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. LOT NOI PAU

2

3 Nhu chung ta di biét, bat dang thirc dai s6 dong vai tro rat to 1on trong toan
4 hoc. Tuy nhién, dé van dung chung trong qua trinh giai quyét mot sd van dé cua
5 toan hoc thi viéc chimg minh tinh ding dan cta chung 1a vo cling quan trong.

6 Hién nay, c6 rat nhiéu phuong phap dé chirmg minh bat dang thic dai s6 nhu
7 dung cac bat dang thitc quen thudc nhu bat dang thitre Cauchy, Bunhiacopski,.. .,
8 hay van dung dinh 1i vé ddu tam thtc bac hai, khao sat ham so,...

9 Trong dé tai nay, ching toi xin trinh bay mot cich nhin khac vé bat dang

10 thuc dai s0, d6 1a cach nhin dudi goc do luong gidc. Phuong phap nay duoc goi 1a
11 phuong phap luong giac héa. Véi phuong phap nay, ching ta c¢6 thé ching minh
12 mot sb bat dang thirc mot cach hiéu qua hon bang cach thay doi hinh thirc cia bai
13 toan ching minh bat dang thirc dai sb tré thanh bai toan chirg minh bat dang thic
14 luong giac.

15 Pé tai duoc chia lam 3 chuong:

16 e Chuong I: Mot s tinh chit co ban cia ham lugng giac

17 e Chuong II: Méi trong quan gitta cac biéu thirc dai s6 va biéu thuc

18 luong giac

19 e Chuong III: Chtirng minh bat ding thic dai s bang phwong phap

20 luong giac

21

22 Va mot sd bai tap tu luyén.

23 Viéc sai sot va han ché trong qua trinh thyc hién dé tai l1a diéu khong thé

24 trdnh khoi. Vi vay, chung t6i rat mong nhan duoc su phan hoi va gbp ¥ chan thanh
25 cua doc gia. Xin chan thanh cam on.

26 Qui Nhon, ngay 6 thang 11 nam 2009
27 Nhém thyue hién deé tai
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CHUONG1 MOQT SO TINH CHAT CO BAN
CUA HAM LUONG GIAC

V4

. Mot s6 cdng thirc lwgng gidc co bin
1. sin’x + cos*x =1

km

2. tanx.cotx =1, x;ﬁ?,kEE

1 km

3.1 + tan’x = cos°x ,x;/rf?-l-kn,kEE

1
4.1+ cot’x = sin’x ,x;zﬁkn,kEE

1-cosZ2x 1+tcosix

5.sin’x= 2 ; cos’x= 2

2t 1—t2 2t x

. 2 2 _42 ‘- .
6.sinx = 11Tt cosx =11t - tanx =171 | véit=tan?

1l. Tinh chit
1. Him s y = sinx va y = cosx xéac dinh véi moi x eRya

|sinx| =1 . Vxe R

lcosx| =1 . Vxe R

T T

2.Néu x € [-1;1] thi tén tai acl 2’ 2] sa0 cho x = sina va tn tai be [0 7] sag cho

X = cosb.
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3.Néux €[0;1]thiton taia € [ ‘2

X = cosb.

T

T T

: \ A . ¥
] sao cho x = sina va ton tai be [ 2

T

] sao cho

o (-5
4. Vb1 moi so thue x, cO mot sd a € 2 27 gsao cho x = tana.

5. Voi moi x, y théa x> + y* = 1 thi ton tai a € [0;2n] sao cho x = cosa va y = sina

CHUONG lI

MO TUONG QUAN GIUA CAC
BIEU THU'C PAI SO VA BIEU THU'C LUONG GIAC

Viéc lugng gidc hoa duoc tién hanh théng qua cac dau hiéu dic biét cua cac bién tham gia trong biéu thirc,
ma viéc n3m bat cac dau hiéu d6 thédng qua mién gia tri va cac cong thirc lugng giac thong dung. Sau day ching

toi xin dua ra mot s biéu thirc dai s6 va biéu thirc lwong giac tuong rng.

