PS8-Chuyén dé 3: SO CHINH PHUONG
Qua Cac bé Thi HSG Moén Toan Lép 8

A.Bai toan

Cau 1: Tim s6 t nhién c6 bén chit s6 abcd | biét ring né 1a mét sé chinh phuong, s6 abed chia
hét cho 9 va d 1a mét s6 nguyén to.
Cau 2: Cho @ 1a mot s6 gobm 21 chirs6 1, b 1a mot s6 gom " +1 chir s6 1, € 1a mot s6 gom N

3k
(ne N ). Cmr: @+b+6c+8 13 mot s§ chinh phuong .

chirs6 1
Cau 3: Tim s6 nguyén duwong " dé N +1 va 4n+29 13 56 chinh phuong
Cau 4: Tim s6 ty nhién N dé N +18ya N - 4113 hai s chinh phuong
Cau 5: a) Tim s6 c¢6 hai chit s6 ma binh phwong ctia n6 bang 1ap phwong cua tong cac chir s6 cua
né.
b)Tim ba s6 ti nhién lién tiép biét rang néu cong ba tich, méi tich ctia hai trong ba s6 do thi
duogc 26.

¢) Tim bon s6 nguyén duwong lién tiép, biét rang tich cta chiing bang 120
Cau 6: Cho cac so a'brcrdnguyén dwong doi mot khac nhau va théa man:
2a+b 2b+c 2c+d 2d+a

+ + + =6

a+b b+c c+d d+a Ch@ngmmhA:amdlasfichinhphu’dng.
a =1+2+3+..+

Cau 7: Cho n. Chitng minh rang A T8y mot s chinh phuwong
Cau 8: Chitng minh rang vGi moi s6 nguyén %Y thi:
A =(x+y)(x+2y)(x+3y)(x+4y) +y*

la s6 chinh phuwong

Cau 9: Cho hai s6 chinh phwong lién tiép. Chitng minh rang tong cta hai s6 d6 cong vdi tich caa

chiing 1a mét s6 chinh phuwong 1é
-5

Cau 10: Tim s6 ty nhién Nde: D =n" - n+ 213 55 chinh phuong.

Cau 11: Tim tdt ca cic s6 chinh phwong gom 4 chit s§ biét ring khi ta thém 1don vi vao chit s6
hang nghin, thém 3 don vi vao chit s6 hang tram, thém 5 don vi vao chit s6 hang chuc, thém
3 don vi vao chit s6 hang don vi, ta van dugc mot s6 chinh phuong.

Cau 12: Ching minh rang tong hai s6 chinh phuwong lién ti€ép cong véi tich caa chiing 1a mot s6
chinh phuong 1é.

4 im tit ca cac s6 neuyén 1 Nt 42 +2n° + 0+ 713 56 chi
Cau 13: Tim tat ca cac s6 nguyén ' sao cho: la s6 chinh phuong.
Cau 14:
’ . ~ ’ 6 4 3 2 se Y ~ > . Y ~ ’
Chitng minh: s6 c6 dang 1"~ " +2n" +2n" y4i n€ N y3 n>1 khong phai 1a s6 chinh phuong.
Cau 15:

Tim cac s6 nguyén 1 dé B =n"- n+13 |3 s§ chinh phuong?



Cau 16:
Tim s6 ty nhien Ddé 2+ 1843 - 4113 1ai s chinh phuong
Cau 17:

a, =1+2+3+...+n. a, +

. a ~ 1
Cho Chiing minh rang 1+113 mot s6 chinh phuong

_ -4
Cau 18: Cho A=p trong do Plass nguyén t6. Tim cac gia tri cia Pga tong cac wdc duong cta
A 13 s6 chinh phuong.
Cau 19: Tim s6 ty nhién Ndé N +4n+ 201313 mgt 55 chinh phuong.

Cau 20 Cho S5=123+234+345+...+k(k+1)(k+ m(vé’i keIN¥)

Chiémg minh réng 45* 11 binh phuong ctia mét s6 tw nhién
Cau 21: Tim s6 tu nhién Nsao cho s§ A =N + 0+ 613 55 chinh phuong.
Cau 22: Tim s6 t nhién Ndé N° +4n+201313 mat 56 chinh phuong.
Cau 23: Cho n la tong ctia hai s6 chinh phwong. Chitng minh rang n’ cling la tong cua hai s6 chinh
phuong
Cau 24: Cho cic s6 ©0>6d nguyen dwong doi mot khéc nhau va théa mén:
2a+b 2b+c 2c+d 2d+a
+ + + =6

atb b+c c+d d+a  Chingminh A =abcd 13 55 chinh phuong.

