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PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2006

w [ &
Bai 1.
Cho day s6 (x,) xac dinh theo hé thitc sau
X, =20+ X, X, +t X, =07x, ,n22.

Tinh x
Bai 2.

2006 *

Cho ham s6 f(x) kha vi trén R. Gia s ton tai cac s6 p>0 va ge(0;1) sao cho

f()|<p.
x,=0,x,,, = f(x,) hoi tu.

f'(x)|<q,¥xeR. Ching minh ring ddy s& (x,) duoc xac dinh boi hé thic

Bai 3.

Tim tat ca cac da thirc P(x) thoa man diéu kién P(0)=0,0< P'(x) < P(x),Vx €(0;1).

Bai 4.

Cho ham s6 lién tuc f:[0;1] - [0;+0). Ddt g(x) =1+ 2.[: f(t)dt va ta gia st rang ludn c6
g(0)2[ f(x)] ,¥x €[0;1]. Chitng minh ring g(x) < (1+x)°.

Bai 5.

Ton tai hay khong ham s8 lién tuc f:[a;b] —[a;b] v6i a<b va thoa man bat dang thitc

f(x) = f()|>|x—vy

,Vx,yela;b] va x #y.

Bai 6.
Xac dinh cac day s6 (x,) biét rang

Xy, =3x,+2, voi n=0,1,2,...



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2007
w [ &
Bai 1.
Tinh tich phan I = j;ﬂln(sinx+M)dx.

Bai 2.

, , A .. + + +...+X
Cho day s (x,) duoc xédc dinh boi: x0=2007,xn=—2007(x° Hhr Y x”lj,nzl.

n

N 1AL 1A e~ ‘- N o _ 2007
Tim lién hé gitta x,,x, , vOi n>1. Ttr d6, tinh tong S=x, +2x +4x, +...+277 x,. .

Bai 3.
x+1 3
Tim tat ca cacham s6 f(x) thoa man diéu kién sau f 1 =2f(x) +—1, Vx#1.
x X -
Bai 4.
Cho a,b,c,a la cac s6 thuc a #c—b. Day s6 (u,),(v,) dugc xac dinh boi cong thirc
u’ +bu

u =a,u_ . = —Z >1.

p 1uk+1+b ¢’

Biét r?mg limu, =eq. Tinh giéi han cta limov, .

Bai 5.

Cho ham s8 f(x) xac dinh va kha vi trén [0;+0). Biét rang ton tai }i_g}o[f(x) + f’(x)] =1.
Tinh }LIEO f(x).

Bai 6.

Chitng minh rang néu tam thitc bac hai f(x)=ax*+bx+c v6i a,b,ceR va a=0 c6 hai

nghiém thuc phan biét thi c6 it nhat mot nguyén ham cua né la da thic bac ba ¢é cac
nghiém déu la s6 thue.



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2008

w» [ &
Bai 1.

:L+an,n =1,2,3...Tinh a

Day s0 (a,) dwoc xac dinh nhw sau 4, =4, =1,a
a

n+2 2008 *

n+1
Bai 2.

2008 2008 2008 2008
+27° +3

+.+tn

Tinh gidi han lim

n—>+0 n2009

Bai 3.

Gia st ham s6 f(x) lién tuc trén [0;7] va f(0)= f(r)=0 thoa man |f'(x)|<1 véi
x €(0; 7). Chttng minh rfmg:

i. Ton tai c € (0;7) sao cho f'(c)=tan f(c).

ii. ‘f(x)‘<% voi moi x €(0; 7).

Bai 4.

Cho ham s f(x) lién tuc trén [0;1] thoa man diéu kién xf(y)+yf(x) <1 véi x,y €[0;1].
Chttng minh r?mg Iol f(x)dx < %

Bai 5.

Gia st ham sd f(x) lién tuc trén [0;1] va f(0)=0, f(1)=1, kha vi trong (0;1). Chtng

. M 7. . A A . 1
minh rang véi moi o €(0;1), ludn ton tai x,,x, €(0;1) sao cho e _ =1.

f(X) f'(x,)

Bai 6.
Cho ham s6 g(x) ¢ g"(x)>0 vdi moi x e R. Gia sit ham s6 f(x) xac dinh va lién tuc
trén R thoa man cac diéu kién f(0) > g(0) va I f(x)dx < g(O)mr +=—= g( ) . Chttng minh

rang ton tai ¢ €[0;7] sao cho f(c) = g(c).



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2009

w» [ &
Bai 1.

Gia st day s6 (x,) duoc xac dinh boi cong thitc
x =(n _1)(3%1 + xH),n =3,4,5,...

Tinh x
Bai 2.
Cho ham s6 f:[0;1] > R ¢6 dao ham cap hai, lién tuc va ¢ f"(x)>0 trén [0;1]. Ching

2009 *

minh réng 2| f(t)dt =3[ f(*)dt - £(0).

Bai 3.

Tim t4t ca cacham s6 f:R — R thoa méan diéu kién {f (x)<4+2009, v eR .
f+y) < f)+ f(y) -4,V yeR

Bai 4.

Gia st f(x), g(x) la cac ham s6 lién tuc trén R thoa man f(g(x))=g(f(x)), VxeR.

Chttng minh rang néu phuong trinh f(x) = g(x) khong c6 nghiém thuc, phuong trinh

f(f(x)) =g(g(x)) cing khong cé nghiém thuec.

Bai 5.

Cho hai day s6 (x,),(y,) xac dinh béi cong thirc

=x ++/1+2,y . :L,nzl,Z,S,...
' 1+1+y?

Chttng minh r?mg x,y,€(2;3) voin=2,3,4,.. va limy =0.

n—+0w

X =W =\/§,x

n+l

Bai 6. (Thi sinh chon mgt trong hai ciu)

a) Cho P(x) 1a da thirc bac n c6 hé s6 thuc. Chiing minh r?mg phueong trinh 2* = P(x)

co khong qua n+1 nghiém thuc.

b) Cho f(x)-x, f(x)—x* 1a nhitng ham s& don diéu ting trén R . Chitng minh rdng ham

s6 f(x) —73x2 cing la ham s8 don diéu ting trén R.



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2010

w [ &
Bai 1.
Cho ham s6 f(x)=In(x+1).
a. Chitng minh rang véi moi x >0, ton tai duy nhat s& thuc ¢ théa man f(x) = xf'(c) ma

ta ki hieu la c(x).

b. Tinh gioi han lim @

x—=0" X
Bai 2.
Cho ddy (x,) xéc dinh boi x, =1,x,, ==, (1+x°) v6i n=1,2,3,...

n

2010 x2010 2010
Tinh gidéi han sau lim | 12—+ —2—+..+—2—|.
X—>+o0 x2 x3 x

nl
Bai 3.

Cho s6 thuwc a va ham s6 f(x) kha vi trén [0;+0) thoa man cac diéu kién f(0)>0 va
f(x)+af'(x) =0 véi moi x €[0;+0) . Chitng minh rang f(x)>0 véi moi x > 0.

Bai 4.

