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.v_DÐ q ;=C9.]6c;±.vC q 47>A8�Cc47;bCb@Z;4���4Z.1> q 8?6c.1>AÐB.1>A�
47>A<�C=2?@Z6 1
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0bgAkÕd�¯�>A0b@a47��4B.]>Ï2?@.P?_]_];ÉC=2?@a0bgAk r .zC=2�`T.]_1Ð q ;=C9.]6c;
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Ì h Cb@Z6É2?@a8?6c.1>AÐ7;�47>A<�C=2?@Z6 1

4

0bgAk q <5>5_ jl254B_ h < h C=2?@ 3

4

0bgAk�C=254�CÉ69@Z`%4Z.1>?;\.];0=< ��@7@?d���2t.1;�`a@Z47>?;�C=254ZC 3
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4�C�C=2?@ 1

4k�<t.]>tCÉ4Z_D<5>A�®C=2?@%;3.18A@Z;�< h .zC9;�<tg5Cb@Z6�;&StgA4769@?dÂ ��2tgA; q h <56"@=èB47`
k?_1@ q
AB = 1

4
AC

47>A8
BD = 1

4
BE

d Ã �/2?@"4B69@B4¤< h C=2?@�_]4769�Z@Z;=C;&StgA4769@�.1;
64
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e5jaC=2?@È��2?@7<569@Z`�< h �tj�C=254��Z<56c4B; qAr @
254I^5@
BC2 + CE2 = BE2

d���2tgA; q
BE2 = 9

16
AC2 + 1

16
AC2 = 5

8
AC2

d²��2t.1;È`%@B4B>?;�C=254ZC�4�C®@Z4�032�;bC947�Z@ q C=2?@4769@Z4�< h C=2?@�>A@3èZC�;|`
4B_v_D@Z6\;&StgA4769@a.1; 5

8

C9.1`%@B;�C=2?@L4B69@B4�< h C=2?@L0bgA6b69@Z>tC�; S5gA4B69@Ad
�/2?@Z69@ h <569@ q C=2?@�4B69@B4�< h C=2?@\;|`
4B_v_D@Z;=C±; S5gA4B69@\.1; (5

8

)2 · 64 = 25
`

2
d

� d�w7<t_z^5@�C=2?@�@¡S5gA4�C9.D<5>
cos 2x = cos x

h <56
0 ≤ x < 2π

d
«5¨B§P¿?¥1�V¨�¢�À7ª
¥X¦����7­7��¥�¨��Sd

wZ.1>A0b@
cos 2x = 2 cos2 x − 1

q C=2?@©�I.z^5@Z>Å0b<5>A85.zC9.D<5>�.1;l@4Stg?.z^t4Z_D@Z>tC�C9<
2 cos2 x−cos x−1 = 0

q 4>StgA4�856c4ZC9.10�@¡S5gA4�C9.D<5>É.]>ÉC=2?@±^t476c.147[5_1@
cos x

d��t4709Cb<56c.1>A�



³B�

�I.z^5@Z;
(2 cos x + 1)(cos x − 1) = 0

q?r 2t.D032Tjt.D@�_D85;
cos x = 1

<56
cos x = −1

2

d�/2?@Z> q ;=.1>A0b@
0 ≤ x < 2π

q7r @�254�^5@
x ∈

{
0
q 2π

3

q 4π
3

} d
� d~��2?@®0=@Z>tCb69@È< h 4®0b.1690b_1@®< h 6c4785.vgA;

1
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3
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ÙB@�C

O1

47>A8
O2

[A@�C=2?@�0=@Z>tCb69@B;�< h C=2?@0b.1690b_1@B;�< h 6c4785.v.
3
4B>A8

1
q 69@Z;|kA@709C9. ^5@Z_ j�d�ÙB@�C

P
[A@®C=2?@Tk�<t.]>tC r 2?@Z69@ÈC=2?@
0b<5`%`%<5>�Cc47>Ai�Z@B>tCc;�< h C=2?@�C r <T0b.1690b_1@B;�`%@7@ICId�ÙB@�C

A
47>A8

B
[A@�C=2?@ÈkA<t.1>tCc;�< h 0b<5>tC94709C�< h <5>A@È< h C=2?@0=<5`
`a<5>¸C94B>A�Z@B>tCc; r .vC=2�C=2?@�0b.]690b_D@Z;Õ< h 6c4�8t.].

3
4B>A8

1
q 69@Z;|kA@709C9. ^5@Z_ j q 47;®;|2?< r >�d�ÙB@IC

x8A@Z>A<�Cb@�C=2?@Ï_1@B>A�SC=2©< h
O2P

d e5jß;=.1`T.]_]476Cb69.]47>A�I_1@B; q�r @T254�^5@
x : 1 = (x + 3) : 3

qr 2t.D032";=.1`
k?_v.nP�@B;�C9<
x = 3

2

d©��2?@B69@ h <569@ qC=2?@l8t.1;bC94B>A0=@ h 69<5` C=2?@l0b@B>tCb69@�< h C=2?@�[5.1�0b.1690b_1@"Cb<©C=2?@²kA<t.1>tC r 2?@B69@"C=2?@ß0b<5`%`%<5>C94B>A�Z@B>tCc;�`a@B@�C±.];
PO1 = 9
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2hx2 + (3h− 6)x− 9 = 0
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h 6= 0
q ;3.]>A0=@�C=2?@��I.z^5@Z>a@4StgA4ZC9.1<5>a254B;�<5>5_zj
<5>A@�69<?<�C q

x = −3

2

q. h
h = 0

dy�~.z^t.D8?@ÉC=2?@�@4StgA4ZC9.1<5>%[Bj
2h
Cb<T�Z@�C

x2 +
3h− 6

2h
x− 9

2h
= 0

d
�/2?@Z>�C=2?@¸;3gA`�< h C=2?@¸69<?<�Cc;�.]; −(3h−6)/(2h)

d±·�< r @}^5@Z6 q ;=.1>A0b@�<5>A@¸69<?<�C�.];�C=2?@>A@7��4�C9.z^5@�< h C=2?@�<�C=2?@B6 q C=2?@�;=gA`�`TgA;=C�[A@
0
¹�C=254�C~.1; q

3h− 6 = 0
q�r 2t.1032
`a@Z47>?;C=254ZC

h = 2
d


 d�w7<t_z^5@�C=2?@�@¡S5gA4�C9.D<5> √
16x + 1− 2 4

√
16x + 1 = 3

d
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ÙB@�C
y = 4
√

16x + 1
d��/2?@Z>�C=2?@��I. ^5@B>®@4StgA4ZC9.1<5>È[?@70b<5`a@Z;

y2−2y−3 = 0
q<56

(y − 3)(y + 1) = 0
d���2tgA; q

y = 3
<56

y = −1
d�wZ.1>A0b@

y = 4
√

16x + 1 > 0
qr @
0b4B>?>A<�C�254�^5@

y = −1
d���2?@B69@ h <569@ q

y = 3
¹�C=254�C�.]; q

4
√

16x + 1 = 3
d®��2?@B>

16x + 1 = 34 = 81
q�r 2t.1032�j5.1@Z_18?;

x = 5
d
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ABCD

q 4B_v_ h <tgA6�;3.18A@Z;�254I^5@�_D@Z>A�SC=2
1047>A8%C=2?@®4769@Z4È.];
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AE = 6
dÅe5jÏC=2?@L��2?@7<569@Z` < h �tjtC=2547�Z<56c47; q�r @254�^5@

BE = 8
q}r 2t.1032�.1`
k?_v.D@Z;�C=254�C

EC = 2
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q
3
q
5
q
7
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n
q C=2?@B>LC=2?@
>5gA`%[A@Z6É< h k?.1@70b@B;É.]>LC=2?@%[?<�CcCb<5` 69< r .1;

2n − 1
q 4B>A8LC=2?@Cb<�Cc4B_?>5gA`a[?@B6~< h k5.D@B0=@Z;~.]>®C=2?@É`%<5;|4Z.D0�.1;

1 + 3 + 5 + 7 + · · ·+ (2n− 1) = n2
dÂ Ì~>Ï4B_zCb@Z6b>?4�Cb@a4BkAk?69<54�032�.1;\C9<l>A<�C9.10=@
C=254ZC�@Z4�032l< h C=2?@B;|@a`a<5;34B.10b;\C=254�C�0947>�[A@0=<5>?;bCb69g�09C9@78 h 69<5`sC=2?@²Cb6c.14B>A�Ig?_14B6�k?.1@70b@B;lgA;|@B;

n2
k?.1@70b@B; h <56�;|<5`a@ßk�<5;=.vC9. ^5@.1>tC9@7�Z@Z6

n
q 47>A8%254B;�;3.18A@Z;�< h _D@Z>A�SC=2

n
d Ã�/2?@�_]4769�Z@Z;=C�^t4B_vg�@�< h

n
;3g�032ÉC=254ZC

n2 ≤ 1000
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n = 31
d���2tgA; q C=2?@�_14B69�Z@B;bCk�<5;3;3.1[5_1@�`a<5;34B.10�254B;�;3.18A@Z;¸< h _D@Z>A�SC=2

31
qtr 2t.D032
.1;�C=2?@�47>?; r @B6±C9<%kA4B6cC Â 4�Ã3d���2?@>5gA`a[?@B6�< h k5.D@B0=@Z;É_1@ h C¸<B^5@Z6�.];¸C=2?@B>

1000 − 312 = 1000 − 961 = 39
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;|@B>A8t.1>A�®.]>aj5<tgA60=<5>tC9@B;bC9;�47>A8T;}<t_vg5C9.D<5>?;Zd



³7�

� ������� � ���j��� �
� � �	�
��� �

Í�4ZC=2?@Z`%4�C9.D094B_�Í�4IjA2?@Z` [?@7��4B>%.1>�m7n7o�o®47;�� 7 ��
���������
������ L��rK���� � � L�! K"� � ��#�$"%< �'&���(��)� K6K4L � ��#+*,� � -.� � / � 
 % ()
 �0# � � 
 / d�!DC�0b<5>tC9.1>5g�@Z; q�r .zC=2ÈC=2?@�;|4B`a@�@Z`%kA2547;=.1; q47;�47>T.]>tCb@B��6c4B_�kA4B6cC�< h F�GIHIJTK�M�N�O�QIRTM�NXUVWSYBGSHZR21�UDNPO%K�M�NPO�QSRTM�NVUXW3M43�K�M65ZO�QIR d�/2?@�Í�4IjA2?@Z` y585.zCb<56�.1;�Î|@ �¤·�<?<5kA@B6 Â Ì�094�8t.14
��>5.z^5@Z6c;3.zC�j7Ã|d\��2?@�Ì~;|;=.1;bC94B>tCÍ�4�j?2?@B`�y?8t.vC9<56Õ.];�!V47>�Ú�4B>A8A@Z6SeAgA69�Z2 Â ��>5.z^5@Z6c;3.zC�jÈ< h °L4ZC9@B6c_D<?<7Ã3d���2?@É<�C=2?@B6�;bC94 �`a@Z`a[?@B6c;�4769@�Î|<?25>�â�6c47>tCÉÍ"0IÙB<tg��Z2t_].]> Â ��>5. ^5@B6c;=.vCVj�< h R @ r e�69gA>?; r .D03Ð�Ã q Í�476bÐe�69@78t.1> Â w�CIdÕÎ|<?25>/: ;|i�-�4I^5@B>?;|0=<tgA6PCÈw7032?<?<t_ q °�.]>?>5.1kA@7�}Ã q Í"<5>5.DÐB4�Ó�2?[A@�.1; Â ��4ZC=2?@Z6ÍÏ.D032547@Z_Aâ±<?@IC87±w7@70b<5>A8?4B6VjTw7032?<?<t_ q ÍÏ.];|;=.1;3;|4Zg���4�Ã q yt69.10�-/<?[A@Z6cC Â ÙB@7<T·\4Ij5@B;�·�.D�Z2w7032?<?<t_ q ��69@78?@B6c.D09C9<5>�Ã q ÙZ47696VjL-�.D0b@ Â ��>5.z^5@Z6c;3.zC�jT< h °L4�Cb@Z69_1<?<7Ã q 47>A8L-/<5>LÙZ4B>A0b4B;=C9@B6Â ��>5. ^5@B6c;=.vCVj%< h �A<569<5>tC9<7Ã|d

