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Chapter 1

The Circumcircle and the
Incircle

1.1 Preliminaries

1.1.1 Coordinatization of points on a line

Let B and C be two fixed points on a line £. Every point X on £ can be
coordinatized in one of several ways:

(1) the ratio of division ¢ = )B}—)C(,

(2) the absolute barycentric coordinates: an expression of X as a conver

combination of B and C:
X=(1-t)B+1tC,

which expresses for an arbitrary point P outside the line £, the vector PX
as a combination of the vectors PB and PC.

B X C

(3) the homogeneous barycentric coordinates: the proportion XC : BX,
which are masses at B and C' so that the resulting system (of two particles)
has balance point at X.
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1.1.2 Centers of similitude of two circles

Consider two circles O(R) and I(r), whose centers O and I are at a distance d
apart. Animate a point X on O(R) and construct a ray through I oppositely
parallel to the ray OX to intersect the circle I(r) at a point Y. You will
find that the line XY always intersects the line OI at the same point P.
This we call the internal center of similitude of the two circles. It divides
the segment OI in the ratio OP : PI = R : r. The absolute barycentric
coordinates of P with respect to OI are

_R-I+7r-0
~ R+r

P

If, on the other hand, we construct a ray through I directly parallel to
the ray OX to intersect the circle I(r) at Y, the line XY’ always intersects
OI at another point ). This is the external center of similitude of the two
circles. It divides the segment OI in the ratio OQ : QI = R : —r, and has
absolute barycentric coordinates

R-I—7r-0

@= R—r

1.1.3 Harmonic division

Two points X and Y are said to divide two other points B and C harmon-

ically if
BX BY

xXc~ yc
They are harmonic conjugates of each other with respect to the segment
BC.

Exercises

1. If X, Y divide B, C harmonically, then B, C' divide X, Y harmonically.
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2. Given a point X on the line BC, construct its harmonic associate with
respect to the segment BC'. Distinguish between two cases when X
divides BC internally and externally. !

3. Given two fixed points B and C, the locus of the points P for which
|BP|: |CP| =k (constant) is a circle.
1.1.4 Menelaus and Ceva Theorems
Consider a triangle ABC with points X, Y, Z on the side lines BC, C'A,
AB respectively.
Menelaus Theorem

The points X, Y, Z are collinear if and only if

BX CY AZ
XC YA ZB

Ceva Theorem
The lines AX, BY, CZ are concurrent if and only if

BX CY Az _ |
XC YA ZB

Ruler construction of harmonic conjugate

Let X be a point on the line BC. To construct the harmonic conjugate of
X with respect to the segment BC, we proceed as follows.

(1) Take any point A outside the line BC' and construct the lines AB
and AC.

'Make use of the notion of centers of similitude of two circles.
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(2) Mark an arbitrary point P on the line AX and construct the lines
BP and CP to intersect respectively the lines CA and AB at Y and Z.
(3) Construct the line Y Z to intersect BC' at X'.

A

B % C X

Then X and X’ divide B and C' harmonically.

1.1.5 The power of a point with respect to a circle

The power of a point P with respect to a circle C = O(R) is the quantity
C(P) := OP? — R?. This is positive, zero, or negative according as P is
outside, on, or inside the circle C. If it is positive, it is the square of the
length of a tangent from P to the circle.

Theorem (Intersecting chords)

If a line £ through P intersects a circle C at two points X and Y, the product
PX - PY (of signed lengths) is equal to the power of P with respect to the
circle.

1.2 The circumcircle and the incircle of a triangle

For a generic triangle ABC, we shall denote the lengths of the sides BC),
CA, AB by a, b, c respectively.
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1.2.1 The circumcircle

The circumcircle of triangle ABC is the unique circle passing through the
three vertices A, B, C. Its center, the circumcenter O, is the intersection
of the perpendicular bisectors of the three sides. The circumradius R is
given by the law of sines:

a b c

2 = = = .
R sinA sinB sinC

1.2.2 The incircle

The incircle is tangent to each of the three sides BC, CA, AB (without
extension). Its center, the incenter I, is the intersection of the bisectors of
the three angles. The inradius r is related to the area %S by

S=(a+b+c)r.

If the incircle is tangent to the sides BC at X, CA at Y, and AB at Z,
then
b — —b b—
AY = Az =207 By _px=ST9"°% ox_cy=9T2"°¢
2 2 2
These expressions are usually simplified by introducing the semiperimeter
s=12(a+b+c):

AY = AZ = s —a, BZ =BX =s—1b, CX=CY=s—c

_ S
Also, r = &-.
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1.2.3 The centers of similitude of (O) and (I)

Denote by T and T” respectively the internal and external centers of simili-
tude of the circumcircle and incircle of triangle ABC.

These are points dividing the segment OI harmonically in the ratios

OTr:TI=R:r, OoT':T'I=R: —r.

Exercises

1.

Use the Ceva theorem to show that the lines AX, BY, C'Z are concur-
rent. (The intersection is called the Gergonne point of the triangle).

. Construct the three circles each passing through the Gergonne point

and tangent to two sides of triangle ABC. The 6 points of tangency
lie on a circle.

Given three points A, B, C not on the same line, construct three
circles, with centers at A, B, C, mutually tangent to each other exter-
nally.

. Two circles are orthogonal to each other if their tangents at an inter-

section are perpendicular to each other. Given three points A, B, C
not on a line, construct three circles with these as centers and orthog-
onal to each other.

The centers A and B of two circles A(a) and B(b) are at a distance d
apart. The line AB intersect the circles at A’ and B’ respectively, so
that A, B are between A’, B’
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(1) Construct the tangents from A’ to the circle B(b), and the circle
tangent to these two lines and to A(a) internally.

(2) Construct the tangents from B’ to the circle A(a), and the circle
tangent to these two lines and to B(b) internally.

(3) The two circles in (1) and (2) are congruent.

6. Given a point Z on a line segment AB, construct a right-angled tri-
angle ABC whose incircle touches the hypotenuse AB at Z. 2

7. (Paper Folding) The figure below shows a rectangular sheet of paper
containing a border of uniform width. The paper may be any size and
shape, but the border must be of such a width that the area of the
inner rectangle is exactly half that of the sheet. You have no ruler or
compasses, or even a pencil. You must determine the inner rectangle
purely by paper folding. 3

8. Let ABC be a triangle with incenter 1.

(1a) Construct a tangent to the incircle at the point diametrically
opposite to its point of contact with the side BC'. Let this tangent
intersect CA at Y7 and AB at Z;.

2P. Yiu, G. Leversha, and T. Seimiya, Problem 2415 and solution, Cruz Math. 25

(1999) 110; 26 (2000) 62 — 64.
3Problem 2519, Journal of Recreational Mathematics, 30 (1999-2000) 151 — 152.
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(1b) Same in part (a), for the side C' A, and let the tangent intersect
AB at Zy and BC at Xs.

(1c) Same in part (a), for the side AB, and let the tangent intersect
BC at X3 and CA at Y3.

(2) Note that AY3 = AZ,. Construct the circle tangent to AC and
AB at Y3 and Z5. How does this circle intersect the circumcircle of
triangle ABC?

. The incircle of AABC touches the sides BC, CA, AB at D, E, F
respectively. X is a point inside AABC such that the incircle of
AXBC touches BC at D also, and touches CX and XB at Y and Z

respectively.
(1) The four points E, F, Z, Y are concyclic. *
(2) What is the locus of the center of the circle EFZY? ®

1.2.4 The Heron formula

The area of triangle ABC' is given by

S

5= \/s(s —a)(s—=0b)(s—c).

This formula can be easily derived from a computation of the inradius r
and the radius of one of the tritangent circles of the triangle. Consider
the excircle I,(r,) whose center is the intersection of the bisector of angle
A and the external bisectors of angles B and C. If the incircle I(r) and this
excircle are tangent to the line AC at Y and Y’ respectively, then

(1) from the similarity of triangles AIY and AI,Y”,

r s—a

Tq s

(2) from the similarity of triangles CIY and I,CY”,

rere=(s—b)(s—c).

“International Mathematical Olympiad 1996.
*IMO 1996.
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It follows that

T:\/(s—a)(s—b)(s—c)_

S

From this we obtain the famous Heron formula for the area of a triangle:

S
5 =Ts= \/5(5 —a)(s—=0b)(s—c).
Exercises
b
1. R=%5.
2. rg = b+f—a'
3. Suppose the incircle of triangle ABC touches its sides BC, CA, AB

at the points X, Y, Z respectively. Let X', Y’, Z’ be the antipodal
points of X, Y, Z on the incircle. Construct the rays AX’, BY’, and
cz'.

Explain the concurrency of these rays by considering also the points
of contact of the excircles of the triangle with the sides.

. Construct the tritangent circles of a triangle ABC.

(1) Join each excenter to the midpoint of the corresponding side of
ABC. These three lines intersect at a point P. (This is called the
Mittenpunkt of the triangle).

(2) Join each excenter to the point of tangency of the incircle with the
corresponding side. These three lines are concurrent at another point
Q.

(3) The lines AP and AQ are symmetric with respect to the bisector
of angle A; so are the lines BP, BQ and C' P, CQ (with respect to the
bisectors of angles B and C).
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5. Construct the excircles of a triangle ABC.

(1) Let D, E, F be the midpoints of the sides BC, C A, AB. Construct
the incenter S of triangle DEF, 6 and the tangents from S to each
of the three excircles.

(2) The 6 points of tangency are on a circle, which is orthogonal to
each of the excircles.

1.3 Euler’s formula and Steiner’s porism

1.3.1 Euler’s formula

The distance between the circumcenter and the incenter of a triangle is given
by
OI* = R* - 2Rr.

Construct the circumcircle O(R) of triangle ABC. Bisect angle A and
mark the intersection M of the bisector with the circumcircle. Construct
the circle M (B) to intersect this bisector at a point . This is the incenter
since

/IBC = %ZIMC = %ZAMC = %ZABC,

and for the same reason /ICB = %ZACB. Note that
(1) IM = MB = MC = 2Rsin 4,

(2) IA= -5, and

(

A
Sin 5
3) by the theorem of intersecting chords, R? — OI? = the power of I
with respect to the circumcircle = ITA- IM = 2Rr.

5This is called the Spieker point of triangle ABC.
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1.3.2 Steiner’s porism’

Construct the circumcircle (O) and the incircle (I) of triangle ABC. Ani-
mate a point A’ on the circumcircle, and construct the tangents from A’
to the incircle (I). Extend these tangents to intersect the circumcircle again
at B’ and C’. The lines B'C’ is always tangent to the incircle. This is the
famous theorem on Steiner porism: if two given circles are the circumcircle
and incircle of one triangle, then they are the circumcircle and incircle of a
continuous family of poristic triangles.

Exercises
1. r < %R. When does equality hold?

2. Suppose OI = d. Show that there is a right-angled triangle whose
sides are d, r and R — r. Which one of these is the hypotenuse?

3. Given a point I inside a circle O(R), construct a circle I(r) so that
O(R) and I(r) are the circumcircle and incircle of a (family of poristic)
triangle(s).

4. Given the circumcenter, incenter, and one vertex of a triangle, con-
struct the triangle.

5. Construct an animation picture of a triangle whose circumcenter lies
on the incircle. 8

1.4 Appendix: Mixtilinear incircles’

A mixtilinear incircle of triangle ABC' is one that is tangent to two sides of
the triangle and to the circumcircle internally. Denote by A’ the point of
tangency of the mixtilinear incircle K(p) in angle A with the circumcircle.
The center K clearly lies on the bisector of angle A, and AK : KI = p :
—(p —r). In terms of barycentric coordinates,

K= %[—(p ~ 1A+ pl).

Also, since the circumcircle O(A’) and the mixtilinear incircle K (A’) touch
each other at A’, we have OK : KA' = R—p : p, where R is the circumradius.

" Also known as Poncelet’s porism.
8Hint: OI = r.
9P.Yiu, Mixtilinear incircles, Amer. Math. Monthly 106 (1999) 952 — 955.
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From this,

1
R
Comparing these two equations, we obtain, by rearranging terms,

K= —[p0+ (R - p)A'].

RI—rO R(p—r)A+r(R—pA
R—r p(R—7) )
We note some interesting consequences of this formula. First of all, it

gives the intersection of the lines joining AA’ and OI. Note that the point
on the line OI represented by the left hand side is T".

This leads to a simple construction of the mixtilinear incircle:

Given a triangle ABC, let P be the external center of similitude
of the circumcircle (O) and incircle (/). Extend AP to intersect
the circumcircle at A’. The intersection of AI and A’O is the
center K 4 of the mixtilinear incircle in angle A.

The other two mixtilinear incircles can be constructed similarly.

Exercises

1. Can any of the centers of similitude of (O) and (I) lie outside triangle
ABC?

2. There are three circles each tangent internally to the circumcircle at a
vertex, and externally to the incircle. It is known that the three lines
joining the points of tangency of each circle with (O) and (I) pass
through the internal center T' of similitude of (O) and (I). Construct
these three circles. 19

10 A P. Hatzipolakis and P. Yiu, Triads of circles, preprint.
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3. Let T be the internal center of similitude of (O) and (I). Suppose
BT intersects C'A at Y and CT intersect AB at Z. Construct per-
pendiculars from Y and Z to intersect BC at Y’ and Z’ respectively.
Calculate the length of Y'Z'. 11

11 A.P. Hatzipolakis and P. Yiu, Pedal triangles and their shadows, Forum Geom., 1
(2001) 81 — 90.



Chapter 2

The Euler Line and the
Nine-point Circle

2.1 The Euler line

2.1.1 Homothety

The similarity transformation h(7,r) which carries a point X to the point
X' which divides TX’ : TX = r : 1 is called the homothety with center T
and ratio r.

2.1.2 The centroid

The three medians of a triangle intersect at the centroid, which divides each
median in the ratio 2 : 1. If D, E, F are the midpoints of the sides BC, C A,
AB of triangle ABC, the centroid G divides the median AD in the ratio
AG : GD = 2: 1. The medial triangle DEF is the image of triangle ABC
under the homothety h(G, —1). The circumcircle of the medial triangle has
radius $R. Its center is the point N = h(G,—1)(0). This divides the

15
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segement OG in the ratio OG : GN =2: 1.

2.1.3 The orthocenter

The dilated triangle A’B'C’ is the image of ABC under the homothety
h(G, —2). ! Since the altitudes of triangle ABC' are the perpendicular bisec-
tors of the sides of triangle A’B’C’, they intersect at the homothetic image
of the circumcenter O. This point is called the orthocenter of triangle ABC),
and is usually denoted by H. Note that

OG:GH=1:2.

The line containing O, G, H is called the Euler line of triangle ABC.
The Euler line is undefined for the equilateral triangle, since these points
coincide.

Exercises

1. A triangle is equilateral if and only if two of its circumcenter, centroid,
and orthocenter coincide.

2. The circumcenter N of the medial triangle is the midpoint of OH.

3. The Euler lines of triangles HBC, HCA, HAB intersect at a point
on the Euler line of triangle ABC. What is this intersection?

4. The Euler lines of triangles IBC, IC'A, I AB also intersect at a point
on the Euler line of triangle ABC'. 2

5. (Gossard’s Theorem) Suppose the Euler line of triangle ABC intersects
the side lines BC, CA, AB at X, Y, Z respectively. The Euler lines
of the triangles AYZ, BZX and CXY bound a triangle homothetic
to ABC with ratio —1 and with homothetic center on the Euler line
of ABC.

6. What is the locus of the centroids of the poristic triangles with the
same circumcircle and incircle of triangle ABC? How about the or-
thocenter?

Tt is also called the anticomplementary triangle.
2Problem 1018, Cruz Mathematicorum.
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7. Let A’B’C’' be a poristic triangle with the same circumcircle and in-
circle of triangle ABC', and let the sides of B'C’, C"A’, A’ B’ touch the
incircle at X, Y, Z.

(i) What is the locus of the centroid of XY Z?
(ii) What is the locus of the orthocenter of XY Z?
(iii) What can you say about the Euler line of the triangle XY Z?

2.2 The nine-point circle

2.2.1 The Euler triangle as a midway triangle

The image of ABC under the homothety h(P, %) is called the midway tri-
angle of P. The midway triangle of the orthocenter H is called the FEuler
triangle. The circumcenter of the midway triangle of P is the midpoint of
OP. In particular, the circumcenter of the Euler triangle is the midpoint
of OH, which is the same as N. The medial triangle and the Euler triangle
have the same circumcircle.

2.2.2 The orthic triangle as a pedal triangle

The pedals of a point are the intersections of the sidelines with the corre-
sponding perpendiculars through P. They form the pedal triangle of P. The
pedal triangle of the orthocenter H is called the orthic triangle of ABC.
The pedal X of the orthocenter H on the side BC' is also the pedal of A
on the same line, and can be regarded as the reflection of A in the line EF.
It follows that
/EXF =/FAF = /EDF,
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since AEDF is a parallelogram. From this, the point X lies on the circle
DEF; similarly for the pedals Y and Z of H on the other two sides C' A and

AB.

2.2.3 The nine-point circle

From §2.2.1,2 above, the medial triangle, the Euler triangle, and the orthic
triangle have the same circumcircle. This is called the nine-point circle of
triangle ABC. Its center N, the midpoint of OH, is called the nine-point
center of triangle ABC.

Exercises
1. On the Euler line,
OG:GN:NH=2:1:3.

2. Let P be a point on the circumcircle. What is the locus of the mid-
point of HP? Can you give a proof?
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3. Let ABC be a triangle and P a point. The perpendiculars at P to
PA, PB, PC intersect BC, C A, AB respectively at A’, B’, C'.

(1) A', B', C' are collinear. 3

(2) The nine-point circles of the (right-angled) triangles PAA’, PBB’,
PCC" are concurrent at P and another point P’. Equivalently, their
centers are collinear. *

4. If the midpoints of AP, BP, C'P are all on the nine-point circle, must
P be the orthocenter of triangle ABC? 5

5. (Paper folding) Let N be the nine-point center of triangle ABC.

(1) Fold the perpendicular to AN at N to intersect CA at Y and AB
at Z.

(2) Fold the reflection A’ of A in the line Y Z.
(3) Fold the reflections of B in A’Z and C in A’Y.

What do you observe about these reflections?

2.2.4 'Triangles with nine-point center on the circumcircle

We begin with a circle, center O and a point N on it, and construct a family
of triangles with (O) as circumcircle and N as nine-point center.

(1) Construct the nine-point circle, which has center N, and passes
through the midpoint M of ON.

(2) Animate a point D on the minor arc of the nine-point circle inside
the circumcircle.

(3) Construct the chord BC' of the circumcircle with D as midpoint.
(This is simply the perpendicular to OD at D).

(4) Let X be the point on the nine-point circle antipodal to D. Complete
the parallelogram ODX A (by translating the vector DO to X).

The point A lies on the circumcircle and the triangle ABC has nine-point
center N on the circumcircle.

Here is an curious property of triangles constructed in this way: let
A’, B’, C’ be the reflections of A, B, C in their own opposite sides. The

3B. Gibert, Hyacinthos 1158, 8/5/00.

4A.P. Hatzipolakis, Hyacinthos 3166, 6/27/01. The three midpoints of AA’, BB', CC’
are collinear. The three nine-point circles intersect at P and its pedal on this line.

Yes. See P. Yiu and J. Young, Problem 2437 and solution, Cruz Math. 25 (1999) 173;
26 (2000) 192.
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reflection triangle A’B’C’ degenerates, i.e., the three points A’, B/, C" are

collinear. 6

2.3 Simson lines and reflections

2.3.1 Simson lines

Let P on the circumcircle of triangle ABC.

(1) Construct its pedals on the side lines. These pedals are always
collinear. The line containing them is called the Simson line s(P) of P.

(2) Let P’ be the point on the cirucmcircle antipodal to P. Construct
the Simson line (P’) and trace the intersection point s(P)N (P’). Can you
identify this locus?

(3) Let the Simson line s(P) intersect the side lines BC, CA, ABat X, Y,
Z respectively. The circumcenters of the triangles AY Z, BZX, and CXY
form a triangle homothetic to ABC at P, with ratio % These circumcenters
therefore lie on a circle tangent to the circumcircle at P.

2.3.2 Line of reflections

Construct the reflections of the P in the side lines. These reflections are
always collinear, and the line containing them always passes through the
orthocenter H, and is parallel to the Simson line s(P).

50. Bottema, Hoofdstukken uit de Elementaire Meetkunde, Chapter 16.
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2.3.3 Musselman’s Theorem: Point with given line of reflec-
tions

Let £ be a line through the orthocenter H.

(1) Choose an arbitrary point @ on the line £ and reflect it in the side
lines BC, CA, AB to obtain the points X, Y, Z.

(2) Construct the circumcircles of AY Z, BZX and CXY. These circles
have a common point P, which happens to lie on the circumcircle.

(3) Construct the reflections of P in the side lines of triangle ABC'.

2.3.4 Musselman’s Theorem: Point with given line of reflec-
tions (Alternative)

Animate a point @ on the circumcircle, together with its antipode Q’.

(1) The reflections X, Y, Z of @ on the side lines BC, CA, AB are
collinear; so are those X', Y’, Z' of Q'.

(2) The lines X X', YY', ZZ' intersect at a point P, which happens to
be on the circumcircle.

(3) Construct the reflections of P in the side lines of triangle ABC'.

2.3.5 Blanc’s Theorem

Animate a point P on the circumcircle, together with its antipodal point
P.

(1) Construct the line PP’ to intersect the side lines BC, C A, AB at
X, Y, Z respectively.

(2) Construct the circles with diameters AX, BY, CZ. These three
circles have two common points. One of these is on the circumcircle. Label
this point P*, and the other common point Q.

(3) What is the locus of Q7

(4) The line P*@ passes through the orthocenter H. As such, it is the
line of reflection of a point on the circumcircle. What is this point?

(5) Construct the Simson lines of P and P’. They intersect at a point
on the nine-point circle. What is this point?

Exercises

1. Let P be a given point, and A’B’C’ the homothetic image of ABC
under h(P,—1) (so that P is the common midpoint of AA’, BB’ and
ca’).



