Chuyén dé: Tinh chat cdc diém cuc tri cia do thi ham sé y =ax* +bx* +c¢ va ing dung

TINH CHAT CAC PIEM CUC TRI CUA PO THI HAM SO
¥ =ax* +bx> +¢c VA UNG DUNG

Céc dé thi tuyén sinh vao Pai hoc va Cao dang trong cic nim gan ddy, ching ta thuong
gip cau khao sat ham sé y =ax* +bx” +c (a #0) va cac vin @ lién quan dén cac diém cuc tri
ctia d6 thi ham sb nay. Dé giup hoc sinh 6n thi c¢6 hiéu qua, bai viét nay dua ra cac tinh chét
thuong gap cua cac diém cuc tri ctia ham sb y =ax* +bx’ +c va mot $6 ung dung cua no.

I. COSO LY THUYET

Xét ham sé y =ax* +bx* +¢ (a #0) trén RR.
x =0
2ax* +b =0 (1)

O day chung ta chi xét truong hop hay gap 1a @6 thi ham s6 y =ax* +bx* +¢ c6 ba diém
cuc tri phan biét.

Db thi ham sb y =ax* +bx* + ¢ c6 ba diém cuc tri phan biét khi va chi khi »" =0 c6 ba
nghiém phan biét hay phuong trinh (1) c6 hai nghi¢m phan bi¢t khac 0  ab <0 (*)

x =0
Véi diéu kién (*) ta c6 ¥y =0 L= W Suy ra do thi ham sb c6 ba diém cuc tri 1a
2a

b b* b b?
-\ 2 ,/-—'c-— .
2a
Khi dotacd 4B ACj/ 8ab a BC ,/'—

Sau ddy 1a mot s6 tlnh chat thudng gip cua cac diém cyc trj nay.

Taco v =dax’ +2bx =2x(2ax> +b). Suyra y' =0 <

A(0; c) B|- va C

1) Piéu ki¢n dé ba diém cwe tri A, B, C tao thanh ba dinh ciia mét tam gidc vuéng.

Vi AB =AC nén tam giac ABC la tam giac can tai 4. Suy ra tam giac ABC la tam giac
vuong khi va chi khi B4C =90° hay tam giac 4BC vudng can tai 4.
2b b* - 8ab

=2 — b’ +8a =0
a 16a

Khid6 BC =AB\?2 = BC? =2AB* < -

Tinh chét 1: P6 thi ham s6 y =ax* +bx’* +c ¢6 ba diém cuc tri tao thanh ba dinh ciia mot
ab<0
b’ +8a =0

tam giac vuong khi va chi khi <|

2) Piéu kién dé ba diém cwc tri A, B, C tao thanh ba dinh ciia mét tam gidc déu.
Ta c6 tam gidc ABC 1a tam giac déu khi va chi khi 4B =4C =BC < AB*> =BC>
b*-8ab _ 2b
< 2
16a a

+24a =0.
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Tinh chét 2: P6 thi ham s6 y =ax* +bx’* +c 6 ba diém cuc tri tao thanh ba dinh ciia mot
ab<0
b’ +24a =0

tam gidc déu khi va chi khi {

3) Diéu kién dé ba diém cuc tri A, B, C tgo thanh ba dinh ciia mét tam gidc cin cé mét géc o
cho truoc.
Cé ba truong hop xay ra.
Truwong hop 1: « >90°.
Khi do6 tam gidc ABC la tam gidc tu. Vi tam giac ABC can tai 4 nén tam gidc ABC cd
mot goc « >90° khi va chi khi B4C =« .
Ap dung dinh 1y c6sin vao tam giac ABC ta cd BC? =AB* + AC* - 2AB.AC.cos Bac

4 -
2b :2.719168;119 (1- cosa) © - 16a =(b3 - Sa)(l- cosar)
a a

o BC?* =24B*(1- cosa) = -

o b’ +8a- (b - 8a)cosar =0,
Truong hop 2: o =90° ( ta di xét & tinh chat 1)
Trwong hop 3: & <90°.
+Néu B =& =« thi [ =180° - 2¢¢, suy ra cos 4 =cos(180° - 2&) =- cos2ar.
Ap dung dinh 1y césin vao tam gidc ABC ta c0 BC? = AB> + AC? - 2 AB.AC.cos BAC
4 -
o BC?* =24B*(1 +cos2a) = - 2 :2,%(1+cos2a) o -16a =(b° - 8a)(1 +cos2a)
a a
= b’ +8a +(b3 - 8a)cos2a =0,