9 :<;>=@?+A B>CEDGFIH@JKDL:�M

N��PORQ ���TS����
°�@Z_10=<5`%@\C9<
47>A<�C=2?@Z6±j5@Z476�< h Í�4�C=2?@B`
4ZC9.10b4Z_�Í�4�j?2?@B`�ã !�`TgA;=C�47kA<t_D<?�I.'73@h <56�`ÈjL��69@B@�C9.]>A��;�>A<�C�47k?k�@Z476c.1>A��.]>aC=2?@�P�6c;bC�.];|;=g�@È< h �B���t³?d�Ì±_vC=2?<tg��Z2
C=2?@|P�6c;bC.1;3;3g�@�< h FVUXW.YZ1�UXN�OaK\[P]_^I`?K 4BkAkA@B4B6c;�.1>��t@7[569gA4B6Vja< h @Z4�032�j5@B4B6 q C=2?@�@78t.vC9.]>A�< h `%4�Cb@Z69.]4B_ h <56�C=2t.1;�.1;3;3g�@�4709C9gA4B_v_zj%<?0=0bgA6c;�.1> R <B^5@Z`a[?@B6Sd~°�.vC=2®C=2?@®032547>A�Z@B<B^5@Z6.1>%8tg5C9.D@Z;�4B>A8ÈC=2?@\gA;=gA4B_�69gA;|2
< h _14�Cb@ h 4Z_]_ q !�;3.]`%k5_zjT`T.1;3;}@B8
8A<t.]>A�¸C=2t.1;Zde�@ h <569@�.]>tCb69<?85g�0b.]>A��`Èj5;}@�_ h 47;�C=2?@¸>A@ r @B85.zCb<56�< h Í�4ZC=2?@Z`%4�C9.D094B_�Í�4IjA2?@Z` q

! r .];}2�C9<�C=2547>AÐ�`®j�kA69@B8A@B0=@Z;|;|<56 q w7254 r >Ïâ�<?85.]>�d !V>�C=2?@%`T.D8?85_1@a< h _14B;=C�j5@Z476 qw7254 r >¤69@Z_vg�09C94B>tC9_zj¤8?@70b.18A@B8�C9<";bCb@Zkß8?< r >¤4B;�Í�4�j?2?@B` @78t.vC9<56Id	w7254 r >".1;T4B>¯~CcC94 r 4�i=4769@Z4�2t.D�Z2É;|032?<?<t_ZC9@B47032?@B6/47>A8\@78tg�0b4�C9.D<5>�0b<5>?;3g?_zC94B>tC qSr 2?<\254B;Õ`%4B>?4��Z@B8Cb<®;&Stg�@7@473@�.1>È4B_v_�< h 2t.1;�Í�4�j?2?@B` 85g5C9.1@B;�<5>�Cb<5k
< h 2t.];�4B_]69@B478�jT2?@Z4�^7jT;|032?@78tg?_D@?d·�@�4Z_1;|<�69@B0=@Z>tC9_zj\8A@B0b.D8?@78¸C9<É69@IC9gA6b>�C9<¸gA>5.z^5@Z6c;3.zC�j¸C9< r <56bÐ�C9< r 47698\2t.];�8?<?09Cb<56c4�Cb@?d°�.vC=2�4Z_]_5< h C=2?@B;|@�0b<5`%`T.vCb`%@B>tCc;�47>A8�4�j5<tgA>A� h 47`T.]_ j q w7254 r > h @�_vC�C=254�C�.vC r 47;ÕC=2?@kA69<5kA@B6�C9.]`a@�Cb<È;=C9@Bk%8A< r >�d
!DC r <tg?_D8©[A@�85.v��0bg?_zCÈCb<©<Z^5@B6c;bC94�Cb@�w7254 r >/: ;L0b<5>tCb69.1[5g5C9.1<5>ßC9<�Í�4IjA2?@Z`ld¯±^5@B6®2t.];�j5@Z476c;
< h .]>�^5<t_z^5@Z`a@Z>tC q 2?@�2547;TÐ7@BktC%Í�4IjA2?@Z`+4B_v.z^5@L47>A8ÏCb6cg�@�Cb<Ï.vCc;<569.1�I.1>?4Z_�k?gA69k�<5;|@\47;�4�;}<tgA690b@�< h `%4�C=2?@B`
4ZC9.10b4Z_�kA69<?[t_D@Z`%;�4B>A8TkA69<?[t_D@Z`ai=;}<t_ ^5.]>A�.D8?@B4B;�;3g?.zC947[5_1@ h <56\2t.D�Z2l;|032?<?<t_±;bC9g�8A@Z>tC9;Zd�°�@ r .]_v_±0=<5>tC9.]>5g�@L8?< r >�C=254ZCÉ69<54�8�d°�@ r .]_v_Õ`T.1;3;�j5<tg q w7254 r > q 4B>A8 r @ r .];}2
j5<tg r @�_]_ r .vC=2
j5<tgA6¸>A@ r 03254B_v_D@Z>A�Z@B;�ã

�Õ<tg%4B69@ r @Z_10=<5`%@�[?4703Ð®4B>�jtC9.]`a@�ãR < rTq 4 h @ r�r <5698?;�47[A<tg5C�j5<tgA6�>A@ r Í�4IjA2?@Z` @B85.zCb<56Sd !�4B`�47>ÈÌ~;|;|<?0b.14�Cb@�A69< h @B;3;}<56/.1>ÉC=2?@`��@ZkA4B6cCb`%@B>tC�< h Í�4�C=2?@B`
4ZC9.10b;�4B>A8�w�C94�C9.1;bC9.D09;�4�C�Ì�0b4785.]4���>5. ^5@B6bi;3.zC�j
.1> R <B^t4Tw70b<�C9.14Ad�e�@ h <569@�C=254�C q !�;|kA@B>tC�;}@}^5@Z6c4B_Aj5@B4B6c;¸4�C~C=2?@È��>5.z^5@Z6c;3.zC9.D@Z;¸< h{/4B`a[569.18A�Z@ q �~gA6b2547` q 47>A8T°L4�Cb@Z69_1<?<�d�Í�j
`
4B.]>%4B69@B4®< h `
4ZC=2?@Z`%4�C9.D094B_�.]>tCb@Z69@B;bC.1;±>5gA`%[A@Z6�C=2?@B<56Vj q [5g5C !�4B_];}<�254I^5@¸47>�.]>tCb@Z69@B;bCÕ.]>®`
4ZC=2?@Z`%4�C9.D09;~@78tg�0b4�C9.D<5>�d���2t.1;@78tg�0b4�C9.D<5>?4Z_Õ;=_14B>tC¸254B;�_1@78�`%@
8?< r >L4T>5gA`a[?@B6¸< h <�C=2?@B6�kA4�C=25; q .]>A0b_]g�8t.1>A�È0bgA6=i69.10bg?_]gA` 0b<5>?;3g?_zC9.1>A� h <56ÕC=2?@ R <Z^t4�w70b<�C9.14���@Bk?476PCb`a@Z>tC~< h y585g�094ZC9.1<5>T4B>A8È;|@B6V^t.1>A�



³B�

47; R <Z^t4�w70=<�C9.]4?: ;�kA69<Z^5.]>A0b.14Z_�0b<?<56985.]>?4ZC9<56 h <56ÕC=2?@®Í�4B69.zC9.1`%@®Í�4ZC=2?@Z`%4�C9.D09;�{/<5`aik�@IC9.vC9.1<5> r 6c.vCcC9@B>\[BjÉ69@B�I.D<5>?4Z_�2t.D�Z2�;}032?<?<t_B;=C9g�8?@B>tCc;Bd±Í�4B>�jÉkA69<?[t_D@Z`%; h 69<5`�C=2?@Z;}@0=<5`
k�@IC9.vC9.1<5>?;¸254�^5@®4BkAkA@B4B69@78ak?69@}^5.1<tgA;3_ j%.1>
C=2?@®w7Ð7<t_].]4�8�d�°�2?@Z>a>A<�C�[5gA;cj r .zC=24B_v_�< h C=2?@B;|@�<�C=2?@B6�C=2t.1>A��; q !�gA;3gA4Z_]_ j
;3k�@Z>A8ÈC9.]`a@ r .vC=2È`Èj
032t.]_18?69@Z> q <56~@�_1;|@\k?_]4�j`
gA;=.D0 Â k�<?<56c_zj7Ã|dÙZ47;bC h 4Z_]_�C=2?@ F0U�W.Y 1�UDNPOLK\[P]_^I`?K y?8t.vC9<569.]4B_�e�<547698�[A@B��47>�4T8t.1;|0bgA;|;=.D<5>69@7��4B6985.]>A��C=2?@ h <?0bgA;�< h Ä �¨B§DªZ¡�� ½�Ä5¡7�c¡BÒt¨�¢�dÕ°�2?@B>L�~æ<t_zjt45: ;��t4B6c4��Z<5> r 47;�;bC94B6cC9@78T4>5gA`a[?@B6�< h j5@B4B6c;\47�Z<L[Bj"�t4Zg?_�¯~CcCc4 r 4Ij q C=2?@Z69@ r 4B;É4
;|kA@70b. P�0�8t.169@B09C9.D<5>�C9<aC=2?@476PC9.D0b_1@B;�µAC=2?@}j h <?0bgA;}@B8È<5>®4¸C9@70325>5.XS5g�@É<56Õ.18A@Z4¸C=254�C r 47;�.1`
k�<56PC94B>tCÕ.1>®kA69<?[t_D@Z`ai;}<t_ ^5.]>A�\4B>A8TC=2?@B>
.v_]_vgA;=Cb6c4�Cb@B8ÈC=254ZC±C9@70325>5.XS5g�@®<5>TC r <
<56�C=2569@7@�k?69<?[5_1@B`
;Bd~wZ.1>A0b@C=2?@B> q C=2?@�0=<5>tC9@B>tC�< h C=2?@
�t476c47�Z<5>�254B;�^t4B69.1@78.S5g?.zCb@�4�_1<�CId±°�@�254�^5@®8?@70b.18A@B8TC9<69@�C9gA69>�Cb<aC=2?@a<56c.D�I.]>?4B_ h <569`%4�C h <56 h g5C9gA69@��t476c47�Z<5>?;Bd
��2t.1;\`%@B4B>?;ÉC=254�C r @ r .]_v_>A<�C¸254�^5@È4L�t476c47�Z<5>�@}^5@B6VjL`%<5>tC=2 q [5g5C¸<5>5_ j r 2?@B> r @|P�>A8�47>L4B6cC9.10b_D@�C=254�C�P5C9;C=2?@
`%<t_D8�d
·\< r @}^5@B6 q�r @ r .]_v_�0b<5>tC9.1>5g�@®C9< r @�_D0b<5`a@È476PC9.D0b_1@B;Zd�! r .];}2%C9<�.]>�^5.zCb@69@B478A@Z6c;\Cb<�;3g�[5`
.zC¸C9<�gA;�;}2?<56PCÉ4B6cC9.10b_D@Z;\.1>tC9@B>A8?@78 h <56�4�2t.1�Z2l;|032?<?<t_�4Zg�85.1@B>A0b@Ad
! h j5<tg h @B@Z_�C=2?@}j\P?C±C=2?@�`a<t_18 h <56�4a�t4B6c4��Z<5>a4B6cC9.10b_D@ q [?@�;3gA69@\C9<%kA<t.1>tC±C=254ZC�<tg5CId°�@\4769@É4B_];}<®4B_ r 4�j5;�.]>T>A@7@B8%< h �Z<?<?8aÍ�4�j?2?@B` kA69<?[t_D@Z`%;Zd ! h j5<tg%0b4B>
;=gAkAk5_zjÈgA;r .vC=2T;|<5`a@ q7r @ r <tg?_D8
[?@�`a<5;bC���6c4�Cb@ h g?_cd

!V>�0b_D<5;=.1>A� q _1@�C�`a@\C=254B>AÐÈ4B_v_�< h j5<tg h <56�C=2?@ r <56=Ð�j5<tgak?g5C~.1>tC9<�Í�4IjA2?@Z` q@Z.zC=2?@B6�85.]69@709C9_ j®<56�@}^5@B>È[Bj �DgA;=C�69@Z4�8t.1>A��4B>A8 r <56bÐ7.]>A��C=2?@�k?69<?[5_1@B`
;Bd ! r <tg?_D8®[A@^5@B6Vj�254BkAk7j�Cb<�2?@Z476 h 69<5` j5<tg�. h j5<tgl254�^5@
0=<5`
`a@Z>tC9;�<56�;=g��Z�Z@B;bC9.D<5>?;Zd !�2?<5kA@j5<tg�@Z>��V<Bj®C=2?@®�B���t³¸^5<t_]gA`%@�< h Í�4IjA2?@Z`"ã

