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A–1 Findtheleastnumber
�

suchthatfor any two squaresof
combinedarea1, a rectangleof area

�
existssuchthat

thetwo squarescanbepackedin therectangle(without
interior overlap).You mayassumethat thesidesof the
squaresareparallelto thesidesof therectangle.

A–2 Let ��� and ��� be circles whosecentersare 10 units
apart,andwhoseradii are1 and3. Find,with proof,the
locusof all points � for whichthereexistspoints � on� � and � on � � suchthat � is themidpointof theline
segment�	� .

A–3 Supposethateachof 20 studentshasmadea choiceof
anywherefrom 0 to 6 coursesfrom a total of 6 courses
offered. Prove or disprove: thereare5 studentsand2
coursessuchthatall 5 havechosenbothcoursesor all 5
havechosenneithercourse.

A–4 Let 
 be the setof orderedtriples ������������ of distinct
elementsof a finite set

�
. Supposethat

1. ���������������
 if andonly if ����������������
 ;

2. ���������������
 if andonly if ����������������
 ;

3. ������������ and ����� !����� areboth in 
 if andonly if���������� "� and � !�������#� arebothin 
 .

Provethatthereexistsaone-to-onefunction $ from
�

to%
suchthat $&����(')$&���#�*'+$&��,� implies ������������(�-
 .

Note:
%

is thesetof realnumbers.

A–5 If . is a primenumbergreaterthan3 and /�021�34.5��6�7 ,
provethatthesum8 . 9#:<; 8 . 3 :-;>=,=�=�;

8 . / :
of binomialcoefficientsis divisibleby . � .

A–6 Let �+?A@ be a constant. Give a completedescrip-
tion, with proof, of the setof all continuousfunctionsBDC %FEG%

suchthat
B �IH5�J0 B �H � ; ��� for all HK� % .

Notethat
%

denotesthesetof realnumbers.

B–1 Definea selfishsetto bea setwhich hasits own cardi-
nality (numberof elements)asanelement.Find, with
proof,thenumberof subsetsof L 9 ��3M��N,N�N5�PORQ whichare

minimal selfishsets,that is, selfishsetsnoneof whose
propersubsetsis selfish.

B–2 Show thatfor everypositive integer O ,8 3�OTS 9U :WVYX�Z"[V ' 9 = 6 =]\�=�=�= ��3�OTS 9 ��'
8 3�O ; 9U :WV�X]^"[V N

B–3 Given that L,H � �PH � �,N�N,N&�PH!_&Q`0aL 9 ��3���N,N�N5�PORQ , find,
with proof,thelargestpossiblevalue,asafunctionof O
(with ODbc3 ), of

H � H � ; H � H�d ;>=,=�=�; H�_fe � H!_ ; H�_�H � N
B–4 For any squarematrix

�
, we can define g�hji � by the

usualpowerseries:

gPhki � 0mln_po&q �rS 9 � _�Y3�O ; 9 �4s � � _�t � N
Prove or disprove: thereexists a 3vuw3 matrix

�
with

realentriessuchthat

gPhki � 0
8 9x9,yzyp{
@ 9 : N

B–5 Givena finite string 
 of symbols� and | , we write} ��
~� for the numberof � ’s in 
 minus the number
of | ’s. For example,

} �I�K|�|��K|�|��D��0AS 9 . We
call a string 
 balanced if every substring� of (con-
secutive symbolsof) 
 has S�3-� } �I���T��3 . Thus,�K|�|��K|�|�� is notbalanced,sinceit containsthesub-
string |�|��K|�| . Find, with proof, thenumberof bal-
ancedstringsof length O .

B–6 Let ��� � ��� � �4�]�� � ��� � �4��N,N�N��]��f_5���#_M� be the verticesof a
convex polygon which containsthe origin in its inte-
rior. Prove that thereexist positive realnumbersH and� suchthat

�� � ��� � ��H�� [ �M� [ ; ��� � ��� � ��H5� V �M� V ;�=�=�=; ���f_5���4_���H � X � � X 0x�@���@z�#N