Cau 25: Cho =l+2+3+...+n. Chitng minh rang ay + oy mot s6 chinh phuong.

Cau 26: Chitng minh rang v4i moi s6 nguyén %Y thi;
— 4
A =G y )+ 2y Xx+3y x4 4y)+ y* 3 o oo bhuong,

Cau 27: Cho I» =l+2+3+..+n. Chitng minh rang ay +dn 13 mot sO chinh phurong.

Cau 28: Cho %D:C1a cic s6 hitu ty thea man dieu kien @b +bc +ac =1. ching minh ring bisu

2 2 2
=la” +IN\b" +1I)\c” +1
thirc Q ( )( )( )lé binh phuong cia mot sé hitu ty.
Cau 29: Ching minh rang v6i moi s6 nguyén x thi biéu thitc P mot s6 chinh phwong.
P =(x+5) (7 M(x +9)(x +11) + 16.

Cau 30: Tim s6 tw nhién 1 d& n° +4n+2013 13 ;m6t s6 chinh phuong

2 2
Cau 31: Cho 9va b1a céc s8 ty nhién thoa man 20 +@ =3b"+b

Chitng minh ring: 9 bva 3a+3b+113 cac s chinh phuong.

Cau 32: Cho A=p* trong d6 pla s6 nguyén t6. Tim céc gia tri cia p dé téng cic wGc dwong cia A
1a s6 chinh phuong.

Cau 33: Tim s6 ty nhién ndé 2+ 4n+2013 la mot s6 chinh phwong.

Cau 34: Cho S=1.2.3+2.3.4+3.4.5+...+k|k+1|[k+2|véik € N
Chitng minh rang 4 S +1la binh phuwong cia mot s6 ty nhién



Cau 35: Cho hai s6 chinh phuwong lién tiép. Chitng minh rang tong ctia hai s6 dé cong véi tich cta
ching la mot s6 chinh phuong 1é.

Cau 36: Tim tat ca cac so chinh phuwong gom 4 chir s6 biét rang khi ta thém 1 don vi vao chir s6
hang nghin, thém 3 don vi vao chit s6 hang tram, thém 5 don vi vao chit s6 hang chuc, thém
3 don vi vao chit s6 hang don vi thi ta van duwgc mot s6 chinh phuong.

—_—ad
Cau 37: Tim s6 tu nhién Msao cho s A =N" *+ N+ 613 55 chinh phuong.

B.Ldi giai

Cau 1: Tim s6 ty nhién c6 bén chit s abcd | bigt ring né 1a mot s6 chinh phuong, s6 abcd chia
hét cho 9 va d la mot s6 nguyén to.
L&i giai:

Vi abed 13 56 chinh phwong va d 1a mot s6 nguyén t6 6 1 chit s6 nén d =5.

— *
pat ab¢5 =M MEN" Ky 46 M ¢6 chit s6 tan cing 1 5 (1)
Mt khéac, 1000 <m* <9999 suy ra 32 <m <99 2)

Tir (1) va (2) suy ra €|35;45;55;65;75;85; 95|

m’ e { 1225;2025;3025; 4225;5625; 7225; 9025}
Suy ra

Ta lai co: m* =abc59

Do d6, chon @€ €{2025;5625)

Cau2: Cho 9 1a mot s6 gom 21 chits6 1, b 1a mot s6 gobm M +1 chir s6 1, € 1a mot s6 gom 7
SR ] (nEN*)
s6

chi . Cmr: @+b+6c+8 13 mét s6 chinh phuong .
Loi giai:
2n _ n+l _ n_
a+b+6c+8:10 1+10 1+6.10 1+8
Taco: 9 9 9

10*" - 1+10.10" - 1+6.10" - 6+ 72
9

2

=33}..36°

n-1so3

_10°"+16.10" +64 (10" +8
9 3

Vay, a+b+6c+8 13 mpt s§ chinh phuwong

Cau 3: Tim s6 nguyén duwong ™ dé N +1 va 4n+29 13 56 chinh phuong
Loi giai:

. n+1=ad*4n+29 =b’(a,be N)
bat

, b*-4a®> =25< (b- 2a)(b+2a) =25
Ta cé:



Ma b+2a>0 pap b- 2a>0 y3 b+2a>b- 2a>0 pap suyra b- 2a =1 y3 b+2a =25
Do do, a :6.Véy, n=35,

