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Bai 1 Gi6i han va lién tuc

|.SO THUC VA HAM SO

&1.Cac s6 thwe va dwong thang thue

Céc s6 thyc 1a nhitng s6 c6 thé biéu dién dudi dang thap phan nhu :

J2-1414z

1

Z=10.33333.

3

_3 __075000...
4

trong d6 dau ba chdm ([ ) chi diy céc ky s6 sau dau cham thap phan kéo dai dén vo
han .

Céc sd thuc co thé dugc biéu dién vé& mit hinh hoc bdi cac diém trén 1 duong thang,
duogc goi 1a duong thang thuc nhu minh hoa dudi day:

[ |
[
2 -1 011 f

L J

Tap hop tat ca cac s6 thuc (hay dimg thing thyc ) s& duoc ky hiéu 1a IR.

Trén tap hop céac s thuc ta c6 hai phép toan co ban + va * véi mot s tinh chat dai sb
quen thudc da biét . Tir do ta cling c6 phép toan trir (-) va phép chia (/) cho so khac 0.

Ngoai ra trén IR ta ciing c6 mot thir tu thong thudng va vai thir tu ndy ta c6 mot s6
tinh chat dugc viét dudi dang cac bat dang thirc nhu sau:

Néu a,b, va ¢ 1a cac sd thuc thi ta c6
a<b= atc<btc
a<b= ac<b-c

a<bvac>0= ac<bc
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a<bvac<0= bc<ac
dacbiét:a<b=-b<-a

1

a>0= a>0
Néu (a va b cung 1a s6 duong )
hay (ava b cung 1a s6 4m )

Thitaco :

s
B

[= e

IR co6 mot sb tap hop con quen thude 1a tap hop cac s6 tu nhién N ,tap hop cac sb
nguyén Z, va tap hop cac s6 hiru ti Q . Theo thir tu "bao ham trong " thi

NccQckR
Céc sd thuc khéng thudce Q duoc goi la cac s6 Vo ti .
Ky hi¢u cac khoang doan va nura khoang :
V&iavab la cac s thue , ta ky hiéu :
(@a,b)la {x elR/a<x<b}
[ab]la {x e R/a<=x<=D}
[ab)la {x e R/a<=x<b}
(@,b]la {x elR/a<x<=h}
(axo)la{xeR/x>a
[a,0)la{xeR/x>=3a
(-o,b)la{xeR/x<b}
(-ob] la {x € IR /x <= Db}

(-o,o)laR
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@ Ghi chii : Nguoi ta con chimg minh dugc rang IR ¢o tinh chit ddy du . Theo tinh
chat nay thi moi tap so thuc khac rong bi chan trén déu co can trén ding (tuc l1a chan
trén nho nhat). Tuong ty, moi tap so thuc khac rong bi ¢6 chan dudi dung.

@K ¥ hiéu "gia tri tuyét doi ¢

Gia tri tuyét ddi caa mot sd thue x ,ky hiéu boi [x|, duge dinh nghia nhu sau :
P‘:|_ X ., =20

- , Z4l
Tir d6 ta c6 mot sb tinh chat dudi day:

@) 120V 6i moi xe

o F-0 = x=0

@K

) =] =]

& oIl

a

b

_Fl
i

o kol <l + b

(6)

©) |X|=a = z=a hay z=-a

a = —a<®Ev a

Ok

4 —g 4% A
(10) |X ta " arxioa

Luuy réng vé mat hinh hoc , | X | biéu dién khoang cach tur diém x dén diém 0 trén
duong thang thuc . Tong quat hon la :

| X-y| = khoang cach gilra x va y
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2. Ham s6

@ Dinh nghia:
Mot ham s6 £ tir mot tap D vao IR 1a mot quy tic cho tmg voi mdi x € D la mot phan
tir duy nhét f (x) € IR.
Mot ham sb thuong dugc cho dudi dang cong thiic nhu cac vi du sau:
y =x’
Flz)=2x+3

g(x) =x" -4

Khi ham s6 duoc cho boi mot cong thie nhu ham s6 g(x) ¢ trén thi tap hop tat ca cac
X ma g(x) xac dinh dugc goi 1a mién xac dinh cia ham so.

Vi du: Mién xac dinh ctia ham sé g(szm la tap hop cac sb thuc x sao cho :
X* 1420

& X<-2hayx>2

Vay mién x4c dinh 13 : (-0, -2] U[2,®)

@ Do thi cua ham so:

D6 thi ctia ham sO fla dudng biéu dién trong mit phang Oxy c6 phung trinh y=f(x).
N6 bao gom tt ca cac diém (x , f(x)) vi x chay trong mién x4c dinh cta ham sd.

Vidu:

1) B thi ham sé y = x*

2) Pd thi ham sb y = x>?
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AY

Y=

@ Tong, hiéu, tich, thwong ctia cac ham so:

Cho f va g 1a 2 ham sd, va ¢ 1a mot hang s6. Ta dinh nghia cac ham f+g, flg, f.g, f/g
va c.f bdi cac cong thuc sau:

(f+9) () =f(x) + 9(x)
(f-9) () =1(x) - 9(x)
(f.9) () =1(x).g(x)

B Pt
[a]lfxwJ gix)

(cf) (x) =c.f(x)

@ Hop noi caa cac ham so:

Hop nbi ciia f(x) va g(x) 1a 1 ham s duoc ky hiéu 1a gof va duoc dinh nghia boi :
(go f) (x) =9(f(x))

Mién xéc dinh ctia go f |4 tip hop céc gia tri x sao cho f(x) € mién x4c dinh cua g.

{2 \ . .
Vidu: Himsby= ¥+ ~ 3x+2 €6 mién xac dinh la tap hop tat ca cac so thuc x
sao cho

0Zx*—3x+2

hay x ¢ (1, 2). Vay mién xac dinh 1a D = (-0, 1] U [2, +0 ).
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I11. CAC DANG VO PINH
&1 . Ham twong dwong ,VCB ,VCL
@Dinh nghia 1:

Cho hai ham s6 f(x)va g(x) khong triét tiéu trong mot khoang quanh x, ( co thé loai
trir o). Tanoi f(x) twong duong véi g(x) khi x -> X, néu:

i £ 4
3. ()

Khi dy , ta viét :
f(x) ~ g(x) khi x -> xo0
Hodc 1a : khi x -> X, f(X) ~ g(X)
@Tinh chét : Khi x -> X,
(i) f(x) ~9(x)
(i) () ~g(x) = g(x) ~ f(x)
(iii) f(x) ~ g(x) va g(x) ~ h(x) = f(x) ~ h(x)
Vidu: Khix->0,taco:

sin X ~ x In(1+x) ~ x
1, o -
1-cosz ~ EX (1-=" -7 ~ox

tgx ~xex-1~x
arcsinx ~x arctg x ~ X
@Dinh nghia 2:
Cho f (x) xac dinh quanh x, (6 thé loai trir xo). Tanéi f (x) 1a mot dai luong vo clng
o, bm £z =
bé khi x -> xo viét tat la VCB , khi #+%.

‘  m fla)=e 3 y o
Trong truong hop ta c6 *% (hoac + oo, hoac - o0 ) tanoi f (x) 1a vo cung 16n
(viet tat la VCL) khi x -> X,

Vi du:

Sieu tam by hoangly85



GIAO TRINH TOAN CAO CAP Al

Khi x -> 0, taco x, In(1+x), 1 [Jcosx la cac VCB.

1
Khi x -> 0, taco In(x), ¥ la cic VCL

Khi x -> +o0 , taco x, In(x), ex la cic VCL
@ Ghi chii : Cac khai niém vé ham tuong dwong, VCB va VCL ciing duoc dinh

nghia tuong tu nhu hai dinh nghia trén khi xét gidi han ¢ vo tan, tirc 1a khi xét x - > o
, hodc x -> 400 , hodc x -> -0 .

k12, Bay dang vo dinh.

Gia sir ta xét gii han cua f(x) va g(x)trong cing mét qua trinh bién doi cia
x.Khi d6

1) Tanoi f (x) [Ig (X) c6 dang vo dinh oo - oo néu f (x) va g (x) cuing tién vé + oo (hodc
la -00).

2) Tanéi f(x).g (x) c¢6 dang vo dinh o .00 néu:
f (x) 12 VCB va g (x) 1a VCL , hodc la:
f (x) 12 VCL va g (x) 13 VCB

£z 0
3) Tansi () co dang vo dinh 0 néu f(x) va g (x) déu 1a cac VCB

f(x) o
4) Tanoi ) ¢co dang vo dinh * néu f(x) va g(x) déu 1a cac VCL

5) Tanoi f(x) %% c6 dang v dinh 0% khi f (X) va g (x) du 1a cac VCB.
6) Tanoi f(x) %% co dang vé dinh o ° néu f(x) -> + o va g (x) 1a VCB.
7) Tanoi f (x) 9% co dang v dinh 1oo néu f(x) -> 1 va g (x) 1a VCL .
&3. Quy tic thay thé twong dwong Kkhi tinh giéi han.
@Pinh 1y : Gia sir ta xét gidi han trong mot qua trinh bién d6i cua x. khi Ay :
f(X) ~g(x) va g (x) co gidi han L

= f(X) co gidi han L. (L hitu han hodc vo6 han)
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Bla)~t =) = fix)gl= ~f)(x) g (=) .
g(X}”gl(X} va
fz) L)
z(x) gl(X]'
fg Fo 4=

Vi du: Tinh #20 1-cosx

Khi x ->0,taco : x . In(1+x) ~ x . x = x°

1
1-cosx ~ —x°
2

z . Inf1+x) %
1-rcosx 1 5

firn % . Inl1+x) _ 5

=0 1 -cosx

Vay:
k4. So sanh cac VCB, va cac VCL
@DPinh nghia: Xétx ->a(ae R, hoic ala vo tan )

Giastru="f(x)vav=g(x)lacac VCB . Khi do:

_ . lm 2 =Lem\{0)
(i) Tandi uva v co cung cap néu *™™ ¥

- . ol — =10
(i) Tandi u ¢co6 cap cao hon v néu ** ¥

_u
r r r ]-Lrll - ==
(iii) Tandi u c6 cap thap hon v néu *** ¥

Vi du : Khi xétx ->0,taco 1 [Jcosx va x*1a 2 VCB cung cép , 1 [cosx 1a VCB cép
cao hon In(1+x)

@Dinh nghia: (So sanh VCL)

Gia sir f(x) va g (x) 1a 2 VCL khi x -> a. Tandi
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F(x)

. . lm = Le ®\{0}
(i) f () c6 cling cép v6i g (x) néu * ™ &(x)
, i 2D e
(ii) f(X) cé cAp cao hon g (x) néu *7* &(=)
litn @ =]

(iii) f(x) ¢ cAp thép hon g(x) néu *™* &(x]

Vi du: Khi x ->+ 00, taco x va \mcungcép, x¥2 ¢6 cép cao hon V2 x4l
@Dinh ly: Gia st f (x) va g(x) 1a cac VCB khi x ->a.Taco:

(i) Néu f(x) co cap nho hon g(x) thi f(x) + g(x) ~ f(x) khi x->a

(ii) Néu f(x) cing cap g(x) va f(x) ~ f1(x), g(X) ~ g1(x) thi :

f(X) - 9(x) ~ f1(x) - 91(X)

v6i didu kién f(x) va g(x) khong twong duong.
@Dinh ly: Gia st f(x) va g(x) la cac VCL khi x -> a. Taco:

(i) Néu f(x) c6 cap 16n hon g(x) thi:

f(x) £ g(x) ~ f(x) khi x->a

(i) Néu f va g cung cip nhung khong tuong dwong, va: f(x) ~ fi(x), 9(X) ~ gu(x) thi :

f(x) - 9(x) ~ f1(x) - 91(X)

Vidu: Khi X ->+ o0, taco:

X+ x+1~3x°
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V. KHU DANG VO PINH

Nhu da biét , ta c6 thé dung cac quy tic tinh gidi han trong truong hop khong phai
dang v dinh va cac quy tic thay thé tuong duong dé tinh giéi han . Trong truong hop
0 o
gap cac dang vo dinh : © -0, 0. o0, 0 va =taco thé phan tich biéu thirc dé don
gian hay thyc hién cac quy tic thay thé twong duong , dic biét 1a ap dung viéc thé
twong duong cho VCB va VCL dugc trinh bay trong cac dinh Iy & muc II ¢ trén . Déi
V6i cac dang vo dinh 0°, oo va oo © tathuong dung cong thirc bién doi sau day :

H? - Ev]n.u (u S O)

roi xét giéi han cua v. Inu

0 =
Ngoai ra , dbi voi cac dang vo dinh Ova= ta con ¢o thé ap dung quy tic L[
Hospitale. Quy tac nay s¢ dugc trinh bay trong phan ap dung ctia dao ham trong
chuong sau .

Dudi day chiing ta s& xét mot s6 vi du minh hoa cho cac phuong phap khir dang vo
dinh néu trén.

@Vidu 1:
R LA S S I At S
Tim *** quo+] vy e quo+]

Khi x -> 400, taco :

—
w24t 3% 45 A_E.x=q,l'§
Sz -1 Ix 5
Joxt 4345 _ 2
=> ¥ Sz +1 5

Khi x -> 400, taco :

ext+3m+s Jf2x W2

Sx -1 ~ = 5
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et +3x+5 -2
=> ¥ S5g+] 5

@Vidu 2:

2 tain 3% tanT®

Tim ¥ sin 4z +In(1+x) —x°

Khi x->0, taco :

2X +sin 3x ~ 5x

sin? x ~ x*

= 2X +sin 3x + sin® x ~ 5x
Sin 4x + In(1+x) ~ 4x + x =5x
— sin 4x + In(1+x) - X* ~ 5x

2 tain 3xtsmTxE Sx

suyra: Sindx+n(lvz) =" 5x

ax +an 3xtantxm

Vay: *7esin 4z - In(1+x) -’
@Vidu 3:

fira J1+z -1
Tim “°3¥1+x -1

Khi x -> 0, tacd:

Jﬂ—:=(l+g)%—1~%x

%h+_x—1=f_1+x)%—1~%x
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o AT E 13
Vay: =051+ -1 2
@Vidu 4:
firn X:‘—Ex+'_]x
i-ru| =% — 2
Tinh giGi han * “{% ~48 +2

Taco dang vo dinh - . Bién doi:
2 _ 2 :_
-2z +1 _xn| ¥ 2z +1
gi-dx+ 2 ¥ —dx +2

Khi x — o0 ,taco:

2 _ : — -
]n[x hx+1]=]n[1+ 2x -1 ]H 2% -1

xi—ig+ 2

2x-1 50
Vi x—dx+2
w2z +1 w2z -1) et 2t
zln|— ~ 3 -3 ~g T e
N ' —dr+2 ' -dx+2 =zt -dz+2 =

tim ,;]H[X_—M] -9

Sieu tam by hoangly85



GIAO TRINH TOAN CAO CAP Al

V.HAM SO LIEN TUC
&l1 . Pinh nghia
(i) Cho ham s6 f(x) x4c dinh trén mot khoang chtra xo. Ta no6i f(x) lién tyc tai xo néu

tin flz)=f(x,

R=rag

(ii) Cho f (x) xac dinh trén véi [ X0, x0 + 8 ] v&i s > 0. Ta néi f (x) lién tuc bén phai tai
X0 Néu:

tin f(x)=f(x,)

H-rHy
(iii) Cho f(x) xac dinh tén ( xo - 6, X0] vdi s >0
Tanoi f(x) lién tuc bén trai tai xo néu:

lim £(x)=f(x,,

ey
@M énh dé: f lién tuc tai xo <=> f lién tuc bén trai va lién tuc bén phai tai X,
@Dinh Iy: Cho f(x) va g(x) 1a cac ham sd lién tyuc tai xo. Khi d6 ta ¢6 :

() f(x) + g(x) va f(x) . g (x) cling lién tuc tai xo

(i) &) lién tuc tai xo voi didu kien £Ea) #0
(i) | f (%) | lien tuc tai xo,

@Dinh ly: Néu ham sb f(x) lién tuc tai xo va ham s g(u) lién tuc tai uo=f(xo) thi
ham s0 hop h (x) =gof(x) lién tuc tai Xo,

&2.Tinh chit ciia ham ham s6 lién tuc trén mot doan

@Dinh nghia: Ham sb f(x) duoc goi 1a lién tuc trén doan [a,b] néu:
(1) f(x) lién tuc trén khoang (a,b) ,tirc 1a f (x) lién tuc tai moi xoe (a,b)
(i) f(x) lién tuc bén phai tai a.

(i) f(x) lién tuc bén trai tai b.
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Lién quan dén ham s lién tuc trén mot doan , nguoi ta dd chung minh dugc dinh 1y
sau day:

@Pinh ly: Cho ham s6 f(x) lién tuc trén [a,b]. Khi d6 ta cé:
(i) f co gia tri nho nhét va gia tri 16n nhét trén [a,b]
(i) Pat m = min {f(x)/ x € [ab]}
M =max {f(x) / x € [ab]}
Taco f ([a,b] ) =[m,M]
(iii) Cho mét sb thyuc yo tiy ¥ thude [m,M], ta co xoe [a,b] sao cho yo=f(x0)
@H¢ qua: Néu flién tuc trén [a,b] va:
f(a) .f(b) <0

Thi phuong trinh f(x) =0 c¢6 nghiém trong khoang (a,b).
BAI TAP CHUONG I

1. Tinh céc gidi han sau:

() lin 1 1

o 2z -2) %0 - Gx 42

*\H_’H

(b) i ———5—
K- -3 (a> b)

(c) firn %,n'f x? A3 x*
z-1

x=rl

(d)lim (nx? +1-4/2" - 1)

2.Tinh gidi han :

3
. l-cos’x
alin ———~ &
=20 3w oain 2x
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(b lirn 1-sin % —cosx

x=r0l-gin ¥ —cosx

. 1 1
lin -—
(©) X-W( sox o fEx )

S+ sin s — o1 -sin =

{d) Litmy
x=ri th
& cosx
(b)}]{ﬂ_{lu—xg

{e) lin }e::‘,tgE
x

H—r o
3.Tinh gidi han :
{er) ]u}n il x+a)—lnhx)

% ]

. &' —cosx
{b}:]gl-ﬁnx—ﬂ
1
(&) lim (oos x )
x—>x0

(d) lir (222 ye-sim
x=ri ot

4.X4c dinh a va b sao cho cac ham sé sau déy 1a lién tuc trén IR.

'
cosz — 1

z
{a) f(xi=<acosx+b

s 2X
by flx)=4 acos  x+b
tex —sin =

3
X

.
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5.Chimg minh rang phwong trinh

2x% [6x+1=0

C6 3 nghiém trén doan [-2,2]

6.Chting minh rang cac phuong trinh sau dy c6 nghiém :
2x% [5x>-2x-1=0

2+3'=6"
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Bai 2 Pao ham va vi phan ctiia mot so bien

|. KHAI NIEM VE PAO HAM
£11.Pinh nghia:

Fiz)—fi=,)

Cho ham s6 f(x) x4c dinh trong mot khoang chita xo. Néutisé ¥~ %s  ¢6 gioi
han € R khi X — X, thi ta néi f ¢6 dao ham tai x, va gia tri ctia gidi han trén dugc goi
la dao ham ctia ham so f'tai X, . Pao ham cua f tai x, thuong duoc ky hiéu la: fI(x)

P, = bn F(x - £z,

H—.“Ku X —_— XD

i £ ) ()

b0 h
@Cac ky hiéu khac caa dao ham :

Cho ham s6 y = f(x). Ngoai cach ky hiéu dao ham 1a fi(x) ta con c6 mot sé cach ky
hiéu khac nhu sau:

ylHay yl¥

oy

df
e

d

peadtd)

¥

@Y nghia hinh hoc ciia dao ham :

X= Xo+h
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PN =h-x-%,
FQ=f(x) -f(x,)
PT la tiép tuyén tai Pl fiz)

NQ _f(z)-f(x,)

Iy %X,

4 2 i Fias) —£{=,)

x-rE, X~

tr

(=1

= Hé s6 goc cua tiép tuyén véi duong cong la
Vay phuong trinh tiép tuyén véi d6 thi ham sé y = f (x) tai Mo(xo f(x) la:

Y-Yo = fl(Xo) . (X- Xo)

trong do yo =f(Xo)

&32. Lién h¢ gitra dao ham va tinh lién tuc

@Dinh Iy: néu f(x) lién tuc tai x, thi f(x) lién tuc tai x,

£13. Bang dao ham thong dung

(1) C=0 (C 14 hang s)

(2) (x°)'= 2x"

- 1
&x") = (2=
dac biét: n Yz=""1

(3) (sinx)[= cosx

(4) (cosx) =-sinx

(tgz)'=1+ :gjx = 12
(5) Gos" X

1

dan’x

(corgx)'=—{1+cotg’x)=-
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{arcsin z)'= ! -
() ==
{arccos x)'= - !
(8) 1-x*
1
(arctgn)'= ——
(©)
{arccotgx)'= - =
(10) 1+=
(1) r=e
(a*)=a"na
(12)
o=~
(13) %
(log, xD'= ! 0<a=1)
(14) x.lna

I1. CAC QUY TAC TiNH PAO HAM
£1.Pao ham cia tong, hiéu, tich , thwong
@DPinh ly: Néu u(x) va v(x) déu co dao ham theo bién x thi ta co:
#(u+Vv)Ful+vl

#(uVv) = ulivtuvl]

B o
BHE qua :

(Ut O un ) C=ulg+ulz+0 O 0 +uly

&2. Pao ham ciia ham s6 hop

@Dinh Iy:
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Xét ham sd ho‘p y= f(u(x’)). Gia str u(x) c6 dao ham tai xo va f(u) c6 dao ham tai
uo=u(xo). Khi ay, ham so y = f(u(x)) c6 dao ham tai xo va y[(xo0) = fl(uo). ul(xo).

