CHUONG 1. TUYEN CHON PE THI HQOC SINH GIOI LOP 12
TU NAM 2010-2015

PE SO 1
SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
HA TINH NAM HOQC 2010-2011
MON: TOAN 12

2(x- 6)=3vx-5- Vx+3

Caul. a) Gidi phvong trinh:

. _abc  a+2b+5c=0 ] . .. ax*+bx+c=0
b) Cac so thoa man diéu kién . Chitng minh rang phuong trinh co

nghiém.
x> - 4xy+x+2y =0

x*- 8x*y +3x° +4y* =0
Cau2.  Gidi hé phuong trinh:

Oxy A(1;3),B(-5-3)

. ~ (s n g M
Cau 3. Trong mat phang vai hé toa do , cho cac diém . Xac dinh toa do diéfm  trén
o d:x-2y+1=0 ‘ZMA"'MB
duwong thang sao cho dat gia tri nho nhat.
.. ABC . _ - cotA+cotC =acotB
Caud4. Tam giac c6 cac goc thoa man hé thirc: .
 AA&CC, ABC ¢ 7o
a) Xac dinh goc giita hai dudng trung tuyén clia tam giac khi
e . o B a=2
b) Tim gia tri 16n nhat ctia géc ~ khi
1 1 1
, a,b,c st
Cau5. Ba s0 duong théa man . Tim gia tri 16n nhat cda biéu thitc:
1 1 1

P =

+ +
J5a% +2ab+2b*  5b% +2bc+2c*  5¢? +2ca +2a



Cau 1.

PE SO 2
SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
THANH HOA NAM HOQC 2010-2011
MON: TOAN 12

(4,0 diém)

y=x’- (m+1)x%- (4- mz)x- 1- 2m (Cm)

Cho ham so6

Cau 2.

Cau 3.

Cau 4.

m
a) Khao sat si bién thién va vé do thi khi

(c,)
m m
b) Tim céc giatricaa  dé c6 hai tiép tuyén vudng goc vdi nhau.

(6,0 diém)

C0S2xX+C0S3x-sinxX - cos4x=sin6x

J6(x2 - 3x+1)++/x* + x> +1 <0

a) Giai phuong trinh

b) Giai bat phwong trinh:

9* +9 =a3*cos (;rx)

a
c) Tim s6 thwc  dé phwong trinh c6 nghiém thye duy nhat.
2 sinx
J" —dx
0 (s inx + \/gcosx)
(2,0 diém)Tinh tich phan:
(6,0 diem)
o n o ABCD L1 MN e
a) Cho tir dién déu c6 do dai cac canh bang . Goi lan lwot 1a hai diém thudc cac canh
AB, AC (DMN) (ABC) AM =x, AN =y
sao cho mat phang vuong goéc voi mat phang . bat .
X,y D
Tim dé dién tich toan phan cta t dién nho nhat.
] Oxy ] A:x- y+5=0
b) Tréen mat phang toa do cho duwong thang va hai elip
2 2 2 2
(B): -+ =1,(E,): 5 +2- =1(a>b>0) (E)
25 16 a b N e o 27 MeA _.
co cung tiéu diem. Biét di qua . Tim
M (E,)
sao cho c6 do dai truc 16n nho nhat.



Oxyz M (0;2;0)

c) Trong khong gian cho diém va hai duwong thang
x =1+2t x =3+2s
Ay =2-2t; A,:{y=-1-2s (t,s€R)
z =-1+t Z =8 (p) M
. Viét phuong trinh méat phang di qua song
Ox (P)  AsA, A,B:AB =1
song vdi truc , sao cho cat lan lwot tai .

Caus5. (2,0 diém)

a’+b*+c’> =6

Cho céc s6 thuc a,b,¢ thoa man {ab +bc+ca :3. Tim gid tri 16n nhat cia P =a®+b° +c°
PE SO 3
SO GD VA PT TiNH KY THI CHON HQC SINH GIOI CAP TiNH
QUANG BINH NAM HOQC 2010-2011

MON: TOAN 12

’ , ~y =sin” x +cos*x +cos’x - sin’ x
Cau 1. (3,0 diem)Tim gia tri 16n nhat va nho nhat ctia ham so

B _ ABCDEF _ R AB =CD =FEF =R
Cau 2. (4,0 diem)Cho luc giac noi tiép trong dwong tron sao cho .
I,J,K BC,DE, FA; P,Q DC,AD
theo thi ty la trung diém ctia lan lugt l1a trung diém cua .

Goi

- f pex o AC o oBD o AC&BD _
a) Xac dinh phép bién hinh bién thanh va tinh goc gifta . Chitng minh rang tam

IPQ
giac deu.

. . 1K
b) Chirng minh rdng tam giac deéu.

Cau3. (4,0 diem)

m cos 2x +(3- 2m)cosx +m =0
a) Biénluantheo  s6 nghiém caa phwong trinh

i 2x+l coszx+l
82 2+2 2| =32-497% +56mx- 16x>

b) Gidi phuwong trinh:
Caud. (4,0diem)

o o o s < 1 ; o ae o, 20
a) Bién so xe la day ki tw gom hai chir cai ding trede va bon chit s6 ditng sau. Cac chit cai lay tw
10 0,12,...,9 ]
chit cai A,B,C,...Z; cac chit s6 dugc chon ti chit sO . Héi c6 bao nhiéu bién so xe



6 hai chit s6 dau (sau hai chir cai) khac nhau, dong thdi c6 ding hai chit s6 chan va hai chir s6
chan d6 giong nhau?

15
f(x) :(1+x+x2) f(x)
b) Cho  biéu thic . Khai trién thanh da  thic
f(xX) =0, +ax+a,x" ...+ aux” +ayyx®  A=a,- @40, G+ Gy +ay, a
. Tinh va

10

, SABC ‘ BC =a,CA =b, AB =c
Céu 5. (4,0 diem)Cho tit dién c6 cac cap canh doi d6i mot bang nhau. Cho .

SABC a,b,c
a) Xac dinh tam va tinh ban kinh mat cau ngoai tiép t¥ dién theo

... . .. SABC a,b,c
b) Tinh thé tich t¥ dién theo .

Cau6. (1,0 diem)An, Binh va Tam moi ngudi c6 hai nghé nghiép khac nhau va khac véi hai nguwoi con lai.
Cac nghé cta ho la nha van, kién tric su, gido vién, bdc si, ludt su’ va hoa si . Mo6i nhan vat trong cac
cau dudi day 1a mot nguoi rieng biét:

Nguoi giao vién va nha van di choi tennis voi An.

Nguoi bac si dat hoa si vé mot birc hoa.

Nguoi bac sT c6 cudc hen voi nguoi gido vien.

Nguoi hoa si c6 ho véi ngudi kién tric su.

Tam thang binh va ngwoi hoa si khi choi co.

Binh song ¢ bén canh nha cta nha van.

Hay tim nghe nghiép ctia moi ngwoi?
PE SO 4
SO GD VA PT TINH KY THI CHON HOQC SINH GIOI CAP TiNH
NGHE AN NAM HOC 2010-2011
MON: TOAN 12

o A wN e

Cau 1.

x-1+x+1+/2- x =x* +2

a) Giai phuong trinh
m ,/(m+2)x-m2|x+1|
b)Tim tat ca cac gia tri cia tham s6  dé bat phwong trinh c6 nghiém thudc
[-2:2]
doan

Y4y =x>+3x" +4x+2

Cau 2. Giai hé phuong trinh:
Cau 3.



Cau 4.

Cau 5.

X, log4(x+2y)+log4(x- 2y):1

y ! .

a) Cho la cac s6 thyc théa man . Chitng minh rang:

2x- | y| Z\/ﬁ

a,b,c 0 (a+b+c) =2(a® +b* +c?)
b) Cho la ba s6 thyc khong dong thoi bang , théa man . Tim
B a’+b’+c’
(a+b+c)(ab+bc+ca)
GTLN, GTNN cua biéu thitc
~ Oxy ABC G(1;2)
Trong mat phang cho tam giac co trong tam . Goi la tryec tam cla tam giac
, .~ HA,HB,HC
. Biét duong tron di qua ba trung diém cua ba doan thang c6 phuong trinh

X +y* - 2x+4y+4=0 ABC

. Viét phwong trinh dwong tron ngoai tiép tam giac

(ABC)&(ABD)' Goi S¢rS

a) Cho t dién ABCD | goi @ 13 géc giita hai mit phing c>°p theo thi tu

25.S, sina
y =220 S ()
1a dién tich ctia tam giac ABC,ABD Chitng minh: 3AB Apeb s

b) Cho tit diéen SABC ¢g SA =SB =SC =a Mt phing (P) thay doi di qua trong tam cua t dién,

cat cac canh SA,SB,SC 13 lwot tai A.B.C (?&S). Tim GTLN cua:

I S S
SA'SB" SB'SC’ SC'SA’

HET



PE SO 5

SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
NGHE AN NAM HOQC 2010-2011
MON: TOAN 12
(Ngay thir nhat)

Cau 1. (4,0 diém)

4x* +3x- 2—; =-y(Bx+1)
Giai hé phwong trinh sau trén tap so6 thuc:
Cau 2. (4,0 diem)
(x) x =ax, =x(x-1), YneN a
Cho day s6 voi . Tim diéu kién can va di cia  dé day trén c6 gidi han
hitu han.
Cau 3. (4,0 diem)

ap (DEBC) E,F D AB, AC
Cho tam giac nhon c6 phan giac trong . Goi lan lwot 1a hinh chiéu cta — trén .

H . . .. . BF&CE i .. . AH . .. BC
Goi  la giao diém cta . Chitng minh rang vuong goc voi

Cau 4. (4,0 diém)

ABC S BC =a,CA =b,AB =c \
Cho tam giac co dién tich . Ching minh rang:

b+c- 2 - b)b? b- 2
(b+c- a)a +(c+a ) +(a+ c)c 23S
b+c c+a a+b

Cau 5. (4,0 diem)

" A s oA M =12,3...;n A o o ox . .
Cau 6. Cho s nguyén duwong " =2 va tap [ } . V6i mdi tap con A khac rong ctia M | ta ki hiéu
A e i . X TN A ey L2 LR N T4 A

4] 1a s phan ti ctia tap A , min A v3 MaX A yrong ing 1a phan tir nho nhét va 16n nhét caa tap A.

Y (min A+maxA- |A])
Tinh AcM.A% theo .



PE SO 6

SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
NGHE AN NAM HOC 2010-2011
MON: TOAN 12
(Ngay thir hai)
Cau 1. (4,0 diem)
P,Q P,Q PQ ‘
Cho la cac s6 nguyén duwong théa man va déu khong la s6 chinh phwong. Chitng minh rang néu
(a;b) - Py =1 (c,d)
la nghiém nguyén dvong nhé nhét ctia phwong trinh va la nghiém nguyén
¢’ +PQd* =a
x2 - PQy2 =-1 2cd =b
dwong nhé nhat cua phwong trinh thi ta c6:
(e 8) (a5 8)
(Lvu y: Nghiém nguyén duong duwgc goi la 16n hon ngiém nguyén duong néu
a>a’ >0,>p>0
Cau 2. (4,0 diem)
f:R— R )
Tim tat ca cac ham so théa man dong thai hai diéu kién:
FC+y2+2f () =F>(x+y), ¥x,yeR
i) .
Vx,y € (2010;+0): x #y f() #f(y)
ii) thi .
Cau 3. (4,0 diém)
.. ABC M,N  ~ ~  BC MN=BC _ . 4
Cho tam giac va la hai diém di dong trén duong thang sao cho . Puong thang
oM o AC N AR
di qua va vudng goc voi , duong thang di qua  va vubng goc vdi . Goi K 1a giao
Lo & T AK
diém cua . Chi'ng minh rang trung diém  cta doan ludén nam trén mot dwong thang co

dinh.
Caud. (4,0 diem)



a.b.c 9(a* +b* +¢*)- 25(a® +b* +¢?)+48 =0
Cho céac so6 thyc duong thoa man: . Tinh gia tri nho nhét cta
a’ b* c?
+

= +
b+2c c+2a a+?2b

biéu thiic;
Caub5. (4,0 diém)

Cho tam giac ABC vuong can tai A. Ta chia tam giéc ABC thanh " tam giac nhon. Hoi gia tri nhé nhat ctia 1
la bao nhiéu?

PE SO 7
SO GD VA PT TIiNH KY THI CHON HOQC SINH GIOI CAP TiNH
PHU THO NAM HOC 2010-2011
MON: TOAN 12

Cau 1. (3,0 diém)

((6sin x- 2)sin3x +1)’ =162sin x - 27
Gidi phuong trinh:

Cau 2. (3,0 dieém)
x*(x+2) :3(y2 - x)+3
v (y+2)=3(22- y)+3

22(z+2)=3(x*- 2)+3
Giai hé phuong trinh

Cau 3. (4,0 diém)

u, =3
u —l(u2 +u +4) n=12
’(un) n+l _5 n n s BT e
Cho day so xac dinh bai
()
a) Chitng minh rang day tang nhung khong bi chan trén.
v, = L ,n=12... .
o U, +3 limv,
b) bat , tinh

Caud. (5,0 diém)



n < a 7’ P40 .~ ~ N ~ ’ Y
Hinh chép  giadc déu c6 goc tao béi gitta mat bén va mat day bang , goc tao bdi gitta canh bén va mat day la
sin’ o - sin® B <tan’ 2£
n
. Chitng minh rang
Caus. (3,0 diem)
xét %Y ER thea man dicu kign: SX~ OVeX+4 =43V 18- Y 1y oid 1 160 nhét, gid i nho nhét caa bicu

p=2+2-1
thire: 2 3

Cau6. (2,0 diém)

1
f(n) ==,n =12..2011

L fx N n’ . [(2012)
Cho da thirc c6 bac 1a 2010 théa man . Tinh .
HET
PE SO 8
SO GD VA PT THANH PHO KY THI CHON HQC SINH GIOI CAP TiNH
HO CHIi MINH NAM HOC 2010-2011

MON: TOAN 12

Cau 1. (2,0 diém)

.. 2sin2x- cos2x =7sinx +2cosx - 4
Gidi phuong trinh: .

Cau 2. (6,0 diém)

ad +bc <Ja® +b*\* +d*> _a,b,cd

a) Chitng minh vOi 1a céc s6 thuc.
1 1 1
a+b+c=—+—+—
3 a,b,c . a b c¢ i ) .
b) Cho so6 thyc duong thoa man: . Chitng minh rang:
a+b+c ZL + 2

a+b+c abc

x,y,z€R xX*+y +z° =2 A=x+y+z- xyz
c) Cho thdéa . Tim gié tri I6n nhat cta

» o R n n*+n*+1
Cau 3. (2,0 diem) Tim tat ca cac s6 nguyen duong  sao cho la s6 chinh phuwong.



Caud. (2,0 diém)

x* +3xy’ =-49

x*-8xy+y’ =8y-17x
Gidi hé phuong trinh:

Cau5. (2,0 diem)
m JI- x- Jx +mix- x> =2
Dinh  dé phuong trinh sau cé nghiém:
Cau6. (4,0 diem)
CD ABCD a SA (ABCD),SA =a

Cho hinh chép c6 day la hinh vuéng canh . vuong goc voi . Xac dinh

s R i . AC&SD.
va tinh do¢ dai doan vuéng goc chung cta

Cau7. (2,0diém)
. . . A=2x"- xy+2y’ X,y .
Tim gia tri 16n nhat va nho nhat caa biéu thic vOi la cac s6 thuc thoa man
X - xy+y> =3

10



PE SO 9
SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
BAC NINH NAM HOQC 2010-2011
MON: TOAN 12

Céu 1. (5,0 diém)
y=x’-3x+2 (T) AB,C o (1)
a) Cho ham s6 c6 do thi la . Gai s la ba diém thang hang trén , tiép
(T) A B,C (1) A,B,C’
tuyén cua tai cac diém lan lugt cat tai cac diém (twong wng khac
A,B,C ~ A,B,C"
). Chitng minh rang thang hang.
y =x""+2011x+2012 (1) n
b) Cho ham s6 , chithg minh rang v6i moi s6 nguyén dwong  thi do thi
)
ham so6 lubn cat truc hoanh tai ding mot diém.
Cau 2. (5,0 diém)

log, x +log, x +log, x =log, x+log, x+log, x (x€R)
a) Giai phuong trinh:

1 1
Gx-6) - ———=x*- —— (x€R)
o . V5x-7 x-1
b)Giéi phwong trinh:
Cau 3. (3,0 diem)
(o k n (0 <k <n;k,nez)
Ki hiéu lato hgp chap cta phan t@ , tinh tong sau:
S =Cpnp *+2Cs019 +3Cipyq +-.. +2010C,5 +2011C5,
Cau4d. (5,0 diem)
.. sacp A o AD=da(a>0)
a) Cho hinh chop t¢ giac , 6 day la hinh binh hanh, , cac canh
a6 (SBC)
bén cua hinh chép bang nhau va bang . Tim cosin cta goc gitta hai mat phang va
(scD) _
khi thé tich cta khoi chop 1a 16m nhat.
ABCD  BAC =60°,CAD =120" E A
b) Cho t& dién co .Goi  la chan duwong phan giac trong goc  cua
.. ABD i s .. ACE
tam giac . Chitng minh rang tam giac vuong.

Caus5. (2,0 diém)

11



L2 2
Cho hai s6 thye XY Xty =7. Chitng minh rang

cos x + cosy <1+ cos(xy)

HET

12



PE SO 10
(Pé HSG lép 12, Lam Dong)
Cau 1. (3.0 diém)

3 2
N ~ = - =+ N ~, > ~ .7 . > N ~ , . e N , e
Cho ham s ¥ =% 3x" +mx (1) . Tim tat ca cac gia tri cia m dé ham so6 (1) c6 cuc dai, cyc tiéu va cac diém

cue tri ctia dd thi ham s6 di xitng nhau qua dwong thang 9 X *+2y-9 =0

Cau 2. (3.0 diém)

(x +cosx)

I= dx

4cos® x +3sin’ x

M‘@%N“ﬁ

Tinh tich phan
Cau 3. (2.0 diem)

P(x) =(1+4x +3x> )
Cho biéu thitc P(x)

. Xé&c dinh hé s6 cua X’ trong khai trién thanh lily thira cta x.
Cau 4. (3.0 diem)

a) Trong mit phing toa do Oxy, cho AABC bigt tam dwong tron ngoai tiép 1a 1(4;0)

; phwong trinh hai
dwdng thing Ian lwot chita dudng cao va dudng trung tuyén xudt phét dinh A cia AABC 13

diix+y-2=0 ,d,:x+2y-3=0

. Viét phuwong trinh dudng thang chita cac canh cta AABC
b) Goi I 1 tam dudng tron ndi tiép AABC ¢ AB =6 BC =a;CA=b _cping minh réng;
IA*> IB* IC?
+ + =
bc ca ab
Cau 5. (3.0 diem)

1

a) Giai phuong trinh 2sin2x+cos2x+2 :\/E. (sm 2x.cos x +sinx + 2 cos x) .

ey a8

by Cho x,y,ze[O;l] (2X+2y+22)(2"+2y+2z)sg

Cau 6. (3.0 diém)

Cho hinh chép t& gidc déu S-ABCD bigt khoang cach tir A dén (SBC) bing b; géc giita mit bén va mit day
hinh chép bing & . Tim @ d& thé tich khéi chép S.ABCD dat gia tri nho nhét. Tim gia tri nho nhat
do.

Cau 7. (3.0 diém)

. Chitng minh rang

2°-2" =y-x

(x*- 3y)yJ/2y*3x- 2 >0

Giai hé phuong trinh

13



PAP AN VA HUONG DAN GIAI
PE SO 01

2(x- 6)=3Jx-5-Jx+3 (1)

Cau 1. a) Ta co:
Didu kién: X =5

M) & 2(x- 6) =Jx+3- 3Vx- 5 = 2(6- x)(Vx+3+3Jx- 5)=48- 8x

Khi d6
6- x =0 (1)
Jx+3+3Jx-5=4 (2

< (6- x)(\/x+3+3\/X- 5)24(6- x) e

T (1) = X =6 thoa man diéu kién

29
X <—
29- 5x =0 -
e 3\l(X+3)(X- 5) =29-5x o 5 = 3 = x:M
X*-17x+61=0 17 +345 2
X =—
Tw 2
17- 35
X=6,x=———
Vay nghiém cua phuong trinh 2

b) Ta c6: GXZ +bx+c =0 (].)

Trudng hop 1: 9 =0 suy ra 2b +5¢ =0 Phyong trinh (1) tr¢ thanh bx +¢ =0 (2)
+) Néu b =0= ¢ =0 phyong trinh (2) c6 nghiém ( v dinh)
+) Néu b #0: Phwong trinh (2) c6 nghiém (duy nhat)
b =- a+5c
Truong hop 2:9 0 Ta c6 2

A =b? - dac = 4A =4b* - 16ac =(a +5c)’ - 16ac =a” - 6ac +25¢*> =(a- 3¢c)* +(4c)’ =0

Vay phuong trinh (1) luén c6 nghiém.
x> - 4xy+x+2y =0 @))

4 2 2 2 __
Cau 2. Ta c6: L{ 8x y+3x" +4y° =0 2)

x =0
x=0=> y:O=>{

Truong hop 1: y=013 nghiém cua hé.
Truong hop 2: X #0: Chia hai vé cta (1) cho X, (2) cho X’
x+2—yZO,y2§
X
x-4y+1+2—y: x+2—y:4y-1 oy )
PSS B o {|x+=L| =(ay-1)
X -8y+3+2-=0 |X¥+2 =8y-3 2
X X 2y
x+—| =12y-3
X

14



y =
(4y-1) =12y-3 e
y =

N

Suy ra
2 x =1
X+—=3o
vei Y “ltaco X X =2 vay hé c6 3 nghiem (%0, LD, (21
Cau 3. Goi 1Cx;,) 14 diém théa man: 2IA+1B =0
N 2(1- x,) =x, +5 x, =-1
< 2IA=BIl < =
2(3- YO)ZYO"'B Yo =1
Vay 1(-1,1)
[2mA + MB| =[2(M1 + 14)+ MT + IB‘
Ta co
B
:‘BMI +2IA+IB‘ :B‘MI‘ =3MI I
A
. pma+mB \
Nhu vay nhoé nhét khi va chi khi MI nhi nhat. Suy ra M 1a
hinh chiéu cua I trén d. d
{x =2t-1
. = M
Phuong trinh tham so cta y =t .
Goi toa o M2t - ;)= IM =Qt,;t, - 1)
. , 3
IMau, =0 2.2t +t,-1=0e t, == M|- =%
Tacé 5. Vay
2 + 2 _ 2 2 + 2 _ 2 2 + 2 _ 2
COtA :u COtB :u COtC :u
Cau 4. a) Ta c6: 4s ; 4s : 4s
a zl cotA+cotC zlcotB
Khi 2. Tach 2
2, 2 2 2, 2 2 2, 2 12
@b +c -a +b +a -c :la +c°-b o 5h? =g + 02
4s 4s 2 4s
4 Alb*+c* a
AG? =2 ppr =22 *C 4 |
, oM 79T B
Ta co:
4 4 2 + 2 2
cg? =dccr =34 _c .
9 9 2 4 C, A,
Al a® +¢°
AG' +CG" =2 +b2] =b* = AA 1 CC, S
= . A
Vay goc gitta 4 va €Ci bang 90°. C

15



b*+c’-a*> b*+d*-¢? a’ +c?- b?

cotA+cotC =2cotB = + =2 o a’ +c? =2b°
b) 4s 4s 4s
2 402 - P2 24 D 1
cosB=L"¢ b =4 *C 29 2, B<60".
Ta cé: 2ac 4ac 4ac 2

D4u = xdy ra khi tam giac ABC déu.
1 1 1
P =

+ +
Cau 5. J5a2 +2ab+2b*  5b +2bc +2¢*  5¢% + 2ac + 24

. 5a% +2ab+2b*> =Q2a +b) +(a- b)Y =(2a+b)

Ta co
1 1 112 1
< —| =+
Suy ra J5a® +2ab+2b* 2a+b 9la b 1)
1 1 1({2 1
< il i
Tu’dng tu’ \/sz + 2bC + 2C2 2b + c 9 b c (2)
1 1 112 1
< —| 2=
2 2 2c+a 9lc a
\/5C +2ac + 2a (3)
pifl,l l]
Cong theo v& cta (1), (2) va (3)suyra  3td b ¢
2 2
Ll L L L s L e ped
MétkhécabC?’abC 3la b ¢ a b c 3
Dau " =" xay ra khi ¢ =b =c =3.
PE SO 02

— 3
Cau 1.a) V6i M =-1 ta dwgc hams6 ¥ =X ~ 3x+1
TXD: D =R,

o lim y =+o0, lim y =- 0
Gidi han tai vo cuc: x—+e A
| — 2 _ _ _

Sy bién thien: Y =3X - 3=0< x=£.

y'>0e xe(-0;-1)U @ +x0)

(-o;-1) . (1;+0)
va )

(-11)

= Ham s6 dong bién trén cac khoang

y'<0e xe(-11) Ham s6 nghich bién trén

(-13) (- 1)_

biém cuc dai caa do thi , diém cuc tiéu caa do thi

Bang bién thién:
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® ) -1 I a0

- 5.-" c 0 E 0 |

- '__wfﬂ]\\._]/;’/m

D6 thi di qua diém ¢2-1, @3)
1(0;1)

Diém udn la tdm doi xitng

s

[ 2_ _ 2
b) Ta 6 =3x’- 2(m+1)x- 4+m

Y' c6bigtsg A'=-2m" +2m+13

, la tam thirc bac hai cua x.

+)Néu A" =<0 thi ¥' =0 Yx suy ra yéu cau cta bai ton khong théa man.

1- 33 1+343
2 b

A'>0e me

. 2 V' =0 . . X, X (X <x
+) Néu ,thi Y Ocohalnghlem bx (% 2).
Dau cta y’:

xi—':ﬂ X| X2 +oh

3-'| + 0 - 0 B

Chon X, € (x;%,) = y'(x0)<0_

Ny i a o s 'x).y'(x,)=-1
Yéu cau cua bai toan thoa man khi va chi khi tén tai x sao cho Y6y 0)

o 3x%- 2(m+1)x- 4+L =0
y'(x,)

1- 33 1+33

2 2

Phuong trinh (1) c6 nghiém.

me

Vay gia tri can tim cta m la

R (cos2x- cos4x)- sinx +(cos3x- 2sin3x.cos3x) =0
Cau 2. a)

< (2sinx.sin3x - sin x)- (2sin3xcos3x - cos3x) =0 < (2sin3x - 1)(sin x - cos3x) =0

17



27

JT
X=—+k—
18 3
sin 3x 2% X:S_”+k2—”
o | B 3uxen
V4 JT T
C0S3X =cos| —- X X =—+k—
8 2

T
x=-—+km

b) Tap xac dinh: R
o 6(2()(2 - x+1)- (x2 +x+1))+\/6(x2 - x+1)(x2 +x+1) <0

Bat phuong trinh

2 _ 1 6(x2—x+1)
o X XL, P -6<0
X +x+1 X +x+1 (ViX +x+1>O,Vx)
6(X2-X+1) 3
t =\|—5———(t>0) 20 +t-6<0e 0<t <=
Pit: X +x+1 , ta duoc 2

Bat phuong trinh da cho twong duong véi
6(x -x+ 1) 9

x> +x+1 4

Z e 5x*-11x+5<0 e x

11- V21 11+421
10

10

9* +9 =a.3* cos(7x)  3* +3** =a.cos(rx)

C) )

Nhan xét: Néu * 13 nghiém cua (2) thi 2 X cling 1a nghiém cua (2), suy ra diéu kién can dé (2) c6 nghiém

duy nhatla % =27 % < X =1

+)véi %0 =L thi tir (2) suyra @ =6

X 2-x —_
+)v6i @ =-6  hi phuong trinh (2) tré thanh © T5 6cos (rx) 3)

Tacs VT(3) 26,VP(3) <6
3 3" +3" =6 .
= o x =
Tir (3) - 6cos(7x) =6 Vay @ =6

sinx =l(s inx + \/§COSX)- ﬁ(sin x- \/gcosx)
Cau 3. Taco 4 4

T

1 \/5 2‘. sin x ++/3cosx

B %
== Sdx
4 6J(sm x+ fcosx) 4 (sm X+ fcosx)

18



TR

B

1

1
= [ dx+
16

2 _E X'Z
X 6] 6]

Cau 4: Ké DH LMN | 4o mjt phing (DMN) vudng géc véi (ABC)
nén DH vudng goc véi (ABC). Ma ABCD la t dién déu, nén
suy ra H la tam cta tam giac déu ABC

o%m\a

R

coS :— tan

0

S :lﬂﬂf.ﬂﬂ.ﬂn 60" zﬁxy
Ta co 2 4
Sauw =Saug + 3 axm Z%M.HH.SHI 30° +%AN.AH.5H‘I 30"
1 J‘
=— —(x+
a ¥)
Ex}’—l£ (x+y)= x+y=3xy (0 =xy=1)
Suyra: 4
Dién tich toan phan cua t&t dién DAMN :
1 1 1 1
=— AD.AM .5in 60" + — AD AN .sin 60" + —DH.MN +— AN _.AM .sin 60"
5=5 AMD 5-1&':3 +‘5:J.l.4.r-.' +5.-1..l.4_r\' 2 2 2 2

:ﬁxy+§1,"3xy{3xy— 1)
Iy =x+y :_=2Jx_=:~ J;E :_*E:: xy ::i
T 3 9
V3(4+42)

. 2
minsS =———~  x=y =—
Suy ra 9 khi 3
b) Hai elip c6 cac tiéu diém E(-30)F,(3, D}. biém Me(E,)= ME +MF, =2a . Vay (E,) c6 do dau truc

16n nhé nhat nhi va chi khi MEi +ME2 ppa nhat

Goi N(x;y) 1a diém d6i xtng ctia F; qua A, suy ra N(-5;2)
MEF, + MFE, =NM + MF, =NE

Ta coO 2 ( khODg dOl)
Déu “=" xdy ra khi va chi khi M =N A
x_-l?
M- ;=1r+4#1,’—3:[]“1“r 5 ==M[ 17 B
X-y-5=0 8 5 '5)
Jf’:g

Toa do diém
c) Gia st da xac dinh dwgc mat phang (P) théa man yéu cau bai toan
A€A, = A(L+22- 26-1+t);BEA, = B(3+2s;- 1- 25;5)

Suy ra AB =(2+2(5- t);-3- 2(s- t);1+(s5- 1))

19



= AB’ =9(s-t)" +22(s- 1) +14 =1= 13

n, z[ﬂB;i] =(0;0;1) = (P):z =0

vg ST t="1= AB=(0;-10)= (P) mot vtpt (loai do (P) chita Ox)
5-[:-E=AB: _8_1_4 = (P) n, =| AB:i| = u;'d';l = (P):4y- z- 8=0
9 9 9 9 9 9 Y
Vi \ : c6 mot vtpt ' : (tm)

Cau 5: Tir gia thiét suy ra: 4+ +¢ =0 ta ¢6 a,b,c 12 ba nghiém thyc ctia phuong trinh
= x' - (- a)(x- b)x- ¢)=0 & x*- 3x- abc =0 = x* - 3x+1=abc +1(3)

Tir d6 thi ham s6 ¥ =x’- 3x+ 1suy ra phurong tinh (3) c6 3 nghiém thyc a.b.c khi va chi khi
-1<abc+1 <3< -2 <abc =2

+ abc=-2, khi trong ba s6 a,b,c c6 hai s6 bang 1 va mét s6 bang -2

+ abc=2 khi trong ba s6 a,b,c c6 hai s6 bang -1 va mot s6 bang 2

P=a"+h" +c = P- 3(&&(‘}2 :(az +h? +C2)(ﬂd +b 4+t - a?b? - b - C‘Zﬂz)

=(a® +b* +¢) - 3(a@* +b* +¢*)(ab? +b*c* +c'a® ) =216- 18.9 =54
P =3(abc)’ +54

MaxP =66 khj c6 hai s6 bing -1 va mot s6 bing 2, hodc ¢6 hai s§ bing 1 va mot s§ bing -2
2 trang cu6i, Dinh Xuan Thach
12-16

. . B[ R ]
a[ 2" 242" 2| =32 4977 456X - 16x° | .
| o |32- 497 +567x- 16x* =32

Do dé:
, ~ x="4kT kez
cos2x =0 4 2
ks T T 3T T
= =T+ — N=—*+— = : =
o XTI PR o X sk =3)
77
X =—

Vay phuong trinh ¢ nghiém duy nhét 1a 4
Cau 4: a) Bau tién chon 2 chif cai: C6 26 cach chon chir cai dau tién, sau d6 chon chit céi thi hai trong 26
chit cai (c6 1dp). S6 cach chon 1a N =26.26 =676

Chon 2 chif s6 chin giéng nhau: ¢6 9 cach chon trong cac s6 0,2,4,6,8 gayds sap hai s6 chan giong nhau

a,a, a,, a,a, a,

a,d.a . .t .. .aa s,
12341Ch1C05V1tl‘1 DI , s 4 vl néu xéep vao vi tri

vao 2 trong 2 vi tri @

%32 thi trai gia thiét 1a hai chit s6 dau khéc nhau.
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R n s oan e s oo oad, ad, @@, A8, £ g sl g e A LS ex
* Truong hop 1: s6 chan da sap vao cac vi tri “173, 174 7273 0 7274 ¢4 4.5 cach sap 2 chit s6 chan giong

nhau vao 4 vj tri d6, sau d6 c6 9X° cach sdp 2 chif s6 1é vao hai vi tri con lai. Do d6 s6 cach chon
1 =4.5.5.5 =500

a: .

* Truong hgp 2: s6 chan da sap vao vi tri 4584, C6 5 cach sap 2 chit s6 chan giong nhau vao vi tri do, con lai

_ca? —
vi tri 42 ga sdp xép vao 2 so 1é khac nhau. Do d6 s6 cach chon la n, =3.A; =100 .

< A . n, =n,+n, =600 , N X 1s . N 12 s

Theo quy tdc cong,taco * 2 cach chon 2 chi¥ s6 chan gidng nhau, sau d6 chon 2 chit s6 1é vao
hai vi tri con lai.

Theo quy tac nhan, s6 cach bién s6 xe thoa man yéu cau cta bai toan la:

n =nn, =676.600 =405600

15
A =f(-1)=a,-a,+a,-a,+..-a,, +a, :(1— 1+(- 1)2) =1

b) Ta c6:
[0 =[@+0+x] " =3 Cl @ax) ¥ =3 0| Sene e
k=0 k=0 =0 |
f(x) :Z Ch| X Clxx™* ZZ C\ [ZC;:H'““"”‘
k= i=a | k=0 | =0 _

Hé so 40 13 tong cac hé so cta cac don thitc c6 s6 mii thoa man:
j+30-2k =10 o j=2(k-10)(k =10)

Do dé (k, j)=00;0),(11;2),(12;4),(13;6),(14;8), (15;10)

a,, =CLIC;, +CIIC} +CECH, +CICS, + CHC, + CCH =531531

110

Suy ra
Cau 5: a)

Tt dién S-ABC ¢4 cac cap canh d6i d6i mot bang nhau, nén cac mat la cac tam giac bang nhau (c.g.c). Goi

E va F 1a trung diém caa SA va BC  ta c6:

BE =CE =FA =F5§ :%JEE}‘Z +2c* - @

21



= Céc tam gidc BEC v3 AFS cantai E va F, nén EF 1a trung tuyén vira 1 duwong cao.

= EF 13 duwong vudng géc chung ciia SA va BC ciing 13 trung tric ctia SA va BC
Twong ty, doan thing néi 2 trung diém G va H caa AB va SC ciing 1a trung trwc caa AB va SC .
EH /I =X AC
Ta c6: 2
= EF// =GF 4o 46 GEHF I hinh binh hanh, suy ra EF va GH cjt nhau tai trung diém ! ctia méi dwong.
vay I 1a tAm mit cau ngoai tiép t¢ dién S-ABC
Ban kinh ctia mit cau 1a R =IA =IB =IC
2b*+2c*-a® a _ [b'+c'-a’
4 4 :\(T

EF =y EB* - BF* :J

Ta co:

2 2 2 2 2 3 2
R —1A I T EA? :Jf’*%ﬁ_ ZLJM

4 2 2

Trong mit phing (ABC), vé cac duong thing: MN di qua C va song song véi AB, NP qua A va song
song véi BC| PM qua B va song song véi AC . Ta c6 cac tit gisge ABMC  ABCN = ACBP 1 c4c
hinh binh hanh.

Suy ra MN =25C =2c, NP =25A=2a; PM =2SB =2b

va AB.C 13 trung diém caa NP-PM.MN Np pp, MN.

1
5: ca idc MSN NSP PSM 13 ¢4 e vutng i S va M g owe
Do dé: cac tam giac , , la cac tam giac vudng tai © va 4 ;
v, =ly
PM 1L SM,PM L SN = PM Lmp(MSN) _, "siec = Voune

Xét tir dien SMNP c6 gdc tam dién dinh S la tam dién vudng, ta co:
(SM? +SN? =MN? =4c?
SN* +SP° =NP* =4q°
SP*+SM’* =PM’ =4b* _ 2(SM? +5N? +5P*) =4(a® +b* +c?)

22



sM? =2(b* +¢* - @*) SN? =2(a* +#-b*) sP? =2(a? +b* - ¢?)
Suy ra ; ; .

Vo =1 Ls05)SP :%J(az WENUE) (EBRERED | (R

. Viane :l'uw_w :E-J(ﬂz +b*- ¢’ )(bz +c’ - ﬂz)(fz +a’ - IE?E)
Vay 4 12 .
Cau 6.

* An

Buroc 1: Cau 5 cho biét An la hoa si

Buéc 2: Cau 1 cho biét An khong phdi la gido vién; nha van.
Buéc 3: Cau 2 cho biét An khong phai la bac si.

Buéc 4: Cau 4 cho biét An khong phai la kién tric su. Chi con la nghé luat sw
Suy ra An la hoa si va luat su.

* Binh

Con lai 4 nghé: Nha van, gido vién, kién tric su, bac si.
Buéc 1: Cau 6 cho biét Binh khéng phai nha van.

Buéc 2: Cau 1 cho biét Binh la gido vién.

Buéc 3: Cau 3 cho biét Binh khong phai la bac si.

Nhuw vay, Binh la gido vién va kién tric su.

* Tam

Con lai 2 nghé bac si va nha van la nghé cta Tam.

PE SO 04
Cau 1. a) Diéu kién: -1 =x =2
Khi d6 phuong trinh © %= X= x-1-2-x = 1- 42 3
—a? _ _ _ 1.
Xétf(x)—x x- Afx+1- 42 xvdixe[ 1,2]

f'(x):zx-l_#.p#
2Nx+1 242-x
£(x) =(2x- )| 1+ ! |
o i +142- x(Vx+#1+42- x) £(x)=0 o, ¥ =5
Bang bién thién:
1
x | -1 -
2
f'(x ) 0 +

23



@)
‘wl

f(x)

T bang bién thién suy ra phwong trinh (1) c6 ding 2 nghiém
Dé nhan thay x = 0; x = 1 la 2 nghiém cua phwong trinh (1).
Vay phuong trinh da cho c6 tdp nghiém la S = {0; 1}.

2 2
b) Bat phwong trinh da cho twong duong vai: (m+2)x-m=2x"+2x+1 & m(x-1) 2x"+1 )

Nhan thay x = 0 khong nghiém ding bat phwong trinh (*)

2
' m £)«: +1
+)voi €172 Ta ¢ bt phuong trinh (*) < x- 1 )
x*+1
- m >
+) Vi X521 Ta c6 bat phuong trinh () & x- 1 @
2
1
f(x) X . ]
Xét ham s6 x-1 ygi Xel-2) U 2]
() X" 2x- 1 x=1- 2
6 | (x-1 £'(x)=0 o |x=1+2 (lodi)
Bang bién thién:
X 1-2 1-./2 1 2
y + 0 - _
2_2ﬁ +00
y
-5 o -

Bat phuong trinh (*) c6 nghiém thudc doan [- % 2] < hodc bat phwong trinh (1) ¢6 nghiém
m<=2- 242

—
thuoe =21 hodc bt phuong trinh (2)c6 nghiém thuoe (2] 1M =5

R E(-‘L‘;E—EEIU[S-FJJ) e
Vay m la tat ca cac gla trl can tim



-1=x=1 -

Cau 2. Pidu kién xdc dinh ctia hé phuong trinh 1a: 1 0=y=2

[ ay =+ +(x+1) @)

- 1=y +2-y ()

Hé phuong trinh da cho twong duwong voi: |
x+le [ 0; 2]

Tir () ta c6 L"E[“; 2] e O =040 f(0) =3 +1,0 v

— 43 . _
Ham s6 flO)=t"+t dong bién trén doan [0’ 2] nén phwong trinh (1) © ¥ =X +1

2 — — —
phuong trinh (2) ta duge: V1~ X +1=Vl+x+yl-x = x=0= y =104 a0

x> x>2y|= x>0

Cau 3.a) Piéu kién: X~ 2Y

log, (x +2y) +log, (x- 2y) =1« log,(x" - 4y") =1

» thé vao

Ta co:
o X -4y =4 x =4y’ +4 (d0X>0): 2x - Jy| :2,||4|yr +4-y|
Dit t =|y|.t =0
8t Bt - \J4t” +4
- t=0= f(t)= -1=
xee [0 =2/ +4-t Jacra  \ac+a
1
fl:}_} =N t=——
\"‘E (do t>0)
Bang bién thién:
t 0 !
Ji5
fr(t) - 0 /
4 15 +00
f@©

f(6) =415 = 2x- [y| =15 (BPCM)

Twr bang bién thién suy ra

8 1
Dau dang thitc xay ra V15 J15
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b) Tw gia thiét va

ab +bc+ca :%[[ﬂ +b+c)-a’-b’- r:zl = ab +bc+ca :%{a +b+c)’

3

p _da'+b'+ch) 1 4a 4b N
Do d (a+b+c)' 16|l a+b+c] la+b+c] la+b+c)
4a 4b 4c
X = ,_}.’: ;z:
Dit a+b+c a+b+c a+b+c
X+y+z=4 y+z=4-x
—
Th Y Yz Az =4 yz =x*-4x+4
0<x<§
Vi (y+2)" zdyz nén 3

Ta co

p :iﬁ[xuf +7%) :11_5[;{" +(y+z) - 3yz{y+z}] = P :%{3:{‘ - 12x% +12x +16)

8
€|0;—
xep [(¥)=3x" 1227 +12x+16 . ’Sl
x=2
1 —_— 2 - ) =
= f [J{’} =9x 24x+12= f [Jl'} 0= Jl':E Xe 0,§1
3 thoa man 3
2. 176 .8, 176
0 :15, 2 :]_5, —) =—, —) =
Co 10 '@ HB} 9 jr{3} 9
8} 176
I _ max f(x) =—

= Trén

= min P=1, ching han khi: ¢ =0,b=c #0

11

max P =—

Cau4.

9, ching han khi: ¢ =b,c =4a,a #0

26



B M C

Goi trung diém cta HA,HB,HC, BC,CA, AB 5, luot la: LE,F.M.N.P
Tacs: EH LAC= EH LIF

Ma MF//EH = MF L IF = BM =1v

Tuong tw = HM =1v nén M thudc dudng tron ngoai tiép AIEF

Twong tw ta c6 N,P ciing thudc duwong tronngoai tiép AIEF

Dé thay: AABC 13 anh ctia AMNP qua phép vi ty tam Giiso k=-2

= Puong tron ngoai tiép AABC13 anh caa dwong tron ngoai tiép AMNP

2 2 -
Ta c6 dudng tron ngoai tiép AMNP (4 phuong trinh: X 4y - 2x+4y+4=0

6 am K E-2), R=1
GK, =-2GK R, =2R,= K|(1;10),R, =2

= Phuong trinh dwong tron ngoai tiép AABCy; Ge- 1)+ (y- 10) =4
Cau 5.a)

C

Goi H 1a hinh chiéu vuéng goc cta C lén mat phang (ABD).

Ké CK LAByyi K = HK LAB = Goc gira ABC)ys (ABD) )3 EKH =

Goi Xt R 13 tam va ban kinh duomg tron ngoai tiép ABC thi:
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v :%cﬁ.s__,mum :%5” CK .sin &

=3
1
S, =—CK.AB
Ma: 2
v :lsn ﬁsin 0 v :25{_..5”.5maf
= 3 AB = 3AB (DPCM)
b)

SG 3

Goi S 1a trong tam AABC = SG gj qua$ va: ss' 4
Goi V>V Tan luot 14 the tich cac khdi tit dign SABC SABC
dt(AS AB) =dt(AS BC) =dt(AS CA)

Ta co:
V Hl;r;.-{n' :SGEASE
Vt.l. a Y ssBC :V_r.l.h, :E m V‘i.‘i'_ﬂ.n 55 SA.SBE
Cﬁu 1: SGAB 4 5;1 SB
LB SC'yy =L SASC

iy =0 — — V)V, =—, . .
Tu’o’ng tu’: SCGHC 4 .SB SC SCAC 4 5}_1 SC
V' 1(SA' SB' SB SC' 551 ScC
V'=V . +V 4V = ="
SCA'R SGHC SGAC V 4 ‘5!_;.1 SB S_E SC 5!:1 SC

Ma:
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=:‘5;-1'..5}3'.5(__," 1 SA'EE SB sc SA' scC &4+SB+5C

SA.5B.5C 4 SA SB SB SC SA'SC| SA' SB' SsC!
1 1 1 4
+ + =

e}
Céu 2: SA' SB' SC' a
(do5A =5B =5C =a)
1 1 1 1 1 1 1" 16
+ + =— + + =
SA'.SB' SB'SC' SC'.SA' 3lsA' sSB' sC'| 34’

= minQ =22 sa=sp sc'—Ef

2

3@ khi
< (P) qua G va song song vdi mat phing (ABC)
PE SO 05
Cau 1. Hé phuong trinh da cho tuwong tng véi:
(5x% +5y% =1 (5% +5y° =1

Q=

‘4x2+3x+3xy+y = 2x° = 2y +3xy +3x+y _47
25 e 25

[5x* +5y° =1

.(gx— PHx+2y)+(x+2y)+(2x- y) :£

o 5

Pat 4 =2x-y. b=x+2y
(a*+ b =1 |[a+b}2-2ab:1

4

ab+a+b —— 2ab+2(a+b) :2—5

Heé da cho trg thanh:
a+h :z
5]

ab :E
25

~:]+|E+:—E

[2ab =(a +b)* - 5 Wi

' 132
(a+b+1) :% ab =—

[11 EMT}

Cau 2. Néu @ <~ 1 hodc @> 2, khi d6 2<x, <x, <.

' hodac "

. lImX = pup—— — D A x
Gia st ton tai " TC tacd € =€ - ¢ < ¢ =0 hoie € =2 (mau thuidn)



(*) Ta chitng minh néu ton tai k sao cho 0=x =1

I
(Xk+21) ddn dléu glém Vi x.uzuz - H.'H-.EI _x.'«chZI( k+21 2} {D

limx,,,,,, =c c=c+c'(c-2) o o =g Gic <1).

Vi vay ton tai , ta co

mekun—l zlim[(xku,)z— Xm| =0 ' =0

. Vay ton tai limx,
0=x, =2

Mat khac:

(**) Ta chitng minh néu ton tai k sao cho thi day hdi tu.

0=x, =2 x, =x =2 Ny Xeez SXiy =2

(x

That vay:

Neu M =0 , Yk thi day "*1)do?n diéu gidm va bi chan dwdi do do hoi tu.

x . <0 h‘D':x <]

k+1

. Theo chitng minh (*) day (x,) hdi tu.

k+1-1

Néu

Tirdo, 0 <a <2 0 =X =2

, suy ra day co gi6i han.
. <x < o e
Néuy - 1<a=0= 0<x, <2 , suy ra day c6 gidi han.

Vay diéu kién can va du dé day c6 gidi han la - l=a=2
Cau 3.

A

B~ D K c

Goi K 12 hinh chiéu caa A trén BC.

Vi K,E, F BC, AB, AC 4.

theo th? ty thudc cac doan
KB FC EA _ KB FC EA

KC FA EB  KC FAEB

Tir gia thiét ta c6 ;EA =FA; ED =FD, do do:

EF__CE KB KA FC ED =-cotB.tanC.cotC.tan B =-1

KC FA'EB KA KC FD EB

Vay theo dinh 1y Ceva, véi chi y A% BF>CE khang thé doi mot song song, ta c6

thi day hoi tu. That vay:

AK, BF, CE dong quy.
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Diéu d6 c6 nghia la AK di quaH-vay AH L BC

Cau 4. Trudc hét ta chitng minh cac bo deé sau:

Béde1: Véi & P Claba canh ctia mot tam giac c6 dién tich S thi:
2(ab+bc+ac)- @’ - b* - ¢ =453

Chitng minh: Van dung két qtia (x+y+2) 23(xy +yz +x2)

[(p- )(p- D)+(p-b)p- )+ (p-c)p- a)]” =3p(p- a)(p- b)(p- )
Ta co:
p:a+b+c
(véi 2 )
o (p-a)(p-b)+(p-b)p-c)+(p- (p- a) =543
_ 2(ab+bc+ca)- @ - b* - ¢ 2453

B6 de 2: V6i % b €13 ba canh cia mot tam gic c6 dién tich S va % Y> 213 céc s6 thyc duong,
2

2 2
xa_ yb L X ::25-,.1'5.
V+Z Z+X X+Y

Ta ludn co:

a’ b* o
+ + ‘[(y+z}+(z+x}+(x+y}] =(a+b+c)
| y+z z+x x+y

Ta co
2xa®  2yb*  2zc’

+ +
= y+Z Z+X X+Yy

=2Wab+bec+ac)-a’- b*-c*
2 2 2

X0 +yb N z0 ::ESJE_'

Ap dung B6 d@ 2 ta c6 y4+Z Z+C X+Y

Tra lai bai toan:

Goi A , B , Cilan lwot la tam dwong tron bang tiép cua cac goc A, B, C c3a AABC.

MBC ~AABC,
Ta co
dt(ABC) _ Er a, _(a)
= dt(‘:lIBICI) x) 5 28" | x
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Al

BC, =x §'=dt{ABC) ,; T, 3 g0 kinh duiig tron bing tiép géc A

Trong dé
(b+c- a)d’ _ar, (b+c-a)x’ T (p- Aax’  (pyc- q)a? 5 ax?
- b+c S'(b+c) S'b+c) o b+c S b+c
(c+a-b)* S by (a+b-c)b* S cz*
c+a  S'c+a a+b S a+bygOA =Y AB =z
Tuwong tw , ’
(b+c-a)a’ +(r:+a— b)b* ,(a +b- )b’ _ 5| ax? . by* . cz’
- b+c c+a a+b  S'|b+c c+a a+b
] ABC, .
Ap dung Bo6 dé 2, doi vGi tam giac Htaco
2 2 2 . 2 . 2 ) 2
ax’  by' 05" B (b+c-a)a +(£+a b)b +(ﬂ+£} c)e 2253
b+c c+a a+b = b+c a+c a+b

D4u bang xdy ra khi va chi khi tam giac ABC déu.

X, :Z (min A + max A- |A|)
veimi L=k <n gy B SASM[ A=k} o, g,

Caus
T= Xk A_{ B B B } E A‘ _{ _|_1 R _|_1 . . +1 }
Lo k=l V()’lmél = 'ﬂ”ﬂz,...-,ﬂ? = v dat =0 -a,,l'l ‘az,....,n = ﬂk .
Khi do ;
axcE, (A**=A_ E, ={AcM|A|=k} ={A*|A c M | A|=k}
Ta co: ’
2x, = 3 (min A+max A+min A*+max A*- 2| A|)
= AEE,

A= = . 2. MinA* =n +1- *=m+1- q,.
Gast 4 MaXA=Q ;g MNAT=n+1-q, maxA*=m+l-q,

min A+ max A+ min A* +max A*- 2| A|=2(n +1)- 2k
Do do
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2x, = 3 2(n+1- k)=2(n+1- k)C! TZE(””‘MC:

= X Z(ﬂ +1- R)Cf =

= AsE, k=l
H(x-l‘-l)” :Z C:';:H..'H-I-.'-c (x+1}'l +nx(x+1}'l-l :Z (n+1_ k]C::x'l-k
k= = k=i '
Ta co:
2" +n2" =Y (n+1- k)C' =n+1-T. |
x =1 4 ! ' av I =2"+n2"" - n-1
Thay ,taco k=L Vay .
PE SO 04

Cau 1. a) Didu kién; - 1=x =2
Khi dé phuong trinh < X' - X~ Vx-1-v2- x =-1- 42 )
f(x)=x*- x- Jx+1-2- x vGi xe[_ 1;2]
1 1
+
2x+1 242- x

Xét
f'(x)=2x-1-

f'(x)=0x- 1|1+

1
2Jx+1+/2- x(\/x+1+\/2- x) £'(x) =0 - X :%

(=4
Bang bién thién:

' 1 >

2

f'(x } 0 +

2- 3 2-3

f(x)

1
RENNS

T bang bién thién suy ra phwong trinh (1) c6 ding 2 nghiém
Dé nhén thay x = 0; x = 1 la 2 nghiém cua phwong trinh (1).
Vay phuong trinh da cho c6 tap nghiém la S = {0; 1}.