Biéu thure dai so6

Biéu thtc luong giac
tuong ing

Cong thuc lugng giac

x>+ y° sin’t + cos’t sin’t + cos’t = 1
x> —y? cos’t — sin’t cos’t — sin’t = cos2t
2x2—1 2cos’t— 1 2cos’t — 1 = cos2t
1 -2x? 1 — 2sin’t 1 — 2sin’t = cos2t
4x3 — 3x 4cos’t — 3cost 4cos’t — 3cost = cos3t
3x — 4x° 3sint — 4sin’t 3sint — 4sin’t = sin3t
1
2 _ cos?t
I +x2 1 + tan’t I+ tan't =
1 1 L 1 2
— — 1= tan’t
x*—1 cos?t cos?t
2tant
2x 1—2 2tant — tandt
— tan®t T 2, Lan
1— x? 1 — tan?t
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1 — tan’t

1— x? 1— tan’t 1—2=C052t
P — + tan<t
1+ x2 1+ tan?t
2x :lm&: 2tant e
+ tan-t ——— =S§In
1+ x2 1+ tan?t
X +y 1tanu—|— tanv tanu + tanv tan (u + v)
— 5 =tan (u+v
1—xy tanu.tanv 1 — tanu.tanv
X—=%¥ ltanu— tanv tanu — tanv fan ( )
+ tanu.tanv =tan (u—v
1+ xy 1+ tanu.tanv

CHUONG IIl CHUNG MINH BAT PANG THUC PAI SO
BANG PHUONG PHAP LUGNG GIAC

Duya vao méi twong quan gitra bat dang thirc dai s6 va bat dang thic luong giéc,
chung t6i xin trinh bay mot s6 huéng luong giac hoda trong ching minh bat dang thic dai
s6 nham giup doc gia co thé dinh huéng duoc phuong phap ching minh bat dang thire
dai s6 hiéu qua hon.

L. Dang 1: Si dung hé thuc sin?x + cos’x =1
1. Phwong phap

a. Néu bai toan c6 x*> + y> = 1 thi ta dit x = sinu va y = cosu, v6i u€[0;2x]
b. Néu bai toan c6 x> + y> = r? (r > 0) thi ta dit x = rsinu va y = rcosu, v6i u€[0;2x]
c. Néu hai bién tham gia c6 rang budc a’x> + b’y* = c?, a, b, ¢ > 0, ta dit

[N [N

X = @sinu va y = Pcosu , u £[0;2n]

2. Vi du minh hoa
Vi du 1 (Pé thi dai hoc nim 1972 — Khéi A)

Cho 4 s6 thie u, v, x, y sao cho u’> + V' = x> + y? = 1. Chitng minh rdng
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_@Su(y—x) + v(x er)Sx'{E

Nhin vao gia thiét “4 s6 thuc u, v, x, y” 16i lai “u® + v> = x> + y* = 17, chung ta lién tudng
rat nhanh dén bat dang thirc lugng gidc “lgi hai” : sin’A + cos’A = 1. Va ndy ra y dinh
chuyén bai toan nay qua lugng giac.

Cach 1: bat u = cosa, v = sina véi a€[0;27]
X = cosP, y = sinf} voi BE[0;2x]
Khi dé P=u(y —x) + v(x +y) = cosa(sinf — cosp) + sina(cosp + sinf)

= (sinacosf + cosasinf) — (cosacosfP — sinasinf)

= sin(a + B) — cos(a + PB) = V2 sin(a tE- I)

vi _1251n(a+ﬁ_l)£1nén_ﬁgpiﬁ

Van voi y nghi dua vé lugng giac nhung ta tién thém mot bude. Nhin trong P ta thiy u
va v dung rleng I¢, ta dat chung duoi dang lugng giac mot cach riéng le, conx va 'y dung
v6i nhau, ¢6 su “gin bo” hon boi cac dau + va - . Ta ndy ra ¥ nghi: ctr dé su “gin bo”
ma chuyén qua luong giac.

y-x +x

/( - ? = Sina \ I
Néu ta dat vz va

-

= cosa . 5
ta cd ngay sin“a + cos“a = 1

ra]