Cho ham s8 f(x) kha vi lién tuc trén [0;1]. Gia st rang Iol f(x)dx = Iol xf(x)dx =1. Chitng
minh rang ton tai diém c € (0;1) sao cho f'(c)=6.

Bai 5.

Cho da thtic P(x) bac n c6 hé s8 thuc sao cho P(=1) %0 va —%gg. Chting minh
ring P(x) c6 it nhat mot nghiém x, véi |x,|> 1.

Bai 6. (Thi sinh chon mgt trong hai ciu)

a. Xac dinh ham s f(x) kha vi lién tuc trén [0;1] ma f(1) =¢f(0) va .[01{];((;)) dx<1.

b. Tim tat ca cAcham s6 f:R — R lién tyuc thdéa man f(1)=2010 va

f(x+y)=2010" f(y)+2010Y f(x) véimoi x,y eR.



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2011
w [ &
Bai 1.

pe

e

(x+1)*

a. Chitng minh rang f(x)=x c6 nghiém duy nhat trong { ;1} va f'(x) dong bién.

Cho ham s§ f(x) =

1
2
b. Chting minh rang day (u,) xac dinh boi u, =1,u, = f(u,) thoaman u_ e {% ;1},%1 .

Bai 2.

Tinh tich phan | ax

"T+x+a?+Vxt +3x* +1

Bai 3.
x +y x2+y?
Cho hai day s6 (x,) va (y,) théaman x, , > % vay, . = ”Ty” vOi neN.

a. Chting minh rang cac day (x, +v,), (x,y,) la nhitng day don diéu tang.
b. Gia st rang (x,),(y,) bi chdn. Chitng minh rang chting cting hdi tu vé mot diém.
Bai 4.

1 atn 1 Bin *
Cho a, B €R thoa man diéu kién [1+;j <e< [1+;j ,VneN . Tim min‘a —,B‘ .
Bai 5.
Ta goi doan théng [a, B] 1a doan théng tot néu voi moi bo sd 4,b,¢ thoa man diéu kién
2a+3b+6c=0 thi phwong trinh ax®> +bx+c=0 co nghiém thuc thudc doan [o,f].
Trong tat ca cac doan théng tot, tim doan c6 do dai nho nhat.

Bai 6. (Thi sinh chon mgt trong hai ciu)

a. Tim ham s8 f:R — R thdéa man (x-y) f(x+y)—(x+y) f(x —y) = dxy(x* = y*),Vx,y .

b. Cho ham s f lién tuc trén {% ;2} va thoa man diéu kién xf (x)+l f [lj <2 véi moi
x” \x

Vxe{%;Z}. Chttng minh r?mg Jif(x)dxéZan.
2



PE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2012

» [ &
Bai 1.
-~ . ~ o n \ n+1 2 . .
Cho day s6 (a,) thoa man diéu kién 4, =a va a, , = a —— voin=1,2,3,.Tim «
n n

dé day (a,) hoi tu.

Bai 2.

Cho da thittc P(x) c6 bac khong nho hon 1 ¢6 hé s6 thuc va da thiic Q(x) xac dinh béi
Q(x) = (2012x” + 1) P(x)P'(x) + 2012x ((P(x))* +(P'(x)’) . Gia st P(x)=0 o6 ding n
nghiém thyc phan biét trong khoang {% ;+ooj, chitng minh Q(x)=0 c¢6 it nhat 2n-1
nghiém thiyec phan biét.

Bai 3.

Tinh tich phan [’ ax
TR He phan Il(2012X+1)(1+x2)'

Bai 4.

Tim t4t ca cdc ham s6 f:R—R thoaman f| ¥ |21 [ 2 ) ¢l L || vx,yeR.
2012 ) 2 2013 2014

Bai 5.

Gia st ham s6 f(x) lién tuc trén doan [0;2012] va thdéa man f(x)+ f(2012-x)=0 voéi

moi x€[0;2012]. Ching minh [ f(x)dx=0 va (x-2012)f(x)=2012[" f(u)du c6

nghiém trong khoang (0;2012).

Bai 6. (Thi sinh chon mgt trong hai ciu)

a. Cho ham s6 f(x) kha vilién tuc cdp 2 trén R. Gia st f(1)=0 va Iol f(x)dx =0. Chiing

2
<—max

[ fax - max| ().

b. Cho ham s f:[0;1] > R 1la ham 16m (con goi la 16i 1én phia trén), kha vi lién tuc thoa

man f(0) = f(1) = 0. Chitng minh \/1+4max 2 (x) < j:,/1+( f’(x))de <1+2max f(x).

0<x<1 0<x<1

minh rang véi moi a € (0;1), ta ¢




Phidin B.

LOT GIAI CHI TIET
VA BINH LUAN



LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2006

w [ &
Nhan xét chung.

Cdc dang Todn c6 trong nhiéu tai lidu on thi va la kién thikc toi thiéu cin phdi ndm dé'tiép cin
v0i ki thi nay xudt hién ¢ cdc cau 1, 5, 6. Cdc ciu con lai néi chung chi doi héi dung cdc ki thudt
quen thudc nhwng tinh té’hon. Ciu 2 la mot dinh Ii hitu ich dé¢ xiv i cdc bai Todn vé gidi han day
s0 truy hoi dang u_ ., = f(u,) nhung dia dwoc phat biéu ¢ dang tong qudt nén dé giai ddy di la
khong dé dang. Cau 3, 4 la cdc cdu phin loai khd tot va cdc hwdng tiép cdn dwoc gidi thigu bén

dwéi co 1€ la con dwong duy nhdt dé'xw li cic bai nay.
Bai 1.
Cho diy sé (x,) xdc dinh theo hé thiic sau:
2
X, =2,0 + X+ X+ tX, =X 022,

Tinh x

2006 *
Loi giai.
Trong cong thire truy hoi da cho, thay n boi n+1 ta co

_ 2
X, +x,+x, o+ x +x  =(n+l)x .

Suyra n’x +x, ,=n+1)1’x,  onx, =(n+2x,, < x, =

n+1 n*

n+2

L n! 4
X, = .
(n+1)(n+2)

LAy tich hai vé, ta co ; x . =l]l—xox =
y 1_1[1 N A TN )

4 . 4

Do dé ta duwoc cong thirc tong quat chtadaydachola x =——vax,,, =——.
' & &4 Y " n(n+1) 0% 2006 - 2007

Nhan xét.

11



O cac bai day s& c6 dang truy hoi lién quan dén tong hoic tich ctia cac s8 hang lién
tredc nhu trén, ta chi can d6i n thanh n+1, loi dung tinh chat “dung véi moi n” dé€
danh gia va triét tiéu duwoc mot lwong kha 16n cac s6 hang khac, hau hét cac truong hop
la sé dua duoc vé cong thic truy hoi gitta hai s6 hang lién tiép. Dudi day 1a mot bai

toan c6 cung dang:

Cho day s6 thuc (x,) xac dinh boi

n—1
x, =1x =( an)z sz. voi n=2,3,4,...
n— i=1

V6i mdi s6 nguyén duwong n, dat y, =x,  —x, .
Chttng minh r?mg day s6 (y,) c6 giéi han hitu han khi 7 — +o.