9 :<;>=@?+A � JXH�� M�?+A��

	�

��� � ��
���������������� �!��"#
 �$���%
'&����#���(���!�)��� �*�#���,+.-/�%�*0�� 1
�"#
2�43���-/��5
,��
2�/�6�7��"85
2�%�
�*&,� ���9��
;:!<%=�>@? =�<BA C*? D D =�E@F(G G!H�I�J*
,�;�2�(���*�)��� �!�6�%
*KL �!
2�M��-/��1
,� L 
 �$��
N3
�*��
O�/
6��
2�%� �/�P-/�$�Q�2
2�

�� L � "O-R��
6S��!
M��T � ���������U�%
2�2��
V3��N��
2"@-��W�*&�� �/�/�Q�;-��*0�� � L �*�)��� ��3X
,�W�2�(���*�)��� �!��I

Y�Z �!S��*
.-/�%�*0���1
2"[
'��
2���\-��*0�� ��5
\3
� �*�]��
2�^3X
 �2+\�Q� �!_��!
2�`��a L ��
�� ��
2�^3�� Y � �*�!3
�
b � �!_(�Q�(�Q�c
 �ed)��� �RKL �(�Q��f2IhgW� �!�i��
,�O�7��"85
2�%���cj,kUl�kUm4
 �Vnok9�pT � �
_(�Q�(�Q�6-/��5
 L 5
�3X
2���q��
@dr��� �RKL �(�Q�sk
 �R3
� �!�W��
,�U�/� "85
��%���Bt�k/u�k�vi
 �Rw2k���
Bdr��� �RKL �(�Q�h-/��5
 L 5
(3X
����V�pT � �!_(�Q�(�Q�(IJ��'��5
�3
� L �)��� �`�2��� Z �(����
4�%
�"#
�� L ��
��;x(
2� ��yoz.� � L[{ 
2�s����
��q
 �Oz.� �o�)�)�}|��(��3
����
,�)�
ki3X

�pTr~P�
��&�
2���%����5
V3X
iz\� ������5
,�(� kR37T �*&��(�)�U�����!3���������
2�h-/�%�*0���1
2"[
,��I

t � �h� d�Ä��3¨ZÇÕ¨7½ ��ÈÇ/¡B�i�BÆ Ñ ¡�§P¥V���4�7ª7¢� 9¦
���¸¥X¦/�I¢?½ �ÖA� ��ÔÕ«S��d
V�gA4ZCb69@\69@B09C94B>A�I_D@Z;�;}<5>tC±4B6b6c4B>A�Aæ@B;�@B>ÈgA>
`a<�C9. h0b4B6b6�æ@ q 8A@È;|<56cC9@
S5g�: .]_];É@Z>tCb<tgA69@Z>tC�gA>�0b4B6b6�æ@Èk?_vgA;�k�@BiC9.vCId�w7<t.zC

S
_V: 4Z.169@a85g�0b4B6b6�æ@�@3èZCZæ@B6c.D@�gA6\@IC

Q
0b@Z_v_D@a8tg0b4B6b6�æ@É.]>tCZæ@B6c.D@�gA6Id?wZ.

S/Q = 9 + 4
√

5
q 8Õæ@ICb@Z6b`T.1>A@Z6�_1@6c47k?k�<56PC�8?@B;�0� <�CZæ@B;�8?@B;�69@B09C94B>A�I_D@Z;Bd

..........................................................................................................................................................................................................................................................................
..
.
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
...........................................................................................................................................................................................................................................................................

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

..

.

..

..

.

..

. .
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.

...............................................................................................................................................................

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

..

.

.

...............................................................................................................................................................



³Iå

t � �h� d�Ä��=¨ZÇÕ¨7½ ���Ç/¡7��¾��Z»B�I¢#�B¿7�c���  ���B¡ZÒ7�=��À ���?�3¨�¡5¥1����d
�A69<tgt^5@B6±_]4�69@�_14�C9.D<5>
@B>tCb69@

x
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q ;3.

x2 + y cos2 α = x sin α cos α
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x cos 2α + y sin 2α = 0
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tan−1
(

1

2

)
+ tan−1

(
1

4

)
+ tan−1

(
1

13

)
=

π
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a+b+c ≥ 3abc
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a2 + b2 + c2 ≥ 2abc
d

t � � 
 d�Ä��=¨ZÇÕ¨7½ ���Ç/¡7���±ÆXº~Æ]«?Æ�«7¡Z½Z¥X�9ª ��×�¡B¢?ÒB¡Z§V¨��3����ÛV¢�­A�td
wZ.

xy + yz + zx = 1
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Â 4�Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2√
(1 + x2)(1 + y2)(1 + z2)

¹
Â [7Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2

x + y + z − xyz
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x2 + y cos2 α = x sin α cos α
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x cos 2α + y sin 2α = 0
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)
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=
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a+ b+ c ≥ 3abc
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a2 + b2 + c2 ≥ 2abc
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xy + yz + zx = 1
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Â 4�Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2√
(1 + x2)(1 + y2)(1 + z2)

¹

Â [7Ã x

1 + x2
+

y

1 + y2
+

z

1 + z2
=

2

x + y + z − xyz
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I =
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1 +

p

100
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p = 100 · I − J

J
=
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q | x
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2x
(
1 + 21 + · · ·+ 22006
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1 + 41 + · · ·+ 42006

) q
1 + 21 + · · ·+ 22006 = 2x
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) d
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1 + 21 + · · ·+ 22006 =
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1− 2
= 22007 − 1

@IC
1 + 41 + · · ·+ 42006 =

1− 42007

1− 4
=

42007 − 1
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1 + 21 + · · ·+ 22006 = 2x
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1 + 41 + · · ·+ 42006

) q
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x = log2
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3
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≈ log2
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= log2 3− 2007 ≈ −2005, 415
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
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n z1 z2 · · · zn

z1 1 + z2
1

1 · · · 1
z2 1 1 + z2

2
· · · 1ddd ddd ddd d d d ddd

zn 1 1 · · · 1 + z2
n
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Â 4�Ã�Í"<5>tCb69@B6GS5g�@ tan A

A
+

tan B

B
+

tan C

C
>
(

6

π

)2 d
Â [7ÃLÍ"<5>tCb69@B6GS5g�@

A cot A + B cot B + C cot C <
(

π

2

)2 d
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π
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π
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c2 ≤

∑
� ����� � ��� �

A cot A ≤ c3
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a + b + c + d + 1
− 1

(a + 1)(b + 1)(c + 1)(d + 1)
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a + 1
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(a + 1)(b + 1)

] d

�8� � � dLÄ��3¨ZÇÕ¨7½ ���Ç/¡B��£��V 9¦/�}§�×�¡5¥D¡��]§v§�����º�¨�¿t��¢���Ý7�9¡B¢/ b�td
w7<t.vC {Ln}

_14¸;3g?.zCb@�8?@�Ù�g�0b4B;~8Õæ@�PA>5.D@¸k?476
L0 = 2

q
L1 = 1

q @IC q k�<tgA6
n ≥ 1

q
Ln+1 = Ln + Ln−1

d/Í"<5>tCb69@Z6QStg�: <5>%4 q kA<tgA6�Cb<tgA;�_1@B;�@Z>tC9.D@Z6c;
n
>A<5>
>�æ@7��4�C9. h ; q

bn/2c∑

k=0

(
n + 1

2k + 1

)
L2k

2n
=

bn/2c∑

k=0

(
n− k

k

)
Lk

22k

d



m�m7m

�8� � � dTÄ��=¨ZÇÕ¨7½ ��~Ç/¡7� ��»I�V­7�c¿�Ý�¿B�3­�¿���� ���¥9¿t­7�D¡B¢�¥ � Ñ �I½�¥��I�b¢%£��V 9¦5�]Ò7¡B¢ÏÔ�¢t��»B�I�c½=�P¥Dª �
�/¡�§D¡B�%¡ �S¨?¨ ��£©Û � �
 �BÔ±d

w7<t.vC
n
gA>a@Z>tC9.D@Z6±C9@Z_FStg�@

n ≥ 2
d���47>?; � n q ;|<t.vC E

_�: @B>?;|@B`%[5_1@�8A@Z;�k�<t.]>tC9;
(x1, x2, . . . , xn)

C9@Z_];aStg�@
xi ≥ 0

kA<tgA6�C9<tgA;�_D@Z;
i
@IC

0 < x1+x2+· · ·+xn ≤ 1
d

{/4Z_D0bg?_1@B6�_�: .1>tC�æ@B��6c4B_1@�;3gA6�yT8A@É_14�kA4B6cC9.1@ h 6c4709C9.D<5>?>?4Z.169@�8A@ 1

x1 + x2 + · · ·+ xn

d
�8� ��� dLÄ��3¨ZÇÕ¨7½ ���Ç/¡B����¡B¢ ���7¥c¥��I� ��ºÕ�IÒ��D¢?¡ ��« �±d

Ì	_�: 47k?kA69<?032?@a8/: gA>A@T^5<t.zC9gA69@ q gA>L^t4Bg5C9<tgA6 Â 4I^5@70�gA>A@�æ@B85g�094ZC9.1<5>�gA>5. ^5@B6c;=.DiC94Z.169@�ã ÃÉk5.UStg�@B>5.XS5gA4B>tC®;=gA6\_14�69<tg5C9@%^t4�Cb<tg �V<tgA6c;È;�: @B>�^5<t_1@B6�8547>?;®gA>A@�85.]69@709C9.1<5>032?<t.1;=.D@ÉkA<tgA6±`
4IèB.1`T.1;|@B6Õ_14�8t.1;bC94B>A0=@É`T.1>5.]`%4Z_D@\@Z>tCb69@É_vg?.�@�C�_]4¸^5<t.vC9gA69@?d�Í"<5>tCb69@Z6S5g�@®_1@È6c4BkAkA<56cC�8A@�_14�^5.zCb@Z;|;|@È8A@�_14�^5<t.vC9gA69@È@�C�0b@Z_v_D@È8A@�_�: <t.1;|@B4Zg�@B;bC
sec θ

q <o�g
θ@B;bC±_�: 47>A�I_1@�@Z>tCb69@\_]4\Cb6c4��V@709C9<t.169@�85gÈ^t4Bg5C9<tgA6�@�C�_14�69<tg5Cb@?d

�8�8��( dLÄ��3¨ZÇÕ¨7½ ���Ç/¡B��£¤¡B�c�D¡B¢ÏÁZ��¥1�V»I¡ ��×��
 �c§D¡t­���ºÕ¨�¿7�%¡B¢5�V�td
w7<t.vC

n
gA>�@B>tC9.1@B6�k�<5;=.vC9. h d�Í"<5>tCb69@B6>Stg�: <5>�kA@Zg5C�Cb69<tgt^5@B6�gA>A@TkA4B6cC9.zC9.D<5>�8A@_�: @B>?;|@B`%[5_1@ {12
q
22
q
. . .
q
n2} 8A@Z; n

kA69@Z`
.1@B6c;�0b4B6b6�æ@B;¸k?476 h 4B.zC9;�@B>�StgA4ZCb69@®;}<tgA;|i@B>?;|@B`%[5_1@B; q 4Ijt47>tC�03254�0bgA>®_]4É`T @B`%@�;}<5`
`a@�8A@¸_1@ZgA6c;Éæ@�_9æ@Z`a@Z>tC9; q ;3.?@�C�;}@�g?_D@Z`a@Z>tC;3.
n = 8k

<tg
n = 8k − 1

q kA<tgA6±gA>a0b@B6PC94Z.1>%@Z>tC9.D@Z6
k ≥ 2

d
�8�8� � d\Ä��3¨ZÇÕ¨7½ ��±Ç/¡B�P�B¿B¡7¢ �|×�¨7½I =¨�º�¨��L�I�3¨�£ �¡B�3Ü�¿t� � ��Ô�¢t��»B�I�c½=�P¥ ���­A� �5¡�§]§1¡5­A¨B§v��­��
�5¡Z§v§D¡t­A¨B§]�V­���
7½=Ç/¡ZÒ7¢��td

w7<t.vC
ABC

gA>�Cb69.]47>A�I_1@�8?@�0� <�C�æ@Z;
a
q
b
@�C

c
<5kAkA<5;7æ@Z;�69@B;3k�@B09C9.z^5@Z`a@Z>tCÉ4Bg�è47>A�I_1@B;

A
q
B
@�C

C
d�w7<t.vC

AH
_14®kA@B69k�@Z>A85.10bg?_14Z.169@�4BgL0� <�C�æ@

BC
4I^5@70

H
;3gA6

BC
d�5<5;}<5>?;

m = BH
@�C

n = CH
d�Í"<5>tCb69@B6^Stg�@

a(bm + cn) − bc(b + c)
@B;bCk�<5;=.vC9. h q >Õæ@B��4ZC9. h <tg%>5g?_ q ;3g?. ^t47>tCQStg�@\_V: 4B>A�I_D@