Cach 2: bat u= cosp, v =sinf voi B€[0;2n]

yv—x . y+x
— = sina — = cosa
vz , V2 vo1 a€[0;2m]

Ta can chirng minh —V2 <u(y —x) +v(x +y)< V2

—-1=<
Hay 42 V2

=1

u{y—x] vy+x)

Chuyén qua luong giac ta phai chirng minh
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-1 < cosPsina + sinfcosa <1
& -1 <sin(a+ B) <1 (hién nhién)
Viy dang thtrc da duoc ching minh.
Vidu 2 [2] Cho & + b* — 2a — 4b + 4 = 0. Chitng minh rdng
- |a® —b* +2v3ab—2(1+2V3)a+ (4—2vV3)b +4V3 -3 <5
Nhan xét: Nhiéu bai toan ta chua thiy ngay yéu t6 dé chuyén vé dang lugng giac, can qua

mot qué trinh bién d6i va dat an phy thich hop mai c6 thé chuyén vé dang luong giac
thuan lgi cho qua trinh giai.

Taco a’+b*—2a—-4b+4=0
S @a-1P+b-22=1
bat a—1=sint va b—2 = cost, vdi t€[0;27]

Khidé A = |sin2t— cos’t+ Z@Sintcnsd _ |xf§sin2t— cos2t

s %sinZt—icosZtl s |Si11 (Zt—g)l <5

Vidu3 (8] Cho a, b thoa man 1@ T 120 +71 =13

Chitng minh rang @® + b +2(b—a) >- 1

Nhan xét: Khac vai cac vi du trén, dé giai quyét vi du nay ta can bién doi bat dang thurc
can chirng minh vé dang luong giadc quen thudc.

2+b+2b-a)>-1e (@a-1)P2+b+172=1

Tur d6 hinh thanh nén cach dat

{a—l = Rsint
b+1=Rcost ygiR>0
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|5a+12b+ 7| =13

 |5(Rsint+ 1) + 12(Rcost— 1) + 7| = 13

<= |5Rsint + 12Rcost| = 13

Suyra (a—1}>+(b+1)=R*>1

ea’+b’+2(b-a)>-1

Vidu4[3] Chox, y> 0vax +y=1. Chung minh

P+ )+ (P 5) 2T
(x +5) P+ 5) =3

(1)

2 2
Nhan xét: x+y=(m +(v@) =1

_ = si . |0
Tur d6 ta nay ra cach dat Vx = cost va @ SIE 6 te[

Khi d6,(1) tré thanh:

1
(CGS‘LE +cos* t] + ( 5

Ta co:

sin*t +

1 T
(cos*t —) sin"t+

Fcos*t -|-(

= (1 — 2sin®tcos’t) (1 +

Vi 0<

sin‘2t=1nénl—

1

in*t

sin®2t

) =

1

sin*t

1 16

= =
2 yq ]+sin®2t

1 )_ . sin®2t
B 2

sin*tcos*t

2 sint + E(:n:-st| =R |sin (t + arccosi)| =R
o ] =RI13 13 13

T

2]

2

) = (cas“t + sin*t)(1+

)(1+

16
sin*2t

1

sin*tcos*t

)

)
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I.Dang 2: Sir dung danh gia [sintl <1,[cost| <1.
1.Phwong phap:

. . \ x = sint,khite[—=;Z
a) Néu bién x tham gia c6 diéu kién 1l <1 th dat [ 2 2]

hoic X = cost, khi t [0; 7]

, , X x =msint,khite —E;E]
b) Néu bién x tham gia c6 didu kién X =m (m>0) thi dat 2’2

hoic X = mcost, khi t €[0;m]

2.Vi du minh hoa

Vi du 1[1] Chitng minh rdng A+x)P+(A-x)P =27 V[x|<1,Vp=1

Chung minh

vi =1 an dit x = cost, voi LELOT kni do
(1+x)P+(1—x)? _

(1+ cost)? + (1 — cost)? = (ZCGSEE)?J + (Zsinz Et)p = —

t . t t . t
2P (msng + sin?®? 5) = 2P (casz S+ sin? 5) =27

13
14

15

16

17

Vi du 2 [7] Chitng minh I,d‘fngA:Maa —24a* + 45a— 26|=1,Vae|[1,3]

