding. _

Ta céng nhdn rang {7 trang thai & ¢6 thé tién tai chinh minh, tinh chat
n&y got 1a tinh phan xa.

Dinh nghia 1.1. Ta néi rang hai trang thai « va B 1a tuong duong, néu
theo quy 8¢ da cho tirtrang thai « ¢é thé tién 8i B va nguoc lai. Hai trang
thai tuong duong « va B, ki hiéu 12 : o ~ .

Dé& thdy réng sv tuong duong clia nhiing trang thai 6 tinh phan xa, d8i
x(ing va béc cdu. Nhiing 18p trang thai tuong duong sé phan chia tap hgp
trang thai M thanh cac tap con M = M, UM, U ..., ma trong mbi tap con
moi phan tU trang théi ctia nd déu tuong duong véi nhau: NEu « € M, va
B € My, thia~ 3. Néuxe M vap € M; (i #j)thi « va B khéng tuong

- duong. MAi hop con M, ta goi I mét quy dao. Mot khong gian trang thai
cia bai toan 13 hgp nhimg quy dao khac nhau.

Binh nghia 1.2. M6t ham s6 f xéc dinh trén tap trang thai M goi [a ham
bat bién hodc dai lugng bt bi€n, néu trén nhiing trang thai tuong duong
nd nhé&n cung mdt gia tri, nghia 1a

néu o~ B thi f(a) = (B). (1.6

TU f(ec) = f(B) khang thé néi gi vé sy tuong duong clia hai trang thai
« va 3. Ta dua vao mét loai ham bét bién mai:

Binh nghia 1.3. Mgt ham bét bién f dugc goi 1a bt bién van nang, néu
hai trang thai khdng tuong duong nhau thi né nhan nhimg gia tri khac
nhau:

néu & ¥ B thi fla) + ().

~ B4t bién van nang trén mét quy dao nhan chi mét gia tri. Vi thé vai bat
bién van nang
a~B & fla)=f(B) . -
4.GIAITOANBPPDLBBS
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Nhu vay, vdi bat bién van ning, cho mdt cap trang thai bat ki ludn cho
phép ta k&t luan ching cb tuong duong hay fa khdng.

Nhung Iam thé nao dé kiém tra mét ham bt bién 1a van ning? Khang
c6 phuong phap chung nhung c6 mdt tieu chudn don gian sau day:

* Binh i 1.1. Néu

a) t6n tai ¢ trang thai 51,53, ..., 5 a0 cho moi trang théi o € M tuong
duang vai mét frong ching va

b) ham bdt bidn f nhan hiu han ¢ gid tri khac nhau,
thi f ia ham bat bién van ndng va nhing trang théi 5;, 5(1 £ j) déi mot
khong tuong dudng voi nhau.

Tir diéu kién a) cho ta t8n tai khdng qua £ quy dao. TU diéu kién b) cho
ta t6n tai khong nhd hon £ quy dao. Suy ra ton tai £ quy dao. Trén cd s6
cha b) lai cho ta bat bién f chi nhan £ gia tri khac nhau, nghia 1 f 1a bat
bién van nang. Cusi cung tlr a) cho ta nhing trang thai 81,85, ..., 5¢ nam
3 cac quy dao khac nhau, do d déi mét khdng tuong duong vGi nhau.

Ta 18y vi du cu thé:

Vidu 1.74. Ngudi ta tréng m cay xung quanh mijt hé hinh tron. Luc d8u
méi cay dau mét con ¢, nhu’ng ngudi ta thdy rdng i nhu ai 6 bt nhip:
Mbi 1an co hai chi ¢6 trén hai c8y ndo do cung bay lén va dgu sang cay
bén canh, mét con bay theo chidu kim déng hd cba bd hé, c¢on con kia lai
bay ngudc chiéu kim déng ho. Ti trang thai ban dau w: Mbi con ¢o @ mot
cay, theo nhip thay déi chuyén ché cia cac cha co ndi trén, dén mét luc
nao do t6i trang thai v: Tat ¢& cac chu co dau dén trén mbt cdy nao do
dugc khong? |

Loi gidi. Ta cb thé gidi bai toan bang cach tim cac ham bat bién theo
cach khac nhau: _

Cach 1: NEu n - 2m. Ta t& mau mdt cy xanh cach mét cay tring. Khi
d6 méi 1an ddi chd sb co trong cay tring ho#c 13 khdng thay d8i nhu hinh



52 Chuong 1. Nguyén Ii bat bién
9 © ONNG ¢ Q
@ O O &
(@) (b) (c}
Hinh 1.12

1.12(a), ho&c la tAng 1&n 2 nhu hinh 1.12(b), ho#c 14 gidm di 2 nhu hinh
1.12(c). VGi mét trang thai bat ki « cla nhimng con ¢b ta ki hiéu 8{a) la sé
con co dau § nhiing ¢dy mau trang. Ta xét ham p{«) nhu sau:

0 néu () 14 86 chan ,

pla) = - s ox1L

I néud(ax) lasdle.
Theo nhimg nhan xét & trén thi ham s6 p ¢b s6 chan nhing con co trén
ray trdng. 1a khéng doi va piv) = 0.

N&u m = 2k 1, thi 3;23 Ia mot s6 16. Nghia 13, v8i trang thai ngay tf
dau i ta cod plu) = 1. TUp(u} / p(v) suy ra hai trang thai 1 va v khong
lwong duong. Nhu vay trong truong hgp (n - 2m,m - 2k { 1} tf trang
- théi 1 khodng thé tién t6i trang théi v.

Nhung con néu m - 2k thi sao? Khi dé % la 86 chanvapiu) - plv) -

0. Trong trudng hop nay ham bat bién p\khéng dua ra két luan dugc la cd

tudng duong gitia hai trang thai 1 va v hay khéng.

Nhu véy véi ham nay khéng dua dén két luan. Mot cha y 1a néu f la
ham bét bién thi tir f(«) -~ (B} khéng suy ra diéu gi ca: Khi d6 « va B cd
thé tugng duong va cing c6 thé khdng tuong duong. N&u f{x) # f(B) thi
trang thai « va B khong tuong duong (di€u nay suy ra tir dinh nghia). Ta
ch thé thiét 1ap ham bat bién theo kidu khac.

et
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Hinh 143 Hinh 1.14

Cach 2+ Ta danh s6 cac cay tr 1 d&n n. Vdi trang thai « cac con ¢o G0
trén cay bat ki, ta ki hiéu ax o) 12 s§ co tai cdy th k vdi trang thai nay.
Bay gid ta xét ham
qlo) = Lay(a) + 2oaz{a) + 3asla) -+ n.an{a). (1.7}

Ham g(o) ¢6 phéi la ham bat bién?

Mt trang thai thay ddi bat ki dugc mé 1A trén hinh 1.13 va téng (1.7}
chi &nh hudng dén 4 thira s6 sau: B

ot iago) 4 (1 Deaiea () F G- Vg ) 4 fagle) 4 (1.8)
Vi viéc thay ddi trang thai trong hinh 1.13 thi tdng (1.8) trd thanh

e ifai{e) =14 (i 1 laser ()G - DJagoy () + 1T+ ey (- T4 -

D& kiém tra thay riing téng vira thay a8i va tdng trudc khi thay ddi & trén
la triing nhau. Phai chang g(o) 1 ham bét bién? Biéu nay khong dung, vi
cdn ba kha nang nifa nhu céc hinh 1.14, 1.15, 1.16. Bang cach xét tdng
nhu trén thi hinh 1.14, q{&) gidm di n, con hinh 1.15, g(a) tang fén 7.

“Truding hop cudi cling hinh 1.16, q(«) khdng thay ddi. Nhu vay, gia tri cda

q{e) cb thay a8i nhung chi 1 s6 . Suy ra, dinh nghia mot ham () gia
tri clia nd 14 cac s6 du cla phép chia g(a) chon, 1a mot ham bat bign. TU
trang thai v tat ca con cd dau trén mot cay ¢ thi
[ ar(v) - azv)i o e saga(v) = agoivl e aa(v) 0
ag{v) - mn

Nghia 1a q{v) - ¢nvar(v) = 0 (vGi bat ki £ va n). Mat khac, a ()
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il o e, n .« v, n .
i O @\
’ 1 t_\ i
Hinh 115 _ Hinh 1.16
ax(p) = ... = an(p) =1, Vay
Qi) =14+ 244 n. M

2

NEu 1 = 2m, thi (3} = nom 4 m va r(u) = m £ 0. Suy ra vdi n 13 &
chén thi ta nhan dugc r(v) # (), do @6 i va v khdng tudng dudng.

NEu n = 2m + 1, thi q(u) = n{m 4 1) va r(n) -- 0. Nhu vay trong
trugng hop n 1a 86 1€ ta lai ¢ (v} = (). Trudng hop nay ta lai khéng
cb k&t uan gi vé su tuong duong clia hai trang thai v va i

Ta ding dinh If 1.1 d& chimg minh ring r(«) 13 bat bién van ning. That-

vay, ki hiéu §; Ia trang théi sau: M6t con cd & trén cay thir i, con nhing

 con cdn lai dau & cay thirn. Vay 5., duoc hidu 13 trang thai tat ca céc cha
cd déu trén cay thirn. _

Ta s& chi ra rang mét trang thai bat ki déu tuong duong vdi mét trong
nhing trang thai 81,63, ..., 5. That vy, cho « 13 trang thai bt ki clia cac
_chij cb trén cay. Ta c§ gdng ddn tat cd cac chi ¢d vé cay thir n. Theo
phép bi€n d&i nhu bai d3 ra ta tién hanh nhu sau: Con co & cay s6 1 bay
theo huBng vé& cay 6 n, déng thoi luc d6 con s6 2 bay theo chidu ngudc
lai. Sau d6 lai don con s6 hai bay v& cay th¢ n va con dau trén cay sé 3
bay theo chidu ngudgc lai, .. ¢t ti€p tuc nhu vay cho Gén con cd du 8 cay
thir {n -~ 1). Khi dén cha co thit (n - 1) vé cay thr n thi con ¢o trén cay
thir n s& bay ngugc lai 8n mot cay thirinao do (i 1,2,..,n  1). Bidu

Ry
o,

Ay
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nay cb nghia I3 o ~ ;. Ta tinh v{8:). V6i t / n:

ay(8i) = az(8i) = ... = ai 1(8i) = Qip1(8i) = oo — @n 1183) -0,
aifdi} =1,
G.n(éi) =n- L

Suy ra, q(8:) = 1.1 + n{n— 1) va ;) = i Ngoai ra q{dn) -~ n.nva
1(8n) = 0. Nhu vy T nhan n hitu han gia tri khac nhau.

Theo dinh i 1.1 bat bién 7 1a van nang va céc trang thai 51,52, ...,n

ddi mdt khong tudng duong. Vi v 12 van ndng nén
a~p & r{a) =v(p)
Phén truéc ta da chimg minh dugc
r(p) = r{v) & nlasdlé

Suy ra u ~ v khi va chi khi n 1a & 1&. Nhu vy bai toan duge giai hoan
toan. ©

V& nhifng ham bat bién, ban doc cb thé gidi nhilng bai t3p sau:

1. Chiing minh riing néu f 13 ham bét bién va g 1a mdt ham s6 bét ki,
thi ham h{a) = g(f(«)) ciing 1 ham bét bién.

2. Ching minh réng néu h 12 bat bién, f 1a ham van nang, thi ton tai
mét ham s6 g sao cho dang thic sau ding hix) = gtfla)).

3. T& ham van ndng T cla 181 gidi trong vi du 1.74 ta dinh nghia hai
ham bt bién nita: flo) = [r(a))? va g{«) = [r(x)} - 2]%. Chimg minh
r&ng ham bat bién f l& van nang, ¢on ham g khdng van nang.

4. Cho ham f b4t bién van nang. Vai didu kién gi clia ham s& g € cho
ham h dugc xac dinh theo cong thirc hia) = g{fla)) 1a mot ham bat

bién van nang ?
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1.6.2. He thong baT bien day.du

Nhiéu khi dang I& di fim va s& dung ham bat bign van nang, ngudi ta
di im hé bét bién day dl dudc dinh nghia nhy sau:

Binh nghia 1.4. Mot hé¢ nhiing bt bign (£, 15, ..., fx} dugc goi [a déy do,
néu nhiing ddng thiic : '
file) - f1(B),

fala) = 2(B), (1.9)
fila) - f(B).

dong thoi dung khi va chi khi trang thai o va g tuong ducng.

Tu dinh nghia ta thdy ngay 1a hé nhiing b4t bién ddy du 1a tdng quat
héa khai niém bat bién van ning: Néu f Ia bat bign van nang, thi hé {f}
gbm mot bat bién 1a hé ddy du.

Vidu 1.75. Trén bdng ké 6 ¢8 2 x 2 ta viét nhing 8 nguyén. Budc phép
thay ddi:

1. Trén mét cft bt ki, mdt s6 trong nd duge coing thém 2, nhimg s6
con trong cot trir di 2:

2. Trén mGt hang bat ki, mot s6 trong nd duge cong thém 3, nhing s6
con trong hang trur di 3;

Nhitng bang twang dudng cda né fa nhu thé nao?
L i gidi. Ta xét ba ham: v&i mét bang bat ki o - (E 2) ki hiéu

-play=atbictd,
q(x) = s6 duclia $6 a + b chia cho 2,

r(a) - sdduchasd a b c chiacho 3.

Nhiing ham p, g, trén 1a ham bat bién. Khong kho kiém tra mot bang «

2
X
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~ bat ki tuong dudng vi bang sau

5 0 glx)
ToArla) pla) - gla) - orled )

That vay, tir cac déng thire

pla) =pip),
qla) = q(B), . (1.10)
T(a) = T(B),

khing dinh nhimng bang & va B cling tuong dudng véi mdt bang, nghia ta
chiing tugng dugng véi nhau.

Ngudc lai, sy tuong duong clia hai bang « va ( kéo theo cac dang
thitc trong (1.10), vi th& p, q, v 14 bat bién. Nhu vay {p, g,r} 12 hé bét bién
day do. ©

Ta c6 thé dé dang gidi nhimg bai tap sau:

1. Chng minh rAng néu f1, ..., fi & nhiing ham bat bién va g ia mot

ham sé k ddi 6, thi ham
h(e) = g(fi{o), f2(0), .., ficlx)) (1.11)
1 mdt ham bat bién.
2. Chiing minh riing néu h 1a mét ham bét bién va {f1,..., fi.} 1 hé bat

bién ddy du, thi ton tai mdt ham g ¢d k d6i s6 sao cho thda man
(1.11).

3. Cho M 1a tap hop nhiing cip s6 thuc {x,y). Xét phép chuyén ddi
duy nhét (x,y) — {y,x). Dat

f1 (X, y] _...l Xy,
falx,y) ~x by

Chimg minh ring hé 111,12} 1 mot hé bat bign Gy av.
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4. Cho M | tp hgp nhiing cap s6 thuc (x,y,z). Xét phép chuyér di
{x,y,2z) — (y,x,z} vl {x,y,2) = (x,z,y). Dat

fi{x,y,z) -=xyz,
falx,y,2) =xy-tyz t2zx,
falx,y,2) ==x+tytz

Chimng minh réng hé {f;,f2,f3} 1a mdt hé bat bién day aa.

Ban doc ¢d thé tdng quat hda bai tp cudt cling nay. Nhing bai tap
. nay la nhiig van dé sau sic trong dai 6 nhiing da thirc. Nhilmg ham nay
khéng nhitg ¢ nhimg tinh ch&t bat bién ma con nhiéu ich Igi khac trong
nhiing 1&p da thirc, van dé nay dudc dé cép trong chuong tiép theo day.
Dé két thic chuong nay cac ban thir gidi nhimg bai tap sau day nhd
céac kién thire ta da thu nhan dugc trong phan chuyén dé.

BAi TAp
> 1.76. Mot cdng tdc may vi tinh gdm hai phan nhu hinh 1.17, mét bén ¢b
n 16 c&dm va mét bén gdm n d4u cdm. Co thé danh s6 tir 1 dén n nhimg

16 cdm sao cho véi mdi 1an ndi cong thc mdt trong nhiing ddu ¢am roi vao
15 ¢6 dang s6 clia minh dudc khdng?

112 13 |4 112 13 |4
516|718 | |5]|6(7 |8
9 |[10|11]12 9 1101112
13114 |15 1315114

| (@) (b)
Hinh 117 Hinh 118
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> 1.77. Tro choi ddy cac sé trong bang 16 & véi mét 6 tréng va 15 6 ¢d
cac s6 nhu hinh vé 1.18. Budc phép mét 18n ddy s6 cha mot 6 sang bén
canh 6 con fréing. CO thé thuc hién lién tiép cac phép ddy i trang thai
hinh 1.18(a) sang trang thai 1.18(b) dudc khong? Hay tim ham bt bién
van nang cla tro chai nay.

> 1.78. Mot bang cb nhidu 6 ¢8 11 x 11 6ugc bb di 22 6 sao cho trén moi
cét va trén mbi hang dudce bd di ding 2 6. Hai vi tri nhitng 6 dugc bb di
tuong duong nhau néu ta chuyén dai mot s6 bat ki cac it gitra ching va
nhiing hang giva chong, thi tif vi tri nay nhan dugc vi tri kia. Co bao nhigu
vi tri khong tuong duong clia nhing & Gugc b di?

> 1.79. T4t ca cac s6 nguyén iz 1 dén 2n duge viét thanh mdt hang. Ta
thic hién v&i méi 6 cong vao vai s8 (4 vi tri cla s6 d6. Ching minh rang
trong nhiing téng nhan dugc bang cach trén ¢b hai 6 chia 2n cho cung
mot s du.

> 1.80. V@i nhimg diéu kién & vi du 1.74, nhung hai chd ¢d cling bay Ién
dé& chuyén sang cay khéc theo hai chiéu khac nhau hogc ciing mét chiéu
déu dudc. Hay tinh ham bt bién van nang cla bai toan nay.

X1 (X} X IX XX XX
X X XX
X X XX

Hinh 119

>1.81. Trong bang cd 3 x 3 8, ngudi ta dat vao cac 6 cacsd |1 hodc - 1.
M6t phép bién ddi 1a thay cac ddu & cac & theo mot hang hodc mbt cot.
Chimng minh réng

a) S6 quy dao 1a 16;
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b) Moi quy dao déu chira 32 phan td;

c) Tich cla tat ca cdc sd trong hinh vudng bét ki ¢ 2 » 2 trong bang

'a bat bién;
d) Yich cla 8t ci cic s dudc danh diu trong bén hinh vudng nhu
hinh 1.19, tao thanh mét hé bat bién day do. , :
Hay gidi bai toan nay trong cac phan trén theo mot thir v bét ki; dé
théy céac phan déu trg gilip 1an nhau.

> 1.82. Vecto (a,b), § Gay a,b 12 nhilng s6 nguyén, dugc bién ddi thanh
mdt trong nhimg vecto (o 4+ b, b), (& - b, b}, (b, a). Hay tim ham bat bién
van nang cla bai toan nay.

> 1.83. Cép vectd (¢, b),(c,d), dday a, b, ¢, d & nhiftng s6 nguyén, duge
phép bién d6i thanh cac cap vectd (a+b,b), (c 1 d,d); (a- b, b), (c~d, d);
(b,a},{d,c). Hay finh hé bt bién ddy dl cla bai toan nay.

9
Al
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DA THUC DOI XUNG HAI BIEN

2.1.Dinhnghlavatinhchat . ................ 61
2.2. Binhlico bancho dathichaibién ... .... ... 64
2.3. Gidi hé phuong trinh dgixung . . . . .. .. ... .. 67
2.4. Pua vé hé phuong trinh dang ddixing . . . ... .. 73
2.5. Chang minh bat déng thie déixung . . . . . . ... 78
2.6. Baitoanvé tamthirc bachai . ... . .... ... .. 83
2.7. Bhan tich da thicc déi ximg rathérasd . . . . ... .. 87
2.8. Nhirng baitodankhac . . .. .. ... ... 91
2.9. Chuyén dé vé phuong trinh hé s8 ddi ximg . . . . . . 97

2.9.1. Binh li co ban clha da thiic hé s6 diximg . . . . 97

2.9.2. Nhitng vi du gidi phuong trinhbac cao = .. . . - 100
210Ggi y va trd 1gi baitapchuwong2 . . .. ... ... .. 105

Chugng nay dua ra khai niém vé& da thirc hai bién, xét mét loai da thirc
d4c biét 13 cb gia tri khdng di khi ta thay d6i cac bién cho nhau. Sau dd
12 xét mét dinh Ii cd ban vé da thiic di x(ng. Binh I duge ching minh chi
tiét va dua trén dinh li ndy ta Ung dung giai hang loat bai tap trong dai 80
nhu: Gidi hé phuong trinh, phén tich da thirc ra thia s6, chiing minh bat -
dang thirc, ...

2.1. Pinh nghia va Tinh chAT

Cho b 1a mot s& (co thé 1a s6 thyc ho#ic s6 phlc). Mot ham sb
@lx,u) - axty¥ Gudc goi la mét don thurc hai bién x,y voi ¢, k la nhing
s6 nguyén knong am. S6 a dugc goi la hé s6 clia don thic va s t 1 k goi
la bac ctia don thirc va dugc ki higu 12 deg(axfy*) - T | k.
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Hai don thitc dugc goi la déng dang, néu chung chi khac nhau vé hé
s8. Ban thitc @ = ax®'y* va1  bx“y* 13 déng dang, néu ching phu
thudc vao cung sé bign va {7 = 43, ky - k.

Dé théy rang téng clia hai don thiic déng dang I3 mdt don thire, vi khi
a6 ax®y* + bx‘y* = {a 4 b)x*y*. Tich clta hat don thitc déng dang ciing
tao ra mét don thire nhur ax*y*.bx‘y* == (a.b)x?*y?*. Nhung tdng hai don
thic khdng d8ng dang cé thé khong phéi 13 mét don thirc.

Dinh nghia 2.1. Mdt ham hai bién P(x, y) goi 1a da thic hai bién, néu nd
c6 thé biéu dién nhu mét t8ng hitu han nhiing don thic hai bign.

Nhu vay mét da thirc hai bién ¢ thé sdp xép bac theo mot bign nao dé
tlf 16n dén nho goi 1a sdp xép theo bac bidn. Vidu Px,y) = x* 1 x3y? |
x2y? + 2xy? dugc sdp xEp theo bac cla bién x.

Ta sé khong xét tat ca nhiing da thifc hai bién tdng quat ma chi gigi
han cho mét 19p da thifc ¢ tinh ddi ximg theo bac cla cac bién.

Dinh nghia 2.2. Mét da thic hai bién P{x,y) goi 1a d&i ximg, néu da

thrc nay khéng thay ddi khi chuyen ddi x bang y vay béng x, nghta 1a
P(x,y) = Ply,x).

Ta c6 thé chi ra hang loat cc vi du vé da thifc d8i ximg hai bién nhyr -
1) P(x,y) = x’y + xy? | da thifc d6i x(ing vi khi ta thay x bing y va y
bang x da thde van nhy ci.
2) P{x,y} = [x + y)* + x® + y® 13 da thic d8i ximg.
3) P(x,y) =x* - 52 khong phai la da thiic d6i x(rg, vi thay x bing y
vay bang x, Py, x) =y - 52 # P(x,y) = »3 - 5y
T dinh nghia da thifc ddi x(mg hai bign ta suy ra phép cdng, phép
trlt, tich hai da thic d6i x(mg ciing & mét da thic d6i x(mg. Phép 15y
Iy thira cla mét da thirc d6i ximg cling 1 mot da thifc d6i xing. Nghia
12 néu P(x,y} va Q(x,y) 14 hai da thitc d6i xtmg, thi P(x,y) + Qlx,u}.

RN
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Pix,y).Q(x,y) va (P{x,y))™ clng ¥ da thirc d6i ximg, & day n la mbt s6
tu nhién duong.

Ménh d& 2.1. M6t da thirc d6i xing hai bién x va y Ia téng ciia nhing
don thic dang ax*y* va da thire d6i xung dang b(x"y™ | x™y") vdia, b
la nhitng hé sé va nhimng sé tv nhién 0 <m < n, 0 < k.

Chung minh. Cho P{x,y) 1a da thifc d6i ximg, theo dinh nghia P(x,y) =
Ply,x) va P{x,y) bao gdbm hitu han nhimg don thifc. Nhimg don thiic nay
cO bac khac nhau. Ta xét hai trudng hop: .

1) Bon thirc clia da thiic ¢b cac bién ddng bac nghia 1a ax®y* vdi k
la mét s& nguyén duong. Khi dé ta chuyén ddi bién sé thi don thic nay
khong doi. :

2) Bon thifc ¢é dang bx™y™ vdin, m 1a s6 nguyén duong van > m >
0, b 12 mét hé s8. Khi ta chuyén ddi hai bign s6 cho nhau thi don thifc trén
trd thanh bx™y™, hai don thiic nay hoan toan khac nhau. BE ddm bao
P(x,y) = Ply, x) thi hai don thirc nay phai c6 mat trong tdng clia da thirc,
nghia 1a da thirc (bx™y™ + bx™y") 1a mdt s6 hang cla da thitc. Néu trai
lai thi da thic da cho khdng phéi 1a ddi ximg, vé li. .

Tém lai, mot da thirc d6i x(mg bao gém tng nhitng don thic véi cac
bi€n cling bac va tdng ctia hai don thifc cling hé s véi cac bac & bién
chuyén d8i cho nhau. ©

Ta cb thé Wy vidy: P(x,y) = x° 1 3x3y2 - %3y + 3%y + y° la dathirc
d6i xtmg hai bi&n x,y, & day ta cha y hai don thic x> = x>y? vay® — x%y°
va tdng 3(x3y? + x2y?).

Ta xét hai da thifc d6i x{mg hai bién don gidn nhét P(x,y} =x + y va
Q(x,y) = xy. Nhiing da thirc nay dudc goi la nhitng da thifc dbi xung co
s hai bién va dugc ki hiéu d3c biét

Sr=x+y, Oz--xy.

Phén sau day ta s& chi ra rang da thitc dGi x{ing hai bién déu cb thé biéu
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dign nhu mot da thic hai bién vdi cac bién 13 nhitng da thdc co so trén.

2.2. Dinh Li co bin cho da thirc hai bien

Nhu ta da biét tdng, hiéu, tich, |0y thira nhiing da thifc d6i xing déu
cho ta mét da thirc déi ximg. Nhu vay i hai da thifc d6i x(mg cd sd ta ¢o
thé tao ra nhimg da thirc d&i xing thy y. Vi du:

1) Q(81,82) = 838157 - (x1y)® - (xTylxy = x3 1 2x%y 1 2xy? 1y°
P(x,y) 12 mot da thire d8i xiing hai bién theo x va y.

2) Q(8y,82) = 263 — 8382 = xy - xy? = P(x,y) 2 mot da thitc d6i
xu’ng hai bién theo x va y.

Nhu vy ta ¢6 thé ndi ring trong mét da thic hal bign 5 va b;, khi
thay &; = x +y va b, + xy vao da thirc ndy s& nhéan dugc mdt da thic
déi xitng hai bién x va y. _

Cau hdi ngugc lai 1a: Mét da thiic d6i xiing hai bién x va y ¢b bidu dién
dugc nhu mdt da thire cla hai bién 8; = x + y va &, = xy dlgc khdong ?
Vi du: Xét da thirc d6i xing bat ki nhet x*y 4 xy*, ta bién @i

-

Xty byt 2 xy Hut) e xy(x by xy 4yl -
= xy(x + u)((x 4y - 3xy) - 8,5, (8%  3583).

Vi du khac: V6i da thirc 1a tdng Iy thira cla timg bién S, - x™ + y™,
n .- 1,2,... D& thay

Sy =% 1y =bi;

S; x4yl e (xty)Y - xy =57 28y

Ss =%’ by® byl xy 1 y’) -

St ylilx 1t y)? - 3xy) o 8(87 382
Sy ooxt oyt o (kP y?) o Py (87 26, 283

DE dan dén dinh Ii co ban clia da thikc ta xét ménh dé.
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Ménh dé 2.2. Moi (6ng Idy thira hai bién S, - x™ 1 y™, n = 1,2,3,... ¢0
edng thuc truy hoi

Sn 6]5,—1 1 52511 2,1 - 3,4,... (21)

va Sy ¢O thé biéu dién dudi dang da thic cda hai bién by va b;.

Chumg minh. 1) Ta c6 thé tim dugc cong thic (2.1) nhu sau: Ta xét hai
d&ng thirc Sn_ 1 = x™ ' {y™ ' vad - x { y. Tanhan hai déng thic theo
v& va nhan dugc

1

n--1 n

51Sa. 1 = (x ty)xX™ T Hy™ T ex™ xy™ T +x™ Ty 4y

. ,xT\ + —yn 4 xy(xn' 2 | yn" 2) = Sn | 6251"[- 2.

2} Ta chimg minh b3ng quy nap S, biéu dién nhu da thitc cla 5, va §,.
That vay, nhu tinh toan & phan trude thi S; =8, va 52 — 5% - 25, déu biéu
dién nhu da thi'c qua hai bién &; va 5,. Gid sl S, va Sn 2 ¢ling bidu
di&n nhu da thirc clia hai bién &, va &,. Ta phai chiing minh ring 5., cing
bidu didn nhu da thirc hai bién trén. Diéu nay 1a hién nhién vi theo cdng
thic (2.1) va gid thiét quy nap suy ra diéu cdn chimg minh. Nhu vay diéu
khang dinh dung v&i moi s tu nhién duong. ©
Cong thirc (2.4) khong nhing it quan trong trong ménh dé trén ma

con & mot cong thic tinh Sy, biéu dién theo &; va §;. Tl cong thic (2.1}
ta ¢6 thé tinh 1&n lugt cac Sy:
) 53 2 6]52 -— 6251 - 5][5% - 252) - 525] s 5? 36]52;

Sy = 8153 - 8252« 51(63 - 381820 82067 - 28;) = 8 48752 1 283,

S5 = 81Sq - 8253 — 81(8% - 48287 1 263) - 52(87  36162) -

87 - 55165 + 58,83,

va ta c6 thé iép tuc tim duge nhiing t8ng loy thira ti€p theo. Ban doc c6

thé tu tinh 1y nhiing bidu thiic tiép theo. Vitinh quan trong cho (ing dung
sau nay, ching t6i iét ké 10 téng liy thifa dau tign: BiStrang Sn ~ x™ 1y

-

5.GIAl TOANBP.PEL.BEB-A
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vabdy - x ty,dr xy.

51 =8y
Sy 6% 28y
S3 =83 - 385y

Sy = 81 - 4618, 1 285;
Ss = &7 - 5636, -+ 58153;
Se = 8% - 65162 + 96282 - 263,
S; =587 - 7536, + 146363 - 78163;
Sg = 85 — 8556, + 206167 — 1667863 + 25%;
Sg == 87 - 9875, + 276353 - 306383 + 95,6%;
Sio =510 - 10685, | 358662 - 506383+ 256763 - 283;
Binh li 2.1. Mt da thic d6i xung bat ki cda céc bién x va y c& thé biu
dién dudi dang mot da thure cba 81 = x +1y va 53 = xy.
Chuing minh. Mt da thitc 65i xing hai bign bat ki déu 1 tng clia hai
dang don va da thirc nhu ménh dé 2.1.
1) Trudng hgp nhiing s8 hang cla da thirc 1a don thiic déng bac vdi
cdc bién: Bon thirc ¢ dang ax*yk. Dé thay
ax¥y* = a(xy)* = adk.
Nhu vay, 8 hang nay biéu dién theo 5, va 6.
2) Trudng hgp nhimng s6 hang cla da thirc ¢d dang b{x"™y™ 4 x™y").
Ta gia thiét rAng n > m, khi d6
bx™My™ 4 x™y")  bx™y™y™t ™ 4 x™ ™) = b S m.
‘theo ménh dé 2.2, S,, . c6 thé biéu dién nhu mét da thiic clia 5, va 5;.
Suy ra s6 hang trén ciing biéu dién nhu mot da thiic cla &, va 5.
Tém lai, moi s8 hang ciia da thirc déu biu dién nhu da thirc cla &,
va &7, suy ra da thic di xiing biéu dién nhu da thirc clia §; va §;. @

5.CGlal TOANBP.PELBEB



2.3. Gidi hé phuong trinh déi ximg 67

Théng qua cach ching minh trén ta ¢6 thé chuyén déi moi da thirc &6i
x(mg thanh da thic cla &, va 6> nhu vi du sau: Xét da thic
Pix,u) = x® +3x%y2 - Xy - 2yt 4 y® 4 Byt - Iy

Ta sdp xép lai theo t8ng nhiing mdt dan thitc va hai don thic nhy trong
chimg minh: ' '

POoy) = -x Y%+ (x4 95) 1 367y? +x3y%) - 2(y® 1 xPy)
hay
Px,u) = x2y° + (x® 1 y®) + 3?92 (x +y) - 2xy(y® 1 xD)
= 83+ Sg 4 38561 - - 28283,

va theo codng thirc (2.2) ta ¢

P(x,y) = -53 + S¢ + 3838) — 25,53
= =83 + (67 — 65762 + 96763 — 263) + 36381 -~ 251(53 - 35153)
= 85 — 6836, — 2636, + 96263 + 96,53 - 263 — &3,

2.3. Giai he phuong Trinh doi xing

Ta thudng g&ip hé phuong trinh hai 4n ma nhimg vé& trai clia phuong
trinh 1a nhitng da thic d6i ximg hai &n x va y. Trong trudng hdp nay ta
chuyén hé phuang trinh thanh hé nhiig phuong trinh phu thudc vao 8,
va 6 va gidi hé phuong trinh méi nay, thudng 12 nhimg hé phuong trinh
don gién hon rét nhiéu. Sau d6 nhd nhimg gia tri clia 5, va &, ta di tim &n
sdxvay. '
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Trudc khi xét nhiig vi du cu thé, ta xét dinh Ii:

Binh 1i 2.2. Cho 5, va 5, fa hai s6 bét ki. Phuong trinh bac hai

22 - 512 8 -0 (23)
va hé phudng trinh
; = By,
Xty =4 (2.4)
xy = b2

c6 mdi lién hé twong duong theo nghia sau:
Néu z,,z2 13 nghiém clia phuong trinh béc hai (2.3}, thi hé phuong
trinh (2.4} c& hai nghiém

X1 7T I, X2 = 27,
yroszz, o Yz -2

va khdng co nghiém khac; nguoc lai, néu x = a,y = b Ia nghiém cia hé
phuong trink (2.4), thi nhitng s6 a va b clng 1a nghiém cia phuong trinh
béc hai (2.3).

Ching minh. Néu z; va z, 1a nghiém cla phudng trinh bac hai (2.3), thi
theo cong thic Viét

z1+zy = by, nghials ¢ X1 TE Jx =22
znizy - ba, Y122, Y2 =1
13" nghiém cGa hé phuong trinh (2.4). Cén khong c6 nghiém khéac nita clia

hé& dugc suy ra tif khéng dinh ngudc lai.
N&u x = a,y -~ b 1a nghiém clia hé phuong frinh (2.4), nghia 12

alb b,
ab w8y

22 - 61218 z¢ (atblziab- (2 alz bl

Khi do ta ¢d

Pidu nay ¢b nghia |2 nhiing s8 , b & nghiém clia phuong trinh (2.3). ©

Ry
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Vi du 2.1. Giai hé phuong trinh
3yt -2,
xy(x +y) 2.
L oi gidi. V& trai cla nhing phuong trinh d& cho |a nhimg da thifc d6i xing

d8i v8ix vay. Ta G4t &y = x+y va b; = xy. Ta st dung nhing d&ng thirc
trong (2.2), tim dugc x® 1 y* = &3 - 3815, va hé phuong trinh trG thanh

57 3815, =2, 836 =2, 5 -8 o -2
& & &
5182 = 2, 5162 -2 518, =20 |82 =1

Nhu vay hé phuong trinh ban ddu tuong dudng véi

x+y =2,
XYy = 1.

Hé phuong trinh dé& dang gidi dugc, vi theo dinh li 2.2, viéc gidi hé nay
dua vé gidi phuong trinh bac hai z2 — 2z + 1 = 0. Phugng trinh bac hai c6
nghiém bdi z - 1 nén hé chi ¢6 nghiém x - 1vay - 1. ©
Vidu 2.2, Giai hé phuang trinh
x5 +y’ = 33,
x+y = 3.
L6 gidi. Ta st dung cong thirc (2.2) d8 chuyén hé phuong trinh trén vé
hé theo cac bién &, va &2: '
83 - 5835, 4 58185 - 33,
&y 3.
Tir db tim 5, trong phuong trinh béc hai
1562 - 1358, -+ 210 = 0, hay 1a 83 - 982 + 14 = 0.
T phuong trinh nay ta tim dugc hai gia tri cba 520 82 - 2vA 8, =7. pé
tim nghiém cho hé phuong trinh ban dau ta xét hai hé phuong trinh

x iy is’vé x1y -3
Xy 2. Xy - 7.
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Giai nhiing hé nay ta nhan dugc (khéng tinh nghiém la s& phirc)

Xy 2, xz =1, @
Uy I {y, = 2 .

Vidu 2.3. Gidi hé phuong trinh
' oyt =19k - ),
{x3 +y® = 7(x 4 y).

Loi gidi. Ta thdy ddy 1a hé phuong trinh hai bién dsi xing va ta ciing
co thé gian udc dude nhimg s6 hang chung, nhung dé tim dugic hét cac
nghiém ta xét:

1) Néu x  y, thi hé phuang trinh chi con 2x3 = 14x (vi phuong trinh
th nhat ludn 1a dong nhat), tir phuong trinh nay ta tim dugc ba nghiém

sau
x1 =0, [x2 =7, [x3 = 7
{y; =0 {yz = V7, {U3 = V7.
2) Néu x = -y, thi phuang trinh thif hai trong hé @dng nhat 12 0, con
_phuong trinh thir nhat 1a 2x3 = 38x. Tir d6 ta tim thém duge hai nghiém

nita
xg = V19, x5 = /19,
B W 4
3) Néu x # =y, thi ta ¢6 thé gi&n udc duge x -y & phuong trinh thir
nhat, x -+ y & phuong trinh thif hai va nhan dugc hé
x* +xy+y? =19,
{xz - xy+y? =7

Ta bi€n d6i vé hé phu thudc vao bién &1 va 5, theo cong thic (2.2)
82 -8, 19,
82 - 35, -7

TU day ta tim dugc 87 = 25,5, -- 6, nhu vay ta ¢6 hai nghiém

& =5 [& -5
5, -6 |8, 6.
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TU hai hé trén dua vé céc phuong trinh bac hai z2 + 52 1 6 - 0 va
722 -5z 4 6 = 0. Gidi cac phuong trinh bac hai nay ta nhén duoc céc

nghiém
xe =2, |x7 =3, [xg -2, |x¢ = -3 @
ve =3 w7 =2 | -3 v =2
Vidu 2.4. Giai hé phuong trinh véix £ 0,y # 0:
2 2
?.(.._ 4 _IJ_ = ]2‘
y X
1 N 1 1
Xy 3

Lof gidi. He phuong trinh d3 cho 13 @6t x(mg véi x,y. Ta quy ddng mau
s6 hai phuong trinh va chuyén sang hé c6 hai bién &, va &2:

oyt =2y, 8] -30082 =126,
3(x ,+ -y) s 'x_y, 35] == 62'

L&y 5, cha phuong trinh thir hai thay vao phugong trinh thif nhét, ta
nhan dugc 5? — 957 — 365, = 0, nghia I 61(6% - 98y —36) = 0. Qiéi
phuong trinh nay G8i véi 8, cho kétqua &y = 0,61 = - 3,8 = 12, Tanhan

dugc ba hé
5, =0, 8 = 12, 5 =-3
b =0 by = 36 & = -9,

Tl hé phuong trinh thif nhét suy ra x = y = 0 va day khong phai 12
nghiém clia hé ban dau. Hé thi hai tuong Ung vdi phudng trinh bac hai
22 — 12z 36 = 0, phuong trinh nay coé nghiém kép nén hé da cho ¢b

nghiém
X1 6$
IER - 6,

Con hé thir ba tuong ting véi 22 | 3z 9 -~ 0 ¢ hai nghiém va khi 46
hé da cho co thém hai nghiém
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. .313V5 L3 35

2 2 ) 3 o 2 ¥ @
3-3/5 -3 35
v oo (v 5

Vi du 2.5. Gidi hé phuong trinh

Xty -z =7,
X2 +y? -2 =37,
By 2 =1

L.61 gidi. Ta coi bién thir ba z nhu [a doc 1ap (¢8 dinh lai), thi nhitng phuong
trinh trong hé da cho cd vé trai 14 nhitng da thirc ddi x(ng theo bién x, y.
Theo phuong phap gidi cac bai trén ta dua vé hé vdi cac bién 6, va §:

81 -z =7,

82 — 28, -2 =137,

53518, 23 =1.