A
@Z;=C~<?[tC9gA; q 4B.1�Iga<tga8?69<t.zCId

�8�8�8� dLÄ��3¨ZÇÕ¨7½ ���Ç/¡B��Ä�¦A¡B� �5¡7¢ÏÁZ¦�¿B¡7¢��*�É¡7¢�¨B��Ô�¢5�V»B���P½3��¥XªT¨7Ø�«t P���I¢/ b��� �É¡B¢/¨B� �
�?���7¥X¢A¡B��d

y�Cc47>tC±8?<5>?>�æ@\8?@B;~>A<5`%[?69@Z;�6�æ@7@�_1;~kA<5;3.zC9. h ;
a
q
b
@�C

c
C9@Z_];QS5g�@

a + b + c = 1
q`a<5>tCb69@Z6QS5g�@

(1− a)(1− b)(1− c)
(
1− a2

)2
+
(
1− b2

)2
+
(
1− c2

)2 ≤
1

8

d

�8�8�8� d Ä��=¨ZÇÕ¨7½ ���Ç/¡7�¤�� 9¦t�]§v§��I¡B½�Ä5¡t»I§V¨7½�Ä�¨��9ØVªB�c�D¡t­7�1½ � ���¥9¿t­7�D¡B¢�¥ �L���L���c�V c¡B¢
��¨B§]§V�IÒt��­A�
ÁZ¦/�S½|½|¡Z§V¨�¢5�VÜ�¿5� �V��¢?¡?¥V¨B§]�1¡�� ��ÁZ¦/�S½|½|¡Z§V¨�¢5�VÜ�¿5���±Ö�� ��B =��d

w7<t.vC
a
q
b
@�C

c
8?@B;�>A<5`a[569@B;�6�æ@7@�_1;�kA<5;3.zC9. h ;�;|4�C9.1; h 4B.];|4B>tC

1

a
+

1

b
+

1

c
=

1

abc

d
Í"<5>tCb69@B6QStg�@

a

a2 + 1
+

b

b2 + 1
+

c

c2 + 1
≤ 3

√
3

4

d



m�m7�

�8�8� � d®Ä��3¨ZÇÕ¨7½ ��~Ç/¡7�R�BÆ �?¦?�c�1½�ÝZ�1½|¦/�I�~�7¥ �É¡B�c§��Iª Ñ �I½�¥�¨�¢��~Ô�¢t��»B�I�c½=�P¥ ���­A�ÉºÕ�IÒ��D¢?¡ �º��SÒZ�1¢A¡ ��« �±d
w7<t.vC

A0B0C0

gA>�Cb69.]47>A�I_1@±.1;|<?0¡�@Z_1@�8?<5>tC�_V: 4B>A�I_D@~4Bg�;}<5`
`a@IC
A0

@B;bC/8t.���æ@B69@Z>tC8A@
120◦ dA¯�>
8Õæ@�P�>5.zC±gA>A@\;=g?.vC9@�8A@�Cb6c.14B>A�I_D@Z; AnBnCn

8547>?;�_]4�Stg�@Z_v_D@É_1@�Cb6c.14B>A�I_D@
Ai+1Bi+1Ci+1

@B;bC�<?[�Cb@Z>5g��4�k?476PC9.16/85gÉCb6c.14B>A�I_D@
AiBiCi

@B>ÉkA69@Z>?47>tC/_]4�6�æ@ ��@=è7.1<5>8A@
032544S5g�@T;|<5`%`%@�C�kA4B6�6c4BkAkA<56cC�4Bg�0� <�C�æ@T<5k?k�<5;7æ@ Â 0�dvi¡�4�i38�d
BiCi

@Z;=C�kA@B69k�@Z>A85.1i0bg?_14Z.169@¸4BgÈ;|@7��`%@B>tC
AiAi+1

@�CÕ_1@�0=<tgAkA@É@B>®;|<5>®`T.]_v.D@�g�Ã3dAÍ"<5>tCb69@B6oStg�@¸_1@B;�Cb69<t.];47>A�I_1@B;~Cb@Z>A8A@Z>tC�^5@Z6c;
60◦ _1<56c;&Stg�@ n→∞ d´ 
?­ �S{�@�kA69<?[t_0�@Z`a@�@Z;=C�gA>\0b4B;Õk?476PC9.D0bg?_v.D@Z6�8�: gA>\k?69<?[5_0�@B`%@�<tgt^5@B6PC�8Õæ@B0=69.zC/kA4B6Î=g�8?472�w7032 r 4B6cC87 q
� {/4B>
Cb@B0325>A<t_D<?�}ja2?@�_1k%gA;�`%47Ð7@\C=2?@®`
4ZC=2?@Z`%4�C9.D09;¸0bgA6b6c.D0bg?_vgA`.1>tC9@Z_v_D@B09C9gA4B_v_zj\;=C9.]`
g?_]4ZC9.]>A��4B>A8�;}<?0b.]4B_v_zjÉ69@B;3k�<5>?;=.D[t_D@¡��� q ÛV¢/¥��I�b¢A¡5¥1��¨�¢?¡Z§!��¨�¿B�b¢A¡�§�¨7Ø

��¨��ÈÇ�¿?¥V���P½�Ø�¨���£¤¡5¥X¦/�I�%¡?¥1�V c¡�§U�t��¡B�b¢5�1¢?Ò q
4
Â mBn�n7n�Ã q kAk�dAn�n p m7m7nAd ¶

�8�8� � ? dLÄ��3¨ZÇÕ¨7½ ���Ç/¡B��Ä5¡7¢�¨7½	
�Æ�Á}½}¡t¨�¿B½3½�¨7Ò�§�¨�¿ �?�¸¥X¦ ��I¢/�S½ ��Ö�� ��7 b�td
w7<t.vCß8?<5>?>�æ@

(B, β)
gA>�;|@709C9@ZgA6²4B>A�Ig?_14Z.169@�;34B.v_]_]47>tC²8A@�;|<5`%`%@�C

B
@IC8/: 47>A�I_1@

β
d~w7<t.vC

(A, α)
gA>²;|@709C9@ZgA6�47>A�Ig?_]4B.]69@�;|4Z.]_v_14B>tCÈ8?<5>tC�_D@Z;
0� <�CZæ@B;

`
@�C

m0=<tgAkA@B>tC±0=@�g�è�8A@
(B, β)

@B>�S5gA4�Cb69@Ék�<t.]>tC9;�8t.1;bC9.1>A09Cc;
P
q
Q
q
R
@IC

S
q 8?@�;}<56PCb@^Stg�@

P
;|<t.vC±;=.vC9g�æ@�@B>tCb69@

A
@�C

Q
8�: gA>A@�kA4B6cC�@IC�@B>tCb69@

B
@�C

S
8�: 4Zg5Cb69@�kA4B6cCId

Â 4�Ã
wZ.A_�: 47>A�I_1@
α
@B;bC�8?<5>?>�æ@ q k�@�g5C=i|<5>%032?<t.];3.]6

A
@�C

`
8?@ÉCb@�_]_1@\;}<56PCb@`Stg�@

[PBQ] + [APS] = [PQRS]
q

<o�g
[XY Z]

8Õæ@Z>A<�Cb@É_�: 4B.]69@�8tgakA<t_zj5�Z<5>A@
XY Z

�
Â [7Ã.V�gA47>A8akA@Zg5C=i3<5>L0b<5>?;=Cb6cg?.169@�_1@B;¸8?69<t.zCb@Z;

`
@�C

m
4I^5@70�8?@B;�<tg5C9.v_1;¸@�g�0b_].185.1@B>?;8A@ h 4��03<5>��4�;34ZC9.]; h 4Z.169@É_]4�0=<5>A8t.vC9.1<5> Â 4IÃ�kA<tgA6±gA>A@�^t4B_1@ZgA6~8A@

α
8A<5>?>Õæ@B@��

d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d d
� � � � d�-/@Bk5_1470=@Z`a@Z>tCId Ä��=¨ZÇÕ¨7½��B­ßÀ7ª'��¨7½ ����?¿��1½ � �
 ¡����|×�¡B�b�3�I�3¨ �aÔ�¢t��»B�I�c½=�P¥1¡?¥Ä�¨B§]��¥ ��7 9¢t�� P¡
­A� �?¡?¥1¡Z§P¿7¢AªZ¡ ��×�¡B�3 b�S§V¨�¢A¡ ��«�Ç/¡��D¢�d

ÙB@�C
z1

q
z2

q
. . .
q
zn
[A@�C=2?@ 73@Z69<?@B;�< h C=2?@�0=<5`
k?_1@3è�k�<t_ j?>A<5`T.14Z_

A(z) = zn + an−1zn−1 + · · ·+ a1z + a0

q
r 2?@B69@

a0 6= 0
d��A69<B^5@�C=254ZC

det




n z1 z2 · · · zn

z1 1 + z2
1

1 · · · 1
z2 1 1 + z2

2
· · · 1ddd ddd ddd d d d ddd

zn 1 1 · · · 1 + z2
n




= a2
1

d



m�m7�

�8� � � d�Ä��=¨ZÇÕ¨7½��B­aÀ�ªT£Ï�D¦ �¡�§XªT×���¢�  �S����×��c¡B½I¨5»���ºÕ¨��%¡7¢t�D¡?d
Â 4�ÃLÙB@�C

a
4B>A8

b
[?@�k�<5;=.vC9. ^5@�69@Z4B_�>5gA`a[?@B6c; r .zC=2

a < b
47>A8T_D@IC

f : [a, b]→ �[A@�4È0=<5>tC9.]>5g�<tgA;3_ ja85. ��@Z69@B>tC9.]4�[t_D@�47>A8%;=Cb6c.D09C9_ j
`a<5>A<�C9<5>A@ h gA>A09C9.D<5>�d�w72?< rC=254ZC�C=2?@Z69@\.];�4�69@Z4B_�>5gA`a[?@B6
c ∈ (a, b)

;=g�032®C=254ZC
(a + b)f(c) = af(a) + bf(b)

d
Â [7Ã ? ÙB@�C

a1

q
a2

q
. . .
q
an
[?@�k�<5;=.vC9. ^5@¸69@B4Z_?>5gA`%[A@Z6c; r .vC=2

a1 < a2 < · · · < an47>A8�_D@IC
f : [a1, an] → � [A@
4%0=<5>tC9.]>5g�<tgA;3_ j�8t.���@B69@Z>tC9.147[5_1@
4B>A8�;=Cb6c.D09C9_ j`a<5>A<�C9<5>A@ h gA>A09C9.1<5>�d�w72?< r C=254ZC�C=2?@Z69@¸.];±4¸69@B4Z_5>5gA`a[?@B6

c ∈ (a1, an)
;3g�032C=254ZC

(
n∑

k=1

ak

)
f(c) =

n∑

k=1

akf(ak)
d

�8� � � d�Ä��=¨ZÇÕ¨7½��B­aÀ�ªT£Ï�D¦ �¡�§XªT×���¢�  �S����×��c¡B½I¨5»���ºÕ¨��%¡7¢t�D¡?d
ÙB@�C

ABC
[A@\47>
470bg5Cb@Bi34B>A�I_D@B8ÈCb69.]47>A�I_1@Ad

Â 4�ÃL�A69<B^5@�C=254�C tan A

A
+

tan B

B
+

tan C

C
>
(

6

π

)2 d
Â [7Ã��A69<B^5@�C=254�C

A cot A + B cot B + C cot C <
(

π

2

)2 d
Â 0cÃ ? ��@ICb@Z6b`T.1>A@®C=2?@
[A@Z;=C¸0=<5>?;bC94B>tC9; c1 ≥

(
6

π

)2 4B>A8
0 < c2 < c3 ≤

(
π

2

)2
;3g�032®C=254�C

∑
� ����� � �

tan A

A
≥ c1

47>A8
c2 ≤

∑
� ����� � �

A cot A ≤ c3

d

�8� � � d Ä��=¨ZÇÕ¨7½��B­ßÀ�ªl«7¦?¡A¿B¢ Ñ ¦t�P¥V����½Z¥9¿t­A��¢/¥ � �?�D¢� =�I¢�¥\£"¡B½3½��IªÏ«t�7 b¨�¢/­t¡B�bª«5 9¦�¨?¨B§�� Ñ �D¢�­�½�¨�� ����¾®d
â�. ^5@B>l4B>�j�.1>tC9@7�Z@Z6c;

k
q
`
q
m
q ��69@B4�Cb@Z6¸C=254B>

2
q 47>�.]>tCb@B�Z@B6

n
.];�094B_v_D@B8"� � �Ç/�3�S½|½=�PÀB§V� h <56

(k, `, m)
. h C=2?@B69@�@3èB.1;bC�k�<5;=.vC9. ^5@�69@Z4B_�>5gA`%[A@Z6c;

a1

q
a2

q
. . .
q

ak;3g�032®C=254ZC k∏
i=1

ai = 1
47>A8

k∑

i=1


∑̀

j=1

ai+j−1




m

= n
q

r 2?@B69@ÉC=2?@\;3g�[5;}0=6c.1ktC9;�4769@�C947Ð7@B>
`a<?8tg?_D<
k
dwZgAkAkA<5;}@TC=254�C h <56¸;}<5`%@