@Vi du:
{E—X}I = E—x.{_le = _E—x

1 ] 2H
Al+x="y'=
1+x* (= 1+x°

(n (1+ %)=

&13. Pao ham cia ham ngugc
@Dinh ly:

Néu ham s6 y = y(x) c6 dao ham y[(xo0) # 0 va néu c¢6 ham nguoc x = x(y) lién tuc tai
yo=Yy(x0), thi ham ngugc c6 dao ham tai yo va:

1
7 (%)

X (¥g) =

4. Pao ham ciia ham sé ¢6 dang y = u(x)'™ véi u(x)>0
Taco:

y = u(X}"i“ — Er(x].mu{x:l

. ¥'= g™ (v u)

=u"(v'hu +v.l.u'}
u

=u"({v'lhu+ v.u—}

1
@Vi du:
y =X (x>0)
Cxlnlx))
Taco:y= ¢

v=x"(lnx +X.l:]
= H

=x* . (Inx+1)
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[11. PAO HAM CAP CAO
Gia st f(x) c6 dao ham tai Ipoi X thugf)c mot khoang nao do. Khi éy fl(x) 1a mot ham sO
xéac dinh trén khoang d6. Néu ham so f'(x) c6 dao ham thi dao ham nay goi 1a dao
ham cap 2 cta f(x), ky hi¢u la fli(x). Vay :
frIGx)= (f1(x)) ™

o

Tacon ky hiéu dao ham cip 2 14 : :

Téng quét, dao ham cua dao ham cp n-1 duge goi 1a dao ham cp n. Pao ham cdp n

()
cia f(x) duoc ky hicu 1a £ ) vay:
F9(x) = (0 ()
et
Pao ham céip n cua f(x) con dugc ky hi¢u la: dx

®Vi du : Tinh y® véi y=sinx

. i
v =cosE=gn (z+—)

T . T
'=cosiz+ ) =smix+ 2 —
¥ ( 2]' ( 2]'

¥ =smlz +nEj

2°(*)
Cong thirc (*) & trén c6 thé dugc chimg minh bang phuong phap qui nap.
IV .VI PHAN
&1.Vi phan cip 1
@Dinh nghia:
Xét hé‘m sérf(x) xac dinh trén 1 khoér}g quanh xo. Ta nodi £ khé vi taj xo . Khi ta c6
mot hang s6 A sa0 cho ing vai moi so gia A X di nho cia bién x, sO gia ctia ham la Af

(Xo+ AX) - f (Xo) ¢6 thé viét dudi dang :

Af = A.AX + O(AX)
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Trong d6 0(AX) la VCB cap cao hon A x khi Ax — 0

Biéu thirc A.A X dugc goi la vi phan cua f(x) tai xo img v6i sb gia A X va dugce ky hiéu
la df

Vay: df = A.A X

@Pinh Iy: Ham s6 f(x) kha vi tai xo khi va chi khi f(x) c¢6 dao ham tai x,. Khi d6 ta
Co:

df =fl(x0) . A X
Tu dinh ly trén véi f(x) =x ta co dx =A X
Do d6 biéu thirc vi phan cia mot ham sé y=y(x) s& duoc viét dudi dang :

dy = yLldx

@Ghi chu:

Tu dinh nghia cta vi phan ¢ trén va cong thirc : dy = yldx
Taco: néu y((x) = 0thi dy va Ay 1a 2 VCB tuong duong khi A X — 0
Gia stry = f(x) va x = ¢ (). Xét ham hop y = (o (1)), taco:

dy
— =¥,.x1,

dt
Do d6 dy = yly. X[{.dt = y[y.dx
Véy dang vi phan dy cua ham y = f(x) khong thay doi du x 1a bjén doc 1ap hay 1a ham
kha vi theo bién doc 1ap khac. Tinh chat nay dugc goi la tinh bat bién ctia biéu thirc vi
phan.
Tir céc qui tic tinh dao ham, ta ¢6 cac qui tic tinh vi phan nhu sau :

#d(u+v)=du + dv

#d(u.v)=v.du + u.dv
d[E] =v.du ﬁudv (v = 0)
@ ¥ ¥

£2. Vi phan cép cao
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Gia sir ham s6 y=f(x) kha vi trén mot khoang nao d6. Nhu thé vi phan dy=y[.dx 1a
Mot ham theo x trén khodng d6 va néu ham nay kha vi thi vi phan cua n6 dugc goi la
vi phan cép 2 cua y va dugc ky hiéu la d%y.Vay:

d'y = ddy)
Téng quét, vi phan cdp n ciia ham sé y duge ky hiéu 1a dny va dugc dinh nghia boi:

Mty =d(d"y)
Taco thé kiém chimg dé dang cong thirc sau:

d'y = y™dx™

@BVidu : Véiy=sinx, ta co:

dy= cosx dx

d'y = sin(x + Eg)dxg

d'v=smn(x +n g}dxn

@ Nhan xét: Cong thirc vi phan cap cao:
dnjf - j?l:r':ldxn( n> 2)

khong con diing nita néu x khong phai 1a bién doc 1ap

V.CAC PINH LY CO BAN
k1. Cuec tri dia phwong va dinh ly Fermat
@Dinh nghia:

Ham s f(x) duoc goi la dat cuc dai dia phuong tai xo néu c6 mot 14n can quanh diém
X0 sa0 cho véi moi x thudce 1an can nay ta co :

f(x) < f(x0)
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Khai niém cuc tiéu dia phuong ciing dugc dinh nghia tuong tu. Cuc dai dia phuong
va cuc tiéu dia phuong dugc goi chung 1a cuc tri dia phuong.

@Dinh ly (Fermat):
Néu ham sb f(x) dat cyc tri dia phuong tai X, Va c6 dao ham tai xo thi fl(x, )=0

Chitng minh:

Gia str f(x) dat cuc dai dia phuong tai xo va c6 dao ham tai x,. Khi d6 f(x) xac dinh
trén 1 khoang ( X0 -0, Xo + 8 )v&i mot 6 > 0 va trén khoang nay ta co:

Fizzg +20) =) 045 moi| Ax| <5

Do do:

E{KD:I_ lim fl::{l:l-'-&)_f(xﬂzig
iz =07 P

fI(XD} - ]JIn fLI:XI:I +'&X}_f(xﬂj i |:|

o0t Suor
Suy rafi(xg) =0
£12. Pinh ly Rolle

Néu f(x) lién tyc trén [a,b], c6 dao ham trong khoang (a,b) va f(a)=f(b) thi ton tai c €
(a,b) sao cho f{(c)=0

#Chirng minh:
Néu f(x) 1a ham hang trén [a,b], thi fi(x) = 0.V X € (a,b). Vay ta c6 thé gia sir f(x)
khong hang trén [a,b]. Vi f(x) lién tuc trén doan [a,b] nén f([a,b]) = [m,M] véi m = M.
Taco f(a) # m hay (@) = M. Taxét truong hop m = f(a). (truong hop M = (@) thi
tuong tu). Do m = f(a) = f(b) va m e f([ab]) nén 3 ¢ € (ab) sao chof(c) =m. Tase
chirng minh f(c)=0
Véi h du nho dé c+h e (a,b) taco:

ey = lim fla+h)~tiz) .

b0

P - i FET D)

Vi f(c+h) Of(c) = 0

Suy rafi(c)=0
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&13. Pinh ly Lagrange
y - Néu ham s6 f(‘x) lién tuc trén [a,b] va c6 dao ham
f(b) B trén (a,b) thi ton tai ¢ € (a,b) sao cho:
fta) AV f(b) - f(a) =fi(c) . (b-a).
0 éi c b ){ #Ching minh
fb) —f(a)

Pitk= 272 vaxétham g(x) = f(x) - f(a) - k.(x-8). Tathdy g(x) lién tuc trén
[ab], co dao ham trén (a,b) va g(a) =g(b)=0. Do do,theo dinh 1y Rolle ta c6 ce (ab)
sao cho ce (a, b) sao cho: gl(c) =0

Vi : gl(x)=f1(x)-K, nén:

gllc)=0<fi(c)-k=0

< flle) =k

f (b)-f(a)=f(c).(b-8)

@ Minh hoa hinh hoc:

Gia sir cung AB 1a db thi ctia ham s f(x) thoa diéu kién cta dinh 1y Lagrange trén
[ab] nhu hinh v&. Khi d6 trén cung AB phai ¢ it nhit mot diém C co hoanh dg ce
(a,b) sao cho tiep tuyeén vai do thi tai C 1a song song voi duong thang AB.

@ Chu y: Néu dat h = b-athi dang thuc trong dinh 1y Lagrange c6 thé dugc viét
lai nhu sau:

f(a+b)-f(@=h.fl(atO h) v6i0<B<1
£J4. Pinh ly Cauchy

Néu f(x) va g(x) 1a 2 ham s6 lién tuc trén [a,b], c6 dao ham trén (a,b) va gl(x) # O tai
moi x € (a,b), thi ton tai ¢ € (a,b) sao cho:

E(b)—f(a) _£'(c)
glbl—gla) g'(c)
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#Chirng minh:

F(b)—f(a)
piatk= 2" &8 Dogi(x) =0V x e (ab)

Nén theo dinh 1y Rolle ta phai c6 g(a) = g(b) . Vay gia tri k 1a xac dinh .
Xét ham sb h(x) = f(x) - k.g(x)

Tathay h(x) lién tyuc trén [a,b], c6 dao ham trén (a,b) cho bai :

hi(x)=fI(x) - k.g[(x).

Hon nita h(a) = h(b) nén theo dinh 1y Rolle ta c6 ¢ € (a,b) sao cho hi(c) = 0.

fr L@

-0
ayra ) a®) g@ e

£(b)-f(a) _f'(c)
Hay &(b)—g(a)  g'(0)

VI.CONG THUC TAYLOR
&11.Pinh ly Taylor

Néu ham s6 f(x) c6 dao ham dén cap n+1 trong mot khoang chira xo va x thi ta co
cong thuc Taylor sau day :

')

Flx)=fix+f'x0x-x,0+ o |:x—xuj2 + o+
F[“)L’x j _ o f[llljl:x j _ - o+l
+TD-|:X X ) +TUD![X 0,

trong d6 ¢ 1a mot s6 nam gitta xo va x
Trong cong thie trén ta goi:

Fla+h [xn j (x -

R [z =
: n+ 1!

¥ I::|1:.+1

la phan du Lagrange trong cong thirc Taylor

@ Chi y:

1) S ¢ trong cong thirc Taylor con duge viét dudi dang:
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C=X0+06(X-x0)vdi0<06<1

2) Phan du Rn(x) ciing con duoc viét dudi dang:

R, (z) =0(=-x2,)")

tirc 1a VCB cip cao hon (x - x0)". Dang nay duoc goi 1a phan du dang Peano

Cong thirc Taylor ctia ham s f(x) thuong duoc goi 14 khai trién Taylor ctia ham s6 f.
Trong truong hop xo = 0, cong thirc Taylor c6 dang :

1 (1)
F|:¥j=F[ﬂj+w¥+ +m¥n+'ﬁn[ﬂj
1 nl
Véi

m _ PP

T 0<8<1

Va cong thire nay duge goi 1a cong thirc Maclaurin cta ham sb f

£32.K hai trién Maclaurin ciia mdt s6 ham so cip

@K hai trién ham s6 : y = ¢*

V&i moi k ta c6 y¥(x) = & va y¥(0)=1

a o Bz
B T T
. n' o+
Vay : w3 0<6<1
e o
g =T+ + S+ T+ 0™
| nl '

Trong d6 0( x") la VCB bac cao hon x" khi x -> 0.

@K hai trién ham y=sin x

. . T
(sin 2™ =sin{ = +k ;}
Taco <, nén:

0 KH k
¥ 0) =
(-1 KH k=2m -1
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2 K] I n+l
M(l+z)=g—— 4 =D T x :
2l 3 n C o+ D1+ g™
. ™
RN _iml gn[f-'x+[2m+1j§] .
Snx =x- —+—+  +[-1)"7, + iml
3 s (2m - 1! (2m + 1!
Vay:
Véi0<06< 1
¥t % i
In(l+x)=g-—+—+ +{-1"" —+0(z™)
2 03 n
35 im-l
snme=m——+ 4+ +(-1"7 + 0z
3l (2m -1l

Tuong tu , taco cac khai trién Maclausin sau day:

@K hai trién cos x.

2 4 m

cosx—l—x—+g—+...+{—1}m_ £ +'305':'§X+(m +1)m) e
ol 4l )] (2m +2)
V6i0<0<1
] 4 m
cos=1-+E 4+ +(-1m + 0z =
ol 4l (2m)]

@Khai trign ¥ * € & x 2 -1

a(a—l}x3+ +.f_x(.f_z—1]| ..... fm—n+1)

(1+x) =1+mx+ =+ 002N

21 x|

@K hai trién In(1+x), x > -1

véi0<0<1
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1 1
@K hai trién 1*=zva 1-xz

b n_x I:_UIHI 1+l
—  =1l-=m+=x"+_ -t ——x
1+x (1+=)
véi 0<6 <1
1 ] h__X n
——=1-z+x*+ (D" + 00N
1+x=
LI T~ +z“+;2.xn+1
1-x (1+ 0=y
]. 2 o o
— =l+x+x"+ . +x +|:|I:X:|
1-x
@K hai trién arctg x
3 5 -1
aru:tgx=x—X?—X—+----"‘(_Em_l-;—"'o(xzmj
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BAI TAP CHUONG 2

fi=) = arctz
1. Tinh dao ham cua 1-xz

£
Lo —

2. Tinh gan dung 12 chinh xac dén 0,0001
3.Dung cong thirc gan dung:

2 3 4

]11(1+X:|Ex—y‘_+x_—y‘_ . )
2 3 4 @ tinhIn (1,5) va danh gia sai so.

4. Tim gidi han cta cac ham sé sau day khi x — O:

¥ —atcte
(a) y=2_ 75
» N P
(byy ==
s
1 1
0 e g

ey =cotg x-— l

¥
1

(f)y =——cotg
ot

1
(g)y = (cosx)'s

1
a=+b=]?

(hy =[ 5

5. Tim gi6i han cta cac ham so sau day khi x — oo :
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™~ arct,
()y = ———=
ki 1+ =

A 2)

1

(byy = (lnx)*

)y = EJ{K +a)E +bifu+c) —x

6. Ap dung dinh Iy Lagrange dé chtng minh.

(a)arcsinx <

1-x Véi xe (0,1)

H

(b)Y arctgs > =
11 =" V§i x>0

7. Khao sat va v& d6 thi cac ham so6 :

(3) y =x+1

4

(1-x)
3

wyy=é3

x

x
G =arctox - ——
(c) ¥ e —

@)y = lnx
x
) g = lnx —x
¥ x+1

o —Sx+

(f) y=(x-1e =

8. Viét cong thuc khai trién Taylor cia ham s6 f(x) tai xo dén cdp n

Ji=4

(&) F(x)=dnx ,x, =Z“

(b) fix)=lnx x;=1ln=6

9. Tim hién cia cac duong cong theo ham s :
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t

'.-Pll—l-

(g =-5=—
1+t
2et tet
bix = Ly =
(k) 77T

10. Phan tich 8 thanh tong cua 2 sb duong sao cho tong lap phuong cua 2 s6 d6 16n
nhat .
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Bai 3 Ung dung ciia dao ham

VIl .UNG DUNG:TINH XAP Xi VA TINH GIOT HAN
&1.Tinh gin ding (hay tinh x4p xi ) va tinh giéi han
Tathuong dung khai trién Taylor va khai trién Maclaurin dé tinh Xap xi gia tri cua
ham f(x) sau khi chon n du 16n d¢ phan du Rn(x) co gia tri tuyét doi khong vuot qua
sai so cho phép.
@Vi du: Tinh s6 e chinh xac dén 0,00001.
Trong cong thirc khai trién Maclaurin ctia ham sb e :

2 8
. X ¥ e
ef =]4+x+—+ + -+ x
!

"""" n !l ysio<o<1

taldy x=1 va n=8 thi phan du Rgthoa:
E, < 2 <107
9l

Vy ta co thé tinh e chinh xac dén 0,00001 bang cong thirc xap xi sau

e%1+l—l+..+l$2,?1828
12 ]

Tacon co thé dung khai trién Maclaurin dé tinh gi¢i han c6 dang vo dinh nhu trong
vi du sau day :

@Vi du:

. 1 1

hﬂl{ 2 g:'
1) Tim **" sm”xz =

1 _i=xj—sinjx
Tacoe: sin‘z = % sintx

Sir dung khai trién Maclaurin ctia sinx dén cap 4, ta c6 thé viét sinx duéi dang:
5

5h X = X—X?+:<4£(X]l

lim s=(zh=0
\Z e (=)
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Lz
2) Tim *7" X

Ap dung khai trién Maclaurin ciia cac ham sinx va cosx ta co :

3
5h X = X—};—|+:{4.£1(X}

2 4
CosH —1—X—+X—+xj.52{1}

a4l

trong do }]:{I}lu oy fx) = }]:{1;10 eqfmy =10

2

l-cosx——ain®=
= x*
Kg 5’14 5 1 KE 4
1—(1—E+E+X .EQI(X:I:I—EI(X—E"'X EN6:4)!

1
H

[ .
EX +x7 2 (%) EX 1

£2. Quy tac L[Hospitale
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Nho dinh ly Cauchy, nguoi ta da chirng minh dugc cac dinh 1y dudi ddy ma ta goi
la quy tac L[Hospitale. Quy tac nay rat thuan lgi dé tim gidi han cta cac dang vo dinh
§] o

6Ve‘l -,
@Pinh ly: (Quy tic L Hospitale 1)

Gia st f(x) va g(x) c6 dao ham trong khoang (a,b) va gl 0 trong khoang d6. Khi ay,
néu:

(i) fm E(x) = lm g(x)=0
K=ri H=ra

)
lim =|

© B
i~

thi = 2(0)

Dinh 1y van ding khi thay cho qua trinh x — a, taxét qua trinh x— b hoic x - ¢
Vvéi ce (a,b). Truong hop a= -0, b= + oo dinh 1y van diing.