2 2
b) B4t phuong trinh di cho twong dwong véi: (M*2)X= M =X"+2x+1 & m(x- 1) 2x"+1 ()

Nhan thay x = 0 khong nghiém dting bat phwong trinh (*)

<x2 +1
+) V6 XS 2D Ta 6 bt phuong trinh () < x- 1 1)
x* +1
. mz=
+) V6 XS I2] Ta c6 bat phuong trinh (+) < x- 1 @
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2
f(x) =Xt

Xét ham s6 x-1 yg X€-2DU;2]

f(x) X 72X 1 x=1- V2

6 (x-1F £'(G)=0 o [x=1+v2 (loai)

Bang bién thién:
X | -2 1-/2 1 2
y ; P -

2_2ﬁ +00

Bat phuong trinh (*) ¢6 nghiém thudc doan [- % 2] < hoac bat phuwong trinh (1) c6 nghiém
m <2- 22

m =5

(=4
thudc -2 hogc bét phuong trinh (2)cé nghiém thude (2]

E(-oo;Z- 2\/5] U[5+oo)

Vay m la tat ca cac gia tri can tim
{- 1<x<1
%
a iay kién xac di > ha N N <y <
Cau 2. biéu kién xac dinh cia hé phuong trinh la: U=y=2

y+y=(x+1) +(x+1) @)

V1- x* +1 :\/;+1/2- y )

Hé phuong trinh da cho twong dwong vdi: k
x+1€[0;2]

T (*) ta c6 1)/6[0;2] Xét f() =t>+t f(t) =3¢t +10 Vit

_3 : _
Ham s6 [ O =t *t d5ng bien trén doan [0’ 2] nén phuong trinh (1) € ¥ =X *1 thé vao

2 _ — —
phuong trinh (2) ta dwge; V1™ X #1=VI+x+3l-x © x=0= y =1 4,55 man(+))
x>-2y

= x>2|y|= x>0

Cau 3.a) Diéu kién: {X >2y

.. log,(x+2y)+log,(x- 2y) =1 < log,(x* - 4y°) =1

Ta co
=X -dyt =he x=Jay e4 g0 0= 2x0 Y E2 A - 1y
pit | =|y|.t =0
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2
- +
2 (0= f(0) 8t 8t- N4t® +4
Xét: f(l) 2Vat -t vOi v Itz +4 Itz H4

1
fO)=0e t=—o
\/B (do't 20)
Bang bién thién:
t 0 L +00
Ji5
f'® B 0 /
4 A5 +00

f(©)

f(t) 2V15 = 2x- |y| =15

T bang bién thién suy ra (bPCM)

8 1
Dau dang thitc xay ra V15 Jis

ab+bc +ca :1[(a+b+c)2- a’- b’ - cz] = ab+bc +ca :l(a +b+c)’
b) Tir gia thiét va 2 4

3 3

P_4(a3+b3+c3)_1 4a L _4b o] 4c
Do dé (a+b+c)® 16|la+b+c a+b+c a+b+c
= 4a Ly = 4b L, = 4c
Dit a+b+c’” a+b+c’  a+b+c

{X+y+z=4 {y+z:4-x
(=4
Thi

Xy +yz+xz =4 yz =x"- 4x+4

0<x<

w |

Vi (y+1z2)’ =4yz nén

]- 3 3 3 ]- 3 3 ]- 3 2
P=——XxX+y' +2°)=— | X" +(y+2)-3yz(y+z)| = P=—(3x" - 12x" +12x+16
o P YD) TIGRCARINE 2] o )



xér: [ =3x>-12x*> +12x +16 Véi:

x =2
= f'(x) =9x°- 24x+12=> f'(x) =0 < P 8}
X == xe|0;—
3 thoa min 3
2. 176 8. 176
0 :16, 2 :16’ —-) =, ) —m———
6 f(0) f(2) f(3) 5 f(3) 3
8 176
sl 3] f(x) =16 F(x) ==5~
= Trén min 2, Max 9
= min P=1, ching han khi: ¢ =0,b =c #0
E
Max P= 9 , ching han khi: @ =b-¢ =4a,a #0
Cau 4.
A
I
P N
B "C

M

Goi trung diém cta HA,HB,HC,BC,CA, AB Ian luot 1a: LE,F,M,N,P
Tacé: EH L AC= EH 1 IF

Ma MF//EH= MF LIF = M =1v

Tuong ty = HEM =1v pgn M thubc duwdng tron ngoai tiép AIEF
Twong tw ta c6 N,P cling thudc dwong tronngoai tiép AIEF
Dé thdy: AABC 13 anh cia AMNP qua phép vi ty tam G ti s6 k =-2
= Puong tron ngoai tiép AABC 13 anh ctia dwong tron ngoai tiep AMNP
2 2 _
Ta c6 duong tron ngoai tiép AMNP ¢6 phwong trinh: X ¥V~ 2x+4y+4=0

K(-2), R =1

C6 tam Goi K1 &

GK, =-2GK R, =2R,=>K,(1;10),R, =2

2 2 _
= Phuong trinh dwong tron ngoai tiép AABC [3: (x- 1) +(y-10) =4

1a tAm va ban kinh dwdng tron ngoai tiép AABC thi:
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Cau 5.a)

Goi H 13 hinh chiéu vudng géc cia C1én mit phing (ABD).

Ké CK L ABgi K = HK L AB = Géc giita (ABC) , (ABD)), BKH =«

1 1
V =2 CH.Sy =S, CKosina

=

1

S, =—CK.AB
Ma: 2
2 2S5..S,,.si
v=ls Bogng v =2Scopsing
= 3 ~ AB = 3AB (BPCM)
b)
S

56 _3

Goi S1a trong tam AABC = SG gj quaS'Vé: Ss 4

Goi V>V lan lwot 1a thé tich cac khéi tir dien SABC  SABC
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dt(AS AB) =dt(AS BC) =dt(AS CA)

Ta co:

v Vs _SG.SA.SB
= VSS'AB :VSS'BC :VSS'CA :E ma VSS,AB SS'.SA.SB
1A sB

SGAB 4" SA"SB’
_LSB'SC',. _1SASC

o =————V;Viro =———.—.V
Tuongty: ¢ 4 SB'SC M T4’sATsC
z_l[SA' SB', SB' SC' SA' SC']

v —
V _VSGA'B +VSGB'C +VSGA'C =

Ma: V. 4({SA SB SB SC SA SC
SA'SB'.SC' 1 [ SA' SB' SB' SC' SA' SC'] SA SB SC
= =— ) + ) + ) = + + =
SASBSC 4(SA SB SB SC SA SC SA' SB' SC'
1 1 1 4
= + + =
SA' SB' SC' a
(doSA =SB =5C =a)
1 1 1 1[ 11 1 ]2 16
Q= + + <— + + =—
SA'.SB' SB'SC' SC'SA' 3|SA' SB' SC' 3a
= minQ :1—62 SA'=SB' =SC' :3_a
3a® khi 4
< (P) qua G va song song vdi mat phang (ABC)
PE SO 05
Cau 1. Hé phwong trinh da cho twong ttng véi:
5x* +5y° =1 5x° +5y° =1

4x2+3x+3xy+y=z 2x2—2y2+3xy+3x+y=£
25 e 25

5x* +5y° =1
) 47
2x- Y)(x+2y)+(x+2y)+(2x- y) =—
& 25
Pat 4 =2x-y. b=x+2y
a’*+b* =1 (a+b)’ - 2ab =1

47 94
ab+a+b=— 2ab+2(a+b) =—
25 < 25

Heé da cho trg thanh:
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a+b=—
ab=E
25
17
a+b=-—
2ab =(a+b)*-1
( )144 |1z V)
b+1)* =— ab =——
o (a+b+1y 25 o || 25
(a b) = E,E]
5 5 hodc 55
11 2
(x y)= —;— |[(TM)
5'5) hoge | 25 25

Cau 2. Néu 95" 1 hoge 4>2 khids 2<% <% <

> A . i = 7’ o 2 — - o ~ 3
Gia str ton tai limx, € tace ¢ =¢" - ¢ = ¢=0 hojc € =2 (mau thuin)
Suyra - 1=a =2,

0=<x =<1

(*) Ta chitng minh néu ton tai k sao cho thi day hoi tu. That vay:

0 <X, <1 4 — =X <0

C

< <
0 <X, Sl, 4 ,0 <X,, <1,...

— 3
don diéu giam vi S22 T Xen =Xie21 (X1 = 2) <0

. 3 ~
o o limx =c ,c=c+c’(c-2) _n (vic <1).
Vi vay ton tai k2141 7 ta €0 < c=0

Day

lim x =lim (X )2 - X =0 ) _
Mat khac: kr2141 k+21 k+21 . Vay ton tai limx_ =0

(**) Ta chitng minh néu ton tai k sao cho 0<x, <2

0=<x, <2 X, <x, <2.

(x

thi day hoi tu.

A A o X <X, <2
That vay: Néu “k+2 =%k

Néu X1 =0 Vi day k+1)dcm diéu giam va bi chin dwéi do do hdi tu.

<011 0<%t <1 Tpeo ching minh (%) day % hoi tw.

0<x =<2

Néu %
Tir d6, 0 <a <2 h , suy ra ddy c6 gi6i han.
Néu - 1<a<0= 0=x =<2 , suy ra ddy c6 gidi han.

Vay diéu kién can va da dé diy c6 gi6i han 1a - 1=<a =<2
Cau 3.
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E
H F
B~ D K ¢
Goi K 1a hinh chiéu ctia A trén BC.
Vi K E Fiheo thie tw thudc cac doan BC, AB, AC 4y .

KB FC EA _ KB FC EA

KC FA'EB KC FA EB

Tir gia thiét ta c6 B4 =FA; ED =FD, 44 46,

KB FC EA _ KB KA FC ED

=- cotB.tanC.cotC.tan B =-1

Vay theo dinh ly Ceva, véGi chi y AK, BF, CE khong thé d6i mot song song, ta c6
Piéu d6 c6 nghia la AK di quaH-vay AH L BC
Cau 4. Trudc hét ta chitng minh cac bo dé sau:
Bé dé 1: Vai & D Cla ba canh ciia mt tam giac c6 dién tich S thi:
2(ab+bc +ac)- a* - b* - ¢* =48+3

2
Ching minh: Van dung két qua Gty +2) 230y +yz+x2)

[(p- a)(p- B)+(p- b)(p- )+ (p- )p- a)]* 23p(p- a)(p- b)(p- c)
Ta co:
_a+b+c
w2 )
= (p-a)(p-b)+(p-b)p- )+ (p-c)p- a)=S3
_, 2(ab+bc+ca)- a*- b*- > =453

Bé de2: V6i & D Claba canh ctia mot tam giac c6 dién tich S va *» ¥> 213 céc s6 thyc duwong.

2 2 2
xa +yb + zc Z2S\/§.

Taludnco: Y+Z Z+x Xx+y

2 2 2

a“ b, c [(y+z)+(z+x)+(x+y)] >(a+b+c)
Taco \Y¥Z Z+X x+y

AK, BF, CE dong quy.
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2 2

2
2xa” 2yb £ 2% >2(ab +bc+ac)- a*- b*- ¢*

= y+z z+Xx Xx+Yy
2

2 2
X4, yb + X >25+/3
y+z z+c Xx+y

Ap dung B6 dé 2 ta c6
Tra lai bai toan:

Goi A‘, Bl, G lan lwot 1a tam dwong tron bang tiép ctia cac goc A, B, C 33 AABC.

AABC ~AABC,
Ta cod
d(ABC) _[a) ar, _(a)
= dt(AlB1C1) X) = 28" X

B1

Al

BC =x §' =dt(ABC,) v

'a 13 ban kinh dwong tron bang tiép goc A

Trong do

(b+c- a)a® :ara(b+c- a)x’ :ra(p- a)ax’  (pic- a)a 5 ax?
. b+c S'(b+c) S'b+c) - 7 prc S btc

(c+a-b)b* s by* (a+b-c)b* s ¢z
c+a S'c+a a+b _S"a+bvdiC1A1 =y AB =z

Tuong tu , ’

(b+c- a)d® +(C+a-b)b2 ,(a+b- ob> S| ax’ . by’ . cz’
- b+c c+a a+b S'|b+c c+a a+b
< JR, o 2 . ABC ta co
Ap dung B6 dé 2, doi vGi tam giac

2 2 2 - 2 - 2 - 2
ax® | by' 2t o3 (b+c- a)a +(c+a b)b +(a+b c)e 5253
b+c c+a a+b = b+c a+c a+b

Dau bang xay ra khi va chi khi tam giac ABC déu.
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E —tacMl A=k kaZ(minA+maXA-|A|)
véimi 1<k =n gg B SASMIAIRR (S

Cau 5
T=)>x .
é , Vi méiA ={a;a,;...;aq,} EE, dit A ={nt+l-a;;n+1l-a,;...;n+1- q }.
Khi dé :
AxeE, (A¥)*=A_ E ={AcM|A|=k} ={A*|Ac M,|A|=k}

Ta co: ’

2x, = Z (min A+max A+min A*+max A*-2| A|)
= AEE,

o minAzal, rnaxAzak.Khi a6 min A* =n+1- a max A* =m+1- qa,.
Gia sur

min A+ max A+min A*+max A*-2|A[=2(n+1)- 2k
Do do

2x, =) 2(n+1- k) =2(n+1- k)C!

_\ _ k
N = _ x, =(n+1- k)C* _, T _él’(n +1- k)C!

n

xCe+1) =X i (1) +nx(xe+1)" =Y (n+1- k)CH
k=0

= k=0
Ta co:
2"+n2"" =) (n+1- k)C! =n+1-T. X
x =1 - k=0 av T =2"+n2" -n-1
Thay ,taco Vay .
PE SO 06

_ 2 2 p = k? - PQh* =(c? - PQd?) =1 :
Cau 1. bat k=c"+PQd"; h=2cd 14 Q (c Q ) . Vay (k:h) la nghiém ctia phuwong

2 2 .
inh X - PQ" =1 pogg k=ah=b 1, chitng minh chiéu ngugrc lai.

2 _ 2 __ 2 _ 2)( 2 _ 2) —_
Ty @ - PQb? =1, ¢ PQd 1= (a?- Pob?)(c? - PQd?) 1hay

(ac- PQbd) - PQ(ad - bc) =-1 m :|ac- PQbd

;1 =|ad - b(| m® - PQn® =-1

. bat ta co

_ 2 2 2 2 o2
Do ™M nguyén duong nén m? >c? hay (ac- PQbd) =c* = (ac) +(PQbd) - ¢* =2PQabcd

o c*(a?-1)+(PQbd) =2PQabcd = PQb*c* +(PQbd) =2PQabcd = b(c? + PQd?) >2acd

= bk >ah= (bk) =(ah) = b*(1+PQh?) =h>(1+ PQb?)

Diéu nay chitng to b =h= b =h= a =k

Cau 2. Thay X =0 vao @ ta co fOP+2fO)=f(G) @
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2
Yooy ] O =] @

Thay Y béi X vao " tacé X X

2

flx+Z| =f||x+Z| +2f@)] ®)
(VI X X
Theo ta co
2 2
I+ 2] +2FG) | =f|| x+2Z| +2£0)] ¥x#20,yeR (4)
(@ B X X
Tw va ta co
2
x2+y—°2+2f(y0)>2010
X , (**)
R x+20| +2£(0)>2010

Vi mdi Yo €™ chon XE€R sao cho X

2 2

. 42 2f ()= x+ 2] 4270 fy)=y,+f0) 6)

. Gi) . @,
Ap dung vao ta co
Thay ) vao W ta co f)=0= f(y)=y, W R

=x.V .
vay [CO=X ER o s thir lai thdy théa man,

Cau 3.

T gid thiét ta c6 MN =BC < BM =CN rong d6 P 1a trung diém caa BN ciing 1a trung diém caa MC .
Goi H O Ian lwrot 1a tryrc tim va tam duwdng tron ngoai tiép AABC | Xét phép tinh tién theo BM
bién B thanh M, C thanh N, BH thanh & d, i BHNCH =H, d, Nd, =K 5

, CH thanh en
Tow bien H thanh K= HK =BM =CN

2, Vi
Vi P> I twong tng 1a trung diém cia MC va KA nén:
2PI =MA+CK =MC +CA+CK =MK +CA =BH +CA

= 2PI =OH - OB+0A- OC =(0A+ 0B +0C)- OB+0A- OC (Do OH =0A+0B+0C)
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Nén suy ra: PI =OA,

Vay I laanh cta P qua Tor ma PEBC ngn I nim trén dwong thing 9 ¢ dinh 13 anh cta dudng thing

BC qua TOA .

Cau 4. Ap dung BDT AM-GM, ta c6:

b+2c 9 3

a> (b +2¢)a? \/ a? (b+20)a®> 242
+ >2 =
b+2c 9

b>  (c+2a)b®> 26> * (a+2b)* 202
+ > + >

Tuong ty C +2a 9 3 ,a+2b 9 3
2 2 2
=2 4 b +-° zg(a2+b2+c2)-l[az(b+2c)+b2(c+2a)+cz(a+2b)] )
b+2c c+2a a+2b 3 9

Lai ap dung AM-GM, ta cé:

ac+ad+cd P+b*+dd F+AE+b°
+ +
3 3 3

a’c+b*a+c*h < =a’+b*+c® (*%)

2 1
) . (%) F>=(a?+b>+c*)- —(a+b+c)a® +b> +c?)
Tw va suy ra: 3 9

F 2§(a2 +b? +c?)- %(a2 +b% +¢? )\/B(a2 +b? +c?)

5 t:\/3(az+b2+02) o ]
bat tw gia thiét ta co:

25(a? +b? +c?)- 48 =9(a* +b* +c*) =3(a? + b +cz)2

2 2 2V 2 2 2 2 2 , 16
= 3(a +b” +cC ) —25(a +b” +cC )+48s0: 3<a +b +c SE

F Zztz _ ita =f(t) . (% 5%) i f(t):f(3) =1 (%)
Dodé: 9 27 voi €134 M

% ok %k sk 3k 3k 5k . — —_ —

Tfr( )Vé( )suyraF21.Véy min F =1 xgy ra khi @ =b =c¢ =1,
Cau 5.
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Ta chia cac dinh ctia " tam giac nhon thanh ba tap hop.
Tap X gom ba dinh 1a ba dinh ctia tam giac ABC

Tap Y gom b dinh hodc nim trén canh cta tam giac ABC (khéc 4B, C) hodc nam trén canh cda cac tam
giac nhon nhung khong phai la dau miit cta cac canh dé.
Tap Z gom € dinh con lai.
S6 cc goe cia M tam gidc nhon 12 31 va tdng s6 do cha cac goc 1a N7 .
Nhdan xét:
+) Céc dinh thudc X c6 A phai lip lai it nhét 2 Ian, B va C it nhat 1 Ian.
180° _
+) Cac dinh thudc Y phai ldp lai it nhdt 31anvi 2

90°

360° o
— =90

+) Cac dinh thudc Z phailap lai it nhat5lanvi 4

3n >4+3b+5c 3n >4+3b+5c
= 3(1+b+2c)>4+3b+5c= ¢ >1

=
Ta c6 {nﬂ=ﬂ+bﬂ’+2Cﬂ n=1+b+2c

Goi M 1a mét diém thudc Z , suy ra c6 it nhét 5 tam gidc chung dinh M . Do d6 N =5.

b =0,c =2
b=2,c=1

11524+3b+5c
n=5= =
Néu 5=1+b+2c

15=5+5.2

+) b=0,¢=2 g1y va chi ¢6 2 loai dinh 1a X>Z . vi {5 =1+2.2

¢6 t6i da hai dinh thudc tap X 13p lai it nhét 2 Iin. Do d6 M chi dugc ndi véi hai dinh caa AABC v
dinh con lai ctia tap hgp Z, suy ra M chi c6 chung 3 goc (mau thuan).

nén loai dinh X lap t6i da 5 lan, suy ra chi

+) b=2,c=1 suy ra c6 3 loai dinh X, Y va duy nhét dinh M thudc loai Z.
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{15 =4+32+5.1
Vi 5=1+2+2.1

nén loai dinh X lap 4 lan, suy ra chi c6 dinh A ldp 2 lan. Do d6 M chi dwgc néi véi
dinh A, hai dinh thudc tdp hgp Y, suy ra M chi c6 chung 3 goc (méau thuan).
b=1c=2
n=6=
Tird6 1 > 5. Néu b=3c=1
18 =5+3.1+5.2

+) b=lc=2 suy ra c6 3 loai dinh 1a X, Y, Z vi 16 =1+3+2

Do d6 loai dinh X 1dp lai t6i da 5 Ian, suy ra chi c6 t6i da 2 dinh thudc X 1ap it nhat 2 lan. Suy ra M chi dwgc

néi vai hai dinh cia AABC vj mot dinh thudc tap Y, dinh con lai thudc tap Z, hay M chi cé chung
4 gbc (mau thuan).

+) b=3,c=1 suy ra c6 ba loai dinh 12 X, Y va duy nhét dinh M thudc tap Z.

{18 =4+3.3+5.1
Vi

6=1+3+2 a0 loai dinh thudc tap X lip t6i da 4 Ian. Do d6 chi c6 t6i da dinh A dugc Lip lai. Suy

ra M duwgc n6i véi dinh A va 3 dinh thudc tap Y, hay M chi c6 chung 4 goc (mau thuan). Tt d6
n>6

Vi M =7 ta c6 thé chia nhu sau:

Lay D.E 13 trung diém cua AB,AC ¢35 KL hsm trén canh BC sao cho BK =BD | CE =CL v3 I 13 tam
duong tron noi tiép AABC  Ta c6 7 tam giac nhon BDK,CEL, AID, AIE, EIL, LIK,KID
Vay gid tri nhé nhat cia M 1a 7.
PE SO 07
Cau 1. Phrong trinh da cho twong duong voi:

[6sin x- 2(3sin x- 4sin3x+1)]3 =27(6sin x- 1) .

o (8sin®x+1)’ =27(6sin x- 1) & 8sin®x+1 =36sinx- 1

i = < =
pat 250X =6081=2) ppgng winh tro thanh ¢ +1 =330 1

u® +1=3t

=t=u

3 —
bat U =3t-1 Tach hé: " +1=3u

Vi t =U ta c6 phuong trinh t*- 3t +1 =0 Khi d6, theo cach dit ta c6:
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T 27
X

8sin’ x- 6sinx+1=0 & 2sin3x =l & sin3x =~ = | 18 3 qez
L e
18 3
Cau 2. Diéu kign ©Y-2€R.
X’ +2x*+3x=3y°+3 (1)
y +2y*+3y =3z2"+3 (2)
. 2’ +2z°+22=32"+3 (3)
Heé trg thanh:
f)=g(y)
g(t) =3 +3teR= {f(y) =g(2)
pit [©® =t>+2t° +3t,t€R va f(2) =g(x) .

Tacs ['© =3t> +4t+3>0,VteR va 9'0 =92 >0, Vt€R .

Nén 9 13 hai him s6 dong bién trén R .
Gia st (%Y%) 1a nghiém ctia hé, khong mét tinh tong quat gia st X =Y .
Tir (1) va (2) taco 9V 29(2)= Y 22 nan iy (2) va (3) ta cs 9(8) 29(X) = 2 =x.

Tir d6 ta cé ¥ =Y =% . Thay vao hé phwong trinh ta dugc hé ¢6 3 nghiém
27 N27 N2 ][ V2'V27'V2

1 1 -
u,,, - u, :g(uj +u, +4)- gun :g(un - 2) =0,¥neN

11,0,

Cau 3. a) Taco

Vay (u”)lél day tang. Tt dé suy ra u, 2w, =3,n =1,2,...

N (7 ) U

Mat khac néu day ( ”) bi chan trén thi né sé c6 gidi han.

Cong tirng vé twong ng cua 3 bat dang thitc trén ta dugc.
limu, =a (a =3)

Gia si -+

lim u,,, =lim 1(uj +u +4)=a :é(a2 +a+4)e a =2

n— +o0o n— +oo 5

)

Diéu nay khong thé xay ra vi @ =3, Vay day , khong bi chdn trén.



1
U, ==(u? +u, +4) = 5, - 2) =y, - 2)(u, +3)
b) Theo a, 5

1 5) 1 1 1

= [y =
u, -2 (@-2)u +3) u+3 u-2 u,-2

(=4

o 1 1 1
lim v, =lim Z =lim - ] =
Do dé n— +w no+o i u, +3 nod4o u, - 2 U, - 2
_limv, =1.
Vay n— +0o

Cau 4. Goi hinh chép M -giac 1a: >4 Xt hinh chép trong d6 O 1a tam cia da gidc day.

M 1y trung diém cua canh A4, . Khi do, SO L(0AM),0M L AA, _
Goc tao bdi mat bén va mat day la Mo =« -

540 =a

Goc tao bai canh bén va mdt day la

JT
HWoMm =¢ == _ —bOS =
n pg OA =6,0M =b,0S =h_

Ta co
Goi OG 13 phéan giac trong ctia géc HOM
h? h? ME
sin® @ =———;sin’ f =——— stan? =tan L =22
Khi do: h+b h® +a 2 2n b |
ME _AE ME ME+AE MA +a’+b’
- = b a+b  a+b i
Do b a neéen (a+b)

o (h?+a?)(n? +b?) =h* (@ +b) = (ab- h?) =0
— 1,2 2
Déu béing xay ra khi va chi khi 92 =" < SO” =0A.0M

Cau 5. Pidu kign X =~ 2y =-6

3x- 6v2x- 4 =43y +18- 2y & 4L =2| X414 [L 42
2 3 2 3
X_x
2 (X >-1Y <-2)
Yoy
3
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Goi Tha tap gia tri cia B=X4Y (56 a€R = SR o4 o hé phuong trinh an (X,Y) sau cé nghiém
X +Y =a o
1
2(\/X +1+\/Y+2):a
VX +1=u X =u’-1
(u,v=>0)= )
Dit NY +2 =v Y=v-2
u’> +v> =a+3
a (2)
u+v=—
Hé tr¢ thanh 2
Ta tim a dé ) c6 nghiém (u;v) vai WV =0

Phuong tinh an t: 8t - 4at +a” - 4a- 12 =0 ¢4 haj nghiém khong am.

a’-8a- 24 <0
< {a =0 ©6SGS4+2\/E
a’-4a-12 >0

Do d¢ max P =4+24/10 va min P =6

X_u2-1  [x=5+2410
2

= (="

2410 |y _ 3(3+2410)
3

=y = :v2 -2 y

vavi P=P-1 e maxP =3+2310 i © 2 2
[ (u =0 [(x =-2
v =3 y =21

minP =6 < o
u=3 x =16
| (v=0 |y =-6
1
f(x)- = =o.
Cau 6. Xét phuong trinh X
1 1
f(n) =— _ f () =— e
Do n véi n —]., 2,3..., 2011 nén phu’dﬂg trinh X 6 cac nghlém 1, 2,,2011

49



Xét g(x)=xf(x)-1 )

Do deg f =2010 o degg =2011 _, 9(X) . 2011 nghigm 52352011 0

g(x) =a(x- D(x-2)..(x-2011) (2)
1) g(0)=-1.

Tw ta co:

2011
-1 = e - |
Tl1,(2) s L g(0)=a(- )™ 20111

1

a= (x- D(x- 2)...(x- 2011)
Suy ra: 2011'

= 2012 (2012)- 1 =g(2012) :ﬁ(zmz- 1)(2012 - 2)...(2012 - 2011) =1

= 20121 (2012) =2 = £(2012) =1
1006

CAu 1. 2sin2x- cos2x =7sinx+2cosx- 4

< 4sin x cosx- (1- 2sin’ x)- 7sinx- 2cosx+4 =0
& 2cosx(2sinx- 1)+ (2sin? x- 7sinx +3) =0

& 2cosx(2sinx - 1)+ (2sin x - 1)(sin x - 3) =0

< (2sinx- 1)(2cos xsin x- 3) =0

X = + k2w
S sinx =— < S
x =22 s kor
6
Cau 2.
ad +bc <0 ]
a) Néu : Bat dang thi¢c diing
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Néu ad +bc =0 B4t dang thiic twong duwong véi:
< a’d? +2abcd +b*c? <d’c® +a*d? +b’c? +b*d?
& 2abed <a*c® +b*d? < (ac- bd) =0

(ding)

1 1 1 9
at+tb+c=—+—+—=>

>————= a+b+c =3
Ta c6 a b ¢ a+b+c

2
(a+b+c¥ =L(a+b+c) +2(a+b+c) 23+2 l+l+l]
3 3 3la b c
>34+2(g| Lol 1| o3, atb*c
3] lab ¢b ac abc

S oa+btcz—o 42 (dpcm)
a+b+c abc

c)A =x(1- yz)+(y+z)$\/x2 +(y+z)2 .\/(1- yz)2 +1 ={/2+2yz4/2- 2yz+y°z* =B

2 2 2 2 2
+ z X+ + 2z
t =yz < < J =1= t> <t’
Bét 2 2

Do dé: B =\/(2t+2)(2- 2t +1t2) =\/2(t3- 2 +2)<2=> A<2

Khi X =0y =2 =1y A=2
Vay max A =2
Cau 3.

nelN

(meN)Q@)
. (n*+nd+1=m?
Ta co

Cmr=n*+nP+1snt=> m=n+k(keN)
Ta co:

= n“+n3+1:(n2+k)2 = n’(n- 2k)=k*-1>0

(ad +bc) <(a* +p?)(c? +d?)
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Néu K =1>0 thi n- 2ke€N"= k*-1=n"= k* =n’ = n <k may thuan véi - 2k €N vay phai c6:

K -1=0= k=13 " (1-2)=0=n=2 (m=5)

~ ’ ~ ~ ~ ~ > 4 3 N ~ ’ 7 N —
Vay c6 duy nhit mot s6 nguyén dwong n théa 7 +n° + 1 13 s6 chinh phwong, d61a n =2,
Cau 4.

x* +3xy’ =-49 )
x* - 8xy+y’ =8y-17x(2)

Ta lay 1)+3.2) x> +3xy® +3x° - 24xy +3y° =-49+24y- 51x

ta dugc

e X +3x° - 3x+1+3y* (x+1)- 24y(x +1) +48(x +1) =0

x=-1
o oo 436~ ] 0 |1
y =4
2 __ 2 _
ThayX:—]_Véo (1) tadu,o,c'l' 3y —-49(:}1 _16<:y__’__4

Vay hé c6 hai nghiem C 54 ya C174),

Cau 5.

_ 2
t =+1- x- \/;=> Vx- x? =1 t (-1St <1).

Dit 2
- 2 -
teml =2 e m :22t 2 teC1)
Phuong trinh tré thanh: 2 t" -1
2t- 4
y=f©)==5—,te-11)
Xét ham so: t°-1 . Lap bang bién thién ta cé:

m > min f(t):f(Z- \/5):2+\/§

Bét phwong trinh c6 nghiém khi va chi khi =~ <¢%
Vﬁy m=>2+ \/37

Cau 6.
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Goi M la trung diém AD, I 1a giao diém ctia BM va AC, J la giao diém cua EM va SD. (E la dinh cia hinh
vuong SADE)
M AM 1 JM DM 1 IM M

== = == —=——-=1J//BC LJ =lBE
Tacé: IB BC 2°JE SE 2 IB JE va 3

AC 1 (BDE)= AC1BE= AC L 1J
SD 1 (BAE)= SD L BE= SD L 1J

= BE=a3 o 17 =93
Vay 1J 1a doan vudéng géc chung ctia AC va BD 3
Cau 7.
2t* - t+2
LIS
Xét ham s6 t-t+1
1) 5
(t- 1) 24 @+ 55
f)=3- ——=<3 re 3 3(2-t+1) 323<f(t)<3
Ta co: t-t+1 va
Ve Y =0 tacs A=6
t =2 (*) E 2 -Xy+2y <3=> 5=<AO.
e ¥ 70 thay Y vao tace 3 X -y

Vay max A =9 gpj X =Y =4/3 va MinA =5 i X =Ly =1 hodc X =Ly=-1
PE SO 09

Cau 1.

Alx;,),B(x,;y,),C(x;; y,)

1a 3 diém thing hang trén () va thudc dudng thang 81Y =ax+Db

y =(3x2-3)(x- x)+y, (d).

a) Goi

Phwong trinh tiép tuyén tai A la:

3 2 3
- 3x+2 =(3x7- 3)(x- x)+x’- 3x, +2
Xét phuong trinh: X X ( X )(x Xl) X X,

o (x- xl)(x2 + XX, +x12)- 3(x- x,)- (3x12 - 3)(x- x,) =0
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X =X

o (x- x )V (x+2x) =0
X =-2x,

, Ay ) X =-

Suy ra 4 cx () tai ( ! yl) vei % T2

y, =x*-3x +2 =-8x’ +6x +2 =-8(x*- 3x +2)- 18x +18
=-8y, - 18x, +18 =- 8(ax, +b)- 18x, +18 =(4a +9)x, +18- 8b

Chitng minh twong tw 2> B>C’ ciing thue duong thing c6 phwong trinh:

A':y=(4a+9)x+18- 8b= DPCM

_ ,2n+l
b) Xét ham s5: f (x) =x*™ +2011x + 2012

v — 2n _
f'()=(n+1)x*" +2011>0, VxR nén ham s6 dong bién trén IR . Suy ra, phwong trinh f(x)=0 c6
nhiéu nhat moét nghiém. Vi
lim £ () = lim (3™ +2011x+2012) = lim x| 14+ 222 . 2012} s 3550
X— +00 X— 40 X— +0 X X dé
f(b)>0
lim () = lim (™ +2011x +2012) = lim x| 14222 4 2021 3020
X— -0 X— -0 X— -0 XZn X2n+1 d’e‘? f(a) <0

= fa).f(b)< 0, suy ra phuong trinh f () =0 c6 nghiém thudc (a;b).

T d6 suy ra, do thi ham so (1) ludn cat truc hoanh tai ding mot diém.

Cau 2.
log, x +log, x +log, x =log, x +log. x +log, x(1)

a)

Tt O phrong trinh twong duong
log, x +log, 2.log, x +1og, 2.1og, x =log, 2.log, x +log. 2.1log, x +1og, 2.10g, x

& log, x(1+log,2+log, 2- log,2- log. 2 - log,2) =0 (2)

1- log,2>0,l0g,2-log.2>0,log,2-log,2>0

s

Ta co

1+log,2+log,2- log,2- log.2-log,2>0
Suy ra

()= log,x =0 x=1

Vay phuong trinh c6 nghiém X =1

(0]

54



1 1
(5x- 6) - =x? - 1)
5x-7 x-1
b) Taco
1
x> £(e) =t* - i
Didu kién: 5 . Xét ham s6: vt-1 ygi 5

1 7
fr(t) =2t +———>0,Vt>=-.

2.t - 1) 5 Suy ra, £ @)

e fGx-6)=f()e x=2
u

—;+00

b

5

dong bién trén

T 2 (tm)
3
X =—.
Vay phuong trinh c6 nghiém duy nhat 2
Cau 3.
S =Cy ., +2Ch 0 +3Co, +...+2010C% +2011C20.

G =x@+x)""

Xét ham so

2010 __ o 1 2,2 2010 ~2010
Ta co: (1 + X) _Czow + XCzow +X C2010 to.tx CZOIO'

2010

= f(x)=xQ+x)

0 2 -1 3,2 2011,~2010
=XChp10 + X Crppp + X Cipp +oee F X7 Clpg.

{ — 0 21 3,2 2011 ,~2010 )«
= f'(x) —(xC2010 + X Chpp ¥ X Coppp +oet X7 Copo

— 0 1 22 2010 ~2010
=Cyp10 +2C50,0X +3Xx°Cyyyp +...+2011x7 7 Cypp

Mt ke [ /G =0+ +2010x(+ )™

2010

Véi X =1 ta duoe: S =Cooto +2Ca010 +3Cny +...+2010C0 +2011C;0 = f (1) =503.2""",
vay: S =503.2%""

Cau 4.

ASAC,ASBD
a) Goi O la giao diém cia AC va BD, do can tai S nén

SO 1 AC,SO L BD = SO 1 (ABCD) OA =OB =OC =OD = ABCD

Tt gia thiét suy ra 1a hinh

J16a* + x* - 5O :\/802 - X
2 2

chit nhat.

AB =x,x>0= AC =+16a’ +x* = AO =
bit

S

55



1 \J8a® - x> a 8a’
VABCD :§4G.X.T SE(XZ +8CI2 - X2) :T
8’

3 khi X =2a= SO =a.

Chon hé truc toa d nhu hinh vé 0(0;0;0),5(0;0;a),B(- a; - 2a;0),C(—a;2a;O), D(a;2a;0).

(SBC) |, m (1;0;-1)

= maxV,zp, =

(scp) |, n, (0:1;2)

Tim duwgc VTPT caa , VIPT cta

2
= cosa = (sBC) _, (sCD)

V1o vGi ¢ la goc giita hai mat phang
2

Vay cosin goc gitra hai mat phang (sBC) va (scp) (khi Vagcp 16n nhat) 1a Vio .

"7 AB~  AD AC
U=—,v=——\,W =——
b)Pit AB~  AD AC

=[] = =fw] =1
C

AE phan Y4 =Y+ V1am vTCp.

, Uy W :(u +v)w =uw +vw
Ta c6:

:‘UHV‘ cos 60° +‘va‘cosl200 =0
= AE L AC hay AACE yygng tai A.

Cau 5. Do ham y = cosx 1a ham chan nén ta chi can xét véi ¥ =0,y =0

ty

X +y o T
< Y <
2 2 2 2

0§xy$x —:>0<X+y<_

Ta co:

2
- +
x+ycos% S2C05x+y 1+cos(xy)21+cos Xzy]

CoS X +Cos y =2cos

b

b4 ]2 @)

X
2cos <1+ cos

x+y
2

Ta chitng minh



,@)

tré thanh 1+ cost’ - 2cost >0

0; z
s \/ 2
Xét ham so

f'(t) =-2tsint® +2sint =2(sint- tsintz)_ f') =f'0)=0

0;\/E
2

f(t) =1+cost’- 2cost, tE€

vee(0;1) ta cg >0 = sint >sint” > tsint’ = f'(t)>0

b4
Vte 1;\/:
2| qcs t<t®= sint<sint® <tsint>= f'(t)<0
t|o 1 -
f(t)| O + 0
f(1)
0 f /)

f(0)=0; f (1) =1- cos1>0; f

O;\/E
2

cos x +cos y <1+cos(xy) Déu “=” xdy ra khi x =y =0
PE SO 10.

ty

X+
<1+ cos

f(t)=0,vte
Vay

= 2COS[X

Twr do suy ra

Ta c6: Y =3x’- 6x+m

Cau 1.
Ham s6 ¢6 cuc dai, cuc tiu <y’ = 0 6 hai nghiém phan biét < A'=9-3m>0 e m<3
y(x) =y'(x) lx- 1 + zm- 2 x+lm
Ta co: 3 3 3 3
Goi M, (xl;y ! ); M, (%:35,) la hai diém cuyc tri, suy ra xi; X,1a hai nghiém cta phwong trinh
y’ =0.
x +x, =2
xx, =2
1% T
Nén 3
2 1
d =|—-m-2|x+—m
12 [ 3 3

buong thang qua hai diém cuc tri M,, M, la

I 12 trung diém MM, = 1(m- 2)



e
dlde{l3 2

: + -2)-9= _
Do MM 45 xting qua (d) nén 116‘1 L+20am-2)-9=0 o 1 =6
I—E (x + cos x)dx _5(x+cosx)dx_5 xdx +5 cos x dx
!4c052x+35in2x ! 4- sin’ x J4- sin® x 14- sin®x
Cau 2. 2 2 2 2 =1, +1,
2 xdx . xdx 2 xdx
+)11:J._.2 :J‘_.z +Jr_.2
94-sin“x g4-sin“x J4-sin”x
2 2
0 0 2
f xdx2 f xdx o xdx
z4-sin’x Ja-sin®x  J4-sin®x I o
Trong 2 dit X =-1,d6ican CM 2 = L=
2 cosx dx
+)I, = f—z
o 4-sin” x
2

, datt = SInX dai can c6

1
1. |2+t
dt =|Z|pl=—=— 1 1
I :Jl —[ ni-- —2In3= I =-In3
2T higo e W4 (2=t T 2
A P(x) =(1+4x +3x?)" =(1+x(4+3x))"
Cau 3.

P(x)=C’ +C.Lx(4+3x)+C3x* (4+3x)" +...+ Cx'* (4 +3x)"

2 3
Hé s6 ctia X’ chi xuét hién trong Ciox’ (4+3x) +Cipx’ (4+3x)
2 3 _
Hé s6 ciia X trong khai trién la: 24Ci0 +64Cio =8760

Cau 4. a) Tim dugc A 1). Goi A 1a dwong thang qua I va song song véi d.

Tim dugc A: x +y—4=0. Goi M =And, = MG 1), M 13 trung digm BC .

= duong thing BC di qua M va vudng géc véi d,= (BC):x- y- 6=0

Nhan xét: B-C1a giao diém ciia dudng thang BCva duong twon tam I, ban kinh R =IA=v10 ¢4
phuong trinh (x — 4)* + y* = 10.

Gidi hé tim duoc toa dp BC 33 €7D
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Phuong trinh (AB):2x+y-3=0; (AC):y-1=0

_Sausc _abc 2R sin A.sin B.sin C _A. B.C
e =4R sin —sin —sin —
b)Ta cé: p  4Rp  sinA+sinB+sinC 22
r . B . C
IA = ) —4R51n35m5 A2 B C
S1n — = —— —tan—tan —
bc 2
IB® A IC? B
— =tan—t n—, =tan —tan —
Tu’(mg tu: ac ba 2

IA> IB®> IC?
+ +
bc ac ab

Caus )COSZX Z(\/Esin2x.cosx— sin2x)+(x/§sinx— sin2x)+(2\/§cosx- 2)
aub. a
& 2cos’ x-1 :sin2x(\/§cosx- 1)- x/Esinx(\/Ecosx- 1)+2(\/§cosx- 1)

e (\/ECOSX +1)(x/§cosx- 1) :(\/Ecosx- 1)[sin2x- ﬁsinx+2]
)

B C A C
=tan—.tan— + tan—.tan — + tan—.tan — =1
2 2 2 2 2

1

COSX =——

o 2
x/z(sinx+cosx)— 2sinxcosx-1=0 (2)

W)= x :i%+k2ﬂ

Tw
)= x =- z+k7r;x =7 s kox
T 4 4
b) bat 9 =25b =20 =27 5 phuong trinh can chitng minh:
o (a+b+c) %+1+l s%, a,b,ce[l;Z]

— V2 _ 4. _ .
Xét tam thitc bac hai: fG) = - 3x *2 06 hai nghigm X =L x =27 f () =0, Vxe[l,Z]
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fl@=<0 [a*-3a+2<0 a
a,b,ce[2]= {f()<0= b2-3b+2s0:>«b+%s3
fc)<0 |c*-3c+2<0

c+—<3
Ma
(a+b+c)+|2+2+2| <9
Tit do: a b oc
9>(a+b+c)| 2+242] 22 [(a+b+c) E+E+E]
a b c a b c

Ap dung bdt Cauchy:

Cau 6. Goi I, J lan Iwgt la trung diém caa BC, AD ta c6 S5 =a

Tacb: AD B> AD//(SBC)= d(A;(SBC)) =d (J;(SBC)

Trong tam giacSIJ | vé& dwong cao JH Chitng minh dwgc JH 1 (SBC)

N d(J;(sBC)) =JH =b

Suy r
JH b
IJ : . : .

Trong tam giac vuéng IHJ | ta cé: sina sIa

bZ
= S =AB? =1J% =—

sin® «

SO =I0.tanax =———.tana =

Goi O 1a tam caa day thi: 2sina 2cosa
1 b’ ) 1 .
Vs asep == Sapep 80 =———————= V; spp Ml & —————min
: 3 6sin” a.cos o ‘ sin® a.cos o

& (sin? @.cos & )max (do0° < 2 <90°) & (cos a(1- sin? a))max

Xét ham f(x)=x(1- x?),(x =cosx € (0;1))
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Max f (x) 2& khi x zﬁ
Lap bang bién thién, tim dugc <V 9 3

b33
Min(V, o) =23

< cosa 2—3;00 <a<90°
Vay 3

2¥-2 =y-x )

(x2 - 3y)«/2y2 -3x-220(2)

X —nY —nt 1 —nt
Xét phuong trinh e 2"+x=2 Y T f@)=2'+t=> f'()=2'In2+1>0,VteR

f(x) =f(y)nén X =y.
(- 3x)V2x2 - 3x- 2 >0

Thay ¥ ~ *vao bat phuong trinh (2), ta cé:

Cau 7. Ta co: {

vay | ©1a ham don dicu ting wrén R, ma

1
_ov 1
2x*-3x-2=0 |XT2 XT3
1
o [ [2x?-3x-2>0 1, o x<-=Yx=2"x=3
x<-="x>2 2
x> - 3x >0 2
»XSOVXZ3



NAM HOC 2011-2012
PE SO 11
(Pé thi HSG khéi 12, Ninh Binh)
Cau 1. (5,0 diém)

Chohamsé Y — f(x) =-4x" +3x @

a) Khao sat sy bién thién va vé d6 thi ham so (1).
b) Bién luan theo m s6 nghiém cta phwong trinh: 4x* - 3x =4m’ - 3m_
Cau 2. (5,0 diém)
X +x+2 3 2x- x° —n4x+1
1.Giai phwong trinh sau trén tap s6 thuc 3 +(x7- 3x+1)3 =3

)
a#Z+kZ kez 1 1 _sna
2.2)Chitng minh rang véi moi 6 3 thi cosa cos3a cosa

sin’x  sin®3x  sin’9x
+ +
b)Giai phuong trinh sau: €0S3X ~ COS9X  C0S27X

Cau 3. (5 diém)
a)Cho hinh chép déu S-ABCD ¢6 do dai canh day la a (@>0) Bigt c4c mat bén tao v6i mit day géc co
7z
s6 do bing 4 . Tinh thé tich khoi chép S-ABCD theo a va s6 do ctia géc giita hai mit phing
(SAD)Va (scp).

b) Cho tit dién déu ABCD canh 9. Mit phing (P)chfl’a canh BC cit canh AD tai E . Biét géc giita hai

542

tanag =——
madt phang (P)Vé (BCD)C(S s0 do la @ thoa man 7 . Goi thé tich ctia hai t& dién
Vi
ABCE v3 t¢ dién BCDE Jan lugt1a ' va 2. Tinhty s6 V2 .
x=-1-2t
y=4+t (t€R)
Cau 4. (3,0 diém)a)Trong khong gian (Oxyz), cho dudng thang d c¢é phuong trinh z =142t va diém

Al%-2;0). Lap phuong trinh mat phing @) qua d va cach diém A mét khoang 16n nhat.

b)Tim tat ca cac gia tri ctia ™ sao cho phwong trinh sau c6 nghiém thuc:

Jx-x-1+x-4-Jx-3=m

Cau 5. (2,0 diém)

Cho *Y>Z1a céc s6 thuc dwong thea man® + Y * 2 = 2012 ym 6i4 tri nho nhét ctia biéu thic:
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2 2 2
X z
J +

A= .
X Hxy+y yiHyz+zt P +zx+x

PE SO 12
(Pé thi HSG khéi 12, Thanh Héa)
Cau 1. (4,0 diém)

y =f(x) =-lx3+2x2+3x+1 1)
Cho ham s6 3

a) Khao sat sy bién thién va vé do thi ham s6 (1).

— 3 2
b) Goi f() =x"- 6x+9x- 3 1y o5 nghiém da cho caa phwong trinh:

[f(X)]3 - G[f(X)]2 +9f(x)-3=0
Cau 2. (4,0 diém)
(1 +sinx)(- 2sin x)+2({ + 2sin x)cosx =0

a) Giai phuong trinh:
2577 - 2 =(x+y)Jx+y- @x- y)2x- y
b) Gidi hé phwong trinh: Jy- 261" +1=0
Cau 3. (4,0 diém)
a) Twr cac chir s6 0,123 4 1ap cac s6 chdn c6 4 chit s6 d6i mot khac nhau. Ly ngau nhién mot s6

vira 1ap. Tinh xac suat dé lay dugc mot s6 16n hon 2012

T

2 (sin x + cos x )dx
= f351n2 x +4cos’ x
b) Tinh tich phan: 2
Cau 4. (6 diém)

. 2 2 . —
1) Trong mit phéng toa d6 9% cho dudng tron (©): x4y =9, dwong thing ABM Aty =x- 3+ V3

va diem A3 0 Goi M 1a mot diém thay dbi trén (©) 44 B1a diém sao cho giac ABMO 13
hinh binh hanh. Tinh dién tich tam gidc ABM | biét trong tim G ctia tam giac thuge A va G
c6 tung do duong.
inh chén S-ABCD  dav 13 hinh chit nhat o6 AB = av3BC = 20 mat phane 4B vus
2) Cho hinh chép °- , day la hinh chi¥ nhat c6 ava a | mat phang vuong

(SBC)Vél (scp) .

goc voi day, cac mat phang cung tao v6i ddy mot goc bang nhau. Biét

2
khoang cach gitta hai dudng thing SAva BD bing V6
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a) Tinh thé tich khéi chép S-ABCD
b) Tinh cosin géc giita hai dwong thing SAvaBD .

Cau 5. (2,0 diém)
3 N 2 +l
va 3x+2 2y+1 z

>2

x>1 y>1 z>1
Cho céc s6 thye % Y> % théa man: ’ 2’

Tim gia tri I6n nhat cta biéu thic: A=(x-1D(2y-D(z-1)
PE SO 13
(Dé thi hoc sinh gioi I6p 12,Hdi Duong)
Cau 1. (2,0 diém)
x-2

y =
a)Cho ham s6 x+1 c6 do thi (C)Vé diém M ty y thudc (C). Tiép tuyén clia (C)tai diém M cét

hai tiém can tai A va B. Goi I 1a giao diém ctia hai tiém can. Chitng minh tam gidc [ABc6
dién tich khéng phu thudc vi tri diém M .
— 2
b) Tim M d& ham s§ ¥ =oX *MVx" +9
Cau 2. (2,0 diem)

co6 cuc dai.

. 1
sin?2 x + cos?? x =

a) Gidi phuong trinh: 21
Xx+UX +l=y+4y° -1

2
b) Giai hé phwong trinh: \*
Cau 3. (2,0 diém)

+y’- xy =1

tan x +sin x 2%x+%(\/§- 7[), Vxe 0;E

a) Chitng minh ttr d6 suy ra moi tam giac nhon ABC 3 c6:

93

tan A+tan B+tanC +sin A +sin B+sin C ZT

—_ 2
b) Tim gié trj 16n nhét, nho nhat ctia ham s ¥ =VX+4+V4- x- V16~ x
Cau 4. (3,0 diém)
Cho hinh chép S-ABCD (6 g4y ABCD 13 hinh vuéng canh @, SA =av3 3 SAL mp day.
a) Mit phéing P) 4 qua digm A va vudng goéc véi SC | cat SBSC:SD pan lugt tai B>C 5D Tinh the
tich khéi chép S-AB'C'D'theo 4.
b) M va N 13 hai diém thay d6i 1an lwgt thudc cac canh BC va DC sao cho MAN =45° i gid tri
16n nhét va gid tri nho nhét cta thé tich khéi chép S-AMN
Cau 5. (1,0 diém)
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Cho @b la ciac s6 thyc duwong thoa man a’+b*+c® =1, Chitng  minh:
2 2 2
a +ab+1 N b +bc+1 N c +ac+1 2\/—(a+b+c)
Ja? +3ab+c* b2 +3bc+a’®  \c? +3ac+b?

PE SO 14
(Pé thi HSG khéi 12, Ha Nam)
Cau 1. (4,0 diém)
y _3x-2m
a) Cho ham s6 mx +1 ygi m 1a tham s6. Chiing minh ring Vm #0 | @ thi ham s6 ludn cit dwong
d:y =3x — 3m

thang tai hai diém phan biét AB Xic dinh M dé duwong thang d cjt cic

truc 9% OY Ian luot tai © D sao cho dién tich AOAB bing 2 Ian dién tich AOCD

PR A (o) P . ,
b) Cho ham s6 X-=1 c6dothi . Chitng minh rdng cac diém trong mat phang toa do ma qua do

1G4 2)

ké dugc dén (C)hai tiép tuyén vudng goc vGi nhau déu nam trén dwong tron tam
kinhR = 2,

Cau 2. (4,0 diém)
a) Giai phuong trinh sau trén tap s6 thuc; 15%.5° =5"" +27x+23

2x+1
log, — X% <ox?- 6x+2

b) Giai bat phuwong trinh sau trén tap s6 thuc: PxP-2x+1
Cau 3. (6,0 diém)

a
BC =—;SA =a+/3 (a>0)
a)Cho tit dién S-ABC 6 AB =AC =a, 2 V3 Biat 9AB =30° .3 SAC =30°

Tinh thé tich t dién theod.
b) Chitng minh rang néu mét t¢ dién c6 do dai 1 canh 16n hon 1, do dai cac canh con lai déu khong 16n
1
hon 1 thi thé tich ctia khéi ti dién d6 khong 16m hon 8.
Cau 4. (4,0 diem)
Tinh cac tich phan:
3

Bl

2 X+ X'
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sin x+1
(cosx +1)™"
sinx+1

J =

Oe NN

b)

Cau 5. (2,0 diém)
Cho ba s6 thuc duong® P> €. Tim gi4 tri 16n nhét ciia biéu thitc:

b 1 ] 1
wWat+b*+ct+1 (a+D)B+1)(c+1)
PE SO 15
(Dé thi hoc sinh gioi I6p 12 Long An — Bdang A)
Cau 1. (5 diem)

2 — 2 3 4
a) Giaiphuong trinh sau; 4VX" #X+1 =1+5x+4x" - 2Xx" - X" y4ixER

_ 2sin’ x++/3sin2x +1 :3(cosx+ BSinx)
b) Giai phvong trinh:

Cau2. (5,0 diem)
a) Cho tam gidc ABC vudngcan tai B, canh AB =2 . Trong mit phing chita tam gidc ABC ldy diém M
théa MA" + MB* =MC” Tim qu§ tich ctia diém M-
b) Cho tam gidc ABCc¢ hai trung tuyén BMva CN hgp véi nhau mét géc bang 60
,BM =6,CN =9,
Cau 3. (4,0 diém)
Cho day 55 ) xéc dinh boi % =1 va Ura =3 +2 s v 21
(u,)

. Tinh d6 dai trung tuyén con lai cua tam giac ABC.

a) Xac dinh s6 hang tong quat cua day so

c o S=ultul rul U,
b) Tinh tong 1 2 3 2011

Céu 4. (3,0 diém)
Cho a, b, c 1a ba s8 thuc khong am va thoa man dieu kign@” +b* +¢* =1
— 3 -
Tim gid tri 16n nhat caa biéu thic: M =(a+b+c) - (a+b+c)+6abc.
Céu 5. (3,0 diém)
X +(y+2)x* +2xy =-2m- 3

X +3x+y=m

Tim m dé hé phuong trinh sau c6 nghiém v0i X, y la cac so thuec.
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PE SO 16
(Peé thi hoc sinh gioi I6p 12, Bac Ninh)
Cau 1. (5,0 diém)
y =4- 5
Cho ham so X ¢6 do thi (C). Tim m dé dwong thang d: y = 3x + m cat do thi tai hai diém phan
biét A, Bgao cho H“oB nhon (O la goc toa do).
Cau 2. (6,0 diem)

2(x% +2x- y-1)=x>(y +1)

(x,y€R)
a) Giai hé phwong trinh: Jx+2+ (y+1=4
3 +2x - 2x.3" :1(X = R)

b Giai phuwong trinh:
Cau 3. (2,0 diém)
Cho ba s6 thuc dwong a,b,cy do dai ba canh cua tam giac ABC | Goi *Y>Z]a ba s6 thuc théa man

dong thai cac dieu kién: & *bz =a;az+cx =b;bx +ay =¢  ching minh réng;
X+y+z <§
YT

Cau 4. (3,0 diém)
Cho t¢ dién ABCD ¢ AB.AC.AD =54324 3 O 13 mot diém thay d6i ndm trong tam giac BCD . Cac

duong thing qua O song song véi AB, AC, AD 15, lwot cat cac mat (ACD),(ABD),(ABC)

tai B>C>D" Chiing minh rang: OB’ 0C’.OD’ 22012,
Cau5. (3,0 diém)
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Oxyz A(;4;,2),B(-1;,2;4)

Trong khong gian véi hé truc toa do cho hai diém

x-1_y+2

va dudng thing d c6

VA
phuong trinh: -1 1 2, Tim toa d6 diém M thudc duong thing d sao cho tong
MA + MB dat gia tri nhé nhat.
Cau 6. (1,0 diém)

U, Uy, Us, Uy, Us,

Tir 2012 55 nguyén dwong dau tién 14y ra © s6 xép thanh ddy s6 c6 dang Us . Hoi c6 bao

nhiéu day s6 c6 dang trén biét Ut Us theo thi ty lap thanh 1 cap s6 cong.