Cau 4: Tim s6 ty nhién 1 dé N +18y3 n- 4113 haj s6 chinh phuong
Loi giai:

a) D& N+18y3 n- 41 13 haj 6 chinh phuong
_ Al —g?
©n+18=p’ . n-41=q*(p,qeN)
= p*-q*=(+18)- (n- 41)=59 = (p- g)p +q) =59

p-qg=1 o p =30
_p+q:59 _q=29

Nhung 59 la s6 nguyén td, nén:

1 M +18 =p* =30 =900 = n =882

n- 41, 882 - 41 =841=29" =¢°

Thay vao ta duoc
Vay vai 1 =882 thi n+18y3 n- 41} haj s6 chinh phuong

Cau 5: a) Tim s6 c¢6 hai chit s6 ma binh phwong ctia n6é bang 1ap phwong cua tong cac chir s6 caa
no.
b)Tim ba s6 ti nhién lién tiép biét rang néu cong ba tich, moi tich ctia hai trong ba s6 dé thi
duwoc 26.
¢) Tim bon s6 nguyén dwong lién tiép, biét rang tich cta chiing bang 120
Loi giai:
a,beN;1<a <9,0<b=9

a) S6 can tim c6 dang 9b | véi

—2 _ 3 2 _ 3
Theo d& bai ta 6. 9P =(a+b) o (10a+b) =(a+b) (1)

(a+b)

He thitc (1) chitng t6 9D phai 1a mot s6 1ap phuong va phai 1a mé6t s6 chinh phuwong.

Do 10 <ab <99 = ab =27 o5 ab =64

+Néu ab =27 < a+b =9 =3’ ( chinh phwong )

+Néu ab =64 < a+b =10 ( khong chinh phuong nén loai )
Vay, s0 can tim la ab =27

b) Goi ba s tu nhién lien tiép 1a X~ D % (+D) (pp - x =l xe N,

Ta c6 - (- Dx+x(x+ D)+ (- D+ =26 o o 332 - 1226 o x =3 (vi xZLxeN |

Vay, ba so ty nhién lién tiép phai tim la 2, 3, 4.



¢) Goi bon s6 nguyén dwong lién tiép la (x-1), x (x+1), (x+2) (bK: X=22,XEZ

Taco: (- Dx(e+D(x+2) =120 = [X(X +1)] [(x- 1)(x+2)] =120

= (x2 +x)[(x2 +x)- 2] =120 (x2 +x)- 2(x2 +x)+1=121
& (P +x-1) =17
Vi XZ2XE€Z o x4 x-1=11 (- Dx+4) =02 x=3 (4 xias0,

Vay, bon s6 nguyén dwong lién tiép phai timla 2, 3, 4, 5

Cau 6: Cho cac so a'b'cfdnguyén duwong doéi mot khac nhau va thoa man:

2a+b 2b+c 2c+d 2d+a
+ + + :ﬁr —
a+b  Db+c c+d d+a  pgng minn A =803 65 chinh phuong.

Loi giai:
2a+b Zb+c 2c+d 2d+a
+ + + =6
a+b b+c c+d d+a
a b C d
=1+ a+h+1+b+c+1+c+d+1+ d+a =0

a b C d
+ + + =
a+bh b+c c+d d+a

a b C d _
=1 a+b b+c+1_ c+d d+a_||:l

b b d_d _
a+b b+c c+d d+a
b(c- a) d(a- c)
“ @b+ (crd)(d+a)
= bl(c+d)(d +a)- d(a+b)(b+c)=0
= ahc- acd+bd?*- b*d =0
e (b- d)(ac- bd) =0
= (b- d)(ac- bd) =0
< ac- bd =0« ac=hd

A =abcd =(ac)
Vay la s6 chinh phwong

0

Cau7: Cho % =142+ 3+...+n. Chitng minh rang A+ a3 mot s6 chinh phuwong.
Loi giai:

Ta co:

)



a,, =1+2+3+..+n+n+l
a, +a,,, =2(142+3+....+n)+n+1

n(n-l'- 1} - 2
=2— +n+l=n*+2n+1=(n+1)
la mot s6 chinh phuong.
Cau 8: Chitng minh rang v&i moi sd nguyén %Y thi;

A =(x+y)(x+2y)(x+3y)(x+4y)+y*

la s6 chinh phwong

Léi giai:

A =(x+y)(x+2y)(x+3y)(x+4y)+y'