22 YIU: Introduction to Iriangle Geometry

(1) The circles AB'C’, BC' A’ and C A’ B’ intersect at a point @ on the
circumcircle;

(2) The circles ABC’, BCA' and CAB’ intersect at a point @’ such
that P is the midpoint of QQ’. *

2.4 Appendix: Homothety

Two triangles are homothetic if the corresponding sides are parallel.

2.4.1 Three congruent circles with a common point and each
tangent to two sides of a triangle ®

Given a triangle ABC', to construct three congruent circles passing through
a common point P, each tangent to two sides of the triangle.

Let t be the common radius of these congruent circles. The centers of
these circles, Iy, I, I3, lie on the bisectors I A, IB, IC respectively. Note
that the lines Isls and BC are parallel; so are the pairs Isl;, C A, and
I115, AB. It follows that Al IsI3 and ABC are similar. Indeed, they are
in homothetic from their common incenter I. The ratio of homothety can
be determined in two ways, by considering their circumcircles and their
incircles. Since the circumradii are ¢ and R, and the inradii are » — ¢ and r,

we have %t = . From this, ¢t = Br

R+r-

"Musselman, Amer. Math. Monthly, 47 (1940) 354 — 361. If P = (u : v : w), the
intersection of the three circles in (1) is the point

b2(u+v—ww-—c2(wt+u—vjv

on the circumcircle. This is the isogonal conjugate of the infinite point of the line

youvrwow,
a

cyclic

8Problem 2137, Cruz Mathematicorum.
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How does this help constructing the circles? Note that the line joining
the circumcenters P and O passes through the center of homothety I, and

indeed,
Rr

: R+r
Rewriting this as OP : PI = R : r, we see that P is indeed the internal
center of similitude of (O) and (I).

Now the construction is easy.

Ol :IP=R:t=R =R+r:r

2.4.2 Squares inscribed in a triangle and the Lucas circles

Given a triangle ABC, to construct the inscribed square with a side along
BC we contract the square erected externally on the same side by a homo-
thety at vertex A. The ratio of the homothety is h, : h, + a, where h, is
the altitude on BC. Since h, = 2, we have

rE
ha S
he + a T S+at
The circumcircle is contracted into a circle of radius

S abc S abc
Ra = R —_— = — . = s
S+a? 28 S+a? 2(S+da?
and this passes through the two vertices of the inscribed on the sides AB
and AC'. Similarly, there are two other inscribed squares on the sides C' A
and AB, and two corresponding circles, tangent to the circumcircle at B
and C respectively. It is remarkable that these three circles are mutually
tangent to each other. These are called the Lucas circles of the triangle. ?

9See A.P. Hatzipolakis and P. Yiu, The Lucas circles, Amer. Math. Monthly, 108
(2001) 444 — 446. After the publication of this note, we recently learned that Eduoard
Lucas (1842 — 1891) wrote about this triad of circles, considered by an anonymous author,
as the three circles mutually tangent to each other and each tangent to the circumcircle
at a vertex of ABC. The connection with the inscribed squares were found by Victor
Thébault (1883 — 1960).
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2.4.3 More on reflections

(1) The reflections of a line £ in the side lines of triangle ABC' are concurrent
if and only if £ passes through the orthocenter. In this case, the intersection
is a point on the circumcircle. 1°

(2) Construct parallel lines L,, Ly, and L, through the D, E, F be the
midpoints of the sides BC, CA, AB of triangle ABC. Reflect the lines BC
in £,, CAin Ly, and AB in L.. These three reflection lines intersect at a
point on the nine-point circle.'!

(3) Construct parallel lines L,, Ly, and L. through the pedals of the
vertices A, B, C on their opposite sides. Reflect these lines in the respective
side lines of triangle ABC. The three reflection lines intersect at a point on
the nine-point circle. 12

198 N. Collings, Reflections on a triangle, part 1, Math. Gazette, 57 (1973) 291 — 293;
M.S. Longuet-Higgins, Reflections on a triangle, part 2, ibid., 293 — 296.

" This was first discovered in May, 1999 by a high school student, Adam Bliss, in
Atlanta, Georgia. A proof can be found in F.M. van Lamoen, Morley related triangles on
the nine-point circle, Amer. Math. Monthly, 107 (2000) 941 — 945. See also, B. Shawyer,
A remarkable concurrence, Forum Geom., 1 (2001) 69 — 74.

"2 Ibid.
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Homogeneous Barycentric
Coordinates

3.1 Barycentric coordinates with reference to a
triangle

3.1.1 Homogeneous barycentric coordinates

The notion of barycentric coordinates dates back to Mobius. In a given
triangle ABC, every point P is coordinatized by a triple of numbers (u :
v : w) in such a way that the system of masses u at A, v at B, and w
at C will have its balance point at P. These masses can be taken in the
proportions of the areas of triangle PBC, PCA and PAB. Allowing the
point P to be outside the triangle, we use signed areas of oriented triangles.
The homogeneous barycentric coordinates of P with reference to ABC is a
triple of numbers (z : y : z) such that

z:y:2=APBC: APCA: APAB.

Examples

1. The centroid G has homogeneous barycentric coordinates (1 : 1 : 1).
The areas of the triangles GBC, GCA, and GAB are equal. !

2. The incenter I has homogeneous barycentric coordinates (a : b : ¢). If

r denotes the inradius, the areas of triangles IBC, ICA and IAB are

respectively %ra, %rb, and %rc. 2

'In Kimberling’s Encyclopedia of Triangle Centers, [ETC], the centroid appears as Xa.
2In ETC, the incenter appears as X7.

25
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3. The circumcenter. If R denotes the circumradius, the coordinates of
the circumcenter O are 3

ANOBC : NOCA : NOAB
= %RanzA:%}ﬁsm2£3:%R2mn20

= sinAcos A :sin Bcos B : sin C cos C

b2 + 2 — a? b 62+a2—b2'a2—|—b2—02
2bc ' 2ca ' 2ab

= B+ —ad?) (E+a® -0 A+ - A).

= a

4. Points on the line BC have coordinates of the form (0 : y : z). Likewise,
points on CA and AB have coordinates of the forms (z : 0 : z) and
(x : y : 0) respectively.

Exercise
1. Verify that the sum of the coordinates of the circumcenter given above
is 452
a?(b? 4+ 2 — a?) + 03(2 + a® — V) + P (a® +b? — 2) = 452,
where S is twice the area of triangle ABC.

2. Find the coordinates of the excenters. 4

3In ETC, the circumcenter appears as X3.
lo=(-a:b:¢), Iy=(a:=b:c), I.=(a:b:—c).
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3.1.2 Absolute barycentric coordinates

Let P be a point with (homogeneous barycentric) coordinates (z : y : z). If
x+1y+ 2z # 0, we obtain the absolute barycentric coordinates by scaling the
coefficients to have a unit sum:

x-A+y-B+z-C
T+y+z )

P:

If P and @ are given in absolute barycentric coordinates, the point X
which divides PQ in the ratio PX : X@Q = p : q has absolute barycentric

q-P+p-Q

coordinates . It is, however, convenient to perform calculations

avoiding denomﬁlatgrs of fractions. We therefore adapt this formula in the
following way: if P = (u:v:w) and @ = (v’ : v/ : w') are the homogeneous
barycentric coordinates satisfying v + v +w = v/ + v/ + w’, the point X
dividing PQ in the ratio PX : X@ = p : ¢ has homogeneous barycentric
coordinates

(qu+pu' : qu +pv' : qu + puw').

Example: Internal center of similitudes of the circumcircle and
the incircle

These points, T and T”, divide the segment O harmonically in the ratio of

the circumradius R = ‘5—%‘3 and the inradius 2. Note that R:r = ‘5—%‘3 : Q—Ss =

2s°
sabe : S2.
Since
0=V +c*—a*):--:-)

with coordinates sum 452 and I = (a : b : ¢) with coordinates sum 2s, we
equalize their sums and work with

O = (sa2(b2—|—c2—a2) Deeeresd),
I = (25%:28%:25%).

The internal center of similitude T" divides OI in the ratio OT : TI =R : r,
the a-component of its homogeneous barycentric coordinates can be taken
as

S?%. sa*(b* + ¢ — a®) + sabc - 25%a.

The simplification turns out to be easier than we would normally expect:

S? . 5a?(b? + ¢ — a®) + sabe - 25%a
= 5S5%a%(b* 4 ¢* — a* + 2bc)
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= 55%4%((b+¢)? — a?)
s5%a*(b+c+a)(b+c—a)
= 25°5%.a*(b+c—a).

The other two components have similar expressions obtained by cyclically
permuting a, b, c. It is clear that 25252 is a factor common to the three
components. Thus, the homogeneous barycentric coordinates of the internal

center of similitude are

5

(a®>(b+c—a):b*(c+a—0):c*(a+b—c)).

Exercises

1.

The external center of similitude of (O) and (/) has homogeneous
barycentric coordinates ©

(a®(a+b—c)(c+a—b) : B*(b+c—a)(a+b—c): (c+a—Db)(b+c—a)),
which can be taken as
a? b? c?
<b+c—a cta-b a—i—b—c)'
The orthocenter H lies on the Euler line and divides the segment

OG externally in the ratio OH : HG = 3 : —2. 7 Show that its
homogeneous barycentric coordinates can be written as

H = (tan A : tan B : tan C),

or equivalently,

H_( 1 ' 1 _ 1 )
S\ +c2—a? A+a? - a2+ —c2)]

Make use of the fact that the nine-point center N divides the segment
OG in the ratio ON : GN = 3 : —1 to show that its barycentric

coordinates can be written as 8

N = (acos(B—C) :bcos(C — A) : ccos(A — B)).

5In ETC, the internal center of similitude of the circumcircle and the incircle appears
as the point Xss.

5In ETC, the external center of similitude of the circumcircle and the incircle appears
as the point Xse.

"In ETC, the orthocenter appears as the point Xj.

8In ETC, the nine-point center appears as the point Xs.
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3.2 Cevians and traces

Because of the fundamental importance of the Ceva theorem in triangle
geometry, we shall follow traditions and call the three lines joining a point
P to the vertices of the reference triangle ABC' the cevians of P. The
intersections Ap, Bp, Cp of these cevians with the side lines are called the
traces of P. The coordinates of the traces can be very easily written down:

Ap=(0:y:z), Bp=(z:0:2), Cp=(x:y:0).

3.2.1 Ceva Theorem

Three points X, Y, Z on BC, CA, AB respectively are the traces of a point
if and only if they have coordinates of the form

X =0 : 9 : z
Y =« : 0 : z
Z =z :y : 0

for some x, y, z.

3.2.2 Examples
The Gergonne point

The points of tangency of the incircle with the side lines are

X = 0 : s—c : s—0b,
Y = s—c : 0 : s—a,
Z = s—b : s—a : 0.
These can be reorganized as
_ R S |
e
Y == :0 =
7z = 1 1 0.

S]
i
(=l

s
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It follows that AX, BY, C'Z intersect at a point with coordinates

(1 1 1>
s—a s—b s—c/)’

This is called the Gergonne point G, of triangle ABC'. ©

The Nagel point

The points of tangency of the excircles with the corresponding sides have
coordinates

X = (0:s—b:s—c),
Y = (s—a:0:s5—2¢),
Z' = (s—a:s—b:0).
These are the traces of the point with coordinates

(s—a:s—b:s—c).

This is the Nagel point N, of triangle ABC. 0

Exercises

1. The Nagel point I, lies on the line joining the incenter to the centroid;
it divides IG in the ratio IN, : N,G = 3 : —2.

9The Gergonne point appears in ETC as the point X7.
10The Nagel point appears in ETC as the point Xg.
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3.3 Isotomic conjugates

The Gergonne and Nagel points are examples of isotomic conjugates. Two
points P and @ (not on any of the side lines of the reference triangle) are
said to be isotomic conjugates if their respective traces are symmetric with
respect to the midpoints of the corresponding sides. Thus,

BAp = AgC, CBp = BgA, ACp = CyB.
We shall denote the isotomic conjugate of P by P®. If P = (z : y : z), then

L1011
P*=(=:-:-)
x oy z

3.3.1 Equal-parallelian point

Given triangle ABC, we want to construct a point P the three lines through
which parallel to the sides cut out equal intercepts. Let P = xA4+yB+2C in
absolute barycentric coordinates. The parallel to BC cuts out an intercept
of length (1 — x)a. It follows that the three intercepts parallel to the sides
are equal if and only if

1 1 1

l—z:1l—-y:1l—2=—-—:—-:-.

a b c
The right hand side clearly gives the homogeneous barycentric coordinates
of I*®, the isotomic conjugate of the incenter I. ' This is a point we can

easily construct. Now, translating into absolute barycentric coordinates:
1 1
I* = 5[(1 —2)A+(1—-y)B+(1—-2)C] = 5(36‘ — P).

we obtain P = 3G —2I°, and can be easily constructed as the point dividing
the segment I°G externally in the ratio I*P : PG = 3 : —2. The point P is
called the equal-parallelian noint. of trianele ARC 12

B

AN

c a

"The isotomic conjugate of the incenter appears in ETC as the point X7s.
1214 appears in ETC as the point Xi92.
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Exercises

1. Calculate the homogeneous barycentric coordinates of the equal-parallelian
point and the length of the equal parallelians. '3

2. Let A’B'C’ be the midway triangle of a point P. The line B’C" inter-
sects C'A at
B, = B'C'NCA, C,=B'C'NAB,
Cy,=C'ANAB, A,=C'A'nBC,
A.=A'B'NBC, B.=AB NCA.

Determine P for which the three segments B,C,, CpAp and A.B, have
equal lengths.

3.3.2 Yff’s analogue of the Brocard points

Consider a point P = (z : y : z) satisfying BAp = CBp = ACp = w. This

means that
z T oy

a = c
Y+ z zZ+x Tty
Elimination of z, z, x leads to

—w a—w

O=|b—w —w | =(a—w)(b-w)lc—w)—w.

Indeed, w is the unique positive root of the cubic polynomial
(a—t)(b—t)(c—1t) —t3.

This gives the point
1 1 1
P = : : .
b—w c—w a—w

The isotomic conjugate
1 1
P® = : :
c—w a—w b—w

Y3(ca+ab—bc: ab+be— ca : be+ ca—ab). The common length of the equal parallelians
2abc

W=

is ab+bc+ca”

4 A P. Hatzipolakis, Hyacinthos, message 3190, 7/13/01. P = (3bc — ca — ab : 3ca —
ab— bc : 3ab — be — ca). This point is not in the current edition of ETC. It is the reflection
of the equal-parallelian point in I®. In this case, the common length of the segment is

2abc : :
Thtborear 88 In the equal-parallelian case.
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satisfies
CAP = ABP = BCp = w.

These points are usually called the Yff analogues of the Brocard points. '
They were briefly considered by A.L. Crelle. '6

3.4 Conway’s formula

3.4.1 Notation

Let S denote twice the area of triangle ABC'. For a real number 6, denote
S - cot @ by Sp. In particular,

b2 + 2 —a? g 2 +a®—b? g a? +b% — 2

S - - -
A 2 ’ 2 ’ 2

For arbitrary ¢ and ¢, we shall simply write Sy, for Sp - S.
We shall mainly make use of the following relations.

Lemma
(1) Sp+ Sc =a?, Sc+ Sa =02 S4+ S =2

(2) Sap+ Spc +Sca = S2,

Proof. (1) is clear. For (2), since A+ B + C = 180°, cot(A+ B+ C) is
infinite. Its denominator

cotA-cot B+cotB-cotC +cotC-cotA—1=0.

From this, Sap+Spc+Sca = Sz(cot A-cot B+cot B-cot C+cot C-cot A) =
S2.

Examples

(1) The orthocenter has coordinates

1 1 1
—:—:— | =(SBc : Sca : SaB).
(SA Si Sc) (Sme - 5 )
5P, Yff, An analogue of the Brocard points, Amer. Math. Monthly, 70 (1963) 495 —
501.
6A L. Crelle, 1815.
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Note that in the last expression, the coordinate sum is Sgo + Sca + Sap =
S2.
(2) The circumcenter, on the other hand, is the point

O = (a®S4 : b*Sp : 2Sc) = (Sa(Sp + Sc) : Sp(Sc + S4) : Sc(Sa + Sp)).

Note that in this form, the coordinate sum is 2(Sap + Spc + Sca) = 252.

Exercises

1. Calculate the coordinates of the nine-point center in terms of S 4, Sp,
SC- 17

2. Calculate the coordinates of the reflection of the orthocenter in the
circumcenter, i.e., the point L which divides the segment HO in the
ratio HL : LO = 2 : —1. This is called the de Longchamps point of
triangle ABC. ¥

3.4.2 Conway’s formula

If the swing angles of a point P on the side BC are /CBP = 0 and /BCP =
©, the coordinates of P are

(—=a*: Sc+ S, : Sp + Sp).

'
V

The swing angles are chosen in the rangle —5 < 0, < 5. The angle 6
is positive or negative according as angles /CBP and /CBA have different
or the same orientation.

A

TN = (52 + SBc : 52 + Sca : 52 + SAB).
8L = (Sca+Sap—Spc: i) = (ﬁ+$fﬁ :eo-:---). It appears in ETC as
the point Xao.
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3.4.3 Examples
Squares erected on the sides of a triangle

Consider the square BC' X1 X5 erected externally on the side BC of triangle
ABC'. The swing angles of X7 with respect to the side BC' are

/OBX, =%,  /BCX,=ZI.
4 2
Since cot 7 = 1 and cot § =0,
X;=(-a*:Sc:Sp+S).
Similarly,
Xy = (—a2 :Sc+ S SB)
Exercises

1. Find the midpoint of X7 X5.

2. Find the vertices of the inscribed squares with a side along BC. 9.

3.5 The Kiepert perspectors

3.5.1 The Fermat points

Consider the equilateral triangle BC'X erected externally on the side BC
of triangle ABC. The swing angles are /CBX = /BCX = 5. Since

9Recall that this can be obtained from applying the homothety h(A
BCX; X2

S
’ S4a?

) to the square
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T _ 1
cotg—\/g, . p
X=(-a*:Sc+-F=:8 —I——),
(“ CTVBITPTB

which can be rearranged in the form

—a? 1 1

X = 5 RN T = |-
(Sp+Z)Sc+5) Spt+m Sc+ 5

Similarly, we write down the coordinates of the apexes Y, Z of the equilateral

triangles CAY and ABZ erected externally on the other two sides. These

are
1 1
Y:(is :*****:75,)
Sat 7 So+

( ; ; )

= : Lok koK ok ok

SA + V3 SB + V3

Here we simply write * * % * % in places where the exact values of the coor-

dinates are not important. This is a particular case of the following general
situation.

and

3.5.2 Perspective triangles

Suppose X, Y, Z are points whose coordinates can be written in the form

X = skkkokk Y : z,
Y = T Dokkockk kG z,
Z = x : Y Dok ok ok ok k.

The lines AX, BY, CZ are concurrent at the point P = (z : y : 2).

Proof. The intersection of AX and BC is the trace of X on the side BC. It
is the point (0 : y : z). Similarly, the intersections BY N CA and CZ N AB
are the points (z : 0: 2z) and (x : y : 0). These three points are in turn the
traces of P = (x : y : 2). Q.E.D.

We say that triangle XY 7 is perspective with ABC, and call the point
P the perspector of XY Z.
We conclude therefore that the apexes of the equilateral triangles erected

externally on the sides of a triangle ABC' form a triangle perspective with
ABC at the point

1 1 1
F, = : : .
* <\/§SA+S V3SE + S \/§SC+S)
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This is called the (positive) Fermat point of triangle ABC. %°

Exercises

1. If the equilateral triangles are erected “internally” on the sides, the
apexes again form a triangle with perspector

1 1 1
F_ = < : : > ,
V3S4—8 V38 —S V3Sc-S
the negative Fermat point of triangle ABC. 2!
2. Given triangle ABC, extend the sides AC to B, and AB to C, such
that CB, = BC, = a. Similarly define Cy, Ay, A., and B..

(a) Write down the coordinates of B, and Cy, and the coordinates of
the intersection A’ of BB, and CC,,.

(b) Similarly define B’ and C’, and show that A’B’'C’ is perspective
with ABC. Calculate the coordinates of the perspector. 22

3.5.3 Isosceles triangles erected on the sides and Kiepert
perspectors

More generally, consider an isosceles triangle YC' A of base angle /YCA =
LY AC = 0. The vertex Y has coordinates

(Sc—i—Sg - SA—i-Sg).

If similar isosceles triangles X BC' and ZAB are erected on the other two
sides (with the same orientation), the lines AX, BY, and C'Z are concurrent

at the point
1 1 1
K(0) = : : .
( ) (SA-FS@ Sp + Sy Sc-l—Sg)

We call XY Z the Kiepert triangle and K (0) the Kiepert perspector of pa-
rameter 6.

20The positive Fermat point is also known as the first isogonic center. It appears in
ETC as the point Xi3.

21'The negative Fermat point is also known as the second isogonic center. It appears in
ETC as the point X14.

22The Spieker point.
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3.5.4 The Napoleon points

The famous Napoleon theorem states that the centers of the equilateral trian-
gles erected externally on the sides of a triangle form an equilateral triangle.
These centers are the apexes of similar isosceles triangles of base angle 30°
erected externally on the sides. They give the Kiepert perspector

1 1 1
(SA+x/§S'SB+x/§S'Sc+x/§S)'

This is called the (positive) Napoleon point of the triangle. 2 Analogous re-
sults hold for equilateral triangles erected internally, leading to the negative
Napoleon point %4

1 1 1
(&—ﬁs'&-ﬁs‘&-ﬁs)'

23The positive Napoleon point appears in ETC as the point Xi7.
24The negative Napoleon point appears in ETC as the point Xg.
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Exercises

1. The centers of the three squares erected externally on the sides of
triangle ABC form a triangle perspective with ABC'. The perspector
is called the (positive) Vecten point. Why is this a Kiepert perspector?
Identify its Kiepert parameter, and write down its coordinates? 2°

2. Let ABC be a given triangle. Construct a small semicircle with B as
center and a diameter perpendicular to BC, intersecting the side BC.
Animate a point T on this semicircle, and hide the semicircle.

(a) Construct the ray BT and let it intersect the perpendicular bisector
of BC at X.

