PHAN B. BAI TAP TU LUAN

NHAC LAILY THUYET
. 1.H¢ truc toa do Oxyz:
- Hé truc gdm ba truc 9% 0¥ O 46i mot vudng goc nhau.
k= (0:0;1) «Truc OX: tryc hoanh, ¢6 vecto don vi 1 =(10:0)
= Truc @ : truc tung, c6 vecto don vi / =(&: L0,
O. ....... o)1= (150:0 =Truc Oz truc cao, c6 vecto don vi k=(0;0:1).
* L Piém 200:0) 13 o8¢ toa dp.
Y/77=0:1;0 w=xi+yj+zk e u=(xy.z
7= ] 2.Toa dg vecto: Vecto Y X5¥32)
Cho “ =la;;aya,), b :[h"jhf'jb-‘}. Ta co:

a +h =(a, =b: a, £b,: a, =h)

ka :f_:'!ﬁ?,-: _.I![ﬂ:_: kﬂa}

@ cing phuong b < @ =B (FER)

e : ‘a, =kb,
- a, =h, = {a, =kb, & ﬂ—':ﬂ—: :ﬂ—'-‘._ (b, b,, b, #0).
a=h < {a, =b @, =kb, b b,
\a, =h,
ab =a.b +a, b, +a.b, la| =/ D ta +a; a’ :‘ﬂ‘- =a +a; +a;
~ _ ab. ab, +ab, +a,b,
albe ab=0e ab+ab +ab, =0 cos(a, b) =

TE

|ﬂ| ||"J| Jﬂf +ﬂ:: +ﬂ_.f .Jl":rlz +|'5':: +|'5_.3

M(x, y:z) e ;Ju} =(x;y:2)

3.Toa d¢ diém: ChoA['T--' Vs Z2a) s Bxys i 25) 5 Cloxciyeize) , ta co:
AB =(x5= x 1¥p= ¥,i25-2,) AB :J[.TH ~x ) (- v, )z - z,)
TE TE
= Toa do trung di€ém M ctia doan thang 4B: == Toa do trong tdm G cua tam giac ABC:
-W. X, bx, ¥, *y, .z, *+z, | | X, bx,tx. ¥y vy ty. z vtz ‘
L2 7 2 7 2 3 " 3 " 3

QUY TAC CHIEU PAC BIET

Chieu diem trén truc toa do

Chiéu diém trén mit phing toa d¢

M (X3 Y,0i2,, ) VEIEEEB M, (X, ,00)

- Diém
iém M{xm;}fm;z ) V25O M, (0;,,;0)
it M%) VISR, 005,

pidm M KuiYuiZ) VEAEIO M, (X,:,,:0)
__Piém M (x,.:¥,,:2, ) AZEEER M, (G Y, Z,)
_piém M Y2 ATEWETO M 1 (%,:0.2,,)

P6i xirng diém qua truc toa do

P6i xirng diém qua mit phang toa do

M (XY, Zu ) Vil BORAAY M (X Vi Z
) ViSRRI P M, (- XY 2,
M{XMJHMJEM}Bfgf%ﬁﬁgmsﬁlma{_ Xop 1= Y1 Zy

M{ .I}IH.I

M{KM;}{MJ afﬁfmﬁm (x, M Y z!.-r]'
M (X, ¥, 2, ) Va2 SR O M, (X, - ¥y32,)

M{KMJ}{MJEM }%’@;’%ﬁ@%pmg- K1 Yo 14y )

4.Tich ¢6 huéng ciia hai vecto: KIEN THUC BO SUNG




a=(a,, a,, a,) b=(b, b, b)

0 Pinh nghia: Cho , tich c6 huéng cua @ va 0 1a:

[a.h] —[[ © : @ : R :(ﬂﬁh.m -abab -abab, - aﬁhl)
\ h] h."\- h."\- III-J‘I III-}I h] ! o o . - - i
0 Tinh chit: [a,b] L a [a,b] L b [a.8]| =lal.lp| sin(a,5)
- Diéu kién cung phwong cua hai vecto ¢ &b 1y - Didu kién ddng phing ciia ba vecto @ b sy
[aﬂb} =0 i 0=(0:0:0). [a, b].c =O0.
- Dién tich hinh binh hanh ABCD: == Dién tich tam giac ABC:
: T 1 000 000
S. scp =|| AB,4D]|. S, e :;‘[AB. AC”.
TR {000 T 10
e Vs ssen =|[AB, AD].AA]. V s :_HAB.HCI .AD‘
= The tich khoi hgp: . Thé tich tir dién: 0 )