Ta co:
=(x* + 5y + 4y” )(x* + 5xy + 6y°) + y*
Pt X° + 5xy + 5y° =t(te z)thi

A =(t- y)(t+y?)+y* =t- y*+y' =t =(x + Sy + 5y?)’

vi XYZ€ Znén X' €Z Xy Z 5y € Z= X+ 5xy + by’ € Z(dfcm)

Vay A la s6 chinh phuong

Cau 9: Cho hai s6 chinh phwong lién tiép. Chitng minh rang tong cua hai s6 d6 cong vdi tich cta
chiing 1a mot s6 chinh phuong 1é

. X

2
2 (a+1)
Goihaiso lanlwgtla  va

Theo dé bai ra ta co:
a’+(a+1Y +a*(@+1) =a* +2a* +3a* +2a +1

—(a* +2a° +a*)+2(a* +a)+1=(d’ +|:1')2 +2(a* +a)+1

(a* + :]+l)2

a’+a=ala+1)
la mot s6 chinh phuwong 1é vi

- l1a s6 chan
= a’+a+l
lasolé

— .5 .
Cau 10: Tim s6 ty nhién dé: D =n" - n+ 213 55 chinh phuong.

0 X



D=n°-n+2=nln*-1)+2=n(r+Dn- D(n?+1)+2
=n(n- D(n+1)| (n* - 4)+5] +2
=nln- 1Dn+Dn-2)n+2)+5n(n-1D(n+1)+2

n(n-Dn+1)n-2)Xn+2)5

Ma (tich 5 s6 tw nhién lién tiép)
5n(n-D+1D5  p
Va .Vay chia5du?2
D

Do d6 6 tan cung la 2 hodc 7 nén D khong phdi la s6 chinh phuong.
Vay khong c6 gia tri nao ctia " @& D 14 s6 chinh phwong

Cau 11: Tim tit ca cic s§ chinh phwong gom 4 chit s§ biét ring khi ta thém ldon vi vao chit s6
hang nghin, thém 3 don vi vao chit s6 hang tram, thém 5 don vi vao chit s6 hang chuc, thém

3 don vi vao chit s6 hang don vi, ta van dugc mot s6 chinh phuong.

0 ° 30

abcd a,b,c,d €IN,0 <a,b,c,d <9;a #0
Goi la s6 phai tim,
abed =k*
(a+1D)(b+3)c+5Nd +3)=m"

(k,meN:31<k <m <100)

Ta co:

abcd =k?
abcd +1353 =m"

—

m* - k* =1353
Do do:

= (m+k)(m- k)=123.11=41.33(k + m <200)

=

m+k =123 m+k =41
m- k=11 m- k =33

hodc



{m =67

k =56
— )

m =37

k =

abcd =3136

Keét luan dung:

Cau 12: Chtng minh rang tong hai s6 chinh phuong lién ti€p céng véi tich caa chiing 1a mot s6
chinh phuong 1é.
Loi giai
Goi hai s6 chinh phwong lién tiép dé 1a k* va (k+1)°.
Ta c6: k* + (k+1)* + kK*.(k+1)* = k* +2k*+ 3k* + 2k +1 = (k* + k +1)* = [k(k + 1) +1]* 1a s6 chinh
phuong. (1)
Vi k(k + 1) 1a tich hai s6 tw nhién lién ti€p nén k(k + 1) chdn = k(k + 1) +11¢ = [k(k + 1) +1]?
1é (2)
Tw (1) va (2) suy ra dpcm.
au 13: Tim t4t ca cic s6 neuvén N N2 +2n° + 0+ 713 56 chi
Cau 13: Tim tat ca cac s6 nguyén "' sao cho: la s6 chinh phuong.
Loi giai
4 3 2 —
Giasg *2m +2n" +n+7 =y (velN)

Cyr=(n?+n) +n*+n+7
Ta co:

::y2>(n2+n)2

::y:a-‘n2+n‘

::y&‘n2+n‘+l (Vi yeN)
= y? 2‘n2+n+l‘

= y’ 2(n‘2+n+l)Z

2 f,2 2
Thayy =(n +n)2+n +n+7

=>n +n-6<0

= (n- 2)(n+3)=0

= -3=n=2

Thit tre tiép =2&n =- 3th(’)a_ man ]

