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Nguoi lam: )
Zalo: Khuong Minh Hao - s0 dt zalo: 0982495811
Email: minhhao76(@gmail.com

CP10: CHUNG MINH BPT VA TiM GTLN, GTNN

Dang 1. Tim gia tri 16n nhit, gia tri nhé nhit

A. Tric nghiém (néu co):

Cau 1.

(HSG 7 huyén Lam Thao 2016 - 2017)
(a- bY +6ab =36

B. Tu luan

Cau l.

Cho . Gif trj 16n nhét cia * ~ % 1a:
A8 B. 0 c.’ D.>
Loi giai
| 2
 (a- b)Y +6ab =36 ab :“'g(”'b)
Ta co: suy ra
) | :
(a- b)Y =0 -E(a—b)' =0
Lai co nén
ab =6- L(a- b <6
Vi thé 0
Ao ir i1z i, . x=ab ;. 6
Vay gia tri 16n nhat ctua la =.
(HSG 7 truwdong Giao Téan 2016 - 2017)
r 5 —N 7y = il 3 = 1= :- 1=
Tim gid trj 16m nhét cia bidu thic: © =%~ 3¥) = (15~ 6x)" - |y - 90|
Loi giai
(. , 2 _ e B 2 _ .
Taco: © =(2x-5y) - (15p- 6x) - |xp - 90|
=(2x- 5y) - (6x- 15y) - |y - 90|
=(2x- 5y) - 9.2x- 5p) - |y - 90| = [8.Q2x+ 5p) +]xy- 90
, Ty = 3 : Yy = 2 !
Ta thay (2x-5y) 20 voimoi Y nén 8.02x-5y) 20 voi moi Y
- =
Lai co ‘x} 90‘ =0 voi moi MY
Tyv-50) .-
Khi g $:(2x=30) +[=00[20 [0 Ly
- |8.Qx- 5p) +[xy- 90]] <0
Suy ra [ ! | ’ | v6i moi >V
Hay £ =0 véimoi ¥V
; x_Y
Lo _—n N2x- )y o= . 7 - = = A . —
Dau = xéyrakhl( x-55) Dva |x} 90‘ 0hay 502 vy =90

X_V o,
Pat5 2 taduge ¥ =K.V =2k
Mz X =90 sy 5k2k =90= k' =9=k =13
Néu k=3= x=15y=0

Nég fF=-3= x=-15y =0
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Viy gi4 trj 16n nhét cia P bing O khi va chi khi ¥ =1%Y =6 . x=-15y=-0

Cau2. (HSG 7 huyén Lam Thao 2016 - 2017)
) 4 . A =|?.r—5f1'|+|3:—3.‘r|+|.‘r}' +yz+zx- EDDD|
Tim gié tri nho nhat cia **, biét :
Loi giai
Tac
o A =[Tx—5y|+|22 =3x|+|xy + 3z +2x- 2000 =0
én

 [7x=5y20 [22-3x| 20 _, |xy+yz +2x- 2000/ =0
0 ; va

N
Ddu " =" xay ra khi va chi khi |'?.T —5;1'| =|3:—3.T| :|.Tj.'+ yz+ zx- 200001=0
Co: ‘Tx—:'.\y| =0 suy ra g :7 s
X_Z
|22—3I| =0 suy ra ) 3 :

|.Tj.' +yz+zx- EDDD| =0 suy ra XY+ yz+ v =2000
x =20,y =28;z =30 hodc * =-20;y=-28,z =-30

Ma ¥+ cing ddu nén * =20; y =28;z =30 hoiic ~ ==-20; y =-28,z =-30

T d6 tim duoc
Vay gia tri nho nhit cia 4 bang O khi va chi khi * =20,y =28,z =30 hodc

x=-20,y=-28z=-30
Cau3. (HSG 7 truomg Nguyén Du 2016 - 2017)