@Pinh Iy: (Quy tic L Hospitale 2)
Gia sir f(x) va g(x) ¢ dao ham trong (a,b) va gl(x) # 0 trong khoang d6. Khi ay néu :

i) f(x) va g (x) 1a cac VLC khi x ->a’ ,va
(i) f(x) va g (x)

G) fim, — =1
z-rt o (x) (htru han hoac vo tan)
LB

thi = &)

Dinh ly cling ding cho cac qua trinh x — b, X —> ¢ € (ab) va cho cac truong hop a =
-ovab=+ow

@ Chi y:

£ t 0 @

1) Khi xét & trong quy tic 1[Hospitale, néu thay & van c6 dang vo dinh U hoic = thi
talai co thé ap dung ti€p quy tac 1[Hospitale
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Fis)
2) Quy réc 1[Hospitale chi la diéu kién dit dé c6 gisi han ctia &%) khong phai la didu
£

kién can. Do d6, néu khong ton tai giéi han cia &%) thi ta chua c6 két luan gi vé gi6i
=)

han cia g(z)

@Vi du:

fin et e = Ey
1) Tim *** - sin X

pat £ = e e 2%y, g(x) =x - sinx

Xét qua trinh x — O taco:

Fiz)

£.3) co dang vo dinh

o | D

£riz) _ & +e™ -2
(=) 1-cosx

0
ciing c6 dang vo dinh 0

fr(z) ¢ -e™ 0

g(®)  SME ciing c6 dang vo dinh 0

£rix=) _ g5 e™

i) st X

Viy sau 3 lan ap dung quy tic 1[Hospitale ta suy ra:

it x-snx _, (x-smx) . l-cosx
2) =0 l—cosx ¥ (1-cosx) =0 smx
1
= lim2— = lim=x =
-0 ¥ :—>|:|2
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X

— 1 :I
3 Tim *1x-1 Inx

0
Gj 61 han nay co (jang vo dinh o - o0 . Taco thé bién doi gi6i han vé dang v6 dinh 0
de ap dung quy tac 1[Hospitale nhu sau:

X 1 _.nxlnx—xﬂ.
=l (g -z

Lirey -
x+l'g -1 Inx

i (XhX—X*‘l:":]jm nx+l-1
=l ((x-Dng) =21 1

x
=lin} Inx 1 =lin} (lnx 1
Tzl = 77 (nx11 =%
X X
1
. - 1
= 3‘. =
ST, T2
x x°
1
lim (&® +x)*
4) Tim x>0

Gidi han nay c6 dang v dinh 1. Tabién d6i nhu sau:

1 1 .
(gx +X); _ E;.]ru:e Hr)

lin L In(e* +x) = lin L8 E)
TaCé A=l m a=r 4
e’ +1
T Gl 3 T

z—ril [xj z—rl

_ "
b (% + 23" — ol

Suy ra ®-+0
VII1. UNG DUNG :KHAO SAT HAM SO
&1. Chiéu bién thién va cuec tri dia phwong

@Dinh ly:
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Piéu kién can va du dé f(x) hang trén khoang (a,b) 1a fi(x) = 0 véi moi x € (a,b)
@Dinh ly:
Gia st f ¢6 dao ham trén khoang (a,b) . Khi d6 diéu kién can va da dé ham sb ting
trén (a,b) 1a f(x) > 0 v&i moi xe (a,b). Twong tu, didu kién can va du dé ham s f(x)
giam trén (a,b) 1a f'(x) < 0.
Tur dinh 1y nay, dé Xet su bién thién cua ham sé) f(x) ta tinh dao ham f'(x)va xét dau
dao ham. Viéc xét dau dao ham cling cho ta biét cuc tri dia phuong ciia ham so6 theo
dinh ly sau day:
@Dinh Iy: ( diéu kién du dé c6 cuc tri dia phuong)

Gia sir f(x) lién tuc tai xo va c¢6 dao ham trong mot khoang quanh x, (6 thé trir diém
Xo). Khi d6 ta co:

(i) Néu khi x vuot qua xo ma fl(x) doi dau tir [1sang + thi f(x) dat cuc tiéu dia phuong
tai Xo

(i) Néu khi x vuot qua xo ma f\(x) d6i dau tir + sang [Ithi f(x) dat cuc dai dia phuong
tai Xq

(iii) Néu khi x vuot qua xo ma f(x) khong d6i dau thi khong co cuc tri dia phuong tai
Xo

Ngoai cach khao sat cuc tri dia phuong bﬁng viéc xét ddu dao ham cép 1 f'(x), ta con
€6 thé xét dau ctia dao ham cap 2 f'(x) tai di€ém xo, Nho vao dinh 1y sau :

@Dinh Iy : Gia st f(x) c6 dao ham cap 2 lién tuc (o) Va f(x0)=0.
Khi do:
(i) Néu f'(x,) > 0 thi f(x) dat cuc tiéu dia phuong tai x,

(i) Néu f'(xo) < 0 thi f(x) dat cuc dai dia phuong tai X,

@ Chii y: Dinh 1y trén c6 thé duoc mé rong va duoc phat biéu nhu sau: Gia sir f(x)
€6 dao ham cap n lién tuc trén mot khoang chira xo va gia st :

Fllag) =f"(z,0 = =f" Uz =0f™ () =0
Khi do :

(i) Néun ghﬁn thi f(x) dat cuc tri (dia phuong) tai xo Hon nita néu f7(xo) >0 thi f(x)
dat cuc tiéu tai xo néu f(n)(xo) < 0 thi f(x) dat cuc dai tai x,

(ii) Néu n 1¢ thi f(x) khong dat cuc tri tai xo
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Mot van dé c6 lién quan dén cyc tri 1a tim gia tri nho nhit va gia tri 16n nhét cia
mot ham so f(x) lién tuc trén doan [a,b]. B¢ tim gia tri 16n nhat va bé nhat cia f(x)
trén doan [a,b] ta chi can so sanh céc gia tri ctia f tai 3 loai diém :

(1) Céc diém dung ( tirc 1a f' tai d6 bang 0)
(2) Cac diém ky di ( tirc 1a f khong ton tai & do)

(3) Hai ddu nait a va b.

@Vi du:

1) Tim cac khoang ting giam cua ham s6 va tim cuc tri dia phuong:

‘j.r=x%—4x}g
Taco
y—%xg—dlx 3 =%X_2’GI(X— )
4z -1)
35

y[=0 tai tai x = 1 va y[ khong xac dinh tai x =0

= Bang xét dau cua y nhu sau:

x o 0N 1 +co

}.’ - - ] +

¥ + 0 /-I'DD
\1 o

Viy ham s6 giam trong khoang(-o0 ,1) va ting trong (1,40 ). Ham sd y dat cyc tiéu tai
x=1.Véiy(l)=-3.

2) Tim gia tri nho nhét cua ham sd.

L) = —— +— e (0D

cest smn 0o "

Taco:
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sn 8 _2::05:? =sﬁ13ﬁ—2cos3ﬁ

] .2 -2 ]
cost B st @ sin ~ Docost 6

L'(8) =

‘ (0
Nhan xét rang trén khoang

e | =
o

thi sin 2 @ cos? @ > Ova st ? 0 - 2oy’ thﬂlg nghlém

T
i, _] _
ngat tir [21én 1 trong [ 2]. Do tinh lién tuc cua it *6-2c0s” f ngn co duy nhét
9, (0,
2" sao cho:

sin® 8, —2cos” 8, =0

Khi d6 ta c6 bang xét dau caa LI(O )nhu sau:

a |0 0, T/2
L'(®) -0+
L(e} + &0 + 0
\AL(E}D}/

T
. (0. =
Suy ragia tri nho nhét ciia L(0 ) trén khoang £ la:

L(y) =+ = flrig?g, +—

cosfy s 8 cosf, tg

=«JI1+%!{2_2+2J1+%,“2—2.¥;§=W

£32.Tinh 16i, 16m va diém udn
@Dinh nghia:

Ham s6 f (x) lién tuc trén khoang (a,b) dugc goi 1a 16i trén (a,b) néu v6i moi x1, Xz
(ab) va moi x1 ,X2 < (&,b) va moi a . [0,1] taco:

flom+(l-adm) 2 ef(z)+ —adfiz,)

Ham s6 f(x) duoc goi 1a 16m trén (a,b) néu [f (X) 12 161 trén (a,b).
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H\ A f 1‘ 1"" 14
am s0 f(x) la 161 Ham so f(x) 12 1dm

Vé mat hinh hoc, ham sb f(x) la 16i trén 1 khoang nghia la moi cung AB cua dd thi
ham s0 déu nam dudi day cung AB.

L wu y: Trong mot s gido trinh khac, nguoi ta ¢ thé ding thuat ngir 10i va 16m theo
nghia ngugc voi o day.
@Dinh nghia diém uon:

Djém phan cach giira khoang 161 va khoang 1dm ctia ham sé y=f(x) duogc goi 1a diém
uon.

Dinh ly duéi day cho ta cich dung dao ham dé khao sét tinh 16i, 16m va tim diém
uon.

@Dinh ly:

(i) Gia str f(x) co dao ham cap 2 fIIi(x) trong khoang (a,b). Khi d6 ham s6 f 1a 16i
(twong tng 15m) trén khoang (a,b) néu va chi néu fll(x) > 0 (twong tmg, fI1(x)< 0) trén
(ab).

(if) Néu fI(x) doi dau khi x vuot qua xo thi diém (xo,f(x0)) trén do thi cia ham s6
f(x) la mot diém uon.

@BVi du: Xét tinh 161, 10m va tim diém udn cho ham so :

1
2

1+

. 1-=

Mién xéc dinh ctia ham s6 12 ID = IR \ {-1, +1}.

Tinh dao ham :
. 1
1-x%°
_ 2%
ey
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Bang xét dau cua y(I:

X |-w -1 1 + 0

L

K 1&m

—
s
—
ha
ot
—
o}
—

Vay ham s6 y 1dm trén cac khoang (-o0 , -1) va (-1,0); 16i trén cac khoang (0,1) va
(1,400 ). Tir d6, dd thi ham sb c¢6 1 diém udn 1a M(0,0).

23. So d6 khao sat ham s6

1) Tim mién xéc dinh cua ham so y =f(x) dong thdi nhan xét vé tinh chan 1¢, tinh tuan
hoan cua ham sb dé rat gon mién khao sat.

2) Khao sat sy bién thién ctia ham s6 va tim cac cyc tri dia phuong. Tinh mét so gidi
han quan trong va 1ap bang bién thién ctia ham so.

3) Khao sat tinh 16i 16m va diém udn.
4) Tim cac duong tiém can.
5) V& do thi. Bé v& duoc do thi chinh xac ta can xac dinh cac diém cuc trj , diém udn,
giao diém vai cac truc toa do va cé thé xac dinh ca ti€p tuyen tai cac diem do.
@ Chii y: Can luu ¥ cac truong hop sau day khi tim tién can .

Khihmf(xj—xvha}.r lm f{x) = whay ]Jm Jig)=e
& > x-ra”

Thi duong thang x = a 1a tiém can ding

i fim £G) =b, fim £G) =bhay fim £6) =

Thi duong thang y = b 1a mot tiém can ngang
#Néu y = f(x) c6 dang f(x) =ax + b + ¢ X

lm @iz)=10. ]Jm wix)=0hay ]Jm wizl =10
V§ixrHn x-r

Thi duong thang y = ax + b 1a mot tién cén
Trong truong hop a = 0, tanoi tiém can nay la tiém can xién .

Luu y rang cac hé s6 a,b cua tiém can y = ax + b khi xét x — oo (+o0 hay - 0 ) ¢6 thé
duoc tinh béi:
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a=lm fi{z)/ =
E7® (robiy—o )

@Vi du : Khao sat va v& do thi ham sb

1
2

1+=

¥ 1-=

Mién xéac dinh : ID = R\ {-1,+1} . Ham s6 y 1a ham s6 1¢.

1
Cac dao ham: 1-x
. 2%
T

Taco ylcung déu véi 1-x? va:
y(lcung diu v6i 2x va y(ll triét tiéu tai x = 0

= Bang bién thién:

% | -0 1 + o
Yy - + t i
' - - 0 + +
0
-\-\-H-""\-\._\‘ ol oo s 4 xu !
l&m :: l&m 141 n 141

Tiéncanngang:y =0
Tiéncandung: x=1;x=-1

= P06 thi ciia ham so nhu sau :
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F

Y

¥
e

%

/

IX. PUONG CONG THEO THAM SO VA PUONG CONG
TRONG TOA PO CUC

&1 Puong cong theo tham sb

Phuong trinh tham s ciia dudng cong trong mit phang Oxy cho béi hé 2 ham:

z =x(t)
{3? = y(t)
Trong do6 t 1a tham sb chay trén mét tap IDc .
Khi t thay doi diém M( x(t),y(t) ) vach nén mot duong cong trong mit phang Oxy.
o

@Vi du: dlipse a°

E=acost
9. Y=b5mt

Dé khao sat duong cong theo tham sd ta ciing tién hanh tién cac budc nhu ddi véi
ham so y = f(x).

+L =1

c6 phuong trinh tham sé la:

C'_|\'q
b

4Tim mién xac dinh , xét tinh chan 1¢, tinh tuan hoan néu co.

#Khao sat su bién thién cua x va y bang cach xét dau cac dao ham x [ (t) va y[(t) theo
t.

#Tim cac tiém can

#V& d0 thi

&12. Puong cong trong toa do cuc
@Toa dj cuc:

Dé xac dinh vi tri cia cac diém trong mat phﬁng, ngoai cach dung toa do
Descartes(x,y) ta con c6 thé dung toa d6 cuc nhu sau :
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vt r=| oM| >0

o = (Ox,0M)

v

Taco su lién hé gitra (x,y) va (r,p )

E=1.Cosg
o |¥ =t s @

2 2
ro=x"+y

¥
b4

b2

tgp =
Vao;

@Phwong trinh cua dwong cong trong toa do cuc co thé dugc cho bai hé thirc

Fr,e)=0
Hay r=1(¢)
@Vi du:

™

Phuong trinh r = a 12 phuong trinh dudng tron tim 0, va ban kinh a. Phuong trinh 2 1a
T

phuong trinh ciia nira duong thang (hay tia) lap véi Ox mot goc 3

Dé khao sat duong cong trong toa dd cuc ta cling cod thé thuc hién cac bude nhu
thong thuong.
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Bai 4 Nguyén ham va tich phan bit dinh

|. PINH NGHIA & TINH CHAT
&11.Pinh nghia

Tagoi mot nguyén ham cta ham s6 f(x) trén (a,b) 1a mot ham F(x) ma Fi(x)= f(x) ,V
Xe (ab)

@Vi du:

2
x

Fix)=—
1) 2 ]a mot nguyén ham cia f(x) = x trén IR

2) F(x) = tgx 1a mot nguyén ham ctia ham f(x) = 1 + tg?X trén cac khoang xéac dinh cua
tgx.

@Dinh ly:

Néu F(x) 1a mot nguyén ham cua f(x) trén khoang (a,b) thi moi nguyén ham cua f(x)
trén khoang (a,b) déu c6 dang F(x) + C vdi C 1a mét hang so.

@Dinh nghia:
Néu F(x ) 1a mot nguyén ham f(x) thi biéu thirc F(x) + C, trong dé C 14 hang s co thé

. . . fixid
lay gia tri tiy ¥, duoc goi la tich phan bat dinh ctia ham so6 f(X), ky hiéu 1a I () .

Viy: [£ )z = Fz) +C

Dau I dugc goi 1a dau tich phan, f(x) 1a ham dudi dau tich phan, f(x)dx 1a bicu thic
dudi dau tich phan va x 1a bién tich phan.

£32.Cac tinh chat
(1) (If(K}dX}" Fia]
@ Ik.:"{_x_“]dx = k.If{_:»:_“de

3) I(HXHE(K)HX =If(X)dx + J‘g(:{)dx

£13.Bang cac tich phin co ban

1) J'adx =ax +C
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Lottl
[Frde=——-C
2) atl (g x-1)
J‘—=]11|X|+C
e dx = 2 .
4) na
(a>0,a#1)
Iexdx=ex + i

5 Iccsx di=sinx +C

6) J‘sin gdg =—cosxz +

J‘ I(1+tg Zide =tgx + C
7) Los® x
I d I{1+LUngx“dx - —uolgx + C
8) sin* x
J = —aru:sm—+c fa >
g) " A - ¥
J‘gdxg=larctg§+c a )
10) X ta a a
J‘zdxg l]nx—a+c (a=0)
11) % —a da |z +ta
dx 7
I—=h1x+ x° +h|+C
2 N r
12) W= th (h 12 hing s tay ¥)
=_[{_x+ ot +—"de
@Vi du 1: Tinh: 3z
1oL _ae
I=I(X+XW+X_1’G}d§§ = X_+X_+X_—c
232 23
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2 -
=XT+2:»<J§+§|%"?+C

Cos 2%

I- [———d&
@Vi du 2: Tinh: cosz Tanx

cos'x—smnx

I= dz = I(cosx - zin x)dx

I cosy ot ¥
=smx | cosx |

|l. PHUONG PHAP TiNH TiCH PHAN
&l1.Phwong phap phén tich

Tich phan [ f (x) dx co thé dugc tinh bang cach phén tich ham s6 f(x) thanh téng cta
cac ham don gian hon hay d¢ tinh tich phan hon :

f(x) = F1(X) + F0¢) +01 +fn (x)

Vi ap dung cong thirc :

[Ea)dx = [Ei)de + [£y(x)dx +..+ [ (x)dz
@Vi du:

4 4
b x —16+164

dg = [———— &

IX2+4 I X2+4 .

1

=I(X2—4+ 216 Jdx

x°+4

=Ix2dx—j4dx+j 216 dx

x°+4

3
=X +83rctg§ +Z
&

) jw?ﬂ)(x—&ﬂ)dx =j(x&+1)dx
N S PR
J‘A d= J‘dA 5 Z

3) Tinh =~ Jte7= &
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[=.dz=x+c
, fif dicosx)
= ("1‘ = '."I. = -
' Irgx ) Icosx : I COSHE
= —]n||:osx| +C
Véin>2:
L =Itghxdx

= I[tgnx +tgr'_zx - tgn_ngdx
= J‘tgh'zx Stgtz + Ddx —J‘tgn'jx dx

= jtg“'jxd(tgx) ~L.2

u|
_2 7
- Ly 2

n—1
1 Bl -
=Y rad L =—t 2 -

Nho hé thie nay ta c6 thé tinh I, v6i n tiy §.

£2. Phwong phap doi bién
Phuong phap d6i bién trong tich phan bat dinh c¢6 2 dang sau day :
@Dang 1: Gia st biéu thirc dudi ddu tich phan c6 dang:

F(u(x)) . ul(x)dx

Trong d6 u(x) 1a mot ham s6 kha vi. Khi 4y ta co thé d6i bién bang cach dat u=u(x),va
Co:

If{u{x}} u'im)de - ‘rf{u}.du

@Dang 2: Dit x = ¢ (+) , trong d6 ¢ (t) la mot ham kha vi, don diéu ddi voi bién t,
taco:

IF[X)dx = Iff.@f_t)).@'f_t)dt

@Vi du:
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. Padsx

1) Tinh: JE“JXE *l

bat:u= x%+ 1, du = 2xdx

Zudx du -
g
45

=u_+('] = 2112’G+C

23

=§(x2+1ﬁ3 +C

2) J'sin4 w.oeosx dy = Iu“du

=£+c= sin "% +
5 5
xdx

I

3) Tinh: ¥ vx* +2

1
Pit u = x%, du = 2xdx hay xdx = 2

= %]n{u +afut + 2y + 2
1
= E1ncjx2 +zt+2)-C

s

=
4) Tinh Ie”‘ﬂ

biatu=e¢". Taco : du=e'dx, va:

, Vo1 u = sinx
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ax 4 4
J,E2 da =Iu2du =IJ 21+1du
et +1 u® +1 u®+1
1

= 2—

I(u 1+u2+1}du

ul

=?—u+arctgu+c

1 3 X X

=§e -e +ar:tg(e )+|:

s 2%

_ AR
)
5) Tinh IEOS x—4

batu= cos’x Taco:

du = -2cos x sinx dx = -sin 2xdx

Suy ra
i 2% du
dX = —
Icos4x—4 Iu2—4
=_l]nu_2+c
u+2
ER—
=—l]n coszx 2,
cos“® + 2

bat: x =sint ;
St=arcsinx, (-1<x<1)

Tacd: dx = cost dt

J1-x2 =~,.|'r1—sinzx = w'rcoszt = cost

i .
{costz0 -—2t:2

Suy ra

1+cos 2t

dt

J\_u'l -xidx =‘|‘cosz tdt = I

1 1 . .
=_t+_ dnzt+C
2 4
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Ma i Zl=Zsim L ovos L=2xy1— x°
va t = arcsin X

Nén:
5 1 ) 1 5
le—x dX=§3rCSII1X+§X'\,I'1—X +

£3.Phwong phap tich phin tirng phan

Gia sir u=1u(x) va v = v(x) 1a cac ham sé c6 dao ham lién tuc ul= ul(x) va v= vi(x) :
Tabiét:

(u.Vv)F uv+u.vl

hay u.vi= (uv)=v.u’l

T d6 suy ra cong thirc:

Iu.v'dx =uv —Iv.u' dx

Cong thirc nay duoc goi la cong thirc tich phan ting phan , va con dugc viét dudi
dang :

Iudv =uv- Iv.du

Cong thirc tich phan timg phan thuong duogc 4p dung trong truong hop ham dudi dau
tich phan c6 dang f(x) = u.viima ham g = v.ulc6 tich phén d¢ tinh hon.

Trong mot sé bai toan, sau khi 4p dung cong thirc tich phan timg phan ¢ vé phai lai
xuat hién tich phéan da cho ban dau véi hé so khac, tic 1a :

IF(X}dX =Fiz)+ Cw.'If(X}dX ., oa=l
Khi d6 ta tinh duoc :
1 -
If(x}dx =——F=z1+C
1-

@Vi du:

1)Tinh [l =dz
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Ap dung cong thirc tich phéan timg phan, ta c6

3 a2
lenxdx =%.lnx - J‘%.%dx

% Inx

= - de
2 2
2 2
=xlnx_x_+c
2 A

2
- %.[2]nx—1)+c

2) Tinh JEotE ¥

1

1+ ="

u'=
bat u = arctg x

-
= —
=ViFx, 2
2 2
I=X—.ar|:tgx—l.|- % =
— 2 241+x
Taco:
2
x 1
dz=1(1- A
Il+xz : I( 1+X2}
=X —arctg E + 0
Suy ra:

I=lxzacﬁgx—%x+%arctgx +C

I= [ sinzdx
3) Tinh [ 5=

bat u=sinx ul= cos x
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vEe v=

I=¢"sinx: - Iex.cosxdx

. " cosx dx,
bé tinh: [ ta dat:

Uy = COS X Ul{= -Sinx

VI{= exv; = ex

Suy ra:

Iax coszdx =& cosx+Iex sin xdx
=g* cosx +1

Vay:

I=c*sinz— (" zosx+])

=efanx—e*cosx -1

Suy ra

I=§ex(sinx—|:osxj+'3

= [T i

4) Tinh (a>0)

%
n'=-—

ViEl v=X
2
I=x-fa® —x* +J'%dx

Suy ra: METX

Taco:

Sieu tam by hoangly85



GIAO TRINH TOAN CAO CAP Al

2

2
hid X—a+a

dx[\fa dz

=J‘de+agj‘

o

ddx

] X
=-[+a" arcain —+
a

I=x-ja*-z* +{-I+a%arcsin =+ oy
z

Do do:

= . K
T=Zwafa®—%? + 5 arrain 2 4+

-

Suyra ¢ 2 a
Vay:
2
Ix;‘ag -ztdx =§w.laz -z? +a§arc:sin L
z a
I=[~fx" +hdx

5) Tinh

1

Dit “_I“X+ Iﬂ

VIl v=x

Suy ra:

2
I=x+/x +h —J‘%dx
X ta

Taco:

X+hh

fﬁd“ IJX—+

—I-xx I oo III—
«Jx2+h
=I—h]n‘x+«-"x2+h‘+f:'

Suy ra

[q ¥+ dx=§w.n'xz+h +%1r1‘x+m':>:2+h‘+ &
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6) Tim cong thirc truy hdi dé tinh tich phan

In:I_TEETI
@ 1" (250
Taco:
I, = Idx =x+C
Véin > 1, dat:
- 2ny 1

u = u=
I:Xz +aﬂ:|n+1 (Xﬂ +32:|n
vViElv=x

Suy ra

2
i

H
= +2n [ —
I. (Xz _ azjn nj(x‘ + ia_2:|1:~L+1

I

Taco:

2 2

2, .1
¥ +ta® —a

I[Yz:azjnﬂdx = I(¥2+azjn+1

_ de dx o .2
J‘Eyz Tal)n a I[¥2+32jn+] dx Li—a"La

Suy ra

= x _ _ 2
S BT 2nl, -2na“l_,
Vay:

I = X . Zn—1 I
1+l znaz(xﬂ_'_aﬂ)n 2113_2 T Th

BAI TAP CHUONG 3

1. Tinh céac tich phéan:
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. 2
. pdud wodx
! »[::4 -1 b}»[{::3 + 0y
z(1-xz%) d
[ DN[———
’ 1+ x* )[Xﬁl—mzx
2.Tinh cac tich phan:
iz udu
al [———— b [——
[ Jaiz +1) | 2 +1
. 3x+35 g dx
K I e djjezx +1

3.Tinh tich phan bang phuong phap tich phan toan phan:

al I(xﬂ +1iln z dx b)IX:arcth: dxz
G [ sin xds d) I—E‘liﬁ)’j éx

4.Tinh tich phan ham hiru ti.