(b) Reflect the ray BT in the bisector of angle B, and construct the
perpendicular bisector of AB to intersect this reflection at Z.

(c) Reflect AZ in the bisector of angle A, and reflect C'X in the
bisector of angle C'. Label the intersection of these two reflections Y.

(d) Construct the perspector P of the triangle XY Z.
(e) What is the locus of P as T traverses the semicircle?

3. Calculate the coordinates of the midpoint of the segment F, F_. 26

4. Inside triangle ABC, consider two congruent circles I5(r1) and I, (1)
tangent to each other (externally), both to the side BC, and to CA
and AB respectively. Note that the centers I, and I,., together with
their pedals on BC, form a rectangle of sides 2 : 1. This rectangle can
be constructed as the image under the homothety h(Z, %T) of a similar
rectangle erected externally on the side BC.

25 This is K (%), the positive Vecten point. It appears in ETC as Xuss.
B((6* - c*)?: (2 —a®)?: (a® — b?)?). This points appears in ETC as X115. It lies on
the nine-point circle.
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(a) Make use of these to construct the two circles.

(b) Calculate the homogeneous barycentric coordinates of the point of
tangency of the two circles. 27

(c¢) Similarly, there are two other pairs of congruent circles on the

sides CA and AB. The points of tangency of the three pairs have a

perspector 28

<1 1 >
bc+S ca+S ab+S/)°

(d) Show that the pedals of the points of tangency on the respective
side lines of ABC are the traces of 29

1 1 1
(bc+S+SA'ca+S+SB ' ab-l—S-l—Sc)'

3.5.5 Nagel’s Theorem

Suppose X, Y, Z are such that

/CAY = /BAZ =9,
/ABZ = /CBX = ¢,
/BCX = LACY = 4.

The lines AX, BY, CZ are concurrent at the point

IS T
Sa+Sy Sp+S, Sc+Sy)

#"This divides ID (D = midpoint of BC) in the ratio 2r : a and has coordinates

(a®>:ab+ S :ac+S).

28This point is not in the current edition of ETC.
29This point is not in the current edition of ETC.
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Exercises

1. Let X', Y', Z’ be respectively the pedals of X on BC,Y on CA, and
Z on AB. Show that X'Y'Z’ is a cevian triangle. 3°

2. For i = 1,2, let X;Y;Z; be the triangle formed with given angles 6;, y;
and ;. Show that the intersections

X=X XoNBC, Y=Y1YoNnCA, Z =71Z5NAB

form a cevian triangle. 3!

30Floor van Lamoen.
31Floor van Lamoen. X = (0: Sy, — Sy, : Spy — Sy ).
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Straight Lines

4.1 The equation of a line

4.1.1 Two-point form

The equation of the line joining two points with coordinates (z1 : y1 : 21)
and (zg: Y2 : 29) is

1 Y1 2
T2 Y2 22| =0,
T Yy =z

or
(Y122 — yoz1)z + (2172 — 2271)Y + (T1Y2 — T2y1)2 = 0.

4.1.2 Examples

1. The equations of the side lines BC, CA, AB are respectively z = 0,
y=0,z=0.

2. The perpendicular bisector of BC is the line joining the circumcenter
O = (a®84 : b2Sp : 2S¢) to the midpoint of BC, which has coordi-
nates (0:1:1). By the two point form, it has equation

(bQSB — 0250).%' —a?Say+a®Saz =0,

Since b?Sp —c?Sc = -+ = Sa(Sp— Sc) = —Sa(b? —c?), this equation
can be rewritten as

0 = P+ a’(y —2) = 0.

43
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3. The equation of the Euler line, as the line joining the centroid (1: 1 : 1)

to the orthocenter (Spc : Sca : Sap) is
(Sap — Sca)r + (Spc — Sap)y + (Sca — Spc)z =0,

or

3" Sa(Sp - Sc)z = 0.

cyclic

. The equation of the OI-line joining the circumcenter (a2S4 : b*Sp :

c2Sc) to and the incenter (a : b: c) is

0= Z (b?Spe — *Scb)r = Z be(bSp — ¢Sc)x.
cyclic cyclic
Since bSp — ¢S = -+ = =2(b — ¢)s(s — a) (exercise), this equation
can be rewritten as
Z be(b —¢)s(s —a)xr = 0.
cyclic

or

cyclic

. The line joining the two Fermat points

1 1 1
F = : :
= (\/ESAiS /355 + 8 \/§SC¢S>

= (V3Sp£8)(V3Sc£8):---: )
has equation
0= Y ( 1 B 1 ) i
cyclic (\/§SB+S)(\/§SC_S) (\/§SB+S)(\/§SC—S)
S <<\/§sB — 8)(vV35¢ + 8) — (v3S5 — S)(V35c + S)> )
N cyclic (3SBB - 52)(3800 — 52)
-3 < 2V3(Sp — Sc)S ) N
N cyclic (3SBB - ‘92)(3500 - SQ) ’

Clearing denominators, we obtain

> (S —Sc) (3544 — 5z =0.

cyclic
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4.1.3 Intercept form: tripole and tripolar

If the intersections of a line £ with the side lines are
X=0:v:-w), Y =(-u:0:w), Z=(u:-v:0),
the equation of the line L is
]

We shall call the point P = (u : v : w) the tripole of £, and the line £ the
tripolar of P.

Construction of tripole
Given a line £ intersecting BC, CA, AB at X, Y, Z respectively, let
A =BYnCZz, B ' =CZn AX, ' = AX N BY.

The lines AA’, BB’ and C'C’ intersect at the tripole P of L.

Construction of tripolar

Given P with traces Ap, Bp, and C'p on the side lines, let
X =BpCpn BC, Y =CpApnNCA, Z = ApBpN AB.

These points X, Y, Z lie on the tripolar of P.
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Exercises

1. Find the equation of the line joining the centroid to a given point
P=(u:v:w). !

2. Find the equations of the cevians of a point P = (u : v : w).

3. Find the equations of the angle bisectors.

4.2 Infinite points and parallel lines

4.2.1 The infinite point of a line

The infinite point of a line £ has homogeneous coordinates given by the
difference of the absolute barycentric coordinates of two distinct points on
the line. As such, the coordinate sum of an infinite point is zero. We think
of all infinite points constituting the line at infinity, £, which has equation
z+y+2z=0.

Examples

1. The infinite points of the side lines BC, CA, AB are (0 : —1 : 1),
(1:0:—1), (—1:1:0) respectively.

2. The infinite point of the A—altitude has homogeneous coordinates
(0:Sc:8p)—a*(1:0:0) = (—a®: Sc: Sp).
3. More generally, the infinite point of the line px + qy +rz =0 is
(g—r:r—p:p—q.
4. The infinite point of the Euler line is the point

3(Spc i Sca 1 Sap)—SS(1:1:1) ~ (3Spc—SS :3Sca—SS :3S45—S58S).

5. The infinite point of the OI-line is

(Ca(c—a)s—b)—ab( B)(s—c):eentonr)
~ (a(a*(b+c)—2abc— (b+c)(b—c)?) i+

"Equation: (v —w)z + (w — u)y + (u — v)z = 0.
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4.2.2 Parallel lines

Parallel lines have the same infinite point. The line through P = (u: v : w)
parallel to £ : px 4+ qy + rz = 0 has equation

q—Tr r—p pP—(
u v w =0.
T Y z
Exercises

1. Find the equations of the lines through P = (u : v : w) parallel to the
side lines.

2. Let DEF be the medial triangle of ABC, and P a point with cevian
triangle XY Z (with respect to ABC. Find P such that the lines
DX, EY, FZ are parallel to the internal bisectors of angles A, B, C
respectively. 2

4.3 Intersection of two lines

The intersection of the two lines

pix+qy+riz =0,
P2x + qoy + 192 =0

is the point
(qim2 — gar1 = T1p2 — T2p1 t P1g2 — P2q1)-
The infinite point of a line £ can be regarded as the intersection of £ with
the line at infinity Lo, : x +y + 2 = 0.
Theorem

Three lines p;xz + q;y + ;2 = 0, i = 1,2, 3, are concurrent if and only if

pP1r @1 T
p2 q2 T2 |=0.
p3 g3 T3

2The Nagel point P = (b+c—a:c+a—b:a+b—c). N.Dergiades, Hyacinthos,
message 3677, 8/31/01.
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4.3.1 Intersection of the Euler and Fermat lines

Recall that these lines have equations

3" Sa(Sp - Sc)x =0,

cyclic

and
> (5B —Sc) (3544 — 5%z =0.

cyclic

The A-coordinate of their intersection

= Sp(Sc— SA)(Sa —SB)(3Scc — S?)

—Sc(S4—SB)(Sc — S4)(3SBp — 5?)
= (Sc —54)(Sa—SB)[SB(3Scc — S?) — Sc(3Spp — S?)]
(Sc = S4)(Sa — SB)[3Spc(Sc — Sp) — S*(S — Sc))]
= —(Sp—5c)(Sc — SA)(Sa— SB)(3SBc + S?).

This intersection is the point

(3Spc + S%:3Sca+5%:3S45+ 52).

Since (3Spc : 3Sca : 3Sap) and (S? : S? : S?) represent H and G, with
equal coordinate sums, this point is the midpoint of GH. 3

Remark

Lester has discovered that there is a circle passing the two Fermat points, the
circumcenter, and the nine-point center. 4 The circle with GH as diameter,

3This point appears in ETC as X3g1.
4J.A. Lester, Triangles, III: complex centre functions and Ceva’s theorem, Aequationes
Math., 53 (1997) 4-35.
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whose center is the intersection of the Fermat and Euler line as we have
shown above, is orthogonal to the Lester circle. ° It is also interesting to
note that the midpoint between the Fermat points is a point on the nine-
point circle. It has coordinates ((b% — ¢?)? : (¢? — a?)? : (a? — 1?)?).

4.3.2 Triangle bounded by the outer side lines of the squares
erected externally

Consider the square BC X1 X5 erected externally on BC'. Since X; = (—a2 :
Sc : Sp+ S), and the line X7 X5, being parallel to BC, has infinite point
(0:—1:1), this line has equation

(Sc + Sp + S)z + a*y + a2z = 0.
Since Sg + Sc = a?, this can be rewritten as

a*(x +y+2)+Sr=0.

Similarly, if CAY1Ys and ABZZ, are squares erected externally on the
other two sides, the lines Y71Ys and Z;Zs have equations

V(x+y+z)+Sy=0

and
Flr+y+2)+82=0

respectively. These two latter lines intersect at the point
X =(=(t* 4+ +9):0*: ).
Similarly, the lines Z1Z5 and X7 X5 intersect at

Y =(a*: —(*+a*+85): ),
°P. Yiu, Hyacinthos, message 1258, August 21, 2000.
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and the lines X; X5 and Y;Y5 intersect at

Z=(a?:0?: —(a®> + b+ 9)).

The triangle XY Z is perspective with ABC, at the point

K =(a*:0*: ).

This is called the symmedian point of triangle ABC. ©

Exercises

1.

2.

The symmedian point lies on the line joining the Fermat points.

The line joining the two Kiepert perspectors K (+6) has equation

Z (SB — Sc)(SAA — S? cot? 0)% =0.

cyclic
Show that this line passes through a fixed point. *

Show that triangle A’ B?C? has the same centroid as triangle ABC.

. Construct the parallels to the side lines through the symmedian point.

The 6 intersections on the side lines lie on a circle. The symmedian
point is the unique point with this property. 8

Let DEF be the medial triangle of ABC. Find the equation of the
line joining D to the excenter I, = (—a : b : ¢). Similarly write down
the equation of the lines joining to E to I and F' to I.. Show that
these three lines are concurrent by working out the coordinates of their
common point. ?

The perpendiculars from the excenters to the corresponding sides are
concurrent. Find the coordinates of the intersection by noting how it
is related to the circumcenter and the incenter. 1°

STt is also known as the Grebe point, and appears in ETC as the point Xg.

"The symmedian point.

8This was first discovered by Lemoine in 1883.

9This is the Mittenpunkt (a(s —a):---:--).

10T his is the reflection of I in O. As such, it is the point 20 — I, and has coordinates

(a(a®+a*(b+c)—ab+c)®> —(b+e)b—c)?):mv:-o).
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7.

4.4

Let D, E, F be the midpoints of the sides BC, C A, AB of triangle
ABC'. For a point P with traces Ap, Bp, Cp, let X, Y, Z be the
midpoints of BpCp, CpAp, ApBp respectively. Find the equations
of the lines DX, FY, F'Z, and show that they are concurrent. What
are the coordinates of their intersection? !

. Let D, E, F be the midpoints of the sides of BC, CA, AB of triangle

ABC, and X, Y, Z the midpoints of the altitudes from A, B, C
respeectively. Find the equations of the lines DX, EY, FZ, and
show that they are concurrent. What are the coordinates of their
intersection? 12

. Given triangle ABC, extend the sides AC to B, and AB to C, such

that CB, = BC, = a. Similarly define (%, Ap, A., and B.. The
lines B.Cy, CpAp, and A.B. bound a triangle perspective with ABC.
Calculate the coordinate of the perspector. 3

Pedal triangle

The pedals of a point P = (u : v : w) are the intersections of the side
lines with the corresponding perpendiculars through P. The A—altitude has
infinite point Ay — A= (0:Sc:Sg)—(Sg+Sc:0:0) = (—a®: Sc: Sp).
The perpendicular through P to BC is the line

or

—a2 SC SB
U v w | =0,
x T

—(Spv — Scw)x + (Spu + a*w)y — (Scu + a*v)z = 0.

[ L] A

HThe intersection is the point dividing the segment PG in the ratio 3 : 1.
12 This intersection is the symmedian point K = (a? : b : ¢?).

13(

% :+-+:---). This appears in ETC as Xes.
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This intersects BC' at the point
Ap = (0: Scu + a*v : Spu + a*w).

Similarly the coordinates of the pedals on C A and AB can be written down.
The triangle A(p)BpCp) is called the pedal triangle of triangle ABC:

Arp 0 Scu 4+ a*v  Spu+ a’w
B[p} = Scv + b2u 0 Sav + b2w
C[p} Spw + u Saw + v 0

4.4.1 Examples
1. The pedal triangle of the circumcenter is clearly the medial triangle.

2. The pedal triangle of the orthocenter is called the orthic triangle. Its
vertices are clearly the traces of H, namely, the points (0 : S¢ : Sg),
(Sc:0:S54), and (Sp:S4:0).

3. Let L be the reflection of the orthocenter H in the circumcenter O.
This is called the de Longchamps point. * Show that the pedal tri-
angle of L is the cevian triangle of some point P. What are the coor-
dinat~~ ~¢ P2 15

B
B
D
L
1 []
c A c

4. Let L be the de Longchamps point again, with homogeneous barycen-
tric coordinates

(Sca+ Sap — Spc : Sap + Spc — Sca : Spc + Sca — Sap).

Find the equations of the perpendiculars to the side lines at the cor-
responding traces of L. Show that these are concurrent, and find the
coordinates of the intersection.

4The de Longchamps point appears as Xz in ETC.
Bp = (Sa : Sp : Sc) is the isotomic conjugate of the orthocenter. It appears in ETC
as the point Xgg.
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The perpendicular to BC at A, = (0 : Sap + Spc — Sca : Spc +
Sca — SAB) is the line

—(5p + S¢) S Sp
0 Sap+Spc —Sca Spc+Sca—Sap | =0.
x Yy z

This is
S%(Sp —Sc)x —a*(Spc + Sca— Sap)y+a*(Spc — Sca+ Sap)z = 0.

Similarly, we write down the equations of the perpendiculars at the
other two traces. The three perpendiculars intersect at the point

(a2(S2.52 + S28% — SZ82) v o).

Exercises

1. Let D, E, F be the midpoints of the sides BC, CA, AB, and A’,
B’, C' the pedals of A, B, C on their opposite sides. Show that
X =EC'NFB,Y =FA'NDC’, and Z = DB'NEC" are collinear. 7

2. Let X be the pedal of A on the side BC of triangle ABC. Complete
the squares AX XpAp and AX X A, with X} and X, on the line BC. '8

(a) Calculate the coordinates of A, and A.. **

(b) Calculate the coordinates of A’ = BA.NCAy. 2°

(¢) Similarly define B’ and C’. Triangle A’B’C’ is perspective with
ABC. What is the perspector? 2!
(d) Let A” be the pedal of A’ on the side BC'. Similarly define B” and

C". Show that A”B”"C" is perspective with ABC by calculating
the coordinates of the perspector. 2

8 This point appears in ETC as X1g7s. Conway calls this point the logarithm of the de
Longchamps point.

" These are all on the Euler line. See G. Leversha, Problem 2358 and solution, Cruz
Mathematicorum, 24 (1998) 303; 25 (1999) 371 —372.

18 A _P. Hatzipolakis, Hyacinthos, message 3370, 8/7/01.

YA, =(a*: —S:5) and A. = (a® : S : —5).

WA = (a®:5:85).

21The centroid.

22( 1 . 1 . 1 )
Sa+S ° Sp+S ° Scg+S/°
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4.5 Perpendicular lines

Given a line L : px 4+ qy + rz = 0, we determine the infinite point of lines
perpendicular to it. 2> The line £ intersects the side lines CA and AB at
the points Y = (—r:0:p) and Z = (¢ : —p : 0). To find the perpendicular
from A to L, we first find the equations of the perpendiculars from Y to AB
and from Z to C'A. These are

Sp Sy —c Sc —b% Sy
—r 0 p |=0 and g -p 0 |=0
Ty z x Y z
These are
Sapxr + (027“ — Spp)y+ Sarz = 0,
Sapz + Saqy + (b*q — Scp)z = 0.

These two perpendiculars intersect at the orthocenter of triangle AY Z,
which is the point

X' = (xsxxx: Sap(Sar —b2q+ Scp) : Sap(Saq + Spp — )
~ (xxxx%x:Sc(p—q)—Salg—r):Sa(qg—71)—Sp(r—np)).
The perpendicular from A to £ is the line AX’, which has equation

1 0 0
*xx Sc(p—q) —Salg—r) —Salg—7)+Ss(r—p) | =0,
x Y z

—(Salg—1) = Sp(r —p))y + (Sc(p— q) — Salg — 1))z = 0.
This has infinite point
(Sp(r—p)=Sc(p—q): Sc(p —q) —Salqg—1) : Salqg —7r) — Sp(r —p)).

Note that the infinite point of L is (¢—7:r—p: p—¢q). We summarize this
in the following theorem.

231 learned of this method from Floor van Lamoen.
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Theorem

If a line £ has infinite point (f : g : h), the lines perpendicular to £ have
infinite points

(f':g : W)= (Spg— Sch:Sch—Saf:Saf— Spg).

Equivalently, two lines with infinite points (f : g : h) and (f' : ¢’ : h') are
perpendicular to each other if and only if

Saff’ +Spgg + Schh’ = 0.

4.5.1 The tangential triangle

Consider the tangents to the circumcircle at the vertices. The radius OA
has infinite point

(a®S4 : b*Sp : ¢*Sc) — (252 :0:0) = (—(b*Sp + 2Sc) : b?Sp : *Sc).
The infinite point of the tangent at A is
(0*Spp — *Scc : Scc + Sa(V*Sp + 2Sc) : —Sa(b*Sp + *Sc) — b*SEp).
Consider the B-coordinate:

ASco+Sa(b?Sp+c2Sc) = 2Sc(Sc+S4)+b*Sap = b*(*Sc+Sap) = b*S2.

Similarly, the C-coordinate = —c?S52. It follows that this infinite point
is (—(b® — %) : b% : —c?), and the tangent at A is the line

1 0 0
=) v -2 | =0,
x y oz

or simply c?y + b*>2 = 0. The other two tangents are c’x + a?z = 0, and
b’z + a’y = 0. These three tangents bound a triangle with vertices

A=0:0:c%), B'=(@?:0:c%), C'=(*:p*:0).

This is called the tangential triangle of ABC. It is perspective with ABC
at the point (a2 : b? : ¢?), the symmedian point.
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4.5.2 Line of ortho-intercepts 24

Let P = (u: v :w). We consider the line perpendicular to AP at P. Since
the line AP has equation wy — vz = 0 and infinite point (—(v + w) : v : w),
the perpendicular has infinite point (Spv—Scw : Scw+Sa(v+w) : —Sa(v+
w) — Spv) ~ (Spv — Scw : Sav + b2w : —Saw — c2v). It is the line

U v w
Spv— Scw  Sav+bPw —Sqw—c*v | =0.
x Yy z

This perpendicular line intersects the side line BC' at the point

(0 : u(Sqv 4 b*w) — v(Spv — Scw) : —u(Srw + *v) — w(Spv — Scw))
~ (0:(Sau— Spv+ Scw)v + b*wu : —((Sau + Spv — Scw)w + c2uv)).

X

Similarly, the line perpendicular to BP at P intersects C'A at
(—(=Sau + Spv + Scw)u + a*vw) : 0: (Sau — Spv + Scw)w + uv)
and
((=Sau + Spv + Scw)u + a*vw) : —(Sau — Spv + Scw)v + b*wu) : 0).

These three points are collinear. The line containing them has equation

xT
Z (=Sau+ Spv + Scw)u + a2vw

cyclic

Exercises

1. If triangle ABC'is acute-angled, the symmedian point is the Gergonne
point of the tangential triangle.

2. Given a line £, construct the two points each having £ as its line of
ortho-intercepts. 2°

24B. Gibert, Hyacinthos, message 1158, August 5, 2000.
250One of these points lies on the circumcircle, and the other on the nine-point circle.
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3. The tripole of the line of ortho-intercepts of the incenter is the point
. b . 26
(35 5 )

4. Calculate the coordinates of the tripole of the line of ortho-intercepts
of the nine-point center. 27

5. Consider a line L : px + qy + 7z = 0.

(1) Calculate the coordinates of the pedals of A, B, C' on the line L.
Label these points X, Y, Z.

(2) Find the equations of the perpendiculars from X, Y, Z to the
corresponding side lines.

(3) Show that these three perpendiculars are concurrent, and deter-
mine the coordinates of the common point.

This is called the orthopole of L.

6. Animate a point P on the circumcircle. Contruct the orthopole of
the diameter OP. This orthopole lies on the nine-point circle.

