Todn 12 Chwong 5-PT mit phing, dwing thing, mdt cau trong KG — Bai tip theo CT mdi 2025
CHU PE 5
GIA TRI LON NHAT, GIA TRI NHO NHAT LIEN QUAN PEN MAT PHANG

DANG 1
GIA TRI LON NHAT, GIA TRI NHO NHAT LIEN QUAN PEN BIEU THUC

A. 4

Oxyz , cho cac diéem "

Bai toan 1. Trong khong gian 24, va mat phang (P):Ax+By+Cz+D=0

H[N[N N} N[ NIH]H] H[NH]H]
-':L)f{-t;. . _11“ : :.:I} (P) s20 cho T :|t’{‘| .'ir"fAI + {f:.“’fﬁ!: ..+ If’{‘ﬂ .'ﬁ"fA_“

Tim toa d6 diém thudc mit phang nho nhat

a;a,... o to,+..ta, ;éO)_

e (04 N A . 5 ~
(voi 7 1a cac so thuc cho trudc thdéa man

Phwong phap giai
Cich 1: Phwong phap hinh hoc (Chon diém phu)

Buéc 1: Tim toa dd diém phu /

Ll uug u]N N}

a4 +o, 14, + .. +a 14, =0

Duva vao dfmg thire ta tim dugc toa dd diém 7 .

Ta co:
e, (M1 +14)+ @, (M1 + 14, )+ + @, (M1 +14)
jm 1l a0d ma
:(f'{‘l +a, Lt ).-‘wlf +a I v J4, + .+ T4, .
]m 00 a00 om

=(a,+ea, +..+a)M  (do a 14 +a 4, +.. +a I4, =0)

LILILIL LI (NN} LILLI
= T =|a, MA, + @, MA, + ..+ @, MA | =|a + @, +...+ a,|| M1

T = |MI

YA X A0 s S ST A A .
Vi » la hang so khéac khong nén mn

Ma M E€(P) an MI nho nhét khi diém M cin tim 13 hinh chiéu cia ! trén mit phing (©)

Budc 2: Tim toa d9 diém M

+ Lap phuong trinh tham s dudng thang IM voi W7

M =IM U(P)= 45 diém M can tim.

+ Ta co
Cach 2: Phwong phap dai s6
Dung bt dang thtrc bo 3 ctia Bunhiacdpxki

; ab,c,x,y,z€R

Vo , ta co:

(ax+by+cz) =(a” +b" +7)x + 3" +2°
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a b

C
= — =D—=—
£

Dau"="xayra *

AL A,.....A

Oxyz , cho cac diem " * va mat phang (

Bai toan 2. Trong khong gian P):Ax+By+Cz+D=0

-

Tim toa do diém M (x,:35:2,) thudc mat phéng (P) sao cho I =aMA; +a, M4, +..+a,M4, nho nhét(
hodc 16n nht) (véi @ %2~% 13 cac s6 thuc cho trude théa man @ ¥ % ¥+, #0y
Chi y:
T . =da+a+..+a =0
.= a+a +.+a <0
Phwong phap giai
Cich 1: Phwong phap hinh hoc (Chon diém phu)
Buéc 1: Tim toa d diém phu /
+Goi I 13 diém thoa man; @ 1A * @ 1A+ 14, =0
+ Dua vao déng thirc A +a, 4, +..+a,ld4, =0 ta tim dugc toa do diém 7 .
+ Ta co:
T =aMA +a,MA; +..+a MA
0000 M 1000
=, (MA) +a,(MA) +..+a, (M4,
i 0 ood 0l . oo ool
o, (Mr+14) +a,(MI+14) +..+a, (MI+14)
i i ) omd, of od i
=(a, +at, +.ct @, IMP + a4 + @ IA +.. 4 a A +2MI(a 14 + a JA +...+ a I4, )
oo i oo of -~

=(a, +a, +..4a IMI+ il +a id +..+ald  (do aid +a id, +..+a, I4, =0)

mN |}

=T =(a, +a, +...+a, IMI +a I4’ +a, 04 +.. +a A

-

AT+l +.. a4, khéng d6i nén:

+Vi
evii AFAF ¥, >0 40 T ot 64 tri nho nhat khi va chi khi M nho nhat.
evai GO FT <0 4 T at i tri 16n nhét khi va chi khi M nho nhét.

+Ma M €(P) nen MI nhé nhét khi diém M cin tim 12 hinh chiéu cta / trén mit phang (P)
Budrc 2: Tim toa do diém M

ta [

+ Lap phuong trinh tham sé duong thang IM vgi ' ="» =(4B:C)

M =IM J(P)=

+ Ta co do diém M can tim.

Cich 2: Phwong phap dai sb
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Dung bit dang thirc bo 3 ctia Bu—nhia—cp—xki

Vi a,b,c,x,y,z€ R (ax+by+cz) <(a” +b" + ) x° + 17 +27)

, ta co:

_ = =

[T et

a b
..L!

Déau " =" xay ra

PHAN I. Ciu tric nghiém nhiéu phwong 4n lya chon. M&i cAu héi thi sinh chi chon mdt phwong 4n.

Caul. Trong khong gian véi hé toa do Oxyz ,cho hai diém A(1;0,2), B(3;1;- 1) va mit phing

uu 1NN
kel — (e e 3IMA- 2MB .
(F)ixty+z-l _G. Goi Mla:bic) €(F) sao cho dat gid tri nho nhat. Tinh
S =%9a+3b+0c
A. 4. B. 3- C. 2. D. 1.
Loi giai
Chon B
Céch 1: Phuong phép hinh hoc
Goi 1(m:7:1) 13 didm thoa man: 314+ 2B =0.
Ta c6 };1 =(1- m;-n;2~ p};}JE =(3- m;l-n;-1- p).
— [ = =72 = - ( L
i 3(1-m)=- 2(3-m) =0 m=-3
3/4- 2IB =0« {3(-n)- 2(l-n)=0 = n=-2=I(-3-28)

13(2-p)-2(-1- p)=0 |p=8

auln} L u[un L LIl [ auln}
ma- EMB‘ :‘3(.-WI+IA}— 2(MI +1B)| =|Mi| =mr.
Taco
uuu uuu
3MA- 2MB , ,
Khi do, dat gia tri nho nhit, ¥ € (P) = MI yhe nngt, M €(P)

< M 13 hinh chiéu vudng goc ctia  trén (P).

Goi A 1a duong thang qua / va vudng goc véi (P)- Kni do A nhén vecto phap tuyén cta (P) 1y
(x == 3+¢
= A1y =-2+1t.

n =(LLD jam vecto chi phuong (2 =8+
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2
f =73 1
x =-3+¢ 1 =3
P == 2 = 8

) - 3 o lp=-2 = 5 =9a+3b+6c =3.

z =8+¢ y= 8
_ _ ) b
|l x+y+z-1=0 3 o=
I E

Y

M 13 nghiém ctia hé

Toa do

Cach 2: Phuong phap dai s6
Ma:b;c)e(P)= a+b+c-1=0

TTTRIT TTTRT - - _
3IMA- 2MB =(-3- a:-2- B8- ¢)=> ‘BMA ; EME‘ :J(a +3Y +(h+2) +(c- 8)

Tacs Atb¥c-1=0= (@+3)+(b+2)+(c- 8) =1
a Co:

(@ +3)+ (b +2)+(c- 8)|=[l.(a+3)+1.(b +2)+1.(c- 8)| 5J(F +1° +|3)[(a +3Y +(h+2Y +(c- 8)

= Ja+37 +@2) +(c-8) =

3

3 - -ph=1
ﬂ+3:b+“ = 8mg+3:b+2:r—8ﬁ .

Dau " =" xay ra I I .a—r:——ll.
11
a=-—
‘a-bh=-1 83
a-c=-11 ﬂ-b:-g
lath+c-1=0 o
c=—
Ta cé hé: - 3

= 5 =0a+3h+0c =3

, . 1 - 7:22:22
Cau 2. Trong khong gian véi hé toa do Oxyz cho hai diém A2, 2), B L; 1), Q-2 ”). Tim toa

A[H[H] A(N[H] S NE]

MA+2MB- MC

d6 diém M thudc (Oxy ) sao cho nhoé nht.
. 7. . 1. 2. .1
4 M2:3:0) B. M(l,S,O). c. M(2:-3:0) D. M(2,3,1).
Loi giai
Chon A

Céch 1: Phuong phap hinh hoc
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1 1] []H] [H]u] [H]u] [N] H] LT [N HjH] [N N[ H]N]
, . I4+21B- IC =0 = 10 +04+2(10+08)- (io+0C) =0
Goi  1a diém thoa man:
aad 1 A00 000 0
= or =—(04+208- 0c)= 1(2:3:1)

uud u L

LLI
MA+2MB - MC‘ -

uud

L TTRTE
2MI +1A+2IB- IC| =2.MI

MA+2MB - |

(A[NIH] uuu L
C“

nho nhét < MI nho nhdt < M 1a hinh chiéu cia  tren "7 (P20

- 1(2:3:1)= m(2:3:0)

Céch 2: Phuong phap hinh hoc

Goi P E:F 1an luot 1a trung diém cua ABLACME 1y o,

[[H]N) (W[N] LLILL (N|H[N] (W[N] (W[N] [W[N]NE] (W[ [NE] Ly (N[N N0 (W[N] (W[N]
MA+2MB - | c‘ —|MA+ MB + MB - MC‘ —|2 MD +CB| =2 MD +2.ED| =22.FD| =4.FD
o '5|3||'| Y '.r+3|y.'
.'H(.T,_]. ECI.)'.- D[E-E-E-E(B-D-D)- -FI 2 -E-D|

Ta lai co:

7 ’ =7 = I a2
FDyyy © F 13 hinh chiéu cia D ren ™7 (09 = x =2y =3= Mm(2:3,0)
Cach 3: Phuong phap dai s6

Me (Dry )= M (5 i 0)

(NN N} SN NN}

MA+2MB- MC =(4- 2x;6- 2y;-1)

TR T TN —— -
= |MA+2MB- MC‘ :J(4— 2x) +(6- 2p) +1 =1

Déu "=" xayra = ¥ =20 =3 Khido M(Q;S;O).

Céch 4: Tric nghiém, thay dap an

Me (Gry:':‘- M (x; y;ﬂ)‘ Ta co:
T TR _ U oUW L — -
MA+2MB- MC =(4- 2x;6- 2y;-1)= |MA+2MB- MC‘ :J(4— 2x) +(6- 2y) +1
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m[uju] LT LI

MA+2MB - MC| =l

Thé toa d6 diém M & dap an A vao ta duoc
Huin| LI LU
L S MA+2MB- MC| =17
Thé toa do diém M & dap an B vao ta duoc
H|uN] LLI H|NuN|

ul
MA+2MB - MC|=+/145

Thé toa d6 diém M & dap an C vao ta dugc

(Oxy)

Piém M ¢ dap an D khong thudce nén bi loai.

A(-1;3;5), B(2:6:-1), C(-4:-12:5)

Cau3. Trong hé truc Oxyz, cho diém va mat ph'fmg

x+2y-2z-5= . .2 . R . , X , - X ,
(P):x+2y- 2z-5=0. Goi M 1a diém di dong trén (P) Gia tri nho nhat cua biéu thuc
ujun} LILIL LILILL
S =|MA+MB+MC|
la
14
A, 42. B. 14. C. 1443, p. V3
Loi giai
Chon B
Goi Glxiyiz) 1 trong tAm tam giac ABC.
N LLIL) Hjuin} LILLL] LLLLl
Vi G 14 trong tdm tam giac 4BC va M 1a diém tuy y nén MA + MB +MG =3MG.
ujun} (NN} UL LLILL
S =|MA+MB +.-H’C" = 3.-HG‘ =3MG.
Vay
B +x,+x. _-1+2-4 I
' 3 3
V,+y,+y. 3+0-12
10 e == G(-l-l?!)
3 3
. _Z, +z,+z.  5-1+535 _3
Do G 1a trong tim tam giac 4BC nén | 3 3
MG L(P).

Vi G ¢b dinh nén S =3MG dat gia tri nho nhét khi va chi khi MG nhé nhat. Tic 1a

d(G,(P)):|_ 1.1+2.(-1)- 2.3- 5| 4

JI3+23+(—ET 3

0 000 oW, |, 00m 14
s :|MA +MB +.-wc| :|3MG| =3IMG :3.? =14.

Ta co:

Viy gia tri nho nhat

CAu 4. Trong khong gian v6i hé toa do Oxyz , cho ba diém A4:2:2), 8L D,0 (2 2- 2). Tim toa do
H[u[N] H[u[N] UL
diém M thudc mat phing (Oy2) sao cho MA+2MB - MC‘ nhé nhét
A M@3D) g M:31) c. M©:-31) p. M©:1:2)
Loi giai
Chon B

Goi | (ev32) 13 diém thoa [4+21B - IC =0
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LI uju]

LT H[N] N[N LT N[N LI |
. 14+2iB- Ic =0 = (04- or)+2(0B- o1)- (oc- or) =0
Khi do
10 0 000 Om
= OI :% 04+208- 0C) =(2:3:1) = 1(2:31)

(W[N] L LLILL] (W[N] [l LILLL [N (N[N} LI

|MA +2MB - .-wc| :‘(.-w +14)+2(nr +18)- (har +ff_"1
Ta c6

H[uin} Ll L L H[un
—|oMT + 14 +21B - IC| =2|M1| =201
[ '}JJJ UL
MA+2MB - .-wc‘ , . , 3.
nho nhét khi va chi khi M/ ngén nhdt, khi d6 M 13 hinh chiéu cia ! ¥1 lan mat

phéng (Oyz)_ Suy ra M (0;3;1)‘

Oxyz AQ0:-1;3) B(21;0) C(-3:-1:-3)

Cau 5. Trong khong gian cho cac diém va mit phang

(P)ix+y-z-4=0 M(a.b,c)

Goi la diém thudc mat phang (P) sao cho biéu thic

?’JJJ - LILLI UL
T =|3ma- 208 +.-w::| o , o . _
dat gié tri nhé nhit. Tinh gia tri cta biéu thuc S =a+b+c,

A S =3, B. S =-1 C.S=2 p. § =1,
Loi giai
Chon C
Goi | (ev:2) 13 diém thoa man 34~ 218+ 1C =0

14 =(1- - 1- 123- 2)= 374 =(3- 3x:-3- 3129~ 32)
Taco
}JE =(2- x;1- V= z)= EEE =(4-2x;2- 2y;- 2z)

FC =(-3- x;-1- y.=3- z)

3id- 2IB+IC =(-2x- 4;-2y- 6;-2z+6) =0

Khi d6
(-2x-4=0 [x=-2
@ =2y-0=0e {y=-3
-2z46=0 |z=3 . 1(-2;-3:3)
- - . Vay
LLIL i ULy L Ll i uu L | -
T =[3M4- 2MB + MC| :‘3 M1+ 14)- 2(ar +18) + .wn::)‘ =2 [w1]
Ta co
ajujn)
T = |MI . )
Suyra ™ = Kkhi va chi khi M 14 hinh chiéu ciia / 1én miat phang (P)
. . I(-2;-3:3 . . :
Puong thang MI di qua (-2:-3:3) va vuong gboc voi mat phang (P) c6 phuong trinh tham so 1a
(x == 2+t
MI: iy =-3+t

M-246-3+83-t)eMI

> =3-¢

v . Lay

| o . ) ) ) _ _
Miit khéc .WE(P)Z‘!( ._.+£')+( 3+;) (3 {) 4=0=t =4
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M(2;1;-1)
a .

