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A-1 Curves A, B, C and D aredefinedin the planeasfol-

lows:
_ L2 2 Z
A= {(az,y)x -y —W},
) vy _ _
B = {(m,y).2xy+ T, 3},
C = {(z,y): 2* — 3zy® + 3y = 1},
D = {(z,y):32°y — 3z —y* =0}.

ProvethatAN B =CnN D.
A-2 Thesequencef digits
123456789101112131415161718192021 . ..

is obtainedby writing the positive integersin order If
the 10™-th digit in this sequenc@ccursin the part of
the sequencén which the m-digit numbersareplaced,
define f(n) to bem. For example, f(2) = 2 because
the 100thdigit entersthe sequencén the placemenbf
thetwo-digit integer55. Find, with proof, f(1987).

A-3 For all realz, thereal-valuedfunctiony = f(z) satis-
fies
y' — 2y +y = 2e°.

(@) If f(z) > 0for all realz, mustf’'(z) > 0 for all
realz? Explain.

(b) If f'(z) > 0 for all realz, mustf(z) > 0 for all
realz? Explain.

A-4 Let P bea polynomial,with real coeficients,in three
variablesandF' beafunctionof two variablessuchthat

P(uz,uy,uz) = u’F(y — z,z — x)

and suchthat P(1,0,0) = 4, P(0,1,0) = 5, and
P(0,0,1) = 6. Alsolet A, B, C becomplex numbers
with P(A, B,C) = 0 and|B — A| = 10. Find |C — A|.

A-5 Let

= _ -y T
Gloy) = (a:2 +4y?’ a2 +4y2’0) ’
Prove or disprove thatthereis a vectorvaluedfunction
F(z,y,2) = (M(z,y,2), N(z,y,2), P(,y, 7))
with thefollowing properties:

(i) M, N, P have continuouspartial derivatives for
all (z,y,2) # (0,0,0);
(i) Curl F =0 forall (z,y, 2) # (0,0,0);

(i) F(z,y,0) = G(z,y).

for all realz, vy, z, u,

A—6 For eachpositive integern, let a(n) be the numberof
zeroedn thebase3 representationf n. For whichpos-
itive realnumberse doesthe series

X .a(n)
>

n=1

cornverge?
B-1 Evaluate

/ e Mdm

—2)+/In(z +3)

B-2 Let r,s andt be integerswith 0 < r, 0 < s and
r + s < t. Provethat

O, 0, 0
() () () E+1=5)(77)

B-3 Let F' beafield in which1 + 1 # 0. Show thatthe set
of solutionsto the equationz? + y? = 1 with z andy
in Fis givenby (z,y) = (1,0) and

(1) = r2—1 2r

W E\ETr e

wherer runsthroughthe elementof F suchthatr? #
—1.

B—4 Let (z1,y1) = (0.8,0.6) andlet z,,41 = x, cosy, —
Yn Siny, andypy1 = Ty siny, + yp cosy, forn =
1,2,3,.... For eachof lim,,_, z, andlim,,_, . yn,
prove thatthe limit exists andfind it or prove thatthe
limit doesnot exist.

+ oot

B-5 Let O,, bethen-dimensionalector(0,0,---,0). Let
M bea?2n x n matrix of complex numberssuchthat
wheneer (z1, 22, . . ., 22,) M = O, with comple z;,
notall zero,thenatleastoneof the z; is notreal. Prove
thatfor arbitraryrealnumbers-y, 7o, . . ., r2,, thereare
comple« numbersw; , wa, . . . ,w, suchthat

w1 1
re | M

Wn Tn

(Note: if C' is a matrix of complex numbersyre(C) is
thematrixwhoseentriesarethereal partsof the entries
of C.)

B—6 Let F' be the field of p?> elementswherep is an odd
prime. Supposes is asetof (p? —1)/2 distinctnonzero
elementf F' with the propertythatfor eacha # 0 in
F, exactlyoneof a and—a isin S. Let N bethenum-
ber of elementsn theintersectionS N {2a : a € S}.
Provethat NV is even.