Bang cach 18y z & phuong trinh thi nhét va 5, & phuong trinh thi hai
thay vao phuong trinh thir ba. Sau khi tinh toan ta duge 185y = 342. Tir
day ta tim dugc nghiém cla hé trén 8, = 19,8, = 90,z = 12

Tir day dua vé gidi phuong trinh bac hai va tim dugc cac nghiém:

Xy = 9, QX2 = ]0,
yi =10, {y, =9, ©
zr =12 z; =12,

BAi Tép (MGt s0 goi y va tra 10 cac bai tap sau tai trang 105)

Hay gidi nhiing hé phuang trinh sau

Xty =5, X+7y =5,
.B. 2.7.
>2 {xi xy L y? o 7 ' g {x3 by - 65

at
-

-
@

W
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2.4, Dua vé hé phuong trinh dang d6i ximg 73
4{x-+y) - 3xy, x * y a
.8. 213
>2.8 {x Fy 4 x?pyt o 26 v yh bkt pyf)
2- . 2 N
> 2.9, {T:)_*y 1{?%9. 32‘ 2( } - 23
(X + U) 7"% Dz 14. 2 X U) ¥
_1s, iy - 19;
> 2.10. 5
X {y 4 x% 4 y? - 42
2 2 xytx +y)
XL E g, 52145 {1 1 5
52411 {7y ' x et
Xty 12 Y

%%y 4 uPx - 30,
r2.12. ¢ 1 5 > 2.16.
2 :

1
Y X

2.4. DPua vi hé phuong Trink dang doi xing

G phan trudc, ta thdy viéc gidi mot hé phuong trinh @6i ximg rét thuan
tién va cé quy tic chung dé gidi. Nhung khdng phdi hé phuong trinh
da cho nao ciing 14 hé phuong trinh d8i xing. Nhung cb mét sé nhiing
hé phuong trinh khong d8i xiing hogc phuong trinh ta ¢6 thé dua vé hé
phuang trinh ddi xtng 08 giai. Tly vao nhimg bai toan cy thé da cho, ta
sé& dat cac 3n s6 phu @& dua bai todn vé hé phuong trinh d6i xiing d6i v&i
4n s6 mdi. Ta xét mot 86 vi du

Vidu 2.17. Gidi hé phuong trinh

2y - S
X ]X
Y gl

Lo gidi. Ta thdy phuong trinh th( hai vi pham tinh d8i x(ing cua hé khi
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thay déi x, y cho nhau. Ta datz -y, hé phuong trinh trd thanh

5 .
x2 %zz : rzxz|
; 1
Xtz Ts—XZ.

4

Bay 1a mét hé phuong trinh @i x{ing ddi vdi x va z. Khi do d&t §; = x | z
va &; = xz, ta nhan dugc hé phudng trinh (1 cong thic (2.2)):

)
82 - 35,

52 == 0, 62 - 8
5 ] |

M&i hé phuong trinh trén cho ta nghiém a6i véi x va z:

xp-xz2 00, fxz =4 Xqg - -2,
zy =za 0 3 =2 zq =4,

Cudi cing ta nhan dugenghiém clia hé phudng trinh ban dau:

x; =x2 =0, x3 =4, x4 -2, ©
yr =yz2 -0 ys =2 Y4 = 4
Viduy 2.18. Gigi hé phuong frinh
Vyd -1 yx 3,
x? o yd =82

LoF gidi. Hé phuong trinh d& cho khéng phdi 1a hé phuong trinh dai xing
adi vdix vay. Tadatu - vxvav - /y3 - 1. Hé phuong trinh dua vé

w4 v 3, o wt v 3

ut vt 1) = 82 ut vt o8l
H& phuong trinh trén 14 hé d8i xing ddi vai hai bign u, v. V@i &, = u t v
va b2 - v, ciing véi cng thirc (2.2) ta nhan dudc hé phuong trinh

5.3,
51 4896, + 283 8.



2.4. Dua vé hé phuong trinh dang.déi xing 75

Thay 81 - 3 vao phuong trinh hai, ta nhan dugc 55 185> = 0. Phudng
trinh nay ¢é& hai nghiém &2 - 0 va 62 - 18. Ta nhan dugc hai nghiém

&y - 3, by - 3,
{52 -0 {52 - 18.
Hé phuong trinh th( nhat dua vé viéc giai phuong trinh bac haiz? 3z - 0
va theo dinh [f 2.2 ta ¢6 nghiém d8i véi u va v

Uy = 3, Uz - 0) Khi dd X1 = 9‘ X2 0;
vy =0 vy = 3. yi =1 Y - V8L

Hé phuong trinh thif hai dua vé gidi phuong trinh bac haiz? 3z 418 - 0.
Phuong trinh nay khéng ¢6 nghiém thuc. Do g nghiém thuc cla hé ban
dAu chi ¢b hai bd s6 J trén. ©

Vidu 2.19. Giai-hé phuong trinh

e

Vidx -
L o7 gidl. Ti hé phuong trinh ta thdy réng x, y phai khéc khdng va ¢d cung
déu. Néu x,y duong thi ta dat u = /x, v = /3. Néu x,y 1& s6 &m thi ta
ditu = /%, v = /~y. Trong moi trudng hgp hé da cho dua vé:

w v 7
voou  uv :

wvviu = 78,

Bang cach d3t §; - u{ vva s, = uv va theo cdng thiic (2.2) ta nhan

duac
67 35, =7
{52(5$ . 28,) - 78.
Ta thay 8% tir phugng trinh thr nhat vao phuong trinh thit hai, nhan

dugc 53 + 763 - 78 — 0. Ta nhén dugc hai nghiém &, - 6va s, 13
Do dd hé phudng trinh hai bién 5, va 5; ¢d nghiém:

& -5 5. 5
&; -6 & — 6.
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B&i vi u, v 13 nhing s8 duong, nén §; > 0 va b, > 0, nghia la trong nhing
hé nghiém ciia 5, va 5z & trén chi ¢6 thé thir nhét Ia théa man. Do d6 ta

nhan dugc
u 2, uz - 3,
R 5; vz o 2.

Tu Gay ta tim x,y & hé phudng trinh d& cho vdi cach dat v —~ Vx,
v - /f holicu ~ v/, v~ /"y, ta nhan dugc bdn nghiém

xt = 4, X2 - 9, x3 - -4, X4 = -9, @ .
yr =9 Y2 - 4 ys = % ya = A&
Vi du 2.20. Gidi phuong trinh
V97 x| vx 5.

Lo gidi. Ta datu = ¢x vav = /97 — x. Khi d6 phuong trinh dua vé
dang 1L + v = 5. Mat khac

ut vt e x (97 %) =97,
Nhu vay ta nhén duge hé phuong trinh
u+v -5
ut + vt 97,

Biing cach dat 5, — u + v va §; = v, ta dua hé phuong trinh trén vé dang

8y =5,
5 4538y + 283 - 97.
T day ta tim 3, trong phuong trinh bac hai
83 5085 + 264 - 0.

Gidi phuong trinh trén ¢4 nghiém 5, 6 va &, - 44. Ta c0 hai hé

&1 -5 8 5
52 6; 52 44,
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2 4. Pua vé hé phuong trinh dang doi xing 77
T hé thir nhét ta nhan dugc

i 2 }.Lz 3’
vy o 3; vy == 2,

Viu - /% nén nghiém clia phuong trinh ban dau la x; - T6vax, - 81.
Hé phuong trinh thir hai khdng ¢ nghiém thiflc dbi vai u va v. ©

Vi du 2.21. Gidi phuong trinh

x4 X 35
vxZ 1 12
L 6f gidi. Ta thdy ring x — 0 khdng 1 nghiém ciia phuong trinh da cho.
vx2 -1

v -

E]

Ta datu - . Khi d6 ta c6 hé phugng trinh doi xiing

w v =

1 1 35

_— e
v

n 12°

Rl =

X

Bang cach gidi hé nhu muc trudc ta tim duge nghiém u va v @
h !

W=z w e TU day suy ra nghiém cta phuong trinh ban dau la
5 | 5
X1 = -4- va Xy = g - @

BAi TAP (Mot s6 goi y va tra 16 cac bai 18p sau tai rang 109)

Hay giai nhiing hé phuong trinh sau

p2.22. ¢ Y 2 »2.25. | VET VI LA
x° oy 8 x+y - 20
x2 }y=5 3 3
2.23. 3 ! g 535
> {xb §y* - 65 > 2.26. {x] f y] '
xT 4 y5 5,
Y,
a b
> 2.24. Y
22 g
x 0y
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Giai nhimg phuong trinh sau:

J)] b] - .
> 2.27. \!z*-xl\/j X t;

> 2.28. sin*x { cos®x  1-

>2.29. V629 x + V77 +x &

>2.30. V84 x+ V8ox -1

1 35
.l> 2.31. ]—)(2 = TZ";

5232 V0 x- V3 x- 1

r>2.33.x]9_'x x+w X - 84;
C%x ] x+ 1

b

2| -

b 2.34 x + VI7T - x2 + xy/17 %2 - 9;

> 2.35. xv/35 - x3(x + ¢35 - x3) = 30.

2.7. Ching minh baT dang thire déi xing

Phugng phap dling da thirc d8i ximg rat higu qua 6& chimg minh nhifng
bt dAng thitc. Nhimg bt déng thitc cén chimg minh thudng c6 dang
P{x,y) = 0, v&i P(x, y} 1a mét da thitc d6i x(ing. Mt bat ddng thirc khdng
thay ddi khi ta thay vai trd cac bién cho nhau trong bét ddng thic thi nd
dugc goi la bat ddng thire d6i xing. Cong cu & chimg minh bt déng thic
@6i xitng 12 cong thirc (2.2) va dinh Ii sau day:

Binh i 2.3. Cho hai sé'thuc §, va 6,. Khi d6 nhimg s6'x,y xac dinh bang
hé phuong trinh '
x by &y,
xy =8
fa nhilng s& thuc khi v& chi khi &, va &, thda man bat ding thic
5 48 > 0. Ddng thue 87 48, chi dat duge khix - y.

At
r\ZQf\x"
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Trudng hap riéng hay st dung: D€ cho nhiing s6 x,y xac dinh tir hé
phiang trinh trén la nhing s6 thue, khéng am, diéu kién cén va di nhiing
s6 &, va b, thda man nhimg bat ddng thuc sau :

83 -48, >0, & 20, 6 >0.

Chting minh. Nhiing s6 x,y thda man dinh Ii 2.2 va 1a nghiém clia phuong
trinh bac hai
zZ - b1z + 62 -0,

nghia 13 tring véi cac s6
81+ 4/87 — 482
npE

Vi thé d€ x,y 1 nhing s6 thyc, diéu kién cin va dl 1a biéu thitc dudi diu
can khéng am, nghia 14 phai thda man bat déng thirc 52 - 45, > 0. Béng
thirc 65 — 45, = 0 nghia 1& nghiém cla phuong trinh bac hai trung nhau
b y

Né&u nhitng s8 x,y khong am, thi dé thay 87 = 46, > 0, ngoai ra con
c6 61 > 0 va 5, > 0. Ngugc lai, cho nhiing bét Gling thirc 87 - 462 > 0,
51 > 0va &, > 0. Nhu chimg minh & phan trén, tir bt diing thic thi nhét
suy ra x,y la nhing 88 thue. TU 8, > 0, suy ra x,y ¢b cung dau; va cudi
cung &; > 0 suy ra x,y khdng am. ©

Dé (ing dung dinh i trén trong chimg minh bt d4ng thirc ddi x{ing ta
ti€n hanh nhu sau: 7

Gia thiét ring cho mét da thirc ddi ximg P(x,y) va phai chimg minh
réng véi nhiing gié tri thuc bat ki cla x,y (ho#c Ia vdi gia tri khdng &m bat
ki hodic vaix -+ v > q, ...} da thic nay nhan gid tri khdng am: P{x,y) > 0.
D& chimg minh, ta chuyén da thiic P(x, y) thanh biéu thirc phu thudc vao
81 va 5,. Trong da thic nay ta thay 6, bdi & va dai fugng khong am

1 . . N

z .. 8% 45, nghia la thay &, - H{é% z}. Trong két qua, ta nhan Gugc
da thic hai bién 6, va z va ¢dn chimg minh rang véi nhimg gia tri khéng
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am z va nhimg gidi han bét budc ddi vai 8, da cho, thi da thic can ching
minh nhan gia tri khéng am. TU day suy ra bat déng thiic ban dau dding.
Ta xét mot s6 vi du:

Vi du 2.36. Ching minh rang néu a va b la nhimmg s6 thuc, thda man diéu
kién a -t b > ¢, thi nhitng bat déng thic sau day dung
2 4 8
2 p2s 5 et B8 w8 s S
alb_z,alb_g,o.lb_ug.
L 67 gidi. Trong trudng hop bai nay 8, =a+ bvad; = ab Tacd
‘ 1., i 1

Sy =a’db? o 8d - 28; - 5?2-3(61 - 7) = 55% 15z

2 erix ) 1
Theo dinh 1i 2.3 thiz > 0, theo gi& thi€t §; > ¢, do 6 S; > §c2.

Hoan toan tuong tu v6i Sy -- a* + b? blng cach tra cdng thic (2.2) va
tim dugc
171\ 1.,
4 a5 111 - b,
7 a4 b > 3 (ZC ) c
Bat dAng thirc con lai ciling lam tuong . ©
Vi du 2.37. Chung minh réng néu x va y 1a nhiing s thuc, thi bat ddng
thure sau day dung
x€ +y® > x°y 4 xy’.
Loi gidi. Pa thirc ddi x(ing co sd1a &7 -~ x | y va by - xy va cdng thirc
(2.2) cho Sy, 56 va by = %(6‘,2 z). Ta ¢co:
Cy® Py oxy’ e Se o 828y =
- (88 6535y 198785  253) - 5a(b% - 48965 + 283}

- B8 7816, 1 1387583 - 483 =

x" 1y

, 1 . 1

3% -75‘;‘.3(52,-1] | 135%.]—6(5% 2)? 4@(5% z)? -

5 5 } :

Iy 25220 Lm0 )
ezt gtz b g 20



2.5. Chimng rninh bt déng thuc déi xung : 81

Vi du 2.38. Chung minh rdng néu x va y a nhimg s6 thuc duang, thi bat
déng thie sau day dung -
[&
- 2> Vx4 VT
” oz VX4 VY
Lof gidi. Ta a4t u — /x, v = /. Khi d6 bat déng thic dugc dua vé dang

LL2 2

v
= 4 ” >uUu-+v, hayu,3 4 v Zuviu | vl

Ta phai chimg minh bat d&ng thitc sau cung véi 1 > 0 va v > 0. Ding
S = 67 35,5, Ta co =

w v - wvfu b v) 83 36182 8182 = 83 - 4518, = 8,(87 — 457)-

Theo dinh i 2.3 37 >, 5% — 45, > 0, nén bidu thirc sau cung khéng am,
suy ra k&t qua can chitng minh. ©

Vi du 2.39. Tim gia tri nhd nhét cda bifu thie xy(x — y)? voi didu kién

x+y=1a
L& gidi. V8i b1 = x +yvady = xyvabd; = %(_6% —1z),tach
]
Y0 - y)? = 85(67 - 487) = Bz (87 — z)z
1 1
= Z(CLZ —zlz = Z(,,zz + a?z)
1 a2 2z a?
il 5) %)
i 4 a
Tir d6 suy ra biéu thic trén khong thé vugt qua == va nhan % 3 gi&

16
. 2 -
tri 160 nhat khi z - “7 - 0. Nghia la v8i 8, — a (gi3 thiét da cho) va
2

%, tlr day dé tim duge x,y 1a nghiém cla phitong trinh bac
2

Jhai 2% az_{%—-:o. ' @

6 GlAI TOANBPPEL BBA

53 - 4§; =
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Vi du 2.40. Chimg minh rdng néu x va y la nhing s& duong théa man

x 1y~ I, thi
. 2,+, il "2
x Y v, 27

L 6i gidi. Ta bién ddi biéu thic vé dang biéu thic cla &, va §; (trong bién
déi bidu thirc ta chu y 87 — 1):

\? N 25, 5, Xyt a7

51~ 26, 17 a5, 4 17280 17
53 2 83 2

= (8% — 252) 4
= %{ 453 1585 - 48, +2).
Ta cén chimg minh biéu thifc trong ddu ngodc khdng am, nghia 1a

483 41583 + 48, < 2. (2.5)

Vix,y>0,nénd; >0, ngodiraz =53 - 45, > 0(nghialat - 46, > 0},
tirdd suyra ; < % Nhu vay 0 < 8, < % Ba thifc 483 + 1553 + 45, cb tét

cd hé 86 déu duong, nd nhan gia tri 1én nhét trén khodng 0 < 8, < % &2
tai 5 - % Nhu véy ta 63 chiing minh Gudc (2.5). ©
BAi rAp

Mbt s6 ggi v va ‘tré I3i cac bai tAp sau tai trang 114.

Chirng minh r&ng vGi nhilg s8 thuc bat ki x va u:
> 2.41. 5x% - 6xy + 592 > 0; b 2.43. x* + y* > xPy Lxyd;

- 2.42. 8(x* +y*) = (x 4 y)¥;
[X U]_(Xiy] \,P2.44.x2+y2-+]ZXy|le-

B GIANTOANBPPELBEB

&



2.6. Bai toan vé tam thuc bac hai

83

Chirmng minh réng vai nhimg s& khong am bat ki x va y:

> 2.45. (VX 1 U 2 6axylx 4 y)’;

3 4y’ xty
A6. > :
> 2.46 3 _( 5 )

> 2.47. x* 1+ 23y 1 2%y 0yt > ex2yl

Ching minh réng véi nhiing s& duong bat ki

»248. 242>
Yy

X

2.6. BAi10AN vE Tam thic bac hai

R4t nhiu bai toan trong d6 can phai tinh toan mét s8 bigu thirc ¢b
chita nghiém ciia phudng trinh béc hai da cho. Ta ¢6 thé gidi nhiing bai

toan nay bing cac da thic i ximg.

Vi du 2.49. Cho phuong trinh béac hai x> 1 6x + 10 — 0. Hay l&p phuong
trinh bac hai méi cé nghiém bang binh phudng nhing nghiém clia phudng

trinh da cho.

Loi gigi. Ki hiéu x; va x> 1a nghiém clia phudng trinh da cho; y; va Y2 1A
nghiém cila phuadng trinh bac hai ta phai tim va gid s b va c 1a nhiing hé

sd cha phuong trinh bac hai: y? + by 4 ¢ -+ 0. Theo cdng thic Viete'

81 - x1+x2— -5, b1 oxi%2 — 10

1
va ta da céd

Y1 +yz - b, yiy2 - ¢
Nhung theo gid thiét yy ~ x7,y2 - x3, do Go

b (yr tya)— —(x2Ex3) = Sy (87 28a)-

cC ~“Yryz ’X]X‘) - 57 100.

TFrancois Viete (1540-1603): Nha toan hgc Phap

16,



84 . ' Chuong 2. Pa thirc dbi ximg hai bién

Nhu vay phudng trinh phai tim co dang
y? 16y 4 100 - 0. ©

Vi du 2.50. Hay lap phuong trinh bac hai 22 | pz + q - 0 sao cho nghiém
cia né fa nhitng sé
2o x8 23, 2o = x5 2,
3 day x1,x; 1 nghiém cla phuong trinh bac hai x --x -3 = 0.
Loi gidi. Theo cong thic Vigte
by =x1+x2 =1, & —xyxx — 3.
Mat khac ta lai c6
p=ztzr = (k8 - 2x3) + (x§ - 2d),
q=z1z7 = (x§ - 2x3)(x§ — 2x).
Ta ding cong thitc (2.2) dé dang bidu dién p va g theo céc bién 5, va &,
sau d6 thay gia tri &; == 1 va &, == —3, tinh dugc nhifng hé s6 p va q.
Ta cé
.—‘p = (x8 + x5)- 20x3 + x%) = 8¢ — 287 ==
= (85 - 6635, 4 96362 — 283) - 2(82 - 25,) -
S (18 613+ 912(-3)2 - 2(=3)3). 2(12 - 2(=3)) - 140;

g (x5 - ) - x§x8 - 2068 4 x8) + axdxg

=58~ 2Sg + 483 = 55 - 2(6% - 8856, -+ 206383 - 166753 + 283) -+ 453

~{03)8 2018 815 -3) 4 20.1%.(-3)% - 16124307 4+ 2( )V 4 4(--3)
833.

Nhu vay p ~ 140, q -~ --833 va phuong trinh bac hai phai tim 1&
22 140z - 833 - 0. ©

ol
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2.6. Bai toan vé tam thuc bac hai . 85

Vi du 2.51. Cho x; va x; l4 nghiém cia phuong trinh bac hai
x2 4+ px + q — 0. Hay tinh nhiing gi4 tri cla bi€u thic x¥X + x5 voi
ko £1,42, 43, 14, £5.

L6i gidi. Theo cong thiic Vigte ta c6 &) = x1 4 x2 = —p, 82 = x1x2 = Q.
Theo cac ¢cong thirc & (2.2) ¢b

Xy +x2 =51 =P} _

x% +x5252 :6f— 26, = p® - 2q;

x3 4 %3 =83 =83~ 385, = —p° + 3pa;

s} F x4 = Sq = 6% - 4575, + 283 = p* - 4p’q i 207

3 +x3 = S5 = 67 — 5638, 4 56183 = —p° +5p°q - 5pq’.

va .
7 Hxy ! = {x +x-a] = lS = ——p
1 2 X1X2 1 2 62 1 q ¥
_ - 1 1
x]2+x22:—2;5(x$+x§_) -ggszA—?ﬁ?z 24}
1%3
1 1 1 '
-3 -3 3, .3 3
X734 %53 = —4——=(x3 +%x3) = =53 = —=<(-p" +3pq);
1 2 x_]gx%(xl 3) 52 3 q3( P Pa)
1 1 1
—4 -4 4 4 4 2 2
+x; = —— (i) = 58 = —(p? 4 2q°%);
Xy Xy xj‘xg(x' X3} 5 4 q4(P p°q t2q7);
- _5 1 o 1
X734 x5 = (] +33) = S5 = —(-P* +5p°q - 5pag®).  ©
x7%3 53 q

Vi du 2.52. Chung minh rdng néu x, va xz 1 nhiilng nghiém cda phuong
trinh bac hai x2 + px + q = 0 v6i cac hé s6 nguyén p vé q, thi véi s6 tu
nhién khéc 0 bat kin, s6xT + x3 1 s6 nguyén.

Ldigidi- Tacd &) =x1 + x2 = -p, 82 — x;x2 = q . Theo cdng thirc trong
ménh dé& 2.2 ta viét lai:

Xl = opx™ T g XD 2



88 Chuong 2. Da thic doi xung hai bién
Ta ding cong thirc ndy dé chimg minh khing dinh clia bai toan bang
phuong phap quy nap. Véin - 1,2tacd

X]Ex) X bxo s 8+ pe,

x% } x% =Sy s 5% 25, p2 lqeZ.
Gia st S, -y va 5,_; |a nhig s6 nguyén (n > 3}, thi theo cdng thifc 3
trén ta suy ra S, = x} + xJ ciing 1a s6 nguyén. Suy ra S, 14 s8 hguyén
véimoin. ©
Vidu 2.53. Chung minh rang tat cd nhitng s6x,y, z thbamanx 1 y+z =5

: ’ 7

va xy +yz F xx =8, nam trong khoang [ 1, 3].

Lof giai. Ta s& ching minh s& z nam trong khodng {I, 3| con cac so

khac hoan toan tuong ty. Tir hai déng thifc ta tinh dugc 8; = x-+y =5 - z,
8y =xy=8—z(x+y) =8-2z(5-z) = z% - 5z + & Suyra x,y la nghiém
cha phuong trinh

u? — (5 -zut 22 ~5z+ 8 = Q.
Vix, y l& nhiing s thuc nén biét sd clia phuong trinh phai khdng am:
(5-2)2 —4(z" —52+8) > 0.

Ta ¢6 thé viét phuong trinh cudi cing dudi dang (z - 1)(3z  7) < 0 va tim
dugc 1 <z < g ' @

BAi TAP (M6t s6 goi y va tra 13i bai tap sau tai trang 115)

> 2.54. Lap phuong trinh bac hai ma cac nghiém cia né 12 iy thira bac
ba clia cac nghiém clia phuong trinh x2 | 6x | 10 = 0.

> 2.55. Lap phugng trinh bac hai ma cac nghiém cla nod 1a |0y thira bac

mugi ctia cac nghiém clia phuong trinh x* + x 3 - 0.

_.9“_»'5'
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2.7. Phéan tich da thirc déi xdng ra thira s6 87

> 2.56. Lap phuong trinh bac hai ma cac nghiém x,, x2 thda man x3 1 x3 -
3%y 4 xp =1,

> 2.57. Vi gia tri thyc ndo clia a thi téng binh phuodng cac nghiém cla
phuong trinh x> — {a — 2)x - a - 1 = 0 nhén gié tri nhd nhat?

> 2.58. Chimg minh réng néu x1,x2 la nghiém clia phuong trinh bac hai
xZ —6x + 1 =0, thi tdng xT +xJ vdin 13 s8 i nhién bét ki khdng chia hét
cho 5. ‘

> 2.59. Cho x2 + px -+ g = 0 I3 phuong trinh bac hai, nghiém o, § cla
né 13 nhiing s duong. Hay biéu dién /& + /B theo nhilng hé sd cla
phugng trinh.

2.7. Phan Tich da thic doi xing ra Thua so

Ta c6 thé phan tich ra thifa s6 nhimg da thirc d6i xiing béc cao bang
cach chuyén thanh cac da thic cac bién 8, va 5;. Cac budc dugc tién
hanh:

1. Chuyén da thifc d8i x(ing thanh céc da thirc clia §; va §; va ta phan
tich da thirc nay ra thira sé.

2. Ta phan tich da thifc theo bac clia §;, thudng 13 nhd hon bac cia
da thitc ban dau.

3. Thay gi4 tri clla 51 = x +y va &, = xy vao biéu thirc va bién ddi
dua vé nhiing tich clia nhitng da thifc béac hai hodc ba theo x,y va
tlr day ta tinh nghiém clia ting thira s6 va phan tich tiép.

Ta I8y vi du cac da thitc bac bon:
Vi du 2.60. Hay phan tich da thuc ra thira sé:
Pix,y) = 10x* - 27x*y - 110x%y?  27xy° + 10y*.



88 Chuong 2. Ba thirc d6i xung har bién

Lot gidi. Ta cb
Pix,y) = 100x* 1 y*) - 27xy(x? +4%)  110x%y? - 10S4 - 27555, - 11083.
. Theo cbng thifc (2.2) ta tim dudc '
P(x,y) = 105% - 67625,  3652.
Ta coi da thirc nay 1a da thic bac hai theo bign &, thi vdi kign thic tam
thirc béac hai ta dé dang phan tich ra thita s8. Giai phuang trinh da thirc
a6 v6i 8, ta cb cac nghigm: 8, = ~257 va 5, = %52, vay
P(x,y) = —36(8; + 257)(62 —
Thay cac gié tricla &, va §» ta cd
' ©POGY) = (20x 4 y)? 4 xy)(S(x 4 u)? - 36xy) -
= (2x% 1 5xy + 2y)(5%7 — 26xy + 5y7).

5
%53) = (267 + 62)(56% -- 368,).

Mbi thita s6 fai 1 tam thitc bac hai nén ta lai I3n lugt phan tich c4c da thifc.

nay. Vidu xem 2x? + 5xy + 2y2 nhu tam thiic bac hai clia bién x, ta s& cé

nghiém x = Y = —2y va vi thé

~ " .
2% 4 5%y + 247 = 2(x + SUIx + 29) = (2x +y)(x + 2y).
Tudng tu ta ciing ¢b
5_x2 ~ 26xy + 5y% = (x -- 5y){5x — y).

Cudi cling ta nhan dudc

POGy) = (2% y)(x + 2y)(x - 5y){5% — y). S

Vidu 2.61. Hay phén tich da thic ra thisa s6:
P(x,y) = 6x* — 11x3y — 18x%y2 — 11xy® + 6y*.

Lof gidi. Ta bi€u dién da thic d6i xing P(x,y) qua 5; va &
Py} = 6(x* +y*) — 1xy(x? +y?) - 18x%y?

= 654 -~ 118287 — 1853

- 687 35895, + 1683.
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2.7. Phan tich da thirc ddi xing ra thita s6 89

Ta coi da thifc nay |a tam thiic bac hai d6i vai bién 6. Giaira ta cb nghiém
&y = 225']2 va by = Eé{- va da thifc dugc phan tich ra thifa s nhu sau:

3 .
Px,y) = 16(62 —267)(82 — 3207) +~ (267 - 57)(387 - 1652).

TU day tré vé da thiic ban dau.
P(x,y) = (2(x - y)* —xy)(3(x +y)* - 16xy) =
= (2x7 + 3xu + 2y7)(3x% - 10xy + 3y?).
Thira $6 th( nhat ¢ nghiém [a s8 phlc nén khdng phan tich duge thanh

tich cac a thitc ¢d hé s6 la thue, nén ta gitr nguyén. Thia s6 thir hai dé
dang phan tich thanh (x — 3y)(3x - y). Cudi cing ta nhan dugc

Pix,y) = (2x? + 3xy + Zyz)(x - 3y)3x - y). ®

Vi du 2.62. H3y phan tich da thuc ra thira s6:

Pix,y) = 2x* — Py +xfy? —xy® 1yt

L&f gidi. Tuong tu nhu hai bai trén ta ¢
Plx,y) = 2(x* + y*) — xy(x® + y?) 4 x2y? =254 — 55, + 83 =
= 2{8% - 46282+ 263) — 52(6F — 28,) + 85 =
= 26% — 96385 4+ 763 (83 — 8)}(283 - 78;) =
= ((x+ ¥~ xy)2x + y)? - 7xy) =
= (x? Fxy +u?)(2x% — 3xy + 24%).

'Hai thita s8 trén khong phan tich dugc ra tich nhiing da thifc ¢6 hé s6

thuc. - O

Cé nhiéu trudng hop khi da thiic d6i xing chuyén sang da thic phuy
thudc vao &, va 5,, nhung khi gidi phuong trinh d8i véi &n 5, thi phuong
trinh khdng c6 nghiém thuc. Nhu vay cach phan tich theo kiéu nay khong
cho két qua. Véi nhiing da thirc nhu vay, ta cb thé phan tich ra thira s@



90 Chuong 2. Ba thuc déi xing hai bién

béng cach dung phuong phap hé sé bat dinh, chang han nhu truding hop
bac bdn, d& cé phan tich

Pix,y) — (ax? 4 bxy + cy?)(ex? + bxy 1 ay?)
& day a,b, ¢ 1a nhiing 4n s8 can phai tim. Ta cé thé 1am nhv vi du sau:
Vi du 2.63. Hay phan tich da thuc ra thita so-

P{x,y) = 2x* + 3%y + éx2y? + 3xy* + 2y
Lo gidi. Ta c6 thé chuyén da thlc vé dang cac bién &y va §;:
P(x,y) = 257 — 5536, + 453. '
Phuong frinh nay ddi vdi 3, khdng co nghiém thuc, Vay ta phéi dﬂng cach
. khac. Tacd .

2%+ 3%y + 6x2y? + 3xy? 4 24* = (ax? + bxy + cy?)(ex? 4 bxy + ay?).
Ta phai tim a, b, ¢ d& d&ng thitc ding véi moi gid tri x,y. Vi thé ta cb thé
ap dung phuong phép gia tri riéng cla x,y, nghia 1a cho mdt so gia tri
cuthd détimcachésd. LAy x —y = 1thi 16 = (a + b | ¢)?, tir day cb
a+ b+ c = 4. Tuy ¢b hai gia tri nhung ta chi ¢dn chon médt

at+b+c-=4
Chox =1l,y=-ltanhdndugc4 = (a-b+c)?, nghialda~b+c = +2,
ta ciing chi 1y ddu cong 1a di. Cudi cling x = 0,y = 1, ta nhan dugc

ae = 2.

Nhu vy d& xac dinh a, b, c.ta gi&i hé phuong trinh

(a+b+c—4,
a-b+c=2,
ac=2.

Tif hai phugng trinh ddu ta im dugc b = 1 va a + ¢ = 3. K&t hop véi
. phuang trinh thir ba ta tim dude a = 1,¢ = 2 (hodc ¢ = 1,a = 2). Cudi
clng ta nhan duac

244 3y eyl 4+ 3yt o 29t b+ 20732 4 xy ).

QX"



2.8. Nhig bai toan khéc 91 -

Ta 6 thé kidm tra Iai cach phan tich nay bing cach khai trién va nhom
lai thanh biéu thirc ban du. MGt chi y i@ néu ldy a - b+ ¢ = - 2 thi hé

phuong trinh s& c6 nghiém phlc va nhu vay khong dua dén két luan. ©

Bai Tép (Mat 56 goi y va trd I13i bai tap sau tai trang 118)

Phan tich nhiing da thifc sau ra thiia sd
> 2.64. 2x* + 7Py + 977 4 7xyd b 2y
5 2.65. 18x% — 21x3y - 94x%y? - 2Ixy® + 18y*;
> 2.66. 3x* - 83y 4 14x2y? - 8xy3 + 3yt
b 2.67. 2x* — x3y 4+ 3x%y? —xy® + 24

>2.68. (x +y)> x>~y .

2.8. Nhing bai roan khiac

Cac dang bai toan lién quan dén da thic ddi x(ng con rét nhigu. Khi
ra dé, ngudi ra dé da chon nhiing cong thiic hofic nhimg két luén dep,
phan nao ¢b phén di x(mg cha céc bién trong d6. Muc nay ta xét mét sé
loai bai toan ma ¢b kha ning &p dung da thiic 46i xiing dudc.

1. Rut gon biéu thifc. Ta xét vi du

Vidu 2.69. Rul gon biéu thuc sau:

Plp.q) - 1 (]4]>| 3 (141){ 6 (141
T el P F et \p? ) el iy q

)
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Lo gidi. Ta d&t & -=p + q va 87 -- pq. SU dung cdng thic (2.2), ta co
153 38 T
Pl mg tgm i =
5383 8183 878

83 38(5,  3(87 - 282) 6

ix =
5353 5163 5162 |
51(53 - 38182) + 38,(67 — 282} +685 8 1 1
) 5383 ' 8983 83 pied

©

2. Chitng minh déng thitc (hosc chiing minh bat ding thic). Ding da
thifc d6i ximg ta c6 thé chimg minh dang thic (hodc bat ding thic) mot
cach rét tu nhién va chi théng qua bién doi.
Vi du 2.70. Chung minh ddng thic sau
(x+y)* 1 3yl - x—y) - (xry NPy xy b xty )y
Lof gidi. Ta bién di vé tréi cira mdi lién hé | |
(x+y)? +3xy(l —x —y)— 1 =83 +38,(1- &) — 1 =583 438, — 35616, 1.
* Ta bién d6i v& phai cla déng thirc o a
(x+y - DOF+y? - xy+x+y+1) = (8 ~ 18] -35,+ 81+ 1)
=87 3882 4 6 48 6% 4388, 1=
=63 — 35,82 +35; - 1.
Hai v& déu c6 két qua triing nhau, ta ¢b ding thirc. - @
3. Giai phugng trinh vd ginh.
Vidu 2.71. Hay tim nghiém nguyén duong cla phuong trinh sau
3y 1= 3xy.
Loi giéi. Ta chuyén cac s& hang sang mét vé va dua phuong trinh vé
dang '
53 - 3818y + 1 38; - 0, suy ra (8, 4 (62 - 81 +1 3682} = 0.
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2.8. Nhiing bai toan khac 93

TUx >0,y >0suyrabd; >0, nhuvay 8 ~ - 1 khdng phéi la nghigm cia
phudng trinh trén. Ta chi con giai phuong trinh

528141 -35; =0.
Suy ra x va y dudc xac dinh tir hé

x |-y--1§]
1
xy = by = 3(512 -8+ 1).

Theo dinh Ii 2.2, gidi hé trén tuang duong vdi viéc giai phuong trinh sau
22— 81z + '5(6{ ~ 5+ =0.

Nghiém clia phuong trinh bac hai la

21,2 -—:I:\/-——g 52 5 + 1) =

1 8 1
= o - 2
-5 i\/ (67 - 451 14) = [ 55088 2)2,

D& nghiém cla phuong trinh 1a s& thic, thi bidu thirc dudi ddu c&n phai
khong am, didu nay chi xay ra khi &; = 2 hay x +y = 2 v3i x,y nguyén
duong. Diéu nay chixadyrakhix =y = 1. Ta thir lai phuong trinh, thi
x =y = | dich thuc 1& nghiém cla phuong trinh. ©
4. Bai toan chia hét mot da thic cho mdt da thifc khac véi nhiing da thitc
d3i ximg theo cac bién dude chimg minh gon gang hon cac phugng phap
théng thudng.

Vidu 2.72. Ching minh rdng mét da thic déi xing hai bién x, y khéng ¢6
hé 6 tr do chia hét cho x% +xy 4 y2 khi vé chi khi da thitc dugc biéu dién
theo 5 va 6> nhu mot da thirc hai bién co t6ng céc hé s6 bang khéng.

L 67 gidi. Gia sif da thic d6i ximg P(x,y) chia hét cho x? 4+ xy + y?, nghia
aP(x,y} - (x% +xy +y2)QIx,y), & day Q(x,y) 1d da thifc dbi xlng. Ta
cox2 4 xy +y? =82 - 82 Gida sl Qlx,y) = @(b1,82) biéu dién qua 5, va
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b,. Khi dd P(x,y) cd dang

Play) = (X £ xy 1y IQ0xy) - (8] - 52)¢(81,82).
Thay &, = &, = | vao bi€u thic trén ta nhan dugc (1 - 1)¢(1,1) == 0. Nhy
vay P(x,y) biéu dién qua &, va 6, va P(x,u) - {85 - 52)(51,52) nhan gia
tri 0 khi §; = 8, = I. Diéu nay nghia Ia tdng hé s cla (52 - 53)0(51,5,)
bang khéng.

Ngugce lai, cho

P(x,y) = 87 + 0167 2862 + ba87 463 + bysT 653 +
[a biéu dién cla P(x,y) qua & va 5, va gid sit tdng hé s6 cla cach bidu
dién trén béng khéng. Bua 87 ra ngoai, thi P(x,;y) dugc viét lai

2 3
b 5 _ 5
Pix,y) — &7 (I +h (é) + by (5_§> [ bs (é) n )

Hon nira béc clia da thifc trong d&u ngodc (theo bidn z — 2) khéng vugt

qué = va ki hiéu né 1a k.

Tong clia nhitng hé sé trong biéu thirc trong dau ngo#c bang 0. Nghia
la gathic 1 + b1z 4 b2z? + b3z® 4 - biing 0 véi z — 1. Suy ra theo dinh
li Bézout® da thirc nay chia hét cho 1 - z. Nhu vay _

1+biz+baz? + b3z 4o~ (1= 2)H(z),
3 day bac cia H(z) bng k -- 1. Vi thé

55 5232 52\°
&2 5 82
() ().
1 & 6% 8
(z

Néun = 2m - 1, thik < m, nghia 14 bac cia da thirc H(z) khdng vugt
gua m—1,¢con sé’ﬁ - 2= 2m - 1 khéng nhd hon hai lan bac cla da thic
H({z]).

2Etienne Bézout {1730-1783): Nha toan hoc ngudi Phap.
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Néu n = 2m, thi k € m, nghia 1a bac xda H(z) khéng vugt qua m — 1
" vavithEsdn -2 - 2m 2 khong nhd hon hai lan bac cia H(z). Nhu
vay, trong moi trudng hdp n - 2 khong nhé hon hai 1an bac clia H(z), vi
el 6 ~ r 7 = — . 7 - o ’ 3
thé &7 “2H (g‘;}) khang chGa 8, ¢ mau, nghia 12 nd 1a mgt da thic cua
1 : : :
51.52. Ta co thé viét

Plx,y) = (67 — 82)(31,82),
& day W(5:,62) = 67 °H (2-5) la mét da thitc ndo 6. Suy ra da thirc
P(x,y) chia hét E:ho 52— b7 _ X% +xy +y°. ©
5. Tim nhimg diéu kién d& hé phuiong trinh 66 nghia ho3ic nhiing théng s6
trong phuong trinh thda man diéu kién d& hé phuong trinh cb nghiém.

Vidu 2.73. Tim diéu kién cho a,b,c d€ (x,y) fa nghigém cia hé

x+y =aq,
x2+y? =h,
: NERINE

Lof gidi. Bai toan dua vé bai toan loai trir x,y dé chi con lai su phy thudc
a,b,c. V8i 8y = x -+ y va 2 = xy ta cb thé chuyén hé trén vé dang

5] = qa,
8326, =,
83 3815, =c.

Tir hai phugng trinh: 87 = a,62 = %(u2 —b), thay vao phugng trinh thir

batacdad — %a(a2 ~b) = ¢, nghfa 1a a® - 3ab + 2c — 0. D& thdy rang
néu e® - 3ab + 2¢ — 0 thi hé ¢ nghiém. vay o® - 3ab { 2c = 0 chinh 1a
~diéu kién doi hdi mai lién quan gitta a, b, c. @
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BAi Tép (Mét s6 ggi y va tra Idi cac bai tap sau tai trang 120)

Rt gon nhimg biéu thic sau

(x+v) - ¥y,

(x ty)P x¥ o'

o 2.74.

1 1 1 2 1 i
i e (“ * Bf) TP (a* 6)'

Chimg minh réng
p2.76. (x ty)t ot byt =207 1 xy 497
2277 (x+y) X7yl =Txylx 4yl Fxy by?)R | |

>2.78. Chiing minh réng véin = 6k & 1, @a thifc (x +y)™ — x™ - y" chia
hét cho x? + xy + y°.

> 2.79. V@i nhimg diéu kién nao thi da thirc x2™ + x™ + 1 chia hét cho
x? +x+1?