PE SO 17
KY THI CHON HOQC SINH GIOI CAP TiNH
MON: TOAN 12
(Thoi gian 1am bai 180 phit)
Cau 1. (4,0 diem)
Gidi cac phuong trinh sau:
a) Sin2x+cos2x+tanx =2

X- z] =\/§sinx
b) 4 .

Cau 2. (4,0 diem)
Giai cac phuong trinh sau:
a) X=X -10x- 2=V7x" +23x+12
b) (3x- 2)v/2x- 3 =2x* +3x- 6
Cau 3. (4,0 diem)

sin®

a,b,c>0

a) Cho cac so thyc théa man abc =1, Chitng minh:

1 1 1
+ + <1
a+b+1 b+c+l1 c+a+l

a,b,ce[- 1;2]

b) Cho cac s6 thyc va a+b+c=0 Chitng minh: a’+b*+c* <6

Cau 4. (3,0 diém)
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Cho hinh chép S.ABCD (4 canh déu bing 9. Goi M 1a mot diém trén canh CD a0 cho
theo @ ban kinh mit cau ngoai tiép hinh chép S-AMB
Cau 5.(2,0 diém)

xy,2€(0;1)

Cho cac s6 thuc a Xy+yz+zx =1 Chitng minh:

Cau 6.(2,0 diém)
X*y* +2y° +4 =7xy

2 2 _ 2
Giai hé phuong trinh sau: t2y +by =3y

Hét

CM =

CD

. Tinh
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PE SO 18

SO GD VA PT TiNH KY THI CHQON HOQC SINH GIOI LOP 12
VINH PHUC THPT CHUYEN VINH PHUC
(Thoi gian lam bai 180 phit)

Cau 1. (2,0 diém)

Cho ham s [ *R = R th¢a man dieu kién

fGy)+ fx-y)=f(x+y), ¥x,yeR

a) Hay chi ra mgt ham s6 khong phai la ham hang va théa man bat dang thirc trén.
b) Chitng minh rang | 9 =0
Cau 2. (2,0 diem)

vGi moi so thue X.

)

k
(a a, - 2a,, +a,, ZO,Zaj <1, Vk >1
Cho day cac s6 dwong ~ " “r= thda man: j=

0 <q, - aq,,, s%, Vk =1
Chitng minh rang: k
Cau 3. (2,0 diem)

Cho ba dwdng tron ©).(0,).(0,) (Ol), BB,

cua (Oz), G cia ©,)

ddi mot tiép xic ngodi véi nhau. Xét ba dwomg kinh 4% caa

C.C

sao cho cac vécto A44,,BB,,CC, cung huéng . Chitng minh rang céac

duwong thang AiBZ, BICZ, CiA, dong quy.
Cau 4. (2,0 diem)

ab. (a,b) :1. Goi P mot wéc nguyén to 1é cia a’ +b’ (k nguyén dwong nao

d6). Chitng minh rang P =1 (mod 2°").
Cau 5.(2,0 diém)

Cho hai s6 nguyén duong

Cho s6 nguyén =2, Chitng minh ring trong mdt ho gom it nhat 2" +1 tap hop con khong rong phan biét

cua tap hgp {1’ 2"""“] déu tim dwgc ba tap hgp ma mot trong chiing la tap hgp cua hai tap hop con
lai.
Hét
Hovaténthisinh:......oooiiiiiiiii e Chtr ki cua 01 CBCT.:................
SObaodanh:.........ooiiiiii
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PE SO 19
SO GD VA PT TiNH KY THI CHON HOC SINH GIOI CAP TiNH
QUANG NGAI
MON: TOAN 12
(Thoi gian lam bai 180 phit)

Cau 1. (5,0 diém)

X* +3x, [x- 4 =10x+4
a) Giai phuong trinh sau: X .

N A m+2)x-m=x+1] n "
b) Tim tat ca cac gia tri caa ™ dé bat phuwong trinh ( )x |x | c6 nghiém thudc doan
[-22]

Cau 2. (3,0 diém)
y- x+1+\/§ =Jx+1++2- x

3 3 2.2 _ _ 2
Giai hé phuong trinh {ZX - ¥ Xyt =2xy- 3P 43y

Cau 3. (5,0 diém)

{al =10
S 6- 16 + =96. VY €|N*
a) Cho day so (a") thoa man: ( an+1)( Gn) , Vn .
s=tedly b
a  a U512 .

Tinh tong

b) Cho %Y 1a cac s6 thuc théa man: log, (x+3y)+log, (x- 3y) =1

3| y| - 2x <343
Cau 4. (5,0 diém)
a) Cho tam gidgc ABC cantai A. Goi I 1a tdm duwdng tron ngoai tiép tam gidgc ABC | D 13 trung

. Chitng minh rang:

diém AB, E 13 trong tdm tam gidc ACD . Chitng minh IE vuéng géc CD .

b) Cho hinh chép tit gidc déu S-ABCD | Mit phing (P) chita duwong thing AC va vudng géc véi

mpSP) it duomg thing SD tai E. Goi V' va Yo Iin lugt I3 thé tich cdc khi chop S-ABCD

va DAACE | Tinh s5 do goc tao boi mat bén va mit ddy cta hinh chép S-ABCD bigt ¥ =1

Cau 5.(2,0 diém)
cos A

+cos A =cosB+1

cos B

cosB
—+ cosB =cosC+1
Tinh cac géc cha tam gidgc ABC biét: 2
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Hovaténthisinh:......coooiiiiiiii e Chir ki cua 01 CBCT.:................
Sobaodanh:.........oiiii
PE SO 20
SO GD VA PT TINH KY THI CHON HOC SINH GIOI CAP TiNH
NGHE AN MON: TOAN 12 - BANG A

(Théi gian lam bai 180 phiit)

Cau 1. (6,0 diém)

2(x- 2)\/x+5+24/2x-5)=3x-1(xeR
c) Giai phuong trinh: (x )(\/X V2x ) x- 1x ).

3 2 3
- 3x"+2 +2) -6x>0 (xeR
d) Gii bt phuong trinh: © " V(x+2) - 6x20 (xeR)
Cau 2. (3,0 diém)
Tim tdt ca cac gia tri ctia tham s6 ™ dé hé phwong trinh sau v6 nghiém:
x*-12x- y*+6y° - 16 =0
4 +2V4- X* - 54y~ y* +m =0

(x,y€R)

Cau 3. (2,5 diém)

Cho ba s6 thye *Y>Z thoa man XTYTZ=X2 y3 x>1 ¥>1 7>1 Tim gis tri nho nhat cia biéu thic
x-1 -1 z-1
2 + y 2 + 2
y z X
Cau 4. (6,0 diém)
¢) Cho tit diéen ABCD ¢ AB=CD AC =BD AD =BC  Chitng minh ring khoang cach tir trong

(ABC) (BcD) (cpA) (DAB)

P =

tam cua tit dien ABCD dén cac mit phing bang nhau.
d) Cho hinh chép S-ABCD ¢4 day ABCD |3 hinh thoi canh 2d; SA=SB =5C =2a Goj V 1a thé

tich khéi chép S-ABCD | Chitng minh V <2a’
Cau 5.(2,5 diém)

2 2 . .
Oxy (€): (x-1) +(y-1) =25 Vi cdc difm A(7,9)’ B(O,8). Tim

Trong mdt phang toa do , cho duong tron

(©)

toa do diem M thuoc sao cho biéu thitc P =MA+2MB dat gi4 tri nhé nhat.
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PE SO 21

SO GD VA PT TiNH KY THI CHON HOC SINH GIOI CAP TiNH
NGHE AN MON: TOAN 12 - BANG B
(Thoi gian lam bai 180 phit)

Cau 1. (6,0 diém)
3 -1 =
2) Gidi phuong tinh; ¥ *V¥~1=9 (x€R)
1.3x?+2,/(x+2) - 6x =0 (xeR
b) Giai bat phwong trinh: XX (x+2) - 6x (x )
Cau 2. (3,0 diém)
Tim tat ca cac gia tri ctia tham s6 ™ dé hé phuwong trinh sau v6 nghiém:

x’-12x- y*+6y° - 16 =0
(x,y€R)

4 +234- X - 54y~ y* +m =0
Cau 3. (5,5 diém)
Cho hinh chép S-ABCD ¢4 ¢4 day ABCD 13 hinh thoi canh 2d; SA=SB =5C =2a Goi M 13

trung diém caa canh SA; N 13 giao diém cta dudng thing SP va mit phing (MBC). Goi ViV

thé tich cta cac khéi chép S-ABCD vy S.BCNM
i
a) Tinhtyso V.
b) Ching minh V <2a’
Cau 4. (3,0 diém)

la

Oxy A(2;-1)

Trong mat phang toa do , cho tam giac ABC ¢4 . Puong phan giac trong cta cic goc B va C

Ian lugt c6 phuong trinh X~ 2Y *1=0, x+y+3=0 y/iat phuong trinh dwdng thing BC.
Cau 5.(2,5 diém)
Cho *Y+Z 1a céc s6 thuc duong théa man % =1,
1 1 1

P = + +
V14X \/1+y2 N

Tim gia tri 16n nhat caa biéu thic
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B. PAP AN VA HUONG DAN GIAI
PE SO 11
Cau 1.
Loi giai
2) f(x)=-4x*+3x
TXDb: D =R

lim f (x)=- oo, lim (x) =+
S bién thién: Céc gidi han: *~-= X -

1
X =-=
2
(=4
Y= 1
r — 2 r — _—
Baéng bién thién: f)=12x"+3= f()=0 2
1 1
- 00 - — —; 400
Ham s6 nghich bién trén cac khoang 2) val2
(11
22

Ham s6 dong bién trén

Ham s6 dat cure dai tai

e deymrf1] o
Ham s6 dat cue tiéu tai 2 .

+) D6 thi: Do thi ham s6 giao vgi Ox, Oy: va

A3 — A3 43 —
b) Céch 1: 4x* +3x =-4m* +3m (1) hay 4x> +3x = f (m)

—_ 3
Dya vao db thi ham s5: (x) =- 4x” +3x

f(m)<-1

m>1
cxp T2 7 m<-1= @y ey
me{— l;1}
- 2
oo |mel5)
+ Khi f(m)=1 2) = (1)cé 2 nghiém.




f(m)<1 11
Fm)>-1 me (- 1;1)\{- 5;5} - 1)

+ Khi c6 3 nghiém.

Cach 2:4x* - 3x =4m*- 3m < (x- m)(4x* + 4mx +4m* - 3) =0
X =m

4x* +4mx +4m*-3 =0 (2)

Dét g(X) :4X2 +4mX+4m2 -3 :0, A’ —_ 12m2 +1?2 .

1
g(m)=12m*-3 9(mM)=0em =

4 ‘m>1

m<-15a<0= (2 4 nghiém @ 51 nghiém.

'm=1 {A’ =0
+)

__ +* :

m=-1|¢(m)#0= () c6 nghiém kép khac m W 2 nghiém.

[ 1

m =- E
+) 1 A'>0

m=—""1g(m)=0= (2)

2 gimj=u= c6 2 nghiém phan biét trong d6 c6 mot nghiém bing m
nghiém.
CiD 11 {A'>O
me (- 1,1 \{- —-—} =
> ’ #0
22]  lgm)#0=Q@) ., nghiém phan bist khic ™~ 1 6 3 nghigm.
Cau 2.
Loi giai
1. TXD: D =R
32x3-x+2+ 9 3 _ +2 :3x3+2x+1+ 3+2 +1
Phuong trinh = ( o ) (X § )
—nt

Xéthamss [ =3+t (ER)

f'(t)=3'In3+1>0 (@)

re . \ ~ t) .. in
v6i moi t€R suy ra ham s6 dong bién trén R

3 — 3
Khi d6 phuong tinh 0 < (2x - x42) = f (" +2x41)

o 20 x+2 =0 +2x+1 S X - 3x+1=0 (2)

g(x)=x*-3x+1

Xét ham s6 lién tuc trén R va cé:

=) c6 2
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g(-2)<0;g(0)=1>0 g@1)=-1<0;g(2)=3>0

Dods 9=0 ding 3 nghiém phan biét thudc (-22),
Dit X =2c0sa ygi ae[o;ﬁ] . Ta c6 phuong trinh ) trd thanh:
1 27 27T
5 < cosda =- — < a =t—+k—
cos’a- cosa+1=0 2 9 3 .

= ae{2_”.4_”.8_”}
Do 0{6[0;:{] 9’9’9

2 4 87
X =2cos—;x =2cos—; X =2C0S—
Vay phuong trinh da cho c6 ba nghiém: 9

1 1 _cos3a- cosa _-2sin2asina _-4sin’a

2. a) Ta c6: cosa " cos3a  cosa.cos3a  cosa.cos3a  cos3a = PPCM.
cos3x #0
cos9x #0

<X ¢£+m£ meZ
b) Digu kign: (527X 70 & cos27x #0 54 ’

-_1 1 ) 1 1 i 1 N 1 ) 1 _
Phuong trinh 4 |cosx cos3x cos3x cos9x cos9x cos27x
x=k1
o 13
27x =x+ k2w T

f—t
< c0S27Xx =cos X

7x = x+kar  |X 7K

b4

x=k—,keZ
Truonghgp1: 13 . Hoc sinh chiing minh théa mén diéu kién €08 27x #0

V4

x=k— keZ

Truong hgp 2: 14 . Hoc sinh tim ra diéu kién k#7+1l4n,n€Z
T J
x=k—,k€eZ x=m—,meZ
Vay phuong trinh c6 nghiém: 13 va 14 .m#7+ldnneZ
Cau 3.
Loi giai
SO 1 (ABCD)

a) Goi O 1a giao diém caa AC va BD | suy ra
Goi M 1a trung diém ctia €D, suy ra ('@D); (aBCD)) =tsht; M) =8mo

- =-.50.dt
Shio == Vv =X 50.dt (ABCD)
Theo gia thiét suy ra 4 Thé tich khéi chép S-ABCD 13 3
_ _a _a
. dt (ABCD) =a* 0S =OM = >V =
(&(0]

Ta . Trong do AOSM vuong:
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av/3
Hién nhién d6 dai canh bén caa hinh chép déu S-ABCD 13 2

Goi I 1a hinh chiéu ciia O trén SD . Suyra SD L (ACI)

(sdp); (asp)) =€ 1c)

Khi d6

) cos AIC =- 1

Ap dung dinh 1y cosin trong AIAC | ta dwoc 2

(AIAC 13 tam gidc c6 1O vira 1a dwong trung tuyén, vita 1a duong cao nén AIAC 13 tam gidc can dinh I,
2

a3 1 a3 _a\/g

2] (372 ] 3

2

32

AC =av2 . IC =IA =/SA* - IS? :\/

= (cdp);(asp)) =§

Cha y: Hoc sinh cé thé st dung phuwong phép toa do dé tinh goc gitta hai mat phang (SCD) va (sAD)

(On) C ﬂ;o;o A -#;o;o D 0;#;0 s[o;o;ﬂ
Chon hé truc Xy : s 2 .
a(s;- 32
Véc to phap tuyén cua (scp) la ( )
b(11-v2
Véc to phap tuyén cta (5AD) la ( )
Goi B 1a goc gitta hai mat phang (SCD)Vél (sAD)
( :ﬂ _ ]_' 1' 2 | _l a
Ta c6 cosﬁZ‘cos a,bx ‘aHb‘ |\/1+1+2.\/1+1+2| 2hay s _5'

b) Goi M 1a trung diém BC
Khi dg BC 1 (MAD) nan (P)L(AMD);
(P)n(AMD) =ME

Ke AH L ME g AH L(BCE) (o AH =(AMD)

Ké DK L ME ngn DK L(BCE) ) DK < (AMD),
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Hién nhién AH song song DK
\4 :VA,BCE :AH

Khids V> Vo DK

O<ﬂ<£

Goi B 1a goc gitta (P) va (ABC) . Hién nhién BME =a . UME =p

sin :ﬁ = sin =£.sina P D)
Vi AM =DM npgp: sina DK vV, =T.sina

M 1
cos (o +/J’) :—O =— & cosacos f - sinasin 21 (2)
Trong AOMA . MA 3 3

Tit @ 5 cos B =/1- sin® 3 :\/1- t2.sin® a :\/1— t*.x véi X =sin’ a

8
1 - -
Vi- 2x1- x- tx == o J(1- 2x)1- x) Stx T X (9t +6t+9)
Thay vao ta co: 3 3 .
5 8 9t* +6t+9 8
. = tan“ @ = = — =
Vi sin” a =x 1-x 9t"+6t+9 9t"+6t+1 9t" +6t+1
3
t ==
5
= 19
8 50 196 171 -
— = — o W +6t+1=—— = 9’ +6t- — =0 t =———
Theo gia thiét suy ra 9" +6t+1 49 25 25 15
Vasce :E
Vay VD.BCE 5 .
Cau 4.
Loi giai
d= H(32-3)

a) Goi H 14 hinh chiéu vuéng géc ctia A trén
Goi K 1a hinh chiéu vuéng géc cia A trén @

h =|AK| <|AH
Ta c6 khoang cach tir A dén mit phing @ 1a ‘ ‘ ‘ ‘
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AH
Vay gia tri 16n nhat cta h1a ‘ ‘ khi va chi khi K =H
Suy ra (0] (Q):x- 4y+3z+14 =0

b) Diéu kién: X =4
f(X) =\/;- Jx-1++/x- 4-x- 3,x€[4;+oo)

qua d va nhan AH 1am véc to phap tuyén

Xét ham so:

Ta co f ) lién tuc trén [4;+OO).
1 1 1 1
(x) = - + - >0, Vx € (4; +0)
f 2x 2Ux-1 24x-4 2Ux-3

f ()

X) . A
dong bién trén [

4;+oo)

Suy ra ham s6

=0

1 1
i =lim +
Mat khac: Xllrgof(X) e \/;+\/x-1 \/x-4+\/x-3

Hoc sinh 1ap bang bién thién va két luan.

o me{l- J3;0)

Phuong trinh ban dau c6 nghiém thuc .
Cau 5.

Loi giai
Cach 1:

3 3 3 3 3 3
X - -7 zZ - X
VA N

XZ"'X)’"‘}’Z }’2+yZ+Z2 2+ zx + X :(X'y)+(y-z)+(z-x):0

Ta co:
3 3 3 3 3 3
X z z X
< 2 2+ 2 y 2+ 2 2 = 2 y 2+ 2 2+ 2 2
X +xy+y" y +yz+z° z°+zx+Xx X +xy+y" y +yz+z° z°+zx+Xx

3 3 3 3 3 3
:>2A: X+y + y+Z + zZ+X (1)

X +xy+y’ Y+yz+zt PHzx+x’
a’*-ab+b* _1
2 73 Va,beR s s -
Ching minh duge a” +ab+b™ 3 Va4, , ddu bing xay ra khi @ =b
(X2 - xy+y2)(x+y) 1

3 5 2—(x+y) 0
Suy ra: X Hxy+y 3 ,vGi 0V >

(yz_ yZ+zZ)(y+Z) 2%(y+z)

y +yz+1z°

(z2- zx+x2)(z+x) Zl(z+x)
3

7' - x+x°

2A 2%[(x+y)+(y+z)+(z+x)] =§.2012 = Az%

Do dé .
2012 2012

_ X=y=z =——

B y
Vay gia tri nho nhat cia A 1a 3 dat duogc khi 3
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Cach 2:

=2012(x* +y? + 2% - xy- yz- zx) =2012(x* + y* +2%)- 2012(xy + yz + zx) (a)
Ta cé- x(x2 +xy+y2)+y(y2 +yz+zZ)+z(z2 +2x+x2)
=(x? +y° +23)+ xy(x+y)+yz(y+2)+zx(z +x)

=(x* + y* +2*)+ xy(2012- 2)+ yz(2012- x)+2zx(2012- y) =2012(x* + y* +2°*)

A: X4 N y4 N Z4
Ta cb: x(+xy+y?) y(P+yz+22) z2(2+zx+x?)
(X2+y2+Z2)2
>
x(exy+y? )+ y(P+yz+22)+2(2% +2x+ x7)
2, .2, 2V
_ (X ty +z ) (x2+y2+z2).3 >(x+y+z)2 2012
2 2 2) = =
2012(x" +y* +2°) 32012 32012 3
be 12

1
y=- —x" +2x - 3x+1

ot

Cau 1. a) Ta cé:
Tap xac dinh: D =R,

| — 2 ! — —
Sy bién thién: Chiéu bién thién: ¥ — X +dx- 3; y' () =0 = x =1 hodc X =3,

Ham s6 nghich bién trong khoang: (-o0;1) va (3 +0) dong bién trén khoang: @ 3),

~ lim y =+og; lim y == oo
Cuc tri; #—-= PR

Bang bién thién:

e
W
+
8

Do thi: Bi qua ’

o1, [4;' é]

diém:
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1

I|2;=

Nhan xét: o thi C) di xitng qua diém [ 3]
b [FG]"- 6] FC)* +9f(x)- 3=0(1)

TR T
g()=-Lx+ax-3x41
Piit 3 ta co:
~ fgmy=o |9(m)=0 (2)
(1) = g(f(x))—ﬂﬁ m:f(x)ﬁ -E:g(x)(?.)
Tw ’

SO nghiém cua @ la s6 nghiém cua (3), v6i M nhan tat ca cac gia tri théa man (2) T do thi (C), suy ra

(2) O<m<lil<m<3 ©)

c6 3 nghiém M, théa man: va 3<m<4 (Ciing tir ta co:

1 m
-—=-—=0 ()

+)Néu 0<m<1lpay 3 3 thi 3 c6 3 nghiém phan biét.

-l-ﬂ-ﬂ-r:-— (3)
+)Néu 1 <m <3 pay 3 3 thi " c6 ding 1 nghiém.

-—ﬂ-ﬂ-r:-l (3)
+)Néu 3<m<4pgy 3 3 thi =7 ¢6 ding 1 nghiém.

RO rang cac nghiém cta (3) trong 3 trwong hgp trén la doi mot khac nhau.

D)

Do do c6 dung 5 nghiém.
Ca (1+sin x)(1- 2sinx)+ 2(1+ 2sinx)cos x =0 (1)
au 2.a)

(1) =

Tw

X . .X
cos” —- sin” =
2

y 2
c05%+sin%‘ (1- 2sinx)+2(1+ 2sinx) =0

= cnsf+ s,ini =0(2)
2 2

c05i+ sing‘(l- 2sin x)+(2+4sir1x) cns%- sin%‘ :[I(?.)

Hoac

(2)= tﬂni =1l x =- £+k23
Tir 2 2

X X X X
(3) = 3cos=- sin—+ 2sin xcos —- 6sinxsin— =0
Tir 2 2 2 2
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= 3(:055- sini+4sin£cnszi- 12sin” it:t_'rsE =0
2 2 2 2 2
X X X X

< 3sin—- 4sin° = +12cos” = - 9cas = =0
2 2 2 2

3 3 2 2
= sin—x+3t:crs—x =0 = x :—QH—T tana =- 3
2 2 3 3

T 2r 2w
Vay €)) ¢6 nghiém: X =- EH{EJ hose X :?H? taner =-3 i k,IEZ)
25 - 0 =(xay)rry - 2x- y)Ex-y @)
{E-E(x-l) +1=0 (2)

b) Ta co:
bidu kien: X+ ¥ 20,2x- y 20 (*)

Khi dé: (1) e 27 +(2x - yL,‘Ex- y =2 +(x+ y)Jfx+y
() =2+t f@x-y)=flx+y)

Xét ham f suy ra: Cé dang

Mt khdc [ ddng bién, do d6 ( )& 2= y=x+yp. X =2y

Thé vao ) , ta duoc: \/_"'l 2(2y - D' (3)
f :(2}-'- 1)3
pge Y =21, phong trinh > trg thanh he: =(2- 1)

Trr vé twong &ng cac phuong trinh cta hé, ta co:
22y -1 +2Qy - DQt- D+2(2t- 1) +1>0

t=y (do

o y=(2y-1)Y = 8y*-12y* +5y-1=0 = (y- 1)(8y*- 4y+1) =0
Thé vao hé:
= _}r:]_::r x=2

Vay hé phwong trinh di cho c6 nghiém duy nhit: O y)=(21)

—| [
Cau 3. Lap s6 chan dang abed | pyt E=01234 )

ol
+) Chon d =0 chon thit tw & b, c trong E\O

I I
+) chon d #0 ¢4 2 cach chon, chon ack Hl 0, dj c6 3 cach chon, chon b va € the ty trong E

2 __
A; =6 cach, Dang nay c6 2-3.6. =36 g3,
« Tinh s6 céc s6 chin 1ap dugc khong 16n hon 2012 ¢6 dang 1bcd |

[1. 4] 2 _
Chon @ chin ¢6 3 céch, chon D va € tht ty trong tap E\Ld; 6 & =6 cach.
Dang nay c6: 3-6 =18 5. Suy ra s6 16n hon 2012 ¢ 60- 18 =42 <5,

—
—_——

[ Y

co
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X

X4c suat can tinh: 60 10,
®  (sinx +cosx) EI. (sin x + cos x)
j dx + | v —dx
J 3sin® x + 4cos” x y3sin” x +4cos” x
b) 2
bit X =-1_Ta c6:
j« (sin x + cos x) d (- sint+ cost) j‘(- sint + cost ) dt Er (- sinx +cos x)
¥ == = =
J 3sin” x + 4cos” x ;]351r1 t +4cos’ r c,35'1nzt+4c052t 3351n2x+4c052x
7 7
3 T (e 3
Cos X d(sinx) 1 1
= J1=2F —dx =2 —2——J{ - ‘d(smx)
-J351r1 x+dcos x ,:,4- sin“x 2Jlsinx+2 sinx- 2
1 +2/] 5
:—[ In & 2=—In3
2 sinx=- 2|/{e 2
caud. 1.C) 6 1am OO 0), bén kinh R =3
Nhan xé. AE(C)= OA=0M = ABMO |, 1.+ 4o = AM 1 OB
4
I =AM mMOB = 0OG =-0I
Goi 3 Ay
Ka GK /f AM, K £ OA, .. i
é ta co:
¥ 4 /"—__
OK =0A= K (4;0) ool B
GK/ITAM = GK LOB= Gy, 5¢ duomg tron dudong
kinh OK . 0 A K X
Toa do G(X; y), y>0 théa man:
¥ =x- 3+~,E Mg

(x- 2)2 +J.f2 =4
x:}-r+3-\f§ x:}r+3-a,}6
(r+1-8) =4 (207020 By 28205 G(34B) | y»0
0

9 9 OK.d(G,0x) 94,3 93

Saame =Ss0an =28s0m =2 —Soke = =
Dién tich: h ; 16 8 2 16

(ABCD)

2.a) Goi H 1a hinh chiéu caa S trén
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Suyra H € AB (do
(SAB)J_(ABCD))

CB 1 HB | suy ra géc giita hai mt
(sBC) _, (ABCD) |,
va la

HE 1| CD(E€(CD) ]
a suy ra goc

madt phang (scp) va
(ABCD) 1, 8EH  pg g

H

SBH =SEH = HB =HE =24

Ta dugc BD // AE = BD//(SAE)

= d(SA; BD) =d (B; (SAE)) =d (H; (SAE))

(do A la trung diém HB)

Nhan xét rang HA, HE, H5 d6i mot vudng goc, suy ra:
1 1 1 1 3 1 1 1

- = -+ =+ > = s =—+—+ 21:51—1’:2:1

d*(H,(SAE)) HA® HE® HS® 2a° & 4a° HS
1 aa*

] Vs aco =5 Sapcp-SH =——
Theé tich: 3 3.

BD /I AE

b) , suy ra goc giita hai dudng thing SA va BD 1a SAE
) — — III 2 2 _
Ap dung dinh 1i ham s6 coossin cho tam giac SAE | vai AE =5A =ySH" + HA" =a -.,E va
SE =SHA2 =2a+2 ¢, o4
SA® + AE® - SE’

C0S @A, BD) :cr:rsEAE = :l.
2.5AAF 5

Cau 5. bat 3x-1=a,2y-1=b,z-1=¢ 1, 4. &b, ¢ 3 4065 dwong va A =abc
3 . 2 +122¢ 3 . 2 . 1 -
Khide: 3x+2 2y+1 z a+3 b+2 c+l
o3-1_9 , b L P U b + 5
a+3 b+2 c+1] a+3 b+2 c+1
b C a 3 = b + C . 2+/be
+—— =]-

Suyra; P+2 ¢+l a+3 haya+3 b+2 c+l \;’(b+2)(C+1)

= d(H;(SAE)) =

phang
SBH

gitra hai

2a

J6
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2 2Jca > 1 2\Jab

b+2 _'J(C +1)a+3) )vé c+1 2\fl.f:::+:-".]l[£:-+2) G)

A<>

Nhan vé twong tng cua (1), (2) va (3), ta dugc: 4.
a b c 1

Déu bing xay ra khi va chi khi: a+3 b+2 c¢+1 3

Tuwong tu:

a- 3

(a+ 1)2

2
Me(C)= M| a ,a#F-1= y'=
" a+1| |::»::+1)2
Cau l.a)

& (x-a)+ L& 2(a)
(a+1 a+l

= y'(a):

. (0) -
Tiép tuyén cua tai M c6 phwong trinh
Tiém cn dimg 21 6 phutong trinh X =- 1

Tiém cin ngang 2 c6 phuong trinh 7 =1=1(-11)

-5
Ana, = Al- 82| Ana, =B= B(2a+1;1)
a+1 )
1 1]a- 5 1 6
Sps =—IAIB =72 1| pa 42| =—.—_2|a+1|=6
o2 2|a+1 2 |a+1]

(khéng phu thudc vao 9, dpcm)

by ¥ =9x + myx" +9
mx 9m
D =R, y'=9+ ,y" =
sz +9 (x* +9)x +9

TXD:

y' =0 < Rx'+9 +mx =0 = 9x* +9 =- mx

mx<=0 mx <0 0
1
T 181( +9) =m?x> * |(m?- 81)x* =81.9
Trudng hop 1 m* <Ble -9<m<9= |m||x| 59|x|{91r‘x2 +9 (vx)

L 94X +9 +mx

_}-" =

" -J ¥ +0 N 2 R Lha . .
Nén Ham s6 dong bién trén N, khong c6 cuc tri.

=0, Vx=



- 27
m=9= X, S————

2
Trudng hop 2. vm®- 81

9m
(x*+ Q)fo +9

y'(x)= >0= x,
1a diém cyc tiéu = M>9 (loai)

27
me<-9= (I)= X, =

2
Trudng hop 3. vm® - 81

9m
(x2 +9).Jx§ +9

Vay ham s6 ¢6 cuc dai < M <~ 9.

y'(x,) = <0= x

la diém cure dai.

1
- 2012 2012
51n X +C0os X =

Cau 2. a) Ta cé:

(1

o2 i
Pt t =sin” x, IE[U, 1] (1) c6 dang: @)

Xét ham s6 fO) =" +(1- [)UHJE[O; 1]
. _ 1005 _ (1. Y. £1(s) =0 _1
() =1006] ¢ - (- " |5 f2(0) =0 =

(O =1 W=1, 1| 3| == min [0 =

1 J J
(2]<::’r:l (1) = sin’x :Eﬁr cos 2 x :Dﬁx:E+k%(kEZ)

Vay 2 hay

X +4x + :}.r+..}y2- 1(1)

2 2 —
b) Ta cé: X +y - xy=l (2)

ly|=1.(1) = x- y:Jyz- 1- 2 +1

Diéu kién:

= X - 21}f+y2 :yz- 14+ x° +1- EJ(yE- 1)(:»c2 +1)

= x}r:\/(}rz- 1)(x2+1):: x"'}r"‘ :;»c‘?y2 +}-f2- x'-1le x*- }.rz =-1
2_ 2 —
oy =1 :*Exz-xy:[Iﬁ ¥ =0

2 2 _ _ :2
Keét hop véi ) ta dugc L +y - xy =1 Yy =2x

voi x =0 p )=y =le= y=4
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1 1 2
(Q)=3x=lex =—=x=t—= y =+~

vei Y =2X gy 3 3 3
(x; y):[(ﬂ;l),[%;%H

tan x + sin x - %x 2%(»5- :r), Wxe

Vay hé c6 2 nghiém:

D;E‘
2 |

Cau 3. a) Ta cé:

9 7
f(x) =tanx +sinx- —x 0;—]

Xét ham so 2 (rén
, 1 9_2c053x-9c052x+2
f'(x)= — +C05X- — =
cos” X 2

N

2
2cos” x

(2cosx - 1:'(:::'5.2 x- dcosx- 2)

2
2cos" x

Xe

D;%‘ = 0<cosx <1= (cos” x- 2)- 4cosx<0= f'(x)
Vi :

cling ddu véi 1- 2cosx
Bang bién thién cia f (x)

f(x) =tan x +sin x - gx g%(.ﬁ- ,r,r), vxe| o

Vay

a
X =—
Ding thitc xay ra khi va chikhi 3

A B Ce
Ap dung: AABC nhon nén
Twong tw, cong lai ta dugc:

D;%‘ = tan A+sin A Egﬁmg(ﬁ- :r)

9 9
tan A+tan B+tanC +sin A+sin B +sinC EE(A+B+C)+E(J§- ;'T)

Két hop véi A+B+C =T (3¢ dpcm

0 T

T
3 2
0
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b) y =Jx+4 +f4- x- |J16- ¥

1xp: D =[-44]

t :Jx + 4 +J4- x,t=0

bat

t* =8+2.f(x+4)(4- x) =8
Binh phuong ta dugc .J(x )4- %)

Mat khéc theo bat dang thitc Cauchy ta c
(¢ =8+2,[(x+4)(4- x) =8+(x+4)+(4- x)=16

. Ddu bing c6 khi X =4

. Ddu béng c6 khi X =0
Do [ 20= 242 <t <4

B y=f(t)=t- EE; 8 _%EE +i+4, EE[E-JE; 4]
fl@)=t+1, f()=0=t=1
f(2v2) =242, f(4)=0

iny = min_f(t)=0 f(r)—mln ) =22
Vyflm khi X =0, i

z.j‘4| 224

(loai)

khi X =#4
Ca BC | AB, BC 1 SA= BCJ_(SAB]=? BC L AB'
au 4. a)

SC L(P)= SC LAB'= AB'1(SBC)= AB' LSB
AD'LSD =V, o =Ve snee + Vi arce

Tuwong tw 5.ABC
V. e SB'SC' SB'.SB SC'SC SA” SA° 33 9 0
V. e SB SC SB* = sC’ SB*'SC* 45 20
Ve .per SD'SC' SD'SD SA® SA° 33 9 (2)
V.pe SD SC  SD* SD*'SC’® 4’5 20
11, a’3

V, =V, =—.—qa .a«.-"—:
Do S ABC B.ADC 3 2 EI
Cong @ va ) theo vé ta duogc
1i"'ll-fu‘E!C +V5-’LDC _9 9

a3 @B 20 20

6 6
v 9 a3 3a34_

SABC'DY 2[' EI 2['

1
Veamn ==Samw -a\ﬁ
b) 3
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BEM =x, DN =y, x,yE[D;a]

bat

Trén tia d6i cta tia PC 14y diém P sao cho
DP =BM =x

AABM =AADP

- AM =AP, Bam =Bap

WAN =45 = Bam + Ban =a5°
- WNap =Pap + Ban =45°
= AMAN =APAN

1 1
Swan =Span = ADPN :Ea(x +y) (%)

=

Ap dung dinh li Pitago trong ACMN vudng ta dugc: MN? =MC”* +CN*
o (x+y) =(a-x) +(a- y) o ¥’ +y* +2xy =a* +xX* - 2ax+a +y* - 2ay

2
= xy+alx+y)=a" = }::a ax

x+a
[ 2
1 a - ax
=—a
2

5
Thé vao (*) ta dugc:

X+

MAN

x+a |

2 2
al x +a
2

2 2
a x"+2ax-a

= 2 (x+a)

flx)=

bat

£ =0 o x =(3 - 1)a
[ =f@=25 (2~ Do) = (J2-1)

x+a |

2
= max f(x) :‘7’?; 'ﬂ}“] f(x)=a*(¥2- 1)
Gﬁﬁ M =B, N =C
max V. = _ _
BH2-1)ad
minVe . = 3 MB =ND =a (JE- 1)

khi .
a’ +ab+1 b* +bhc+1 ct +ca+1

>J5(a+b+c)

+ +
Cau 5.*f‘ﬂ2 +3ab+c’ b +3bc+a’ o +3ca+b’
2
x* +}-’2 =2xy < x° =2xy- yz = x—zzx- v
ta co

Vx,y >0



ﬂ2+ﬂ'b+1 J(ﬂz'l'ﬂbi'l))
+

NPT T 3br 2J2(52+ab+1)- (a® +3ab+c?)
a’ +3ab+c

2 2
a +b

2

:'J2+az -c¢'-ab EJE(az +b’ +c2)+a2 - -

2 20

1J'I[a+a+a+a+:::+|E:-+|E:-+|E:-+f+f) Sa +3b + 2¢
. _

2.5 25

J&]E +3b? +2¢2 Jlﬂ(az +@+al+a +al +br+b b+ +P)

Twong tw cong lai ta dugc:

2 2 2

a +ab+1 . b +bc +1 L C +ca+1 zﬁ(a+b+c)
Ja +3ab+c?  \Jb*+3bc+a’  Jc? +3ca+b’

= q=h=c=
Dang thirc xay ra

-

PE SO 14
Cau 1.

2 2 -1
3mx” - 3mx-m =0, x #=¥—
a) Phuong trinh hoanh do giao diém cua d va do thi: m

2 — E
vi m #0 nan phuong trinh — 3¢ - 3mx-1=0 ()

f[- 1‘— 3 42 20, ¥m 20
— 2 | T T , *
Taco & =9m +1220,¥m=0 .y “ 1 m] m’ (6 day F O 13 vé i cia € )} nén d ludn

cit do thi ham s6 tai hai diém B phan bigt vei m #0
E 3

i Alx;3x - 3m),B(x,;3x, - 3m) vei X

Ta % 1a2 nghiém cua
- 3m
OH =d (0,d) _3m]

Ké duong cao OH cua tam giac OAB ta c6 Jio va

AB ZJ(JQ - X ) +(3x, - 3x,)2 :Jl[](xz - x,)l :Jll:](:;r‘2 +x|)l - 40x,x, = f1|:mrrZ +43_D

C(m;0),D(0;-3m) @y m#0 thi & D,O phan biat)

Mat khac
-3
10m* +£m :2.|m|.|3m| e m Zig
Ta tim m dé Sacss =25,40cp hay 3 \-"ﬁ 3
by Goi M (x0i30)
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X, )+ Y,

Puding thing d di qua M, c6 hé s5 géc k 6 phuong trinh ¥~ (x- , d tiép xtic véi (C) khi hé sau c6

x+14—— =k (x- x,)+y, @)

x+1
1
1- ; =k (2)
nghiém X #1: (el
(e x+1+ =k(x- 1)+k- kx, +y, (3)
x+1
kQ-x )+y,-2
X+1+LZX'I‘L+R‘RHU+_}’U 1 — ( xil) Yy
Thay k & (2) vao (3) ta dugc: x+1 x-1 .Suyra X-1 2
k(l_ x(.]+_}"u_ 2 ’ _

=k

Thay vao (2) duogc: 2

= G- 17K +2[(- %)y, - 2)+2] k+(y, - 2 - 4=0 )

Néu tit M ké dén (C) hai tiép tuyén vudng géc thi phuong trinh (*) c6 hai nghiém XKz thea man Kik: =~ 1
2 -4
= —(FE )Z)Z :-]_c::-(xn-l)z +(_]r’(,' 2) =4= (©:2)
%1 M nam trén dudng tron tam L2 , €6 ban kinh
R =2 (BPCM)

Cau 2.

a) Phuong trinh da cho — 5" (15x- 5) =27x +23

sr 27X +23
Ta phai c6 15%- 5 #0 v3 phyong trinh trén trg thanh 15x-5
27x+23

f(x)=5" ()=

Ham s6 dong bién tréen R con ham s6 15%-5 nghich bién trén cic khoang
1
=0l — || —; oo
113
Vay phwong trinh ¢6 t6i da mot nghiém trén moi khoang.
1
_ _ f-1)=g(-1)==
Mit khae [ D=9W =5, 5 Nén phuong trinh c6 hai nghiém 1a X =1
4

log, —=*1 <o - 6x+2
b) Ta cé: X - 2x+l

x#l,x>- l
Diéu kién 2

+ +
= log, 22:{—1 12X - bx+le lngfx—l =2x* - 6x+1

Phwong trinh X - 2x+1 2x" - 4x+2

= log, (2x+1)- log, (2x° - 4x+2) =(2x - 4x+2)- (2x+1)
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= log, (2x+1)+(2x+1) <log, (2x° - 4x+2)+(2x* - 4x+2)

(U =2x+1
pag |V =2 - 4x+2 o uv>0 s u+log u=v+log,v (L
1
- e W) =——+1=0,YVieD
X6t him 5 f(t)=log, it +t, reD:(D,wJ}.Cé fr@) o
Suy ra ham f©) dong bién trén D.
fW=fl) . ()

Khi d6, (1) thanh dongb bién trén D nén U =V

B—J?_' 3+\E

2y +1<2x° - 4x+2 = 2x* - 6x+1=20e= x < x>
Tt 1a 2 hoic 2

sk
Keét hop vai diéu kién *) ta dugc tap nghiém caa bat phuong trinh la:
T:[-l;E_ﬁ 3+ﬁ;+w
2 2 2 _
Cau 3.
a) Theo dinh 1i cosin trong tam giac SAB ta c6:

va u,v thudéc D va

L

SB* =SA® + AB* - 25A.AB.cos30" =3a° +a° - Eﬂﬁ.ﬂ.g =q*

vay SB =@ Tuong ty ta ciing c6 SC =4
Goi M 12 trung diém SA, do ASAB ¢an tai B va ASAC can tai C
Nan MB LSA,MC L 5A

1
Voune =Vanue +Vasue :ES‘:!"SMH{.'

Ta co

ASAB =ASAC (ccc) . MB=MC

= AMBC (an tai M, do d6 MN L BC | ta ciing c6 MN L SA (g day N 1a trung diém BC)

W 2
MN? =AN?- AM? =AB’ - BN* - AM? =a°- [Er- ﬂ‘ _30° |y =03
o ds 4] 2 | 16 4
3
Vo =-SALMNBC =2
vay 372 16

b) Gia st tit dien ABCD ¢ AB>1 cic canh con lai déu khéng 16n hon 1

pit CP =x,x€(0;1]

Goi M la trung diém BC, K la hinh chiéu vudng goc cia B 1én CD va H la hinh chiéu vuéng géc ctia A 1én
1 1

V.o =S5, .AH =—x.BK.AH (1)
(BCD).Khi 6 ABCD 3 BED 5
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Co

2 2 2 2
py: BC #BD* CD* _ x* _ o0 1
2 4 4 2
AM 5144- X
Tuong ty 2
BK <BM = BK %«}4- ¥ (2)
Ma

AH =AM = AH %\!4- x* (3)

V

ABCD

1
=—x(4- x*)
Tir D) va (3) suy ra 24

f (x) :Lx(ri— x ) xe(o; 1]
M3t khac ham s6 24

1
Vascp =

Nén 8 (dpcm)

dong bién nén

(Déu “=” xay ra khi MCD:ABCD 13 hai tam gidc déu c6 canh bing 1 va HK tring v6i M. Khi d6

N

AB =Y 51
i

Cau 4.
1 u||'x+2(x— X +4)
_ -Jx+2 N 2 : d
a) Ta co Px+x-4 : x-(x-4)

1 1° — 1. 1
_EJ’x\#x+2dx— Ejl},‘;wlﬂ'x - _ZI' - 4_12

3 3 €| 3 1
I, :J(x+2- 2)Jx+2dx:](x+2)zdx- 2J(x+2)l dx
M
Tlnh 1 2 2 2
5 3
:%(JHE)AL— 2.%.(x+2}z

|

_10V5 3
3 15

2

3
Lk = [(x+2)Jx- 2dx
2

Tinh "2

2
I, = (2 +4)t.2edt
1 BEJ 1

_2r
3

_46 1. 1, 25/5-39
5 —_—— .

== [==I--I
15 4° 30

I, |
vay 4

Do dé

li} 1

94



s

2
I = [ +sinx)In(cosx +1)- In (1 +sin x)]dx
byce

g Era s

2 2 2
= Jln (1+ cos x Hx + J'sin x1n (1 + cos x)dx - Jln (1+sinxdx =A+B-C
i a 1]

Er

2
A= Jln (1+ cos x Xx
Xét a

s

1] 2
X="-t> A=- Jln(1+5int]dr :Jln(1+5in xXx =C
2 T Ii]

it z .vay I =B
E >

B= J’sin x1n(1+ cos x Mx B= J]n udu
Xét i .Pat =1+cosx th i

2
B :ulnu|f— J'du =2n2-1
Dung tich phan titng phan dugc ' .Vay I =2In2-1

Cau 5.

@ +b +F 4121 (a+bY +L(c+1)F 2 2(a4b+c+1)
Theo bét dang thitc Cauchy ta c6: 2 2 4

a+b+c+3y p= 1 - 27
@+ +1Yc+) 5| ————— . a+b+c+l (a+b+c+3)
va \ ' . Do do
pol 27
pitt=a+b+c+l=1>1 Tacs (c+2)
f(r):l— %,reﬁ;w)
t
Xét ham s6 (42
1
: max f (1)=f(4) ==
Vé bang bién thién cia ham s6 nay trén (1 +0) ta co B
p<t
Twdé 8 vadau ding thirc xay ra khi @ =b =c =L.
PE SO 15
Cau 1.

t =+x° +x+1,t z%

4t =-t*+7t*-5< t'-66°+9- (t*- 4t +4) =0
Khi do6 phuong trinh trd thanh: ( )

a) bat
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: : : t*-t-1=0
o (-3 -(t-2Y =0 (- t- ) +t-5) =0

t*+t-5=0
V3 _1+45
t =— ) t=
+V6i 2 thi phuong trinh £~ €= 1=0 ¢4 mat nghiém 1a 2
t>£ t—'l+J2_l
+V6i 2 thiphuongtrinh & *t- 5 =0 ¢ mgt nghiém l1a 2
2
:1+\/§ x‘*+x+1:$‘ e 2% +2x-1- 5 =0 x:'li— "l'i'@ﬁ

Khi 2 thi \

I:'1+J2_l X' +x+l=
Khi 2 thi -

z
'_H;ri‘ & 2% +2x- 9+ 21 =0 = x=1% 1g2_ 221

o _ 3sin®x+243sin xcc5x+cu52x:3(ﬁ5in x+c05x)
b) Phuong trinh da cho dugc viét lai:
\Esinx+cosx =0

o= (\ESiI’IX-I'-CDEH)z - B(ﬁsinx+c05x) =0 =
-.Esin x+cosxy =3

«ﬁﬂnx+c05x =0 < tan x =- Lﬁ. X =- £+R;T,k eL
+Vé6i V3 6
+ Vi V3sinx+cosx =3 phwrong trinh v6 nghiém
Cau 2.

a) Chon hé truc toa 6 B vuéng géc sao cho tia Bx qua A va tia By qua C. Ta c6

Gia s M (6)

MA* + MB* =MC? & (2- xY +y* +x* +y* =x* +(2- y) & ¥ +y*- dx+4y =0

Phuong trinh trén 14 phwong trinh cia mot dwdng tron tim 12+ 2), ban kinh R =242
b) Goi G la trong tam tam giac ABC.

Xét truong hop: BGe =120°
Ta c6: BC* =GB* +GC’ - 2GB.GC.c0s120° =76

AC*®

MC* =GM* +GC* - 2GM .GC.cos60" = =28 = AC* =112

AB*

NB* =GB+ GN* - 2.GB.GN.cos60" < =13 = AB’ =52

2 _AC’ +AB’ BC’
Vay do dai dudng trung tuyén 2
Xét truomg hop: BGC =60° T, 5 BC* =GB* +GC” - 2GB.GC.cos 60" =28

=171= m, =171

, B(D;D),A(E;D),C(D;E).
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AC?

MC* =GM* +GC’ - 2GM .GC.cos120" = =52 < AC* =208

2
NB* =GB* +GN* - 2.GB.GN.cos120" = AB =37 = AB® =148

2 + 2 F
m; _AB +AC” BC =171= m, =4/171
Vay do dai treong trung tuyén con lai: 2 4
Cau 3.

B _ 2 2 _ 2
a) Dé thay u, >0, vnelN iy Yo —1,‘311_,, +2 e u,, =3u, +2

2

Dat Y ZUn thi cg Vet =3V +29 V,, #1=30, +1)
Dat % =V *1 thi ta co: X =3 T day suy ra (x,) la mot cap s6 nhan vai
b) §=23"+23 +2.3 +..+2.3"- 2011 =2(3° +3' +3% +...+37")- 2011
2.(3"1)
= - 2011=3""-2012.
Cau 4.
(a+b+c) <3(a® +b* +c?)=3= a+b+c =3 _ (a+b+c) =3(a+b+c)
va
3
M =2(a+b+c)+6abc £2ﬁ+5[a+;}+c‘ ﬂaf.
_8\/5 i :E} = :L_
Vay GTLN ctaM1a 3 . Gi4 tri ndy dat dugc khi 3
Cau 5.
(x2+2x)(x+y):—2m— 3
Vietlai he [¥ F2X*Hx+y=m
pat U =X + 20V X4V g g u - 1
(uv =-2m- 3 2
B = ulm-u)=-2m-3 u*-3=mu+2)= " 3:rfr.r
Hé tré thanh (4 V=M u+2
2—
fu)=" 3,u =-1
Xét ham s6 u+2 . Bang bién thién:
u -1 40
['(u) +
o
I (u) /
-2 -

Vay m 2- 2.

x, =2, =3
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PE SO 16
(©)

Cau 1. Phurong trinh hoanh d6 giao diém cta d va

4- 6 =3x+me 3x* +(m- 4)x+6=0 (1)
X

Dit f(x)=3x +(m- x+6= A =(m- 4) - 72
©)

tai 2 diém phan biét =@ ¢6 2 nghiém phan biét khac 0
m > 4+ 642

m=4- EM.E

d cat

A=0
ﬁ{f(ﬂ)sﬁuﬁ

, Alx 3x +m), B(x,;3x, +m) i

X, X, 13 A
Go 1272 ]a nghiém cua

X +X _4-m
1 2
3

Theo dinh Iy Vi-ét: %% =2
HOB hon = OA.OB>0 < 10xx, +3m(x, + x,)+m* > 0

m
‘+m2>[]w m=-5

mE(-5;4- G\E)U (4+5J§;+m)

= 2[]+3m[

]
Keét hgp diéu kién ( ) ta duge diéu kién can tim ctia m la:

Cau 2.
(20 +2x- y-1)=x*(y+1) (1)
(x,yeR)
2 Jx+2+ fy+1=4 (2)

Pieu kign: X =~ %Y =1

: + 2 2 = - 1 :D :2 - 1
Bién doi phuong trinh O vé dang: (x )(2x y-1)=0s= y =2x
Thé vao phuong trinh @) ta duoc: Jx+2 +2x =4 (3)

2,}2 2)=14-3
Bién doi ®) vé dang: x(x+2) x(4)

Gidi ding * duge nghiem * =22 ¥ =3 _vay ¢ c6 nghiem 5¥) <(23).
b [ 2 203 =1 (x€R)
=1 |F7
T +2x-2x3 =1 (3 -1)0-2x)=0= | = 1
2x =1 X =—
Truong hop 1: 2
3 +2x- 203 =1 - X g [x;tl‘ (1)
Truong hop 2: 2x-1 L2
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f(x):3x—2x+1,xE _Uj;l‘u[l;-l"':ﬁ
Xét ham s5 x-1- L 2] (2 )
. . 4 1
frx)=3"In3+— >0, ¥x #—.
(2x- 1) 2
L L
[ o bt o i ko |21
Suy ra, dong bién trén ting khodng ' o
1|1 '
- oo — ‘; —, too (1)
Nén trén moi khoang * 2) 12 ', phuong trinh c6 nhiéu nhat mot nghiém
Ma fW=ft1)=0 . Suy ra, @ c6 2 nghiém X =+

[- L0; l;1]
Vay phuong trinh di cho c6 tap nghiém la: 2
Cau 3. Tt gia thiét ta co:

acy +abz =a*

b +c? - q°
baz +bcx =b° = b’ +c’ - a’ =2bcx = x :%: X =cos A
chx + cay =c’ A
(Pinh ly cosin)
Tuong tu ta duge:; Y =€0SB ; z =cosC
Khidg T =x+y+z =cosA+cosB+cosC
T A+B A-B C 7| C | B C |
T +cos — =2cos Cos + 2cos —+—‘c05 ———‘ =2 |cos +Cos| —+—
3 2 | 2 6] 12 6] 2 6
A+B+C 71| A+B+C 71| T 3
=dcos| — 4+ __fcos| — - | =4cos—=T =_
4 12 ] 4 12 ] 3 2
1
X=y=zZ=—
Dau “=” xay ra khi AABC day hay 2
Cau 4. B’ BO.CD dong quy tai M. Goi B0 1an lwot 1a hinh chiéu cta B,O wén mdt phang

00, MO _OB' )
Khids: BB MB  AB |
Voun OB
Tit d6 chitng minh dwge Yasco  AB
Tuwong tu ta thu dugc:
+V

DEI +DC' +DDI :'IJI:'].-H.'IJ +1IJI:’1-1|HIJ OABC :1

AB AC AD \%

ABCD

Ap dung bat ding thitc Cauchy:

(ACD) _
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_ OB’ DC' DD' - OB' OC' OD' _, [OB'OC'.0D'
~ AB AC AD AB AC AD 54324
= OB'0C'0D'<2012  (ppcMm)

Cau 5. Goi MQ-t-2+620€d . Tinh dwgc MA+MB =\6t* - 200 +40 +/61° - 280 +36 _pign doi dugc
MA+MB =6 \([1-5

‘35 [?
+ 4+ (| —-t
3] 9 J.3 .