. i Zud by + 7
R P R0 e o e
. pl-gt dx
E Il+x4 dx djjx{xj + Tz +4)

5. Tinh tich phan ham Iugng giac.

) dx cos® x +cos” @
al I _ b}j 3 PR
damx +3cosx+5 sh*x+sn” %
c Ismﬁxdx d)jsmx.sm —.5in — dx
2 3

6. Tinh tich phan ham vo ti.

. W1z 3+ 3
dx b [ dx
R R = }I,xx(zx—:)
1-x dx o
c —= = d
I l+xz x° }I(x+1}_xij+x +1

7. Tinh cac tich phan sau:
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) s ® a5t =
al I iz b}f sz
1+zo0m +cos 2= ConE
arctes

c o dife™ cos 3azdx
ye ]
b

8. Tinh tich phan:

. tomzda an 2xds
al [—M—M—d= By
‘[xfr1+smzx ‘[xfr1+cos4}:
zidx

¥ i
c I(1+X2}3 d}je i

9. Lap cong thirc truy hoi va tinh tich phéan:

al L= flnxfdx n,
b) L= [sinxd b g 1
10. Tinh tich phan:
=z %
ai ) e
I 1+Ex I(aﬂ_xﬂj%
: 2
6 [x(arctgx) d djj”':;’f i j;x :
- X
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Bai 5 Tich phan ham hiru ti va ham lwgng giac

1. TICH PHAN HAM HUU Ti

LR P(x]
Cho tich phan Q) trongds =) 1a mot phan thirc hitu ti ti gian theo x.

Néu bac cua P(x) > bac ciia Q(x) thi bang cach chia da thirc P(x) cho Q(x) ta viét
duoc:

P(x) = Q(X) . S(x) + R(x), voi béc R(x) < bac Q(x)

Do do:
P ] F s
di = | =i )dx dzz
I & = [s@ae [53

Six)dx . x
Vi S(x) 1a mot da thirc theo X nén I () 6 thé tinh dugc mot cach dé dang. Nhu
E{=) e

vay ta chi can tim cach tinh Q) vei bac cua R(x) < bac ctua Q(x).

Px) P(z)

Tich phén Q=) o thé duoge tinh bang cach phan tich phan thte hitu ti L)
thanh tong ctia cac phan thirc hiru ti don gian hon dya vao 2 ménh d¢ sau day.

@M énh dé 1: Moi da thirc Q(x) v6i hé s6 thuc déu c6 thé phan tich thanh tich cua
cac nhi thuc béc nhat va cac tam thuc bac 2 khong c6 nghiém thuc :

Qix)=a,(x—a)™x-£"...(x* +pxr+a)t..(x" +p'x +q )
Trong d6 cac tam thic X2+ px+q,., X2+ px + ql khong c6 nghi¢m thuc

P(x)

@M énh d@& 2: Gia st phan thic hitu ti <% ¢6 bac cua P(x)<bac ctia Q(x) va Q(x)
co6 dang

Qad=a, (z—o)™ (-G ... (z* +pz+qt. (=2 +p'z+ 0’

Trong do cac tam thure (x +px +q),0. (X + pix + q1) khong c6 nghiém thyc. Khi dy
phan thire hitu ti ¢6 thé phén tich thanh tong ciia cac phan thirc don gian hon nhu sau:
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Plx) A A, A
+ + o
M) r—n (¥ -] (v —n™
+ El E2 IIIIII EI:
x-8 [(x-87° tx -G
T e +
Wx + M, Wax+ M, Wax+M,
=+ =+ o R —
x*+px+q (x* +px+q) (x* +px +q)'
T e +
R+, . Rgx+s, Rox+3,
x*+px+qg (x*+px+g @ (x* +p'x+g')

Trong do cac hé $6 Al, 0 Am By,[1 ., Bk, My, Ng,[1 ., ML, Nl 00 Rl,

S,U LRI Sl 1 cac hang s6, va ta c6 the tinh duoc cac hing sd nay bang phuong phép
hé s bat dinh, phuong phap tri riéng hay phuong phap phan tich timg budc. (Cac
phuong phap nay s€ dugc minh hoa qua céac vi du bén dudi).

Fix) &
Nhu vay viéc tinh tich phan Q=) dugc dua vé viée tinh 2 loai tich phan sau :
dx

Il =_|- I: _ I

x-a) va;

Cx+D

L=

(=" +px+q)

v6i p?- 4q < 0 ( Tic 1a x?+ px + q khong c¢6 nghiém thyc).
Dé tinh I; tachi cAn datu=x [a

Dé tinh I, taco thé phén tich I, dudi dang:
J- 2etp a1 (D E} J- dz
(z* +pz+q® 2z +pz+g”
22 +p
o3 L oan ~ 5
Tich phan (2" +pz+q) duoc tinh dé dang bing cach dat: u = x*+ px + q.

dx

: 2 L. L Z 2. 2
Déivei - ToETAl Tabién ddi x® + px + q = (x-b)>+ 2 va ditu=x (b dé

J- zduz

dua vé dang;: ~ (e 7 ma ta da biét cach tinh trong vi du 6 ), Muc 1L.3.

@Vidu:
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=
1) Tinh 5=

2

X2-x2=x3 (3 11) =X (x 1) (x*+ x + 1)

1 A B C _ Dz+E

Do d6: 2 —x ¥ x ox-1 x +x+l

Nhan 2 vé cho x° [x? tadugc:
T=bx(z®-D+BE" -D+Cx* iz +x + D+ Dz +Eix*(x - 1

Thay x =0, rdi x = 1 vao ta dwoc :1 =-Bva 1 =3¢

1
=B=1C= 4

Dong nhat cac h¢ so cia x% %3 x% &2 vé cia dang thuc trén (ding véi moi x) ta dugc:

A+C+HD =0
3+C-D+E=0
C-E=)

1
Thay B=-1va C=3 vao, roi giai hé nay sé& duoc:

A=0; D=—%; E=:
Vay:
1 =_i+ 1 ~ -1
' -x’ 28 Axz-1 3zi4x+D
= Ix -z’ I_ BIX 1 BIX +X+
1 1 2z tl- 3
=_+_]n -
3 |X 6IX +X+1
1 1

d(x +X+1)+1 dx
i+l EIX2+X+1

-o Rkl

k4

fx

11, 1
= -1 = " Inf: 1
x+3n|x | {x +x+}+2‘rxj+x+1

Taco:
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= = u=xt+—
Ix2+k+1 J‘IL +l')'|:'+E 3+(£}3 2
2 4 2
‘ 2u
-—arctg — 1 C
N AN
‘ 2+l
arctz +C
5 T
Suy ra

2
| jdx 2=l+l]n (j{ﬂ) N 1 2x+1+c
% oz 6 xitz+l ﬁaru:tg '\E

- &
2)Tinh (== 9E+1’
1

PRI
Phan tich phan thire & =22+ 17 t3 quge:

1 =i 1 N -x-Z . -x-Z
(x—23x +1% 25 x-2 250x°+1) s5(x® +1)°
Taco:

LI L T
25 -2 25

-—x-2 1 2= 2 1
I—zdx= T TILq sl
25| (=" +1) S0 xt+1 25 mxt+1

1 5 2
=-—Inlx” +1) ——arctgx + 2
50 )25 S
I—x—? __ 1. 2zdx 2. dx
Stz + 12 10 2+ 5 =2+
b4 2 o

102+ _EI(XE + 17
Theo cong thurc truy hdi trong vi du 6) muc II,3, ta co

J.dx _x 1. ds
D 2T+ 2 iR -1
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GIAO TRINH TOAN CAO CAP Al

—_* il e
DD 2o

_f_zzdx= 1:4 - f —lam:gx+C4
A=t +1) 10=2+1) 5(=2-1 5

Viy

dx

I:;.(Xﬂ—ﬂ;. 25 |_|_ g (=" + D

—zarct + ! - = —1E;I’I2t +C
5 O T 0T 4 ) sl 5o e

(v —2} X X

i
50 T+l 102D el 25

I(zx ),
3)Tinh wt+1

Trudc hét ta doi bién dé don gian héa tinh phén trén bang cach dit u = x2 ,du =
2xdx

1J.2u+1

L™

1 .2ude 1. du
o1zl
2 u 4+l 2 u'+1

1 2 1
=—In(u*+ 1)+ —arctgu +C
5 fu*+1) 2aru:gu

=é]n(u4 +13 +—éarctg(x2} +(

IV. TICH PHAN HAM LUQNG GIAC

Xét tich phan I = | R(sinx, cosx)dx, trong d6 R(u, v) la ham hiru ti dbi voiuvav.
Dé tinh tich phan nay ta c6 thé dung cac phuong phap doi bién sau :

&l1. Phuwong phap chung

X 1 4 X
L—lg— — dl — =1+ 12* =hdx
bat 2 2 2
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_ 24
hay 21+t°
Taco:
5h X = 2t LCOEX = 2dt]
1+t 1+t
o 2
S e
Suy ra

2:
I= dt
IR [1!1:31”:]1”:2

Tich phan nay c6 dang tich phan cta phan thirc hiru ti da xét trong muc II1.
@Vi du:

I- J‘ .dx
1) Tinh: s X

2dt
1+t

H -
t=tg — iz =
bat: 2 = #o;

Suy ra

e e ey

+

H
— |+ C-ln =
1|| 152

2—sin ¥

I=[s——d
2) Tinh: 2+cosx

2dt

—to & di =
t=tz — 2
Pit: 29 It

Suy ra

o
1+t3 2dt

_'I 1-t% 1+t
+
1+1
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-t +1
I(r + 30t +1j

Phan tich phan thire hiru ti ta dugc:

A -+ _ 2e+d 2t
P+ +1) P +3 1+

I=f§+4dt - 2 g
N £ 43 £ +1

tdt dt 2t dt
=Iti+3 +4It2+E_It2+l
t+/3

4
=In{t* +3) +—aru:|:g— +C
3
] <
i ,2+3 +4J§amtg £af7 .o
+1 3 3

223 4 (4
2 +4;ar|:tg[ ] =

=ln — = —

H
te? 241
&3

&2. Mot s6 truong hop dic biét

(1) Néu R(-sinx, -cosx) = R(sinx,cosx)
thi dat u=tgxhodc u=cotgx

(2) Néu R(sinx, -cosx) = -R(Sinx,cosx)
thi dat u = sinx.

(3) Néu R(-sinx, cosx) = -R(sinx,cosx)
thi dat u = cosx

(4) Tich phan dang [ sinmx cosnx dx véi m va n 1a cac s chin duong.Ta ¢6 thé doi
bién bang cach dung cong thic :

sin? x = —(1-cos 2x)

2

cog® = —(1+ cez 21

L] o— b2 —

i1 Xu:osx=§sin 2x

@Vidu:
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1) Tinh: (cosx —sin ). cosx

1 toz
I= .
J.(c-::-sf‘x 11—

dx

t=tm = dt=
bit cos” X

Suy ra

t
I=]—dt
1-t

=I{—1—L}dt

t-1
=-t-lkft-1+C
= —tgz - In|tgz -1|+C

_ cosx dx
, I_I T .1
2) Tinh: cos x—dam”x+4

bt u = sinx = du = cosx dx

Suy ra
du du
I= = S
I(l—u2)2—4u2+4 Iu4—6u2+5
_ du _ l du _ -
I(uz‘lﬁiuz‘ﬂ 4‘[112_3 4I
-1 _u_“"E L L +
245 |u+a5 8 ju+1
_ 1 ]n|sinx—q;'f§_l s.Lnx—l Lo
E-\.Jff_: |sin::+-\.-'f§ 2 Jomm+1
sin’ x
I=_[ dx
3) Tinh: 2+cosx

bit u = cosx = du = -sinx dx.

du

ud -1
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2

st * % .
I =I sih ® e
24conH

= I—_(l_uzj du

241

3

2+u

1 du

I(u—2+
4
E—2u+3'_n(2+u:] +

%ccszx —2cosx +3n( 2+cosx) + C

sin * 3w ros® wdy

4) Tinh: I
Taco:

l-cosz 1. 2
C{—zin 2%
2 (2 )

siitzocosiz =sin®x  isin x cosx)? =

= Zgaint2x - %sinEEX Cos 2%

8

—eact
=l. 1I:ﬁ—lamzxmﬂx
2 2 2

Suy ra

Iam *woostude = %J‘dx - % J‘u:-::-s4 wde - %J‘sin Yo% cos Zadx

=lx —isin4 X —i.sin3 2+
1& &1

@ Chuay:
D6i v6i cac tich phan dang
Iam ax cos bads, J‘sin oz sin badi, Iccs ax cos hxdx
ta dung cac cong thirc bién doi tich thanh tong:
sl . cosw = E:sj.n{u Fw) | sl u v}]
. . 1-
siiu s v =§_cos(u +%) + cosziu - v)]

1 .
COSU . COSV = :[cos(u +¥) + cosiu - v)]
&
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V. TICH PHANHAM HU'U Ti POI VOI X VA vax +bx+c
- 2 “ i
Xét tich phan | J R e o o trong d6 R(u,v) 1a ham hitu 6 déi véi u
va v va a’X + bx + ¢ 1a mot tam thirc bac 2 khong c6 nghiém kép.
&1. Phwong phap tong quat

Tuy theo ddu ciia hé sé a ta dua tam thirc a®x + bx + ¢ v& dang téng hay hiéu hai binh
phuong . Khi d6 tich phan I c6 mét trong ba dang sau:

@ = [Rx J(ox+8) + 8% )=

_Eeye E
pat; oF H8 =dtet 4 27 T2

E+
t=arctz g
=

0~ [ Rtz Jtam- £ - 8%y

ox +0 =
bat: cost

Jitigt#

T=accos

o wx+5

9" [ Rz, of(8% -0 +6)" =

_?c<t<?r
Dit: ax +E-damnt’ E_ _E
. ooEtf
t = atceon
=
@Vidu:
xdx

I, =

1) ‘[«!XE +2x

Bién ddi : x* + 2x = (x+1)*- 1
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Xét truong hop x+1 > 1

1
x+l= \ UitiE &t =arcoos
bit cost 2 z+1
Taco:
sinn tedt
de = ;
cos't
e rzm = 2L oy
cost
Do d6:
dt 1 T it T
I 2=I 1 u:f::us.sm2 it
cos” t ccst sint cos”t
dt dt w ot
= ~[— =tgt+hftg(——=)| + C
Icoszt cost g g(4 2}
Ma:
tet =~z +2x
1
Tt 1_E§ 1-sin t
TETPT T T
1ota Cos
2
1
= t—tgt=x+1—«fx2+2x
Cos

+C

I, =+fz*+2x + ]11‘}: +1 Az + 2

=

Truong hop x + 1 <-1; cong thirc (*) & trén van dung vi dao ham cuia ham s ¢ vé
X

phai (*) luén bang: Nt 42z
dsz

I =
2) ’ IXE(X+\!1+XEJ

T T
x=tgt ——Lti— & t=artgx
bit 2 2

Tacodx =(1+tg?t) dt
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I _|~ (1+1tg't) dt _ [ costdt
© ot T ge JemPtGeme D)

bit u = sin x = du = cost dt. Khi do:

1 1 u-—1
Iz_‘l‘uz{u +1}_I(L1+1_ u® ) du
=I(L—l+ lzjdu =h}u+1|—h|u|—l—c
1

u+tl u u

1 sm.:+1 .Llc
st st
Ma
2 2
sin it = k= 1:2 == =
I+tgt 1+=
mt = Xg ST T
W1+x7 gint va tgt cing déu véi 2 2
2 1
I2=.n|x+xl'r1+x _w.lr1+x i
| z X
—
&)2.Tich phan dang
+
Ax +B dz  (ne M)

I(X -V fax® +bx +c

Pé tinh tich phan dang nay ta co thé dit :

3. Tich phin dang

. sz
b+ R P —
Ix!ax S+ e I —

Pé tinh c4c tich phan dang ta bién ddi tam thirc ax”+ bx + ¢ thanh tdng hodc hiéu cua
hai binh phuong roi doi bién dé dua vé cac dang tich phan da biét sau day:
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_ &= _ 4=
‘l‘«_-'ag —u? , ‘l"\-'::z +h
I at-xdw | J‘w‘xz+hdx
@Vi du : Tinh céc tich phéan:

- dic
1) wa2+4x+5

Bién dbi: x*- 4x + 5= (x-2)* + 1
Patu=x [12= du=dx
Taco:

d

i
I=( e =Infu +u* + ) +C
= (z-2+,x' -dx+35 +C
2) I=[f3-dx—4x’ i

Bién ddi: 3 [14x [14x°= 4 [1(2x+1)?

Pitu=2x+ 1 = du = 2dx

Taco:

I=%J‘«"4—u2du

= l(iﬂM —n? +iar|:s-_n i]|+ i
22 2 2

=X;2.w.-'3—4x—xﬂ + arcsin X;E

+ 2
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BAI TAP CHUONG 3
1. Tinh céc tich phéan:
. pdud % dx
R Ry
z(1-xz%) d
N R A[———
K ‘[ L+x’ jfxxfl—hlzx
2.Tinh cac tich phan:
dx Hdz
al |[———— b)
Ime I
o Jm.l'3:<+5 d:'j E;xdx
A g +1

3.Tinh tich phan bang phuong phap tich phan toan phan:

al I(xﬂ +1iln z dx b)IX:arcth: dxz
B x - Hoatrcte i
c Ie st x dx d}‘l‘ﬁcx

4.Tinh tich phan ham hiru ti.

! dx 3 +x+2
U ey ey et
dx
d}jx(x“ + (" +4)

. oa1-gt
c Il o dx
5. Tinh tich phan ham Iugng giac.

3 §

) 5 v:4 Ccos E+oos X
al I , b}j—_ = 7
damx +3cosx+5 sh*x+sn” %

ddx

¢ [sin’xdz d) [sin x. sin g.sin%dx

A

6. Tinh tich phan ham vo ti.

NS 15 Ix+5
dx b e
“ IlnE I,xx(zx—:)
1-x d= ddx
v d
° Wi )I(XH).JXMXH
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7. Tinh céc tich phan sau:

2 I s ® e b)‘lﬂfsm X e
1+zosx +eosldx

“ arclgE -2 .
c I 2 dx d)je cos 3udx

CosXE

8. Tinh tich phan:

) terseda s 2xdx
al [——dx b [ —
' Id1+sm2x }Idl+cos45:
. widx i
E IU +x4y? d}IE =

9. Lap cong thirc truy hoi va tinh tich phéan:

ai I, = Iﬂn = dx

va tinh 14

T et
DL [entus i 1y

10. Tinh tich phan:

dx x
+|3x

al Ir b}I{dz —;.2}3’5 d

- 2
Iaru:sm x l+=z=
a
s

.u'rl—xz

c Ix(arctg;:fdx 4
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Bai 6 Mot s6 dang tich phan khac

VI.MOQT SO DANG TiCH PHAN KHAC

&l1. Tich phan dang

I- [R(x2 amtb W[BErEy g
cx +d cx+d

Trong do6 R 1a mot ham hiru ti va m,[ ,k 1a cac s6 nguyén duong; a, b, ¢, d 1a cac hﬁng
SO

Dé tinh tich phan nay ta goi x 1a mot boi s chung nho nhat cia m, (1 k va dat:

axt+h axt+b L
un=n = =1
cx +d cx+d

Tir d6, tich phan s& duoc chuyén vé dang:

I= JRl(u]ldu

Trong d6 Ry |a mot ham hitu ti dbi véiu

I= 1-xz d=
@Vi du: Tinh I1+x'x

= 1-= - X=1—u
Pit W1+x= 1+1u”
—du du
Taco: (1+u®)’
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- 1+u2 (~du)
I 1w ety
— 4y

_ du du
g AT A

=Ear|:tgu+]nu_ +C

|
= Zarctg +]11| BRI
*41+x W= + T+

&2. Tich phan ham hiru ti d6i véi e

I- [R(=*)d

Trong d6 R 1a mot ham hiru ti d6i vaa =0
Dé tinh phan tich nay ta dit : u = eax

X=lhu
= a

1

Khi d6 dx= %% va:
1
I= IR (u). —du
au
Co dang tich phan ham htu ti.