DANG 1. HE TRUC TQA PQ TRONG KHONG GIAN
Caul. Cho hinh lap phuong ABCD -ABCD ¢4 3@ dai mdi canh bang 1. C6 thé 1ap mot hé toa do

ol ude oo

Oxyz BA,BC.BB

¢ gbe 0 trung voi dinh B va cac vecto '2/ -k 1an luot 1a cac vecto
khong? Giai thich vi sao.

B C

A’ D’

Cau2. Cho hinh hop chir nhat GABC O ABC  Hg toa do OxVZ dyoc chon sao cho céc tia
Ox,0v. 02 131 Iuot chira cac diém 4> €O (Hinh).

TZ
o) c
AF— 5
Oioe... o,y
Al
B
X

a) Mat bén OCCO pim trong mat phéng toa d6 nao?
b) Ox ¢4 vuong goc voi mat bén occo khong?

(Oxy ) khong?

¢) Mit bén OAAO ¢4 vudng goc voi mit phing toa do
Cau 3. Cho hinh hdp chir nhat OABC OABC ¢4 canh 04 =4,0C =0,00 :3. Chon hé truc toa do

Oxyz co géc toa do O; cac diém 4,60 lan luot ndm trén cac tia Ox,0y, 0z . Xac dinh toa do

céc diém A.B,B .




Cau4. Trong khong gian OXVZ | cho hinh hop chit nhat ABCD -ABCD ¢4 dinh 4 trang v6i gbe O, ca

AB. AD. A4 theo this tu cing huong véi /K vaco 4B =5 AD =0 44 =4 Timtog

do cac vecto ABACAC 3 AM voi M 13 trung diém cta canh C D .
Cau 5. Hinh minh hoa mot h¢ toa d6 Oxyz trong khong gian cung voi cac hinh vuong c6 canh bang 1 don
vi. Tim toa do cua diém M .

4
B [«
A E}_\: M
4 i:.'_ [ ]. Dl |,
i y
g £

Cau 6. Trong khong gian Oxyz’ cho hinh hdp chir nhat OBCDOBCD B(2:0:0). DED;I;D},
O (0:0:1) Tim toa dd cac dinh con lai.

Cau7. Trong khong gian Oxyz , cho hinh lang tru tam gidc
A(L;0:2), B(3:2:5),C(7:-3:9) va A(5; 0;1).

ABCABC

B(3; 2; 5)

At 0:2) "1 e -3:9)

A'(5;0; 1) o
uuu

a) Tim toa d0 cua A4

b) Tim toa d cua cac diém B.C .

Cau 8. Trong khong gian u(zfyz , cho ba diém khéng thfmg hang A(2:-1:4), B(3:5:- 1), (- LL 3}.

a) Tim toa do ctia 4B .
b) Tim toa do diém D sao cho 4BCD 13 hinh binh hanh.

2 ;0; 2:3:- ALCICH N
Cau 9. Trong khong gian véi hé toa do Oxyz,cho cac diém A(1’0’3), B(2:3; 4), c( 2’1’2).Tim toa

d6 diém D sao cho 4BCD 13 hinh binh hanh.

Cau 10. Trong khong gian v6i hé toa 4o OV  cho 2 diém (12:-3) C(1:4-2) 130 didm E thoa
nim ding thic CE =2EB

Cau 11. Trong khong gian Oxyz’ cho hinh hop ABCD.ABCD ¢4 A(I;O;l), 3(2;1;2), DG~ 11)

2

C(4:5:- ﬁ) Tinh toa d dinh A’ cia hinh hop.
DANG 2. BIEU THUC TQA PQ CUA CAC PHEP TOAN VECTO
- - - ( 5
u :-2;‘+3;+§A— v=l3-—2
Cau 12. Trong khong gian Oxyz , cho vecto 4 vavecto 4



Cau 13.
Cau 14.

Cau 15.

Cau 16.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

Cau 21.

