Chuyén dé 26. PONG DU THU'C

A. Kién thirc can nhé
I. Pinh nghia: Cho s6 nguyén m> 0. Néu hai s6 nguyén a va b khi chia cho m ¢ cung sé du thi ta noi a
dong du véi b theo mddun m va ky hiéu: @ =b (mod m).
Chii y: a) @ =b (mod m) 1a mot ddng du thirc v6i a 1a vé trai, b 1a vé phai.

b) @a=b (mod m) < a- b:me Fte zsaocho a=b+nt

¢) Néu a va b khong ddng du véi nhau theo mddun m ta ky hiéu: a£b (mod m).
IL.Tinh chit:
1. Tinh chét phan xa: @=a (mod m)
2. Tinh chét d6i xtmg: @ =b (mod m) = b=a (mod m)
3. Tinh chat bic cau: @ =b (mod m); b=c (mod m)= a@=cC (mod m).
4. Cong hay trir ting vé ctia dong du thirc ¢6 ciing modun:
a=b (mod m); ¢ =d (mod m)= a+c=b+d (mod m)
Toéng quat: & =B (mod m), i =12...k= & *a, *...+3, =b b, +... b, (mod m)
5. a) Nhan hai vé cia dong du thirc voi mot sb nguyén:
a=b (mod m)= ka =kb (mod m) véi ke Z.
b) Nhén hai vé va modun ctia dong du thic voi mot sé nguyén duong:
a=b (mod m) = ka=kb (mod m) véi ke N
6. Nhan timg vé ciia nhiéu dong du thirc c6 ciing modun:
a=b (mod m); ¢ =d (mod m) = ac =bd (mod m)
Tong quat & =b (mod m), I =12...k= a a,..8 =b b,..5, (mod m)
7. Nang hai vé ctia mot dong du thirc 1én ciing mét lity thira:
a=b (modm) = g =b (mod m) (keN")
8. Néu hai s6 dong du v6i nhau theo nhiéu modun thi ching dong du véi nhau theo modun 1a BCNN ciia cac
modun ay:
a=b (modm;) [ =L2..;k= a=b (mod [m; ms;...;my])
Dic biét néu (mi;m)=1(@G;j=1;2;...;k) thi @a=b (mod m;) = a=b (mod m;; my;...;my)
9. Néu a=b (mod m) thi tdp hop cic udc chung ciia a va m bang tap hop cac uwéc chung ctia b va m.
Dic biét: @ =b (mod m) = (a,m) =(b,m)

10. Chia hai vé va mddun ctia mot déng du cho mot wéc duong chung cua chung:

a=b (mod m), keUC(a,bm),k>0= 2 _b modT]
kK Kk
Dic biét: ac =bc (mod m)= a=b| mod m
(cm)

II1. Mot s6 dinh 1y (ta thira nhan khong chimg minh)



1. Pinh Iy Fermat bé. Cho a 1a s6 nguyén duong va p 1a s6 nguyén t6. Khi d6 ta luén c6 a” =a(mod p).
Dic biét néu (& p) =1 thi a”* =1(mod p)

2. Pinh ly Wilson. Vi moi s6 nguyén té p thi (p- 1)!=- 1(mod p)

3. Pinh 1y Euler. Cho m 1a s6 nguyén duong va a 1a s nguyén t6 cung nhau véi m; @(m) 1a sé cac sd
nguyén duong nhé hon m va nguyén té cting nhau véi m.

Khi d6 @™ =1(modm)

Chii y: Néu s6 nguyén duong m c¢6 dang phan tich thanh thira sé nguyén to:
1 i][l- L ]...[1-i
o] P P«

1. Dang todn tim sé dw trong phép chia cé dw

m=p". 052 ....o0 thi (M) =m

B. Mt s6 vi du

* Tim cach giai: V61 hai sO nguyén a va m, m > 0 luén c6 duy nhat cdp s6 nguyén q, r sao cho

a=r(modm)

a=mg+r,0<r<m Pé tim s du r trong phép chia a cho m ta can tim r sao cho {O<r<m

Vi du 1: a) Tim sb du trong phép chia 1532°- 1 cho 9.
b) Tim sb du trong phép chia 2016 + 2 cho 5.
Gidi
a) Ta c6 1532 =9.170+2 =2(mod9) do d6 1532° =2°(mod9)
= 1532°- 1=2°- 1(mod9). Vi 2°- 1=31=4(mod9)
Do d6 1532°- 1=4(mod9). Vay s6 du can tim 1a 4.
b) Ta c6 2016 =1(mod5) do d6 2016 =1""% (mod5)
= 2016 + 2 =12+ 2(mod 5). Vi 1+2=3=3 (mod5).