Bai 2.

Cho ham sé f(x) kha vi trén R. Gid si ton tai cdc s6 p>0 va gqe(0;1) sao cho

F<p.|f(0) <q,vxeR.

Chiing minh ring ddy s6 (x,) duoc xdc dinh béi hé thitc x,=0,x,,, = f(x,) hoi tu.
Loi giai.
Ham s f(x) da cho kha vi nén lién tuc trén R.
Véimoi x,y e R ma x <y, theo dinh li Lagrange thi ton tai z € (x,y) sao cho
f@)=f(y) = f @ -y =|f0) - fw|=|f @|x-v)-
Do ‘f’(x)‘ <g,VxeR nén ta co ‘f(x)—f(y)‘ < q‘(x—y)‘ .
Xét ham sd g(x) = f(x)—x thi
8(-p)= f(=p)+p=0 va g(p)= f(p)-p <0 (do |f(x)|<p,VxeR)

Ham s8 g(x) lién tuc trén [—p; p] nén phuwong trinh ¢(x) =0 c¢6 nghiém trén [—p; p].

12



Gia stt phuong trinh f(x) =x ¢6 hai nghiém la u <v thi theo dinh li Lagrange, ton tai s
te(u,0) sao cho |f(u)- f(v)|=|f'(t)||u—v| = u-o|=|f(®)|ju-7| < |f(t)|=1, mau thudn
do theo gia thiét thi ‘f’(x)‘ <g<lvxeR.

Do d6, phuong trinh f(x) =x ¢6 nghiém duy nhat, datla L. R6 rang f(L)= L.

Tiép theo, ta thay rang

u - L‘. Lap luan twong ty, ta cé

u, —L{=|f(u, )~ f(L)<p

un—L‘Sp”

u, —L‘ voi moi n.
Do p€(0;1) nén p" — 0 khi n— +o, theo nguyén li kep thi day (u,) hoi tu vé L.

Nhan xét.

Nhu da néu ¢ trén, day la mot dinh li tong quat d€ xt 1i cac bai toan gidi han c¢6 dang
u_, = f(u), trong dé ‘ f '(x)‘ <q<1. Trong tinh hudng cu thé, sd g rat quan trong va néu
ta khong chi duoc sy ton tai ctia né ma méi chi 6 |f/(x)| <1 thi 10i giai van chua thé
thanh cong. Hay thtt 4p dung lap luan trén, giai cac bai toan sau :

(1) Cho déy s6 {x,} duoc x4c dinh boi:

= a’
2011

, ==—In(x] +2011%)-2011"
n+ 3 n
Chiing minh réng day sd {xn} co gidi han.
(2) Cho s6 thuc a va day so thuc {x,} xac dinh boi
x,=a,x,, =In(3+cosx, +sinx )—2008 véi moi n=0,1,2,...
Chitng minh rang day s {xn} c6 gidi han httu han khi n tién dén duwong vo cung.
Bai 3.
Tim tdt cd cdc da thitc P(x) thoa man diéu kién

P(0)=0,0 < P'(x) < P(x),Vx € (0;1).
13



Loi giai.
Trong bat dang thitc da cho, tinh lim cac vé, ta co

0 <lim P(x) = P(1) 0.
x—1"

Xét ham sd f(x)=e*P(x) thi
f'(x)=—e"P(x)+e*P'(x)=e*(P'(x)— P(x)) <0 véimoi x €(0;1).
Do d6, ham s& f(x) nghich bién trén (0;1).

Ta suy ra lilg} f(x)= f(X)ZliI? f(x)= f(0)= f(x)= f(1) = e P(0) = e *P(x)>e ' P(1).

Do P(0)=0 va P(1)>0 nén 0> P(x)>0 din dén P(x)=0 véi moi x (0;1).

biéu nay c6 nghia la P(x) nhan tat ca cac gia tri x €(0;1) lam nghiém, nhung da thic

P(x) bac dwong chi c6 hitu han nghiém nén suy ra P(x)=0.
Vay tét ca cac da thirc can tim 1a P(x)=0 véi moi x.
Nhan xét.

O day ta can chti y rang ham da thiic lién tuc trén ca mién s8 thire nén c6 thé thoai mai
ap dung cac tinh chat ctia ham s6 lién tuc. Thém vao d6, ki thuat chon ham s6 f(x) c6
dang nhu trén rat thwong gap trong cac dé thi Olympic Sinh vién va trong nhiéu trueong
hop, cac ham chon ra duoc kha rdc roi. Pua thém e cd hai diém loi: thi nhat 1a gia tri
cta ¢ * ludbn dwong nén dau cua f(x), P(x) ludn nhw nhau; tht hai la khi dao ham thi
chiing ta nhan duoc biéu thirc dang P'(x)— P(x) va tan dung thanh cong gia thiét.

Bai 4.

Cho ham sé'lién tuc f:[0;1] > [0;+x). Ddt g(x)= 1+2J.: f(t)dt va ta gid stk rang luén cé

g(x)=[ f(x)]2 ,Vx €[0;1]. Chitng minh ring g(x) < (1+x)*.

Loi giai.

14



bat F(x) la ham s thoa man F(x) = If(t)dt. Suy ra g(x)=1+2F(x) va F'(x) = f(x).
0
Theo gia thiét thi

1+2F(x) = g(x) 2 (f(x))’ nén S g 2P g

JI+2F(x)  2J142F(x)
Ta can chitng minh 1+ 2F(x) < (1+x)? < 1+2F(x) —(1+x) 0.

2F'(x)

Xét ham s h(x)=/1+2F(x) —(1+x) thi ta ¢6 I'(x)=—F—=
2J1+2F(x)

—1<0 nén h(x) nghich

bién trén [0;1]. Suy ra h(x) <h(0)=+/1+2F(0) -1.
. 0
Chua y rang F(0) :If(t)dt =0 nén h(0)=0.Do dé h(x) <0 véi moi x €[0;1] hay
0

g(x) <(1+x)* véi moi x €[0;1].
Nhan xét.

2F'(x)

2.1+ 2F(x)

J1+2F(x) <x véi x €[0;1], dan dén g(x) =1+2F(x) < x* < (x+1).

Mot s6 ban dén doan <1 sé tinh nguyén ham hai v€ va suy ra

Day la mot sai [Jam rat nghiém trong!

Bai toan duoc sang tao ra kha thu vi khi két hop gitta cac diéu kién lién hé gitta ham sd
va tich phan ctia n6 dé tir d6 dwa vé khao sat ham s§ va dao ham. O trén ta xét dao ham

cua can bac 2, ta hoan toan c6 thé thay b?mg can bac n va tao ra cac bai toan twong tu.
Bai 5.
Ton tai hay khong ham s6'lién tuc f :[a;b] —[a;b] v6i a<b va théa man bat ding thiic

,Vx,yela;b]l va x=y?

f(x) = f()|>|x—vy

15



Loi giai.
Taco a< f(a)<b vaa< f(b)<bnén -b<—f(b)<—-a.Do do, ta co
a-b< f(a)- f(b) <~(ab)

Suy ra |f(a)- f(b)|<|a—b].