7. Consider triangle ABC with its incircle I(r).

(a) Construct a circle X3(pp) tangent to BC at B, and also externally
to the incircle.

(b) Show that the radius of the circle (X3) is pp = (=sb)?

4r
(c¢) Let X.(pc) be the circle tangent to BC at C, and also externally
to the incircle. Calculate the coordinates of the pedal A’ of the
intersection BX,. N CX, on the line BC. 28

26This is a point on the OI-line of triangle ABC. It appears in ETC as Xs7. This point
divides OI in the ratio OX57 : O = 2R+ 71 : 2R — .

%(a*(35% — Saa):---:---). This point is not in the current edition of ETC.

BO:(s—c)?:(s—b)?).




58 YIU: Introduction to Iriangle Geometry

(d) Define B' and C’. Show that A’B’C’ is perspective with ABC
and find the perspector. 2
4.6 Appendices

4.6.1 The excentral triangle

The vertices of the excentral triangle of ABC are the excenters I, Ip, I..

(1) Identify the following elements of the excentral triangle in terms of
the elements of triangle ABC.
Excentral triangle I,IyI. Triangle ABC

Orthocenter I

Orthic triangle Triangle ABC
Nine-point circle Circumcircle

Euler line OlI-line

Circumradius 2R

Circumcenter I’ = Reflection of I in O
Centroid centroid of I'IN,30

(2) Let Y be the intersection of the circumcircle (O) with the line 1.1,
(other than B). Note that Y is the midpoint of I.1,. The line Y O intersects
CA at its midpoint E and the circumcircle again at its antipode Y. Since
FE is the common midpoint of the segments Q.Q, and QQy,

(1) YE = 3(re +74);

(il) BY' = 4(r, — 7).

29( 1 K 1 K 1
(s—a)2 * (s=b)2 " (s—c)2

message 3359, 8/6/01.

). This point appears in ETC as Xa279. See P. Yiu, Hyacinthos,
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Since YY’ = 2R, we obtain the relation
Te+ 7y +1.=4R+ .

4.6.2 Centroid of pedal triangle

We determine the centroid of the pedal triangle of P by first equalizing the
coordinate sums of the pedals:

Appp = (0:Scu+ a’v: Spu + a2w) ~(0: bch(Scu + a2v) : bQCQ(SBu + azw))
Bip = (Scv+b*u:0:Sav+b*w) ~ (a’(Scv + b*u) : 0: Pa®(Sav + b*w))
Cipp = (Spw+cu:Saw+c®v:0) ~ (a®b*(Spw + c*u) : a®b*(Saw + ¢*v) : 0).

The centroid is the point
(2a26202u+a202ch+a2bQSBw 2 Scut2a’b? Po+a?b?Saw ¢ b202SBu+c“a2SAv—|—2a26202w).

This is the same point as P if and only if

20%b°c?u 4+ a’c?Scv + a*¥’Spw = ku,
V2Scu + 2a20*v +  a?bSaw = kv,
b2Spu 4+ Aa?Sav + 2002w = kw

for some k. Adding these equations, we obtain

3a°0°E(u+v +w) = k(u+ v+ w).

If P=(u:v:w)is a finite point, we must have k& = 3a?b?>c?>. The system
of equations becomes
—a?b’u + a?cAScv + PV Spw = 0,
Vc2Scu —  a’b’cPv 4+ a?b?Saw = 0,
V2Spu  + a?Sav — aPbFw = 0.
Now it it easy to see that
- S Sc S Sc —b?
22 .22 . 292 A | wc LA || PC
b°c*u: ca”v:abw = ‘SA o2 Sp —c .‘SB S
= b*c® — Saa:*Sc+ Sap: Sca+b°Sp
= 5%:5%:6°
= 1:1:1.
It follows that u: v :w = a?:b?: ¢?, and P is the symmedian point.
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Theorem (Lemoine)

The symmedian point is the only point which is the centroid of its own pedal
triangle.

4.6.3 Perspectors associated with inscribed squares

Consider the square A,A Al A} inscribed in triangle ABC, with Ap, A, on
BC'. These have coordinates

Ay, =(0:Sc+S:Sp), A.=(0:S¢c:Sp+5S),
Ay =(a*:5:0), Al =(a?:0:9).

Similarly, there are inscribed squares B.B, B, B, and C,C},C}C", on the other
two sides.

Here is a number of perspective triangles associated with these squares.
In each case, we give the definition of A,, only.

31

n A, Perspector of A, B,C,,

1 BB.NCGC, orthocenter

2 BA,NCA, circumcenter

3 BC!NCB!  symmedian point

4 B!B!NCJCy symmedian point

) BéBémCC/lC[/) X493:(#2l)2:"':"')

6 CpApNA.B. Kiepert perspector K (arctan 2)
7 CuA.NAyB, Kiepert perspector K (arctan 2)
8 C,A.NBA], (Sg—jg:---:---)

9 C(;A;) N B(;A/C X394 = (azsAA :b%2Sgpp CQScc)

For Ay, BCA!A}], CAB]B! and ABC}C/ are the squares constructed
externally on the sides of triangle ABC.

31K R. Dean, Hyacinthos, message 3247, July 18, 2001.
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Circles 1

5.1 Isogonal conjugates

Let P be a point with homogeneous barycentric coordinates (z : y : 2).

(1) The reflection of the cevian AP in the bisector of angle A intersects
the line BC' at the point X’ = (0 : % : %)

Proof. Let X be the A-trace of P, with /ZBAP = 0. This is the point

X =0:y:2) =(0:84—S: —c?) in Conway’s notation. It follows

that Sa — Sp : —c? = y : 2. If the reflection of AX (in the bisector of angle

A) intersects BC at X', we have X' = (0 : —b? : Sq — Sp) = (0 : —b*c? :
2 2

(84— 89) = (0:b%2:cy) = (0: % CS).

(2) Similarly, the reflections of the cevians BP and C'P in the respective
angle bisectors intersect CA at Y/ = (% :0: %) and AB at Z' = (‘;—2 L2
0).

(3) These points X', Y’, Z’ are the traces of

2 b2 2
P* — <a_ [ c—) = (a2yz . bQZCL‘ . CQ-Ty)-
ry oz

v -

The point P* is called the isogonal conjugate of P. Clearly, P is the
isogonal conjugate of P*.
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5.1.1 Examples

1.

The isogonal conjugate of the centroid G is the symmedian point K =
(a?: 0 : c?).

The incenter is its own isogonal conjugate; so are the excenters.

The isogonal conjugate of the orthocenter H = ( TR %) is
(%S4 : b?Sp : Sc), the circumcenter.

The isogonal conjugate of the Gergonne point G, = (ﬁ : S—ib : ﬁ)

is the point (a?(s — a) : b*(s — b) : ¢*(s — c)), the internal center of
similitude of the circumcircle and the incircle.

The isogonal conjugate of the Nagel point is the external center of
similitude of (O) and (I).

Exercises

1.

Let A’, B, C' be the circumcenters of the triangles OBC, OCA, OAB.
The triangle A’ B’C’ has perspector the isogonal conjugate of the nine-
point center. !

Let P be a given point. Construct the circumcircles of the pedal
triangles of P and of P*. What can you say about these circles and
their centers?

The isodynamic points are the isogonal conjugates of the Fermat points.

(a) Construct the positive isodynamic point F'}. This is a point on the
line joining O and K. How does this point divide the segment OK?

(b) Construct the pedal triangle of F'}. What can you say about this
triangle?

Show that the isogonal conjugate of the Kiepert perspector K (6) =

(SA}FSQ : SB‘li’Se : SC}FSQ) is always on the line OK. How does this

point divide the segment OK?

The perpendiculars from the vertices of ABC to the corresponding
sides of the pedal triangle of a point P concur at the isogonal conjugate
of P.

IThis is also known as the Kosnita point, and appears in ETC as the point Xs4.
2These appear in ETC as the points X15 and Xi6.
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5.2 The circumcircle as the isogonal conjugate of
the line at infinity

Let P be a point on the circumcircle.

(1) If AX and AP are symmetric with respect to the bisector of angle
A, and BY, BP symmetric with respect to the bisector of angle B, then
AX and BY are parallel.

Proof. Suppose /PAB = 6 and /PBA = ¢. Note that 0 + ¢ = C. Since
/XAB =A+0and /YBA = B+ ¢, we have /XAB + /Y BA = 180° and
AX, BY are parallel.

(2) Similarly, if CZ and C'P are symmetric with respect to the bisector
of angle C, then CZ is parallel to AX and BY.

It follows that the isogonal conjugate of a point on the circumcircle is an
infinite point, and conversely. We may therefore regard the circumcircle as
the isogonal conjugate of the line at infinity. As such, the circumcircle has
equation

a’yz + b?zx + oy = 0.

Exercises

1. Animate a point P on the circumcircle.

(1) Construct the locus of isogonal conjugates of points on the line
OP.

(2) Construct the isogonal conjugate @ of the infinite point of the line
OP.

The point lies on the locus in (1).

2. Animate a point P on the circumcircle. Find the locus of the iso-
tomic conjugate P°. 3

3The line a®z + by + 2z = 0.
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3. Let P and @ be antipodal points on the circumcircle. The lines PQ*
and QP* joining each of these points to the isotomic conjugate of
the other intersect orthogonally on the circumcircle.

4. Let P and @ be antipodal points on the circumcircle. What is the
locus of the intersection of PP® and QQ*?

5. Let P = (u:v:w). The lines AP, BP, C'P intersect the circumcircle
again at the points

2
P
(cQU—i—b?w vl
B®) = uzi_b%uu tw
a’w + c2u ’

—cuw
Uiv: ——m— | .
b2u + a2v

These form the vertices of the Circumcevian triangle of P.

o) —

(a) The circumcevian triangle of P is always similar to the pedal tri-
angle.

(b) The circumcevian triangle of the incenter is perspective with ABC'.
What is the perspector? *

(¢) The circumcevian triangle of P is always perspective with the tan-
gential triangle. What is the perspector? °

4The external center of similitude of the circumcircle and the incircle.

5 4 4 4
a(a2(,%+2_2+%);...;...),
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5.3 Simson lines

Consider the pedals of a point P = (u : v : w):

Appp = (0:Scu+ a®v : Spu + d*w),
Bipp = (Scv+ b2u: 0: Sav+ b*w),
Cipp = (Spw + c*u : Saw + c*v : 0).

These pedals of P are collinear if and only if P lies on the circumcircle,
since

0 Scu+a’v  Spu+ a*w
Scv + b*u 0 Sav + b*w
Spw + u Saw + v 0

a®> Scu+a*v Spu+ a’w

= (u+v+w)| b? 0 Sav + b2w
2 Saw + v 0

= (u+v+w)(Sap+ Spc + SCA)(G,2U’U) + b2wu + cZu'u).

If P lies on the circumcircle, the line containing the pedals is called

the Simson line s(P) of P. If we write the coordinates of P in the form
2 b2 62

(“7 PG <) = (a®gh : b*hf : ¢*fg) for an infinite point (f : g : h), then

A[P] = (0: azscgh + a2b2hf : CLQSth + CLQszg)
~ (0:M(=Sc(h+ f)+ (Sc+5a)f) : g(=SB(f +9) + (Sa+ SB)f))
~ (O : —h(Sch — SAf) : g(SAf - SBQ))'

This becomes Ap) = (0 : —hg' : gh') if we write (f':g¢": h') = (Spg—Sch:
Sch — Saf : Saf — Spg) for the infinite point of lines in the direction



66 YIU: Introduction to Iriangle Geometry

perpendicular to (f : g : h). Similarly, Bjp) = (hf' : 0 : —fh') and Cip) =
(—gf": fg' :0). The equation of the Simson line is
f

g

It is easy to determine the infinite point of the Simson line:

Bp = Cipp = CQ(ch +0%u:0: Sqv+ b2w) — b2(SBw +cPu: Sqw + v 0)
= (xx%: =b*(Saw + ) : A(Sav + b*w))

= (xx%x:Sch—Saf:Saf—Sgg)
= (f':g': 1)
The Simson line s(P) is therefore perpendicular to the line defining P. It

passes through, as we have noted, the midpoint between H and P, which
lies on the nine-point circle.

5.3.1 Simson lines of antipodal points

Let P and @ be antipodal points on the circumcircle. They are isogonal
conjugates of the infinite points of perpendicular lines.

Therefore, the Simson lines s(P) and s(Q)) are perpendicular to each
other. Since the midpoints of HP and H() are antipodal on the nine-point
circle, the two Simson lines intersect on the nine-point circle.
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Exercises

1. Animate a point P on the circumcircle of triangle ABC and trace
its Simson line.

2. Let H be the orthocenter of triangle ABC, and P a point on the
circumcircle. Show that the midpoint of HP lies on the Simson line
s(P) and on the nine-point circle of triangle ABC'.

3. Let £ be the line § 4+ ¥ + = = 0, intersecting the side lines BC', C'A,
AB of triangle ABC at U, V| W respectively.

(a) Find the equation of the perpendiculars to BC, CA, AB at U,
V., W respectively. 6

(b) Find the coordinates of the vertices of the triangle bounded by
these three perpendiculars. *

(c) Show that this triangle is perspective with ABC' at a point P on
the circumcircle. 8

(d) Show that the Simson line of the point P is parallel to L.

5.4 Equation of the nine-point circle

To find the equation of the nine-point circle, we make use of the fact that
it is obtained from the circumcircle by applying the homothety h(G, %) If
P = (x:y:z)is a point on the nine-point circle, then the point
Q =3G-2P = (z+y+2)(1:1:1)-2(x :y: 2) = (y+2—2 : 24—y : x+y—=2)
is on the circumcircle. From the equation of the circumcircle, we obtain
a(zta—y)(@t+y—2)+b(@+y—2)(y+z—2)+c*(y+2-2)(z+a—y) = 0.
Simplifying this equation, we have

0= Z a?(z? —y? + 2z — 2%) = Z (a® — & — b?)x? + 2d°%yz,

cyclic cyclic

or

Z Saz? —a*yz = 0.

cyclic

6(SBU + Scw)zx + a2wy + a?vz = 0, etc.
"(=S5%u* + Sapuv + Spcvw + Scawu : b?(Fuv — Sauw — S+ Bow) : ¢ (buw — Sauv —
Scow).

8P=( o? )

—a2vw+SB uv+Scuw
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Exercises

1. Verify that the midpoint between the Fermat points, namely, the point
with coordinates
(B2 = 2 £ (P = a2 s (a2 ~ 1)),

lies on the nine-point circle.

5.5 Equation of a general circle

Every circle C is homothetic to the circumcircle by a homothety, say h(T, k),
where T' = uA 4+ vB + wC (in absolute barycentric coordinate) is a center
of similitude of C and the circumcircle. This means that if P(z :y: z) is a
point on the circle C, then

h(T,k)(P) = kP+(1-k)T ~ (z+tu(z+y+z) : y+to(z+y+z) : z+-tw(z+y+2)),

where t = %, lies on the circumcircle. In other words,

0 = > dlty+vl@+y+2)(tz+w@+y+2)

cyclic

= Z a®(yz + t(wy + v2)(z + y + 2) + t2vw(z + y + 2)?)
cyclic
= (Pyz+bza + Cay) +1( D a*(wy +vz2)) (@ +y+2)
cyclic

+t2(a®vw + brwu + Fuv)(x +y + 2)*

Note that the last two terms factor as the product of x + y + z and another
linear form. It follows that every circle can be represented by an equation
of the form

a’yz + b2z + Cry+ (x 4+ y + 2)(pr + qy +rz) = 0.

The line px + qy + rz = 0 is the radical azris of C and the circumcircle.

Exercises
1. The radical axis of the circumcircle and the nine-point circle is the line
Sax+ Spy+ Scz = 0.

2. The circle through the excenters has center at the reflection of I in O,
and radius 2R. Find its equation. °

%a%yz + b2 2z + ry + (x + y + 2)(bex + cay + abz) = 0.
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5.6 Appendix: Miquel Theory

5.6.1 Miquel Theorem

Let X, Y, Z be points on the lines BC, C' A, and AB respectively. The
three circles AY Z, BZX, and C' XY pass through a common point.

5.6.2 Miquel associate

Suppose X, Y, Z are the traces of P = (u : v : w). We determine the
equation of the circle AY Z. 19 Writing it in the form

a®yz +Vzx + Fay+ (x+y+2)pr+qutrz) =0

we note that p = 0 since it passes through A = (1 : 0 : 0). Also, with

. 2 - .
(x:y:2)=(u:0:w), we obtain r = —u?—fw Similarly, with (z :y : z) =
. 2 . :
(u:v:0), we obtain ¢ = — ;=% The equation of the circle
Cayz : ayz +b%zx + ay — (z +y + 2) (51%3/—}—122—&,2) =0.
Likewise, the equations of the other two circles are
Cpzx : a2yz+b2zx+02xy—(1:+y+z)(5_2:;:c+U“jfUZ) =0,
and the one through C, X, and Y has equation
Coxy : a’yz + b’z + oy — (x+y+z)(%x+ ﬁ—ﬁy) =0.

By Miquel’s Theorem, the three circles intersect at a point P’, which we
call the Miquel associate of P. The coordinates of P’ satisfy the equations

u b2u v av b2w a?w

u+vy w—f—uz u—f—vx v+wzzw+ux+v+wy'

0For the case when X, Y, Z are the intercepts of a line, see J.P. Ehrmann, Steiner’s
theorems on the complete quadrilateral, Forum Geometricorum, forthcoming.
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Solving these equations, we have

, a® a’vw b2wu cuv
P = - + + ,
v+ w v+w wHu u+v

b2 (asz b2wu Auv )
+ ;

:w—l—u v+w_w—|—u u-+v

' 2 a?vw n b2wu Auv
"u+v\v+w wHu u+w '

Examples
P Miquel associate P’
centroid circumcenter
orthocenter orthocenter
Gergonne point incenter
incenter (a2(a3+a2(b+c)fa(b2;rbc+02)f(b+c)(b2+cg)) e )
o : :
Nagel Point  (a(a® +a?(b+c) —alb+c)2 —(b+c)(b—c)?):---:--)

5.6.3 Cevian circumcircle
The cevian circumcircle of P is the circle through its traces. This has equa-
tion
(a*yz + b%zx + Pay) — (z+y + 2)(px + qy +72) = 0,
where

a2vw n b2wu n c uv
, U wr = , u Vg = .
v+ w P w4+ u P 9 u+v

vq + wr =

Solving these equations, we have

1 ( alvw b2wu Ay )
P = — |- + + )
2u v+w wH+u u+v

a?ow b2wu . Auv
v+w wH+u utv/’

<a21}w b2wu Auv )
r o= + — .
2w\v+w wH+u u+tv

1
2v
1
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5.6.4 Cyclocevian conjugate

The cevian circumcircle intersects the line BC' at the points given by
a*yz — (y +2)(qy +r2) = 0.
This can be rearranged as
qu +(q+r— a2)yz +rz2=0.

The product of the two roots of y : z is 5. Since one of theroots y : z = v : w,

the other root is Z—i‘)’. The second intersection is therefore the point

1 1
X =0:rw:qu=0: —: —.
qu  TW

Similarly, the “second” intersections of the circle XY Z with the other two
sides can be found. The cevians AX’, BY’, and C'Z’ intersect at the point
(X : L. L) We denote this by c(P) and call it the cyclocevian conjugate

pu'q_v'rw

of P. Explicitly,

p 1 1 1
C( ) Tl a?uw + 2wy + uv " aZvw b2wu, + uv " aZvw + b2wu  cuv | °
vtw w—+u u+v vt+w

w—+u u+v

u+v vtw w—+u

Examples

1. The centroid and the orthocenter are cyclocevian conjugates, their
common cevian circumcircle being the nine-point circle.

2. The cyclocevian conjugate of the incenter is the point

1
(a3+a2(b+c) —a@+bc+)—(b+c)P2+2) ) '
Theorem

Given a point P, let P’ be its Miquel associate and @ its cyclocevian con-
jugate, with Miquel associate @Q’.

(a) P" and Q' are isogonal conjugates.

(b) The lines PQ and P'Q’ are parallel.

(¢c) The “second intersections” of the pairs of circles AY Z, AY'Z'; BZX,
BZ'X'; and CXY, CX'Y' form a triangle A’B’C" perspective with ABC.

(e) The “Miquel perspector” in (c) is the intersection of the trilinear
polars of P and @ with respect to triangle ABC.
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Exercises
1. For a real number ¢, we consider the triad of points
Xe=(0:1—t:1), Yi=(t:0:1-1), Zy=(1—t:t:0)
on the sides of the reference triangle.
(a) The circles AY;Z;, BZ;X; and C'X,Y; intersect at the point

M; = (a*(=a*t(1 —t) + 0% + (1 —t)?)
02(a?(1 —t)? — b?t(1 — t) + %)
cA (a0 (1 — )% = At(1 - t)).

(b) Writing My = (z : y : z), eliminate ¢ to obtain the following
equation in zx, y, z:

VP2 + Paly? + a??2? — ctay — brzx — atyz = 0.
(c) Show that the locus of M; is a circle.

(d) Verify that this circle contains the circumcenter, the symmedian
point, and the two Brocard points

1 1 1
QH:(???)’

1 1 1

and
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6.1 Equation of the incircle
Write the equation of the incircle in the form
a’yz +bzx + Fay — (x+y+ 2)(pr +qy+r2) =0
for some undetermined coefficients p, ¢, . Since the incircle touches the

side BC at the point (0:s—c:s—b),y:z2=s—c:s—bis the only root
of the quadratic equation a?yz + (y + 2)(qy + rz) = 0. This means that

qy® + (g +7 = a®)yz + 12" = k((s = by — (s — ¢)2)°

for some scalar k.