(k, `, m)
C=2?@T.1>tC9@7�Z@Z6

2005
.];�@3è7kA69@Z;|;=.D[t_D@ r 2t.v_D@

1987
.1;�>A<�CId~�7.1>A8ÈC=2?@�<5698A@Z69@78ÈCb6c.1k5_D@

(k, `, m)
d



m�mIå

�8� � 
 d�Ä��=¨ZÇÕ¨7½��B­aÀ�ªT£Ï�D¦ �¡�§XªT×���¢�  �S����×��c¡B½I¨5»���ºÕ¨��%¡7¢t�D¡?d
! h

a
q
b
q
c
q 4B>A8

d
4769@\k�<5;=.vC9. ^5@É.1>tC9@7�Z@Z6c; q kA69<Z^5@ÉC=254�C

45

(
1

a + b + c + d + 1
− 1

(a + 1)(b + 1)(c + 1)(d + 1)

)

≤ 4 +
∑
� ����� � �

[
1

a + 1
+

1

(a + 1)(b + 1)

] d

�8� � � d�Ä��=¨ZÇÕ¨7½��B­aÀ�ªT£Ï�� 9¦��S§Õ×�¡?¥1¡Z�v§]§V����ºÕ¨�¿5�I¢
��Ý7�9¡B¢/ b�td
ÙB@�C {Ln}

[A@LC=2?@²Ù�g�0947;
;|@4Stg�@B>A0b@Ï8A@�P�>A@B8ß[Bj
L0 = 2

q
L1 = 1

q 4B>A8
Ln+1 = Ln + Ln−1

h <56
n ≥ 1

d\�A69<Z^5@�C=254�C q h <56�4Z_]_/>A<5>Ai=>A@7��4�C9.z^5@�.1>tC9@7�Z@Z6c;
n
qr @�254I^5@

bn/2c∑

k=0

(
n + 1

2k + 1

)
L2k

2n
=

bn/2c∑

k=0

(
n− k

k

)
Lk

22k

d

�8� � � d�Ä��=¨ZÇÕ¨7½��B­TÀ7ª ��»S��­7�P¿®ÝA¿7�=­�¿Z� �A½�¥9¿5­A�I¢�¥ � Ñ �I½�¥��I�b¢%£Ï�� 9¦t�1ÒB¡7¢lÔ�¢t��»B�I�c½=�P¥Dª �
�/¡�§D¡B�%¡ �S¨?¨ ��£©Û ��ÔÕ«S��d

ÙB@�C
n
[?@�47>�.]>tCb@B�Z@B6 r .zC=2

n ≥ 2
d !V> � n

q _D@IC
E
[?@�C=2?@�;|@�C�< h k�<t.]>tC9;

(x1, x2, . . . , xn)
;3g�032®C=254ZC

xi ≥ 0
h <56±4B_v_

i
47>A8

0 < x1 + x2 + · · ·+ xn ≤ 1
d

{/4Z_D0bg?_]4ZC9@ÉC=2?@É.1>tC9@7��6c4Z_/<B^5@Z6
E
< h C=2?@ h 6c4709C9.D<5>?4Z_�kA4B6cC�< h 1

x1 + x2 + · · ·+ xn

d
�8� ��� d�Ä��=¨ZÇÕ¨7½��B­aÀ�ª ��¡7¢ ���7¥c¥��I� ��º��SÒZ�1¢A¡ ��« �±d

Ìl^5g?_zC9gA69@ r .zC=2È4\gA>5.z^5@Z6c;3.zC�j
@B85g�094ZC9.1<5> q7r 2?@Z>
47k?kA69<547032?@78
[BjT4�0b4B6 r 2t.v_D@85.]>5.1>A�®<5>
C=2?@®69<5478 qtr .]_v_/4B_ r 4�j5; �5ja< ��.]>a4T8t.169@B09C9.D<5>�032?<5;}@Z>
Cb<%`
4IèB.1`T. 73@\C=2?@85.];=Cc47>A0b@T< h 0b_D<5;|@B;bC�47k?kA69<547032L< h C=2?@T09476Sd\w72?< r C=254ZC�C=2?@È6c4�C9.D<�< h C=2?@È;3k�@B@78�< hC=2?@�0b4B6�Cb<¸C=2?@�;3k�@B@78�< h C=2?@�[t.1698É.];
sec θ

qIr 2?@Z69@
θ
.];�C=2?@�4B>A�I_D@~C=254ZC�C=2?@~^5g?_zC9gA69@5: ;

�A.1�Z2�C~kA4�C=2
`
4�Ð7@Z; r .zC=2®C=2?@�69<5478�d
�8�8��( d�Ä��=¨ZÇÕ¨7½��B­aÀ�ªT£"¡7�c�1¡7¢lÁB�7¥1��»I¡ ��×��
 �c§D¡t­���ºÕ¨��%¡7¢t�D¡?d

ÙB@�C
n
[?@�4�k�<5;=.vC9. ^5@\.]>tCb@B�Z@B6Sd��A69<B^5@ÉC=254�C±C=2?@�;}@IC {12

q
22
q
. . .
q
n2} < h C=2?@P�6c;bC

n
k�@Z6 h @B09C¸;&StgA4769@Z;\0b4B>�[A@Tk?476PC9.vC9.1<5>A@78�.]>tCb< h <tgA6�;3g�[5;}@IC9;\@Z4�032L254�^t.1>A��C=2?@;|4B`a@�;=gA`�< h @�_D@Z`a@Z>tC9;�. h 4B>A8a<5>5_ jT. h

n = 8k
<56

n = 8k − 1
h <56~;|<5`a@É.1>tC9@7�Z@Z6

k ≥ 2
d

�8�8� � d Ä��3¨ZÇÕ¨7½I�7­¤À7ª��B¿B¡7¢ �|×�¨7½I =¨"ºÕ¨��L���=¨�£ �¡7�=Ü�¿5��� �
Ô�¢t��»B�I�c½=��­t¡t­"­A� �5¡�§ �§D¡t­A¨B§]�V­�� �5¡Z§v§D¡t­A¨B§]�V­���«IÇ/¡Z�1¢�d
ÙB@�C

ABC
[A@�4\Cb69.]47>A�I_1@ r .vC=2T;=.D8?@B;

a
q
b
q
c
<5k?k�<5;=.vC9@ÉC=2?@�4B>A�I_D@Z;

A
q
B
q
C
q69@B;3k�@B09C9.z^5@�_zj�dÉÙB@IC

AH
[?@�k�@Z6bkA@B>A8t.D0bg?_]476~C9<ÈC=2?@�;3.18A@

BC
r .vC=2

H
<5>

BC
d�w7@IC

m = BH
47>A8

n = CH
d��A69<Z^5@TC=254�C

a(bm + cn) − bc(b + c)
.];\k�<5;=.vC9. ^5@ q>A@7��4�C9.z^5@ q <56 73@Z69<T4�0b0=<5698t.1>A�É47;

∠A
.];�<?[tC9gA;|@ q 470bg5Cb@ q <56±69.1�Z2�C=i34B>A�I_D@B8�d



m�m �

�8�8�8� d�Ä��=¨ZÇÕ¨7½��B­TÀ7ª®Ä�¦?¡7� �5¡7¢LÁB¦�¿7¡B¢
�3�É¡7¢�¨B�±Ô�¢t��»B�I�c½=�P¥Dª�¨7Ø�«t P���I¢/ b��� �É¡B¢/¨B� �
�?���7¥X¢A¡B��d

â�. ^5@B>TkA<5;3.zC9.z^5@�69@B4Z_A>5gA`%[A@Z6c;
a
q
b
q
c
;=g�032�C=254�C

a + b + c = 1
q kA69<Z^5@�C=254�C

(1− a)(1− b)(1− c)
(
1− a2

)2
+
(
1− b2

)2
+
(
1− c2

)2 ≤
1

8

d
�8�8�8� d Ä��3¨ZÇÕ¨7½I�7­�À7ª¤�� 9¦t�]§v§��I¡B½²Ä5¡t»I§V¨7½ßÄ�¨��9ØVªB�c�D¡t­7�1½ �a½�¥9¿5­A�I¢�¥ �È���L���c�V c¡B¢
��¨B§]§V�IÒt��¨7Ø~ÁB¦��I½3½}¡�§�¨�¢t�D¬7�
�V��¢A¡5¥�¨B§v�D¡ � ��ÁB¦��I½3½}¡�§�¨�¢t�D¬7� ��Ö��3�B�7 b�td

ÙB@�C
a
q
b
q
c
[?@�kA<5;3.zC9.z^5@\69@Z4B_�>5gA`a[?@B6c; r 2t.1032T;|4�C9.1; h j

1

a
+

1

b
+

1

c
=

1

abc

d
�A69<B^5@�C=254ZC

a

a2 + 1
+

b

b2 + 1
+

c

c2 + 1
≤ 3
√

3

4

d
�8�8� � d Ä��=¨ZÇÕ¨7½��B­�À�ª^�BÆ	�?¦A�c�]½�ÝZ�1½|¦/�I�T¡7¢�­ �É¡7�c§V�Iª Ñ �S½Z¥V¨�¢
��Ô�¢t��»B�I�c½=�P¥Dª²¨7Øº��SÒZ�1¢A¡ ��ºÕ�IÒ��D¢?¡ ��« �±d

ÙB@�C
A0B0C0

[?@�4B>T.1;|<5;}0b@Z_1@B;±Cb69.]47>A�I_1@ r 2?<5;|@\47kA@3è�47>A�I_1@
A0

.];�>A<�C
120◦ d°�@Ï8A@�P�>A@l4l;}@¡S5g�@Z>A0=@Ï< h Cb69.]47>A�I_1@B;

AnBnCn
.1> r 2t.D032 4Ai+1Bi+1Ci+1

.];<?[tCc4B.]>A@78 h 69<5` 4AiBiCi
[Bj%69@���@709C9.]>A��@Z4�032®^5@Z6cC9@3è®.]>TC=2?@®<5kAkA<5;3.zCb@�;=.D8?@ Â C=254ZC.1; q

BiCi
.];�C=2?@Èk�@Z6bkA@B>A8t.D0bg?_]476�[5.];}@B09Cb<56�< h

AiAi+1

q 47>A8�;|< h <56cC=27Ã3dÈ�A69<B^5@�C=254�C4B_v_?C=2569@7@�4B>A�I_D@Z;�4BkAk?69<54�032
60◦ 4B; n→∞ d´ 
?­��É��2t.1;�kA69<?[t_D@Z`�.];�4a;|kA@70b.]4B_�0b4B;}@a< h 47>Ï<5kA@B>lk?69<?[5_1@B` 8A@Z;}0=6c.D[?@78l[BjÎ=g�8?472�w7032 r 476PC87�.]> � {/4B>ÉC9@70325>A<t_1<?�}j�2?@�_1k\gA;Õ`%47Ð7@�C=2?@�`%4�C=2?@B`
4ZC9.10b;�0bgA6b6c.D0bg?_vgA`.1>tC9@Z_v_D@B09C9gA4B_v_zj\;=C9.]`
g?_]4ZC9.]>A��4B>A8�;}<?0b.]4B_v_zjÉ69@B;3k�<5>?;=.D[t_D@¡��� q ÛV¢/¥��I�b¢A¡5¥1��¨�¢?¡Z§!��¨�¿B�b¢A¡�§�¨7Ø

��¨��ÈÇ�¿?¥V���P½�Ø�¨���£¤¡5¥X¦/�I�%¡?¥1�V c¡�§U�t��¡B�b¢5�1¢?Ò q
4
Â mBn�n7n�Ã q kAk�dAn�n p m7m7nAd ¶

�8�8� � ? d�Ä��=¨ZÇÕ¨7½��B­aÀ�ª
Ä5¡B¢/¨7½ 
�Æ�Á}½}¡t¨�¿B½3½�¨7Ò�§�¨�¿ �A�¸¥X¦���¢5½ ��Ö��=�7�B =��d
�/2?@É;=.D8?@B;