B :|.'r- 3|+|_'r- S|
Tim gi4 tri nho nhét ciia biéu thirc:
Loi giai
B :|.'r- E|+|S- .'r| 3:|.‘r- 2+8- .'r| :|f:|| =0

Ta co: .
" _n (x- 2)@8- x) =0 (x-2)@E- x) =0
Dau xay ra khi suy ra
x-2=0 8- x=0 x-2=<0 8- x <0
nén va hoiac va
x =2 x <8 2 <x =<8 x <2 x =8
hay va tuc la hoac va (vo 1y)

Viy gia tri nho nhit cua B bang © khi va chi khi 2 =x =<8
Cau4. (HSG 7 trwong Cu Khé 2016 - 2017)
, , —r-2F &|v-
Tim gié tri nho nhat cta biéu thac: A=(x-2) +|'1 'T| +3
Loi gidi

-2) = .
Ta co (x-2) =0 voimoi ¥ va

Y- x‘ =0 r.y= 4=3 véi moi Y

vO1 moi
(x-2) =0
A%

Vay gia tri nho nhit cia 4 bang 3 khi va chi khi a x=y=2
Cau5. (HSG 7 trwong My Hung 2016 - 2017)

Tim gia tri nho nhét cua biéu thirc sau: A :|'T - 201 3|+ |'T i EDI4| +|'T i EDI5|
Loi giai
A =[x- 2013|+|x- 2014|+|x- 2015
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Cau 6.

Cau 7.

Cau 8.

A =(|x- 2013)+|x- 2015)+|x- 2014]
vy [~ 2018] =015 - 5| A =(jx- 2013|+[2015- x|)+|x- 2014]
Ta co: ¥- 2013(+[2015- 2 =|x- 2013+2015- x| =2

Déu " =" xay ra khi (x- 2013)(2015- x)=0 hay 2013 =x <2015

= j 4 " " . — J—
Lai co: ‘x -[l14| Eﬂ.Déu =" xay ra khi ¥~ 2014 =0 pay x =2014

A =(|x- 2013(+[2015- x|)+|x- 2014]=2
Suy ra .
Diu " =" xdy ra khi 2013 =x 2015 y3 x =2014 g4y ra x =2014
Vay gia tri nho nhat cuia 4 bang 2 khi va chi khi X =2014

(HSG 7 huyén Hau Léc 2016 - 2017)

Cho ba s ab,c théa man 0 <a Sb+l=c+2 atbtc=l. Tim gié tri nho nhét cua €
Loi gii

viO=a=b+l=c+2 jag 0=a+b+l+c+2=c+2+c+2+c+2

Do d6 0 =4 =3c+6 (v at+b+c=l)

5
kz=-2=c= =

Hay 3,

2
- — a+b=§

Vay gi tri nho nhat ciia € 1a 3 khi do 3,
(HSG 7 huyén Mu Cang Chai 2016 - 2017)

C_z(x-|)3+|

y G-1+2 o C oo :
Cho biéu thtrc: . Vo1 gid tri nao cua ~ thi bi€u thiuc — c6 gia tri nhd nhat.
Tim gia tri nhé nhat do.

Loi giai
2(c- 1Y 41 2| G- 1) 2

T (- 1F +2 Ge-17 42 (-1 +2

-3
) 3

Ta co:

3
c (x- 1) +2
Suyra  nho nhat khi 16n nhét.

3
G-y 4222 (x-1) 42
i nén
1
Vay gia tri nho nhéit ciia € bang 3 khi va chi khi ¥ =1,

3

3
<—=2-——>7-
2

(x- 1) +2

ad | bk
)
Y

v

(HSG 7 huyén Hwong Khé (va Dé 326) 2016 - 2017)

A =[2x- 2|+|2x- 2013]
Vv

Tim gia tri nhé nhat cua bicu thirc o1 7 1a sO nguyén.