+Néu Y =« thi tvong tu trudng hop 1, ta co b° +8a- (b* - 8a)cosa =0,

Tinh chit 3. D6 thi ham sé y =ax* +bx* +¢ ¢6 ba diém cuc tri A, B, C tao thanh ba dinh cia
mot tam gidc can co mot goc & cho trueoc khi va chi khi ab <0 va

hodc b +8a- (b3 - 8a)cosa =0 néu « > 90"

hodic b* +8a =0 néu a =90°

hodc b’ +8a +(b* - 8a)cos2a =0 péu B =0 =4 <90°

hodc b +8a- (b3 - 8a)cosa =0 néu B =, <90°.

4) Piéu kién dé ba diém cuc tri A, B, C théa min BC =0A (véi O la géc toa dj)

2b
Tacd BC =04 & BC? =04> & - — =¢" & ac® +2b =0.
a

Tinh chit 4. D6 thi ham sé y =ax* +bx* +c¢ ¢6 ba diém cuc tri A, B, C théa man diéu kién
ab<0

BC =04 (v6i O la goc toa dp) khi va chi khi { .
ac” +2b =0

5) Diéu ki¢n dé ba diém cwe tri A, B, C tao thanh ba dinh ciia mét tam gidc va tinh di¢n tich
tam gidc do.
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Goi H 1a giao diém ctia BC voi truc Oy thi AH 1a dudng cao ctia tam giac ABC. Khi d6 H
2 2 2

0o b vl_e

4a 4a 4‘a|

1 2b
Vay dién tich tam gidc ABCla S 5~ = > —BC.AH = ,/' — 4|a| ,/

cd toado H

. Suy ra AH ‘

Tinh chét 5. D6 thi ham sé y =ax" +bx’ +c ¢6 ba diém cuc tri A, B, C tao thanh ba dinh cia
ab<0
mot tam giac co dién tich la S cho truoc khi va chi khi b’
N\ 324

6) Diéu ki¢n dé ba diém cuc tri A, B, C tao thanh ba dinh ciia mét tam gidc va tinh bdn kinh
dwong tron ngoai tiép tam giac ABC.
Goi R 1a ban kinh duong tron ngoai ti€p tam giac ABC va H 1a giao diém cua BC voi truc

b’ N
Oy.Khido Hcotoaddla H|0;c- —| va 4
4a 4a 4|a|
. AH _AH
Tir tam gidc vudng AHC, ta co sin HCH === =2
AC 4B

AB  _AB* _b*-8ab _4|d|
. = = 2 X 2
sindCH AH 16a b

Ap dung dinh 1y sin vao tam giac ABC ta dugc 2R =

3
Suy ra R :b8|ai|ia.
Tinh chit 6. D6 thi ham s6 y =ax* +bx* +¢ ¢é ba diém cuc tri A, B, C tao thanh ba dinh ciia
ab <0
mét tam gidc ¢6 ban kinh dwong tron ngoai tiép 1a R khi va chi khi R :b3 - 8a.
8|a|b
II. UNG DUNG

Vi du 1. (Cdu 1 dé thi TSPH nam 2012 khéi A va khoi AI)
Cho ham s6 ¥ =x*- 2(m+Dx* +m* (1), v6i m 1a tham sb thuc.
Tim m dé dd thi ham s6 (1) c6 ba diém cuc trj tao thanh ba dinh ciia mot tam giac vuong.

Loi gidi.
Ap dung tinh chét 1, dd thi ham sd (1) c6 ba diém cuec tri tao thanh ba dinh cia mot tam giac
ab <0 -2(m+1)<0 m>-1 m>-1
vuong khi va chi khi < < < < m =0
8 b* +8a =0 -8(m+1) +8 =0 (m+1) =1 m =0

Vi du 2. (Céu 1 d@é thi TSPH nam 2011 khéi B)
Cho ham s6 y =x*- 2(m+1Dx* +m (1), m 13 tham sb.
’ Tim m dé dé thi ham s (1) co ba diém cuc tri 4, B, Cqsao cho O4 =BC; trong d6 O la
g0c toa d6 , 4 1a di€m cuec tri thudc truc tung, B va C la hai diém cuc tri con lai.
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Chuyén dé: Tinh chat cdc diém cuc tri cia do thi ham sé y =ax* +bx* +¢ va ing dung