Tuy nhién, trong dieu kién | f(x)- f(y)| > |x—y|, Vx,y €[a;b], néu ta thay x =a,y =D thi

, mau thuan.

duoc bat dang thiic |f(a)- f(b)|> |a—-b

Vay khong ton tai ham s6 thoa man dé bai.
Nhan xét.

Cau hoi danh cho bai todn nay don gian dén bat ngo. Néu doi diéu kién trong bai trén
thanh |f(x)- f(y)| <|x-y
trinh f(x)=x c6 nghiém duy nhat trén [4;0]. Dong thoi, ham sd twong Gng trong

,Vx#yela;b] thi ta c6 thé chitng minh dwgc rang phuwong

truong hop d6 1a ton tai, chang han f(x)= % voi moi x €[a; b].
Bai 6.
Xdc dinh cdc diay so (x,) biét rang
X, ., =3x +2, v6i n=0,1,2,..

Loi giai.
Tt cong thire xac dinh day, ta co

x,  +1=3(x, +1) véi n=0,1,2,...
Dat y =x, +1 thita duoc

y2n+1 :3yn Vél n:011/2/---

Thay n=m-1 thitaco vy, ,=3y, , hay y, =3y voimoi m=1,2,3,..

16



Tiép tuc dat y, =m'™’u_ thitaco u, = T o Im__y

2m (Zm)10g23 - 3mlog23 o mlog23 m "

Khi do, (u,,) 1a ham nhan tinh chu ki 2 va ta c6 duoc

® U, FUyy,

néu n c6 dang n=2"(2k+1) véi meZ’ va keN;
e 1y laham tuyy vdi cac treong hop con lai.
Do d6, tacéd duoc x, =y, —1=m"*’y —1 va u_ xac dinh nhuw trén.
Nhan xét.
Dé xtr 1i cac bai toan xac dinh day sd dang nay, ta chi can thuc hién lan lwot cac thao tac:
(1) Khtt s6 hang tu do.
(2) Dua chi s6 vé dang x, =x , tiecla day s6 ¢ day c6 dang mot ham nhan tinh.
(3) Viét cong thire tong quat cho ham nhan tinh d6 va két luan.

Trong mot s truong hop, viéc khir hé s6 tu do ciing khong don gian, ta can sit dung
thém mot sd kién thiee phoi hop. Chfmg han, néu day c6 dang x, =x, +1, ta c6 thé dat
Y, =X, +0,(n) v6i vy(n) 1a s6 ma 16n nhat cta 3 trong khai trién n thanh thira s6

nguyén t8. Khi d6, dé thay v,(3n)=v,(n)+1 va y,, =y, .
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2007

w [ &
Nhan xét chung.

Dé nay chira nhiéu yéu t6 cua Todn so cdp, cdc phin ddy so, phwong trinh ham va thdm chi la
bai tich phin ciing chi doi hoi cdc ki thudt xi li quen thudc cua THPT, cu thé'la trong chuwong
trinh thi HSG. Dé thi nhin chung cé tinh phan logi khi cao nhwng chiwa mang nhiéu diau an cua
mot dé thi Olympic Todn cao cdp danh cho Sinh vién DH.

Bai 1.

Tinh tich phéin [ =.|'02”1r1(sinx+\/1+sin2 x)dx.

Loi giai.

Ta co
I:.[;ﬂln(sinx+M)dx
:.[Oﬂln(sinx+M)dx+jjﬂln(sinx+M)dx
:.[O’Tln(sinx+M)dx+.[:ln(sin(2ﬂ—x)+\/1+sin2(27r—x))d(27r—x)
:.[Oﬂln(sinx+m)dx+joﬂln(—sinx+M)dx = I:lnldx =0

Vay tich phan can tinh la I =0.
Nhan xét.

pe —-X

~ A A7 e N e 7 M 1 . e
Ta cling co6 thé gidi bai toan bang ham sinhx =

va sinh™ x =ln(x+\/1+x2 ) Noi

chung cac nguyén ham ctia ham s6 dang ham luong giadc ndm trong ham logarit thuong
rdt phtc tap va ta chi tinh duoc tich phan véi cac can thich hop. Trong nhiéu treong
hop, ta con can phai st dung dén cac ki thuat kho hon, chéng han nhu dua thém tham
sO vao roi dodi vai tro gitta tham s6 va bién.

18



Bai 2.

Cho diy sé (x,) duwgc xdc dinh nhw sau:

X X
x0=2007,xn=—2007(x° htY x“j,nm

n
Tim hé thiic lién hé gifta x ,x, | vdi n>1. Tir d6, tinh tong
S=ux,+2x, +4x, +..42x, .
Loi giai.
Tt cong thire xac dinh day, ta co
nx, =—2007(x, +X, + X, +...+ X, ).
Thay n boi n+1, taco

(n+1)x,,, =—2007 (x, +x, +X, +..+x,_ +x, )

Trit titng v& cac dang thiic, ta dwoc

(n4)x . —nx =-2007x, = x =297 6 moi n.
n+1
Do d6, tacé lisn hé gitta x, va x, 1 x =298 6imoi n21.
n
Ta tinh duoc x, = -20072 = -2007C.,,x, = @(_zoow) _ 2007 2000:2007 _»7¢2

Ta sé chiing minh bang quy nap rang x, = -2007(-1)*C%,, véi 0 <k <2007. (*)
That vay,
- Vi k=0 thi (*) dang.

- Gia st (*) dung voi k>0, ticla x, =-2007(-1)“C;,,,, ta cd
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~ k—2007

k—-2007 (2008 —k)-...-2007
Fra = k+1 .

x, =—-2007(-1)* =-2007(-1)*CkL |
k =1 k+1 1-2-3...-k D™ Conr

Do do, (*) cing dung voi k+1.
Theo nguyén li quy nap thi (*) dang véi moi 0 < k <2007.

2007 2007

Tw d6, ta tinh duoc S= ) 2'x, ==2007 Y C, 1" *(-2)" = -2007(1-2)*"" =2007 .

2007
i=0 i=0

Vay biéu thikc can tinh c6 gid tri la S =2007.
Nhan xét.

Nhiéu ban sé xtr li dwgc cong thirc truy hoi ¢ trén vi day la dang quen thudc va it nhat
la & nam 2006 trudc d6 da c6 mot bai twong tw. Tuy nhién, viéc rut gon duoc tong S doi
hoi ta phai tim dugc cong thirc tong quat cua x, va day chinh la diém thu vi cta bai
toan nay. R6 rang néu chung ta chiu kho tinh thit vai s6 hang dau x,,x,,x,,x, thi c6 thé
du doan duoc va cong viéc con lai 1a quy nap dé dang (ta ciing phai can ctt trén dang

k
2007 7*

cta biéu thirc S 1a c6 chiva cac liy thira ctia 2 tang dan mdi c6 co so nghi dén C
Bai 3.