Loi giai
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A =[2x- 2|+ |2x- 2013| =[2x- 2|+|2013- 2x| =[2x - 2 +2013- 2x| =2011

Ta co:

(2x-2)(2013- 2x)=0=1 g.rgmm

Dau “=" xay ra khi 2
x€{1:2:3;...:10006)]

X€Z pén
Lai c6

2011 x€{1:2:3;...:1006]

Viy gié tri nhé nhat cia ! bing khi va chi khi

Cau8. (HSG 7 huyén Anh Son 2016 -2017)
X 1 Ao oo 1R , A:|'T|_|'T_2|
Tim gia tri 16n nhat cua biéu thirc .
Loi giai
Xét cac truong hop:
THI: >2= A=x-(x-2)=2
TH2: 0 =x<2= 4 =x+x-2=2x-2<1
TH3: x<0= A =-x+x-2=-2<0
Suy ra v6i moi gid tri cua X thi 4 <2
Vay gié trj 16n nhit cia 4 bang 2 khi ¥ =2,
Ciau9. (HSG 7 huyén Pat Miii 2016 - 2017)

Cho ab,c.d 1a cac sb duong. Tim gié tri nhé nhét cua: A :|'T i ﬂ|+ |'T ) b| +|'T ) C| +|'T ) ﬂr|

Loi giai

Khong mat tinh tdng quat, gia st @ =b =c =d |
Ap dung BPT jaf +[p| 2|a + 5] , dAu bing xay ra khi 2P =0 ta co:
|.'r- a|+|_'r- a'| l_=|.'r- ﬂ|+|d- .‘r| l_=|.‘r- a+d- _'r| =d - a 1)
|.'r— .f:r|+|_'r— c'| 3:|.‘r— .f:r|+|c— .'r| 3_=|.‘r— bh+c- .'r| =c- b @)

Déau " =" xay ra khi va chi khi dau " =" & (1) va (2) xay ra

Khi d6 (x- a)ld- x)=0 va (- p)c- x) =0 hay @ <x =d vj h<x <c

Ma @ <b =c =d pen b=<x=c

Vay gi4 tri nho nht cia 4 bang €*+d - @- b khi va chi khi b =x =c_
Cau 10. (HSG 7 huyén Viét Yén 2016 - 2017)

F :42 "X
x-15 ) x F )
Cho Tim sO nguyén dé  dat gia tri nhd nhat
Loi giai
2. 9
F :4“ X4 27 27
) x-15 x- 15 ) x-15 )
a) Ta thay dat gid tri nhd nhat khi nho nhat

27
Xét X-15>0 ¢p; x-15

>0
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27
X6t X- 15<0 (p3 x- 15
27

Vay X- 15 nh¢ nhat khi X~ 15 <0
27

<0

Phan sé6 X~ 15 ¢4 tir dwong mau 4m
27
Khi d6 *- 15 nho nhit khi ¥~ 135 1a s§ nguyén 4m 16n nhét
Hay ¥~ 13=-1= x=I4
Vay khi ¥ =14 thi F' dat gia tri nho nhét bang - 28
Dang 2.1: Bit ding thirc vé chirng minh tong phén sb tw nhién

A. Tric nghiém (néu c6): Khong

B. Ty luan

Caul. (HSG 7 trwong Nguyén Khuyén, truomg Thai Phién 2016 - 2017)
x v z t

M= + + +
Xx+y+z x+y+t y+z+f x+z+t

Chtng minh rang c6 gia tri khong phai 1a sb

~ (r,yz,t EINF)
tr nhién
Loi giai
X x X
< <
Tachg: *Hy+z+t x+y+z x+y
y y y

= =
X+ yp+z+t x+y+t x+y

= =
X+ y+z+t y+I+t I+t

I f f
= =

X+ yH+I x4l 4L

+v+z+ ; - '
rryreTr E-::Mr.: A, +[ I ! |
X+ y+z+t L x+y x+yp| lz+f zZ+t)
Hay]<M<2.