Suyr

:‘j
Vay a+b+c =2

Oxyz (P):.‘r+f1'+:— 3=0 A(B;];l)’ B(7:;3;9) va

cho mat phang va ba diém
LILILI N[WH] LI

MA+2MB +3MC

Cau 6. Trong khong gian

c(2:2:2) . M(ab:c) . (P)
. biém tr

én sao cho dat gi4 tri nho nhat. Tinh 2@ - 10b +c
62 27 40 #
A 9. B. 9. c 9. D. 9.
Loi gidi
Chon A

u]H) LIl

A yiz) L . T _
+ Goi (v y:2) 1a diém thoa man 4+ 218 +31C =0

jf;i =(3- x:1- y:1-z2)
7 =(7- x;3- y;9- 2)
%I? =\7- x;3- y:9-:z

c=02-x:2- yi2- z)

Tacod '
23
x ="
6
. _ 13
- - - 1y ==
M o o 23-0x=0 = 1=y
IA+21B+3IC =0 = 13- 63 =0 25 (23 13 25|
s-0:=0 775 =156
N 25- 0z = 6 676 0]
(N[N} UL LU N[N} [

L [ Ll
|MA +2MB + 3MC| :‘a.-w +(4+208+ 31(:1 :|f:.-w| —6MI

[N} [N} LILILLI
MA+2MB +3MC‘ L T 02
dat gia tri nhé nhat < M [a hinh chicu ctia / 1én mat phang .
+ Goi duong thing () di qua  va vudng goc (P)
I"EBIIB.ES' "
Ta co (d) diqua 6 6 6]y nhéan " =L lam véc to chi phuong.
23
Xr=—=t
0
13
(d):{y=—+1
0
25
Z=—+t
Suy ra phuong trinh 0
[ 5 .
Me(d)e M “_3+;;E+;;£+f
L 0 0 0
23 13 25 -43 "IB.-E.IG"
- N - - = = .-‘Irf — e
ME(P)aG+;+G+£+G+E3Dﬁ.* T 197979
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13
a=—
Q
-2
lh=——
9
16 62
C:E 2a-10b+c=—
Do do ! = 9

Oxyz A1), B(- 1:2:0), c(3;-1;2)

Cau7. Trong khong gian , cho ba diém vadiém M thudc mat

H[u[n]| LILIL LU
(cx): 2x- y+2z47 =0

> L ‘ P =3MA+5ME- TMC
phang . Tinh gi4 tri nho nhat cua .
A. JEDmin =20 . B. P:nin =5 . C. JEDmin =25 . D. JEDmin =27 .
Loi gidi
Chon D

Goi I 13 diém thoa man: 34 +51B- 71C =0

a[N[H] du

= 3(04- o1)+5(08- o1)- 7(oc- or) =0

M| N]N} SN N

= Of =30A+50B-70C

9 =73 ) =
= Toa d didm | =C2320:- 1)

A[H[H]

Ly LILIL Ly L LLILI
v =3iiassiig - i =3(24- ) +5(28- 1ar)- 7(1c- 1)

Khi do:
Ly ( ] alu an] )
=-IM +\3I4 +5/B- T7IC —IM
3JJJ 5JJJ ?JJJ.I ;ju{gl{
Ny, P =pMA+SMB- .-wc| =-IM| _pyy 2d (1.(e))
[2.-23)- 20 +2(- 1)+ 7|
= =27
Vay: Fin =d(1.(a)) JE A+ + 2
Cau 8. Trong khong gian véi hé truc toa do Oxyz , cho boén diém A(2;-3;7), 3(0;4;1), C(3:0:5) va
ujn LI UL UL
.1 , . ) , MA+MB+ MC+MD
DG: 3’3). Goi M 1a diém nam trén mit phing (Oy2) sao cho bicu thirc ‘ dat gia tri
nhé nhat. Khi d6 toa do cia M 1a:
4 M(0:1-4) B M(Z;l;(})' c M(01:-2) D. M(O;1;4)_
Loi giai
Chon D
e s - U Ul 4 uud
. AB=(-2:7:-6) Ac =(1;3;-2) 4D =(1;6;-4) | [AB..AC AD =-4%0
Ta co: . . nén .

Suy ra: 4B AC  AD Kkhong dong phéng.

Goi G 1a trong tam tir dién ABCD . Khi do @ &4,
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Njnjsp—— EuEn mjwu )
=4 MG

[T LILLET
MA+ MB+ MC + MD‘ —|l4rG

Ta c6:
[ LLIL UL UL

MA + MB + MC + MD‘

Do d6 nho nhét khi va chi khi MG ngan nhét.

Vay M 13 hinh chiéu vuong goc cia G 1én mit phéng (Oy2) nén M (0;1;4).

Cau 9. Trong khong gian Oxyz , cho ba diém ALGLD) , B(-2:3:4) 3 C-25:1)  pigm M(a:b:0) thudc

mit phiang (Ox) sao cho MA™ + MB” + MC” gt gi4 tri nho nhat. Téng 7 =4~ +b” bing

A. T =10 B. T =25 c.T =13 D. T =17
Loi giai
Chon A
Ta co G(-13:2) la trong tdm tam giac ABC
Khi d6

) ) T TR TT TP T
MA® + MB* + MC® =MA +MB +MC

o ood., omd o . oo o .

(G +G4) + (MG +6B) +(MG +Gc)

: ) i . 0odl oo ood odd
=3IMG* +GA* +GB* +GC* +2MG(GA+ GB + GC)

=3MG’ +GA* +GB* +GC”

Do d6 MA™ +MB™ + MC” yhg nhit khi va chi khi MG nhé nhit © M Ia hinh chiéu ciia G 1én mit phéng

(Oxy) (Oxy) 6 toa d6 (- ];B;O)Va_‘ly M (- 1;3;0)' T

. Do hinh chiéu vudng géc cua G 1én mit phang u do

T=(-1Y +3* =10

Oxyz " 4(2;1;3) B(;-1;2)

Cau 10. Trong khong gian véi hé truc toa do , cho tam giac ABC 4

CG:-6:1) ;. MQx:y:z)
.DPiém -

b

thudc mit phang (Oy2) sao cho MA™ + MB* + MC™ dat oi4 trj nho nht. Tinh

gié tri biéu thie T =¥+ V+7

A. P=0 B. P =2, c. P=6, p. P=-2.
Loi giai
Chon A

LLI Ul .o 7
Goi I 1a diém thoa 1A+ 1B+1C =0 < 1(2:-2:2)

i g U ud - uu

MA + MB + 1 =MT+ 7 ) +(har + 7 Y +(ar + 1)

auin}

Ll uu uu
=3MP + 14 + 15 +1C* +2ML (A4 IB+1C) _3\ oy 1y s 4 o

A M €(0yz) (0yz)

M = MA® + MB* + MC” dat gia tri nho nhat < M 13 hinh chiéu caa 7 1én

= M(0;-2:2)

Vay P=0-2+2=0
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4(2;-2:4)  B(-3:3;-1)

Cau 11. Trong khong gian Oxyz , cho hai diém

(P)

va mit phiang

(P):2x- y+2z-8=0

. Xét M 1a diém thay déi thuoc * ~, tinh gi4 trj nho nhat caa 2MA" +3MB*

Loi giai

Pap 4n: gid tri nho nhét cla 2MA* +3MB* 13 135

o I(x; _v;z) o Y I(¢-1:1;1)

G 1a diém thoa man 2MA +3MB =0 gyy ra

i U

U 2 1
_ 3 3 UL 5 UL 5 U -
o+ 3y =2 (M1 +14) +3(01 +18) —SMI +2I4 +31B =5MI*+90

Ma 2MA* +3MB ]nh(”) nhat © MI nhd nhit
M1 =d(r,(P))=3
Suy ra

vay 2MA" +3MB° 25.9 490 =135

Cau 12. Trong khong gian Oxyz’ cho ba diém 4 (1;4;5), 3(3;4;0), c:- 1:'0). Goi M(a;b;c) la

diém sao cho MA™ +MB™ +3MC” gq¢ gid tri nho nhét. Téng @ +0+¢ ¢4 gia trj bing
A.2. B. 3. C.4. D. -4.
Loi giai
Chon C

0 00 0 (00 000 3000
q IA+IB+3IC =0= O =——04+—-0B+=-0C =(2:1:1)= 1(2:1;1)
Goi { 1a diém thoa méan 3 3 5 )
i ) 1T T 1T TR VT[RRI U VTR TTI
o 1 =mA” +MB +3mC* =(zr +14) + (M1 +1B) +3(Mr+1C)
Khi do,
. LIl L L [ . - -
=sMr* +2M1 (14 + 1B +31C) + 14 + IB? +3IC*
=SMI” +I4° +IB° +31C° (i IA+IB+3IC =0)

Vvil, A, B, C c§dinh = 4 +IB" +3IC" khong ddinén T nho nhit © M nho nhét

= M =12;1;1)= a =2 b=c=Il

2

Vay a+b+c =4

4(Q1;4:5) B(3:4:0) :::(2;-1:.0)Vél 3

Cau 13. Trong khong gian v6i hé toa do Oxyz , cho ba diém mat

(P):3x+3y-22-29=0 M(a:b:c)

phang Goi la diém thudc (P) sao cho biéu thuc

T =MA® + MB* +3MC” 43¢t GTNN. Tinh téng 4 +b+c_

A. 8. B. 10. c.- 10, D. - 8.

Loi giai
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Chgn A
*)

Goi I 1a diém théa man hé thirc: IA+1B+31C =0
(*)= gf :lg,ldr'_géﬁg:]: =2:1:0) = 1(2:1:1)

Khi d6, 5 5 5 :

Mat khac, ap dung tinh chit tdm ti cu cua hé diém = T =SMI* +14° + IB* +3IC"

Vi [A+1B” +3IC 13 hing s6 nén suy ra I’ dat GTNN < MI gat GTNN

(P)

< M 13 hinh chiéu vudng goc cua I trén

(3a+3b- 2c=29 'a=5

‘M= (P) b2
AR V11 =1a-2 b-1 _ c-1= b=
IMd ngph ngne) = =

3 3 -2 c=-1
Vay a+b+c =8

A(1:2:3), B(0:1:1), c(1:0:- 2)

Ciu 14. Trong khong gian véi hé toa 46 Oxyz, cho 3 diém va mit phiang

x+y+z+2= . 2 . . . .2
(P):x ) D. Goi M la diém thuoc mat phang (P) sao cho gia tri cua biéu thuc

_ 2 2 2 , . ) 2x- -2z
I'=MA"+2IMB"+3MC" 1 nhat. Tinh khoang céch tir M dén mit phing (©):2x- y- 22430,

25 121 91
A 3 B. 54 C. 24 D. 54
Loi giai
Chon D
Goi 1{abie) 1 diém thoa man +2B+3IC :D.
- a:2- B3-c) B al- Bil- ). 1C (- a:- bi- 2- ¢)
Taco
2
q=—
1o 1- a- 2a+3-3a =0 (6a =4 f
JA+2IB+3[C=0= {2-b+2-2h-3b=0 = {6b=4 m-b:%
I3—C+2—2C—G—3C:U IGE‘:-l I 79
r::——f[—;—;-—‘
, 6 1337 6

Ta chiing minh dugc 7 =OMI" +1A"+ 215" +3IC" 1y 46 T dat GTNN khi MI dat GTNN © M 1 hinh

chiéu vudng géc ciia I trén mit phang (P).

2
X =+
3
2
MIiyy =+t
3
1 [ 2 2 1] 19 19
= —+t MeMI=M|t+ i+ - | Me(P)= 3+ =N t= _
3 3 o) 0 18

Ta co \ 0 ,
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7 7 22
(7 7 11 ECMTHERNIE
=>M|-—:- —1- —|=dm:(0)= =
187 187 9 ? 3 54
ONZ ho ba didm A(z:-2;4)’ B(-3:3:- 1)) cl-1:-1:-1)

Cau 15. Trong khong gian va mit phang

2x- p+2z+8= , .2 2. n . ., . , Z , L2 ,
(P):2x- ) 8 D. Xét diém M thay doi thudc (P), tim gid tri nhdé nhat cia bi€u thuc

T =2MA* + MB® - MC*

A. 102. B. 105. C. 30. D. 35.
Loi gidi
Chon A
Goi ! 1a diém thoa man: 2/4 + 18- IC =0

LILIL LILI |

= 2(04- o1)+(08- o1)- (oc- or)=0

0 Dm0 (0D @O
= Ol =0A+_0B- ~0C =(1:0:4)

i

e 7(1:0:4)

Khi @6, véi moi diém M Y.z )e (P), ta ludn co:

(W Ul Ul w2 o W e
7 =2(mr+14) +(vr+1B) - (M1+1C)

g, OO0, U0 UU LU Ui, UL, LU,
=M1 +2M1.(214+ IB- IC)+ 214" +1B - IC

=2MI° +2I4° +IB* - IC*
Ta tinh duoc 214" +IB*- IC* =30

Do do, T dat GTNN < MI dat GTNN — Mr L(P ).

_[21- 042445 6
J2 G 427

i =d(1.(P))
Luc nay,

— il —107
Vay r. =10 +3|:}_II:L.

Oxyz AL 2:0), B(l: - .3),C(L-1:- 1)

Cau 16. Trong khong gian cho cac diém va mat phang

(P):3x-3p+22-15=0 w4 M(aibic) yse mit phang (P) a0 cho 2MA" - MB* + MC” 16 nhét. Gia
tri cia @ +b+¢ bang
A3 B.7. C.2. D. -1
Loi gidi

Chon A

I s . 2IA+IC- IB=0= 2(0A- OI)+(0OC- OI)- (OB~ OI') =0
Goi © la diém théa man:
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I 204+0C- OB

= Of = = 1(1;2;-2)
. Ul 5 L Ul 2 UL 5 L 4 L ud
ComA® =2MA4 =2(M7 +14) =2MI +214 +4MIIA
Ta cé
U/ V1 T e P 1 Uy
mB* =mB =(MI+IB) =M1 +IB" +2MI.IB
L Uil 1 e S 1 [ uuu ud
MC* =MC =(MI+I1C) =MI +IC +2MI.IC
X i . . . . . UM o Uu Ul LU
S dMA® - MB? + MC* =2M1* +214° +1C* - 1B +2Mi (214 + IC- IB)
uy ra

Suy ra 2.‘“.4 :

- MB™ +MC* =2MI" +2I4° +1C" - IB® Do [ cb dinh nén 244" +1C° - IB” khong dbi.

Vay 2MA - MB® +MC™ pho nhdt < MT nho nhét= MI nho nhét © M 13 hinh chiéu caa I trén (P).

* Duong théng A qua 10;2;- 2)

va vuong gboc voi
(x =1 +3
y=2-3
z==-2+2
Suy ra toa do diém M 1a nghiém cua hé '

Suy ra a+b+c =3

Oxyz

Cau 17. Trong khong gian , cho hai diém

(Oy z) sao cho MA® - 2MB* - MC* 16n nhét.

3x-3p+2:z-

A(:2:1) B(2:-1:3) C(GiL:- 5)

x =1+3t
v =2-3
=742
la: L7 =+
(x =4
y=-1
. = M (4:- 1;0)
z =0
15=0 |t=I

. Tim diém M trén mat

phang
1.8 3 8
ME?—?O-'E Mg;— =03 o
A. 2" 8 B 2'3 c. M(oos) b M (3-40)
Loi gidi
Chon D
LAl [N ¥ T} r ) .
Goi diém E thoa EA - 2B = 0_Suyra B 1a trung diém cta AE  suy ra & (37 %3],

ME +EA
Khi d6: MA® - 2MB* =(

uLr U AT W2
—2{ME+EB

—- ME? + EA?- 2EB?