Chung minh

ViﬂE[l,S] ﬂ—ZI‘El
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Tur do, dat a — 2 = cost

Taco A= |42+ cost)® —24(2 + cost)® + 45(2 + cost) — 26|

_ |4cos®*t — 3cost| = |cos3t] = 1,Vt e R

{a}c} 0
Vidu3[2] Cho ‘b >¢>0  Chimg minh JC(H—CHJCEEJ—GE'@(U

Chung minh

Jc{a—cj+Jc{b—cj
(1)(:) ab ab Sl

D) =

’ JE{I,\E{L JE=sinu,\E=sinv i
Theo gia thiét,ta c6 “ bat V¢ ZVvo10<u,v<2

(2) tré thanh sinv1— sinfu + sinuy1 —sinfr < 1

< sinv.cosu + sinu.cosv < 1
< sin(ut+v) < 1 (hién nhién)

Vidu 4 [4] Cho4s5th@rca, b, c,dthéamdna=c'~’1_d2;b=d‘\i1—c2

Chitng minh rang la| + bl = 1

Chung minh

Piéukién déa, bxac dinhla-1<d<1,-1<c<1

2|d|§1’IC|§1
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Dit lc| = cosurald| = COSY, y65i 0 <y, v <

Khi do, ta c6 |al = cosw.sinv |, |b| = cosv.sinu

= lal + bl = sin(u +v)< | (hign nhién)

, . , 1+tan’t=—r t# +kmkeZ
1. Dang 3: Su dung cong thuc cos>t 2
1. Phuong phap:
I 7 N 2
a) Néu xR va bidu thie can ching minh c6 chia (1+° ) thi dat x = tant,
Vo1 tE(_;*E)

. . ) 2 42
b) Néu xR va bidu thire can chirg minh ¢6 chira (M +* ) thi dat x = mtant,

T T

voite( 2'2)

1

/ 5 2 __
¢) Néu ¥ Z 1 hoc bai toan c6 chira biéu thire VX~ ~ 1 thi dat x = cost

T

vei te[0,7 M\ (2}

m

/( _-:-:' ~ N J4 4 r . /7\ 4 2 — 2 \ -
d) Néu x|z m hoac bai toan c6 chira biéu thirc ¥ 5 =M b dat x = cost

T

véi te[0, (2}

2.Vi du minh hoa
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Vi du 1 [8] Ching minh rang A= a <2, Vel =1
= i
Chimg minh: Dit a = cost véi te[0,71\ (2}
‘( ' 12t_ 1 +v§) cost| = |sint +v/3cost|
Taco A=

B Esint—l—i—%astl = 2|sin (t—l—gjl =2

Vi du 2 [2] Chitng minh rdang

la—bl lb—¢l - lc—al
Ja+a2)1+b2) (1 +b2)14c2) T «,,-"{1+c2]{1+a2]’1"i"'a, b,ce R (1)

Chtrng minh:

T T
5 o<y, v,w< -
bat a = tanu, b = tanv, ¢ = tanw, vo1 — 2 2

|a —b | |tanu— tany | Sinu Siny

Ta oo VA+a)@+b%) A +tan?u)(+tan?v)

COSU Cosr

= |cosu.cosv|

_ |sinucosv — sinvcosu| = |sin(u — v)|

(1) tr& thanh:
T T
|sin(u — v)| < |sin(u — w)| + |sin(w — v)|,Vu, v,w € (_E’E)
Ta c6 15in(a + B)| = |sinacosf + cosasinf| < |sina||cosB| + |sina||cosp|