" _[ iy
: " . Ddu “=” xdy ra khi

_22-47 _ [ 134,,!_442(
9

2

3
+=

9

f—
1
| wn

7
T
0 3

J‘ . Ta tim dugc

al.

%V cling huéng hay

9

e U +u, =2u, =y

Cau 6, Yt ts 1ap thanh cap so6 cong 1”3 cung tinh chan 1é

U, Uy, u,,u.,u

Us chinh 1a s6 cap “%s cung tinh chin 1. Khi d6 cac s6 hang “+%*% dwgc chon
trong 2009 s nguyén dwong con lai.

S6 cdp s6 cong

2
~ s aoxoa U, Uy, Uy s 2.
S6 cach chon cap s6 cong 1’72’73 la Aloos
3
U, U U, s
S6 cach chon bd 3 s6 hang "4’ 75> "¢ la Ao

S VAU 10 . Lo
Vay s06 cac day so thoéa man yéu cau la: Aloos-Arons

PE SO 17
, 2t 5
Sin2x =——;c052x =——
Cau 1. a) Piéu klén cosx #0 . Dét t =tan x ’ Kkhi d6: 1+t ot
1 _ 2 _ — ) 3 _ _
Phuong trinh tré thanh: L~ % 3150 (t-1) =0t =1

= tfanx =l= x :%-F-RH(REZ)

E|

=4 sin x

o
4

= (sinx+cosx) =4sin x = (tan x- 1) =4tan x(1+tan? x)

s.Esin X-

b) Phuong trinh da cho twong @ng vdi:

& 3tan® x+3tan’ x +tan x +1 =0 = (tan x +1)(3tan® x +1) =0

= tanxy =-1= x :—g+kfr(k e7)

Cau 2. a) Phuong trinh da cho twong tng véi:

(x+2) +(x+2) =72 + 235 +17 + 7x° +23x +12 (*)
R 1 T

Dt f(t)=t *t fr(e)=3 +1>0, vteR

).

f(t
. Vay ( ) dong bién nén tw
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f(x+2)=f (i.l'?x’ +23x +12)=r Xx+2=x7x" +23x+12

x =4

_3+J§
-2
3- 5

2

o xX-x-1x-4=0e (x-4)(x*-3x+1)=0 = |x

X =

3

X=z—
b) bieu kién: 2 . Pit:

t =2x-3 (t=0)

a2 ) 2
Phuong trinh da cho tr thanh; X+ 22X +x- 3+t

t=2x+3

o - (Bx+2+2x° +x-3=0e (t- 2x-3)t- x-1)=0 = : X
=x-

{ =2x+3= [2x- 3 =2x+3 = 2x- 3=(2x +3) [dox ::3‘
+) Vi | 3)
= 4x* +10x+12 =0 (V6 nghiém)

f=x-1= 2x-3=x-1=2x-3=(x-1) (x=1) e ¥-dx+4=0e x =2

+) Voi Thit lai ta thay X =2

théa man. Vay phuwong trinh da cho c6 1 nghiém duy nhat X =2

Cau 3. a)
Cdch 1:Quy dong va két hgp cac dang thic:
a’+b* +c =(a+b+c) - 2(ab+bc+aa)

ab(a+b)+bc(b+c)+calc+a)=(a+b+c)ab+bc+ca)- 3abc

va diéu kién abc =1,

Bat dang thirc can chitng minh twong dwong véi bat dang thirc: (a+b+c)ab+be+ca-2)=3

Bit ding thitc cubi cung diing do @+b+¢ =3 y3 ab+bc+ca =3 qung nén ta c6 didu phai chitng minh.
Cdch 2:gt @ =X+ b=y' € =2 (4 07 =1
Pt

X +yiexyz yi4ri4xyr U +x +xz
= ! + L + 1 =
Taylx+y+z) yz(x+y+z) zx(x+y+z)

Bat dang thitc trén viét lai thanh:

P 1

ta co:

3 3
Ap dung bét ding thiic X'y zxy(x+y)

Vay bai toan dugc chitng minh.

b) Do ae[- ];2] Han (a- 2)a+1)=0= a’ =a+2

2 « ;2
Tuong ty ta c6: b* <b+2; c* =c+2
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Cong lai ta c6: a’+b’'+c’ =a+b+c+6=6 (PPCM)

Cau 1. Cau 4.Hoc sinh tu giai
Cau 5.
B C
x =tan 2 y—tanE z—tang lanﬂ tan —, tan — < (0; 1)
Cdch 1: Dit 2. 2. 2 z z z gi AB.C 133 gbc clia mot tam

giac.
Ta can chitng minh: @0 A+tanB+tanC 3—‘\.!@_

Bit déng thitc dé dang suy ra dugc nhd st dung ding thiie @nA+tanB +ian C =ian A.tan B.tanC

Cdch 2: Vi 0<x<1pap 1- x* >0
2x +(1- x2)+(1- x?)
%: . =32 (1- x*)

Ap dung bt ding thiic Cauchy ta cé:
= i:_*r:«r(l— X)) = X Eﬁx‘z
W3 1- x* 2

y = @Fz z _Bﬁ 22

=

1-y* 2 1-z° 2

Tuong tu ta co:

VT }i(x +y? +2° )}i(xy +yz + zx) —ﬂ
Cong lai ta co: 2
1
X=y=z=—
Dau “=” dat dwgc khi ﬁ

Cdch 3:(phuwong phap tiép tuyén)
X . ox- YER (V3-1) (2x++3) =0
Ta c6 danh gia sau: 1- X 2 (ding vi X>0)
Thiét 1ap twong tu r6i cong lai ta co:
6(x+y+2)- 33 N G\IB(xy+yz+zx]— W3 3.3
2 N 2 2

VT =

Cau 6:
(x*y* +2y" +4 =7xy (1)

2+ 2+ — 2
Tacs: |X +2)" +6y =3xy (2)

2 2
ﬂ =Xy - 2
T (2)tace: Y

=3xy- 2y’

—
2.2 _ _ _ 2 _ _ _ 2
Tir (1) ta lai c6; X ¥ 4 40 =3xy-2y" = Qyy 2)" =3xy - 2y 3y

—_ 2
Nhan thdy Y =0 khong phai 12 nghiém ctia phwong trinh nén ta chia hai vé cho Y ta dugc:

102



2 V2

%-k%‘ =3r- 2 - EZi
! VOl
o 447 - 27t422 =0 (- D(F+£ +5t- 22) =0 = :12
x=y=1
#)Vei t =1 thi X =Y ta giai duge ¥ 7Y =2

+) V6i t =2 ta thdy khéng thoai man. VAy hé phwong trinh ¢6 2 nghiém 1) va @ 2).

PE SO 18
_.2
Cau 1. a) Xét ham s6 f)=x"+4, xe lH.

fO)=x?y? +4 f(x- ) =(x- y) +4=x>+y* - 2xy +4

Ta co:
flx+y)=(e+ p) +4=x>+y* +2xy+4

= fly)+ flx-yY)z=flax+y)e X'y +4+x" +y - 2xy+4=2x" +y" +2xy+4
= (xy) - dxy+4=0 o (xy-2) =0

_.2
Bat dang thiic cudi cing ludn diing véi moi *Y €R Suy ra ham s6 fOI=x"+4 v6i X€R 13 mot ham
s0 khac hang s6 théa man bat phwong trinh ham da cho.

X

b) Vi X #1 ta chon XY sao cho ¥ =X*Y (nic1a Y T x- 1)
fO)+ flx-)z=flx+y)= fOxyp)+flx- y)=flxy)= f(x- y)=0

Tir gia thiét suy ra
x* - 2x |
:L f 1 =0, ¥x #1
Thay x-1 vaota dwoc SR @)
[x*- 2x _

:xEIRR}I}} =IR
1 tir (1) suy ra f(x)=0 ¥xER

b,) vai D =a

bé y rang
Cau 2: Tir diéu kién thi nhat suy ra day ™ Qe 13 day s6 giam.

a, - a,, =-d<0 thi a, - a,,, :('ﬂ.k ) ak+I)+(ak+l = Oy Y4 +(a.'«c+.'u-l T )<-md <0

Tu do, néu

+ . >1 . X g mea 1A
Suy ra Gyon >, +md va do d6 voi K da 16n thi Teem 1, mau thuan vai diéu kién tht hai.
Vay a -a, =0 (1)

N R
Gia str ton tai X sao cho .
2

. a;- 4, =4, -4, >~ b

Khi d6 v6i moi I <K deu c6 k™ (Do day ®,) giam)
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k i
a-a,=) (a,-a,, )}kiz'(k +1- )= q, >w ¥i =1,2,...,k

Do dé
: 2 4 2k _k(k+1) _k+1 1
a>=—+—+...+—= = =l+—=1
P & e k k - e e LA o1
Nhung khi do = , mau thuan vaéi diéu kién thi hai.
2
a-a,=— (2
pods e ¥

Tw (1) va (2) suy ra BPCM.
Cau 3. Goi cac diém nhu hinh vé.

)

V[H;— R—‘ (0,)- (0,)
Do | ) nén B A€ thang hang va B-C2»A thing hang.
C.A,B

Tuwong tw, cling dugc thang hang;

€A B thang hang; A B> C thing hang

Ay
va 2 BC thang hang.

Goi D la giao diém cua cac duong thing

AC,, AB, , L 1a tiép tuyén chung tai A
. (0,),(0,)

cla :

. (DB;DC) =(DC,;DB,) =(C,D;CB,)+(B,.C;B,D)
Ta co

=(AB;t )+(1; AC) =(AB;AC) (mod.7)

AB,C,D

Suy ra cing nam trén mot duwdng tron.

Bang 1ap luén twong tw, cling dwgc cac duwong thang €A BCy 4t nhau tai D e(ABC) va cac duong thang

ABy, BC; 4t nhau tai diém D" nim trén dudng tron nay.
Tir d6, do mot dudng thing va mot dudng tron khong cé qua hai diém chung nén D =D" =D hay
AEE’ BI Cz! Cl‘q'z dﬁng quy.

FLAL gk 2% 2% 2 2%
a -b =\a -b Na +b pel_ pel
Cau 4. T gid thiét suy ra P ( )( ) va P |a (Do dinh li Fermat)
h —ph + h 2k+|; - ]_ = h :25
Goi 1 12 s6 nguyén dwong nho nhat sao cho =b"(mod p) gy h <2 vy |( P )

o g ¢ __p2*
Gidsit S <k tace: @ =P (mod p)= & =b"" (mod p)= a” =b" (mod p)

a’

p|a* L
_ Dap ,
a® +b* 2b
Tw do, do P suy ra p‘ P

Vay h=2""= p =1(mod 2“'}.

Cau 5.Ta sé giai bai toan bang phuwong phéap quy nap.

b h) =
mau thuan vGi (a;b) 1.
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. [ 4 [ Al [4.Al [l T4l ] 9l
Véi 1 =2 thi tap hop | 52) chi 6 ding ba tap con khong rang |11 22152 5 (52 =1 0[2]

V6i 122 Giaswco 2" +1 tap con khong rong cua tap hop (5235 +1) .

+) Néu it nhat trong 2" +1 tap hop trong chiing khong chita phan t 1 *+1, thi sit dung gia thiét quy nap,
dwgc diéu phai chitng minh.

+) Néu it nhat 2" +2 tap hop chita " +1, thi loai bo " *+1 khoi nhitng tap nay, ta thu dwoc it nhat 2™ +1

(1)
tap con khéng réng, phan biét cia S va mot tip con e+l . Do do, ap dung gia thiét quy nap, c6

ngay diéu phai chitng minh.
+) Néu c6 ding 2" tap con khong chita M *1, thi c6 ding 2" tap con chita M *1 (s phan ti¥ 16n hon 1) va

A { n+ 1}
tap con .
[1.9.2.
Loai bo n+1 trong nhitng tap con nay, ta dugc 2" tap con khong réng ctia ! 777 " vado ds trong chiing

phai c6 hai tap hop trung nhau, goi tap d6 1a A.

/ | | — 1.7 . |
Khi d6 16 rang 1Y MY TB S ILZan+ - ppoyy
PE SO 19
-2=x<0
Cau 1.a) Dieu kign | X =2

4,3
X- —+3[x-—-10=0
Chia 2 vé ctia phuong trinh cho X ta duwgc: % X
=2
t:’x—irzﬂ E2+3E—1[]:[]¢r[ .
bat X ta dugc phuong trinh: t=-5(0)
x=2+ 2\5
x=2- 242 (théa man).

e Mm+2)x- m=2x’ +2x+1 e mx- D=x"+1 (1)

¥- —=d=

V6i t =2 ta duoc

b) Bat phwong trinh
Tathdy X =1, bat phwong trinh v6 nghiém v&i moi M, nén dé bat phuong trinh c6 nghiém thi X 1, khi d6
co 2 truong hop.
2 2
+
e m=2 +1 (x):x 1,:{5(1;2]

+) Néu X >1 thi (1) x-1 pat x-1

[ ) ] m =min f (x)
Dé bat phwong trinh da cho ¢ nghiém thudc doan ! = 7 thi (:2

min f (x) =5
Khio sét | () trén nira khodng (;2] ta tim dugc . Vay M =5
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‘41 ? &
o ms> Foo=""*1
at x-1

+) Néu X <1 thi (1) x-1 pj

, xe[-21)

-2.2] m =max f (x)
Dbé bat phwong trinh da cho c6 nghiém thudc doan ! ™ ™/ thi [-21)

f(x) 2:1) max f (x) =2(1- v2)= m =2(1- J2)

Khdo sat trén ntra khodng [_ 77 ta tim dugc [-2:1)

- \ o [e22] . (m=20-42)
Vay bat phuwong trinh da cho c6 nghiém thudc doan ! = ™! khi

[y- x+1442 =k +1442-x (1)

Cau 2. Ta cé: 2x' - y X'yt =2xy- 3x7 43y (2)

Diéu kién: -1 =x =2

T cg, A= 20 - p)ey (- y)+3le - y)=0

= ey +3)(-y)=0e y=x oxryia3so
Thay Y= g (1) ta dugc: K- x4l2 =41 442-x (3)
fO)=x?- x- Jx+1-J2- x+1+4/2, xE[—l;E]

,V(j]'_m(.)i -15)(52)

Xét ham so

. 1 1
flx)=2x-1- +
Ta c6 2Mx+1 242-x
. 1 1
(x)=2+ + =0, Wxe(-1:2)
. FTETS) N o RFTCIS Wi
Do d6 ham s6 () dong bién trén khoang (-1 2), nén phuong trinh f'x)=0 c6 nhiéu nhat 1 nghiém.
J 1 1
o 5]—” _x=S . =0
Mat khac , nén la nghiém duy nhat cia phuong trinh .
Bang bién thién:
L 1
: —1 — 5 2
f'(x) - 0 +
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f[l‘ :%+J§-J§¢:D

vi 2 , nén tir bang bién thién suy ra phwong trinh G =0 c6 nhiéu nhat 2 nghiém,
hon nita | @ = FW=0 40 46 phuong trinh (3) c6 2 nghigm X =0:X =1,
Vay hé phuong trinh c6 hai nghiém ©0) , GO,
(6-a,, )16+a,)=96 ¥YneN= 5 15, )
Cau 3. a) Taco A 4, (do a, #0 WEIN‘)
S b b.,neN
n — _ i % n+ ,snE
Pit a, 10 u‘r()tacé '3 ,
[ "' 1[8"' 1 1[8"" 1 1 18" 1
::rE} =| — E}:___ = — =—_| — - = — _=_ | — -
1 5 | 3 ﬂ” 5 | 3 ].D ﬂzmz 5 | 3 ].D
1 1.5 1 1
* o - 1
Ciing tu’( ) c6: Gn @, Ba, 16
<1 1] 541 51
:;Z S| ==V _:_Z__
ol ., a 8t2a, 8aq o 0,
1 1 5&1 n-2 1 1 5421 2010
::-_—_:__Z—+—::r— — = _
a a 8i354q, 16 a,, 10 8aq, 16
ik 1 zmu‘ 8 [1[8 S B | 2010‘ 8 8 (8" 5033
= 8 Z__ - - |l.—_=lZ = - == |i—_=—] = -
~a, la,, 10 16 |5 |5|3] 10 10 16 |5 2513] 25
(x =3
{ _ x=3y|= 2x+3ﬁ}3|_}?|=3 3|y|—2x:3-ﬁ. a
b) Diu kien: (¥ =73Y
Cau 4. a) Ta co:
1EcD =(IM + ME)(CM + MD)
D E M
—IM.CM + IM.MD + ME.CM + ME.MD -
=0- MD.IM.cos IMD +%MDMA+%MD2
= Lyp* + Lo Lyvp + Lup? B c
2 32 3

=0

Suy ra EI LCD

OE L SD(E€SD)= SD L (EAC)= (P)L(5CD)
V. _[ED_ED_ V, _2

, 1y “SsD SD 1-5‘-*“'.

Ap dung cong thiic ti s6 thé tich cta hai khéi t¢ dién, tacd 2 2

(scD) Vi (ABCD)

b) Goi O 1a giao diém caa AC va BD Ké

bt €D =a v3 % 13 géc giita hai mit phing
107



50 = tan ¢= SM :EJH tanp  SD :EJE +tan’ @
Ta co 2 2 va 2
(D= ED ZESD :%1,‘2 +tan’ @

Tir
SD | EC= EC =JCD*- ED’ :gﬁg’n- tan’ @
i

Sy3n :é-S'M LD ZéEC.SD

v

Ta co
= %.%.ﬂ,hﬂanz @ :%.%JEB- tan’ m.gJEHanz @

< tan’ ¢ +4t@an’ @- 21=0 < tan’ ¢ =3
tan ¢ =3 = ¢ =60°

Vi 0" <@ <90"
Cau 5.

oas A

neén

— TC0SA=CosB+1  [Hema-con g (cos A- cos B)

ons B

. (1)
zt‘tﬁﬂ-f.tlﬁ{. :1_ (CDSE_ CDEC)

—

——+cosB =cosC +1

oasis
Tac6 2

Xét phuwong trinh 2" =1-x,
Dé thay vé trai ciia phuong trinh 1a mot ham s6 tdng, con vé phai clia phurong trinh 1a 1 ham s6 giam trén R
nén phwong trinh trén cé nghiém duy nhat X =0
(cos A =cos B
M= { = A=B=C =60’

Do d6 hé phuong trinh cos B =cosC

Vay A =B =C =60"

PE SO 20
5
X=z—
Cau 1. a) biéu kién: 2

Yx+5+242x-5 :jx— LI Yx+54+242x-5- 3x-1

Phuong trinh da cho twong dwong: x-4 2x- 4

f(x)=Yx+5+22x-5- Ix-1
Dit 2x- 4 voi

. 1 2 10 3
= (): =0 ¥x=—
ey Vs Gxeay

=0

i+

7

X

—;+ 0

f(x)

Suy ra ham so dong bién trén
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@

= Phwong trinh fla=0 c6 toi da mot nghiém
Ta cé f(3) =0 (2)

@ v (2

Tw suy ra phurong rinh da cho c6 nghiém duy nhat X =3,

b) Dieu kién: X == 2. pt ¥ VX +2 gjay kien ¥ =0,

x=y

L 3xyt 42y =20 - +2v)=0
x'-3xy 42y 20 (x- y)Y (x+2y)=0 = X+2y 20

Bat phuong trinh tré thanh:

(x =0

u"x+2:xﬁ1 211':{:2
B vei X=Y thi X+2=x

x=0

2fx+2 2-x o (x =0 P

4(x+2)=x

x=0

ﬁxzz—zﬁ
2- 23 =x <D

1y vei X+2Y =0 gy

T:[z- 2.3+ ).

Keét hgp vai diéu kién suy ra tap nghiém cua bat phwong trinh da cho la
[x - 12x- y' +6y* - 16 =0 1)

2 7 7 _
Cau 2. Ta co: | ¥ +24- x* - 5f4y- y* +m =0 (2)

-2 =x =2

Diéu kién: {U <y =4 .

Tac D= X -12x=(y-2)'-12(y- 2)
xétham o5 [ O =0 ~1260€[-22]= f () =3¢ - 12 =3(?- 4)<0vre(-22)
F@© nghich bién trén [_ % 2] (3)

[-2;2] o FG)=f(y-2) (3)

nén két hop suyra X =Y~ 2

Suy ra ham s6

Tacé X va ¥~ 2 cung thudc doan

2 7

Thay vao 2) ta c6 phurong trinh Wa-x - 4x =m @)

LA R ~ . A Ca v @ oA XE[-2;2]
Do dé hé phuong trinh da cho cé nghiém khi va chi khi phwong trinh c6 nghiém .

. - 3x 3

g(x)=3v4- x* - 4x’, xe|-22|= g'(x)= - Bx =-x +8
Dit [ ] ;34— x* i
g (x)=0<= x=0;,g(0) =6;9(-2) =g (2) =- 16 = min g(x) =- 16; max g (x) =6.

we-2:2 xe[-z:z]g
Vay hé phuong trinh da cho c6 nghiém khi va chi khi - 16 =m =6
Cau 3. Ta co:
p=X" 1+2y—1+y— ltz— 1+2— 1+2x— 1 l+l+l‘ N Lz+i2+i2 )
y z ¥y x oy z)] lx y z7)

109



x-1+y- 1+y— l+z- 1+z— I+x-1

Mi Fz 72 },z
1 1 1 1 1 2 2 2
=(x- D] —+—|+(y -1)[—2 +—|+(z -1){—2 +—|z2(x-1)=+(y-1)=+(-1D= (2)
| x z X xy yz X
= P::l+l+l+iz+%+iz— 2 L i+L (3)
Tir () va (2) Xy z x y z | xy  yz Ix|
N SN S (4)

Tir gia thisttaco ¥ Y2 X
1 1 1_1 1 1
+ +

2 2 2

My Xy oz oxy o yz om

2
1,12 ==l+l+£:_=-ﬁ (6)

B T
lx y z] X y z

T (3),(4),5) va ©) suyra P >\3-1

1 1 1
S S S

Xy yz oIx|

=3

Dau " =" xay ra khi va chi khi * =Y =% =3 Vay gid tri nhé nhét cia P 1a \f 1

Cau 4. a) Goi LG Jan lwot 1a trong tam ti dién ABCD y3 ABCD

I 1 V. 1 1

— == == Vmc:n —— Vm{ 0
Ta coO AG 4 u-i.ﬂc:u 4 4

1
Tl]’d tll’t s .l'{f:'.-'\ﬂ{.' :‘IJ':'.-\{.'IJ :VI.-\HIJ :EH-\H{.'IJ
ng tu ta cé:
Suy ra Visae =Viaeo =Viaw =Vieo (1)
'ﬁABC :ﬁDCE = 5.-"'.-1|H{.' :5.-"'.1'.'!{.'151 (2)

vV

TABC

ONNC J-

Tw va suy ra

d(1:(ABC)) =d (1;:(ABD)) =d (1;(ACD))  (4)

Tuong tu ta co

Tw ) va ) suy ra BPCM.
b) Goi O 1a giao diém ciia AC va BD,
D thay ASOC =ABOA = SO =BO = ABSD vyong tai S |

= OB :%-.,.I'ﬂfﬂ2 +5SD*

2 2
Mz OA =JBC?- OB, y;; A0 L(SBD) .

—2V. :%DA.S_. :%.SD. 12a° - SD°

Viaco  4(1;(ABC)) =d (1;(BCD))  (3)

ABCD

Do dg BD =V4a® +SD’

V.

S_ABCD 5.ABD ASHD
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= OA :Ja,a*E - %(4{:2 +SD%)

2 I opy2
sp12a° - sp° <P +12; SD” _ga?
A

M
vay V <2a’.
5
Cau 5. Puong tron C o6 tam L B va ban kinh R =5, Goi ! 2;3]
Ta chitng minh v6i moi diém M thudc © ta c6 MA=2MJ. »
That vay MA =2MJ < MA* =4MJ’ /.
o (M1 +1a) =a(mr+17) R A

o 2MI(IA- 417) =3R? +41J* - A

Dang thitc nay dung vi [A- 4] =0; 3R* +41J° - 1A =0

V1 thé v6i moi diém M thudc © ta co MA+2MB =2(MJ +MB) 228,

Dau bing xay ra khi va chi khi M thudc doan B/ (Vi Bnim ngoai duong tron (C); J nim trong duong
tron (C)).

Do d6 MA +2MB nhé nhat khi va chi khi M 1a giao diém cta dudng tron © va doan thing BJ .

Pudng thing BJ c6 phuong trinh 2X*¥ - 8 =0

“2x+y—B:[] {x:l
—
- - = =G { —
Toa do giao diém cua BJ va © la nghiém ctia hé (x-1) +(J’ 1) =25 y hoac Y= 2.

M (1;6)

thudc doan BJ théa man bai toan.
PE SO 21

Thtt lai ta c6 diém
Cau l.a. Didu kién X =1
par [0 =X +3x-1 (5 x gpe [L+0)

f'(x) =3x° + =0 Yxe[1;+x)

1
2x-1
= Ham s [ (X) dong bien tren 1+
= Phuong trinh F() =0 ¢4 5i da mot nghiém. (1)

Taco [(2)=0 ()
Tir (1) va (2) suy ra phwong trinh da cho c6 nghiém duy nhat X =2,
b. Didu kién X =-2.

Bét_}.’:\i'}[-l'-z:r _].-’3_‘[]
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- 3x7 42y 200 (x- yP(x+2y) 20 | 2

Bét phwong trinh trd thanh: x+2y =0
(x =0
1,-‘x+-2 — i — , e X =2
Vei X =Y thi X+2=x
x=0 0
. X =
2\Jx+2 =-xe | [x =0 e = x=2-23
2- 243 =x <0
Vi X*+2Y 20 gy x+2)zx

Keét hgp diéu kién suy ra tap nghiém cua bat phwong trinh da cho la T =[2- 2J3; +x),
(¥ - 12x- y' +6y* - 16 =0 (1)
4% +244- ¥ - 5f4y- y' +m =0 (2)

Cau 2. Ta c6 hé
{-25:{ <2

iy kien (0 =Y =4

(1) = x*-12x =(y- 2)' - 12(y- 2)

f(o) =t - 12, te[-22]= f'(©) =3 -12=3(" - 4) <0, Vi €(-2;2)

[-2:2]

Ta co

Xét ham s6

Suy ra ham s6 nghich bién trén 3)

Tacé X va V™ 2 cung thudc doan [- % 2] va [ =1~ 2) pan ke hop (3) suyra X =7~ 2 Thay vao (2)
ta c6 phuwong trinh 34~ x° - 4x =m (4)

Do dé6 hé phuong trinh da cho cé nghiém khi va chi khi phwong trinh (4) c6 nghiém thudc doan [- % 2} .

. +8 |

4- X

1 _ X _ -
Dit g(x) =34~ 2_4}[2,}(5[_2;2]: Q(-‘f}—:h_xz ox = xl
g'(x) =0+= x=0;g(0) =6,g(- 2) =g(2) =- 16

min_ g{x) =-16; max g(x) =6
Ta c6 *1°% 9() *E|-2:2|g( )

Vay hé phuong trinh da cho c6 nghiém khi va chi khi =16 =m <6
Cau 3. a.
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Goi N 1a trung diém cua canh SD

Tacé N 14 giao diém cia SD va (MBC)
Vv
Viane =Vaaco :3
Vause _SM Vo Vauew _SM SN V IV
: - = = V - = - = " = = — 1}; :'1»"?- -+V.,- =
El'.-l.m: SA e 4 “l;-l.{:n SA 5D e 8 I MR M 8
“i_3
vay V. 8

b. Goi O 1a giao diém caa AC va BD.
D& thiy ASOC =ABOA = 50 =BO = ASBD yyng tai S .

BD =+/4a” +5D* = OB :%q‘ﬁlaz +5D°

Do dé

1
0A =BC* - OB’ = 0A :Ja,a‘* - —(4a* +sD?)
Ma 4

2 a A —
Vi AO L (SBD] nénw‘i:'ﬂiﬂ :zwﬁ:mn :E'DASMMJ :ESD 12{12 - SlDz

2 z_ 2
sp12a° - sp° <P +12; SD” _ga?
3

M . vay V =2@’,

Cau 4. Goi BE,CF 13p lwot 1a dwong phan giac trong cia géc B va C ctatam giac ABC Goi

M,N lan

lwot 1a diém doi xitng cia A qua BE,CF Puong thing AM c6 phuong trinh 2x+y-3=0

i -

2}[4"_].?- 3 =0 ¥ =1
Voe1zo { _ = 1@
Toa do giao diém I cia AM va BE ] nghiém ctia hé: X-2y+l= -
Vi I 1a trung diém cua doan thing AM nén M (0;3), Tuong tu N(-2 '5).

Puong thing BC di qua trung diém M va N nén c6 phuong trinh 4x- y+3=0

Céu 5. Khong ma tinh t6ng quét ta 6 thé gia sy ¥ ~maxixyizh
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Khi d6, tir gia thiét 2 =1 suy ra 0 <Yz =1

L + 1 2 = (y- 2)°(1- yz) =0

Vo 1+y 1+ 1+ yz
I J T |
+
1+y* Yl+z°

2 1 1 1
+ =

= =
l+yz 1+y° 1428 2

L 2
My V1+x Cl+x 2)
P££+ 2 = {ﬁ+ 2x
Twr (1) va (2) suy ra L+x ;1+yz
V2 2dx 32

Taching minh 1+X Vl+x 2 (3

o 242 2x(x+D) <3x+3 o (V2x - Jx+1) =0

p22
Do dé 2 Da&u “=” xay ra khi va chi khi * =¥ =7 =1,
W3
Vay gié tri 16n nhét caa biéu thitc P 1a 2
C. Nam hoc 2012 - 2013

=

1 \( 1 2
= + <=
Jlﬂf l+z°  [l+yz

M

Tir (3)

PE SO 22
(Dé thi hoc sinh gioi I6p 12, Vinh Phuc)
Cau 1.(2 diéem)

- | 2
Cho ham sg ¥ =% = (M*+DX"+x+2m=+1 (53 m 13 tham s6 thuc, c6 do thi (). Tim M @& dwomg théng

d:y=x+m+1 AB,C

cit db thi (©) tai ba diém phan biét

tuyén véi (©) tai ABC pang 12.
Cau 2.(2 diém)

sao cho tong hé s6 goc cua cac tiép

2
J-x+firx=2- £ (xeR)
4

Gidi phuong trinh:
Cau 3.(1,5 diém)

,2};? +y+2xf1- x :3ﬂ[
2 —_—
Giai hé phuong trinh: J2y #l+y =a+Jx+4

Cau 4.(1,5 diém)

x, yeR)

OXy | cho tam gidc nhonn ABC . Puong thing chua dudng trung tuyén ké

Trong mat phang vé&i hé truc toa do
tir dinh A va dudng théng BC Ian lugt c6 phuong trinh 1a X +9¥ - 8=0 x-y-4=0 py5ns

thing qua A vudng géc véi dudng thing BC cit duong tron ngoai tiép tam gidc ABC tai diém
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thite hai 1a P42 vig phutong trinh céc dwong thang B AC bigt ring hoanh d6 ctia diém B
khong 16n hon 3.

Cau 5.(2 diém)

Cho hinh chép SABCD ¢4 day ABCD 13 hinh chit nhat, AB =24 | tam gidc SAB can tai S va niim trong
mat phang vuong goc véi mat phang (ABCD) Goi M 1a trung diém cta SD | mit phing (ABM)

vudng goc v6i mit phing (SCD) 3 dwong thing AM vudng géc véi duong thing BD . Tinh thé
tich khsi chép S-BCM v khoang céch tir diém M dén mat phing (SBC)

Cau 6.(1 diém)
Cho céc s6 thue %Y theaman ¥ 7Y~ L=v2x-4d+yy+l 5 gia tri 16n nhat va gia tri nhé nhat ctia biéu

1
S=(x+y)y-\9-x-y+
y Y J_J'“

X+

thirc
PE SO 23
(Peé thi hoc sinh gioi I6p 12 THPT chuyén, Vinh Phiic)
Cau 1.(2,5 diém)

X +3x42=0- 5y-1
y
8
Ly +3y+2=—- 5z-1
z
22+32+2:E— Jox-1
X (X;y;Z€ER)

Gidi hé phuong trinh
Cau 2. (1,5 diém)

Cho @264 13 c4c 56 thyce duwong. Chitng minh réng:

J 3a bc 2bd 25
2 +33 + 44 =
a+b+c (a+b)a+b+c+d) 8l(a+b)' (a+b+c+d) 6
Cau 3.(2,0 diém)

Gia st ! 1a mot s6 nguyén dwong sao cho 3" +2" chia hét cho 7. Tim s6 dw caa 2" +11" +2012" ki chia
cho 7.

Cau 4(3,0 diém)

Cho hinh binh hanh ABCD  Goi P 1 diém sao cho trung truc ctia doan thang CP chia d6i doan AD va

trung trc doan AP chia dbi doan CP . Goi Qla trung diém cuta doan thing BP .
. , BP ., AC
a) Chung minh rang duwong thang vuong goc voi duong thang

- BP =40E E AC O ]
b) Chitng minh rang ,trong d6  la trung diém cua va latam duong tron ngoai tiép

AQC
tam giac

Céu 5.(1,0 diém)
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Cho ™M (M>n>4) 15 cic 56 dwong va A 13 mét tap hop con c6 diing " phan 1 ctia tap hop

S ={:2:3:.. m>(n-1)1+C; +C, +C;)

m} . Chithg minh rang néu thi ta luon chon dwgce ™ phan

A NA =0

sao cho cac tap hop
k€lLn

PE SO 24
(Pé thi hoc sinh gioi I6p 12, Ninh Binh)

man v6i moi J #k va I

Cau 1. (3,0 diém)

— e 2
Cho ham 6 ¥ =X +2mX" +(M+3)X+4 m 13 tham 56) c6 do thi 1a ©n) | dwomg thing 9 c6 phwong trinh

Y =X+4 43 diém K(LS). Tim céc gia tri ctia tham s6 M dé d cg (€m) tai ba diém phan biét
A(0;4),B,C sao cho tam gidc KBC ¢¢ dién tich bang 8‘/5.
Cau 2.(6,0 diém)
2cos2x- mcosx :%ﬂn dx +msin x
m
1. Cho phuong trinh , latham so (1)
m=2
a. Giai phuong trinh (1) khi
i
m 4

b. Tim  dé phwong trinh (1) c6 nghiém trong doan
J3x+3-5- 2x- ¥ +3x7 +10x- 26 =0, xR
2. Gidi phuong trinh

Cau 3. (4,0 diém)
18 (2 - X )3”

a. Tim hé s6 cua § trong khai trién cua biét nen théa man dang thitc sau:
C) +C; +C, +..+C." =512
,) U, =au +bnz=l ab n=2 u,
b. Cho day s6 voi , 1a hai s6 thye dwong cho trede. Véi ,tim  theo
u,,a,b n
va
Cau 4.(5,0 diém)
ABC.A'B'C' 1,],K AB, AA' B'C'
a. Cho khai lang tru . Goi lan lwogt 1a trung diém cda cac canh . Mat
(IUK)
phang chia khai lang tru thanh hai phan. Tinh ti s6 thé tich cua hai phan do.
(ABCD) AB>1 v
b. Cho khoéi ti¥ dién c6 canh , cac canh con lai c6 do dai khong 16n hon 1. Goi  1a thé

v
tich caa khoi t dién. Tim gia tri [6n nhat cta
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Cau 5.(2,0 diém)
Cho ba s6 thye dwong @ b, thoaman a+b+c =3 Ching minh ring:
a’ b’ c’
2 M 2 +
a+2b” b+2c c+2a

_ =1

DBang thitc xdy ra khi nao?
PE SO 25
(Pé thi hoc sinh gioi I6p 12, Thanh Héa)
Cau 1.(4,0 diém)
_ 2x

LY T
Cho ham s6 X+2

()
a. Khao sat sy bién thién va vé do thi cta ham so.
) 1(-2;2)
b. Viét phwong trinh tiép tuyén cda do thi sao cho khoang cach tir diém dén tiép tuyén do
la 16n nhat.
Cau 2.(4,0 diém)

sin’ x.sin3x+cos” xcos3x 1

8

T

tan[x— "T‘.tan[;sm
| 6 | 3]

a. Gidi phuong trinh
e(1+42x-_r).5|-2x+_r :1+ 22x-_;‘+|

X~y

=In(x+3)- In(y +3) (x, yeR)
b. Gidi hé phuong trinh
Cau 3.(4,0 diém)

X, ¥, Z x+y+z=3
a. Cho la cac s6 thye dwong théa man . Chitng minh rang:

x(y+ z}+ ylz +x}+z(x+y}
4-yz  4-x 4- xy
(3 - mx+2 <0

47- 32% L ghn <0

=2xyz

b. Tim céc gia tri thwc cia  dé hé sau c6 nghiém thuc
Cau 4.(4,0 diém)

15
(l+x+x"+...+x%) =a, +ax+a,x +..+a,,x" (1)
a. Cho khai trién

Chtng minh ring Cln'.ﬂr. B Cll'.ﬂm + Clz'.ﬂn Tt Cll'?'ﬂn =-15 .
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b. Trong mdt phiang cho tam giac , CO trong tam . Phurong trinh dwong tron di qua
AB, AC A BC
trung diém cua cac canh va chan duong cao ha tr dinh ~ xudng la
(x-3) +(y+2) =25
. Viét phwong trinh dwong tron ngoai tiép tam gic.

Cau 5.(4,0 diem)

ABC.A'B'C' ABC C AB =2a

a. Cho lang tru ditng co day la la tam giac cantai , canh day va

a
UBc =30° , ,  AB CB' 2
. Tinh thé tich khéi lang tru biét khoang cach giita hai dwong thang va bang

Oxyz A(-1-2-3)  B(-610;-3) (P)

b. Trong khong gian , cho va . Viét phwong trinh mat phang sao

A (P B (P)
cho khoang cach tv  t6i bang 15 va khodng cach tv  tdi bang 2.

PE SO 26
(Pé thi hoc sinh gioi I6p 12, Ha Tinh)

3(2+4x- 2) =2x+/x+6

Cau 1.

a. Giai hé phuong trinh:
(X" +xy* +2y" =0

Jxt- X +4 =4y’ +3y

b. Gidi hé phuong trinh

Cau 2.
y=2XC +x+2 (©) A (©)
a. Cho ham so c6 do thi . Tim hai diém trén sao cho cdc tiép tuyén cla
(C) AB
tai song song vdi nhau dong thai khoang cach gitra hai tiép tuyén do dat gia tri 16n nhat.
m

b. Tim tat ca cac gia tri cia tham s6  dé phwong trinh sau c6 3 nghiém phan biét:

X+1- X =m+xy4- x°
Cau 3.
Xéc dinh géc ctia tam giac ABC thoa man dieu kién

A-B A-C _3 . 3A
Cos +Cos = in

Cau 4.
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Cho hinh chop SABC (6 céc mat phang (SBC) 4 (ABC) vuong goc vai nhau, cac canh

V="
AB =AC =5A=5B =a  Tim d% dai canh SC sao cho khéi SABC ¢¢ thé tich 8
Cau 5.

Cho & b,c>0 thoa man a* +b* +¢* =3abc . Tim gia tri I6n nhat cda
a b c
pP= + +
Jsaz +1 \]Bbz +1 Jﬁf* +1

PE SO 27
(Deé thi hoc sinh gioi I6p 12, Can Tho)

Cau 1.(4,0 diém)
(x+y+z =0
x4y 4z =48

Giai hé phuong trinh sau trén tap sé thue R: X' +y +z° =16128

Cau 2.(4,0 diém)
(u, =L;u, =2
4 Yn=3,nelN
Cho day s6 (%) xdc dinh bgi (W =1 ™ U . Chiing minh ring;
ul+ul - 4duu | =-3,¥nz=2,neiN
a.
2 -
vneN, %
b. la s6 chinh phwong.
Cau 3.(4,0 diém)
Cho nita dudng tron 1) am O, duomg kinh AB =2R va diém P di dong tén ) (P khac 4B Goi
(0 43 (©.) 13 hai duemg tron nhan OP 1am tiép tuyén chung, dong thai ©) tiép xiic voi T va
OA theo thtt ty tai M,N , (©,) tiép xdc vai (T) yva OB theo thit ty tai H,L
‘ P (T)  MN HL
a. Ching minh rdang khi  di dong trén thi cac duong thang va ludn cung di qua mot
diém co dinh
C,D ) ©) MA MB E CN
b. Goi theo thit tw la giao diém thit hai cta voi va , la giao diém cua vOi
BK _F DN  AK ‘ P (T)
va lagiao diém cua Vi .Chitng minh rang khi ~ di dong trén  , ta ludn c6 bat
p>R (3 + \E ) ABEF
dang thic trong d6  la chu vi t¢ giac
Cau 4.(4,0 diém)
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Cho ddy 2013 s6 nguyén duong @* %22 %ar-+ %z thea man mdi s6 khong 16n hon 4026 va véi hai s6 bat ky

thi boi s6 chung nhé nhat cua hai s6 ay luon 16n hon 4026. Chitng minh rang moi s6 hang ctia day
s0 da cho déu 16n hon 1342.

Cau 5. (4,0 diém)

Trong mdt bang c6 10X10 § vugng ta dién dau “+” vao tat ca cac 6. Mot bude thyre hién bing cach thay déi
toan bo dau cac 6 vudng ¢ mot hang hodc mot cot nao do sang dau nguwgce lai. Hoi sau mot s6 hitu
han cac budc nhu trén, bang 6 vudng cé ding 6 ddu “- ” hay khong? Giai thich tai sao?

PE SO 28
(Dé thi hoc sinh gioi I6p 12, Quang Binh, vong 1)
Cau 1. (2,5 diém)

X+ x 42012 =2012, (heN’)

Gidi phuong trinh
Cau 2.(2,5 diém)
(u, =3
1( 3 | (neN’)
u, ., :—‘ u, +— '
Cho day s6 ") xéc dinh bi cong thitc L _Tim DM, ?
Cau 3.(1,5 diém)
1 1 1 36
Salalz

- 2.2 2.2 2.2
Cho céc sb thye duwong *Y>% . Chitng minh rang ¥ ¥ Xy Hy L HIX
Cau 4.(2,0 diém)
Cho tam gidc ABC ¢4 M 1a trung diém ctia canh BC | N 1a chan dudng phan giac goc Bac , duong thang
vudng géc vdi NA tai N cit cac duong thing AB, AM 15, lwot tai P,Q theo tht tw do. Buong

thang vudng géc véi AB tai P cit AN tai O Chiing minh ©Q - BC

Cau 5.(1,5 diém)
Tim nghiém nguyén dwong cta phwong trinh N+ 2""6 :'\E+ "E
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PE SO 29

SO GD VA PT TINH KY THI HOC SINH GIOI CAP TINH
QUANG BINH NAM HOC ....
MON: TOAN 12
(Vong 2)

(Thoi gian lam bai 180 phit)
Cau 1. (2,5 diém).
x*- 3x* +5x +1 =4y
y’- 3y’ +5y+1 =4z

L . z°- 3z +52+1 =4x
Gidi hé phuong trinh:

Cau 2. (2, 0 diém).

2 2
Cho x, y théaman X *Y =2 Tim gia tri 16n nhat, nho nhét ciia biéu thic:
M =x*(x+2)+ y*(y +2) +3(x + y)(xy - 4)
Cau 3. (1,5 diém).

N ~ > e N ~ M - — " > ~ N e , oA PN
Tim tit ca cac ham s [ *N N théa man dong thoi cac diéu kién sau:

a) Vi moi mneN :n<me f(m)< f(n)

by F@D) =FM)+n (g mei n€N

&) Néu (" 13 s5 chinh phwong thi n 14 s8 chinh phuong.
Caud. (2,5 diem).

Cho t¥ dién ABCD c6 do dai cac canh bang 1. Goi M, N lan lugt la trung diém ctia DB, AC. Trén duong
thang AB lay diém P, trén duwong DN lay diém Q sao cho song song PQCM. Tinh do dai PQ va thé
tich khoi AMNP.

Cau5. (1,5 diém).

>
Cho da giac déu n canh (n 28) . Tinh s6 t¥ gidc c6 4 canh la 4 duwong chéo cua da giac da cho.
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PE 30 KY THI HQC SINH GIOI CAP TiNH

SO GD VA PT TINH NAM HOC ....
LONG AN MON: TOAN 12
(Bang A)

(Théi gian lam bai 180 phiit)
Caul.  (50diém).

a) Giai phwong trinh sau trén tap so thuc: X +1=(2x+DVVx+1+2
b) Giai hé phuwong trinh sau trén tap s6 thuc:
xX*+y’+xy+y =8
xy(y* +xy+x+y) =12
Cau 2. (5,0 diém).

A 2), B4 3). Tim trén truc hoanh diém M sao

a) Trong mat phang va&i hé truc toa do Oxy cho hai diém
cho AMB =45"
b) Cho tam gidc ABC déu canh béng 6cm, trong tdm 1a G. Mot dwong thing A di qua G, A cit cic doan
thang AB, AC lan lugt tai hai diém M, N sao cho 2AM = 3AN. Tinh dién tich tam giac AMN.
Cau 3. (4,0 diém).
Cho ddy s6 (us) dugc xdc dinh bai % = 1 ya Una = Un + 2
u, =2"- 1.

véimoi N=1
a) Ching minh rang

b) Tinh tong S U+ U+ Uyt tu, theo n.
Cau 4. (3,0 diém).

Cho céc so thyc duong a, b, c.

2+a?)(2 +b2)23[2(a +b) +7}
a) Ching minh rang : 16

b _(2+a2)(2+b2)(2+c2)
o (3+a+b+c)
b) Tim gia tri nho nhat cta biéu thic

Cau 5. (3,0 diém).

y zlmXB +(m- 1)x* +(4- 3m)x +1
Cho ham s6 c6 do thi 1a (C,,), m la cac tham s6. Tim cac gia tri cia m

dé trén (Cp) c6 duy nhat mot diém cé hoanh do am ma tiép tuyén cua (Cn,) tai diém do6 vudng goc

v6i duong thang 47 X+ 2y =0
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Cau 1.

Cau 2.

Cau 3.

Cau 4.

Cau 5.

PE 31 KY THI HQC SINH GIOI CAP TiNH

SO GD VA PT TINH NAM HOC ....
LONG AN MON: TOAN 12
(Bang B)

(Thoi gian 1am bai 180 phut)
(6,0 diém).

JXTY-AJXx-y =2
2 2 _ 2_ 2
a) Giai hé phuwong trinh: JX Y H1- X -y

Jx* +x3 +1+/3(x% +1) =33x (x,y€R)

(x,yER)
=3

b) Giai phwong trinh:

(5,0 diém).

a) Trong mat phang va&i hé toa do Oxy, cho tam giac ABC can tai A, canh BC nam trén dwong thang co
phuong trinh: 2X *+ Y =2 =0- Pygng cao ké tirb c6 phuong trinh: X ¥ ¥ *1 =0 gigm

M@ 1) thudc duong cao ké tiw dinh C. Xac dinh toa do cac dinh ctua tam giac ABC

b) Trong mat phang cho bon diém phan biét A, B, C, D sao cho bon diém d6 khéng cung nam trén mot
dwong thing. Chitng minh rang: AC L BD < AB’ +CD* =AD’ + BC”.
(3,0 diem)
u, =2
u, = u, +2-1
"1 (\/E - 1)un

(Vn >1,n€N)
Cho day s6 (u,) xac dinh nhv sau:
tanz =J2-1
a) Chitng minh:
b) Tinh Y2015
(3,0 diém).
Cho ba s6 duong a, b, ¢ théa man ab¢ = 1. Ching minh ring:
a) @’ +b’+c’ za+b+c

1 1 1
+ +

<1
by a+b+1l b+c+l c+a+l
(3,0 diem).
x+y=om
4 2
2 2
(x+2)y* +2xy =3m| y +=
Cho hé phuong trinh: 3

Tim m dé phwong trinh ¢6 nhigu hon hai nghiém véi %Y € R
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PE 32 KY THI CHON POI TUYEN HQC SINH GIOI CAP TiNH

SO GD VA PT TP NAM HOQC ...
HO CHI MINH MON: TOAN 12
(Vong 1)
(Thoi gian lam bai 180 phit)
Cau 1. (4,0 diem).
xy-x-y=1
Giai hé phwong trinh: 4x°- 127 +9x = y" +6y +7
Céau 2. (4,0 diem).
y =t
2
u, =t e
Cho day s6 (u,) x4c dinh béi: 2u, +1
Cau 3. (4, 0 diéem).
l + l + l =1.
Chox,y,z>0théaman ¥ Y Z Chitng minh réng: Jxayz ey raxcezexy =x+Jy +z

Cau 4. (4,0 diéem).

Cho tam giac nhon ABC véi cac duwong cao AH, BK ndi tiép duwong tron (O). Goi M la mot diém di dong
trén cung nhé BC ctia dwong tron (O) sao cho cac duwong thang AM va BK cat nhau tai E, cac
duwong thang BM va AH cat nhau ¢ F. Ching té khi M di dong trén cung nho BC cta dudng tron
(O) thi trung diém cua doan thang EF luon nam trén mot dwong thang co dinh.

Cau 5. (4,0 diéem).

~ . . A ., . P().P(x-3)=P(x*),VxeR
Tim tat ca cac da thirc P(x) hé so6 thyc thoa man: (). P(x-3) (x*), ¥x
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PE 33 KY THI CHON HQC SINH GIOI CAP TINH

SO GD VA PT TP NAM HOQC ...
HO CHI MINH MON: TOAN 12
(Vong 2)

(Théi gian lam bai 180 phiit)

Cau 1. (4,0 diém).
Cho s6 nguyén dwong n. Gidi va bién luan theo n hé phwong trinh sau:

X, =-3

1} x =n (i=12,..n)
i=

n
=0
i=

Cau 2. (4,0 diém).

f:R-> R

Tim tat cad cac ham so: théa man :

FOE+2 () :§+2(f(x))2, vx,y €R

Cau 3. (4,0 diém).

d,d,, ..d

Gia st s6 nguyén dwong n c6 tat ca k wdc duong la
n

k* Chitng minh rang néu
d+ dy+ ot d =20+ 1 44 2 13 65 chinh phuong.
Cau 4. (4,0 diem).
Cho ba duong tron (C), (C,) va (C,) trong do (C;) va (C,) tiép xtc trong vdi (C) tai B va C va (C;) va (Cy)
tiép xuc ngoai vdi nhau tai D. Tiép tuyén chung trong cda (C,) va (C,) cat (C) tai hai diém A va E.
1,1 _ 2
Puong thing AB cit (C,) tai diém thit hai N. Chitng minh raing PA DE - MN |
Cau 5. (4 0 diém).
Cho mot bang 6 ¢6 2012 x 2012 6, moi 6 déu dién vao mot dau +. Thuye hién phép bién doi sau: doi dau toan
bd mot hang hodc mot cot cia bang (+ thanh - va - thanh +). Héi sau mét s6 lan thuc hién phép bién
doi, bang c6 thé dung 18 dau - nita hay khong?
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PE 34 KY THI CHON POI TUYEN
SO GD VA PT TINH NAM HOC ...
PHU THO MON: TOAN 12
(Thoi gian lam bai 180 phut)
Cau 1. (4,0 diem).
Cho céc so thuc duong x, y, z thay doi thoa man

%/)(3+2y3 +%/y3+223 +3/2° +2x* =3

3 3 3
A=—X 4 Y 4 *
y+2z z+2x Xx+2y

Tim gia tri nho nhat cta biéu thic
Cau 2. (4,0 diém).

Cho day s6 thuc (a,) dugce xac dinh béi:

2a +3
an+1 = 4 2
a,=2 . a - .
174 va n v@imoi N =1

Chitng minh ring day (a,) khong c6 giGi han hitu han khi 7 — +®
Céu 3. (4,0 diém).
Trén cac canh BC, CA, AB cua tam giac nhon ABC lan lwot 1y cac cap diém A, A, By, By, Cy, C; tong
ung (A; nam giita B va A,; B, nam giita C va B,; C; nam giita A va C,) sao cho
KIAlAfKIAZAl :EIBlBZ :QBZBI :Eb?q :Eblc2 . Cac duong thang AA,, BB,, CC, cat nhau tao

thanh tam giac X,Y»Z,. Chitng minh sau diém X; X, Y1, Y>, Z1, Z, cing nam trén mot dwong tron c6
tam la mot diém co dinh.
Cau 4. (4,0 diem).

‘ ~ 2 1A ~ A~ > ~ | | =nd
Tim tat ca bo ba s6 nguyén duong (x; y; n) théa man: x! +yl+ 3 n.

Cau 5. (4,0 diem).

Co6 nbong den Ay, A, ...., A,(n=2,n€N) duogc xép thanh mot hang ngang, moi bong deén chi c6 hai trang
thai, bat hodc tit.O thoi diém ban dau béng dén A, bat con cac béng dén khac tit. Cit sau mdi gidy,
bong dén thay doi trang thai nhw sau: néu bong den A; (i= 1, 2,..., n) dang c6 cung trang thai vdi cac
béng den ké véino thi A;sé tat; cac treong hgp khac A; sé dugce bat 1én (trong do, moi bong dén A;
va A, chi c6 mét bong dén ké vdi né. Chitng minh rang :

a)Neu n =2" meEN g dén mot thoi didm nao d6 tat ca cac béng dén déu bat

b) T6n tai vo han gié tri n sao cho & moi thoi diém, tat ca cac bong dén khong thé cung bat hoac cung tat.
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PE 35 KY THI HQC SINH GIOI CAP TiNH

SO GD VA PT TINH NAM HOC ...
HAI DUONG MON: TOAN 12
(Thei gian lam bai 180 phait)
Cau 1. (2,0 diem).
R .y =X - 2 N s o gm . ~ (2'+00)
a) Cho hams¢ ¥ =% 3X"+mX +2. Tym m d& hanm s6 dong bién trén
b) Cho ham s6 Y =3sinX - 4COSXMX. T3 1y d& ham s6 dat cuc tiéu tai * 2

Cau 2. (2,0 diém).