Do d6 2016 + 2 =3(mod5). Vay sb du can tim 1a 3.

Vi du 2: Ching minh (2013 + 2014 - 20157 1106
Gidi
Ta phai tim s6 tu nhién r sao cho
0=r =(2013" + 2014%° - 2015™)*° (mod106)
Ta c6 2013=106,19- 1= 2013=- 1(mpd106) = 2013** =1(mod106)
2014=10619 = 2014 =0(mpd106) = 2014%** =0(mod106)
2015=106.19+1= 2015=1(mod106) = 2015 =1(rmod106)

Do do (20137 + 2014 - 2015 )" =0(mod106)

Vi du 3: a) Hiy tim chit sb tan cung cia 9°°



b) Hay tim hai chit s tn cing cta 319%,
Gidi

a) Tim chit s6 tdn ctng ctia mot s6 1a tim du trong phép chia s6 d6 cho 10.
Vi ¥ =9.81" =9(mod 10).
Do 9'° 12 s6 nén s6 9% ¢o chir sb tan ciing 13 9.
b) Tim hai chir s6 tan ciing ctia mot s6 1a tim du trong phép chia s6 d6 cho 100.
Ta co 3* =81=-19(mod100) = 3 =(- 19)*(mod 100)
Ma (- 19)* =361 =61(mod100) Vay 3 =61(mod100)
39 =61.9 =549 =49(mopd100)
3 =49 =01(mod100) (do 49° =2401=24.100+1)
Do d6 3'*° =01(mod100) nghia 1a hai chit s6 sau cung ciia 3%° 13 01.
2. Dang todn chitng minh sw chia hét:

Khi s6 du trong phép chia a cho m bang 0 thi @:m. Nhu vdy dé ching t6 a:m ta chimg minh
a=0(modm).

Vi du 4: Chimg minh 4**¢- 7:9
Gidi
Tacod 4 =64 =1(mod9) = 4 =(4°)* =1(mod9)
Mit khac 4° =16 =7(mod9) = 4°° =4° 4* =1.7(mod9)
Vay 4% - 7=0(mod9) hay 4°°- 7:9
Vi du 5: Ching minh rang 12°™' +11™2:133(ne N)
Gidi
Cdch 1: Ta c6 12° =144 =11(mod133); 117 =121=- 12(mod 133)
Do d6 12°™ =12.(12%)" =12.11" (mod133)
112 =11211" =- 12.11"(mod133)
Do d6 12*™+11™? =12.11" - 12.11" =0(rmod133)
Vay v6i neN thi 122" +11™2:133
Cédch 2: Taco 12° =144 =11(mopd133) = 12*" =11"(mod133) (1)
Ma 12 =- 17°(mod133) (2) Nhan vé véi vé cia (1) va (2) ta co:
12712 =11".(- 17*)(mod 133) = 12°™* =- 11™* (mod133)
12" +11"% =0(mod133) hay 122! +11™2:133
3. Dang todn xdc dinh diu hiéu chia hét

Vidu 6: Chosé a=a,a, ,..a3, (1<a, <9 0<a <9 i=01..;n- 1)