Tim tdt cd cdc ham s6 f(x) théa man diéu kién sau

f(x—HJ:Zf(x)+i,Vx¢1.
x—1

x-1
Loi giai.
x+1 y+1

bat y=——=x=—, diéukién y #1.
x—1 y-1

Thay vao phuwong trinh ham da cho, ta co

3 y+1 3 3 y+1) 3(y-1)
0r-{ 223} s-{222) 220

y-1
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Dai vé bién x, ta cd f(x) =2f(x+1j+ 3(x2_1) :
x_

Nhan dang thitc da cho véi 2 roi cong véi dang thike nay, ta duoc

x+1

2f[—j+f(x) =4f(x)+i+2f[
x—1

x-1

x+1 +3(x—1)
x—1 2

=O©f(x)=—+i voimoi x #1.

S 3 +
vyt f(x) x—1 2 1-x

3(x_1)+ 6 1-x
2

Tht lai ta thdy thoa.

A A~ 2 7 \ AN \ \ 1_ 2 \ \ A AN 7
Vay tat ca cdc ham s6 can tim la f(x) = Tx+1—,x #1 va f(1) la mot so tuy y.
—-X

Nhan xét.

Trong trieong hop nay, chi bang mot phép dit 4n phu la ta da dua duoc phuong trinh

ham da cho vé dang mot “hé phuong trinh ham” hai bién va giai dé dang. Diéu nay c6

nghia 1a ham sd ¢(x) = x—Jri thoa man ¢(p(x)) = x. Trong nhiéu truong hop, viéc dat an
x —_—

phu nay can phai thuc hién nhiéu lan va ta phai giai mgt hé gdm nhiéu phuong trinh

x*i trong phuong trinh ham da cho boi ¢(x)= x—_i dé thay o
X+

hon, hay thay ¢(x) =
x —_—

van dé (néu kién nhan tinh toan, ta sé thay rang #(¢(¢((x)))) = x).
Mot dédc diém can chu y cta bai toan la viéc két luan gia tri f(1). Do khoéng c6 du dix
kién d€ xac dinh nén ta sé cho n6 nhan gia tri tuy y. Ta thit xét mot bai toan twong tu:

Al ME ot d TN A .~ 1 1 . .
Xac dinh tat ca cdcham s6 f(x) thoa man f(x +—j =x° +— voimoi x = 0.
X X

e ens X 1 3 . NP 1 . 1
Bai nay giai duoc dé dang bang cach dat thém ¢ =x+— va c¢6 dugc x° +— =+ -3t. Tuy
x x

nhién, néu két luan f(x)=x>—3x thi rd rang la rat thiu sot vi gia thiét chi 6 lién quan

dén |t

>2, tuong tmg véi [x|>2 nén ta khong c6 di dir kién d€ xéc dinh f(x) véi
‘x‘ <2.Do do, tandi f(x) nhan gia tri tuy y voi ‘x‘ <2.
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Bai 4.

Cho a,b,c,a la céc sé thyc théa o #c—b. Day sé (u,),(v,) dwoc xdc dinh boi cong thiic

2
u, +bu d u
w=au,, =——="y =) —k —pn>1,
c o U, +tb—c

Biét rang limu_ =a. Tinh gi6i han ciia lim v, .

Loi giai.

« A2 « X u 7. 1 1 7. A~ . ~ ’ .
Ta biéu dien ——-—— duwéi dang r[ - } vOi 7,8 cO dinh sé xac dinh sau.
U, +s
k

u , +b-c U, +s

2
u, +bu,

(i)
Tacér( 11 ]_ r(,, —1u) c _ruk(uk+ —c)

U +s u,,+s (u, +s)(u,,, +s) (u, +s)u,,,+s) (u, +s)(u,,, +s)

k

So sanh vdi biéu thirc ban dau, ta chon s=b—-c va r=1; khi d9, ta duoc

u, 1 1
u ,+b-c u +b-c u_ +b-c
. . u . 1 1 1 1
Dodbév =) —FE—= - = - )
iU, +b-c S\u +b-c u_  +b-c) u+b-c u  +b-c

Do limu, =a #c—bva u, =a nén ta duoc

1 1 a—a

limov = — = .
" a+b-c a+b-c (a+b-c)(a+b-c)

Nhan xét.

Bai toan tuy chita nhiéu tham s6 nhung ta chi can néu ra dugc biéu thirc dang sai phan
O trén la cé thé giai quyét né nhanh chéng. Thong thuong thi cac bai nay sé duoc néu
dudi dang cac s6 cu thé va ching ta doan biéu thirc dang sai phan (hau hét 1a phan sd

nhu trén) r6i sit dung tham sd bién thién dé viéc lap ludn dugc r6 rang.

Dudi day la mot sO bai toan twong tu:
22



u =3

1
1) Cho day s6 ic dinh boi
(1) Cho day &' (u, ) xdc dinh boi | — (12, +4),n=1,2,3,.

n+1

bat UnZZ 1 ,n=1,2,3,.... Tinh limv .
=u +3 1—>+00

NG
u ., =(\/§—\/§)uﬁ +(2\/g—5)un +3V3-3V2,n>1.

(2) Cho day s6 (u,) xac dinh boi

bat v, =Z 1 n=1,2,3,..Tim limov, .

k=1 uk+\/§,

Bai 5.

Cho ham s6 f(x) xdc dinh va c6 dao ham trén [0;+). Biét rang ton tai gidi han
lim [ f(x)+ f(x)]=1.

Tinh }LIEO f(x).

Loi giai.

Xét ham sd g(x) = f(x)e* thi g(x) lién tuc va c6 dao ham trén [0;+). Ta cd

lim f(x)=lim &

pe

X—+0 x>t o
Theo quy tac L’Hospital thi
' x)+ f'(x))e”
lim g(f)zlimf(f;):lim /e {( ) = lim (f(x)+ f(x)) =1.
X—>+00 e X—>+00 e' X—>+00 e' X—>+00

Tt d6 suy ra lim f(x)=1.

X—>+0
Nhan xét.

Bai toan khong thay ddi néu thay 1 boi mot s6 duwong tuy y. Hay thir giai bai toan tuong
tw gidi han sau:
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Cho ham s6 f(x) xac dinh va c6 dao ham trén [0;+0). Biét r?ang ton tai gidi han
lim | f(x)+2vx - f'(x) ] =1.

Tinh gidi han }LIEO f(x).

Bai 6.

Chitng minh riang néu tam thitc bdc hai f(x)=ax’ +bx+c v6i a,b,ceR va a=0 c6 hai
nghiém thyc phdn biét thi cé it nhdt mét nguyén ham cia né la da thiic bdc ba c6 cic
nghiém déu la s6 thuc.

Loi giai.

axS 2

Xét ham s6 g(x) =T+T+cx thi 6 rang ¢'(x) = f(x) ¢6 hai nghiém thuc nén ham sd
bacba g(x) cé hai diém cuc tri.

Goi x, < x, la hai nghiém ctia phwong trinh f(x) =0 thi day ciing chinh la hai diém cuc

tri cia ham s6 g(x).
Khi d6, véi cac gid tri m nam giita g(x,),g(x,) thi duong thing y=m sé& cat duong
cong y = g(x) tai 3 diém va phuong trinh g(x)=m c6 dtng 3 nghiém.