I=Iex2{_ex}dx

@vVi du: +1

bit: u=¢* = du = €'dx
1-u 1 2u 1 .
I_‘l‘u:‘+1du _I( E'u2+l+u2+l}w
du
Eju2+lm+ju2+l

1
= —E].nl.iu2 + 1 +arctgu + 12

= —%m(eﬂx +1) + arctz (e¥) + C

k13.Cac tich phan c6 dang:
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[P(X}.sir_axdx, [P(Xj.cosaxdx, [I'(X}e“dx

Trong d6 p(x) 1a mét da thie theo bién x.

Pé tinh céc tich phan nay ta ding phuong phap tich phan toan phan bang cach dit :

u=p(x)
@Vi du:
I= [X.Sir. wddx
bat
n=x u'=1
=3 ¥ V= —C[o8E
Suy ra

I=-xcosx +Iu:::-sxdx

=-xcosE tomx + C
k14.Cac tich phan co6 dang :
[PG) e, [P Yarntg s
IP(x} arcsin xdr, J‘P(x] arccos xdx, IP(x}arc cot grdx
Dé tinh céc tich phan nay ta ding phuong phap tich phan toan phan bang cach dit:
dv=p (x) dx
@Vi du: Tinh [ xarctgxdx

1

du = = dx
Dit u = arctgx 1+z
x
V=
du= xdx , 2
2 2
Ixar:tgdx=x—.arctgx—lj % -
Suy ra 2 29 1+=
Taco
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2
J"Ifyz dK=‘|‘“_'I+-13<2:|dx

=z -—actgx + C

Vay:

1 1 '_
Ixarctg cx = Ex.arctgx —EX +?ar|:tgx +C

N

VII.MQT SO TiCH PHAN KHONG BIEU DIEN BUQC
DUGI DANG HAM SO CAP

Néu ham s6 f(x) lién tuc trén (a,b) thi f (x) luén luén c6 nguyén ham trén khoang dé ,
tirc 1a tich phan | f(x) dv t6p tai . Tuy nhién c6 mot sd tich phan khong thé biéu dién
dudi dang ham so cap , chang han céc tich phan nhu sau day:

et g* i
| et [

i %

I:in{ ::2}-;*11: . Icos{::zjldx ,J iz
H
Icosxd}: .Iﬁl—ajsnzxdx fa=0 arl

H
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Bai 7 Tich phan xac dinh

|. PINH NGHIA VA CAC TINH CHAT
&11.Pinh nghia

Cho ham f(x) trén doan [a.b]. Chiadoan [a.b] m{t cach tuy ¥ thanh n doan nhé boi
cac difma=x0<x1< (][] <xn=b.DatAXi =xi [Xi4 va trén

[ Xig, Xi ] ldy mot diém titay y,i=1,2, [0 , n. Lap tong

5 = > Flt).Ax

i=l

Va goi Snla téng tich phan cua ham f(x) trén doan [a,b] . Néu Sn ¢6 gidi han hitu han
| khi n — o0 sao cho max{ A xi } — 0va I khong phu thudc vao cach chia doan [a,b]
va cach chon cac ti, thi I dugc goi 1a tich phan xac dinh cua f(x) trén doan [a,b] va
duoc ky hiéu la:

b

Jfixdx

Vay:

h limgf[tljﬁxl
IFI:J‘._:[JJ& - ;:.}:mﬂ:i—m

Khi d6 ta noi f(x) la kha tich trén [a,b]; [a,b] la khoang lay tich phan, a 1 can duéi, b
la can trén , f 1a ham dudi dau tich phan va x 1a bién tich phan.

@Chﬁy:

b
X .
@i = chi phu thudc f va cac can a, b ma khong phu thudc vao bién tich phan, tirc
la:

b b
JFxdx = [Ftdt

(i) Truong hop a > b, ta dinh nghia :
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] a
Jfxhdx =—[Fix dx
(iii) Truong hgp a =b, dinh nghia
Jfixdx =0

(iv) Tir dinh nghia, ta thiy ngay ham f(x) bi chin trén [a,b] néu f(x) kha tich trén [a,b].

@Y nghia hinh hoc:

xdx
Néu f(X) > O trén [a,b] va f(X) kha tich trén [a,b] thi = chinh la dién tich S cua
hinh thang cong gidi han bdi cac duong :

X =&, X =b; y =f(x) va truc hoanh y=0.
b

== [fxMdx

&2.Cac tinh chit

1y T #0000 = e e

JleFx)dx = ke [FOxxix
(3) Néu fl:}’j < g[xj‘v’x = I:E,b:I thi

[ite)ds ¢ fateics

}f[x)dx

< JfGods
Hé qua: I *

(4) Véi ce [ab] taco:

I = JFGeix + ECe

(5) Gi sit f(x) kha tich trén [-a, &]. Khi do:
__arif"l:xjdx =2 If'lzx}dx
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néu f(x) 1a ham s chin

Jfrxdx =0 ,
- néu f (x) 1a ham so 1é

£3.Tong Darboux & diéu kién kha tich
Do ham kha tich thi bi ch§1n nén ta chi xét cac ham bi chin trén [a, b]. Mdi phép chia
nho doan [a,b] boi cac diém a =xo0 <x; < [ [ <xn dugc goi la mot phan hoach

cua[a,b], ky hiéu P = { xo0, x1[1 [1. xn }. Dat:

W,o=aup|fix)fxe(xg]]
(can trén dung cua f(x) trén [ xig, Xi ] )

m, =inf[flz)/xe[x _;x ]|
(can dudi dung cua f(x) trén [ xig, Xi ] )
UfPy= > M Ax

L(f Y= iml.&xl
1m]

Tagoi U(f,P) va L(f,P) 1a cac tong (Darboux) trén va dudi cua f ing v6i phan hoach
P. Nguoi ta da chiirng minh dugc mét dicu kién kha tich dugc phat biéu trong dinh 1y
sau day :

@Pinh 1y 1: Diéu kién can va da dé fkha tich 1a:

L [UfF,p)-LiF,p)] =0

Tir dinh 1y nay ta c6 thé chimg minh mot s6 16p ham kha tich dwoc phat biéu trong
cac dinh 1y dudi day.

@Dinh ly 2: Ham f(x) lién tuc trén [a,b] thi kha tich trén [a,b].

@Dinh nghia:

Néu ham s6 f(x) xac dinh tai x, va khong lién tuc tai x, hhung c6 gidi han 2 phia tai x,
thi ta noi X, la diém gian doan loai 1 tai Xo.

@Dinh ly 3:

Néu f chi ¢6 hiru han diém gian doan loai 1 trén [a,b] thi f kha tich trén [a,b].
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@Pinh ly 4: Ham bi chan va don di€u trén [a,b] thi kha tich trén [a,b].
I1- LIEN HE GIUA TiCH PHAN XAC PINH VA NGUYEN HAM
1. Tich phin xdc dinh nhw ham cia cin trén

Cho f la mot ham kha tich trén [a ,b [voix € [ a, b],

k4

Fah=[fltkt

a

Xac dinh va 1a mot ham s theo bién x. Ham s6 nay di dugc chimg minh 14 c¢6 nhiing
tinh chat phat biéu trong ménh dé sau day:

@M énh dé:

o F(x) = [F(r)t
(i) Néu f kha tich trén [a,b] thi F(x)= 2

la ham lién tuc trén [a,b].
(i) Néu f(t) lién tuc tai t = xo € (a,b), thi F(x) c6 dao ham tai x, va Fl(x0)=f(Xo).

BNhan xét :

£(x) = [F(de

Néu f lién tuc trén [a,b] thi ham s6 la nguyén ham cua f trén [a,b].
&12 Pinh 1y co ban

@Dinh ly : Gia st f lién tuc trén [ a,b]. Khi do6 :

F(x) = f
0) (x) { (t)dt

[a m§t nguyén ham cua f(x) trén [a,b].

(i) Néu G(x) 1a mot nguyén ham bét ky cta f(x) trén [a,b] thi:
]
[fixide = GrbY-Gla)

(Cong thirc nay duogc goi la cong thirc Newton-Lelbnitz)
Chirng minh: Ta chi can ching minh phan (ii).

Do F(x) va G(x) 1a cac nguyén ham ctia f(x) trén [a,b] nén ta c¢6 hang s6 C sao cho
F(X) = G(x) + C, V x € [ab]. Cho x = atadugc 0= G(a) + C, suy ra:

G@=-C

Vay F(b) = G(b) - G(a), tirc 1a:
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[fix)dx = g(b) ~ gfa)

Hi¢u s6 G(b) - G(a) trong cong thirc Newton-Leibnitz cia dinh 1y trén thuong duoc
viét dudi cac ky hiéu sau:

T=b

(GO ey viin dit 1a (OO0

b
d

ClL Gix)

= hay van tit la

@Vi du:Tinh tich phan xac dinh :

I =]. dx
1) ' Ly fq4—In®x

[ cx _ dflnx)
xxl'r4 -In'x «4{4 —[lnxj2

. Ans
=arcsm[£j+c

I, = [arcsin[%}]; = ar:sin% -arcsnl = g

4
d
I:;:I ] -
2) 3xt -3+l
[ dx o] dx _ T 1 e
x*-3x+2 x-DE-2) |lx-2 x-1
=Inf - 2|~ Inf ~1|+¢
¥ — 2
=|n +c
-1
2t 2 1
Ig=|‘lnx ] =ln_-.n_=ln
0=0 3
ix
I, = [ sin’ xdx
3) o
J'sinzxdx=f1 u052xd —lx——sm2x+c
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BAI TAP CHUONG 4

1.Tinh céc tich phan :

w3
a) [ dnxcos’ xdx
i

* xdx

>

dx
3+ 2oosx
dx
g dxt dx 45

c)

—_ 2

d)

2/ Tinh céc tich phan :

1 I
_fidx -

a)
Do rer O _J'larctgxdx
L 1

by [xe"dx d) IJxa..ll +dx dx
0

3. Tinh tich phan suy rong:

IZI_ . 1
a) | xe’dx o) [xln®xdx
o .
Todx 4 xdx
b 4
e Y L

4. Tinh dién tich hinh phang gi¢i han bdi cac dudong

¥ =cx,x=4

gl ¥y =xX ¥y =Xy =2x
3 G =0x=0x=w

5. Tinh thé tich khdi tron xoay do hinh phang gi¢i han boi:
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a) y=cos x,y =0,x=0,x =§T gaay quenh Ox
by 3 =lnx,y =0x=1,x=2 gquay quana Ox
gl x=ye’x=03y=0y=1 gquey quarh Oy

6. M6t hinh cau ban kinh R va mot ndn tron xoay c6 ban kinh day r va duong cao h >
R sao cho dinh nén trung véi tam cau. Tim thé tich phan giao cua hai hinh.

7. Tinh d¢ dai duong cong:

3
al _',-'—x—‘fl i x -1 € s -
12 =
1
by ¥ =In{l1-x) tfx =2 dén x =
2_ .2 _
g) x° =t sant,y =tcost, 0itilwm

dy r=e®, -—wipix

8. tinh dién tich mat tron xoay:

aj ¥
b) ¥

xx.u'fa_:,[] Lx 2], cuay quanh Oy

snx0ixiw guay quanh Ox
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Bai 8 Phuwong phap tinh tich phan xac dinh
I11- POI BIEN VA TiCH PHAN TUNG PHAN POI VOI TiCH PHAN XAC
PINH

_Tuong tu nhu db6i véi tich phan bat dinh, trong tich phén xéc dinh ta cling c6 thé
doi bién hoac dung phuong phép tich phan tung phan.

&1.Phwong phap ddi bién
@Dang 1:
Pit x = ¢ (t) thoa cac diéu kién:
a) ¢ (t) va ¢ [(t) lién tuc trén [, B ]
b) g (a)=avae (p)=b
¢) Khi t bién thién trong [o, B ] thi x bién thién trong [a.,b]

Khi do:

b B
J$00)dx = [ Flo(D)e (DH:

@Dang 2:

Gia sir ham u = u(x) kha vi lién tyc trén [ a,b ] va ham s6 g lién tuc trén mién gia tri
cua u. Khi do:

u bl

Jato0:))2 be)dx = [ ga)dv

@Vi du:

I- ‘j.: cosx dx
1) Tinh:  ® 1+sin’x

bat u = sinx ta ¢6 du = cosx dx va:

= [arctgu]é =arctgl —arctgl = Zﬁ

1
I=_r du
]

1+u°
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1
u=—=do=-—dx
Dit X X
1/2 1
= I =-[e'du=[e'dy
1 112

1
L=Tx*J1-x*dx
3) 0

. T
X =snt ,Uiti::%dx = gostdt

Taco < vakhi

Thi 0 <x < 1. Vay:

w2

I= | drt/1-dn®t.costdt
0

x'3 1 z/2
= [ drftcos®tdt = 7 [ &n® stdt
] ]

x/d

=— [ {1 -cosdtydt
20

1, _sna] =
gl 4 |, 16

4) Ching minh rang:

E 1] w52
J dn®xdx = [ zostxdx,¥vnell
0 0

c
I
r A

™
— XS E=—-1
Dat 2

Tacédu=-du

ul =1
x/2 2
a ae T
= [oos"xdx=- [ cos"[=-1udy
i} uf 0y
i} x/2 w3

-— [ dn®udu- [ darntudu— [ san®xdx
=2 1} 0

&2. Phwong phap tich phan tirng phin
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Gia sir cac ham s u = u(x) va v = v(x) ¢ cac dao ham theo bién x: ul = Ul(x) va vl =
V[(x) c¢6 cac dao ham theo bién x: ul = ul(x) va v[ = vI(x) lién tuc trén [a,b]. Khi d6 ta

c6 cong thirc tich phan timg phan sau day:
a 1 a 1

Juvddx =[u.v]i - [vadx

a a

Trong do6 :
[uv]; = uib).v(b)-ula)v(a)

@Vi du: Tinh tich phan xac dinh:

I, =[xsnxdx
1) 0
u=e® 1 =e’
— {v:—ﬂ'nx

biat: {v'=cosx

Suy ra

I, =[-xcocx]] + [coexdx
1]

=g+[dnx]f ==

xid
1. = | e* cosxdx
i

2)

X =ex

u=e
g ' {v=—cosx

2 xd
. I .
*dnx]y - [ et dnxdx
b
=3

=™ - [ 2? dnxdx
0

w'd
| e* dnxdx,

Dé tinh: ©

=e® o =eF
' T Qy=—cos3

¥ =5inx

talai dat:
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Suy ra

&3 LT

| &® dnxdx = [-=* cosx]gm + [ % cosxdx
0 0

=1+1,

Vay:

a4

I, =e™ -[1+1)

[E‘ﬂ -1

= I,=

L2 —

I, = 325 (Irx)tdx
1

3)
L= 1
u=lnx Ty
— X
v =16x" v=4x*
bat
4 a - 4 2lnx
= T, =[xty | -Joxt T ax
=2e* - [16x* Irxdx
i
, J16x* Inxdx
beé tinh ! talai dat:
, IJ-_21m§
u=(Ins) "
v =307 — .

=  [1éx%enxdx =[4x+.enx]f —I4x4.ldx
1 1 X

=det - [4x7dx = 4e* - [x*];
1
=det -t -1=3" +1
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Bai 9 Tich phan suy rong

V. TICH PHAN SUY RONG
&l1. Tich phan suy rong co cin vo tin
@Dinh nghia:
a) Gia sir f(x) xac dinh trén [a,+oo ] va kha tich trén[a,b] voi moi b e [a,0 ]. Néu ton

b=+t

Am [fx)dx
‘I la hitu han hoac v6 cung thi gidi han nay dugc goi 1a tich

o
| fix’dx
phan suy rong cua f(x) trén [a,c0 | Ky hi¢u la =

tai gidi han

Vay:
If Flxidx =% . j fxdx

Khi tich phan suy rong la httu han thi ta néi la tich phan suy rong hoi tu, ngugc lai,
néu tich phan suy rong khong ton tai hoac l1a vo cung thi ta ndi tich phan suy rong la
phan ky.

b) Hoan toan twong tw, dbi v6i cac ham sd f(x) xac dinh trén (-o0 ,&] va kha tich trén
[c,@ v&i moi ce (-0 ,@] tadinh nghia tich phan suy rong cta f(x) trén (-o0 ,a] boi:
[ F(xyedx =, [f(x)dx

¢) Béi v6i ham sb f(x) xac dinh trén (-0 ,+00 ) tadinh nghia tich phan suy rong boi:

T rmas=1 swan+ T

} fixdx T fxhdx

va tich phan nay hoéi tu khi céc tich phan suy rong: = va * [a hoi tu.
@Vi du:
'J‘? dx i j. dx
DTinh 0 1+x° *7*01+4
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-5 ot =15 eretgh =
[ x==dx
2) Tinh ©

b
[a=dx

x N b
Chob € [0t ), tatinh = bang phuong phap tich phan tirng phan. Dat:

{u=xx: {u'=1x
%t — 3 —1Z
Suy ra

t ]

Jxe™dx = [x="]; - [e*dx

[ i}
=be" —[e" —”)=be" - +1
=(b-1x"+1

[xetds =4, [T’ +1] = +e
Vay *©

Do d6 tich phan suy rong la phan ky

0
[ xe=dx
3) Tinh =

Taco:
0 0

{ex’dx =[xe’]nb —{e’dx
=—be"-[1-e")1={1-br" -1
Suy ra

a a
[ xe™dx =p= {xe‘dx == [(1-bk"-1]

—w

1-b -1
(170 0 — e 0

ma =

(ap dung quy tic 1' hospitale)
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0
| x=®dx = -1
Vay: =

4) Xét sw hdi tu cia phan tich suy rong:

e dx

I=]=a»0a>0

=
Ton X

Tich phan nay dugc tinh theo 3 truong hop cta o nhu sau:

#a =1
b
Id—x=[lnx]: =lnb-lni—+w
s khi b — +oo
Tdi—+m
Vay * X la phan ky
s >1
b b
Id_x= L. I =L[bl—x_al—m)
ax™ | 1-wo . o-—l1
do +we b7 =0
nén a X ax ]._Cﬂ
wdx

Vay tich phan = X" hoi tu voi o >1
#a <1

L plme o 4o

Trong truong hop nay ta co b-r+e

o dx

Suy ratich phan = X" |a phan ky
&2.Tich phén ciia ham s6 khong bi chin

@Dinh nghia:

Gia su f(x) kha tich trén [a.c], V € € [a,b] va khong bi chan tai b (nghia 1a

o fix)=m r C .
K- ). Néu ton tai gidi han (hitu han hay vo cung)
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lim }f (3 dx

by

thi gioi han nay s€ dugc goi 1a tich phan suy rong cua f(x) trén [a,b], ky hi¢u la:

Il dx

Néu gi6i han 1a hiru han thi ta noi tich phan suy rong =

hoi ty, néu gidi han

khong ton tai hodc 1a vo cung thi ta noi tich phan suy rong nay 1a phan ky.

Vay:

j: flxdx =i'; - }f[x)dx

Hoan toan tuong tu, néu ham sb f(x) kha tich trén [¢,b] véi moi ¢ € (ab] va f khong
bi chan tai a thi ta dinh nghia tich phan suy rong cua f(x) trén [a.b] boi:

b b
Ifix)dx = linlj'f:x)dx

=¥l

Truong hop f(x) khong bi chin tai mot diém ¢ e (a,b), tadinh nghiatich phan suy

rong cua f trén [a,b] boi:

j: flx)dx = }f (xhcx + j: Flx)dx

j: Flxdx

Khi d¢ tich phan suy rong =

b
[f{x)dx
va ¢ déu hoi tu .

}f (3 dx

duoc xem la hoi tu .Khi ca hai tich phan =

BVi du: Khao sat tinh hoi tu cta cac tich phan suy rong sau va tinh gia tri tuong

ung trong truong hop tich phan héi tu

1/
I, = [ dx

1) u uxﬂ—xj

I m 1}2 dx
1 -t

Taco: = Jxll=x)

dx

ba

r=.x = du= \
t: J_ 2\{; va:
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11 dx 12 di
_— =2 = E[ET‘GS.IHU]:';—ﬁ
a o fx(l—x) FR *

= Z{arcsir L — Erosin \E}

A2
- 2(% — arcsin ~Ja)

—bm o™ e _F
Suy ra 1= o [4 arcsn.fa) >
4 dx
I, =
T

Lodx 2 dx
S T Py

L X

.I] = 7
Xét tich phan suy rong: 1(x-1)

1 b
a2
Taco: A 0

_un 1 _
Sy [_b_l_l] -

= J Phan ky va do do I, cling phan ky.

