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A–1 Thecentroid
�

of the triangleis collinearwith � and�
(Euler line), andthe centroidlies two-thirdsof the

way from � to � . Therefore� is alsotwo-thirdsof
theway from � to � , so �����
	�� . Sincethetriangles
 ��� and ����� aresimilar (they’reright trianglesand� � 
 ����������� � ��� � ����� ), wehave


 �������������� ��� , or

 �"!#���$�%���&!'���(�%)�� . Now
 ��*���+ 
 �-,.����/0*1�2+ 
 �3�4����/5*6,87 
 �9!:��� , but
 ���3����� 
 �;,<�����=+>�2���?����/@�A���������� , so 
 �2�2B ��� * ,C7�! )����ED ) F�74�E��F6G

A–2 We show morepreciselythatthegameterminateswith
one player holding all of the penniesif and only ifH �I��J�,2	 or H �I��J�,E� for some K . First sup-
posewe arein thefollowing situationfor someL3M2� .
(Note: for us,a “move” consistsof two turns,starting
with a one-penny pass.)

– Exceptfor theplayerto move, eachplayerhas L
pennies;

– Theplayerto movehasat least L pennies.

We claim thenthat the gameterminatesif andonly if
the numberof playersis a power of 2. First suppose
the numberof playersis even; thenafter K complete
rounds,everyotherplayer, startingwith theplayerwho
movedfirst,will have K morepenniesthaninitially, and
the otherswill all have 0. Thuswe arereducedto the
situationwith half asmany players;by thisprocess,we
eventuallyreduceto thecasewherethenumberof play-
ersis odd. However, if thereis morethanoneplayer,
after two completeroundseveryonehasasmany pen-
niesasthey did before(herewe need KNMO� ), so the
gamefails to terminate.Thisverifiestheclaim.

Returningto theoriginalgame,notethatafteronecom-
pleteround, PRQTS#U*�V playersremain,eachwith 2 pennies
exceptfor theplayerto move,whohaseither3 or 4 pen-
nies.Thusby theaboveargument,thegameterminates
if andonly if P QTS#U* V is a powerof 2, thatis, if andonly
if H �A��JW,X	 or H �E��JY,Y� for someK .

A–3 Notethattheserieson theleft is simply Z�[]\_^`+0�aZb*�����/ .
By integrationby parts,cYde Z * Q�f�URghSbi�jlk *Rm Zn�o� H c=de Z * QTSpUqghSbi�jlk *Rm Z

andsoby induction,cYde Z * Q�f�U g Sbi�jlk * m Zn�o�8rn7srt!R!R!ur-� H G
Thusthedesiredintegral is simplydvQ�w e 	� Q Hyx � D g G

A–4 In ordertohave z�+{Zb/|�o}T~�+{Zb/ for all Z , wemustin par-
ticularhave this for Z�� g , andsowe take }s�E~�+ g / S#U .
We first notethat~�+:�6/5~�+ g /l~�+:� S#U /@�E~�+ g /l~�+:�6/5~�+:� S#U /
andso ~�+��_/ commuteswith ~�+ g / for all � . Next, we
notethat~�+�Zb/l~�+��6/5~�+�� SpU Z S#U /@�A~�+ g /5~�+�Zu�_/l~�+�� S#U Z SpU /
andusingthecommutativity of ~�+ g / , wededuce~�+ g / S#U ~�+{Zb/l~�+ g / S#U ~�+{�_/@�A~�+ g / SpU ~�+{Z��6/
or z�+{Z��6/|�oz�+�Z'/�z1+��6/ , asdesired.

A–5 We maydiscardany solutionsfor which } U4��X} * , since
thosecomein pairs;soassume} U ��} * . Similarly, we
mayassumethat }����E}�� , }T���E}�� , }T���o}T� , }T���o} U e .
Thuswegettheequation��� } U ,���� }T�|,���� }T�|,Y�h� }T�@,Y�h� }T����	�G
Again,wemayassume} U �E}T� and }T���E}T� , soweget7T��} U ,17T��}T��,��h��}T����	 ; and} U �E}T� , so FT� } U ,��h� }T���	 . This impliesthat +>} U ��F�/]+{}T������/��O	�� , which by
countinghas5 solutions.Thus � U e is odd.

A–6 Clearly Z Q�f�U is apolynomialin � of degreeH , soit suf-
ficesto identify H valuesof � for which Z Q�f�U �2� . We
claimtheseare��� H �s	��4��� for ���E�6�R	h�RG�GRGq� H �s	 ; in
thiscase,Z'� is thecoefficientof � � S#U in thepolynomial� +��5/1�O+5	��C�5/5��+5	a,W�5/ QTS#UqS � . This canbeverifiedby
noticingthat

�
satisfiesthedifferentialequation�'� +{�5/� +{�5/ � H �W	a���	 ,=� � �	a�t�

(by logarithmicdifferentiation)or equivalently,+0	a�t� * / � � +��5/ � � +{�5/]¡¢+ H �Y	a�t��/]+0	����5/��t�_+0	£,=�5/¥¤� � +{�5/]¡¢+ H �Y	a�C� ��/���+ H �W	�/��¥¤



andthentakingthecoefficientof � � onbothsides:+>L�,o	�/0Zb� f * �W+¦L8�Y	§/�Z'���+ H �Y	a�C� ��/0Zb� f�U ��+ H �Y	§/�Zb�_G
In particular, thelargestsuch� is H �s	 , andZ � �©¨ QTS#U� SpUqªfor Ls�2	h�«�6�RGRG�Gq� H .