Hay xac dinh d4u hiéu chia hét:
a) Cho 3. b) Cho 4.
Giai
Tacé @a=aa,,..ad, =a,.10" +a_, 10" +...+a,.10+3,
a) Ta co 10=1(mod3) do d6 a,-ld =g (mod3),i =1,2;3...;n
Dod6 a10"+a 10" +..+a10+a, =(a, +a,,+..+a +a) (mod3)
Vayai3e a,+a,,+.+a +a, =0(mod3)
©a+a ,+.+a3+a,:3
b) Ta ¢6 10 =100=0(mod4) = 10 =0(mod4),i =2;3,..;n
= 310" +a_,10"'+..+a10+a, =(310+4,)(mod4)
Vay a:4< 310+4a, =0(mod4) = aa, :4
4. Dang toan swr dung cdc dinh ly:
Vi du 7: Ching minh rang v6i moi sé ty nhién n thi:
23" + 3" £ 2007 chia hét cho 22
Gidi
Theo dinh 1y Fermat bé ta c6 2'° =1(mod 11);3° =1(mod 11)
Taco 3* =81=1(mod10) = 3*"*' =3.,(3')” =3mod10)
= 3™ =10k+3(keN)
Mit khac 2* =16 =1(mod5) = 2*" =1(mod5)
= 2" =2(2%)" =2(mod10) = 2*"! =10t+2,(teN)
Do d6 25 +37" + 2007 =21%3 + 3%2 1 2002+ 5
=23(2°)F + 3F(3°) + 2291+ 5=2° + ¥ + 0+ 5 =0(mod 11)
Ma 23" £ 3" 1 2007:2 (vi 25" 1as6 chian, 3™ 1as6 1¢, 2007 1a s6 18)
Do (211) =1 nén 25" + 3™ 4+ 2007:22
Vi du 8: Cho ;8.8 1a 2016 s6 nguyén duong. Chimg minh rang diéu kién can va du dé
T+ +AE+..+ap 3012 @ +a,+a+...+ 3y 30,
Gidi
Theo dinh 1y Fermat bé, do 2; 3; 5 1a cac s6 nguyén t6 va a 13 sb nguyén duong bét ky ta co:
a(mod2) = a* =(a°)’ =a” =a(mod2) = & =a(mod?2)
a =a(mod3) = a° =a’.a° =a.a’ =a® =a(mod?)
a =a(mod>5)

a2



Theo tinh chét néu hai sé ddng du v6i nhau theo nhidu médun thi chung dong du véi nhau theo modun 1a

BCNN ctia cac modun ay.

Do d6 @ =a(mod 2.3.5) hay @ =a(mod30) = a’- a =0(mod30)

Nghia la (315 +a+ay ..t 83016)_ (8 +a, +...+ @) =0(mod30)

Viy @ +a, +..+aye 30 & +a +3a; +...+ay, 30

Vi du 9: Ching minh rang trong cac sd tu nhién thé nao cling ¢6 sb k sao cho 1983 - 1 chia hét cho 10°

(Dé thi hoc sinh giéi todn cap 2 toan quoc nam 1983).

Gidi

Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 10° =2°.5° nén (198310°) =1. Ap dung dinh Iy

Euler ta c6:

1983 =1(mod10°)

Ta co o(10°) :105[1- %][1 %J =4.10". Nghia 1a 1983 - 1:10°

Vay k =4.10"

5. Dang todan khac

Vi du 10: Ching minh rang 1% + 2% + 3% + 4%* khong chia hét cho 5.
Gidi

Do 5 1a s6 nguyén t6 nén theo Dinh 1y Fermat bé ta co: voia = 1; 2; 3; 4 ta co:

a =a(modb) < a* =1(mod5)  a* =1(mod5).

Do dé 1%+ 2%+ 3 4+ 4% =141+ 1+ 1=4(mod5)

Chimg to 1% + 2% + 3* 4 4% [5

Vi du 11: Chimg minh rang voi mdi s6 nguyén té p ton tai vo s6 s6 c6 dang 2" - n(ne€N) chia hét cho p.

(Thi vo dich Canada nam 1983).

Gidi

*Néu p=2 thi 2"- n:2,¥Yn=2k(keN)

*Néu Pp#2 do (2 p) =1 nén theo dinh Iy Fermat bé ta co:

27} =l(mod p) = 27+~ 1=0(mod p) = 277" - 1=0(mod p)

Hay 1a 2P - 1:p (ke N;k =2)

Mit khac (p- 1)* =(- )* =1(mod p)

APV _ (1) :LZ(M“_l . -1%*-1]:
= (p-1) uuuu] L(ﬁuu)um]'p
P i

Vay ton tai vo s6 s tw nhién n ¢6 dang n=(p- 1)*,(Vke N;k =2) sao cho 2"- n:p



C. Bai tap van dung

Dang todn tim sé dw trong phép chia cé dw

26.1. Tim s du trong phép chia

a) 8- 1cho 11. b) 2014*°" + 2016*°" + 2018 cho 5.