[5._al
Vay s6 nguyén n can tim la ne|2; 3J



Cau 14:
’ . ~ ’ 6 4 3 2 se N ~ 2. N ~ ’
Chitng minh: s6 c6 dang M = M +2n" +2n° ygi n€ N y3 n>1 khong phai la s6 chinh phuong.
Loi giai
) Chiing minh: s6 c6 dang n° - n* +2n’ +2n* y4i NEN ya n>1 khong phai 1a s6 chinh phuong.

nf-nt+2n®+2n? = (n*- n? +2n+2) =n’ [nQ (n-Dm+D)+2(n +1)]
Ta co

=n’ [(n +1)(n?- n? +2)] =n’(n +1){(n3 +1)- (n?- 1)]
=n?(n+1) (n2- 2n+2)

2 _ 2 2 _
VainEN vy n>lgn ™ - 2n+2=(n-1) +1>(n-1) vy M- 2n+2=n-2(n-D<n’

_ 1) 2 _ 2
Suy ra(n 1) <n-2n+2<n voi NEN ya n>14gd6 n'- 2n+2 khong phai 1a s6 chinh
phuong.
Vay, s0 c6 dang n®-n*+2n’+2n’ y5i n€EN 3 n>1 khong phai la s6 chinh phuong
Cau 15:
Tim céc s nguyén N @& B =n" - n+13 |3 5§ chinh phuong?

Loi giai

Ta cé B 1a s6 chinh phwong thi 4B ciing 1a s6 chinh phuong.

—1,2
Dit 4B =k°, ke N

A2 —12 - -1-k)=-
Khi d6, 4B =4n*- 4n+52 =k* & (2n- 1+k)(2n- 1- k) =-51

Vi (2n-1+k)>(n-1- k) nén ta co 4 truedng hop:

2n-1+k =1 2n-1+k =3 2n-1+k =51 (2n-1+k =17
2n-1- k=-51" |2n-1-k=-17" |2n-1-k=-1"|2n-1- k =-3

Giai ra ta lan lugt duge; M =" 12n=-3,n =13,n =4
Vay, khi =~ 12 hogc 1 =3 hoic 1 =13 hojc " =4 thi B=n"- n+13 135§ chinh phuong.
Cau 16:

Tim s6 t nhién Bdé M+ 18ya 0= 4113 haj 55 chinh phuong
Lai giai

pa B+ 183 n- 41 |3 1i 56 chinh phuong
o n+18=p® _ n-41=q*(p,gqeN)
va



= p?- ¢* =(n+18)- (n- 41) =59 (p- q)(p+q) =59

{p- q=1 Jp =30
=

+q =59 =29
Nhuwng 59 1a s6 nguyén t6, nén: P+q d

oy IF 18 =p? =30* =900= n =882

- = = =q>
Thay vao n- 41, ta dugc 882- 41=841=29" =q

Vay véi a 0= 4143 hai s5 chinh phuong

Cau 17:

=1+2+3+..+n Chitng minh ring < * %113 mdt s6 chinh phuong

0 ]

Cho &

ca ., =1+2+3+....+n+n+1
Tacé: ™1

nn+1
( )+n+1:n2+2n+1

a +a_, :2(1+ 2+ 3+..... +n)+n+1:2.

n

=(n+1)’ .
la m6t s6 chinh phuong.
A 1a. A =p* Py ok U « P
Cau 18: Cho trong do * la s6 nguyén t6. Tim cac gia tri cia * dé tong cac wdc duwong
ctia A 1a s6 chinh phwong.

.....

cTe T ey ey d
Céc uéc duong cua Ay Lp;p*ip’ip

o, lep+p*+p’+p' =n’(neN)
Toéng cac uwoc la

= 4+4p+4p* +4p° + 4p* =4n’

Ta co:

4p'+4p’+p < 4n®<4p'+p°+4+4p’ +8p’ +4p

= (2p*+p) <(2n) <(2p* +p+2) = (2n) =(2p* +p+1)

Do do :

4p* +4p” +4p* +dp+4 =4p* +4p” + 5p” + 2p+ 1

) pl :—1{1{|II1]

= - -3=0<
p°- 2p p, =3tm)

Vay p=3

Cau 19: Tim s6 ty nhién Ndé N +4n+ 201313 mgt s5 chinh phuong.

. e 30

. n?+4n+2013 =m’(meN)
Gia su

(n+2) +2009 =m® & m?- (n+2) =2009
Suy ra



= (m+n+2)m- n- 2)=2009
Mt khéc 2009 =2009.1=287.7 =4941 _y m+n+2>m- n- 2

Sau:

-

TH1:1 m =1005

—

n =1002
‘m =147
n=138
m =45
n=>2
1002;138; 2

m+n+2=2000
m- n- 2=1

.

m+n+2 =287
—

TH?Z:
m-n- 2=7

m+n+2=49

THS: m- N- 2:41‘1.