Do d6 MA? - 2MB? 1¢n nhdt U ME nhonhdt U M 13 hinh chiéu cia = (3- 4:5) lén %)

U M(3- 40
Chii y: Ta c6 thé lam trac nghiém nhu sau

+ Loai C vi M (D’ a 5) khong thude (Oxy) .
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1 & g 3 0
Mg=,=;05 Mg;- =;05 o _
+ Lan luot thay 2 g 2 ﬁ,M(B‘ 40) vao bidu thirc MA® - 2MB? thiM(3' 40)

M (3- 40)

cho gia tri 16n nhét nén ta chon

Oxyz AC10;- 53) B(2:1;- 1) C(2:3;0) |

Cau 18. Trong khong gian , cho ba diém va mit phing

x+2y- 2z-9 = 2 2 2 2 2
(P)ix+2y-22-9 =0 xét M 13 diém thay doi trén (P) sao cho T =MA" +2MB" +3MC" at gi4 tri nho

nhit. Tinh T =MA* +2MB" +3MC*
A. 54 B. 282 C. 256 D. 328
Loi giai
Chon B

TG yiz) L s TAAATR AT —
Goi () )ladlemthoaman IA+2IB +3IC =0

, };i =(-10- x;-5- ;8- z) };IE =(2- x;1- wi-1- z) }:_” =(2- x:3- J.'.j—:)
Ta cé , ) .

((-10- x)+2(2- x)+3(2- x)=0 [, _,
(-5- )+201- y)+3G-y)=0 o |, o
- = M=-1=- = - =)= - — BE
Khi do, (8- 2)+2(-1- 2)+3(-2) =0 z=1 5 111
Vé6i diém M thay ddi trén () ,taco

oy U L oy g

MAS +2MB +3MC —(r+14) +20ar +18) +3(v1 +1C)

- . . S UL elhl [ LIl
—6MI + 14 + 218" +31C* +2M1 (14 + 218 +31C)
=OMI* + 14 +2IB° +3IC" (v IA+2IB +3IC =0),
Ta lai c6 1A +21B° +3IC* =185 +2.8+3.9 =228

Do d6, MA" +2MB” +3MC” gat gia tri nho nhit © MI dat gia tri nho nhat

(P)'

< M 13 hinh chiéu vudng goc cua ! trén
Kni do, M =4 (1.(P)) =3
Vay gia tri nho nhét cia MA” +2MB” +3MC bang
6MI" +228 =6.9+228 =282
Gié tri nho nhét ciia MA® +2MB” +3MC dat duoc khi va chi khi M 13 hinh chiéu vuong géc ctia I trén

(P)_

Luu y thém cach tim diém M nhu sau:
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X =t
y=1+2t
A1 \ M \ ~ P ,.(P) \ o A z=Il-2t
Goi A 1a dudng thang qua / va vuong goc véi . Phuong trinh ctia A: .
Ta co M =an(P) . Xét phuong trinh

t+201+20)-200-26)-9=0 _ ¢;. 9 =0 & s =1 = M (1:3:-1)

A(:-2:1) BG:0o:-1) c(3;1;2)

Cau 19. Trong khong gian Oxyz , cho ba diém va mit phing

(©):3x4y-z43=0 . M (a:bie) |y s thuge (0) 0a man MA® + MB* +2MC” 1ho nhét. Tinh

téng a+b+5€_

A1l B.Y. c. 15, D. 14,
Loi giai
Chon B
Goi £ la diém thoa man ‘JEJ:‘““JEJ‘JE""}EC =0~ E(B;D;]).

. . LU, uud o, LU,
Taco: S =MA* + MB* +2MC* =MA +MB +2MC

TTTRRTT L] LI
—(ME +E4) +(‘va+53) +"(WE+E‘:) =4ME’ + EA’ + EB® +2EC*

Vi EA*+EB" +2EC” khong dbinén S nhé nhét khi va chi khi ME nho nht.

= M 13 hinh chiéu vudng goc cua £ 1én (Q).
x=3+3t
v =t
Phuong trinh duong thing ME z=l-1
(x =3+3 x =0
y =t y==1
=
z=l-t z =2

Toa d6 diém M 1a nghiém cta hé phuong trinh: (3x+y-z+43=0 (t=-1

= g+bhb+5 =0-1+5.2 =9

A1) B(0;1;2) C(-2:1:4) i

Cau 20. Trong khong gian véi hé truc toa do Oxyz cho 3 diém mat

5 ‘x=-V+zr+2 = 5 r 42 r? g ‘
phang (P)ix-y+z+42 D. Tim diém Ne®) sao cho § =ZNA" + NB™ + NC” dat gia trj nho nhét.

4 4 1 53
N{- —;2;—‘ (-0 N"—'—'—‘ (1.9
A |3 g N (-2,0,1). c. | 2744) D. N( 1,2,1).
Loi giai

Chon D

Véi moi diém 7 ta cod
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. . . 11 T 2 il 0T 2 [0 10 2
s =2NA* + NB* + NC? =2(N1 +14) +(v1 +1B) +(N1+1C)

. LLI uu L uu . . .

=4NI" +2NI (EFA +/B+ IC)+ 2I4° +IB +IC”
alu] Ll alu}

Chon diém I sao cho 2[4 +1B +1C =0

LiL g g LI g Ll

2IA+IB+IC =0 414+ AB+ AC =0 Suy ra toa do diém 1 la: 1(0:1:2),

Khi d6 S =4NI" +2I4° + 1B +IC* 4o 46 S nho nhétkhi N 1a hinh chiéu cia I 1én mit phing (P ).
x =0+¢
y=1-t¢
X \ 2 . N A T 2 (P) .|z =2+t
Phuong trinh duong thang di qua / va vudng goc véi mit phang la:
TQad©d1ém .-*l.-"(i'.f|- f:j‘f{)E(P):; t= |+E+2+{+2 :U =} =- I = ;all'r(' 1;2;1)
Y 4:7) x4+ 2p-3z-T =
Cau2l. Trong khong gian “Y7Zcho Al 2’6), 3(2’4’2),'%{5({{)'1 *2-32-7=00 G cho
MA.MB nh¢ nhit. Toa d6 ciia M bing
(29 58 5 (37 -56 68
A | 13713713) g &3:1) c x4) p |3 3 3]
Loi giai
Chon B
Cach 1: Phuong phap hinh hoc
B

A _____
jul
H M
Goi I 1a diém thoa man 4+ 1B =0 Suyra / 1a trung diém AB = f(3;|;4).
[ W 1] a|uin| L L L . UL LI [ R
- mAMB =(0r1+ 14) (M1 +18) =mr® + mi (14 + 18) =mr?

Ta co
CH 1A R A oo ] £ < 2 (0! )
Goi 1 1a hinh chiéu ciia / xudng mat phang .

Uy uug

Do 14 khong dbi nén MAMB nho nhét khi MI nho nhét < MI =IH = M =H

Goi A 13 duong thang di qua  va vudng goc véi mat phiang (a).
x=3+¢
y=1+2¢
=(1:2;-3) z=4-3t

Khi d6 A nhan "¢ "?’lam vecto chi phuong. Do d6 A ¢ phuong trinh
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HeAe HG+61+264- 3t)

Hela)e G+)+200+2:)-3(4-31)-T=0= t=l= H(4.:3.:|).

Viy M(4;3;])‘

Cich 2: Phwong phap dai sb

] RTLE 2yp- =7 =
Goi M(.‘r._}.__)E(a)= x+2yp-3z-7=0

.-JE}JA =(4- x;-2- y.0- :)JJB =(2- x;4- y.2- z)

g uug

MAMB =(4- x)(2- x)+(-2- y)4- y)+(6- 2)(2- 2)

= 4y - G- 2y 82412 =G 3 4+ G- DT+ (- 4) - 12
Ap dung bdt B. C. S:

[F +22+(- 3)3] G- 3F +(r- 1)+ (z- 4fl =[x-3+2(p- 1)-3(z- 4)]

= 14| (x- 3)2 +(y- |)2+(_‘- 4)21 3:[_T+3}'- iz -I-'F]2

(7+7)

o (-3 +(G- 1Y +(z-4) =

e G-3)Y +G- 1 +G-4)Y-1222

(x+2y-3z-7=0 =4
x-3 y-1 z-4<{y=3

2 -3 |z=1 = Mm(4351)

uug uuud
Min(MAMB) =2 o
xay ra khi va chi khi -

Cau 22. Trong khong gian Oxyz cho AQ:- 1;2), B(-2;0;3)’ C(O;];-Z). Goi M (a;b;c) 1a diém thudc

NNy N NN} i NNy NN} Lol Jdg

mit phing (0x) sao cho biéu thire S =MAMBE+IMB.MC +3MC.MA gat oi4 tri nhé nhit. Khi d6
T =12a +12b+c ¢4 gia tri 1a
AT =3, B. 7 =-3. Cc.T=1 D. T =1,
Loi giai

Chon D
g Ldug L S|E|EE] LU dag

X6t S =MAMB+2MB.MC +3MC.MA

LiL SNN) L/ MmN}

=(MI+IA) MI +IB)+2(MI +IB)(MT + IC)+3(MI + IC) MI + I4)

=6MI* +MI(4A +3IB +5C)+IAIB +2ABIC +3ICIA
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ax, + 3, + 5x
X = D

Ul ur ur r + + )

HA +3B +5C =0p ;,z,='f'5"ﬁ1 ?2’3 @:p,{éé%}
4, +3 +52
4= 12

Goi I 1a diém thoa man

S Ny | N] ug Jug

Ma: (HA+3IB+5IC) =0 141B+2IBIC +3ICIA =const Nap “min = Ml

|I:-J

= H’[ ._L._[}‘
12 12

= T =12a+12b+c=-1

]

Suy ra M 14 hinh chiéu cta I 1én mit Oxy

, 1: ) T
Cau 23. Trong khong gian véi hé truc toa do Oxyz, cho cac diém A@:1:5),8(3:0,1),€(- 1,2,0)

M (a:b:c) théa man MAMB +2MBMC - SMC.MA 141 nhit. Tinh P =a - 2b +4c.

A, P =23 B. P =31 C. P =11, p. P =13.
Loi giai

Chon D

[N|N | Sy NN ] [NIN]E puy N NN ¥ [N|N NNy |N] ]

+ Pit O =MAMB + 2MB.MC - SMC.MA

m m, . . om0 moomo ¢, . . .
(MA- MB) =MA + MB* - 2MAMB = MAMB == (M + MB* - 4B”)

TR TR ﬂ Cou Wl W L ] o
(MB- MC) =MB* + MC* - 2MB.MC = 2MB.MC =MB + MC* - BC"

0D 000 ] . D00 0mD0D ﬂ ﬂ ]
(MC- MA) =MC* + MA® - 2MC.MA = MC.MA :;(.-w:- +MA - AC?)

Uy dug uuyg Jeenl [NIN]N Sy N NN

= O =MA.MB + 2MB.MC - SMC.MA
I ] ] ] ] ] ] 5 ] ] ]
:;(MA' +MB® - AB*)+MB> + MC* - BC® - ;(MC' +MA - AC?)

. 3 . 3 5 I ] ] 5 5
=-2MA +ZMB - MC - —AB - BC +=-A4AC"
2 2 2 2

i i a

I . PR T . 3 . .
—;AB'-BC'+—AC' T:—E.-HA'-I-;.-HB'- MC

2 2 khong déinén € 16n nhat khi 2

bad | ted

.3 .3 .
T =2MA" +—MB - —MC"
+ 2 2

m 500 3000
, “2EA+—_EBR- —EC =0
Goi £ 1a diém thoa man 2 2

00 0W 0O0d om Mg 00 500
= -4FA+3EB- 3EC =0 = 4E4 =3CB < FEA :ICB

=5 E{ I;E;E
| 2

va diém

dat gia tri 10n nhat.
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3 3 MT.. 3 000 000
T =-2MA* +>MB - ZMC’ :—'?(WE+EA) +2 (WE+EB) 22 H’E-I-EC)

¥ ¥ 3 2 3 a5 v 3 ¥ 3 a5
=-2ME" - 2EA +;EE' = ;EC' =-2EA4 +?EB' = ;EC'

. 3 _ . 3 _
-2EA +—EB - —EC”

Vi 2 2 khong ddinén T dat gia tri 16n nhat khi ME =0= M =E
= M I;E;E

27 4]
P=a- b+dc=1-2.2 4;:|3

Chu 24. Trong khong gian %7 | cho 3 didm AC 81D B(2:13) (3 C(6:4:0) \a¢ diém M di dong trong

khéng gian sao cho MA-MC =MAMB +34 Cho biét I 4- MB| dat gié tri 16n nhét khi diém M trung véi
diém My (%53 ¥6320) . Tinh tich s§ YoYo%o
A. l6. B. 18. c. 14 D. 12.
Loi giai
Chon B
G,'M =(a;b;c}
UL dued Ul g uud Al uuy  uuyg
T MAMC =MAMB +34 < MA(MC- H’B) =34 < MABC =34
aco

Mit khéc MA =(-8- a:l- b;1- C‘}’ BC =(43:-3)

Suy ra -8~ @) +3(1- b)- 3(1- ¢) =34 &= ~da- 36 +3c- 60 =0,

Me(P) -3y +3z- 00 =0

¢6 phuong trinh 4x
FIM)Y=f(xiyiz)=-4x-3y+3z- 00

Vay

Ky higu v M(x:y;2)
Ta c f (A)-f(B) =(-4(- 8)- 3.1+3.1- 60)((-4.2- 3.1+3.3- 66) =(- 34).(-68) =2312>0

Suy ra diém ACELD 3 diém B3 nim vé cung 1 phia so voi mit phang (P) .

|MA - .-ws| <AB M,A,B

Khi d6 (tinh chét 3 canh cla tam gidc) suy ra [MA- MB] dat gia tri 16n nhat khi

thang hang va M ndm ngoai doan thang 4B hay M 1a giao diém cua duong thang 4B véi (P)

u]uN]

Puong thing 4B c6 véc to chi phuong 45 =(19:0:2) 3 qua diém B(Z53) nen c6 phuong trinh
x =2+5¢
¥ =1
z=3+¢
-~ Al _ ) _ ) _ _
Suy ra H2+5t)- 3 1+3(3+1)-00=0= -1Tt =08=t = 4.

vay ME 8L 1) oy KXoz, =18.
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PHAN II Ciu tric nghi¢m tra 16i ngin. Mi cau héi thi sinh chi tra 1oi dap an.

Cau 25. Trong khong gian véi hé toa do OxyZ ¢ho A(3;2;1), B(_Z;S;ﬁ). Diém M (xpii2) thay d6i
uuu uuu
, . - . MA+3MB .
thudc mit phing ©O) 1 gié tri cia bidu thie 7 % ¥ 2 ¥ 2w i nhé nhat.
Traloi: ....................
Loi giai
Pap an: T =2
¢ = +3x,
TH |+3
¥y, +3y,
y, =———F%
T 143
z, +3z 31119
HEE] HEN] :”- :II—?’H :H‘_—-‘_"—‘
Goi diém H thoa man HA+3HB =0 khi d6: | * 44 4]
Phuong trinh mit phang (Oxy )lél z =0,
X,y =X, -al
- Yy =¥y - bT 31l
T:l:ﬁ _.__”_ T :".'Hr"—.'—.'ﬂ‘
Xét 1 4 do dotoa do diém M can timla: =% T ¢ 4
T —r 4y 4= :—§+u+—[}:2
Véy =X W } u Zur
, 17 . LI )
CAu 26. Trong khéong gian véi hé truc @¥7 | cho céc diém A(- 23), B(6;-5:8) va OM =ai+bk
oy oy
cab 1y o & A o ooz (MA-2MB Y SRR b i
trong d6 “>" 1a cé so thuc luon thay doéi. Néu dat giac tri nho nhat thi gia tri ¢~ 2 bang bao
nhiéu?
Traloi: ....................