> 2.80. V@i nhiing diéu kién nao thi da thdc (x + 1)™ +x™ + 1 ¢hia hét cho
x2bx 417

> 2.81. Chimg minh rang néu nhing s6 u,v,x,y théa man w+ v = x +
y,u? 4+ v? = x? +y?, thi v8i moi s6 tu nhién 1 d&ng thifc sau ding
u™ vt =™y,
> 2.82. Gidi phuong trinh trong tap s6 nguyén
\ x+y=x" —xy +y
> 2.83. Chig minh ring néu n I nhiing s6 1&, 12 béi ciia 3, thi bidu thirc

(atb)™ - a™ -b™ 3{ab)"7 (a+b)

chig hé&t cho o + ab.j b2,



2.9. Chuyén dé vé phuong trinh hé 5§ doi xung a7

2.9. Chuyén de vé phuong Trinh hé so doi xing

Da thifc d6i x(ng ¢6 thé (ing dung gidi mdt s§ phudng trinh béac cao.
Tat nhién nhing phuong trinh bac cac ¢ dang dac biét nao do. Trong
tiét nay ta quan tdm téi phudng trinh hé sé déi xing:

Binh nghia 2.3. Mét da thdc mot bién
“"+---Ian (0g # 0} (2.6)

goi & hé s6 déi xung, néu nernghesothoa manao S On, Q) —Qn 1,82 -

P(z) - apz™ + a2

Ap 2yeee-

Vi du vé loai da thifc nay rat nhidu chdng han nhu:
5 320 42234227 -3z 41,228 - 62 62° | 2 hodcz" + 1 dButa
nhiing da thirc hé so ddi xing. '
M6t phuong trinh P(z) = 0, v& trai 1a mot ga thic hé s6 doi xing goi 1a
phtiang trinh hé s6 dbi xung. Ta cb dinh i

2.9.1. Dinh li co ban cua da thic b s6 doi xing
Dinh li 2.4. Moi da thic hé s6 d6i xting bac chdn 2k

P(z) = az?® g a7y

i arx
c6 thé biéu dién dudi dang
P(z) - *Qi3),
ddays =z % va Q(d) la mot da thue béc k cia 6.
Moi da thie hé s6 ddi xdng Plz) bac 1é déu chia hét cho{z 1 1} va cho
thuang fa mot da thire hé 86 dbi xtmg bac chin.

Chung minh. 1) Ta xét da thirc bac chan 2k: P(z). Ta dit s6 hang chung
z¥ ra ngoai

| : 1
Piz) == zx (G.QZ -+ (ll,Z ! [N S 1§ T b a;k—k)
B Z Z

7. GIAI TOANB P.PBI_BB-A
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Ta chi y réng Op 02k, A1 ~ Q2k- 14 ---

I 1
k k i
Plz) ~ z (ao (z -|-—ZT> bag (zk t ]) b ak).

I k . o » N 3 ] «n? .
Nhu véy ta chi con phdi chiing minh z* + — 1,2, ..k biéu dién thong

quad =z + % Nhung bai toén nay la hé cha nhitng cong thic (2.2) véi
tdng Sk - x* 4 y* bi€u dién thong qua 81 = x +y va §; = xy. Trong
‘trudng hop cu thé nay x =%,y = - thi Sx = x* + y* chinh fa z* + zlk va
by =z 4 % 8,87 = 1. Cong thic (2.2) v&i &1 = 6,8, = 1 dugc viét lai
nhu sau:
2l =57-2
2423 5% 35,
2zt =5t - ast 42,
z° 4272 = §° - 56% | 56,
2 4276 - 8% 65% 4 952 -2,
2z =87 —78° 11453 - 78,
22 4z® - 8% - 85% 4 206% — 1687 +2,
27+ 2% =67 - 987 | 276° — 3067 | 95,
2'07% 2710 - 510 . 108% 4 355°  508* + 2567 - 2,

2) Ta xét da thiic hé s ddi xting baclé 2k 1 1:

Plz) = apz?* 'V 1 a2?% 4 -+ anz+ amg.
Tacd ag = Q41,01 = A2k, Q2 — A2y 1,... khi 36 ta cd thé viét dudi dang
Pz} = aplz™ T4+ N4 ar(Z® 1 204 aaf2®™ T 4 22y 4 a2 4 29)
Cap@ NI ez D @ (Rt @Mz o ]

Trong mbi s6 hang, bidu thirc trong d4u ngodc cd chung z | 1, bing cach
7.GIA TOANB PP BLBEB
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ap dung cong thic sau
ZZm--I-l 1 1 - (Z | ])(zzm_ ZZmr H | Z_Qm' 2 U 2,2 _____ z} ])

Ta nhan dugc

Qo2 (1) aolz+ 1225 - 225 T2 2 2
az{z? 4 ) = arz(z 4 D22y 24 1)
—az I DR 2 2y, ‘
az?(z7%0 4 1) = a2z + NN -1 =
~ax(z4+ N2 - b 2,

a z¥(z + 1) = ar(z 4 1)z~
Béang cach nhém z + 1 ra ngoai ta duge P{z) - (z | 1Q(z), d day Q(z) ia
da thirc tong cta nhimg da thifc va ta c6 thé kiém tra téng cla nhiing da
thiic nay 1a mét da thic hé é8 dai ximg. ©
Ménh dé 2.1. Pa thuc P(z) bac 14 da thue hé 6 d6i xung khi va chi khi
no théa man '

i or(1) vt

"Chung minh. Cho P(z) = aez" + 12" + -+ a, (ag /0). Tacod

. 1 . | 1 n ] n--1 1
z'P(-] =2 ag | - bay | — + - tan-1—tan| =
z z z . z

agtarz4 o Qnogz™ 4 anzt -

1
= anz™ Fan. 1zt

1---4+ a1z + ag.
Béng thitc P(z) = z"P (1) dung khi va chi khi néu cac hé s6 tuong ing
cla hai da thirc sau bdng nhau, nghia 13

Qg = On, 01 — Qg .1, _
NGi cach khac ding thiic P(z) - 2P (L) chi xy ra khi va chi khi da thitc
P(z} 1a da thifc hé s& d&i ximg. ©
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Ménh dé 2.2. Néu Plz) va Qiz) la nhing da thuc hé s6 doi ximg va P(z)

chia hét cho Q(z), thi Hiz) g([zz))

Ching minh. Ta ki hiéu bac cla cda nhing da thic P{z) va Q(z) tuong
(g 1& m va n thi da thifc H{z) ¢6 bac m - n. BGi vi P(z) va Q(z) 1& nhiing
da thitc hé s ddi xiing nén theo két qua ménh dé 2.1 thi

P{z) - «"™P (:l—) . Qiz) —- z"Q (-l—) )

Chia theo v& hai dng thifc trén, ta nhan dudc
P(z) z™P{1)  mea? (%]
Q@ Q] T Q)
Nhy vay H(z) viét dugc dudi dang

H{z) -+ z™ "H (l> .

Zz

ciing Ia da thire hé so doi xung.

Biéu nay nghia & H(z) 1& da thic hé s8 dbi xing. ©

2.9.2. Nhiing vi du giAi phuong TriNh DAc cao
Ta xét mét $6 vi du Ing dung dinh li trén:
Vi du 2.84. Gidi phuong trinh 6z* 1323 4 1222 - 13z + 6 - Q.
L&i gidi. Phuong trinh bac bén (bac chén) & trén [a phuong trinh hé s6
d8i xiing. Theo dinh Ii 2.4 v& trai cda phuong trinh dugc bién déi 1a

: 1o
6zt - 1327 11222 1324 6~ 2 (ef ~13z +12 13-4 6—2) ~
z

- Z2 (6 (7.2 ! %) - 13 (z + l) + 12) =
Z z

= 22(6(52  2) - 138 | 12) .- 22687 - 135)

Vi z = 0 khdng phai la nghiém clia phuong trinh da cho, ta chi con giai
" phueng trinh -
687 135 - 0.
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I 13 . . . -
Déthdy & .- Ovad . < Nhu vay tim nghiém cla phugng trinh da cho
tuong duong vdi gidi hai phuong trinh

! 113
zt '?: - O, z 4 E g E'
Phuong trinh thir nhét khéng ¢6 nghiém thuc, phuang trinh thir hai 6 hai
3, 2
l"lghlém 1a ] = —2’ Nd Z2 = g @

Vi du 2.85. Gidi phuong trinh
421 44210 21272128 11727 4172841725 11720 2123 2127 vdzhd - 0
L6f gidi. Day la phuong trinh hé s6 doi x(ng bac le. Theo dinh 1i 2.4 Ve
trai clia phuong trinh chia hét cho z 1 1 va cho két qua

42V 44210 212° . 2128 11727 117284 1725 41720 2128 2127 44z 4 -

Sz 1)(42'0 - 2128 11728 4 1720 - 2127 4 4)
Nhy vay, gidi phuong trinh ban ddu tuong duang véi gidi hai phuang trinh
24120, 4202128 41728 1724 2122 +4 -0

Phuang trinh thir nhat cho ta nghiém z, -~ - 1. V& trai cda phuong trinh
thtt hai lai 1a da thic hé s6 d8i x{ing bac chan. Ta lai bién adi

420 - 2128 4 1728 1172 2127 4 _
5 ' 1 U
=z (47,5 SN2 1T 17 =+ 4_5) -
F4 z Z

(e 3)-n(e3) ()

- Z5(4(8% - 56% +58) - 21(8%  38) +178) - 27(45° 4157 { 1008).

§

%]

Bdi vi z — 0 khéng phi la nghiém ciia phuong trinh da cho, nén ta chi con
phai gidi phuang trinh
(45% - 4187 1 100)5 - O.
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Suy ra ta c6 nghiém 5 . 0 va thém céc nghiém trong phuong trinh tring
phudng
45* -~ 4167 1 100 - 0.
Cudi cling ta nhén dugc ndm nghiém
5 5
870, 8- 3 8=3 82 5--2
DE tim dugc nghiém cia phuong trinh ban d4u ta phai giai nam phudng
trinh
z+%:0, z+-£:::~:; z i-%-:;, z-I—lZ:— 2, z+£:——2.
Cing vgi mdt nghiém ¢4 tim dugc trudc Gy z; = -1, ta tim thém dugc 6
nghiém nita (c6 2 nghiém kép), tdng cong 1a

z1 =1, =2, 23 %

1
2\
Vi du 2.86. Gidi phuong trinh

928 — 182° - 73z% | 1642% - 7322 182+ 9 — 0.

24=2, z5= zg=z7=-1, zg=1z0 =1, @

L 6i gidi. Ta nhan thdy day 13 phuong trinh hé s§ ddi x(mg bac chan, ta ¢6
92° - 182° - 73z* 4 1642° — 7322 - 1824 9 —

1 1 1
=z (9 (23 + —3) - 18 (zz 1 —2> -73 (z+ —) + 164) =
Zz Zz z
= 2987 —38) - 18(82 - 2) - 735 + 164) =
=2°(987 — 1882 - 1005 + 200).
Viz = 0 khdng phai 4 nghiém cla phudng trinh da cho, ta chi con gidi
phuong trinh bac ba d6i vai &:
953 - 1852 — 1006 § 200 - 0.
VE tréi clia phuong trinh c6 thé phan tich thanh cac thita s6 (c6 thé &p
dung dinh Ii Bézout)
(8- 2)(95% - 100) 0.
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2.9. Chuyén dé vé phuang trinh hé s6 déi xdng + 103

Ta tim dudc ba nghiém

10

5=2, b= L

3’ 3
Nhu vay, ta fim nghiém phuong trinh ban ddu bang cach giai ba phuong
trinh:

1 1 10 10
24+ -=2, z2t—"—=, Z+H-="—7.
” z z 3 z 3
Giai ra ta dugc 6 nghiém:
1 : 1
n=z=1, z=3 =73 25 = -3, z= -3 ©

Vi du 2.87. Giai phuong trinh
z—7 4225 2525 13z% - 1323 522 4 2z 41 =0.
L of gidi. Day Ia phuong trinh hé s6 d6i xtng bac I&. Bing cach chia vé
trai cho z + 1 (6 thé dling s6 A5 Horner?)
. P(z) = (z l](zs+zs—6z4 - 723 ezt ).
Phuong trinh ban d4u ¢ mét nghiém z = —1 va ta gidi phuong trinh

Q(Z):ZGJrZs et =72 62 bz 1 =0

Qz) =7 ((23 + 213) + (zz + é) -6 <z+ lz) 7) =

—23((5% 38)+ (60— 2) —66—7)=23(67 + 57 — 95 9).

Vi z = 0 khéng phai [a nghiém clia phugng trinh ban déu. Ta chi con gidi
phuagng trinh

6%+ 87— 959 =0.
Phuong trinh n2y c6 thé viét

63 456295 9= 0625+ 1) 96+ 1) == (64 1)(87 - 9) - 0.

3william George Homer (1786-1837): Nh:‘a. toan hoc ngudi Anh.
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Ta cd ba nghiém &, 1,8, 3,83 3. Khi do nghiém cla Q{z) la
nghiém cla ba phugng trinh
zfl 1,;:{i73,z|1
z z Z )
Giai phuong trinh trén cho ta nghiém va tat c& s6 nghiém cla phuong
trinh ban dau 1a

3.

3+45 3£VE ,
7 I, 223 - 7 B T ©

Vi.du 2.88. Gidi phuong trinh
P(z) 122> 56z% | 10723 107221 56z 12 - Q.

Loi gidi. Bay khong phdi 1a phuong trinh hé s d8i x(mg, nhung ta nhan
thdly céc hé sd gin ddi xUng va cb nghiém z 1. Ta cb thé phan tich ra
_ thira s&
Piz) -~ {z - 1)(122% - 442° 4 6327 - 44z +12).
Phuang trinh ban dau c6 mét nghiém Ia z - 1 va ta gidi phuong trinh
QUz) = 122 4427 | 6327 44z 112 - 0.

Nhung phuong trinh nay 12 phuong trinh hé s déi xiing, ta ¢6 thé bign ddi

Qiz) - 22 (12 (z3 | %) 44 (z | 1) ! 63)
z ra

1287 2) 4454 63)  22(128% - 445 4 39).
z - 0 khong phai |2 nghiém clia Q(z) 0. Ta ¢hi con phai giai
1282 445 1 39 0.

| S 3, 13 . :
Phugng trinh nay cd hai nghiém &, 3 vady - = Gial hai phugng trinh

13 113
z 27 %

ta dugc 2 nghiém. Két hgp vdi nghiém ban ddu z 1, suy ra téng s6
nghiém clia phuong trinh G4 cho I2:

-2 3
A I‘ Z) g, 13 j @

z |
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BAi TAp
(M6t s6 ggi v va tra 161 bai tap sau tai trang 123).
> 2.89, .Giéi phuong trinh; 102° + 25 - 47z% - 472% } 22 1 10z - 0.
> 2.80. Chimg minh ring tt cd nhirng nghiém cla phuong trinh hé s ddi
ximg bac bdn
art b e dbz a0, (a0

co thé tinh dugc nhd bén phép tinh s hoc va ciin thirc.

> 2.91. Ching minh réing t4t ca nhimg nghiém cia phuong trinh hé s& déi
X(ng bac nam
az’ + bzt +e2? + ¢ tbzta=0, (a#0)
¢é thé tinh dudc nhd bdn phép tinh s6 hoc va één thife.
& 2.92. Chimg minh ring néu bigt mat nghiém cia phuong trinh hé s8 ddi

x(ing bac sau, thi nhimg nghiém con lai tim dugc bang bon phép tinh s6
hoc va cin thirc.

> 2.93. Hay dung dinh li Bézout dua ra cach chimg minh khac clia két
luén: Nhirng da thiic hg s8 ddi xiing bac 1& chia hét choz + 1.

2.10. Goiy va TrA Lai bai Tap chuong 2

b 2.6, DAt & - x4y, 52 = xy va bign d6i hé phuong trinh 33 cho thanh
81 =5, '
87 38, 7.
@6 suy ra hé da cho ¢ nghiém

X 72\ X2 3.,
Yo% oy o2

hé phuong trinh Hé nay cd nghiém 3y : 5,6, :- 6. TU
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> 2.7. Hé phuong trinh trg gidp la &5 Hé /hu’dn trinh
> 2.7. Hé phuong 9GP (3 g s g Hephuong

nay ¢b nghiém &, = 5,6, -~ 4. H& phuong trinh da cho ¢ nghiém
Xy -1, x2 — 4,
Y1 =4 y2 = 1.

R . e e A0y = 38;, .
& 2.8. Hé phudng trinh trg la
7 Phueng 7aip {5, 18725, ~ 26,

Loai 52 ti phugng trinh th{r hai, ta nhan duge 35% - 58 — 78 = 0. Gidi
phugng trinh béc hai trén ta tim dudc

51 =6, 5 = -,
5 =8 & = -—57

Tir 4y cho nghiém cla hé phuong trinh ban dau

X =2, Xz = 4, X3 — 713+6\/377’ xq = 7—13—6\/377,
yr =4 Y2 =2 ys = -13--\/37‘7; ya = V3T

N

- 267 + &, = 32,
1261 =75,.
Loai &, tif phuong trinh thit nhat, ta nhan duge phuong trinh 782 — 175, —
224 = Q. Giai phuong trinh béc hai trén, ta tim dugc

5] =7, 5] = 7»
|82 =12 863 = — 34894.

Tir day cho nghiém ciia hé phuong trinh ban dau

x) =3, Xz = 4. X3 = _154333[1:0‘ xq — -15_7sl410‘
yr=4 |uz=3  |ys=8RA0 |y, = SI6AI0

> 2.9. Hé phu’cng trinh trg gidp 1a {

=15,
5, + 89 - 287 = 42, -
Loai 6, ti phugng trinh thif hai, ta nhan dugc phuong trinh 7 +5, - 72 = 0.

> 2.10. Hé phuong trinh trg giup Ia

e
é\' i~ K
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Gidi phuong trinh bac hai trén, ta tim dugc
61 7:'81 61 - 9’
5> = 15; & - 15,
Tir day cho nghiém clia hé phuong. trinh ban dau

X1 = 3, X2 :5‘ X3 = 79+2\/ET) X3 == ”9—2@1
v =5 |w=3%  |us= 220 |y - 22

> 2.11. Quy ddng mAu s3 va dua vé hé vdi c4c an 81,6, ta nhan dugc:

6% — 361567 = 1853,
51 = 12.

Tur day tim dude 81 = 12,8, = 32, TU ddy cho hai nghiém cﬁa.hé phuong

trinh ban déu
X1 = 4. Xz = 8\
yr = 8§ y2 =4

> 2.12. Quy déng mAu s3 va dua vé hé véi cac An 8,5, ta nhan dugc:
| 515, = 30,
65y == 5b4.
Hé phuong trinh nay cb nghiém:
&) =35, 51 = —5,
52 = 6; 57 = --6.

T g4y cho bdn nghiém cla hé phuong trinh ban dau

x1 =2, Xy =3, X3 = —b, x4 =1,
Y1 = 3 y2=2  |ys=1 Y4 =-6.

> 2.13. Pua vé hé véi cac n 87,82 ta nhan dugc:

. 51 = a,
53 - 38162 = b(82 - 25,).

Bién ddi hé phuong trinh nay, ta dugc (3a — 2b)5; = a® — a’b. Néu sd
3 2z
" . —-a‘b . .
3a - 2b +#£ 0, ta nhan dugc nghiém duy nhat & = %2_13_. Trong trudng
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o o . s . a’12a’b _
hop nay hé phuong trinh da cho co nghiém (néu 7 > Q)

{3a -2b}

[ a® | 2ab [-ad + 2a?b

X7 - E| for X E A —
b7V aBa ) L2 \/ a(3a 2b)

a /e’ 12d% _a  [-a'i2b
Y2 ) LA R VA TE v TN

Néu3a--2b 0,nhung o® a?b # 0, thi hé khdng cé nghiém. Cudi cung
néu3da 2b=0vaca® -a?b -0, nghfalaa b -0, thivdid, - 0vas
I& mét sG bat ki 1a nghiém cla hé trg gilp. Suy ra trong trudng hop nay
moi ¢Ap s& x,y thda man x | y - 0 déu I1a nghiém cia hé phuong trinh
ban Gau.

. . |8 22621 287 - 23,
> 2.44. Hé phuong tinh trg gitp 12 {6% 5y - 19,
Loai &2 tir phugng trinh th(r nhét, ta nhan duge phuong trinh
83 — 281 - 15 -: 0. TUr d6 tim dugc hai hé nghiém cda hé trg gidp:

{51 - .3, {51 ~ 5,
5y = 10; 52 = 6.
Tird6 hé phuong trinh da cho c6 nghiém
X = -5, Xy = 2, X3 = 2, X4 == 3,

{yl - 4 {yz 5 {ya =3 {y4 =2
> 2.45. Hé phuong trinh tro giup

g conanen {35 {003
T d6, nghiém cida hé phuong trinh ban dau 1a

Xy - ]y X2 4‘ X3 = _'"5"'_m‘ Xq = -3 ‘\/4_]1
Yy - 4 y2 - I ys - —75'2354:1_ ys 5. AT

¥

54 4875, 1 83 - 1153
2.16. Hé phuong trinh trg giGp 1& { ! 1921 %2 '
i *P 9 o gitp {af 3%, . 33.

Loai 8, tir phuong trinh thir nhét, ta nhan Guge &3 3362 1 32 . 0. TU do
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tim dugc hai hé nghiém cda hé trggitp:
{51 - 48, {5] - +/129,
8- 1y 5; - 3L
Tir d6 hé phuong trinh da cho c6 nghiém

{m = 3443, {xz -3 /3, {x3 - 3148,

Yy = 3- \/8_; y2 =3+ V8; ys— 3 \/é;
' MEALES AP
{M - A ¢ z
i =34 VB V129 -1 Y129 11
' Y5 = e ye = YL
.2 2
) V129 1 S5 1
x? o memm——y Xg 7 ———,
| 2 2
| -~ 129 ]_ . - /129 11
‘ ¥ = 2 ’ ys = ] .
! o e =2,
5222 Baty - -z dua hé da cho vé hé ddi ximg {x34 2
| x3 |z -8
‘ & e trg gicp { 0~ 2 Hé nay co nghiém &, = 2,85 = 0. TU
Z b g p 6?*'35]52:8. ; y g > 1 = £, 02 = U

d6 ta nhan dugc hai nghiém
{)q = 2, {xz = 0,
2y = 0; zp = 2.
Vay nghiém clia hé ban déu la _
Cfxq =2, xy =0,
{91 =0 {Uz -2
b 2.23. Dat x? = z va bién ddi hé da cho thanh hé phuong trinh d8i xing

y® + 23 =65
ta cd nghiém clia hé ban dau

xy = 1, Xz - L X3~ 2, Xg o 2,
y T4 yz - 4 ys - b ya o 1.

: = 5 9. ~ . 3 . P Afe - . P
{y bz Giai hé nay bang phuong phép hé doi xlng va cudi cung
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> 2.24, D4t % u,% = v va bién déi hé da cho thanh hé phudng trinh

Datan méi &, — u + v, 5, - wv, ta nhan dugc

by =1, 1
hé {61 4 suyra by - 1,8, -- 7 TU day cho ta nghiém duy nhat

|, . O in a b
U= Vay hé phugng trinh ban dau cé nghiém x = 5= 3

> 2.25. Bgt X = u,\/§ = -v va bién ddi hé da cho thanh hé phuong
w4 v=--2uy,

trinh d6i x(ing Datadn mBi 51 = u+v,8; = uv, tanhan

u? 4+ v2 =20,
n 5] == 77262| 3. ~ N o
dugc hé ‘ ai hé nay cho nghiém
e {5% - 25, =20, 9RITE nay chonghic

Vio< vx=u,0>—/F=v, nénphaicds, = uv <0, vi thé nghiém thir

hat khéng thda man. Nghiém thir nhét cho hai nghiém clia hg ddi ximg
u1:2+\/§, w =2 \/g»
v =2 - Ve vz =2+ V6.
Hé th(r hai khéng phai 1a nghiém, vi nd khong thda man u > 0,v <0. Chi
¢con nghiém th{ nhat va ti d6 cho ta nghiém clia hé ban du:

x = uf = {2+ v6)% =2 10 +4v/8,
y=ud - (2-V6)? =10 -4v6.

b 2.26. Dit x7 = u,y7 = v va bién ddi hé da cho thanh hé phudng trinhy
33
ddi xiing {u v 35,

Bay 1a hé phuong trinh da gidi trong bai 2.7 va
u+4wv-=5
cH nghiém

.q{ﬂ:‘
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Tur day suy ra nghiém
Ay - 16, x2 - 81,
yy — 243 Yz — 32.

2.27. bat ]er*u o] - x - v. Khiddu® - l.-Hc v~ -xva
>227. D81 {5 tx ~ U {5-x V. STV T3

u+v=1I,

ta nhan dugc hé d6i xing s _ Hé nay cd nghiém

uS v

i ;]‘ U-Z_"Oa
Vi = 0. | V2:_1.

T u” = —;: + x cho ta hai nghiém cuda phuong trinh ban dau
1 o
X1 = j, Ay = _—2‘7.

' ) e u? 42 -
»>2.28. Datsinx = u,cosx = v ta ¢b hé phudng trinh dbi xiing !
: u? v =,

s Ln ‘. 6% - 262 = ], . - 3

Tacohétrggilp { 5 Loai 8, ta nhdn auge 87 --35,+2 == 0.
&7 — 3018 = 1.

Phuong trinh nay ¢6 nghiém 57 = 1. SIr dung dinh Ii Bézu tinh dudc cac
nghiém con lai. Ta nhan duge hai c&p nghiém

5y =1, by = 2,
3
52 = 0; 52 - E.;
Cap cudi ciing khong cho nghiém (u,v} thuc. Véi 1 = 1,82 = 0ta cb cap
nghiém :
Uy = ]a uz = 0\

v = 0', vy = 1.
- Ta nhan dugc hai hg phuong trinh

sinx = 1, sinx = 0,
cosx - O cosx - 1.
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Do ¢6 phudng trinh d& cho ¢6 nghiém

xo 3 2km x o 2 (ko 0,#1E2, ).

> 2.29. Pat V629 - x == u, V77 I x - v. Khi d6 ta ¢6 hé d6i xtng sau

3 Y o .
{u v Gigi hé phugng trinh nay ta nhan dugc

ut 4t = 706
up - 33 U - 5|
Vi = 5; v 3.

Tir /629 = u ta nhdn dugc hai nghiém x; = 548,%x, = 4.
> 2.30. D3t V8 4 x == u, ¥8 - x = v. Khi d6 ta ¢ hé ddi ximg sau

i ?;]| e ot A n .- 7Iy
{u v Bién ddi vé hé trg gilp &

Hé nay cd
ud 43 =16, 63 36182 ¢ 16. ¢ iy

S 1
nghigm < ' " Tirdé ta nhan dugc hai nghiém

2= 3.

Mo —
SERE

1y =

—_

s vz o 3 1
To ¥84x - u ta nhan dugc nghiém cla phudng trinh ban dau
x) = 3v21,x; = ~3V31. '

> 2.31. D&t v1 - x2 - y. Khi d6 ta ¢ hé d6i x(mg

x2 } UZ =1,
11 35
+

x y 12
¢ 7 = ~ .z 52 6 = I, ~ - P ca
Bién d8i vé& hé trg gilp {155 2 2355 H& nay cb nghiém

1= 2. R
7 5

5 - 5 & - 2,
12 12

e



.cse'E

2.10. Ggi y va trd 10 bai tap chuong 2 113"

Tir day ta tim ra bén nghiém, nhung chi cé ba nghiém théa man y = O:

4 . 5 VB
X1 g 20 g X353 Ta
3 4 5 V73
VRIS RS 2 ¥

‘5 5 vyt

Nhu vay phuong trinh ban dau ¢é nghigm
43 5 V73
- T A

b2.32. DAt YT0 % — u, /53— x - —v. Khi d6 ta cb hé d6i xiing sau

U.'}\"—i], o 20 2 . - 6] '''' 11‘ n N .
Bién dai vé hé trg giu Hé nay cd
{u3 pvd a7l > O gup {5? 3818y 7. Y
nghiém a] ' TUdb ta nhan dugc hai nghiém
y = .
ur] = 2) uy = ”'])
vy T 1; vy — 2.
T ¥T0—x — u ta nhan dugc nghiém cilla phuong trinh ban dau
xp =2,%3 =11,
19 —- o - .
e 2.33. Bat :+ Ix =1y, nghia 1a 19 - x = xy + vy, ta nhdn dugc hé
X4y bxy =19, _ . o ... . 51+52:'19, e, A
- Bién déi vé hé trg Hé nay co
{xg(x Yy) -84 ? 1o Qlip {5152 - 84, 2 nay
R é] =7 : 51 =12 oL . i n
Aghiém ! " Mai hé cho hai cip nghiém
gnis {52--12; {52-—7. : ' cap nghie
xi=3 x4 [xs=61VDE,  [xi-6-VD,
Yy =4 Yz = 3 ys = 6 - V19 ya =6+ v29.

- Phugng trinh ban déu c6 bon nghiém

X1 7 3,%p = 4 x3 =6+ \/E,Xq 26 \/2_9

2py? 7,

> 2.34. Daty - V17 xZ. Khi dd ta cb hé déi x(ing {x
x{ytxy -9

8. GIAITOANB.PFPDOLB.B-A
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e e [82 28 17,
Bién ddi vé hé tro gilp {6] ’
1

. {

Hé nay cd nghiém

Hé thr nhat cho nghiém x; - 1,x3 -~ 4. Hé thir hai khéng cho cac nghiém
_ thue x,y.
s o e x3 4+ y3
> 2.35. Baty - /35 - x3 Khi do ta cb hé doi ximg
Ix + y)xy = 30.

Gidi hé phudng trinh vdi hé trg giGp va sau @6 tim ra hai nghiém
Xy 7w 2,%— 3
>2.41. Tacd
5x7  6xy | 5y° =553 682 - 5(87 - 282) 66y ~ 557 168, -
587 - 16.%[512 —~2) 8] +4z2>0.
242 Tacod
8x* +y) - (xty) =85y 81 8(s] - 4cts, + 283) - of -
= 76% - 325%%(5% - z) | 161—'6@% 2)? = 66%z 1 22 = 0.
»243. Tacd
xP oyt oty oxy? oo Hyt ooy 1 yf) - Ss - 828 =
57 46367 1265 52(87 282} - 67 - 5596 + 483 -
- 8% - 55%%(5% - z) 4%(5 2)? - 4612 | —}{zz > 0.
> 2.44. Ta cb
Ziy? 4 loxy- x oy =69 38 541

. 3 3
- TR 72 (38 R 7220

8. GlAl TOANBPPBLBBB

Ry
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> 2.45. Dat X - 1, ,/J - v. Khi d6 bét ddng thic cé dang

2 v,

(u+v)® > eduvi(u
Vi u, v 13 nhiing s6 khéng am nén ta chi can ching minh
(ut vt = 8uv(u? +vA).
Thét vay,
(14 v)*-8uv(u? 4 v =

- 53— 854(87 - 255) - &7 8835, 1 1683 =

1., 1
= 5% —86%.1(& —z)+16—(8] — )7 —Z? > 0.

16
> 2.46. Ta co
¥ayd xiy) 1 1
= ( 2‘-’) = 587 - 38182) - 8% =
3 3 3
*gé?—zé]éz_gé]zzo

> 247, Ta cb
x4 23y + 2xy® 4+ y* - 6xPy? = Sq 1 26285 - 653 =

8% - 482874265 1 262(8%  28)) 683 = &8 28787 - 803 =

= {z+45,) - 2z + 462)0; — 885 — 2° + b2z
Vix,u >0, nén §2 > 0 va z > 0. Bat ding thic hién nhién dung.
> 2.48. Bt phuong trinh dua vé& dang x? 4 y? > 2xy, nghta 1a 8¢ - 252 =
25,. TU day phai chiing minh 87 > 48, nhung diéu nay ding hidn nhién
theo cbng thific da tinb trong vi du.
>254.TachH by —x14 %2 — 6,02 = x1x2 = 10. Phugng trinh mudn lap
22 4 pz 4 q-= 0 cb cac nghiém z) = x3,zz - x3. Vithé

pozy lzpexs 4 xd =BT 3818, ( 6 3( 6)10- 36,

g zizs - xixd = 83 = 1000.
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Do 66 phuong trinh ¢n f8p 1a 27 + 36z + 1000 0.
£255. Tacdd xi+xp 1,82 x1x2 - 3. Phuong trinh mudn 1ap
22 +pz { q- 0cdcacnghiémz; - x|%z;  x}% Vithé

10, 1
Pzl oz X Xy

= 61010888, 1 356583 - 508783 + 255353 — 253 - 4207,
. .

q - zizo = %00 = 830 - 59409.

a -

Do 66 phudng trinh can tap la z2 - 4207z | 59049 - 0.
> 2.56. Phuong trinh phai tim cb dang x2 + px + q — 0. Khi d6 ta ¢
~p=x14x2 81,9 xix2 — 8. Giathiét da chox3 1 x3 = 31,%14%2 > |
va bién déi ching vé dang _

57 — 5835, + 58183 - 31, > + 5p%q ~ 5pg? - 31,

17 9078, +58:8; - 31, nghiata { P t 5p7q -~ 5pq

51 =1. P = 1.
Tir dé ta nhan dugc phuong trinh 597 - 5q - 30 = 0 va phuong trinh nay
cd nghiém q; = 3,92 — - 2. Nhv vay ta ¢ hai phuong trinh thda man
diéu kién dau bai. .

>257. Tacd sy =x1 4 xy =a 2.8, = xix2 — —(a + 1}. Téng binh
phudng cia cac nghiém c¢é dang
| X 4xd - Sy 82 26y -(a 27 +2at 1)~

e’ -2a+6-(a 1)? 45
Ti day thay rdng téng binh phuong clia cac nghiém c¢é gia tri nhd nhét
khia =1,
> 2.58. Ta chira rdng x I x} 12 mot s nguyén vdi moi $8 tu nhién n.
Thét vay, vi

o1 xp 4 x2 6,82 - xaxz = 1,

thi cdng thiic {2.1) cddang S, 65, 1 Sy 2va@Sn 1 =65, 2- -Sn 3.

N

¥
«.
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Ta tinh dusc S,
S5p - 3554_2 654 3 -Snp 3437542 Sa 3]
Ta thdy rdng S, va S,_3 dong thoi chia hét cho 5 hodc khéng chia hét
cho 5. Nhu vay néu S,, chia hét cho 5 thi ¢ac $6 S,,-3,5n.6,Sn .9, ... 48U
chia hét cho 5. Cudi cung cha day trén 13 mot trong ba 86 S1,5; hodc S3
chia hét cho 5. Nhung ta dé tinh dugc S, - 6,52 - 34,53 = 198, nghia 12
khong mdt sb nao chia hét cho 5, v li. Suy ra t3ng Sn = xT | xJ véi moi
sé tu nhién 1 khéng chia hét cho 5.
> 2.59. DAt /& — u, /P — v. Khi db theo diéu kién da cho
peatpeout vt g oaf uh

va ta phdi tinh ¥+ ¥/F = u+v. Dat s, - u+v,5; — uv, ta bién 6i méi
quan hé nay vé dang

~p =& 4878, 1265, q - &)
Loai 4, ta tim difgc phuong trinh tring phuong '

81— 4¥/Q57 +2ya4 p = 0.

Phuong trinh tring phudng nay it nhat ¢ hai nghiém I3

i\/Z'\’/E+ 2q-p

(do 2,/4G - p > 0) va nhiéu nhat c6 bon nghiém la

f\/zya:t J2/a-—p
(khi 2 ¢/G+ /2 /G —p > 0). Vi s, ta mt s6.duong, nén trong bon nghiém
trén chi cé6 mdt s6 dudng théa méan dé Ia trudng hgp cac dau cong. That
vay, tr &> 0,8 > 0suyrap <0, >0vap’- 4> 0. Vithé p| > 2/9

nghia 1a —p > 2,/qva /2.,/a- p > /4,/q = 2¢/@. Nhu vay trong d&u
can phai 18y déu (+):

;
Vat B - x/zc/m V2V/a b




118 : Chuong 2. Pa thic déi xing hai bién

> 2.64. Ta cod

2 1 7y 1 axty? ) Tayd .I 2yt =
254 178585 1963 - 2(67 - 48752 + 263) +782(87 - 283) + 983 =
287 8%82 - 8% (5y 1 207387 - 87) -
< xy o 2x Fy)P xR - xy) —
{27 4 5xy 4 x4 xy +y?) =
C xR 2020+ W)X by )
{Thira s6 cudi cting khong phan tich dugc trén tap sé thuc).
> 2.65.‘Ta ch
18x7 21ty - 9axtyT o 21wy’ b 18y -
. 1884 - 215555 - 9452 =
= 18(87 ~ 4825, + 283) - 2182{6% - 26;) — 9453 =
- 1887 - 93516, — 1653 = (367 - 168,)(657 + 62} =
= (3(x +y)? ~ T6xy)(6(x +y)? +xy) =
= (3x* —10xy + 3y)(6x” + 13xy + 6y2) =
= (x - 3y)(3x — y)(2x + 3y)(3x + 2y).
> 2.66. Ta ¢o
B -8y 4 My 8xy® | 3yt = 354 — 85,5 + 1483 =
= 3(87 - 45716, | 263) — 85287 — 28,) + 1483 = 367 — 20525, + 3652

Ta nhan dudc tam thifc bac hai d8i véi 52 khoéng ¢b nghiém thue. Vi thé

ta ap dung phuang phép th hat dé phan tich ra thifa s (phuong phap hé
$0 bat dinh). Dat

- 8%y + 4xPy? - 8xy’ 4 3y4 =
= (Ax® § Bxy t Cy?)(Cx? + Bxy LAY

P

-
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Chogiatrix -y 1, tanhandugc{A { B | C)2 - 4, nghlala A1 B C
+2. Theo I luan trong phén vi dy ta ¢6 thé chorang A + B+ C - 2.

Cho x == 0,y = 11ta tim dugc A.C - 3. CuBi cung vBix = 1,y -- 1ta
nhan duge (A - B+C)? = 36nghiala A | B i C - +6. Nhuvay tacohé
phuong trinh '

(A1B+C=2
A~ BIC- 6,
A.C=3.

N&u trong vE phai phuong trinh thir hai ta 18y ddu (+), thitir phuong trinh
thir nhat B — 2. TUd6 dé tinh dugc A = 1,C ~3(hoaclaC - 1,A = 3).
Cusi cuing ta nhan dudc su phan tich

3xt 8Py + 14y’ —8xy® + 3yt = (x* — 2xy 3y?)(3x? — 2xy + u?).
» 2.67. Tacod

2xt X3y b 3yt 4 2yt =284 8257 4383 -
= (6% 4625, +263) — 8,(57 - 261) + 383 =
2853 — 98762 + 983 = (8] —302)(287 - 382) =
={(x +y)? - 3xy)2x +y)’ —3xy) =
= (= xy ¥ xy + 247).

Nhimg tam thifc sau cung khéng phan tich dugc trong tap cac sG thuc.
> 2.68. Ta cb

(x+y)° - x5 —y® - 67— S5 — 87 6% 155367 — 56183 =
| ~ 58183(87  82) =
—oxylx +yl(x? +xy +yd).
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> 2.74. Ta bién doi theo cdng thirc d3 cho
(xtul” x" y7 8] S, 7898, 148(63 1 78163

(x1yl> x> y> 8 S5 5576, 56152
7815:(87 2878, +83)  7518,(07  85)% 752 5,)
58,52(62 B2)  58182(57 85 5o 2
7 7 5
Sl )l exy) 20 1Y),

i 2.75. Ta bi&n ddi theo cong thirc g4 cho

1 (1 1y, 2 1 1Y
@ibv)Z\aZ ! ?) (a4 b)3 (E ! E)

135; 25, 5‘]2 - 285 2

e e e L
5253 536 5753 5756

89253 4 25; T

B 5262 C 8383 82 a?p?’

v 2.76. Ta bién 6i theo ¢cdng thirc da cho
Oty 4 byt =8 1Sy = 8T 4 8 - 4835, + 262 =
=251 - 48355 1 263 = 2(8% - 2636, 4 63) =
= 287 - 8)7 = 2(x* 4 xy + 4?2
I>V 2.77. Ta bién déi theo éc‘mg thiic da cho
et y) —x7 -y’ 8] - S; 87 (6] - 7575, + 145383 - 78;83) =
= 78782 145383 + 78183 = 75,8,(6% - 2626, + 83) =
= 78152(67 ~ 82)% = Txy(x Fu)(x? +xy + )2
> 2.78. Ta ki hiéu a, 1 gia trj pla tng S, véi 8, = &, == 1. Theo cong
thire (2.1) v8i gia tri 8, — 8, - 1, ta nhan dugc
Qn * Unel  Opo2 V8 Qn 17 Qp..2 O3,

Céng theo v& hai dang thirc trén cho két quad an - a, s. Tuong ty,

o
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n 3 an ¢ Vithé ta nhan dugc

On - On.g (N2 6}
P& da thifc (x 4y - x™ - y™ =87 - S, chia hétcho x2 + xy | y?, vdi
§, - 5> - 1 thi didu kién cin va 80 14 10ng cac hé s6 cla da thic (theo
&1, 52) phdi bang khéng (xem vi du 2.72), nghia & 1 - a, + 0, hay ndi
céch khac a, = 1.

Vitdn =~ Qnog =~ Qn.12 ~ ... V&3 =~ 8z = 1tach
Ok =7 O3 == 51 — 1,
Qgk+2 = az 82 - T
Ogk 13 = Q3 = 93 = —2,
Qoksa = Qg = —ay = —1,
Qgk45 = @2 =1,
Qe = Qg = Q3 = 2.

Nhu vay, quan hé trén, a, == 1 cb khi va chi khi néu n ¢ dang 6k + 1
ho#c 1a 6k + 5 (nghia 1a 6k £ 1).