Vay céc s6 can tim la

Cau 20: Cho S=123+234+345+. .. +k(k+1)(k+2) w6 ke IN¥)

Chiémg minh réng 45* 114 binh phuong ctia mét s6 tw nhién

-----

k(k+ Dk + 2) =7 k(s D+ 2) 4 =Lkl + D+ 2)] (ke 3)- (k- 1)
Ta co: 4 4

:ék(k+1)(k+2)(k+3)— ék(k+1)(k+2)(k— 1)

= 45=1.234- 0.1.23+2345- 1234+ ...+ k(k+ 1)(k+2)(k+3)
-k(k+1D(k+2)(k- 1) =k(k+1)(k+2)(k+3)

= 4S+1=k(k+1)(k+2)(k+3)+1

Mat khéc:

k(k+1D)(k+2)(k+3)+1=k(k+3)(k+1)(k+2)+1

(k2 +3k)(k? + 3k+2)+ 1 =(k? + 3k + 1)

Ma KEN*pan K +3k+1eIN* o sy ra dpem.

2 N a1
Cau 21: Tim s3 ty nhién Nsao cho s§ A =N +N+6]3 55 chinh phuong.

-----

ke N

Gia st 214 s6 chinh phuong, suy ra tén tai s6 sao cho :

n?+n+6=k’ < 4(n’+n+6)=4k*
= (2k)Y - (2n+1) =23 (Zk+ 2+ 1)(2k- 2n- 1) =23 &)

nén dé thay 2K~ 1~ lyy 2K+2n+1yy c4c 56 nguyén
Ngoai ra 23> Oyy 2k+2n+1=212k- 2n- 1< 2k+2n+1

1=2k-2n-1<Zk+Zn+1

Do k,nelN

Suy ra

Can ctr cac 1ap luan trén va 2313 56 nguyén to nén tir (*) suy ra

nén co cac truong hop



(2k- 2n- 1=0

?.k+2n+1:23=’ dn+2=2=mn=>5
Véi M =Othi A =36=6"13 55 chinh phuwong
vay @ =1a s6 tw nhién can tim

Cau 22: Tim s6 ty nhién Ndé N° +4n+ 201313 mp¢ 55 chinh phuong.

-----

n +4n+2013=m’'(me¥)
Gia sit

(n+2Y +2000 =m* = m* - (n+2) =2009
Suy ra
= (m+n+2)m- n- 2)=2009

m+n+2=2009 m =1005
TH1: =
m-n-2=1 n =1002
TH? - m+n+2:28?ﬁ m =147
m-n-2=7 n =138
‘m+n+2=49 [m =45
TH3: =
m-n-2=41 n=2
1002;138; 2

Vay céc s6 can tim la

Cau 23: Cho n la téng cta hai s6 chinh phwong. CMR: n’ cling la tong cua hai s6 chinh phuong

. X

Pyt N =a* +b° 45 G,DE¥

N2:4_22b2+b2+4ﬂ2b2: z_bz +2b
Khids = ¢ (a*-b%) +(2a s tng ciia hai s3 chinh phuong.

Céu 24: Cho cic 56 %D>6d yguyen duong dbi mot khac nhau va thoa mén:
2a+b 2b+c 2c+d 2d+a
+ + + =6.
a+b b+c c+d d+a  Ching minh A =abcd 13 s chinh phuong.

0 s2e

2a+b 2b+c 2c+d 2d+a
+ + + =6

a)
a+b b+c c+d d+a
=1+ +1+ +1+ +1+ d =6
a+b b+c c+d d+a
a b c d
= + + + =2

a+b b+c c+d d+a



a b+l_c_d:[]

a+b b+c  c+d d+a
b b d d

= - + - =
a+b b+c c+d d+a

. blc- a) . d(a-c) _
(a+b)(b+c) (c+d)d+a)

o blc+d)d+a)- dla+b)(b+c)=0

< abc - acd + bd” - b*d =0

e (b- d)ac- bd) =0

< (b- d)ac- bd) =0

< ac- bd =0 © ac =bd

= 1-

2
vay A =abcd =ac)’, s chinn phuwong
Cau 25:

0@, =l+2+3+.+n.