Loi giai

Pap an: 4~ b=0

. OM =ai+bk= M(a;0:h)
Ta co:

W|NN)

MA=(-1-a:2:3- b):MB =(6- a:-5:8- b)= -2MB =(- 12+ 2a:10:- 16+ 2b)

SN}

= MA- 2MB =(a- 13:12:b- 13)

TTTRRRITT i i
- ‘.-»m- 2] 3‘ = J(a-13Y +122 + (6~ 13) =12
i ood [a =13
[pa- 2m8] =129

Vay =13 poge a-b=0
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AG12:5) BGi-1:0) C(-4:0:-2) . .
) , . Goi

Cau 27. Trong khong gian v6i hé toa do Oxyz , cho ba diém

N [N Ll

I

\ 2:2 ~ < 2 (Oxy) 2 2 , IA-EIE+3C'| s 5 A ; ) ,
I 1a diém trén mit phang sao cho bi€u thirc dat gia tri nho nhat. Tinh khoang cach

. . Ax+3v+? =
tir [ dén mit phing (P):4x+3y+2 D.

Traloi: ....................
Loi giai

‘p 4n: d(r:(P)) =6

Dap
Goi M(a;b:c) 1a diém thoa man MA- 2ZMB +3MC =0
19
, a=—
-1-a-2G- a)+3(-4- a)=0 =
= Jh =2
2-b-2(-1- p)+3(0- b) =0 | ‘19 0
— ] TR TR
5-c-2(0-c)+3(-2-¢)=0 R “”\ 277

Khi do:
T, T oy uuw

LIl LIl LI L] UL LI
I4- 2IB + 3;::‘ =[N+ MA- 2IM - 2MB +3IM +3.-wc‘

Ta co:
T TR T TR T T TR T T I m
:‘EIM +(M4- 2M8B +3.-wc] =2|iM| =21
[N N L
L M—EIB+3IC‘ o , , y
Biéu thirc dat gia tri nho nhat < /M nho nhat < ! 13 hinh chiéu vudng goc cia M
19 :
= I‘ - _;2;D|
1én (Oxy) |2 _
‘4.‘ : '9‘+3.3+3
d(r(P))=———= =6
B . TS SN PV = 2 (P) |, .J43+33
Khoang cach tir diém / dén mat phang la:
Cau 28. Trong khong gian @7 cho hai diém AQ:2:1) ; B(2:-1;3) va diém M (a:6:0) sao cho

MA” + MB* nho nhét. Tinh gié tri caa @ +b.
Traloi: ...................

Loi giai
Pap 4n: ¢+b =2

Ta thiy M (a:b0)e (0.1;1')'

I
Goi

2

?

3-1-
2727

! 14 trung diém cua doan thang 4B | ta c6
1]

UL 5 LU 5 _(}ii— M )3 +(JJrJJg_ ertl_f)
.'WA: +.-WE: =MA +MEB B I

NI 1T T TR T T U, UL, LWLy
=(z4* + 100" - 214000 )+ (18" + 1017 - 21B.01 )
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, 5 mo 00 - [ . AB° 5
=M +2I4" - 2IM IA+IE)=I.-W'+T =IM"+7

Bé&i vay MA™ + MB® nho nhét © IM nginnhdt © M 14 hinh chidu vudng goc ctia / trén mit phing

1
‘E‘D a =

M|
. Nhu vay

b | el

bd | ted

PO UUP I
2 2

i i i

(Oxy) . Béi vay

AQ;1:1) B(-1:2:1) c(3:6:-5)

Ciu 29. Trong khong gian cho ba diém . Tim diém M thudc mit phang

(Oxy ) sao cho MA® + MB” + MC” dat gia tri nho nhat.

Traloi: ....................
Loi gidi

Dép 4n: M (1:3;0)

G(1:3;-1)

Lay 1a trong tam ciia tam giac 4B8C

ot o A 00 X NN

—(MG +GA) +(Jﬁfu3 +GB ) + (MG +Ge

Ta co: MA™ + MB* + MC* ) =3IMG" +GA” +GB +GC*

Do d6 MA™ + MB + MC” pg nhét khi MG bé nht.

Hay M 14 hinh chiéu cia diém G 1én mit phing Oxy Vay M (1;3;0).

092 o A(0:1:2), B(1;1:0),c(3:0:1) (0):x+y+z-5=0

Cau 30. Trong khong gian va mit phang

Xet diém M thay déi thuse \2). Gid tri nho nhit ciia bidu thire MA® +MB® +MC? bing bao nhicu?
Traloi: ....................
Loi gidi
34
Pap an: 3

2 Q
N LIl LIl GE’_’I::
Goi diém G thoa man GA +GB+GC =0 , suy ra 3 . Khi @6

UL Ut 4z LU ULL 42 UL Uil 42
P=MA* +MB’ +MC* =(MG +GA) +(MG +GB) +(MG +GC)

. o ood ood  od . . i
=3MG® +2MG.[GA +GB +GC]+GA' +GB® + GC*
=3MG +GA +GB + GC’

s 3@{6,{9}}8 +GA* +GB* +GC™.

Déau béng xay ra khi M 13 hinh chiéu cia O 1én mat phéng (Q)
‘;HB Fl- 5‘ ,
Ta co d{GE{an \E =E
fftiba2 Bl por-l B oo
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7 2
minP=3.i-lhﬂ-|hu+£=E ) . (0)
Vay 3 9 9 9 3 khi M 1a hinh chiéu cua G 1én mat phang .

Cau 31. Trong khong gian véi hé tryc toa do Oxyz , cho 4 diém AQ;4:- 1), B(1:4;- 1), C(2;4;3),

D2:2:-1) i M(iviz) o MA + MB* + MC* 4 MD* ot gia tri nho nhdt thi **¥*Z bing bao

nhiéu?
Traloi: ....................
Loi giai
21
Pap an: 4

I —:
4

7 -0]
xét diém 1@ 60 man [A+1B+1C+ID =0 Kpi dé 2
HJH{N] 1 H{H[A] H{H[A] 1

oo MA +MEB + MC* + MD? :(ﬁuﬁﬂﬁ(.w +LJE:|:+(.-WI+}1JL"):+(.-WI +;jr;):
4o - j j j

. LU ALl ]} ] un] . . - -
—4M1* +2MI (14 + 1B+ IC +ID)+ 14* + IB* + IC* + ID’

=AMI” + 1A + 1B +1C° +ID° =14 +1B" + IC* +1D° (i MI* 20 y4i moi diém M)

;D‘: x+y+z=

.-w‘
Dau"="xayra © M =l tgc1a

b | =1

7.
4'.

A0:0:1), 8(- 1:1:0), ¢ (1:0:- 1)

Cau 32. Trong khong gian Oxyz , cho ba diém .Piém M thudc mit

2 2x+2y-z+2 = = = 2 e, . , X , S, , £, 2,
phang (P):2x+2) 0 sao cho 3MA™ +2ZMB" + MC dat gia tri nho nhat. Tinh gié tri nhé nhat do.
Traloi: ....................

Loi giai
. . s .y 0l
min (BMA' +2MB° + MC- ):—
P4p 4n: 0
. 3x,+2x, +x. 1
i T @ y ’
: l 3y, +2y, 4y, | (111
JA+2IB+IC =0= {y, =—1 % "= = Jl-_, —.:—‘
0 3 6 33
, =32 +2z, +z _!
Goi 1 1a diém thao man 0 3
) ) BT T 1T T T TR TV T T T T TR
3mA? +2mB* +mc? =3(14- ) +2(18- ) +(1c- 1)

Ta c6
L [

s i . . WU o
=374 +20B* +1C* +61M* +2M1 (314 + 2IB +IC)

=314° +2IB° +IC* +06IM*
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(P)

Do d6 IMA® +2MB* + MC® pg nhét khi va chi khi /M nho nhit © M 14 hinh chiéu ca I trén
(11

= M| - ;-

|
18" 9

5 . X s .y 01
a ‘ = min (BMA' + 2 MB° +MC') :F

A(2:-2:4), B(-3:3:-1), C(- 1;- 1:- 1)

Cau 33. Trong khong gian Oxyz , cho ba diém va mit phang

(P): 2x- y+22+8=0

. Xét diém M thay do61 thudc , tim gid tr1 nho nhat cta bi€u thic

T =2MA? + MB* - MC?

Traloi: .......covvvvnnn....
Loi giai
Pap an: MinT =102
Goi I 13 diém thoa 2IA +IB- IC =0
w =Xt Xg- X 4
: 2
2 -y
S :W:n: 1(1.0:4)
22, +Z,- %,
=TT B Ty
..ZJ 2
Ta co:
) ) || R VT St T T T T TR
T=2MA? +MB*- MC* =2(M1+14) +(MI+1B) - (MI+1C)
| o of of | S ) S
—2MT?* + 2MI. +(2A% +IB* - IC?) =2MTI* + (2IA* + [B* - IC?)

i df

T nho nhdt thi 2MI* nho nhét > MT ngén nhét M 1a hinh chidu cua diém * /). ki g

bé

MI =d(I,(P)) =6; 2IA° + [B*- IC* =30= minT =102

A(I;4;5)._B(3;4;0)._C(2;-I;D)V‘ 3

Cau 34. Trong khong gian voi h¢ truc toa do Oxyz , cho ba diém a mat

. M(a:b:¢) (o)
oi

s Ao Y= 17 — : 2 2 L
(@):3x-3y-22-12=0. thudc sao cho MA™ + MB™ +3MC” dat oi4 tri nho

phing G
nhét. Tinh tong S =a + b+e.
Traloi: ....................

Loi gidi
Pap an: S =a +b+c=3.

i alu] alu}

Goi diém 10 y:z) thoa man [A+ 1B+ 3IC =0,
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% =(1- x:4- 1:5- z) '%1 =(1- x:4- 125- 2)

=(3- x;4- }'.j—::' = IB+:(3— xd- }'.j—:)

00 00
| IC =(2- x;-1- ¥;- z) 3ic =(6- 3x:-3- 3y -3z)
Ma ' -

= A+ B +31C =(10- 5x:5- 5y:5- 52)

- il .:"}
M o res
IA+IB+3IC =0 {y=1= 1(2:1:1).
Do do: z =l
TTTR TR TR '
a2 +mB +3mC =(Mr+14) + (M7 +18) +3(w+fc}
Mat khac:

(ol od od)

=SMI° +2.MI.| {AH B # 3C |+ 14" +IB* +3IC*

Vi L:AB.C § dinh nan 14° +1B° +3IC" khong déi
Do do: MA* + MB* +3MC” yng nhat © MI° nho nhit < MI nho nhét

(a)_

< M 13 hinh chiéu cia / trén mit phang

Phuong trinh dudng thang ¢ qua ! va vudng goc v6i mit phang () la:

x-2 y-1_=z-1
3 -3 -2
Goi 'w =d N (). Toa @6 cia M 1a nghiém cua hé phuong trinh:
7
? x ==
f.T‘E _]."I :—I ‘3.T+t|:3;|."3 “I ) I )
3 -3 -2 o{-2x+4=3z-3 e ly=-—=M —.:-—.:::r‘.
7 7' 9
[3x-3y-22-12=0  |3x-3p-2z-12=0 __D“ -

Jb=- =0= S =a+b+c=3.

a =

Vay

b | =
(R

, ) T 1 )
Cau 35. Trong khong gian toa do Oxyz, cho hai diém A(3;-2:2).B(- 2:2:0) va mat phang

B T T — R — . . 4
(P):2x- y+22-3=0. Xét cac diém M-IV g dong trén (P) sao cho MN =L. Tinp gia tri nho nhat cia

bidu thire 2AM™ +3BN*
Traloi: ....................
Loi giai
. ., . 143
min (EAM' + 3BN- ) =
Pap an: 3

Gié tri nho nhét cua bidu thue 2AM” +3BN" ping 49,8
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0]

Goi H.K 13y luot 13 hinh chiéu cta A,B trén mat phang

— — o 1 -~ 5 O | —
= AH =BK =3,H (I;- ;0),k(0;1;2),HK =3. it HM =1 3 ¢4,

HM + MN + NK zHK =3= NB=2-t

. F - w2
2AM? +3BNY =2AH  +2HM  +3BE  +3KNV =45 +285 +(2- 1) :‘ J3t - ﬁ‘ +$ z%

Dau bang xay ra khi M,N€ doan thang FK.
143
Vay Gié tri nho nhét cua biéu thiac 2AM™ +3BN" pine 3

Cau 36. Trong khong gian véi hé toa do Oxyz , cho diém Alasbic) véi @, b ¢ 13 cac sé thue duong thoa
_a 1
5(a* +5 +¢*) =9(ab +2bc + B+ : , :
man (a *)=9(a c+ca) va ¢ la+b+c) c6 gia tri 16n nhat. Goi M , N | P lan

lrot 13 hinh chiéu vudng goc cua 4 18n cac tia Ox | Oy , 07 viét phuong trinh mit phang (MNP).

Traloi: ....................
Loi gidi

PAp 4n: Phuong trinh mit phang (MNP) 3141 2y+12z-1=0

e £
b+ =— bec<—
(¢ >0); 5

Détr:b"'c 4

5(a® +b° +¢7) =9(ab +2bc +ca) & 5a° +5(b +c) - 9a(b +¢) =28be _ 5a° +5t% - 9ar <7+
= (Sa+tNa- 2)=0 o, a <2t

0=2- ,}L =f ()

3

Vay t 27t vGi >0
_lf”({):— i:‘l-L_ =let :l
Ta c6 o 6 (vi1>0),

Ta c6 bang bién thién

1
T 0 6 + o0
f'(t) - 0 -
_ 16
f(t) / \
—00 0
= ag=— h=¢ :L

Vay Qma.\' =16 _3 . 12 .
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11 1) T P
4 :;—?;—?‘ 7 Mll;n;o ;\-“D:L_}:O P|o:0; =
Suyratoa do didm ' 3 12 12)t0a 4o cac diém '3 b1z ). 12|
X ¥y .z _
TrTr T
Phuong trinh mt phang (MNP)3 12 12 = 3x+12p+12:- 1 =0

DANG 2

GIA TRI LON NHAT, GIA TRI NHO NHAT LIEN QUAN KHOANG CACH

Alx

Oxyz 03 Vo3 Z0) ¢ dinh va diém M di dong trén mat phang

Bai toan 1. Trong khong gian , cho diém

(F):Ax+By+Cz+ D=0 1, toa do diém M dé AM ¢¢ gia tri nho nhat.

Phuwong phap giai
Cach 1: Phuong phap hinh hoc
Budrc 1:
A
S H

+ Goi H 1a hinh chiéu vuoéng goc ciia 4 trén mit phang (P),

+ Khi d6, tam giac AHM vuong tai H do do AM =AH

+ Pang thuce xay rakhi M =H

+ Do d6 AM nho nhat khi M 13 hinh chiéu cia 4 trén mat phang ()

Buéc 2: Tim toa dp diém M (M =H )

| Qua A

+ Lap phuong trinh tham sé dudng thang AH voi ] Uy =np =(4; B;C) .