Greg Kuperberg hassuggestedanalternateapproachto
show directly that ��� H �=	 is thelargestroot,without
computingtheothers.NotethattheconditionZ Q�f�U �o�
statesthat +�Z U �RG�GRG��5Z Q / is aneigenvectorof thematrix��¬®­1�°¯± ² ³ ´ � ³ ,X	H � ´2´ � ³ �Y	� otherwise

with eigenvalue � . By the Perron-Frobeniustheorem,� hasauniqueeigenvectorwith positiveentries,whose
eigenvaluehasmodulusgreaterthanor equalto thatof
any othereigenvalue,whichprovestheclaim.

B–1 It is trivial to check that J� Q �¶µ J� Qy·¹¸ µ J� Q�· for	 ¸ K ¸ � H , that 	º� J� Q �%µ J� Qy·»¸ µ J� Qy· for� H ¸ K ¸;¼ H , that J� Q �½	X�¾µ J� Q@·A¸ µ J� Q�· for¼ H ¸ K ¸ 7 H , andthat �¿� J� Q �Àµ J� Q ·n¸ µ J� Q · for7 H ¸ K ¸ � H . Thereforethedesiredsumis* QTS#UvJ w�U K� H , � Q_S#UvJ w * Q +0	�� K¼ H /, � QTSpUvJ w � Q + K¼ H �W	�/p, � QTS#UvJ w � Q4Á �1� K� H�Â � H G
B–2 It suffices to show that Ã � +�Z'/RÃ is boundedfor Z�M�� ,

since
� +5�aZb/ satisfiesthe sameequationas

� +{Zb/ . But
thenmm Z ¨l+ � +�Zb/l/ * ,o+ � � +{Zb/5/ * ª �o� � � +{Zb/]+ � +�Z'/�, � � � +�Z'/5/������Z6�#+�Zb/R+ � � +�Z'/5/ * ¸ ���
sothat + � +�Z'/5/0* ¸ + � +{��/5/0*|,E+ � � +>�h/5/5* for Z9M�� .

B–3 Theonly suchH arethenumbers1–4,20–24,100–104,
and120–124.For theproof let� Q � QvJ w�U 	K
andintroducetheauxiliary functionÄ Q � vUÆÅ J ÅbQTÇ®È J Ç �«É w�U 	K G
It is immediate (e.g., by induction) that

Ä Q Ê	��R��	h�R	h�l�6�«� (mod � ) for H Ê 	h�«�6� ¼ �l7��Æ� (mod 5) re-
spectively, andmoreover, wehave theequality� Q � �vJ w e 	� J ÄTË Q�k �«ÌyÍ �

where Lo�ÎL#+ H / denotesthe largestinteger suchthat� � ¸ H . We wish to determinethose H suchthat the
above sum hasnonnegative 5–valuation. (By the 5–
valuationof a number} we meanthe largestinteger Ï
suchthat }_����Ð is aninteger.)

If P H ��� � V ¸Ñ¼ , then the last term in the above sum
has5–valuation ��L , since

Ä U , Ä * , Ä � eachhave valu-
ation 0; on the otherhand,all other termsmusthave
5–valuationstrictly largerthan ��L . It follows that � Q
has5–valuationexactly ��L ; in particular, � Q hasnon-
negative 5–valuationin this caseif andonly if LC�©� ,
i.e., H ��	 , 2, or 3.

Supposenow that P H ��� � V �Ò7 . Then we must also
have ��� ¸ P H ��� � S#U V ¸ � 7 . Theformerconditionim-
plies that the last term of the above sum is

Ä � ��� � �	§�6+0	���!§� � S * / , whichhas5–valuation ��+>L¿�C��/ .
It is clear that

Ä * e Ê Ä * � Ê � (mod 25); henceifP H ��� � SpU V equals20or 24,thenthesecond–to–lastterm
of the above sum (if it exists) has valuationat least��+>Lt� ¼ / . The third–to–lastterm (if it exists) is of
the form

Ä � ��� � S * , so that thesumof the last termand
thethird to lasttermtakestheform + Ä � ,E	 �T	��h/l��� � S * .
Since

Ä � canbe congruentonly to 0,1, or -1 (mod 5),
and 	§�_	�� Ê ¼ (mod5), weconcludethatthesumof the
lasttermandthird–to–lasttermhasvaluation ��+>L��n��/ ,
while all other terms have valuation strictly higher.
Hence� Q hasnonnegative5–valuationin thiscaseonly
when L ¸ � , leadingto thevaluesH ��7 (arisingfromLÓ��� ), 20,24(arisingfrom LÓ��	 and P H ��� � SpU V �����
and 24 resp.),101, 102, 103, and 104 (arising fromL��À� , P H ��� � SpU V �À��� ) and120, 121, 122, 123,and
124(arisingfrom Ls�A� , P H ��� � S#U V �A� 7 ).