`
4B>A8

m
< h 4B>È4�0bg5C9@É47>A�I_1@

α
r .zC=2\^5@B6PCb@=è

A
.]>tCb@Z6c;}@B09CÕC=2?@É;3.18A@Z;< h 4^P�è7@78®4�0bg5C9@É47>A�I_1@

β
r .zC=2\^5@B6PCb@=è

B
.1> h <tgA6�85.];=C9.]>A09C�k�<t.]>tC9;

P
q
Q
q
R
q 4B>A8

S
q_147[A@�_]_1@78T;}<�C=254ZC

P
_v.D@Z;�[A@IC r @7@Z>

A
47>A8

Q
4B>A8
4B_];}<T[?@�C r @B@B>

B
4B>A8

S
d

Â 4�Ã ! h C=2?@�`%@B4B;3gA69@�< h
∠α

.1;QP�è7@78 q 0b4B>
A
47>A8

`
[?@�032?<5;}@Z>
;|<®C=254�C

[PBQ] + [APS] = [PQRS]
q

r 2?@B69@
[XY Z]

8A@Z>A<�Cb@Z;�C=2?@\4769@Z4®< h kA<t_zj5�Z<5>
XY Z

�
Â [7ÃT°�2?@B>�4B69@�C=2?@�_v.1>A@Z;

`
47>A8

m
0b<5>?;=Cb6cg�09C9.D[t_D@ r .vC=2Èy�g�0b_].18A@Z47>\Cb<?<t_];ÕC9<�;|4�C9.1; h jC=2?@�0b<5>A85.zC9.D<5>T.]>
k?476PC Â 4�Ã h <56~4��I.z^5@Z>
Ptè7@B8®^t4Z_]g�@�< h

α
�



m�m �

� � ��� �j��� � �

¾�¨®Ç/�=¨AÀB§��I���1½\�Z»B���~ÇÕ���b�%¡B¢/�I¢�¥1§Dª% P§�¨7½I�7­�ÆTÁZ¦/�È�B­7�P¥V¨����]½�¡�§�¼�¡7ªB½�Ç�§��I¡B½I�7­¥�¨
 =¨�¢5½3�V­A���±Ø�¨���Ç�¿5ÀB§]�V c¡5¥1��¨�¢
¢/�B¼©½I¨B§c¿5¥1��¨�¢5½�¨��~¢/�B¼ß�1¢?½=�1ÒB¦�¥]½�¨�¢ÈÇ/¡Z½Z¥�Ç/�=¨AÀB§��I�
½BÆ
�A<5` ÙB@B<5>A� q e�69<?<?Ð7_ j?> q3R � q ��wIÌ�2547;±.]>A85.10b4�Cb@B8�C=254ZC r @É<5`T.vCcC9@78®4É0=69g�0b.]4B__].]>A@È.1>�2t.]; h @Z4ZC9gA69@B8�;|<t_]g5C9.1<5>aC9<�kA69<?[t_D@Z`��7�7n�o ´ �B��� � µ � �7� p�� � � ¶td\Ì�C�C=2?@
@Z>A8< h C=2?@\k?476c47��6c47kA2
0=<5>tCc4B.]>5.1>A�É@4StgA4ZC9.1<5>?; Â mSÃÕ47>A8 Â �IÃ q .zC±;|2?<tg?_D8T254�^5@�[?@7@Z>T>A<�Cb@B8C=254ZC�4�;}<t_vg5C9.D<5>TC9<TC=2?@�k?69<?[5_1@B` h <t_]_1< r ;�[?@7094BgA;|@

sk(am) = −sk(bn−m−k+2)
q47>A8%0b<5>?;}@¡S5g�@Z>tC9_zj

∑

K∈F
P (K) =

n−k+1∑

m=1

sk(am) +

n−k+1∑

m=1

sk(bm) = 0
d

°�@�4Bk�<t_1<?�I. 73@ h <56�C=2t.];�<5`
.];|;=.D<5>�d

� � 
 � d ´ �B����å	µ~� � o q �t³Bm5¹É�7�7� � µÕåAm7m p åAm7�Z¶ Ä��3¨ZÇÕ¨7½I�7­©À7ª �5¡B½=�]§V� � �
 �}¥�¨�¡ �3���Ô�¢t��»B�I�c½=�P¥DªT¨7Ø�Ä?§V¨B���S½Z¥1� ��º�¨��%¡B¢5�1¡Ad
ÙB@�C

a
q
b
q
c
q
d
q 4B>A8

r
[?@�kA<5;3.zC9.z^5@�69@B4Z_�>5gA`%[A@Z6c;�;3g�032¸C=254ZC

r =
4
√

abcd ≥ 1
d�A69<B^5@�C=254ZC

1

(1 + a)2
+

1

(1 + b)2
+

1

(1 + c)2
+

1

(1 + d)2
≥ 4

(1 + r)2
d

º��I�%¡7�b¬�½ÉÀ�ª
Ý7¡7¢ �B¦?¡7¢5Ò ����¥c¥1¡5¼�¡ � ��¾®d
�/2?@ h @Z4ZC9gA69@B8È;}<t_vg5C9.D<5>�C9<�C=2t.1;~k?69<?[5_1@B` ´ �7�7� � µ�åAm7m p åAm7�Z¶�@Z;=Cc4�[t_].];}2?@B8�C=2?@h <t_]_1< r .1>A���Z@B>A@Z6c4B_v. 7=4�C9.D<5>�d±�t<56�4B>�j®>?4ZC9gA6c4Z_

n > 2
q _D@IC

a1

q
a2

q
. . .
q
an > 0

;3g�032C=254ZC
a1a2 · · · an = rn dÕ�/2?@Z>

1

(1 + a1)2
+

1

(1 + a2)2
+ · · ·+ 1

(1 + an)2
≥ n

(1 + n
√

a1a2 · · · an)2

. h 4B>A8%<5>5_zjÈ. h
r ≥ √n− 1

d�5<56
n = 2

q C=2?@�@B85.zCb<56�kA69<Z^5@78�C=254�C
r ≥

√
2 − 1

.];�>A@70b@B;3;|4B6Vjl[5g5CÉ>A<�C;3g?�a0b.D@Z>tC q 47>A8�kA69<Z^5.18A@B8�4%;3g?�a0b.D@Z>tCÉ0=<5>A8t.vC9.1<5>
r ≥ 0.5

d
��2?@a@78t.vC9<56¸k�<t.]>tCb@B8<tg5C/C=254ZC�C=2?@�`
.]>5.1`TgA`�;=g?��0b.1@B>tC�^t4Z_]g�@�< h
r
r 47;�>A<�C�Ð�>A< r >�d�°�@ r .]_v_�>A< r ;}2?< rC=254ZC

0.5
.];�C=2?@
`T.1>5.]`
gA` ;3g?�a0b.D@Z>tC�^t4Z_]g�@ h <56

r
dT°�@ r .v_]_�8?<�C=2t.];�[Bj�;}2?< r .]>A�C=254ZC

r ≥ 0.5
.];�>A@70b@B;3;|4B6VjT.]>%<5698A@Z6�C=254�C

1

(1 + a)2
+

1

(1 + b)2
≥ 2

(1 + r)2

r 2?@B>
a
4B>A8

b
4769@\k�<5;=.vC9. ^5@\69@B4Z_�>5gA`a[?@B6c;�47>A8

r2 = ab
d



m�m�³

� �#K � K./ � 
�� K"� d±wZgAk?k�<5;|@ÉC=254�C √
2− 1 < r < 0.5

d���2?@B>ÈC=2?@B69@�@=è7.];=C±kA<5;3.zC9.z^5@\69@Z4B_>5gA`a[?@B6c;
a
4B>A8

b
;3g�032®C=254�C

ab = r2
4B>A8

1

(1 + a)2
+

1

(1 + b)2
<

2

(1 + r)2
d

!V> h 4709C q <5>A@�`
4�j®C947Ð7@
a =

1− r3 − r2 − r

r2 + 2r − 1

47>A8
b = r2/a

d
Ä��3¨?¨7Ø �/°�@hPA6c;=C~<?[?;|@B6V^5@�C=254ZC q . h

a =
1− r3 − r2 − r

r2 + 2r − 1

q C=2?@Z>

a =
(1− 2r + r4)/(1− r)(

r + 1 +
√

2
)(

r + 1−
√

2
) >

r4/(1− r)(
r + 1 +

√
2
)(

r + 1−
√

2
) > 0

d
�A<a;}2?< r C=254�C 1

(1 + a)2
+

1

(1 + b)2
<

2

(1 + r)2
q?r @ r .v_]_�k?69<B^5@�C=2?@T@¡S5g?. ^t4B_1@B>tC

;=Cc4ZC9@B`%@B>tC q
f(r) < 0

q7r 2?@B69@

f(r) =




1

(1 + a)2
+

1
(
1 +

r2

a

)2
− 2

(1 + r)2


 (1+a)2

(
1 +

r2

a

)2

(1+r)2a2 d

��;3.]>A�É4®0b<5`%k5g5Cb@Z6~4B_1�Z@7[56c4�;cj5;=C9@B` q
f(r)

;3.]`%k5_]. P�@Z;~C9<
f(r) = −2ar2 + 4a2r − 6a2r2 + 4ar3 − 2ar4 + 4a3r − 2a3r2

+ a4r2 − 2a2r4 − r4 + 2r5 + r6 − 2a3 − a4

= (r − a)2
(
2a2r + a2r2 − a2 + 2ar − 2a

+2a4r + 2ar3 + 2ar2 − r2 + r4 + 2r3
)

= (r − a)2
[(

r2 + 2r − 1
)
a2 − 2

(
1− r3 − r2 − r

)
a

+
(
r2 + 2r − 1

)
r2
] d

wZg�[?;bC9.vC9g5C9.]>A�
a =

1− r3 − r2 − r

r2 + 2r − 1

4B>A8
>A<�C9.10b.1>A�¸C=254�C

r − a =
2r3 + 3r2 − 1

r2 + 2r − 1
=

(2r − 1)(r + 1)2

r2 + 2r − 1

q
r @�;|@7@�C=254�C
f(r) =

(
(2r − 1)(r + 1)2

r2 + 2r − 1

)2(
r2 + 2r − 1

)
[
r2 −

(
1− r3 − r2 − r

r2 + 2r − 1

)2
]

=
(2r − 1)2(r + 1)4

[
(2r − 1)(r + 1)2(r − 1)2

]
(
r2 + 2r − 1

)3 < 0
d



m�mBo

� �8� � d ´ �B��� � µ�m7�t³ q mB��nZ¶ Ä��3¨ZÇÕ¨7½I�7­�À�ª �«t�IØD¬?�7¥����c½=§D¡B¢A¡ZÒZ� �  ��Ô�¢5�V»B���P½3��¥Xª²¨7Ø«7¡B�9¡ �3�Z»B¨ ��«B¡7�c¡ �=�Z»B¨ ��×�¨7½}¢t�D¡�¡7¢�­������ �S�SÒ5¨t»I�1¢A¡?d
ÙB@�C

a
q
b
q
c
[?@�kA<5;3.zC9.z^5@\69@Z4B_�>5gA`a[?@B6c;�;=g�032®C=254ZC

1

a + 1
+

1

b + 1
+

1

c + 1
= 2

d
�A69<B^5@�C=254ZC

1

4a + 1
+

1

4b + 1
+

1

4c + 1
≥ 1

d
@ d~«t¨B§c¿5¥1��¨�¢ßÀ�ª
�±§�� � ºÕ���L¨��=¨5»���½Z¥9¿t­A��¢/¥ � Ñ �v§]§v�D¡B� �7ª�¨�¢ß£"¡5 9¬5��¢��b��� ��¨B§v§��SÒZ�1¡?¥V�ÛV¢5½Z¥1��¥9¿?¥V���~ÁB¨��=¨�¢�¥V¨ � ��¾®d

R <�C9@ÉC=254�C h <56~4B>�j
kA<5;3.zC9.z^5@\69@Z4B_�>5gA`a[?@B6
x
q

1

4x + 1
≥ 1

x + 1
− 1

3

q Â mSÃ
[A@B0b4ZgA;}@ÉC=2t.];�.1>A@¡S5gA4Z_].zC�jÈ.1;�@¡S5g?. ^t4B_1@B>tC±.1>
;=g�0=0b@B;3;3.1<5>ÈC9<