Comparison of coefficients gives k = 1 and ¢ = (s — b)?, r = (s — ¢)%.
Similarly, by considering the tangency with the line C'A, we obtain p =

73
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(s —a)? and (conmsistently) r» = (s — ¢)2. It follows that the equation of the
incircle is
2 2 2 2 2 2.\ _
a‘yz+b*zx + cfxy — (r+y+2)((s —a)’z+ (s —b)y+ (s — ¢)°z) = 0.
The radical axis with the circumcircle is the line
(s —a)’x + (s — b)Y’y + (s — c)?z = 0.
6.1.1 The excircles

The same method gives the equations of the excircles:

a’yz + 0%z + Cry — (x +y + 2) (s + (s — )’y + (s — b)*2) = 0,
a’yz + Vzx + Cay — (e +y+2)((s — ) ’w + Py + (s — a)2) = 0,
a*yz +bzx + ey — (x+y+2)((s — b))%z + (s — a)?y + 5%2) = 0

Exercises

1. Show that the Nagel point of triangle ABC lies on its incircle if and
only if one of its sides is equal to 5. Make use of this to design
an animation picture showing a triangle with its Nagel point on the

incircle.
2. (a) Show that the centroid of triangle ABC lies on the incircle if and
only if 5(a? + b2 + ¢?) = 6(ab + bc + ca).

(b) Let ABC be an equilateral triangle with center O, and C the cir-
cle, center O, radius half that of the incirle of ABC. Show that the
distances from an arbitrary point P on C to the sidelines of ABC' are
the lengths of the sides of a triangle whose centroid is on the incircle.

6.2 Intersection of the incircle and the nine-point
circle

We consider how the incircle and the nine-point circle intersect. The inter-
sections of the two circles can be found by solving their equations simulta-
neously:

a?yz 4+ b2zx + Py — (x+y+ 2)((s — a)’x + (s — b))%y + (s — ¢)*2) = 0,
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1
a’yz + b*zx + Aoy — 5(90 +y+ 2)(Sax + Spy + Scz) = 0.

6.2.1 Radical axis of (/) and (V)

Note that

(s—a)Q—%SA _ i((b+c—a)2—(b2+cz—a2)) - %(az—a(b+c)—l—bc) - %(a—b)(a—c).

Subtracting the two equations we obtain the equation of the radical axis of
the two circles:

L: (a=b)(a—c)x+(b—a)(b—c)y+ (c—a)(c—b)z=0.

We rewrite this as
T Y z
+ +

=0.
b—c c—a a-—0»

There are two points with simple coordinates on this line:
P=(b=c):(c—a)’: (a—b)?),

and
Q= (a(b—1c)?:b(c—a)*:cla—0b)?).

Making use of these points we obtain a very simple parametrization of points
on the radical axis £, except P:

(r:y:2)= ((a+t)(b—c)2 : (b+t)(c—a)2 : (c+t)(a—b)2)

for some t.

6.2.2 The line joining the incenter and the nine-point center

We find the intersection of the radical axis £ and the line joining the centers
I and N. It is convenient to write the coordinates of the nine-point center
in terms of a, b, ¢. Thus,

N = (a2(b2+62)_(b2_c2)2 . 62(62+a2)—(02—a2)2 . 02(a2+b2)—(a2—b2)2)

with coordinate sum 852.1

!Start with N = (S? + Spc : --- : ---) (with coordinate sum 45%) and rewrite S? +
Spo == J@ (W + &) — ( — )?).
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We seek a real number k£ for which the point

(a®(b* + ) — (B* — ) + ka
b (? +a®) — (2 —a®)? + kb
A (a® +b?) — (a® — b*)* + k)

on the line I N also lies on the radical axis £. With k = —2abc, we have

a?(b® + ) — (b — *)? — 2d%be
— a2(b _ 0)2 _ (b2 _ 02)2
= (-0 a - b+ )
= 4s(a—s)(b—c¢)?,

and two analogous expressions by cyclic permutations of a, b, c. These give
the coordinates of a point on £ with ¢ = —s, and we conclude that the two
lines intersect at the Feuerbach point

F=((s—a)(b—c)?:(s—b)(c—a)?®:(s—c)(a—0b)?).

We proceed to determine the ratio of division IF : FN. From the choice
of k, we have

F~8S?. N —2abc-2s-1=8S?-N — 4sabc- I.

This means that
R

NF:FI:—4sabc:852:—88RS:85’2:—sR:S:R:—27“25:—7'.

The point F is the external center of similitude of the nine-point circle and
the incircle.

However, if a center of similitude of two circles lies on their radical axis,
the circles must be tangent to each other (at that center).

2Proof: Consider two circles of radii p and ¢, centers at a distance d apart. Suppose
the intersection of the radical axis and the center line is at a distance x from the center

of the circle of radius p, then > — p?> = (d — 2)? — ¢*>. From this, z = %, and

d—x = %. The division ratio is @ : d — x = d? + p® — ¢* : d* — p® + ¢°. If this is
equal to p : —¢, then p(d® — p* + ¢°) + q(d* + p* — ¢°) = 0, (p +q)(d* — (p — ¢)*) = 0.
From this d = |p — ¢|, and the circles are tangent internally.
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Feuerbach’s Theorem

The nine-point circle and the incircle are tangent internally to each other at
the point F', the common tangent being the line

The nine-point circle is tangent to each of the excircles externally. The
points of tangency form a triangle perspective with ABC' at the point

I <(b+c)2 (c+a)? (a—i—b)Q)'

s—a s—b @ s—c

Exercises

1. Show that F' and F’ divide I and N harmonically.

2. Find the equations of the common tangent of the nine-point circle and

the excircles. 3

STangent to the A-excircle: ;% + c-FLa — aib =0.
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3. Apart from the common external tangent, the nine-point circle and the
A-circle have another pair of common internal tangent, intersecting
at their excenter of similitude A’. Similarly define B’ and C’. The
triangle A’B'C’ is perspective with ABC. What is the perspector? *

4. Let £ be a diameter of the circumcircle of triangle ABC. Animate
a point P on £ and construct its pedal circle, the circle through the
pedals of P on the side lines. The pedal circle always passes through
a fixed point on the nine-point circle.

What is this fixed point if the diameter passes through the incenter?

6.3 The excircles

Consider the radical axes of the excircles with the circumcircle. These are
the lines

sfr+(s—c)y+(s—b* = 0
(s —c)z+s2y+(s—a)?z = 0,
0

(s = b2z + (s —a)’y+ sz =
These three lines bound a triangle with vertices

A (—=(b+c)(a® + (b+¢)?) : b(a® + % — ?) : e(? + a® — b)),
B = a(@+* - :—(c+a)b*+ (c+a)?):c(b® +* —a?)
' = a(*+d* % b)(® 4 (a +b)?)).

The triangle A’B’C’ is perspective with ABC' at the Clawson point ®

(a b )
Sa S Sc/’
4The Feuerbach point.

5This point appears in ETC as the point Xio.
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Exercises

1. Let Ap be the pedal of A on the opposite side BC' of triangle ABC.
Construct circle B(Ag) to intersect AB at Cj and C} (so that C} in
on the extension of AB), and circle C(Ap) to intersect AC at and B,
and B;, (so that By = ~= #hr ~temcine of AC),

C'y

(a) Let A; be the intersection of the lines B.C}y and CpB.. Similarly
define By and C;. Show that A; B is perspective with ABC' at the
Clawson point. 6

(b) Let A, = BB.NCCy, By = CC,NAA., and Co = AA,NBB,. Show
that Ao By(Cy is perspective with ABC. Calculate the coordinates of

the perspector. 7

(c) Let A3 = BBNCCj, B3 = CC,NAA,, and C3 = AA;NBB,,. Show
that A3B3C3 is perspective with ABC. Calculate the coordinates of
the perspector.

2. Consider the B- and C-excircles of triangle ABC'. Three of their com-
mon tangents are the side lines of triangle ABC'. The fourth common
tangent is the reflection of the line BC' in the line joining the excenters
Iy and 1.

(a) Find the equation of this fourth common tangent, and write down
the equations of the fourth common tangents of the other two pairs of
excircles.

(b) Show that the triangle bounded by these 3 fourth common tangents

is homothetic to the orthic triangle, and determine the homothetic

center. ?

6 A.P.Hatzipolakis, Hyacinthos, message 1663, October 25, 2000.
7 _ . .

8)(278 = (W AN

Xog1 = (G2 :--:-0)
9The Clawson point. See R. Lyness and G.R. Veldkamp, Problem 682 and solution,
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6.4 The Brocard points

Consider the circle through the vertices A and B and tangent to the side
AC at the vertex A. Since the circle passes through A and B, its equation
is of the form

a?yz 4+ b2zx + Cay —rz(z+y+2) =0

for some constant r. Since it is tangent to AC at A, when we set y = 0, the
equation should reduce to z2 = 0. This means that » = b? and the circle is

CaaB : a’yz 4+ 22z + Pay — b2z +y+ 2) = 0.

Similarly, we consider the analogous circles

CgBe : a’yz + b*zx + oy — Fx(z +y+ 2) = 0.
and

) 2 2 2, 2 _
Coca: a‘yz + b°zx + c“xy — a*y(z +y + z) = 0.

These three circles intersect at the forward Brocard point

1 1 1

This point has the property that

/ABQ_, = /BCQ_, = /CAQ_,.

Cruz Math. 9 (1983) 23 — 24.
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In reverse orientations there are three circles Capp, Coc, and Coaa
intersecting at the backward Brocard point

1 1 1

/BAQ_ = /CBQ_ =/CBQ..

satisfying

Note from their coordinates that the two Brocard points are isogonal
conjugates. This means that the 6 angles listed above are all equal. We
denote the common value by w and call this the Brocard angle of triangle
ABC. By writing the coordinates of {2_, in Conway’s notation, it is easy to
see that

1
cotw = §(SA +Sp + Sc).
The lines BQ_, and CQ_ intersect at A_,,. Similarly, we have B__, =

CQ_NAQ_,and C_, = AQ_, N BQ.. Clearly the triangle A_,B_,C_,
is perspective to ABC' at the point

Ko = (s (),

which is the isotomic conjugate of the symmedian point. 19

0This is also known as the third Brocard point. It appears as the point Xv¢ in ETC.
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Exercises

1. The midpoint of the segment Q_, Q. is the Brocard midpoint 1*
(a?(b? 4+ c2) - (2 + d®) : A(a® + b?)).
Show that this is a point on the line OK.

2. The Brocard circle is the circle through the three points A_,,, B_,,
and C_,,. It has equation

a?b?c?

2 2 2
b — T 10 _  a
a yZ+ Zx + ¢ Ty D) b2 62

T Y z
(l‘+y+2) <$+b_2+c_2) =0.

Show that this circle also contains the two Brocard point €2_, and .,
the circumcenter, and the symmedian point.

3. Let XY Z be the pedal triangle of Q_, and X'Y’Z’ be that of Q..

(a) Find the coordinates of these pedals.
(b) Show that Y Z' is parallel to BC.

"The Brocard midpoint appears in ETC as the point Xsg.
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(¢) The triangle bounded by the three lines YZ’, ZX’' and XY is
homothetic to triangle ABC. What is the homothetic center? '?

(d) The triangles ZXY and Y'Z'X' are congruent.

6.5 Appendix: The circle triad (A(a), B(b),C(c))
Consider the circle A(a). This circle intersects the line AB at the two points
(c+a:-a:0),(c—a:a:0),and AC at (a+b:0: —a)and (b—a:0:a).
It has equation

Co: a®yz+ b2z + oy + (x+y+ 2)(a®x + (a* — )y + (a® — v?)2) = 0.
Similarly, the circles B(b) and C(c) have equations

Co: a’yz+ 20+ Cay + (z+y+2)((0? — Az + b’y + (B — a®)z) =0,
and

Co: a*yz+ b2z + oy + (x+y+2)(( = b))z + (¢ —a®)y + ?2) = 0.

These are called the de Longchamps circles of triangle ABC. The radical
center L of the circles is the point (x : y : z) given by

a’z+(a®—cA)y+(a® =)z = (B —A)z+b*y+(10*—a?)z = (=) a+(2—a?)y+c2z.
Forming the pairwise sums of these expressions we obtain
Saly+2)=5Sp(z+z)=Sc(z+y).

From these,

1 1 1

S_AZQ:S_C:SBC:SCA:SA&

y+ziz+rix+y=
and

x:y:2=38ca+SaB—Spc:SaB+ SBc —Sca:Spc +Sca— Sas.

This is called the de Longchamps point of the triangle. '3 It is the reflection
of the orthocenter in the circumcenter, i.e., L =2-0 — H.

12The symmedian point.
13The de Longchamps point appears as the point X0 in ETC.
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Exercises

1. Show that the intersections of C, and C. are
(i) the reflection of A in the midpoint of BC', and

(ii) the reflection A" in the perpendicular bisector of BC.

What are the coordinates of these points?

2. The circle C, intersects the circumcircle at B” and C".

3. The de Longchamps point L is the orthocenter of the anticomplemen-
tary triangle, and triangle A’B’C’ is the orthic triangle.

6.5.1 The Steiner point
The radical axis of the circumcircle and the circle C, is the line
a’r + (a* — Ay + (a* — bv*)z = 0.

This line intersects the side line BC' at point

1 1
A':(O:C2_a2:a2_b2).

Similarly, the radical axis of Cy has b-intercept

1 1
B,:(bQ_CQ:O:G/Q_bQ)’

and that of C, has c-intercept

1 1
Cl:(b2—c2:c2—a2:0)'

These three points A’, B/, C' are the traces of the point with coordinates

S
b2 —c2 2—a? a2-012)"°

This is a point on the circumcircle, called the Steiner poin

¢ 1

M(—1:1:1)and A" = (—a?: b — % : & - b?).
15This point appears as Xgg in ETC.



Chapter 6: Circles IT 85

Exercises

1. The antipode of the Steiner point on the circumcircle is called the
Tarry point. Calculate its coordinates. 16

2. Reflect the vertices A, B, C in the centroid G to form the points A’,
B’, C' respectively. Use the five-point conic command to construct
the conic through A, B, C, A’, B',C”. This is the Steiner circum-
ellipse. Apart from the vertices, it intersects the circumcircle at the
Steiner point.

3. Use the five-point conic command to construct the conic through
the vertices of triangle ABC, its centroid, and orthocenter. This is a
rectangular hyperbola called the Kiepert hyperbola which intersect the
circumcircle, apart from the vertices, at the Tarry point.

16(m -+ :--+). The Tarry point appears the point Xgg in ETC.
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Circles 111

7.1 The distance formula

Let P = uA + vB +wC and Q = v/A + v'B + w'C be given in absolute
barycentric coordinates. The distance between them is given by

PQ? = Sa(u—u')*+ Sp(v —v')* + Sc(w — w')?

Proof. Through P and ) draw lines parallel to AB and AC' respectively,
intersecting at R. The barycentric coordinates of R can be determined in
two ways. R=P+ h(B—-C)=Q+ k(A —C) for some h and k. It follows
that R=uA+ (v+h)B+ (w—h)C = (v +k)A+ B+ (v —k)C, from
which h = —(v —v)" and k = u — /. Applying the law of cosines to triangle
PQR, we have

PQ* = (ha)* + (kb)® — 2(ha)(kb) cos C
h?a® + k*b* — 2hkSc
(Sp + Sc)(v = v')? + (Sc + Sa)(u —u')* +2(u — ') (v = v')Sc
= Sa(u—u')?+ Spv—1)?
+Sel(u —u')? + 2(u —u') (v = v') + (v = 0')?).

87
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The result follows since

(u—u)+w—=2)=w+v)— W +v)=1-w)—(1-w")=—(w-u).

The distance formula in homogeneous coordinates
IfP=(x:y:z) and @ = (u: v : w), the distance between P and @ is
given by

1
(utv+w)(z+y+2)

5 3 Sal(v+w)e —uly +2)>

cyclic

|PQP =

Exercises

1. The distance from P = (z : y : z) to the vertices of triangle ABC' are

given by
apr — CYE2Bayz i
(x+y+2)
BP? — a?z? +2Spzx + 02302’
(x +y+ 2)*
cp? — b2a? + 2Scxy + a2y2
(x+y+2)?
2. The distance between P = (z : y : z) and @ = (u : v : w) can be
written as
PQP? = 1 ?v? + 250w + b2w? a’yz + b zx + oy
o rty+z evelic (u+v+w)? (r+y+2)2

3. Compute the distance between the incenter and the nine-point center

N = (S?+ 84 : 5%+ Sp : 5%+ S¢). Deduce Feuerbach’s theorem

by showing that this is % — r. Find the coordinates of the Feuerbach

point F' as the point dividing NI externally in the ratio R : —2r.
7.2 Circle equations

7.2.1 Equation of circle with center (u: v :w) and radius p:

v? + 28 40w + b2w? 2 a0
(u+v+w)? '

a’yz 4+ b2z + oy — (x+y + 2) Z

cyclic
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7.2.2 The power of a point with respect to a circle

Consider a circle C := O(p) and a point P. By the theorem on intersecting
chords, for any line through P intersecting C at two points X and Y, the
product |[PX||PY| of signed lengths is constant. We call this product the
power of P with respect to C. By considering the diameter through P, we
obtain |OP|? — p? for the power of a point P with respect to O(p).

7.2.3 Proposition

Let p, q, r be the powers of A, B, C' with respect to a circle C.
(1) The equation of the circle is

a’yz + b2z + Pay — (x4 y + 2)(pr + qy +rz) = 0.
(2) The center of the circle is the point
(a*Sa+Sp(r—p)—Sc(p—q) : ¥*Sp+Sc(p—q)—Sa(r—p) : *Sc+Sa(qg—r)—Sp(r—p).
(3) The radius p of the circle is given by

2 a®b’c® — 2(a®Sap + b2 Spq + 2Scr) + Salg — r)* + Sp(r — p)* + Sc(p — @)*
N 452 '

Exercises

1. Let X, Y, Z be the pedals of A, B, C on their opposite sides. The
pedals of X on CA and AB, Y on AB, BC, and Z on C'A, BC are
on a circle. Show that the equation of the circle is !

1
ayz + b?zx + Aoy — 4—R2(x +y+ 2)(Saaz + Sy + Sccz) = 0.

!This is called the Taylor circle of triangle ABC. Its center is the point X3gg in ETC.
This point is also the intersection of the three lines through the midpoint of each side of
the orthic triangle perpendicular to the corresponding side of ABC.
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2. Let P=(u:v:w).

(a) Find the equations of the circles ABY and ACZ, and the coor-
dinates of their second intersection A’.

(b) Similarly define B’ and C’. Show that triangle A’ B’C" is perspec-
tive with ABC'. Identify the perspector. 2
7.3 Radical circle of a triad of circles
Consider three circles with equations
a’yz 4+ b2z + Py — (x +y + 2)(pix + gy + 132) = 0, 1=1,2,3.

7.3.1 Radical center

The radical center P is the point with equal powers with respect to the three
circles. Its coordinates are given by the solutions of the system of equations.

D1T + 1y + 112 = P& + q2y + 122 = P3T + q3y + r3Z.

Explicitly, if we write

P1r @1 ™M
M=\ p ¢ m |,
b3 g3 T3
then, P = (u: v : w) with 3
1 g1 m p1 1 7 p1 g 1
u=|1 g 77 |, v=|p 1 r2 |, w=]| p2 ¢ 1
1 g3 13 ps 1 r3 p3 q3 1

7.3.2 Radical circle

There is a circle orthogonal to each of the circles C;, ¢ = 1,2,3. The center
is the radical center P above, and its square radius is the negative of the
common power of P with respect to the circles, i.e.,

a’vw + b*wu + uww det M
(u+ v+ w)? u+v+w
2(U‘fw :++:+++). See Tatiana Emelyanov, Hyacinthos, message 3309, 7/27/01.

3Proof: P1u+ q1v + r1w = pau + g2v + row = psu + qzv + rsw = det M.
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This circle, which we call the radical circle of the given triad, has equation
Z (v + bPw)z? + 25 quyz — det(M)(x +y + 2)2 = 0.
cyclic

In standard form, it is

1

alyz+bze+ oy — ———
U+ v+w

(z+y+2)( Z (Pv+b*w —det(M))x) = 0.

cyclic
The radical circle is real if and only if

2

(u+ v + w)(piu + v + rw) — (a®vw + b*wu + uv) > 0

for any i = 1,2, 3.

7.3.3 The excircles

The radical center of the excircles is the point P = (u : v : w) given by

1 (s—¢c)? (s—0b)? 1 (s—¢)? (s—a)?
u = 1 s (s—a)?> | =] 0 cla+b) —cla—0b)
1 (s—a)? 52 0 blc—a) blc+a)

= be(a+b)(c+a)+be(a—b)(c—a) = 2abe(b + ¢),

and, likewise, v = 2abc(c + a) and w = 2abe(a + b). This is the point
(b+c:c+a:a+b), called the Spieker center. It is the incenter of the
medial triangle.

Since, with (u,v,w) = (b+¢,c+ a,a +b),

(u+v+w)(s*u+ (s — ¢)%*v + (s — b)*w) — (a®*vw + b*wu + Fuv)
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= (a+ b+ c)(2abc + Zag +Za2(b+0)) —(a+ b+ c)(abc + Za3)
(a+ b+ c)(abc + ZaQ(b +¢)),

the square radius of the orthogonal circle is

abc+Y a*(b+c) 1, 4
P = —4(7’ + s%).

The equation of the radical circle can be written as

Z (s —b)(s — )z + asyz = 0.

cyclic

7.3.4 The de Longchamps circle

The radical center L of the circle triad (A(a), B(b),C(c)) is the point (x :
y : z) given by

a?z+(a?—c)y+(a®>=b*)z = (0®—A)z+b*y+(0*—a?)z = (=) a+(2—a®)y+c2.
Forming the pairwise sums of these expressions we obtain
Sa(y+2) = Sp(z +x) = Sc(z + ).

From these,

1 1 1
S_A_g,S—C:SBC.SCA-SAB,

y+ziz+r:ix+y=
and

x:y:z2=38cAa+Sap—Spc:SaB+ Spc —Sca:Spc + Sca— Sas.

This is called the de Longchamps point of the triangle. 4 It is the reflection of
the orthocenter in the circumcenter, i.e., L = 2-O — H. The de Longchamps
circle is the radical circle of the triad A(a), B(b) and C(c). It has equation

a*yz + b*zx + ry — (x +y + 2)(a*z + b*y + ?z) = 0.