¢) 2% +41% cho 7. d) P+3F+5+..+97° +99 cho 4.
Hwéng din giai — dap sb

Véi nhimg bai toan dang nay, phuong phép chung 13 tinh toan dé di dén @ =b(modm) vé6i b 13 s6 co tri tuyét

d6i nho nhét c6 thé dugc (6t nhat 1a b==1) tir d6 tinh dugc thudn loi @ =b"(modm)

a) 8'=1.234.5.6.7.8

Ta c6 3.4 =12 =1(nod11); 2.6 =12 =1(mod 11); 7.8 =1(mod11)

Vay 8!'=5mod 11) = 8!- 1=4(mod 11)

S6 du trong phép chia 8- 1 cho 11 1a 4.

b) 2014 =- l(mod5) = 2014°" =- 1(mod5)

2016 =X(mod5) = 2016™" =1(mod5); 2018 =3(mod5)

2014°°" + 2016™" + 2018 =3(mod 5)

¢) 2> =1(mod7) = 2*° =(2°)"°.4 =4(mod7)

41=- (mod7)= 41®° =(- )® =- A{mod7)

2% +41%° =4- 1=3(mod7)

d) T =1(mod4); 3 =- 1(mod4); 5° =1(mod4);...;97° =1(mod4);99° =- (mod4). Pap sb : Du 0.

26.2. Tim s du trong phép chia:

a) 1532°- 4 cho 9. b) 229 cho 25.

¢) 20142 cho 13.
Hwéng din giai — dap s6

a) 1532 =2(mod9) = 1532°> =2° =5mod9)

= 1532°- 4=1(mod9)

b) 22 =32=7(mpd25)= 2° =(2°)* =7* =- 1(mod25)

2% =(2°)™ =(- ) =1(mod25)

¢) 2014 =155.13- 1 nén 2014 =- Y(mod13); 2015"° =2k+1Lke N)

52016

= 2014°% =(- 1)**! =- Amod13).Pap s6 : du 12

26.3. Tim s du trong phép chia:
a) A=35"- 35 +35'- 35°+35° + 35 cho 425.
b) B=10°+10 +10°° +...+10""" cho 7.

Hwéng din giai — dap sé



a) Ta co 35° =1225=425.3- 50 =- 50(mod 425)

35 =35%.35=-50.35 =- 1750 =- 50(mod 425)

35" =(35°)° =(- 50)° =2500 =- 50(mod425)

Tuong tu v6i 35%;35°;352 Tir d6 co A =- 100(mod425)
Hay s6 du trong phép chia A cho 425 1a 325

b) Ta c6 10° =7.14285+ 5=5mod 7); 10° =5.10 =1(mod 7)

10" - 4=99,.96=0(mod2) ,; 9996 =0(mod3) = 10" - 4 =0(mod6)

n-1s9 n-1se9
= 10" =4(mod 6) va 10" =6k +4(k,n€ N")
Do d6 10" =10°** =(10°)*.10* =10*(mod 7)
Vay B =10* +10* +10* +...+10* =10.10* =10° =5(mod 7)
26.4. a) Tim chit s6 tin cung cua 4%
b) Tim hai chir sb tan cung ctia 3
¢) Tim ba chit s6 tan cung cia sb 252

Hwéng din giai — dap sé

a) Ta tim du trong phép chia s6 d6 cho10.
Vi 4° =6(mod10) nén 4 =4° =(4*)" .4 =6.4 =4(mod10) = chit s5 tan cing 12 4
b) Ta tim du trong phép chia s6 d6 cho 100. Theo vi du 3 chuyén dé 26 ta da c6 3" =01(mod100) nghia la
hai chir s6 sau cung cta 3'°° 13 01. S63'° 13 boi sd cta 3 nén chit s6 hang trim cua no khi chia cho 3 phai
c6 s6 dur 13 2 dé chia tiép thi 201 chia hét cho 3 (néu s6 du 12 0 hay 1 thi 001; 101 déu khong chia hét cho 3).
Vay s6 3°° =33 ¢6 hai chit s6 tin cing bang 201 : 3 =67.
¢) Ta tim du trong phép chia d6 cho 1000. Do 1000 = 125.8 trudc hét ta tim sb du caa 252 cho 125. Tir hang
dang thirc:
(a+b) =d’ +5a*b +10a’b* +10a°b" +5ab* +b° ta c6 nhan xét néu @25 thi (¢ +b) =b°(mod125)
Vi 2% =1024 =- 1(mod 25) nén 2" =25k - 1(k € N).
Tir nhén xét trén ta ¢6 2°° =(2"°)° =(25k - 1)° =- 1(mod125)
Vivay 2°7 =(2)°.2" =(- 1" 2" =2"(mod125)
Do 27 =227 =1024.4 =24.4 =96(mod 125)
Vay 2°* =96(mod125)
Hay 2°" =125m+96, me N
Do 2°:8,96:8 nén m:8= m =8n(n€ N)

2512 =125.8n +96 =10007 +96. Vay ba chir s6 tan cliing cia s6 2°'* 13 096.