> 2.79. Cho da thifc P(x) bac m chia hét cho x2-+ x + 1, nghia I&
P(x) = (x2 + x4+ 1)Q(x), & day da thiic Q(x) (& da thitc bac m - 2. Khi d6

()-(3)00)

Nhan hai vé véi y™, nhan dugc

y™P (5) ey xy 4y’ ™ ’Q (%)

Biéu thuc y™P (—3) vaym™lQ (g") khéng chira y & mau sd, nghia {3 hai
da thirc. Nhu vay y™P (g) chia hét cho x2 1 xy + y2. Nguoc fai néu
y™P (5) chia hét cho x? | xy 4 y?, thi tlr 6 vdiy + 1 ta nhan dudc P(x)
chia hét cho x2 1 x + 1. Nhu vay, da thirc P(x) bac m chia hét cho x? 1 x 1 ]
khi va chi khi da thic y™P (g) chia hét chosx? 1 xy | y2.
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NhU vay ta can phai tim gia tri n d& da thic x>™ | x™y™ + y?" chia hét

cho x? 4 xy | y>. Nhung
LMy S 183,
va dé da thiic nay chia hét cho x2 -+ xy -+ y? thi diéu kién cén va du la tdng
cac hé so clia da thic nay (theo 6,,8,) bAng 0, vdi &) 82 1, nghia la
azn b1 =0 hay la arn - - 1. Theo két qua cla bai 2.78 suy ra phai cd
2n 2 6k + 2 hodc 1a In = 6k + 4. NGi cach khdc, phdi cd n - 3k + 1 hodc
1 =3k + 2. Dathifc x’™ + x™ | 1 chia hét cho x> + x i 1 khi va chi khin
khéng phai boi s§ cla 3.
p 2.80. Ta phdi tim nhiing gia tri cla n dé da thic {x + y)™ 1 x™ | y™ chia
hét cho x? + xy + y? (xem bai 2.79). Tif két qud bai s 2.78, khing dinh
cla bai todn cH duge vlin - 6k £ 2,n = 6k + 4.
> 2.81. Ta ki hiéu nhing da thic cg 58 cla x,y 1a 81,82, clla u, v 1a 1, T2
br=x1lvy, d2=xy, TI=u+vT12=UV
Theo diéu kién bai ra .
8 =Ty VAT - 26y =i - 213
TU day ta nhan duge &, = 1,52 — T2. Nhung khi 66 véi da thic bat ki
©(z1,22), ta cd ©(81,582) = @(T1,72). Theo dinh 1 2.1, néu P(x,y) 1& mdt
da thirc doi xing bat ki va P(x,y) = (81, §3) 1a biéu dién clia nd theo cac
da thiic ddi x(ing ¢o sd, thi
Plx,u) — @(81,82) = (1, 7T2) = P{u,v.

Trudng hgp rigng v moin
XMyt = ut vt
> 2.82. Phugng trinh da cho c6 thé viét dusi dang
5y = &% - 38,
B vi x, y phai 12 s6 thuc, nén 48 < 52 va vi thé

3 .
8% -8y = 38y < Za%,

Y
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nghia 1a

%5% - 5y <Ohay 88 4) <0
Tuday suy ra 0 < §, < 4. Nén nhd ring 38, - &7 - &, ta nhan dugc
nhing kha nang sau day

§1=0, 5 —0; & -1, 8 =0

2
51 :2, 5_7 b -g; 5] 43, 62 - 2; 5] - 4, - 52 4.
Trudng hop thi ba bi loai trir do x,y phai nguyén, nghia 1a 81,5 phai
nguyén. Nhiing trusng hgp con lai cho ta cac hé phuong trinh sau:

x—*-gl-o‘ XIy-T]' xFy """ 3| x‘*'U’"4‘
Y- 0 xy - 0 xy--2; xy = 4

Giai cac hé phuong trinh cho ta cac cdp nghiém

X1 *0! X2 =1, X3 ::‘On X4 '_Zn XS'_1) X6:2,
ye=0 |y=0 |us=1 |va—-1 |us=2 [ve—=2
Bing cach kiém tra lai, ta thdy cac cip trén thuc su 1 nghiém cla phuang

trinh da cho.

> 2.83. Ta phai chitng minh ring da thirc d6i xing
(@t b)™—a™-b" -3(ab)*T (a+b)

v6i 61 = 5, = 1 1a da thirc (theo 81, 5>) cd tdng cAc hé s8 bang 0 (xem vi
dy da gidi), nghfala 1 - a, — 3 =0hay an = 2. Doddn - 6k + 3 (bai
tap 2.78). TU gia thiét suy ra didu can chlng minh.

>2.89. Tacod

1025 ¢ 25 4774 - 4723 1 22 10z -
- z(lOzS 2t 4Tt 4727 + z 4 10).

Pa thiic trong ngoic & vé phai Ia da thitc bac I1& voi hé sb tuf do khac
khéng, nén theo dinh Ii 2.4 nd chia hét cho z t 1. Ta thyc hién chia da
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thirc (theo s6 ¢6 Horner) va dudc:
102° +2° 47z 4723 127 110z - ,
Cz(z 1 (102923 3822 9z 10) -

3z 1 1) (10 (zz 1 lz) 9(2 } l) 38) :
: z z
w2z 4 J{I0(8% - 2) - 95 - 38) .
2{z 1 1)(108% - 95 --58).

Cho dang thirc sau cing bing khong ta tim dudc hai nghiém z; = z, -
zz = 0, z4 = - 1 va phuong trinh bac hai

1052 — 95 -- 58 = 0.

Nghigm cia phuong trinh nay 15 5 = 2,6 = #_ Tir day dan dén phuong.
trinh
1 9

|
—:-—2 - = —.
- T

Cung véi hai nghiém @3 nhan trudc d, ta nhan dugc tat ca 6 nghiém
cho phuong trinh ban dau: |

.- _ o 0 A =7 = Zg - } i 5 2
Z1 =2y =23 U Zqg =25 = 2L = VEZ7 Z;ZS ’5-
» 2.90. Tacd

| 1
azt + b 4 ez? b bzt a2 (a (zl t —;) +b (z + E) + c) =
z2

2

=22 (a(d® - 2) 1 bb+¢) = z2{ad 1 bs | {c - 2a)).

Via /# 0 nénz khong la nghiém cla phuong trinh ban dau va ta gii
phuong trinh di voi &:

ad? + bd + (e - 2a) = 0.

Nghiém cla phuong trinh d& biét thda man bdn phép tinh 6 hoc va can
thire. Nghiém cla phuang trinh ban ddu dugc giai béing hai phudng trinh
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& day & la nghiém thir nhat hosic nghiém thir hai clia phugng trinh trén,
Nghiém cla nhiing phuong trinh nay cling tim duge nhd bdn phép tinh va
can thirc.

> 2.91. V& trai cia phuong trinh chia hét cho z-+ 1 (dinh If 2.4) va thuong
la mét da thifc hé s6 d6i x(ing bac bén (vai hé sd cla s6 hang ¢b bac i6n
nhat 13 a). Vi thé bai tap 2.90 dugc ap dung cho da thiic ndy va nghiém
phuang trinh da cho biéu dign bdi bdn phép tinh va can thic.

- 2.92. Ta dua bién mdi 8 - z+ 1, phuong trinh hé s& d8i ximg cé s6 hang
t do khac khong dugc dua vé phudng trinh bac ba d6i vai 5. Néu z; ia
MGt nghiém da biét clia phuong trinh ban d8u (z1 #£0), thi§ —z1 + - 13
nghiém cla phuong trinh bac ba déi véi 6. SU dung dinh Ii Bézout ta dua
phudng trinh bac ba déi véi & vé phuong trinh bac hai'ma nd cb nghiém
bidu dién nhu bén phép tinh s6 hoc va can thic. .

b 2.93. Da thifc hé s6 d6i xiing bac 1& (v&i s6 hang ty do ap # 0) ¢6 thé
viét dudi dang

P(z) = aolz?* " + Nt (2% +z) +az(z® T 122y 4 -
Tinh gia tri clia da thic tai z = —1:
P(-T) =ap{ 1D+ -1} bal T+~ 0.

Nhu vay P(—1) — 0. Theo dinh li Bézout da thiic da cho chia hétchoz | I
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Trong hai chuong truéc, ta da st dung rét nhiéu dai luong bat bién
trong bai toan da ra va dua vao dé ta giai duge nhiing 16p bai toan d3c
trung. Chuyén dé nay ta chimg minh mét s bat ding thiic ma trong d6
céc bién tham gia ¢6 vai trd nhu nhau. Cé nhiéu bai toan cé nhiimg biéu
thitc khong ddi ddi voi su chuyén ddi cac bién cho nhau. Trong trudng
hop nhu vy, ngudi ta thudng cho nhimg bién sdp xép theo mot thir tu
nao dé ma khdng &nh hudng gi téi két ludn cla bai toan. Viéc giai cac bai
toan bt déng thiic ¢b nhimg bién s6 dugc sip x&p theo mdt thir tu nao
do 2 rat thuén tién va co thé téng quét hda dugce. Trong chuyén d@é nay,
ta nghién c{u viéc ch(fng minh bat d&ng thifc vdi ki thut tao ra cac bo s6
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dugc sdp th(r tu va sau d6 nhé ki thuéit nay chiing minh mét s bét déng
thic ndi ti€éng nhu : Cauchy, Chebyshey, ...

Ta lay mdt vi du co tinh chat thuc 16 Muti nguai xép hang &y nudc
vao cac thung. Mi thing doi héi thdi gian 18y ddy nudc khac nhau. Cén
s&p x&p thur tu hang dgi nhu thé nao dé 6 hgp thai gian cho doi clia mudi
nguidi 14 nhd nhat? " '

MGt truc gidc cho ta 18t khuyén 1a xép theo thlr tu tang clia thdi gian
lam ddy nubc cac thing nude. DE kiém nghiém cam giac nay ta xem xeét
nhu sau: Ki hiBu Ty < Tz < ... < Ty céc thai gian can thiét lam day nudc
cac thang.

N&U ngudi 1dy nudc duge sdp nhu 161 khuyén trén thi 18 hop thoi gian

. chd dgi phai cho 1a T = 10Ty 9Tz + -+ + To. V&i nhiing thif tu héng do

khac, 8 hop clia thai gian chd dgi s& 1 S = 108, + 952 +--- + S10, 8 day
(S1,S7,...,S10) 1a mdt hodn viclha (Ty, T2, ..., Tho)-

Hai bd 10 s6 khac nhau ludn fudn t6n tai mot chi s6 1 sao cho Si # Ti.
Khidd S; - Ty < S; v8is8j > inao d6. Ta gan lai S{ - 55,5 = 5. va
S{ = S vBik £ 1,]. Dat S’ — 108] + 985 +--- + S, Khidd

S S = (11-10(Si —SH+(11 )s; 8~
=Sy -5 1) >0
Do dé su thay d8i th(r tu theo cach trén cho két qua thdi gian cho giam di
thulc su.

N&u (S!,S5,....85) # (T1, T2, .., Tio), thi qua trinh thay @6i thit tyf trén
dugc 13p lai. Ta s& dat t&i (T), T, ..., Tro) nhiéu nhét la sau 9 13n. Vit hop
thai gian chd dgi déu gidm sau mdi budc thifc hién d6i thr tu, nén T thuc
su 14 gid tri nhd nhét cho thdi gian ¢hd dgi.

Trudc khi di vao tng quat hda bai toan nay ta xét bai toan co s6 bién
it hon va cac Ung dung cla néd.
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3.1. Cip th v hai hoic ba s6

Xuét phat tir mot bat dAng thitc don gidn va ¢& hiu ching ta cé thé
ap dung va giai hang loat bai toan.

Ménh dé 3.1. Cho a;,a, by, b, fa nhing s6 thue. Néu a; > ay va
by = by, thi
aiby + azbr > aib; + axb;,

Bét déng thuc xdy ra ddu bang khi va chi khi oy = az hodc by = by,

Chiing minh. Chiing minh dugc suy ra tir bat dang thic (a;  a2)(b, -
bz} > 0. D& thay dang thifc xdy ra khi va chi khi ¢, — a hodic by — by,
©

Ménh G& trén con dung v6i a) < ay va by < by. D& thuan tién, hai bo
s6 (a1, a2) va (by, b2) goi 1a ddng ther ts, néu ching thba man déng thoi
ay 2> ay va by > by hosic ddng thdi a1 < a; va by < by.

Tirménh dé 3.1 cho thay véi nhilng b6 (a1, az) hoac (br, by} déng the
ty, ta thay d8i nhiing s6 hang trong tdng a; b + ayb, bing cach thay déi
cac phén tif ciing bé thi tdng sé& nhd di. Chi tir nhiing ¥ tudng don gién
nhu vy, nhung ta c6 thé ap dung gidi cac bai toan.

Vi du 3.1. Chung minh bat ding thic

a® 4 >alb+ baq,
& day a,b g nhitmg s6 duong.
Loi gidi. Mot trong nhiing s6 a va b s& I6n hon hozc biing s6 con lai. Bidu
thife & v& trai va vé& phai chia bt ding thifc da cho déu ddi x(mg véi bién
(nghia |2 bat d4ng thifc khong thay ddi khi ta thay di chd cla a va b cho
nhau), nén ta chi cén xét trudng hop a > b. Khi @6 a? > b? va suy ra bo
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s6 (a,b) va (a?, b?) ta ddng thir ty. S dung ménh dé 3.1 va ta nhan ducc
ad+ b - a?at b’z alb bQ;L. : | ©
Vi du 3.2 (IMO 1964). Cho a,b, ¢ /& nhimg s duong. Chung minh bat
déng thuc
a®+ 134 c® § 3abe > a’b t ab? | bPc ¢ be? 4 c?a b call
L& gidi. Bat ding thifc ddi xiing theo cac théng s6 a,b,c (nghia 1a bat

d&ng thifc khdng bién ddi khi ta thay 88i chd clia cac bign). Bdi thé ta ¢
thé cho réng a > b > c. Khi dd

a? 4 b3 e? | 3abe = a{a®  be) { b(b? 1 ac) | c{cz.r- ab).

Ta ap dung ménh dé 3.1 cho cac bd s& ddng thir tu{a, b) va (a? | be, b?
ac) ciing nhtt (c, a) va (¢, b). V& bén phai clia déng thiic trén 12 -

a{a? +be)+b(b? t-ac)4 c{c®+ab) > a®b tca? | ab’ +ble+be? i cfa. ©

Vi du 3.3 (IMO 1984). Cho a,b,c /& d6 dai cac canh cla mot tam gidc
bét ki. Ching minh réng
aZbla - b) + b%c(b ¢} +cfalc  a)=0.

Hay xac dinh trudng hop x3y ra déu béang.

Loi gidi. Bat ging thifc d4u bai tuong duang véi bat déng thirc
a®b | bic +efa > a®b? + b2t 4 id. (3.1)

Bat dfing thirc nay 14 vong quanh theo céc bién (nghia 1a bat déng thic
khéng thay ddi khi ddi chd vong tron theo cac bign). Do vay, khéng mat
tinh téng quat ta cd thé cho réng trong bd ba {a, b, c) s6 a fa 18n nhat. Tu
d6 dé thay trong bo (be, ac, ab) s6 nhd nhét 1a be. Trong bd (a? | be,b? 3

ac,c? | ab) s6 Ién nhat 1a.a? | be, didu nay dudc suy ra tif nhimng bAt
9.6 TOANB PPD.LBBA
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déng thirc tam giac (véi chii y a,b,¢ 1a nhilng dd dai cac canh clia mot
tam giac) ’

a? Fbe>b?+acs{a--b)latb - c) >0,
alibezc? tabe(a-c)atc b) =0

Ta xét biéu thirc
A =belbe  a®) t aclac + b%) + ablab + ¢2).

Né&u trong bidu thirc & 3 hang thir hai va th(r ba ta déi chd clia nhiing

thita 86 ac va ab, thi theo ménh d& 3.1 ta s& nhan dudc t8ng idn han, vi

bd s8 (ac,ab) va (ab + ¢, ac 4+ b?) & dong th{ tu {Gidu nay dé kiém ira,
ban doc tu fam). Khi do

A < belbe + a?) + ablac 4 b?)+ aclab + ¢?).
Bay gids ta lai thay ddi nhitng thifa sG trong s& hang th(? nhat va thi hai
trong dng thiic va ap dung ménh d& 3.1 véi nhitng b s (be,ab) va
(ac + b%,be + a?) 12 ddng thir tu:

A < ab(be + a?) + be(ac + b2) + aclab + ¢2).

Ta nhan dugc

A = b2 4 Za? 1 a’b? + a’be + abc + abe?
A < e'b+ b3t cda 4 abe + ab’e t abel.
Tl day suy ra bat ding thirc (3.1).
Sy ddi chd nhimg s hang da thuc hién hai ln. Béng thic chi xéy
ra trong nhing trudng hop: 1) ac ~ ab ho#ic 13 aec + b2 = ab | ¢’ va 2)
ab = be ho#ic1a be +0? — ac+ b2
Tudbsuyrac - b = ¢, nghia 1a ddng thirc chi xay ra khi va chi khi

tam giac da cho 13 déu. _ _ ©
o GIAI TOANBPPBOLEBES

<
-~
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Vidu 3.4. Néu a,b, ¢ /& nhiing db dai cac canh cda tam gigc bat ki. Hay
chimng minh bt ddng thirc

2(E4E+£)25+
b ¢ a c

L&i gidi. D3t vé trai ctia bat dAng thirc 1 B va ta bién d6i thanh dang:

b Zb Ziab b’y
B..2<E+_4£)_:a } c+c ra I ac
b e a/-

4+ 3.

b
-
a

=2l e

ab ac be

Bat ddng thifc co tinh vong quanh theo cac bién. Ta co thé cho a 14 canh
I8n nhét. Véi b, ¢ ta xét hai trusng hop: b > cva b <c.

£ o e - A X
Trudng hdp b > c: Ta de thay rang nhung bd (E'B_c) va (c? 1

1
ab, b? 4 ac) 1a dong thix tu. Khi d6 ta thay ddi nhimg thira so — va oo
trong s6 hang thir hai va th( ba trong t8ng B sé dan dén tong nho han.

2 2 ab b2 c be | b2
Bza +bc}rc +a T ac __+,;_+1+ -
_ ab. be ac b b ab

Bay gid lai xét nhing bd (lb’ E) va (be, b?) 12 ddng thir ty va s dung
a
« A\ N o b N
ménh d& 3.1 cung vdi chd y % + . > 2, ta nhan dugc

z {_,%+%+1.; 222%-+%+%+3
Trudng hop b < ¢: Thay @di nhiing thira s8 cén thuc hién trong s6
hang th{ nhat va thd hai cla tdng B, ta clng suy ra diéu ¢&n ching minh.
' @
Ta thdy rang ménh dé 3.1 dugc phat biéu cho hai bién 6, nhung nd
cb thé ap dung cho nhiing bat ding thirc ¢o ba bién s8. Bay gid ta xét
tuong tu ménh dé 3.1 cho bd ba s6.

B>

=3

Hai bd ba s8 o = (ay,a2,a3)va p - (by,b2,ba) goi la déng tha tur
néu ching thda man déng thoi a; > ar > as va by > bz > by ho#c dong
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thdia; <a) <aozvaby <b, <bs. Haibdbasd o« {a),az, ai) vap
(b1, b2, bz} goi la nghich ddo th tr, néu ching thda man a; > a2 > a;
vab; =b;<bshodice; €ay<aivab) >by > b;.

Vi du: Cho ba s6 nguyén duong a, b, ¢ bat ki thi ta c6 thé sép xép ching
theo thity a > b > ¢ (hodc a < b < ¢}). Khi d6 hai bd ba s (a,b,c)
va {a’, ¥, ¢3) 1a dbng thir tu, cdn hat bd ba s8 (a, br,c) va (]E % %) la
nghich dao thir tu.

Ménh dé 3.2. Cho hai bo ba s thuc (ay, az,a3) va (b1, bz, ba). Ki hidu
S(i A ,ig) & @ bi, tazb;, +azb;,, é day (i1,1z,13) /& hoan vi ctal(l,2,3).
Khi do

(a) Néu hai b ba s6 la dong thu t thi cac bat ddng thic sau ding

Si2.3 2 S i = Sz
(b) Néu hai b6 ba s6 1a nghich ddo thir tir thi cac bat ddng thic sau ding
S1.2,30 S Sy inia < S3,2,10

Cac bét ddng thic trén xdy ra dau bang khi va chi khiay = az — a3
hodc (41,12,13) = (1,2,3) (67 v&i bat ddng thic vé trai) va (1,12, 13)
(3,2,1) (dGi véi bat ddng thire vé phai).

Chu y: Ta hiéu hai bd 8 (x1,%2, ... %n) = (Y1, Y2, Un) khixi =y,
vOii=1,2,...,n.
Chiing minh. (a) Gia sir hai bd s6 d6ng thir t: a; < as < as va by <
by < bz. Tu ménh dé& 3.1, ta &p dung 1dn lugt cho nhitng bd ddéng thir
tu: (ay, az) va (o;,bz); (ay,az2) va (by,ba}; (az,a3) va (by,by), suyra

R
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nhimg bat dang thirc
‘ Si1.23) by | axba azbs = ayby 4 axbs 1 asb:
> ay1bs + azby +asby > arba + axby | azby - Sz,

Sz 2 S(1,3.2) 2 531,20 2 332,10

Tuong tu ta ciing nhan dugc nhiing bat ding thic sau

Sr1.2.3 2 512,130 = 523,10 2 33,211
Nhu vay véi sau tdng dugc tao bang cacbd a; < a» < azvaby <bz <bg
ta két ludn tBng 16n nhat 13 Sy 5.3 = arby + azb; | asbs, tdng nhd nhét
& 5323~ aiba+ azbs | azby. Suyra
51,230 2 Stiy 10,00 2 33,213

Ban doc dé thdy aing thitc x&y khi va chi khi (iy,12,13) - (1,2,3) (84
v&i bt diing thirc vé trai) va (1,12,13) = (3,2,1) (46 véi bét ding thitc
vé& phai).

(b) N&u nhimg b ba s8 (a1, az,a3) va (by, ba, bs) 1a nghich déo thi
tif, thi (a1, 62, a3) VA (b], bs, bl) = (b3, b2, by) 12 nhilng bd ba ddng thir
tu. Theo phén (a), tdng

Si1.2,3y = by + azba 4 azbs = arby | axb) 4 azb]
la nhé nhat va tdng
S(3,2,1) = b3 + aaby + azby -~ arbj + azb) + asb}
14 16n nhat. Tuong t phan (a) suy ra diéu c¢an ching minh. ©

Tir ménh @& 3.2 ta riit ra nhiing chi ¥ sau day: V&i b ba dong thdr tuf
{ar,az,a3) va(by, bz, b3), t6ng S.y 3y — aiby ¢ azbz +asbs 12 16n nhét.
Su chuyén d8i nhiing thita s6 1 nhiing s6 trong cung mot bo ba dan dén
t6ng nhd hon.
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Béy gic ta ¢6 thé ap dung ménh dé 3.2 cho mot s6 vi du da xét:
Cach giai tha hai cho vi du 3.2: Viét lai bat ding thic can chitng minh
dudi dang:

a’bic-a) tb¥c+a b)+ciladb -c) < 3abe
vagiaslra>b>c Khidd
cfalb cl=blcda-b)>abtc-—a) ‘
vie(ad b—c}-ble+a-b) = (b--c)(btc- a) >0, bt dng thirc the hai
chimg minh tuong ty. Nhu vay hai bd s6 (a,b,¢) va (e{a + b - ¢),b(c +
a b),a(b+c - a))d8ng thif ty. Theo ménh dé 3.2, ta cod
a’(b+e  a)itbic+ a—b)+ct(atb-c)
<bhalb+e-al+cbicta-bl+ac{fa+b-c),
u%b+cww+bﬂc+a—meﬂg+b—q
"<ealbtec—-a)+ab{c+a—b)+be(a+b-e)
Céng theo v& clia hai b3t ding thifc trén, v& phai rit gon con 6abe. TU
do, suy ra bat d&ng thifc can chimg minh. @
Cach giai thd hai cho vi du 3.3: Tl o, b va ¢ 13 cac canh cla tam giac,
tacothd gidstra>b > c. '

Khidd aib+ c- gl < ble +

minh nhu phan trén. Ta cling c

O

g€ 3.2, tacd
1 1
—a(b tc - a) lb(t: +a-b)4+ —cla+b--e)
¢ o b )
] 1 ' 1
<—albtc-a)t=blcta-bl+-cla+b - ¢)
a b c )

a+b+c

R
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(o2 1 1
Rt gon bat dang thiic trén thanh Ea(b ~a) b lab(cwb) 4 B-c(a c) <0,

bat d&ng thirc nay tuong duong véi bat ding thirc can ching minh.  ©
- Ta xét vi du sau: '
Vi du 3.5. Chudng minh rang vdi moi s6 duong a, b, c thi
at bttt 2 dfp bied o
L i gidi. Do tinh d6i ximg clia cac bién trong bat dang thirc, ta ¢d thé gia

thi6t 12 @ < b < c. Khi d6 bd ba (a,b,c) va (e3,b3,¢?) 13 ddng thir tu va
theo ménh dé 3.2 su thay déi nhiing thira s6 trong cung mét b dan dén

téng nhd hon. Suy ra

a1 bt et —adarbbcie> a4 bietcla
Péng thirc xay ra khi va chikhia = b =c. _ ©
Vidu 3.6. Chimg minh réng v6i moi s6 duong a,b, c thi
a®b 4 b3 + c®a > a*be 4 ab’e + abc”.
Lof gidi, Do tinh d8i x(ng clia cac bién trong bat dng thic, ta éé thé
gia thiét 14 a < b < c. Khi 36 nhitng b ba (a*, b4, c*) va (be, ac,ab) 2

nghich dao thif t. Theo ménh @& 3.2 c6 tdng S = a*be + ab’c i abet @
nhd.nhat. Suy ra
atbe + ab*c +abe? < atab + b*be + etac = a’b + b+ a

Déng thifc xay ra khi va chikhia =b =c. . ©
Vidu 3.7. Chung minh rang véi moi s6 duong x,y, z thi

xy +yt 2 = Py byl oy
Loi gidi. Do tinh d6i x(mg clia cac bién trong bat ding thiic, ta cb thé gid
thiét x- < y < z. Khi d6 nhiing bd ba (x?,y?,2?) va (yz,xz,xy) la nghich
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déo thirty. Theo ménh d& 3.2 ¢610ng S - x%yz | y2xz | 22xy la nhd nhat.
Mot trong nhiing cach chuyén thira s& cho ta tng xy* 1 yz3 + zx3. Suy
ra

Py 4o > xfyz Fyixe 1 2Py
Dng thitc x3y ra khiva chikhix - y - z. ©

Vi du 3.8. Chung minh réng vo&i moi s& duong a, b, ¢ thi

a? b2 2
<t

-+ —_
b c? * a?

i,

leal =1
Ol
ele

111
Loy g;a: Nhimg bd ba (a,b,c) va (E ' E) la nghich ddo thi ty. Theo
ménh dé 3.2 suy ra

a-]-¥b-]'+c ]<ﬂ+b-+c
a b c~b ¢ a
nghia 14
b
9, 245853 (3.2)
- b c «a
Ngoaira
. ,
a b ¢ a2 b’ 2 a ¢ b
S e e I (i g A I 33
(bl—c+a) b2+t:2+(.1ZJr (c+b{a) (33)

: . . o b
Biing cach ap dung ménh dé 3.2 d6i véi nhiimg b ddng thir ty (% = E)

b'c

az+bl+c2 a b
b2 2 a2 b ¢

TU{3.2), (3.3} va (3.4) suy ra

3 ++6 a e by, e, e e
b a —Eaz SUAB2 T2 a2 )

“Sau khi gidn udc hai vé& cho 3 ta nhan duge bét déng thifc cdn chimg minh.
&)

b .
va (E -.E) ta nhan dugc

ot

a e
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Bai TAp
Béng phuong phap nhiing bd ddy s6 déng th(r tu, hay lam nhimg bai
tap sau véi a, b, ¢ 1a nhiing s6 dugng (18i gidi va ggi y 0 trang 166):

> 3.9. Chimg minh réng a®b® > alb®.

> 3.10. Chimg minh ring

b
(l;b 2 arﬁbwﬂhc:_b_

> 3.11. Chiing minh ring 3(a® + b3 { ¢*) > (a +b 1 e}a? + B? | ¢?).

> 3.12. Chimg minh rdng 2a'> + 3b'" > 5a°b®,

> 313, Ching minh rang 402’ + 3b' > 701708,

3.2. Tong ouar hoa

Trong phan nay ta tdng quat ménh.dé 3.1 va ménh dé& 3.2 cho hai day
hitu han s6 thuc. Trudc tién ta dua vao dinh nghia:

Binh nghia 3.1. Hai bd 36 thuc (a1, az,...,an) va (b1, b2, ....bn) {n = 2)
goi 1a déng thir tu, néu ching thda man déng thdi a3 > a; > -+ > an VA
by > by >...>b, hoBicddng thdia; < a; < - < ay, vAby < by <,
.- < by,

Hai bd s6 thuc (a1, a2, ...,an) va {b1,b2,....,bn) (n > 2) goi la nghich
dao thit ty, néu chiing thda man déng thdia; > a2 > --- > ap va by <
by < - <b,hoicdbngthdio) <oy <---<apvab; >b; > > by,

Ki hiéu Spi, i, i.y = aibi, | asbg, i - 4 anbi,, J day bd s6
(i1,12,...,1n) 1a hodn vi clia bd 6 {i,2,...,n}.
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Binhli3.1. {a) Chohaibd s thuc (ay, 4z, ..., on_y, o) va (b1, ba, ..., br 1,
bn} (M > 2) déng thu tu. Khi do ta co cac bat déng thife sau
S11,2, on) 2 Stiniay in) = Stnm-1, b

vai moi (11,12, ...,1n) 1& hodn vicia (1,2,...,n).

(b) Cho hai b6 s6 thuc (ay,az, .., A1, an) VA& (by,b2,...bn. 1, by)
(n > 2) nghich déo thir ty. Khi do ta c6 cac bét déng thirc sau

Sz ) S 5 i) S Stan—1,.Th

v&i moi (11,12, ...,1n) fa hodn vicéa (1,2, ...,n). )
Céc bat déng thie & (a) va (b) x3y ra déu bang khi va chi khi a; =
@z = .. = @n hodc (i1,12, . in) — (1,2,...,11) (d6F vi bét ddng thic vé
trai) va (ir,1iz,...,in) = (n,n — 1,..., 2, 1) (di vdi bt ddng thite vé phai).

Chting minh. Ta chimg minh cho truding hop (a) véi hai bd 6 déng thit
twa; <a<---<a,vaby <b; <-.. < by, cdn cac trudng hgp khac
chimg minh tyong tu. Ta s& ching minh dinh i bing phuong phap quy
nap theo 1. Vi n = 2/kh&ng dinh dugc chilg minh trong ménh dé 3.1,
Ta gi& thiét dinh li dng véin — 1 (n > 3).

Ta sé chimg minh t8ng I8n nhat (2

S5(12,.m1 = arby +2a;bs 4 -+ anbp.

_That vay, néu trong t8ng S{iv iy, i) = @ibi, 4+ azbi, + -+ anbi, €6 |

iy = 1, thi khing dinh suy ra tryc tiép tir gia thigt quy nap. Choi, # 1 va
tir ménh G€ 3.1 ta nhan dudc

arb;, +aj, by <ayby +aj,b;, vllij, - 2,3,4,..,n.
Déng thirc xdy ra khi va chi khi a1 = a;, hosic {(by,,by) = (b1, bs,). Theo
gia thi€t quy nap cho nhimg day s6 a2 < ... < an..1 < a, va
by<...<bnh.1<bytacd :

D.zbl_, b dag by, b b anbi, <a2b2 4 azbz -4 agby,.

ot

PR
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Déng thiic xay ra khi va chikhi az - az = .. = an hodc (by,,..., by, )

(b2, bs,....,bn). Khi dd

ayby, 4 apbi, 4 bay by B4 aphy, €
<ayby 4 asby, 4 - Ly, by, 4 | anby,

<arby + azb; | -4 anby - 512, .0

Nhy vay ta 42 chiing minh 18ng I6n nhat1a Sy > .y K&t hgp cac trudng
hop ding thifc xay ra khi va chi khi a; = az — ... = a, hoic
(b3, iy, by, ) = (b1, b2, ., ba).

Hoan toan tuong tu ta ciing chimg minh dudc tdng nhd nhét Ia
Simn_1, .11 = Q1 bn + azbnoy 4 -+ anby. ©
Hé qua 1. Cho ay,a), ..., 0, 1@ nhiing s6 thue va {a], a),...,ay,) /& hoan
vi cda (a1, 02, ..., Qn ). Khi d&

aiytas+ .- Fed > ara) Fazal oo aney.

Hé qua 2: Cho a;,ay, ..., an 1@ nhing sé thyc duong va (af,aj, ..., a})
14 hoan victa (ay, az, ..., an ). Khi dd
G, %, 4
a; Qs an
Vidu344. Chox; < %3 < .. € %n VAU < Y2 € .o < yn 14 hai b6
s6 thue. Chung minh rdng néu 1.1,12, ..., zn 1& hodn vi bét ki cba céc sO
Y1, Y20 Yn, thi '

n n

Z(xi -y < Z(Xi A
i=T

i= 1=1

L 61 gidi. Theo gia thist ta cb

CRRIRT IR RRRRI R T N U5 S ARRRR I &
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Sau khi khai trién va rit gon, bat d&ng thifc Ga cho tuong duong voi
’ mn . it
Z XiYi 2 Z XiZi
-l i1
va theo dinh | 3.1 bat ding thifc trén dung. ©
Vi du 3.15. Cho2n s6duong a; < az < ... < a2,. Chung minh rdng tong

St F 020201 + oo FQRGpo

co gia tri nhé nhét trong $6 téng nhing cap trong nhimg s6 da cho.

Loi gidi. 1) Céch thit nhét: Sit dung dinh i 3.1 véi hai bd s8 ddng th{s ty
(1,62, ..., An) V& (@n: 1, --., Qzn ) Cho két qua phai chimg minh,

2) Céch tha hai: Cling nhu ching minh dinh i 3.1, ta ding phuong
phép quy nap toan hoc:

V@i 1 = 1 khdng dinh ding 1a hién nhién vi khéng cd hoan vi khac cla
cac sd.

Gia thiét ring khing dinh ding vd&i 2n s6. Ta sé chiing minh khing
dinh cling dung v&i 2(n + 1) 86: ap < a1 < Q2 < ... < Azn < G2ny1-

Dé& ching minh dudc két hop hai 86 ap va azn. Nhan gid tri nhd hon
1a ching k&t hop vdi cac s8 khac. That vay, apazn:1 + axep < apdy -t
Urne1@e b VI {ag — ag)laom, 1 - - ag) > 0.

Vi thé t6ng nhd nhét cla nhimg tich hai s§ ¢6 dang asarnit + -...
Nhung theo gid thiét quy nap: Vi 2n sd thi téng cla tich cac c3p s8 ¢6
gid tri nhd N8t 1A a1 aon + G202n—1 F ... + Qnln. 1. NRU vay khiing dinh
ding voi moi n. ©
Chu y: Bang cach chimg minh tuong tu hoac ding_ dinh li 3.1 ta chimg
minh dugc nhimg khing dinh: T8ng cla nhiing tich cac cap s6 duong cb
gia tri 16n nhét 1a

5. araz fazaq b azno 102n.

o
n o
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Béng phuong phap nhu chimg minh bai trén cho tich clia cac cap téng
hai s& cla day sob.
Vidu 3.16. Cho 2n sé dugng ai < az < ... < az.. Chimg minh rang tong

S = (ar | aznlaz t @ana)efan t an)

co gia tri In nhat trong sé tich nhimg c¢ép trong nhimg sé da cho.
Lo gidi. Diing phuong phap quy nap theo n. V8in ~ 1, khang dinh dung
la hién nhién vi khéng c6 8 hgp khac clia téng.

Gia s kh&ng dinh dung véi 2n s6. Ta sé ching minh khdng dinh ciing
ding vdi 2{n | 1)86: ap < a1 < Q2 < ... < G2n < G2n. 1.

D& ching minh két hop t8ng hai 6 ap V& azn .1 Nhan gi tri 16n hon
la ching két hop vdi cac s6 khac. That vay, véi k, €€ (1,2,...,2n] ta co

(@0 + Gonc1)lax + ae) - (2o 1 ax){Qrny 1 + Qe)
= {apak + 0o+ Azn 418k + Q2n1 0l
{apazn<1 | Ogae | GrQzney | axae)
g0k — Q1)+ agl@inst - ak) - (azn.1 - axd{ag —ap) 2 0.

Vi thé tich 1&n nhat cla nhiing tdng hai s6 ¢d dang (ap ¢ a2 )..-{Qn |
an . 1 ). Nhung theo gid thiét quy nap: Véi 2n s8 thi tich clia téng céc cap
s co gia tri 16n nhdt 1a (a} 1 azn){az + azn.1)e-(an + anor ). NhUvay
khang dinh dang vai moi n. ©
Cha y: Bang cach chitng minh tuong ty cho khang dinh: Tich clia nhitng
t8ng theo cac cap s6 duong ¢d gid tri nhd nhat 1a

_ Sa={ar | a2l(as+ aq)..lam 11 Q2n ).
Vi du 3.17 (IMO 1978). Cho ¢1,¢2, ..., 1d nhing 6 nguyén duong khac
nhau. Chimg minh réng

(1] Cn

C|-I«2—E{---I—>]+
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Lol gidi. Cho ay,az,...,an 1& nhimg 88 ¢; dugc xép theo thir tu téng
dan. Vi a; [a nhing $6 nguyén duong khac nhau, ta c6 a; > 1,0 >

2i@n ZnVal > m > > = Nhu vay hai bd (ay,az,...,an) va

1 1 X R . _ ,
(l,—m,-,--- '“'.i) l& nghich dao thir tu. Theo dinh Ii 3.1 ta ¢d
22 n T
e Cn az an n
S R U R e L AL ey 2 ©

Vi du 3.18 (My 1974). Néu a,b,c /& nhilng s6 duong, thi bt dang thic

sau ding
a+b+c

. a®b®c® > {abc)” 3

L 6 gidi. Bt déng thifc d8i x(ng theo cac thong s6 o, b, ¢, do d6 ta c6 thé
chordnga<b<c, khiddIna <Inb < Inc. Theo dinh li 3.1
alna+blnb+chec>alha+ binb+cine,
alna4 binb+chnec>alnb+ binc+clna,
alna +binb +cinec>almc+ bina+ clinb.

Céng theo vé clia cac bat dang thirc trén va ta nhan dudc:

alna + binb i clnc > (atb+c)ina+inb +inc)

3

Tir dAy bién ddi theo ham s mi s& nhan dugc két qua. ©
Bai Tép (Goi ¥ va trd IGi tir trang 167)
&> 3.19. Chimg minh rang néu a, b, ¢ > 0, thi

al | b3 . 3 a2+ b2} 2

bte c+a atb ™ 2

> 3.20. Cho a,b, ¢ I2 nhiing s6 duong. Chiing minh rang

be ca b E](aibh:].

bic+c{--a-{a+b 2



" “EE

3.3, Strdung cac ddy 6 déng thir tur | 143

> 3.24. Cho x1,%2, ..., Xa 1a nhiing s& dudng. Chitng minh rang
X1 DX 4 bxn € =H 22 b D

> 3.22. Cho g, b, c 1a nhiing s0 du‘ong va n la s nguyén duong, ching
minh réng '
an N bn. N ?n . a‘nf] | bn--] 1 Cn—'l
ble ¢+a ad4b™ 2
> 3.23. (My 1999) Cho a1, az, a3, ... (n > 3) la nhimg s6 thyc sao cho

aytazt o dap2nvaal i ad i+ 4l znd
Chitng minh rdng max(ay, ai, ..., an) > 2.

> 3.24. Cho A,B,Cladd do gbc (béng radlan) cua mdt tam giac, a, b, ¢

+b
la d5 dai céc canh cla tam gidc va datp = te . Chimg minh ring

- >
v—q%v~b+n~c‘

2
A B C 3
o

3.3. St dung cac diy s6 dong Thi Tv

Phuong phap dung day sd dong thir tu da giai dugc rat nhiéu bai tap
vé bat adng thirc. Nhung né con 12 mdt phuong phap chimg minh mét
s6 bt ding thirc cd bdn nhu bt ding thitc Chebyshev va bit #ang thirc
Cauchy.

Binh nghia 3.2. M6t ddy s6 thic a1, as, ..., an AUOG goi 3 day don diéu
tang, néu a1 < q; < ... € an. Day s6 ay, az, ..., 0 JUGC goi & day don
digu gidm, ndu a1 > a2 > ... > a,. '

Binh li 3.2 (B4t ding thire Chebyshev). Cho hai day s thuc hiu han
a),az,...,0n va@ by,b2, ..., by, Dt A - a1by { azb2 1 - - | anb, va
Bo-ayby b asby, 1 b+ anby..
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(a) Néu hai day a;, a,, ..., ay vaby, by, ..., by cung don didu tang (hodc
cung don diéu gidm), thi
(@1t -t an)lbid -4 by)

Az
n

> B

b

(b) NEU dBy ay, 0z, ..., an 18 dON didU tang va by, by, ..., by 13 don didu
giam (hoac a,, az, ..., an don digu giam va by, by, ..., b, don didu tang),
thi

A< far 1 an)iby + -+ ba) < B.
mn .
Céc bét déng thic trong (a) va (b) trd thanh dang thuc khi va chi khi
) @2 .. -an AOECHy = by ... by

Chung minh. Ta chirng minh cho trudng hgp (a} vdi hai day da cho la
cung don didu tAng, con cac trudng hop khac chimg minh hoan toan tuong
ty. Theo dinh Ii 3.1 hoan vi vong quanh theo b;, ta nhan dudc n bat ddng
thie

A2 a1by 4 ﬂZbZ [ -t anbn = B‘

AZarbz t azba+ -4 anby 2 B,

AZ>aby 1t aaby | - +apby 1 = B _
Céng theo v& clia nhiing bat ddng thirc trén va bién ddi v& bat déng thic
Chebyshev.

Ciing tU dinh Ii 3.1 bat dAng thifc trd thanh ding thic khi va chi khi

‘ay @2 - ..ok G hOBC by - by - L by ©
Binh li 3.3 (Bat dang thirc Chauchy). Néu nhiing s6 a),a2,.... an /8
nhiing s6 thuc khéng am, thi

arfazt -t ap 2N¥aiaz..an.

Diang thie xdy ra khiva chikhia, a; .. an.

oLt
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Ching minh. Dat G ya@jds..an. Néu G = 0 thi bat ddng thic 14
a ayay

hién nhién. Xét G / 0, khi d6 dat b, = b =7 ba
ayaz.y s o 4 .
—En 1. Theo hé qua 2 ta ¢b
b b b a; o« n
]]_S_]|_2|| n w]., __leﬂ_‘
. R L tazl - fa 2 , » ]
didu nay tuong duong véi ———= - t > G. PAng thiic xay ra khi
vachikhib; b, -... by, suyraa; . az : .. - dn. ©

Vi dy 3.25. Ching minh ring néu ay, as, ..., an 13 nhing s6 duong, thi

n
varaz..an = ] 7
a az n
Béng thurc xdy ra khiva chikhia) = a; = ... ~ an.