Finally, supposeP H ��� � V ��7 and P H ��� � S#U V �½�6	 , 22,
or 23. Thenasbefore,the first conditionimplies that
the last termof thesumin (*) hasvaluation ��+¦Ls����/ ,
while thesecondconditionimpliesthatthesecond–to–
lasttermin thesamesumhasvaluation��+¦Lp�¿	�/ . Hence
all termsin thesum(*) have5–valuationstrictly higher
than ��+>L8�W	�/ , exceptfor thesecond–to–lastterm,and
therefore� Q has5–valuation ��+¦L8��	�/ in this case.In
particular, � Q is integral(mod5) in thiscaseif andonly
if L ¸ 	 , which givestheadditionalvaluesH ���_	 , 22,
and23.

B–4 Let Ô � �"Õ ¬ +5��	�/ ¬ } � S#UqÇ ¬ be the givensum(notethat} � S#UqÇ ¬ is nonzeropreciselyfor ³ �E�6��GRG�G]��P * �� V / . Since} J f�UqÇ Q �o} J Ç Q ,�} J Ç QTSpU ,=} J Ç QTS * �
wehaveÔ � �<Ô � SpU ,�Ô � f *� v ¬ +5��	�/ ¬ +{} QTS ¬ Ç ¬ ,=} QTS ¬ Ç ¬ f�U ,�} QTS ¬ Ç ¬ f * /� v ¬ +5��	�/ ¬ } QTS ¬ f�UqÇ ¬ f * �oÔ§� f �hG
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By computing Ô e �Ö	h�«Ô U �Ö	h�«Ô * ��� , we may eas-
ily verify by induction that Ô �5­ �$Ô �0­ f�U �×	 andÔR�5­ f * �ØÔ��5­ f �A�N� for all ´ MÙ� . (Alternateso-
lution suggestedby John Rickert: write Úa+{Z`�l�_/½�Õ d¬ w e +{�.,oZ��_*�,oZu*�� � / ¬ , andnotenotethat Ô§� is the
coefficientof � � in Ú�+0��	��l�6/���+0	 ,=�6/l�6+0	a�t� � / .)

B–5 Definethe sequenceZ U �À� , Z Q �Û� i�Ü Ý�Þ for H�ß 	 .
It sufficesto show thatfor every H , Z J Ê Z J f�U Ê !R!�!+�à.á_â H / for someKäã H . We do this by inductiononH , with H �A� beingobvious.

Write H �å��æ ç , where ç is odd. It suffices to show
that Z J Ê !R!R! modulo � æ and modulo ç , for someKèã H . For the former, we only need Z QTS#U Må} ,
but clearly Z QTSpU M H by inductionon H . For the lat-
ter, notethat Z J Ê Z J f�UnÊ !R!�!n+{à.áTâ9ç]/ aslong asZ J S#UaÊ Z J Ê !R!�!9+�à.á_â-~�+¦ç]/5/ , where~�+ H / is theEu-
ler totientfunction.By hypothesis,thisoccursfor someKØãÀ~�+¦ç]/|,�	 ¸ H . (Thanksto Anoop Kulkarni for
catchinga lethaltypo in anearlierversion.)

B–6 The answeris �����T	 ¼ . Placethe triangleon the carte-
sianplaneso that its verticesareat �Ö�;+>�6�«�h/q�«�Î�+{��� ¼ /]� 
 ��+�7u�l�h/ . It is easyto checkthatthefivepoints��� 
 �«�1�«éÛ�2+¦���T�T	 ¼ �«��7T�T	 ¼ /]� and ê���+¦�h)��_	 ¼ �l�h/ are
all in thetriangleandhavedistanceat least �h�h�T	 ¼ apart
from eachother(notethat éºê��o�h�h�T	 ¼ ); thusany dis-
sectionof thetriangleinto four partsmusthave diame-
ter at least �h�h�T	 ¼ .

We now exhibit a dissectionwith leastdiameter�h�h�T	 ¼ .
(Somevariationsof this dissectionarepossible.) Put� � +5	��h�_	 ¼ �R	�ëT�T	 ¼ / , � � +5	��h�_	 ¼ �l�h/ , � �+{���R	�ëT�T	 ¼ / , ì3�»+ ¼ �h�_	��6�R	����T	 ¼ / , anddivide � 
 � into
theconvex polygonalregions ��éº��� ,


 ê.ì , � � ��� ,éº� � ê.ì ; eachregion hasdiameter�����T	 ¼ , ascanbe
verifiedby checkingthedistancebetweeneachpair of
verticesof eachpolygon.(Oneneedonly checkfor the
pentagon:notethat ��éº��� and


 ê.ì arecontainedin
circularsectorscenteredat � and



, respectively, of ra-

dius �h�h�_	 ¼ andanglelessthan ��� ¼ , andthat � � ��� is
a rectanglewith diagonal���½ãX���h�_	 ¼ .)
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