Lodx
3 [ >
3) d.1-x
odx Lodx
I, =_J'1 - +g]_ -
Taco AJ1-x X
0 0
dx dx ]
| = =i';_1+ J'—2 =:“1_1+ [ELT'GSLHX]I:
d1-x 1-x%
=:j_1+ (-arcanc) = ;
1 c
dx Lo dx Lo ] T
=t =" _arcsinc = —
g 1_}{2 c=rl gﬁ c=rl 2
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w w
="+ =7

Viy shoituva =~ 2 2

Eodx
I, =I, = .
4) *b=x)"h> ava o la tham s6 .

dx _a ].dx

b-x " ib-x

b
I,=]
4#Vo1 o = 1, taco: a
I, —ij';b_ [ 1-.7|b x|]:
=i _{~ln(b-a)+In(b-a)]

= =+
Vay tich phan I4 phan ky khi a =1

#Vo1 o # 1, taco:

] [
I, o dax - lim | dx
A (b-x)*  >eoa (b -x)®

2|00
=lim -
| (@ - Db-x)" |

1 . 1
- lim —
g —le=b7| (b-c)™

Suy ra:

+ Néu o < 1 thi tich phan I, hdi tu va

_ ol
[ b
1-

+ Néu o > 1 thi tich phan I4 phan ky . ViI;=+ 0
£3.M ot 6 tiéu chuin hoi tu
Trong phan nay ta s& phat biéu mot s6 tiéu chuan hoi tu cua tich suy rong

@Dinh ly 1:
I fx)dx

(i) Chof(x) > 0trén [ a,+ oo ). Khi d6 tich phan = hoi tu khi va chi khico M >0
sao cho:
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}f[x;ﬂx WL Wb =[a,+o)

b

imflx)= += [ dx
(i) Cho f(x) > O trén [ab] vi o /™ ¥ ki d tich phan = hoi tu khi va

chi khi c6 M > 0 sao cho:
Ifixddx < ¥, ¥ee [a,b)

@Dinh ly 2:

Gia str f(x) va g(x) khong am va kha tich trén [a,b] vdi moi b € [a,+o0 ) va f(x) < g(X)
v6i x da 16n. Khi do:

] T 2(xcx Tf[x)dx
(i) Neu = hoi tu thi = hoi tu

+uo +uo

I fix)d

o X I alx)d
(ii) Néu = phan ky thi =

X
phan ky
@Dinh Iy 3:

Gia str f(x) va g(x) khong am va kha tich trén [a,b] vdi moi b € [a, +o0 ) va:

fm T )

T-rHo g[_xj

_ . fg[xjc‘lx _rFI:x:c‘Ix

() Néul=0taco = hoi tu = = hoi tu, va:

I M I eiaids
Phan ky = = = phan ky

(i) Néu 1 = + oo taco:

I fix)dx [ glxidx

- hoi tu = = hoi tu ,va

[ alx)dx [ fixdx

. phanky = = phan ky

o o R I flads [ alxdx .
(iii) Néu1 € (0 ,+ o0 ) taco hai tich phan suy rong = va = cung hdi ty
hodc cung phan ky .
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@Dinh ly 4:

Cho f(x) va g(x) khong am va kha tich trén [a,c] véi moi ¢ € [ab) . Gia st f (x) < g(X)
0 mot 1an can trai cua b . Khi d6 ta co:
. }g[x)dx }f:xjdx
(i) Néu = hoi tu thi = hoi tu
} }
o IEhdx Zlx'dx
(ii) Néu = phan ky thi = phan ky
@Dinh ly 5:
Gia sur f(x) va g(x) khong am va kha tich trén [a,c] véi moi ce [a,b), va:
, Hm 109
(i) Néu 1= 0 ta co: =~ &0x)

Tgtx:dxh IF0ds

0i tu = = hoi tu

Jalx)dx JEixdx
2 phan ky = = phan ky

(i) Néul=+ oo taco:

{f[x}dx _rgl:}_:[_[}_

hoi tu = = hoi tu

] ]
Jalx)dx JFxdx
2 phan ky = = phan ky

b b
o ) Tgixidx  Jf(xdx ‘
(iii) Neu 1 € (O, +o0 ) Thi hai tich phéan suy rong = va 2 cung hoi tu hodc
cung phan ky

@Vi du:

1) Xét sw hdi tu cua

Véix>1 taco:

et A1

E
1+x Xx+x x
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T odx
[ ==
Vi2/3<1nén ! X" phanky o
o _3
jx—“&dx
Suyra ! l+x cling 1a phan ky
+o +3
Ix—;{dx
2) Xétswhoitucia 1 1-x
Khi x — + oo taco:
o e T I
1+x° 1+x° xR
j O o2 >1)
ma ! X7 hoity
TNE +%de

Vay ! 1+x° cling hoi tu
1 I+ -
Pl
3) Xétswhpitucia " = -1
Khi x — 0, taco:

In(1+/x) ~ x =z

g™ —l~sinzx ~x

Infl++x)  x*_ 1 _ 1
— | x 12 '-J'I;

tidx

[

i

ma fx hoi tu nén tich phan suy rong I ciing hdi tu
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X Bail0 Ung dung ciia tich phan

V. UNG DUNG CUA TiCH PHAN XAC PINH
&l1. Tinh dién tich
@Dién tich hinh thang cling gidi han boi cac duong

y=0,y=f(x)>0x=a,x=b

9= [fxdx

duoc tinh boi cong thire: z

@Hinh thang cong gidi han boi cac duong :
y=f(X),y=gX),x=a, x=bvéif(x)<g(x)trén[a,b]

c6 dién tich duoc tinh boi cong thire :
A
5= [g(x) -7 () Jin

@Vi du: Tinh dién tich hinh phang gi6i han boi cac duong sau:
Dy=-x*vay=-x-2
Hoanh d¢ giao diém cta 2 duong y = - X2V y = - X - 21a nghi¢m cua phuong trinh.
-XP=-x-2ox=-1,x=2.
Trén [-1,2] taco - X - 2 < - X nén dién tich can tinh 1a :
5= }(—xﬂ +x+ 24dx = I:—£+£+2x:|2 =2 dudt
a 3 2 4 2

. Y
2) 4a va x? +da

Hai duong cong cat nhau tai A(-2a, @) va B(2a, a).
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ﬁ < 23

Honnitataco 42 x* +42% tren [-2a,29].

Suy ra:
da 3 2
z= | ,83 - X ldx
-l xt+4at da

= 232[1 - E]u::l‘i.'n::lt
?

&2.Tinh thé tich
@The tich khi tron xoay do hinh phing gidi han bdi cac duong :
y =f(x),
truc Ox
X=aXx=b

quay xung quanh truc Ox dugc cho boi cong thic :
]
v = [[Fx)]*dx

@Tuong tu, thé tich khdi tron xoay do hinh phang gidi han boi cac duong :
X =g(y), truc Oy
y=cy=d

guay xung quanh truc Oy dugc cho bdi cong thire :

v—ﬂEUﬂmy

@Vi du: Tinh thé tich khéi tron xoay

1) Cho mién phang gi6i han béi cac duong :

™

_ . 1 X =—
¥TEONE truc Ox,x=0, 4
guay xung quanh truc Ox.

Taco:
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#// GIAO TRINH TOAN CAO CAP A1
& H

x'd x4 _ 2
v=r[dn'xdx == [ﬂ] dx
] ™y

" o

a Y

?r:."l‘-

= 7 g (1-2z0s2x + cos? 23 dx
x 1+ cosdx

= " g (1-2z0s2% +T)dx

/4
=_TEJ' E—2(:-::521:+lu::-::-5-4x dx
L 2
_ 4
-E Ex—sin dx+ =sindx
412 0

r3?r_

i 1]
41 5 dv.tt

2) Do mién phing gi6i han boi cac dudng y? = X - 4 va x = 0 quay quanh Oy.

Taco toa do giao diém cua duong cong y2 =X [J4 véi tryc Oy la nghiém cua hé:

2_ —_— —_ —_—
{y =4 X(:_}} {X;D “— {X—EI
=10 v4=4 v=12

Suy ra:

2 :
v=m [ (4 -y dy =7 [(16 -8 + vV )dy
) =1

572

=W|:15Y‘§Y3 + 5 =Ex
30 s, 15
£13.Tinh d9 dai cung

D¢ dai cung AB cua duong cong y=f(x) vdi A(a,f(a)), B(b,f(b)) va a<b dugc tinh theo
cong thtc :

L - [ I+ )P s

@Vi du:
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U , . Sy=nt — 2 i g a2 . .
Tinh d6 dai cung cua dudng cong =¥ ~* gitta hai giao diém cua duong cong véi
truc hoanh.

Puong cong cit truc hoanh tai 2 diém A(-{2,0) va B(y/2.0) . Suy rado dai cung AB
cua duong cong la:

W3 2
L= +yide= [ J1+xdx
—w{’iﬁ‘h ¥ _{@ H

2

= %«J1+x3+%]n(x+~.!1+x3) =.f5

N
@ Luuy:
(1) Néu duong cong cho bai phuong trinh :

x=g(y)voic<y<d

d
0, a2
Cen ane e =gy
thi d6 dai cia duong cong la: ¢

(2) Truong hop duong cong c6 phuong trinh tham s6:

=3z (t)

yo= oy (t)vd ot Stst

thi d6 dai ciia duong cong dugc tinh bai:
L= [ (tF +y (trdt
(3) Truong hop duong cong trong toa dd cuc c6 phuong trinh
r=r(e)oa<e<f

thitaco:

{x:r(q:}coscp
Z’r’:r(cP:'SiﬂcP (a << B)

Do d6 d6 dai duong cong la:

[ [
L =[x (e +y el de=[-h" rride
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5=2?r]'(b+«.,u'az—x2) 1+ 2:{ 2u::lx

- A — X
r x- GIAO TRINH TOAN CAO CAP A1
+2?rJ'(|::u—'w\.la:‘—x2 1+ dx

=4mab | ——

—-a

= 4x%ab

£14.Dién tich mat tron xoay
=d4mblarcdn—]?,
Cho duong cong y=f(x) , & = % = bkhi duong cong nay quay
quang truc Ox trong khong gian s€ tao ra mdt mat tron xoay. Dién
tich ciia mat tron xoay nay dugc tinh theo cong thirc.

5= Eﬁ'r_llj'|f[xj|.q.'1 +f (xVex

@Vi du: Tinh dién tich cua vong xuyén sinh bai duong tron
' +{y —b)y =a‘fa<b)
guay quanh truc Ox.

Dién tich S cua vong xuyén bang tong hai dién tich ctia hai mit tron xoay sinh boi nira
duong tron trén c6 phuong trinh

j-f=b+xl'az—x2

2 2
va ntra dudng tron dudi ¢6 phuong trinh ¥ =P~ +va" -z

Khi chiung quay quanh truc Ox. Vi ca 2 phuong trinh trén

@Lu’uy:

#Khi dudng cong dugc cho bai phuong trinh tham sb

fx=x(t)
ly=y(t) vaéi t, <t
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thi dién tich mat tron xoay sinh ra boi duong cong quay quanh Ox dugc tinh boi :

=27 tfl|y{t)|.\/x'(t)2 +y () dt

#Néu duong cong quay quanh Oy thi dién tich mit tron xoay la:

s= 27 tj|x(t)|.\/x'(t)2 +v () dt
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Bai 11 Chudi s6 va tiéu chuan héi tu

|. KHAI NIEM CHUOI SO
&11.Pinh nghia:

Cho day s thyc { un} véin=1, 2,3, [ . Biéu thtrc tong v6 han
[+u]

21 M, =1+ e F U

n=

duogc goi 1a mot chudi sé, va un duge goi 1a s6 hang tong quat (thir n) ctia chudi so.
Tong so

n
E'n=2uk
k=1

duogc goi 1a tong riéng thir n ciia chudi s6. Néu diy cac tong riéng { Sn} ¢o gidi han 1a
maot s6 thuc S khi n — oo thi chuoi s6 dugc goi 1a hgi fu va S dugc goi 1a tong cua
chuoi; trong truong hop nay ta viét

S =48
it n

=
—_

Nguoc lai, néu diy { Sn} khong hoi tu thi chudi sé duoc goi 1a phdn ky.

@Vi du: Xét chudi hinh hoc c6 dang

n-13}
PR
n=1

trong d6 a 1a sé khéc 0.

Taco:

5= agci—l) all—g”)
i=1

- -9 higen

. . &

lim §"=0 lim S,=1o
#Néu g/ <1 thi ® 7= .Suyra " @ e

Sieu tam by hoangly85



GIAO TRINH TOAN CAO CAP Al

it

Taco chudi hoi tu va cé tong 1a 1-g .

lim "=« lim £ =-eo
#Néu |q|>1thi ® #= .Suyra ? *%
Taco chudi phan ky.

+Trong truong hop |q| = 1, ta d& thdy rang chudi phan ky.

K ét luan: chudi hinh hoc hoi tu khi va chi khi |q| < 1. Khi d6

i PR
i=1 l_g

£32. Céc tinh chét ciia chudi sd:

Trong muc nay s& phat biéu mot sb tinh chat ctia chudi sd. Céc tinh chit nay ¢ thé
kiém chirng dé dang tir dinh nghia ctia chudi so.

@Dinh Iy:

Tinh hoi tu hay phan ky cia mot chudi s6 s& khong doi khi ta bo di mét s6 hiru han sé
hang dau ctia chuoi so.

BHE qua:

Tinh hoi tu hay phan ky ctia mot chudi s6 s& khong doi néu ta bo di hay thém vao mot
S0 hitu han s6 hang ¢ nhiing vi tri bat ky.

@Dinh Iy:
[en) ]
D
, o Z U, " ‘ s T u,
Néu chudi sé6 *=1  hoi tu va co tong bang S thi vdc ta c6 chudi *=! cling hoi
tu va
[en)
E @i
n=1 =aSs
#Dinh ly
[en) [en)

Néu "=1  va =1 |3 c4c chudi s6 hoi tu thi cac chudi tong va chuoi hiéu sau day
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Z (un+vn) Z (un—vn)

n=1 Va n=1

cling la cac chudi hoi tu. Hon nira:

L] L] L=
Z(:u.n+vn)= Z:u.n + zun

n=l n=1 n=1
va

[+u] [+u] [+
2 G =v)=| 2w, |=| 2V,
n=| n=1 . =1

&3.Tiéu chuin hdi tu Cauchy:

@Dinh ly: Diéu kién can va du dé chudi s6

n=1 (*)

hoi tu 13 v&i moi € > 0 bt ky, ton tai sé N (phy thudc € ) sa0 cho véi moi n tity ¥ 16n
hon N diéu kién sau dau dugc thoa man:

lan+ang +...+anp|<e,véimoip=0, 1,2, []

Tu dinh 1y trén ta suy ra dinh 1y vé di¢u kién can cho su hoi tu ctia mot chudi s6 sau
day.

@Dinh ly:
E M m u =0
Néu chudi *=! hoitythi * = .

[en)
MJ’J
Vay chudisd =1 phanky néu { un} khong tién v& 0 khi n— oo .

@Vi du:
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2 (1) lim (-1)"

4Chudi =1 phanky vi * 7% khong ton tai.

I1.CHUOI SO DUONG

[en)

Chudisé "=1  duoc goi 1a chudi s6 duong néu tit ca cac sb hang cua chudi sb
déu 1a s6 duong. Trudng hop tat ca cac s6 hang déu 1a sé khong am thi chudi s6 duoc
goi 1a chudi s6 khong am. Luu ¥ rang khi xét tinh hoi tu hay phéan ky ciing nhu tinh
téng ciia chudi s khong am ta co thé loai bo ra cac s6 hang bang 0, nén chudi sd
khong am ciing thudng dugc goi 1a chudi sé duong.

Nhan xét ring dy cac tong riéng { Sn} ciia chudi s6 dwong 1a ddy tang nén chudi
sb hoi tu khi va chi khi day { Sn} bi chan trén.

&1.CAc tiéu chuin so sanh
@Dinh ly:
o 2t LV,
Gia sir hai chudi s6 dwong #=!  va #=1  thoa diéu kién un < vn véi n kha 16n
(nghia 1a mg v4i moi n 16n hon mét s6 ng nao do). Khi do

[~u] [~u]
2, 2
#Néu "=1  hoituthi ®=!  hoitu.

enl

e

i
n n
#Néu "=1  phankythi *=1  phanky.

BNhan xét:

enl

[+u] [+u]
o Zun Zvn ) >, (1, +v )
Hai chudi s6 dwong =1 va =1 hoi ty khi va chi khi chudi * =1 hoi
tu.

BVi du: Khao sat sy hdi tu ctia chuoi so

enl

1
nz=:1 En + ﬁ
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Véimoin=1,2,3, ] taco:

o

oot LY
2"+ /n o= 2" N2
n

1

Vi chudi hinh hoc ¢6 sb hang téng quét [2] hoi tu nén theo tiéu chuan so sanh dugc
-
n
2+ ”'I{; hoi tu.

phat biéu trong dinh 1y trén chudi s6 "= 1

BHE qua:

£ A s ege n w ¥
BNeéu ton tai gioi han

[en) [en)
PIE DI

dwong "=! va *=!  cing hoi tu hodc cing phan ky.

n v6i L 1a mot s6 thue duong thi cac chudi sb

u [+u]
lim ~==0 Z 3
A 1 el vn LR Al 5 X n= 1 " ~ 7 Al 5
BNéeu thi ttr sur hoi tu cia chuoi ® = sE kéo theo su hoi tu cua
[+u] [+u]
N Z M’n N Z M"’ ~
chudi "=1 | va tir sy phan ky cua chudi *=!  s&kéo theo su phan ky ctia chudi
[+u]
>,
n—-1
M [+u]
im ==+ >u
FOE R Vn _ A ) X n=1 L A ,
BNEu thi tir sy hoi tu ctia chuoi = s€ kéo theo su hoi tu ciia

> >,

chudi =1 va tir sy phan ky cua chudi ®=!  s3kéo theo sy phan ky cua chudi
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t —won ¥ . iy . T
Trong truong hop T a tandi un twong duong voi vn (khi n — o0 ) va viet

[en) [en)
Su S

=1

[a un ~ vn . Vay: néu un ~ vn thi cac chuoi s6 duong ™ va =1 ciung hoi tu

hodc cung phan ky.

bé ap dung cac tiéu chuan so sanh ta phai ghi nh¢ tinh chat hoi tu hay phén ky cua

mét s6 chudi thudong gap, chang han chuoi hinh hoc. O diy ta cong nhan két qua sau
s
i=1 n

day vé sy hoi tu cua chudi (o 12 tham sb):

; 1
— 0L
chudi =17 hoitue o>l

Két qua nay c6 thé dugc ching minh bang cach 4p dung tidu chuan tich phan Cauchy

[va]
v 1
—
=1

s& duogc trinh bay sau. Ung véi trudng hop o = 1 tacé chudi phan ky.

@Vi du:

1) Khio sat sir hi tu ciia chudi so

=1
sin[ﬂ] kil \’_‘ "
Taco: T/~ Machudi =1 phan ky va n 1a mot hing s6 khac 0 nén
[+u]
Z sin i
chudi -1 e cling phan ky.

2) Khao sat sw hoi tu ctia chuoi so

) ) 1
i=1 2" —n

1
2P —n

Khin— «, tacd —0
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. 1 5 1 1 1
51 e Iy z—n [i]
N 2 -n)_ 2 -n_2"_

3

3)
Vi chudi hinh hoc ¢6 sb hang téng quét 2, hoi tu nén theo tiéu chuan so sanh ta c6

m ! [" J- ‘J
Z sin| —
chudi =1 2 -n cling hoi ty.

3) Khio sat sw hdi tu ciia chudi sd

zln[1+l]
=1 A,
n

Khin— «, tacd — 0.

15 1
]n(l +— ] —
= L il L .
=1 = 1
Z ; Z ]11(1 + ;]
Vichudi '=!  phan ky nén chudi =} ciing phan ky.
&2. Tiéu chuan dlAlembert.

el

2 %,

@Pinh ly: (Tiéu chuin dAlembert) Xét chudi s6 duong *=1

I
_n+l

n 1
Dit " Tacd:

#Néu co6 mot s6 q < 1 va co6 mot sb tu nhién ny sa0 cho
Y n>ny,Dn<q
[+u]
2 u
~ r n .
thi chudi sé6 *=!  hoi tu.
#Néu c6 mot sd tu nhién ng sao cho

YNn>nyDn>1

Sieu tam by hoangly85



GIAO TRINH TOAN CAO CAP Al

[+u]
2. u,
thi chudisé =1  phan ky.

Tu dinh ly trén ta rat ra hé qua sau day, ciling dugc goi la ticu chuan hdi tu
dAlembert:

2
H
@H¢ qua: Cho chudi s6 duong =1 . Giasu
M’n 11
lim

2 = M

no=)

m

2,

#(i) Néu A < 1thichudisd »=!  hoi tu.

]
Z Mi'!

4(ii) Néu A > 1 thi chudisé "=!  phanky.