M =H =AH U(P)

) = A A A \
+ Tacod do diem M can tim.
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Cach 2: Phwong phap dai s6
Dung bét dang thirc b 3 ciia Bunhiacpxki

Véi a,b,c,x,y,z€ IFE, ta co:

(ax+by+cz) =(a” +b" + )x +y" +27)

—_ = = -

a_b
.‘!

[

Dau " =" xay ra

Bai toan 2. Trong khong gian Oxyz , cho hai diém 4.8 .4 dinh. Lap phuong trinh mit phang (P) gi qua
A va cach B mot khoang 16n nhat.
Phwong phap giai
Cach 1: Phuong phap hinh hoc
Budc 1:
A
H

A

+ Goi H 1a hinh chiéu cua B 1én mat phiang (),

+ Do do (P)lé mit phang di qua 4 vudng goc voi 4B

a A,
Q ooa
n, =AB

Budre 2: Lap phuong trinh mit phang (P) véi
Cach 2: Phwong phap dai s6

. n, =(a:bic), (a® +b* +c* 20)

+ Goi 12 mot vecto phap tuyén ctia mit phang (P),

+ Khi d6 phuong trinh mit phang (") & qua diém 4 1a: ala-x )+(y-y,)+(z-2,)=0

uuu

+ Khi d6 np-AB =0 tur day ta rut dugc 4 theo b’c(hoéc b theo %€ hodc ¢ theo a,b)'

b
t =—,c #0.
, VO1 ¢

4+ Taco @B(P=1()
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+ Khao sat f@) ta tim duoc max cua J@)

Chiui y: Dé tim vecto phdp tuyén "r clia mdt phang (P) gon gian hon thi nén goi "o =(: b;c)‘

Oxyz

Bai toan 3. Trong khong gian , cho diém 4 va duong thang A ¢6 dinh. Lap phuong trinh mit phang

() gi qua dudng thang A va cach 4 mot khoang 16n nhat.
Phwong phap giai
Cach 1: Phuong phap hinh hoc

Buwoéc 1:

mh /
K

+ Goi H.K 13n lwot 14 hinh chiéu cia 4 1én mit phang (P) va duong thang A-

+Dodo (D) 1a mat phing di qua K va vuéng goc voi 4K.
Buérc 2:

+ Tim toa d6 diém K .

ua K.
Q oo
=AK

+ Lap phuong trinh mat phang (P) ygi e
Cach 2: Phwong phap dai s6

. n, =(a:bic), (a® +b* +c* 20)

+ Goi 12 mot vecto phap tuyén ctia mit phang (P)

=0

+ Khi do s tur day ta rat duge ¢ theo b’c(hoéc b theo ¢ hoic € theo a,b ).

b
s t =—,c #0.
+ Taco: d (4,(P)) =/ ({),V('Ti c

+ Khao sat J@ ta tim duoc max cia S

Ch y: Dé tim vecto phép tuyén v ciia mdt phang (P) don gidan hon thi nén goi np =(; b;c}'

Bai toan 4. Trong khong gian Oxyz , cho mit phéang (P) va hai diém phan biét AB. Tim didm M thudc
(P) sa0 cho

1. MA+MB nho nhat.

2. | MA= MB 16n nhét.

Phwong phap giai
1. MA+MB nho nhit.
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Ta xét hai truong hop sau:
e TH 1: Néu 4 va B nim vé hai phia so voi (P).
Khi do AM + BM >AB
Ping thirc xay ra khi M 1a giao diém cua 4B voi (P),
e TH 2: Néu 4 va B nam ciing mét phia so véi (P),
Goi 4 déi xtmg véi 4 qua (P),
Khi do AM +BM =AM +BM >AB
Ping thirc xay ra khi M 13 giao diém ciia 4 B vai ().

A

s 4 -
,
|

R /
\ \P/ unyv"/
LM

2
av

m “-

2. |MA= MB| |6 nhét.

Ta x¢&t hai truong hop sau

e TH 1: Néu 4 va B nim cung mét phia so véi (P),

+ Khi dol AM - BM |<4B

+ Pang thirc xay ra khi M 14 giao diém cua 4B voéi (P),

e TH 2: Néu 4 va B nim khéc phia so voi (P),
(P)

+ Goi 4'dbi xtmg véi 4 qua

.| AM - BM |=|4M - BM|<A4B
+ Khi d6

+ Déng thitc x4y ra khi M 14 giao diém ctia 4 B véi (P),
Bai toan 5. Trong khong gian Oxyz , cho céc sd thuc duong & B vaba diém 48> . viét phuong trinh m
it phang (P) di qua € vaco T =ad(4,(P)) + pA(B,(P)) nho nhit.
Phwong phap giai
1.xét 4B nim vé cung phia so voi (P),
-Néu AB1(P) 3 P =(a+p)d(4,(P)) <(a+p)AC

18 =% 1D
- Néu duong thang 4B cit (P) tai I- Goi D 1a diém thoa mén B viE i trung diém BD. K

P=ad(4,(P)+f 1B -d(D,(P)) =2ad(E,(P)) <2(a+ p)EC
do: 1D
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2. Xet 4,8 nam vé hai phia so véi (P ).

Goi I 1a giao diém cua 4B va (P8 13 didm dbi ximg voi B qua I .
g g q

ki o £ =d P+ pa(8.(P))

Dén day ta chuyén vé bai toan 4 trén.
N A . Oxyz n AR A,Az,--',A s 1A A A \ < 2
Bai toan 6. Trong khong gian ,cho 7 diém 1 » va diém 4- Viet phuong trinh mat phang

(P) i qua 4 va tong khoang cach tir cac diém 4G =1.n ) 16n nhat.
Phwong phap giai

4,4,

- Xét " diém A him cung phia so véi (P)- Goi G 1a trong tim ctia 7 diém da cho.

Zn'd(Al.,(P)) =nd(G,(P)) <nGA
Khi do: =
- Trong ” diém trén c6 ” diém ndm vé mot phia va £ diém nim vé phia khac (m+k =n ). Khi do, goi
Gi 1a trong tdm caa ™ diém, G, 1a trong tim cua & diém G; dbi xtg voi Gi qua 4-
Khido © =md(G,,(P))+kd(G,,(P))

Dén day ta chuyén vé bai toan 5 trén.

PHAN I. Ciu tric nghiém nhiéu phwong an lya chon. Méi ciu héi thi sinh chi chon mdt phwong 4n.

Oxyz A(1:2:-2) Goi (P)

Cau 37. Trong khong gian , cho diém 12 mat phiang chta truc OX sao cho
khoang cach tir 4 dén (P) 16n nhat. Phuong trinh cua (P) la
A2y+z=0 B. 2yv-z=0 c. y+tz=0 p. y-z=0
Loi giai
Chon D.
A
Q H
K X
(P)

Goi K 1a hinh chiéu vudng gbc cua diém A(1:2:-2) lén truc Ox .
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oo K(:0:0), 4K =(0:-2:2)

Ta
(P).

Goi H 1a diém chiéu ciia 4 1én mat phang

= = AK =242
T e d(A4.(P))=aH <AK =22,

maxd (A._(F']) :NE

Suy ra , dat duoc khi H EK(I;D;D).

P) . 0(0:0;0)

i _|_|_|f _ P
Khi d6 mat phang qu AK =(0; “"“).

c6 mot vecto phap tuyén 1a

. - 1)- 2(v - 1M=z-0)= U

Nén phuong trinh mat phang (P) la 0.Ge-1D-2(y-0)+2(z- 0)=0 y- .
Vay (P):y-z :D.
Cau 38. Trong hé truc toa do Oxyz , mat phang (P) di qua diém A(17:2) va cach M(-2:4:-1) mot
khoang 16n nhét c6 phuong trinh 13

A (P):3x+3y+3z-10 =0 B. (P):ix+y+z-1 =0

C. (P):.1'+_1'+:—ICI:CI. D. (P):.1'+_1'+:+ICI:CI‘

Loi giai

Chon C

d (M, (P)) =4
Ta co:

T\M. (P =MA . .

Nén * (ar.( ))-wu khi 4 13 hinh chiéu cia M trén mat phang (P)

A L(P) = An =(- %-3-3)

Suy ra 1a vecto phép tuyén cia

(P) 4(1:7:2) AM =(-3:- 3:-3)
va n

di qua
-3(x-1)-3(3-7)-3(z-2)=0= x+y+z-10 =0

nha 1a vecto phéap tuyén nén c6 phuong trinh

Cau 39. Trong khong gian voi hé toa do Oz o didm A(-1;-2) va dudng thang @) c6 phuong trinh
x-1_y-1_z-1

1 -1 1 Goi

(P)

1a mit phang di qua diém 4, song song v6i dudng thang (@) va khoang cach
tir 4 t6i mat phing (P) 13 16n nhét. Khi d6 mit phiang (P) vudng goc voi mit phing nao sau day?
A X-y-6=0 B X+3y+2z+10=0  ~ x-2y-3z-1=0 D.3x+z+2=0
Loi giai
Chon D
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H

LD

Goi H 1a hinh chiéu cua 4 1én duong thing ¢ . Ta suy ra H(l;l;l).

(P)

Goi 1a mat phang di qua diém 4 va (P) song song voi duong thang d . Goi K 1a hinh chiéu cua

(P) oA (P) d(d,(P))=d (,(P)) =HK

(d) (P)

H 1én mit phang .D nén ta co

Ta ludn c6 bat dang thie 1K <HA  Nhu vay khoang cach tir dén 16n nhat bang 4H . Va khi

(P) . AH =(-1:2:3)

do nhan lam vecto phap tuyén.
Do (P) di qua AQ;-13-2) nén ta c6 phuong trinh cta (P)lé: x-2y-3z-10=0
(P TP . s 3x+z+2 =0
Do do vuong goc voi mat phang c6 phuong trinh: .
Ciu 40. Trong khong gian véi hé toa do O . goi ) 1a mat phing di qua hai diém 2~ 778),
B(2;-5,-9) sao cho khoang cach tir diém M (7;- 1;-2) dén (P) dat gia tri 16n nhat. Biét (P) c6 mot vécto

phéap tuyén la n =(a;b;4)’ Khi do g tr cua tong @ +b 1a
A. -1 B. 3. c. 6 -
Loi giai
Chon B
x =1+t
y=-T+2t
Phuong trinh tham sb ctia duong théng AB 13 ¥ = 8- 1
(P)

Goi H , K 1an lugt 1a hinh chiéu cuia M trén va duong th:fmg AB

K (3;-3;-10) d(M,(P)) =MH <MK

Ta tim duoc diém . Ta ludn c6 bét ding thirc

uuuy

Déu biing xay ra khi va chi khi H =K _Khi do MH =C4-2-8)=-2(21:4)

" :(2;1;4). Viytaco a+b =3,

A@(3;-1;0)

Mit phang (P) c6 mdt vecto phap tuyén 1a

Oxyz

Cau 41. Trong khoéng gian vd&i hé toa do , cho diém va duong thing

x-2 _y+1_z-1
-1 2 1 Mit phing

trinh 1a

d

() ()

chira 4 sao cho khoang cach tir 4 dén 16n nhét c6 phuong
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A X+y-z-2=0 B Xty-z=0
c. Xty-z+1=0 p, ~Xt2y+z+5=0
Loi giai
Chon B

Goi 5K 1an luot 13 hinh chiéu cia 4 lén (@) 3 d Knidotaco AH <AK .

vi HEd pen HQ-¢t:-1+42t;1+1) = AH =(-1- t;2t;1+t).

00
1 2.2 2]
-(-1- g == AH:[-_,-_;_
Do AH Ld non ta e - C1- +220+1+1 =0 3 Khids 3733
( ) (d

Khoang cach tr 4 dén “” 16n nhét khi va chi khi 40 =4K _ Do d6 c¢6 vecto phap tuyén 1a

n=(;1;- 1). Viy (@): 1(x- 2)+1(r+D)-1(z- D=0 & x+y- z =0

Van la danh gia bat dang thire AH <AK néi trén, nhung bai todn sau day lai phdt biéu hoi khdc mot
chut.
x+l _y _z-1

d
Ciu 42. Trong khong gian Oxyz, cho dudng thing -2 1 1 vadiém ALZ3) Goi (P) 13 mat

phang chtra d va cach diém 4 mot khoang cach 16n nhat. Vecto nao dudi day 1a mét vecto phap tuyén cua

(P).

A, 1 =10:2) B. " =(10;-2) c. n=LL1) p. " =LL-1)
Loi giai

Chon C
A
hK

H d
(P
Goi H 1a hinh chiéu vuong goc ctia 4 1én duong thang d, goi K 1a hinh chiéu vudng géc ciia A 1én (P),
Do do khodng cich tir 4 dén (P) 1a; ¢ (4:(P)) =4K.
x=-2t-1
d:{y=t

Ta co z =t+l Vi H€d pen H('Zl‘-l;t;t+l)‘

uuu

AH (-2¢- 23¢- 25¢- 2) u, (- 2;11)

, VTCP cua dudng thing d 1a
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AH Lu, & AHu, =0 < -2(-2t- 2)+t- 2+t- 2 =0 & 1 =0

HC1L0;D)  AH(-2-2;-2)= AH =243 (khong doi).

Do do
Vi AK <AH ( dudng vudng goc ludn ngin hon dudng xién) nén 4K 16n nhat khi AK =AH hay

K =H
oy uuy

Taco 4K =4H =(-2;-2;-2) == 2(LL1) Vay, mdt vec to phap tuyén cia (P) 3 n=LL1)

Cau 43. Trong khong gian v&i hé toa do Oxyz cho diém A(;1:3) va mit phing
(P):x+my+Qm+1)z-m- 2 :0, m 13 tham sd. Goi H a;b;c) 1a hinh chiéu vuong goc cla diém 4
twen P Tinh @+b Khi khoang cach tir diém 4 dén & 1on nhit ?
1
a+b=-— a+b=—
A. 2, B.a+b=2, C.a+b=0 D.
Loi giai
Chon D
x+my+Qm+1)z-m-2=0e m(y+2z-1)+x+z-2=0 )
{y+22- 1=0
Phuong trinh (*) c6 nghiém v6i Y™ x+z-2=0
x=2-t
d:{y=1-2¢
P, . . \ 2 z =t
Suy ra ludn di qua duong thang
Ked= KQ-t1-261) AK(-t;- 2t5¢- 3)
Puong thing d ¢6 VTCP ul-1- 21)
oo 1 3 1
AKu =0 t+4t+t-3=0= t=—= K[—;O;—]
2 22
Ta Cé AH SAK = AHmax :AK = H EK
a+b _3
Vay 2
x-1_y _z-2
Cau 44. Trong khong gian P97 cho didm 4(2;5,3) va duong thing 4: 21 2 Bijétring

(P).ax+by+cz-3:0 (a,b,ceZ) (P)

12 mit phang chira d va khoang cach tir 4 dén 16n nhat. Khi d6
tng T =a+b+c bing

A.3. B. 3. C.-2. D. "5,
Loi giai

Chon C
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MQ;0;2)

u =(2; 1; 2)

Puong thang d di qua ,c0 IVTCP

r)

Goi H , K 1an luot 14 hinh chiéu cua 4 trén vatrén 4 thi AH <AK (cé dinh).