Loigidi. DAt G - yarar . am by %.bz b e
1. Theo hé qua 2 ta ¢
b, b2 bn G

Mo = 22 .
~ bs b3 b ay az an

diéu nay tuong duong voi

: n
G > T e
b— b —
a (153 (n
Déng thic xdy ra khivachikhiby by = ... bn,Suyraa;  a:
Un. ©
Vi du 3.26. Chuang minh rdng néu ay, az, ..., an 14 nhing sé duong, thi
fa% bad i bag Jordap et an
/ n - n ’
Dang thirc xay ra khivé chikhia) a2 .. an.

10. GIAI TOANBPPELBB-A
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Loj gidi. Theo hé qua 1, ta cd

2 Z
af tas b lag=>2maz{aaz |-} apay,
2 2 T2
ay-baz t -1, Tajaz azag t -1 andag,
2.
2 2 .
cylas |- tag zai@n fazar +0 1 Gnp ..

Cdng theo vé cac bat dng thic trén va cong thém vao hai vé cling dai
lugng af + a3 | -~ { af, ta nhan duge

nai a3l bad) = la taz il 4 an)’,
diéu nay tuong duong véi két qua can chiing minh. DAng thic xdy ra khi
vachikhia, ~ az - ... an. ©
Vi du 3.27 (B4t dang thire Cauchy-Schwarz). Choai,az, ..., an, by, ba, . |
I& nhing s& thuc. Khi do
{ayby 4 asba 4 tapbn)? <(af bad 1 bad)(e] {31 1 BE),

ddng thuc xdy ra khi va chf khi tén tai mét héng s6 k nao do sac cho
ai — kb; hodc by = ka; vaii. ST

Loigidi. Néuay - ay = .. - dy = 0ho3ich; - by = .. ~b, - 0
thi k&t luan 1a hién nhién. Ngudc lai ta gat S -- \/a$ +ad} -+ el va
T vﬁf £ b3+ -4 b2. Vihai dai lugng trén déu khac khong, ta cé thé
i by . — P
dét x; = % VA Xpoi - TL vGii= I,n. Theo hé qua 1,
2 2 z 2 2 2
ar +a *...lun b |b—}+bn
2. 2 252 { -t 2T2 xy ExT b XSy,
Z X Xnri L X2Xno2 - [ XnXon F Xpa X1 Xpo2X2 1 -0 F XanXp -
2(a1by +azba b 4 anby)
‘ ST ~ '

diéu nay tuong duong véi bat ding thirc can chiing minh. Bang thic xay
rakhivachikhix; xn ,v8ii T,n hayldaT bSwiii Tn ©

10 Gl TOANBPPELBBE
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Vidu 3.28 (IMO 1995). Cho a, b, c /a nhimng s6 diong va abec - 1. Chung
minh réng

] 1 1 3
> =
a*(b | c) ! bi(c+ a) l c3ibia) 2
- ] ] 1 2 s
Loi gidi. Batx - be = S ca - gz ab - = Bat dang thirc can
chiing minh trd thanh
xZ 2 2 3
T
zty x4tz yix 2

Bdi bat déng thic 1a 66i xing theo cac bién, nén ta gia thiét rAngx <y < z,

khidgox2 <y <ziva—— < < . Nhuvay hai bd (x?,y?,2%)
; ziy " x+z T y+x i

(z 1 1 1 ) la dong thit ty. Theo dinh 1i 3.1 ta cd

by 'x+z'y+x
2 2 2 2 2 2
X z =
L. > X 4 ¥ 4 F
z4+y xf{z yix ytx z4d+y x4z
x2 Y2 22 >‘x2 2 22

! ! S e
z4+Yy x-+z ylx xlz, vilix z1y
Cong cac bat dang thirc nay theo vé& va chia cho 2, ta nhan dugc
x? | y? z? >I(92+x2z2+y2|x2+-22).

+ > =
zty x4tz y4+x "2\ y+x o zly Xtz

. _ 2 i
Ta ap dung bat &ang thic a” + b? > latb)] va bat dang thic Cauchy,
ta nhan dugc

%2 2 22 | bx [ x 1z xtylz
y 5 (y J 2Ly > Y

z-}-g*x4z4yr+x’§ 2 2 2 2
.3
L3 vRvE 3 ©
- 2 2
Vi dg’3.29. ChoO0<aqr<twdik-=12..,nvasS a tay bt 1| an.

Hay ching minh réng

n Qk ns
2 7 S
ko1 RLEL
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Loi gidi. Khong mét tinh téng quat ta ¢6 thé gia s la

arzazz--2anz0

Khi d6
0 < GISI a < - <1 Can‘a ! > 2 Z 2 -
. T oa I o 1 a,
Theo bat ¢&ng thic Chebyshev:
ap ' s n
5 | T B 1 an
; _al( ﬂ])ll agt az) i 3 an( Gn)
< l i ay i“ L ) n S 7-1— [4R% @
,,,nkT] ﬂkk.l k n kl]. Cl.kl

Vidu 3.30. Cho xy,x2,...,xn 18 nhilng s& dudng bét ki. Chung minf bat
déng thife

3 3

(X1 4 %24 .4 xa)d<n?d a3 b,

L 6i gidi. Do bat déng thirc 13 d8i x{ing theo cac bién nén ta c6 thé gid thist
réng
x1 € x3 € ... < xn. Theo bét d&ng thiic Chebyshev ta co

va

n Tli 2
an% > (Z'xl) .
i-1 i1
Nhan theo vé cia hai dang thic trén ta dugc bat dang thirc can phéi ching
minh. ©

Vi du 3.31. Chumg minh rang néu x,,%, ..., Xn. 18 nhing sé duong, thi

Xy X2+ . " Xp X1 %1 x
IXyxy..%xq) n < xylagtlxde

n o
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L.67 gidi. Bat dang thic da cho tuong duong vot

X1 1 x2 b bxn Igxy 1lgxs b1 Igxs .

n mn
. xplgxy xzlgxa 4 o 0 xplgxy, -
n
Bat déng thic nay dudc suy ra tir bat ddng thiic Chebyshev (hoac ta chiing
minh nhis trong chifing minh dinh li Chebyshev). ©

Vi d.l;l 3.32. Chou,b,c > 0,n € N. Ching minh réng

urul lbnwl {Cn-l >ﬂ{b|€
a™ b )™ -3 '

LoV gidi. Gidsi0 < a<b<c¢ suyraa™ < b" < ¢". Theo bat ding
thitc Chebyshev

(aibte)fa™ tb™ 4 ey < 3a™ T ph g MY,
Tir day suy ra diéu phai chimg minh. ©
Vi du 3.33. Cho tam gidc nhon ABC. Ching minh ring

sin2A 4 sin2B +sin2C <sinA | sinB { sinC.

Lof gidi. Gid st A < B < C. Ta xét hai bd s (sinA,sinB,sinC) va
{cosA.cos B, cos C), do tam gidc & nhon nén A,B,C € {O’§)= trong
khodng nay ham sin don diéu tang, con cos don diéu gidm, suyrasin A <
sinB < sinC va cosA > cosB > cosC. Sau 36 &p dung bat dang thic
Chebyshev cho két qua. ©

BAi Tl:\p (Gai y va ldi gidi & trang 168).

> 3.34. Choa,b,c,dl@nhiingsdduongva s  a’ | B2 1 ¢¢ | &%, Chimng
minh réng
a’ bl }0.3|b3{d3‘i aa{c3{ci'3|b3lcjld3>
albie albid afbecid bicid
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»3.35. Choai, az,...a, lanhingsddugngva e —ar laxt - | Gn.
Chimg minh rang _
a; - n
20, " In -1

it ]

r 3.36. Chiing minh réng v6i moi s& nguyén'dudng n va vdi moi x € &,
bat déng thic sau ding ‘

1
om-1”
> 3.37. Cho a; va by (1 = 1,2,..,1) la céc s6 thyc sao cho a; > a; >
T an > 0vab, > ay,bib2 > ajaz,.., bybr.by > araz...an. Ching

sin®™ x | cos’Mx >

minh réng
by tba+.4+ by Zzar T azd o) an.

> 3.38. Cho tam giac nhon ABC. Ching minh rang

SiNA +SinB+ sinC 1
< LltgA 1 tgB +tgC).
oS A FoosB T oosC = 3(19A 1198 +19C]

3.4. Chuyen dé vé baT dang Thic Karamata

3.4.1. HamL6i va baT ding Thic KaramaTa

Chuyén dé& nay mé rong nhimg két qua cla phan trudc, trong chuyén
dé ta ciing nhac lai khai niém vé& ham 16i va dinh I xac dinh mot ham 16i,
dua ra cac vi du mét s6 ham co s6 1a nhifng ham 6.
Pinh nghia 3.3. Ham s& gia tri thuc f(x) xac dinh trén doan [a, b] dugc
goi 1a ham 18i néu

FAx 1 (1 AJy) SAM(x) + {1 Afly)

v6i moi x,y thude [0, bl va A € [0,1].

Ham sé f(x) dudc goi la ham 16/ chat néu

flAx 4 (1 AJy) < Af(x} ¢ (1 A)f{ul

,@7:‘-
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vGi Mmoi x, y thudc [a,bl, x #yvar e {0,1)

‘Chay: 1. Ham sé £(x) goi la ham 16m (ham [6m chat) trén [a, bl néu  f(x)

13 ham I1i (ham 16i chat). Hinh 3.1 thé hién ham 18i, con hinh 3.2 thé hién

ham I6m.
Y A : Y A
B C
A
N
B
C X X
0 - 0 "

Hinh 3.1 Ham i Hinh 3.2 Ham 16m

2. Ham 16i chat ¢d y nghia hinh hoc nhu sau: Ham s6 f(x) 1 I6i chat
khi va chi khi véi moi hai diém A = (x,f(x)) va B ~ (y,f(y)) trén do thi
cla f thi diém C = (z, f(z)) nim dudi doan AB v8i moi z ndm gilia x va y
(hinh 3.1).

3. NEu ham s& f(x) 1a ham lién tuc trén doan [a, b], thi ngudi ta chiing
minh dudc réng f(x) & ham 16i khi va chi khi vi moi x,u € [e, b]

x4y flx)+ fly)
() <7

va n6 1a ham I8i chat khi va chi khi

x tyy  f(x)+ fly)
f( 3 )q. —

viitdtca x,y € [a,bl,x 7/ y.

C6é rat nhiéu tai liéu noi vé ham 161, mdt trong s6 d6 la cudn sach [11]
ch ban t6i va fiét ké mot s6 tinh chat cla nd.
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Ta khong di sdu nghién clu tinh chét va cac dinh Ii lién quan d&n ham
18i, ta chi ditng mét dinh i ¢é s8n nhy sau:
Binh 1i 3.4. Cho ham s6 f(x) cé dao ham bac hai trén [a, bl.
e Néu dao ham bac hai 1" (x) 2> 0 voi moix € [a,bl, thi ham do fa ham i6i;
® Néu dao ham bac hai f"(x) > 0 vai moi x € (a,b), thi ham d6 ia ham
18i chat.
Cha y: 1. Mét ham tuyén tinh f(x) - ax | b (x € &) la mbt ham 18i va
ciing 1a ham I6m.

2. Tong hai ham 161 (ham 16m) 1d mdt ham 16i (ham I6m).

Tir @inh If trén ta c6 thé kiém tra cac ham sau day 1a 16i hodc 1Bm:

1. Ham s f(x) = x® véi x > 0.
Tacdf”(x)  ala - 1)x* 2, vay v8i 0 < a < 1 ham s8 nay I6m,
con véi & < 0 va o > 1 ham s8 nay 6.

2. Ham sé f(x) ~a*véia > 0,a / 1.
Tacd £”(x) - a*Ina > 0 vdi moi x, suy ra ham s& Ga cho I8i.

3. Ham sO f(x) - g x véix > 0,0 > 0,a £ |.
) 1 . bR e
Tacdt”(x) - —— nénvdia < 1, f{x) 1a ham I6i, con vdia > 1
x*iIna
no 1a ham 1dm.
4. Ham s6 f(x)  xInx vdix > 0.
TacdHf"(x] = > 0, nén ham f(x) la ham lbi.
Nhiing phén trudc ta xét cac bd s ddng thir tu va cac (ng dung cla
nd. Phan nay ta xét cic bd s6 ¢ tinh chét gan nhu vay:

Binh nghia 3.4. Cho hai b 6 gdm nhiing sé thuc (a;, az, ..., an ) va
(bi,bz,..,buisaochoa, > e +,by2b, | vdii 1,2..n I Tanai

t
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ring b 8 (a1, a2, ..., tn ) trdi KON b 86 (by, by, ..., by ), néu
ar: = by,
ay | ax > by i by,
(3.5)
Ql|a2{"'{anIabi{bzl"'}bn 1y
ay laz -t ap byt bz bt by
Kihiéu 1a (a1, az, ..., an} = (b1, b2,...,by) hodc la
{b1,b2, . bn) < (1,02, an).
Ta xét mot so vi du:
% g 11 11 1
1. Déthdy véin > 2,{1,0,....0) >~ (5,5,0,...,0) ~ = = e — ).
. NI 22 non n
~ Nt ——
" $0 w6 aso

2. B& s6 (5,5,0) va (6,2,2) khdng so sanh dugc, nghfa la khong b6 s6 -

nao trdi hon b sé nao.

3. Cho a, b, ¢ 13 0 dai cac canh clia mdt tam giac bat ki. Ta b thé gia

st a > b > c. Khi dé ta ludn luén cé

atbbtccta
[a.b,c)>—( > T7 T3 )

= R Xy P Xz b 4% .
4 Neuxy 2x; 2 Zxqvax - N thi
(X1,%2, s Xn ) = (X, %, .00, X).
n S0

That vay, vaik - 1,2,..,n - 11a chicén ching minh rang x; | x, |

s b Xy = kx. Taco

(n K)xy Lo dxg) = inckioa = ki kixg oo 2 kixe ot Xn
nhuvay (1 k) 1 Ixe) 2 ke L xp). Cong kixy - |
xx ) vao hai vé c(ia bat ding thic trén, ta nhan dugenix |- I x} >

kixy 4 -4 xn) knx. Doddx; ! -4 xp > kx.



o

154 Chuong 3. Bat dang thurc cda cac ddy s6 dong thit tu

Dinh i 3.5. Cho f(1) la mt ham I6i trén (a,b) vax,,x2, ..., Xn, Y1, Y2, ...,
Yn € (a,b) s80 cho (x1,%2..... %} = (Y1, Y2, ... Yn ). KPi d6 '

foal tf0f - flxn) 2 fly )+ fly2) - 1 flynd. (3.6)
Néu f(x) & ham 1om thi

foa) 1) o flxa) < Flya) FF(y2) 1 f flyn).

Bt ding thic 3.6 goi 1a bat dlng thirc Karamata'. Chiing minh bat
dAng thitc nay dua vao hai ménh dé phu trg sau:

Ménh dé 3.3. Néu (L) /a ham I16i va x, + x, Yy - y2 V@i (y, > %y >
X2 2 yz2), hiflyr )4 flyz) = flxg) 1 f(xa).

Chiing minh. Ménh dé nay 12
hién nhién, ching han ta xét
trudng hgp nhu hinh 3.3. Ta thay
doan AB ndm trén CD, suy ra
trung diém clia AB Ia E ciing
nam trén trung diém cla CD 13
F. Tung do cta nhimg doan nay

&
.f ~
te Ty ; f(yz)‘ Hinh 3.3
2
Tir cac déng thic trén suy ra diu can chdng minh. @

Binh nghia 3.5. Phép dich chuyén clia b s6 (x1,%x,. ..., xn ) 12 viée thuc
hign déng thdi tang x; va gidm x; mot dai lugng sao che van bdo toan
tdng ciia hai s8 nay, khi x; > x;.

"Jovan Karamata (1902-1967)° Vién si toan hot Serbia-Montenegro.
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Vidu: Cho bd g8 (3,7,8,9,5,4]) khido 58 7 16n hon s8 5 va ta thuc hién
phép dich chuyén 1a gidm: 7 - 2 vatang: 5 ¢ 2. Sau khi gich chuyén bd
ed trd thanh (3,5,8,9,7,4).

Theo ménh dé 3.3 thi véi phép dich chuyén clia bd 8 (x1, Xz, . Xn .

gai hugng f(x1) |- f{x2) 1 -+ | f(xn) khong tang.

Ménh dé 3.4. T mt b6 6 (b1, bz, ..., bn) vOi nhing pheép dich chuyén
fién tiép co thé dua 161 b6 s6 (a1, az, ..., an) khi va chi khi

{a]\U'Z\--'\ an} = {blab2s---'bn)-

Chung minh. Phuong phap ching minh cla J. Karamata, G.H. Hardy,
J.E. Littlewood va G. Polya.

1. Pidu kién cdn: Didu kién (a1, 02, an) > (b1, b2, .bn) 1a hign
nhién sau nhilng phép dich chuyén. That vay, sy dich chuyén ti
(by,ba, .., b ) 161 (@1, @2,y a0, SAU méi 14n thuc hién phép dich chuyén

ta nhan dugc bd s0 trdi hon bo sd truoc dd, nghia [a tréi hon bd s6 Gau
tién (b1, b2, ..., bn ).

2. Pibu kién di:

Ta phai ching minh réng néu (a1, az,....an) - (b1, b2, ..., by), thi tir bd
53 (b, by, ..., by ta co thé tién i (a1, a2, ..., an). Ta ching minh bang
quy nap toan hoc theo sé lugng cla bd $0. '

a) Voin — 1, khéng dinh & hién nhién. .

b) Cho mét s& bat ki k, k < n - 1 da cb diéu sau ding: véi diéu kién
(@1, 02,... 6k} > (&1, b2, ..., by} thda mén, thi trbd s6 (b1, by, ..., bi) bang
cac phep dich chuyén cb thé tién t6i bd 86 (a1, as,...,ak). Ta phai chiing
minh kh3ng dinh trén cling ding vdi k .. . Trong bd s0 (b, b3, ...,bn) ta
lién tuc thuc hién phép dich chuyén A%i vai by, by (b1 13 $& I16n nhat trong
'bd s6, by 12 86 nhd nhét trong b s0;. ¥hi g v& bén phai clia cla tat ca
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- bét dang thic trong (3.5} déu tang, nghia 1a ti€n tGi mGt thoi diém nao do

cd mét bat ding thic trd thanh ding thife
ay laz |- a by et by,
G day b} 1& mét bién méi clia by,

Tir ddng thifc nay hé (3.5) trd thanh hai phan

a; > by, Qe.1 2 by,
o) }Uga? i b, Qe ey Zbeog | by, o,
Qb i@ BY iy [ oaer oo lay beoy b b

Theo gid thiét quy nap, tirbd s6 (b}, by, ..., be) cOth& tién tdi (ay, 0, ..., ae)
va tir (be.1,be.o,.,by) €6 thé tién 160 (ae,1,..,an) (Vi ta IUBN co
{a1,az, ., ae) > (b7, 02, .., be) VA (ae, 1, ..., an) > (Peir,beia, ., ORI
nhiing diéu trén ta thdy ngay bd s& (b, by,... bn) cd thd tign t6i
(a1,@2,...,an). D6 13 di€u can chiing minh. ©

Bé chiing minh dinh i 3.5, ta stf dung hai ménh @& trén.

Vi{ar, az,...,an) > {(b1,bz,...,by) nénta cothé thuc hién phép chuyén
dich tif bd $6 (b1,ba,...,bn ) ti€n t6i b 88 (a1, Az, ..., an} (Ménh dé 3.4),
Vai cac phép chuyén dich t8ng f(x() | f(x2) k- + f(xn) tang (ménh
a6 3.3).

H& qua 3.1 (Bat ding thic Fuchs). Cho f(x) & ham I6i, p1. Dy, ... pn 13
nhing s6 duong, x| > x3 > - > Xp, Y1 2 Ya > - > Un $80 cho

k k n n

2Pz ) puivdl<k<n 1vay pxi oY pe

il il il i _
Khi d6

Pl s pofiod 11 py i) iy D potiua) 1 | pnflunl
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Néuta Gatpy [ pr ! --- ! pn 1va
2 Yz - e - Yno o axy 4 p2xz b PaXa,

thi bat @ng thirc Fuchs? trd thanh bat ding thic Jensen®.

Hé qué 3.2 (Bat dang thitc Jensen). Cho f(x) l& mat ham I6i trén doan
[a, bl, X1,X2, ..., Xn /& nhing s& trén doan [a,bl, p1,p2,...,Pn /& nhing sé
duong bat ki cé t6ng bang 1. Khi do '

flpixi + - b paxn) <piflxa) 1o 1 paflxal.

Tu nhing bat ding thilc trén suy ra hang loat cac bét Ging thic ndi
tiéng khac nhu bat dng thirc Cauchy, Chebyshev, ...

3.4.2. S{ dung bAT ding Thic Karamara

Vidu 3.38. Vi nhitng s6 dudng bét ki a,b va c ta cb bét ddng thire
L RS RS IR I
atb blte cta~"2a 2b 2¢

L&i gidi. Vi vai trd cla a, b, ¢ nhif nhau, nén ta ¢é thé gia thit a > b > c.
Khi d6 dé thay nhing bd s6 (2a,2b,2¢) > {a + b,a 1-¢,b { ¢}. S& dung
bat d4ng thitc Karamata cho ham I3i % v3i hai bd $6 trén suy ra diéu can
chimg minh. ©
Vi du 3.40 (D€ thi Olympic todn khu viurc Thai Binh Duong 1996). Cho
a,b va c & nhilng dé dai cac canh cda mdt tam gidc. Chung minh rang
khi do ta cb bat dédng thic sau ding

Valb civblec alveia b<vaivbi Ve

?Lazarus immaruel Fuchs (1833-1902): Nba toan hoc Ba Lan.
3Johan Ludwig William Valdemar Jensen (1859-1925): Nha toan hoc Dan Mach.
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Lof gidi. Do vai trd a, b, ¢ nhu nhau trong bat déng thdc, nén ta co thé gia
thiSte > b >c TUddsuyralal b ccia bbilc  a)={abec).
SU dung bat gdng thirc Karamata cho ham I6m /X va hai b s8 trén sé
cho két qua. ©

Vi du 3.41 (IMO 2000). Vd&i nhilng s duong a,b,c > 0 thda man diéu
kién abe 1. Chidng minh rang bét ddng thic sau dung

e e

Lof gidi. TU di€u kién abe 1, suy ra tdn tai c4c $6 duong x, y, z 8a0 cho
S-, b % ¢ - ; Khi d6 bat 6&ng thic 64 cho c6 dang
(x-ytz)y. ztx)z--x1y) <xyz (3.7)
Xét trudng hop cdbathrasdx -y tz,y z1x,z x+ydéuduong.
Ta lay 6garit hai vé '
nix -ytz)thly-z4+x) iz x4y)<hx+Iny +Inz
Vai trd cla x,y, z nhu nhau trong bat dding thirc nén ta gid thist x > y > z.
Khiddtacocacbdésd(y -z4x,x 'y lzz xFty) = (xyz). S
dung bat ddng thic Karamata véi ham 16m Inx va hai bd sé trén suy ra
bat d&ng thirc (3.7). Ban doc tu chiing minh bt ding thic (3.7) véi cac
trudng hgp con lai.

@

Vi du 3.42 (Bat dang thire Szegd). Cho @(x) 1a ham idiva a) > a3 >
2 A2n 1, khi dO :

e{a1) @laz) t las) 4 @lam 1} >@lay ar baz-—- - +n i)
Loigidi. Taddta ~ a1 aztay aqi - |ax | Batdéng thic Szego®
dua vé dang

olay) i wlos) 4 L elan 1) 2 @la) | plaz) | -+ @lam 2).

“Gabor Szegé {1895-13985}): Nha toar hoc ngudi Hungari.

oV
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Nhu vay ta chi ¢con chimg minh
[al)a3\"'|a2n 3!0'21'1 I)>- (025a4ﬂ“‘5ﬂ2n' 4!a.?n 'l\a]!

nhing diéu do 13 hién nhién vi 1dng cac s6 bang nhau va axe 1 > axy véi
moi koo 1,2, 001 @

Vi du 3.43 (IMO 1999). Chon > 2. Hay xac dinh hang s6 C nhd nhat
sao cho bét dang thic

4
n
Z xixi(xf | Xlz) <C (Z XL)
1<icjen i1

dung vdi tat cd cac s6 thue x1,x2, ..., xn > 0.

Loi gidi. Ta xét truang hgp n = 2. Bat x; = m + hva xz — m - h {nghia

MK pap = XX hhigs

2 =
am 3 3

. ]
xixa(x? +x3) = 2m*  h'} < 2dm? - gl b x2)*
d&ng thitc xay ra khi va chi khi b = 0, nghia 12 x; = xa.

Xéttrudng hopn > 2,tacOxy +xa+-- +xq >0 (Vindux; bxa t - |
Xn = 0 thi moi x; = 0,1 = 1,2, ..., 1. Khi d6 bét déng thdc 13 hién nhién).

Pata; — Xi vGii :1,2,.. m khidéa) tasd-dan - 1.
g +xz b4 Xn )
Thay xi == ai{xy + x2 + --- | xn) v&0 bét dang thic can chitng minh va

rut gon thanh dang:

Y aigla) fef) < C
Pisisn
Khai trién vé& trai va nhom lai trong bat dang thirc trén, ta nhan dugc

n n
S oadar o ra g ta b fan) Y af(loal
i1

i1
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|
O,EJ,VI

f7(x)  6éx - 12x7  6x{1 2x) > 0trén (o%)

Xétham f(x) (1 . x) x5 x*1a ham I18i (ngat) trén

Vi vai tro cdia a; trong bat déng thdc nhu nhau, khdng mét tinh t6ng quat
ta cothé gid thifta) > a, > -+ > an.

g T AR 2
Néu a; < E,thl tacd (?5,0‘...‘0) - {Qy,qz,...,an). Theo bat dang

thirc Karamata, ta ¢o
1 H

flay} +flaxd (-4 f(an]gf(§> If(z) b)) - 3 f(0) - %

Néu a; > % thil - @), a2,..,an € [0,5). Taxét haibd s6 gdbmn |
phantirva (1 a;,0,..,0) = (az,as, ..., an ), theo bat ding thirc Karamata
suy ra -

flaa) | - flan) < f(1 ap) 4 fO) + -« + {0}
Cong vao hai vé bét ddng thic trén véi f{a1 ) va slrdung trudng hap n - 2

ta cb

J—

flar) 1flae) + -1 flan) s flan) 4+ H1 - ) < o
Péng thirc x&y ra khi va chi khi hai bién biing nhau va n. 2 bién khéc
déu bing 0. _ _ ©

3.4.3. Mot so bAt dang thic khiac

Vi du 3.44. Tim gid tri cuc dai cla bigu thie a'? + b2 | ¢!, néu

s 1
"']Sa‘b\c‘_il\/aCL}bl-Cr E

L o7 gidi. Ta chd yriing ham f(x)  x'?1alién tuc va 16i trén khoang | 1, 1],
vif7(x) - 132x'% > 0trén( 1,1). Vaitrd c0a a, b, ¢ nhu nhau trong biéu
thirc, nén khéng mat tinh 18ng quat ta co thé gid thit 1 <c<b< a <1,
cungvdia i bt c 3 ta sé chimg minh rang (1, % 1) > {a,b,cl

oV
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That vay, dé thdy tng clia hai bd ba Géu bang nhau, hon nita

l>avéI i-—-]>—-c-] I'b
= 3 72 2-:1 .

Theo bat ddng thic Karamata ta c6
i

a2 b1y et - fla) | f(b) 1 fle) < (1) 1 fi FHf1) 2

i
| 57
. | . .
Vay gid tri cuc dai la 2 + 7z dat dugc khia - 1,b - % vac- 1. ©
Nhitng vi du sau day phuc tap hon mot chit khi chitng minh théa man

nhiing diéu kién clia bt ding thitc Karamata.

Vidu 3.45. Chox1,x2,....xn € [--Z, Z|. Chitng minh rang
cos(2xy  x2) 1 cOS(2x2--%x3)+4 -+ - +CO8{2xpn--x1) < COSX) |- 4 COSXy.
L6 gidi. Vi ham cosx 1dm trén doan [- 3, %], ta chi ¢in kiém tra diéu kién
(3.5) 1& @0 vai hai b 86 (2x7 — x3, ..., 2xn — X3) V& (X1, %2,...,Xxn). T2 sap

x&p lai hai bd s nay thanh cac bd 86 (2xm, — Xm, 11y Xmy = Xma=1)
VA (Xi,, XK1, s Xk, ) thd@ man nhiing bét déng thic:

Xy = Xma+1 2 Dy, — Xmpal 2 e 2 Xy, o Xmg 1y
Xk 2 Xk, = o0 2 Xk,

(v8i quy USC xn.1 = x7). Biu nay thuc hign duge. Hon nifa nhung ta thay

réng Zxﬁ.” — Xmmy~1 22Xk, Xk, .1 2 Xy, VA
(2Xm, - Xmy 1) (2%, = Xmu 1) 2 (20 = X a1) (X, %k )
Z X, X,

Tuong ty téng £ s& ddu tién cla bd s th{t nhat khdng nhd hon tong £

s8 cla bd s6 thir hai. Thyc té nd khdng nhd hon (2xx, - Xk, 1) + -~ +
(2%x, — %k, 1), nhung t8ng nay khdng nhd han xi, Fxi, | -~ Xk, (CHthE
ching minh bang quy nap). NNUVAY, (2xm,  Xmy 114 2y~ Xmy 1) =
(‘Xk,.xk,,...,xk"). @

11 GAITOANBPPELBB-A
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Vidu 3.46. Cho ay,az,...,a, 14 nhing s6 dudng. Chung minh rdng

3 3 3
a s On . 2 2
L=y 2raitalt el
az az A«

L &f gidi. Thuc hign d8i bién x;,  Ina; va viét lai bat ding thitc can chimg
minh

e et ke e X n e edar Ly pd¥e

TU day i ludn hodn toan iudng tu nhu bai toan trude véi ham 16i f(x] - e*
vabd sd (3x; - x2,...3%n X0 = (2%1,2%2, 0, 2X0 ). ©

3.4.4. Nhing bat dang Thirc TRONG TAM Gidc

V@i bat ding thic Karamata ta c6 thé sang tao hang loat bat déng
thitc v& cac phan ti trong mét tam gidc véi nhau, sau day chung ta dua
ra mot s6 bat ddng thiic ma ngudi ta da tim ra bing cach 1am nhu trén.
Pé cho théng nhat ta ki hiéu «, B, v 1a nhing g?chl?a tam giac; a,b,c 1a

ol b-

dd dai cac canh wong {ng vdi goc trén; p - 3 la nia chu vi cua

tamgidc, x - p--a,y-p bzp ¢
Vi du 3.47. Cho tam giac nhon ABC, chung minh rang
| 3
l <cosa icosfP | cosy < 3

va xéc dinh khi ndo thi co déng thire?

L& gidl. Khong mét tinh tdng quat ta gid thidt « > p > v. Khi 06 « = ’;
~ . 2 2 1
Viy < g Tirnhing bt dhng thie 7 > o > g neaiplom vz

suy ra
T 7 T T T
505 0) =t By - (—.-,_.)
(2 3 pyl-{333

11.GIA TOANEBPPDLBBB

3r
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Vi f{x) . cosx la ham 16m trén {0, g], theo bat dang thilc Karamata ta
chd
iy T
|- f(—z-) | f(E) L £(0)
< fla) + FIB) L fly) - cosa 4 cOsf | cosy

s 7t ki 3
<fl=)+f(=)4F({5)- =
<1(3)+1(3)14(3) 3

B4t dAng thifc vé trai khong ¢6 diu bing xay ra vi trong mét tam giac

khong thé ¢6 hai gdc vudng. Bat ddng thic v€ phéi ddu bing xay ra khi
vé chi khi ABC |2 tam giac déu. - e

1. Nhitng bat ding thirc vé cac canh:

1. Vai trd clia cac canh clia mot tam gidc nhif nhau, nén ta ¢o thé gid thiét
a > b > ¢. Khi @6 nhiing quan hé sau dung cho tam giac bat ki (ban doc
tu ki€m tra).

2p 2p Zp _ pepop
(D\D‘O] - (alb‘c) ~ (?9 —3“\? ){pao'o) -~ (Z,U,X] b (};l gﬁg) .
Ta ¢6 cac bat déng thirc sau:
1 a’ | b2 ¢ 1 .
a) - < ; :

3 Taibie? 2
1 bedcaifab 1
i°Tavbrer 53
CHyP < VP atvp b yp-c<3p;
d) valp--a) | v/b{p ~b)1 elp ) < V2p:
1 (bac)eda)adb) 8

S P T
i

b}

9 1 1 1
=< } '
D=

p-a’'m b p ¢

—— . s : b ,
2_Dekemtrathayrang{a,b,c]>—(a;b_.clza, ;c),taco

8abc < (b4 cllc | alie | b).
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3. V8i (2x,2y,22) < {a,b,c)tacd

a) 8xyz < abe;
2xyz abc _
b) xy i yz 4+ zx = ab+4 be e’
c) 32xyz(xy 1 yz + zxj < abe(ab ¢ be | cal;

Il. Nhirng bat dang thirc vé cac goc:

Ta ¢ thé gid thidt o > § > v. Khi d6 ta'¢6 quan hé

(70,00 - (o, BY) - (

nn E)

. 3'3'37°

1. S dung ham f(x) — sin® x 14 16i vdi k < 0; 13 16m vdi 0 < k < 1 trén
{O 71) va I6i véi k > 2 trén [0, _,} Nhiing bat ddng thic sau dling

" N \

. ¥
ay Véik < 0, sinkoc+sink[3+sinky2 5 ;
. 1+% |
b)V6i0<kgf,0<sinka+sink[3+sin"y§—27; ‘
3 kB kY
Vi k - < = Lid <
c) Vaik < 0, * sin® 2%srn + sin® Z' . ‘
. . B 3
< | kE <_.._
d)Vo|0<k_f,1<sm 2 +8in 2+sm 3 = 5%

2. Ham s f(x) = Igsinx 1& ham 1dm trén (0, 7), & day Ig 14 ki hidu ham
I6garit co s6 10. Nhiing bat déng thifc sau day ding:
3V3

0 < sinasinpsiny < 3

3. Ham s6 f(x) -~ cos®x 12 I8i v&i k < 0; 12 DM véi 0 < k < | trén {o,%

va I16m véi k > 2 trén [0, ’Z‘ |. Nhimg bt d&ng thic sau ddng

i k& K Y
ayVdik <0, —— <cos* — | COS™ = + COS™ —;
) e SC0ST 5 FCosT 5 + 008" 5

oy o B v 3%
MVEi0< k<1, 2<cos® = +cosk = sk L < :
PVEI 0 < k< 03 2+ S 2+CO T

4. Ham sd f{x) == Igcosx la ham idm trén (0, 2) Bat déng thifc sau day
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dung:
0 <cosScosBeosY « 33
2 2 2- &8
BAi TAp
>3.48. Néun > 21amdtsdnguyénvad < a; < az < .. < Gz, la
nhitng s& thue, chimg minh rang

Yor- Yazt Vaz - ¥t Yam <

< Yo ~axtaz- o aza b Qnay.

> 3.49. Chiing minh bét dAng thirc sau dang vdi x, y, z & nhing sé duong

Xy Xz zy /xy Xz /_z_y_
2 | S l==2 v’ \{ s

> 3.50. Choa,b,c,d 2 nhErng s6 dudng. Chtmg minh ring
at + 0% 4 ¢t 4+ d* 4+ 2abed > @?b? 4+ a®c? + a?d? § bPe? + b2d7 + A

> 3.51. Cho a1, az,..., an la nhilmg s6 duong. Ching minh ring

2 2
(U4 a)(14a2) (14 an) < (1 +5l> (1 . “2) (1+ “—“),
az as a

> 3.52. Chimg minh bat d3ng thic Karamata cé trong sé:

mif(xa)+ maf(x2) + 4 mafixa) 2 mifyr) 4 maflyz} - Fmaflyn),
& day f 1a mot ham 16i va hai bd s8 (x1,%2, ..., xn} V@ {Y1,Y2, -, Un) CUNG
don diéu gidm va thda man hé sau '

myxy = mgys,
myxg 4 maxz 2y meys,

MaXy - M Xn.o Z2myyy § - [ My gYn -1,

myxy 4 - MaXn - My oo F MpYn.

(m; € R).
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3.%7. Goiy va traA loi bai rap chuong 7

39 Gidsta>b khiddine > Inb. Nhu vay (¢,b) va {Ing,Inb) dong
thrty. Tyménh dé 3.1, tacdalna | binb > alnb | blna. TUdé suy ra
a%b® > aP"po.

> 3.10. Do a,b 1 nhimg s8 dudng, bat dng thirc can chiing minh tuong
duong v3i '
a ‘. b a-b ~ abbg
) zab

> /ab, nén dé& chimg minh bat dng thirc trén ta chi can

Mat khac, & ; b

chimg minh bat dng thiic sau:
a-+b
(\/ ab) > ab?,
Tuong Guong véi chilg minh bt 8&ng thifc a®b® > a®b?, déy 1a két qua
cla bai 3.9.
>3.11. Gid sU a > b > c. Khi d6 hai bd s6 (a, b, ¢) v (a?,b?,¢?) & déng
thir tv. SU dung ménh dé 3.2 ta ¢

o +b3 1 ¢ > aa? t bb? 4 ec?,
ad 1?43z ab? a4 be? b oed?,
a® 1 b2 i ac’ | ba? | ebl.
Cong theo v& cac bat dang thifc trén ta nhan ducc két qud cén chimng
minh.
1> 3.12. St dung bat ding thitc Cauchy cho 5 & duong:
Cll5 CI.IS bIO b](] b‘o.
v 3.13. S& dung bt ddng thirc Cauchy cho 7 s6 duong: a?',a?',a?',
aZl b|4 b]-4 bl-ﬂ.
>.3.19. Do bdt ding thiic ddi xing theo a,b,c nén ta cé‘ thé gid 1SL’J'

s ,
a<b<cKhidbdatb<cia<bic Dodd < < )
g bic cla at+b

o
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Theo dinh i 3.1:
a’ * b3 | c? _ ol * b3 + ¢’
alb blc cla~bic cla alb
al b3 c? al b3 ¢l

i - < | t .
cla al1b bilc ~ble ¢la arb

Cong theo vé& hai bat ding thirc trén, rdi chia cho 2, ta nhan dugc
1 (a-" 4B byl | cd 4 a-") < a’ b3 c?

| | .
“blec c¢cla a!b

2 alb bilc cia
3+U 2 2 XE'IUQ .
Do batdéngthtrc ly - X exy byt > > ,faco
a? | | b2 hzicz'lﬂzla2
2 2 2
<1 3!b3 b3|c31c3+a3
—2\ a+t+b b+ec cla
a3 b3 &3
< 8 .
“bc cka a-+b
s ' c o, 1 1 L
0 3.20. Giadsud < a <b < c Khidd < < va

ble " cta ~— atb
1 1

b+4c'cta'ath

bc > ca > ab. Do dd hai bd ba ( va (bc,ca,ab) i3

nghich dao thir tu. Theo dinh 1i 3.1
be | ca 4 ab - ab 4 be | ca
btec ¢cta ailb~"biec cia alb’
bc ca ab ca ab be
bilc +(:'-+ a ! a+ bgbw-c_{ c i a'}'ar!b'
Cong theo vé hai bat d&ng thdc trén, ta nhan duge

be ca ab
2 4 < b c.
(blc c—+a}a-4-b)“al he

.}"_x%vé

x3 >

i 1 1 —l i

— < — < ...<—. Dod6haibdsd (x3,x3,...x5 —— =
X X2

= Xn

>3.21. Gidsix; > %2 2 ... > Xp > 0, suyraxj > x

ia nghich dao tha v va ap dung dinh If 3.1 sé cho két qua.
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> 3.22. Gid sl a < b.< c. Khi @0 hai bd s8 {(a™,b",c¢") va

g 1 1 .
, , la déng thir tu.
(blfc cla alb) a dong th ty

> 3.23. Ban doc ty gidi.
> 3.24. GIiasG A < B < C.Khiddhaibdss {A,B,C)va

] 1 1 v . , -
(p P c) dbéng thit tu va ap dung mdt 6 18n dinh i 3.1 sé
cho két qua.

>3.34. Gid sl a > b > ¢ > d va 4p dung bat ding thiic Chebyshev cho

mdi bd ba s8 don didu gidm trong céc s8 trén rdi cdng ching lai.
r .7 o> a ra ] ]
»3.35. Tacdthé gidslrar > a2 > -+ > an. Khidé > >
2a—-a; 20 a»
—. 2a MBiquy udcan. = . V&im - 0,1,2,...,n -1, theo dinh

li3.1, ta nhan dugc

ai

n~ a, z ’ N hA T'l -t

Céng 1 bt déng th]u’c ndy, ta nhan duge 3 1, oo o <3 Za Y
. a ] i .

TU e o 3 b 1% o ta nhé&n ducc

i/\

™
1
Tir day suy ra bat dang thifc can chiing minh.