Ch Chitng minh rang @ ¥ %4113 mat s6 chinh phuong.

ooooo

Ta co:

a.=1+2+3+....+n+n+l

n+l

a +a, =2(1+2+3+...+n)+n+l

+1
n(n )+n+1=n2+2n+1=(n+1)2

la mot s6 chinh phuwong.

=2.

Cau 26: Chitng minh rang vGi moi s6 nguyén %Y thi:
— 4
A=(x+y)x+2y)x+3yNx+4y)+y* | oo phuong.

-----

A=(e+ y)x+2y)x+3y)x+4y)+ y*

Ta co:
=(x? +5xy +4y? )(x* + 5xy +6y) + y*

2 2 __
Pyt X 5%y + 5y =t(te ).
A=(t- y Ne+y?)+y* =t~ y* +y* =2 =(x* +5xy +5y*)
Vi OVZEZ s X EZSxYEZS5y’ €Z = x* +5xy + 5y’ € Z(dfcm)

Vay A la s6 chinh phuong



Cau27: Cho @n =1+ 243+ ¥ s minh rang % + %113 mot s6 chinh phuong,
Loi giai

Tach: Qo =1+ 2+3+..4n+n+l

a,+a, =200+2+3+..+n)+n+1

:2.M+ n+l=n"+2n+1

2
=(n+1)" 3 mot 56 chinh phuong,

Cau 28: Cho % D:C1a cic s6 hitu ty théa man dieu kien @b +bc +ac =1. Chgng minh ring bisu

— 2 2 2
thic Q a* +1)(b* +1)(c* + 1)1;;1 binh phuong ctia mot s6 hitu ty.

Loi giai
Vi ab+ac+be =1ay @° +1=a° +ab+bc +ca=(a+bXa+c)

Tuwong t: b*+1=(a+b)b+c) c*+1=(b+c)c+a)

Do ag. @ =@+ +1)e +1) =[(a+ D) +c)e +a)]” = dfem

Cau 29: Ching minh rang vdi moi s6 nguyén x thi biéu thitc P mot s6 chinh phuong.
P =(c+5)(x+7)(x +9)(x +11) + 16.
Loi giai

Ta co: P =09 GH7)x +9)(x +11) + 16.

= P=(x+5)(x +11)(x +7)(x +9) + 16.

= P =(x" +16x +55)(x” +16x +63)+ 16.

= P =(x" +16x +55)° +8(x" +16x +55)+ 16.
< P=(x*+16x+55)° +2(x”" +16x +55).4+ 4°.

—f 2 2
= P=(x" +16x+59) . ygi x 14 56 nguyén thi P 1a mot s6 CP.

Cau 30: Tim s& twnhién 1 @& N° +4n+2013 13 mgt 56 chinh phwong
Loi giai
2 3
by Giasy " *4n+2013=m ,(meN)

Suy ra (n+2Y +2000 =m* = m*- (n+2) =2000

= (m+n+2)m- n- 2)=2009



Mt khac 2009 =2009.1 =287.7 =49.41 y3 m+n+2>m- n- 2pap 6 cac trudng hop sau xay ra:

(m+n+2 =2009 {m:lDDS
b —

THI: m-n-2=1 n =1002
(m+n+2 =287 {m:m
. —

THD: m-n-2=7 n =138
‘m+n+2 =49 {m:45
b —

TH3: m-n- 2 =41 n=2

Vay cac sb can tim la: 1002; 138; 2

Cau 31: Tir 20° +a =3b" +b g (a- b)Ba+3b+1) =a’

. (a-b)2a+2b+1) =}’ (a- b)Y .(2a +2b+1)(3a +3b+1) =(ab)
Cung co : Suy ra

Goi (2a+2b+1,3a+3b+1) =d . Chitng minh duoge d =1
= 3a +3b +113 55 chinh phuwong = @ * D13 s5 chinh phwong (dpem)
Cau 32: Tim s6 ty nhién ndé 2+ 4n+2013 1a mot s6 chinh phuwong.
Loi giai
Cac w6c dwong cua Ala1;p; p’*; p’; p’
Téng cac wéc 1a 1+p+p°+p’+p*=n*(n€N)
D4+4p+4p2+4p3+4p4:4 n
Taco: 4p*+4p’+p’<dan’<dp'+p*+4+4p>+8 p’+4p
Q(2p*+pf<(2nP<(2 p*+p+2/ D (2n=[2p*+ p+1]
Do d6 :4+4p+4 p°+4p°+4p'=4p*+4 p’+5 p°+2p+1