< |sina| + |sing|



Do dé, Isin( —v)| = Isin[(u —w) + (w — )|

1
T 1T
< |sin(u — w)| + |sin(w — v)|,Vu,v,w € (—— —)
2 2 27 (dpcm)
3 Vi du 3 [8] Chitng minh ring Vab++ed <./(a+c)(b+d) (1),Va,b,c,d >0
4 Chung minh
| ab | cd =1
5 (e qua+c}|&+dj A la+o)(b+d) —
[cd
1 4 ab = 1
[ d [ d.
6 o ..JI(HEJ':HE] .J(HEJ':“’E] )
£ = tan®u, 4_ tan’v, véiu,v € (U;E)
7 Dét a b 2
8 (2)trdthanh cosu.cosv + tanu.tanv.cosu.cosv =1
. .=
9 < cosu.cosv + sinu.sinv — 1
10 & cos(u - v) < 1 (hién nhién)

c d
11 Dau“="xdyrakhivachikhiu=ve a b

12 Vidu 4 [3] Cho cdc sé thiee x,y khéng dong thoi bang 0. Chirng minh rdang
_Vi-ast R <aVi-2 ()

13

14 Ching minh
15 + Néuy =0 thi (1) dung.
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+NeuY # O thi() o

X
— = tana
bat 2

_‘V{._ Zq:tana{tana 2]3{:2‘\};—_2

(2) tré thanh 1+tan®a

o —2—-1= 2(tana— Decosta=+2—-1

1 <sin(2a—25) < " _
< 4 1 (hién nhién)

1 1 1

Vi du 5[9] Cho a,b,c>0 thoa man a 2b 3

a 2] o
, . M a+36be b+%car] c+dab
Chung minh rang N

Chirng minh
5 1 1 1
a o . .
36be b9 '1.|| sab 1+3TC 1+%1 14442
roat ¢ b+Sca c+da
Ta co — N
36bc

A 9 B
3 =cot?Z; =2 cot?-=
Dat il 2 b = 2;0<A,B<7T.

_Z«F 2

1
-:;":_

27

)

Tur gia thiét, taco 6¥ ° € a c
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N

10

1

—

12

2 —=——tan(—)=cat§
vol A, B, Cla 3 goc

1 1 1 . A

« b £ A 5- == sin® -

A~ a+36bc b+9ca c+dab 1+ Cf‘tzg 1+C'9tz; 1+C'—"‘tzE 2
Vay =

c 1

2 Sln? =4 2 Sin2

—(cast—ﬁ—cas—)z o= —[cost—ﬂ—singjz Ei:i

cua mdt tam giac

. 2B . C
.SIN° —.Sin—
2 2

_ein$H2eins
(1 smz] sin_

3

nS —sinE sinE :
. (1 - SEHE) (1 - SEHE) 2sin= < l((l_smz)J{l 2)+{2 Zj) 1
g 2 2 2 g

=27

2tant - cos2t — 1—tan’t .
IV. Dang 4: St dung céng thirc sin2t = 1+tan’t’ L+tan®t’
2tant
tan2t = PR
1— tan-t
1.Phwong phap:
2x 1-—x° c (_E 'E]
Néu bai toan c6 chira biéu thirc dang 1+x* " 1+x% thj dit x = tant, voi x 2’2

2x

Néu bai toan c6 chira biéu thurc dang 1-»7 thi dat x = tant,vdi x
2.Vi du minh hoa
Vi du 1 [4] Chitng minh rdng VneNn= 2, ta co

~1+a)"=QRa"+(1-a)" =1

(CHNG-D
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2a 1—a?

—1<=(

Nhan xét (1) < 1+a2

"+ o <

1
1+a? )

2a 1-a®

/4 ~ 4 ! \ 14 /( ~ 4 A A . /’7\ . )Is\d 2 . \
Céc phan thirc 1+a* 1+a® |am ta nhd dén céng thirc nhan doi bi€u dién cua sinx va cosx
X

theo tanZ2.

X

bat a = tanZ voi TESX<T

1—a?