>3.36. VGia,b > 0 vana s nguyénduong, capsé (a, biva(a™ ',b™ 1)
1a déng thir ty. Do d6, theo bat dang thic Chebyshev, ta nhéan dugc

f b > ;_(a fp)(a™ ! pbn ).
L#p lai viec &p dung bat d&ng th(c Chebyshev, cudi cling nhan dugc

a™ i b > (a | b

i
aned

Rl
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Bang cach dat a - sin’ x va b -- cos? x va thay vao bat ging thiic trén
$& ¢ho két qua ¢an ching minh.

b . e
> 3.37. Datci - a—‘ vade = (g1 1) tlea N4 (ex 1) véi
k
1 < k < n. Theo bat gang thitc Cauchy va gia thiét d3 cho, ta cd
cy | ca -4k

o > Yejoaeg =2 1,

tir @6 suy ra di. > 0. Cudi cling ta cd

(by Fbat - tba)-{ay+az+4 - +an)
ey =Day $ (e Naz 4 - +{en - Nay,
~dyar 4 (dz —di)az i oo Flda  daotlag
- &yl —az) 4+ dalaz a3z) b b dpan > 0.

>3.38. GAslr0 < A < B < C < J. Xét hai bd (tgA, tgB, tgC) Jon diéu
tdng, (cosA,cosB,cosC) 12 don didu gidm va &p dung bat dang thirc
Chebyshev.
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4.1. Phuong phap the nhing g:a tridéisd . ........ 170
4.2. Phudng phap diémbatdong .. ............ 181
4.3, Chuyén dé vé cac da thirc giao hoan . . . . .. ... 187
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4.4, Ggiyvatraldibaitapchwongd . . .. ... ... .. 195

Phuong trinh ham 1a phudng trinh ma &n s6 1a cac ham s6. Giai phuong
trinh ham nghia la tim t4t ¢& nhiing ham sé thda man phuong trinh da cho
trude. C6 rat nhidu dang phuong trinh khac nhau nhig trong cudn sach [5)
da list ke.

4.1. Phuong phap the shing GiA tri doi s6

Phudng phap chung d€ giai cac phuong trinh ham ia khong c6. Nhung
cb phuong phap thé cac gia tri bién vao phuong trinh g€ gidi, thyc chat
G4y ciling & dang bt bién cla phuong trinh ¢ cho khi ta thay gia tri bién
khéc nhau phuong trinh van diing. Ciing nhu chudng trudc, khi ta thay
G8i vai trd clia cac bign cho nhau thi da thic d6i xtng khong ddi gia triva
tl d6 d& tim ra nhiing Ung dung rat hay cho da thiic di ximg va cho tinh
bét bign d6i v&i da thiic ddi xing. Trong muc nay ta cling Igi dung tinh bat
bién clia déng thifc khi thay cac gia tri clia bién khac nhau dé giai.

0
S
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Vi du 4.1, Giai phuong trinh ham
flx) | f(ﬁ) cx, (x AO00x /0 (4.1)
. N A
Lo gidi. Trong (4.1) ta thay x bang T ta nhan duge
1 x| 1
—_— f . 4.2
f (‘u x) ! ( X ) Tox (42}

T (4.2) ta lai thay x béng'ﬁ, ta nhan dugc ‘

- o 1
f(" ') 1 fix) - ——. (4.3)
X X
LAy (4.3} trir §i (4.2), ta nhan dugc
1 x? x4 . '
f(x) f(}._ x) T (4.4)
Cong (4.1)va (4.4¥ta cb
%3 x4 1
LT
Béng cach thir tryc tiép vao phuong trinh ham da cho, ham tim dudc thuc
sy [& nghiém cla (4.1). ©

Bang cach thé vao phuong trinh ham véi cac gia tri khac nhau va sau
d6 két hop cac Gang thiic nay sé& tim ra nghiém. Xét mét vi du dién hinh:

Vidu 4.2. Hay tim ham 1(x) tu phudng frinh sau
af(ax -+ B) 4+ bf{—ox - B) ~ex, [x £ 0). (4.5)

LO¥ gidi, Ta thé ax | B bing x thi phuong trinh (4.5) cé dang
af(x) + bf(-x) = g[x Bl. (4.6)
Tathd ox P bing x thi phuong trinh (4.5) co dang

afl x) | bfx) %(x | Bl (4.7)
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Nhan (4.6) va (4.7) 1an Jugt véi a va b va sau @6 trir di cho nhau cho ta
két qua

(? b)fx)  —la 1 b (o bIBL
Tir day ta nhan dugc: '

. - |
N&u a2 7 b2, thi fix) - = -
a) Néu a“~ # b=, thi f(x) pall I 5* T

thay ham trén 1a nghiém cla phuong trinh da cho.

} . Ta kiém tra truc tiép

b).N&u a? - b’ =0,¢ / 0, phuong trinh da cho khéng ¢6 nghiém.

N&u ¢ £ 0,0 = b = 0, thi phuong trinh (4.5) ¢ nghiém 12 t4t cA cac
ham.

NEU ¢ # 0,a = £b £ 0, thi phuong trinh (4.5) khdng cé nghiém.

¢)Néuc: 0,a= b 70, thi phuong trinh (4.5) c6 nghiém
f(x) = - f(--x), nghiém 12 moi ham sé 1&.

dyNéuc:=0,a= b £0, thi phugng trinh (4.5} co nghiém
f(x) = f{--x), nghiém t& moi ham sé chan.

e) Néu ¢ — a = b = 0, thi phuong trinh (4.5} ¢6 nghiém [a t&t ca cac

ham., . ©

" Ta d@a xét hai vi du dién hinh dung phudng phap thé cac gia tri khac
nhau déu.cho dang thitc. Lam nhu vay mac nhién 13 ta ¢4 cho réing ham
s0 nghiém da tén tai, nén khi tim ra nghiém rdi phai kiém tra lai né ¢6 thuc
suf la nghiém hay khéng.

Vi du sau day dua vao tinh b4t bién cha ham s6 1 vdi moi gia tri cla
bign 8, ham s& déu nhan mot gia tri, gia tri d6 1a hing s6 (bat bién) va
ta tim dugc hang s& nay, sau do |a tim ra nghiém ciia phuong trinh ham.

Vi du 4.3. Hay tim tit c& nhimg ham s xac dinh vdi mof x va thda-mén
phuong trinh sau day

(x  yfix byl ix ) yiix o y) o dxyix? o ulfl (4.8)
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Loi gidi. Patw x ty,v. x - yvathay vao (4.8), ta nhan dugc

wf(u) - ufiv) - wv{u? o v, . (4.9)
V&iu £ 0,v 7 0, tir (4.9) ta nhan duge ﬁiﬂ -- @ ~u? v, hay
| - e - fv) viooo (4.10.)
u v
TU (4.10) suy ra ham sd f—:(—‘} — x% nharn cling mdt gia tri (bat bién} vdi
nhimg gia tri khéc nhau cla ddi s6, nghia & ﬂ:—) -x? = ¢ va khi d6
f(x) =%t oex, {4.11)

& day c 13 mdt hang sb bat ki.

Néu trong (4.9) thay v - 0,u / 0 (hoacu  O,v / 0) ta nhan dugc
f{0) = 0. Nhung moi ham ¢d dang {4.11) déu nhén gia tri 0 v&ix -- 0. Suy
ra néu ham f{x) thda man {(4.8) nd cén thda man dang (4.11). D& kiém
tra thdy moi ham ¢ dang (4.11) thda mén phuong trinh (4.8). @

V& y tuBng clia bai trén ta cb thé cho mdt gia tri clia ham 6 sau dd
l& gidi phugng trinh:

Vi du 4.4. Hay giai phuong trinh ham sau

f(x 4+ y)— 2f(xy) - 3F(x) + (2x* ~ TM{y) = 2x(xy - 1) 5. (4.12)
Lo gidi. Gia st f(x} la nghiém clia (4.12) va ta dat f(0) - c. Trong (4.12}
ta choy = 0, khi §6

2(x) = 20 2 + 5 ~3c.
Tirdaychox — Q,tacd2c = 5- 3¢, suyrac - 1. Suyrafix) - 24 il

Kiém tra truc tiép ham-tim dugc thue sy thda man (4.12). ©
Vi du 4.5 (IMO 1999). Tim tat cd ham f: R — R sao ¢ho

flx - f(y)) - FIFy)) 1oxfly) + flx)

vdi moix,y € R,
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Loi gidi. Bat f(0) ¢ Thayx 1y 0 vao phuong trinh trén va nhan
dudgc :

fl ¢) fiayic L
Nhe vy c / 0. Cho A 1a mién gia tri cla £, thi vdi x - f(y} € A, ta ¢é

¢ ORO) f(x) fxd g fx) -1

ctl %2

2 2
Ta di tim ¢. Phudng trinh ham dung vdi moi x,y, néntathay x y /0
vao phuang trinh da cho, ta duge:

Gidi phugng trinh trén ta tim dugc (x)

fix - fxd)  fUER)) 1 xf(x) 1 1lx) 1.

2

Thay f(x) ¢ ; I : 52: vao phuong trinh trén cho két qua:
L (5,01 e U1 O LI B S W L B
2 2 2 2 2 2 2 2 ’
(x fx)? - (F)P tx(c T kD ter Tl ox2 -2

X7 xf(x) ()2 FxNZ i x(et T-xT st 1 x2 2,
Zfix) x(e b1 %% el

CII Xz 2
2x(2 ~—2—) xfe't 1- x")4+e¢ 1.

TU d&ng thic trén suy ra ¢ - 1. Vay vlix € A, f{x} — 1 -

)
%3 Ham tim
duge xac dinh vai moi x & &. Ta ¢6 thé thay ham f(x) -1 - 3‘2— x4c dinh
véi moi x € & v&o phudng trinh d& cho va thay nd thuc sy ta nghiém cla
phudng trinh. ' @

Con phuang phép nita g€ gidi phuong trinh ham d6 1a phuong phap
Cauchy: Phudng phap nay giai phuong frinh ham trén mién xac dinh cla
nd bang cach tan lugt xét cac c4c bién 1a s6 ty nhién, $8 nguyén, s6 hiu
ti va nhing s6 thuc. Trong khi gidi nhimg phuong trinh nay ta van diing
céch thé cac gia tri khac nhau clia d6i s6 dé tim ra cong thifc ham s&.
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Vi du 4.6. Hay gidi phuong trinh ham
flx 1y}~ f{x) 1 fly) (4.13)

G day fix) Ia ham lién tuc v&i moi x (phuong trinh trén goi la phuong trinh

. Cauchy).

L6i gidi. ThE x -~ y — 0 vao {4.13) ta nhan duge f(0)  2f(0), nghia 1
£(0) - 0.

Théy -+  x vao (4.13) ta nhan duge f(x) . f{ x) nghia la néu f(x)
14 nghiém clia (4.13), thi né phai [a mot ham 1é.

Thé y - x vao (4.13) ta nhan duge f(2x) - 2fix}, convéiy  2x, ta

nhin dugc
f(3x)  fix) 1 f(2x)  f(x) 1 2fi{x) 3fix)

Bang phuong phap quy nap ta chiing minh dudc f{nx)  nf{x) vi moi
$6 ty nhién n.
NE&u m 1& s8 nguyén am, do cac tinh chat da tim dudc cla ham f(x) ta cb
fimx) - -f( -mx) o - m)f(x) - mfix).
Nhu véy ta da chimg minh déng thifc
fLIx) - £6(x) (4.14)
ding véi moi s6 nguyén €.
NEU ta ky hiéu (1) - ¢ v8i x = 1, tir (4.14) ta nhan dugc dang thic
fie) - ct , (4.15)
dung véi moi 56 nguyén ¢
NE&u p 12 mdt s6 nguyén, con q 1a mot s6 tu nhién khac O thi theo (4.14)
va (4.15) ta nhan dugc

P i
iz flgl f :
q <q) (qq> (p) op

nghia 13 f (g) c.%, Tir G4y suy ra dang thirc

flx) - ex : (4.18)
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gang v&i moi gid tri hiiu i cla x. Cho mdt s6 vd ti x va day sé hiu ti
@1,02,03,...,0n,... 580 cho lim a, - x. Theo (4.16) ta ¢6

n-rec
flan) = can. (4.17)
Khi n -3 oo va vi tinh lién tuc clia ham f{x), t (4.17) ta nhan dudc
f(x) = cx.

DEé théy rang ham f(x) - cx, 6 day c 1a mdt hing s bat ki, Ia nghiém cla
phuang trinh (4.13). : ©
Hai vi du sau déy & nhirng bai toan phudng trinh ham c¢g ban ¢b thé
dua vé dang bai toan vira gidi bang cac phép thé thich hop.
Vi du 4.7. Hay giai phuong trinh ham
fixy) = f(x) + f(y), (4.18)
3 day ham f(x) ia ham lién tuc vdi moi x > 0.
L6i gidi. Ta thé x = c* va y — ¥ vao (4.18). Ta nhan duoc
F(e™1¥) = f{c*) 1 f(c"), nghia I3 .
glu+v) = g(u) +g(v), ' (4.19)
& day g(u) -~ f{c) 1a mdt ham lién tuc theo 1. Bdi vi dang (4.19) 1a dang
(4.13) da giai bai trudc, nén

glu) = f(c*) = au

Vix = c*, nghia la u -- Ig.x nén ta tim dugc

f(x) - alg.x, (4.20)
@ day a,c 1a nhiing hang s6 bat ki, c > 0,¢c # 1.
Dé thdy ham tim dugc thda man (4.18). @
Vi du 4.8. Gidi phuong trinh ham -
x4y f(x) 4 fly)
4.21
f ( 7. ) 7 21

3 day ham £(x) la ham lién tuc v6i moi x.

7?
A
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Loigigi. Thé x ~w | vvay Otanhandudc

. u b vy flu vl fO)
2 2 '

<

"ma vé trai theo (4.21) 14

flu) | flv)  flu b v) i Q)
7 PR

hay
flu Fv)  F0) - (flw) FO)) 1 (Flv) (0],
day chinh |a dang phugng trinh (4.13) v&i g{x) - fix) (0]

Khi dé g(x) - ax va suy ra
f(x) ~axt fl0)  ax t b,
0 day a lahing sé bdtkivavabd (0l |
Kiém tra truc tiép ta thdy f(x) - ax | b la nghiém cla (4.21). ©
Mét phuong phap khac gidi phudng trinh ham la tim ra mét nghiém
riéng @(x) clia ham phai tim f(x). Sau d6 bang cach thé Y{x) - f(x) - @(x)
vao phudng trinh hdm da cho va giai phuong trinh ham nhan dugc déi vai
P(x). Khi d6 phuong trinh ham phai gidi s& don gian rét nhiéu.
Vidu 4.9. Giai phuong trinh ham
flx byl fixi ot fly) 1 xy, (4.22)
G day ham f1x) 1a ham lién tuc tai diém x 0.
Ldi gigi. VSiy - 0, tir (4.22) ta nhén dugc (0) = 0. Khi @0 v&i moi gia tri
thye clha x ta ¢

Jil‘_poff(x] + fly) + xyl - flx) | dimof(y) (0. f(x) 1 f(O)-+0  f(x),

nghia 1 theo (4.22) lim fix 1 y)  fix], didu nay chi ra rang f(x) (néu
-l

tOn tai) 1A ham lign tuc d&i voi moi x.

Ta ¢o6 thé kiém tra ham @(x) (x? | x) la nghiém clia phuong

trinh (4.22).

T

12 GIAITOANB PFPBLBB-A
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Pat pix)  f{xl  @lx). Khi @& ham @ix) la ham kén tuc véi moi x va

Yix iyl fix 1y} wlx 1 y)
[fix) § fly) 4 xul  lp(x) 1 @y} | xu
fix)  x) 1 Hy) @iyl

Glx) I hlyl

Pay la dang phugng trinh (4.13), ta tim dugc nghiém Y{x)
1 ,
fix) - gixt i @lx]  ax| i(xg i x) %7& a %)x,
nghia 1a f(x)  $x% | bx, & day b la hang s6 bat ki. Dé thdy ring day

chinh 1& nghiém chung clia phuong trink ¢a cho. ©

ax. Suyra

Vi du 4.10. Hay lim tat ca cac ham 1(x) thda mén tat cd cac didu kién,
sau day.

N ox) o A(x), v moi x;
2 fx 0 B ), véimoix;

3) f(l) . l,f(xj, véi moi x / 0.
X X<

Loi gidi. Bang cach kiém tra true ti€p ta thdy rang ¢(x) - x thda man tat
cé cac diéu kién cla bai toan, suy ra & mot nghiém riéng cla bai toan.
DatPix)  flx) x. Khidd
Plox) - fox)1x fix) | x Pix), (4.23)
PWix 11T fix 11y (x+t 1) (4.24)
fixd 1 1B fix) ox o ix),

Lpixl

X
VG x 0, tr (4.23) ta nhén dudce (0] G0, nghia 12 w0 O

12. G TOANBPPDLBBB

Ky

TR
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V& x 1t (4.24) ta nhan dugc (1) (o) 0.
Vdix /Ovax / | theo (4.23), (4.24) va (4.25) ta nhan dugc

Bix) - B(x 11} (xf 1 (*I——> odx ])lﬂl( : )
x {1 x4 1

k3 ’ ] ) 2

2 (] )| .
mp(;) XS0l ik,

nghia 1a 2(x) - 0 hay 1a ({x) 0.

TUP{x) .. 0 v8i moix, suy ra hamsé fix)  x la nghiém duy nhét cia
phuong trinh da cho. ©
Vi du 4.11. Tirn cac ham xac dinh véi moi x va thoa mén phudng trinh

xfly) + yfix) — {x 1 y).fx)f(y) (4.26)

vai %,y bat ki,
Loi gidi. TU (4.26) thay y bing x, ta tim duoc 2xf(x) - 2x(f{x))?. T day
vli x /0 tatim dudc f(x) - (f(x))?, nghia la f(x) - 0 hodc la f(x) .
' Cho f(a) = 1vdix - a /0. Khidd tr (4.26) ta nhan duge af{y) 1y -
(a 1 y)fiy} hayy - yf(y), nghia 1a f(y) - 1 vBiy # 0.

Ta ki hiéu f(0)  c. Khi dé tat c& nghiém cla phuong trinh (4.26} la:

a) Ham sd f(x) - 0; '

b} Nhimg ham s6

evdix - 0.

i1 {1 véix /0
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"BAi TAP (Goiy va tré 101 bai tap sau tai trang 195),

> 4.12. Gidi phugng trinh ham sau

i
fixt i u'f() x, o/ +1.
X

> 4.13. Gidi phuong trinh ham
fix ty) 1 f(x y) - 2fx)cosy.
> 4.14. Gidi phuang trinh ham
fix 1y) flx uy) - dxy.
1 4.15. Gidi phuong trinh ham
fix ty)- 2Hx y) 4 flx} 2My) y 2

» 4.16. Giai phugng trinh ham

fix 1yl fix)f(yl
> 4.17. Giai phuong trinh ham

Alxy)  fixdfly).
> 4,18. Gidi phuong trinh ham

flx byl | fix oy) o 2if(x) )l

> 4.19. Gidi phuang trinh ham

fix) ¢

X
sinx fl E)'
 4.20. Gidi phuong trinh ham

f(x b y) fOfU) 0 oxy  xfy) yfix) 1 x 0w

c?e'
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) - 7 e ~ .
4.2. Phuong phap diém bAT dong

Li thuyét diém bét 66ng da dudc (ng dung rét nhiéu trong todn cao
cdp nhu gidi tich thye, gidi tich phic va giai tich ham,... trong muc nay ta
loi dung diém bat ¢ong nhu mdt dai lugng bét bién dé gidi mot s6 phuong
trinh ham.

M&t diém xg goi 1a diém bét dong cla ham f(x) néu f(xg) - xo.

patfl(x) - flx)vafix) (i "(xNvdin - 2,3,4,.., hamsd f"(x)
goi 1a phép lap thun cia ham f(x).

Ki hiéu S, 1a tap diém bat ddng clia 1" ix). Ta ¢b tinh chéat sau day:

1. Nu x 1 mot diém bat dong clia 1™{x), thi f(x) 1a ciing la diém bat
ddng cla f™(x). That vay '

X)) = g D) = ().
Nhu vay, f{x) anh xa 5, vao chinh S,.
2. f la don anh trén S,. Vindu f{a) - f(b) vbi a,b € Su, thi
a.-fMa). N f(e)) o ™R b)Y b
Tir hai tinh chét trén suy ra néu S,, 1a tap hiu han thi f(5.) & phép hoan
vitrong S,.

Vif(x) - x kéo theo f2(x)  fif(x)) - f(x) = x, nhu vay diém bat
dong clia f cling 1a diém bat dong cia 2. Ta xét day f, 4, 1, 1%, ... wuong
(ng ta nhan dugc

51 €5, 858 53€
Vi du 4.21. Tim tat cd cac ham £ : = — R sao cho f{f(x}) x? 2 vdi
moix € =,
L6i gidi. Gia si ham f{x) ton 1ai. Ta tinh cac tap S, va S nhu sau:

Nhiing diém bét géng ciia ham 2 1a nghiém cla phuong trinh x
x2 2, nghiatd Sy 1,21 Nhitng diém bat dong clia f*{x} la nghigm
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\ X _ Lo ) 1+ 5
cua phuong trinh x - ! Ax? 12, nghia 1a Sy { 1,2, —2—\/5} Ta
I 15 Vs oo
g5t ¢ 2“ d 2" - Vi {14 hoan vitrong S, va ¢, d € S;\ S5,

nén f{c) ¢ hoac ficy d(dotanh xa S, vao Sy).

Néu fic) . ¢ thi #{c) ¢ kéo theo ¢ I diém bat déng cla 2, didu
nay vo ly.

NEu flc) 4, thif{d) ¢ Khidoe fld) flf{c)) f(c), cing vd
ly nhu trén. Nhu vay khong thé ton tai mét ham f nao thda man bai toan.

©

Vi du 4.22 (IMO 1983). Tim (4t cd cac ham 1 : & = % sao cho
fixfiy)y - yfix) véimoix,y e 2 va fix) = 0 khix -+ | oo.

Lof gidgi. 1. Thay x - y - | vao dang thic da cho ta nhan dugdc
fif(1)) - f11). Thay x .ty f(1} vao ding thirc da cho ta nhan dugc
FULFNY)) (1)12. Kni @b

[FO0F - FFCELY) - FFO) - R = f(1) -1 (vif(h e ),
Nhu vay 113 diém bat dong cla f.

2 L&yy x nhanduge f(xf(x1) - xf{x}. N vay w - xf(x) cing.1a
di€m bat ddng cla f véi moi x € ® .

3. Gia st f 6 diém bét ddng x > 1. Theo budc 2, xf(x) - x* cing I3
diém bat dong, x*f(x2) - x* cing la dim bat ddng, ... Nhu vay 2" 1a
nhiing diem bdt ddng. Vix > | nénx?" -3 J oo, nhung fix2")  x2" — oo
chir khdng phai 1a 0 nhy gid thiét. Biéu nay vé Ii.

4. Gia str f ¢ di€m bat déng x € (0, 1). Khi dé

REREOORION

7 A, - ] o s ~ 2 ~ ~ a
nghia Ia f ¢6 diém bat ddng b 1, tréi véi phan 3 & trén, Nhu vay  khong
¢ diém bét ddng nao trong khoang (0, 1.
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5. Sau cac budc trén chi con lai diém bat dong clia f 12 1. Theo phan
|
2tacd xfix) 1suyrafix) N vdi moix € 3.

Thitlai: Voi f(x) <. fxfly)) - f(i) S oytvadin)  — 0
X Y X X

1 . , o
khix — | co. Vay f(x) » la nghiém cla phugng trinh ham g3 cho.  ©

Vi du 4.23 (IMO 1996). Tim tat ca cac ham théa man f : Ny — Np sao
cho f{m | fin)) - fii{m}) 1| f(n) vdi moi m,n € Ng.

Loigigi. 1. Cho m - n - 0, nhan dugc f{f(0)) - f(f(0)) + f(0), suy
ra (0} -~ 0. Laildy m 0, ta nhan duge f{f(n})  f(n), nghia ta f(n)
la diém bat ddng cia f v8i moi 1 ¢ Ny, Khi Gd phuong trinh trd thanh
fim | f{n)) - fimj | ().

2. Néu w 14 mét diém bat dong cla f, khi d6 ta chi ra ring kw ciing 12
diém bét dong cla f véi moi k € Ny. Ta ching minh bang quy nap toan
hoc: Trudng hop k - 0 ta da bigt ding. Gia st kw la diém bat dong, khi
46 fkw | w)  flkw | flw)) - f(f(kw)) | fw) - kw | w va nhu vay
(k | 1w cling 1a diém bat dong cla f.

3. N&u 0 1a diém bt dong duy nhat clia f, khi d6 f(n) - 0 v&i moi
1 € Ny theo budc 1. Hién nhién, ham hang khdng 1 nghiém cla phuong
trinh da cho.

N&u f ¢6 it nhat mot diém bét ddng w > 0 va gia thiét ring w 1a diém
bat Gong duong nhod nhat. Ta s& chi ra rang chi ¢ nhiing diém bat dong
kw, k € Np |a nghiém. That vay, Gid sU x 12 mdt diém bat ddng nao do
duong. Theo thuit toan chia, x - kw | 7,8 day 0 < r < w. Ta ¢d

X f(r 1 kw) - (e 1 flkw))
fr) 1 ftkw) () 1 kw

Nhuvay fir) x  kw r TUw la diém bat 66ng duong nho nhdt, nén
T Ovax  kw.
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TUfin) la diém bat dong véi moin € My (theo budc 1), nén f(n} - cpw
v&i cn ENg. Tachey - 0,
4. VGin € Np, theo thuat todn chia, tacén - kw | 1,0 < r < w. Vay

fim) v kw)  fir 1 fikw)) fir) ! flkan)

n
crw | kw e 4 klw o {er [TJ]W-

Thirtai: vi mdt w > 0, 18y ¢ Ovacy,¢2,...,Cp 1 € Ny bat Ki. Xét ham
fin) (e ¢ [2])w, 0 day r ta phan du cha phép chia n cho w (va ¢4 ham
hang khdng). Ta vidtm - kw } r,n fw 1 sv@i 0 < v s < w. Khi 6o

flm e ) flr 1 dav 4 (ce | Elw)

cew b kw o begw b tw f{if{m)) + fin). ©

Vidu4.24. Tim{atcacachamf: Ny — Ngsaocho f(fim) 1 f(n)) - min
vdi maoi m,n g Ny,

Loi giai. Dé thdy rang fix} - x fa mot nghiém. Bing quy nap, ta sé& chi
ra rang bai toan khéng ¢é nghiém khac.

Ta ching minh f{1) - 1. Gid s f(1) =t > 1. Chos - f(L-- 1) > 0.
Thdy rang ndu f(m) - n, thi f{2n) = fif(m) | f(m)) -~ 2m. Nhu vay
f(2t)  2Zvaf(2s) - 2t 2. Khidd 2s ( 20 - f(f(2s) +F(2t)) ~ f{21) - 2,
suyra b < 1, didu nay vo Ii. Do @6.f(1) 1.

Gid s fin) - n. Khidé f(m-+ 1) ff(n) | f(1)) - m 1 1. Do do
f(n) - m vdimoi n € Ny. ©

Vi du 4.25 {IMO 1987). Ching minh rang khdng t6n tai ham 1 : Ng — Ny
sao cho f(f(n))  n | 1987

Loi giai. Gia st ton tai ham f nhu vay. Khi d6 f 14 don anh, nghia la
fla) - fib), suyra a | 1987 - fif(a)i f{f(b)) - b 1987, kéo theo
a b

Gia s f(n) khac véi k gia tri khac nhau ¢y ,.... ¢, trong Ny, nghia 1a
finy o/ €y ...c vBi moi n € Ny Khi db fifinl) khac véi 2k gia tri khac
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nhau c;,...,cx ¥a f(cy), ..., flck) trong Ny (nhimng gia tri t{c;) khéc nhau
bdi vi f 1a don anh). Bay gid néu w ¥ ¢y,cz2,....cx, f{er), o), ... Tlew ),
khi dé t6n tai m € Ny sao cho f{f(m)) w. Viw / f(¢;),m / ¢, do @6
téntain € Ny sao cho f(n}  m, khidd f{f(n)} - w. Diéu nay chira ring
£(f(n)) khac chi ¢b 2k gid tri c1,¢2,...,cx, f{ci), ..., flex) va khong khac
gia tri nao nita. Vi n 4 1987 khac 1987 gid tri: 0, 1,..., 1986 va 2k / 1987,
diéu nay vo Ii. ©

Vi du 4.26. Hay tim tét ¢4 céc da thuc P{x) 1a nghiém clia phuong trinh

P(Q(x)) - QIP(x)), (4.27)

& day Q{x) 1a mdt ham xac dinh v6i moi x va Q{x) > x véimoi x > 0 va

P(0) - 0.

Loi giai. Cho Q{x) l& ham x&c dinh v&i moi x va Q(x) > x v8i moi x > 0.
Ta tao day

: Qp, 01, 47, ey Qnyeee ‘ {4.28)
theo cach sau:

as - 0,ar - QI0), a2 Qlar),,ax Qlawx .l ..
Ta nhan duge Q{0) > 0, nghia 1a 1 > ap; Qlar) > ay nghia la ax > ay;
Qlaz) > ar nghia [a a3 > az; ... didu nay chi ra rang day (4.28) tang va
suy ra nd cé vo han nhiing s6 hang khac nhau.
Pa thirc P(x} phai tim phai thda man nhiing déng thic:

Plag) PO}~ 0 - ag,

Play) - P(Q(O))  ay

Plaz) - P(Qlar))  Q(P{ay])} - Qlar)  az,

Plas) PQa}l  QPla)) - Qla)  as,

T4t ¢ca cac s6 hang cta day {4.28) thdéa man Pla,)  an.
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Véi da thic Hix}) xclngcd Hia,) an.

Khi hai da thiic trung nhau véi vé han cac gid tri khac nhau ctia déi s6
thi chung trung nhau.

Nhu vay ta tim duge Pixl x 1a nghiém duy nhét cia phuong trinh
(4.27). ©

BaiTaAp
MGt 6 goi y va trd Idi bai tap sau tai trang 196.

> 4.27. Tim tat ca céc ham f: 2 — & sao cho

a) f{x !l y) fixl{fly) { 2xy v8imoix,y € 3 va
f(x)

) hmx ) 1.

> 4.28. (1986 IMO). Tim tat ¢& cac ham 1: [0, o0} — [0,00) sao cho
a) fixf{y)ifly) - fix 1 ulvix,y > 0va
by (21 - 0 va fix ]/0v0|0=\x<2

> 4.29. Gidslf: %-+ R saocho
FV/x2 1 Y2y - fixIfiy) véi moix,y € &
Tim 8t cd f(x) v8i x € J trong d6 ¢6 $6 hang (1).
> 4,30. (1990 IMO). Cho &' 1a tap cac 6 hitu f duong. Hay xay dung

hamsd f:i) - " sao cho
i L. .
flxfly) foJ vBi moix,y e .
- 4.31. (1994 IMO)}. Cho S 1a tap 88 thuc 16n hon . Tim tat ca cac ham
f:-5 — Ssaocho '

ay flx + fly)) -yt fix) 1 uf(x) vdi moix,y< S va

£
b} —15-]' tang ngat v 1 < x < 0 va vEi 0 < x.

2
S
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> 4.32. (1992 IMQ). Tim t&t ¢a cac ham f: &R - € sao cho
fixd 1 fly)y oyt FO0) véimoi x,y € %

> 4.33. Timtdtcadcachamf: 3 — Y saogho (2] - 2va

x by fix)y 1+ fly) .
f(x--y) R TEEm) vlBix /.

4.3. Chuyen di v cac da thiic giao hoAn
4.3.1. Dinh nghia |

Nhitng da thifc da dugce xét trong cudn sach clia tac gia [8] co nhiéu
g dung trong viéc giai bai tap toén. Nhimg da thic & chudng trudc 1a
da thifc hai bién d6i x{ing, nghia 1a da thlc khdng thay dbi khi ta ddi hai
bign cho nhau. Ta xét hat da thic giao hoan nhu dinh nghia sau day.

Binh nghia 4.1. Hai da thitc mdt bién P(x) va Q(x) goi 12 giao hoén, néu
P(Q(x]) = Q(Pfx)). '

Péng thifc trong dinh nghia ddng vai moi gia tri thuc cla x, nghia &
néu a 1a mdt sG thuc bat ki thi ta lubn cb dang thic P{Q(a)) - Q(P{a)).

Bai toan cho mdt da thirc, tim da thic giao hoan cla nd khéng phai
don gian, ta di xét 14n Iugt cac vi du sau:

Vi du 4.34. Cho « la s8 bat ki, hay tim tat ca da thuc giao hoan cé bac
khong I6n han 3 déi véi da thie P(x) - x? o

Lof gidai. Tim da thic Qix} - x> { ax? | bx { c. Tir diéu kién ¢4 cho
P(Q(x)) - Q(P(x)) ta cé:

3 2

bax? 4 bx 4 c) o (x” !

ix o)’ I bix? &) te

Khai trién |0y thira hai v& va nhém lai dé so sanh cac hé s6: Ta thdy rang
v& phai chi chira IGy thira bac chan, con d§ v& trai, hé sé trudc x° 13 2a.
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‘Nghia ta a 0. Sau db cling & vé trai, hé s truéc x> bang 2c, nghia la
¢ 0 Vithé con Qix) - x* | bx. Khai trién ngodic va $o sénh cac hé so
¢on lai ta nhan dugc

12b .. 3a,
b? = 3a? | b,
o« = o} ba

Pat « .. 2v, khido b 3y. Tu phuong trinh th hai trong hé ta co
9y - 12v? 3y, haylay? y -0 Nghiatay. Ohoaclay = 1. Suyra
« = 0 hodc o - 2. Dé kiém tra hai gia tri nay 1 nghiém ding.

Nhu vay, tdn tai da thic bac ba Q(x) giac hoan vdi da thitc P{x)
x*- anBua Ohoflca  2.Véix - 0:Pix) ~x2,Qx) - x5 v6ia 2
P(x) - x?-2,Q(x) x* 3x.

Tudng ty clng chirng minh dude néu Q(x) 1a da thiic bac hai, thi
P(x} = Q{x), cdn néu Q(x) I da thiic bac mét, thi Q(x) — x. ©

Vidu 4.35. Chiung minh rang trong cac da thic bac k, t6n tai khdng qua
mdit da thuc giao hoan voi da thuc bac hai dé cho Pix).

Lai gigi. Cho da thifc P{x) == x> 4 px i q, ph&i tim cac hé& s& ai,..., ax
cla da thic sau:

Qix) x4 anx™ T p a7y
Ta c6 dang thic

Koyaxk P xR rad® Tkt g

(x ]{

o exd g e rex gt e O

Bang cach cho bing 0 nhiing hé s trudic x*K x 1 x, x0. Ta nhan
dudc mét hé phuang trinh d6i v&i ar,az, ..., ax, p, q. Di gidi hé phugng
trinh n&y khong phaila dé. Ta tién hanh bang cach khac: Gid st nhing

hé s& trude x** 1 x?% 2 kM IEAn lugt 12 b by, ..., by, ta nhan dudc cdng
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thic sau
By oo 2o 1 Ri(p,g) O,
by 2ax t Relpygoan) O

br - 2ar 4 Relp,g,ay,.yax 1) 0,
3 day Ry 1a mét biéu thirc dai s6 cliap, g, a1, ... a; 1.

Tir d3ng thiic Gau tién cla hé trén suy ra a; biéu dién qua p,q, TU
dng thifc thit hai suy ra a; bidu dign qua p, q va a;, nghia la né cling chi
biéu di&n qua p, q. T dang thiic thizba a3 cling biéu dién qua p, q, 0y, az,
nghfa 1& né cling biéu dién chi qua p, q, ..., €p tuc nhu vy sé& nhan dugc
cac hé s8 a;,as,..., ax d8u bidu dién chi gua p,q. Nhu vdy, cac hé s6
cla da thilc Q(x) giao hoan vi P(x) x&c dinh tuong (mg thong qua v, q.
B4 14 diéu cin chimg minh. ©

Vi du 4.36. Hay tim t4t ca nhiing da thuc bac 4 va bac 8 ma né giao hean
voi da thuc bac hai d& cho Plx).

Loi gigi. Ta sé chitng minh rng da thitc Q{x}  P{P(x)) giao hoan v{i
P(x). That vay, Q(P(x)) P(PIP(x})) - P(Qix)]. Pa thic Q(x] ¢b bac I3
4 va theo vi du 4.35 thi nd a da thirc giao hoan duy nhat vdi P(x). Tudng
turta chitng minh cho da thire R(x) - P(P(P(x))) duy nhét bac 8 giao hoan

véi P(x). ©
Vi du 4.37. Chung minh rdng hai da thae Q(x) va R(x) giao hoan vdi da
thiic thir ba P(x) béc 2, thi chung giao hoan vdi nhau.
Loi gidi. Dat S(x) - QIR(x)) va T(x) - RIQ{x)}. Vi P{x) giao hoan vd&i
Qlx} va R(x), nén

P(S(x)) - PIQ(R(X)))  Q(P(R(x))}  QIR(P{x)})]  S(P(x)).

Nghia la Pix) giac hoan véi da thic S{x). Tuong tv Pix) ciing giao hoan
voi T(x). D& thdy réing S(x) va T(x) 1 nhimg da thic cung bac, (néu Q(x)
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va Rix | cd bac 1a k va ¢, thi bac cla Six) va Tix) 1a k). Theo vi du 4.35
suy ra S{x1  Tix), nghia 1a QiR(x))  R{Qix)}. ©

4.%.2. Da thue Chebyshev

Binh li 4.1. Chung minh rang tén tai mét day da thuc Py, Py, . Py, ... giac

hoén cong nhau sao cho bac cda Prix) lak va Py{x) ¢ 2

Lov gidi. Ta giai bai toan bang mét s& phuong phép. ‘
Phuong phap 1. Batx - Ly U . Khi d6 dé dang kiém tra x* c6 dang
KR
U R) Pt DR T e 2y 2
| R T (N Ut
d day ai,a;,..., 4y 12 nhitng $& ¢8 dinh. Bing quy nap toan hoc theo k
suy ra L% 1 1 ¥ ¢6 thé bigu dién dudi dang
X rbex® b ax 1 by
¢ day by, by, ..., by I3 nhiing s6 ¢d dinh nao do. Ki hiéu
Prix) - x" 1oy T b
Theo dinh nghia thi Pe(t | L ') 15 | 1 ¥ sao cho
PelPeit 1t 1) PR 1Y) LRy L ke Pre(l ¢ U 1),

Nhu vay, PLiPe(x))  Prelx)  Py(Prix)). Do dd mat cép da thic bat ki

tr day P ix) déu giao hoan. Vi Ps{x) - x7 2, ta da xdy cung duoc day
nhirng da thifc can tim.

Phuang phap 2: C6 thé nhan dudc day da thiic Py (x) thdng qua day da
thic. Chebyshev Tr(x) (cac ban cé thé tham khao da thic Chebyshev
trong {12]). Ta sé khong dua ra dinh nghia tryc tiép da thic nay, nhung
dua dén phuong trinh ham ma da thic nay thda man: Ty (cost)  cos kl.
Ta ¢b thé chimg minh réng T, la da thic bac k. D& kiém tra nhiing da
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thirc Chebyshev giao hoén vdi nhaw: Ti(Taxid  Tinlxd Tw(Te(x))
(do su bién ddi clia cosk{mt] coskmi  cosmikt}). Nhung Ty khong
phai 1& unita (mét da thirc duge goi 1a unita, néu hé s6 & s6 hang bac cao
nh&t cla né bang 1), vi hé sO & s6 hang bac cao nhatla 2~ ¥ Nhung diéu
nay ¢ thé khic phuc dude nhd viéc 6di bign va dat Py(x]  2Ti(3). V6
cach dat nay thi tinh giao hoan clia cac da thic van dugc bao toan. Nhu
vAy bang day da thiic Chebyshev ta cing dung dugc day theo yéu cau.
Mt chu v quan trong 1a nhiing da thic Chebyshev ¢é {mg dung rét nhiéu
trong Ii thuyét xdp xi nhiing ham bang da thic.

Chi y: Nhitng phuong phap trén xudt phét ti y tudng sau day: Cho mdt
ham s6 f nhan vd han cac gia tri va sao cho véi moi s6 ty nhién n, fnt)
Qn(f(1)), & day Qn(x) la da thiic. Khi 06 Q.. va Qn giao hoan véi nhau.
Vidu, néu cho ham (L) e® thi ta nhan dudc day cac da thic giao hoan
Qnlx) -~ x™ NEu (L) - e' 1 e F, thita nhan duge day da thic P, nhu

" trong trong vi du dAu tign trong chuyén dé nay (chi ¢b khac la thay t bing

e'). Néu f(L) - cos L, thi ta nhan dugc day da thirc Ty, nhu d trén.
Phuang phép 3: T vi du 4.35, suy ra tOn tai duy nhét da thic Pi. bac k
giao hoan véi Pa{x) - x* 2. Ta viét mdt s6 da thic nhu vay:

Pi{x) x,

Paix) -~ x* 2,
Pyix) - x* - 3x,
Piix)  xb 4xt o2,
Po(x) x> 5% 1 5y,

Pelx) x® ext {9x? 2

G day Py(x)  Pa(Pa{x)), Palx) - P2{P3({x}) v& P5(x) tim bang céch nhu
trong vi du 4.34. Tif nhiing d&ng thiic trén ta c6 thé gia thiét day da thic
thda mén cong thire hoi quy sau:

P 1 (x} xPrix) Py ogixlh
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Ta €6 thé chimg minh cdng thiic nay dung véi moi k > 1. Xac dinh day
da thic Py, P,,....Pn.... b&ng quy nap: P;(x) x P.ix) x? 2, con voi
ko= 1 Peor(x) - xPe{x} - Py 1(x). Ta s& ching minh rang tat ca da thiic
Py giao hoan vdi da thitc P, ; khi dé ching giao hoan cling nhau (do vi du
4.37).