This circle is real if and only if triangle ABC' is obtuse - angled.
It is also orthogonal to the triad of circles (D(A), E(B), F(C)). °

4The de Longchamps point appears as the point X2 in ETC.
5G. de Longchamps, Sur un nouveau cercle remarquable du plan d’un triangle, Journal
de Math. Spéciales, 1886, pp. 57 — 60, 85 — 87, 100 — 104, 126 — 134.
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Exercises

1. The radical center of the triad of circles A(R,), B(Rp), and C(R,) is
the point

25%.0 — a®?R*(A — Ay) — V’R?(B — By) — ¢*R%(C — Cy).

7.4 The Lucas circles ¢

Consider the square Ay A A A} inscribed in triangle ABC, with A, A. on
BC'. Since this square can be obtained from the square erected externally
on BC' via the homothety h(A, %), the equation of the circle C4 through
A, Ay and A, can be easily written down:

2

a
a2+ S

Ca: a’yz + V2 zx + Ay — (z 4y +2)(Py +b*2) =0.

Likewise if we construct inscribed squares B.B, B, B, and C,C,C;C}, on the
other two sides, the corresponding Lucas circles are

2

Cp: a’yz + V2 2z + Ay — b2+5-(m+y+z)(czx+a2z) =0,
and

2 2 2 ¢ 2 2
Co: ayz+bz:c+c:cy—02+5.(g:+y+z)(bx+ay):O,

The coordinates of the radical center satisfy the equations

a?(Py+b%2)  b*(a’z+Px) AW x4+ a’y)

a2+ S R2+S 2+ S

Since this can be rewritten as

Y Z 0z r Yy 9 L 12 .2
b_2+§'c_2+¥'$+b_2_a +S5:b0°+S5:c"+ S,

it follows that

X z
— . =4 —d? St d -+ S a0 -+ S,
a? b2 2
A P. Hatzipolakis and P. Yiu, The Lucas circles, Amer. Math. Monthly, 108 (2001)
444 — 446.
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and the radical center is the point
(a?(2S4 + S) : b*(255 + S) : *(25¢ + S)).

The three Lucas circles are mutually tangent to each other, the points
of tangency being

A = (a®S4:b*(Sp+8):cE(Sc+9)),
B’ (b2(Sa+S) : b2S : 2(Sc + 9)),
c’ (a®(Sa+8) : b3(Sp+S) : ?Se).

Exercises

1. These point of tangency form a triangle perspective with ABC'. Cal-
culate the coordinates of the perspector. 7

7.5 Appendix: More triads of circles

1. (a) Construct the circle tangent to the circumcircle internally at A
and also to the side BC.

(b) Find the coordinates of the point of tangency with the side BC.
(c) Find the equation of the circle. ®

(d) Similarly, construct the two other circles, each tangent internally
to the circumcircle at a vertex and also to the opposite side.

(e) Find the coordinates of the radical center of the three circles. ?
2. Construct the three circles each tangent to the circumcircle externally

at a vertex and also to the opposite side. Identify the radical center,
which is a point on the circumcircle. 1°

3. Let X, Y, Z be the traces of a point P on the side lines BC, CA, AB
of triangle ABC.

(a) Construct the three circles, each passing through a vertex of ABC
and tangent to opposite side at the trace of P.

"(@?(Sa+ S) : b*(Sp + S) : ¢*(Sc 4+ S). This point appears in ETC as X371, and is

called the Kenmotu point. It is the isogonal conjugate of the Vecten point (

1
Sc+S

Sa +S'SB+S:

8a? yz+b22x+c Ty — (biip (x4 y+ 2)(Py +b%z) = 0.
%(a®(a® +a(b+c)fbc):---:---).
10a_,b_, 2

b—c " c—a * a—b"
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(b) Find the equations of these three circles.

(¢) The radical center of these three circles is a point independent of
P. What is this point?

4. Find the equations of the three circles each through a vertex and the
traces of the incenter and the Gergonne point on the opposite side.
What is the radical center of the triad of circles? '

5. Let P = (u : v : w). Find the equations of the three circles with the
cevian segments AAp, BBp, CCp as diameters. What is the radical
center of the triad ? 12

6. Given a point P. The perpendicular from P to BC intersects C'A
at Y, and AB at Z,. Similarly define Z;, X3, and X., Y.. Show
that the circles AY,Z,, BZ, X, and CX_.Y, intersect at a point on the
circumcircle of ABC'. 3

Exercises

1. Consider triangle ABC' with three circles A(R,), B(Ry), and C(R.).
The circle B(Ry) intersects AB at Z,+ = (Rp : ¢ — Ry : 0) and Z,_ =
(=Rp : ¢+ Ry = 0). Similarly, C'(R,) intersects AC at Yoy = (R.:0:
b—R)andY, = (—R.:0:b+R.). ™"

(a) Show that the centers of the circles AY, Z,4 and AY,_Z,_ are
symmetric with respect to the circumcenter O.

(b) Find the equations of the circles AY,y Z,, and AY, Z, . 1°

(c) Show that these two circles intersect at

—a? b —c
Q == =
bRb — CRC Rb Rc

on the circumcircle.

"1 The external center of similitude of the circumecircle and incircle.
2Floor van Lamoen, Hyacinthos, message 214, 1/24/00.
2

13 _ . . ta 3 : : a . b2 . 2 T
If P = (w;v : w), this intersection is (g 55 | mEe—uss - uSAfvSB)’ it is the

infinite point of the line perpendicular to HP. A.P. Hatzipolakis and P. Yiu, Hyacinthos,
messages 1213, 1214, 1215, 8/17/00.
14 A P. Hatzipolakis, Hyacinthos, message 3408, 8/10/01.

Balyz +b%2z + oy —e(x +y+ 2)(c- Ryy+b- Rez) =0 for e = +1.
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Find the equations of the circles AY,4Z,_ and AY,_Z,, and
show that they intersect at

Q = _7“2 b
bRy +cR. R, R,
on the circumcircle. 16

Show that the line QQ’ passes through the points (—a? : b? : ¢?)
and 17

P=(a*(—a®R2+ b2R2+ AR2) -1 ).

If W is the radical center of the three circles A(R,), B(Rp), and
C(R;), then P=(1—-t)O+t-W for
. 2a2b*c?
N R(QIQQSA + RngSB + R§c2SC'

Find Pif R, =a, R, =b, and R. =c. 18
Find Pif Ry =s—a, Rp=s—b,and R, =s—c. Y
) If the three circles A(R,), B(Rp), and C(R,) intersect at W =

(u:v:w), then

P = (a2(b262u2 — a?S vw + b2 Spwu + C2SCUU) RERERPN)

(j) Find P if W is the incenter. 2°
(k) If W = (u: v :w) is on the circumcircle, then P =Q = Q' = W.

yz+b2zx + Fay —e(x +y+2)(c- Ryy — b+ Rez) =0 for e = +1.
7QQ' . (VR — ARz + a*(Riy — R22) = 0.
Ba2(b* + ¢ —a*) : b*(c* + a* —bY) : P(a* + b — ¢*)). This point appears as Xo2 in

19(a2(a2—2a(b+c)+<b2+c2)) C

b2 2

-+). This point does not appear in the current edition

s—a

C

Tos—=b " s—c)'



Chapter 8

Some Basic Constructions

8.1 Barycentric product

Let X7, X2 be two points on the line BC, distinct from the vertices B, C,
with homogeneous coordinates (0 : y; : z1) and (0 : yg : 22). For i = 1,2,
complete parallelograms AK;X;H; with K; on AB and H; on AC. The
coordinates of the points H;, K; are

From these,

BHiNCKy = (y122:y1y2 : 2122),
BHyNCK, = (y2z1 Y1Y2 2’122).

Both of these points have A-trace (0 : y1y2 : 2122). This means that the line
joining these intersections passes through A.

Given two points P = (z : y : z) and @ = (u : v : w), the above
construction (applied to the traces on each side line) gives the traces of the

97
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point with coordinates (xu : yv : zw). We shall call this point the barycentric
product of P and @, and denote it by P - Q.

In particular, the barycentric square of a point P = (u : v : w), with
coordinates (u? : v? : w?) can be constructed as follows:

(1) Complete a parallelogram AB,ApC, with B, on CA and C, on AB.

(2) Construct BB, N CC,, and join it to A to intersect BC at X.

(3) Repeat the same constructions using the traces on CA and AB re-
spectively to obtain Y on CA and Z on AB.

Then, X, Y, Z are the traces of the barycentric square of P.

8.1.1 Examples

(1) The Clawson point (g : % : 5-) can be constructed as the barycentric
product of the incenter and the orthocenter.

(2) The symmedian point can be constructed as the barycentric square
of the incenter.

(3) If P = (u+ v+ w) is an infinite point, its barycentric square can
also be constructed as the barycentric product of P and its inferior (v + w :
wHu:u+v):

P2 = (u?:0?:w?)
(—u(v+w) : —v(w +u) : —w(u+v))
= (u:v:w)-(v+w:w+u:u+w).

8.1.2 Barycentric square root

Let P = (u : v : w) be a point in the interior of triangle ABC the barycentric
square root /P is the point @ in the interior such that Q2 = P. This can
be constructed as follows.

(1) Construct the circle with BC' as diameter.

(2) Construct the perpendicular to BC' at the trace Ap to intersect the
circle at X. ! Bisect angle BXC to intersect BC at X'.

(3) Similarly obtain Y" on CA and Z’ on AB.

The points X', Y’, Z" are the traces of the barycentric square root of P.

Tt does not matter which of the two intersections is chosen.
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The square root of the orthocenter

Let ABC be an acute angled triangle so that the orthocenter H is an interior
point. Let X be the A-trace of v/H. The circle through the pedals By,
Clg) and X is tangent to the side BC'

8.1.3 Exercises

1. Construct a point whose distances from the side lines are proportional
to the radii of the excircles. 2

2. Find the equation of the circle through B and C, tangent (internally)
to incircle. Show that the point of tangency has coordinates

a?  (s—c¢)? (s—b)?
s—a s—b = s—c |

Construct this circle by making use of the barycentric “third power”
of the Gergonne point.

3. Construct the square of an infinite point.

2This has coordindates (% : -+ : ---) and can be construced as the barycentric
product of the incenter and the Gergonne point.
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4. A circle is tangent to the side BC' of triangle ABC' at the A—trace of
a point P = (u: v : w) and internally to the circumcircle at A’. Show
that the line AA’ passes through the point (au : bv : vw).

Make use of this to construct the three circles each tangent internally

to the circumecircle and to the side lines at the traces of P.

5. Two circles each passing through the incenter I are tangent to BC at
B and C respectively. A circle (J,) is tangent externally to each of
these, and to BC at X. Similarly define Y and Z. Show that XY Z
is perspective with ABC, and find the perspector. 3

6. Let P = (f1 : g1 : h1) and P» = (f2 : g2 : he) be two given points.
Denote by X;, Y;, Z; the traces of these points on the sides of the
reference triangle ABC.

(a) Find the coordinates of the intersections X = BY; N CZ, and
X_=BY,nCZ. *

(b) Find the equation of the line X, X .°

(¢) Similarly define points Y, , Y_, Z, and Z_. Show that the three
lines X, X_, Y, Y_ | and Z,Z_ intersect at the point

(fifo(grhe 4 h1g2) : g192(hafo + fihe) = hiha(fig2 + g1f2)).

8.2 Harmonic associates
The harmonic associates of a point P = (u : v : w) are the points
AP = (—u:v:w), BY = (u:—v:w), CP = (u:v:—w).

The point AF is the harmonic conjugate of P with respect to the cevian
segment AAp, i.e.,

AP : PAp = —AAT : — AP Ap;

similarly for B and C*. The triangle A”CPCT is called the precevian tri-
angle of P. This terminology is justified by the fact that ABC is the cevian
triangle P in AP BPCP. 1t is also convenient to regard P, A”, BY CF as a

a . b . c )
s—a ° s—=b ° s—c

3The barycentric square root of (
8/9/01.

X =fifa: fige i hafo; Xo = fifo:gifa: fiho.

>(figaha — figihi)x — fif2(fihe — hif2)y + fifo(gifo — fige)z = 0..

. See Hyacinthos, message 3394,
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harmonic quadruple in the sense that any three of the points constitute the
harmonic associates of the remaining point.

Examples

(1) The harmonic associates of the centroid, can be constructed as the in-
tersection of the parallels to the side lines through their opposite vertices.
They form the superior triangle of ABC.

(2) The harmonic associates of the incenter are the excenters.

(3) If P is an interior point with square root (). The harmonic associates
of ) can also be regarded as square roots of the same point.

8.2.1 Superior and inferior triangles

The precevian triangle of the centroid is called the superior triangle of ABC.
If P=(u:v:w), the point (—u+v+w:u—v+w:u+v—w), which
divides PG in the ratio 3 : —2, has coordinates (u : v : w) relative to the
superior triangle, and is called the superior of P.

Along with the superior triangle, we also consider the cevian triangle of
G as the inferior triangle. The point (v + w : w + u : u + v), which divides
PG in the ratio 3 : —1, has coordinates (u : v : w) relative to the inferior
triangle, and is called the inferior of P.

Exercises

1. If P is the centroid of its precevian triangle, show that P is the centroid
of triangle ABC.
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2. The incenter and the excenters form the only harmonic quadruple
which is also orthocentric, i.e., each one of them is the orthocenter of
the triangle formed by the remaining three points.

8.3 Cevian quotient

Theorem

For any two points P and @ not on the side lines of ABC, the cevian
triangle of P and precevian triangle () are perspective. If P = (u : v : w)
and Q = (z : y : z), the perspector is the point

o= (s(Ee 2o ) oG-t ) = (502-2))

Proposition

P/(P/Q) = Q.

Proof. Direct verification.

This means that if P/Q = @', then P/Q' = Q.

Exercises

1. Show that P/(P - P) = P - (G/P).

2. Identify the following cevian quotients.
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P Q P/Q
incenter centroid

incenter symmedian point
incenter Feuerbach point

centroid circumcenter

centroid symmedian point
centroid Feuerbach point
orthocenter symmedian point
orthocenter (ab—c):-eriev)

Gergonne point  incenter
3. Let P=(u:v:w)and Q = (v : v :w') be two given points. If
X:BpCpﬂAAQ, Y:CPAPOBBQ, Z:APBPOCCQ,

show that ApX, BpY and CpZ are concurrent. Calculate the coor-
dinates of the intersection. ©

8.4 The Brocardians

The Brocardians of a point P = (u : v : w) are the points
1 1 1 1 1 1
PH:<—:—:—> and PH:<—:—:—>.
wou v vow u

Construction of Brocardian points

E

® Ce
Ap z
[ Be v A
b(uu' (vw’ 4+ wv') 1 -+ ---); see J.H. Tummers, Points remarquables, associ’es & un

triangle, Nieuw Archief voor Wiskunde IV 4 (1956) 132 — 139. O. Bottema, Une construc-
tion par rapport & un triangle, ibid., IV 5 (1957) 68 — 70, has subsequently shown that
this is the pole of the line PQ with respect to the circumconic through P and Q.
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Examples

(1) The Brocard points ©_, and 2. are the Brocardians of the symmedian
point K.
(2) The Brocardians of the incenter are called the Jerabek points:

1 1 1 1 1 1
I, =(-:=-:- d Io={(=-:=:—].
(c a b> an (b c a)

The oriented parallels through I_, to BC, CA, AB intersect the sides C'A,
BC,AB at Y, Z, X such that I .Y =1 .7 =1_,X. Likewise, the parallels
through I. to BC, CA, AB intersect the sides AB, BC, CA at Z, X, Y
such that I_Z = I_X = I_Y. These 6 segments have length ¢ satisfying
114 % +1 one half of the length of the equal parallelians drawn through

‘. ).

@ 1% 18
S

NN

Q|>—l|

(3) If oriented parallels are drawn through the forward Broadian point
of the (positive) Fermat point F, and intersect the sides CA, AB, BC at
X, Y, Z respectively, then the triangle XY Z is equilateral. 7

7S. Bier, Equilateral triangles formed by oriented parallelians, Forum Geometricorum,
1 (2001) 25 — 32.
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Circumeconics

9.1 Circumconics as isogonal transforms of lines

A circumconic is one that passes through the vertices of the reference trian-
gle. As such it is represented by an equation of the form

C: pyz +qzx +ray =0,

and can be regarded as the isogonal transform of the line

i p q T

The circumcircle is the isogonal transform of the line at infinity. There-
fore, a circumconic is an ellipse, a parabola, or a hyperbola according as its
isogonal transform intersects the circumcircle at 0, 1, or 2 real points.

Apart from the three vertices, the circumconic intersects the circumcircle
at the isogonal conjugate of the infinite point of the line £:

( 1 )
b2r —c2q  Ap—a’r  a’q—b%p)’

We call this the fourth intersection of the circumconic with the circumcircle.

Examples

(1) The Lemoine axis is the tripolar of the Lemoine (symmedian) point, the

line with equation

T Yy oz
¥+_+C_2:0'

105
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Its isogonal transform is the Steiner circum-ellipse
yz +zx +xy = 0.

The fourth intersection with the circumcircle at the Steiner point !

S
b2 —c2 2 —a?2 a2-012)°

N

(1) The Euler line chclic(b2 — %) S x = 0 transforms into the Jerabek
hyperbola

Z a*(b* — A Syz = 0.

cyclic
Since the Euler infinity point = (SS — 3Spc : SS —3Sca : SS —3Sap) =
(Sca+Sap—2Spc -+ i), the fourth intersection with the circumcircle
is the point 2
a2 . .
Sca+Sap—2Spc ’

!The Steiner point appears as Xog in ETC.
2This is the point X74 in ETC.
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(2) The Brocard axis OK has equation
b0 — *)a + Ead®(® — a®)y + a*b*(a® — b))z = 0.
Its isogonal transform is the Kiepert hyperbola
(V? — Ayz + (2 — a®)zx + (a® — b*)zy = 0.

The fourth intersection with the circumcircle is the Tarry point 3

1 1 1
(SBC —Saa Sca— S Sam —Scc)'

This is antipodal to the Steiner point, since the Eule line and the Lemoine
axis are perpendicular to each other.

(4) Recall that the tangent to the nine-point circle at the Feuerbach
point F = ((b—c)?(b+c—a): (c—a)?*(c+a—>):(a—b)*(a+b—c)) is the
line

T y z

0.

b—c c—a a—b:

Applying the homothety h(G,—2), we obtain the line

(b—c)z+(c—a)®y+(a—b)22=0

5% 2 ) at the circumcircle.

The isogonal transform of this line is the parabola

tangent to the point ( 5

a*(b — ¢)*yz + b*(c — a)*2z + *(a — b)*xy = 0.

Exercises

1. Let P be a point. The first trisection point of the cevian AP is the
point A’ dividing AAp in theratio 1 : 2, i.e., AA": A/Ap =1:2. Find
the locus of P for which the first trisection points of the three cevians
are collinear. For each such P, the line containing the first trisection
points always passes through the centroid.

2. Show that the Tarry point as a Kiepert perspector is K(—(§ —w)).

3The Tarry point appears as the point Xog in ETC.

4The Lemoine axis is the radical axis of the circumcircle and the nine-point; it is
perpendicular to the Euler line joining the centers of the two circles.

5This point appears as X190 in ETC.
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3. Show that the circumconic pyz + qzx + rxy = 0 is a parabola if and
only if
P2+ ¢+ —2qr — 2rp — 2pg = 0.

4. Animate a point P on the circumcircle of triangle ABC and draw
the line OP.

(a) Construct the point @ on the circumcircle which is the isogonal
conjugate of the infinite point of OP.

(b) Construct the tangent at Q.

(¢c) Choose a point X on the tangent line at @), and construct the
isogonal conjugate X* of X.

(d) Find the locus of X*.

9.2 The infinite points of a circum-hyperbola

Consider a line £ intersecting the circumcircle at two points P and ). The
isogonal transform of £ is a circum-hyperbola C. The directions of the
asymptotes of the hyperbola are given by its two infinite points, which are
the isogonal conjugates of P and (). The angle between them is one half of
that of the arc PQ.

These asymptotes are perpendicular to each other if and only if P and
@ are antipodal. In other words, the circum-hyperbola is rectangular, if and
only if its isogonal transform is a diameter of the circumcircle. This is also
equivalent to saying that the circum-hyperbola is rectangular if and only if
it contains the orthocenter of triangle ABC.

Theorem

Let P and @ be antipodal points on the circumcircle. The asymptotes of
the rectangular circum-hyperbola which is the isogonal transform of PQ are
the Simson lines of P and Q.
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It follows that the center of the circum-hyperbola is the intersection of
these Simson lines, and is a point on the nine-point circle.

Exercises

1. Let P = (u : v : w) be a point other than the orthocenter and the
vertices of triangle ABC'. The rectangular circum-hyperbola through
P has equation

Z u(Spv — Scw)yz = 0.

cyclic

9.3 The perspector and center of a circumconic
The tangents at the vertices of the circumconic
pyz +qzx +rxy =0
are the lines
ry+qz =0, re+pz =0, qr +py = 0.
These bound the triangle with vertices
(=p:q:r),  (pi—q:r),  (P:iq:-r)

This is perspective with ABC' at the point P = (p : ¢ : r), which we shall
call the perspector of the circumconic.

We shall show in a later section that the center of the circumconic is the
cevian quotient

Q=G/P=uwv+w—u):v(w+u—0ov):wu+v—w)).

Here we consider some interesting examples based on the fact that P = G/Q

if @ = G/P. This means that the circumconics with centers P and @ have
perspectors at the other point. The two circumconics intersect at

u v w
v—w w—u u—ov/
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9.3.1 Examples
Circumconic with center K

Since the circumcircle (with center O) has perspector at the symmedian
point K, the circumconic with center K has O as perspector. This intersects
the circumcircle at the point ©

a? ) b? ) c?
b2—c2 2—a?2 a?2-0b2)"
This point can be ¢ f
the Euler infinity p

Circumconic with incenter as perspector
The circumconic with incenter as perspector has equation
ayz + bzx + cxy = 0.

This has center G/I = (a(b+c¢—a) : b(c+a—>b) : ¢(a +b— ¢)), the
Mittenpunkt. The circumconic with the incenter as center has equation

a(s —a)yz + b(s — b)zx + ¢(s — c)zy = 0.
The two intersect at the point *
( a b c )
b—c c—a a-—b

which is a point on the circumcircle.