Dang todn chirng minh sw chia hét

26.5. Chung minh:
a) 41°°- 6:7, b) 2™~ 2:15(neN).
c) 3°- 213, d) 20 - 1:341.

Hwéng din giai — dap s6
Dé ching t6 a:m ta chimg minh @ =0(mod m)
a) 41 =42-1=-1(mod7). Do d6 41" =(- 1)**"* =- I(mod 7)
hay 41*""° =6(mod7) = 41" - 6 =0(mod 7)
b) Taco 2* =16 =l(mod15) = 2*" =l(mod15)= 2*"- 1 =0(mod15)
Do d6 2**'- 2 =2(2*" - 1) =0(mod15)
¢) Tacod 3’ =27 =l(mod13); 37° =(3°)*.3 =3(mod13)
Ta c6 2* =3(mod13) = 2° =12 =- 1(mod13)
27 =(2°)"?.2* =3(mod13)
Do d6 3 - 27° =0(mod13) hay 37° - 27013
d) 341 =11.31
* Ta ¢6 2° =32 =- I(mod11);20 =22- 2 =-2(mod11)
Do d6 20" =(-2)" =-(2°)’ =l(mod11)
* 20" =(2°)’.(5°)’ =l(mod31) do 2° =l(mod31) va 5° =l(mod31)
Do d6 20" =1(mod11.31) hay 20" =I(mod341)= 20" - 1:341
26.6. Chirng minh 18907 +1945%% + 2017°% 7.

Hwéng din giai — dap sb
1890 =0(mod 7); 1945 =- 1(mod 7); 2017 =1(mod 7)
1890 =0(mod 7); 1945™" =- I(mod7); 2017*"® =l(mod 7)= dpcm.
26.7. a) Chimg minh 5555%% + 2222 4+ 15554 ;7
b) Cho M =220"" +119™" +697°” +(220+119+ 69)'
Chimng minh M :102.

Huéng dén giai — dap sb
a) Ta c6 5555 =793.7+4 =4(mod 7); 2222 =318.7- 4 =- 4(mod 7)
= 5555777 +2222%%° =477 +(-4)7 =-472 (47 - 1)(mod 7)

Do 455 - ] :[(43 ) 1}; 4 =64 =1(mod7) nén (4°)""" =1(mod7)

Hay 47 - 1 =0(mod 7). Do d6 5555*% +2222%% =0(mod 7)



va 15554 =(2.7777)""" =2""" 7777 =0(mod 7) = dpem
b) Taco 102 =2.3.17. Tacd (220+119+69)'* =0(mod102)
* 220 =0(mod2); 119 =- I(mod 2); 69 =l(mod 2) = M =0(mod 2)
* 220 =1(mod 3); 119 =- 1(mod 3); 69 =0(mod3) = M =0(mod 3)
* 220 =- 1(mod17); 119 =0(mod17); 69 =l(mod17) = M =0(mod17)
BDE Y 119% va 69%° 1a cac sb 1¢); = M =0(mod2.3.17). Hay M :102
26.8. Chimg minh rang 577 '2™ +2°™13":38 (neN")
Huéng din giai — dap sb
Dit 4 =5"12"1 +2213" Tacd A2, VneN';
Taco A4 =2"(5""2+2""3"") =2"(25""'10+6"'9)
Do 25 =6(mod19)= 4 =2"(6""10+6"'9) =2"6""'19 =0(mod 19)
Hay A:19. Ma (2;9) =1= 4:19.2= 4:38
Dang todn xdc dinh diu hiéu chia hét
26.9. Chosé a=aa,,..aa,(l<a, <% 0<a <9 i =0L..;n- 1)
Hay xac dinh dau hiéu chia hét:
a) Cho 9. b) Cho 25. c) Cho 11. d) Cho 8.
Huéng dén giai — dap sb
Tacod: a=aa,..aa, =a 10" +a 107" +. . +aql0 +a,
a) Ta c6 10 =1(mod9) do d6 @,10" =a,(mod9),i =1;2;3;...;n
do d6 a=(a, +a,  +..+a +a,)(mod9). Vay
a9 a +a, +..+a +ta, =0mod9) = a, +a,  +..+a +a, 9
b) Ta c6 10* =100 =0(mod 25) = ,10' =0(mod 25),i =2;3;...;n

= a =(a,10+a,)(mod 25)

