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A-1 ThecentroidG of the triangleis collinearwith H and

O (Eulerline), andthe centroidlies two-thirds of the
way from A to M. ThereforeH is alsotwo-thirds of
theway from A to F', so AF' = 15. Sincethetriangles
BFH andAFC aresimilar (they'reright trianglesand
ZHBC =nw/2—/C = LCAF),wehave BF/FH =
AF/FC, or BF - FC = FH - AF = 75. Now
BC? = (BF+FC)? = (BF-FC)?+4BF-FC, but
BF —FC =BM+ MF — (MC — MF) = 2MF =
22, s0

BC =+/2224+4-75=1+/784 = 28.

A-2 We shaov morepreciselythatthe gameterminateswith

one player holding all of the penniesif and only if
n =2m+1o0rn = 2™ + 2 for somem. Firstsup-
posewe arein the following situationfor somek > 2.
(Note: for us,a “move” consistsof two turns, starting
with aone-penmg pass.)

— Exceptfor the playerto move, eachplayerhask
pennies;

— Theplayerto move hasatleastk pennies.

We claim thenthat the gameterminatesf andonly if
the numberof playersis a power of 2. First suppose
the numberof playersis even; thenafterm complete
roundsgevery otherplayer startingwith the playerwho
movedfirst, will havem morepennieghaninitially, and
the otherswill all have 0. Thuswe arereducedo the
situationwith half asmary players;by this processye
eventuallyreduceto thecasewherethenumberof play-
ersis odd. However, if thereis morethanone player,
aftertwo completeroundseveryonehasasmary pen-
niesasthey did before(herewe needm > 2), sothe
gamefails to terminate.This verifiesthe claim.

Returningto the originalgame notethatafteronecom-

pIeteround,L”T*lJ playersremain,eachwith 2 pennies
exceptfor theplayerto move,whohaseither3 or 4 pen-
nies. Thusby theabove algumentthe gameterminates
if andonly if | 2| is apowerof 2, thatis, if andonly

if n =2™ 4 1o0rn = 2™ 4+ 2 for somem.

A-3 Notethattheseriesontheleft is simply z exp(—z?/2).

By integrationby parts,

oo 2 o0 2
/ e 2 qy = 2n/ e 24y
0 0

andsoby induction,
o0 2
/ e " 20 =2 x4 x -+ x 2n.
0

Thusthedesiredntegralis simply

1

E = ye.
2nn!

n=0

A—-4 Inorderto have(z) = a¢(z) for all z, we mustin par

ticular have thisfor x = e, andsowetakea = ¢(e)~".
We first notethat

d(9)p(e)plg") = dle)d(9)d(g ")

andso ¢(g) commuteswith ¢(e) for all g. Next, we
notethat

P(@)p(y)ply~ z7") = ple)p(ay)p(y~ ™"
andusingthecommutatvity of ¢(e), we deduce
$(e) "' d(z)(e) " (y) = ¢e) " p(zy)
or¢(zy) = ¥ (z)y(y), asdesired.

A-5 We maydiscardary solutionsfor whicha; # a-, since

thosecomein pairs;soassumer; = a». Similarly, we
mayassumehatag = a4, 05 = ag, A7 = ag, Qg = aigQ-
Thuswe getthe equation

2/&1 +2/CL3 +2/CL5 +2/CL7 +2/a9 =1.

Again,wemayassume; = az andas = ar, Sowe get
4/a1+4/as+2/a9 = 1;anda; = as, S08/a1+2/ag =
1. Thisimpliesthat (a1 — 8)(ag — 2) = 16, which by
countinghas5 solutions.Thus Ny is odd.