@Lu’u y:

41
. +
lim —

i ‘
Trong truong hop T T oy (*) thi ta chua két luan duge mot cach chinh xac

[en) [en) 1
>, 1
chudi s6 dwong *=1  hoi tu hay phan ky. Chudi =1 12 mot vi du cho truong
i 1
2
hop chudi s6 duong phan ky thoa man diéu kién (*), va chudi *=* &
cho truong hop chuoi so duong hoi tu thoa man dieu kién (*).

la mot vi du

Qéc khang dinh (i) va (ii) trong hé qua trén ciing dung cho chudi bat ky vai gia thiét
rang

|I£:"1+1|

lim
no= M”' =A.
@Vi du:
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[+u]
Z x
=1 nl Lr o 1A e Ag A . 2 A- )
1) Xet chudi sb = V01 x 1a mot so thuc cho trude. Khao sat sy hoi tu cua
chudi sb.

£ , , X. £ 1s I A g X L s A A
S6 hang thir n cua chuoi s6 1a o Nhan x¢ét rang voi x = 0 thi cac s0 hang déu
bang 0 nén chudi hoi tu. Xét truong hop x # 0, tacod:

I'Ln+1 X
i m+1l
n

Suy ra

lim M:N.+1=1irn x

R s n+l

mx
2T

i=1

Vay chudi hoi tu véi moi X.
w J‘J
2) Khao sat sy hoi tu ctia chudi sb = 17
H?’!
. xS TTT
S0 hang thtr n cua chuoi so 1a T Taco:
) NEESN
Y41 (n+1) 7!
I, {7+ 1) x"

e

) 1
lim (1+—] =g
vy 7= 11 > 1.

i n
o P’I
Suy rachudi *=!  phan ky.

£3. Tiéu chuin cin thirc Cauchy.
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[en)
2 4,
@Dinh 1y: (Tiéu chuén can thie Cauchy) Xét chudi s6 duong 7= 1

DétCn=ﬁ.

#Neu c6 mot s0 q < 1 va ¢ mot so ty nhién np Sa0 cho

thi chudisé =1  hoi tu.
+Néu c6 mot sd tu nhién ng sao cho

Yn>n,Cnh=>1
[+u]
Id
~ r n
thi chudisé *=!  phan ky.

Tur dinh 1y trén ta rit ra hé qua sau ddy, ciling duoc goi 1a tiéu chuan can thirc
Cauchy:

oo
Td.
"

@H¢ qua: Cho chudi sb duong =1

lim
1o Run — g

el

2,

#Néu A < 1 thi chudisd *=!  hoitu.

[+u]
Mn
+Néu A > 1 thi chudisé "=!  phanky.

@ Luuy:
lim .
Trong truong hop * == \"E =1 (*) thi ta chua két luan dugc mot cach chinh xac
m m J-
2 2

chudi sb duong =1 hoi tu hay phan ky. Chudi =1 12 mét vi du cho truong
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= 1
- | 2
hop chudi sé duong phan ky théa man diéu kién (*), va chudi =1

cho truong hop chudi sé duong hoi tu thoa man diéu kién (*).

la mot vi du

Cac khang dinh (i) va (ii) trong hé qua trén ciing diing cho chudi bat ky voi gia thiét
rang

el

@Vi du:

el

x?’!

Xét chudi s6 Voi x 1a mot s6 thuc cho trude. Khao sat sy hdi tu ctia chudi so.

X
1 =—
4 , , X Ay nn .
SO hang thur n ciia chuoi s6 1a . Taco:
X
n .
fun = 1, 0Khi > o0
[en) xn
n
i=1F#

Tur tiéu chuan Cauchy ta suy ra chudi hoi tu v6i moi x.

Xét su hoi tu cua chuoi so

S I
(25T
;

! i+l )

. n
M:

[2 m+1
S6 hang thir n cta chudi sb 1a

7+l J . Taco:

2rm+1
M= 1+l okhin e
- 1.v1+1‘]”

—l n+l

-1 phan ky theo tiéu chuan Cauchy.

Suy rachudi s6 *
&4. Tiéu chuén tich phian Cauchy.

@Dinh Iy: (tiéu chuan tich phan Cauchy)
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2. %, 2 fn)

= w =f{n)

Néu chudi s6 c6 dang =1 ,nghiala ™ v6i moi n; trong d6 f1a
mot ham so0 lién tuc, khdng am va giam trén [1, +oo ) thi ta co:

i ", j f{x) dlx
n-1 1

hoi ty < hoi tu

@Vi du:

i 1
oL

; nt : Xe a: A \ . A =1 FI
1) Xét sy hoi tu cta chuoi dicu hoa mo rong =1

1

U =—
r 4 N r :I! I:F 1 ~
Trude hét ta thay rang néu o < 0 thi 1 (> 1) khong hoi tu v& 0 nén chudi phan
ky. Xét truong hop o > 0. D& thay ring céc tiéu chuan d[Alembert va tidu chuan cin
thire Cauchy déu khong cho ta két luan dugc vé tinh hoi tu hay phan ky cta chuoi so.
1

4 ol \ ’ 9
Ham sé f(x) = * thoa cac diéu kién gia thiét trong tiéu chuan tich phan Cauchy. Do
(eu)

1
— A oo
x* * Zi&

: hoi tu khi va chi khi o> 1 nén chudi =17

tich phan suy rong ’
va chi khi o >1. Tom lai ta co:

hoi tu khi

i 1
oL
=17 hsitne o> 1

2) Xét su hoi tu cua chudi

-ul

1
= nln(n)

1
Ho=—
Sb hang thir n cua chudi s6 1a " nln(n) . Taco:
1
x In(x)

w=f(n) )=
, VO1

4]

Ham s f(x) thoa cac diéu kién cua tiéu chuan tich phan Cauchy. Xét tich phan
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w0

LI

x In(x)
2

Doi bién: u = In(x), thi dugc

(eu] (eu]

1 1
(o) X Edu

|
Z;{ min(n)

Vay chudi = phén ky.
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BAI TAP CHUONG 5

1. Dung dinh nghia dé khao sat sy hi tu va tinh téng (néu c6) ctia chudi sb:

= 1 = 1

(a) nz=:1 H(H-i_l) (b) ng]_ 9?’12_3?14‘2
z 2" 3 2n-

(©) nh-fl 3" (d) n=1 HQ (H_ ]-)j

2. Khao sat du hoi tu cta cac chuodi so.

3. Sir dung ti€u chuén can thuc Cauchy khao sat sy hoi tu ctia cac chuoi so sau:

2y . iy

o ol
> (3 % (S5
= H+2/ (b) n=1 12

1 < [h{zml\] ]”
(© "= arctg n @ = O

4. S dung tiéu chuan drAlembert khao sat sy hdi tu ctia cac chudi sb sau:
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5. Sir dung tiéu chuan tich phan Cauchy khao sat sy hdi tu ciia cac chudi s6 sau:

1
te(#) (n +1)

; Fi ]11(?1) ;

@ * (b) *

6. Cac chudi sau day hoi ty hay phan ky:

el

w41 Z (n+1)t

(a) :'1=I:I'F’I +1(b)n ] 2

oo . r t:t:\1 -
Zﬂ SM(EJ nl_h 11 tE{ l{ n+1) }
() "~ ) ~ '

1 il w

)E In*(n+1)

' 3n+2)In*n (f
R DA

R YL P n

7. Chiing minh rang néu cac chudi * =1 va n=1 hoi tu thi chuoi so

Z a?’! b?‘!

n=1 hoi tu tuyét doi.

8. Cac chudi s6 sau day hoi ty tuyét ddi, ban hoi tu hay phéan ky?

(@) »=! (b) *

= cos(m i) = al
2 E

© " (n+1)]n(n+1)(d)

9. Tim mién hdi tu cua chudi ham.
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o fa+1i oo
L (1) 1
2

CRE NGRS

10. Tim mién hdi tu cia cac chuoi sau day:

PINCE) DI

(& n=! (b) *=1 H
D r'(x:—S) S (1 +2x_]

(©) n=1 H (d) n=1 (.P’I+].)]ﬂ (H +1)
i (Jc—3)|:2n:| ,; (I+2}(n3;

@ "t (F’I+1)]11(F’I+1)(f) o= o

2 nin-1)

o n

x+
11. Cho ham sb y = f(x) = n=2 .
a) Tim mién xac dinh cua f(x).
b) Chimg minh rang ham sd y = f(x) nghiém ding phuong trinh

A-x)yl=1+x1[ly

12. Khai trién Maclaurin cac ham sau:
a) y = x%ex

b) y = sin®x
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Bai 12 Chudi s6 va tiéu chuan hi tu (tt)
11.CHUOI SO DUONG

[en)

Chudisé "=1  duoc goi 1a chudi s6 duong néu tit ca cac sb hang cua chudi sb
déu 1a s6 duong. Trudng hop tat ca cac sd hang déu 1a s6 khong am thi chudi sé duoc
goi 1a chudi s6 khong am. Luu ¥ rang khi xét tinh hoi tu hay phéan ky ciing nhu tinh
téng ctia chudi sb khong am ta c6 thé loai bo ra céc s6 hang béng 0, nén chudi sb
khong am ciing thudng dugc goi 1a chudi sé duong.

Nhan xét ring ddy cac tong riéng { Sn} ciia chudi s6 dwong 1a ddy tang nén chudi
s6 hoi tu khi va chi khi day { Sn} bi chan trén.

1.C4c tiéu chuan so sanh

@Dinh ly:

[+u] [+u]
o 2t LV,
Gia sir hai chudi s6 duwong #=!  va #=1  thoa diéu kién un < vn véi n kha 16n

(nghia 13 Gmg v&i moi n Ién hon mét s6 ng Ndo d6). Khi do

enl

[en)
2 z
n n

#Néu *=1  hoituthi *=!  hoitu.

[+u] [ra)
un z Vn
#Néu "=1  phankythi *=1  phanky.

BNhan xét:

enl

[+u] [+u]
o Zun Zvn ) >, (1, +v )
Hai chudi s6 dwong =1 va =1 hoi ty khi va chi khi chudi *=1 hoi
tu.

BVi du: Khao sat sy hdi tu ctia chuoi so

enl

1
nz=:1 En + ﬁ

Voimoin=1, 2,3, [ taco:
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1 1 [1]”
Do  —=|=
2y fn o= 20 \2

n

1

Vi chudi hinh hoc ¢6 s6 hang tong quat [2] h6i tu nén theo tiéu chuan so sanh duoc

[rul
_‘ .I'J
5 n=1 +"' hoi tu.

phat biéu trong dinh 1y trén chudi sd

BHE qua:

MH
lim — — L
A A s . o Vn r: A A v X X
BNeéu ton tai gioi han véi L 1a mdt s0 thuc duong thi cac chudi so

[en) [en)
2u 2V,

duong =1 va ®=!  cunghoi ty hodc cung phan ky.

H [+u]
. n
lim —=0 Z v
7 a1 —=oo ¥ . ~. =1 n o .
aNéu n thi ttr sur hoi tu cia chuoi * = s2 kéo theo sy hoi tu cuia
[+u]
Ly, Ly, )
chudi =1 va tir sy phan ky cua chudi ®=! 3 kéo theo sy phan ky cua chudi
[+u]
2,
n=1

. [+u]
n=+-:>o Zun

aNéu n thi tir sy hoi tu ctia chudi *=!  s& kéo theo sy hoi tu cta

> >

chudi *=1 | va tir su phan ky cua chudi *=1 3 kéo theo su phan ky cta chudi
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t —won ¥ . iy . T
Trong truong hop T a tandi un twong duong voi vn (khi n — o0 ) va viet

[en) [en)
Su S

=1

[a un ~ vn . Vay: néu un ~ vn thi cac chuoi s6 duong ™ va =1 ciung hoi tu

hodc cung phan ky.

Pé ap dung céc tiéu chuan so sanh ta phai ghi nhd tinh chat hoi tu hay phan ky cua
mét s6 chudi thudong gap, chang han chuoi hinh hoc. O diy ta cong nhan két qua sau
i 1
ol
i=1F

day vé su hoi tu cia chuoi (o 1a tham s0):

; 1
— 0L
chudi =17 hoitue o>l

Két qua nay c6 thé dugc chimg minh bang cach 4p dung tiéu chuan tich phan Cauchy

[va]
v 1
—
=1

s& duogc trinh bay sau. Ung véi trudng hop o = 1 tacé chudi phan ky.

@Vi du:

1) Khio sat sir hi tu ciia chudi so

=1
sin[ﬂ] kil \’_‘ "
Taco: T/~ Machudi =1 phan ky va n 1a mot hing s6 khac 0 nén
[+u]
Z sin i
chudi -1 e cling phan ky.

2) Khao sat sw hoi tu ctia chuoi so

) ) 1
i=1 2" —n

1
2P —n

Khin— «, tacd —0
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. 1 5 1 1 1
51 e Iy z—n [i]
N 2 -n)_ 2 -n_2"_

3

3)
Vi chudi hinh hoc ¢6 sb hang téng quét 2, hoi tu nén theo tiéu chuan so sanh ta c6

m ! [" J- ‘J
Z sin| —
chudi =1 2 -n cling hoi ty.

3) Khio sat sw hdi tu ciia chudi sd

zln[1+l]
=1 A,
n

Khin— «, tacd — 0.

15 1
]n(l +— ] —
— n i n .
=1 = 1
Z ; Z ]11(1 + ;]
Vichudi '=!  phan ky nén chudi =} ciing phan ky.
&2. Tiéu chuin d/Alembert.

el

2 %,

@Pinh ly: (Tiéu chuin dAlembert) Xét chudi s6 duong *=1

I
_n+l

n 1
Dit " Tacd:

#Néu c6 mot s6 q < 1 va co6 mot sb tu nhién ny sao cho
Y n>ny,Dn<q
[+u]
2 u
~ r n .
thi chudi sé6 *=!  hoi tu.
#Néu c6 mot sd tu nhién ng sao cho

YNn>nyDn>1
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[+u]
2. u,
thi chudisé =1  phan ky.

Tu dinh ly trén ta rat ra hé qua sau day, ciling dugc goi la ticu chuan hdi tu
dAlembert:

2
H
@H¢ qua: Cho chudi s6 duong =1 . Giasu
M’n 11
lim

2 = M

no=)

m

2,

#(i) Néu A < 1thichudisd »=!  hoi tu.

]
Z Mi'!

4(ii) Néu A > 1 thi chudisé "=!  phanky.

@Lu’u y:

41
. +
lim —

i ‘
Trong truong hop T T oy (*) thi ta chua két luan duge mot cach chinh xac

[en) [en) 1
>, 1
chudi s6 dwong *=1  hoi tu hay phan ky. Chudi =1 12 mot vi du cho truong
i 1
2
hop chudi s6 duong phan ky thoa man diéu kién (*), va chudi *=* &
cho truong hop chuoi so duong hoi tu thoa man dieu kién (*).

la mot vi du

Qéc khang dinh (i) va (ii) trong hé qua trén ciing dung cho chudi bat ky vai gia thiét
rang

|I£:"1+1|

lim
no= M”' =A.
@Vi du:
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[+u]
Z x
=1 nl Lr o 1A e Ag A . 2 A- )
1) Xet chudi sb = V01 x 1a mot so thuc cho trude. Khao sat sy hoi tu cua
chudi sb.

£ , , X. £ 1s I A g X L s A A
S6 hang thir n cua chuoi s6 1a o Nhan x¢ét rang voi x = 0 thi cac s0 hang déu
bang 0 nén chudi hoi tu. Xét truong hop x # 0, tacod:

I'Ln+1 X
i m+1l
n

Suy ra

lim M:N.+1=1irn x

R s n+l

mx
2T

i=1

Vay chudi hoi tu v4i moi x.
w J‘J
2) Khao sat sy hoi tu ctia chudi sb = 17
H?’!
. xS TTT
S0 hang thtr n cua chuoi so 1a T Taco:
) NEESN
Y41 (n+1) 7!
I, {7+ 1) x"

e

) 1
lim (1+—] =g
vy 7= 11 > 1.

i n
o P’I
Suy rachudi *=!  phan ky.

£3. Tiéu chuin cin thirc Cauchy.
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[en)
2 4,
@Dinh 1y: (Tiéu chuén can thie Cauchy) Xét chudi s6 duong 7= 1

DétCn=ﬁ.

#Néu co mot s6 q < 1 va cd6 mot sb tu nhién ny sao cho

thi chudisé =1  hoi tu.
+Néu c6 mot sd tu nhién ng sao cho

Yn>n,Cnh=>1
[+u]
Id
~ r n
thi chudisé *=!  phan ky.

Tur dinh 1y trén ta rit ra hé qua sau ddy, ciling duoc goi 1a tiéu chuan can thirc
Cauchy:

oo
Td.
"

@H¢ qua: Cho chudi sb duong =1

lim
1o Run — g

el

2,

#Néu A < 1 thi chudisd *=!  hoitu.

[+u]
Mn
+Néu A > 1 thi chudisé "=!  phanky.

@ Luuy:
lim .
Trong truong hop * == \"E =1 (*) thi ta chua két luan dugc mot cach chinh xac
m m J-
2 2

chudi sé duong =1 hoi tu hay phan ky. Chudi =1 12 mét vi du cho truong
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= 1
- | 2
hop chudi sb duong phan ky théa man diéu kién (*), va chudi =1

cho truong hop chudi sé duong hoi tu thoa man diéu kién (*).

la mot vi du

Céc khang dinh (i) va (ii) trong hé qua trén cling ding cho chudi bat ky véi gia thiét
rang

el

@Vi du:

el

x?’!

Xét chudi s6 Voi x 1a mot s6 thuc cho trude. Khao sat sy hdi tu ctia chudi so.

X
1 =—
4 , , X Ay nn .
SO hang thur n ciia chuoi s6 1a . Taco:
X
n .
fun = 1, 0Khi > o0
[en) xn
n
i=1F#

Tur tiéu chuan Cauchy ta suy ra chudi hoi tu v6i moi x.

Xét su hoi tu cua chuoi so

S I
(25T
;

! i+l )

. n
M:

[2 m+1
S6 hang thir n cta chudi sb 1a

7+l J . Taco:

2rm+1
M= 1+l okhin e
- 1.v1+1‘]”

—l n+l

-1 phan ky theo tiéu chuan Cauchy.

Suy rachudi s6 *
&4. Tiéu chuén tich phian Cauchy.

@Dinh Iy: (tiéu chuan tich phan Cauchy)
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2. %, 2 fn)

= w =f{n)

Néu chudi s6 c6 dang =1 ,nghiala ™ v6i moi n; trong d6 f1a
mot ham so lién tuc, khong am va giam trén [1, +oo ) thi ta co:

i ", j f{x) dlx
n-1 1

hoi ty < hoi tu

@Vi du:

i 1
oL

; nt : Xe a: A \ . A =1 FI
1) Xét sy hoi tu cta chuoi dicu hoa mo rong =1

1
I
Trude hét ta thay rang néu o < 0 thi 1 (> 1) khong hoi tu v& 0 nén chudi phan
ky. Xét truong hop o > 0. D& thay ring céc tiéu chuan d[Alembert va tidu chuan cin
thire Cauchy déulkhéng cho ta két luan duoc vé tinh hoi tu hay phan ky ctia chudi sd.

7 ol \ , 9
Ham sé f(x) = * thoa cac diéu kién gia thiét trong tiéu chuan tich phan Cauchy. Do

lu':h:\

1
— A oo
x* * Zi&

: hoi tu khi va chi khi o> 1 nén chudi =17

tich phan suy rong ’
va chi khi o >1. Tom lai ta co:

hoi tu khi

F

1
2
=1

hoi tu < a > 1.

2) Xét su hoi tu cua chudi

-ul

1
Z 7 ln(n)

i-2
1
‘ ~. 1 Hn = In
S6 hang thir n ca chudi s6 1a nln(n) 150
1

() =

w,=fn) * In(x)

4]

Ham s f(x) thoa cac diéu kién cua tiéu chuan tich phan Cauchy. Xét tich phan
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w0

LI

x In(x)
2

Doi bién: u = In(x), thi dugc

(eu] (eu]

1 1
(o) X Edu

|
Z;{ min(n)

Vay chudi 1= phan ky.
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Bai 13 Chudi tong quat, chudi ham

[11. CHUOI TONG QUAT
&1. Chudi dan dau
Cho diy { a,} cac sd ) duong, chudi sb ¢6 sb hang tong quat up = (-1)™n hay u = (-
1)™a, duoc goi 1a chudi dan diu. Lién quan dén chudi dan dau ta co tiéu chuan hoi tu
leinitz nhu sau:
@Dinh Iy: (tiéu chuan Leibnits)
Néu chudi dan diu thoa man 2 diéu kién:
Day { a,} la day duong giam, va
lim «
n = " = 01

thi chudi hoi tu. Hon nita tong S cta chudi théa 0 < S < uy.

