
The Forty-Eighth Annual William Lowell Putnam Competition
Saturday, December 5, 1987

A–1 Curves
���������

and � aredefinedin theplaneasfol-
lows: �
	���
���������������������	 �� �! � �#" ��$	 � 
����������&%��'�  �� �! � � 	)( " ��*	,+�
-�.�������&�0/��1(��0� �  (��2	43�5��� 	,+�
-�.�������6(��0�7�8�1(��9��� / 	):�5�;
Provethat

�=<>�?	)�@< � .

A–2 Thesequenceof digits3A%B(�C�D�E6F�GBH'3I:�3&3�3A%J3I(J3IC�3AD�3AEJ3KF�3IGJ3AHB%�:6%�3#;7;I;
is obtainedby writing thepositive integersin order. If
the

3I:BL
-th digit in this sequenceoccursin the part of

thesequencein which the M -digit numbersareplaced,
define N 
-O.� to be M . For example, N 
P%B�Q	R% because
the100thdigit entersthesequencein theplacementof
thetwo-digit integer55. Find,with proof, N 
�3IH&G6F�� .

A–3 For all real
�
, thereal-valuedfunction

�S	 N 
-��� satis-
fies �JT T��U%V�JT  �2	W%�XKYJ;

(a) If N 
��Z�\[]: for all real
�
, must N T 
-���\[^: for all

real
�
? Explain.

(b) If N T 
-���\[^: for all real
�
, must N 
-���_[^: for all

real
�
? Explain.

A–4 Let ` be a polynomial,with real coefficients,in three
variablesand a beafunctionof two variablessuchthat` 
�b��.��b��Z��bZc6�d	@b � a 
-�e���.��cQ����� for all real

�����Z��c0��b��
and such that ` 
�3B��:'��:6�@	fC

, ` 
-:'�73B��:&�)	,D
, and` 
-:���:��I3A��	gE . Also let

�8���h�i�
becomplex numbers

with ` 
-�8���h�i�Q�j	W: and k �l�>� k 	43I: . Find k �m�>� k .
A–5 Let no 
��������j	qp ���� �� C&� � � �� �� C&� � ��:Br�;

Proveor disprovethatthereis avector-valuedfunctionna 
������Z��c��s	t
Puv
������Z��c��w��xm
������Z��c��w� ` 
��.���Z��c����
with thefollowing properties:

(i)
uy��xS� ` have continuouspartial derivatives for
all

������Z��c��{z	4
|:���:'��:6�

;

(ii) }!~���� na 	 n: for all

������Z��c��{z	4
|:���:���:6�

;

(iii)

na 
������Z��:6�s	 no 
-�.���J�
.

A–6 For eachpositive integer
O

, let � 
-O.� be the numberof
zeroesin thebase3 representationof

O
. For whichpos-

itive realnumbers
�

doestheseries��LB��� �Z�A� L��O /
converge?

B–1 Evaluate �m�� � ��� 
-H\�����J�&�� ��� 
|H\���Z�  � ��� 
��  (6� ;
B–2 Let � �i� and � be integers with

:�� � , :��
�
and�  ��� � . Provethat����w����� �  ���� ������� � �  ¡ I 7 K �¢�� ��>���� � � 	 �  3
 �  3��U�A� �-�¢£¤�� � ;

B–3 Let a bea field in which
3  3�z	4:

. Show thattheset
of solutionsto theequation

� �  � � 	¥3
with

�
and

�
in a is givenby


-�.���J�!	4
¦3&��:6�
and
-�.�����s	§p � � �l3� �! 3 � % �� �! 3 r

where� runsthroughtheelementsof a suchthat � � z	�Q3
.

B–4 Let

-� � ��� � �\	§
-:'; G'��:'; E6�

andlet
� L � � 	v� L©¨7ª&« � L �� L©«�¬ � � L and

� L � � 	q� L�«�¬ � � L  � L©¨­ª6« � L for
O®	3B�i%J��('�7;I;7;

. For eachof � ¬�¯hLB° � � L and � ¬�¯9LB° � � L ,
prove that the limit exists andfind it or prove that the
limit doesnotexist.

B–5 Let ± L be the
O

-dimensionalvector

-:'��:��  7 I  ��:&�

. Letu
be a

%�O=²�O
matrix of complex numberssuchthat

whenever

-c � ��c � �7;I;7;7��c � L ��u³	 ± L , with complex

cK´
,

notall zero,thenat leastoneof the
cA´

is not real.Prove
thatfor arbitraryrealnumbers� � � � � �7;I;7;I� � � L , thereare
complex numbersµ � � µ � �I;7;I;­� µ L suchthat

��¶¸·¹º u¼»½¾ µ �...µ L
¿7ÀÁ9ÂÄÃÅ 	Æ»½¾ � �...� L

¿7ÀÁ ;
(Note: if

�
is a matrix of complex numbers,��¶ 
P�Q� is

thematrixwhoseentriesaretherealpartsof theentries
of
�

.)

B–6 Let a be the field of Ç � elements,where Ç is an odd
prime.SupposeÈ is asetof


 Ç � ��3A��É�% distinctnonzero
elementsof a with thepropertythat for each� z	4: ina , exactlyoneof � and

� � is in È . Let
x

bethenum-
berof elementsin the intersectionÈ <1ÊK% � � �=Ë@È�Ì .
Provethat

x
is even.