2a .n n
) (1+azj _sin"x + cos"x

¢

= “1+a®

v VRENR=2 o o —sin?x < sin™x < sin’x
2

—co08%x = cos™x = cos®x

Suy ra dpcm.
Vidu2[4] Cho 0<x, y,z<1vaxy+yz+zx = 1. Chitng minh rdng

x v = 3{5
+—+ =

1-z2 = 2 (%)

A r r A r 1 ; 1 ; —=2 1N A 9 A A r A Al 9
Nhan xét: Cac biéu thaee 1= 1=¥" 1727 |am ta lién tuong dén cong thirc nhan doéi cia

ham tan2u, tan2v, tan2w.
T

bat x = tanu; y = tanv; z=tanw; v6i 0 <u,v,w <% (vi0 <x,y,z< 1)

Taco xy+yz+zx=1= tanu.tanv + tanv.tanw + tanw.tanu = 1

A

>utvt+tw=
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= 2u+2y=T " 2W

= tan2u + tan2v + tan2w = tan2u.tan2v.tan2w

2x 2y 2= 2x 2y 2=z
+——+ = -

2 1—z2 1-x2  1-92% 1-z2

— 1-x% 1—v

Tac6S=P
Theo Cauchy, taco S>3VF =p>3VP 5 p>3V3 9> 3V3 (dpem)

V. Dang 5: Doi bién sé déi véi bat dang thic tam gidc
1. Phwong phap

x,y,z =0 { A,B,Ce (UJEJ
X

a) Néu {xz +yi+z2+2xyz=1 thi tn tai AABC vgi X = cosA,y = cosB,z = cosC

{ x,_}’,z}o { AJB.ICE (ﬂr;]
b) Néu X+ V +z = x_}’zthi tél’l tal &ABC Vél X = tﬂﬂﬂ, Y= fﬂTLB,E = fﬂnC

{ x, v,z =0
o) Néu &Y Y2+ 2x = 1y 3 tai DABC voi

{ AB,Cec (_0;3) A,B,C € (0;m)

A B c
x = cotA,y = cotB,z = cotCy {x =tanz,y =tan-,z =tan;

2. Vi du minh hoa



{ x,y,z>0 x ¥y Lz 9
1 Vidu 1[6] Cho x+ty+z=1 .Chitng minh rcing S=x+yz  y+zx  ztxy 4

2 ung minh

X
= fﬂ?’l— J; = fﬂ?’l— | = fﬂ?’l; = {:D j
3 Dat voiu, v, W
ﬁff§+J% @LFhEJE
4 Do V' NY TN E *N¥ =x+y+z=1nén

= | D

t ut F-Ft L?E W+E WE “ 1
an— tan—+ tan— tan— an— tan— =
5 2 2 2 2 2 2
v W ke T Res
5 tan[;—k;]—cat;—tan(;—;)
vyw m_u
2y
G-+ GE )+ G5+
8 Khidd S= 72 tyz V+zx +xy
1¥2 2 W 3
EC—UZ_FF—ZX_'_Z xv)+i _( fz ;_x _;%,)—F—
9 — 2 +yvE r+ex E+xy 2 — 1+;_- 1 ¥ 1 =z 2
1 3
~(cosu+ cosv + cosw) += = ---
10 — 2 2
1[1 2 1. . 4 . 5 3
—|=(cosu + cosv)- + 1 +=(sin“u + sin“v) — cosw. cosv| =
11 < zlz 2 +2=

12 Vidu2[9] Choa, b, c > 0, ab + bc + ca =1. Churng minh rcing
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Vabe+ . /(1—a)(1—b)(1—c) <1

4 B, B ¢, £ 4_4
Nhan xét: + Pang thirc lién quan : tan? tan2  tan? tan?  tan? tan?

+ Luong giac hoa
4

B c
. b =tan—; ¢ = tan—
Pat a= tan? 2

2 véi A, B, Cla 3 goc cuia tam giac nhon 'ﬂ‘ABC

3 *\-'E
2

Ta co Vvabe+,/(1-a)(1-b)(1 —0) ZEE(M?MH- tanB + tanC) =

Vidu3 Choa, b, ¢ > 0théaa + b + c = abc. Chitng minh rang

a b c 343
. . . =—
V14a? Y1+b2 Y142 2 (])