2 2 3X .2 3X
y =c0s°X - sin“ —cos x-1- sin” —
a) Tim toa d6 giao diém cta do thi ham s6 4 4 véi truc hoanh.

xX*-3x =(y- 1) - Jo(y- 1)

b) Gii hé phuong trinh LT VX~ 1=vy-1

Cau 3. (2,0 diém).
a) Riit gon biéu thitc A=C,,,- 2°.C;, +3.2°.C, - 4.2°.C 5 +... +2011.27°°.C01 - 2012.2°".C12.
. 3
SIX c0s’x X€E O;EJ
X 2

b) Chitng minh bat dang thic
Cau 4. (3,0 diém).
Cho hinh chép déu S.ABC c6 SA=a GoiD,E lan luot 13 trung diém cua SA, SC.
a) Tinh thé tich khai chop S.ABC theo 9 , biét BD vudng goc véi AE.
b) Goi G la trong tam tam giac SBC, mdt phang (P) di qua AG cat cac canh SB, SC lan lugt tai M, N. Goi Vi,
\%

vGi moi

V lan luot la thé tich khoi chop S.AMN va S.ABC. Tim gia tri 16n nhat caa Vi
Cau 5. (1,0 diém).
Cho @ b5 € 13 cac s6 thue dwong thay doi. Tim gia tri nho nhat caa biéu thic
2 2 2
p—_d 4 b 4 c _
(a+b) B+c)y (c+a)
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PE 36 KY THI CHON HQC SINH GIOI CAP TINH

SO GD VA PT TINH MON: TOAN 12
NAM PINH (Thoi gian 1am bai 180 phit)
Cau 1. (4,0 diém).

Cho ham s6 ¥ =% +2mx"= 3x (1) 3 duomg thang (1Y =2MX= 2 (y6i m 13 tham s6).
a) Khi m = 0. Goi do thi ctia ham s6 da cho la (C). Viét phuwong trinh tiép tuyén cuda (C) tai ti€p diém M, biét
khoang cach ti* M dén truc tung bang 2.
b) Tim m dé dudmg thing (&) va do thi ham s6 (1) cit nhau tai ba diém phéan biét A, B, C sao cho dién tich
tam giac OBC bang 3 (v6i A la diém c6 hoanh do khong doi va O la goc toa do).
Cau 2. (5,0 diém).

2sin +251n2x+\/§

% - 2X
=4cos4X.

a) Giai phuong trinh: COSX
kXy+2 :y\/XZ +2
b) Giai hé phuong trinh: 24 2(x + VX +2x +3 =2x - 4x

Cau 3. (5,0 diém). a)Trong mat phang v&i hé toa d6 Oxy cho hinh thang ABCD vuong tai A va D c6
AB = AD < CD,

(x,y€lR)

. . . d): 7x - -25 =0 |
diém B(1; 2), dudong thang BD c6 phuong trinh y = 2. Bi€t rang duong thang () Y lan
lugt cat cac cac doan thang AD va CD theo thir tu tai M va N sao cho BM 1 BC 3 tia BN Ia tia phan giac
clia goc MBC. tim toa dé dinh D (v&i hoanh dé cta D 13 s6 duong).

A 2; 1), BAO; -2; 4)

b)Trong khong gian vdi hé toa do Oxyz cho hai diém va mat phang

E
Tim toa do diém CE(P) 530 cho tam gidc ABC can tai B va c6 dién tich bing 2
Cau 4. (3,0 diém). Cho hinh chép S. ABCD c6 day la hinh vuong véi AB = 2a. tam giac SAB vuong tai S,
mat phang (SAB) vudng goéc v4i mat phang (ABCD). Biét goc tao bai duong thang SD va mat

(P): 2y +z =0.

. 1
sing =—
phing (SBC) bing ¢ v&i 3 . Tinh thé tich khéi chép S.ABCD va khoang cach tir C dén
madt phang (SBD) theo a.
2“)(2 In(x +D)+3x>+x
I= n dx
Cau 5. (3,0 diém).a) Tinh tich phan | X

b) Tt cac chit s6 0; 1; 2; 3; 4; 5; 6 thanh 1ap dwgc bao nhiéu s6 tw nhién, moi s6 c6 5 chit s6 khac nhau, trong
do ludn c6 mat chit so 6.
Cau 6. (2,0 diém).

128



2 2 2
Cho cac s6 thuc X, y, z thay d6i thoa man diéu kién * ty +z =y gia tri nho nhat cta biéu thirc
8

p :(xy+yz+22X)2- 5 .
X+y+z) - xy- yz+2
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PE 37 KY THI CHON HQC SINH GIOI CAP TINH

SO GD VA PT TINH NAM HOC ...
NGHE AN MON: TOAN 12
(Bang A)
(Thoi gian 1am bai 180 phit)
Cau 1. (3,0 diem)
_2x-1

y .

Chohamsd =~  X+1 6 dd thi (C) va diém P(%5)

Tim céc gid tri ctia tham s6 M dé dudng thing d: ¥ =~ X ™™ ¢4t dd thi (C) tai hai diém phan biét A va B
sao cho tam giac PAB déu.

Cau 2. (6,0 diém)
x+1-2 _ 1 (yeR)
a) Giai hé phuong trinh ¥2X +1- 3 X +2
x> +y° +i2+i =5

Xy (x,yER)

1) =42 - 2
b) Giai hé phuong trinh (- 1) =x*- y* +2

Cau 3. (6,0 diem)
a) Cho lang tru ABC.A’B’C’ c6 day la tam giac déu canh a. Hinh chiéu vudng géc cia diém A’ Ién mat
phang (ABC) trung véi trong tam tam giac ABC. Biét khoang cach giita 2 duwong thang AA’ va BC

a3

bing 4 . Tinh theo a thé tich khéi ling tru ABC. A’B’C’.

b) Cho ti¥ dién ABCD c6 G la trong tdm tam giac BCD. Mat phang (@) di qua trung diém I cua doan thang

AG va ciit cac canh AB, AC, AD tai cic diém ( khac A). Goi ™ M5 > Mo 3 1ot 13 khoang cach
) h2+h:+h] >
tir cac diém A, B, C, D dén mit phdng = . Chitng minh ring 3

Cau 4. (2,5 diém)

2 2
Trong mat phang védi hé truc toa do Oxy, cho diém A-L-1) 3 duong tron (1): (x- 3 +(y-2) =25 .
Goi B, C la hai diém phan biét thugc dwong tron (T) (B, C khac A). Viét phwong trinh duong thang
BC, biét I(1; 1) 1a tam dwong tron noi tiép tam giac ABC.
Cau 5. (2,5 dieém)
Cho cac s6 thyc duwong a, b, ¢.Tim gia tri nhd nhat caa biéu thitc sau:
3

2
pP= -
a+\/£+%/abc Ja+b+c
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PE 38 KY THI CHON HQC SINH GIOI CAP TINH

SO GD VA PT TINH NAM HOC ...
NGHE AN MON: TOAN 12
(Bang B)

(Thoi gian lam bai 180 phut)
Cau 1. (3,0 diém)
_ 3x+4

YT -
Cho ham s6 3x+3 ¢6 db thi (C).

Tim céc gia tri ctia tham s6 ™ dé duong thing d:y=x+m

cho tam giac OAB déu (vé6i O 1a goc toa do)
Cau 2. (6,0 diém)

cat do thi (C) tai hai diém phan biét A va B sao

a) Cho phuong trinh: V1-2x +V142x +X° +m =0 Tim cac gid tri cia tham s6 m dé phuwong trinh ¢6
nghiém thuc.
xy+x+y=x’-2y’

Jx- 1+\/2y— 3=3

(x,y€R)
b) Giai hé phuong trinh :

Cau 3. (6,0 diém)
a) Cho lang tru ABC.A’B’C’ c6 day la tam giac déu canh a. Hinh chiéu vudng géc cia diém A’ Ién mat
phang (ABC) trung véi trong tam tam giac ABC. Biét khoang cach giita 2 duwong thang AA’ va BC

a3

bing 4 . Tinh theo a thé tich khéi lang tru ABC.A’B’C’.
b) Cho diém I nam trong tit dién ABCD. Cac duong thang Al, BI, CI, DI lan lwgt cat cac mat phang (BCD),
Al BI CI DI
+ + + =
(CDA), (DAB), (ABC) tai diém A’, B’, C’, D’ théa man ding thive A'l B'I CI D'l
Goi V, V; lan lugt 1a thé tich caa cac khoi t¢ dién ABCD va IBCD. Chitng minh rang V=4V,
Cau 4. (2,5 diém)

e w2 2 Ay - _
Trong mat phang véi hé truc toa do Oxy, cho tam gidc ABC ndi tiép dudng tron (T):x"+y"- 4x- 2y =0

va dudng phan gidc trong clia géc A c6 phuong trinh X = ¥ = 0 Biét dién tich tam gidc ABC
bang ba lan dién tich tam giac IBC (véi I 1a tam caa duwong tron (T)) va diém A c6 tung do duong.
Viét phuong trinh duong thang BC.

Cau 5. (2,5 diém).

(o s~ VX2 L 77> e b e
Cho céc s6 thye duong x, y, z théaman ¥ =*% va £ =% Tim gia tri nho nhat cta biéu thic:
X 3z
p= ) 4
X+y y+z z+Xx
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C.. PAP AN VA HUONG DAN GIAI
PE SO 22
Cau 1. Phurong trinh hoanh d6 giao diém cta (C) vadla:

- (m+Dx*+x+2m+1=x+m+1 o x*- (m+Dx*+m=0 (2)

x =1

o (x- D2 - mx-m)=0o> ,
x"-mx-m=0

(C) cat d tai 3 diém phan biét khi va chi khi phwong trinh (2) c6 hai nghiém phan biét khéac 1

2
A=m’+4m>0 m" +4m >0
= = *)
1’ - m.1- m #0 m ;tE
Goi *’*2 13 2 nghiém cta phuong trinh (2).

Tong hé s6 goc cac tiép tuyén vdi (C) tai A,B,C la y'W+y (x1)+y (XZ) =12 .

o 4-2+3(x7 +x2)- 2(m+D(x, +x,) =12
e 3(x, +x, ) - 6xx, - 2(m+1)(x, +x,) =8+2m (3)

Theo dinh li Viet ta c6 X+ X S XX, =2 m thay vao (3) ta dugc m’® +2m- 8 =0 _Gjai ra ta duge m =-4

(loai ) hodc ™M =2 (théa mén ).
Vay M =2 13 gi trj can tim.

el-11] Lo t=V1-x+1+x(20)

" on 1en X <
Cau 2. Diéu kién , dat

t4
=P =2+2V1- x* = x* =t*- — ,
4 it -2=0

]- 2 t4 4 2
t=2-—|t -Z St -4t -16t+32 =0

Phuong trinh da cho tré thanh:
o (t-2Y (P +4t+8) =0 t =2

y f 2 — _
V6i 6 =2 tacg 2 V- X +Vl+x @ 24 2V1- X =4 < X =033 man).

Cau 3. Pidu kién ~4=X=Ly€R

Ta 6 Do 2y +y =241- x- 2x1- x +41- x © 2y +y =2(1- x)V1- x +/1- x
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f @) =2t +t o6 f'(t)=6t>+1>0,VteR= f(t)

Xét ham so ta

Thé vao (2) ta duge V3~ 2X +V1- x =4++/x+4 (3)

5 g(x) :\/3- 2Xx +\/1- X- \/x+4

dong bién trén R

Xét ham s lién tuc trén [_ 4 1] .

g'(x) =- 1 - 1 - 1 <0vxe(-41)=> g(x)
Ta c6 V3-2x  241-x  24/x+4

nghich bién trén [_ 4 1] .

nén x = - 3 la nghiém duy nhat cia phwong trinh (3).
x =3

i X=-3= Yy =2 A 1A A ~ {y:-Z

Véi . Vay hé c6 nghiém duy nhat

Cau 4. Goi M la trung diém BC, H la tryc tdm tam giac ABC, K 1a giao diém ctia BC va AD, E la giao diém

cta BH va AC. Ta ki hidu ">%¢ 1an lugt 1a vecto phap tuyén, vec to
chi phwong ctia dwong thang d. Do M la giao diém cua AM va BC

nén toa do M la nghiém cta hé phuwong trinh :

7
X ==
-y-4=0
x-y ol 2 Lym[7..1
3x+5y-8=0 -1 2 2
Yy ==
2
" . ~ Ny, =Up: =1;1) . . e . . .
AD vuong goc BC nén , ma AD di qua diém D suy ra phuong trinh caa AD :

16 )41y +2) =0 x+y-220 1y giao diém cia AD va AM nén toa do diém A 1a nghiém hé

3x+5y-8=0 =1
XERY @{X = AQ;1)

phuong trinh:{x"'y_ 2=0 y=1

X-y- 4:0@ {x =3 L AG-1)

Toa d6 diém K 1a nghiém ctia hé phuong trinh {X *y-2=0  (y=-1
Tt gidc HKCE ndi tiép nén BHK =RCE 3 RCE =BDA (ndi tiép chin cung AB ). Suy ra BHK =BDK ,

vay K la trung diém cua HD nén H; 4).

= B(t;t- 4) Cc(7-t3-1)

Do B thudc BC két hop vGi M la trung diém BC suy ra

HB(¢- 2;t- 8); AC(6- £;2- t). Do H la tryc tam tam giac ABC nén :

133



t =2
t =7

HB.AC =0 & (t- 2)(6- t)+(t- 8)(2- t) =0 (¢t- 2)(14- 2t) =0 =

Do [ <32 t=2= B(2;-2);C(5;1). Tach AB(1;-3); AC(4;0)= n,, =(3;1);n,, :(0;1)'

Suy ra AB:3x+y-4=0;AC:y-1=0

Cau 5. Goi H, N, L, E lan lwgt la trung diém cua AB, CD, SC, HD
T gia thit ta c6 SH 1 (ABCD); ME// SH = ME 1 BD (1)'
Lai do AM J_BD(Z)' T (1) va ) BD 1 (AMN)= BD LAN

Trong tam gidc AND ta c0 :
2
ND? =NI.NA :% = NA =+/3ND =a+/3 = AD =+ NA?- ND? =a+/2

I =AN NBD, K =LM N SN
DA thdy t gidc AHND 14 hinh chif nhat va 3

Dé thdy CD L(SHN) do ML //CD

= ML 1(SHN)= ML 1SN (3)

Do (ABLM) 1 (scD),(ABLM )N (SCD) =ML (4)

Tir (3) va (4)= SN 1 (ABLM )= SN 1 HK

Lai do Kla trung diém SN nén tam gidc SHN vuéng cn tai H suy ra SH =HN :a\/z_

1 4a° 1

1 a’
Visasco :§ SH.AB.AD :T;VSBCM :EVSBCD :E' Vsasep :g

N |-

Ta co (dvtt).

Ta c6 BC 1. SH,BC L AB= BC 1(SAB)= BC LSB

1 1 1 2
= Sqc =5 SB.BC = HB® +SH*.BC :?/a2 +2a%ay2 =2 2\/6

3VMSBC — a\/g

d(M;(sBC)) = -

Mat khac ta c6 SBC

Cau 6. Ditu kien X =3y =~ L0<x+y =<3

Ta 6 0<x+y- 1=v2x- 2+1.\/y- 1<3(x+y-1)
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= (x+y-1) <3(x+y-1)= 0<x+y-1<3= 1 <x+y <4

1
— . S=t’-\J9-t+—
Bétt_x+y’t€[1’4]tacé Ve
1 1
s () =2t + - >0Vee[14
2\J9-t 20\t [1:4]
a]  Swe =S@ =4O G 3325 gy o,
Vay S(t) dong bién trén '~ 1. Suy ra Ja 2

S, =S =2-2\2 & x=2,y =-1.

¥

PE SO 23

X,V,Z 21
Cau 1: biéu kién:

f(t)=t2+3t+2,g(t):§_m

Xét cAc ham so

, , 8 5 1
f (t):2t+3>0,g (t):- - —>0,Vt>—
Khi d6 ta c6 r 245t-1 5
—, +0o0 —;
Ma f©,9(® la cac ham so lién tuc trén 5 suy ra f(©) dong bién trén 5 va 9 © nghich
—;+0
bién trén L2
Khong mat tinh tong quat ta gia s X zmm[ %Y Z]
Khi dé ta co:
Néu X<y= g(x)>g(y):> f(z)> f(x)=> Z>X= g(z)<g(x)=> f(y)< f(Z)
= y<Z=> g(.y)>g(z)$ f(X)> f(y)=> X>y vo li vi X<y

Do vay * =Y twong ty li ludn nhv trén ta dwgc X =Z suyra X =Y %

x° +3x+2 _8. J5x-1e x> +3x+2- §+\/5x- 1=001)
X X

Thay tré lai hé ta dugc

h(x)=x*+3x+2- §+\/5x- 1,xe
X

1
—;+00

bat
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—; 40

5

Dé thdy ham s6 dong bién trén va h(W) =0, X =1 13 nghiém duy nht ctia phwong trinh (1)
Vay nghiém ctia hé phwong trinh di cho la X =Y =2 =1

3a bc 2b°d
p =2 +33 +44 -
i ) a+b+c (a+b)a+b+c+d) 81(a+b) (a+b+c+d)
Cau 2: bat

Khi d6 ap dung bat dang thitc AM- GM ta c6:

, | 2a 3(a+b) _2a 3(a+b)
a+b 2(a+b+c) a+b 2(a+b+c)

3 bc _3, b 3c 2(a+b+c)
3 _ . .
(a+b)a+b+c+d) a+b 2(a+b+c) 3(a+b+c+d)
b 3c 2(+b+c)
< + +
a+b 2(a+b+c) 3(a+b+c+d)

3
. 2d 5
81(a+b) (a+b+c+d)

b 2d
<3. +
3(a+b) 3(a+b+c+d)

3

b
3(a+b)

2d
3(a+b+c+d)

Cong tirng vé baais dang thitc trén ta dugc:

2(a+b) 3(a+b+c) 2(a+b+c+d) 25
" a+b 2(a+b+c) 3(a+b+c+d) 6

D4u ding thitc xdy ra khi va chi khi @ =b =c =d
Cau 3. Pat 1 =3q+r;¢;r€N,0 <r <2.

n n __ q r qHr —(. qd r r
Khigg 3 *2" =273 +872 =(-1)".3" +2" (mod 7)

n n — _ d ~r ro— — —
Dodsds 3 +2 =0(mod 7) = (-1)".3" +2" =0(mod 7) = q =2k +1,r =0

(a;7)=1= a°® =1(mod 7)

Suy ra n c6 dang " =6k+3 chgy y néu .Doddétaco:
2" =29+ =(2¢)" .8 =1(mod 7)

+) (1)
11" =119 =(11*)".11° =4* =1(mod 7)

+) (2)
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2 2 6
) 2012" =2012%*¥" =(2012°"* ) 2012° =3° =27° =6(mod 7) -
+

Tir (1), 2), (3) ta duge 2 F11' +2012" =1+1+6 =1(mod 7)

Vay so6 dw can tim la 1.
Cau 4.
Goi M, N, 1, J 1a thi¢ ty cac trung diém cua cac doan thang AD, CD, AP, CP.

Khi d6 M L AP MJ LCP po1la trung diém AP, Q 1a

1o —AB
trung diém BP nén IQ//AB va 2 wrdé suy ra IQ//CN va 1Q =CN
= t& giac CNIQ la hinh binh hanh .

= CQ//NI 1y g6, do NI L AP pgp CQRLAP (4

Chirng minh twong ty ta cling duoc AQLCP 2)

Twr (1) va (2) suy ra P la tryc tam caa AACQ suy ra PQLAC hay BP L AC

b. Do P la tryc tam tam gidc AQC nén OA+0C+0Q =0OP

< 40FE =OP- OB < 40E =PB= BP =40E
Vay BP = 4.0E.

=[|x+y- zZ- t,x,y,z,tEA}

B
Cau 5. Xét tap hgp

2 <1+C*+C’+C*
Ta sé chi ra bat dang thirc sau:|B| 1+C+C +C,

That vay, ta xét cac truong hop sau:

+) Néu 4 sg %> Zt dau bang nhau thi s6 cac s6 dang |X ty- - t| bang 1

XY, 2,t X =y =z #t

+) Néu trong 4 s6 c6 ding 3 s6 bang nhau, gia s

[x+y-z-1t] =|x-{ C2 . |x+y-z-{

Khi dé suy ra c6 toi da " so

— 3 —
+)Néudss XY 5t ¢4 ding 2 s6 bang nhau. Khi d6 néu * =Y thi c6 t6i da Co 56 dang nay, con néu X =2
lx+y-z-tl=ly-t o . 2 NN
thi | Y | |y | thi co toi da G s0 dang nay va da xét ¢ trén.

~ ~ . . N 4 |x+y-z-t
+) Néu 4 so X Y>2: 45 1 khac nhau thi c6 t6i da G, so| Y

o 1+C2+C +C!

L pen ~ xX+y-z-t
Do d6 c6 nhiéu nhat " s0 dang | Y |

Tw d6 suy ra bat dang thic (1).
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x, =1€S C =S\[x+x1}|x€B

Goi . bat suy ra

G| =[S|- [B|>(n- 2)|B|>0= 3, =minC, = x, >x,

C, :Cl\[X+X2} |x€B

s ax ANA =0 .. y
Dé thay A . Tiép theo dat suy ra

IC,| =|C)|- [B|>(n-3)|B|>0= Zx, =minC, = x, >x,

Kiém tra dugc ngay 4 N4 =0 ,A1 na, =o . Ct¢ tiép tuc nhw vay dén budc th n, ta dat

C,, =C,,\[x+x,_,] |xeB i

C

n-1

>C,,_2|' |B| >(n- n)|B| =0= Ix, =minC_, = x, >x__,

. s . . NA =0 . LI FE]
Khi d6 ta kiém tra duogc A J v6i moi L#]

Vay ludn ton tai cac phan tr X Xopeenr X, €5

thdéa man yéu cau bai toan.

PE SO 24

Cau 1. Xét phurong trinh hoanh d6 giao diém ctaa (C) va d:

x =0

3 eomx +(m+3)x+4=x+4 < ‘+2mx+m+2) e
X xt+( )x X x(x X ) x* +2mx+m+2 =0(%)

*
d cét (C) tai 3 diém phan biét < Phuwong trinh ) c6 2 nghiém phan biét khac 0
A =m*-m-2>0
@{ moe-m o me(-0;-2)U(-2;- 1)U (2;+0)

m+2 #0

B =(x;x +4),C =(x;x, +4) .. x, *

Khi d6 %2 1a nghiém cua

X, +x, =-2m

. , | x.x, =m+2
Theo Vi-ét ta CO{ 12

- BC =\/2(X1' %) =\/2(x1+x2)2 - 8xx, =2,/2(m*- m- 2)

Ta c6 khoang cich tit K dén d 1a h =v2

S =1hBC :1\5.24/2(m2 -m-2)=2m?- m- 2
Do d6 dién tich tam giac KBC la: 2 2

S =82 © 2dm*-m-2 =82 & m =137

2 (théa man)

Cau 2.
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1
2c0S2X - mcos x =Zsin 4x +msin x © 4cos2x- sin2x.cos2x - 2m(sin x + cos x) =0
1.a)

& cos2x(4- sin2x)- 2m(sin x + cos x) =0 < (cos? x - sin? x)(4 - sin 2x)- 2m(sin x + cos x) =0

sin x +cos x =0(2)

= (sinx+cos x) (cosx- sin x)(4— sin 2x)— 2m| =0 <
[ ] (cos x- sinx)(4- sin2x)- 2m =0(3)

sin x + cos x =0 < sin x+z =0 x =- £+k;r,k€Z
Tt (2): 4 4
Tir (3): = (cosx- sinx)(4- sin2x)- 2m =0
Pt [ =COSX- sin x,|t| </2 = sin2x =2sin xcos x =1- ¢

t(3+¢*)-2m =0« t*+3t- 2m =0(4
Phuong trinh (3) tré thénh( )-2m =0 m =0(4)

f+3t-4=0e (t- D +t+4)=0o t =1

:Q@ x+£ =i£+k2ﬂ',k€Z
2 4 4

V6i M =2 phwong trinh (4) trd thanh:

Ccos x- sinx =1 < cos x
Vé6i t =1 taco

T
X+=
4

x =k2x

= keZ
X:-%+k2ﬂ'

x = ZLakr,x =k27,x = L+ k27 (ke Z)
Vay v6i M =2 phuong trinh da cho c6 nghiém 2

T T
0;,— 0;—]
b) Nghiém cta (2) khong thudc doan 41 nende phuong trinh da cho cé nghiém thudc doan 41 thi
0;z
4

phuong trinh (3) phdi c6 nghiém thudc doan hay phuong trinh (4) c6 nghiém thudc doan

[0;1]

. 2 43t-2m =0 o t* +3t =2m(5)
Ta co:

L ()= +3t f'(©)=3t>+3>0,VteR

Xét ham s6 lién tuc trén R c6

Suy ra: rﬁll? =10 :0,11[10%)( f@)=fQ)=4

1< min f(¢) <2m <max f (t) © 0 <2m <4 < 0 <m <2
Phuong trinh (5) c6 nghiém trén doan [0’ 1] rﬁ’lﬂ? [o:1]
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me|[0;2]

Vay la gia tri can tim cta m.

2. Biéu kién:

& (V3x+3-3)- (¥5- 2x-1)- x* +3x* +10x- 24 =0

Phuong trinh

3(x-2) 2(x-2)
+

o - (x- 2)(x*- x-12) =0
\/3X+3 +3 \/5- 2x +1

3 2

+ =0
3x+3+3 J5- 2x +1

o (x-2) - X2+ x+12

x =2
< 3

2
+
NV3x+3+3 +/5-2x+1

- x2+x+12 =0

f(x)=-x*+x+12,x€
Xét ham so

]
2] Taco f G lién tuc trén

f'(x)=-2x+1 f (x)=0 = x _1
Ta co 2

. —ind £ £ 2]l B 2 0. 33,49 ] 233

Fl;lglf(x)—mln{f( 1),f[2],f[2]} Imn{lo, 7 4} n >0

Dodo ! 2

- 3 + 2 _1-5}
V3x+3+3 +/5-2x+1 )

Vay phuong trinh da cho c6 nghiém duy nhat X =2
Cau 3.

- XX +x+12>0,Vxe

2 Tace: T =Co+ Gy +C 4G 44 G 4 G

2n n- n
1-1)"=C) -C) +C; - C3 +..- C2"' +CX(2)
Cong ting vé (1) va (2) ta dugc:
22" =2(C% +C2 +C! +..+CM)= C° +C2 +C} +..+C¥ =2
Theo bairata cé: 2 =512 2n-1=9 & n =5

15 A
(2 - 2 3n :(2 -2 )15 :Z CliS 251 (- 1) X
Tw dé i=0
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i ml15-i i
> Hes6 cia X° 1a s C52 G o 2i =18 i =9

_ 996 —_
Vay hé s6 cia X' 1a: ~ G152 =7320320

Vn>Lu, , =au, +b=u . -u =alu, -u, ), Vn=>2

n+l

b)

v o=u, -u.nzl=>v =av_,n=2=>0) . . . JUNEN
bat 'n " et T2 n n-12 "” la mot cap s6 nhan c6 cong bdi bang a

— n-1,., —
. Vn>lv, =v.a""v, =(a- Dy, +b

Ta co:

Vay ta co: vn 22,u, =(u, - v, )+ @y - v, )+ + (- u)+y,
=v.(a"? +a"? +..+1)+u, =u.a" +b(a™? +a" > +...+1)

Cau 4.

a) Dung ding thiét dién. Ching minh EI =1J =JF
EB _EM _FA 1

Twdésuyra EB° EK FB™ 3

FN 1
Lai tir d6 suy ra F 2
N | s .3
d(K;AB)==d(C;AB),FB'==AB F
Ta co: 2 2
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3
SKFB' = SA'B'C'
Suy ra 4
EB _1 d(E:(KFB)) == h
Mat khac vi B" 3 pén suy ra ’ 2 (h1la chiéu cao lang tru)
3
. VEKFB' =V . ., .
Do do 8  (Va thé tich lang try)
Vi (ELEMEB 111 L 13 1
Vg EF EK EB’ 3'3'3 27 . 'FM TH7°g
Veew FJFAFN 111 1 13,
Vigew FE FBTFK 33'2 18 5 'MW ~ig°g
Mit phang K chia khsi lang tru thanh hai phan. Goi ¥4 1a thé tich chita diém B’ va V2 1a thé tich chita
phang g P
dieém C.
3 1 1 49
e
Ta cé 8 72 48 144 an 144
.4
Do do V, 95
b)

Theo gia thiét AACD y3 ABCD ¢4 t4t ca céc canh khong 16n hon 1. Dit

Goi AM, BN Tan lugt 1a chiéu cao cia AACD 3 ABCD

2 2
aM < 1- L8N < 1- &
Ta co: 4 4

aZ
AH <AM <,[1- —
Goi AH la chiéu cao cuda ti¥ dién, ta c6 4

CcD =a(0<a <1)

142



1

V=ls AH == BN.CD.AH sg

Thé tich cua tit dién ABCD:

ABCD*

I- ‘1_2]
4

=al4- a* . .
Xét f(a) a( a ) trén (0’1] .Taco f(a) lién tuc trén (0’1]
, , 2
f'(a)=4-3a* f(a)=0e a=+—¢(0;1
N
a 0 1
f(a) +
f(a) /3
0
max f (a) =f (1) =3
Vﬁy (051]
maxV _L
Suy ra 8 khi AACD y3 ABCD |3 2 tam giéc déu canh bing 1, 2 mit phing (ACD) va (BCD)
a =6
Vudng goc véi nhau. Khi d6 tinh dugc 2 51
a’ 2ab’ 2ab’ 2 2
=a- >q- =a- =(ab)s
a+2b’ a+2b’ 33/ ap* 3

Cau 5. Theo bét dang thitc Cauchy, ta c6 :

CZ

2

2 2
D" b 2(he)s,
3 c+2a

b+2c*

2 2
>C- — (CCI )3
Tuwong tu: 3

@+ b 4 C s atb+c 5§ab}li+{b~r}li +(ca)?l=- 3-
Khidg a+t2b° b+2c" o420 3

[

gab}‘i +(be)? +{m}|‘ifé(1)

Ta di chitng minh (ab): +(bc)r +{ca) £3 0 op? + P+’ £ 3 (2).

Thétvéytheo Cauchy ta cé a+b+ab? 3-\||;ajbj: c+b+bc? 3b'c’; a+ctac? 3\“"&":".

2a+b+c)+ab+be+ar (Yot + i+t )
Suy ra

Mait khac ta co {E' b]l‘ +{b' ‘-_r +{‘-_' ”r 0 +b* +c* 2 ab+be+ca

) - 1 ;
O (a+b+cf * 3(ab+be+ca) U ab+bc+caf 5{a+l:l+f]|J

Khi 46 ta 6 W@+ + TV ) £28+3=9 o ymr T e 5

Vay (2) dung, thay vao 1) , suy ra diéu phai chitng minh.
D4u déng thitc xay ra khi a=b=c=1,




Cau 1. a) Tap xac dinh D=i\{ 2}

Sv bién thién — Gidi han — Tiém can

lim y=2 lmy=2 _ =
oy Y , xOt¥ Y ; Tiém can ngang y=2
XL!.-"} y=+¥ ’x!.ﬁ!.!-[i’l'y=_ ¥

; Tiém can ngang X =- 2,

Chiéu bién thién

-o0;-2) -2+
Ham s6 dong bién trén khoang (o0 )Va ( OO).
Bang bién thién

T — -2 +0od

Do thi
I(-2;2 .
Do thi ©) nhan giao diém hai tiém can ( ) lam tam do6i xing

A

u

Goi Xy #-2 la hoanh d6 cta tiép diém cua tiép tuyén can tim.

Khi d6 phuong trinh tiép tuyén la
4 x4t (xox)-ye2-
(Xﬂ+2) Xﬂ+2 (XD+2) Xﬂ+2

A:y=

Ta co




4

4 2(_2_10)_ 247- 5 ) 8 ) 8
d(A;ﬁ}:(K°+2} Tote | x+2 o X2
16 16 8
L +1 G+l -
\/ (x,+2) J(Ku-b-?.) J (x,+2)
(x,+2) =16 X __4.
Déu déng thitc xay ra khi va chi khi X, =0

X, =-4=y,=4= A, :y=x+6.

V&
vai X0 =0= ¥, =0=4A,:y=x.
sin’ X sin3x + oos*X 00s3x _ 1
i1 T 8
) tan[x 6 tan K+—3 (1)
Cau 2. a) ' ' ' ' .
IT
sin| x- = | =0
x5
ms[x— T =0
.
\ T
gin| x+—=| =0
3]
CoS K+E #0
Diéu kién la ' 3
tan[x-E tan| x+ 2| =-1 in’x -sin3x 3 35_1
] 6 3 (1) sin”x -sin3x +cos "X -C0S =3
Ta cé y \ y éen

. . . 1
< sin® ¥ -sinx sin3x + os°X -C0SX -C0S 3% =3

= - (1- mszx)%(ms@:— cos?.x)+m521%(ms4x+ 00S 2X) :%
o 2008°Xx0osdx- cosdx +cos2x :é

o 4oosdx(2008* x- 1)+c0s2x :é
= 8cos’ 2x =1

= ms’b{:%ﬁ KZi%+1{J'[ (keZ).

X=- %+kn (ke Z).

Doi chiéu diéu kién ta c6 nghiém cua phwong trinh la

(L4 )50y =14 2200 ()
xy

b)Taco - 4

Pidu kién1a X>-3 va

=In(x+3)-In(y+3) (2 (x yeR)

y>-3

=22.




144 1
(1+4') 5" :1+2‘”¢( : ):1+2

pit L =2 Y phuong trinh (D tr thanh 5 5
1 2
= —+= 2‘ (3)
[ EEE
1 (4)
f(t]z[g‘ + = g(t) = 1+E 2t
Ta 6 ham s6 21 19} 13 ham nghich bién va ham s6 5 5  1aham dong bién trén R,
ma =1 thea man (O ,nén © =113 nhiém duy nhat cua phwong trinh (3), nén x-y :1.
Thiéu 129-130-131
PE SO 26
Cau 1. a) biéu kién X =2
Phuong trinh d& cho < 3VX- 2= Jx+6 =2x- 6
8x- 24 X =3
= =2(x- 3) =
3Jx- 2 +Jx+6 3x- 2 +x+6 =4 (*)
Gidi (*) (*)e=10x-12 +5,{(x- 2)(x+6) =16 = 3,/(x- 2)(x +6) =14 - 5x
, [ 14
(14- 5x =0 x<i4 =5 11- 3,5
)2 = 5 = = X :T
9(x- 2)(x+6)=04- 5x - 1lx+19=0 | 11335
; (théa man)
_11-345
Vay phuong trinh c6 hai nghiém: X =3 va 2

b) Ta thdy ¥ =Y khong théa mén hé di cho nén ¥ 70
X axy? 42y =0 (x+y)(x*- xy+2y’)=0e x+y=0e y=-x

Phuonng trinh
W 2 T-
X% xy +2y° :[x— £| +—y' >0
(Vi y;tO nén | 2 4 )
Thay Y =~ X vao phuong trinh sau ta dwgc
Yx'- ¥ +4=4x"- 3x = Yx'- x* =4x7 - 3x- 4ﬁ1‘x— [ - ‘
/ (chia ca hai vé cho
X#O)
= * (4 i +3)
T 4t7°-1-3=0 t-IN4t” +4t+3)=0=1=1
Pit X | phuong trinh tré thanh = (1) T

¥X=- —_=le= x =
Véit=ltaco X

1 145
2

1+J§;_ 1+J§",[1— Jg;_ 1- ﬁ‘
2 2 2|

Vay hé cé hai nghiém: *
2b |

Aoz #e
Cau2.a)Goi a+2] | "b+2) gi Wb #-Za#b

()

< R Cix o A . . (C) . X
Vi khong cé tiép tuyén kép nén cac tiép tuyén ctia © tai A va B song song.




4 _ 4
(@+2) (b+2)

2(a+4)
a+?2

= y'la)=y'(b)=

B|-4- a;

Do @ #b nentacoﬂ+2__ b+2)=b=-4-a . Khi d6

Phurong trinh tiép tuyén cia C” tai A va B Ian ot 1a
4x-(a+2Y y+20° =0 4x- (a+2) y+2(a+4) =0

2(a+4) - 2a°
‘ ‘_ 16ja+2] _ 16la+2| _4f3
Khoang cach gitra chung: JIE +(a+2y J15+ (a+2) ’JB(‘] +2)
=0
(a+2) =4 = a B
Dang thitc xay ra a=4

Vay, céc diém can tim L A(0;0), B(-4;4) hodic Al- 4;4),3(0;0)'

b) Diéu kién: -2 <X <2.

Pt L =X+v4- X', Xem € 13 ham s6 ciia X, xét ham s5 ¢ trén doan [-2;2],ta 6
- 2—
X :-..-'4 X x; E':Dﬁx:ﬁ
\-"4— x* -fri— x*

)

t'=1-

Baéng bién thién ctia { trén doan

j/\

Twr bang bién thién ta co va quan hé s6 nghiém cta { va X:

te [- 2;2) hosc ¢ :2\/5 cho tuong (rng moét nghiém X;

e12;242
[ J_) cho twong trng hai nghiém X.

(2 =4 +2x/4- x* = xf4- ¥ E;‘i

e Mot giatri

t
e Mot giatri

Ta co:

- Lt:* +r+2=m
Phuong trinh ban dau trg thanh: 2

fO=- ¢ +t42 -2242] > fO=-t+1; [O=0 (=1

Xét ham so trén doan
Bang bién thién

t -2 > 22

£(1)

Nl n|je | F

1 fre\



h f(&)=m %

Tw bang bién thién cua f (t), phuong trinh ban dau cé diing 3 nghiém X < phwong trin
TE[Z;Z\E) [E[‘E;E}U'IE‘JEI' ﬁzﬁ_zﬂmﬂz

mot nghiém va mot nghiém

2A-B-C BE-C 3 [3;—’1 ol
2 cos Cos =—4+C058) —- —
Cau 3. Bién d6i, gia thiét twong duong véi: 4 2 L2 2]
ﬁrECDEBA_H.CDEB_C:1+2c052m—_nﬁ4m523ﬂ—_n—4c053ﬂ_nm55_c+1:ﬂ
4 2 4 4 4 4
W 2
< 2(::::53;1_']1-(::::5E +5‘1nEB_C:D
| 4 4 |
A- E-C i
2 cos T Cos =0 E-C =0
= = 3A-m 1
. B-C ——
sin =0 cos 4 ) T ep-c<
vi 4 4)
(7
(B=C A=
—
cb = -
34 H:£ -E{EH R{E E:C:E
4 3w o4 4 2 9
B

Cau 4. Ta xét hinh chép véi dinh 1a A. Goi H 1a trung diém BC |
Do AB =AC =a= AH L BC.

(ABC) v (SBC)

Theo gia thiét hai mat phang vudng goc

v6i nhau theo giao tuyén BC pen suy ra AH L (SBC ).

Ta cé : AB =AC =AS pan HA=HB =HS = ASBC vudng tai S
Bf_it SC =x.

BC =yJa+x* = AH® =AR*- BH" _Bat-xt g N3t - X

Ta co 4 2

Vv =1AH.1.SB.SC ziaxx/3az - x?
The tich khéi chép: 2 12

3 2
v =L o ax\3a%- x* zﬂﬁx:#

Theo gia thiét
2 2. 2 1 1 1

3abc =a“ +b" +c¢ =ab+bc+ca=> —+—+—-<3
Cau 5: Tt gia thiét ta co: a b c




x—l —lz—l Q= a_, b 4
Dit a’ T ¢ty %) 2203 X+y+2=3 (g 8a>+1 8b*+1 8c”+1

1
a _ q _ X
8a’+1 g, 1 x*+8 o= 4+ Y . *
2 2 2 2
Ta co: a’ va hai déng thic twong ty nén X+l y 41 z°+1

X X X 1[ 7
= < =—|1-
X*+8 (P +1)+7  2x+7 2 2x+7
0

va hai dang thitc twong tw nén

3 7 9 3 79
<—- = <—- -
2 2

3 70 7 7 7
+ + . < .
2(x+y+z)+21 2 227

Q=>-<
2 2|2x+7 2y+7 2z+7

_1
3

Ve . 2

Ap dung bat dang thitc Bunhiacopxki ta c6: P*=3Q=l=P=l

e 5 > o x=y=z=lo =b =C =
Déu “=” xdyra © X =Y =Z le® a=b=c 1

Vay gia tri 16n nhat cia P la 1
PE SO 27
Cau 1. Xét da thire [ © =t +at® +bt+c c6 cac nghiém la x, y, z.
Tt phwong trinh X ¥V *2 =0 ta suyra 4 =0 Do d6 f(©) =C+bt+c
Vix, y, z1a nghiém cia [ ® nen
x*+bx+c =0 (1)

y’>+by+c =0 2
2> +bz+c =0 (3)

3 3 3 —_
Cong (1), (2), (3) theo vé vado X TV +Z48,x+y+2 =0 14, 3 dyge ¢ =- 16
Suy ra f(t) =t +bt- 16

n+3+ n+3+n+3+b n+1+ n+1+n+1_16 n+ n+n:0 4
Mitkhac -ty 7T b (T ey ) 16(x 4y 4 2") )

vadit 5o X FY 26 n€¥ Khi d6 (4) w6 thanh Swes TP - 165, =0

Ta cg S = bSs +168, =- b(-bS, +16S,)+16(- bS, +16S,) =b’S, - 32bS, + 2565, (5)

s S, =16128,5, =48,S, =-2b,S, =0

Th vao (5) ta duge b =+12

— 43
D =12 o quge F(O = +126-16 6 ohiam duy nhat (khong thoa mén).

+)b =-12 t=-2,t =2,t =4

43
, ta dugc fO=t"-12t-16 4 nghiém 3 nghiém

(x, y,z) i (-2,2,4)

Vay hé da cho c6 nghiém va cac hoan vi cia n6

2 2 —
u +u,_,-4u.u, =

Cau 2: a) Ta chitng minh: -3, Vn=2,ne¥ (1) bang phwong phap quy nap Toan

hoc




2 2 —_
Gia st (1) diing v6i M =k =2 e 1 ta c6 déng thire ding: Y ¥ Ui ™ Aty =-3

Xét (1) véi N =k+1

— 2 _
Tir cach cho day s, ta c6: U =AU - Uy = Ul =du - uu, (3)
, :

P 2 _ 2 _2
Uy F Uy = AUy Uy =AUy U, - U U+ U = Al Uy =0 - U U

Tir dé: =u’ - (4u, - u,_Ju,_,=u; +u}, - 4u, u, , =-3 (do gialthiedquy nap)

Vay (1) ding véi 1 =k+17 (NPCM)

2
2u, - u,,
3

2
“n'1:

Qu,-u, ) =3u?-3e 3

b) T két qua trén ta co:

Yéu cau bai toan twong dwong vai viéc chitng minh: 2u, - u,., =0(mod3), ¥n =2,ne ¥ @)

Trudc hét tir cach cho day ta dé dang nhén thay:

u€e¢,¥ne¥ = 2u -u  €¢,Yn=>2,ne¥

+)Véiun =2, ta colRu, - u, =3 =0(mod 3) = (2) futg voin =2
Gid sit (2) diing v6i 1 =K , it 1a 24k ™ Uer =0(mod3)

+)VOun =k +1 ta cou

2u,,, - u, =2(4u, - u,_)- u, =7u, - 2u,., =3Gu, - u,_,)- Qu, - u,_,) =0(mod3)
Vay (2) ding véi 1 =k+17 (NPCM)

Cau 3. a) Goi K 1a giao diém caa MN vdi nita dwdng tron con lai caa (T).

Ta c6CMD =AMB =90° = D 13 duong kinh cia (O va @O M hang hang
= 0,DM =O,MD =OBM = CD//AB

Tird6 CN =DN = AMN =BMN =45"hay MK la
Tia phan gidc cta goc AMB . Vay K 12 trung diém

ctia cung AB va K 14 diém ¢ dinh.
Chirng minh hoan toan twong ty ta cling c6 HL di
qua K (bPCM).

b) Ciing tir két qua trén ta cling co: FAN =FNA =EBN =ENB =45

Suy ra AFN =BEN =ENF =90° hay ¢ gisc NEKF 14 hinh chit nhét
T dé chu vi tr giac ABEF dugec tinh bai

p =AB+BE +EF + FA=AB+BE + EK + NK =AB + BK + NK =2R+R2 + NK




Ma NK =OK =R

DPéng thitc chi xay ra khi N =0 hay (©) 13 duimg tron tiép xiic véi AB tai O
= P =B = dju nay khong thé xay ra do gia thiét B #P

T>R(3+42
vay NK >R hay ( ) (PPCM).

(a,),k =1,n+1

Cau 4. Bo dé: V¢i day hitu han s6 nguyén duong trong d6 moi s6 khong 16n hon 2n thi

lubn ton tai hai so trong chiing théa méan s6 nay chia hét cho so kia.

ac¥ (i=Ln+1) _os se¥ . rie[Zk-1|k :L_n}
(0} Vv

nén ta ludn viét duge N trong do a

Tird6 vi ' chi nhan gia tri 1é nén theo nguyén 1y Dirichlet trong " *1 s6 dd cho phai ton tai 2 s6

a,a.(i#j) .. . r=r R . v . . . a =a. ... a =0{moda,
: 1( i thdaman ' /.Khong mat tinh tong quat gidstt '~ /, khidé ( ’)

(BPCM).
Xét bai toan da cho:
Do day s6 da cho 1a mé6t day hitu han nén ton tai s6 nho nhat trong chiing, khong mat tong quat gia st

a, =min|q, |,k =1,2013 a, >1342

. Khi d6 ta chi can chitnhg minh la du.

a;, <1342 2a,,3aq,,qa,,4a,,..

That vay gia s , khi d6 ta c6 2014 so » %2013 thda man khong c6 s6 nao 16n hon
La.| >4026;i, j =1,2013,i #j
4026. Theo gia thiét [a” a’] bl =5 17 hen trong day 2014 s6 & trén khong thé

ton tai 2 s6 thda man s6 nay la boi ctia s6 kia. Diéu nay vo ly vdi bo dé ¢ trén. Vay a, >1342
(bPCM).
Cau 5. Ta chitng minh khong xdy ra treong hgp sau: mot s6 hitu han buwéc thye hién ta dwge mot bang 6

€ »

vuong cé ding 6 dau

{32

That vay gia st sau mot s6 hitu han bwdc thue hién ta dwge mot bang 6 vuong c6 ding 6 dau
oo (=) o (i=110)= p=0,10
+ Tai cot thit j ta goi p la tong s6 dau “-” ¢ cac hang thi i

oo (=) o (j=110)= g =010
+ Tai hang thi i ta goi q la tong s6 dau “-” ¢ cac cot th j

Khi d6 téng so cac ddu “-” trén bang 6 vuong la: p(10- q)+q(10- p)

Theo da bai: P10~ @) +q@0- p) =6 pg-5p-5q+3=0< (p-5)(g-5)=2.11

(p- 5)M1
(g- 5)M1

=

(do 11 la mot s6 nguyén to)

Mt khdc do P =010 v 4=0,10 1, [P~ 5 =5 (5 Ja- 5 <5

p-5=0

Q[ (p-5)q-5) =211
Tedo () 97270 yalgve P22 =2




Vay ta c6 BPCM.
PE SO 28

X +x +2012 =2012 (he¥’)

Cau 1. Phuong trinh @)

—,2n 2 —
pit £ =X 20  phuong trinh (1) trd thanh ¢ + Vi +2012 =2012

2

1 1
o t? +t+Z=t+2012- JE+2012 +Z@

2
1
=|Jt+2012 - EJ

1
t+—
2

o t+1=+t+2012 & ¢* +¢- 2011 =0 @)

-1+ \/8045

Giai phuong trinh (2) ta duoc: théa méan diéu kién

/- 1++/8045 _Zn/-1+\/8045
Phuong trinh c6 hai nghlem 2  ne¥

Cau 2. Theo cong thitc xac dinh day (,), taco Un >0 Vne¥

Ap dung bat ding thic Cauchy, ta cé:

! 3 3 ,» 3
u, ., —5[2 . E — un+un+—r21 ZBUH.E =33
Do dé Un >33; Vne¥”
2 1 1{ 3 113-u
Uy - U, ==U, +—-U, =—|—-U, | == —| <0
Mit khac: 3 u 3{u; 3L u,
Vay COEN day s6 giam va bi chin dw6i nén né cé gidi han
a—ga+i©a—i©a—33
Giasi, MU =9 Tacs: 3 a
s —3
Vay limu, =33
1
—+l+12 — 362 —— 5 (9+x2y2+y222+zzx2) —+l+l >36
Caus. X VY Z 9+Xxy +yz-+z°x Xy z
3
(Xyz)z :(Xy)(yZ)(ZX)S M
Ta co:
l+l+l]2 _ xy+z+zx 27(xy+yz+zx) 27
Dods: \ X Y Z xyz (xy +yz +2x)’ xy+yz+zx

Mt khéc: 9+x°y* +y' 2 +2°x =6+ (x’y* +1)+(y’2” +1)+(2°x* +1) 22 B+ xy + yz + 2%)




1 1 1
4+
X y z

2
= |9+ X2y +y* 22 +2°X°) 24[3+(xy+yz+zx)]2.i
Xy + yz + zx

=108. +6+xy+yz+zx| =108

Xy + yz +zx

6+ ZJL (xy +yz +2x) | =1296
Xy + yz +zx

1 1 1
X y z

= (9 +xX° Yy +y'zt + szz) >36 A

Déu “=" xdy ra khi va chi khi: X =Y =Z =1 |

Cau 4. Chon hé truc toa do Nxy sao cho A, N trén truc hoanh

Vi AB khéng song song vdi cac truc tga do nén phuwong trinh ctia n6

¢6 dang: =ax+b(a #0).

a

A=|-

Khi d6 - P =(0;)

AC di qua A va doi xitng v6i AB qua truc hoanh nén cé

phuong trinh: Y =~ 9%~ b,

y =- 1 X+b
PO di qua P, vuong goc vGi AB nén c6 phuong trinh: a

O la giao diém cta PO va truc hoanh nén 0 =(ab;0)

BC di qua goc toa do nén:

+) Néu BC khéng nim trén truc tung thi phwong trinh BC ¢6 dang ¥ =X véi € #0, ¢ #a (vi

B, C khong thudc truc hoanh, BC khong song song véi AB va AC).

y =ax+b b bc
< = = s
B la giao diém ctia BC va AB nén toa do B 12 nghiém ctia he; Y = c-ac-a
=-ax-b
|y =-ax :C:_b,_bc
C la giao diém cua BC va AC nén toa do C la nghiém cua hé: y =cx cta cta
M = ab  abc A%:L(c,az)
—| 2 2° 2 2 2_ g2 ’
Do d6: ¢-a -0 ) suyra: alc’-a)
a> ab
y=—X+—
T do6 ta co phuwong trinh cua AM la: ¢ ¢
i 1
Q= 0;a—b = QO =ab 1;-—]
c c

Q la giao diém cia AM véi truc tung nén

UL
Dodé Q0 1a mot vecto phéap tuyén cua BC nén QO vudng goc BC.
+) Néu BC nam trén tryuc tung thi tam giac ABC can tai A nén M =N do d6 O thudc AN nén QO

vubng géc BC.




Cau 5. Gia st V7)1 nghiém nguyén duong cia phuong trinh

Ta c6: x+2\/§ :y+z+2\/ﬁc X- (y+z)=2\/ﬁ- 2\/§
= [x- (y+2)]" =4yz- 8J3yz +12 =4yz- 4/3[x- (y+2)]- 12
= [x- (y+z)]2+4\/§[x— (y+z)] +12 =4yz

o [x— (y+z)]2+4yz+12

= ex
New X *0*+2) gy x-(y+z) v 1§)
,{y _
z =3
yz =3 = x=4
New X =0 gy [1z=1

(4;3;1) . (41;3)
va

Tht lai, ta thay: la nghiém ctia phwong trinh.

Vay nghiém nguyén duong cua phwong trinh da cho la (4:3,1) va (41, 3)_

PE SO 29
(x;y;2)

- 3t +5t+1 VteE

43
Cau 1. Gia sit 12 nghiém ctia hé. Xét ham s6: [ () =t

Tacs: [ () =3t"-6t+5>0, Vt€;

Neén ham s6 [ (O 1uon dong bién.

f(x) =4y
f(y) =4z
Hé phuong trinh c6 dang: f(z) =4x

Vi vai tro ctia *>Y>%1a binh ding nén khéng mat tinh tong quat, ta gia st X =Y, X 22
Neu X>Y i [O>f)=y>z= f(y)>[(2)= z>x (mau thudn).
Tuwong ty néu X > Z ta ciing di dén mau thuén, suyra X =Y =2,
x =1
-3 +x+1=0o (x- D(x*- 2x-1)=0e |x=1- 2

x:1+\/§

x=y=z=l, x=y=z =1+2

Khi do, ta co:
Vay hé phuong trinh da cho c6 nghiém la:

2 2 2
+ <2 + =4=-2<x+y<x<2
Cau 2. Ta co: (x y) (X Y ) = X+

M =x*(x+2)+y* (y+2)+3(x+ y)(xy- 4) =(x+ y)' - 12(x + y)+4

pgt XY =7 te[-Z;Z].Tacé: M =t’-12t+4




xee [O=-120+4 o f(t)=3*-12 <0 & t€[-2;2]

-2;2]

Do d6 trén doan [ , f () nghich bién.

maxM =max f(t) =f(-2) =20 t=-2e x =y =-1
Vay: [-22]

min M 21[11215 fO=fQ)=-12eot=2e x=y =1

Cau 3. Gia st f 1a ham s6 thoa man diéu kién bai toan
Ta c6: fM<fh+1<..< f(n+n):f(n)+n.' Do dg: [+D =f(n)+1

pat D =a€¥ 1. .4 f(n)=f@+n-1=a+n-1

— 2 A+a+2)=a+a’+a+2-1=(a+1)
vai =4 ta+2, ta co: f( ) ( )

Do d6: @° *+a+213 55 chinh phuong.