Vay M ¢6 gia tri khong phai 13 s tu nhién.
Cau2. (HSG 7 huyén Son Dwong 2016 - 2017)

M="+ b + -5 b 0 . )
Cho a+b b+c c+a v 7>V Chungté ring M khong phai 1a sé nguyén.
Loi gidi
i a b b c P
> : > : >
vy @b.¢>0 s q+b a+b+c b+c a+b+c c+a a+b+c
M= a + b + ¢ }a+b+c =1
Do d6 a+th b+c c+a a+b+tc  DodoM>1 (1)
' a b c b c a |
+ + + +
Mé.a+b b+c c+al la+bh b+c a+c]
a b | (b c c a |
= + ‘+[ + + =3
\a+h a+bh]| | b+c b+c] lec+a c+a
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b c a | | a b c |
+ + | M= + + <2

Vi la+h b+c a+c)| suy ra la+h bh+c c+a)l 2)
T (1) va (2) suyra | <M <2 ngn M khong phai 1a sb nguyén.

Ciau3. (HSG 7 huyén Hwong Khé (va dé 326) 2016 - 2017)

a b c

+ + =2
Cho ba s6 duong 0 =@ =b =c =1 chgng minh ring bc+1 ac+l ab+]
Loi giai
vi U=a=b=c=l pgp (a- 1)(b-1)=0 suyra ab+1za+b
| - | c - c 1)
ab+1 a+b 5 ab+1 a+b
Do dé6
a4 b b o
bec+l b+c ac+l a+c
Tuong tu:
ﬂ+.":r+c Eﬂ"‘b"‘cH}
boc+l ac+l ab+l b+c a+c a+bh
Do d6:
" 2 2 "
a_ . b L€ - 2a 25 L% :“[a+b+c}:3(5}
b+c a+ec a+bh a+h+c a+th+c a+bh+c a+h+c
Ma
4 4 b P =2
he +1 ac +1 ab +1 (dpcm)
Tu (4) va(5)suyra

Dang 2.2: Bit ding thirc vé chirmg minh tong lity thira: Khong
Dang 2.3: Bit ding thirc vé chirng minh tich ciia mot day
A. Tric nghiém (néu c6): Khong
B. Ty luin
Caul. (HSG 7 huyén Thanh Ha 2016 - 2017)
Cho 100 8 hiru ti trong d6 tich cua bat ky ba sé nao ciing 1a mot sé 4m. Ching minh rang:
100
a) Tich cua s6 d6 1a mot s6 duong.
) 100 . )
b) Tat ca s0 do déu la so am
Loi giai
100 ) ) ) 100
a) Trong s0 da cho, phai c¢ it nhat mot s6 am (vi néu ca s0 déu duong thi tich cua
ba sb bat ki khong thé 1a mot s6 am).
Ta tach riéng s6 am d6 ra. Chia 99 s con lai thanh 33 nhom, m&i nhom 3 thira sd.
Theo dé bai, mdi nhoém déu c6 tich 1a mot sé Am nén tich cua 33 nhém tirc 1a cua 99 b 1a
mot sO am.

Nhan sé 4m nay v6i sé 4m da tach riéng tir ddu ta dugc tich cia 100 s§ 13 mot sb dwong.
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100 a, =24, =4, = =24,
b) Sip xép s6 di cho theo thir ty ting dan, chang han
Céc sb nay déu khac 0 (vi néu c6 mot thira sé bang O thi tich ctia nd véi hai thira sb khac
cling bang 0, trai voi dé bai).
Ay oy < 0 Ay <0
Xét tich suy ra

>0 4 oo >O, a,, >0

v A d ’ 5 A A A 1x A A A
(vinéu % tich cua ba so nay khong the 1a mot s6 am).