3 be

Do d6 ham sd 5t tem c6 3 nghiém déu thuc va day cling chinh la nguyén
ham can tim cua f(x). Ta c6 dpcm.

Nhan xét.

DPay 1a mot bai toan nho kiém tra kién thirc vé khao sat ham s6. Ngoai cach giai trén, ta

con nhiéu cach d€ chirng minh sy ton tai ctia nguyén ham c6 3 nghiém thuc, chang han

ta co thé chi trye ti€p nguyén ham do6, cu thé'la

h(x)=g<x>—g[—%j-
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2008

w [ e

Nhan xét chung.

Dé thi khd hay vi bao qudt cdc dang, doi hdi phdi ndm vieng ddy dii cdc kién thikc lién quan nhuw:
xtr li day so, tinh gi¢i han dung ki thudt tich phin xdic dinh, khdo sit tinh don diéu cua ham so,
dinh li Lagrange va khai trién Taylor. Cdc cdu ciing dwoc sip theo dg khé ting din va chi dieng
lai ¢ mirc do trung binh chir khong c6 bai kho. Tuy mot s6 ciu chwa thit moi meé, sing tao
nhwng doi hoi phai tdp trung khai thdc sdu gid thiét ciing nhw ddc diém ciia cic két ludn thi méi

c6 thé gidi quyét tron ven dirgc.
Bai 1.

Day s6 (a,) dugc xdc dinh nhu sau

Tinh a

2008 *
Loi giai.

a .a =1voi moi n=1,2,3,... Do d6 day sd u, =a

a n+l"n an la

n+1

Theo glé th‘lé/t’ ta Cé an+2 n+l1 -

mot cap sO cong voi sd hang dau la u, =1 va cong sai 1a 1. Khi do,

n+l n+l ..
=——=——a voin=12,3,..
a n

n+2
n+1

20072005 3 3-5.7-..-2007 _2007!!

= . —a, = = .
200890062004 2 2 2-4-6-..-2006 2006!!

Tt do suy ra a

Nhan xét.

Trong céc bai toan day s6 phi tuyén tinh dang nay, ta khai thac ddc diém ctia cong thirc
d€ dua vé mdt bi€u thive dé x 1i hon, & day ta da dua dwoc vé sai phan dang tich.
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Chi1  c4c ki hiéu (2n)!1=2-4-6-...-2nva 2n—-1)11=1-3-5-...-(2n-1).

. - T
Tt cOng thitc cua day trén, hay kiém tra thir két qua lim +=07?

n—+0w n
Bai 2.

12008 + 22008 +32008 + .+ n2008

Tinh lim 00

n—+0w n

Loi giai.

2008 2008 2008 2008 2008 2008 2008 w7+ \2008
Taco 5 L2 AT _1{@ (2] () }@H |
n

n|\n n n nig\n

Xét ham s f(x)=x"" thi 10 rang f(x) kha tich trén [0;1]. Chia doan [0;1] thanh céc

et e i i ..
doan con boi cac diém x, =— vachon ¢, =—e([x, ,x.] voi i=1,2,3,..,n. Ta dugc
n n

n

1 ; 2008 1 ; . ) 1
lim — r 1 1 Tl \dx = x2008dx=—.
ﬁmZU ﬁm[Zij Jyfee=], 2009

Vay gi6i han can tinh 1a .
2009

Nhan xét.

Phuong phap st dung trong bai nay la dung dinh nghia tich phan xac dinh dé€ tinh gidi
han. Déc diém cua cac bai toan dang nay rat dé nhan biét, d6 chinh 1a chi cAn mot sd

S £(i)

i=1

bién doi, ta c6 thé dua duoc vé . Day c¢ 1é la phuong phap tot nhat va duy nhat

n
dé giai bai nay, trong nhiéu truong hop, ham s6 f(x) ciing khong dé dang dé nhan ra.

Ta thir xem xét cac bai toan sau:

(1) Tinh gidi han sau lim 1 + 1 4ot 1 .
e\ p+1 n+2 n+n
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(2) Tinh gidi han sau lim l(sinZ + sjnz_” 4. +sin (n-Drz j .
n—+0w n n n n

12 22 3? n’
3) Tinh gi6i han sau lim + + ot .
©) & ' "—>+°°(22 +n? A +n’® 8+n’ (2n)+ n3j
Bai 3.
Gid st ham sd f(x) lién tuc trén [0;7] va f(0)= f(x)=0 théa man diéu kién
|f'(x)| <1 v6i moi x €(0; 7).
Chitng minh rang
i. Ton tai c € (0;7) sao cho f'(c)=tan f(c).
ii. | () <% v6i moi x (0; 7).
Loi giai.

i. Xét ham s6 g(x) =e " sin f(x) thi rd rang g(x) lién tuc trén [0; 7], kha vi trong (0; )
va g(0)=g(w)=0. Theo dinh li Rolle thi ton tai c € (0;7) sao cho g'(c)=0.

Ta cling c6 g'(x)=¢™" (—sin f(x)+cos f(x)f’(x)) nén
—sin f(c)+cos f(c)- f'(c)=0< f'(c)=tan f(c).
Do d¢, gia tri ¢ nay thoa man dé bai.
ii. Véi mdi x €(0;7) 8 dinh, cht y rfmg ‘f’(x)‘ <1,Vx € (0; ) nén theo dinh li Lagrange:
- Ton tai ¢, € (0;x) sao cho | f(x)|=|f(x)- £(0)|=|f'(c))||x 0] <|x|.

- Ton tai ¢, € (x,7) sao cho | f(x)|=|f(z)- f(x)|=|f'(c,)||7 - | <|z —x].

. Ta c6 dpem.

4 7

Do x €(0;7) nén min{‘x

ﬂ_x‘}gg. Suy ra ‘f(x)‘<min{‘x n—x‘}é%
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Nhan xét.
O cAu hoi dau tién, ta phan tich ngwoc lai tir biéu thikc can chirng minh

F(0)=tan f(c) & £1(0) = 22D s cos f(c)- f(e) =sin £(c).
cos f(c)

Chuy r?mg (sin f (c))' =cos f(c)- f'(c) nén déng trén trén c6 dang “tai mot diém nao do,
gia tri cia ham sG bang gia tri ctia dao ham”. Nhung x@ li diéu nay thi néi chung da
khong con xa la gi v6i viée sit dung ham s8 c¢6 dang e f(x). Y thiz hai ctia bai toan doi
hoi phai danh gia mién gia tri cia ham s thong qua mién gia tri cho trudc cua dao
ham, viéc nay thuong dwoc giai quyét nho tinh don diéu ctia ham sd hodc dinh 1i

Lagrange. Do d¢, tuy vao tinh hu6ng ma chung ta cé thé lwa chon cac cong cu phu hop.
Bai 4.
Cho ham s6” f(x) lién tuc trén [0;1] théa man diéu kién

xf(y)+yf(x) <1 véimoi x,y €[0;1].
. 1 T
Chitng minh rang IO f(x)dxﬁz.
Loi giai.
bat x =sing voi (DE[O;%] thi ta co
I={' foodx=[2 fesi d
—fo f(x) X—IO f(sing)cosgde .