M a’ <az+a+2<(a+2)2Ilén a*+a+2=(a+1) > a :1.Véy: f(n) =n

Thit lai ta thay [ (™ =" théa man cac didu kién bai toan.

Cau 4. Trén (ACM)dlmg IN//cM (I € AM)

Tren ABP)5y digm P =DI N AB

Trén (ONP) g PQUIN/CM (Q€ DN)

Goi E 1a trung diém PB

= ME |3 dwong trung binh cuia ABPD |

Do dé: ME/[PD = ME//PI

Mt khéc: NI 1a dwong trung binh cia AACM |
= I3 trung diém cia AM

Nén PI 1a duong trung binh cia AAME |

1 1 3 1 ﬁ
4

PI =—EM =—PD = DI =—PD, IN =—CM =
2 4 4 2

Hay:

IN _DI_3_ 0 4,y 3
Khido: PQ DP 4 33

Ve _ AM.AN.AP _ AN

Ta cg: Vs AM.AC.AB — AC

1 V2

144 (dvtt)

Vancs :l

5%

1
6 Ma VABCD 2

VAMNP _E ABCD —

Vay:

Cau 5. Goi cac dinh cua da giac déu n canh lan lwot la: A Ay A, .




Ta dém sO cac ti¥ gidc thda man yéu cau bai toan c6 1 dinh la A
Khi dé: A A, khong phai 1a dinh cta tit giac vi Ak, AA, la cac canh ctia da giac. Ta can chon thém cac
dinh: As Ay A

dinh cuta da giac).

5<i+2<j+1<k <n-1

thda man: (vi gitta 2 dinh cua t& giac phai c6 it nhat 1

MOoi cach chon bo ba dinh nhu trén 1a 1 cach chon b 3 s6 phan biét trong - 5 6 ty nhién tir 5 dén -1

3
Vay c6 Crstit gidc c6 dinh “4 théa mén yéu cau bai todn.
3
nC, .
Vi da giac c6 n dinh va moi t& giac dugc dém lap lai 4 1an theo 4 dinh nén s6 t giac can tim la: 4
PE SO 30

X =-
Cau 1. a) Diéu kién

g Y SVVxr1A2 (v =v2)

x+1+y :2(x+1)y

2. A/ =
Ta c6 hé phuong trinh: Y X+l =2

= x+1+y =(y? - Vx+1)(x+Dy o (pWx+1+1)(y +x+1- y*Jx+1) =0
o (px+1+1)(y- 2Jx+1) =0 & y =2Jx+1

VVX+1+2 =2Jx+1 e x :#

N |

Do vay
L _o15+433
Thay vao, thtt lai thay 32 théa man.
Y= 15++/33
Vay phuong trinh c6 nghiém 32
u+v =8
bypac 4 =X vEYGHD e s {“V =12

1u =2 {u =6
Gidi hé tim dwoc v=6 hay v=2

317

y= [x=123 ¥

+) Véi v=6 ta tim dwoc: y =2 hodc y=-3
[u=6 [x=2 {x:—S {x=1i\/7

+) Vai v=2 ta tim duwoc: y:l; y=1 hodc y =2




Hé da cho c6 cac nghiém la

_3+17
X:'li\/g X = ) x =2 x=-3 leiﬁ
y =2 .y =-3 Ay=1.ly=1 . |ly=-2
1(x;y)

Céu 2. a) Goi la tdm cuia duwong tron ngoai tiép AMAB |

Al =BI 3x+y =10 x =3 x =2
B =0 a2+ y? 5x-5 10—0© =1 {
Tacs: VALBI =0 X +y-5x-5y+10= Y= hay =4

) V6 1G4 1a=5

(x-3) +(y-1) =5 M, G0) .

Buong tron tam I ban kinh IA cé phuong trinh cat truc hoanh tai 2 diém

M, (5;0)

1(2;4)

+) V6i thi [A=V5 Dudng tron tam I, ban kinh IA khong cit truc hoanh.

b)DatAM=X,AN=yV('ﬁX>O’y>O.

=L ansac in30p = X3,

AMG 2 2

1 y\/§

. ==ANAG %in 30° = 222,
2 2

1 xy\/§

S =5 AM AN %in60° = ==,

S

S

AN

M Samv = Same T Sane

J3 B
—(x+y)=—xyU 2Ax+y)=xy.
Nén ta co 2 4

\2(X+y)=XyU X=?;)m

xyN3 2443
S = = cn.
Dién tich can tin 4 6
Cau 3.

Vay ta co hé:

ayKhin=1 u,=u, +2'=1+2=2'-1

— ok _ -
Gia str Uk =2 1dlingvc'iik3 1, kI N
kL
Ta chitng minh Uy =2 1.
Thit vay U, =u +2=2-14+42=2"-1

S=(2- )+(2- Y+L +(2- )=22+2+L +2'- n

ding.

b)




2'- 1
p S=2%—-- n=2""-n- 2
2-1
Cau 4.
a) Bat dang thitc can chitng minh twong dwong:

140 +14b> +16a%b*- 36ab+1> 0U 14(a- b)>+(4ab- D** 0 440
a=b=}.
béng thitc x4y ra khi 2
16P , (2°+7(*+2)
bpat=a+th mes 9 BHitor

g 18
2Gc- —=+3(t- 1)’ +66c- -=
g A iAo o

2°+7)(c*+2) _ 1+
(3+t+c)’ (3+t+c)’
2
Vay gi4 tri nho nhat ctia P bang 16 khi
Cau 5.
y'=mx’+2(m- 1)x+4- 3m

31

a=b=

N | =

. Tiép tuyén c6 hé s6 goc bing 2. Ta tim ™ sao cho

2 —
mx* +2(m- )x+4- 3m=2 (*) c6 dling mét nghiém Am.

P (x- 1)(mx+3m- 2)=0pP X=1hoéc mx=2m- 3

*)
+y M =0, khong hoa yéu cau.
én <0
2- 3m ~ 8
<0U é 2
1 m e >—
+) m* 0 yau cau bai toén xay ra khi e 3
ml (- ¥ ;O)E§;+¥ =
Vay 2
PE SO 31

3\

i\/x+y- \/x- y=2
Cau 1.a)f\/xz+yz+1' Jx- y* =3
x+y3 O;x— y* 0

Piéu kién

u=x-+y

.. Tv=Xx- RSN 3 3 ;1A
BatI Y Pbisu kién v O;V Otacohe




\f—f=2(u>v) \u+v=2\/E+4

2 4.2 U 2, .2
L;H_ﬁ=3 L;H_ﬁ=3

N\

[u+v=2\/5+4 (@]
U $\/(u+v)2— uv+2 Jv =3 2
2

Thé (1) vao (2) ta dugc

\/uv+8m+9- Juv =30 uv+8\/E+9=(3+\/E)ZU uv=0

Keét hgp (1) ta co
Twdotacd X = 2; y=2 (théa man).
(xy)=(22)

Vay nghiém cua hé la .

b) Ta c6 \/XZ(X2+1)+1+\/§(X2+1)=3\/§X (@]
aco

x>0p (DU [x* +i2+1+\@§+}%—— 3V3.
Tu phuong trinh ta thay X e

t=x+1 3 9
Dat x, U7 £ Phuwong trinh tr& thanh
. JtE£3 .
VE2- 1=43(3- )0 |, Uc=2
t°- A+14=0
x+1
Thayt=2Véo xbP x=1 A
Cau 2. a) Toa dd6 B 1a nghiém cia hé
Ix+y+1=0
Y b B(3- 4)
2x+y- 2=0 I
R M i Bcp M
Goi la duong thang qua song song vOi
d:2x+y- 3=0
Goi N 1a giao diém cta d vei duong cao ké tir B. B
fx+y+1=0
d b N(4- 5)
12x+y- 3=0

Toa dd IV 1a nghiém cta hé

2 Ig;— 2%
eu

Goi I 1a trung diém cia MN




Goi E 1a trung diém BC . po AABC (annén IE 1a dwong trung truc BC, IE &i qua I vuong gbc véi

P IE:x- 2y- 1—3—0
C 2

13 ) )
x= 2y 3_0D E (1);- 1?1%9 Ck;- %g
2¢+y- 2=0 o o

Toa dd E 1a nghiém ctia hé

CA:x- y- §=O
CA g qua C vuong goc voi BN suy ra 5 .

] 13
x- 2y- —=0 3,
2 P A 3—3;- 4—9(:]
8 100 102
X- y- §=O

Toa do A la nghiém cua hé

b) Chon hé truc toa do OXY sa0 cho A ,C I Ox Bl Oy )

Gia st trong hé truc doé ta co A(a;O), C(C; 0) , B(O’b), D(m,n)

AB? +CD? = AD? + BC? U a®+b*+(c- m)2+n2 =(a- m)2+n2+cz+b2 U 2m(a- ¢)=0
(*)

Do Ala;0) Cle )p atc Tu’(*)p m= OhayDnamtrentructung

vay (+) U AC * BD.

I
x 20 2tan§
t= tanz = tan% +§——
& 1- tan
Cau 3. Tacod

Il
QI

U tan2%+2tan%- 1=0U

n

m@mmmgm\
0| ool S|

- ﬁ— 1p tan%=\/§— 1 tan%>0

b) it “1=*/§=ta““,tacé

x tan§+ﬂg+tan”
tana + tan — o aQn Q d
0 _ 82 8 _ 7 Q

Q T
1- ¢t §+ﬂ3(: —
an 3 an 3

T
1- tana Xan 3

b

un=tan§+(n- )—— -
Ta chitng minh 8@ n> 1 nl ¥ (*)

vein=1th= tana (ding).

u, = tang + (k- 1)%%

Gia st (*) dang vai 1=k, kK 1 hay ta c6




Jrg T
o " +\/§_ 1 tan§+(k- 1)§E+tan§ _tan§+kﬁg
k+1 — - = = —=
1- (V2- Dy, 1- tan§+(k— 1);;3_(&2 i

Ta co

Suy ra (*) ding véi 1 =k + 1

u, =tan§+(n— 1)£% )
8E’ "'n3 1’ nl ¥

Vay

b = tan§ +2014 x%;T_—— tan 1 + % + 25]”%

Cho N = 2015, ta co

=tan§+%2?;tan - %;_;://_3;1=(\/§_ 1)2=tan2%
Cau 4. a) a’+b’>+c?3 a+b+c; a® +13 2a;b*+13 2b; ¢? +13 2
U a®+b*+c*3 (a+b+c)+(a+b+c)- 3

My at+b+c? 33/%:3.

vay @ +b°+c®2 a+b+¢ gang thic xayrakhi a=b=c=1

) a+b=(¥a+3b)(Ja*- Yaa +¥p?)? Jab(¥a +3b)
P a+b+1° ¥ab(Ya +3Ib)+1="3ab(¥a +3b)+abc =ab(Ya + b +3c)

N S 1 _ Jabe _ e
a+b+1" Yab(Ya +3Ib+3c) Yab(Ya+3Ib+3c) Ja+3b+3c
Tuwong tu: .
1 . 1 _ Jfabe _ R
b+c+1" Ibc(Ja+Ab+3c) Ybc(Ya+3Ib+3c) Ya+Ib+3c
1 1 Iabe Ib

o+l Yea(Ya+3b +3¥c) Yea(Fa+3b+3c) Ja+Ib+ie
1 1 1 £%+%+%_1

+ + =
a+b+1l b+c+l c+a+l Ya+3Ib+Ic

Vay
Déng thitc xdy rakhi @ =b=¢= 1

x+y=;2-3m @)
(x+2)y2 +2xy = 3m§+§;_$ 2

Cau 5. Taco
- Q, e}
gm+2— yg—:y +2§m- 2@—:y=3my+2m

U x=l;’m— y

Tt (1) " Thé vao (2) ta dugc




U f(y) =y3- E'myz +2m=0
2 *).

Hé phuong trinh c6 nhiéu hon hai nghiém khi phwong trinh (*) c6 ba nghiém phan biét P ') c0 hai
f(n)%f (y,)<0

b f ()X (y,) <00 m*(4- m*)<0

nghiém phan biét Y1, Y2 va
f'(¥) ¢6 hai nghiém phan biét khi m* O
Im® 0

m2(4- m2)<OU ml (' ¥ ;- Z)E(2+¥ )

Vay
PE SO 32

Z=X
Cau 1. bat , hé phuwong trinh twong duwong véi

fyz=z+2 ~fyz=z+2 .
y>- 3y(z+2)+4z>°=0 " {y3- 3y%2+4:>=0

2§ YT
1- V17 5- 17
4

7 =

X =

N
g
~N

1-

_1+4/17 _ 5+4/17
z= 2 X = 2
y=1+ﬁ _1+417

1- 17
2

y= y=

2

u >0"cl ¥
Cau 2. T gia thiét suy ra .

3x+4_§+ 5

()=

x+1 2 2(x+1) >0
Xét vOi ;
fr(x)= "> -<0,"x>0
(2x+1
-
b2
un+l=f(un):"n| ¥*
Ta co
F(x)>2 x>0 f(x)- 4=22% "y>0p S<u <403 2
2x+1 2 "




trén

f(xn)= f(u2n—1)=u2n. f(yn)= f(u2n)=u2n+1=xn+l. g(Xn)= f(f(xn))

ra

(u,)

Suy ra day bi chan.
i Xn = u2n- 1
yn = u2n f(X)
bat . Do

(O+¥)

b

nghich bién trén

b

(x,)

do do €O gidi han

Xn <Xn+1p f(Xn)> f(xn+1)p .yn >yn+1p

b = 1'u _ 11'u _49
L2 47 2%

u, <us b x; <x,
Ta thay
Gia str rang

X <x ., "nl ¥

Vay

(x,)
Suy ra tang va bi chdn,
Do

(v.) (y

tang va bi chdn, do do

o Q
x,y, | g%ﬁ%"n 3

)

€O gidi han

2 a,bl §;4H
8

dong bién

f(yn) = Xn+1

X <x,P g (Xk ) <g (Xk+1) P X1 <X

(v,)

day giam va bi chan dudi. Suy

;a,bi §;4§

fx,)=y, b lfla)=b U}f(a)=b (1)
fy,)=x, f(b)=a  1f(b)- fla)=b- a(1)
Tacéd |
()0 a- b=g§;b1+1- 2011%3 (a- b)€2a+1)(2b+1)- 58=00 a=b

(2a+1)(2p+1)>(3+1)(3+1)=16>5

do
b=al §;4H
(1)0 W a=b=2
o= 3a+4
2a+1
Vay tu
limu, =2




Cau 3. Bat phuwong trinh can chitng minh twong dwong véi

T RIS S
X yz y X z Xy \/E \/ﬁ Jzx

}+i3 1+i

xyzx\/;

Ta chitng minh

[

Ta co
l+i } l 3i2+ 2 +i0 1- 1, 2 3l+}3 2
\/7 X X" x\yz Yz X \/ﬁ y Z \/ﬁ
(bat dang thitc cudi ding).
1+i3 1+i, 1‘+i3 }+i
y zx Yy zx \z Xxy z \/E

Chitng minh twong tu, ta cd

Cong theo vé ba bat dang thirc lai ta dugc (*).

R i} o Semx = Senx
Cau 4. Ta ching minh
MAC = MBC =«
Ta cé ;
1 .
Seux = EKH .KE.sin BKH
1 .
= E.KH .KA.tan a.sin BAH
1
= E.KH.AB.COSA.taH a.cos ff
1 :
Spix = E.HF .HK .sin FHK
1 1
E .BH .tan «.HK .sin AHK = > .AB.tan a.cos 3.KH.cosA
p SEHK = SFHK
E,F HK E,F
Suy ra cach déu ; ma nam vé hai phia cta

nam trén duong thang

P(x)P(x- 3)= P(xz), " x

Cau 5. Ta tim cac da thitc hé so thuce thoa

. Do do6 trung diém cua

[ (1)




P(x)e C

+ Trwong hop (C 1a hang s6 thyc);
. . €=0.
o Uc’=cU ¢ U P(x)2 0
P(x)e C g=1 MAC = MBC =«
thoa (1) hoac .
degP3 1
+ Truong hop
a P(x)
Goi  la mot nghiém phtic tuy y cua
X« P(a2)=0b x=a? P(x)
Tw (1) thay bang taco cling la nghiém ctia
aa’;at; K P(x) P(x)
Tw do ta co la cac nghiém ctia . Ma chi c6 hitu han nghiém
=0
g (1)
& =1
nén
2\ _ . 2
ok at3 P((@+3F)=0p x=(a+3)
Tw (I) ta lai thay  bang ta co cling la nghiém
P(x)
cua .
a+3;(a+3)2;(a+3)4; K P(x) P(x)
Tw do ta co la cac nghiém cua . Ma chi co

hitu han nghiém nén

a P(x) a
Nhw vay, néu  la nghiém cua thi  thoa man hé (I) va (II).

a

Biéu dién cac s6 phitc  thoa man hé (I) va (II) trén mat phang phic ta c6 hé (I) va (II)

a P(x) ‘
khong c6 nghiém . Suy ra khong ton tai da thitc hé s6 thuc bac 16n hon hoac bang 1
thoa man (1).
P(x)=0P(x)=1

Vay cac da thitc théa man yéu cau bai toan gom .

PE SO 33

t. =X, +3(i =E)
Cau 1. bat .Tacé




/

t 3 0i=1n t 3 0i=1n t 3 0i=1n
d ~1d ~1d
alt-3)=nUlgt=4n Ulagt=4n
i=1 i=1 i=1
d d d d d d
al-3°=0 13393 t2+273 - 2In=0 {3 ¢3- 93 tl.2+8—1a t =0
i=1 i=1 i=1 i=1 i=1 i=1 45
t3 0i=1n j _
;1 ]ti=0,tl.=£2),1= n
Ulat=4n U
i=1 Jd  _
1aa—%
d géi i=1
a tig— —-x==0
=1 20
9
k t; [ t; 2
Goi lasdcac cogiatribangOva lasdcac co6 gidtri bang . Khi do, ta co
\gl=4n l=@
2 of °
k+1=n k=21
9

+ Khi n khong chia hét cho 9, hé v6 nghiém.

.n=9m(m|¥) k=m I=8n _ ~
+ Khi ,taco , , hé c6 tap nghiém:
9
S ={(t,,t,,t,K ,t,)} 0
trong d6 c6 m gia tri bang ~ va c6 8m gia tri bang
3
S = {(Xl, X2,X3,K s X, )} _ 3
Hay trong d6 c6 m gia tri bang va c6 8m gia tri bang
g(x)=2f(x),"T |
Cau 2. Xét ham so .
g’ (¥ +g(y))=y+g*(x)
Tir gia thiét ta cé: (1)
gn)=9(x)) =y, g
Tw (1) suy ra néu thi suyra don anh.
=0 glg(y)=y+g*(0)p i
Tw (1) cho suy ra tapgiatricia la
al i g (a) =0

g . A
Suyra lasong anh nén ton tai sao cho




Do dé . Cho

x20 g(x)?0 g(x)=0U0x=0
Suy ra thi va .

x=1P g()=1 x3 0yl
Cho . Véi ta co:

g(x+y)=g((Vx) +9la() =91 +g(Vx) =g(y)+g(x)

: X;- X
Lay x tuy y thudc ' khid6 trong 2 s6 lubn c6 s6 khong am, ta co:

0=g(x+(- x))=g(x)+g(- x)P g(- x)=- g(x),"xI i
x<0yl j
Véi , ta co:
glx+y)=-g(- x- y)=-(g(- x)+y( y)=g(x)+g(y)

~

x|

~glx+y)=g(x)+g(y)."
Vay

o g(1)=1p g(x)=x"xI x
Ta co6 g cong tinh trén ~ va
x>y g(x- y)=>0
Cho . Khi do, va
g(x)=g(x- y+y)=g(x- y)+g(y)>g(y)

Suy ra g la ham tang thuc sy trén '

glx)=x"xI i \n g(x)* 0
Ta chitng minh sao cho . Khi do6 xay ra 2 truong hgp

x0<g(x0)b $ri x :x0<r<g(x0)l3 g(x0)<g(r)=r
Truong hop 1: (vo 1y).

Xo>g(x,)P $ri Xixy>r>g(x)P glx)>glr)=r
Truong hop 2: (vo 1ly).

X n_ 1 .
g(x):x’uxl H f(x)_EJ XI |
Vay . Do dé . Thir lai ta thdy thoa man.
L,L,15,K L m
Cau 3. Goi la cac wéc 1é cia n va la liiy thtra 16n nhat cta 2 trong khai
(s> Tm> Q)

trién ctia n




L,L,5,K,1,2,2,,2,,K ,2 K ,2",,2",,2"1,,K ,2"],

Tw d6 cac wdc cuan la
Theo dé bai ta co:

L+L+K +1 +2+2L,+K +2L +K +2"L +2"L, +K +2". +(m+1)s=2n+1
O (L+L+L +1)(1+2+2+L +2")+(m+1)s=2n+1

O (L+L+L +1)(2""- 1)+(m+1)s=2n+1
)

Néu s chan thi vé trai (*) chan (v6 ly), suy ra s lé.

(m=2t+1)

Véi s 1é, néu m chan thi vé trai (*) cling chan (v6 ly), suy ra m lé ;

b

n

m

Suy ra €6 so wdc 1é.

n _ g kK kpn 1m
2_m_p1 .p;°K p, (k1+1)(k2+1)K (km +1)|:> k . lm
o <6 56 uéc Ia chan

n
n n=221.2p

m

% = (Z‘r)z,(t,ri ¥)
Suy ra la s6 chinh phuwong hay

Cau 4.

) AD?=AM.AB=AN.AC _ L
Cach 1: Do nén phép nghich dao

" Bem CON pep (G)®(C)
bién s
()@ (c,) | |
. Puong tron (C) di qua diém A, B, C bién
thanh dwong thang MN.

(C) (C) (C) ,
Do va tiép xdc véi tai B, C nén MN la tiép tuyén
chung cua 2 duong tron nay.

b b b

Goi F la giao diém cua AE va MN. Suy ra F bién thanh E va

FD=FM=FN=M—2N

DE AD? AD 1 AF

= = P DE.AF=DFDAP =
Ta cd DF AD.AF AF DE DF.DA
aco

1 1 _1_ AF _DF+AF_ DA 12

vay DA DE " DA DEDA DADF DADF DF MN
ay




Cdch 2: Ta co

AM.AB=AN.ACP —=——P AAMN - AACB
AN AB

OAB =

Tuong tu, ta co

Lai co:

ONA +MNA = OCA + ABC = OCA + xCA =90°

P OA~MNbP OM ™ MN;O,N ~ MN

AM _ AC

OBA =0O,MBP OM, POA

OM, POA

P MN (01) (Oz)

la tiép tuyén chung ctia va

P FD=FM=FN _ ANF=ABC=AECP EFNC _ _
va ndi tiép.

P AE.AF=AN.AC=AD’pP (AD+DE)AF = AD(AF + DF)

b DEAF=ADDFp 1 =_AF

DE AD.DF

1.1 _1_ AF _DFAF_ 1 _ 2
AD DE AD DFDA DADF DF MN

Do d6
Cau 5. Gia st sau mot so6 lan thie hién phép bién doi, bang c6 ding 18 dau “ o7

X i(i =12012)
Goi  laso lan do6i dau ¢ hang thw , thi¥ ty cac hang tinh tir trén xudng.

j i(j=12012)
1a s6 lan d6i dau & cot thi , thit ty cac cot tir trai sang phai.
X1, X2, X3,K', X0

b

Goi p la s6 cac wdc so 1é trong cac so

Y1’ YZ’ Y3’ K ) yZ()]_z pa q T {0: l Z 3, K 5 2012}

q la s6 cac wdc so 1é trong cac so

Ta co sO lvong dau trén béng la
p(2012- q)+(2012- p)q=2012p +2012q- 2pq

- U 2012p +2012q- 2pq =18
Bang c6 dung 18 dau “ ”




U 1006p +1006q- pq=9U (p- 1006)(q- 1006)=1006>- 3* =1003.1009
(1)

b (p- 1006)(q- 1006)M003.1009

1 (p- 1006)M009 (q- 1006)M009
Ma la s6 nguyén t6 nén ta phai cé hodc 2)
0 é- 1006=0
p- 1006,q- 10061 {- 1006,- 1005K ,1005,1006} g- 1006=0
Ta co nén (2)
mau thuan vdi (1).
Vay bang khong thé c6 ding 18 dau «
PE SO 34
Iy +2z2° =a 32 +2x3 =p YxX*+2y° =c a,b,c>0 a+b+c=3
Cau 1. Dat ; ; vOi va
=" 2a° +4b° + ¢’
9
N - - 2b° +4c’ +d°
y3+2z3=a3U y'= 9
2’ +2x° =b’

;-2 +4a’ +b’
XH2yt=c* T

9
Ta co

3
Sttdung bat dang thirc

9(u® +2v%)3 (u+2v), "Ly >0 -
+)

- 7, > . Y 2 -u_v
. Bang thitc xay ra khi va chi khi
3 3 3
t© u v
—F+—+3 2+ +V, "y, v, t>0
u v ot

u=v=t
. bang thitc xay ra khi va chi khi .

u=v=t
bang thitc xdy ra khi va chi khi .

a3 i?g_l_y_s‘_'_z:%_ 1 §2a3+4b3+c3+-2b3+4c3+a3 - 2¢ +4d’ +b°'Q
Yoka b cF 99 :

a b C &
Suy ra
€ am3 3 30 3 3 30 u
L Q§+C—+a—%§;+a—+b—?— 2(a® +b* +¢*)u
93/58 a b cFBa b cF H
1
9%/58(b2+c2+a2)+(c2+a2+b2) 2(a? 2




(a,) a,>0 "p31
Cau 2. Tw cach xac dinh cua day , dé dang suy ra ,
n® +¥ (a,) fima, =L
Gia st khi thi day c6 gidi han hitu han, dat , ti hé thitc tuy hoi da cho, suy ra
2x+3

=~ U 4x*- 2x- 3=0(1)

X

L
la nghiém khong am ctia phvong trinh

f(x)=4x*- 2x- 3 . (1)
Khao sat ham s6 trén ' |, ta thdy phuong trinh 6 ding mdt nghiém

i f(x) . f(0).f(2)=- 25<0 0<L<2 (2)
Trén = . Vi la mot ham s6 lién tuc trén = va nén .

<a "n31

aZn— 1 2n+1°

Ta chithg minh

a=2<—=aq,

n=1
Ta cé , do do khang dinh ding véi

ypgy <Uypy3

. n 1. k
Gia st khang dinh ding v6i moi tt  dén , ta chitng minh

1 1
a, = +3> +3

— — a
2 3
20, , 4ay., 20y, 44y,

2k+2

That vay, ta co:

1 3 1 3
+——-< +

P a 5 >
ay,  4ay  2a,,, 4ay,,

=da

U 2k+3
2

Do d6 theo nguyén ly Quy nap khang dinh dwgc chitng minh.
' 2=q,<a,<..<d,,, <.. (a,,41) 2,
Nhu thé ta c6 chiing t6 day con la day tang va bi chan dwéi béi  tw do
L3 2 (2)
suy ra , mau thuan vdi

ey da)
Vay khi thi day khong c6 gidi han hitu han.

X, X, Y%.Y,2,Z,
Cau 3. Ky hiéu cac diém nhu hinh vé.

_H . ~ __ ABC
Goi la tryc tam tam giac




AAA, = AAA =BBB, =BB,B,=CCC,=CC,C,=a
Dit .

o HXA o BC
T gia thiét, ta co nam cung phia v6i duong thang

b HBX, = HCX, =90°- a

B,C, H, X,
Bon diém cung thugc mot dwong tron.

Moo oH BC o Hoo oo ... DABC o
Goi la diém doi xitng v6i  qua , dé thay thudc duong tron ngoai tiép . Do d6 duong
. DHBC,DHBX, DABC i
tron ngoai tiép cac va c6 cung ban kinh .
DHBX, HX, =2Rsin(90°- a)=2Rcosa
Ap dung dinh 1y Sin co ,tacod

HX, = HY, = HY, = HZ, = HZ, = 2Rcosa
Tuwong t :

L X XN Y, 2,2, . . . . H . . .. . 2Rcosa
Vay cung thudc duwong tron tam c0 dinh, ban kinh .

, n n’ 2 0;1; 6(mod7)
Cau 4. Nhdn xét: Vi moi s6 nguyén duong  thi .

X, V, Z
Gia st ton tai cac s6 nguyén dwong théa man bai toan.
x>7,y>7 n’ 2 3(mod?7)
Néu thi tv phwong trinh suy ra ,vo ly.
B . x£6
Do d6, khong mat tinh tong quat, gia st . Ta c6 cac truong hop sau:
x=1 yH++4=n’ y3 7 n’ 2 4(mod?7) yEG6
+) Néu thi . Véi thi suy ra , vo ly, do do . Kiém tra tryc tiép ta
thay khong c6 gia tri nao théa man.
x=2 yH+H5=n’ y3 7 n’2 5(mod?7) yE6
+) Néu thi . Véi thi suy ra , vo 1y, do do . Kiém tra tryc tiép ta
y=5n=5
co thoa man.
x=3 y+9=n’ y3 7 n’ 2 2(mod?7) yE6
+) Néu thi . V6i thi suy ra , vo ly, do do . Kiém tra tryc tiép ta
y=6,n=9
co thda man.
 x=5 _yW123=n’ y3 7 n’ 2 4(mod?7) yE6 ’
+) Néu thi . V6i thi suy ra , vo ly, do do . Kiém tra tryc tiép
y=2,n=5
ta co thoa man.
x=6 _yH723=n’ y3 7 n’ 2 2(mod?7) yE£6 ,
+) Néu thi . Véi thi suy ra , vo ly, do do . Kiém tra trurc ti€ép
y=3n=9

ta co thoa man.




y39 y'Mi1 nM n=3m,ml ¥ D7
Vi thi , suy ra , dat , khi d6 ta co

A | = ¢ 3_ l\rl— R1,2 ”
- me I(mod3)  m=3k+1 ki ¥ Y 27 §2k +1) - 1g=2438k" +3k +1
Tt do6 suy ra , dat , , ta co

fla) 1a s6 mii cia 3 trong dang phan tich tiéu chuén cia 9 thanh tich
cac thtra s6 nguyén t6, dé co f(a)£ log,a .

o og ()= 1(243K(3K" +3k +1)) =5+ £ (k) £ 5+ log, k

Mat khac lai c6

343k (3k> +3k +1)U g43k (3K +3k +1)U %43k (3K +3k +1)u g k(3k* +3k +1)4

I . v if =

i g EI
81k (3k +3k +1) >5+log, k, "k 3 1,

V6i mdi s6 nguyén dwong ¢ dit

fly)=

GZC

mau thuan.
Do vay Y £8 , kié tra trye tiép ta thay khong c6 gia tri nao théa man.
(x; y;n)=(2;55),(525) (639) (3;6,9)

Vay tat ca cac bd so théa man bai toan la , , .

Cau 5. a) Khong mat tinh tong quat, ta coi cac bong dén dugc xép thanh mot hang ngang cach déu nhau.

O ..
Goi  la diém chinh giita
n- 2", ml ¥ n-1=2"-1 ‘
Ta chitng minh néu thi sau buéc cac béng den déu bat bang phwong phap quy
m

nap theo

m=1m=2
Dé thdy ménh dé dung vai

S o ]
Gia st ménh dé ding dén , ta chitng minh ménh dé ding v&i
n
k=—=2"
pn 2 A A kel ke
That vay, gia st bong den bén trai deéu bat sau buwdc. Bé y rang  bong den
o D Az A N ) k-1 e
bén phai khong thay doi trang thai trong suot budc ban dau. Bén budc th

A, A,
, tat cd cac béng den déu tat tri hai bong chinh gitra dugc bat. Sau budc nay, do tinh
@)
cdt doi xing, cac bong déu doi xing quatam  déu co cung trang thi.
A A, K, A

k ‘ .
Xét  bong déu bén phai , sau budc thw chi co bat con cac bong khac déu tat.

A, A, LA

k
Trang thai nay trung véi trang thai ban dau ~ béng bén trai . Nhu vay, sau budc thw

k+j K A A

k
, ddy  bong den bén phai trung trang thai v6i ddy  bong den bén trai

AA,., A j k+(k-1)=n-1 K




A, Ay A j k+(k-1)=n-1 K

va sau  budc. Theo giad thiét quy nap, sau buéc th® , tat ca
o A A A . L 0k
bong den bén phai déu bat. Do tinh chat doi xitng qua tam , bong den bén
B S N ool
trai cling déu bat. Nhw vay, tat cd&  bdéng déu déu bat sau budc thi . Phép

chitng minh quy nap dwgc hoan tat.

n=2"4+1 ml ¥

b) Ta chitng minh, néu , thi @ moi thoi diém, cac bong dén khong thé c6 cung trang thai.
o R B . n-2=2"-1_ R ~ I,
Lap luan twong tw nhw phan a), ta thay, trog suot budc ban dau, khong thé co thoi diém nao

e B A )
ma cac bong den c6 cung trang thai.
n- 1=2" -
Sau budc th , chi c6 hai bong den ' va bat, cac béng con lai déu tat. Khi do, day
(As AL s AL A) (A, Ay AL LA,) ,
trung trai thai voi day sau budc thit nhat.
(A, Ay ALLA) j
Nhu vay, trang thai cta day sau budc th trung vGi trang thai cta day
(A A s Ay A) n-2+4j
sau budc .
(A, A,...A LA) 2(n- 2)
Vay trang thai cta day la tuan hoan véi chu ky nho nhat la , trong moi chu ky,

khong ton tai thoi diém ma tat ca cac bong dén cé cung trang thai. T do, tai moi thoi diém, tat ca
cac bong den khong thé cuing bat hodc cung tat. Suy ra diéu phai chitng minh.

PE SO 35

D=
Cau 1. a) TXD:

y¢=3x*- 6x+mb ydi=6x- 6 y&=0U x=1
Bang bién thién
(% +¥)p y& 0,"x>2P m3 0
Twr bang bién thién suya ra néu ham s6 dong bién trén
m3 0b y¢>0,"x>0p (2, +¥)

Nguoc lai ta thay ham s6 dong bién trén

m3 0

Vay




b) TXD:

y¢=3cosx +4sinx+m ("x)
5
2 28 b m=-4
Néu ham s6 dat cuc tiéu tai

a a
=0 @3- 3<0
m=-4Pb y¢=3cosx- 4sinx- 4 y%b’ y¢t=- 3sin x +4cos x Y 23]

Nguoc lai: néu ; ;

N |

nén ham so dat cuc dai tai loai.

2 . 23X . 23X
y =cos” x- sin T.COSX- 1- sin "

Cau 2. a) Hoanh do giao diém cua d6 thi ham so véi truc hoanh la

. 53X . 23X
cos® x- smzj.cosx- 1- sm27=0

nghiém phuwong trinh

. . 3x0
U cos®x- 1- sin23—x.(cosx+1)=0 U (COSX+1)§05X' 1- sinzjng—o
4

cosx=- 10 x=p+k2p, (k1 ¢)

Truong hop 1:
Jcosxf 1, "x
cosx=1+sin23—x. 1+sin23—x3 1, "x
4 4
Truong hop 1: Do
Jcosx=1 Jcosx =1 Ix=k2p
P (2)U U 3 Ul 4pU x=4mp(ml ¢)

1+sin23—x=1 sin=>X =0 X
4 4 3




A (p+k2p; 0), B, (m4p; 0) (k, mi ¢)

Vay
X-3x=(Gy-1 - Joa(y-1) @
b) Taco: Trvx-1=Jy-1 ()

Pigu kien: ©Y =1 Ty (2)= Jy-1-120 & y =2

L e x-a=(y-1) -3y 1 @

f() =3x*- 320, Vx 21, f() =0 = x =1€[t;+0) ,, f(x)
Feo =t (y-1)

vy B o [y 1E[L+0) (@) x=\y-1

Xét ham so:

{x =1 {x =2
v6i X VY™ Lihay vao (2) ta duge X =1 va x=2= ¥ =2

y =5

Cau 3:
a) (+ X)2012 :Cgou + XC;mz + X2C22012 oot XkC§012 ..ot X2012C22(())1122’ vx @)
Pao ham 2 vé cua (1) ta co:
2012+ x)Y™" =C! |, +2XC2, +.. 4 kICE L +..+2012x°7C22 Wx (2)
Chon X =" 2 thay vao (2) ta duoc:
2012(1- 2)™" =C},, +2(-2)C2, +...+k(-2) ' CL , +...+2012(- 2)*""' C212
o -2012 =Cl - 2.2C%, +3.2°C3 - 42°C} | +..+2011.2%°° C21 - 2012.201 G2
= A=-2012

Vx e o;f]
b) 2)= 0<cosx<1= cosx>cos’x

. 3
SIhX >cos x, Vx € O;EJ

Ta chitng minh: ' X 2

(1) & sin’ x.cos ' x > x*, Vx € O;EJ < sin’ x.cos ' x- x> >0, Vxe O;E]
Tir 2 2

. 3 -1 3 7T
f (x) =sin® x.cos ' x > x*, x € O;—]

Xét ham so: 2

f'(x) =3sin’ x +cos 2 x.sin* x - 3x”
r s -3 .5 -1 .3
f”(x) =3sin2x +2cos™® x.sin° x +4.cos' x.sin’ x - 6x

f"(x) =6sin” x + 6cos * x.sin’® x +14cos > x.sin* x >0, Vx

f"(x)=0= x=0¢€ O;%]

0;z 0;z

) o (=0 =0

Vx e
nén

)

dong bién trén

dong bién trén

[1; +00)




0; 2 vxe| 02 ]

r ’_ ,_ r > 4 :
= () dong bién trén 2) nen 2) tacé f'G)zf(0)=0
4 T
0;— Vxe 0'—]

’ > > =
= () dong bién trén 2) nén 2) tacé f()=f(0)=0
< sin®x.cos ' x- x* >0, Vxe O;%]

Cau 4:

a) B

Goi I 1a trung diém SE

= DI la duong trung binh ciia ASAE
AE

DI
= DI//AE 3 2

Dit X =AB  Theo cong thic dwdng trung tuyén trong tam gidc SAB ta c6:
2 2

SB’+AB’ SA' _X* d’ s _pp? = DI’ _ljx,a

BD? = =—+—=AE T
2 4 2 4 2 4
2 2
BI® _da” X
Tuong ty: 16 4
X __a\/g
Do BD 1 DI = ABDI yygng tai D= BI° =BD’ + DI’ 3
Goi H 1a tim ABC Do SABC Ia chép deu nén SH - (ABC)
Suy ra: SH la duong cao cua hinh chdp
2 2
Saase ~L ABAC.sin60° =% V3 _a'V3
2 6
CB x _aV2 a7
AH = = AH =—==—— = SH =/SA’- AH’> =——
sin 60° V33 3
3
V=LiSHS,,, =2 Va1

Thé tich khdi chép SABC la: 3 54




Goi J la giao diém cta SG va BC™ J la trung diém ciua BC
1 1 \'4

= Spapr =Spacs =

5 Saasc = Vsanr =Vsacs :EVSABC =

2
SM SN
x=""y="" (xye(1])
bit: SB SC
Vs _SA SM SG _2x v 2x
V., SA SB'SJ 3 = Vewe T,
O;z Vxe O;E f(x)> f(0) =0 < sin’ x.cos ' x- x>0Vx€ 0;1
= f(x) _ ] 2 2 )
dong bién trén nén ta co
T . SE
Cau 4. Goi  la trung diém
o . _ SAE
la dwong trung binh tam giac s
= DI //AE; DI z%
BD 1 AE = BD 1 DI.
Do
. x=AB ~ . . . ASAB i
Goi theo cong thirc dwong trung tuyén trong ta co: A
2 2 2 2 2
BD? :SB +AB”  SA _X L9 _Ap? —pp?
2 4 2 4
2 2
= DI? :l(x_+a_)
42 4
2 2
B =94 . X
16 4
Tuong ty :
- BI* =BD? +DI* = x =%Y8
BD 1. DI = ABDI ) 3
Do vuong tai
AABC S.ABC SH 1 (ABC) = SH

Goi la tam . Do la hinh chép tam giac déu nén
hinh chop.

la duong cao cua




2 2
S anc Z%AB.AC.sin 60 =X V3 _a’\3

AH = BC :«AH—X—G\/E a7

=— =—" = SH =+SA’ - AH"
sin 60° Y33

1 21
Vs ase == SH.S a5 =

.. sABC _ * 37 54
Thé tich khoi chop la:
S S BC=J | .. BC
b) Goi la giao diém cta va la trung diém
1 \%4 A
= SAABJ :SAACJ :ESAABC = VS.ABJ :VS.ACJ :E
SM S
=y =——(x, 6(0;1
X =iy T gg ey D
bat
Voac _SA SM SG 2x V 2x
] -5 = Vs AMG — o 5
Vs s "SA"SB'SJ 3 ' 2 3
2y V
S.AGN _? ES Vi =Vsame tVs.aon :E(Y"'X)-(l)
Twong ti

V., _SA SM SN

= ——.——=xy=>V, =Vxy.(2
V. SA SB SC Y y2)

= x+y=3xy (¥
Tw (1) va (2)

xX+y 22\/5
Theo bat dang thitc gitta trung binh cdng va trung binh nhan ta c6

D4u “=” xay ra khi va chi khi

3xy =2,/Xy < Xy Zg. X=y :g
T (*) ta c6 Dau “=” xay ra khi va chi khi
Vv _1°9 p) \4 9
I =— X :y =— . —
Vi xv 4 3= i .

. Dau “=" xay ra khi Gia tri I6n nhdt cia  bang

X :max[x;y; z] = 1=xyz <x’ = x >1.
Cau 5. Gia st

1 1
~+ > = Vy,z>0
A+y) (A+z) 1+yz

Ta chitng minh




o (1+zy)2+2z+2y+z2° +y ) =(+zy+z+y)’

o 2z+y)1+zy)+2+2zy+(A+zy)(y- z2)° +2zy(1+ yz) =(L+zy)’ +2(z + y)(L+ zy) +(z + y)’
o (+zy)y- z)° +2+4yz+2y°z° - 1+ yz)’ - (y- z)’ - 4yz =0

e yz(y- z)°* +(1- yz)’ =0

Déau
z=y=1
“=" xdy ra khi
1 1 1 1 1 1 1 x> +x+1
= P = >+ >t 5 = >+ = >+ = 5
A+x)° (Q+y) (@Q+z) (Q+x)° 1+yz (1+x)° 1 (1+x)
X
f(x) —ﬂ(xe[noo))- 0 ==L Sovx=1
(1+x)° 7 (x+D*
Xét
= >fQ _3 Vx >1
fv(x) :O@X:1€|:1;+OO)$ f(x) []_,+OO) f(X)_f()_Z X =1.
dong bién trén
S P> f(x) =S p=3 p=3
4 X=y=z 4 4
Khi thi nén GTNN cua
PE SO 34
=0 == (@) M- 3x)
Caul: a)Khi ,ham so 1a . Goi
d y =(3x2 - 3)(x- x,)+x2 - 3x,
Tiép tuyén tai c6 phwong trinh: (1)

= |x0| =2 o X, =+
Khoéng céch tit M dén truc tung bang 2

X, =2 y =9x- 16 (d1)
Néu , phwong trinh (1) c6 dang: .
X, =-2 y =9x +16 (d,)
Néu , phwong trinh (1) c6 dang: .
@) (,)
Vay c6 hai tiép tuyén la va thdéa man yéu cau.
(a)

b) Hoanh do giao diém ctia do thi ham s6 (1) va la nghiém phwong trinh:

4oy - 3x =2mx - 2 © X +2mx’ - 2m+3)x+2 =0




x =1

X +0@m+1)x-2=0()

= (x- 1)[)(2 +Q2m+1)x- 2] =0

(a) o
Vay va do thi ham s6 (1) cat nhau tai ba diém phan biét phuong trinh (2) c6 hai nghiém phan
(2m+1) +8>0
(=4
x #1 142m+1-2# o 5 20
biét

A B(x;;2mx, - 2),C(x,;2mx, - 2) X, X,

Khi do6, ba giao diém la c6 hoanh do 1a 1 va trong do la
x +x, =-2m-1xx, =-2

nghiém phuong trinh (2) nén

2
1 d =d(0;A) =————
S =—BCd )
OBC 2 J1+4m?
Tam giac c6 dién tich , trong do
BC? =(x, - x, ) +(2mx, - 2mx, ) 2[(x1 +X, Y - 4x1x2] (4m? +1)
= BC :\/[(2m +1) +8] (4m*> +1) = s =,|Cm+1)’ +8
m =0
= S=3e 9=4m’+4m+9 =
m =-1(TM) m=-1
Vay
cosx #0
Cau 2: a) biéu kién
x/5c052x+sin2x+\/§
=4cos4x
Cos X
Phuong trinh da cho twong duong
J3(2cos? x- 1)+ 2sin xcos x ++/3
= =4cos4x
CoS X
T
< cos| x- — | =cos4dx
< /3cosx+sinx =2cos4x
€8]
Giai phwong trinh (1) va doi chiéu diéu kién, két luan nghiém cta phwong trinh dd cho la:
x k2w x  k2m
=- — 4 —’ X =4+ —
18 3 30 5

xeER;yeR
b) biéu kién: X




_ 2

xy+2=yx’ +2 % Y(VX2+2' X):2© y_\/x2+2- X

Ta co

o y=vVx"+2+x
(D).

Thé vao phuong trinh thit hai trong hé, ta c6 :

(\/x2 +2 +x)2 +2(x +DVX* +2x+3 =2x° - 4x

o 1+xVx2+2+2x+(x+DVx* +2x+3 =0

o (x+ D1+ G+1) +2| =C )1+, x) +2
@)
£(0) :t(1+\/t2T2) - f'(t) =1+t* +2 + — >0,VteR=> f(t)
Xét ham so vOi .Tacé
R

dong bién trén

1
f(x+)=f(-x) = x+1=-x= x =- 5
Mat khac, phwong trinh (*) c6 dang

1
X =-—=
1 2
X =-—
2 y =1 y =1.
Thay vao (1) ta tim dugc .Vay hé da cho c6 nghiém la
BH L CD= ABHD EBH =MBA = ACBH =AMBA = CB =MB
Cau3: a)Ké la hinh vuéng va
B A
|
| d
|
|
l D
H N
BN MBC = EBN =MBN =45° = ACBN =AMBN
Mat khac, la phan giac ctaa géc vuong
d(B;CD) =d(B; MN)
Vay
7-2-25
d(B; MN) A D S S —BHV2 =4
J50 V2 V2

ma




X =
(x,-1) =16 | °

D BD D32 Bp=4 X, =-3
biém thudc ,nén va .Taco .

X, >0 D(5; 2).

Theo gia thiét . Vay
AB =5
Tinh duoc
lIA.IB =§ = JA.IB =§
AC 2 4 2
Goi latrung diém  ,tacéd

I+ 1B —AB® = IA? +1B? =25 = (A- IB) =IA* +IB* - 2IAIB =0 _, [z —Ip
Mt khéc

ABC B
Vay tam giac vuong can tai

Ce(P)= C(a;b;-2b) C AB.BC =0 BC =5
. biéu kién dé c6 diem la va

0.(a-1)- 4(b+2)+3(-2b- 4) =0
(a-1)>+(b+2)°> +(-2b- 4)> =25

(a;p) (6;-2);(-4;-2). c
Giai hé dugc hai nghiém la Vay c6 hai difm  thoa man yéu cau c6 toa do la

(6;-2);(-4;-2).

Cau 4 BC 1 AB;(SAB) 1 (ABCD)= BC 1L(SAB)= BC LSA

. SA1SB= SA 1(SBC)
Ma

= d =SD.sing 22
Goi d 1a khoang cach tir D dén (SBC) 3

Mt khic: AD//(SBC)= d(D;(SBC)) =d(A;(SBC))

= d =SA= SA :S?D

Do AD/BC = AD LSA
Xét ASAD vuong tai A c6 AD =2ava

SA? + AD?> =SD? > AD? =8SA’> = SA :gz sB =2 “214
a7
AB.SH =SASB = SH =2V~

1 a7

Vi uaep = SH.d((ABCD) =




2
Vssen :lv&ABCD =2 \/7 d(C (SBD)) - Voo (1)
Ta co 2 6 . Ma dt (SBD)
SB :a*/ﬁ,SD —3SA ZSGﬁ,BD =202 = BD? =SB? + SD?
ASBD 5 2 2

2
dt(SBD) =2 SB.SD =>4 V7
= ASBD vyupng tai S 2 4

d(c;(sBD)) _2a
Thay vao (1) ta cé 3
= *In(x + 1) - RX°+x

J J 4
Cau 5. a) bua vée Pox PoX

dx

u =In(x+1) du =i
x+1
1 =
I, fl (X"‘l) dv =—dx 1
= " v=-
X
- 2
=1 = 1“(“1) dx I3 os(n|x|-n|x-1)[° =3mn2- 2103
X 1 x(x+1) 2 1
1
) 3/1+i t:3/1+—=> dt =————dx= - —tzdt 3 — dx
I, = f—dx 3x°3
+ i X . bit
Do6i can :
x=1=t=32 332

5%-2\/_:1 —3lnp- 303_3
8l 4\4 2

8

EE\;/E_ 232
4\4
a,a,a,a,a

b) S6 can lap c6 dang 5, trong do6 luén c6 mat chit so 6.

Xay ra cac treong hop:
Truwong hop 1: Néu 4 :6. Khi dd, ta chon 4 chir s6 trong 6 chir s6 0;1;2;3;4;5 cho 4 vi tri con lai =
4
treong hgp nay cé A 56
Trwong hgp 2: Néu a #6 , €0 4 cach chon vi tri cta chit s6 6. Khi dd, c6 5 cach chon a 6[1; %34 5} .
Sau khi chon % va vi tri cho chit s6 6, con lai 3 vi tri dwgc chon tir 4 chit s6 con lai, nén s6 cach
A= R . A
chon la treong hgp nay c6 4.5. sO.
4 3
Vay céc s6 thoa man yéu cau la A+ 4.5. A ~1560
Cau 6. T gia thiét x* +y* +z° =1 (1)
8
Xy +yz + 2xz

Ta c6: P = (xy +yz + 2xz)°




8

= P :tz— -
Dit t = xy + yz + 2xz t+3
Ta lubn ¢6 0<(x+y+z) =x>+y* +2> +2(xy + yz + zx) =1+ 2(xy + yz + zX)
2 2

1 1 1 X+
= (xy+yz +zx) Z-E=> Xy +yz+2zx Z-E+xz > =X T2 — g4 5

2 2 2
V2

X=-z=t—o

2

-
Ddu “=" xay ra .Vay t=-1

fO=t- —
Do d6 GTNN cta P bing GTNN ctia ham sd t+3 ygi t =-1
8 P +6°+9%t+4  2(t+1)’(t+4)

t+37  (+3) (t+3)

f(t) =2t+ >0,Vt>-1
Ta co
Ham so6 f(t) lién tuc trén [_ L+0)= f(0) dong bién trén [ )= Irlg[l?{g)) feh=3
bE SO 37

Cau 1. Phuong trinh hoanh d6 giao diém cta dwong thang d va do thi (C) la :

2x+1 —-x+me x*- (m- 3)x- m- 1)

x+1 véi X #-1
buong thang d cat do thi (C) tai hai diém phan biét khi va chi khi phwong trinh (1) c6 hai nghiém phan
m’ - 2m+13>0
0.m- 3 #0

=
biét khéc — 1 { (ding VM )
{xl +x, =m- 3
Goi x4, X7 la cac nghiém cta phuong trinh (1), ta c6 XX, ==m-1

Gia st A(x1; — X1 + m), B(x2; — X, + m)
2
khi do 7B =V2(x - %)
PA=\[( - 2) +(-x,+m- 5 =[(x - 2) +(x, - 2)

PB =\(x,- 2) + (- x, +m- 57 =,/(x, - 2) +(x, - 2
= APAB (4 tai P.