Nhan xét: Véi a, b, ¢ > 0 théa a + b + ¢ = abc 1am ta lién tudng dén cong thirc

tanA + tanB + tanC = tanAtanBtanC trong do A, B, C 1a 3 goc cia tam giac nhon ABC.

bit a =tanA, b = tanB, ¢ = tanC trong d6 A, B, C la 3 g6c ctia tam gidc nhon ABC.

a ftand

Ta co Vi+a® =vi+tan®4  (anA cosA = sinA

b c
Tuong ty V1+b* =ginB ; ¥1+c* = ginC

]

< 3/ (

(1)« sinA + sinB + sinC 2 ludn ding v61 moi tam giac ABC)

V1. Mot sé vi dy ddc sac

Vidu 1[7] Goi m, n, p la 3 nghiém thuc cua phuong trinh ax’ +bx’ +cx—a=0,a# 0
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— — ) —
42 43 AW 2443
R L

< m?*+n*+p°

Chitng minh rang ™ ™ L
Dadu “=" xdy ra khi ndo?
Chung minh

Theo dinh 1i Viét ta co mnp =1
Lay a =45 B=-30°y=165"thi o+ B +y = 180°

wl

W V2+3
. cosa = ., Cosy = —c0s15% = ———

vz
— ,cosff =
Va z

Vay bt dang thirc can chimg minh twrong duong véi
V2np +3pm—+/2 +V3mn < m? + n? + p?

2 2 2
Hay 2npcosa + 2pmcosp + 2mncosy =mo+nt+p (*)

Ta co (P —mcosB — ncosa)® + (msinf — nsina)® = 0

< p? + m’cos’B + sin’P + n*(cos’a + sin*a) > 2mncosP + 2npcosa — 2mncos(a + B)

< p? +m* + n* > 2mpcosp + 2npcosa + 2mncosy (Vi o + B +v = 180°)

Bit dang thirc (*) dugc chimg minh.
{ msinf = nsina
DAu “=” xay ra khi va chi khi P = Mcosp+ncosa

m n bel

o Sina sinf siny

o™ k3=$=—4(v@+1):k=—3/4w§+1)
Dét sina tg co sinasing siny
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Suy ra m = ksino = —2.943

9

6|7—-44/3

p =ksiny =

2

Vi du 2[5] Chitng minh bat dang thirc

(-

en) (1

Chirng minh

D<a<Z
2 ta ¢ bat dang thirc sina < a < tana

Véi

cota < £ <

Hay

D¢ thay céc so

n_

211+1) < Zk- 1J.:z (1_2111+1)(1+

a sina (1)

cot?

1
IEZI"I:-I-i

) S5
Con+a By o Cin+a

22?[

2n+1 Zn+1

9 see 9

xn—z
Contt

Do d6 tong cac nghiém nay 13

cot?

Zn+1

27T
+ cot?

2n+

2 '*\- 3+3
n =ksinf =

2']‘1?[

cot?

L.+

Zn+1 ]a n nghiém cua da thirc bac n sau

1 )rrz
2n+1l)S &

1
ItTZI"I:-I-i

3
TIT CZJ‘I+1 _

s (_1)n—1€§#;%x+{_1]n

1
Ir'TZI"I:-I-i

n(2n—-1)

i
2n+1 = Consta

3
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= {1+ cot? )+(1+.:w:nf2
( 2n+1 n+1
—n4+ n(2n—1) _ 2n(n+1)
3 3
bt et o 2n(+D)
Vﬁy sin Zn4+1 sin by s N+l — 3 (3)
Tu (1), (2), (3) ta c6

3 Zn+1 k

Zn+1l

n{2Zn—1) km 2n+1)\2
= Y=, COL? < Zi:l:l(_) < i=s

)+ ot (1 + cot?

ni

n+1

)

2
Chia tat ca cac sd hang cua bat dang thirc cho ( ?f ) ta duoc

2
(-5 (527 <3< (1
Zn+1 Zn+1/ & k2 Zn+

Nhan xét: Tir bat dang thirc trén, chon — “° ta dugc

2 2

o202 -
Zn+1 Int+ls 6 &

2 2

-2 ) -
Zn+1 Int+ls 6 &

J_rZ

T 1 _ =
A =1
Vay k%6

BAI TAP THAM KHAO

Bai 1[2] Cho &* + b’ = ¢ + d* = 1. Chitng minh rang

1

1

)(1+

1

Zn+1

)