A-6 Clearlyz,1 is apolynomialin ¢ of degreen, soit suf-

ficesto identify n valuesof ¢ for whichz,, = 0. We
claimthesearec = n—1-2rforr =0,1,...,n—1;in
thiscaseyy, is thecoeficientof t*~! in thepolynomial
f(t) = (1 —t)"(1 + t)»~1=". This canbe verified by
noticingthat f satisfieghedifferentialequation

') n—-1-r r

fit) 1+t 1—t
(by logarithmicdifferentiation)or equivalently,

A=)f'®) = fOlln—1-r)1 = t) —r(1+1)]
=f®ln—=1=2r) = (n —1)i]



andthentakingthe coeficientof t* onbothsides:

(k+Dzps2 — (b — L)z =
(n—1-2r)xp41 — (n — 1)xg.

In particulas thelargestsuchcisn—1, andzy, = (37;)
fork=1,2,...,n

Greg Kuperbeg hassuggestednalternateapproactto
shaw directlythate = n — 1 is thelargestroot, without
computingheothers.Notethattheconditionz,,+1 = 0
stateghat(zy, ..., z,) is aneigervectorof the matrix

i j=1i+1
Aij: n—jj:z'—l
0 otherwise

with eigervaluec. By the Perron-Frobeniusheorem,

A hasauniqueeigervectorwith positive entrieswhose
eigervaluehasmodulusgreaterthanor equalto that of
ary othereigervalue,which provesthe claim.

B-11t is trivial to checkthat 22 = {Zt} < {Z} for
1 <m < 2n,thatl — 2 = {F*} < {F} for
2n < m < 3n, thatﬂ—l = {3} < {&} for
3n <m < 4n, andthat2 — e =g}t < {3} for
4n < m < 6n. Thereforethe desiredsumis

2n—1 3n—1
RCED DI
m= 1 m=2n
4n—1 6n—1 m
+ Z ——1 + 3 (2—6—n)—n

B-2 It sufiicesto show that|f(z)| is boundedfor z > 0,

since f(—z) satisfiesthe sameequationas f(x). But
then

% ((f(@)* + (f'(2))?) = 2f' (@) (f(2) + ["(2))

— —229(2)(f'(2))* < 0,
sothat(f(z))? < (£(0))* + (/(0))2 for z > 0.

B—3 Theonly suchn arethenumbersl—4,20-24,100-104,

and120-124For theprooflet
_y L
m=1 m
andintroducethe auxiliary function
1
I, = —.
2o
1<m<n,(m,5)=1

It is immediate (e.g., by induction) that I,, =
1,0,0 (mod5) forn = 1,2,3,4,5 (mod5) re-
spectvely, andmoreorer, we have the equality

k
1
H, =Y s Lin/5m s

m=0

wherek = k(n) denotesthe largestinteger suchthat
58 < n. We wish to determinethosen suchthatthe
abore sum has nonngative 5-valuation. (By the 5—
valuationof a numbera we meanthe largestinteger v
suchthata/5" is aninteger)

If [n/5%] < 3, thenthe lastterm in the abose sum
has5-valuation—k, sincel, I, Is eachhave valu-
ation 0; on the otherhand, all othertermsmusthave
5—valuationstrictly largerthan—k. It follows that H,,
has5—valuationexactly —k; in particulay H,, hasnon-
negative 5-valuationin this caseif andonly if £ = 0,
i.e,n=1,2o0r3.

Supposenow that [n/5%| = 4. Thenwe mustalso
hae 20 < |n/5F~!| < 24. Theformerconditionim-
plies that the last term of the above sumis I,/5F =
1/(12 - 5¥=2), which has5—valuation—(k — 2).

It is clearthat I,g = I,4 = 0 (mod 25); henceif
|n/5%~1| equal20or 24,thenthesecond-to—lagerm
of the above sum (if it exists) hasvaluationat least
—(k — 3). The third—to—lastterm (if it exists) is of
the form I,./5%=2, sothatthe sumof thelasttermand
thethird to lasttermtakestheform (I, + 1/12)/5F2.
Since,. canbe congruentonly to 0,1, or -1 (mod 5),
and1/12 = 3 (mod>5), we concludethatthesumof the
lasttermandthird—to—lastermhasvaluation—(k — 2),
while all other terms have valuation strictly higher
HenceH,, hasnonngative 5—valuationin thiscaseonly
whenk < 2, leadingto thevaluesn = 4 (arisingfrom
k = 0), 20,24(arisingfrom k£ = 1 and |n/5%~1| = 20
and 24 resp.),101, 102, 103, and 104 (arising from
k =2, |n/5%!] = 20) and120,121,122,123,and
124 (arisingfrom k = 2, [n/5F~1| = 24).