5This point appears as X110 in ETC.
"This point appears as X100 in ETC.
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Exercises

1. Let P be the Spieker center, with coordinates (b+c:c+a:a+b).

(a) Show that the circumconic with perspector P is an ellipse.
(b) Find the center Q of the conic. 8

(c) Show that the circumconic with center P (and perspector Q) is
also an ellipse.
(d) Find the intersection of the two conics. ?
2. If P is the midpoint of the Brocard points €2_, and ., what is the
point Q = G/P? What is the common point of the two circumconics
with centers and perspectors at P and Q? 1©

3. Let P and @ be the center and perspector of the Kiepert hyperbola.
Why is the circumconic with center () and perspector P a parabola?
What is the intersection of the two conics? M

4. Animate a point P on the circumcircle and construct the circumconic
with P as center. What can you say about the type of the conic as P
varies on the circumcircle?

8Q = (a(b+¢) : b(c+a) : c(a+b)). This point appears in ETC as Xar.
9(2;2 : er—z : Z—fg). This point does not appear in the current edition of ETC.

Q) = symmedian point of medial triangle; common point = (gzlzz : e+t -++). This
point does not appear in the current edition of ETC.
11(132};2&;2;2 -+ :---). This point does not appear in the current edition of ETC.
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5. Animate a point P on the circumcircle and construct the circumconic
with P as perspector. What can you say about the type of the conic
as P varies on the circumcircle?

9.4 Appendix: Ruler construction of tangent at A

(1) P=ACNBD;
(2) @ =ADNCE;
(3) R=PQNBE.
Then AR is the tangent at A.
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(General Conics

10.1 Equation of conics

10.1.1 Carnot’s Theorem

Suppose a conic C intersect the side lines BC at X, X', CA at Y, Y’, and
AB at Z, Z', then

BX BX' CY CY' Az AZ

Proof. Write the equation of the conic as
fa? + gy* + hz? + 2pyz + 2qzx + 2ray = 0.

The intersections with the line BC' are the two points (0 : y; : 27) and
(0 : yg : 29) satisfying
gy + hz* + 2pyz = 0.

From this,
BX BX' 21z g

XC X'C  wyiya k'
Similarly, for the other two pairs of intersections, we have
cYy CcY' h Az AZ' f

YA YA f  ZB ZB ¢
The product of these division ratios is clearly 1.
The converse of Carnot’s theorem is also true: if X, X', Y, Y’ Z, 7/

are points on the side lines such that
BX BX' CY CY' Az AZ

then the 6 points are on a conic.

113
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Corollary

If X, Y, Z are the traces of a point P, then X', Y’, Z' are the traces of
another point Q.

10.1.2 Conic through the traces of P and )

Let P=(u:v:w)and Q@ = (v : v : w'). By Carnot’s theorem, there is a
conic through the 6 points. The equation of the conic is

x? 1 1
Z — — | — 4+ —yz=0.
< uu! vw'  Vw
cyclic
e————

Exercises

1. Show that the points of tangency of the A-excircle with AB, AC, the
B-excircle with BC, AB, and the C-excircle with C A, CB lie on a
conic. Find the equation of the conic. !

2. Let P = (u:v:w) be a point not on the side lines of triangle ABC'.
(a) Find the equation of the conic through the traces of P and the

midpoints of the three sides. 2

(b) Show that this conic passes through the midpoints of AP, BP
and C'P.

(¢) For which points is the conic an ellipse, a hyperbola?

1 2 524 (s—a)?
2chclicx + ( : yz = 0.

s(s—a)

—vwz? + u(v + w)yz = 0.

cyclic
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3. Given two points P = (u : v :w) and a line £: -5 + % + % =0, find

w’ T
the locus of the pole of £ with respect to the circumconics through P.
3

10.2 Inscribed conics

An inscribed conic is one tangent to the three side lines of triangle ABC.
By Carnot’s theorem, the points of tangency must either be the traces of
a point P (Ceva Theorem) or the intercepts of a line (Menelaus Theorem).
Indeed, if the conic is non-degenerate, the former is always the case. If the
conic is tangent to BC at (0 : ¢ : r) and to CA at (p : 0 : r), then its
equation must be

2 2 2
x z 2yz  2zx 2x
CLY L2 e 2w 2wy
q r qr rp pq
for e = £1. If e = —1, then the equation becomes
2
x z
(oo
p q T

and the conic is degenerate. The inscribed conic therefore has equation

and touches BC at (0 : ¢ : 7). The points of tangency form a triangle
perspective with ABC at (p : ¢ : r), which we call the perspector of the
inscribed conic.

3The conic through the traces of P and Q = (v’ : v’ : w); Jean-Pierre Ehrmann,

Hyacinthos, message 1326, 9/1/00.
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10.2.1 The Steiner in-ellipse
The Steiner in-ellipse is the inscribed conic with perspector G. It has equa-
tion
2 2 2 _
-ty + 27 —2yz —2zx — 22y = 0.
Exercises

1. The locus of the squares of infinite points is the Steiner in-ellipse

x2+y2+z2—2yz—22x—2xy:0.

2. Let C be the inscribed conic

2

x 2yz
> —2—%20»
cyclicp q

tangent to the side linesat X = (0:¢:7),Y =(p:0:7),and Z =
(0 : p: q) respectively. Consider an arbitrary point @ = (u : v : w).

(a) Find the coordinates of the second intersection A" of C with X Q.
4

(b) Similarly define B’ and C’. Show that triangle A’ B’C" is perspec-
tive with ABC, and find the perspector. °

10.3 The adjoint of a matrix
The adjoint of a matrix (not necessarily symmetric)
ail a2 Qi3
M=1 an a2 as
az1 az2 ass

is the transpose of the matrix formed by the cofactors of M:

a22a33 — A230A32 —a12a33 + a13a32  G12023 — 422013
M# = | —agiass +agzaz  a11as3 — a13a31  —aiags + agiais
a21G32 — a310a22  —a11G32 +a31a12  A11G22 — 12021

2
A g(d 42— 2 - 242,
5

p . .
(om0
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Proposition

(1) MM# = M#*M = det(M)I.
(2) M## = (det M)M.

Proposition
Let (7,4, k) be a permutation of the indices 1, 2, 3.

(1) If the rows of a matrix M are the coordinates of three points, the
line joining P; and P}, has coordinates given by the k-th column of M#.

(2) If the columns of a matrix M are the coordinates of three lines, the
intersection of L; and L; is given by the k-row of M #,
10.4 Conics parametrized by quadratic functions
Suppose

x:y:z:a0+a1t+a2t2 :b0+b1t+b2t2 :CQ+01t—|—02t2
Elimination of ¢ gives
(P17 + @1y +712)° = (Do + qoy + 702) (P2 + qay + 122) = 0,

where the coefficients are given by the entries of the adjoint of the matrix

ap aip a2

bp b1 b2 |,

S
[

namely,

Po qo To
M#¥=|p a1 n

b2 G2 T2

This conic is nondegenerate provided det(M) # 0.

10.4.1 Locus of Kiepert perspectors

Recall that the apexes of similar isosceles triangles of base angles 6 con-
structed on the sides of triangle ABC form a triangle A°B?C? with per-
spector

1 1 1
K(0) = : : .
( ) (SA-FS@ S+ Sy Sc-l—Sg)
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Writing ¢t = Sy, and clearing denominators, we may take
(x:y:2)=(Spc+a®t+1%: Sca+b*t +12: Sap + Pt +1°).
With

Spc a® 1
M=\ Sca vV 1 |,
SaB 2 1
we have
b? — 2 2 —a® a? — b?
M#* = | —S4(b%—c?) —Sp(c? —a?) —Sc(a® —b?)

Saa(b? —c?) Spp(c? —a?) Sco(a? —b?)
Writing u = (b? — ¢?)z, v = (¢ — a?)y, and w = (a® — b?)z, we have
(Sau + Spv + Scw)2 — (u+v+w)(Saau+ Sppv + Sccw) =0,

which simplifies into

0 = Z (QSBC - SBB — SCC)/UU} J— Z (b2 o 02)2’1}’11).

cyclic cyclic
In terms of x, y, 2, we have, after deleting a common factor —(a? — b?)(b? —
62)(02 - a’2)7
Z (b — *)yz = 0.

cyclic

This is the circum-hyperbola which is the isogonal transform of the line

Z VA (b? — ) =0.

cyclic

10.5 The matrix of a conic

10.5.1 Line coordinates

In working with conics, we shall find it convenient to use matrix notations.
We shall identify the homogeneous coordinates of a point P = (x : y : z)
with the row matriz ( * y =z ), and denote it by the same P. A line £
with equation px + qy + rz = 0 is represented by the column matrix

p
L= q
r

(so that PL = 0). We shall call L the line coordinates of L.
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10.5.2 The matrix of a conic

A conic given by a quadratic equation
fﬂU2 + 992 + hz? + 2pyz + 2qzx + 2rxy =0

can be represented by in matrix form PM P! = 0, with

Q3 =
N e 3
TR R

We shall denote the conic by C(M).

10.5.3 Tangent at a point

Let P be a point on the conic C. The tangent at P is the line M P!.

10.6 The dual conic

10.6.1 Pole and polar

The polar of a point P (with respect to the conic C(M)) is the line M P?,
and the pole of a line L is the point L!M#.

Conversely, if L intersects a conic C at two points P and (), the pole of
L with respect to C is the intersection of the tangents at P and Q.

Exercises

1. A conic is self-polar if each vertex is the pole of its opposite side. Show
that the matrix of a self-polar conic is a diagonal matrix.

2. If P lies on the polar of @, then @ lies on the polar of P.

10.6.2 Condition for a line to be tangent to a conic

A line L : pr + qy + rz = 0 is tangent to the conic C(M) if and only if
L'M#L = 0. If this condition is satisfied, the point of tangency is L*M#.
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10.6.3 The dual conic

Let M be the symmetric matrix

Q3 =
kN e 3
TR

The dual conic of C = C(M) is the conic represented by the adjoint matrix

gh—p* pg—rh rp—gq
M#=| pg—hr hf—q¢*> qr—fp
rp—gq qr—fp fg—r?

Therefore, a line L : pz + qy 4+ rz = 0 is tangent to C(M) if and only if the
point L' = (p: ¢ : r) is on the dual conic C(M¥).

10.6.4 The dual conic of a circumconic

The dual conic of the circumconic pyz + gzx + rey = 0 (with perspector
P = (p:q:r)) is the inscribed conic

Z —p?a?® 4+ 2qryz =0

cyclic

with perspector P® = (11? : % : %) The center is the point (¢+7: r+p: p+q).




Chapter 10: General Conics 121

Exercises

1.

The polar of (u : v : w) with respect to the circumconic pyz + gzx +
rezy = 0 is the line

p(wy + vz) + q(uz + wzx) + r(ve + uy) = 0.

. Find the equation of the dual conic of the incircle. Deduce Feuerbach’s

theorem by showing that the radical axis of the nine-point circle and
the incircle, namely, the line

is tangent to the incircle. 6

. Show that the common tangent to the incircle and the nine-point circle

is also tangent to the Steiner in-ellipse. Find the coordinates of the
point of tangency. *

.Let P=(u:v:w)and Q = (v : v : w') be two given points. If

X:BPCPOAAQ, Y:CPAPOBBQ, Z:APBPOCCQ,

show that ApX, BpY and CpZ are concurrent at the pole of PQ with
respect to the circumconic through P and Q. ®

. The tangents at the vertices to the circumcircle of triangle ABC' inter-

sect the side lines BC, CA, AB at A’, B, C' respectively. The second
tagents from A’, B’, C’ to the circumcircle have points of tangency X,
Y, Z respectively. Show that XY Z is perspective with ABC and find
the perspector. ?

62Cychc(s —a)yz = 0.

"((b=¢)?: (c—a)?: (a—b)?). This point appears as X10s¢ in ETC.

80. Bottema, Une construction par rapport & un triangle, Nieuw Archief wvoor
Wiskunde, IV 5 (1957) 68-70.

%(a?(b*+c*—a*) :---:--.). Thisis a point on the Euler line. It appears as Xa2 in ETC.
See D.J. Smeenk and C.J. Bradley, Problem 2096 and solution, Cruz Mathematicorum,
21 (1995) 344; 22(1996) 374 — 375.
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10.7 The type, center and perspector of a conic

10.7.1 The type of a conic

The conic C(M) is an ellipse, a parabola, or a hyperbola according as the
characteristic GM# G is positive, zero, or negative.
Proof. Setting z = —(z + y), we reduce the equation of the conic into

(h+ f—2q)x*> +2(h—p—q+7r)zy+ (g + h — 2p)y* = 0.
This has discriminant

(h—p—q+7r)2—(g+h—2p)(h+ f—2q)
= W —(g+h)(h+f)—2h(p+q—7)
+2(h+ flp+2(g+h)g+ (p+q—1)* + 4pq
= _(f9+9h+hf)+2(fp+9q+hr)+(p2+q2+'r2—2pq—2qr—2rp)

which is the negative of the sum of the entries of M#. From this the result
follows.

10.7.2 The center of a conic

The center of a conic is the pole of the line at infinity. As such, the center
of C(M) has coordinates GM ¥, formed by the column sums of M#:

(p(g+r—p)—(gg+rh)+gh : q(r+p—q)—(rh+pf)+hf : r(p+q—r)—(pf+qg)+f9g).

10.7.3 The perspector of a conic
Theorem (Conway)

Let C = C(M) be a nondegenerate, non-self-polar conic. The triangle formed
by the polars of the vertices is perspective with ABC, and has perspector
(pig:r).

Proof. Since the polars are represented by the columns of M#, their in-
tersections are represented by the rows of M## = (det M)M. The result
follows since det M # 0.

The point (p: ¢ : r) is called the perspector of the conic C(M).
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Proposition

The center of the inscribed conic with perspector P is the inferior of P°.

Exercises

1. Let (f : g : h) be an infinite point. What type of conic does the
equation

represent? 10
2. Find the perspector of the conic through the traces of P and Q.

3. Find the perspector of the conic through the 6 points of tangency of
the excircles with the side lines. '

4. A circumconic is an ellipse, a parabola or a hyperbola according as the
perspector is inside, on, or outside the Steiner in-ellipse.

5. Let C be a conic tangent to the side lines AB and AC at B and C
respectively.

(a) Show that the equation of C is of the form 2% — kyz = 0 for some
k.
(b) Show that the center of the conic lies on the A-median.
(¢) Construct the parabola in this family as a five-point conic.
0Parabola.
11 a®4(b+c)? .

b+c—a
12The parabola has equation z? — 4yz = 0.

12

-:--+). This points appears in ETC as X3ss.
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d) Design an animation of the conic as its center traverses the A-
g
median. 13

6. Prove that the locus of the centers of circumconics through P is the
conic through the traces of P and the midpoints of the sides. ™

'31f the center is (¢ : 1: 1), then the conic contains (t: —2: t).
1Ploor van Lamoen and Paul Yiu, Conics loci associated with conics, Forum Geomet-
ricorum, forthcoming.
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Some Special Conics

11.1 Inscribed conic with prescribed foci

11.1.1 Theorem

The foci of an inscribed central conic are isogonal conjugates.

Proof. Let Fy and F5 be the foci of a conic, and Ty, T5 the points of tangency
from a point P. Then /FyPTy = /F5PT5s. Indeed, if ()1, Q2 are the pedals
of F1, F» on the tangents, the product of the distances F1()1 and F>Q2 to
the tangents is constant, being the square of the semi-minor axis.

Given a pair of isogonal conjugates, there is an inscribed conic with foci
at the two points. The center of the conic is the midpoint of the segment.

11.1.2 The Brocard ellipse

Z brcte? — 20t Pyz =0

cyclic

125
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The Brocard ellipse is the inscribed ellipse with the Brocard points

Q. (a?b? : b2 - Pa?),
Q_ = (62a2 cab? bQCQ).

Its center is the Brocard midpoint

(a?(b* + %) : b2(? + a?) : 2(a® + b?)),
which is the inferior of (b%2¢? : c2a? : a?b?), the isotomic conjugate of the
symmedian point. It follows that the perspector is the symmedian point.

Exercises

1. Show that the equation of the Brocard ellipse is as given above.

2. The minor auxiliary circle is tangent to the nine-point circle. ! What
is the point of tangency? 2

11.1.3 The de Longchamps ellipse *

> V(b + ¢ —a)z? — 2a3beyz = 0,

cyclic

The de Longchamps ellipse is the conic through the traces of the incenter
I, and has center at I.

Exercises

1. Given that the equation of the conic is show that it is always an ellipse.

2. By Carnot’s theorem, the “second” intersections of the ellipse with the
side lines are the traces of a point P. What is this point? 4

3. The minor axis is the ellipse is along the line OI. What are the lengths
of the semi-major and semi-minor axes of the ellipse? °

V. Thébault, Problem 3857, American Mathematical Monthly, APH,205.

2Jean-Pierre Ehrmann, Hyacinthos, message 209, 1/22/00.

3E. Catalan, Note sur l'ellipse de Longchamps, Journal Math. Spéciales, TV 2 (1893)
28-30.
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11.1.4 The Lemoine ellipse

Construct the inscribed conic with foci G and K.

Find the coordinates of the center and the perspector.

The points of tangency with the side lines are the traces of the G-
symmedians of triangles GBC, GCA, and GAB.

11.1.5 The inscribed conic with center N

This has foci O and H. The perspector is the isotomic conjugate of the cir-
cumcenter. It is the envelope of the perpendicular bisectors of the segments
joining H to a point on the circumcircle. The major auxiliary circle is the

nine-point circle.

Exercises
1. Show that the equation of the Lemoine ellipse is

Z maz? — 2mimiyz =0

cyclic

where mg, my, m. are the lengths of the medians of triangle ABC.

11.2 Inscribed parabola

Consider the inscribed parabola tangent to a given line, which we regard
as the tripolar of a point P = (u : v : w). Thus, £: £ 4+ % 4+ 2 = (. The
dual conic is the circumconic passes through the centroid (1 : 1 : 1) and

P*=(+:1:1) Tt is the circumconic
u v w

c# + + =0.
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The inscribed parabola, being the dual of C#, is

Z —(v—w)?x? + 2(w — u)(u — v)yz = 0.

cyclic

The perspector is the isotomic conjugate of that of its dual. This is the

point
( 11 )
v—w w—u uU—0v

on the Steiner circum-ellipse.

The center of the parabola is the infinite point (v —w : w —u : u — v).
This gives the direction of the axis of the parabola. It can also be regarded
the infinite focus of the parabola. The other focus is the isogonal conjugate

a? b2 2

v—w w—u u—0v

on the circumcircle.
The axis is the line through this point parallel to ux 4+ vy +wz = 0. The
intersection of the axis with the parabola is the vertex

<<sB<w—u>—Sc<u—v>>2,..,..),

vV —w

The directrix, being the polar of the focus, is the line
Sa(v —w)x + Sp(w —u)y + Sc(u —v)z = 0.
This passes through the orthocenter, and is perpendicular to the line
uzr + vy + wz = 0.

It is in fact the line of reflections of the focus. The tangent at the vertex is
the Simson line of the focus.
Where does the parabola touch the given line?

(u? (v —w) : v} (w — ) : w(u —v)),
the barycentric product of P and the infinite point of its tripolar, the given

tangent, or equivalently the barycentric product of the infinite point of the
tangent and its tripole.
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Exercises

1. Animate a point P on the Steiner circum-ellipse and construct the
inscribed parabola with perspector P.

11.3 Some special conics

11.3.1 The Steiner circum-ellipse zy + yz + zz = 0

Construct the Steiner circum-ellipse which has center at the centroid G.
The fourth intersection with the circumcircle is the Steiner point, which

has coordinates
1 ‘ 1 ‘ 1
22 2_qa2 a2 —_p2)"

Construct this point as the isotomic conjugate of an infinite point.

The axes of the ellipse are the bisectors of the angle KG'S. ¢ Construct
these axes, and the vertices of the ellipse.

Construct the foci of the ellipse. 7

These foci are called the Bickart points. Each of them has the property
that three cevian segments are equal in length. 8

11.3.2 The Steiner in-ellipse 3. q;. #° —2yz = 0
Exercises

1. Let C be a circumconic through the centroid G. The tangents at A,
B, C intersect the sidelines BC, CA, AB at A’, B’, C' respectively.
Show that the line A’B’C’ is tangent to the Steiner in-ellipse at the
center of C. ¥

6J.H. Conway, Hyacinthos, message 1237, 8/18/00.

"The principal axis of the Steiner circum-ellipse containing the foci is the least square
line for the three vertices of the triangle. See F. Gremmen, Hyacinthos, message 260,
2/1/00.

80. Bottema, On some remarkable points of a triangle, Nieuw Archief voor Wiskunde,
19 (1971) 46 — 57; J.R. Pounder, Equal cevians, Cruz Mathematicorum, 6 (1980) 98 — 104;
postscript, ibid. 239 — 240.

9J.H. Tummers, Problem 32, Wiskundige Opgaven met de Oplossingen, 20-1 (1955)
31-32.
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11.3.3 The Kiepert hyperbola 3. ;. (b* — ¢*)yz =0

The asymptotes are the Simson lines of the intersections of the Brocard axis
OK with the circumcircle. © These intersect at the center which is on the
nine-point circle. An easy way to construct the center as the intersection
of the nine-point circle with the pedal circle of the centroid, nearer to the

orthocenter. 1

Exercises

1. Find the fourth intersection of the Kiepert hyperbola with the circum-
circle, and show that it is antipodal to the Steiner point. 2

2. Show that the Kiepert hyperbola is the locus of points whose tripolars
are perpendicular to the Euler line. '3

3. Let A’B’C’ be the orthic triangle. The Brocard axes (the line joining
the circumcenter and the symmedian point) of the triangles AB'C’,
A'BC’, and A'B’'C intersect at the Kiepert center.

11.3.4 The superior Kiepert hyperbola 3" ;.(b° — ¢*)z* =0

Consider the locus of points P for which the three points P, P*® (isotomic
conjugate) and P* (isogonal conjugate) are collinear. If P = (z : y : ), then
we require

x Yy z
0 = Yz 2T xy
a’yz b’zx oy
= a*wyz(y® — 22) + b2y (2® — 2°) + Payz(2® — y?)
= —ayz((b? — A)x? + (¢ — a®)y? + (a® — b?)2?).