Do d6 APAB day < PA" =AB’
(x, - 2) +(x, - 2) =2(x, - x, ) = (x, +x2)2 +4(x, +x,)- 6x,.x,- 8=0

5 m =1

o m +4m-5=0< _
m __5.Véygiétricﬁntimlém= 1, m=-5

{xz-l

Cau 2. a) Didu kién: (X 713

(x+2)(Vx+1-2)=¥2x+1-3

Phuong trinh da cho twong duwong véi

(x+2)Vx+1+/x+1 =2x+1+32x+1(1)

Xéthams6 f() =+ £(H) =3¢ +1>0, vt
Suy ra ham s6 f(t) lién tuc va dong bién trén R




o f(Vx*1)=f(2x+1) o Jx+1 =32x+1

Khi dé: Phurong trinh (1)

X =-
x =0

= {|x=0 = 1 i\/g

-x=0 X_]'i\/g X 2
2

N |-

1
XZ'E X >-
(=1

N |~

=

N

(x +1)3 =(2x+1)2 X - x

Y= 1+ JE
Doi chiéu diéu kién dugc nghiém cua phuwong trinh da cho la: 2 vax=0
x #0
y #0

b) biéu kién {
Ta c6 hé phuong trinh da cho twong duong vai:
’ 1

+| y+—
y

2
2

=5

= 3

2 1 :5
y+—
y

(x +1).(y2 -1) =2xy

X+—
X

1
Xx+—| +

X

1
y+—=
y

X+— =2

X

u’ +v* =5 +v) =9 u+v=3 —
@{(u 2 M =

uv =2 { =
holic uv =2

u=2 u=-1 u=-2
_ e .
v =2 holic V= v=-2 holic v =-

uv =2 uv =2

Hé phuong trinh (*) {
0= {

u=1

Ta co
1 u=2 u=-2
u=x+—=|u|=2

~ A > - Vv :]_ ~ vV =- 1
Vi X nén chi co { va

thoa man

u=2 1 < y:li\/g
y-—=1 2
+

v=l ta co Y (thoa man diéu kién)
X +l =-2 x =1
X
u=- 2 1 < _- 1 i\/g
_q y-—=1 Y77,
+ V= e Y (théa man dieu kién)

Vay hé phuong trinh da cho cé nghiém (x;y) la:

1;1+\/§ nE \/E]’[_l;-p;\/g ’[_1;-1- JE]

2 2 2

b




_a'V3
~ oA d 7 Y SABC -
Cau 3. a) Dién tich day la 4
Goi G la trong tam AABC
Goi E 1a trung diém BC
{Bc 1 AE
Ta co

= BC L (AAE)
BC LA'G

Goi D la hinh chiéu vuong goc cua E 1én duong thing AA’
Do dé BC | DE,AA' 1 DE

Suy ra DE la khoang cach giita hai dlfffng thang AA’ va BC

= sinBag =2F =1 & Bag =30°
DA 2

AADE vudng tai D
, A'G =AG.tan30° ==
Xét AA'AG vuong tai G ta co 3
. a’\/3
R Viscape =A'GSppe =———
b) Goi B’,C’,D’ lan lugt la giao diém cia mat phang (@) vdi cac
canh AB,AC,AD
1
 Vacse =Vaceo =Vacoe =75 Vaseo Q
Ta co: 3

Vi Vaseo =Vape =Vaco =Vaps va (*) nén

VAB'C'D' — VAIB'C' + VAIC'D' + VAID'B'

VABCD 3VAGBC 3VAGCD 3VAGDB
AB AC'AD' _Al.AB' AC' AI.AC'.AD' AI AD'.AB'

ABAC.AD  3AG.AB.AC 3AG AC.AD 3AG AD.AB

AB AC AD AG BB' CC' DD'

o + + =3. =6 + + =
AB' AC' AD' Al AB' AC' AD'

BB' _h, CC' _h. DD’ hD

AB' h, AC' h, AD' hA

Mat khac ta c6
LS PN hy +h. +h,, =3h, (+*)

Suy ra ha hy by

Ta c6 (hy +h.+h, Y <3(h2+h?+h2)

2 2 2
(h,- h.) +(h.- hy) +(hy- h,) >0 (lu6n diing)

h2 +h’ +h}

3h, ) <3(h?+h? +h =
Két hop véi (**) ta dugc Gh, )" <3k +he +h) hay 3 !
Cau 4. buong tron (T) c6 tam K(3;2) ban kinh 1a R =5. Ta co Al: x -y i
= 0, khi d6 duong thang Al cat duong tron (T) tai A’ (A’ khéac \
A) c6 toa do la nghiém ctia hé:
(x- 3 +(y-2) =25 B A
x-y=0




{x =-1 {x =6
= (=4
Y=1oaiyhoic Y 78, vay A’(6:6)
Tac6é A’B=A’C (*) (do Ba'=€aA’ )

A'BC =BAl (1) ( vi ciing bing fac )
Mat khac ta c6 ABI =IBC @)

Tir (1) va (2) ta c6: BIA' =ABI +Bar =#Bc + ' BC =lBA’

= ABA'I can tai A’ do d6 A’B = A’ (**)

T (*)va(**)taco A’B=AC=A"1

Do d6 B, I, C thudc dwong tron tdm A’ ban kinh A’ ¢6 phwong trinh 1a (x — 6)* + (y — 6)* = 50
(x-3) +(y-2) =25

2 2
= Toadd B, C Ia nghiém ciahe (X~ 6) +(y-6) =50
Nén toa do cac diém B,C la: (7; -1), (-1;5)
Khi d6 I nam trong AABC (théa man)
Vay phuong trinh duong thang BC : 3x + 4y — 17 = 0.
Cau 5. Ap dung bét ding thitc Cauchy ta cé:

a+Jab +3abe <a+. a+24b L a+db+16e —%(a+b+c)

4 3
DPang thitc xdy ra khi va chi khi a = 4b = 16¢
> 3 - 3 P zi— —
2a+b+c) a+b+c .Pitt=a+b +c, t > 0. Khi dé ta c6: 2t
3 3
fO =2 fo=—"r >
Xét ham s6 20 e vdoit>0taco 20Vt 2t
3
& ——-—=0ot=1
() =0 N
min f(t) = 3
Lap bang bién thién, tir bang bién thién ta c6 ° 2 khivachikhit=1
_16
21

a+b+c =1 4
b =—
a =4b =6¢ 21

3 1
P> — c=—
Vay ta c6 2 | dang thitc xay ra khi va chi khi 21
- E (a;b;c) = [—6 4 i]
Vay gid tri nho nhat ciaP1a 2 khi va chi khi 21°21°21
bE SO 38

Cau 1. Phwong trinh hoanh do giao diém: 3x> + 3mx + 3m — 4 = 0 (1) v6i X - 1. Dudng thing d cit do
tihj (C) tai hai diém phan biét khi va chi khi phwong trinh (1) c6 hai nghiém phan biét khac — 1
9m* - 36m+48 >0




x, +x, =-m(*)
_3m- 4
1% = 3

Goi x4, X, la cac nghiém cta phuong trinh (1), ta co:
Gia st A(x1; x1+ m), B(x2; Xo+ m)

2 2
Khi d6 ta o6 04 ={x} +(x, +m) ;0B =\/x; +(x, + m)
— — 2 2
K&t hgp (*) ta dugc OA=0B =X +x, Suy ra AOAB can tai O

Tacs AB =2(x, - x,) = AOAB o o OA? =AB?

o x2+x2 =2(x- x,) & (x,+x,) - 6x.x, =0

) m =2
S m-6m+8=0< _
m =4 . Vay giatricantimlam=2; m =4.
1 1
= _SX S_ — _ *k
Cau 2. a) Diéu kién: 2 2 .Batt VI- 2x 4 1+2x ()
-1 1
t'= + Lt'=0e x=0= 2 <t <2
\/1- 2x \/1+2x
, _-tt+ar’
= X ==
Ta c6 (*) 16
Khi d6 phwong trinh trd thanh: t* — 4t* — 16t = 16m

te[\/z;2]

V2;2
Ta c6 ham so f(t) lién tuc trén doan [ ]
f(t)=42-8t-16,f(1)=0 < t=2

= minf(t) =- 32; max f(t) =- 4- 162
V2] [¥2:2

Xét ham s6 f(t) = t*— 4t* — 16t vGi

Vay phuong trinh c6 nghiém khi va chi khi: - 32 <16m <-4- 16+/2

P L]
Suy ra gia tri can tim cua m la: 4
x =1
3
>

b) biéu kién 2
(xy+x7)+x+y=2x*- 2y

Hé phuong trinh twong duwong : [

Nx-1+,/2y-3=3
+y =0(loai
{(x+y)(1—x+2y)=0 f Y 2(06(1)1) {Zyzx-l
= = -Xti2y = =
[x-1+./2v-3 =3 Vx-1++/x- 4 =3(*)
X Y Jx-1+2y-3 =3

x >4

2 —




x =4 x =4 {45)( <7

f—t 2<=>
x> -5x+4 =7- x x*-5x+4=(7- x) x =5

< x =5

Véix =5 = y=2.Vay nghiém ctia hé phwong trinh la: (x; y) = (5; 2)

(théa man)

a’*\3

ABC —
4

Cau 3. a) Dién tich day la >
Goi G la trong tam AABC
Goi E la trung diém BC

BC 1L AE

{ = BC L(AAE)
Tacs (BCLAG

Goi D la hinh chiéu vuéng géc cua E 1én duwong thang AA’
Do d6 BC | DE,AA' 1L DE

Suy ra DE la khoang cach giira hai duwong thang AA’ va BC

1
= sin PAE =— =— = PAE =30°
AADE vubng tai D 2

' A'G =AG.tan30° ==
Xét AA'AG vuong tai G ta c6 3

, a3
. Viscape =A'GS ppe =———
Vay 12 (avtt)
.V.,V.,V, = s s NN
b) Goi "2’ "3 "4 ]an lugt 1a thé tich cta t& diéen ICDA, IDAB,
IABC
aar d(A(BcD)) v AV
= = o ly— =—
. 1A d((BcD)) v, A"V,
Ta co: Y Ol W B
o1+ AV Vat VetV ),
A"V, Vi
1B _Vi+Vi 4V, (). C
IB' v,

Tuwong tu ta co:

Ic :Vl +V, +V, (3); ID :Vl +V, +V3(4);

IC' ‘/3 ID' V4
yr=AL, BL DI

T (1), (2), (3) va (4) ta cé: A'l B'I C'I D'I

VitV #V, Wi+Va#V, VitV +V, Vi+V, 4V,

‘/l V2 V3 V4
VT = £+£ + £+£ + E.}& + &_'_E + E_'_E
Vv, i) (Vs V) (V. Vi) (Vi V] (i Y,

V=V, =V, =V, = V =4y,
Dang thitc xay ra khi 4 (BPCM)

A
v, v,

>12




Cau 4. Goi d la dwong phan giac trong cua goc A. Puong tron (T) A

c6 tam 1(2;1), ban kinh R :\/g. Khi d6 duong thang d
cat duong tron (T) tai A va A’ c6 toa do la nghiém cua
hé

{x2+y2-4x- 2y =0 {X =0 {x =3
.= B ¢
x-y=0 Y =0 hoge =3 \U

Piém A c6 tung o duong ~ A3y A'0:0) .

Vi d la phan giac trong ctia géc A nén BA'=€A'> 1A' L BC
Phwong trinh dwong thang BC c6 dang BC: 2x +y + m =0
1 1
Suse =3S,use © —d (A;BC).BC =3.=d (I;BC).BC = d (A;BC) =3.d (I;BC)
Mat khac ta cé: 2 2
|m+9| —3 |m+5|
NN
+)Véim=-3khid6BC:2x+y-3=0
6- \/21 3+2421

5 5

m=-3
m=-6

<|m+9|=3.|m+5|= l

6++/21 3- 2421

5 5

Toa do cac diém B, C la
dwong thang d (thoa man)
+)Véim=-6khidoBC:2x+y—-6=0

12- 26 6+44/6

5 5

, suy ra B, C nam khéc phia doi véi

12+2y6 6- 46

5 ' 5

Toa do cac diém B, C la
dwong thang d (thda man)
Do d6 phuong trinh duong thang BCla: 2x +y-3=0va2x+y-6=0
1 1 3
+ +

, suy ra B, C nam khac phia doi véi

P =

1+2 1+2 1+%
Cau 5. Tacé X y z
z X {azb20>0=>{0<csl
pit X Y 7 kéthop véi gid thiét tasuy ra (9P€ =1 ab =1
1 1 3
= + +
Khi do 1+a 1+b 1+c

o e (Ja- o) (Vab- 1) 20

Tace 1*a 1+b 1 \/_ ( ding do ab =1)
1,12

1+a 1+b Jc+1

Suy ra

P>2\/E L3 \/_ 3 3+2Jc
Hay  Ve+l c+l “Tel Jel el W 0<c<l=c=<yec
Bétt:\/E:>0<tS1

2t +3
t —0 t <1
Fo t+1

Xét ham so




f't) =- <0, Vte(0;1).

Ta c6 ham so0 f(t) lién tuc trén (0;1] ,
5
= fO=f0=

5
Vay gié tri nh6 nhét ctia P bing 2 khivachikhix=y=z

(t +1)°

Ham s6 nghich bién trén (0;1]

PE SO 39
(Pé thi hoc sinh gioi I6p 12, Binh Phuéc)

2Xx-

X-

y =
Cau 1. (4,0 diém) Cho ham so

3
5 M

a) Khao sat sy bién thién va vé do thi (C) ctia ham s6 (1).

b) Viét phuong trinh tiép tuyén cuaa (C), biét tiép tuyén d6 cat dwong tiém can ding va tiém can ngang lan
AB =+2IB,
Iwot tai A, B sao cho voi 1(2; 2).

Cau 2. (5,0 diém)

] _ -y
V2x+1+ 2y +1= > oyl ),

(x+y)(x+2y)+3x+2y=4
a) Giai hé phuong trinh:

sin 2x +3tan 2x +sin 4x —y

tan 2x - sin 2x
b) Giai phwong trinh:

Cau 3. (4,0 diém)

a) Trong mat phang vdi hé truc toa do Oxy, cho hinh chit nhat ABCD c6 A(5; 7), diém C thudc duong
x-y+4=0.
thang c6 phuwong trinh: buong thang di qua D va trung diém cta doan AB c6
3x-4y- 23 =0.
phuong trinh: Tim toa do cua B va C, biét diém B c6 hoanh d6 dwong.

b) Cho tam giac nhon ABC ndi tiép dwong tron (O; R). Goi P, Q lan lwgt la cac diém di dong trén cung

4B, Uc
nho sao cho P, Q, O thang hang. Goi D, E lan Iwgt 1a hinh chiéu vuoéng géc cia P 1én
cac duong thang BC, AB twong ¢ng va D, E 1an luwgt 1a hinh chiéu vudng gbc ctia Q lén cac
duong thing BC, AC. Goi K 1a giao diém cuda hai duong thang DE va D'E’. Tim gia tri 16n nhat
cua dién tich tam gidac KDD (theo R).

Cau 4. (3,0 diem) Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat, tam gidc SAB déu canh a va
nam trong mat phing vudng goc vdi day. Goc gitta mat phang SCD va mat phang ddy bang 60°.

a) Tinh thé tich khoi chép S.ABCD theo a.




b) Tinh khodng cach gitta hai dwong thang SA va DB theo a.
Cau 5. (2,0 diém) Cho a, b, c 1a ba s6 duwong. Tim gia tri 16n nhat cta biéu thitc

1 2

p= ; .
Jal +b* +c2 1 (@+D(b+1)(c+1)

2
u =——
2013
(u,) u’(2-9u,,,) =2u,,,(2- 5u,),n>1
Cau 6. (2,0 diém) Cho day s6 dwgc xac dinh:
v, = e B N : .
1-u 1-u, 1-u, limv,.
Xét day so Tim
PE SO 40

( Dé thi hoc sinh gioi I6p 12, Hdi Duong)

Cau 1. (2,0 diém)
_.3 2 oy — _
a) Cho ham s§ Y =X *2MX"- 3X (1) v dwomg thang 21Y =2MX~ 2 ( ygi m 1a tham s3). Tim m dé
duong thing (&) va db thi ham s6 (1) cit nhau tai ba diém phan biét A, B, C sao cho dién tich

tam giac OBC bang V17 (v6i A la diém c6 hoanh d6 khong doi va O 1a goc toa do).
2x+3

y oy —
b) Cho ham s6 X+2 6 do thi (C) va duong thing 9°Y == 2X* M- Ching minh ring d cét (C) tai

hai diém A, B phan biét v4i moi s6 thuc m. Goi ki, k, lan lugt 1a hé s6 goc cua tiép tuyén cua

— 2013 2013
(C) tai A va B. Tim m dé P =(k)™ + (k)

Cau 2. (2,0 diém)

dat gia tri nho nhat.

sin4x +cos 4x =42 sin(x - z) - 1.
a) Giai phuwong trinh: 4

2oy L
3xy(1+m) _\/m_ \/;(X,yelR).

b) Gidi hé phuong trinh: (X O +D+4(x" +Dyx =10

Cau 3. (2,0 diém)
a) Rut gon biéu thic:

= 1 + 1 + 1 + 1 + + 1
1.01.2013! 2.11.2012! 3.21.2011! 4.3.2010! ~~ 2014.2013!.0!
5
Ul :E
) (neN"). -
) U, =—u’-u, +2 lim(} —).
b) Cho ddy * "’ théa man: 2 Tim = %

Cau 4. (3,0 diém)




— _ 0 _ 0
a) Cho khéi chép S. ABC c6 SA = 2a, SB = 3a, SC = 4a, AsB =5Ac =90°, BsC =120" Goi M, N lan

lwot trén cac doan SB va SC sao cho SM = SN = 2a. Chitng minh tam giac AMN vudng. Tinh
khoang cach tir diém C dén mdt phang (SAB) theo a.

b) Cho tit dién déu ABCD canh a, hai diém M, N chay twong ng trén cac doan AB va CD sao cho BM =
DN. Tim gié tri I6n nhat, nhé nhat ctia MN.

Cau 5. (1,0 diém)

Cho ba s6 thuc x,y,z théa man *Y+% =2V2. Ching minh rang:

8 8 8 8 8 8
X + +z zZ +X
y .y N

>8.
X +ytex’y? vzt 4yt 2+ xt+2%X°

PE SO 41
(Dé thi hoc sinh gioi I6p 12, Thanh Héa)
Cau 1. ( 4,0 diém)
Cho ham s6Y =2X = 3mx* +(m- Dx+1 1y04i g hj (Cn) (MER)
a) Khéo sat su bién thién va vé d6 thi ham so (1) véi m=1.
b) Tim m dé duong thing (d): y=2x +1 cit dd thi (n) tai ba diém A, B, C phan biét sao cho diém C(0;1)
nam giita A va B dong thoi doan thang AB c6 do dai bang V55 .

Cau 2. (4.0 diém)
(cosx+1)(sin2x- sinx - cosx- 2) _

=1.
a) Giai phwong trinh: sin x(1- 2cos x)
5416472 =(5+16" 2)7> X+ (
x> +17x +10y +17 =2(x2 +4) /4y +11

x,y €R).
b) Giai hé phuong trinh:
Cau 3. (4.0 diém)

a) Cho a, b, c la cac s6 thyc dwong. Tim gia tri 16n nhat caa biéu thic:
p :8a+3b+4(\/£+\/§+m).

1+(a+b+c)’

log,(x+y) <0

>
X*y+yoxy+m =1 c6 nghiém thyc duy nhat.

b) Tim cac gia tri thi'c cia tham s6 m dé hé phuwong trinh

Cau 4. (4.0 diém)

a) Tw tap hop tat ca cac s6 ty nhién c6 nam chit s6 ma cac chir s6 déu khac 0, 1dy ngau nhién mot so.
Tinh xac suat dé trong so tw nhién duwgc 1ay ra chi c6 mat ba chit s6 khac nhau.

b) Trong mat phang vdi hé truc toa do Oxy, cho hinh vuéng ABCD véi M, N lan lwgt 1a trung diém caa
doan AB va BC. Goi H la chan duong cao ké tir B xuéng CM. Tim toa do cac dinh cta hinh

NG5 2),H(- 10)

vudng ABCD biét va diém D nim trén dudng thang (4):x- y- 4 =0.
Cau 5. (4.0 diém)

a) Cho hinh chép S.ABCD, ddy ABCD 1 hinh chit nhat c6 AB =@ AD =b.ga vusng goc vai day va
SA =20.Goi M 1a diém nim trén canh SA sao cho AM =X (0<x<2a). Ty dién tich thiét dién caa

hinh chép cat béi mat phang (MBC). Tim x theo a dé mat phang(MBC) chia khéi chép S.ABCD thanh
hai phan c6 thé tich bang nhau.




b) Trong khong gian véi hé toa do Oxyz cho mat phang (P):x+y-2z+2=0 va hai diém A(3;4;1), B(7;-
4;-3). Tim diém M trén (P) sao cho tam giac ABM vudng tai M va c6 dién tich nhé nhat, biét
diém M c6 hoanh do6 16én hon 2.

PE SO 42
(Peé thi hoc sinh gioi Iop 12, Ha Ngi)

Cau 1. (5.0 diém)
— .3
Cho ham s5: ¥ =X = 3X*4 ¢4 dp thi (C).

I(- l'2

a) Tim céac diém M, N cung nam trén (C) sao cho diém ( 2’ ) la trung diém cda doan thang MN.

b) Cho ba diém phan biét A, B, C cung thudc (C). Cac tiép tuyén cta (C) tai A, B, C cat (C) tai diém th
hai lan luwgt A’, B’, C’. Chitng minh rang: Néu A, B, C thang hang thi A’, B’ C’ ciing thang
hang.

Cau 2. (5.0 diém)

2 — 2
a) Giai phwong trinh: 2X"+2x+5 =(4x- DVx~ +3.
x*- y*+3x* +6x- 3y +4 =0

(x,y€R).
2V/4- x* - 33+2y- y* - 3x+2 =0

b) Giai hé phuong trinh:
Cau 3. (2.0 diém)

~ N 2 2 2 — N . r . ye ~ ~ . r . >
Cho céc s6 thuc a, b, ¢ sao cho ¢ 20,0 20,0 <c =<1 3 @® +b* +¢* =3. Ty gid tri 16n nhat va gia tri nho

P =2ab +3bc +3ca + .
nhat caa biéu thitc sau: a+b+c

Cau 4. (5.0 diém)

Trong khong gian cho ba tia Ox, Oy, Oz khong dong phang. Dat ,QOy — 9 Oz =p, 20x =Y Ly cac
diém A, B, C lan lugt thudc cac tia Ox, Oy, Oz sao cho OA= OB = OC= avéi 9~ 0.
a) Goi M la diém nam trén doan BC sao cho BM = 2MC va I la trung diém cua doan thang AM. Tinh d6

dai ctia doan thing OI theo a trong truong hgp & =¥ =60", 5 =90".

cosa +cos f+cosy > - E
b) Chitng minh rang: 2
Cau 5. (3.0 diém)

Cho day s6 ) théa man diéu kién:
u, =2
ul 2013
— P

n

U, = u,,n=12,..
2014 2014

a) Chitng minh rang (,) la day so tang.

fr— n

b) Voimsi MZLNEN, g5 Upa- 1

+v, +..+v, <2014

Chting minh rang: Vi v6i moi N =1




DE SO 43
(Dé thi hoc sinh gioi I6p 12, Vinh Phiic)

Cau 1. (2.0 diém)
Giai phuong trinh: V/3sin2x ++/3 +1=2cos x.
Cau 2. (2.0 diém)

.3 2 4
Cho ham s6 Y =X = 3mx” +m"(1), 1 13 tham s6 thurc.

_ 4
a) Tim m dé dudng thing ¥ =~ %+ ™ ¢4t do thi ham s6 (1) tai ba diém phan biét.

b) Tim m dé do thi ham s6 (1) c6 hai diém cyc tri A va B sao cho tam giac ABC c6 dién tich bang 2,
trong do C(0;-1).
Cau 3. (2.0 diém)
Cho hé phuong trinh sau v&i m la tham s6 thyc
3x* +x°y- 3x* - xy =2m
Y V=M % yeR).
x> +2x+y=6-m
a) Giaihé khi m = 2.

b) Tim m dé hé da cho c6 nghiém.
Cau 4. (2.0 diém)
Cho hinh chép S.ABC c¢6 SA vudng goéc véi mat phang day. Goi M la trung diém cia BC va H la trung

diém ctia AM. Biét HB= HC= a, HBC =30 'g6c giita mat phing (SHC) va mit phéng (HBC)
bang 60° . Tinh theo a thé tich khéi chép S.HBC va tinh cosin cua goc gitta dwong thang BC va
mat phang (SHC).

Cau 5. (1.0 diém)

Trong mat phang véi hé toa do Oxy, cho hinh thang ABCD vuong tai A va D; AB= 2AD; CD= 3AD.
buwong thang BD ¢6 phuong trinh x — 2y + 1 =0, dwong thang AC di qua diém M(4;2). Tim toa
do dinh A biét rang dién tich ABCD bang 10 va diém A c6 hoanh do nho hon 2.

Cau 6. (1.0 diém)

Cho c4c s6 thuc a, b, ¢ théa man 0 <a <b <c y3 a’ +b* +c* =3.

Tim gid tri nho nhét cta P =3abc- 2014a- b- ¢

PE SO 44
(Pé thi hoc sinh gioi I6p 12 THPT chuyén, Vinh Phiic)

Cau 1. (2.5 diém)

b N o~ L s X =a . X., =.J17+16x . .
Cho trudce so thye a > 0 va cho day so thuc (x,) xac dinh bai % = gy K " v6imoi N =1

Chitng minh réing véi moi a > 0 day *») 6 giéi han hitu han khi "= *%° Hy tim gi6i han do.
Cau 2. (1.5 diém)

2 2 2
Cho 3 s6 x, y, z khéng 4m théa man X ¥V 7 =1




Xty

2
\/ 1- + \/1 -

Chitng minh rang

Cau 3. (1.5 diém)

Tim céc s6 tw nhién x; y thoa man phwong trinh:

(C+y)y* +x) =2(x- y)’.

Cau 4. (3.0 diém)

Cho tam giac ABC nhon noi tiép duong tron (O) véi AB < AC. Tiép tuyén tai A cta (O) cat BC tai T.
Goi D la diém doi xitng cua A qua O; dwong thang OT cat duong thang BD tai diém E.

a) Ching minh rang AE song song vGi CD.

b) Buwong thang BE cat duong thang AT tai F. Gia st dwong tron ngoai tiép AEF cat EO tai G khac E.
Chitng minh rang tam dwong tron noi tiép tam giac AGB nam trén (O).

Cau 5. (1.5 diém)

M5t s6 nguyén dwong k dugc goi 1a “dep” néu c6 thé phan hoach tap hop céc s6 nguyén duong Z°

thanh k tap hgp A Ao A 526 cho v6i mbi 56 nguyén dwong " =15 va v6i moi 16{1; 2;"'k} déu ton
tai hai s6 thudc tap A c6 tong la n.

a) Chitng minh rang k = 3 1a dep.

b) Chitng minh rang moi k =4 geu khong dep.

PE SO 45
(Dé thi hoc sinh gioi I6p 12, Quang Nam)

Céu 1. (5,0 diém)
a) Giai phuong trinh; V3X- 2- Vx+1 =2x"- x- 3.

X +3x*- 13x-15 =2 - &
Y\ y(xy€ER).
2 )
b) Giai hé phuong trinh: 0 T4=2Y (x> +2x+2)

Cau 2. (4,0 diém)




2014
u =———
2013
—_,2 5
a) Cho day s6 () xc dinh bi: 2u,., =u, +2u,, Vn€N
1 1 1
n = + +...+ . )

b) Tim tét ca cac ham s6 f lién tuc trén R théa man:

fBx-y+a)=3f(0)- f(¥), " yER trong d6 ¢ la sd thue cho trudce.

Cau 3. (5,0 diém)
a) Cho tam giac ABC c6 dién tich bang 1. Goi M la diém bat ky nam trong mat phang chita tam giac

T =MAh, +MBh, +MCh, (s holyhoja 1o 1

ABC. Tim gia tri nho nhét caa biéu thic:
do6 dai cac duong cao vé tr A, B, C).

b) Cho tam giac ABC c6 hai dinh B, C c6 dinh va dinh A thay d6i. Goi H va G lan lugt 1a tryc tam va
trong tam tam giac ABC. Goi E la diém do6i xitng véi H qua G. Tim tap hgp cac diém A, biét
rang diém E thudc duong thang BC.

Cau 4. (3,0 diém)

a. Tim tat ca c4c s6 nguyén duong a, b, ¢ sao cho: @ +2b =¢ 3 a’+8b” =c*

b. Cho da thitc f(x) c6 bac n > 1, c¢6 cac hé s6 déu la cac s6 nguyén va thoa man cac diéu kién f(a+b)=a.b,
vdi a, b 1a hai s6 nguyén cho trwde (a, b khac 0).

Ching minh rang f(a) chia hét cho b va f(b) chia hét cho a.

Cau 5. (3,0 diém) Cho 3 s6 thye dwong a, b, ¢ thoa man a.b.c = 8.
Chitng minh ring v&i moi k € N tacé:
a* b*
k-1 k-1 + k-1
(a+b)a@* +b*)(a* +b")...(a*> +b* ) (b+c)(b>+c*)(b*+cY)..(b° +c
c2k .3

(c+a)c® +a’)(c* +a*)..(c* +a®) 2"

2k- 1

)

+




PE SO 46
(Dé thi hoc sinh gioi l6p 12, Ha Tinh)

Cau 1.
Gidi phuong trinh:

(sinx - J3cos 2x)(2cos2x +1)

> =sin 2x +sinx.
a) (2cosx- 1)

by log - ,(x- \/x +1) +log, , -(2x* - 30x+2) =0.
Cau 2.
— L4 2 2
Cho ham s Y =X = 2MX"+mM" - M. T30, 1 d& do thi ham s6 c6 3 diém cuc tri tao thanh mét tam giac c6
goc 30°
Cau 3.

M o N s s . o o, XE[-11
a) Tim tat ca cac gia tri ctia tham s6 m dé bat phuong trinh sau ding vGi moi gia tri [ ] :

my1- x +1241- x> >16x+3my1+ x +2m +15.

x'-9y*-6y=1
7 2 1
b) Chitng minh rang hé phuwong trinh sau c6 diing mot nghiém: y'-9xt- b6x =1

Cau 4.
Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, tam gidc SAB can tai S va ndm trong mat phang
vuong goc v6i mat phang (ABCD). Goi H, M lan luwgt 1a trung diém cac canh AB, AD va G la
3a\/ﬁ
trong tam tam giac SCD.Biét khoang cach tir H dén mit phing (SMC) bing 20  Tinh thé
tich khéi chép G.BCMH.

X+y+2 :3(L1+ S 1).
Cau 5. Cho x, y 1a céc s6 thuc dwong théa man Y X Tim gia tri nhé nhét ctia biéu

x> 2 3
P =(x- y)2(7+y )

.=
thic: XXy




PE SO 47
(Dé thi hoc sinh gioi I6p 12, Bac Giang)

Cau 1. (5,0 diém)
— 4 2

a) Cho Cn)1a @b thi ham s6 ¥ =X = @m+DX"+2m (1 13 tham s6). Tim m dé () tigp xic véi truc

Ox tai hai diém phan biét.

2x
~ y = SA N ~ ~ ~ SA ~

b) Cho ham so6 x-1 ¢4 do thi (C). Tim toa dd hai diém M, N thudc do thi (C) sao cho AOMN vuong

can tai O, vai O la goc toa do.
Cau 2. (4,0 diéem)

4 . . 1
sin(—- 4x) +sin3x +sinx =— cR
a) Giai phuwong trinh: 2 (x€R).

477 og (X - 4x+6)+27 " log, (2[x- 2|+2) =0 "
b) Giai phuwong trinh: 3 (x€R)

Cau 3. (4,0 diém)
1/x+y- \X- y =2

2 2 _ 2_ .2 —
a) Giai hé phuong trinh: V¥t eyt a1 -y 3(x,y€R)

JT

] :4‘. dx

J ; '
b) Tinh tich phan 0 COSX/2+2sin 2x
Cau 4. (6,0 diem)
1. Cho hinh hop ABCD.ABCD 6 tat ca la cac mat hinh thoi canh a. BAD :EAA' :QAD =60".
a) Tinh thé tich hinh hop da cho theo a.
b) Tinh cosin ctia goc gitta dwong thang CA vi mat phang day cta hinh hop.

2. Trong khong gian véi hé truc toa do Oxyz, cho mat cau

(s):x*+y* +2°- 2x- 2y +4z-19 =0 (P):x- 2y+2z- 4 =0.

va mat phang

a) Chitng minh (P) cat (S) theo mot dwong tron. Tim toa do tam va ban kinh cua duwong tron do.
b) Lap phuong trinh dudng thang D gi qua tam cua (S), vudng gbc vdi duwong thang

x =1+t
(d):{y =1-2t
z =3

va tao v6i mat phang (P) mot géc 30°,

Cau 5. (1,0 diém)

1 2}
Cho bo6n so thuc a, b, ¢ va d thuéc doan 23] Tim gia tri 16n nhat cua biéu thic:
2 2
T =16| 9*C | 4o/ SH9 |
a+d a+b




DE SO 48
(Dé thi hoc sinh gioi I6p 12 THPT chuyén, Bac Giang)

Cau 1. (5,0 diém)

. 2 —_
a) Giai phuong trinh 250 3x(1- 4sin” x) =1.
2x

b) Cho ham so Y x-1 c6 d6 thi (C). Tim toa do hai diém M, N thudc do thi (C) sao cho tam giac OMN
vuong can tai O, véi O la goc toa do.
Cau 2. (4,0 diem)
41 log (" - 4x+6)+27" " log, (2|x- 2+2) =0
a) Giai phwong trinh: 3 (x€R)
2xy
X+y

X 42y + 2+ [x+y =J4x+3y + [4x+5y (x,y€R).

X +yt+ =1

b) Gidi hé phuong trinh:
Cau 3. (4,0 diem)

| _X‘. dx
a) Tinh tich phan a,cos X+/2+2sin 2x

1+i)z

=[27- /3 +i : -
b) Tim s6 phitc z biét rang |Z| ‘ 2= \3 l‘ va 1- V3+(1+3)i c6 acgumen bang
Cau 4. (6,0 diém)

z
-

1. Cho hinh hop ABCD.ABC'D' ¢6 it ca Ia céc mit hinh thoi canh a, BAD =HAA' =HAD =60".
a) Tinh thé tich hinh hop da cho theo a.
b) Tinh cosin ctia géc giita duwong thing CA va mit phing day cta hinh hop.

x+1 WY 1 z

c) Trong khong gian v&i hé truc toa do Oxyz, cho dwong thing d: 2 -1 2 yahai diém A(1; 5; 0),
B(3; 3; 6). Tim toa do diém C thudc duong thang d sao cho chu vi tam gidc ABC dat gia tri nho
nhat.

Cau 5. (1.0 diém)

1 2}
Cho bon so6 thuc a, b, ¢ va d thuéc doan 23] Tim gia tri 16n nhat cua biéu thic:
2 2
T =16| 9*C | 4o SH4 |
a+d a+b

beé so6 49
(Peé thi hoc sinh gidéi I6p 12, Ha Nam)
Cau 1. (4 diém)
S 2
a) Cho ham s5 ¥ =X X'~ ¥+2 5 g5 thj () Pumg thing 9 di qua diem M (& Py
M, N, P

c6 hé s6 gock . Tim Kk dé dwong thingd &t (©)tai 3 diém phan biét va hai diém

N, P

X, X

c6 hoanh d6 lan luot 1a thoa man:




xt - (k+3)x, N x - (k+3)x,

+2 =0.
x +1 x +1
_2x+4
VT e H)
b) Cho ham so X c6 do thi . Goil 1a giao diém ctia hai duong tiém cin cua
(H) Tim trén (H)di§m M sao cho khoang cach tiv I dén ti€p tuyén tai M ctia () 6 gia tri
16n nhat.

Cau 2. (4 diém)

a) Tim ™M dé bat phwong trinh sau c6 nghiém thuc thudc doan [_ L 1] :
3W4- 3% - 20X + 4’ +4 =m.

. X
2 +1Dg22_—:2‘Z

- + - —
b) Giai hé phuong trinh sau trén tap s6 thuc: x(2- y)+5y-4=0 .

Cau 3. (2 diém)

|
I= . )
ol 'J(H-II']-)? (5}['4‘-4) 1+ J5x+4.

Tinh tich phan :
Cau 4. (6 diém)

a) Tinh géc giita hai dudng thang AB, CD.

b) Chitng minh rang trong tam t dién ABCD (3ch déu tat ca cac mit cta t dién.
2. Cho hinh chép S-ABCD ¢6SA =X (4t ca cac canh con lai cé do dai bing 1. Tinh thé tich khéi chép d6
theoXva tim X dé thé tich d6 16n nhat.
Cau 5. (2 diém)

OXYZ ' cho hai didm

AZ GO MELD, . phiing
B(0; b; 0), C(O G c) b >0Qc> 0 Ching

Trong khong gian vGi hé toa do
(P)thay dsi qua AM cat > O%an luot tai

be
b+c=—
minh rang 2 T dé tim

Cau 6. (2 diém)

b, € sa0 cho dién tich tam giac ABC nho nhat.

x)=x"-(1+e")x" +¢° —x*-
f()=x-(1+e?) va 9 =X 1 e 13 o 66 ctia logarit

n @ =bt gy [(@-fBI<0

Cho hai da thic

t nhién). Chtng minh ring dwong @ b

g (a).g(b)=o0.

phan biét théa ma

Pé so 50
(Dé thi hoc sinh gioi 12, phii tho - ngay thir nhat)
Cau 1. (5,0 diém)

Cho cac s6 thuc® b € dai mot khac nhau. Chiing minh bét dang thitc:




1 N 1 N 1 }__E
(a-bY (b-c¥ (c-a)| 4

(a*+b* +c - ab- bc- ca)

Dau dang thirc xay ra khi nao.
Cau 2. (5,0 diém)

f:R- R f(52):2014va

Tim tat ca cac ham lién tuc thoa man cac diéu kién:

fOx)-2fGx)+ f(9x)=13x" +8x" +4x
Cau 3. (5,0 diém)

Cho tt gide ABCD ngi tiép dudng tron, cac duong thang AB D
AB,CD

, vOi moi so thuec x.

cat nhau tai E, AC g3

BD cjt nhau tai©Q. Goi M va N 1an luot 13 trung diém cta twong tng. Pwong tron

ngoai tiép tam gidc ABN cat CDtai N va® , dwong tron ngoai tiép tam giac CDM cat AB tai M
va P. Gia stt A nam giita B va E. Chitng minh rang:
a) EAEB.CD =2EC.EN.DQ.

b) Cac diém > P> Q thang hang.
Cau 4. (5,0 diém)
. (n=6)

Trén mot duong tron cho " diém phan biét .Hai diém bat ki dwgc noi véi nhau
b&i mot doan thang.Ki hiéu S1a tap hgp gom céac diém da cho va cac giao diém cua cac doan
thang noi trén. Gia st khong c6 ba doan thang nao dong quy tai mot diém nam bén trong duwong

tron, héi c6 bao nhiéu tam giac c6 3 dinh la ba diém cuda S.

beé s6 51
(Peé thi hoc sinh gioi I6p 12 phii tho - ngay thir hai)
Cau 1. (7.0 diém)
P(x),Q(x)

Tim tt ca cac da thitrc vdi hé so thye va hé s6 cao nhat bang 1 thoa man

PM+P(2)+..+P(n)=Q+2+...+n)

diéu kién v6i moi s6 nguyén duwong .




Cau 2. (7.0 diém)

Tim tat ca cac s6 nguyén dwong " cé diung 12 wéc nguyén duong d,,d;,-> théa méan

dong thoi cac diéu kién sau:
iN=d <d <..<d,<d, =n
iid, , =d,(d, +d, +d,).

Cau 3. (6.0 diém)

Cho tam giac ABC noi tiép duong tron tam O, ban kinh R . Goi I 1a tdm dwong tron noi

I,1,1 A, B, C

a> “b> “c]an lwot la tdm cac dwong tron bang ti€p &ng vbi cac goc

tiép tam giac ABC ;
ctia tam giac ABC; X, Y, Zyzy lwot 1a tam cac duong tron ngoai ti€p cac tam giac
OBC, OCA, OAB twong tng; K1a tdm dwdng tron ngoai tiép tam gidc XYZ; P13 digm dci

xing v6i I qua O.

Chiing minh rang:

a) Burong tron ngoai ti€p tam giac L1, c6 tim P va ban kinh 2R .
b) Piém K nim trén duong thing Euler cia tam giac ABC

(Pwong thang Euler ciia mot tam giac la dwong thang di qua trie tam, trong tam va tdm dwong tron ngoai

tiép cua tam giac do).

D. PAP AN VA HUONG DAN GIAI

Cau 1.

a) Taco

2x- 3
x-2




—p A
TXD: D =R\ 2
lim y =2

X phuong trinh tiém can ngang Y =2
lim y =+o, lim y =- =
2 o7y

N—

, -1

d :(x— 2Y
ham s6 nghich bién trén titng khodng xac dinh
ham s6 khong c6 cuyc tri.

phuong trinh tiém cdn ding X =2

<0, YxeD

Bang bién thién

X -0 2 +00
y' - -
y 2 +00

\ 3 \ 2

bo thi

3 Y
A[ 03 A
Giao diém vdéi truc tung: 2 ;

'3
BI —:0
Giao diém vdéi truc hoanh: ' 2

Y=

0

2x,- 3

Xp= < |

-

M

Xg; e(C)

b) Goi

2 -
@ T T
Phuong trinh tiép tuyén cta tai M : Xg- 2 Xp- 2

AB =\2IByiAATB vuong tail IA =IB nén hé sd géc cta tiép tuyén k = 1 hodc k = -1

Y= <0, ¥xeD
. (x- 2 N
Ma hé s6 goc cua tiép tuyén bang -1
I S P L =1
(%-2)2 Xg =3

c6 hai phuong trinh tiép tuyén ¥ =~ ¥ *2y=-x+6
Cau 2:

a) Pidu kién




x+y-1=0

2 2 -4=
() K +(3y+3)x+2y?+2y- 4=0 x+2y +4 =0(loai)

Phuong trinh

(D= Jh+l+ﬁy+1:m

2

(x+y)2 - dxy

= 2(x+y)+2+2J4xy +2(x+ y)+1l= >

= 8/4xy + 3 =(4xy +3)(dxy - 5)
= Ay + 320, 5 (4wy- 5)/4xy + 3 =0 (loai) do 1=+ yY 24xy = 4xy- 5<0
, 1 [ 3
H+_].-’ =1 X == — X =—
e 2, 2
Xy =- E y :E
Hé da cho twong dwong véi 2
[_ 1_3H3__ 1
Vay hé phuong trinh ¢6 2 nghiém | 2 2/ 12 2]
(cos2x #0 )
tan 2x- sin 2x #0

b) Diéu kién:
Phll’dl‘lg trinh twong du’o’ng Isin2x +tan 2x +sindx =0
= 3sin 2xcos 2x +sin2x +sindxcos 2x =0

= (cos 2x +1)(sin 2x +sindx) =0

I
X =—+km
2 +1=0 cos2x =-1 2
cos2x+1= m
in2x =0 =k =
= 51n2:t+5in4;1r:[Ilmr > 1ﬂ X 2
cuszx:—ﬁ X =tr+kn
: 3
x=+"+kn
bai chiéu diéu kién (*) nghiém cia phwong trinh la
Cau 3:
a) Goi Clac+deds 1, trung diém ciia AB, 1 1a giao diém cila AC va 927 3%~ 4y~ 23=0
CI=2IA = c+1[];c—1[]‘
AAIM dbng dang vai ACID I =2Al - 3
Ta c6
c+10 _c-10
i 1€ 3 3 - 4 3 -23=0<=c=1
a nén ta c6
Vay C(1; 5)
Med,= M[I;EI_B‘:: B[ZI-E;M
Ta co \ : ' 2
Agz[a-mm;s‘,caz[a-&¥




¥ t=1
ABCB =0« 20
"5

Do

B(-3; -3) (loai) hogc ! 2 2
22

vay |55

b)

+) DKD' =90 K¢ KH vudng goc véi BC ( H thude BC), ta co
HKH =BKP(KH //PD)
BKP =PBA (1t gidgc PEBD ni tiép)

BkH =PBa =Zsdba
Suy ra 2

B'ku :lsdﬂQ
Twong ty chitng minh dugc: 2

b'kD =BkH+ B'kH :%EdﬁQ =off

Vay (do PQ 14 duomng kinh)
+) DD'=2R : That vay xét hinh thang vuéng DPQD’ vudng tai D va D’ nén DD'=PQ =2R ; dau = xay
ra khi PQ // BC.
2 12 12 2
S :lKD.KD' EKD + KD :DD £4R _R?
Xét DKD’,taco 2 4 4 4

Vay dién tich 16n nhat chia DKD’ bang R? khi PQ // BC.
Cau 4: Goi H, M Ian luwgt la trung diém cta AB va CD.
SH L AB |
= SH L (ABCD)= SH _ay3
i (SAB) L (ABCD) 2

Ta
Goc giita (SCD) va mit day 1a SmH =60 |
_SH _a 1a a3 _a\f3
. HM o0 === VH..-‘.II.‘J’J et s T A .
Ta cé tan 60" 2 3 2 2 12

b) Ké dwong thang d di qua A va d//BD. Trong mat phang (ABCD) ké duwong thang A di qua H, ALd va A
cat d tai J, A ca BD tai I. Trong (SHI) ké HK vudng goc véi SI tai K.
dmu:m] :d{r:l_.'-i:d]:l :Ed{n A5 =2HK.

Khi dé
IH _BH _ .. _BHAD a5
Ta c6 ABIH dong dang véi ABAD do d6 AD  BD BD 10
12 _ 12+ 12=HK:‘7“E
Xét ASHI vudng tai Htac6 HK®  HS5" HI
dU!IJ:.‘i-‘u:I :ﬂ'
Vay
a+b c+1
a’ +b* +¢ +1:_=( )Z+( y :l[({ub)‘Z +(c+1)1] 3:£(a+£:-+c+1)1
Céu 5. Ta co: 2 2 2 4 .

b




3 3
(a+1)(b +1(c+1) E[ a+l+ b+1+c+1‘ :[ a +b+c+3‘
| 3 | | 3 .
.2 2. 8 iy

. a+b+c+l (a+b+c+3) t (t+2) L t=a+b+c+l(t>1)

Vay voi
2 162 t =4
fl(['):—_z+ 4,f|(r):[]¢=|'
t° (t+2) t =1(ktm)
t 1 4 +00
fl(t) - +
fF(e) | 1
4
0 0
. (a+b+c =3
p :Ekhi a=b=c = a=b=c=l.
Vay Gié tri 16n nhét cta c=1
Cau 6. Ta c6 U #0, Vn =1.
@ 2-9u,.,)=2u,,(2-5u) e 22 M1 —2 (3.5 )s 2 .92 10
Khl dé u-'H-l u.'l u.'H-I u.‘l u.‘l
X, :i vn =1.
Dit u,
(%, =2013
2 _ '

Khi d6 ta 6 day méi ) duge xac dinh bi: (X =% = 5%, +9¥n =1
Chiing minh SN ddy ting :

Xét hiéu
x.'H-I - x.'l :xf - S'H:'l +g_ x.'l :(x.'l - 3)2 ED'

x, =2013=3 . X x >0
nén

Do n+1 " % 7Y suy ra (, )lé day ting
(x,)

Chirng minh lim x, =00 :

(x )
(x,)

"” c6 gidi han hitu han, dat
=x - 5x, +9,

khong bi chan hay
Gia st bi chan, do day tang va bi chan nén ton tai gidi han hitu han

Gia st limx =a,(a >2013).

Tir cong thite truy hdi *o*

L&y gi6i han hai vé ta duge: @ =0° - 50+9 < @ =3 (khgng théa man).
Do dé6 day da cho khong c6 gigi han hitu han.




v, = " +..+ t =2 ! +..+ ! = ! +..+ ,Tn=1
" o1-u, 1-u, 2_, 2 _, | x -2 X, -
Ta co: Lt U
11 1
Mé x.'l - 2 x.'l - 3 x.'H-I - 3-
1 1 ‘ [ 1 1 ‘
v, =2 - = -
Do dé. ta 6 ' | x-3 x,-3] | 2013-3 «x,, -3
: _ limv, =——.
Ma limx, =+ nén " 71005

Dé so 40.
Cau 1. a) Hoanh d6 giao diém cua do thi ham s6 (1) va (A) la nghiém phwong trinh:
X 42mx’ - 3x =2mx- 2= X +2mx* - 2m+3)x+2 =0
= (x-D[x* +@m+Dx- 2| =0 x2:1
x* +@2m+1Dx-2=0(2)
Vay (A) va do thi ham s6 (1) cat nhau tai ba diém phan biét < phwong trinh (2) c6 hai nghiém phan biét x

J(2m+1)2+8>[]
= = m#0.

L1 1+(2m +1)- 2 #0

A;2m- 2),B(x;;2mx, - 2),C (x,;2mx, - 2)

Khi d6, ba giao diém 1a , trong d6 ">*2 1a hai nghiém cta

phutong trinh (2) nén ™ X, =2m- Lx.x, =-2
1 2

S =—BC.d d=d,,, =—F——.

Tam gidc OBC c6 dién tich 2 trong do J1+4m’*

BC? =(x,- x, ¥ +(@mx, - 2mx, ¥ =(4m’ +1)[(x2 +x) - 4x,.le

= BC :J[(Em +1) +a] (4m* +1) = S =J(2m +1) +8.

m =1
S =17 & Jam* +4m+9 =17 = B
Vay M="2 (théa man).
y _2x+3
b) Ta c6 x+2  Xét phwong trinh hoanh d6 giao diém ctia db thi (C) va d:
2x+3 [(x 2
=-2x+me
x+2 25" +(6- m)x+3- 2m =0(*)
A=0,YmeR

Xét phuong trinh (*), ta co va X =2 khong la nghiém cta phwong trinh (*) nén d ludn
cat do thi (C) tai hai diém phan biét A, B v4i moi m.
k 1 1

" +2}f’ﬁ{‘Z T, +2)
Hé s6 goc cua tiép tuyén tai A, tai B 1an luot la % X2
cta phuong trinh (*), ta thay

X5

trong d6 *1>*2 1a 2 nghiém




1 1 1
C(+2) (e, +2) e, +2x +2x, +4)

_ 003 (i} 112 _ 42014
s P =(, Y™+ (k) ::2,/0(,.!(2}'1 =2, minp =274 k =k,
1 1
Suy ra (x +2) _(xz +2)

Vay M=-2 13 gia tri can tim.
Cau 2:

kk

172

= X +x =4 m=-2

sindx + cosdx :4J§5in X
a) Ta co \
(1) = 2sin2xcos2x+2cos” 2x =4(sin x- cosx)

E‘q
4w

= (cos x-sin x)[(sinx+c05x)(5in 2x+c0S2x)+ 2] =0
[ cos x-sin x =0

—
(sin x + cos x)(sin 2x +cos 2x) + 2 =0

x:EHm
4

cos x +sin3x+ 2 =0(2)

Ta cg C08X =-Lisin3x =-1¥x . cosx+sin3x+2 =0

(2) e {

cosx =-1

sin 3x =-1

Do dé (v0 nghiém)

X =Ty kn
Vay phuong trinh cé nghiém

3xy(1+,||5y2 +1) :ﬁ (1)

by Tac6 " (9y* +1)+4(x¢ +1)Jx =10 (2)

Diéu kién: X =0

Nhan xét: X =0 khong phai 1a nghiém ctia hé phuong trinh.

(1) = 3y+3};,[‘9y3 + :—M
X

Xét X>0 phuong trinh

11 ’ 1)
c::3_}’+3_}?1|i(3_}’)2+1—ﬁ+ﬁ W +1 o

fl)=t+tJe +1,t>0

Tir (1) va X>0 tac6 Y > 9. Xét ham s6

t
fre)=1+ +14+
Tacé : I +1

(0; +00)

2

=

Do d6 ham s6 dong bién trén

@ e fGy)=f|=|eo 3y =L
Phuong trinh [ Jx ‘ Jx

=4(k >0k, >0)




Thx? +4(x* +1)Jx =10
Thé vao phuong trinh (2) ta dugc phwong trinh X (e 1)V
=x' +x° +4(x* +1)fx - 10,x> 0 !
Dét g(x) X X (.}f )1."; N> Ta c6 g (x}}[],vx}[]

.90 (0; +0) s g=0

dong bién trén

=Yy
phurong trinh 6 nghiém duy nhat X =1 3

1
2]

Vay hé phuong trinh c6 nghiém duy nhat
Cau 3:
a) Taco

L + 1 + 1 + L +...
1.01.2013! 2.11.2012! 3.21.2011! 4.31.2010!
1 1
+ + ...+
(k +1)k!1.(2013- k) 2014.20131.0!

s=% L 520131 =% Caon
= = = N, I = e
iz (k+ k12013~ k) i (k+1)
k k #]
_ G _ 2013! _ 2014! _Cae (k =q:1-...:2013)
k+1 (k+Dn(2013- k) 2014.(k +1)[[2|:114- (k +1)] 1 2014
k o+ 2014 -
s2013r =y Cams = 1 e L gogrz= L (peelg)s g2 -1
Do dé, =0 2014 2014 «= 2014 20141
(5
U, =—
21 (heN’)
u,, =—u.-u, +2

n+l

b) Ta c6

= U, -U :%(u_f - du, +4) =0,Vn=
Day khong giam.

M:u, =M limu, =L vi U 2 = L =u,

Néu c6 so vGi moi 1 ,thi ton tai

1
L=lr?-[42e [ =2 o
Khi dé tacs, 2 (voly) = lmu, =+
11
u.‘l (u.'l - 2) - z(u.'|+l - 2)

w'-2u +4=2u, = uu-2)=2@,-2)=

Ta co:
=1 1 -L: 1 c::li: 1 = 1 (HE|N+)
u, -2 uw, u,-2 u u-2 u,-2
1 1 1 1
—= - = lim| ¥ —| = =2
Dods. "t W 2 u,-2 |k, | ou -2




Dung dinh ly Cauchyn tinh dugc: MN =2a4/3; AM =2a\/2; AN =2a

(LSAC yyong o6 SC =2SA pan HSC =60 )= MMN yyang tai A |
Goi H 1a trung diém caa MN | vi SA=5M =5N 3 MMN vyyupng tai A = SH L (AMN) )

2J2a° V... SM.SN 1
SH =a;V, ,,,v = RERL L ===V, . :2-\[;2_{1?
S.AMN 3 IIP':i . SB.\SC 3 5. AR

Tinh duoc,
3
d(C;(5AB)) = Voane 00 *F =2af2
Vay 5.-1.11{: 3a .
BM _

— =x 0=x=l= E:;1(
b) bat BA v6i bc

Khi d6 ta c6: BM =xBA y3 DN =xDC

1 og DN =xDC < BN - BD =x(BC- BD)= BN =xBC+(1- x)BD
a Co .

., MN =BN - BM =xBC +(1- x)BD- xBA
Do dob : .

2 2 2
MN® =x'a’ +(1- x) @ +x°a* +2x(1- x]%— 2:{2.%— 2x(1- x)%

—a* (3 +(1- XY+ +x(1- x)- - x(1- x)) =(2x* - 2x +1)a®

L, P .
fOI=2x" - 2x41 doan [0;1] s
. 1) 1
max f (x) =f (0) =f (1) =1 min f(x}:f[i‘ :E
a2
MN  gat gid tri nho nhdtbang 2 khi MV 1an lugt 12 trung diém cua
MN gat gié trj 16n nhét bang @ khi M =B N =D 050 M =A,N =C
x° -I'-"|,";| N _].?H + 7" . 71 4y
Caus. Xy +x'yt ylert+y'r’ rex'4ry

Xét ham so

AB,CD

=8




P - I _
pat @ =XD=Y0=27 4y oia thit ta o6 @ 0:0>0.6>0 (3 abc =8

2 K2 3a? +b?)
ﬂbia +b a’+b'+ab=———
Do 2 nén 2 .Déu “="c6 ©a=b
4+_ 4 4+ 4 4+ 4
2a:] zb :_:3{1 b 3{1—&21(&2 +b2) )
a +b +ab (ﬂz +b2) (az_l_ﬁz)
Ta co: 2 . Ta sé chitng minh
De 2la* +b*)zla* +b°) = @+ ) =0
That vay: M= 2( )=( J e ) (ludn ding).
4 4
2 laep?)
Do d6 ta dwgc; @ +b" +ab 3 .Dau “="c6 ®a=b
4 4
, ()
Ap dung bt ding thitc trén ta c6: b™ +c” +bc 3 .Déu “="cs ®b=c
4 4
$:_=1(£2 -le)
¢ +a’+ca 3 .Dau “="c¢c6 < €=a,

Cong cac vé bat dang thitc trén ta dugc:
a' +b* b* +¢* ¢t +a’
a’'+b’+ab b +c’+bc ¢’ +a’ +ca

::%(a‘* +h*+c2)(2)

3({]2 +bh? +c? ) =23a’b*c? =8

Diau ““ =" c6 < @ =b =C Theo bat ding thitc Cauchy ta dugc 3
Diu ““=" c6 < @ =b =c Do d6ta c6 DPCM. D4u ding thitc xay ra = |x| =|J’| :|E| =2 .
PE SO 41

N B
Caul. a)Vei m=lgace ¥ =2 -3 +1

TXD: D =R,

o lim =+ lim =-
S bién thién: Gi6i han: =+ Labl

=0
y =6x(x-1)= y =0 *

Ta co:
Bang bién thién:

x =1

Ham s dong bién trén moi khoang (-5;0) va @+ ‘30);

;1)

Ham s6 nghich bién trén khoang
Ham s6 dat cuc dai tai X =0 va Yen =1 ;

Ham s6 dat cuc tiéu tai X =1 va Yen :0;

y =12x- 6=0= y =0 & x:%: I[_;_

D6 thi: Ta c6 la diém ubn cua do thi.




