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1. Let fn be a sequence of continuous functions on R satisfying 0 ≤ fn(x) ≤ fn+1(x) ≤ 1 for

all x ∈ R and all n ∈ {1, 2, . . .}. Let f(x) = lim fn(x).

(a) Show that for all x we have f(x) ≤ lim infy→x f(y).

(b) Assume that f is continuous at a point x. Show that for all ε > 0, there exist δ,N so

that |fn(y)− fn(x)| < ε whenever |y − x| < δ and n > N .

2. Suppose that fn : [0, 1] → [0,∞) are non-negative Lebesgue measurable functions with

fn(x) → 0 a.e. x ∈ [0, 1], and assume supn

∫ 1

0
ϕ(fn(x)) dx ≤ 1 for some continuous function

ϕ : [0,∞) → [0,∞) such that limt→∞ t−1ϕ(t) = ∞. Prove that
∫ 1

0
fn(t) dt → 0.

3. Suppose f ∈ L1([0, 2π]) and f̂(n) =
∫ 2π

0
f(x)e−inx dx, n = 0,±1, . . .. Prove the following:

(a)
∑∞

|n|=0 |f̂(n)|2 < ∞⇒ f ∈ L2([0, 2π]).

(b)
∑∞

|n|=0 |nf̂(n)| < ∞ ⇒ the L1 class of f has a representative f0 which extends to all of

R as a 2π-periodic C1 function.

4. Suppose f ∈ L1(R) and f̂(ξ) =
∫
R f(x)e−ixξ dx. Prove:

(a) f̂ ∈ C(R) with f̂(ξ) → 0 as |ξ| → ∞.

(b) If f has compact support, f̂ cannot have compact support unless f = 0.

5. Let f be an arbitrary real-valued function on [0, 1], and for each x ∈ (0, 1) define Df(x) =

lim supy→x
f(y)−f(x)

y−x
.

(a) If β ∈ R and if Sβ = {x ∈ (0, 1) : Df(x) > β}, prove that for each ε > 0 ∃ pairwise

disjoint subintervals [a1, b1], . . . , [aN , bN ] ⊂ [0, 1] such that m∗(Sβ \ (∪N
i=1[ai, bi])) < ε and

β(bi− ai) < f(bi)− f(ai) for each i = 1, . . . , N . (Here m∗ denotes Lebesgue outer measure.)

(b) If f is increasing on [0, 1] show that the result of (a) directly implies the fact that

Df(x) < ∞ a.e. x ∈ (0, 1).

prove that
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1. Let B be a Banach space and S a linear map from B to C([0, 1]) such that ‖vn‖ →
0 in B ⇒ Svn → 0 pointwise a.e. on [0, 1]. Prove that S is a bounded operator from B to

C([0, 1]), assuming that C([0, 1]) is equipped with its usual sup norm.

2. Let B(X) denote the set of functions X → R, where X is a given non-empty set.

(a) Describe a topology T on B(X) such that pointwise convergence of fn to f on X is

equivalent to convergence of fn to f with respect to the topology T whenever f, f1, f2 . . . are

given functions in B(X).

(b) If X is uncountable, show that T (as in (a)) is not metrizable.

Hint: Assume a metric d for B(X) exists and consider the sets {x ∈ X : d(δx, 0) > ε} where

ε > 0 and δx = 1 at x and zero elsewhere.

3. Suppose (X,A, µ) is an arbitrary measure space, fj ⇀ f (weak convergence in L2),

and gj → g pointwise with gj ≥ 0 and gj µ-measurable for each j. Prove
∫

X
gf 2 dµ ≤

lim infj→∞
∫

X
gjf

2
j dµ.

Hint: First prove
√

gjfj converges weakly to
√

gf in the case when gj ≤ K for some fixed

K.

4. Let X be a normed linear space. X is said to be uniformly convex if there is a strictly

increasing continuous function η on [0,∞) with η(0) = 0 such that 1
2
‖x+y‖ ≤ 1−η(‖x−y‖)

for every x, y ∈ X with ‖x‖ = ‖y‖ = 1.

If X is a uniformly convex Banach space, show that for any decreasing sequence {Kn}n=1,2,3,...

of nonempty closed convex subsets of {x ∈ X : ‖x‖ ≤ 1}, we have ∩∞n=1Kn 6= ∅.

5. Suppose f is AC on [0, 1]. Prove:

(a) A ⊂ [0, 1] Lebesgue measurable ⇒ f(A) Lebesgue measurable.

Hint: Start by showing that f(A) has measure zero if A has measure zero.

(b) If f(0) = f(1) and f̂(n) =
∫ 1

0
f(x)e−2πinx dx, then nf̂(0) → as |n| → ∞.