Vay @itz e tlas 13 cac 56 Am

Xét tich @199 < 0 ma %% > 0 nén % <0
Xét tich @92%0 <0y @ >0 gy gy <0
Vay tit ca 100 g8 da cho déu 1a sé am.

Dang 3: Bit ding thirc dang chir
A. Tric nghiém (néu c6): Khong
B. Ty luan
Caul. (HSG 7 truong Nguyén Du 2016 - 2017)
abeQ  |a|+|p|=|a+5]
Chirng minh v6i moi thi
Loi giai
(fa|+[p|)" =a* +2]ab|+b* (a+b|) =(a+bY =a® +2ab+b*
Ta co: ;
) ‘ab‘ >ab 2|ab‘ =2ab
Lai co nén

@ +2|ab|+b” za” +2ab+b’
Vi thé

bl=z|a+b
Vay ja +p|a + |Vérim()i “’bEQ.
Cau2. (HSG 7 huyén Hoing Héa 2016 - 2017)

0. @,0,,0,.....

Cho 20 sb nguyén khéc *%20 ¢4 c4c tinh chat sau:

* 4 ash duong
* Tong cua ba sb viét lién nhau bat ky 1a mot s6 duong.
* Tong ctia 20 s6 d6 1a s6 am
Ching minh rang: ¢+ Tty < a4y
Loi gidi
Ta co:
a +(ﬂ: +a, +ﬂ_-)+ """ +(ﬂ|| +a, +ﬂ|3)+ﬂ|_- +(ﬂ|s ta, +ﬂ|?)+(ﬂ|; +a, +”:-:n)"r":}

Vi tong cua ba so viét lién nhau bat ky 1a mot s6 duwong nén:

a, >0,a,+a,+a, >0.....aq, +a,+a, >0a,+a, +a,>0a,+a, +a, >0 a, <0
- Sz = - Sz - Lt ¥ 3 = Suyra
Ciing nhu vay:
(a, +a, +ﬂ-\)+ ...... +(ﬂ,,., +a, +ﬂ,ﬂ)+ﬂ,.1 +a, +(ﬂ',i +a, +a; )+ (ﬂl.‘ +a, “‘ﬂ‘w.-.){c*
2 T4 : 2 : 4 : . . : 2 suy ra
Gl.‘-+al4 {D
- . a.+a.+a,=0=a,=0
Mit khae, "1 e T 12
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o en g @ >a, >0a,<0= ga,+a,qa, <aqa,
Tur cac diéu kién (BPCM).

Cau3. (HSG 7 truong Vo Thi Sau 2016 - 2017)

% PRI ( O<a <a,...<a, . +a +
Chtrng minh rang: Néu ! 2 s thi: (@ tds*a,
Loi giai
Ta co: !
a, +a, +a, -::3;3__\

<d, A
? nén suy ra:

(D
a, +a.+a, <3a, )
a, +a,+a, < 3a, 3)

e (1).6G) a, +a, +....+a, <3(a, +a, +a,)
Cong veé vdi ve cua ta duoc: : : :

nén ta duoc: 3 7% T T
Caud4. (HSG 7 huyén Phu Ly 2016 - 2017)

a>2,b>2 ab>a+b
Cho . Chtrng minh

Loi gidi
1 1 1 1
—_—< <
a>2 a 2 b>2 b 2
Tu suy ra ; suy ra

1 1 a+b
—+—-<

Dodo @ b  suyra ab
Vay ab>a+b

<1

Ciu5. (HSG 7 huyén Phii Ly 2016 - 2017)

Cho céc sé 0 <@ 82 <@ S <. Chtng minh rang: as +a, +a;
Loi gidi
Ta co:
a +a, +a, +a, +a, {Saj
a, +a, +a, +a, +a, <5a,
a, +a,, +a; +a,, +a; <5a;
a, +a, ... +a,. <5(a, +a,+a.)

Tai liéu dugc chia sé bdi Website VnTeach.Com
https://www.vnteach.com
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