1

4x + 1
≥ 2− x

3(x + 1)

q
3x + 3 ≥ (2− x)(4x + 1)

q
4x2 − 4x + 1 ≥ 0

q
(2x− 1)2 ≥ 0

q
r 2t.D032È.1;�<?[B^t.D<tgA;=_zj®Cb6cg�@Adw7@�CcC9.]>A�

x = a
q
b
q
c
.]> Â mSÃ�47>A8T4�8?85.]>A� q�r @�<?[tCc4B.]>

1

4a + 1
+

1

4b + 1
+

1

4c + 1
≥ 1

a + 1
+

1

b + 1
+

1

c + 1
− 1 = 1

d
@ @ d
Ö��I¢/�I�9¡�§]� �3¡?¥1�V¨�¢ À7ª �?¦A¡B�c§��S½²º~Æ ���1�T�D¢?¢5�V���È��¢5Ò5�}§�¨	«?¥1¡?¥V��Ô�¢5�V»B���P½3��¥Xª �L«B¡7¢��¢?Òt�S§V¨ ��Á � ��ÔÕ«S��d

°�@�;}254Z_]_7k?69<B^5@~C=2?@��Z@Z>A@B6c4Z_].'7=4ZC9.1<5>�C=254�C/. h
x0

q
x1

q
. . .
q
xn
4769@�k�<5;=.vC9. ^5@�69@Z4B_

>5gA`a[?@B6c;É;3g�032%C=254ZC n∑
k=0

1

xk + 1
= n

q C=2?@B> n∑
k=0

1

n2xk + 1
≥ 1

d\�/2?@Tk?69<5k�<5;|@78
.1>A@¡S5gA4Z_].zC�jT.];~C=2?@�;3k�@B0b.14Z_�0b4B;}@ r 2?@Z69@

n = 2
dwZ.1>A0b@�C=2?@¸69@B;=g?_vC�.1;±<?[B^5.1<tgA; r 2?@B>

n = 1
q�r @¸47;3;3gA`%@

n > 1
d±�5<56Õ4B>�j®69@Z4B_>5gA`a[?@B6

x
q

(n + 1)2(x + 1)− (n + 1)2(n2x + 1) + (n2 − 1)(n2x + 1)(x + 1)

= (n + 1)2(x− n2x) + (n2 − 1)(n2x + 1)(x + 1)

= (n2 − 1)((n2x + 1)(x + 1)− (n + 1)2x)

= (n2 − 1)(n2x2 − 2nx + 1) = (n2 − 1)(nx− 1)2 ≥ 0
d

r .vC=2L@4StgA4B_v.vCVj�. h 4B>A8�<5>5_zja. h
x = 1/n

d�!V>�kA4B6cC9.10bg?_14B6 q h <56�kA<5;3.zC9.z^5@
x
qAr @T`
4�j85. ^5.18A@�[Bj

(n + 1)2(x + 1)(n2x + 1)
4B>A8
69@Bi34B6b6c4B>A�Z@ÉCb@Z6b`
;�C9<
�Z@�C

1

n2x + 1
≥ 1

x + 1
− n2 − 1

(n + 1)2
q Â �SÃ



m�mBn

r .vC=2
@¡S5gA4Z_].zC�jÈ. h 4B>A8%<5>5_ jT. h
x = 1/n

d��.]>?4B_v_zj q 4BkAk5_zj Â �SÃ�Cb<
x0

q
x1

q
. . .
q
xn
Cb<
<?[�C94Z.1>

n∑

k=0

1

n2xk + 1
≥

n∑

k=0

1

xk + 1
− (n + 1)

n2 − 1

(n + 1)2
= n− n2 − 1

n + 1
= 1

q
r .vC=2
@¡S5gA4Z_].zC�jÈ. h 4B>A8%<5>5_ jT. h

x0 = x1 = · · · = xn = 1/n
d

�5� 
���
���������$ ��� ������� �
	�� � ��+ � �����1��
�� + 4��5+ 9 � � � � ��	 	0����	0��� �5+ 9 �0� ����	.
,�
� ����� 	-� � 	 �0� +
	-� � 	 ��� + � �
� ��� ��� � � %(4�) 7 � 	0� ����% � �07 + � �������0+���	.����!,� � � ��� 9 7�� 	 7 � % ��� + 6� � 4���� 4�% � 9 � � % +
����$ 7 � % � % ��� 7 � � 6� ��� 7�� + � � ��	��
	� ��+ � ����� � � �1%�� 	 � ��4�� + 
��(��$���� � + � � 
�
�����	.� � � ����� 9 �0� ����	.
,�
� �1+
� ��	.� ���
� � �
$�+�� �-+ 9 � � � 4�) %./ 4 9 � � % � + � � 
�
�����	.� � �����
#���	(� � � �0�"� 9 �0� ����	.
,�
� �1+ ���1� � � ��+�� �-+ 9 � � �
��/ � � ��� � % � � '�� 7 � % � + 20��	�� ���0� �"� )�� ��# � !�# �0��� +����
#�����
,+�� 	�����!(� � � %.4�)�������%,' ) 7���� +3� ����!.#��
/0���
��
 2���	�$���
,+ 4��5+ 9 � � � � � 7 )���������� +3/���	 � ���
��
,+
� � + 9 � � � ��� � ��) 7 � �,����� 9�� + 9 	(
1��� � ����� 8
����������
,������+ % ���0
 � 	 �0!�� + ����
�� 	.� � � � 7�7�8 ����% � � 9 +5) ������� ������+ 40#0� ��� � ��� ��� � � � 9 	 � % � �����7 2 % 64
����$ �5'�� % � �����521��4�+ � ��	 ��� � � 2 7 � 9 � � � '�� 9 � � 	�+���������	.+&/�� + 9 � � � 4���� � % � ) � 9 ������+
� ���
����� 	 � ��#�� #��"����
(�-��!�� ��� � 
 ��$�#0� ��#*
�!�# �0��� +-2 � ��# � ������+-2��"��� ����� � � � 7�� � 4�) � � � 	 7 � ��+ 	�����
,�"$�� +
��	�+ 9�� � � / 7 � 7 � 	 '
� � � + 	 �
��� � 9 ��������	.
,�"� ��+ � � � � 	.�0$ �1+�4�� + 9 � � � � % � )�� 9 + /���� � 4������ ���0�
� �
4���� �
� �0� +
� � � �"��	�)3��������+�� � + 9�� � � � %�� 9�� 2 ��� ��� 9 + 4���� 6��� ���
�� � + � �������0� � � ��� $��
#�����	��1�-��
���	�'

� ��������#��1� ������� # � 
���� ����	.
 ��
���$3!"���
! �1����
 ��	 !(�����������"� � ����$ �1����
������ 
 %
����� ���1� �
� ��' � # ��� 
�#�� 
3��$
�
#0�0� � # �3	���
1���
� � 
���!��.���1� � �&�
	 ��������	

a
+
b
+
c ∈ (−∞, −1) ∪ (−1/4, ∞)

' � � ����	.���-�0�
#���		�0������	.��� 8
� 
,��� �
����
 
3��	�� ����� ��� � ��$�'�	-�����"�"��+ 4�� �0��	(	.� +-����$��0��	(� 6��� $�� 
 ��	�������$ �
#0�0� � �

n ≥ 3
����$

a1
+
. . .

+
an

��	�� �-��
,�
� � ����	������5� ��� ����	.
 
1�0!�# �
#0�0� n∑
i=1

1
ai+1

= 2
+ �
#���� n∑

i=1

1
k2ai+1

≥ 1
+ ����	

k = n+1
n−1

'
��#�� � 	 ��	��0����� 
 �3
�� 	.��� ��#�� ����	 
���	�$ �0������	.��� � 
,��� �
���&��� � ���"�0� �"����%�����������'�� ��������
 ��	�������$*�
#0�0��� �

n ≥ 2
����$

x1
+

x2
+

. . .
+

xn
��	��*�-��
,�
� � ���*	������ � ��� ����	.
 
1�0!�# � #���� n∑

i=1

1
xi+1

= a
+ 
�# ��	��

a < n
� 
 �

!,���0
�� ��� � + � # ��� n∑
i=1

1
bxi+1

≥ an
b(n−a)+a

����	5�1� �-!(����
�� ����� 

b > 1

' ��#��3
(�-��!"� �1� !���
��

�#����
n = 3

+

a = 2
+���� $

b = 4
� 
�� # � ��	��1�-��
���$ � � ��� ����� �"� � ' � ������� ��
�� ����� � 
�# ��$ � # ��
,� ��� � ��	3	���
1���
��� #���� � �

n∑
i=1

1
xi+1

≥ 1
+-�
#���� n∑

i=1

1
4xi+1

≥ n
4n−3

'

!#"$"&%('$)+*�,�,�-/.
0�,�1�2304,�57698 :<;7=>;�?A@�BDC�E$F�:�G�H
B
E�F�IKJML�N�H4O&P�;�?A@AL�Q�FRL�STNAF$'
U4V�W

a
2
b
2
c
2YX V&W�Z[V]\MV7^3_`W�Z
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V�\hm 2 e�^dW�k+e�n4^3_A\MV
ABC

'#o k
b4j
V$W�Z
n7W
cos3 A
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+
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b
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a2 + b2 + c2

2abc

'

p ?<?�@AO�J�q�H7IrIsEtJsu�@v?wH�x�@y?�;4IKz[J�q{;�O|C�E}Q[u[H�:+I{@A?�~R���RqMx�q�O3O�q�@`L�F�O[��@`I{;�N[J�H[J{@
STO�q��4@A:+?�qKJME4L&N�H4O�F�O[��@`I{;�LD���RLDSTNAF���H4OYB���q��7uY; z7L�8 ;4IMG�Q�;�x�x�z�O�qKJME�Q�;4I�I{@A��@AL
� qMOYJ�@A:��(H��4@�O
L��[�7L�S>N`F$'

U4V�W
R
X V$W�Z[V&l�e�k
l��3�/k+n�f�e��3a�b�c 4ABC

'#� m]W�Z[V/U7nA��b�c��7e�^3V4a 2 �&ViZ
n�j
V
∑
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(
b2 + c2 − a2

)
sin2 A
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∑
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�h� � �

a2
(
b2 + c2 − a2

)

4R2
=

2
(
a2b2 + b2c2 + c2a2

)
−
(
a4 + b4 + c4

)

4R2

=
(a + b + c)(a + b− c)(b + c− a)(c + a− b)

4R2
> 0
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)
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b2 + c2 − a2

)(
1− sin2 A
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b2 + c2 − a2
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= a2 + b2 + c2 q
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a2
(
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cos A
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b2 + c2 − a2

2abc
=
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k
c = an�^3f

b = 0
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∑
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(a + b)
√

ab(s− a)(s− b) ≤ 3abc
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abc2 − (a + b)2(s− a)(s− b) = abc2 − (a + b)2

[
c2 − (a− b)2

4

]

=
(4ab− (a + b)2)c2 + (a + b)2(a− b)2

4

= 1
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(a− b)2[(a + b)2 − c2] ≥ 0
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√
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√
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√
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abc = 3abc
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f(x) = x(1 − xr)
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U4V�W 4ABC

n�^3f 4A′B′C′ Z
n�j
V(k+eM_7Z�W�n�^3_A\�V4aRn7W A
n4^3f

A′
2 k
V4a<g V4l
W
ehj
V�\hm 2

n�^3f \�V�W
ha

n�^3f
ha′

f[V4^3b�W
V]W�Z[Vdn7\rW
ehW
� f3V7a W�b/W�Z[V�a�eMf[V4a
a
n4^3f

a′
2 k
V4a<g V4l
W
ehj
V�\hm '� c

b ≥ c
n4^3f

b′ ≥ c′
2 g3k
b7j
V(W�Z
n7W

√
aa′ + 2

√
haha′ ≤

√
2
(√

bb′ +
√

cc′
) '