Vay a:25 < a,10+a, =0(mod25)  a,a, :25

¢) Do 10 =- I(mod11) = a,.10' =a,(- 1)’ (mod11)

a=(a,+a,+a,+..)- (a,+a, +as +..)(mod11)

Dodo a:llle (a,+a,+a, +..)- (a, +a, +a,+...) =0(mod11)

Ttre 12 hiéu cta téng cac chir s6 ¢ vi tri 1& va tong cac chit s6 & vi tri chin bang 0.
d) Ta c6 10° =1000 =0(mod8) — @,10' =0(mod8),i =3;4;...;n

= a =(a,10> +¢,10+a,)(mod 8)

Vay a8 < a,10° +a,10+a, =0(mod8) < a,a,a, ‘8



Dang todn sw dung cdc dinh Iy co bdan

26.10. Cho A =22""" +19 véi ne N*. Chung minh ring A 13 mét hop sd.
Huwoéng din giai — dap s6

Theo dinh 1y Fermat bé, do 11 13 s6 nguyén t6 nén ta c6

2" =I(mod11) = 2'”" =1(mod11)

= 20 =221 =2(mod22) = 2" =22k +2(k€ N)

Do 23 14 s6 nguyén tb ta ciing c6

7'}}'\'

22 =l(mod23)= 27 =227 =42 =4(mod23)= 2> +19 =4+19 =0(mod 23)

Tacla 4:23. Ma 4>23,VYn =1 nén A 13 hop sd.

26.11. Cho B =(12!)" + 2016™". Chung minh rang B chia hét cho 13.
Hwéng din giai — dap s6

Theo dinh 1y Wilson: V&i moi s6 nguyén t6 p thi (p - 1)! =- 1(mod p)

Do 13 nguyén té nén 12! =- I(mod13) = (121)" =(- 1)"* =- I(mod13)

Ta co 2016 =13.155+1 =I(mod13) = 2016*"° =I(mod13)

Do d6 B =(12!)" +2016™" =0(mod13). Hay B:13

26.12. Ching minh rang v6i NEN :

a) 27" 432517, b) 22" 42,125 + 510" :11.
Hwéng din giai — dap so

a) Theo dinh 1y Fermat bé, do 7 1a s6 nguyén té nén 2° =1(mod 7)

Ta cd 4 =l(mod3) = 4" =1(mod3)= 2.4" =2(mod 6).

Nghia la 2*"" =2(2°)" =2.4" =2(mod 6) = 2°"*"' =6k +2,(k€ N)

Mit khac 2°" =(2°)" =8" =l(mod 7) = 3.2’ =3(mod7)

Do d6 27" +3.2% =29 43 =27(2°)" +3 =2%1+3 =0(mod 7)

b) Do 11 14 s6 nguyén t6 nén 2'° =l(mod11)

Ta c6 16 =l(mod5) = 16" =l(mod5) = 2.16" =2(mod10)

Nghia la 2*"*" =2(2%)" =2.16" =2(mod10)= 2*"*' =10k +2,(k € N)

Mat khac 12 =I(mod11) = 12°"* =1(mod11)

= 2.12°""" =2(mod11)

Do 10* =l(mod11) = 10*" =l(mod11)= 5.10*" =5(mod11)

Vithé 277 42,12 +5.10% =2"""2 42 +5 =27 +7 =0(mod11)

Dang todn khdc

26.13. a) Vi gié tri ndo cua s6 tu nhién n thi 3" + 63 chia hét cho 72.