Mat khac, néu dat x =cos¢,¢ e [O;%] thi ta co
I={ fdx= 2 in ¢d
=, f(x)dxc=[? f(cosg)singds

Do dé 21 = .[Ozf(singo) cosgodgo+j§f(cos¢)sin¢d¢ = Ioz(f(sin tycost+ f(sint)cost)dt.
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Theo gia thiét thi xf(y)+yf(x) <1 véi moi x,y €[0;1] nén suy ra

21£J?dt=% hay IS%.

Nhan xét.

Nhiéu ban cho rang danh gia theo cich d8i bién thanh ham lwong gidc nhu trén hoi
thiéu ty nhién va c6 vé gia thiét duoc sit dung chua triét d€ (gia thiét cho bat dang thikc
dung voi moi x,y va ta chi st dung mot lan khi dat x =sint,y =cost); tuy nhién, gia

thiét d6 duwoc dua ra &€ hudng téi dang thikc 6 sén

ZI: f(x)dx = .foz(f(sin t)cost+f(sint)cost)dt

Bang chiing 1a s6 1 trong bat dang thitc xf(y)+yf(x) <1 hoan toan c6 thé thay bang s&
khéc. Va vi thé, rat kho khan khi tiép can bai toan theo ¥ twdng dung bat dang thitc dai
1 odx

s§ v6i kinh nghiém 1a | s =%, dua v chimg minh f(x)< - 1
+Xx tX

voi moi x €[0;1].

Tw gia thiét xf(y)+yf(x) <1 véi moi x,y €[0;1], trude mit, ta 6 f(x)< % voi x €[0;1].
Nhung danh gid dang yéu cau & trén lai chat hon, khai thac tiép la diéu khong dé dang!
Bai 5.

Gid sttham sé f(x) lién tuc trén [0;1] va f(0)=0, f(1)=1, kha vi trong (0;1). Chiing

minh rang v6i moi a € (0;1) thi ludén ton tai x,,x, € (0;1) sao cho

a 1-a

+
fi(x) fix,)

Loi giai.
Do f(x) lién tuc nén voi mdi a €[0;1] thi ton tai x, €(0;1) sao cho f(x,)=«.

Theo dinh li Lagrange thi ton tai x, €(0;x,) va x, € (x,;1) sao cho

f(x) - f(O)_ ey v f(l) ()

0 0

= f(x,)-
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a -«
T d6suyra f'(x,)=—, f'(x,)= va
yra f(x) . f(x,) =z,
a -« a -«

= + =x,+1-x,=1.

+
fi(x) flx) alx, (1-a)/(1-x,)
Ta c6 dpem.
Nhan xét.

Bai nay thi ap dung dinh li Lagrange la hoan toan tu nhién, néu chu dong giai thtr thi c6

1é diém quan trong nhat ta can vuot qua la nhan xét dwoc ton tai x, € (0;1) d€ f(x,)=a.

f10e) f1(x) = f1(%)
f’(xz) _f’(xl)

li. Rt dé hiéu, 1a vi chitng minh ton tai mot s§ thoa man mot dang thike thi dé nhung

Néu bién doi biéu thirc trén thanh a= thi lai hoan toan khong dé xt

chttng minh ton tai hai s6 cling théa man mot dang thite thi khong don gian chit nao.
Bai 6.
Cho ham s6” g(x) ¢6 g"(x)>0 vdi moi x e R. Gid stthdm sé f(x) xdc dinh va lién tuc

tréen R thdéa man cdc diéu kién
f(0)> 4(0) vi [[ ftr< gz + &0
Chitng minh rfmg ton tai c €[0; 7] sao cho f(c)=g(c).
Loi giai.
Xét ham sd h(x) = g(x)— f(x) thi h(x) cting lién tuc. Theo gia thiét thi 1(0)<0.

Ta ciing c6 ¢"(x)>0 nén khai trién Taylor cho ham s6 h(x) tai x=0 va tinh tich phan

cho ham s6 nay, ta thu duoc

.[0” h(x)dx:.[oﬂ g(x)dx—joﬂ f(x)dx = I: {g(0)+g'(0) 8'¢) 2}Jlx I f(x)dx
> ["g(0)dx+ [ g/ (O)dx— [ f(x)dx = g(0)z + g'(% ~[7 e >0
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Suy ra ton tai m €[0; ] sao cho h(m)>0.

Do tinh lién tuc ctia ham s6 h(x) trén doan [0;m] thi ton tai ¢ € (0;m) c[0; 7] sao cho

h(c)=0.Ttwe do suy ra f(c)=g(c). Ta co dpcm.
Nhan xét.

Ta thiy ring gia thiét cho trudc rit 16 iéu” [ f(x)dx < g(0)n +%n2 v6i y tudng st

dung khai trién Taylor cho ham s8. Do d6, trong bai nay, chi cdn ndm vitng cong thikc

khai trién Taylor ctia ham s6 1a c6 thé giai quyét tot bai toan:

f(x)=f(a)+%(x—a)!+%(x—a)2+...+Rn(x) vOi Rn(x):(j:i(f))! (x—a)"™!

Chutng ta hoan toan c6 thé dua trén y twdng nay ma phat bi€éu mot bai toan tuong tu &

dang tong quat nhu sau:

Cho cac s6 duong 0<a<b va cac sd nguyén duong r <s. Xét ham s6 ¢:R > R" thoa
man ¢ (x)>0 vdi moi x eR va s la sd nguyén dwong nao dd. Gia st ham s8 f(x) xac

dinh va lién tuc trén R thda man cac diéu kién
f(a)> g(a) va [ fx)dx < 2%# .
i=1 .

Chitng minh rang ton tai c €[a;b] sao cho f(c) = g(c).
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2009

w [ e

Nhan xét chung.

Ngoai ciu 2 kho ra thi cic cdu con lai thugc dang co ban, khong doi hoi nhiéu ki thudt xir li va
thdm chi la hoan toan gidi bang cdc kién thikc vé gidi tich so cdp mot cdch nhe nhang. Cdc cdu 1,
3 va 5 con ndng tinh dai s6; chwa thé hién dwoc vai tro cua ham s6, doi twong co ban trong Gidi
tich. N6i chung cdc ban nao niam vieng thém ki thugdt tich phdn tieng phiin dé bién déi tich phin

thi co thé’ gidi quyét tron ven dé thi nay khd nhanh chéng.
Bai 1.
Gid st day s6 (x,) dugc xdc dinh béi cong thiic

x,=1x,=1,
X, =(n—1)(xm1 +xn72),n =3,4,5,...

Tinh x

2009 *

Loi giai.

Tt diéu kién da cho, ta cé

x, —nx,_ =-x_ +(n-1)x , vdimoi n=3,4,5,...

baty =x —nx,_ thitacdoy =-y , vay,=x,-2x,=-1nén y, =(-1)"".