1
| B(l;u),f:[-—;u\
A(o; 1), cit truc OX tai diém 2

F v

Do thi ©) cit truc Y tai diém

- 2 }
b) Hoanh do giao diém cia @ va do thi Cn? cia ham sg ¥ =2% = 3¢ +(m=Dxel e
phuong trinh:
x =0

2x' - 3mx +(m-Dx+1=2x+1= x(2x°- Imx+m- 3)=0 =
( ) 2x% = 3mx +m- 3(*)

(d)

Pudng thang cat do thi ham s6

(c)

tai 3 diem &4 B phan biét va C nim giita A va B khi va
E 3 -
chi khi phuong trinh U ¢6 hai nghigm téi dgy = 2-(M-3)<0=m<3

‘4 _3m
4 1: B 2
m- 3 .]"'r.-’tzzx.-’t"'l
X, X :T yo=2x +1
Khi d6 toa do A va B théa man va VB B
L XX A ()
(trong d6 “#’“Bla nghiém cua phuong trinh ).
AB =55 =[G, - %, + (3, - y,Y =55
2 -
o - xF =l1e (x, +x,) - dx,x, =11 2. 4.”773 =11
m=2
e 9m’ - 8m- 20 =0 <= -10 (TM)
m=——
9
m=2;m :ﬂ
Vay 9 lagia tri can tim.
(cosx +1).(sin 2x - sinx- cosx- 2) 1)
Cau2. a) sinx.(1- 2 cos x)
(sinx =0 (x =kr
1< T (ke Z).
COS X #— X # iE +ka

biéu kién:

, (1) = (cosx+1).(sin 2x- sinx- cos x- 2) =sin x - sin2x (2)
Ta co

Khi dé: (2) o, (cosx+1).(sin 2x- sin x- cosx- 1)- (cosx +1) =sinx - sin 2x




< (cosx+1).(sin2x- sin x- cosx- 1)+ (sin 2x- sinx- cosx- 1) =0

= (cosx+2).(sin 2x - sinx- cosx- 1) =0 o cjpn 2x- sin x- cosx- 1 =0

e (sin x+cosx+1).(sinx +cosx- 2) =0 < sin x+cosx+1=0
x=m+k21

ﬁcns.[x—E‘ =- ! = T (keZ)

a2 x:—EH(ZJr )

x=-Lsk2r (kez)
Doi chiéu diéu kién ta c6 nghiém cua phwong trinh 1a :

f 2z -2y 2y- a0 42
o+16.4" °Y =|5+16 T
. . (x, yeR).
X +17x+10y +17 =2(x" +4),f4y +11
b) Ta co: y ( ) Y
24 2i
—x2-2 6)) 5+16.4 :(5+1|5~J ).?2'4 o= 5+24‘_! :5+j *)
pat £ =% 7 4Y phwong trinh c6 dang 7 7 .
1 X 4 X
Fe=s| | +[ 2] = f 0
Xét ham s6 77 1a ham nghich bién trén R

* _ _ _ 2 _
Phuong trinh *) c6 dang fl+2)=fQD) e t+2=2t=1=2< x*- 2y _2.
145x7 +17x+7 =202 +4)2x7 +7
Khi d6 phurong trinh 2 c6 dang © * 2% T17X (¢ +4)2x
o (x+2) +(x+2Y +(x+2) =27 +7)J22 + 7 +(200 + 7))+ 262 + 7
_ 43 2 .
FO=C+C+6 1O 3150 dong bign tén khodng (O +00)

f(x+2):f(1|llzxz+?)ﬁ X+2=/2x" +7 = x =1

Phwong trinh trén c6 dang va X =3

55 ){33]
Hé phuong trinh ¢6 2 cdp nghiém * 2002

p 8a +3b +4(J{E+Jb_¢:+i!abc)

1+(@+b+c)

Xét ham so

Cau3. a)

P Ba +3E:-+4(J¢E+Jb_c+i}abc)

1+(@+b+c)

Ta co:

a+4b+b+4c+a+4b+lﬁc‘

4 4 12 | _28  a+b+c
1+(a+b+c) 3 1+(a+b+c)

Ba+3b+4

=

1

(t)=
_a+b+c=t t>0 ! 1+t t>0
bat ,tacé . Xét ham so vOi .




1-t*

f ()=

Ta co ; ;

Bang bién thién:

(1+2) f)=0er=+ !i_rlgf(r)zﬂ;}irggf(t):ﬂ

t 0 1 +00
f(e) + 0 )
1
f(t) / 2 \
0 0
14 16 4 1
P 3. T
Tw bang bién thién ta suy ra GTLN cta  bang  khi .
log, (x+y)=0
X+y +.f2xy +m =1
b) Ta cé:
Hé phuong trinh twong duwong véi: y 4

O<x+y=<1 [Uﬁtx+y£1

J2xy+m =1- (x+y)ﬁ

D<x+y=l (1)
-1y +(y-1) =m+1 (2)

2xy+m=1- 2x- 2y +(x+y)




) diy=-xd:y=-x+1 d’

Tap nghiém cta la phan nam gitta hai dwong thang va trén
o om=-1_ _ A
Néu thi hé phuwong trinh v6 nghiém.
m>-1 (2) ©) A1) R=vJm+1
Néu thi tdp nghiém cta 1a hinh tron (ké cé bién) c6 tam ban kinh

(©)

, d’
Do d6 hé phuong trinh c6 nghiém duy nhat khi ~ 1a tiép tuyén ctia dwong tron

J2 1

m+l=—e=m=- —.
Nghia la:

1
m=-—

Vay hé phwong trinh c6 nghiém duy nhat khi

Cau4.  a) Xét phép thi: T ="Chon ngau nhién mot s ty nhién c6 nam chit s6 ma cac chit s6 déu khac 0
Q| =9" =59049

” Ta co:

A e e a .
Goi  la bién c0 can tim x4c sudt, ta co:

a,b,c C.
S6 cach chon 3 chit s6 phan biét tir 9 chit so thap phan khac 0 la ’ . Chon 2 chit s6 con lai tir 3

chir s6 do, co6 2 treong hgp roi nhau sau day:

a,b,c
Truong hop 1. Ca hai chit s6 con lai cung bang 1 trong 3 chit s6 : ¢6 3 cach; moi hoan vi tir 5! hoan
o a,a,a,b,c ! n 3!
vi ctia 5 chit s6 (chang han) tao ra mot sO ty nhién ; nhung c¢  hoan vi cta cac vi
a,a,a n
tri ma chiém cho thi chi tao ra cing mét s6 , nén trong treong hgp 1 nay cé ca thay
5!
3.— =60

3! :
sO tw nhién.

a,b,c ) ]
Truong hgp 2.1 trong 2 chita s6 con lai bang 1 trong 3 chit s6 va chit s6 kia bang 1 chit s6 khac

~ X 5' ¢ 2 a! a’ b’ b’ c

trong 3 chi¥ s6 do: c6 3 cach; moi hoan vi ttt hoan vi ctia 5 chit s6 (chang han) tao

~ n 2! aa ~ x 2!

ra mot sO tw nhien ; nhung c¢  hoan vi cua cac vi tri ma chiém cho va  hoan vi ctia
bb _ n

cac vi tri ma chiém cho thi chi tao ra cing mot s6 , nén trong treong hop 2 nay co ca thay

5!
3.——=90
2121

sO tw nhién.

|
|2, | =(60+90)C; :150.% =150.7.4.3 =12600

Vay:




_[2,] _12600 _1400

P(A) = ~0,213382106
|Q| 59049 6561
ABCH HN =nc (1) M
b) Trong vuong ta co: A B
__ BH _ DN B ‘ :
Mat khac: va song song cdi nhau ( vi N
. . ... MC
cung vuodng goc voi )
S H Co DN
Twrds: va  do6i xing qua D C

= BuN =BcN =90" = DH L HN

D(m;m- 4) HD.HN =0= m=4= D(4;0)
Goi . St dung diéu kién .

Nhan xét ~ va  d6i xitng qua tim duogc

A(0;3),B(-3;-1)
Tw do6 tim dugc: .

N . MNCB
Cau 5. a) Thiét dién la hinh thang vudng ,
N .B .M
vuong tai  va .
Sy :é(MN +CB)MB

Tinh dién tich thiét dién: ;

=JBA? + AM? =+Ja* + x*;

. 2a- x)b
ASMN — ASAD = MN =SM-AD _(2a- x)

2a
1( 2ab- bx
S = | ————+b|Ja’ +x°
MNCB 2 2(1
Vay
v, =lsas, =20b_y
= S.ABCD ABCD 3 -
Goi V la thé tich cta khéi chép S.ABCD
vi Vi =Vs e + Vs e

Goi  la thé tich cta khéi chop SMNCB:




Vs use _SM.SB.SC _SM :2a- p%

V, e SASBSC SA  2a

Ta co

1 1 1% 2a- x V. 2a- x ab®> _(2a- x)
V. =—SAS,.. =—2a’b=—=V, = —- ) = ab
SABC g ARG g 2 SMBC 9g "2 2a 3 6

2

Voune _SM.SN.SC _SM SN _[MN]2 (2a- x
V, ., SASCSD SA'SD | AD 2a
Ta co
V _ab (2a- x)*> a’b _(2a- x)’
=V = =—"—"=YV = . = b
S.ACD 2 3 S.MNC 402 3 12
2 _ o2 2
v :Z:a b - (2a x)ab+(2a x)".b _a b
2 3 6 12 3
(loai)
mAn)

x =a(3++/5) >2a

x:a(3- \/g)

o x*- 6ax+4a’ =0 =




x =a(3- /5)
Vay véi thi mdt phang (MBC) chia khoi chép S.ABCD thanh hai phan c6 thé tich bang
nhau.

b) Nhan thay duong thang AB song song véi (P). Goi (S) 1a mdt cau duong kinh AB, I 1a trung diém cua
1(5,0;-1) J24
AB, suy ra ;IA =

(x- 5 +y* +(z+1) =24
Phuong trinh (S):

Vi AB c6 do dai khong doi va song song véi (P) nén diém M can tim nam trén mat phang (Q) di qua AB
va vuong goc vai (P).

AB(4;- 8- 4);n, (;1;- 1) ng =| ny; AB| =(12;0;12).
Ta co suy ra VIPT cua (Q) la

Phuong trinh (Q): x+z—-4=0.

Diém M théa man yéu cau bai toan la diém dong thoi thudc (P), (Q) va (S).

x+z-4=0

x =3

x+y-z+2=0 =4
(x-5Y +y*+(z+1) =24 7 =

Do d6 toa do diém M la nghiém ctia hé phuong trinh suy ra

M (3;- 4,1)
Vay
PE SO 42
M (x,;y,)€(C)= y, =X - 3x, +4
Cau 1. a) Goi @)

o N(-1- x.;4- y,).
ViTla trung diém caa MN




N(-1- x,;4- y,)€(C)  4-y, =(-1- x,) - 3(-1- x,)+4
Vi nén 2

4- (x2-3x,+4) =(-1- x,) - 3(-1- x))+4 = x2+x,- 2 =0
Thay (1) vao (2) ta dugc:

X, =-2=Yy, =2
+) Véi
X, =1=y, =2.
+) Véi
M(-2.2) N(@©2)
Vay cdp diém can tim la va
Ala; f(a)); B(b; f (0));Clc; f (c))

b) Goi voi a, b, ¢ d6i mot khac nhau.

f(b)- f(a) _f(c)- f(a)

b-a c-da

Ta c6 A, B, C thing hang khi va chi khi:

o b*+ab+ad*-3=c*+ac+ad’-3< a+b+c =0

y=f"(a)x-a)+ f(a)

Phuong trinh tiép tuyén tai A la:

Phuong trinh hoanh do giao diém cua tiép tuyén tai A va (C) la:
(3a’- 3)(x- a)+a’- 3a+4 =x’- 3x+4 < (x- a)’(x+2a) =0

= A'(-2q; f(- 2a))
tiép tuyén tai A cat (C) tai diém thi hai

B'(-2b; f(-2b)),C'(- 2¢; f (- 2¢))
Tuwong tw

a+b+c=0= (-2a)+(-2b)+(-2¢) =0 =
Vi A’, B’, C’ thang hang.




t =Jx’+3=t’=x’+3=>

Cau 2. a) bat phuong trinh tré thanh:
2t +2x- 1 =(4x- 1t & 2t*- (4x- Dt +2x- 1 =0.

1
t=—
A=(4x-3) e | 2
t=2x-1
Ta co:
t :1 = x2 +3 :l
2 4=
Truong hop 1: V6i loai
t=2x-1
Truwong hop 2: V6i ta co:
1 X >l
— X == 2 _2+410
X +3=2x-1e 2 & \/_@x_ 3
3 - d4x-2=0 |y =210
3
L2 +4/10
3
Vay la nghiém duy nhat cta phwong trinh da cho.
-2<x<2
-1<y =<3 x*- y*+3x* +6x- 3y +4 =0
b) Diéu kién: . Ta c6:
& (x+1) +3(x+1) =y* +3y f()=t>+3t= f'(t) =3t>+3>0.Vt
(*). Xét ham s6
= R U U

f(t) la ham dong bién trén . Twdo (*) f(x+1) =f(y) y=x+1.

2\J4- x* - 3\3+2y- y* - 3x+2 =0
Thay y = x + 1 vao ta dugc:




x <=
4- x> =-3x+2 e 3 o x=0=y =1

4- x* =9x*- 12x+4

Vay nghiém cuta hé phuong trinh da cho la (0;1).

Cau 3. Ta co:

>(a+b+c) - 3+ 6

2
P=(a+b+c) -a’-b*- c*+bc+ca+ )
a+b+c a+b+c

t:a+b+c=>t€[\@;3} f© :t2'3+% te[\/g;?)]

Dat . Xét , VOi

f'(t)>0,Vte {\/5;3] = f(t) zf(\@) =%

k‘

Vi
a=c =O,b=\/§ b=c =0,a=\/§
D4u bang xay ra khi hoac
p -8
mre 3 a=c=0,b=+3 b =c =0,a =3
Vay khi hoac
P=(a+b+c) - a*- b*- > +bc+ca+
a+b+c
Ta cé:
2 2 2
s(a+b+c)2—3+a +h +2c + 6
2 a+b+c
s(a+b+c)2-1+ 6
a+b+c
2 6
t=a+b+c= te[\@;:%} g(t) =t '1+? te[\/§;3]

Pit . Xét , V6i




g'(t) >0, Vte[\/g;?;] = g(t) <g(3) =10
Vi

P =10

max

D4u bang xdy rakhia =b =c = 1. Vay khia=b=c=1.
Cau 4. a) Ta c6:

or =~oa+1(oB+BM)=L0a+toB+L 2Bc=toa+loB+LlBC
22 2D 23 2 27773

BC =0C- OB
Mat khac: nén

Ol :%OA+%OB+%OC:> 601 =30A+0OB +20C

360I% =90A* + OB? + 40C? + 6.0A.0B + 40B.OC +120A.0C
T doé

oI _av23

< 360I% =9a° +a’ +4a® +3a® + 6a* =23a> 6

. Vay

2
OA+0B+0C #0= (0A+0B+0C) >0
b) Vi Ox, Oy, Oz khong dong phang nén

3
o a’+a*+a’ +2a’cos f+2a’ cosy>0= cosa +cos B+cosy>- 5

u, 22,Vn =1

Cau 5. a) Trudc hét ta chitng minh bang qui nap. That vay:

u =2

Véin=1,tacod ménh dé ding khin = 1.

u, =2

Gia st ménh dé dung vdi n = k, titc la




uk+1 22

Ta phai chitng minh ménh dé ciing ding véi n = k + 1, titc 1a phai chitng minh

L2013, 2015

S Uk = e =
2014 2014 2014 1007

u, 22,Vn =1

= u, (u, - 1)=2014(u,,, - u,)

I uy,, , 2013 4
22014
That vay:
u (u -1) S
- u -
m 2014 Vn >1
Xét , vi
Cu, (w, -1

U~ U = 2014
b) Ta co:
ST 1 1]

uk+1 - uk -1 uk+1 -1

1 1 2014
v, +v, +.+v =2014 - =2014- 0
u-1 u,-1 Uy, =1
Tw do:
u, =2= ! >0
u, -1 Yn >1 v, +v, +..+v <2014
Vi , nén
PE SO 43

Cau 1. Phuong trinh twong duong: V/3sin 2x+3 +1 =1+ cos2x

T

. x=- —+kr
= lD:JSZ:{- Esin 2x :Ecr C05[2x+£‘ :Eﬁ 12 (keZ).
2 2 2 | 6] 2 T
x=-_—+kr
4
T T
x=-—+km Xx=-_+kr
Vay phuong trinh c6 nghiém 13~ 12 hoic g " kez),

Cau 2. a) phrong trinh hoanh do6 giao diém:

-3mx’ +m' =-x+m' =

Yéu cau bai toan tirong dwong vai (1) 6 hai nghiém phan biét khéc 0.

x =0
x¥* - 3mx+1=0 (1)




= Om'-4=0=

m>= m<-=
Céac gia tri can tim cua m la 3 hoic 3.

b) Ta co ¥ =3 6mx; y'=0 = x=0 5 x =2m.

Db thi c6 hai diém cuc tri khi va chi khi ™ #0 (%)

4 vand 3
Céc diém curc tri caa do thi la A(Gm"), B(2m;m" - 4m”).

AC :|m*‘+q =m"+L Ce0y = d(B;AC) =2|m|.

Suy ra
‘5.-1.14{.' :lACd{B;AC} =|m|{m“ +1) =2
Do do 2
Dit m=t>0 duge U +E-2=0e (- D+ +7+142) =0 1 =1

Do d6 M =*1 (tha man diéu kién (*)). vay m =+l

3x7 + x’y- 3x° - xy =4 _ 1{;{2— x)(3x + y) =4

Cau 3.a) Vi M =2 ta c6 he 1”2**2“}’ =4 (- x)+(3x+y) =4

{ab:fl
z S — A
pat X - ¥ =@3x+y=b, o gpe latb =4

{ﬂb =4 {xz- x=2
Giai hé a+b=4 ta duoc a=b =2.Suyra 3x+y :2.
Giai hé ta dwoc (x;y)=(- L5);:(2- 4‘.'.
[(x%- x)(3x+y) =2m
2 —
b) He twong duong (X - %) *+(3x+y)=6-m
. 1 3 b {ab =2m
X"-X=a,ad = —;x+ V=0, — )
Pit 4 tacohe (a+b=0-m
| z
(ab =2m [a(6- m- a) =2m 6a- a =m (1)
A =1 a+2 :
{a+£}:ﬁ—m {b:ﬁ—m—a
b=6-m-a

az=-
Heé da cho c6 nghiém khi va chi khi (1) c6 nghiém théa man

N




. zﬁi-azr J 1
Xét ham s6 a+2 4
f(a) = a’+4a-12
Ta co (a+2)*
1

vei A [(@=0s=a=2

a - z]i p) +00
) ¥ 0 -
2
f(a) 5 / \
28 -0

Suy ra gid tri can tim ciam 1a ; M <2,
Cau 4:

Sr.m{: :% HB.HC.sS n12{]° =

a*\3

4
Goi K 1a hinh chiéu vudéng géc caa A trén HC.

AH =HM =HB.sin3(’ =%=~ AK =AH .sin60° =¥.

Ta co:
KA =60° = SA =AK.tan60° =%
Goc giita (SHC) va (ABC) 1a 4
1 13 a3 3
~ Vo npe =555 e =2 —. = .
Vay 3 34 4 16

Goi B’ 12 hinh chiéu ctia B trén (SHC), suy ra goc giita BC va (SHC) 1a Bca'.

Goi I 13 hinh chiéu caa A trén SK = Al L (SHC),




Ta ¢6 BB'=d(B;(SHC)) =2d(M;(SHC)) =2d(A;(SHC)) =2AI.

Trong tam giac vuong SAK, ta co:

A - AKAS  33a* 2 30 .. %
JAK?+As? 16 a3 8 4
sinECB':BB = 3a = 3a O:E.
Do dé BC 4.2BM 8.HB.cos30 4
cosBcB' = 1-2:@_
Vay 16 4

Cau 5. Goi I =AC N BD, 113 hinh chiéu cta B trén CD.

Ta c6 tanAID =tan(D, + C,) B
1+ 1
_tnD+tanC;, _ 2" 3 _1 I E
1-tenD.tanC, ;. 11
2'3 ! I ¢

= AID =45".
buong thang AC c6 dang:
a(x- 4)+b(y- 2) =0= ax+by- 4a- 2b =0 (a’*+b* > 0).

wosas = 1Pl s a3 0

2 2
Géc gitta AC va BD bang 45° nén Ja? +b* /5
_ a 2} a=-3
Chon b=1, duoc 3

Tt do6 suy ra phwong trinh AC la x+3y-10=0 hoic 3x- y-10 =0_

BE _AB IA_AD 3
o8 A0 o, A A

Goi EEBHNAC, (306 EH CH ~ IE BE 2
S ascp :(ZAD+3AD)'AD =10 AD =2. Al :@.
Ta c6 2 Tir d6 tim duogc 5
AC:x+3y-10=0= 1[1—71—1]
+) Néu 5
410

Goi A(10- 3;1) thi tw B ta co:




2 2
[10- &-HJ +[ ] 11] = U S A(];3),A[29 7].
5 S 5

x, <2= A(L3).

Do
(53]
+)Neu AC:3x-y-10=0, o . (55
A 10
Goi Al; 3 - 10) thi twr 5 tacé:
2 2
[t-z—lJ +[3t-10-1—3] :2<:>t:5;t:H —t<2)
5 5) 5 5 (khéng thoa man Xa =t <4
A(L3).

Vay diém A can tim la

Cau 6. Ta c6: 4 <P =c= (a*- b*)(a’- ¢?) =20= b’c® 2a*(b* +c’- a®) =a*(3- 2a°).

Suy ra bc >a+/3- 2a°

(a+b+c)® <3(a®*+b*+c?)=9= a+b+c <3
= P >3abc- 2013a- 3>3a%\/3- 2a° - 2013a- 3.

_ 2 2 ] .
Xétham (@) =3a°V3- 2 - 2013a- 3 a€[01]

Ta co:

£a) =3| 2ay/3- 242 - a?.—2°

3- 2a°

2
- 2013=18- )

\3- 24?

22 +1- a’+1- a2)° 4
3 27

- 2013 <18a(1- a?)- 2013.

(1 a?)? :%.2(12(1- a?)(1- a?) <X

Ta co 2

a(l- a?) <2 = f(a) <18—2—- 2013 <4/3- 2013<0,

Suy ra 3 3V3

Suy ra fla) nghich bién trén [0;1] Do dg fla)=f(1)=-2013
Ding thic xay ra khi va chi khi @ =b =c =L

Vay gia tri nho nhét ctia P bing - 2013 khi @ =b =c =1.

Cau 1: Bing quy nap dé dang chitng minh dugc *» >0, Vn




8
(x) =——=——=>0,Vx>0.
f V17 +16x

(x,)

Xét ham so f(x) =J17+16x,x > 0. Ta co

Do d6 ham s6 f(x) dong bién trén (0 +0) , suy ra day don diéu.

o) = 17 +16x- X2 (17- x)(x+1)
Xét ham 900 =F ()= x,x> 0.y sy VI7+16x+x  17+16x+x gy 1a

g(x)=0e x=17g(x)>0e= 0<x<17 g(x)< 0 x>17'

limx =17

%, 17,90 =21 4, 46 day %) hoi va =

+)Néu @ =17
+) Néu O<a<17 gy %2 = fla)>a=x suy ra (x,) don diéu tang.

_ limx =17
D& thay %) bi chan trén b 17. Suy ra day hoi tu vé a ma 9(@) =0 g dg mwe "

+) Néu 2> 17 thi %2 = fla)<a=x suy ra (x,) don diéu giam.

_ limx =17
D& thiy %) bi chan dusi bi 17. Suy ra day héi ty vé ama 9@ =0, g @6 res'"

A /oo . 0 < g~ P < Iimxn =17
Vay v6i moi 4> Y thi day hoi ty va -+ )

Cau 2. Binh phuong hai vé cta bat dang thitc can chitng minh ta dwgc bat dang thirc twong duwong:

2 2 2 2 2
3. [ x4y (ytz Z+X +22 T RSS2 NN T 222 I
2 2 2 oc 2 2
x+y)° +2z)° T xy+yz+zx
S M B A4 I B PALY AN A ALy
o 2 2 4 4
L[ x*y 2_x2+y2+(zz+1)_ X+Yy 2_(x—y)2+zz+1
Ta c6: 2 2 2 4 2
2 RY: 2
1 y+z :(y z) WX +1
Tuong ty: 2 4 2

Ap dung bét ding thitc Cauchy ta dwoc:

\/1' 2 .\/1- 2 _\/(X' y) +ZZ+1.\/(y- z) x*+1

+
4 2 4 2
2 2 2
Z(x- y)Nz- y)+ (x*+1(z°+1) Z(x- y)z- y)+xz+1=y +X2- yz- xy+xz+1
4 2 4 2 4 2

Cong theo vé cac bat dang thitc twong tu ta dugc:

TR

Xty

2

yrz

2

2
Xty

2

y+z

2

>x2+yz+zz- (xy+yz+zx)+xy+yz+zx+3

B 4 2




2
Z\/l' x+y .\/1_ y+z ZZ_}_xy+yz+zx
Hay ¢ 2 4 4
1
X=y=z=—F+.
Vay (*) dugc chitng minh. Pang thitc xdy ra khi va chi khi NE

Cau3. X+ Y)(y°+x)=2x-y)’ (1)
Neu X =0 i ¥ =0 3 nguoc lai. Ta xét x, y nguyén duong. Tir (1) suy ra X~ -
Bién doi (1):
Ax*+y).(y* +x) =8(x- y)’ & (x*+y+y*+x)*- (x*+y- y*- x)* =8(x- y)°
Ma X +y-yt- x=(x- y)x+y-1) nén ta dugc

(X +y+y* +x)° =(x- y)’[8x- y)+(x+y- 1]

Do do Sx- y)+{x+y- 1y la s6 chinh phuong
Tacs: (X+y-D?<8x- y)+(x+y- 1 <(x+y+3)? (2

Mt khac twr (1) suy ra x, y cung tinh chan 1é.

K&t hop véi (2) va 3x= Y)+(x+y-17

= 8(x- y)+(x+y-1)? =(x+y+1)° o x =3y

Khi ds (X +Y)0y°+x)>x° =27y% o3 2Ax- yP =16y s thuan vei (1)
Vay (1) c6 nghiém duy nhat (%) =(G:0).

Cau 4. a) Goi M la trung diém ctia BC thi OM 1 BC

ma OA L AT suy ra t& giac AOMT nd A

= Yor =UdmT = Fop =Hmc

Két hop v6i BDA=HCB = AAMC - AE

Ma M la trung diém cta BC, O la trun

ctia AD = AABC — AEAD = MBC =EAD D

va ABC =MDC = EAD =MDC = AE| cD

(DPCM).

b) Tir phin a) ta c6: FAE =BAC
= PGE =BBC =FBT
= T gidc FGBT ndi tiép

Tir dg FGB =PFB =BGA




Do d6 GO la phan giac AGB

Mait khac OA = OB suy ra O la giao diém

phan giac trong goc AGB va trung tryc cta

AB. Do dé t¢ giac AGBO noi tiép

Goi I 1a giao diém cta doan GO véi (O).

Do OA = OB = OI suy ra I chinh 1a tam néi tiép AAGB = ppCM.

Cau 5. a) Vdi k = 3 ta chi ra cach phan hoach tap Z' thanh 3 tap A Ay A thoa man nhw
sau:

A [];2;3} U[3m|mz4];

A

(456 U[3m-1/m=4;
A, =(7.89 U|3m- 2|m=4.

vay K =3 1a dep.

b)Xéth4.

Gia st ton tai cch chia Z" thanh k tap Ay Agreeer Ay thoa man dé bai

A (AJUAU.

Khi d6 phan hoach Z* thanh 4 tap %% va +A) ciing théa man @& bai. Do

vay chi can xét vdi k = 4 1a du.
Dt B =A m[1;2;3;...;23} v

Gi i=1234.

[1516,17....; 24

Ta thdy moi so thudc tap

i21234)

(gom 10 s6) déu viét dugce thanh téng cua hai s6

thude tap B (v6i moi

= 2
Nhw vay néu |Bi| =m thi tong 1a C: =10= m =5.

Vay méi tap D déu c6 it nhét 5 phan t.

M3 |B,|+|B,| +|B;| +|B,| =23 |B|26,Vi=1234

nén khong thé xay ra
N ; | B|=5 _.., . B =j{a;a,;a;qa,a
Do d6 phai ton tai tap B sa0 Cho| ’| .Giastr ! { prr2rmarTa 5].

i dg |+ a1=i < <5 =(151617,..;24).
D (a,+a,)=15+16+17+..+ 24

Suy ra 15/ hay Aa, +a, +as+a, +ag) =195,

vo ly.

Vay moi K =4 da khong dep.




Cau 1. a) Ta c6: V3x- 2- Jx+1=2x*-x-3 (1)

x=2 (%)
Dieu kién: 3
- 3 2x- 3=0 (2)
() = = =(2x- 3)(x+D & 1
-2 1 =x+1 (3)
Khi dé \/3X +\/X+ \/3X'2+\/X+1
(2) = x zé

Tir 2 (thoa (*)).

2 1

X >— <1
Vi~ 3nen V3x-2+Jx+l 53 x+1>1=(3) vo nghiém.
x=>
Vay phuong trinh da cho c6 1 nghiém 2,
x> +3x?- 13x- 15 :%- §
y ¥y @
b) Ta c6: y? +4 =5y%(x* +2x +2)
biéu kién: Y #0 (%)
(x+1( + 2x- 15) :E[iz- 4]
(1) o yly
1+ 5[ (x+17+1]

Khi d6 Y

a=x+1b :z(b #0)
bt y , hé trén tré thanh:

a(a?- 16) =b(b>- 4) . {a3— b3 =16a - 4b

= a3- b> =(b?- 5a*)(4a- b)
1+b° =5a’+1) b2- 5a° =4 (2)

== — a=

4b
o 21a3- 5a%b - 4ab? =0 a =0 hoic ‘ 3 hoic 7
1

Thay @ =0 vao (2) dugc b* =4 va tim dugc hai nghiem %~

b 23] {o-3]
a=-—= R -2=1,|G-=|.
Thay 3 vao (2) dwoc b” =9 va tim dwgc hai nghiém

4b 31,
a=— -—b" =4
Thay 7 vao (2) duge 49 (vd nghiém).

Keét luan ding.

u, 2&1,2%+1 =u’+2u ,VneN
Cau 2. a) 2013




= == =-—=8 =—-—(u, >1

u+2 uu+2) u ulw+2) u 2u, u U, U Uy > 1
2
u =1t e >y, >1 Ve N
Ching minh: 2
uZ

u,,-u =">0,YneN = (u,)
Ta co: 2 tang.
Gia st (u,) bi chan trén thi (u")tﬁn tai gi¢i han hitu han: limu, =a (a 21).

. : 1
= limu, =+ = lim —] =0.

= 2a =a*+2a= a =0. May thuan véi 9 =1 Uy

. 1 2013

limS, =—=—1r-.
Vay: u, 2014
b) f(3x- y+a)=3f(x)- f(y),Vx,yeR (1)

x=y =Y F3x- yra)=2f| 2| v yreR
Trong (1) thay 2 taduoc
= f(3x- y+a)=2f -y Vx,y€R
2
(2)
3 1 3 1
fl=x- Ey :E f(x)- > f(y), Vx,yeR

Tw (1) va (2) suy ra: 3)

f(0) =

N W

1
0y — f(0)- = f(0)= f(0)=b
Thay * =0y =0 vao (3) ta dugc: 2 , b tuy y.

3.1
2% 27

bit g(x)=f(x)- f(O), (5 c6. 9(0) =0 5.

@ f - 1O =3[ (- 1] S[£0)- F(0)] Ve yeR

=g EX +g ,Vx,yER= g(x+y):g(x)+g(y),Vx,y€|R

1
=

3,.1 ]_
x-Sy | =9

Vi 9 lién tuc trén R nén:
g(X) =dax, Vxe IR, vai g(l) =a (a tfly y) = f(X) =aX+b, Vx€IR (4) (V(,)’l a, b tfly y)

Thay (4) vao (1) ta dugc: b =aa

f(x) =ax+aa

Vay 'vOiatuyy.
Cau 3. a) T =MA.h, + MB.h, + MC.h,

h o252, .25 2, 252
Ta cé: a a s b b , c




MAGA MBGB  MAGC
am, b.m, cam,

=T =2

MA.GA N MB.GB N MAGC
a.GA b.GB c.GC

1 1 a’+b% +c?
am =—ay2b*+2c*- a* =——=J3a*(b*+2*- a®*)=> am <————
@2 2@\/ ‘ 23

a’+b%+c?
bm <———

Tuong ty: BV NE

T z% (MAGA+MB.GB+MC.GC) (1)
a‘+b " +c

a’ +b? +c?
< 7 =

c — 2\/§

, C.m

Ding thitc xay ra © @ =b =c.

MA.GA+MB.GB + MC.GC >MAGA+ MB.GB + MC.GC
=(MG +6a).Ga+(MG +GB).GB+(MG +GC).GC

2 2 2
=GA’ +GB* +GC? :g(mf +m’ +m?’) :% (2)

< MA,GA MB,GB MC,GC

Dang thitc xay ra
o M

cung huéng, cung hudng, cung huwéng

trung G.
Tir (1) va (2) suy ra: T >23. vay minT =23 & AABC déuva M trung G.

b) Xay dung hé toa do nhu hinh vé.




B(G;-b),C(Gb)

bat BC =2b(b>0), ta co:

ﬁ-&]
3’3

Gia st A(xo;yo) (XO #0). Ta co:

Toa do diém H la nghiém cua hé phwong trinh:

— 2 2
Y=Y s H b yo;yo
XoX+(yo- b)(y+b) =0

Xo

E la diém doi xing vdi H qua G khi va chi khi:

2x, b*-y?
A N
0
YE :zyG Yo == y_30
2x, b’-yl 5 R 5 X2 y?
E€BC= x;, =0« ?0' X—0°=O© 2x5+3y, =D = ?c)z+b_g =1
2
2 2
X0 Yo q
3)2 b2
= Tap hop céc diém A trong mit phing 9% 1aelip: 2 loai trir 2 diém B, C.

[Bac
Vay tap hop céac diém A la elip c6 truc nho BC; truc 16n c6 do dai bang 2 ; loai trir B, C.

Caud. a) a+2b=c() a’+8b’ =c’(2)

) U (a+2b)(a*- 2ab+4b*)=c*(3)

Tir Ova ) suy ra: ()0 a*- 2ab+4b*> =(a+2b) U 4b*- 2(a+1)b+a’- a=0(4)

D'=(a+1)- 4(a’- a)=- 3a®+6a+1

B 13 N 2 _ 0 _ 2 ..
(4)C6nghiému D'30U 3a*- 6af£1U 3(a- 1) £45 5=
ya=1p b=1c=3
+)a=2b b=1c=4
(a,b,¢) = (1;1;3)

lhosc a=2(yial IN*)

(a,b,c) =(21;4)

hodc .
f(x)=ax"+a,_x"'+..+ax+a,

Vay
b) Gia su:

Ta co: f@+b)- f(a)=an 8a+b)“- anléLl'andga"'b)n-l' an'lld'l'...+a1b

=anbga+b)“'l +a(a+b)" +...+a“'2(a+b)+a“'1%Fan.1b§a+b)“'2+a(a +b)" +...
+a" *(a +b)+a“'28+...+a1b

Suy ra: £(a+b)- £(a) chia nat cho b.




Ma f(a+b) chia hét cho P nén f(a) chia hét cho D Tuong tu, f(b) chia hét cho 4.
Cau 5. bat P 1a vé trai cta bat ding thitc da cho va:
b c?

(a+b)(a’ +b2)...(a2k'1 - bzk-l) ¥ (b+c)(b? +c2)...(b2k'1 - CZH)

a”
(c+a)(c? +a2)...(czk’1 - bZH)

P- Q=(a- b)+(b- c)+(c- a)=0

+

Ta co:
2k 2k b o*
b JP=pP+0= a- +b + b® +c
4 (a+b)(a? +b2)...(a2k'l +b2k'l) (b +c)(b* +c2)...(b2k-] +c2k-])
2k b
" ¢ +a

(c+a)(c? +a2)...(c2k'l +a2k'1)
Ta co: 2(a2 +b2)3 (a +b)2
2(a* +b*)3 (a® +b?)
2(a” +b%)3 (@' +b*")

a’ +b” , a+b
(a+b)(a? +b2)...(a2k-1 +b2k'l) 2"

Suy ra

Tuwong tw vGi cac so hang khac cua P+Q

; at+b b+c cta, 53 a+b+c, 3abc _ 3
2P + + o p o e

, suy ra:

2k 2k
D4u ding thitc xay ra khi va chikhi 8 =b=c=2
PE SO 46
1, + .
cosx? =0 x* =X +k2n(ki 2)
Cau 1. a)Diéu kién: 2 3 .
. (sinx - /3 cos 2)()(4cos2 x- 1)

5 =sinx(2cosx +1)
(2cosx- 1)

Phuong trinh
. @cosx+1=0
e

Sinx— V3 cos2x =sinx(2cosx - 1)

7

+
. @OSX =— U 8 3 .
Ug 2 e, ? +T[Q inx(1)
in2x +—==sinx
gin2x— \/§c052x=251nx g 30




§=j+k2n

g (k1 2)
-2n  k2n
0§t
Giai V'tacod 9 3

x=t2—n+k2n;x=- 2—H+k2—n;ki Z
D6i chiéu vdi diéu kién ta co: 3 9 3 .
0f ¢ <15 2\/221
15 ++/221
XxX>—
b) Diéu kién: 2
J5- 2=(V5+2) ;94405 =(V5+2)
Ta thay
. log . ,(x- vx +1)+log,,, . (2x*- 30x +2)=0
3 1
0 - log,,(x- \/;+1)+Elog£+2(2x2- 30x +2) =0
0 log ., (x- Vx+1)=log,,(2x*- 30x+2) iy 4. Jx- 1= 2 30x 12 (1)

W)

Ta thdy X = 0 khong thoa man

0 Jx +-L- 1=\/2§+1% 30

v6i X >0 chia 2 vé cta (1) cho Jx ta duoc Vx xg (2)
1
Jx+—==1t(t3 2)
bat \/; . Phuong trinh (2) trd thanh:
. &=5
A A Uue
2t*- 34 =t- 10 2¢%- 34=¢- 2t+10 € +2t- 35=0 &=-7
D6i chiéu véi didu kién chon T =9,
1 - - +
X +—==50 x+L1=23. , Ux=—23_5\/i
Ta cé Jx X Ux-23x+1=0 2
2232521
D6i chiéu véi didu kién ta c6 2
Cau 2. Tap xac dinh D=IR,
0y =00 &°
y'=4x’- 4mx* = 4x(x*- m) y= & =m

Pé ham s 1) <6 3 cuc tri khi va chi khi phuong trinh Y = 0 ¢6 3 nghiém phan biét Um>o0,
. &=0 . &=0
Ug, U €&
Khidoy' =0, & =m §=*J/m

—_ —_— 2_ . — —_——
vé?ix—OID y=m’- m;x=+/mbP y=-m




A(O;rnz- m);B(- Jm;- m); C(\/a;- m)
Vay do thi ham s6 c6 3 diém cyc tri: .
— — 4 . —_
Tacs AB=AC=ym'+m;BC=2Vm _, A,B,C 500 thang hang nén DABC can tgi A,
Truong hop 1. Bac =30°
Ap dung dinh 1y ¢6 sin ta c6: BC’ = AB’ + AC’- 2AB.AC.cos30”
) am=2(m’ Cm) 0 (2- B)m =(2+443
U 4m—2(m +m)- \/g(l‘[l +m)U (2 3)In (2+ )m
2 ~ 2
=(2++/3 Um=(2+3

( ) (do M>0) ( ) (thda mén).
Truéng hop 2. BBC =30 hozc ACB=30"p BAC =120°
Ap dung dinh 1y ¢6 sin ta c6: BC’ = AB’ + AC*- 2AB.AC.cos120°

U 4m=2(m*+m)+(m*+m) 0 3m‘ =m

Vay ;
Cau 3.a) Didu kién: = 1 Ex£1

m(vVi- x- 3J1+x)? 16x- 12y/1- x* +2m +15
0 2§(x+1)- 6./(1- x)(1+x)+(1- x)g+m(3\/1+x- JI-x +2)- 5£0 )

Dt 3J1+x- 1- x = ( )trdthanh 2t +m(t+2)- 5£0(2)

>0"x1 (- 11)

~ é ) \
t @x/E,S\/Ea

t'=

1
= +
Xem U 13 ham s6 caa X, ta c6 2VX+1 2V1- x
wtE)=-V2it()=3v2 . . £ £32
~ é . \
x| @\/5,3\/55

va moi c6 duy nhat

"t & /2;32%
Do d6 bai toan twong duong tim m dé bt phwong trinh (2) € 0

- 2t +5
n e £—
o t4+2>0"t1 §+/2:3V2 a o

nen

nghiém ding

- 4t(t+2)- (- 2t +5 - 2t2- 8t- "z N
f(t)= ( ) ( )= 2t 8'[2 5<0"'[| 86,3\/55

(t42) (t42)

Xét ham so

31
mmfx—fS\f—
Dodégff() VD) \/—+2

,\ 31
T -INCE W mf min f()U m£
mE ()"t §2:3/2Y § n 1O 3/—+2




hY
hY

i X7=(3y+1)2p 1){3 0
2 3
b) Hé da cho y'=(@x+1) 1y 0
Do X¥3 0P x,y'3 1P x,y3 1

7 2 _ 7 2
Tt hé da cho ta c6: X +(3X+1) =Yy +(3y+1) (*)

+) Néu X >V tace VI >VP™) 4, x,y3 0

+) Néu X <Y tacs VT(*) <VP(*) 4, %y> 0

+) Néu X = Y thoa man (*)

(3x +1)° U J?=3x+1(doxs 0, (1)

(1)

7
oo = , X =
V6i X~ Y taco

Chitng minh phwong trinh ‘"7 ¢6 nghiém duy nhéat * ° 1

bat Pre=i(e 1), phuwong trinh (1)tr6 thanh f(D =1~ 3t°- 1=0 (2)
Ta c6 ham s6 40 lién tuc trén R va f(=7- 6t>0"> 1

Lai cé fM).£(2) <0 nén phwong trinh f()=0 c6 nghiém duy nhat thudc (1; 2)

Do d6 phuong trinh M c6 nghiém duy nhat X ° 1

Vay hé c6 nghiém duy nhat.

U %éﬂagiwgé 1=0
Chu y : Ta c6 thé giai nhu sau : x" =9x" +6x +1 & & & :

=t"+6t°+9t°- 1,t>0

Xét ham | () ta c6 DPPCM.

Cau 4. Goi I va K 1an luogt 14 hinh chiéu caa H trén MC 3 ST v MC (SHI) nén MC ™ HK g,
do
HK ~ (SMC) b HK =d(H;(SMC))

_ _ 3a’
i SMHc - SABCD - SAHM - SBHC - SCMD — o
Ta c6 : 8
Mit khac 2 pén
'
e S _ 4 _ 3./5a
MC a5 10
2 .
L _1 .1

2

Xét tam gidc vudng, ta c6 : HK* HI’ HS
HLHK _ 3a\15
HI* - HK® 20
HK = 3av/15
Theo gia thiét ta c6 20

P HS=




s = 5a’

S S CMD ?

BCMH SABCD T OaHM

Goi P1la trung diém cta CD va T1a hinh chidu vuong goc caa G 1en (ABCD).

1 a\/7

~ ) GT==SH=
vi (SHP) ~(ABCD) o T1 HP 4o d6 3 10

Cau 5. Tt gia thiét ta c6 :

y:32 3 +2 —I—6+2p +Y3—
\f x5
:

bang thitc xay ra khi y

2 2 Q 4 46 3 36 2 26
e B R P LER e L
y X Xy@ &y X@ & X@ B X@

pit Y X tach 3 vy P=t*- 2t- 3t +3t+6
f(t)y=t*- 2¢- 3t* +3t+6,t3 10
Dit 3
, 10
fi(t) =4t>- 6t*- 6t+3=2t*(t- 3)+2t(t>- 3)+3>0 V(ﬁt E)
O & =3y=1
£(0)3 fE0S 259 (=0 ¢ —lv=3
Do d6 38 81  ddubingxayrakhi 3 hay 8 = 0¥ =3
2596
Vay gid tri nho nhédt cta biéu thitccla 81
bE SO 47

Cau 1. a) b6 thi (Cm ) tiép xuc vai truc hoanh khi va chi khi hé phwong trinh sau c6 nghiém

Ix*- 2m+1)x>*+2m =0 ()
I4x3- 2(2m+1)=0 (2)

Phuong trinh (2) twong duwong X = 0 hoic 2

+) Vi X =0 thay vao hé ta dugc




aom=0us ama:\C ) et A e Ao
Vay voi M= 0 thi do thi ( m) tiép xuc vai truc hoanh tai mot diém (khong théa man).

, 2m+1 1
X = () m=3
+) V6i 2 thay vao ‘' ta tim dugc 2,
1
m-=—
Thay 2 vao hé ta tim dugc X = 1,
1
Ty L (C) e o
Vi thi do thi * ™’ tiép xudc vdi truc hoanh tai hai diém phan biét.
Q
Mg Zad_ 2bd_(1]_b1 alb) ()
b) Lay hai diém phan biét a- 1 thube do thi
4a’ 4b°
at+ My (g
. (a- 1) (b- 1)
}OM =ON
]r ab +—( f)a(bb ) =0 (4)
DOMN yy6ng can tai O khi va chi khi 1 OMON=0 a
- 1)(b- 1)=- 4
b=0

Tw (4) suy ra g
Néu @b =0 suy ra M hogc N tring véi O ( khong théa man).

Bién d6i phuong trinh (3) pann 5(a +b)- 2ab=0

} )(b- 1)=-4 }3="° 1a=§
U 5 ; 3
f a+b 2ab=0 %b=— % b=-5
Ta dugc hé: 3 .
o Q Q
M g 5=N g > §5;E§N2§;5$
Vay ta tim dwgc cac cap diém hoac 3 e

Cau 2. a) Phuong trinh da cho twong duong voi:

e Q U Q
@mg' 4x == SlH—U'l'(SHl3X +sinx)=00 - 2cos§— 2x5in2x +2sin 2x.cosx =0
& g 6H )
€ kn
e 7
yé AN U e
o e al
U 2sin2x €osx - cosg— 2x =0 8;:14_@;)(:2_ K27t
& %] & 18 3

e 2] 2_ = X2 -
1) Bhutme i 5 cho o g gt 24 log, (x*- 4x+6)=2 log, (2[x- 2|+2)
U 27 % llog, (x*- 4x +6)=2""*""log, (2[x- 2|+2)

0 27 ** log, (x*- 4x+6)=2""""log, (2[x- 2[+2)(*)

>0,"t3 2

(t)=2'log,t . [2+¥) f'(t)=2'In2.log,t +2"

Xét ham s6 ta co t.In




[2;+¥)

f (t ) dong bién trén .
(*) 0 £(x*- 4x+6)=1(2[x- 2[+2)

Suy ra

Khi dé

U x?- 4x+6=2|x- 2|+2 0 (x- 2)'- 2[x- 2|=0
. " A A 1 an {0; 2;4}

Gidi phuong trinh trén dugc tap nghiém phuong trinh da cho .

pY

1){- y3 0
3
Cau 3: a) Diéu kién x+y= 0
fu=x+ \\/__ v =2
y(u,v3 0)b 2 1?40
v=x-y P T2 Juv=3
it 2
u4v=4+2Juv (1)
+v) - 2uv+2
\/(u V) 5 uv =3+\/E (2)

\/(4+2JE)2- w2
2 OV 0 v =0

Thé (1) vao (2)ta duoc
Ve U=0P v=4 (jga))

v V=0P u=4b x=y=2 o man).
: dx _ : dx
I=0 - =0, >
b) o COSX\/Z +sin 2x o COS x\/2tan x+2tanx +2
14 d(tanx)
\/50
" §anx+1:+3
4
. e U
tanx +—=—tanu,ul € E;El,jdtanx=£(1+tar12u)du
Dit g 2’20 2
x=0Pp u=£,x=£b u==
Daoi can 6 4 3
Khi dé
1 3(1+tan’u)du 1 3 1 3 1
[= e = A+/tan’u+1du = — ¢ du
29 Janu+1 29 J2 Qcosu
6 6 6

No
g‘ =
N

E o/w\:l

5
& 1. + 1_ = (sinu)
51- sinu 14sinu@




T[

|1+smu| 3

2\f " sinu||n \Eln7+4\@

6 4 3
Céau 4.1. a) Chitng minh dwgc tam gidc A 'BD déu canh bing 2.
Suy ra ti¥ dien A'ABDI3 t¢ dién déu canh 2 .
a2
. A'ABD — T o § .
Tinh dugc thé tich 12 Chi ra duoc thé tich khéi hop

a’\2

bang séu lan YA'4E> Do viy thé tich khéi hop béng 2

b) Goi H1a trong tam cia AABD
Theo chitng minh trén ta c6 t& dién A'ABD|a ¢ dién déu suy ra

(ABD).

Goc gitra AC v mat phang (ABCD)la Al'ca.

AH vudng goc v4i mat phang

A’ H—i CH=22. A'C=av2.

xét AAHC (5 ¢4 3 V3
cosAl'cA =£.
Tinh dwgc 3
e _ . =3
2. a) Tam 13- 2), ban R =5, d(1;(P)) =3 R e (P) cht (S)theo mot dudng tron () ban kinh
r=4 Tam H cuaa (C)le‘l hinh chiéu cua I 1én (P), (P) co VTPTn =(L- 2;2)’Vi§t phuwong
trinh dudng thang TH tir d6 tim dugc H(2;- 1,0)
b) Goi " =(a;b;c)* 0}, mbt VICP cia 5% =(L-20) mdt VTCP ciia d.
Tacs ' " nena- 2b=0 @)
- ja- 2b+2c| 1
(8;(P))=30" _ (A;1H)=60° ‘COS(“’“)‘=1 Ja®+b’ +c’ \/12 ) +2° "2
Goc v’ nén * hay 2
8/7c=3\/§b (*)
2 _ 2 2 — % %
Tt (1) duge 15¢ 9(sb +c) gfc 3/5b (**)
A -XC 1 _y-1_z+2
— — — 1. - -
1 ) chon 8=14b=7,0=-335 iz 14 7 335
A X 1_y-1_z+2
Tt %) chon 8=14b=7,0=-335 e ' 14 7 -3J35
2 2
a+c a+§ 3 d 7
f =1+ £ ;
a+d a+d a+d 3(1+2d)

Caus:




2 +d
ctd 3 _ligg49)
a+b 1.1 3
2 2
3d +2)°
TE16— 2 2+25( 3 ) =éf(d)
Vay 9(2d +1)
150(3d +2)(2d +1)’- 3136 -
fv(d)= ( )( 3) O,Hdl g—_’za
(2d +1) e 34
o)
f(d)£ f%?——544
£d) . (d)£ fE =
Suy ra dong bién, tir dé
ma T=%Ua= =l’c=d=z
Két ludn 9 2 3
PE SO 48
. .2 _ 7 . 2 _ —
Caul.a) 2sin3x(1- 4sin’x)=1U 2sin3x(4cos’x- 1)=0 (1)
cosx =0U x=£+kn,ki Z
+) Xét 2 thay vao (1) khong théa man.
cosx® 0U x? E+kn,ki Z
+) Xét 2

e o . ()
Nhan hai vé cua (1) vOi COSX ta duoc :

& =T 4120
~ €14 7 s
~ Q & ik 2n°
U sin6x=sin§- X3 §=—+k—
2sin 3X.c0s3X = Cos X 2 % 10 5
x 1 E+kT[,kT Z
Két hgp 2 ta dugc tap nghiém
x="" 4k« _—+k@ k! 7n+5k?! sn+Lknl Z
14 7 10
5
M§ 22 T ENR -2b ;a"( al 1,b! L,al b) ()
b) Lay hai diém phan biét a- 1 B thudc do thi :
}0M=ON
AOMN yyéng can tai O khi va chi khi 1 OM-ON =0
] 2
at b M ey (3)
~ F (a- 1) (b— 1)
v b
(a- 1)(b- 1)

Tw (4) suy ra Sb




Néu @ =0 guy raM hoic N tring véi O ( khong théa man).

Bién do6i phuwong trinh 3) thanh 5(
I(a- 1)(b- 1)=- 4
5(a+b)- 2ab=0

Ta dugc hé

Ja=-5 ] 5
a=§
b=§ b=-5
Giai hé duoc 3 .19%

Vay ta tim dwgc cap diém :
Xem them tai Website VnTeach.Com

https://www.vnteach.com

Q 50
M1§;54N1§5;—+
3 387,

a+b)- 2b=0

M§5.5QN§5Q
B V37 85
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