Finally, supposdn/5%| = 4 and|n/5¥~1| = 21, 22,
or 23. Thenasbefore,the first conditionimplies that
thelastterm of the sumin (*) hasvaluation—(k — 2),
while the secondconditionimpliesthatthe second—to—
lasttermin thesamesumhasvaluation—(k—1). Hence
all termsin thesum(*) have 5—valuationstrictly higher
than—(k — 1), exceptfor the second—to—lagerm,and
thereforeH,, has5—valuation—(k — 1) in thiscase.In
particular H,, isintegral(mod>5) in thiscasdf andonly
if £ < 1, which givestheadditionalvaluesn = 21, 22,
and23.

B—4 Let s, = Zi(—l)iak,l,,- be the given sum (note that

ax_1,; IS nonzergpreciselyfori = 0, . . ., L%J). Since
Am+1,n = Am,n + Am,n—1 + Qmn—2,

we have

Sk — Sk—1 T Sk+2

—Z an zz+an zz+1+an zz—i—Z)

ZE - anfz'+1,i+2:3k+3-



By computingsy = 1,s; = 1,55 = 0, we may eas-
ily verify by inductionthat s4; = s4541 = 1 and
S4j42 = S4j43 = O forall j > 0. (Alternateso-
lution suggestedby John Rickert: write S(z,y) =
Yoy + zy? + 22y®)f, andnotenotethat sy, is the

coeficientof y* in S(—1,y) = (1 +y)/(1 —y*).)

B-5 Definethe sequence;; = 2, z, = 2%~ forn > 1.

It sufficesto show thatfor everyn, 2, = 41 = - -+
(mod n) for somem < n. We dothis by inductionon
n, with n = 2 beingobvious.

Write n = 2%b, whereb is odd. It suficesto shav
thatz,, = --- modulo 2% and modulo b, for some
m < n. For the former, we only needz,,_; > a,
but clearly z,,_; > n by inductiononn. For thelat-
ter, notethatz,, = 41 = -+ (mod b) aslong as
Tm—1 = Ty = --- (mod ¢(b)), wherep(n) is theEu-
ler totientfunction. By hypothesisthis occursfor some
m < ¢(b) + 1 < n. (Thanksto Anoop Kulkarni for
catchingalethaltypoin anearlierversion.)

B—6 The answeris 25/13. Placethe triangle on the carte-

sianplaneso thatits verticesareat C' = (0,0),A =
(0,3), B = (4,0). It is easyto checkthatthefive points
A,B,C,D = (20/13,24/13),andE = (27/13,0) are
all in thetriangleandhave distanceatleast25/13 apart
from eachother(notethat DE = 25/13); thusary dis-
sectionof thetriangleinto four partsmusthave diame-
teratleast25/13.

We now exhibit adissectiorwith leastdiameter25/13.
(Somevariationsof this dissectionare possible.) Put
F = (15/13,19/13), G = (15/13,0), H =
(0,19/13), J = (32/15,15/13), anddivide ABC into
the corvex polygonalregionsADFH, BEJ, CGFH,
DFGEJ; eachregion hasdiameter25/13, ascanbe
verified by checkingthe distancebetweeneachpair of
verticesof eachpolygon. (Oneneedonly checkfor the
pentagonnotethat ADF'H andBEJ arecontainedn
circularsectorxenteredit A andB, respectiely, of ra-
dius25/13 andanglelessthanr /3, andthat CGF H is
arectanglawith diagonalC'F' < 25/13.)