@ Chi thich:

Chudi thoa didu kién cua tiéu chuan Leibnitz trong dinh 1y trén dugc goi 1a chudi
Leibnitz. Néu dung tong

"
s,
Sn=*=

—_

dé xép xi tong ctia chudi Leibnitz thi phan du thi n ciia chudi 1a Rn thoa:
|[RN|<|uns |

i (-1)"

@Vi du: Khao sat sy hdi tu ciia chudi " =-
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== (-1)'a 4T

Chudi sb 1a chudi dan diu ¢6 sb hang thirn 1a " ovoi

la day s6 duong giam va hoi tu vé 0. Vay chudi so " la chudi Leibnitz nén

chudi hai tu.
&2. Hoi tu tuyét dbi

@Dinh nghia:

[+u] [+u]
U |2, |
~ 14 14 4 —_ n . 4 4 ~. —_ n
#Chubdi s6 (co dau batky) "=!  duoc goi 1a hdi tu tuyét [6i néu chudi " =1
hoi tu.

el

[+u]
Ly, iy, N
#Chudisé "=1  duogc goi la bdn héi tu néu chudi ®=!  hoi tu nhung chudi
[+u]
2l
n=1"" phan ky.

el

>u |

Ghi chii: Chudi *=!  khong dan téi sy hoi tu cia chudi ?=1

@Vi du:

S i1

~ P 5 ~ \
1) Chudi " =1 hoi tu theo tiéu chuan Leibnitz nhung chudi didu hoa * =1
i (-1)"
~ Fl
phan ky. Vay chudi * =1 la ban hoi tu.
= -1 n+2 (-1) 5 +2

3 T B el
2) Xét chudi *=1 T ”'Irﬂ €6 s0 hang tong quat Tt v.‘; :
Taco:

-)'a+2] 0m 1

e |
" rz3+-,fg LT
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> -
2
va chudi diéu hoa mé rong

2 s, |
n
n=117 hoi tu. Suy ra chudi *= 1 hoi tu theo tiéu
i (-1)'n+2 1) n+2
chuén so sanh. Vay chudi " =1 n ’/_ hoi tu tuyét doi.
@Dinh ly:

[~u] [~u]
DAY 2,
Néu chudi "= hoi tu thi chudi =1  hoitu va

Dudi day 1a mdt so tinh chat da dugc ching minh lién quan dén cac chuoi hdi tu
tuyét doi.

@Dinh ly: (Riemann)

el

i
N n
Gia stt chudi =1

ban hoi tu Khl d6 v&i moi sb S hitu han hodc 14 S =+ o, ton tai
S.

mot cach thay doi vi tri ciia cac s6 hang ciia chudi dé duge mot chudi méi co tong 1a

@Dinh Iy:

[Fu)
5
L M'n

Néu chudi ?-!

hoi tu tuyét d6i thi khi thay doi vi tri cac sb hang cua chu6i mot
dau.

Cach tlly ¥ ta van duge mot chudi méi hoi tu tuyét dbi va co clng tong véi chudi ban

@Dinh ly: (Cauchy)

[~u] [Fu)
Su, v
Néu cac chudi *=! va #=!l

. , .V
chuoi gom moi so6 hang

o

hoi tu tuyét dbi va co tong lan luot 1a S va T thi
Pi(=120,nj=
[udn hdi ty tuyét doi va co6 tong bang ST

1,2, [1, n) theo mot thir tu bat ky
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V. CHUOI HAM

&l1. Pinh nghia

At I . : .
Cho diay ham s6 ~ * voin=1,2, [1 cung xac dinh trén mot tap E cac so thuc. Khi
do6 voi moi x € Etaco chuoi so

2 ()

n=1

Zl Jolx)

Khi xét x bién thién trong E, ta goi chudi la mot chudi ham. Diém xo € E

PIFAEH

ma chudi * 1 hoi tu duogc goi 1a Liém héi tu; tacling ndi chudi ham hoi tu tai

Xo. Tap tat ca cac diém hoi tu duge goi la mién hoi tu cia chudi ham. Goi D 1a mién
hoi tu cta chuoi ldy thura, ta co:

S =20 1)
=1

S(x)= 2. £,(x)

n=1

R()= 2. fx)

F=n+1

la cac ham sb cua x xac dinh trén D. Sn(x) duoc goi la tong riéng thir n ctia cl}uSi
ham, S(x) la tong cua chudi ham va Rn(x) 1a phan du thi n cta chudi ham. Tong S(x)
C6 the biéu dien dudi dang
S{x)=3(x)+EK (x)
S(x)=Im 3 (x) im E(x)=0

Véimoi x € Dtacd ¥ oo ,nén **™ , nghiia 1a phan du
cia chuoi ham hoéi tu dén 0 khin — +o0 .

@Vi du:

1) Tim mién hoi tu ctia chudi ham
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ok

L 43

n=1

= L=
s L - 1
£ 2. % n e
DA biét ring chudiso *=1 ™ hoi tu khi va chi khi o > 1. Do d6 chudi ™~ "
héi tu khi va chi khi In(x) > 1, hay x > e. Suy ra mién héi tu ctia chuoi ham 1a D = (e,
+00 ).

2) Tim mién héi tu cta chudi ham
= (n-1)  (na)

Z (-1)?’1 Henl

n=1

1 nx
s

= (n-1)
2 (1) Tk
n=1

in=13  (nx)
w =(-1) ne

Vi mbi x, chudi s6 (*) cb so hang tong quat

, Vo1
lim |un +1|
o N |Mn|
(n+1.x
{m+1)
nhi:»nm (nr)
= e = ex.

Theo tiéu chuin hoi tu dlAlembert ta co:
#) <1< x <0: chudi (*) hoi tu.

#) > 1< x>0: chudi (*) phan ky.

2 (1)'n

#) = 1< x=0: chudi (*) c6 dang * =1 la chudi phan ky.
= (n-1)  (nx)
> (1) ne
Vy mién hoi tu cua chudi ham * =1 laD = (-0, 0).

3) Tim mién hoi tu ctia chuoi ham
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o n

7l
n
= 2
n=1 (1 +x%)
= " -
7 i T i
L a w
. x xo & om=l (1 4x2) . : (1+%°) .
V§1 moi x, chudi so v T 7 (%) €6 ¢ so hang tong quat VTS Vol
lim
L= n=e Hun
B 7
2
—n-w 1 +x

= +o0 .

Theo tiéu chuan cin Cauchy ta ¢ chudi phan ky (véi moi x). Vay mién hoi tu ctia
chuoi ham la tap hop rong.

&2. Hoi tu déu
@Dinh nghia:

Xét x bieén thién trong mot tap X nao d6 nam trong mién hdi tu cia chuoi ham

2 5

n=1 . Goi S(x) 1a tong cua chudi ham va Sn(x) 1 tong riéng thir n ctia chudi

ham. Néu voi moi € > 0, ton tai ng(e ) sao cho

Vn>n(e),VxeX, |Sn(X) ISX)|<e
thi ta n6i chudi ham hgi fu [éu toi ham S(x) trén tap X, hodc diy ham Sn(x) hoi tu déu
to1 ham S(x) trén tap X. Diéu nay ciing c6 nghia la day cac phan du Rn(x) = S(x) -
Sn(x) hoi tu déu tdi 0 trén X.

Pinh 1y sau day cho ta mét tiéu chuan vé sy hoi tu cling nhu hoéi ty déu cta chudi
ham.

@Pinh ly: (tiéu chudn Weierstrass)

P TACI I

Néu " irng v4i moi n 16n hon mot ng nao d6 va véi moi x € X va chuoi so

2., 2 S

duong =1  hoi ty, thi chudi ham *=! hoi tu déu va hoi tu tuyét ddi trén X.
@Vi du:

1) Khao sat su hdi tu ctia chudi ham
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sin(# x)

n=1 1 +1

Taco:

sin(rx) - 1

¥
1+ P

i 1 i sin(# x)

2 2
mg v6i moi x € R va do chudi ® ! ’ hoi tu , nén chudi ham * ! 14
déu va hoi tu tuyét dbi trén toan truc s theo tiéu chudn Weierstrass.

hoi tu

2) Khao sat sy hoi tu ctia chudi ham

= In(n)
n=1 .F’I2 +JC2
. In(m)
lim =0
Do " 7™ 'ﬁ nén ton tai ng a0 cho véi moi n > g thi

1
In{#x) = 3 JH
Suy ravéi moi n > N va véi moi s6 thuc x ta co:

In(m) 1 fn

-
nt+xzt 2 n? x? < 71

—

1,|,I.F’I
KE

bd| =

(32

1 hoi tu. Vay theo tiéu chuan Weierstrass

\ X+ A g:A \ 2 A n—.
ma chuoi s6 dieu hoa (md rong)

- _In(n)

2 2
=1 M | X n A \ L Ac Ny AT LA \ J4
n=1 hoi tu déu va hoi tu tuyét doi trén toan truc so.

chudi ham
£3. Tinh chit ciia chudi ham héi tu déu

Trong muc nﬁy s€ phat biéu mot sb dinh ly vé tinh chét ctia cac chudi ham hoi tu
déu.

@Pinh ly: (Tinh lién tyc ciia ham tong)
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[+u]
. 2 fix)
Néu moi ham lién tuc trén X va chudi ham * =1 hoi tu déu dén ham S(x)
trén X, thi S(x) cling lién tuc trén X.

n

@Dinh Iy: (tich phan timg s6 hang)

2 Fx)

n lién tuc trén [a, b] va chudi ham * =1 hoi tu déu dén ham

Néu moi ham
S(X) trén [a, b], thi

b

el

b £(x) e = ‘i fﬁ(x)afx
jS(x)cfx ot 14

73

@Pinh ly: (dao ham timg s6 hang)

Gia sir ta ¢ cac diéu kién sau day:
x .
#Cac ham " c6 dao ham lién tuc trong khoang (a, b);

2. ()

#Chudi ham *=1 hoi tu dén S(x) trong (a, b);

2 fx)

#Chudi cac dao ham " =1 hoi tu déu trong (a, b).

Khi d6 S(x) c6 dao ham trong khoang (a, b) va

- n=1

{Z J;(XI'J 2 &)
Si(x) =
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Bai 14 Chuéi liiy thira

V.CHUOI LUY THUA
&11.Pinh nghia

Tagoi chudi ham c6 dang

el

> a, (x—xn)n=an+a1 (x—x ) +a, (x—xn)2+ -
n=(

aﬂ’al’az"" cix s Y S X1~
dugc goi 1a cac hé so cua chuoi liy

L0)=a, (x—x,) .

la chudi liy thira. Cac hang sb

, a P 5
thira, hé s6 " dugc goi 1a hé s6 tong quat ctia chudi. Ta goi
S0 hang tong quat cua chuoi iy thua.

. ) . =X—X 5 x
Neéu thuc hién phép doi bién U thi chudi lily thira trén trg thanh chudi c6
[en)
>, a X
dang * =0 . Do d6 trong cac muc tiép theo dudi day ta chi chudi lity thira co
dang
[en)
1
Z @, x
n=u (* )
@Vi du:

n

i X

~ +1
1) Chudi lity thira ® =L
Lo 1
a+1 _

c6 hé s6 tong quat 1a

2) Chusi liiy thira

5 (4)‘”"? (c+2)"

n=1 i 2"
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in-13
_ (1)
?’1_ HEH

i
c6 hé sb tong quat 1a

ng q . Bang cach d6i bién X = x+2, chudi lity thira
duoc chuyén ve dang

SNCO RN

S’

r=1 n2"

&2. Ban kinh hdi tu va mién hdi tu
Mot trong nhiing van dé duoc xem xét d6i voi chudi lity thira 1a tim mién hoi tu. Cho
chuoi lity thira
[+u]
)
Z @, x

n=0 (*)

Trude hét c6 thé thay rang chudi (*) hoi ty tai x = 0. Dinh 1y sau day 1a mot trong
nhirng két qua quan trong lién quan dén van dé tim mién hdi tu ctia chuoi Iy thura.

@Dinh ly: (Abel)

[+u]
, ) > a X' , ) ’
+Néu chudi liiy thira " hoitutai °  thi chudi ciing hoi tu tuyét ddi tai
(5 b =%, )
moi x € | DL | D| .
[+u]
H
, ) > @, x . )
4Néu chudi lity thira ?=0 phan ky tai 1 thi chudi ciing phéan ky tai moi x &
[, b=, 11
#Ching minh:
[+u] [+u]
" a x|
QX
ca X~ | =1 " A -xn;éﬂ ~ o 1s X. X m=0l no0 A
Gia st chuoi Ity thtra ™ = hoi tu tai , Nghia 1a chuoi so "= hoi
tu. Khi do
. 1
im o x, =0
31— "
n
c;5:"1 JCI:I |

= €6 s0 duong M sao cho < M vé1 moi s tu nhién n.
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, XL —|X
Cho mét s6 thuc x € ( ':'L | ':'D.Tac():

H
E_ A
|6, x |_|an”ﬂ|x0 o

<.!.....

oy
I

.:E‘<|>~:

V61 0 = <1

[+u] [+u]
n n

25 2 a,x

Chudi hinh hoc =1 hoi tu do q <1, nén chudi ™ =0 hoi tu tuyét doi.

el

n
QX
. . , X: 1o < om=0l " A np At A (|x|:|l7_|x|:||)
Toém lai ta ¢6 chuoi iy thira hoi tu tuyét doi trén
cua dinh ly dugc chung minh.

. Phan (i)

[ru]
n
S a,x

T Xe 1o \ = A1 X Loy x. £
Bay gid gia sir chudi lity thira =1 phan ky tai !, nghia la chuoi s6
[en) el
n
0 bt
@ x @ x
2, %% AU SETUEN | TN T S
n= phan ky. Néu c6 so thuc x ¢ ma chuoi ®~ hoi tu

il n
@ x
1 ~ n 1 2
thi theo phan chimg minh & trén ta c6 chudi #="7 hoi tu (mau thuan). Vay

[, bl (]

chudi phan ky tai moi x ¢ . Phan (ii) cua dinh 1y dugc ching minh.
Tu dinh ly Abel ta c6 mot sb nhan xét vé dang cua mién hoi tu ctia chudi lity thira
@

E a, x"

n=0 nhu sau. Trude hét chudi hoi tu tai x = 0 voi tong bp sau day:

#Truong hop 1: Chudi chi hoi tu tai x = 0.

#Truong hop 2: Chudi hdi tu trén toan truc sb.

"
N E “n < , x #0 , X .
#Truong ho’j) 3: Chudi *=1 codiémhoitu U vacodiémphanky “1. Tat
nhién 1a 15| <l | theo dinh 1y Abel. Vay mién hoi tu D ctia chudi liy thira phai
thoa D [_| "1 L |>:1 |] nén bi chan. Do tinh dﬁy dua cua tap sb thue D ¢6 can trén
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dung R. C6 thé thay rang néu x |

> R thi chudi phén ky tai x, va néu x € (-R, R) thi
chuoi hoi tuy tai x.

@Dinh nghia: (ban kinh hdi tu)
a x"
Cho chuéi lity thira ® = . Néu t6n tai s6 duong R sao cho chudi lity thira hoi tu

tai moi X ma |.?C | < R va chudi phan ky tai moi x ma |x | > R, thi R duoc goi 1a ban
kinh 0i tu ctia chudi liiy thira. Truong hop chudi chi hoi tu tai x = 0 ta n6i ban kinh hoi
tu cua chudi liiy thira 1a R = 0; néu chudi hoi tu trén toan truc sd thi ta néi ban kinh
hoitula R =+ .

Theo dinh nghia trén ta c6 cac truong hop vé mién hoi tu ctia chudi lily thira nhu
Sau:

#Néu ban kinh hoi tu R 12 mot s6 thuc dwong thi mién hoi tu D ctia chudi iy thira 13
mot trong 4 truong hop sau:

1) D = (-R, R) khi chudi khong hoi tu tai = R.

2) D =[-R, R] khi Chuéi hoi tu tai + R.

3) D =[-R, R) khi ChU(:)i hdi tu tai -R nhung khong hoi tu tai R.
4) D = (-R, R] khi chuoi hoi tu tai R nhung khong hdi tu tai -R.
#Néu R = 0 thi mién hoi tu ciia chudi lity thira 1a D = { 0} .
#Néu R = +oo thi mién hoi tu ciia chudi lity thira 1a D = R.

\/éy viéc tim ban kinh hoi tu cta chuéi Iy thira 1a budce rat quan trong cho viéc tim
mién hoi tu ctia chudi liiy thira. Ta c6 thé tinh ban kinh hoi tu ctia chudi liiy thira dya
theo dinh 1y dudi day.

@Dinh ly: (Tim ban kinh hdi tu)

iax” lim —|an+1|—p -
~ n oo ") B lim n
Chochudiliy thia "= Giass "7 1% pay aoe Madz e,
Khi @6 ban kinh hoi tu R ctia chudi lity thira 1a

1

#R= P néu Flasé thuc duong;
#R=0néu P=+w;

2R =40 néu FP=0.

@Vi du:
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1) Tim mién hi tu ciia chudi liiy thira

oo

2. (1)

n=1

n+1
"

in+1)
FI

@ =1-1
" (-1) . Taco

Hé so tong quat cua chudi Iy thira 1a
| ﬁn 11 |
2 =3 | ﬂ”|

=1=>R=1

Pé xac dinh mién hoi tu ta cAn xét su hoi tu cta chudi tai cac diém -1 va +1. Xét tai x

S s S ()

= -1, tathdy chudi s6 *=1 n=1 phan ky. Tai x = 1, ta c6 chudi
[en)
(n+13
PONC R
so *=1 ciing phan ky(do sb hang téng quét ctia chudi s6 khong dan vé
0).

Vay mién hdi tu cta chudi lity thira 1a D = (-1, 1).

2) Tim mién hgi tu ctia chudi lity thira

[

xn
P

=
1]
—

Hé s6 tong quét ciia chudi lity thira 1a "M Tacs

lim |an+1|_].i1]1 ¥l

"= |ﬂn| Cnow AL

= ban kinh hoi tu R = 1.

i (-1)"
~ FI
Xét tai x = -1, taduoc chudi *=1
i 1
FI

chudi diéu hoa *=! " nén 1a chudi phan ky.

la chudi Leibnitz nén hoi tu. Tai x = 1 ta co

Vay mién hdi tu cta chudi lity thira 1a D =[-1, 1).
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3) Tim mién hdi tu ciia chudi liy thira

o ()" U x+2)"
! n2'

(1 I:n+1]I
~ n
Hé so tong quat cua chuoi iy thira 1a rn2 VGixo=-2Tacod
].irn |a?’1+1| Pl
H —oo |a:‘1| B —% 0 2ﬂ+2
= ban kinh hoi tu R =2
Sl I?‘!+l) =R 2n+1)
T 1) -2 <« D
L, = Pl A ¥
Xét tai x = xo [IR = -4, taduoc chudi so "= - n=1
= o . n+ 1)
<L = (D" (es2y
L b =
n=l phan ky. Tai x = xo + R =0, tadugc chudi *~! i
o (n+1)
~ (1)
L

b n 2 .
n-1 hoi tu theo tiéu chuan Leibnitz

Vay mién hoi tu ctia chudi lity thira 1a D = (-4, Q]

4) Tim mién hdi tu ciia chudi liy thira

[ru]
Zrz!x”
n=>0

C6 thé tinh duoc ban kinh hoi tu cta chudi lay thira 1a R = 0. Suy ra chuoi chi héi ty
tai x = 0, tirc 1a mién hoi tu D = { 0}

5) Tim mién hdi tu ciia chudi liy thira
= %
Z b
¢ nl

n

Co thé tinh dugc ban kinh hoi tu ctia chudi lily thira 1a R = +oo . Suy rachudi hoi tu tai
moi x, tc la mién héitu D =R

&3. Cic tinh chit ciia chudi lity thira
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Trong muc nay s€ néu 1én mot s6 tinh chat cua chudi Ity thira lién quan dén su hoi tu
deu, tinh lién tuc, tinh dao ham va tich phan.

@Tinh chit 1:

Chudi Iy thira héi tu déu trén moi doan [a, b] nam trong khoang hdi tu cua no.
@Tinh chit 2:

Tong ciia chudi lity thira 1a mot ham lién tuc trong khoang hi tu ctia né.
@Tinh chat 3:

Taco thé 1dy tich phan timg s6 hang ctia chudi lity thira trén doan [a, b] ndm trong
khoang hoi tu ctia no. No6i cach khac ta ¢

b

a

b

Z anxncfx=z J anxncfx
n=>0 n=0 .

=

Ngoai ra, néu goi S(x) 1a ham tong ciia chudi lity thira va R 1a ban kinh hoi tu thi véi
moi x thudc khoang hoi tu (-R, R) ta co:

X

fS(r) dt = i J a i*dt

n n=0 0

@Tinh chit 4:

Taco thé 1y dao ham timg s hang ciia chudi lity thira trong khoang hoi tu ctia né va
chuoi méi nhan duge cling ¢6 cung ban kinh hdi tu véi chuoi ban dau.

@Vi du:
1) Tinh tong

1514
S(x)=x—=x"4+=x"— ...
(x) X 3

Co thé tinh dugc dé dang 1a ban kinh hi tu cQa chubi Iy thira 12‘} R =1, vay kh~oémg
hoi tu 1a (-1, 1). Trong khoang hoi tu nay, ta lay dao ham tirng s6 hang ctia chuoi thi
duoc
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1
E'(x):l—x+x2—x3+ e

2) Ly tich phan ctia SI(x) trén doan [0, x] s& duoc

S(x)=j1—x+x2—x3+ coLdx +5(0)
n

1
— | ——dt+ 0
1+t *

n
Suy ra:
5(x)=In(|1 +x])
Tinh tong

2
My =1+4+2x+3x"+ ... Ix|<1

Taco:

l+x+x*+x°+ ... =
1-—=x

L4y dao ham timg s6 hang trong khoang (-1, 1) thi dugc

: 1y 1
1+2x+43x+ ...= —
1-x/) _ (1-x)
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