10These asymptotes are also parallel to the axes of the Steiner ellipses. See, J.H. Conway,
Hyacinthos, message 1237, 8/18/00.

"The other intersection is the center of the Jerabek hyperbola. This is based on the
following theorem: Let P be a point on a rectangular circum-hyperbola C. The pedal circle
of P intersects the nine-point circle at the centers of C and of (the rectangular circum-
hyperbola which is) the isogonal conjugate of the line OP. See A.P. Hatzipolakis and
P. Yiu, Hyacinthos, messages 1243 and 1249, 8/19/00.

12The Tarry point.

130. Bottema and M.C. van Hoorn, Problem 664, Nieuw Archief voor Wiskunde, IV 1
(1983) 79. See also R.H. Eddy and R. Fritsch, On a problem of Bottema and van Hoorn,
ibid., TV 13 (1995) 165 — 172.

“Floor van Lamoen, Hyacinthos, message 1251, 8/19/00.
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Excluding points on the side lines, the locus of P is the conic
(b? — A)a? 4 (2 — a®)y® + (a® — b?)22 = 0.
We note some interesting properties of this conic:

e [t passes through the centroid and the vertices of the superior triangle,
namely, the four points (+£1: £1: £1).

e It passes through the four incenters, namely, the four points (£a : £b:
+c¢). Since these four points form an orthocentric quadruple, the conic
is a rectangular hyperbola.

e Since the matrix representing the conic is diagonal, the center of the
conic has coordinates ( L. agibQ ), which is the Steiner point.

1.
[ R )

Exercises

1. All conics passing through the four incenters are tangent to four fixed
straight lines. What are these lines? 19

2. Let P be a given point other than the incenters. Show that the center
of the conic through P and the four incenters is the fourth intersec-
tion of the circumcircle and the circumconic with perspector P - P
(barycentric square of P). 16

3. Let X be the pedal of A on the side BC' of triangle ABC. For a real
number ¢, let A; be the point on the altitude through A such that
XA; =t- XA. Complete the squares A; X XAy and A; X X A, with
X, and X, on the line BC. ' Let A} = BA.N CAy, and A/ be the
pedal of A} on the side BC'. Similarly define By andC}’. Show that as ¢
varies, triangle A} B/'C/' is perspective with ABC, and the perspector
traverses the Kiepert hyperbola. '8

11.3.5 The Feuerbach hyperbola
Z alb—c)(s—a)yz=0

cyclic

5The conic C is self-polar. Its dual conic passes through the four incenters. This means
that the conic C are tangent to the 4 lines +ax + £by + £cz = 0.

Floor van Lamoen, Hyacinthos, message 1401, 9/11/00.

17 A P. Hatzipolakis, Hyacinthos, message 3370, 8/7/01.

18 A P. Hatzipolakis, Hyacinthos, message 3370, 8/7/01.
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This is the isogonal transform of the OI-line. The rectangular hyperbola
through the incenter. Its center is the Feuerbach point.
11.3.6 The Jerabek hyperbola
The Jerabek hyperbola

cyclic

is the isogonal transform of the Euler line. Its center is the point
(0* = 2?84 : (2 —a®)?Sp : (a® — b*)2S(c)

on the nine-point circle. ™

Exercises

1. Find the coordinates of the fourth intersection of the Feuerbach hy-
perbola with the circumcircle. 2°

2. Animate a point P on the Feuerbach hyperbola, and construct its
pedal circle. This pedal circle always passes through the Feuerbach
point.

3. Three particles are moving at equal speeds along the perpendiculars
from I to the side lines. They form a triangle perspective with ABC'.
The locus of the perspector is the Feuerbach hyperbola.

4. The Feuerbach hyperbola is the locus of point P for which the cevian
quotient I/P lies on the OI-line. !

5. Find the fourth intersection of the Jerabek hyperbola with the circum-
circle. 22

6. Let £ be a line through O. The tangent at H to the rectangular
hyperbola which is the isogonal conjugate of ¢ intersects £ at a point
on the Jerabek hyperbola. 23

19The Jerabek center appears as X125 in ETC.
20(az(b+c>72ab§7<b+c)<bic>2 :+-+:---). This point appears as X104 in ETC.
2P, Yiu, Hyacinthos, message 1013, 6/13/00.

2 . . .
22(2a4_a2(b2+‘22)_(b2_02)2 :+-+:---). This point appears as X74 in ETC.
23B. Gibert, Hyacinthos, message 4247, 10/30/01.
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11.4 Envelopes
The envelope of the parametrized family of lines

(ap + a1t + ast?)x + (bo + bit + bat?)y + (co + 1t + cat?)z =0
is the conic?*

(a1 + by + c12)? — 4(aoz + boy + coz)(azz + bay + caz) = 0,

provided that the determinant

ay a; ag
bo b1 by | #0.
Cp C1 C2

Proof. This is the dual conic of the conic parametrized by

x:y:2:a0+a1t+a2t2:bo+b1t+bgt2:co—l—clt+02t2.

11.4.1 The Artzt parabolas

Consider similar isosceles triangles A BC', ABYC and ABC? constructed on
the sides of triangle ABC. The equation of the line B?C? is

(8% — 254t —t2)x 4+ (S? 4+ 2(S4 + Sp)t+12)y + (5% +2(Sc + Sp)t +12)z = 0,
where t = Sy = S - cot 6. As 6 varies, this envelopes the conic

(=Sax+ Py +022)2 =Sz +y+2)(—r+y+2)=0

11.4.2 Envelope of area-bisecting lines

Let Y be a point on the line AC. There is a unique point Z on AB such
that the signed area of AZY is half of triangle ABC. We call YZ an area-
bisecting line. If Y = (1—¢:0:t),then Z = (1— 5 : - : 0) = (2t —1:1:0.
The line Y Z has equation

1—t 0 t
O0=|2t—1 1 0 |=—tox+ (—t+2)y+ (1 —1)z
T Yy z

24This can be rewritten as Z(4aoa2 — a%)m2 + 2(2(boca + baco) — bici)yz = 0.
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This envelopes the conic
(x+y+2)%—8yz=0.
This conic has representing matrix

1 1 1
M=11 1 =3
1 -3 1

with adjoint matrix

2 1 1
M#=—4|1 0 -1
1 -1 0

This is a hyperbola with center at the vertex A.

To construct this as a 5-point conic, we need only find 3 points on the
hyperbola. Here are three obvious points: the centroid G, (1 : —1:0) and
(1:0:—1). Unfortunately the latter two are infinite point: they give the
lines AB and AC as asymptotes of the hyperbola. This means that the axes
of the hyperbola are the bisectors of angle A. Thus images of GG in these
axes give three more points on the hyperbola. To find a fifth point, we set
=0 and obtain (y +2)2 —8yz =0, ...,y —3z:2=42V2:1,

y:z=3+2v2:1=(vV2+1)2:1=v2+1:V27F1.

11.4.3 Envelope of perimeter-bisecting lines

Let Y be a point on the line AC. There is a unique point Z on AB such that
the (signed) lengths of the segments AY and AZ add up to the semiperimeter
of triangle ABC. We call YZ a perimeter-bisecting line. If AY = ¢, then
AZ = s —t. The coordinates of the points are Y = (b—1¢ : 0 : ¢) and
Z=(c—s+t:s—1:0). The line YZ has equation

(t* —st)z+ (t* — (s —e)t)y + (t* — (s + b)t + bs)z = 0.
These lines envelopes the conic
(sz+ (s —c)y+ (s +b)2)? —dbsz(z +y+2) =0
with representing matrix

52 s(s—c¢) s(s—b)

s(s—c) (s —c)? (s=b)(s—rc)
s(s—b) (s—0b)(s—c) (s —b)?
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with adjoint matrix

2(s—a) s—b s—c
M# = —8bes s—b 0 -5
s—c —s 0

This conic is a parabola tangent to the lines CA and AB at the points
(—(s—0b):0:5)and (—(s—c):5:0). %
11.4.4 The tripolars of points on the Euler line

A typical point on the Euler line

3" Sa(Sp — Sc)zr =0

cydlic
has coordinates (Spc +t: Sca +1t: Sap +t), with tripolar
Z #CC =0
cyclic Spc +t ’

or

0=> (w+t(w+t)z= Y (Spc+a*Sat+t?).

cyclic cyclic

The envelope is the conic
(a®Spx +b2Spy + *Scz)? —4Sapc(z +y + 2)(Sazx + Spy + Scz) = 0.
This can be rewritten as

> Saa(Se — Sc)*x* — 2Spc(Sc — Sa)(Sa — SB)yz =0.

cyclic

This can be rewritten as

> Saa(Sp — Sc)’x* — 2Spc(Sc — Sa)(Sa — Sp)yz = 0.

cyclic

It is represented by the matrix

Saa(Sp — Sc)? —SaB(Sp — Sc)(Sc —Sa) —Sca(Sa—SB)(Ss — Sc)
M= < —Sas(Se — Sc)(Sc — Sa) Sp(Sc — Sa) —SBc(Sc —Sa)(Sa — SB)
Sca(Sa—SB)(Sp—Sc) —Ssc(Sc —Sa)(Sa— Sg) Scc(Sa — SB)

Z5These are the points of tangency of the A-excircle with the side lines.

) |
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This is clearly an inscribed conic, tangent to the side lines at the points
(0:Sc(Sa—Sp): Se(Sc—Sa)), (Sc(Sa—Sp) :0:S4(Sp — Sc)), and
(SB(Sc — S4) : Sa(Sp — Sc) : 0). The perspector is the point 26

< 1 ‘ 1 ‘ 1 )
Sa(Sp—Sc) " Sp(Sc—Sa) " Sc(Sa—Sp)/) "

The isotomic conjugate of this perspector being an infinite point, the conic
is a parabola. %7

Exercises

1. Animate a point P on the circumcircle, and construct a circle C(P),
center P, and radius half of the inradius. Find the envelope of the
radical axis of C(P) and the incircle.

2. Animate a point P on the circumcircle. Construct the isotomic con-
jugate of its isogonal conjugate, i.e., the point @ = (P*)*. What is
the envelope of the line joining PQ? 28

26This point appears as Xgsg in ETC.
2"The focus is the point X112 in ETC:

a’ b &
<S’A(SB - S¢) : Se(Sc — Sa) : Sc(Sa — SB)) '

Its directrix is the line of reflection of the focus, i.e.,

Z Saa(Sp—Sc)x=0.

cyclic

28The Steiner point.
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Some More Conics

12.1 Conics associated with parallel intercepts

12.1.1 Lemoine’s thorem

Let P = (u:v:w) be a given point. Construct parallels through P to the
side lines, intersecting the side lines at the points

Yo=(u:0:v+w), Zy=(u:v+w:0);
Zy=(w+u:v:0), Xp=(0:v:w+u);
Xe=0:u+v:w), Ye=(u+v:0:w).

These 6 points lie on a conic Cp, with equation

> vw(v + w)z? — u(vw + (w + u)(u +v))yz = 0.

cyclic
This equation can be rewritten as

—  (u4v+w)(uyz + vzz + wry)
+ (z+y+2)(vw(v +w)z + wu(w + uw)y + wo(u + v)z) = 0.

From this we obtain

137
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Theorem (Lemoine)

The conic through the 6 parallel intercepts of P is a circle if and only if P
is the symmedian point.

Exercises

1. Show that the conic Cp through the 6 parallel intercepts through P
is an ellipse, a parabola, or a hyperbola according as P is inside, on,
or outside the Steiner in-ellipse, and that its center is the midpoint of
the P and the cevian quotient G/P. !

2. Show that the Lemoine circle is concentric with the Brocard circle. 2

12.1.2 A conic inscribed in the hexagon W (P)

While Cp is a conic circumscribing the hexagon W (P) = Y, Y. ZyZ, X Xy,
there is another conic inscribed in the same hexagon. The sides of the
hexagon have equations

Y,Y.: y=0; YoZp: —vwz +w(w+u)y + v(u+v)z = 0;
IyZy: z=0; ZoXe: wv+w)r —wuy + u(u+v)z = 0;
X.Xp: =0 XpYy o v(v+w)z+ u(w+ u)y —uvz = 0.

These correspond to the following points on the dual conic: the vertices
and

(1‘w+u.u+v) (v+w' 1'u+v) (v—i—w'w—i—u_ 1)

v w u w u v

It is easy to note that these six points lie on the circumconic

v+ w w+u u-+v

= 0.
x Y z

It follows that the 6 lines are tangent to the incribed conic
Z (v +w)?z? — 2(w + u)(u +v)yz = 0,
cyclic

with center (2u +v+w :u+2v+ w: u+ v+ 2w) and perspector

(1 1 1>
vtw wHu utv)’

'The center has coordinates (u(2vw +u(v+w —u)) : v(2wu +v(w +u —v)) : w(2uv +
wu+ v —w)).
2The center of the Lemoine circle is the midpoint between K and G/K = O.
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Exercises

1. Find the coordinates of the points of tangency of this inscribed conic
with the Y.Z,, Z,X. and XY,, and show that they form a triangle
perspective with ABC' at 3

u? ‘ v2 .w2
v+w wHu u+v)’

12.1.3 Centers of inscribed rectangles

Let P = (x : y : z) be a given point. Construct the inscribed rectangle whose
top edge is the parallel to BC' through P. The vertices of the rectangle on
the sides AC and AB are the points (z:y+2:0) and (z:0:y+ 2).

The center of the rectangle is the point

A = (a*z:d*(x+y+2)—Spx:a*(x+y+2) — Scx).

Similarly, consider the two other rectangles with top edges through P
parallel to C A and AB respectively, with centers B’ and C’. The triangle
A’'B'C’" is perspective with ABC' if and only if

(a*(x+y+2)— Spx)(V?(x +y+2) — Scy)(P(x+y+ 2) — Sx2)
— (x4 y+2) — Sex)b(z+y+ 2) — Sap) (P +y + 2) — Sp2).
The first terms of these expressions cancel one another, so do the last terms.

Further cancelling a common factor x 4+ y + z, we obtain the quadratic
equation

> a*Sa(Sp = Sclyz+ (x+y+2) > b*(Sp—Sc)x = 0.

cyclic
2 2 2 2 2 2
Sv4w: ore ) (B rwtur ), and (P o tu o).
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This means that the locus of P for which the centers of the inscribed
rectangles form a perspective triangle is a hyperbola in the pencil generated
by the Jerabek hyperbola

> a*Sa(Sp — Sc)yz =0
and the Brocard axis OK

> b?c*(Sp — Sc)x = 0.

cyclic

Since the Jerabek hyperbola is the isogonal transform of the Euler line, it
contains the point H* = O and G* = K. The conic therefore passes through
O and K. It also contains the de Longchamps point L = (—Spc + Sca +

Sap - ) and the point (SB—i-Sc—SA :Sc+S4—S5p: SA—i-SB—Sc). 4
P Perspector
circumcenter (QSQESB : 252,15 e QSQ,ISAB)
symmedian point (3a? + bgj +c?a? +30% 4+ ¢ a? + 0%+ 3c?)
de Longchamps point  (Spc(S? +2544) t -+ :--+)
(3a2—b2—c2:---:---) (m:"':'..)

Exercises

1. Show that the three inscribed rectangles are similar if and only if P is

the point
a? b2 2
<t+a2 : t + b2 : t+c2>’

where t is the unique positive root of the cubic equation

263 + (a® + b* + )t? — a®b*c? = 0.
12.2 Lines simultaneously bisecting perimeter and
area

Recall from §11.3 that the A-area-bisecting lines envelope the conic whose
dual is represented by the matrix

2 1 1
Mi=1]11 0 -1
1 -1 0

4None of these perspectors appears in the current edition of ETC.
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On the other hand, the A-perimeter-bisecting lines envelope another conic
whose dual is represented by

2(s—a) s—=b s—c
My = s—b 0 —s
s—c —5 0

To find a line simultaneously bisecting the area and perimeter, we seek
an intersection of of the two dual conics represented by M; and Ms. In
the pencil of conics generated by these two, namely, the conics represented
by matrices of the form tM; + Mo, there is at least one member which
degenerates into a union of two lines. The intersections of the conics are
the same as those of these lines with any one of them. Now, for any real
parameter ¢,

2t+s—a) t+s—b t+s—c
det(tMy + Ms) = t+s—0b 0 —(t+s)
t+s—c —(t+s) 0
= 2(t+s)(t+s—b)(t+s—c)—2(t+s)(t+s—a)
= 20t+s)[t+s-b)(t+s—c)+(t+s)(t+s—a)
= —2(t+s)[2(t+ )% —2s(t +5) + be]

By choosing t = —s, we obtain
—2a —-b —c
—sMy+ My =| —b 0 0
—-c 0 0

which represents the degenerate conic
2az® + 2bxy + 2cxy = 2x(ax + by + cz) = 0.
In other words, the intersections of the two dual conics are the same as those
x2+xy+xz—yz:0
(represented by M) and the lines © = 0 and zz + by + cz = 0.

(i) With = = 0 we obtain y = 0 and z = 0, and hence the points (0: 0 : 1)
and (0 :1:0) respectively on the dual conic. These correspond to the line
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This means that such a line must pass through the incenter I, and as an
area-bisecting line,

2bt> — (a+b+c)t +c=0,

and

(a+b+c)E/(a+b+c)2—8bc s++s2—2bc
4b B 2b '

The division point on AC' are

(1—t:0:t):(Qb—si}:\/sQ—ch:O:s:l:\/s2—2bc).

12.3 Parabolas with vertices of a triangle as foci
and sides as directrices

Given triangle ABC consider the three parabolas each with one vertex as
focus and the opposite side as directrix, and call these the a—, b—, and
c—parabolas respectively. The vertices are clearly the midpoints of the al-
titudes. No two of these parabolas intersect. Each pair of them, however,
has a unique common tangent, which is the perpendicular bisector of a side
of the triangle. The three common tangents therefore intersect at the cir-
cumcenter.

The points of tangency of the perpendicular bisector BC with the b—
and c—parabolas are inverse with respect to the circumcircle, for they are
at distances % and % from the circumcenter O. These points of tangency
can be easily constructed as follows. Let H be the orthocenter of triangle
ABC, H, its reflection in the side BC'. It is well known that H, lies on the
circumcircle. The intersections of BH, and C'H, with the perpendicular
bisector of BC' are the points of tangency with the b— and c—parabolas
respectively.
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Exercises

1. Find the equation of the a-parabola. °

12.4 The Soddy hyperbolas

12.4.1 Equations of the hyperbolas

Given triangle ABC, consider the hyperbola passing through A, and with
foci at B and C'. We shall call this the a-Soddy hyperbola of the triangle,
since this and related hyperbolas lead to the construction of the famous
Soddy circle. The reflections of A in the side BC' and its perpendicular
bisector are clearly points on the same hyperbola, so is the symmetric of A
with respect to the midpoint of BC. The vertices of the hyperbola on the
transverse axis BC' are the points (0:s—b:s—c¢),and (0:s—c:s—0b),
the points of tangency of the side BC' with the incircle and the A-excircle.

Likewise, we speak of the B- and C-Soddy hyperbolas of the same tri-
angle, and locate obvious points on these hyperbolas.

12.4.2 Soddy circles

Given triangle ABC, there are three circles centered at the vertices and
mutually tangent to each other externally. These are the circles A(s — a),
B(s—1), and C(s—c). The inner Soddy circle of triangle ABC' is the circle
tangent externally to each of these three circles. The center of the inner
Soddy circle clearly is an intersection of the three Soddy hyperbolas.

58227 + a®(Py? + 2Sayz + b22%) = 0.
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Exercises
1. Show that the equation of A-Soddy hyperbola is

E, = (c+a—0b)(a+b—c)(y?+2?)
—2(a* + (b — ¢)*)yz + 4(b — ¢)cay — 4b(b — ¢)zz = 0.

12.5 Appendix: Constructions with conics

Given 5 points A, B, C, D, E, no three of which are collinear, and no
four concyclic, the conic C. Through these 5 points is either an ellipse, a
parabola, or a hyperbola.

12.5.1 The tangent at a point on C
(1) P:= ACNBD;

(2) Q .= ADNCE;

(3) R:= PQN BE.

AR is the tangent at A.

12.5.2 The second intersection of C and a line / through A

(1) P:= ACN BE;
(2) Q:=¢nN BD;
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(3) R:= PQNCD;
(4) A" :=¢N ER.
A’ is the second intersection of C and #.

12.5.3 The center of C

(1) B" := the second intersection of C with the parallel through B to AC;
(2) £, := the line joining the midpoints of BB’ and AC;
(3) C" := the second intersection of C with the parallel through C' to
AB;
(4) £ := the line joining the midpoints of CC" and AB;
(5) O :={y N L, is the center of the conic C.

12.5.4 Principal axes of C

(1) K(O) := any circle through the center O of the conic C.

(2) Let M be the midpoint of AB. Construct (i) OM and (ii) the parallel
through O to AB each to intersect the circle at a point. Join these two points
to form a line /.

(3) Repeat (2) for another chord AC, to form a line ¢'.

4) P:=tnt.

(5) Let K P intersect the circle K(O) at X and Y.

Then the lines OX and OY are the principal axes of the conic C.

12.5.5 Vertices of C

(1) Construct the tangent at A to intersect to the axes OX and OY at P
and @ respectively.

(2) Construct the perpendicular feet P’ and Q" of A on the axes OX and
oY.

(3) Construct a tangent OT to the circle with diameter PP’. The inter-
sections of the line OX with the circle O(T') are the vertices on this axis.

(4) Repeat (3) for the circle with diameter QQ’.

12.5.6 Intersection of C with a line £

Let F be a focus, ¢ a directrix, and e = the eccentricity.
(1) Let H=LnNL.
(2) Take an arbitrary point P with pedal @ on the directrix.
(3) Construct a circle, center P, radius e - PQ).
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(4) Through P construct the parallel to £, intersecting the directrix at

0.
(5) Through O construct the parallel to F'H, intersecting the circle above

in X and Y.
(6) The parallels through F' to PX and PY intersect the given line £ at

two points on the conic.