Cau 22.

a) Tim toa d0 cta ¥ .

b) Biéu dién V theo cac vecto don vi '/ k.
-

a =2u+_v

¢) Tim toa do cua 3

—_—

d =2a- —b+3c
q

Cho “ =(2:- 1i5) b =(0:3:- 3),¢ :[|;4;_2}. Tim toa do cua vecto D

Trong khong gian 07 | cho @ =(2:1:-2) 4 b =(-2:3-2)
a) Tim @ b .

b) Tim (@-2)

Trong khong gian Oxyz , cho hai vecto ¢ =(L4:2) (5 b =(-41:0)

a) Tinh @ b va cho biét hai vecto ¢ va b o vudng goc voi nhau hay khong.

b) Tinh d¢ dai cua vecto 4.

Trong khong gian Oxyz , cho hai vecto ¢ =(2:L3) 3 & =(ZZD) 1y toa do cia mdi vecto sau:
a)a-b;

p) 3a+2b

Trong khong gian Oxyz , cho ba vecto ¥ =(3-2:1),g =(0:-%2),r =(ZL:-3) .

s =V = .
a) Tim toa do cua vecto c=1p-3q+ .

b) Tim hai vecto cung phuong trong cac vecto da cho.

Cho ba vecto =(30:1),6 =(L;- I;- 2),c =(Z:1;- ”'_

a) Tinh @ 0.0 <

b) Tinh |al,|b I.Ensf_a.h}.

¢) Cho @ =(1:7:-3) Ching minh @ La.
Cho ba didm A(20:2).B(1:2:3),C(2:1:2)

{1y Iy W [ W)

a) Tim toa d0 cua cac vecto AB.BC.CA .

b) Tinh cac do dai 48-BC.C4

Cho tam gidc ABC o A(l:-1:1), B(0:1:2),C(1: 0
a) Trung diém M cia 4B ;

':I}.Timtoadé:

b) Trong tam G cuatam giac ABC

Oxyz All; 2:3),B(3:2:1)

va C(Z-L5) 1y toa d6 trung diém
M ciia doan thing 4B va toa do trong tim G cua tam giac 4BC .

Trong khong gian @Y7 | cho tam gidgc MNP ¢4 M(3:7:2), N(S: L= 1) gy P(42-42-2) Ty o
do:

Trong khong gian , cho ba diém

4



Cau 23.

Cau 24.

Cau 25.

Cau 26.

Cau 27.

Cau 28.

Cau 29.

a) Trung diém / cua doan thang MN .

b) Trong tam G cua tam giac MNP

Cho tam gidc ABC 4 A(7.3:3),B(1:2:4), 6[2;3.15}'

a) Tim toa do diém # 1a chan dudng cao ké tir 4 cta tam giac 48 C,
b) Tim do dai canh 4B va AC

¢) Tinh goc 4.

Oxyz A0 1:-2), B(2:- 1:3),C(1; 3;- 2), D(5:- I;S}‘

Trong khong gian , cho bdn diém

a) Ba diém 4.B,C ¢4 thang hang khong?

b) Chimg minh ring hai dudng thing 48 va CD song song véi nhau.

Trong khong gian Oxyz , cho tr dién ABCD i A(l:3:-2). B(3:2:-4).C(2:1.0) , D@3:5:-1)
a) Chirg minh rang AB LCD

b) Chting minh ring B CD 13 tam giac déu.

¢) Tinh s6 do cta UMD vei M 1 trung diém cua BC (lam tron két qua dén hang don vi).

Cho hinh chop S.ABCD ¢ day ABCD 13 hinh chit nhat va S4 vudng gdc v6i mit phang
(ABCD) iz sir SA=2AB=3 4D =4 X4t e toa 40 PV véi O tring 4 va cac tia
Ox,0v,0z AB,AD,AS

lan lugt trung voi céc tia

a) Xac dinh toa do cua cac diém S,4,8,C.D .
b) Tinh BD va SC

uuy uuug

¢) Tinh (BD,SC)
Trong khong gian véi hé toa do Oxyz’ cho hinh hop ABCD.ABCD 4 4(0; 0, 0),

BG: 0 0), D 3 0), D(0; 3; - }}. Tim toa do trong tam tam giac ABC

Onyz AW2-1) B(2-13) c(-47;5)

Trong khong gian vi hé toa do , cho ba diém . Tim toa
dd chan duong phan giac trong goc B ciia tam giac ABC

) ) L A-2:3 .1 HETE )
Trong khong gian véi hé toa do Oxyz , cho ba diém AC2; ’1), 8(2’1’0), ci3 ]']). Tim tat
ca cac diém D sao cho 4BCD [3 hinh thang c6 day 4D va Sasco =38ymc



Cau 30.