(r) v (P) LAK _

Do d6, khoang cach tir 4 dén 16n nhat khi # =K ha

LUy uuuy

KQuabn2+2)€d 1y chidu cia A wen d khi AK Lu ygi 4K =1 Lt-5:2-1),

[N]N]N]

AK.u =0 = 2Qt- D+(-5)+2Qt- D=0 & ;

(P g MG 0:2) oo yppr 4K =(L- 4D (P) - dysz-3=0

Suyra I =a+b+c =1+ (41 =2

x+1 _y z-1
Cau 45. Trong khong gian Oxyz , cho duong thing 4: -2 1 1

A(l;2;3)' Goi (P)

va diém la

mat phing chira @ va cach diém 4 mot khoang cach 10n nhét. Véc-to nao dudi day 1a mot véc-to phap

tuyén cua (P)?
AL n =(1;0;2). B. n =(1;O;- 2). C. n =(1;1;1)' D. n=(1;- 1)'
Loi gidi
Chon C
~ 1

o H
// mk“‘f\'/: /

Goi H 1a hinh chiéu cia 4 xubéng mit phang (P) Tu H k¢ HM Ld DEthiy AM Ld

Taco AH <AM _ Suy ra khoang cach tir 4 dén (P) 16n nhat khi M =H hay M L(P).
x=-1-2t
y =t

Phuong trinh tham s6 ctia 9 : z=l+t (e IR), véc-to chi phuong 1a u=(- 2;1;1)_

Meqg=ME1-26851+1)= MA=(2- 26:2-1:2-1)
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oy uuu
MA Lu = MAu =0 < 2).2+20)+1.2- )+1.2- 1)=0 , ;

M(-1;0;1) = ;\quA =(2;2;2)
Suy ra .

Do " =(11) cung huéng véi MA nén n=(151)

(P).

12 mot véc-to phap tuyén cua

Cau 46. Trong khong gian véi hé truc toa do Oxyz , cho hai diém 40;2;3), B(5;-4- 1) va mat ph'fmg
d :2d ’(P) 7 *D: N
(P) qua O% saocho &) (4.(P) cat 4B tai I(a;b;e) nim giita 4B . Tinh @ +b+¢
A. 8 B. 6 C. 12 D. 4
Loi giai
Chon D
2 2
Do mit phang (P) qua Ox nén phuong trinh mit phang (P) co dang by +cz =0 (b te> 0)
p 0y [4b-cf _, [2b+3c| _ [-4b-c=4b+6e
= = =2. =
(B.(P)) (4.(P)) \/m W -4b- ¢ =-4b- 6¢

8b+7c =0
(=4

c=0

Truomg hop 1: 85+7¢ =0 chon b =7:¢ =8 ;i g4 (P): 7y~ 82 =0

et f(y,z)=7y- 8z
(P)

Thay toa do 4,B (7.2- 83)(7.(-4)- 8.6 1))>0 suy 4,8 nim cung phia so vdi

(loai)

vao ta dugc ra

Truong hop 2: € =0 suy ra phuong trinh (P):y =0

2.(-4)<0 A B

4B yaota duoc suy ra “® nam khac phia so véi (P). Do d6 duong thang

Thay toa do

AB cat (P) tai / nam gitra 48
x =1+4¢
y=2-6t(t€R)

Phuong trinh tham s6 cua dudng thang 45 z =3-4¢

Toa d6 diém / 1a nghiém hé phuong trinh

1
t=—
x =1+4t 3
7
=2- 6¢ =
Y = <x 3= 7] Z;O;é
z =3- 4¢ 3°°3
y=0
z =—
3
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a+b+c :Z+O+§:4

Vay

OXyz oo A(2:3:- 1), 3(2;3;2), c(-1:0;2)

Cau 47. Trong khong gian voi h¢ toa do .Tim toa do diém

M. thuge mit phiing (0x2) ;S =|Ma- 4.-wc|+ MA + MB + .-wc‘ T
K M‘I-I;O;;‘ a0 . M[l;ﬂ;% N ;‘l«f‘l-%;ﬂ;z‘
Lo giii
Chon A
G (1;2;1)

Goi G 1a trong tam tam giac ABC suy ra

0l H(x;y;2) 1a diém thoa man 4 - 4HC =0

G
2-x=4(-1-x) [ _.,

= 13-y =400- ) o |)=-1
-1-z=4Q2-2) [z=3 = H(-2;-1;3)

Nhan thay G va H nim vé hai phia dbi véi mat phing (OXZ); HG =22

[N} LILILL] L LIl LILILL]
5 =|pa- 4.-wc‘+ MA + MB + .-wc‘
Ta co:
LLLIL M[N[N) W[ N[N N W|NN] LILILL] LLILI LILILLS Uy LILLL] LILILI g UL
—|MH + HA- 4MH - 4HC|+ ‘MG +GA+ MG +GB + MG +GC| = ‘ IMH|+ 3MG|

=3(MH + MG) >3G6H =322

Ding thirc xay ra khi va chi khi 7, M | G thang hang theo thir tu.

Lai do M €(0%2) (o1 S dat i tri nho nhét khi va chi khi M 14 giao diém ciia duong thing GH voi
mit phiang (Oxz).

x=1+3

¥ =2+31

z=l-2 ; mit phang (Oxz) c6 phuong trinh Y =0

Puong thang GH ¢ phuong trinh

MeGH = M(1+3t:2+3:1- )

Melonz)= 2+3t=0= ¢ =-

ad | b

M ‘ i 1;:};3"
" , 3_‘

Vay

Ciu 48. Trong khong gian véi hé toa 46 97 cho mit phing (P) di qua diém M(9;1:1) cit cac tia

Ox, 07,02 tai 4,B,C (4.B,C khong trung véi gbe toa dd ). Thé tich tir dién O4BC dat gié tri nho nhét 1a bao

nhiéu?
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81 243 81

A 2. B. 2 . C. 6. D. 243,

Loi giai
Chon A
Gia sip 4@ 0:0),B(0:5:0),C(0:0:¢) | - a.bc>0
X y oz
, —+—+—=]
c6 phuong trinh ( theo doan chéan): @ b ¢
9 1 1

4+ +_=]
M(9;l;l)néna [

Mit phang (P)

Vi mit phang (P) di qua diém

9 1 1 ‘ 9
l=—+—+—=3; = a.bc =243
Ta c6 a b ¢ a.b.c .

_L o, 243 8l 81
6 0 2 Vay thé tich tor dién O4BC dat gid tri nho nhat1a 2 .

-
I OABC

Cau49. Trong khong gian @7 | cho céc diém M (m:0:0), 3 (0:n:0), P(0:0: thr:'khc”)ng tring voi gdc
toa d vathéaman ™ *™ * P =3 Tim gia tri 16n nhat ctia khoang cach tir O dén mit phéng (MNP
1 1 0
A3 B. V3. c. V3. D. 27.
Loi gidi
Chon C
X W Z
. (MNP) PR

Phuong trinh mét phang c6 phuong trinh 1a 7 " P
Theo bat dang thirc Bunhia-Copsky ta co:

s s 2y | 9
(m' +n + p') L+L+I— =9= I—ﬁ+Lﬁ+|—ﬁ:_*f =3

lm® ot pt | m° ns  pt m+n+p°
d(0;(P)) =
Khi do: . Déu biing xay ra khi ™ = =P =1,
1

Vay khoang cach 16n nht tir O ¢én (MNP)béng V3 .

PHAN II. Cau tric nghiém tra 161 ngin. M§i cAu héi thi sinh chi tra 161 dap an.

(r)

A(2:1:- 1). Go
(P)‘

Cau 50. Trong khong gian P cho didm 1a mat phing chira truc @Y sao cho

0]

khoéang cach tir 4 dén 13 16n nhat. Viét phuong trinh cta
Traloi: ...................

Loi giai
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(P)ox- 2 =0

Dap an: phuong trinh cua

r)

, 4" 1a hinh chiéu vudng goc cua diém
(P)
. N

P) ., A44=(20:-1)
nhan

Goi H 14 hinh chiéu vudng goc cua diém 4 1én mat phang

A47(0:1;0)

A 1en truc suy ra . Khi d6 khoang cach tir 4 dén 1a doan thang 4H =A44' P dai doan

thing AH dai nhatkhi 77 va 4" trung nhau. Khi d6 mit phing
(p) .. A47(0:1,0)
di qua c

lam véc to phap

A4 =(2:0:-1)
1a:

tuyén. Suy ra phuong trinh mit phang 0 VTPT:

20x- 0+0(- D+(-1)(z- 0)=0= 2x- : =0

Céu 51. Trong khong gian 97 _ cho diém A(Z;l;l). Goi (P) 1a mit phing chira truc @ sao cho khoang
cich tr 4 dén ) 16n nhit, Viét phuong trinh cia £,
Traloi: ....................

Loi giai
D4p 4n: phuong trinh cta (P) 2+ =0

A
g
H
K
0]

Goi H va K 1an luot 13 hinh chiéu cia 4 trén (P) va truc 9.
Taco ¢ APV =ZAH SAK 130 46 \tiging choh tir 4 aén & ton nbdt kni © =K ©10)

(P) Ak =(-2:0:- 1) =- (2:0:1)

. K (0;1;0)
di qua

Khi d6 va c¢6 mot vecto phap tuyén 1a nén c¢6 phuong

trinh 1a 2x +2 =0,
Oxyz A(l;2;2). Goi (P)

(P)_

Cau 52. Trong khong gian , cho diém 1a mat phang chira truc OX sao cho

0]

khoang cach tir 4 dén 16n nhat. Lap phuong trinh cua

Traloi: ....................
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Loi giai

. y+z=
Pap an: ¥ T - 0

A01;2:2) M (1;0;0)

Goi hinh chiéu vudng goc cua diém 1én truc Ox 1a

, , , . M4=(0;2;2
Khoang cach tir 4 dén ) 16n nhat nén mat phang (») c6 vecto phap tuyén la ( ) .

q . (o o MA=(0;2:2
Phuong trinh mat phang ) di qua diém M (1;0;0) va ¢ vecto phap tuyén la ( nén
0.0c-1)+2(-0)+2(z-0)=0 y+z=0
Cau 53. Trong khong gian v6i hé toa do Oz o didm 4(2-1,-2) va duong thang @) c6 phuong trinh

x-1_y-1_z-1
1 -1 1 Goi

(P)

1a mit phang di qua diém 4, song song v6i duong thang (@) va khoang cach

(P) 13 16n nhét. Khi d6 mit phiang (P) vudng goc voi mit phing nao sau day?

tir 4 t6i mat phing
Traloi: ...................
Loi giai

'D{lp an: X-= 2y' 3z-10=0

H(Q;1;1)

Goi H 1a hinh chiéu cua 4 1én duong thing ¢ . Ta suy ra

Goi (P) (P) song song voi duong thang d . Goi K 1a hinh chiéu cua

G AN @) d(d,(P))=d(H,(P)) =HK

) .. (P)

dén

1a mat phang di qua diém 4 va

(P)

H 1én mit phang .D

Ta ludn c6 bat dang thie K <HA  Nhu vay khoang cach tir 16n nhat bang 4H . Va khi

AH =(- 1,2:3)
46 (P) nhin AH =(-1;2;3

Do (P)

1am vecto phap tuyén.

di qua A(2;-1;-2) nén ta 6 phuong trinh ciia (P)la: x-2y-3z-10=0

x-1 Yy z-2
1

4(2;5;3) d:—==17"> (P)

Oxyz va duong thang . Goi

Cau 54. Trong khong gian , cho diém la

mit phang chira d sao cho khoang cach tir 4 dén (P) 13 16n nhat. Tinh khoang céach tir gbc toa do O dén

(P).
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3 112 1

A V2 B.‘/g. c. 6 . p. V2,

Traloi: ....................
Loi giai
1
Dap an: V2
Goi " =(a;bsc) 12 mot vecto phéap tuyén cua (P), vei @ +b*+c* 20
bidm M(1;0;2)ed = ME(P).

Phuong trinh cua (P):ax+by+cz- (a+2¢) =0 .

Mot vecto chi phuong ctia dt =(22)= n Lu e nu =0 2a+b+2e =0

= b= Qa+20)= d(4,(p))=ar3b*el _  Olate]

Ja? +b? +¢? \/az +c? +4(a+c)

(a+cy ,

(a +c)2 S2(a2 +c2)@

Ta c6 v6i Va-¢ER.
2
+

@+t +a(a+c) Z(a <) +4(a+c) 22(a+c)2.
Suy ra: 2 2

d(4(P)) = 9a+c] __9la+c] :9ya+c|ﬁz3ﬁ_

\/az+cz+4(a+c)2 \/9(a+c)2 3latc|

Do d6 2

= Maxd(A,(P)) =3x/5 =3 {a —¢
b :_4a.Ch(_)n a=c=1=> bh=-4.

(P):x- 4y+z-3=0= d(O,(P)) :L

=

Phuong trinh

A(1;1;2) (P):Gn-1)x+y+mz-1=0

Céu 55. Trong khong gian @Y7 | cho diém va mit phing , VOi

M 1a tham s6. Biét khoang cach tir diém 4 dén mat phang () 16n nhat. Tinh _
Traloi: ...................
Loi giai

Pap an: ™ =5

(3m- I):

|m— 1+1+2m- ||
Elim: - m+|:l

d(4:(P)) -
J(m— 1) +1+m’

Ta cé
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QGm- 1) (5- m)3m-1) o m =I

) =—— = fln)=—— - =V 3
Ei:m' - m+l1 j E(m' - m+ |)— m=5
Xét :
1
m_w 3 ) +0o0
j'i(’_r“J — [J —|— 0 -

fim)| .

R )
_
\

ol i
/
~

12
maxd (4:(P)) :J:
Vay 3 khi m=5,

Oxyz A(:2:-1),8(3;0;3)

(P).

Cau 56. Trong khong gian , cho hai diém . Biét mit phing (P) di qua diém

A va cach B mot khoang 16n nhat. Viét phuwong trinh mit phang
Traloi: ....................
Loi giai

T I —
Pép 4n: (P):m y+2z+3=0

7
S /

—(72 s -1
Tacs B (2:- 2:4)= 4B H.J’E.

(P).

Goi H 14 hinh chiéu vudng goc ctia B trén mit phang

o 4(8.(P)=BH <BA =26 = maxd [3,(?]'}:24’5, dat duoe khi H =4,

u|N N

AB =(2:- 2:4)

Ta

Khi d6 mit phang (P)di qua 4 vanhan 1a vécto phap tuyén.

, Mr-1)-2(v-2)+4(z+1)= -y 43 =
Suy ra phuong trinh mat phing (P)lau(m D-2(y-2)+4(z+1) =0 x- y+2z+3 =0

A1;2:-3) Vélmp(P): 2x+2y-z+9=0 Pudng thing d
(P) (P)

tai B.Piém M nim trong mp sao

Céu 57. Trong khong gian P97 | cho didm

qua 4 va vudng goc véi mp(Q): 3x+4y-4z+5=0 % mp

cho M 1uén nhin 48 dudi gbc vudng. Tinh do dai 16n nhat cia MB .

Traloi: ....................
Loi gidi
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Pap an: MB =5

x=1+3¢t
d:{y=2+4¢

Du‘(‘)’ng théngd qua A va Vuf)ng g(')c véi mp(Q) 3X+4y' 4z+5 =0 = z=-3-4¢

B 14 giao diém cua d va mit phing (P)= B(-2;- 2;1).

UMB =90" = M thudc mat cau (s) c6 duodng kinh 4B
(P)

A \ \ C . A 5 - A S \ - M
= M thudc dudng tron ©) giao tuyeén cua mat cau () va mdt phang

(C)'

= BM 141 nhét bing dudng kinh cta duong tron

1

(s) I{-—;0;-1 R:E
Ta c6 c6 tim , ban kinh 2
d(1,(P)) =3
41 5
© . r=F =t =b
Bén kinh cua duong tron la: 4 2,

Vay BM 16n nhét bing 2" :\/g.