Loi gidi.
Ap dung tinh chét 4, d6 thi ham s6 (1) ¢ ba diém cuc tri 4, B, C sao cho O4 =BC khi
ab<0 -2(m+1)<0 m>-1 5
va chi khi N < =2 +22.
ac® +2b =0 m? - 4(m+1) =0 m2-4m-4:0@m

Vidu 3. Cho hamsé y =x*- 2mx*-3 (1)
Tim m dé d6 thi ham s6 (1) c6 ba diém cuc tri va ban kinh duong tron ngoai tiép tam
giac tao boi cac diém cuc tri d6 dat gia tri nho nhat.

Loi gidi.
Ap dung tinh chit 6, dd thi ham sb (1) c6 ba diém cuc tri va ban kinh dudng tron ngoai
ab<0 -2m <0
tiép tam giac tao bdi cac diém cuec tri 12 R khi va chi khi _b3 -8a © _(- 2m) - 8
8lalb 8(-2m)

m>0
A 3 Suy ra R _1 m’ +L

R _m +1.>uy > m

2m
St dung bét dang thirc Cauchy cho ba sb duong, ta c6

P LI 21.3.3‘/;1@2. P31 35
2m  2m) 2 2m 2m 234 4
: 3 1 s 1 1
Vay min R :—.%/E@ ]fn2 =_— o m == m=——
ay n ” > A

Vidu 4. Chohamsé y =x*- 2mx*+1 (1)
Tim cac gia tri cua tham s6 m dé do thi ham sb (1) ¢6 ba diém cyc tri va dudng tron di
qua ba diém nay c6 ban kinh bang 1.

Loi gidi.
Ap dung tinh chit 6, d6 thi ham s (1) c¢6 ba diém cyc tri va dudng tron di qua ba diém
ab<0 -2m<0 m>0
nay co ban kinh R khi va chikhi | , _b’- 8a hay Com)-8e 4 4
8alb 8(-2m) T om
) *+1
Theo d& baitacé R =1, suyra 1 =2—— < m*- 2m+1=0 = (m- D(m* +m-1) =0
m
m =1
- A P A _ '1+\/§
N - 1 ++/5 . Doi chicu véi dieu kién m >0 ta dugc m =1, m = T
2

Vidu 5. Cho ham s§ y =x*+2(m- 2)x* +m*- 5m+5  (C,)
Véi nhiing gié tri nao cua m thi dd thi (Cm) c6 diém cuc dai va diém cuc tiéu, déng
thoi cac diém cuc dai va diém cuc tiéu 1ap thanh mot tam giéc déu.

Loi gidi.
Ap dung tinh chit 2, dd thi (C,,) c6 diém cuc dai va diém cuc tiéu, ddng thoi cac diém
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ab<0

cuc dai va diém cyc tiéu 1ap thanh mot tam gidc déu khi va chi khi {[f S
+ a=

2(m-2)<0 m<?2 m<? 7
= = = —2.33.
8Gn-2Y +24=0  |(m-2Y=-3 |m=2-3 "

Vidu 6. Cho ham s6 y =- x* +2mx” +1
Tim m dé dd thi ham s c6 ba diém cuc tri tao thanh ba dinh cua mot tam giac c6 mot
gbc bang 120°.

Loi gidi.
Theo tinh chit 3, dd thi ham s ¢6 ba diém cuc trj tao thanh ba dinh ctia mdt tam giac co
ab<0

b +8a- (b* - 8a)cosa =0

m>0

mot goc @ =120° khi va chi khi {

-2m<0

m>0
= =4 1 =
8m’ - 8- (8m® +8)cos120° =0 |8m’ - 8- (8m® +8)| - 5] =0 {121713 -4 =0

m>0 m>0

1

S 51 ! @m:T'

== |m=— 3
"3 3

Vidu 7. Choham sd y =x* - 2mx* +m +2.

Tim m dé dd thi ham sb c6 ba diém cuc tri tao thanh ba dinh ciia mot tam giac c6 di¢n
tich bang 32.