Cau 31.

Cau 32.

Cau 33.

Cau 34.

Cau 35.

Cau 36.

Cau 37.

Cau 38.

R . e 1A R , = L;-2), v =(1;0; e Ae o e
Trong khong gian véi hé toa do Oxyz,cho véc to (5-2), v =( '”I). Tim tat ca gia tri cia

m dé goc gitra ¥, V bang 45 .

. =(5:3:- b =lm:- 1 . A g
Trong khong gian @7 | cho céc vec to (5:3:-2) val (o I'm+3).Co bao nhiéu gia tri

nguyén duong cua " dé goc giira hai vec to @ va b lel‘} goc tu?
m=(4:3:1) »n =(0;0:1)

Oxyz

Trong khong gian véi hé toa do , cho hai vecto . Goi P 1a vecto
u

u
u

cung hudng voi [ (tich ¢6 hudng cua hai vecto 7 va 7). Biét
p

, tim toa do vecto

u

Oxyz m=(4:3:1) va ™ :(D;D;U,Goi P 1a véc to cung

. Tim toa do cua véc to P )
@58 4 88
M(2:2;1) & 373738

Trong khong gian , cho hai véc to
8]

u

) o [m , n} .
huong voi va

Oxyz

Trong khong gian , cho hai diém . Tim toa d§ tdm dudng tron ndi

tiép tam giac OMN |
Cho 3 didm A(L:0:0), B(0:0:1),C(Z:1:1)

a) Chung minh: A.B,C 13 3 dinh cua mot tam giac
b) Tinh chu vi va dién tich tam giac 48 C

¢) Tinh do dai dudng cao cua tam giac 4BC ké tir 4.
d) Tinh cac goc ciia tam giac 48 C.

Oxyz A(1;0;0) B(0:1:0),C0:0:1), D(- 2:1:- 1)

Trong khong gian véi hé truc toa do cho diém

1) Chitng minh ring & 8-C-L 13 4 dinh ctia mot khéi ta dién.
2) Tinh thé tich cua khdi tir dién

3) Tinh d6 dai duong cao ha tir 4 cua khdi tir dién 4BCD
DANG 3. UNG DUNG THUC TE

Hinh a mé ta mot san ciu long vai kich thudc theo tiéu chuin quéc té. Ta chon hé truc cho
san d6 nhu & Hinh b (don vi trén mdi truc 1a mét). Gia su 48 1a mot try cau long dé cang ludi.

Oxyz

Hay xé4c dinh toa d6 ctia vecto 4B .

Mot chiéc may quay phim & dai truyén hinh dugc dit trén mot gia d& ba chan véi diém dat

P(0;0;4) va cac diém tiép xtc vO6i mat dat cua ba chan lan luot Ia Q](D;-I;D)’
J?_. 5 _ . ﬁ 3 .
Q: T!E!D -.Q_-., - T!E!D

" (Hinh). Biét rang trong luong ctia may quay 1a 360N



,0;

[ N Ny W N}

Lam thé nao dé tim duoc toa do cua cac luc F, B, F, tac dung 1én gia d6?

8(050;20) 5 cac didm cham mat
A(20:0:0), 5(0:20:0) €(-20:0:0). D(0:-20:0) 40m vi em). Cho

Cau 39. Mot chau cay duoc dat trén mot gia do co bdn chan véi diém dat
dét caa bdn chan 1an luot 1a
biét trong luc tic dung lén chau cdy c6 do 16n 40N va dugc phan bd thanh bén luc

[y N /I W 1

F.F.FF, c6 do 16n bé'mg nhau nhu Hinh. Tim toa d6 ctia cac luc noi trén (mdi centimét biéu
dién 1 V).
S e
/TN
F,
I &)