A(4:5:6), 8(1;1;2 (P):2x+y+2z+1=0

), M 13 mét diém di dong trén mat phéng . Tinh

‘Mﬂ—l - MB ‘

Cau 58. Cho

gié tri 16n nhat cua biéu thic

Traloi: ....................
Loi giai

Pap n: VA~ MB]

nhan gi4 tri 16n nht 1a: V41

Ta cg IMA- MB| =48 Me(P)

v61 moi diém

. (24+45+42.0+1).(2.141+2.241)=208>0

\% nén hai diém 4.8 nam cung phia véi

n

M =48 n(P)

Déu " =" xay ra khi va chi khi

Khi @6, M4~ MB| han i tri 16n nhét 1a:

AB =\J(4- 17 +(5- 1) +(6- 2) =31

Oxyz A(- 1;0;1)’ 8(3;2;1)’ C(5:3:7). Goi M (a;b;c)

Cau 59. Trong khong gian , cho ba diém 1a diém
thoa man MA =MB vy MB+MC §at gja tri nho nhat. Tinh P =a +b+c
Traloi: ....................
Loi giai
Pap an: £ =5

. .1. AR =(4-2-
Goi ! 1a trung diém ctia 4B, suy ra 14 l’l); AB =(4 “*D).

Piém M thoa man M4 =MB khi M E(a’).
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):2x+y-3=0

Phuong trinh mit phang trung truc cia 4B : (a

(23+41.2-3).(25+1.3-3)=50>0
Vi né

(a).

Khi d6 MB + MC =MA+MC = AC

y A A ; (O!) M Y
n B, C nim vé mot phia so voi ,suyra 4 C nim vé

hai phia so vdi

MB+MC o nhdt bing AC kni M =4€ N(@)
x=-1+2¢
y =t
z=1+2t

Phuong trinh duong th'fmg AC. , do d6 toa d6 diém M 1a nghi¢m cua hé phuong

Oxyz’ cho ‘4('3;1;1)’ B(5;1;1)

Cau 60. Trong khong gian véi hé toa do va hai mit phing

. P — S R j chee 5 . 0
(P):x+2y+z-4 —D’ (Q):-x+y+: I_Cl. Goi M(a;b;e) la diém nim trén hai mat phing (P) va

) sao cho MA + MB dat gia tri nho nhat. Tinh T =a” +b* +c*
Traloi: ....................

Loi gidi
Pap an: T =a +b +c” =3

), ©

Tir gia thiét ta c6 M thudc giao tuyén ¢ cua hai mit phang va

p=(:2:1) . . (0)

Mit phang (P) c6 mot vecto phap tuyén 1a " . Mét phang
np =(-1:1:1)

c6 mot vecto phap tuyén 1a

N(:1;1)

. Khi d6 duong thang ¢ di qua va c6 mot vecto chi phuong la

[.‘t‘ =1+t
d:{y=l-2t
s =|np,ng | =(1;-2:3) , - =143 | o g
[ ' l - nén c6 phuong trinh tham so6 1a (2 =13 suy ra M+l “{"H?’{),

MA + MB :\{(; +4) + 47 +9¢° +J(£— AY +4: 497 =121 +8: 4106 + /147 - 81 +16

Bai toan trd thanh tim gia tri nho nhit cia ham sb

J 8 J 4 8

£+_£+_+ - —t+—
7 7 7 7

i 2 y 2
V7

F () =148 481 +16 +4146 - 8¢ +16 =14

F _,}.2
- |;—i -
L T

A J\H__

- F y —-

f
J_

-_le

"l

f@)

Khi 46 3l #pl) 28w

. Suy ra
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2 2
t+
77 _
7 3 07
r N - F
Dau bang xay ra khi va chi khi hai vecto ¥ va V cung hudng hay 7 J7
Do dé M(l;l;l), vay T =a’ +bh +c* =3
x =1
d:{y=2-t
Céu 61. Trong khong gian P cho mit phing (P):y-1 :0, duong thiang Z=1 V4 hai diém

1

-3 B[—;O;S] _
4(-1, 3’11), 2 . Hai diém M , N thuoc miat phang (P) sao cho d(M.d)=2 va NA=2NB

Tim gi tri nho nhét cta doan MN

Traloi: ....................
Loi giai
Dap an: MN,y, =1
I=dnP)= 1Q1;2-1;1)
Goi
Ie(P)=>2-t-1=0= ¢t =1= I(;1;1)
Ta co d1(P)=M thugc duong tron tam I(l;l;l)’R‘ =2.

00d 0 ( ¢
NG y;z)= NAG-1- x;-3- y;11- Z);NB[E- xX;- ;8- z

2

NA=2NB < (1+x) +B+y) +(1- z) =4 +3* +(8- z)

1
—- X
2

o 3x* +3)° +32° - 6x- 6y- 42z +126 =0
o X +y +2°-2x-2y-14z+42 =0

Viy Nes(U;1;7);R, =3) W €@y =1

Nén N thudc duong tron tam J(l;l;7);R2 =3

Tacs W =6>R +R, = MN, =1- R - R, =I

Oxyz 4(2;0;1) B@G3:1;5) c(:2:0) D(4:2:1)

Cau 62. Trong khong gian , cho bon diém

()

. Goi
1a mit phang di qua D sao chobadiém 4, B, C nim cung phia dbi véi () va téng khoang cach tir

cac diém 4, B, C dén mait phéng () la 16n nhit. Gia st phuong trinh () co6 dang:

2x+my+nz- p= Coar o - o ] =mAR+
XTmy+vnz= p O.Khldo,tlnhglatrlcuar mEn+p

Traloi: ....................
Loi giai

Pap 4n: T=m+n+p=9
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() di qua D(4:2:1) nén phuong trinh () c6 dang:

Vi mit phang
ale-4)+b.(y-2)+c(z-1)=0

S =a[ 4] + [ B.)] +a] )] =L 24 21# - bedel |-

Pit Jﬂ: +bh" + ¢

NIy N N fooake oo \A) A A, or 2 . ca o
Theo gia thiét, 4, B, C ndm cung phia doi voi () nén khong mat tinh tong quat, ta gia su:

(«=2a-2h>0
~g-b+4c=10
=3a-c=>0

5_—3::'— 2b-a-b+4c-3a-¢c _-0a-3b+3c
Khi do, Na* +b +¢ Ja' +b* +¢ )

(-6:-3:3)  (a:h;c)
va

Ap dung bt dang thirc B.C.S ¢ho hai b6 sb , ta duogc:

-0a- 3b+3c <l-6a- 3b+3c =\ [(0 + 3 + 3 ). (0 407 4c?) |, 5 3 f5

(- 6a- 3b+3c =0 a=-2
“1a b ¢ b=-1
Ding thirc xay ra 6 -3 3 . Ta chon c=l

= (a):-2x- y+z+9=0 hay (a):2x+y-z- 9=0_ m=l’ n :_1’ p:9‘

Vay T :m+n+p:9.

(P):ax +by+cz 3=0 abc
XyZ (

Cau 63. Trong khong gian véi hé toa do 0 2ol 1a cac s nguyén

5 . . . MI\G- L2 N(- 113
khong ddng thoi bang O ) 1a phuong trinh mit phang di qua hai diém [:U; l ) { L }

aH(0,0;2) H(002) (

va khong di

qu . Biét rang khoang céach tir dén mat phang P) dat gi tri 16n nhat. Tinh gia trj cua

P=a- d+3x+12
Traloi: ....................

Loi gidi
Pap 4n: P=a- b+3xx+12=16

~b+x- 3=0 fb=2- 3
M(a- 12),N (- 1L3) -a+b+3Xx- 3=0 }a=5- 6

nén ta co

Mit phang (P) di qua hai diém

().

d(H;{p}):M

2
Mt khac &+ +C )

d(H;{P}) _ 2|2E_ q _ |2E_ q
Thay (*) vao (**) ta duoc ‘ja B+ \"3:}:2 - TX+45 .
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X- 3
J30Z- 7X +45

y‘ =
Xét ham s
- . 2 2
, 18- 18 . 0 1 £

y'= w'=0U0c=1p y=- — |[f =——:limv=- —
7z By = mlmy s

6 tap xac dinh D =i .

P miny =y1)=- %

dc) = x 3
V302 - Tx +45

Xét ham s
1

max glc=f)=dl = -\."_
3 dattai C=1.

Tur d6 suy ra

. c=1b a- 1b=-1
Voi .

P=a- b+X+12=16

0]

Vay

Céu 64. Mit phiang di qua diém M (1:1:1) cit cac tia Ox | Oy’ Oz 13n luot tai A(Q;O;O), B(0:5:0)

b

€ (0:0:¢) sao cho thé tich khdi tir dién OABC nho nhét. Tinh T =a +2b+3c
Traloi: ....................
Loi giai
Pap an: T =18
. 1
' a>0bh>0,c>0 : : Vouse =gabe
Tir gia thiét ta c6 S va thé tich khéi tr dién O4BC |3 6

Ta c6 phuong trinh doan chin mit phang () c6 dang @ b

1 1 1
Me(P)= —+—+- =]

Ma a b ¢

1 1
) o ) 1 :_+—+—3_*33#—=':- abe 227
Ap dung bat ding thtc cosichobasdtacs: @ b ¢ abe :

- _ .
lli.:'n‘il.' __ﬂht =

Do d6 0 2 Ping thic xay ra khi va chi khi @ =b =¢ =3

— d :h = :3
Khido T =a+2b+3c =18

b | O

m in,._m.__ =
Vay

M(1;4;9)‘ Goi (P)

Cau 65. Trong khong gian Oxyz , cho diém 1a mit phang di qua M va cat 3 tia

Ox, Oy, Oz 3, luot tai cac diém 4, B,C (khac 0) sao cho A+ OB +0C dat gia tri nho nhét. Tinh

(P).

khoang cach d tiy gbc toa do O dén mat phang

Traloi: ....................
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Loi giai

d=2.
Pap an:
Gi sir Ala:0;0), B(0:h:0), c(0:0:c) i @bic>0.
, (P):l-i'i-f-i:l
Phuong trinh mét phang a b ¢
M@4e(P)= Le2e? =
a b ¢
Ap dung BDT Bunhiacopxki:
a2 B \((Ja)-+(@)-+m):_=u+z+3r.
c
= a+h+c =49,
l+i+E:| ‘a =6
1 2 3
— == c =18
Dau “ =" xay ra khi ¢ b«
(P):Z+ L+ = =
6 12 18
Nén
d =2
vay 7
Oxyz, o (P) o M(@1:2:1)

Cau 66. Trong khong gian voi hé truc toa do > mat phang di qua diém cit cac tia

Ox, 09,02 13 1ot tai cac diém 4> B:C (4 B:C khong tring vai gde O) sao cho tir dign OABC cp thé
It 5 A A \ - M (P)
tich nhé nhat. Viét phuong trinh mat phang .
Traloi: ....................
Loi gidi
X Z
P): X+ Yt
Pap an: 3 6 3
Goi (P) cit cac tia @ 7 13n luot tai céc didm Al0;,0);8(0:6,0);C(0:0.0) (ab,c>0)
X £
(P): X+ Y4221
Ta co a b c
1 N 2+ 1 _1
Vi Me(P) néntaco @ b €
3
1:1+E+12 32 = abc =54
a b c Jak

Ap dung bt dang thuc cosi ta co
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1
q , Vpase ==abc =9
Thé tich khdi chép 6
1+%+1:1
d ¢ = a=3b=6c=3
1 21
Dau bang xay ra khi cac s6 tham gia c6 si bang nhau nghia la a b c
X Z
() P |
Vay pt mat phang 3 63
Cau 67. Trong khong gian v6i h¢ truc toa do Oxyz , cho ba diém A(a:0:0), 5(0:5:0), C(0:0: E']', trong do
2 2.1 I
- _4_ =
a.b,¢ 13 cac 56 thyc thbaman ¢ & ¢ Tinh khoang cach tir gbc toa do O dén mat phang (ABC).
Traloi: ...................
Loi giai
Dip én: d_ (0:(4BC)) =3
Phuong trinh mit phang ABC): a b ¢

, N | Py [ -IJI-I-I e L I I -
Nhan thy, diém M(2; H,l}e(fisc); oM =(2;-2:1), oM 3

5 d (0,(ABC)) =0H =OM

Tac = khoang cach tir gbc toa do O dén mit phang (4BC) c6 gia tri lon
l =2k a —I—
a 2k
ooood oocd I I
SN e =k OM (K #0)= —=-2k= b=-—
b 2k
1 1
—_ :_Ifl_' o =—
2 - : le= 9k =1k
e 4_ =9 =l =
2 >
:-:4-1_:1 I - I I G:E_b:-E_L:Q
Maa b ¢ nén 2k 28k Do d6 2 2
ST I
Viy Do (O:(4BC) =0Mm =3 | . “ 75" 5

Cau 68. Trong khong gian OxVZ, cho diém M (L49) Goi (P) 1a mit phang di qua M va cit 3 tia Ox, Oy,
Oz lan luot tai cac diém A4, B, C (khac O) sao cho OA+0B+0C gq¢ gia tri nho nhat. Tinh khoang cach d
tir gbc toa do O dén mat phiang (P).

Traloi: ....................

Loi giai
36

d (o (P))=—
Pap an: 7
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Goi mit phing (P) 4 qua diém ML49) o tai 4(a:0:0), 8(0:0:0).c(0:0:0) _ . a.b.c>0
(P}l+i+i:| l+i+2:] )
ta co a b ¢ gquyraa@ b ¢ vy OA+O0B+0OC =a+b+c dat gig tri nho nhat khi
T a2 2 4 :
1=1.4,2 :|_+“_+3_:_=M: a+h+c =306

a b ¢ a b ¢ atb+c
a=6
b =12 .
o= (P o+ —+ =]
c =18 6 12 18
Déu bang xay ra khi va chi khi
0 0 0
+—+—— -1
6 12 18 _ 36

d (0:(P)) =——= ~ — ==
PEERE

Cau 69. Trong khong gian vdi hé toa do Oxyz , cho ba diém

Nén

Ala,0,0),8(0,5,0),c(0,0,c) vei BhC 1

nhimg sé duong thay d6i thoa man a’ +4b* +16¢* =49 Tipp tong & =a” +b* +¢" ypi khoang cach tur

O ¢én mat phing (4BC) dat gia tri 16n nhét.
Traloi: ...................
Loi giai
s=2
Dap an: 4

oH 1(48¢); (He(4BC))

Dung vi OABC 1a tir di¢n vuong nén ta co:
1 1 1 1 1 1 1 1 2 4
= + + =—t—=t—=——+—+—

OH' 04 OB 0C a b & a 4b loc
Ap dung bat dang thirc Schwarz:

| 1 22 4 (1+2+4)

— =—+—+ - = 3 —=1= OH =l
OH" o 4b 16 a +4b +loc
Vay khoang cach tu O ¢én mit phang (4BC) dat gia tri 16n nhat 1a 1 khi:
a® =7
) )
Lﬁ:“ﬁ:4ﬁ:ﬁl+j+4 _\:I—c::r-llr;r:: ﬂj:ﬂ
a  4b” 16" a +4b +loc” 7 4
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(P)x+y-z+2=0

Oxyz , cho mit phang va hai diém

(P)

Cau 70. Trong khong gian véi hé toa do

A(G:4:1):8(7:-4:-3) Bid M(abicXa>2)
. 1€m

thudc sao cho tam giac 4BM vuong tai M va co

dién tich nho nhat. Tinh gié tri biéu thue T =a +b+c

Traloi: ...................
Loi giai
Pap an: T =0
1
Sy =— ABMH ,
Ta co: 2 v6i H 13 hinh chiéu vudng goc cia M 1én AB.