b) Cho A=20"+16"- 3"- 1. Tim gia tri tu nhién ctia n d¢ A:323
Hwéng din giai — dap so
a) Taco 72 =8.9 va (89) =1
* 63 =0(mod9); khi n =2 thi 3" =0(mod9) do d6 3" +63 =0(mod9)
* Mat khac, vi n =2k(k€ N") thi 3" - 1=3*-1=9"-1=1" - 1 =0(mod8)
Do d6 3" +63 =3" - 1+ 64 =0(mod 8)
Vay voi n =2k(k€N") thi 3" +63:72
b) Ta c6 323 =17.19 va (17;19) =1
* 4=(20"-1)+(16"- 3") =P+Q
Ta c6 20" =1(mod19) = P =0(mod19)
Néu n =2k(k€N") thi O =16>* - 3% =(-3)** - 3*f =3* - 3% =0(mod19)
= A =P+Q =0(mod19)
* 4=(20"-3")+(16"- 1) =P'+ Q"
20" =3"(mod17). Do d6 P'=20"- 3" =0(mod17)
Néu n =2k(k€N") thi Q' =16 - 1 =(- )* - 1 =1- 1 =0(mod17)
= A =P'+Q'=0(mod17). Do (17;19) =1 nén 4 =0(mod17.19)
Vay v6i n =2k(k€N") thi 4 =20" +16" - 3" - 1:323
26.14. Tim cac s6 nguyén té p thoa man 2° +1:p.
Hwéng din giai — dap so
Theo dinh 1y Fermat bé ta c6 2” =2(mod p) nén néu 27 =- 1(mod p) thi ta c6 3 =0(mod p) = p =3
Mit khac khi p =3 thi 2° +1 =9 =0(mod3). Vay p =3 la s6 can tim.
26.15. Tim tét ca cac s6 nguyén td p sao cho P’ +20 la sd nguyén to.
Hwéng din giai — dap sb
V6i p =3 thi p* +20 =29 1a sé nguyén tb.
Véi p #3 thi p® =I(mod3) nén p° +20 =21 =0(mod 3)
Vay p’ +20:3 mitkhac p® +20>3 nén p° +20 1a hop sb. Vay chi co 1 sd nguyén t6 can tim la p =3.
26.16. Cho p 1a s6 nguyén t6. Chimg minh rang s6 ab®- ba” :p v&i moi sé nguyén duong a, b.
Huéng dén giai — dap sb
Véi a,b€N" . Néu ab'p thisb ab’ - ba” ip
Néu ab/p thi (a, p) =(b, p) =1.

Do d6 a”' =b”" =l(modp)= a”'- b”"' =0(modp) = ab(a”'- »”"") =0(mod p)



= ab” - ba” =0(mod p) hay ab” - ba” ‘p,Ya,pE N".
26.17. a) Ching minh rang tong cac binh phuong cia ba s6 nguyén trong phép chia cho 8 khong thé c¢6 du 1a
7.
b) Chung minh phuong trinh 4x° + Y + 92 =2015 khong c6 nghiém nguyén.
Huéng dén giai — dap sb
a) Gia str a,b,cEZ ma a’ +b* +c* =7(mod8)
Ta cod a =0; H; +2; 43;4 (mod8) = a’ =0;1;4(mod 8)
— b* +¢* =7;6;3(mod8). Piéu nay vo Iy vi b> =0;1;4(mod )
Va ¢ =0;1;4(mod8) = b* +c* =0;1;2;4;5(mod 8)
Vaya® +b> +c* £7(mod8)
b) Ap dung ciu a) ta c6 v6i X, y,ZEZ
4x° +y* +922 =(2x)* + y* +(3z)’ £7(mod 8)
Ma 2015 =8.251+7 =7 (mod 8)
Vay phuong trinh da cho khong c6 nghiém nguyén.
26.18. Tim hai chit sé tn cing cia 20172°"
(Pé thi Olympic Todn Singapore nam 2010)
Huéng dén giai — dap sb
Tacé 2011 =11(mod100); 11° =21(mod 100); 11° =31(mod 100); 11° =21.31 =51(mod 100)
= 11" =51* =1(mod 100)
Ta c6 2010 =0(mod10) = 2010**” =10k(k € Z)
= 20112 =2011"% =11'% =(11"")* =1(mod100) . Do d6 hai chi s6 tan ctng 1a s6 01.
26.19. Cho biéu thuc A :(32012 + b +C2012)' (32008 +b*% +C2008) v6i a, b, ¢ 1a cac s6 nguyén duong.
Chimg minh rang A chia hét cho 30.
(Pé thi chon hoc sinh giéi mén toan 16p 9 TP. Ha Ngi, nam hoc 2011-2012)
Hwéng din giai — dap s6
Bai toan c6 nhiéu cach giai. Sau day la cach giai theo dong du thirc:
*Tacd Vne N thi n’ - n =0(mod30) (vidu 8 chuyén dé 26 da ching minh)

A :(a2012 _ a2008)+( 2012 _ b2008)+(02012 _ c2008)

A=a>""(a’- a)+b™™ (b’ - b)+c™ (¢’ - ¢)

Tacd a’ - a =0(mod30)= ™ (a’ - a) =0(mod 30)
Tuong tu b*” (b’ - b) =0(mod 30);c** (¢’ - ¢) =0(mod 30)
Vay A =0(mod30). Hay 4:30