N
;4IKz[J�q{;�O C�E � q � u�@`I ��H
JMH�q�IrI�@`L�~>; z
@AO[L ��:+H�O � @�'
�7e�^3l�V

aha = bc
n4^3f

a′ha′ = b′c′
2 W�Z[V�g[k
b
g b
awV�f e�^3V�&��3n4\rerW{m ��nAm X V

V 	�g3k
V7awawV�f�n�a
√

aa′ + 2

√
bb′cc′

aa′ ≤
√

2(
√

bb′ +
√

cc′)
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(aa′)2 + 4bb′cc′ ≤ 2aa′(bb′ + cc′)
q

r 2t.D032T`%4Ij%[?@�69@ r 69.zCcCb@Z>
47;
(aa′ − 2bb′)(aa′ − 2cc′) ≤ 0

d Â mSÃ
e5j
`%@B4B>?;�< h C=2?@�{�4Bg�0327j?i|w7032 r 4B687 !V>A@4StgA4B_v.vCVj q7r @��Z@IC

aa′ =
√

b2 + c2
√

(b′)2 + (c′)2 ≥ bb′ + cc′ ≥ 2cc′

Â C=2?@È_14B;=C�.1>A@¡S5gA4Z_].zC�j�[?@7094BgA;|@
b ≥ c

4B>A8
b′ ≥ c′ Ã|d���2tgA; q C=2?@T;}@B0=<5>A8 h 4709Cb<56�< hÂ mSÃÕ.1;�>A<5>Ai=>A@7��4�C9.z^5@?dwZ.1>A0b@

b2 + c2 ≤ 2b2
47>A8

(b′)2 + (c′)2 ≤ 2(b′)2
q7r @��Z@IC

aa′ =
√

b2 + c2
√

(b′)2 + (c′)2 ≤
√

2b ·
√

2b′ = 2bb′ q
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a
2
b
2
c
X V(W�Z[V a<e�f3V7a�b�cYn W�k+e�n4^3_A\MV ' ��Z[b�� W�Z
n7W

abc(a + b + c)2

a2 + b2 + c2
≥ 2abc +

∏
� �
�h� � � (b + c− a)
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a
q
b
q 4B>A8

c
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a2 + b2 + c2 > 0
d�5<56±47>�jT;3g�032

a
q
b
q 47>A8

c
q7r @�254I^5@

abc(a + b + c)2 −
(
a2 + b2 + c2

)(
2abc +

∏
� ����� � �

(b + c− a)

)

= abc

(∑
� ����� � �

a2 + 2
∑
� ����� � �

bc

)
−
(
a2 + b2 + c2

)(∑
� ����� � �

(a2b + a2c)−
∑
� ����� � �

a2

)

=
∑
� ����� � �

(
a3bc + 2ab2c2

)
−
∑
� ����� � �

(
a4b + a4c + 2ab2c2 − a5

)

=
∑
� ����� � �

a3
(
a2 + bc− ab− ac

)
=

∑
� ����� � �

a3(a− b)(a− c) ≥ 0
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<56�C r <�< h C=2?@È>5gA`a[?@B6c;
a
q
b
q
c
4769@T@4StgA4B_�4B>A8C=2?@ÉC=2t.1698È.1;K73@Z69<�d

�5� 
�� 
���� ����$ ��� ������� �
	 � � ��+ � ��� �1��
�� + 4�� + 9 � � �d��07 �`� 7 � ��� � � ��� �
� %�640+ 9 �0� ����	.
,�
� �
��� � ��	.���,� ����+ � ��	.���,� ����+ 	-��
��0� � ��� $ ) ��	�
 � �0��� � �0� � � %.4�) 7�� 	0� ����% ����7 + � ���0����+[��	.����!,� � � � � 9 7 �
	 7 � % ��� + 6� � 4���� 4�% � 9 � � % + ��� $ 7 � % � % �9� 7 � � 6� ��� 7�� + � � ��	��
	� ��+ � ���1� � � 4�)*%�/ 4 9 � � % � +
� � 
�
�����	.� � �����
#���	(� � � �0�"� 9 ��������	.
,�"� ��+ �1�1� � � �0+ � �-+ 9�� � � 4�)���� �07�� � ' ��%�� % � � % 7 +&�5����� �"�
� � �0�"� 9 ��������	.
,�"� ��+ � ��� � ���0� �
��+ ���5+ 9�� � � � %(4�) ����� %('�) 7���� + � ��� !�# � /0�1�"��
 2 ��	�$���
,+*4�� + 9 � � �
�
� )�� �5' ) 7-9 2 7 � + � 	.��� $��*/ 	.�1� 	.�
� + � 	 � ��� � ��) 7 � �,����� 9�� + 9 	(
1�1� � � ��������������
,������+ %
�0��
 � 	 ��!���+
����
��
	.� � � ��� �
� � � � 9 	 � % � � ��07 2-%564 ��� $ �5'�� % � � ��� 2���4�+ � ��	 ��� � � 2 7 � 9�� � � '�� 9 � � 	�+ ��������	.+
/��5+ 9�� � � � �07 ��� 7 � � � � 2 +�
��(��$���� � +R� � � � � ��� � � ��� � ��!��0����
(�
� 4���� �"� �1� ����� %
�0
�� �
�(����� + ����	���� �"��+
��� � / 7 � 7 � 	 '���� �-+ 	 �
��� � 9 �0� ����	.
,�
� �1+ � � � � 	.�0$ �1+ 4��5+ 9 � � � � % � )�� 9 + /���� � 4������ ���0�
� � 4���� �
� �0� +� � � �"��	�)3��������+�� � + 9�� � � ��� $�� # ����	��1�-��
���	�'

!#"�����'$)+*�,�,�-/.
0�,�5[230�0�0�698 :<;7=>;�?A@�BDC�E�P�;[@]�&;���H4:<B�L 8 ;�:�J�H7I{@A?<L "p� L�STNAF$'
U4V�W

a
2
b
2
c
X ViW�Z[V&a<e�f3V7a$b�c 4ABC

e�^��&Z�e�l<ZDn�W#�Db
a�W�b
^3V&n�^3_A\�VdV 	�l�V�V4f[a
π/3

2 n4^3f�\�V�W
r
X V erW+a�e�^[k+n�f
er�3a ' ��Z[b�� W�Z
n7W

√
3(abc)

a2 + b2 + c2
≥ 2r

'

N
;4IKz[J�q{;�O C�E � H�IKJsu�@�:TP�H�O�; z4?<L S�:
?4z�I�q�OY@AO[��E�x�O[H4?�q+z4x/L 	sO3O
?7C�:`z � G�L[F$z7?7Js:+q�H3�
U4V�W

R
n4^3f

s
f[V4^3b�W
VDW�Z[V l�e�k
l��3�/k+n�f�e��3adn�^3f�awV4��e�g3V4k+e���V�W
V4k&b�c 4ABC

2
k
V4a<g V4l
W
ehj
V�\hm ' � V �3k+a�W��3awV W�Z[V �&V7\r\ ����^3b��i^ csb
k����[\�n4a

abc = 4Rrs
n4^3f

a2 + b2 + c2 = 2
(
s2 − r2 − 4Rr

) W�b �ik+erW
V�W�Z[V _Aehj
V7^ e�^3V'&
�3n7\�ehW�m9n4a
√

3Rs ≥ s2 − r2 − 4Rr
' %�Z�e�a�e�a�V'&
�[e j�n4\�V4^�W�W
b

s2 −
√

3Rs− r(4R + r) ≤ 0
2



m��Bo

<56
(s− x1)(s + x2) ≤ 0

q7r 2?@Z69@
x1 =

√
3R +

√
3R2 + 16Rr + 4r2

247>A8
x2 =

−
√

3R +
√

3R2 + 16Rr + 4r2

2

d
¯�[B^5.1<tgA;3_ j q

s + x2 > 0
dÕ��2?@B69@ h <569@ q7r @ �DgA;bC�254�^5@ÉC9<Tk?69<B^5@ÉC=254�C

s ≤ x1

dR < rTq .zCÕ.1;�Ð7>A< r > Â ´ m q ;|@709C9.1<5>T�t³ q 4B>A8È4Z_1;|<�k�d?� �B� ¶|Ã/C=254�C h <56�4B>�j�Cb6c.14B>A�I_D@;|4�C9.1; h j5.]>A��C=2?@��I. ^5@B>
0=<5>A8t.vC9.1<5> qBr @�254I^5@
s ≤
√

3(R + r)
d ´ 
A­��AÌ"kA69<?< h < h C=2t.1;`%4Ij�4B_];}<�[?@ h <tgA>A8�.]>ß·\< r 47698�: ; h @Z4ZC9gA69@B8";|<t_]g5C9.1<5>lC9< ���7o7o5³ ´ �B����å©µ � m7nZ¶5d ¶�A<T;|2?< r C=254ZC

s ≤ x1

q .vC�C=2?@Z>
;3g?�a0=@Z;�C9<T;}2?< r C=254ZC
2
√

3(R + r) ≤
√

3R +
√

3R2 + 16Rr + 4r2
d

��;3.]>A�¸;}<5`%@�;3.]`%k5_D@�4Z_D�Z@B[?6c4 q .zC�.1;�@Z47;=.]_ j®;|@7@Z>�C=254ZCÕC=2t.];±.1>A@¡S5gA4Z_].zC�j�.1;�@¡S5g?. ^t4B_1@B>tCCb<
3(R + 2r)2 ≤ 3R2 + 16Rr + 4r2

q <56
2r ≤ R

q�r 2t.1032T.1;�4®0=@�_D@B[?6c4�Cb@B8%4B>A8r @Z_v_Di3Ð�>A< r >T69@B;=g?_vC�< h y�g?_D@Z6Id
� � ! � � � � ��� /
´ m�¶�Ì�d�e�4��Z@Z6 q �ÅÝ7¡7�T�v§Xªa¨7Ø�Ö�¨�¢5�V¨��L��¥X�c�V ÉÛX¢/�BÜ�¿7¡�§]��¥1���S½ q ��>5.z^�d�e�@7<?��6c478�d��?g�[5_Pdy�_cd���4�Ð�dAw7@Z6Id/Í�4�CId���.'7�d��7�7o p � � � Â mBn5³BmIÃ q��Sp � � d
´ ��¶:�ÉdvwAdÈÍÏ.vCb6c.1>A<Z^5.Væ0�@�C�4Z_cd q º��B =�I¢�¥���­A»I¡B¢/ b�I½l�D¢ Ö��7¨��L�7¥X�c�� ÏÛV¢��7Ü�¿B¡Z§v�P¥1�V�I½ qÓ/_]g r @Z6�Ì�0b478A@Z`
.10��?g�[5_v.1;|2?@B6c; q mBn�o7n�d

�5� 
���
���������$ ��� � � � 9 7 � 	 7 � % ��� + 6� � 4���� 4�% � 9 � � % +�����$ 7 � % � % � � 7 � � 6����� 7<� + � � ��	��
	� ��+
� ���1� � � 2 7 � 9�� � � '
� 9 � � 	�+ ��������	.+ /��5+ 9�� � � ����$ �
#�� ��	��1�-��
���	 
�#���
�� ��	��0����� 
 ��� 	 �(����� � ���
#��5
���� �
��
��
#�� ����� ��� ����������������' �1# ��	�� 
���
 �1� 
�� ��� � ��!,��� � �
������
�������� �
���-'

� ��� ����
�� ��� � �"������$ �
#0�0� �
	.� �������
��
 
�#0�
!.# 
��0� � 
s� ���
#���$���
�!�	.������$ !(��� $��
� �
��� 
3��	���� � ���-� � 
 ��$��
��
�� � 	.� �����1�"��
���� 	�� ����	
� 
�� �1�-� %.%��

(

������	� � ��

�����
�����

) �

������� � �����! #"$���&%('�)!�*�+"

,.-
/1032 45/6087:9;41/<-�=14�>?2 4�@�087:9
ACB�D EGF�HIACJLK
HMD E	NPOIQ�RISK
BCT�UME�KVNPHGWXK
JLK
HMD E	NPO�Y[Z\H	NPU�K�]P^ RI^�_a`CTVbdc�K
H

egfLh&i 2 45/6087:9;41/<-�=5j fLh 9
kCF�N\lPB�D lPmnA\B�D E�F�HMOIQ�RISK
BCT�UME�KVNPHMOoWGpqF�l\BCT�EGK�N\H	O�Yr]PSK
F�sPF�t B�_
T�NCuvSKxwyk�H	KaB\K�H	D UXz|{}^ Zr^P~6T
Ooz�KVt t
ACB�D EGF�H	O�K�J�K�H	D EGDPQ�RISK
BCT�UME�KVNPHGWXK
JLK
HMD E	DMY�{}^ �5^�_
Tal\BCO���RI^ A�^���FCFCBCHGFab���Z\H	NPU�K�]\^ RI^C_a`�T�b}cCK�H

2 45/6087:9;41/<-�=14�>�2 4*@�087:9
kCF�N\lPB�D lPmnA\B�D E�F�HMOIQ�R�SKaBCTaU	EGK�N\H	OoWGp F�lPBCTVE�KVNPHMO�Yr��T�EGH	D UXzx_�NPH	H�cLw�R�TVu�DC�vT�z
D t
A\B�D E�F�HMO�K
JLK
HMD E	D�Q�R�SKaBCTaU	EGK�N\H	OoWXK�J�K�H	D EGD�Y[�P`�D t D s|�XF�l\m��
�XK��<�dD m�`CT
J���
^ ��^C{rH	F�OXOXJLT
l��
��l\BCHGK���`�Tal\m��\�}TaFCzaD�_
TVE�F����CcCHMNPO}�nO�D TC��_a`CTVb�lL{[FCB�D l