Elp2—2p—3:0 | P1=—1(khéng théa man)
- p,=3(théamdan)
Vay p=3

Cau 33: Tim s6 tw nhién ndé 2+ 4n+2013 1a mot s6 chinh phuwong.
Loi giai

Gid st n*+4n+2013=m’*(m€ N)

Suy ra (n+2[+2009 =m>0m’*—(n+2=2009

O(m+n+2|(m—n—2|=2009
Mat khac 2009= 2009.1=287.7 = 49.41 va m+n+2>m—n—2 nén co cac truong hgp sau:
TH 1./ M+n+2=2009 7 |m=1005

m—n—2=1 n=1002



m=147
n=138

m+n+2:287§|
m—n—2=7

TH 2:

m=45
n=2

m+n+2=49
m—n—2=41

TH 3:

Vay cac s6 can tim la 1002; 138; 2.

Cau 34: Cho S=1.2.3+2.3.4+3.4.5+...+k|k+1|[k+2|vdik EN°
Chitng minh rang 4 S+1la binh phwong cia mot s6 tw nhién

Lai giai

Ta c6: klk+ 1)(k+2):%k(k+1)(k+2).4:%k (k+1)(k+2)|[k+3]—(k—1)]

1 1
(,Zk(k+1i(k+2)(k+3,)—zk(k+1)(k+2)(k—1)

045= 1.2.3.4-0.1.2.342.3.4.5-1.2.3.4+...+k(k+1|(k+2|[k+3|—k(k+1|(k+2|[k—1)=k[k+1]|(k+2)(k+3

EI4S+1:k(k+1)(k+2)(k+3)+1
Mat khac:
kik+1|[k+2) k+3|+1=k(k+3|[k+1]|(k+2]+1=¢
Ma k € N°nénk’+3k+1 € N° nén suy ra dpcm.
Cau 35: Cho hai s6 chinh phuwong lién tiép. Chitng minh rang tong ctia hai s6 d6 cong vdi tich cta
ching la mot s6 chinh phuong 1é.
Loi giai

2
a> (a + 1)
Goi hai so lan lwotla  va

Theo bai ra ta co:
a*+(a+1) +a*.(a +1) =a* +2a° +3a* +2a +1

—(¢* +2a* +a°)+2(a* +a)+1=(d’ +a)2 +2(a+1)+1

2
=(a* +a +l)2 lia= + . 2
1a mot s8 chinh phuong levi ¢ * 979 (@+1)}; 5 channen @° +a +113 65 1¢

Cau 36:

Tim tat ca cac s6 chinh phwong gom 4 chir s6 biét rang khi ta thém 1 don vi vao chit s6 hang nghin,
thém 3 don vi vao chit s6 hang tram, thém 5 don vi vao chit s6 hang chuc, thém 3 don vi vao chit s6
hang don vi thi ta van dugc mot s6 chinh phwong.

Loi giai

Goi abcd 13 s phai tim a,b,c,d €IN,0 =a,b,c,d =9,a #0



[abed =k? (abed =k
kkmelN31l<k<m=<100=
(a+1(b+3)c+5)d +3)=m" abced +1353 =m*

Ta co:
= (m+k)m- k)=123.11=41.33(k + m < 200)

{m+k =123 {mZGT{TM}
m- k =11 m =57
=; i c:; i
m+k =41 m ZBT[KTM}
_ m- k =33 _ k=4

Vay s6 can tim 13 abcd =3136

2
Cau 37: Tim s tu nhién Msao cho s A =N" *+ N+ 613 55 chinh phuong.

-----

Gia st Ala s§ chinh phuong, suy ra ton tai s6 k €N a0 cho :

n* +n+6 =k* o 4(n? +n +6) =4k*

o k) -(Qn+1Y =23 Qk+2n+DQk- 2n-1)=23 (%)
Do KsMEN 3 g thiy 2Kk - n- 1y 2Kk +2n+1)3 c4c s5 nguyén
Ngoai ra 23> 03 2k+2n+1=2L2k- 2n-1<2k+2n+1
Suyra l =2k- 2n-1<2k +2n+1

Can c cac 1ap luan trén va 231356 nguyén to nén t (*) suy ra
2k- 2n-1=0
= dn+2=22< n=>5
2k +2n+1=23
2
vé6i N =5thi A =36 =613 55 chinh phuong

Vay n =513 s6 tw nhién can tim.
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