D/ v = ¥
4
X

Cau 40. Trong Vatli, ta biét rﬁng néu luc F tac dong vao mot vat va lam véat dich chuyén theo doan théng

uuug

tr M @én N | thi cong 4 sinh boi lyc F duoc tinh bang cong thue 4 =F -MN

Oxyz F=(2:3:-1)

Trong khong gian , mot nguoi tac dong mot luc khong doi vao mot vat dang &
géc toa do O va lam cho vat dich chuyén théng tr O dén diém M (12 l). Biét luc tinh béng
newton (N) va don vi trén mdi truc toa d6 1a mét, 1am thé nao dé tinh cong 4 (don vi: J) sinh ra

boi lyc F trong tinh hubng nay?

Cau 41. Trong khong gian véi mot h¢ truc toa do cho trudce (don vi do léy theo kilomét), ra da phat hién

mot chiéc may bay di chuyén véi van toc va huéng khong ddi tir diém A(800;500;7) dén diém

B(940:550:8) trong 10 phit. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi toa do
cua may bay sau 5 phut tiép theo la gi?

Ciu 42. Nhiing cin nha gd trong Hinh a dugc phic thio dudi dang mot hinh ling try dung tam giac
OABO A B yhy trong Hinh b, Vi hé truc toa d6 P77 thé hién nhu Hinh b (don vi do 14y theo

centimét), hai diém/f va B ¢6 toa do 1an luqt 1@ (240;430:0) va (1 30'1450; 300}. Tt nhitng
thong tin trén, cd theé tinh dugc kich thudc moi chi€u cua nhitng can nha go hay khong?



Cau 43. Hai chiéc khinh khi cAu bay 1én tir cing mét dia diém. Chiéc thir nhat nam cach diém xuat phat

2km & phia nam va 14 & phia dong, ddng thoi cach mat dét &% | Chibe tht hai nim céch

diém xuét phat Lkm ¢ phia béc va 1,5km 0,8%m .

Oxyz

vé phia tdy, dong thoi cach mat dat
Chon hé truc toa do voi géc 0 dat tai diém xuAt phat cua hai khinh khi cAu, mat phéng
(Oxy) trung véi mit dat véi truc Ox huéng vé phia nam, truc Oy huéng vé phia dong va truc
Oz hudng thang dimg 1én troi, don vi do 1y theo kilomét.

a) Tim toa d6 cua mdi chiéc khinh khi cau dbi véi hé toa do da chon.

b) Xac dinh khoang cach giira hai khinh khi cdu (Iam tron két qua dén chir s6 thap phan thir hai).

Cau 44. Trong khong gian, xét h¢ toa do Oxyz co géc 0 trung véi vi tri cua mot gian khoan trén bién, mat

phing (Oxy) trung voi mat bién (duoc coi 1a phang) véi truc Ox hudng vé phia tay, truc Oy

huéng vé phia nam va truc Oz huéng thang dtmg 1én troi. Pon vi do trong khong gian Oxyz lay

theo kilomét. Mot chiéc ra da dit tai gian khoan c6 pham vi theo doi 1a 3047 Hoi ra da co thé

(25;15;

phat hién dugc mot chiée tau tham hiém co toa do 1a -10) dbi voi hé toa d6 noi trén hay

khong? Hay giéi thich vi sao.
&

Cau 45. Mot may bay dang cAt canh tir phi truong. Vi hé toa @0 PV dugc thiét 1ap nhu Hinh, cho biét

M 1avi tri cia may bay, oM =14, %08 =32 Boc =65 )

Tim duoc toa do diém M .



X

Cau 46. O mot san bay, vi tri ciia my bay duoc xac dinh boi diém M trong khong gian @Y nhu Hinh.
Goi H 1a hinh chiéu vuong goc cua _{W J_).(JuJéng mat phang (Oxy) .
Cho biét OM =50,(i,OH) =64 (OH,0M) =48

Tim toa do cua diem M .

Cau 47. Trén phan mém mo phong viéc diéu khién drone giao hang trong khong gian Oxyz , mot doi gdm

ba drone giao hang 4,B,C dang co toa do la ALLI) , B(5:7:9).C(%:11:4) . Tinh:
a) Cac khoang cach gitra moi cap drone giao hang.

b) Géc Bac
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