2

5]
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lac+ bd| =1
a)

b) —2<(a-b)(c+d) +(a+b)c-d)=2

. x4y
Bai 2[2] Cho x, y thoa man 3x + 4y = 7. Chung minh rang 25

Bai 3[6] Chitng minh rang

Vi+VI—a2[J(d+a)? - J(1—a)®] < 2v2+V2 - 247

Bai 4 [2] Chitng minh rdng
(T -a*) +3(e—vT=@)| < v2

Bai 5[1] Chitng minh rang

3x 4x

=1

Vi+x2 .,f-"{l+x2:]3

Bai 6[4] Chitng minh rang

{a+b)(1—ab)
(1+a?)(1+b%)

1
=

T2

R

Bai 7[2] Chitng minh rang voimoia, b €

Bai 8[2] Chitng minh rang véi moi cdp s6 thuc x, y ta déu cé

(2 —yHA -2y _ 1
[T+ +yDP

4

Bai 9 [6] Cho 3 56 thuc x, y, z sao cho xyz > 0 va 3 sé thiee a, b, ¢ sao cho

3
wtbie<z lal =1, 1bl <1, lcl <1

¥ Z

1 1 1 x
—a+-b+-c = —+
Chung to * y z 2yz = 2zx 2%y
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Dadu “=""xay ra khi nao?

Bai 10[8] Cho x* +y* + 22 + 2xyz = 1, véi x, y, z > 0. Chitng minh rdng

3
=

a) xyz

0| =

Bai 11[8] Chox +y +z =xyzvax, y, z> 0. Chitng minh rang

X y z 9
+ + < -
Vi+x? J1+y2 V1422 2

Bai 12[8] Cho xy + yz + zx = 1 v6ix, y, z > 0. Chitng minh rang
1 1 1 2x 2y

b)xy-i-yz-i-sz;

2z

+ + > + +
Vi+x? J1+y2 V1422 J1+x2 J1+y2 1+ 22

Bai 13 (Pé thi toan Olyimpic 30-4,lan thir 15-2009)

Chung minh voi moi a, b, ¢ > 0 ta co

2a 2b 2c
+ + =3
a+ b b+c c+a

Ix|=1,lyl =1

Bai 14[8] Chitng minh rang véi moi x,y théa man

yﬂxz —1+4/y?—1+3 < xyv26.

'ta co
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KET LUAN

Trong toan bo dé tai ching t61 da h¢ théng lai mot sd bat déng thire dai sb ¢6
thé dung phuong phéap luong giac dé chimg minh. Chiing toi da phan loai chung theo
tirng dang, trinh bay cu thé phuong phap dé chimg minh va c¢6 nhitng vi du minh hoa kém
theo mdi phuong phap. Nhitng vi du d6 duoc sip xép tir don gian dén phuc tap véi 10
giai kha chi tiét, da dang, bao quat moi khia canh li thuyét va dé hiéu, c6 thé giup ban doc
nam bat nhanh va hiéu qua phuong phap luong giac trong chirg minh bat dang thtc dai
s6. Sau khi doc dé tai, ban doc s& c6 thém mot phuong phap moi dé ching minh mot $6

bai toan bat déng thirc dai sé mot cach hiéu qua hon.

Tuy nhién vi trong thoi gian ngén va kién thirc chua sau rong nén ¢ nhiing
bai toan bat dang thic dung luong giac héa dé chimg minh nhung khong theo mot
phuong phap dit an phu cu thé nao ma dya vao nhirng tinh chat dic biét cia cac ham sd
luong giac va nhitng yéu td trong bai toan dé chimg minh khong dugc chung toi trinh bay
cu thé va chi tiét trong dé tai nay. Ching t6i rat mong nhan duoc sy dong gop, nhan xét

cua ban doc vé ndi dung dé tai.
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