Loi gidi.
Theo tinh chét 5, @6 thi ham sb c6 ba diém cuc tri tao thanh ba dinh ciia mot tam giac co
ab<0 -2m<0
m>0

dién tich S =32 khi va chi khi e om) ©
' S=-2 7 |3z (-2m) {32 =m’
32a 32.1°

m>0 m>0
(=4 = S m=4-

32 =m’ m =332>

Vidu 8. Cho ham s6 y =x* +2mx” +m- 1.
Tim m dé dd thi ham s c6 ba diém cuc tri tao thanh ba dinh cua mot tam giac ¢ mot
gbc bang 30°.

Loi giai

Theo tinh chit 3, dd thi ham s ¢6 ba diém cuc trj tao thanh ba dinh ctia mot tam giac can
c6 mot goc  =30° khi va chi khi ta ¢6 hai truong hgp sau
ab<0

b +8a- (b* - 8a)cosa =0 (1)

+ Néu goc ¢ dinh o =30° thi {
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’ ab<(
+ A 7 9 I3 — 0 by
Néu goc ¢ day o =30° thi b +8a + (b - 8a)cos 2 =0 (2)
2m <0 m<0
y P =
Taco (1) =g 5 45- (8m° - 8)c0s30° =0 |8m* +8- (8m° - 8).? =0
m <0 m<0 >
= At =-
(2_\/§)m3+2+\/§zo m3 :-(2+\/§)2@m— 3(2+\/§)
2m <0 m<0 m<0
B ) & = (==
Va@) 8m® +8+(8m° - 8)cos60° =0 8m3+8+(8m3-8)% =0 3m® +1 =0
m<0 m<0 1
had 3 1<:> — 1 @m:_3—'
== — m =- 3
"3 B

1 : , ,
Vay khi m == = hotie m == (2++3) thi dd thi ham sé ¢6 ba diém cuc tri tao thanh

ba dinh cia mot tam giac c6 mot goc bang 30°.
IIL. BAI TAP

Bai tap 1. Cho ham 86 y =x* - 2mx* +m +1,
Tim m dé dd thi ham sb c6 ba diém cuc tri tao thanh ba dinh ctia mot tam giac déu.
DS: m =33
Bai tap 2. Cho ham s6 y =- x* +2mx* +m’ +m.
Tim m dé d6 thi ham s6 co ba diém cuc tri tao thanh ba dinh ctia mot tam giac ¢ mot goc bﬁng

1
30°. pS: m =3(2++3) hoic m 5

Bai tap 3. Cho ham sé y =2x*- 2mx’ - m+1 (1)
Tim m dé d6 thi ham s6 (1) ¢ ba diém cuc tri va ban kinh dudng tron ngoai tiép tam giac tao
boi cac di€m cuc tri do dat gia tri nho nhat

PS: min R :% o m =l

Bai tip 4. Cho ham s6 y =2x*- 2(m +3)x* +m+1 (1), m la tham sb.
Tim m dé (16 thi ham sd (1) co ba diém cuc trj 4, B, C sao cho 04 =BC; trong d6 O la géc toa
do , 4 1a diém cuc tri thudc truc tung, B va C la hai di€m cuc tri con lai.

bS: m :i\/g
Bai tp 5. Cho ham sé y =- x* - 2(m- Dx* +m +1.
Tim m dé dd thi ham s c6 ba diém cuc tri tao thanh ba dinh ciia mot tam giac c6 di¢n tich béng
32.

bS: m =-3

Thay gido Nguyén Van Thiét, triuong THPT Vinh Xudn, Phii Vang, Thira Thién Hué 6
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IV. KET LUAN

Bai viét ndy di néu ra 6 tinh chat cta cac diém cuc tri ctia do thi ham sd y =ax* +bx” +¢
(a #0) va mot s Gmg dung cta ching. Hy vong rang bai viét ndy cung cdp cho cac ban mot tai
liu dé giang day va 6n tap cho hoc sinh 16p 12 thi vao cac truong Dai hoc va Cao dang c6 két
qua. Cudi cung tac gid mong don nhan duoc sy goép y chan thanh cua cac ban va xin chiic cac
ban strc khée, hanh phuc va thanh dat.
Tran trong cam on.
Nguyén Vin Thiét
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Tinh chat 2
3) Diéu kién dé ba diém cuc tri 4, B, C tao thanh ba dinh ctia mot
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PHAN PANH GIA CUA HQI PONG KHOA HQC TRUONG

PHAN PANH GIA CUA HQI PONG KHOA HQC SO GD&PT THUA THIEN HUE
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