Ta chitng minh bang phuong phap quy nap. D& thay Py (x) va P(x)
giao hoén vdi P,(x). Gia sir tat ca cac da thic Py (x), Py(x), ..., Prix) giao
hoan v&i P»(x}, ta phai ching minh Py (x) cling giao hoan vai P,(x}.
Nghia [& ta phai chiing minh céng thic giao hoan gilra Py . 1{x) va P2 (x) -
x? 2 &

Pooalx? 20 (Pt 2
That vay, ta thay phudng trinh héi quy véi Py -, vao va bién déi vé dang
ta cén chiing minh la

(x7 2)Pu(x? 2} Proa(x?- 2) - (xPu(x) - Pe ()2 2.
Bang cach khai trién va dua vé cac $6 hang chung ta nhan duoc
2P xPROOP 1 (x) 1P 1 (x)17) 22 8

nghiz 13 ,
Pelx)l® xPedxIP 1) | TP (012 4 X2 (4.29)
Ta ki higu bén trai cla (4.29) 12 S«(x). Ta chi con chimg minh Sy (x) khéng
phu thudc vao k va bang 4 x*. That vay, cho k > 2. Khi d8
Sklx) - [Pl xPu{x}Pic 1(x) 4 [P i (x)I?
PrixilPelx)  xPea(x)] 1 [Py 1ix))?
PR(x)Pe2(x) + [P s ()]

P 2P xPe ()P atx) PRl T Sk (x),
nghia 1a Si(x) - St (x). ViSa(x) 4  x7, nénSilx) 4  x% v8i moi
k = 2. Nhu vay ta da chitng minh duge Py (x) giao hoan vdi P.ix] vdi
moi k. Q
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' 4.3.%7. BAi TOAN TONG OUAT VE cAc da Thirc giao hoan

Khi cho da thitc P(x) (khéng nhét thiét phai 1 unita) bai toan téng quat
@3t ra la tim nhimg da thiic Q(x) (khéng nhat thiét phai la unita) giao hoén
vdi nd. Trudng hgp don gian la cac da thic ¢ bac 1& 1 thi ban doc hay
giai bai tap 4.38 va bai tap 4.39. Tiép tuc, ta gia thi€t P{x} va Q(x) déu
cO bac 16n hon 1.

Cho
ok ax b oag
va

Qix) - boxt 1 bixE T i by be.
Ta ¢6 thé dua nhiing da thiic trén vé dang cac hé s6 a; va b; bang 0,
nhitng Ga thirc nhu vay goi (3 da thirc tinh tién. Viéc tinh tién dugc tién
hanh nhu sau: Ta ¢d dinh mdt s8 a va voi nd ta xay dung mét da thic mdi
R(2) t{r ga thiic g3 cho R(x) theo cbng thirc: R} (x) — R{x a) | a. Dé
\dy lai da thirc R{x) tU R} (x) , ta dung cong thirc R{x) - R\ (x + a)] a.
ViduR(x) - 2x2 + 3x 4+ 5thi RI%x) —~ 2{x- a)’ 1 3{x- a) 15t
2x? —dax 1 2a? 1 3x 3015 Fa d8ar--3-4a - 0suyrataphaicd
dinh a = 3 vaRiei(x)  2x2 4 ¥,

Dé chimg minh dugdc rang néu P(x) va Q(x) & hai da thic giao hoan
thi P12} (x) va Q'2'(x) cling giao hoan.

Phin sau day ta cho ring P(x) va Q(x) Ia nhimg da thirc tinh ti&n,
ngoai ra ching cdn 1a unita, nghia 1a ¢hing cb hé s6 & s6 hang bac cao
nhat biang 1. Béng‘ cac li luan hoan toan tuong tu nhu phan trude-ta tim
dugc day da thifc giao hoan véi hé s8 bac cao nhét bang £ 1. Ta liét ké
lai rﬁét s6 vi du:

A. Cho R{x) 1& mdt da thic béc . Xét ddy da thic Po(x) - x, Piix) .
Rix), P2(x) -~ R{R{x]), P3{x) - R(R{R(x])), ... Pip1(x) — Pi(R(x]).

Dé thdy rang céac da thic P;(x) giao hoan vdi nhau va bac cia Pi(x)
bang . :

13. GIAITOANBPPELBBA



194 Chuong 4. Phugdng trinh ham

B. Cho day da thiic Fi.(x]  x*. Tét ca da thic Frix) giao hoan dbi
mét va bac cla Fr (x) bang k.

C.Daydathicdang Pr(t 1 t ') (%1t ¥ giao hoan d6i mét va bac
clia Pi (L) bang k. _

_ D. Rinh nghia day Hy,Hs,.... béng cong thic Hy (L L ') .tk L ¥
(k 12 86 18). Dé ching minh dugc ddy da thic trén tén tai va xac dinh.
Nhung da thic nay cling giao hoan ddi mét va bac clia Hix) 12 k.

E. Trong dai s, khi nghién ciu vé da thifc ngudi ta cing hay nghién
cltu nhing da thitc cé hé $6 1a nhitng sé phifc (ban doc cod thé tham khio
trong cudn sach [8]). Ta ¢& dinh mdt 0 tu nhién m va mdt s& phitc A sao
cho A™ = 1 (theo tinh chdt cla sd phic thi v6i moi m, tdn taim 1 sd
nhu vay khac 1).

Ta xét nhirng cap $6 (u,v) sao cho uv - A, va dat x = u -+ v. D& kiém
tra dugc

. ko

uf vk xRy ax bk oa,
8 diy a1,qz,...,ax & nhimg s6 nao dé phu thudc vao A. Dat Py (x)
x4+ a1x* ' |--f ag. Bathlc Py (x) d4c trung bang Gidu kién: P (u {v) ~

uk + v néuuy — A

Cho s6 ¢ sao cho no chia cho m con du 1. Khi dé wfvt (uv) - A8 -
A, vay Py(ut 4 v8) - uRt vkl vay thi néu k va € chia cho m du 1 thi
Pr(Pelu +v)) - ukt + vkl = Py(Pi{u 4 v)), nghia 12 P{x) va Py(x) giao
hoan v@i nhau. Ta d3 xay dung dugc theo sd A day nhimg da thic giao
hoan Py(x), Prm . 1(x), P2 1{x), ... t&t c& nhimg da thirc nay |a unita, tinh
tign va bac cla Py (x) 13 k. '

Pacbiétvdim - I,A - Ttacokétquidchaphan A vdim 2A 1
ta ¢6 két qué cla phén D.

Céc vi du tir phén A d@én phén E trong phan nay bao ham tt ¢a nhing
da thifc giao hoan. Ta co thé gia thiét rang néu P{x) va Q(x) |2 nhitng da
thifc giao hoan, unita, tinh tién, bac 16n hon 1 v&i hé s6 14 nhitng s6 phitc,

13. G TOANB PFDLBBE.
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thi chung ndm & mét trong nhimg day dugc xay dung & phan A, B, E &
trén.

> 4.38. Chiing minh réng hai da thiic bac nhat P(x) va Q(x] giao hoan

v&i nhau khi va chi khi ho#c 1a P(x) - x | &, Q{x} - x | B, ho&c 1a ton tai
mbt xp s80 cho P(xe) ~ Q(xo) - xo (diém bét dong).

> 4.39. Cho P(x) 1a da thiic b&c 1, hay tim tat ¢ cac da thiic Q{x) giao
hoén vdi Pix).

> 4.40. Chimg minh réng néu hai da thic P(x) va Q{x) giao hoan thi
Pl (%) va QI {x) eling 1 hai da thic giac hoan.

4.4. Goiy va1rA loi bai Tap chuong 4
x* - a
(1 a?)x’
> 4.13. Thay lan luct cac g!a tri x v y bing: x oy -z
X = 7; lz,y = -3 X 2,y f + z va nhan dudc phuong trinh

. i . , .
> 4.12. Thay x bang = Ham két qua la f{x) -

E

f(z) = f(0) cos z + ﬂ%} sinz.
Giai phuong trinh ham nay, ta nhan duge nghiém f(x)  acosx | bsinx,
G day a, b 1a nhing hing sé bat ki.
> 4.14. Dung phuong phap bat bién nhu trong bai £.3. Nghiém 1a f(x) -
x4 c. .
>4.15. Thay x vay liénti€p vdi: x - 0,y zx 0y - zx -zy -0
va phucmg trinh nhan dugc dua vé f(z] cz b
b 446, TUF(x) - f{2 1 5) - {f(? suy ra f(x) > 0. Ham f(x) - 0
i3 Mot nghiém. Gia s ¢d nghiém khac fix) khac vai f1(x) 0. Khi dd

X
202
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f(x) > 0 v6i moi x. That vay, néu cd mdt gid tri x - xo $80 cho fixe) ~ 0,

tu phuang trinh g4 cho ta nhan dugc

fixo | y) - flxo)fly) Of(y} O
véi moi y. T ddng thirc cudi cung suy ra fix} - 0 véi moi x, nghia &
£(x) = 1(x) v6 & véi didu ta d%t ra. '

Logarit co VS(")' 10 hai vé& phugng trinh ham da cho va ham sé Igf(x)
thda man phuong trinh (4.13). Nghiém cla phuong trinh 13 fix) = 0 va
flx} - a*.
> 4.17. Ham Igf(x) thda man phugng trinh {4.18) va cé nghiém f{x) - 0
va flx)  x.
© 4.18. Dung phuong phap Cauchy va nghiém 1a f(x)  a.x?.
> 4.19. M6t nghiém riéng cla phuong trinh 1a @(x) cotgx. Két qua la
f(x) = a { cotgx.
> 4.20. Mot nghiém riéng cfla phudng trinh 13 (x) - x. K&t qud f(x) =
Xt a*,

427 V8ine R, xéty - x,y-2x, ...,y — (n- 1ix

& 4.31. Hay chi ra f chi co diém bat ddng duy nhét tai 0.

> 4.32. Gia s f(0) - 0, khi dd chi ra x > 0 kéo theo f(x) > 0 va f tang.
> 4.33. ThUv@iy - cx vGi c khac nhau thudc Qvay - x - 2.
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C6 rat nhiéu trd chai toan hoc doi hdi nhiing chién thuét dé théng hodic
@8 bao vé budc di trong cudc. Nhing trd choi nay cé thé doi héi mdt s6
tinh chat i thuyét clia tap hgp, ldgic ménh dé hodc nhimg phép suy ra
ctia toan t3 hoap. Mot s6 trd choi cd thé ¢d v han budc di, lai ¢b nhung
trd chai phai dimng sau hitu han budc. Mot chién thuat thang 1a mét so @b
cho pheép ngudi thing 1usn ILuén thuc hién duoc budc di, trong thuc t& 1
budc di cudi ciing. Mat chién thuat chan bude di thang cla ddi thi ¢o thé
fim thaly bing kién thitc toan hoc. Mét dinh nghia vé tré chai todn hoc nhy
sau: :
Dinh nghia 5.1. Mbt tro choi todn hoc thudng gém mét s6 ngudi chai sao
cho:

1) Nhimg ngudi chai thay phién nhau thuc hién nhitng budc di trén hiu
han d6i tugng d8m dugc va theo mdt quy tac cho trudc;

2) Ngudi cudi ciing thuc hién dudc budc di 14 ngudi thang cuéc.

Nhu vy, khi xem xét mdt bai toan trd chdi ta phai nghién clu hai khia
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canh quan trong: Thir nhat 1a quy tdc chai nhu thé nao; th hai [a chign
thuéit nhu thé nao @6i véi moi ngudi choi. C6 rét nhiu vi du, chiing han
nhu trd chdi sau:

C6 ba ddng soi gém déng T vién sdi, ddng 3 vién s6i, ddng 5 vién séi.
Hai ngudi 1&n Iugt 1dy di mét ddng s6i hode mot $6 vién séi clia mot dong
nao do. Ngudi nao 1y vién sdi cudi cing 1a ngudi dy chién thang.

Trd chai ¢6 thé thure hign nhu sau: Ki higu I 14 ngudi thr nhat va i1 1a
ngudi thir hai.

(1,3,5) 5 (1,3,2) 25 (1,1,2) -5 (1,1,0) 5 (1,0,0) =1 (0,0, 09,

va nguai thir nhét thang. Day Ia dang trd chai Nim don gidn sé dugc néi
ki trong chuyén Gé clia chuong nay.

- Thudng mét bai toan dat ra 1 tim mét chién thuat cho ngudi thir nhat
ho#c ngudi thlr hai thang. Phén th(r nhét ta xét nhitng bai toan trd choi
tuong déi don gian.

7.1. Chién thuir bAT bign

Mot chién thuat trong khi thuc hién cac Iuat chai la thuc hién lam sao
dua v& nhiing dir kién bét bign cé Igi cho ngudi chai, D6 ciing 1 nhing
foi giai clia cac bai toan trd choi toan hoc.

Vidu 5.1. A va B tign hanh tro choi vai 2001 hat dau. Mot nudc di 14 5y
khoi déng hat dau 1,2 hodc 3 hat dau. A di trudc va thay phién nhau.
Nguoi nao 18y duge hat dau cudi cing la ngudi chién thdng. Vay ngudi
n&o ¢& chién thudt dé luon thing trong cubc choi va chién thudt do nhu
thé ngo?

Loi gidi. A ludn ludn thdng néu A thuc hién chién thuat sau: Khai gdu A
Jay 1 hat 63u, nudc tiép theo A 8 18y di 4 x hat, 8 day x 1a s8 hat dau
B da ldy & nubc di trudc d6. That vay, sau khi A di 1dn dau tién, con lai

s
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2000 hat dau. Tiép theo, theo chién thuat trén thi sau mbi 1an B roi dén A
di, 6ng hat dau ludn con lai $6 hat bang bdi s6 ctia 4. Do vay, cudi clng .
dén Iluct B thi con lai 4 hat. Du B thuc hién cach nao thi A ciing di dugc
nudc cudi s 13y di hét s6 hat dau va A théng cude. @

Vi du 5.2 (My 1999). Tro choi Y2K trén dai bang ¢ & vubng kich cd
1 x 2000. Hai nguoi choi vist vao nhitng 0 fréng hoac la S hodc la O.
Ngudi choi dau tién tao ra ba 6 lién tiép thanh chir SOS sé thang cude.
Néu tat cd cac 6 da dién ddy ma khong tao ra duge SOS thi trd choi goi
la hda. Chimg minh ring ngudi choi thit hai co mdt chién thuat thing.

Loi gigi. Goi mét 6 trdng 12 xdu néu khi dat S hoac O vao O nay sé tac
¢cho ngudi chai tiép theo nhan duge SOS trong lugt di tiép theo.

B dé: MOt 8 vudng fa xdu khi vé chi khi nd nam trong khoi 4 6 vudng
lién tiép ¢ dang S « =S, & day * 1a mot 6 trong.

That vay, dé thay nhig & vudng trong S + %S 1& xau. Ngugc lai, néu 6
vudng 1a xau, thi khi ta viét O sé tao didu kién viét SOS trong 1an tiép theo
cla ngudi chai khac. Nhu vay & xAu phai cd mdt S & bén canh va mbt 6
tréng & phia bén canh kia. Khi ta viét S sé& bj thua ngay & budc tiép theo,
nghia 12 ta phai dat ki tv S khac bén canh kia cda 6 trong, tao ra dang
S « xS [a nhitng 6 X4u. : '

Bay gids ta quay lai bai toan, ngudi choi thif hai ¢6 chign thuat théng
nhu sau: Sau khi ngudi thir nhét da chai, ngudi thir hai viét S tai vi trf cach
xa it nhét 4 & trdng tir phia dau cha dai bang hodc tir phia & dau tién ma
ngudi thir nhat da choi. Bén budce thir hai, ngudi thir hai sé g4t S cach xa
ba & t&f & d3 choi clia minh I8n trudc d6 sao cho 3 gilta 1a trdng. (Néu
budc di th( hai clia ngudi thir nhat & bén canh hodc cach moét 6 ti 6 choi
1an dau cla ngudi th( hai, thi ngudi thz hai s& Gat S thir hai & canh bén
kia.) Sau budc thir hai clia ngudi thir hai, ton tai 2 & x4u trén gidi bang.
Nhu vay cui cung ai dé trong hai ngudi choi phéi dién vao nhimng 6 nay
va trd choi s& khéng hoa.
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Tai bat ki budc chdi khac, khi nguai chai thir hai dén lugt, ludn ludn
cd s0 1€ & tréng va s6 chén 6 x8u, nhur vay ngudi choi thi? hai co thé ludn
ludn choi vao 6 khdng phai 1a 8 xau. ©

Vidu 5.3. C6mét ban vubng vdi s6 6 vubng trén cac canh 14 18. Hai nqudi

choi Ian lugt dat nhing déng xu vao cac 6 vudng cla ban. Nqudi choi nao
khéng con chd dé dat dong xu coi nhu 14 thua tran. Hay chi ra rang nguoi
chai thar nhat co thé lubn 1ubn chién thang. '

Loi gidi. Vicac canh ¢6 s6 1€ & vudng nén t6n tai mét & vudng tai tam cla
ban. Ngudi choi thir nhét g3t dong xu tai 6 & tam ban. Néu ngudi choi thir
hai con dat duge dong xu vao mdt &, thi ngudi thit nhét co thé dat déng xu
tai vi tri G6i x(ing qua dong xu § tam ban (d8i dién vdi vi tri ngudi th( hai
g dat dong xu). Vi dién tich cia mat ban con tréng gidm, tro choi phai
két thuc. Ngudi choi th{r nhéat sé thang. ©

Vi du 5.4 (Tro chai Bachet). Khdi ddu, trén ban cén quan ¢d vdin > 0.
Hai ngui chai méi lan choi I8y di it nhét 1 quan cd va nhiéu nhat k quén
60. Ngudi cudi cing cd thé idy dugc tat cd quan cd con lai trén ban sé
dugc goi la ngudi thang cubc. V&i nhitng gia tri ndo clia n ngudi chai thy
nhét c6 mot chién thudt thing cudc? Vi nhitg gia tri ndo cha n ngudi
chai thir hai c6 mot chién thuét thdng cudc?

Lof gidi. Ta c6 thé thi vdi nhing trudng hop don gian cia n, ta thdy ring
néun # 0 (mod k i 1), khi @6 ngusi chai thif nhat c6 chién thuat thing,
nguoc lai ngudi thir hai sé c6 chién thuat thing. BE chimg minh diéu nay,
cho 1y la sO quén cd trén ban.

NEU Ty - (k b 1)gy | T vBI 0 < ¢ < k + 1, thi ngudii choi thi nhat cé
thé théng bang cach méi 1an 1y di r. quan ¢d. (Cha y réng do 1y > 0 nén
moi 1N ngudi thit nhat 18y nhu vay thi ngudi thir hai xut phat véi béi cia
k i 1 quén cd va 1an ndo ciing nhu vay ngudi th( hai chi ¢6 thé |1y di tur
1 dén k quan cd).

o
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Néun (k| 1)q, thi ngudi-thir nhét ¢d 18y bao nhiéu quan cé di,
chang han m quan c3 (1 < m < k) thi ngudi th{r hai ¢o thé thdng bing
cach ldy g quan cd mdilan choisaochom | q  k | 1. ©

Bai rap
> 5.5. Trong trd choi Bachet, néu luét chai thay ddi cho mdi ngudi choi

c6 thé mbi 1an 13y s& quan cd [a 1 hosc 2 hoac 4 hodc 8 hodc 16 hoic ...
(mét s& iy thira cla 2), thi ai cd thé thang?

> 5.6. Trong trd choi Bachet, néu luat chai thay ddi cho mdi ngusi co thé
lay di mot hoac mot s& nguyén t6 quan ¢d mbi Ian, thi ai ¢ thé thang?

t- 5.7. Khdi dau cé mdt quan cd tai mét goc trén bén co n x n 6 vudng. Hai
ngudi choi A va B thay nhau di chuy&n quan cd sang (mdt 6 vudng) bén
tréi, bén phai, 1&n trén hosc xudng dudi. Ngudi chai khéng thé di chuyén
t6i O vudng da di qua réi. Ngudi thua cude a ngudi cusi cung khéng thé
di dudc nira. Nguoi nao sé thdng khi n 1a 6 chdn? Ngudi ndo sé thing
khi n & 8 187 ngudi nao sé thing néu quan ¢d khdi ddu t mot & vudng
bén canh & vudng & goc ban ca?

> 5.8. Khdi ddu vdi hai ddng quan cd gdm p va g quan cd tuong (ng. A
va B thay nhau thuc hién nhiing budc di. Ngudi choi thic hién budc dibao
gom 13y di mot dong quén ¢ nao @ va chia nhing quéan cd clia dong
kia thanh hai d8ng (khéng nhét thiét hai déng cd s6 quan cd bang nhau).
Ngusi thua cudc 1a ngudi dén lugt khdng con ddng guan cd cb thé chia
dugc. Ngusi nao sé thing? (Gai y: Két qud phu thudc vac nhing tinh
chin & cla p va q). '

?.2. Kien Thic T10AN véi TrO choi

Vi du 5.9. Hai nguoi choi thay phién nhau viét lién tiép cac chi s6 dé
cudi cing ta cd mdt con s6 ¢ 10 chi s¢, theo quy dinh: Nguai thir nhéat
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viét chif $6 thar nhat, ngudi thir hai viét chit 86 ther hai, lai ngudi thir nhét
viét s& thit ba,... Ngudi thir hai mudn co mét sé chia hét cho 7, con ngudi
thir nhat chéng lai y mudn nay. Vy ai va choi nhu thé ndo dé€ dat dugc y
muén ctia minh?

Lo gidi. Ngudi th(r hai 1a viét 6 cudi cung quyét dinh két qua s6 8y cd
chia hét cho 7 khéng. Khi ngudi th nhat viét chit $8 cudi cling clia minh,
thi ngudi thir hai nhan dugc mot s ¢ 9 chir s6. Bé tim s& thir mudi, ngudi
th(r hai thém s6 0 vao sé dé (nghia 1a nhan sd thu dudc vai 10), sau dé
dem chia cho 7. K&t qué thu dugc sau phép chia ¢ s& du fa v, thi sd cin
viét thém vao cla ngudi thir hai la 7 +. Day ciing & chién thuat ngudi di
sau udn ludn thing. @

Vidu 5.10. 7rén bang da cho sén phuong trinh
#x? £ ax fx - 0.

Ngudi thir nhét trong hai ngudi choi dugce quyén chon ra ba sé tuy y va
sau do ngudi tha hai dem cac s6 do dién véao cac ddu * trong phuong
trinh trén mot cach toy y. Ngudi thit nhéf sé thdng cudc néu thuc hién
dude mong mudn la cudi cang nhan duge mot phuong trinh b_é;: hai ¢é hai
nghiém hitu tf phan bigt. Nguei thir hai tim cach chéng fai y dinh do cda
ngudi thir nhat. Nguoi thi nhat sé phai chon céc s6 nhu thé nao dé thuc
hién dudc mong mudn cla minh?

Lof gidi. Goi a,b,c 1a cac s ma ngudi thir nhat chon, thé thi anh ta
phai chon sao cho a + b | ¢ . 0 vdi a,b,c £ 0, (vi ndu mét s6 bang
0 thi bi ngudi thr hai 18y s6 G5 gan vao hé sg thit nhét va phuong trinh
khéng con la phuong trinh bac hai nifa va ngudi thif nhat s& thua). Nhu
vay, ngudi thir hai di c6 thé a, b, ¢ vao bét cff ddu = nao thi ta van nhén
duge mét phuong trinh bac hai ma theo hé qua cla dinh |i Viéte thi ludn
¢6 hai nghiém phan biét x; - 1,x2 % {(hoac nghiém thir hai ¢6 thé 1a
%,xz %,Xg % phu thudc vao ngudi thir hai gan a, b, ¢ vao vi
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tri * nao}. : @

Vi du 5.11. Trong mdt chiéc hdp co dung 15 qua céu xanh, va trong mot
hdp khac co 12 qué cu trdng. Hai ngudi chai, trong méi lugt di, ho budc
1ay di 3 qua cdu xanh hodc 2 qua cdu trdng. Ngudi thang cudc la ngudi 18y
duoc nhiing qua cau cudi cung. Vay ngudi tha nhat phai choi theo chién
thudt ndo dé thng cudc?

Loi gidi. Ngudi this nhat trong luot choi dau tién, cin ldy ra 2 qua cau
trdng tir hdp thir hai, va sau budc nay thi ti 1& gilta qua cau xanh va qua
cautrAngla 15: 10 = 3: 2,

Néu Iuc dy, ngudi th hai |8y 3 qud cdu xanh tif hép thi nhat hoac 2
qua mau trang & hop th{r hai thi ngudi th{r nhat phai I8y ngugc lai & budc
ti&p theo, 2 qua cdu trdng & hdp'th( hai hodc 3 qué cdu xanh & hop thi
nhat dé dam bao su bét bién cla fi 1& 3 : 2 d&n cudi cudc chdi. ©

Vi du 5.12. Hai muoi ¢d gai ngdi quanh mot chiéc ban va choi mét trd
chdi vain quan bai. Khdi dau, mét co cam tat ca cac quan bai. Trong mot
1an chdi, néu luc dé ¢o it nhat mdt ¢d gai cam it nhat hai quan bai, mot
trong nhimg cb gai nay phdi chuyén mot quén bai cho mbi ngudi ngéi bén
canh minh. Tro choi k6t thuc khi va chi khi méi cd géi cdm nhiéu nhat mot
quan bai.

a) Chung minh réng néun > 20 thi ird chai khéng thé dimg.

b} Chimg minh réng néu n < 20 thi trd chai phédi cd két thuc.

L&i gidi. a) N&u 11 > 20 thi theo nguyén Ii Dirichlet!, ton tai it nhat mét co
gai cam it nhat hai quén bai tai moi thdi didm. Vay trd choi khong két thic.

NE&u n - 20, thi gan nhan cho céac ¢b gai la Gy, G, ..., Gap theo chidu
kim ddng hd va G, |a ¢b géi dau tién gill t&t cd cac quan bai. Binh nghia
gia tri hién thdi cda quan bai [a i néu nd ndm trong tay ¢d gai G, (gia tri

1Johann Peter Gustav Lejeune Diriéhlet (1805-18592): Nha toan hoc Dirc.
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quan bai bang chinh 6 thir ti ta gan cho cac ¢ gai). Dat S téng gia tri
cla nhung quan bai. Khdi 6au S 20 (vi Gy khdi dau cam tat c& 20 quan
bai, mdi quan bai déu ¢ gai tri bang 1).

Ta xét trudc va sau G; chuyén quan bai cho méi ngudi ngdi bén canh.
NEui - 1thiStanglén 1 112420 - 20(viG, chicdthé chuyén cho
Gy va Gz ma théi, khi @6 gia tri quan bai tang 1&n tudng Ung vdi s8 da
gan cho cac ¢b gai va mét di gia tri clia G, c6 gai cé quan bai cb gid tri 1&
1). N8u § < 1 < 20 thi § khong thay d8i gi, vi -1--i4+{(i—1)4(i+1) -0 (cHd
géi G; da chuyén quén bai cd gia trii thanh i - 1 vai | 1 cho hai cb ngdi
canh G; 1 va Gi. ). Nui - 20thiSgidmdi20vi 20204+ 1+19 - - 20
(tuong tu nhu phan trén). Nhu vay trudc khi va sau khi chuyén quan bai,
S ludn ludn 1a bdi cla 20. Gid s trd choi co két thuc. Khi dé méi co gai
cdm mdt qUAN bai vaS - 142+ - + 20 . 210, s8 nay khéng phai a s6
bdi clia 20, vo li: Nhir vay trd chai khdng thé két thiic dugc.

b) Dé thdy dugc trd choi phai két thic ndu n < 20, ta phai doi hdi hai
cb géi danh dau lai quan bai khi lan dau tién mét trong hai ¢b gai chuyén
guan bai cho ngudi kia. Khi ma mdt ¢b gai chuyén mét quan bai cho ngudi-
ngdi canh minh, ddi hdi ¢d gai phai ding quan bai §3 danh diu gitza hai
ngudi néu da cb (vi theo diéu kién bai toan khi ¢ hai quan bai trong tay
thi co gai d6 mdi du‘qe chuyén). Nhu vay quan bai da danh dau sé tic lai
gitra c&p hai*c gai da danh ddu nd. Néun < 20, sé& t6n tai mét cap canh
nhau ma hai ¢d nay khong cd quan bai dé danh déu, do dé khong bao
gio trao d6i MGt quéan bai nao cho nhau,

Gid s( trd choi tién tdi vo han I3n, ta xét s6 1An mbi c6 gai chuyén
nhimg quan bai. Vi tro choi khdng thé diing, nén khdng c6 mat cd gai nao
chuy€n quan bai mot s6 hitu han 1an. Nhung ta xét bat dau vdi cp cb
gai ma khang ¢ sy chuyén d8i nao (mdi ¢o gai nay ¢d nhiéu nhat mot
quén bai, vi n€u hon thi phai chuyén dudc sang hai ngudi bén canh) va di
chuyén theo chiéu kim dong hé mot ¢ gai mot 1n (¢ thé nhiing ¢ gai
nay chi chuyén hitu han I4n), cudi cling t8n tai mot c&p G; va Gy, sao
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cho G; chuyén quan bai hitu han Enva G chuyén quan bai vo han |&n
(néu khéng co cap nao nhu vay thi cac ¢d gai chi chuyén hitu han lan va
trd choi két thic). Piéu nay rd rang khong Gugc vi G cudi cung sé diing
chuyén quan bai va ciing ditng nhan nhifng quan bai tr G, .. @
Bai TAp

> 5.13. Bt dau vdi mot dong n quan ¢d. A va B thay nhau thyc hién
nhimg budc di. BuSc dau tién, A [dy it nhat mét quan ¢o, nhung khong
hét quan cd. Tir khi 6, mét ngudi choi co thé 1dy bat ki s6 quan cd, ma
6 nay la mét ude s6 clia s quan cd da 1ay & budc trude d6. Ngudi thang
cudc 1a ngudi cb thé di duge budc cudi cing. Ai s la ngudi thang cudc?
(Phu thudc vao n.)

»5.14. A va B thay nhau td méu ting 6 vudng cla ban cd 4 x 4 &. Nguct

~ thua cudc |a ngudi 1 mau hoan chinh hinh vudng 2 x 2 6 vudng. Ngudi

nao co kha nang thdng? B co thé cd mot chién thuat hoa khdng.

> 5.15. A va B thay phién nhau di quan ma trén ban cg 1994 x 1994 &
vudng. A chi thuc hién bude di theo chiéu ngang (x,y) — (x£2,y+1), B
chi di theo chiéu doc (x,y) — (x £ 1,y + 2). A bat déu chon mot & vudng
trén ban cd va thuc hién bude di. Nhimg 6 vubdng quan méa da di qua thi
khéng dugc phép di lai. Ngudi thua cudc 1a ngudi khdng thé di dugc nifa.
Chiing minh rang A cé mét chign thuat thang.

5.3. Nhig bai roin hi hoc sinh gidi

Ta thdy ring rat nhiéu bai toan dugc ra trong ¢ac ki thi hoe sinh gidi tai
mot s nudc, & day chi liét k& nhiing bai toan dign hinh nhat. Cac phuong
phap giai ciing rdt phong phu, ban doc hiy tham khdo va tim ra c&ch giai
clia minh.

Vi du 5.16 {Lién X& 1984). Cho mdt khung hinh khdi lap phudng vé hai
foai son mau dd va mau xanh, hai ngudi quyét dinh mét tro choi nhu sau:
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Ngudi thur nhét chon ba canh cda khéi 13p phudng va 6 chung bang mau
dé. Sau do ngudi thu hai chon ba canh trong s& phiing canh ¢on lai cla
khoi lap phuong va t6 chung mau xanh. Lai dén luot ngudi thi nhét chon
ba canh trong s6 con lai t6 mau dé. Cudi cung ngudi thit hai t6 ndt mau
xanh cua ba canh con-fal. Ngudi thdng cudc 1a ngudi bang mau sdri cda
minh t8 tron ven 4 canh cla mot méat khoi 1ap phuong. Ngudi tht nhat sé
thdng voi mot chién thuat dung d3n trong cudc choi khbng?

Loi gidi. Ta sé chiing minh rang véi mat chién thudt thich hop ngudi chai
th(r nhat khong thé thing dugc. Ta thdy rang dé khong bi thua, ngudi choi
th(r hai t6 ba canh v3t chéo nhau (khéng giao nhau) 1a dd, vi bang cach
nay ngudi thir hai t6 dugc mbi canh trén m&i mat. Nhu vay, ngudi thif nhat
ngay t budc t6 dau tién phai ngdn chdn nguoi th( hai t6 ba canh vét chéo
nhau. Ta sé ching minh rang didu nay ngudi thir nhat khéng thé thuc hién
dugc. That vay, ta'xét tdt cd bd ba nhing canh vt chéo cung nhau. Téng
$0 12 8 bd ba nhu vay, vi mbi canh trong dé tham gia trong hai bd ba nhu
vay (ban doc vé hinh s& rd). M4t 1dn td 3 canh ngudi thi nhat cé thé td
mot phan nhiing canh nhigu nhat 1a trong 6 bé. Suy ra ngudi choi thir hai
¢6 thé t& mot trong nhiing bd ba cac canh vét chéo cling nhau con lai va
nhu vay két qua sé hoa. ©

Vi du 5.17 (Buc 1984). Trén mot hang duge viét lién tidp 2n ki hiéu x
canh nhau. Hai ngudti chai thay phién nhau thay mot ki hiéu x bang mot
frong nhiing chir s6 1,2, 3,4,5, 6. Ngudi choi thir hai thdng khi va chi’ khi
$6 nhdn duge s6 goém 2n-chir s6 (trong hé sé thap phén) chia hét cho 9.
Hay tim (&t ca nhing gia tri cda n sao cho nguoi choi thir hai ¢6 chién
thust théng. '

Lai giai. Ta sé ching minh rdng ngudi chai thd nhat (ngudi choi Gau tién)
c6 chién thuat thang vdin # 0 (mod 9), con vdin = 0 (mod 9) ngudi thir
hai cd chién thuat thing. :
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Chon =i (mod 9), 8 day 0 < i < 8 ngudi chol thif nhat chon chir s&
dau tién %o cla minh theo bang sau:
i [1]2]|3|4|5]|6)7|8|
xo [T]2]4]6]T]1[3]5]
con sau dd ngudi nay ludn chon chirsd 7 -y, 8 day y |a chir $6 ngudi thir
hai vifa chon budc trudc 66. Trong truong hgp nhu vay, sau khi nguoi thir
hai di budc cudi cling clia minh vi du nhu chon ¢hii 6 x;, khi d6 tdng o
cla nhimg chir 6 trong s6 via tao ra 12

51617
1113

S-xg+7M-—-Ddxy=x+7(1 1)t x; (mod 7).
Béng cach kiém tra truc tigp dua dén két luan khong c6 gia tri cho phép
nao ctia x; sao cho xp 1 7(1 - 1) 4 x; chia hét cho 9.

NEu n = 0 {mod %), ngudi thif hai s& thang, néu ngusi nay ludn Gat
chit s8 7 — vy, & day y Ia chir s6 ngudi thir nhat da chon trong budc di vira
xong. Khi 66 dén hét cude choi t8ng nhing chif s6 clia $8 nhan duge la

S=7n=0 (mod?). _ @

Vi du 5.18 (Ai-len 1996). Trén mot ban cd hinh chif nhat c6 nhing 6
vubng kich thudc 5 x 9, tré chai sau day duoc choi: Khdi dau, mot s6 dia
duoc dit ngdu nhién trén mot 86 nhitng 6 vudng, khéng cé & vudng nao
chira nhiu hon mot dia. Mot 1an choi bao gbm I8y di tdt ca céc dia theo
nhing ludt choi sau day:

i) M&i dia co thé chuyén t6i mdt hinh vudng phia trén, phia dugi, phia
trai hodc phia phai;

ii) NEu mot dia da chuyén 1én hodc xudng dudi mot 1an chai réi, thi né
phdi chuyén vé bén trai hodc bén phai, va nguge lai;

iii} Tai thdi didm két thuc Ian chai, khéng cé 6 vudng nac chia hai dia
hodc nhiéu hon thé.

Tro chdi két thic néu no khdng co kha nang thuc hién day di mot fan
chaoi tiép. Ching minh rdng néu khdi ddu bang 33 dia dugc dat trén ban,
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tro chai cudi cung phai két thuc. Ching minh rdng khdi dau ta dat 32 dia

trén ban thi tro choi sé kéo dai vo tan.

L& giai. Néu 32 dia dugc dat trén ban goéc dubi phia phai chiém hinh chir
nhat kich thudc 4 x 8 ching cé thé tat ca di chuyén 1én trén, sang bén
trai, xuéng dudi va sang bén phai mot cach 13p di 13p lai. BE chi ra réng
trd chai vai 33 dia cudi cung phai dimg, ta danh nhan cho céac & vuéng
trén ban nhu sau:

N L QU N S
PN W RN W R
AN AN
MW WM
—_ ) ea N -
RN W
AM_L.I\)_L
N Lo P W N
= N AN

Cho ¥ rng c6 tAm 6 3. Mot dia tai 1 di dén 3 sau khi 2 d& chuyén di, mot
dia tai 2 di dén 1 hodc 3 truc ti€p va mot dia tai 3 di gén 2 truc ti€p. Nhu
vay néu k dia khdi dau trén 1 va k > 8, thi trd choi dimg lai vi khdng di
chd 3 cho nhing dia nay chuyén t&i. Nhu vay ta gid thiét ring s k < 8,
trong trudng hgp nay ¢b nhiéu nhat 16 dia trén | hodc 3 khi khdi ddu (do
co 856 3 va k < 813 6 dia nhiéu nhat co thé cd trén 1) va nhu vay cb it
nhat 17 dia trén 2. T 17 dia nay, nhiéu nhdt 8 dia dugc chuyén dén 3 sau
mot tn chuyén, nhu vay cé it nhat 9 dia cudi cung dén 1. Nhimg dia nay
khong thé tat ca chuyén dén 3 sau do. Nhu vay tro choi sé két thic. ©

Vi du 5.19 (Israel 1995). Hai ngudi choi trén mét ban cd rong vo han
bao gém nhimng 6 vudng kich thude 1 x 1. Ngudi choi thir nhat chon mot
6 vubng va danh dau no bang Q. Khi dé ngudi chai thit hai chon mot
& vudng khac va danh ddu bdng X. Ho chai nhu vay dén khi mét trong
nhiing ngudi choi danh ddu duge modt hang hodc mot cot 5 6 vudng lién
nhau va ngudi lam dugc nhu vay trude sé thdng. Néu khong ngudi chai
nao ¢d duge két qué mong mudn thi trd choi dugc coi 1a hoa. Chimg minh
rang ngudi chai thi hai ¢d th€ ngan chan dudc ngudi chdi thir nhét thing
cubce.

1
L
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Lo giai. Ta gan nhan cho cac 6 vuéng nhu hinh 5.1,

PN NP INIIN
BN BN -
BN NP SO N SR
DN R WNN AW -
B S . - JK % T A
B WNNE WK -
R N X SO N S I
MRS B 6o AR B g -

Hink 5.1

Chil ¥ mdi s du cd mdt cap. 36 1 va s8 2 cbd cép theo chidu doc,
con s6 3 va s6 4 cb cip theo chiéu ngang. M&i khi ngudi chai thir nhat
danh dau 6 vudng, ngudi chai thir hai s& danh ddu 6 vudng kia clia cap.
Vibét ki 5 6 lién ti€p theo cot hoic theo hang phai chita mot cép clia clng
nhitng s8 nay, nhu vay ngudt chei thir nhat khdng bao gid thing. ©

Vi dy 5.20 (IMO 1993). Trén ban cd vd han nhig 6 vubng kich thude
1 x 1. Ngudi ta thue hién mot tro choi nhu sau: Bau tién xép n’ quan vao
mét hinh vubng gom n x n & vudng canh lién canh sao cho trong méi 6
vudng cda hinh vubng chda mét quén ¢d. Cach di trong trong tro choi 1a
quan cd chi dugc nhay theo hang hodc cbt qua mét & cé chia quan co d
ngay sat bén canh, sang mét 6 irong tiép ngay sau do. Khi d6 quan ¢d &
6 bi nhdy qua sé bi loai bd.

Tim céc gia trj cla n dé€ co thé két thuc trd choi sao cho trén ban cd
chi con lai dung mot quén cd.

Loi gidi. Ta xét nhing quan cd dat tai nhimg diém /o (diém cé toa do
nguyén): 72 - llx,yl:x,y € AL Vlik 01,2 d&t C. lix,y) € %

1
14. GlAl TOAN.B.P.P.D.L.BJ.B-:A :
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x by = k (mod 3)}. Bat i 12 $6 quan ci trén diém IUdi thudc vao Cy voi
k01,2

Buéc di theo hang |a lay mdt quan ¢d tai diém {x,y) nhay qua quén
oo tai (x = 1,y) chuyén tai diém tréng (x £ 2,y). Sau khi di chuyén, mbi
ax ting 1&n hosc gidm di 1. Nhu vay ay thay @i tinh chan 1é.

2

Né&u n chia hétcho 3, khidd ag -~ a; -« a2 = %— ngay khi bat dau
choi. Do db tai moi thai diém, aj. déu cd cing tinh chan 1& nay. Nhu vay
trd choi khéng thé két thic vai modt quan con lai vi sé cb hai a; trén toa
a6 lusi 0 va cai kia 1a 1 (khong cung tinh chan 18).

N&u n khong chia hét cho 3, thi trd chai co thé két thac vai mét quan
con lai. Ta s& chdng minh bing quy nap. V&i n = 1 hoac 2, diéu nay dé
thdy. Véi n > 4 ta xay dung phudng phap dé gidm n x n quan ¢d xudng
(n-3) x [n ~3) quén cd.