Do 4B khong déi nén S4# nhé nhit khi MH nhé nhit.

-

[N
4B =(4;-8;-4) 00
|1y =(1;1;- 1)
MH nho6 nhéat khi M nam trén giao tuyén cia mat phang (0) va (P);
(P)

voi ©) 1a mat phang chira 48 va vudng goc vdi mp
Py uaia]

AB =(4:-8-4) O
1 ( ) = n, =(3:0:3)= (
[, =L~ 1 phuong trinh mp Q)lél x+z-4=0
M M A . A 5 - M (Q) B (P) A A M B [N 5 A s
nam trén giao tuyén cia mat phang va nén toa do la nghiém cta h¢ phuong trinh
) [x =t
x+z-4=0

= {yp=2-2t=> M(:2-264- )
x+y-z+2=0 ’

' z=4-¢ -
\ veit>2.

LILR L |N]N N}

. AM =(t-3;-2-263- t):BM =(t- 7:6- 26:7- )
Taco .

S NN Ny NN}

, o= - - -7- - . - ¢)=
Tam gide ABM vudng tai M nén AM BM =0 (- 3)(-7)+(-2-2e)(6- 26)+(3- ¢ N(7- 1) =0

t =3(n)
e (- 3)(0-7)+20-3)e+D) =0 (t-3)3t-3)=0=| 5 0
f =—
3 .
L =32 MG-& D)= atb4c=3-4+1=0
v =4- 3
d:{y=3+4dt
Oxyz z =0

Cau 71. Trong khong gian , cho duong thang . Goi 4 1a hinh chiéu vudng goc cua
O twén 4. Pibm M di dong trén tia Oz didm N di dong trén duong thing d sao cho
MN =0OM + AN Goi ! 1a trung diém doan thang OA Trong truong hop dién tich tam giac IMN  gat gia

trj nho nhat, 1ap phuong trinh ctia mét phang chtra diém M va duong thang d,
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Traloi: ....................
Loi giai
Dip én: dx+3y+5422-10=0

M

A(4- 3:3+4t0)

Goi 1a hinh chiéu vuéng goc ctia O trén d

S| Ny EN)

e 04 Ld = 0Au, =0 = t =0= 4(4;3:0)
va AAIN =AOIF = IN =IF

I :
] ) = Sy = IHMN = §, ., . mn= MN__
Ta co MMP =AIMN e IH L MN = [H =10 ' 2 ' '

. . . . _[MO+AN |
MN- =MO” +04™ + AN~ 3:2‘ M‘ +25= MN 3_‘515
Ta co \ =
5
MN . =5\[2 = OM =AN :i ‘ 0;0;, =
Vay ) ' '
o0 M '
(@) wA u, l—‘lt}-,.r’_ 12 25
Mot vecto phap tuyén ciia mat phang 7 a

n =(4:3:5472)

Chon
(M, d) 4x+3p+522-10 =0

AQG43) . . . (P):2y-z=0

va mat phang - . Biét diém B thuoc

1ap phuong trinh ctiaa mét phang

Oxyz

Cau 72. Trong khong gian , cho diém

(P) , diém C thudc (Oxy ) sao cho chu vi tam giac ABC nho nhit. Tinh gia tri nho nhét do.
Traloi: ....................
Loi giai
(P, ) =45

Pap an:
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A4(1;4:3) (Oxy)= H(1:4:0)

Goi H 1a hinh chiéu vuong goc cua 1én mit phang

Goi 4 13 diém doi ximg ciia 4 qua mit phang Oxy) 4 (1:4;-3)

A(1;4;3)

, ta tim duoc

0]

Goi K 1a hinh chiéu vudéng goc cta 1én mat phing

(x =1
AK :{y =4 +2t

N - =1. i L TP =
Ta c6 phuong trinh duong thang =3 ,Goiﬂ(]'4+“'r'3 )€ Ak

C 5 5= —=-= (1 4
:Mmkmx,RE(P)ﬁ~J+~ 0=rt=-1= K(1;2;4)

Goi 4 1a diém doi xtng ciia 4 qua mit phang (P) thi K 1a trung diém cta AAz.

‘ x, =2x,-x, =l
' — %y = =
Vo =2y,-y,=0

Z =ZX . - Z :E- )5
Taco L -t x5 = 4, (1;0:5)

Ta c6 chu vi tam gidc ABC 13 Pl —AC+AB+BC =AC+ A, B+ BC EA,A:.

A.4,,B,C

Dau bang xay ra khi thang hang

(F\.:'Hn' ),,._,, =44, :4‘4'{5

Suy ra

DANG 3

GIA TRI LON NHAT, GIA TRI NHO NHAT LIEN QUAN PEN GOC

Oxyz P)

Bai toan 1. Trong khong gian , cho dudng thang d vamat phang (

mit phiang (D) chira d va tao v6i mat phang (P) mot gbc nho nhat.

cit nhau. Lap phuong trinh ctia
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Phwong phap giai
Cach 1: Phuong phap hinh hoc

P) Med,M #1

Goi ! 14 giao diém cua duong thing ¢ v6i mat phing (©) va ldy diém
Goi 1-K 13 luot 14 hinh chidu cia M 1an (P) va giao tuyén A ciia P) va (9.

HM _HM
tang =———=>——

Pit ? 1a goc giita (P) va (D taco @ =MKH, do dé HK — HI

Do do (@ 1a mit phing di qua ¢ va vudng goc voi mit phing (MHI), pap (@) g qua M vanhan
[mewawd] o vrer,

Cach 2: Phwong phap dai s6
Ta c6 thé giai bai toan trén bang phuong phap dai s6 nhu sau:

° GOI ”L: :(ﬂ;hétl)! (ﬂ: +||L-': +|:': :t[:')

1a mot VTPT ctia mit phang Q).
e Khido "o =0 tur day ta rat dugc ¢ theo b’c(hoéc b theo ¢ hodc ¢ theo a,b).

|_7.l_.'nP|

cos g =—=— = f(1)
e Goi ? 1a goc gilra (P) v3 (D ta co: 7] .|nP|
b
t =—,c #0.
Vo1 ¢ Khao sat J@ ta tim duoc max cua J@

Chui y: Dé tim vecto phdp tuyén o ciia mdt phang D) gon gian hon thi nén goi "o =(L:5; C).

Oxyz

Bai toan 2. Trong khong gian , cho hai duong thing 4 va d chéo nhau. Vit phuong trinh mit phang

(P) chtra 4 va tao véi d mot gbe 1on nhét.
Phwong phap giai
Cach 1: Phuong phap hinh hoc
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* Trén duong thing d, ly diém M va dung duong thing A di qua M song song véi d.

Khi d6 goc giita A va (P) chinh 1a goc gilra d va (P).

o Trén duong thing A, 1y diém 4. Goi H va K 1in luot 1 hinh chidu cua 4 1an (©) va 4% 13 goc
gitrta A va (P),

HM _ KM
cosp =———=>——

Khi do ¢ =4MH 3 TAM T AM

Suy ra (P) 13 mit phang chira d va vudng goc v6i mit phang (AMK). po do (P) g qua M vanhan

A A
(" )", lam VTPT.

Cich 2: Phwong phap dai s6
Ta c6 thé giai bai toan trén bang phuong phap dai s6 nhu sau:

n, =(a:b:c), (a® +b* +c° #0)

¢ Goi 1a mot VTPT cua mit phang (P).

e Khido "rHe =0 tur day ta rat duge ¢ theo b’c(hoéc b theo %€ hodc ¢ theo a,b).

‘_'?J”d' ‘

sing =

’ n ] fu \:f(t)
e Goi ? 1a goc gita ) va 9+ taco a

t =—,c #0.
Vo1 ¢ Khao sat J@ ta tim dugc max cua f@

Chi y: Pé tim vecto phdp tuyén "r clia mdt phang (P) gon gidan hon thi nén goi "o :(];b;c]'
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x _y+l _2-z

Cau 73. Trong khong gian voi hé toa do Oxyz , cho duong théng -2 1 Goi (r) la mat

(0):2x- y-22z-2=0

phang chira duong thing d va tao voi mat phang mdt goc c6 s6 do nho nhat. Piém

40:2;3) cach mit phang (P) mot khoang bang:
5v3 7411 443
A V3. B. 3 . c. 11 D. 3
Loi giai
Chgn A
x _y+l 2-z
d:—="——= —(1--9-
1 _2 1 CéVTCP u —(1,'2,'1).
(0):2x- y-22-2=0 _\ppp # =(2-1-2)
sin @ =‘c0s (;»nx zﬁ
Goi @ 12 gée tao boi @ va @) a6 RO
Tir hinh v&, ta c6 (a.(P)=MBr, (P).(0)=McH
. sin MCH _MH 2@ zﬁ
Ta thay MCc MB 3
((p) (Q)) =WcH . sin MCH :ﬁ cos MrcH zﬁ
Vay goc ’ nho nhat khi 3 hay 3

*Viét phuong trinh mat phang (P)

-CACH I:
Mt phéng (P):Ax+By+Cz+D =0
puu
Mgy =0 A-2B-C =0
~ 00 ) B 24- B- 2(]| :ﬁ
Taco
A4=2B+C A=2B+C

(=4 > (=4
35 =\/3(2B+C) +B*+C>  |6B*+6C* +12BC =0 (1)

Néu B =0 guy ra 4=C =0 Jo4i.



Todn 12 Chwong 5-PT mit phing, dwing thing, mdt cau trong KG — Bai tip theo CT mdi 2025

2
< +2%+1=0@%:-1: C=-B

Néu B #0 @ suy ra suyra A =B,

g(P):Bx+By-Bz+D=O N(0;- 1;2)ed suyra D =3B

Mit phan di qua diém

Vay phuong trinh mat phfmg (P):x+ y-z+3=0 . Suy ra d(A;(P)) :\/g .

-CACH 2
Goi A =(P)N(Q) 4y goc gilra (P)ya (D) nho nhét khi va chikhi A Ld . Do d6, mit phing (P) thoa dé
bai 12 mit phang chira d va cit (Q) theo giao tuyén A sao cho Ald,
AcC
] Q) LA

u, =|uy,
ALd nhan 2 [ d no} lam vec to chi phuong.

Q) chia d va 6= (P) qua M©;-1;2)ed s nhén n :[ud'uA] =(6;6,-6) lam vecto

. P): x+y- z+3=0| : =
phéap tuyén:> (P) y Vay d(4;(P)) \/5
ALK oYz )
Cau 74. Trong khong gian Oxyz ,choduong thaing 2 2 1 vamat phing P)ix+2y-2z _O. Goi
(©) 1a mat phing chtra A sao cho goc gitra hai mit phang (P) va (©) 14 nho nhét. Phuong trinh mit phang
@
A X~ 2y+z=0 B, Xx+22y+10z=0 o~ x-2y-z=0 p. X+10y- 22z =0
Loi giai
Chon D
x =2t
A~f—Z—f A5y =2t
Puong thaing 2 2 1 duoc viét lai du6i dang tham sb z=t
x =2t t =0
y =2t x =0
(=1
z =t y =0
Xét hé phuong trinh +2y-22=0 270 podo A cht () tai diém 4(0;0,0) EO.
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() ), @

Laico A va khong vudng goc nhau nén ta di chimg minh goc nho nhat gitra

(r)

la goc gitra

A va (P ). That vy trén A 14y B khac 4, ké BH vuong goc véi = 7 tai H va BK vuong goc @ tai

K (d 1a giao tuyén cua (P) va (Q)) tai K. Khi d6 goc giira (©) va (P) la goc BKH
tan BKH _BH Zﬁ =tan BAH
HA >HK = HK HA

BKH, BAH <90° : : - 4
= BKH =BAH =| A,(P) =arcsin

tan E?KH >tan BAH

Ping thirc xayra © K =4 < A Ld.

Do do, goc gitra hai mat phing 2 va @) 14 nho nhat khi va chi khi @Y chia @) va et ) theo mot
giao tuyén vudng goc A.
*Viét phwong trinh cia ©)
u u
Puong thang A ¢6 vecto chi phuwong t =2 2;1), (P) ¢6 vecto phap tuyén & =(;2;-2) nén 4 co
uw u u
u, Z[ul,n1 ] =(-6;5;2)

vecto chi phuong

)

(€ /] u u
n, Z[uz;ul] =(1;10;- 22)

chira A va d nén nhan lam vecto phap tuyén.

i
Viy mit phang ) di qua 4(0;0,0) va nhan 2 =(110;- 22)le‘lm vecto phap tuyén nén c6 phuong trinh

x+10y- 22z =0

Oxyz

Cau 75. Trong khong gian vdi hé toa do > cho duong thang -1 2 1 vamat phang

(P):2x- y- 22-2=0 Q) 3 \at phing chia 4 va tao voi mp\") mot goc nho nhit. Goi
U
n =(a; ;1) 12 mot vecto phéap tuyén cia (Q) Ping thirc nao diing?
A.a- b=-1 B.a+b=-2 C.a- b=1 p. a+b=0.
Loi giai
Chon B
U

M(0- 12) .= 121

va cd vecto chi phuong

di (0) v %=(a;b;1)

Puong thing d i qua diém
(0)

ugng =0

Theo gia thiét, 12 mot vecto phap tuyén cua nén ta co

U-a+22+1=00 a=2»+1 (1)

(P) np=(2- 1- 2)

c6 vecto phéap tuyén .

cosgg,ilig- = |2a- b- 2| (2)

a2 +b2+1

Mit phang

cos((P).(0)) =

Ta cé
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b

cos((P).(0) = _2| |

Thé (1 vao (2 ta duoc 2 +4b+2
) (o) eos(Pl)
Khi goc gitra va nho nhat thi dat gia tri 16n nhat.
fp)mb  S)= = ;=000=-1
, T o2 \/ 5h° +4b +2
Xét ham s B +Ab+2 ( )
Béng bién thién
b -~ -1 +no
£1®) . 0 ’
_ 1
o Ve \ / g
1
J3
)
g(b)=———— max g(b)=g(- 1)=i
, 2 ax g g
Tir d6 suy ra v6i ham sé Vb A +2 V3 khi b=- 1P a=-1
Vay: atb=- 2
A A . 1A ~ Oxyz, . (020 . 2 , . 2
Cau 76. Trong khong gian voi hé truc toa do goi la mat phang chira duong thang
J-x 1 _y+2 =z
’1__1 _3‘ L Oy L A . A .2 \ A N < . (P)
va tao vai truc gdc c6 so do 16n nhat. Biém nao sau day thudc mat phang ?
A EG30:4). g M (G:0:2). c NG1-2-1. p. Fa21).
Loi giai

Chon C

Ta c6 VTCP ciia dudng thing @ 1a #¢ == 1-2) 3 VTCP ciia truc O 1a / =(0:10)

Goi @ 14 goc gitta dva 9 | taco v6i

Goi B 1a goc gitra mat phang (P) vy Oy , do (P) chita d néntaco £ =% Diu bang xay ra khi mit

i cos f
phang () tao voi Oy mot goc P théa min \/g

(P) chita @ nén P) 6 dang m(x+y+)+nQ2x+z-2)=0,m*+n>>0

o (m+2n)x+my+nz+m-2n =0, m*> +n’> >0

|m| :ﬁ = 4m* +20mn +25n> =0 © 2m +5n =0

\/(m+2n)2+m2+n2 \/g

sin f =

Chon ™ =51 =-2 suy ra phuong trinh mit phang (P),x+5y-2z+9 =0.
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Viy diém VO -2 DEP).
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