26.20. Ching minh rang khong ton tai cac bo ba s6 nguyén (s; y; z) thoa man ding thirc X* +y* =72 +5.
(Pé thi vao 16p 10 triecong THPT chuyén KHTN, PHKHTN, PHOG Ha Néi, nam hoc 2011-2012)
Huéng dén giai — dap sb
Gia sir ton tai bo ba s6 nguyén (x; y; z) thoa man x* +y* =7z* +5
o xt+y'+2'=8"+5 ()
Xét véi mot sb nguyén a bat ky thi néu a chin thi @ =2k(k€Z) = 4* =16k* =0(mod8);
Néu a 1é thi a* =(2k +1)* =1(mod 8)
Do d6 x*+y* +z* =0;1;2;3(mod8). Trong khi d6 8z* +5 =5(mod8) mau thudn vdi (1). Vay khong ton tai
céc bo ba sd nguyén (s; y; z) thoa méan dang thie x* +y* =7z* +5
26.21. Tim hai chit s6 cudi cung cua s6 A =41% + 57202,
(Pé thi vao 16p 10 trieong THPT chuyén KHTN, PHQOG Ha Néi, nam hoc 2012-2013)
Hwéng din giai — dap s6
Ta cod 41° =(40 +1)° =40% +80 +1 =81(mod 100)
41° =81 =6561 =61(mod100) = 41’ =61.41 =1(mod100)
= 41" =41.(41°)" =41 (mod100)
Mit khac 57* =10556001 =1(mod100) = 57°°"* =(57*)*” =1(mod 100)
Vi thé 4 =41+1(mod100)
Do d6 hai chit s6 cudi cing ctia s6 4 =41'° +57%°' 14 42.
26.22. Cho a, b 13 hai s6 nguyén duong thoa min a+ 20 va b+13 cung chia hét cho 21. Tim sb du trong
phép chia A=4°+9% +a+b cho 21.
(Pé thi tuyén sinh I6p 10 THPT chuyén Tran Phii — Hdi Phong, ndm hoc 2013-2014)
Hwéng din giai — dap so
Do a+20:21= a=1(mod3)va a =1l(mod7)
b+13:21= b=2(mod3) va b=2(mod7)
Suyra A=4+9 +a+b=1+0+1+2=1mod3)=> A =10(mod3)
Xét @a=3k+Lb=3q+2v¢i kQeEN taco 4* =4 =4.64 =4(nmod7)
QP =92 =232 =487 =4(mopd7)
Doddé A=4+PF +a+b=4+4+1+1=10(mod7)= A =10(mod7)
A =10(mod3) va A =10(mod 7)ma (37) =1nén A =10(mod3.7)
Hay A =10(mod21) . Vay sb du trong phép chia A cho 21 1a 10.



26.23. Cho n 1a mot s6 nguyén duong chimg minh A =231+ 231 +1 1a hop s6.
(Dé thi hoc sinh giéi 16p 9 TP. Ha Ngi, nam hoc 2014-2015)

Hwéng din giai — dap sé
2’ =l(mod7) = (2°)" =l(mod7) = 27" =2.(2°)" =2(mod 7)
va 27 =27(2°)"" =4(mod 7)
nén 4 =2+4+1=0(mod7) nghiala 4:7 .Mavéi n€ N thi A>7.

Vay A 1a hop sd.
26.24. Chimg minh A =2012"" +2013" +2014*" + 2015"" khong phai 1a sé chinh phuong véi moi sb

nguyén duong n.
(Dé thi tuyén sinh vao 16p 10 chuyén triong PHSP TP Hé Chi Minh, nam hoc 2015-2016)

Hwéng din giai — dap sb
VneN* taco 2012* =0(mod2); 2013*" =1(mod?2);
2014* =0(mod 2);2015"" =I(mod2). Do d6 4 =2 =0(mod2)
* Ta lai c6 2012 =0(mod 4) = 2012* =0(mod 4);
2014 =2(mod 4) = 2014 =27 =0(mod4) = 2014"" =(2014%)*" =0(mod 4)
Do 2013 =l(mod4) = 2013* =1(mod 4);
Do 2015 =- I(mod4) = 2015" =(- 1)*" =I(mod4)

Vay A4 =2(mod4) nghia 1 A chia cho 4 du 2. Ta c6 A4:2; 4/2%;2 1a s§ nguyén t6. Vay A khong 12 s6 chinh

phuong Vne N".