Ta xét nhiing quan cd tai vi tri {0, 0}, {0, 11, (0, 2), {1, 0). Nhiumng budc di
(1,0) — { 1,0}, (0,2} =+ (0,0), { 1,0} — {1,0), bd di duge ba quéan cd
lign tiép trong mot cot va tra Tai quan ¢d th tu vé vi tri ban dau. Ta cb thé
ap dung thd thuat nay [p lai tr day bén tréi 3 x (n - 3) quan cd clan xn
& vudng tir trai qua phai, sau §é tir Gay dudi bén phai (n - 3) x 3 quén co

tir day dudi tén dinh va cudi cing tir dinh phdi 3 x 3 quan cd tif phai sang

trai. Nhu vay s& con lai (n - 3) x (n 3) quan cé ta c&n ching minh. ©

Vi du 5.21 (Anh 2000). Alice choi mét tro chdi mét minh trén ban cd
20 x 20. Khéi dau Alice trdi trén ban ¢ trong mbi & mét déng xu gém céc
dang sau day: 100 penny, 100 nickel, 100 dime, va 100 quarter. Alice
chon 59 déng xu bét ki va I8y ra khdi ban co. Sau do méi idn Alice fdy 1
déng xu theo nguyén tic sau day:

o Mot dbng peny cé thé I8y di duge néu co bén hinh vudng bén canh
(trén, dudi, phdi, trai) b trdng. Nhitng 6 4 ngoai ban cd khong dugc
tinh 14 b6n 6 tréng theo quy tac nay. Vi du, nhimg 6 6 géc ban co
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hodc & bén canh ban cd, nhing 6 ndy tham tri co ba 0 bén canh
trong thi déng xu tai 6 ndy ciing khdng dudc tinh theo quy tac ndy.

o Mbt déng Nikel co thé I8y di néu t0n tai it nhat ba & tréng bén canh
{nhitng & ngodi ban co khdng tinh 14 6 tréng).

e Mot dong Dime c6 thé 18y di chi khi cé it nhét hai 6 bén canh tréng
(nhiing 6 & ngoai ban c& cing khong tinh 1a 6 tréng).

o Mot déng quarter co thé I8y di chikhi cé it nhat mét 6 tréng bén canh
(nhiing & & ngoai ban cd cang khong tinh la 6 tréng).

Alice thang néu Alice 18y dugc tat ca nhiing déng xu trén ban co. Ching
minh rang khong c6 kha nang thdng cia Alice.

L6i gidi. Phuong phap 1: Gia si nhimng 6 vudng bang nhau. Ta xét tai
mét thai didm cla cude chai, chu vi clia viing nhilng 6 vudng réng (ving
nay cé thé lién thdng hodc khdng lign théng). Vi du, gid sif ring tai thdi
diém nao d6 64 6 vudng 12 tréng. Néu nhitng 6 vudng tréng gén véi nhau
tao ra 8 x 8 6 vudng, chu vi s& bang 4.8 = 32. Mat khac, néu khéng cb6 mbt
& nao trong 64 6 vudng 12 bén canh nhau, thi chu vi sé bing 4.64 = 256
(mbi & vudng ¢b chu vi 4).

X XX | x| x X X|X | X | Xx

X x| X X y X | X

X P X| —» | x X

x| x| |x b ¢ x| x

X | x X X / X | X
Hinh 5.2

14. GIAITOANBRPFPDLBEBB
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Tai thai diém khdi Gau tro chdi co k - 59 6 vudng tréng. Tai thdi diém
nay chu vi t3i da 14 4k. Bay gi6 ta xét cac dong xu khac nhau dugc 15y di.

D& mét ddng penny 1dy di, nb phai ¢b xung quanh 4 canh véi cac 6
vudng trdng. So d6 sau day dién ta tinh trang nay: Nhimg 6 xam 13 cac &
tréng, nhiing & vudng cd ¢du X bi chiém bdi nhitng déng xu bat ki, con 6
¢b ddu P Ia chira déng penny, dudng vé Gam la chu vi.

Sau khi ldy dong penny di rdi, nhiing canh 6 vudng chifa déng penny
khong tinh nita. Nhu v@y mai 18n 18y dudc déng penny di thi chu vi dudc
giam di 4.

N&u mét dong nickel Idy 6i, c6 kha nang né dudc bao quanh bdi 4 &
vubng bén canh 6 trong nhu trén, trong trudng hgp nhu vay chu vi sé gidm
di 4. Tuy nhién dbng nickel c6 thé chi ¢ ba & tring bén canh nhu hinh
sau:

Hinh 5.3

Trong trudng hgp nay, chu vi gidm di 2. Nhu vay, trong bat clr hoan
canh nao, sau khi I8y di déng nickel chu vi déu gidm di it nhat 2.

B&ng Ii lu&n tuong tu (hay v& hinh) ta c6 k&t ludn 12 néu mét Géng dime
duge 1y di, chu vi khong tang 1én (nd cing giam di 2 hoac 4), va khi mét
ddng quarter dugc 18y di, chu vi cé thé tang lén, nhung nhiu nhit 12 2
(nd cb thé khéng thay d8i hoac gidm di 2 hodc 4).

Y
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Bay gid ta s& chi ra réing trén ban cd khéng thé khong con mdt déng
xu nao. Gia s iy dugc hét gdng xu trén ban.cd thi chu visé 124.20 - 80.
Gia st tai thdi diém xudt phat ¢6 p ddng penny, n déng nickel, d ddng
dime, va q ddng quarter da 1dy di (nhu vdy p 4 n + d + q - k). Bt cho
gon 1 — 10. N&u tat ca nhiing d8ng xu cdn lai da duoc Wy di, thi 12 - p
ddng penny s& dugc 18y di, chu vi giam di ding 4(t? - p). Clng nhu vay,
t? - n dbng nickel co thé dugc 18y di, nhung chu vi cla nd sé giam di it
nhat 2(t? — n). {2 - d) d8ng dime dudc I8y di va chu vi gidm Gi it nhat
bang 0. Cudi ciing, {t2 — q) ddng quarter dugc 14y di va chu vi tiing nhiéu
nhat 1a 2(t* — q).

Ta nhic lai 14 gia tri ban ddu cla chu vi nhiéu nhit 13 4k. Nhu vay, néu
tat ¢ cac dbng xu duge 18y di, gia tri cusi cling cda chu vi nhidu ‘nhé't 13

4k 417 —p) —2(t2 —n) L 212 - q) =4k -4t% Lap + 2n - 24.

Nhimg 4p -+ 2n — 2q 1a nhd hon hodc bang 4(p +n + d + q) — 4k, nhu vay
chu vi cudi clng nhiéu nhét 14 4k — 412 + 4k = 8k -4t? =859 4.10% = 72,
trai véi thyc té€ 12 chu phai béng 80.

Phuong phap 2: Binh nghia P 1a chu vi nhimg ving tréng (nhu dinh nghta &
cach gidi trén) va cho q, d, n 1a 88 nhiing déng tuong (ng quarter, dime, va
nicke! trén ban ¢ tai thai didm xudt phat, Khi §6 dai lugng P 4q— 24 +2n
la khéng ddi don digu: Nghfa 13 nd khdng tang (khdng thay ddi khi nhitng
déng xu dugc phép I8y di). Gia tri khdi ddu cla dai luong trén nhiéu nhat
& 72, khi d6 gia tri ma tat ca cac 6 tréng trén ban cf 13 80. Vd 1, didu nay
dan gén trén ban cd khdng bao gid tit ca cac & déu tréng. ©

Vi du 5.22 (Anh 2002). M6t trd chdi hai nguoi bt du voi mot cét tién
n déng xu (m > 3). Nqudi choi thi nhét chia cot tién da cé thanh hai cot
tién tuy y. Ngudi chai thir hai chon mot obt tién (frong cac cbt tién da ¢b
trén ban) va lai chia né ra thanh hai cot tién tay y. Tigp tuc nhu vay, ngudi
thdng cudc la ngudi chai dén budc di lam cho tat cd cot tién chi co mot
hodc hai d8ng tién. Vai gia tri ban dau ndo cla n thi ngudi di bude dau
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tién sé thang. gia s hai ngudi choi déu tai gidi nhu nhau?

Lof gidi. Ngudi choi th( nhat thdng khi va chi khi n = 3 ho3ic n chin;
ngudi choi thit hai thang véi moi n 18 van > 3. Ta cd thé kidm tra két luan
trén d&nn 6 va sau do ta chitng minh bang quy nap.

1) Néu n > 6 1a chan, ngudi thir nhéat tao ra cét c@ 1 (cd 1 ddng xu) va
cotedmn - 1(cd6n  1d8ng xu). Vin - 11318, ngudi thir nhat s& thang
theo gia thigt quy nap (vi ngudi choi thir nhat trd thanh ngudi thit hai va &
vi tri xudt phat cd sé & dong xu).

2) Néu n > 7 14 s6 |1&, ngui chai thif nhat tao ra moét cot ¢b s8 chan
dong xu va modt ¢t ¢b s3 & ddng xu. Ngudi choi thir hai lai chia ¢ot s6
chén @6ng xu ra hai cdt déu c6 s 1& dbng xu. Ti€p tuc cach nhu vay,

ngudi choi thd hai ludn ludn dap lai cac budc di cla ngudi chai thir nhat

va dua ngudi chdi thi nhat vao tinh thé chi c6 s6 ¢ét v6i nhiing s6 1& déng
xu. Khi cac cot tién tdi ¢6 1 (chi con 1 déng xu), ching khdng con lién
quan d&n budic chai. Van dé nguy kich cho ngudi chgi la ¢b ¢8 3 8 mdt bt
tién: Chi co6 mét cach duy nhdt ma ngudi chai thit hai co thé thua 1a néu
ngudi chai th{ hai tao cho ngudi chai thr nhat mét cdt duy nhat ¢d 3 (va
r&t nhiu ¢t 1 déng xu). Nhung trong trudng hop nhu vay ngudi chdi thir
nh&t phéi tao ra hoic 1a mét ¢dt duy nhat hai déng xu va mdt ¢t 3 déng
xu, hodc 1a mdt cot duy nhét 4 dong xu. DU trong trudng hgp nao, nguoi
choi thir hai thang & ngay budc di tiép theo bang cach lam giam di: Trong
trdng hgp thit nhat, cot ba dong xu duge chia ra ¢bt 1 ddng xu va cot
hai Géng xu, va trong trudng hop th( hai, ngudi thir hai chia cot 4 dong xu
thanh hai cot méi cot hai déng xu. Tém fai, chién thuat thdng cla ngudi
chai thir hai & udn ludn tao ra toan 1a nhimg cdt tién 18 trlr khi dan dén
tinh thé t3t ca cac cot chi mdt ddng xu va mét cdt duy nhét co 3 déng xu;
trong truong hop nhu vay thi chién thuat chién thing duge thuc hién nhu
mo ta trén. ' : ©

Vi du 5.23. Hai ngudi choi mdt tré choi bang nhimg dong xu tron ban
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kinh 1, trén mat ban hinh chi nhat coé kich thudc m x n. M&i ngudi chdi

¢o quyén dadt mot déng xu trén ban sao cho khéng de 1én doéng xu khac.

Khi bdt ddu mat ban khdng c6 mot déng xu nao trén do. Gid st moi doi
héi v han vé déng xu déu dugc dap ing, véi nhiing gia tri nao cla m va

- m ngudi chdi thit nhdt co chién thudt thing?

L6i gidi. N&u m < 2 hodc n < 2, thi khong thé dit mdt ddng xu nao
trén ban nhu vay, vay ngudi thir nhat thua ngay. Mat khac, néun > 2 va
m > 2, ta s& chi ra rang ngudi chai thir nhit ¢6 thé thang. Goi O 12 tam
cila ban, va cho ngudi thir nhat g4t déng xu thit nhét cda n6 sao cho tam
d6ng xu chinh & O. Cau hinh con lai la d8i xing qua tam (nghia la phan
con lai 1 nhu nhau dudi phép quay 180° d6i véi O). By gid ngudi chai
th(r hai dat déng xu vai tam A nao d6. Ngudi choi thif nhét dap lai bang
budc di 1a dat ddng xu ¢6 tam tai B, 14 phép quay 180° cla A ddi véi O.
Nguai choi th{r nhat s& ludn ludn thuc hién duge bude di clia minh bang
cach d&t d6i xiing qua tam. Ta phai chi ra rang budc di nhu vay 1 luon
ludn thuc hién dude (ding luét cho phép).
Vi viée @3t dong xu tai tAm A [a dung luét, do tinh déi x(ng nén budc
i @5t d6ng xu tai tAm B ciing dung luat. Nhu vay sau khi ngudi thit hai g4t
ddng xu tai A, ngudi chai th(r nhat di duge budc hgp 1& tai B ma dong xu
c6 tam tai B khong thé giao vdi ddng xu cb tam tai A. That vay, néu P I3
mét diém giao, thi AP < 1va BP < 1, vy AB < 2. Nhung O I2 trung didm
cha AB, nén AO = % < 1. Diéu nay nghia 1a A ndm trén mat dong xu
c6 tam O, vo Ii. Do d6 budc di aat déng.xu ¢o tam tai B 12 thuc hién dugc.
©

Bai Tap
o 5.24. (Dlc 1974) Peter va Paul chgi mdt trd choi nhu sau: Hai ngudi 1an

lugt xac dinh udc $6 chung 18 16n nhat cha méi s6 tu nhién clia : 1, 2, 3,
... Nu udc sé nay chia cho 4 con du 1, thi Peter mat mét diém.va Paul
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gudc mét diém. N&u udc s& nay chia cho 4 du 3, thi Paul mat mot diém
va Peler dugc mét diém. Sau mét thdi gian ho dimg cude choi. Ching
minh ring Paul d& chién thang.

7.4. Chuyen dé chién ThuAr TrO choi Nim
7.4.1. Dinh nghia vA vi du

Trd chot Nim ia trd chai gilta hai ngudi trén mét s6 ddng sdi (0 day ta
xét cugc chai ¢ bdr déng s6i nhu hinh vé 5.4) theo quy tac: Lan ot mdi
ngudi duge phép 13y di mot s6 bét ki vién s6i trong mét ddng séi ndo do

hodc 18y di tat ca mot ddng nao do. Ngudi thua cudc 12 ngudi dén lugt ma
khéng.con vién sbi nao dé idy.

So B e
8 10 7

1

Hinh 5.4

Trd chdi Nim 12 trd chai dan gian clia ngudi Trung Quéc, trong nhiing
thé ki trudc da dugc truyén ba sang chau Au va mot thdi 13 trd choi phd
bién & cac nudc nay. Ti trd choi nay da ¢ hang foat ki€u trd choi tuong
ty ra ddi, khdng nhimg vy, cé han nhiing I thuyét @& gii thich va tim ra
chién luge, chién thuat cho loai trd choi Nim. Trong phén nay chang i
chi bién soan mdt phan dé hiu va cach thirc ing dung biéu dién day s
nhi phan dé tao ra chién thuat thang trong trd chai nay.

D& cu thé ta chi & cap tdi trd choi ¢d 4 ddng i va s6 lugng nhu
trong hinh vé va ngudi di dau tién 1a nguidi thur nhat va ngudi &i tiép b a
ngudi tha hai. S6 luong s6i va cac ddng sdi trén mat ban e bat ddu choi
ho#c 1a sau mdt budc di clia ngudi choi ta goi 1a mot trang thai. Co thé
mot phuong an trd choi duge ghi lai véi cac trang thai nhu bang 5.1. Sau
méi budc di cla ting ngudi choi s8 vién séi va cac ddng sdi con lai tuong
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“Ldndi NgugithZnhatdi Ngudithuahaidi
1 [8, 10, 3, 1] [8,7,3, 1]
2 7, 7. 3, 1] [7, 5, 3, 1]
3 6, 5, 3, 1] 6, 4, 3, 1]
4 5,4, 3, 1] 5, 4, 0, 1]
5 (5,30 1 [2,3,0,1]
8 [0, 3,0 1] [0,1,0,1]
7 0,0,0,1 0,0Q,0,0]

Bdng 5.1 Cac buéc di frong trd chai Nim

(g nhu trong bang trang thai. Trd chai khong thé chai vd han bude vi
s6 lugng trong dong sdi ta hitu han, d&n mét luc khéng con vién soi nao,
ngudi nao dén Iugt la thua,

Pé c6 nhimg budc di thanh chign thuat thing ddi phuang trong tré choi
nay ta nghién cltu li thuyét sau day dé cé thé chién thing dgi thi bang
céach theo d&i thay déi cac trang thai sau méi budic di. Ta di dinh nghia
t8ng c4c 6 trong trd chai Nim:

Dinh nghia 5.2. Téng-Nim cla hai s6 trong trd chgi Nim dugc ki hiéu la
w theo hai nguyén tac sau:

(A) T8ng-Nim hai 58 c6 Iy thifa khac nhau cla 2 giéng nhu t3ng binh
thudng trong s hoc. Vidu 4w 8 — 12.

(B) T8ng-Nim hai s6 cé ciing lily thifa clla 2 bing 0. Vidu 454 . 0.

Chi y: Ta biét riing moi s& nguyén dudng déu biéu dién theo hé nhi
phan (cé dang a — ap2™ 1 ;2™ ' 4+ - 4 an, 8dayn > 0, ap £ O,
0<ai <2v8ii=12..n). Dodd Tng-Nim ciia hai s§ khéng phai liy
thifa cla 2 ciing thuc hién dudc bang cach chuyén qua biéu dién co s6 2
rdi cong theo nguyén tic trén. D& thdy tir dinh nghia trén ta ¢6 nhing tinh
chét sau:

(C)0wa- aw=a(phdn tiQ).
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(D} awb . bwa (tinh giao hoan}.

(E) (awb)we= ald(bwc) (tinh két hap).

B&ng quy tAc trén ta cd thé tinh dudc bét c( Téng-Nim c¢la hai s6 bat
ki. Vi du tinh Téng-Nim 53 bng cach &p dung cac quy tic trén nhu sau:
593 (441821 1) |
~ 4wy (2w 1) theo quy tic (A)
=4w fw2w 1 theo quy tic (B)
=42 theo quy tac (B)
- 6 theo quy tic (A).

Ta liét ké Tong-Nim cla 11 s6 t nhién diu tién (bang 5.2, trang sau).

8 9 10
8 g 10
9 8 11

10 11 8
11 10 9

12 13 14

13 12 15

14 15 12

2 15 14 13

10 12 13 .14 15 0 1 2

11 13 12 15 14 1 0 3
8 9 14 15 12 13 2 3 0

SO ~NOO A~ WN=OE®
CORNOUPbOWN =00
—

DO NRUNWO |
N~ =0 WM

— LA
S DN O =N WWw
WA O ~Ngo b
N WO =O0~ &,
DWWk NS®
O =2NWh oD

—
—

Bdng 5.2 Tdng-Nim ctia 11 s8 tu nhién dau tién

Khong can béng 5.2 ta co6 thé tinh Tong-Nim cac s6 nguyén:

Vidu 5.25. Tinh Téng-Nim:
a)8wlow7ul;
bi5wlwiw?.

R
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Loigidi a) 8w 107wl - A w(dW 2)wdw 2y Alwad 4
byswiw3w?: (Aw WA (2w A) Widw 2w i) 0 ©
Ta nghién ctu ki dinh nghia Tang-Nim thi thdy réng né tuong tu nhu-

viéc tinh 18ng cac s6 biu dién dudi dang nhi phan. Ching téi khong nhic

lai @ day cach bidu dién mot s6 ¢o s 10 sang dang nhi phén va céch
¢dng cac sO nhi phan. Ta diing cach cdng cac s6 & dang nhi phan nhung
khdng cé nhg. Vidu

%3

0« liythiracosd 2

non
- NS

OrOWwEE

2
aQ
1
0
0
1

-
oo = = Qo

Il a n
-

«— Téng-Nim.

Ban doc ¢6 thé kiém tra lai Tong-Nim 8w 3w 6194 - 9 bang cach tinh
clia vi du trén. Trong khi thuc hién phép tinh dudi dang nhi phan d trén ta
khéng dung phép nhd sang hang khéac, chi don gian 1a d&m s6 1 trén mot
cot néu 13 s6 chin thi cho két qua O va néu 1a s6 1€ cho két qua 1 (thuc
chat day 13 phép toan XOR trong tin hoc ngudi ta hay dung). Ta kiém tra
lai hai k&t qua & vi du trén xem ¢con dung khéng:

] 28 22 v 20 & 22 2t
g8 =1 0 0 O 5 T 0 1
0 =1 ¢ 1 0 1 =0 0 1
o= 0 1 1 1 3 =0 1 1
1 = 06 0 o 1 7 0= 1 1 1
4 = 0 1 0 0 0 = 0 0 0

Ngudi ta da chi ra riing cach tinh tdng cac s theo dang nhi phan cho
k&t qua triing véi cach tinh Tong-Nim.
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%.4.2. Chién thuar Trong TRO chioi Nim

Ta s& dung Téng-Nim dé du doan budc tiép theo cia ta. Phan con lai
ciia chuyén dé ta di xét nhiing trang thai & do T8ng-Nim cia cac hat sdi
con lai sau 14n di 1a bang 0 hoze khac 0. Ta s& ching minh néu Téng-Nim

‘tai budc Gi khac 0 thi ¢6 chién thudt budc di thdng cho ngudi thir nhat;
nhung néu Tong-Nim bng 0 thi ngudi thir hai ¢ thé thing: Tai trang thai
v6i Téng-Nim khac 0 ngudi ta goi 1a trang thai mo va tai trang thai véi
Téng-Nim bang 0 ngudi ta goi la trang thai rd. Nhu vay ta cd bang chién
thu&t cho hai ngudi chgi nhu sau:

Tong-Nim | Tén goi trang thai | Ngudi thing
/0 Ma Ngudi thi nhat
0 [ Ro Ngusi thir hai

Bdng 5.3 Bang chién thuat trong trd chgi Nim

Nhin vao bang chién thuat trén trong khi chai sé dua ra nhiing budc

di thich hgp d& cho T8ng-Nim béng 0 hodic khac 0. Trudc khi di vao gidi -

thich tai sao lai co bang 5.3, ta hay xét mét s6 trang thai ddc biét xay ra
khi hai ngudi cing chai.

e [0,0,0,...,0 Trang thai khéng cd mot vién sdi nao trén ban, khi do
ngudi thi nhat ¢&n Iugt va khang thé di dugc nita, vay 1a thua ngay.
Trudng hap nay Tong-Nim bang 0, ngudi thir hai thdng, ding nhy
béng 5.3. Trang thai nhu thé nay ngudi ta goi 13 trang thai két thuc
tro chai.

e (1,0,0,...,0/ Trén ban chi con mdt vién sdi, ngudi thir nhat sé 18y
vién sbi duy nhét nay va 13 ngudi chién thang. Téng-Nim cla trang
thai nay la 1, trang thai md va ding nhu bang 5.3, ngudi th( nhat

* théng.

e [n,0,0,...,0l Chicd n vién s6i tai mdt d6ng. Theo luat choi ngudi thir
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nhat 14y hé&t vién soi va 1 ngudi thang. Tang-Nim trong trudng hop
nay 1a n, trang thai nay cling md va nhi bang 5.3 dung la ngudi thi
nhat thang.

o ,1n,0,0,...,00 Trén ban ¢b hai déng sOi bang nhau, T8ng-Nim bing
0 (cong theo bidu dién nhi phan thdy ngay) va theo bang 5.3 ngudi
th(s hai s& thdng. Ngudi thr hai mudn chién théng thi ¢t df ding sé
vién s6i nhu ngudi thd nhat di, nhung & dong soi khac va nhu vay
tdng Nim 1udn ludn bang 0, ngudi th hai s& thing.

e [1,1,1,...,1] Trén ban ¢b n vién sdi va moéi d6ng soi chi c6 mdt vién.
Trong trudng hgp nay hai ngudi chgi thay phién nhau di dén khi
khong con vién sdi nao nita, vy thi néu n 18, ngudi thd nhat thang
vi Tdng-Nim bing 1: néu n chén ngudi th( hai s& thdng vi Tdng-Nim
bing 0. Didu nay cling diing véi bang 5.3.

Nhimg vi du trén khdng phai chiing minh bang 5.3 1& ding, phan sau
v@i nhitng ménh dé cu thé ta sé& chimg minh diéu do chi tiét. Ta dé y ring
d€ chot danh chign thang, ta phai luting trudc nhiing kha nang trang thai
xay ra cung vdi Téng-Nim clia nd. Nghia la ta phai di tinh Tdng-Nim va
cac trang thai v8i Tdng-Nim nhu vi du sau:

Vidu 5.26. Vdi nhimg trang thai sau day hdy tinh cac Téng-Nim cho cac
buoe di hop 16: a) 12,2,31  b) 13, 11.

Loi gidi. a) Tong-Nim 2w 2w 3 - 3. Nhung budc di hop & nhu sau:
1,2,3],10,2,3}, 12,1,3], 12,0,3], [2,2,2], 12,2, 11, [2,2,0] v& tugng {ng vdi
Tong-Nim 0,1,¢,1,2,1 vao.

b} Tong-Nim 5w 1 4. Céc budc di hop & 4,11, 3,11, 12,11, 11,11,
[0, 1], [5,0] va c6 Tang-Nim tuong (ng 14 5,2,3,0,1 va 5. ©
Dinh nghia 5.3. Téng-Nim nguyén géc 1a Téng-Nim clia trang thai ban
déu trudc khi choi. Téng-Nim mai la Téng-Nim cla trang thai sau mot
bude di nao dé.

15.GIAI TOANBPPBELBE-A
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Tir vi du trén ta ¢ ménh dé rdt hay sau day:

Ménh dé 5.1. Tdng-Nim nguyén gbc khdng bac gio xudt hién gida nhing
Téng-Nim mai.

Biéu dién nhj phan Biéu dién nhi phan
cua sO nguyén goc cla so mdi
X X X X X X X X X X
X X x x x  S6hang X X x X x
X X o ox x ——— —>U u 0 Y Yy
X ¥ x X X thay ¢oi X X X X x
X x X X X X X x X X

Thay ddi tinh chan 1&
Hinh 5.5

Chiing minh. V&i viéc bidu dién Téng-Nim theo tng cac s& nhj phan ta
thdy riing mét budc di hop 18 bat ki 1am thay a8t dung mat s8 hang trong
téng nhu hinh 5.5. $6 hang nay s& thay déi mdt s6 hodc tat ca sé cla
né trong cach bidu dién nhi phan (trong hinh 5.5 ki tu s6 thif ba cda biéu
-dién cii 13 1 chuyén thanh 0). Moi ¢ot ¢d su thay d8i cla s6 hang s& xust
hién thay ai tinh chén 18, nghia Ja s8 1 frong c6t nay thay ddi tir s6 lugng
chén sang 1& hoic tir s6 lugng ié sang chan, nhu vay Téng-Nim mdi khac
v8i Tng-Nim nguyén géc it nhat la tai vi tri cdt nay (trong hinh 5.5 chit 56
trong ¢t thit ba trong Téng-Nim nguyén gdc sé thay ddi). ©
Cha v trong If luan chiing minh trén ta chi ding mét sé hang thay ddi
ch(r khéng quan tam dén ting hodc giam Téng-Nim.
Ménh d& 5.2. T4t cd nhiing gia tri nhé hon Téng-Nim nguyén géc déu

nam trong s$6 cac Tong-Nim mdi.

Chdng minh. Ta kiém tra khdng dinh qua vi du 5.26 qua ia ding. Ching
minh ménh G& nay hai khé mot chiat. BE dé hiéu ta &1 qua ba budc sau:

15. GIA TOANEB.PPDLBBB
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o



5.4. Chuyén dé chién thuat tro choi Nim 223

1. Vi du vé giam Téng-Nim ctia mit trang thai d3 cho sang mot trang thai
co Tong-Nim nhé hon bang cach thay doi mét $& hang: Vi du trang thai
8,7, 5, 12] c6 Téng-Nim bang 6, mudn tim trang thai ¢6 Téng-Nim bang 3
béng cach thay ddi mét s& hang thi 1am thé nao? Hinh 5.6 chi cho ta thay
biéu dién cla cac s6 8,7,5, 12, Téng-Nim 6 va Téng-Nim mong mudn 3
dudi dang nhi phan. Téng-Nim mong muén khac vai Téng-Nim hign thdi

= 202 20 2
8 ="1 0 0 0
7 =0 1 1 1
5 =0 1 0 1
12 = 1 1 ¢ 0
6 = 0 1 1 0 «Téng-Nim hién thdi
3 0 0 1 1« Téng-Nim mudn cd
U
vi tri thay

Hinh 5.6 Giam Tong-Nim tir 6 xudng 3 doi hdi thay ai & cot 22 va 2°

tai hai vi tri c6t 22 va 2°, D& dat dudc Téng-Nim mong mudn thi ta phai
chon mot s& hang va déi gia tri tai nhimg cét nay. Nhung ta chon s8 hang
nao trong sO cac s8 hang dd c6? DE trd I3 cau hdi nay ta xét hinh 5.7
vdi sy bién d6i cac 6 8,7, 5, 12 tai cac ¢6t 22 va 2°. Ta chi v a s& hang

8 =100 0 — 1 1 0 1 = 13 (tang)
7 =011 1 = 0 06 1 0 = 2 (giam
5 = 01 01 - 0 0 0 0 = 0 (gam)
12 = 1100 —= 10 0 1 = 9 (giam)

T T

[T —

vi tri thay

Hinh 5.7 K&t qua thay déi tai cot 22 va 2¢

8 tang, con lai cac s6 hang khac gidm. Nhu vy tn tai ba budc di hop 1€
W trang thai [8,7,5,12| @&n trang thai cd Tong-Nim bang 3 13 [8,2,5,12]
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hoac [8,7,0,12] hoac 18,7,5,9], {thém vao dd mot buéc di khéng hop e
13,5,7,12{}.
2. Quy tic nhan bidt s6 Ién hon dudi dang biéu dién nhi phan: D& nhan
biét 56 n&o I6n han trong dang nhj phan theo nguyén tic sau: Tim vé bén
trai nhat vi tri & do hai s@ khac nhau trong dang biéu dién nhi phan; sé co
S8 1 tai vi tri ndy 14 fon hon. Vidu 1000{8) [6n hon 0111(7]), 11011{27) nhéd
han s6 11101(29),
3. Chung minh ménh dé: DE ddi tir mét Tong-Nim sang mét Tang-Nim
khac nhé hon, trudc tién ta so sanh biéu dién nhi phan clia hai Tong-Nim
va xac dinh nhimng vi tri ma chung khac nhau, ta goi nhing vi tri d6 fa
D-vi tri. Néu bat ki mdt s6 hang dugc thay ddi gia tri tai méi D-vi tri, thi
Téng-Nim mong mudn sé cho két qua. Néu s6 hang co ¢ tai D-vi tri tréi
nhat, thi s& thay thanh 1 va khi 66 s6 hang sé tang; nhung vdi nhiing s6
hang coO 1 tai D-vj trf trai nhat, n6 sé thay béng 0 va nhu vay sd hang sé
giam. Do d6 dé tim budc di hop 1& cho phep thay ddi trong Tng-Nim,
ngudi ta chon mét s6 hang vai s6 1 tai D-vi tri tréi nhat, va thay ddi nd tai
m&i D-vi tri. (Trong phan 1 vi du hinh 5.6 thi D-vi tri [a cdt 27 va 2°. 86
hang 12 ¢6'1 tai D-vi tri (c6t 22) va thay déi né tai nhifng D-vi tri s& sinh ra
56 nhd han). BE thdy rang ludn ludn ton tai mdt s& hang cd 1 tai D-vi tri, ta
nhd lai 12 Téng-Nim mong mudn nhd hon Tang-Nim hién thdi, theo budc
2 & trén, Tong-Nim hién thdi phadi co 1 va Téng-Nim mong muén phai co
0 tai D-vi tri trdi nhat (trong vi du trén tai 22 vi tri, Téng-Nim hién thoi ¢6 1
va Téng-Nim mong mudn ¢b 0). Vi Téng-Nim hién théi ¢d 1 tai D-vi tri trai
nhat, nén phai t6n tai mot s6 1& nhiing s6 hang vdi 1 tai D-vj tri tréi nhét
nay. Vi 0 khdng phai la s 18, nén phai ton tai it nhat mot s6 hang vdi | tai
D-vi tri trai nhat nay, va nhu vay thay déi nd tai D-vi tri nay 1a mét budc di
hop Ié cho ra Téng-Nim mong muén. . ©
Vi du sau chi ra ki nang s dung ménh dé trén dé thuc hién tinh toan
su bién déi modt s6 hang.

nxy
s
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Vi du 5.27. Bat dau to trang thai tro choi Nim [11,22,33] ¢0 Tong-Nim &
60. Hay chi ra lam thé nao d€ cé budc di hgp 1é dé chuyén déi Téng-Nim
dén a) 55, b) 0.

L& gidi. Ta kiém tra lai Tong-Nim:

) kX B P2 2
M =0 0 1 ¢ 1 1
22 =0 1 0 1 1 0
33 =1 0 0 0 0 1
80 = 1 1 1 1 0 0

a) Ta so sanh hai bidu dién nhi phan clia Téng-Nim hién c6 va Téng-Nim
mudn cé:
25 24 23 22 zl 20
1 1 1 1 8] H]
1 1 0 1 1 1
T T T

¢dt 56 khac nhau

B0
55

Vi tri cot khac nhau bén trai nhat 1a 2*. Trong céc s6 hang 11,22,33 chi
c6 s6 11 ¢o 1 8 vi tvi ndy va nhur vay dé ¢ budc di hop 1& cho Tong-Nim
bing 55 Ia thay d8i 11 tai vi tri 23, 2! va 2°, nghia 1a doi tit 11{001011);
thanh 0(000000); .

b) Ta so sanh hai sé biéu dién dudi dang nhi phan cla 60 va 0
I A LR S LIV
1T 1 1771 0 0
0 0 0 0 0 O
1T 1T 1
— e

cdt 8 khac nhau

[on 3 ]
ol

Cot sai khac trai nhat & vi tri 2°. Trong cac s8 hang 11,22, 33 ¢chi ¢d 33 co
1 tai vi tri nay va néu ta thay ddi tai vi tri 25, 2%, 23 va 27 clia 33, ta nhan
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dugc (0111011, 29. Do db budc di hop 1é chuyén Tong-Nim vé 0 Ia giam
1 33 xudng con 29. ©

Ching minh bang chién thuat trd choi Nim ding théng qua ménh dé:
Ménh dé 5.3. Trong 0 chai Nim, nhiing ménh dé sau ding:

{N1) Budce di bat ki tit mot trang thai rd déu dua dén mét trang thai md.

{N2) Tir mot trang thai mo bat ki déu co thé chon duge bude di dén
trang thai ré. '

(N3] Trang thai két thic (tw do khdng thé cé bude di dude nita) fa mot
trang thairé. '

Chting minh. Ménh ¢é (N3) da dugc ndi 6én trong phén nhiing trang thai
dac biét trong tro choi Nim d trén. Con (N} va (N;) dé dang suy ra tor
ménh d& 5.1 va ménh dé 5.2 vé Téng-Nim.

N&u ta c6 mét trang thai rd thi Téng-Nim bang 0 va nhu vay theo ménh
dé 5.1 sau budc di hop 18, Téng-Nim khéng thé 1a 0, nghia (a trang théi
mdi sé [a mad.

Néu mét trang thai la md thi Téng-Nim sé& I3 mét s& tdn hon 0 va theo
ménh dé 5.2, né ¢b kha ndng tim dugc mét mat budc di hop (é tai trang
théi ré. ©

2.4.7. Ching minh bang chién Thuar va Ung dung NG

Bay gid ta di chimg minh bang chién thuét 5.3 dung:

a) Gia sl trang thai nguyén gdc la md: Khi 6 theo (N;) ngudi tha
nhat c6 thé cd budc di dén trang thai rd; ngudi nay goi nhimg budc di nhu
vay 1a budc di tot. Sau dé néu ngudi thir hai co thé con di duge (néu trang
thai khdng phdi 1a két thuc trd choi), ngusi nay theo (N ) chi co thé dua

- v& trang thai ma. Tiép tuc ngudy the nhét |ai thuc hién budc di t6t, ngudy
ther hai sé lai ¢ budc di tdi trang thai ma, .. N&u ngudi thi nhat ol choi

Ky
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theo cach nay (budc di t6t), thi ngudi thir hai luén ludn dén luot véi day
trang thai rd, mbi budc di kéo theo giam sé vién sdi hon truge. Bén mot
lGc nao db ngudi thir hai sé phai ddi mat vdi trang thai két thuc va bi thua.
b) Tuong tu, néu trang thai nguyén gdc 1a 10: ngudi thu nhat sé cd
budc di d&n trang thai md va ngudi thir hai cd thé dén ngudi tha nhat véi
ddy budc di cho trang théi rd; tat nhién ngudi thir nhdt dén mot luc nao dd
phai ddi mat véi trang thai két thic va khi db ngudi tha hai s& thang.

Budc tét Budc xau

v

(Khdng nén chon)

Hinh 5.8 S d6 bi quyét cla trd choi Nim

Tém lai, d8 chai t6t trd choi Nim, thi trang thai & phai thay nhau
chuyén déi gilra ré va md cho téi khi dat tdi trang thai ké&t thic, Néu khédng
¢b gi sai I2m thi néu trang thai nguyén géc la md thi ngudi thir nhat phai
théng, néu trang thai nguyén gdc 1a rd thi ngudi tht hai phai thang nhu
bang chién thuét 5.3 va thuc hién theo sg d6 5.8.

Vi du 5.28. Tir nhing trang thai mo sau day hay tim tat cd budc di tot tir
chung:

a)[3,4,8,9] b)18,10,7,1] ¢} 19,2549 d)16,5,3,1].

L7 gidi. a) Tong-Nim 3w4 w8 w9 6, ta kiém tra lai:
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W 22022 20 ®
3 = 0. 0 1 1
4 = 0 1 0 0
8 = 1 0 0 0
g =1 0 0 1
8§ = 0 1 1 Q0

DE ¢b budc di t&t nghia 13 ta phai di Téng-Nim bang 0, nhin vao béang
trén ta phai thay doi tai vi trf cot 22 va 21 mét trong céc s6 hang. Tai vi trf
cdt 22 chi ¢6 s6 4 13 cd biéu di&n nhi phan 1 tai d6. Do d6 budc di tét 1a
dgi 4(- 0100) thanh 2(-~ 0010). Nghia I3 18y d d6ng thir hai di hai vién séi.
Meo trong tré chai Nim: Trong khi chdi trd nay khéng thé ké bang hoic
bién ddi nhi phan cac sa rdi tinh tdng rat phién ha. C& mét cach fa s
dung phép Tong-Nim duoc tién hanh nhu sau (hinh 5.9):

1. Chia mdi dbng soi 18y phan IGy thira cla 2 gan nhét, vi du [3,4,8,9|
chia thanh day 1,2,4, 8,8, 1.

2. Theo Téng-Nim trong day c6 hai 8,8 va 1,1 déu bi trugt tiéu, chi con
lai g6ng 2,4 dé 1am Téng-Nim béng 0 thi téng hai 56 nay phai bang
0 nghia |a phai i3y di 2 vién & ddng 4 vién,

o) 9]
888  K38R--888R
3 4 8 9

Hinh 5.9

b) Tng-Nim bang 4:

1t 23 22 21 20
8 =1 0 0 @
10 =1 ¢ 1 0
=0 1 1 1
1 = 0 0 0 1
4 =9 1 0 0

Lol
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D& Téng-Nim bang 0, ta phai thay d&i mot s6 hang & ¢t 22. Trong cot nay

chico 7 c6 s6 1, vay.budc ditot nhat 1a chuyén 7( 0111 thanh 3(- 00113,

nghia 12 14y & déng thir ba di 4 vién sdi.
¢) Téng-Nim bang 33: '

& SB»o2¢ 2 22 20
9 = 0 0 v 0 0 1
2 = 0 1 1 0 0 1
49 =1 1 0 0 0 1
33 =1 0 0 0 0 1

P& Tdng-Nim blng 0, ta phai thay déi mét 6 hang & cot 25 va mot s6
hang & cot 2°. Trong cdt 2° chi ¢ 49 ¢6 s6 1, vay budc di 0t nhat 13
chuyén 49(- 110001) thanh 16{ = 010000}, nghia [a I8y & déng thir ba di
33 vién sdi.

d) Téng-Nim bang 1:

B 22 20 20
. 6 =1 1 0
5 = 1 0.1
3 =0 1 1
1 = 0 0 1
17" = 0 0 1

Dé Téng-Nim bang 0, ta phai thay d8i mét s6 hang 6 cot 2°. Trong cot
nay co ba s65,3,1 ¢6 88 1, vay budc di t6t nhat cd ba kha n#ng 1a 1dy di
1 vién & médt trong ba déng do. o ©

Bai 1ap

b 5.29. (Trd choi Nim gidi 8) Mt bang gidy dai dugc chia thanh nhing 6

" vudng va gan nhan 0, 1,2, 3,...(hinh 5.10}.

Trén méi & vudng cd thé dat mot hoic mdt vai quan ¢d. Hai ngudi t8n
Iugt thuc hién cac budc Gi: Mot bude di hop 18 1a chuyén ding 1 quan vé
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Hinh 510

phia tréi (vé s6 0). Nguoi thang cudc 1a ngusi di bude cudi ciing vé chudng
(8 nhan s8 0}. Hay tim mai quan hé gilfu trd chgi nay voi trd chai Nim va
tim budc di 18t i mdt trang thai cho trudc.

> 5.30. {Tro chai Nim quan cd)

Trd choi dugc thuc hién trén ban Chubng «————
¢o vua. Trén méi 6 dugc dat mot 01234567
ho#c vai quan cd. Hai ngudi chai
thay phién nhau thuc hién busc di:
Mét budc di hop 1€ 1 chuyén ding
mot quan ¢ W mét 6 sang bat ki
& vudng nao vé phia trén hosc vé
phia trai (nhung khong Gong thdi).
Muc dich 12 dén hét tat ca quan
¢t vé & vudng duge danh dau la Hinh 511
chudng (hinh 5.11) va nguai dua quén cd cudi cing v& chudng 1& ngudi
théng cude. Hay giai thich méi lién quan trd chai nay vdi trd ¢hai Nim va
tim bude di t6t tir mot trang thai da cho {vi du nhu hinh 5.11).

~NHIN DLW Ao
=4
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