L P o Y

Suy ra x, —nx, | =(-1)"" hay , tir cong thikc sai phan nay, tinh tong

nl (n-1)! nl
hai vé, ta c6 duoc
xn _ﬁ_ Y xz _ xi—l _ N (_1)H1
n! 11 S\l @G- = il
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_1\n+l 1\l
Do do x—”=1—l+l—l+...+¢ hay x :n!(l—l+l—l+...+( D j
n! 20 31 4l n! 21 3! 4l n!
Tir d6 ta tinh duge x,,, =200911-~ 42 L, 1 1}
21 3! 4! 2008! 2009!

Nhan xét.

Cling nhu nhiéu bai toan truy hoi phi tuyén khéc, & day ta can tim cach dat thém day so

moi d€ don gian hda quan hé truy hoi (chi con truy hoi gitta hai s6 hang lién tiép).

Néu d6i s6 hang dau tién thanh x, =0 thi cong thitc ctia day so c6 thay doi mot it la:

X, :n!(l—l+l—l+l+...+ﬂj:n!Z@ voi moi n.
-0 Lt

12t 3! 4! n!
Xét day so —1+ + +1—Zn:1th‘1t 5 két qua thudc li =e (khai
ét day so yn—a TR TR P a co két qua quen thudc ngﬂoyn—e( ai

trién Taylor cua ¢ tai x=1). Lién hé gitta x,,y, duoc cho boi cong thitc

X .X 1
hm”—y”=1 hay lim —*=—
n—>+o pl n—+o 171 e

Bai 2.
Cho hdam s6 f:[0;1] > R ¢6 dao ham cdp 2 lién tuc va f'(x)>0 trén [0;1]. Chifng minh

ring 2 f(t)dt =3[ f(£*)dt - £(0).
Loi giai.
Ta str dung tich phan timg phan voi | f(£)dt = [ f(1d().
Dat u= f(t),do=d(t) thi du= f/(t) va chon v=+/t —1.Ta c6
[ fent = Fo - 1)‘: [l p(Ne-1)ae= o)+ [ £y (1 )

Tiép tuc p dung tich phan timg phan voi [ Fo(1- )dt, ta duoc
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3

ey (1= )t =L | e 2 a1
O e el WACIES

Do ds, J! fyit = f0)+ L2 f”(x)[’“‘%"; ‘%]dx.

Vi tich phan Iol f(t)dt, tadat u= f(t),dv=dt thi u= f'(t) vachon v=t-1, ta duoc

[ ot = foye =), - [ =1 f (0t = £O)+ [ A=) f (1)t
Tiép tuc ap dung tich phan tirng phan véi Iol(l — 1) f'(t)dt, ta duoc

(0) 1

j A-t)f' it =L9 j (1-t)* f"(t)dt .

f(O) 1

Do do, j F(tydt = f(0)+—~ j (1—t)? F"(t)dt .

B4t dang thitc can chitng minh chinh 1a

£ 1 ; f£0) 1., 221
(f(O) j(l By’ f(t)dtj>3{f(0 3 —jof(t)[t—gt —gldt]—f(O) hay

3
[Ja-n2 e =[] f"(t)[zﬂ +1—3t]dt .
x 3 .
Tuy nhién, dé thay (1-t)* >2t2 +1-3t,Vt €[0;1] vi bat dang thitrc nay twong dwong voi

3

t+# 222 < 1+t 224t , ding theo BDT Cauchy.
Ttr d6 ta co dpem.
Nhan xét.

Céch dung tich phan tirng phan dé bién doi tich phan vé dang thich hop dé ap dung gia
thiét cting kha phd bién va dang dwgc chu y. Nho ndé ma ta da chuyén ham s6 dwéi dau
tich phan dang f(x*) thanh f(x) va tan dung dwoc f"(x)>0,Vxe[0;1].
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Duéi day la mot bai twong tu:

Cho f:[0;1]> R 1a m&t ham kha vi cdp 2 va thdéa man f"(x) >0, Vx €[0;1]. Chiing minh

bat dang thikc sau
2[ (1-x) fx)dx < [ f(x)da
0 0
Bai 3.
Tim tdt cd cdc ham s6 f : R — R théa man cdc diéu kién

{ f(x)<4+2009x,Vx e R
fap < f0+f(y)-4,Vx,yeR
Loi giai.
g(x)<2009x,VxeR (1)

bat g(x) = f(x)—4 voimoi x thita co { .
x+y)<g(¥)+8(y), Vx,yeR  (2)

Trong (1), thay x=0, ta cd g(0)<0.

Trong (2), thay y =0, ta co g(x) < g(x)+g(0) < g(0)=0.

Do do¢, ta phai co g(0) =0.

Trong (1), thay x boi —x, ta c6 g(—x)<-2009x, suy ra g(x)+g(—x)<0.

Trong (2), thay y=-x, tacd g(x)+g(—x) = g(x—x)=0.

Do d¢, ta phai co g(x)+g(—x)=0 hay g(—x) =-g(x).

Két hgp voi g(—x) <-2009x, ta duwgc —g(x) < —-2009x < ¢(x) =2009x v6i moi x.
Tt bat dang thikc nay va (1), ta suy ra g(x) =2009x véi moi x.

Do ddé f(x)=2009x+4 véimoi x.

Tht lai, ta thdy thoa.

Vay tét ca cac ham s6 can tim la f(x)=2009x +4 vdi x e R.
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Nhan xét.

Bai toan nay c6 dang mot hé bat phuong trinh ham dai s6. Tu tuwong chinh d€ giai quyét

dang nay 1a tan dung cac bat dang thitc dé:
- Hodc chi ra mot diéu vo li nao do.
- Hodc duwa vé dang a<b<a thi dan d&&n dang thic a=b phai xay ra.
Dudi day 1a mot sd bai tuong tu:
(1) Tim tat ca cicham s6 f:R — R thoa man
fx+y)+ f(y+z)+ f(z+x) 23 f(x+2y+3z) véimoi x,y,z<R.

(2) Cho a,b 1a cac s6 nguyén duong va nguyén td cung nhau. Xét ham s6 f:R >R

thoa man dong thoi cac diéu kién:
i) f(x+a)< f(x)+a,VxeR.
i) f(x+b)= f(x)+b,VxeR.
Chitng minh rang f(x+1) = f(x)+1 véimoi xeR..
Bai 4.
Gid st f(x),g(x) ld cdc hdm sd'lién tuc trén R théa man cdc diéu kién
f(g(x)) =g(f(x)), VxeR.
Chitng minh rang néu phuong trinh f(x)=g(x) khong c6 nghiém thuc, phuong trinh
f(f(x))=g(g(x)) ciing khéng c6 nghiém thuc.
Loi giai.
Xét ham s6 h(x) = f(x)—g(x), dé thay h(x) lién tuc trén R . Ttr diéu kién da cho, ta thay
h(x) khong c6 nghiém thuec.
Gia stt ton tai a=b sao cho h(a) va h(b) trai dau thi h(x)=0 c6 nghiém nam gitta a,b,
mau thuan. Do d6 h(x) gitt nguyén d&u trén ca mién R.
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Khong mat tinh tong quat, ta cd thé gia st h(x) >0,Vx eR hay f(x)>g(x),VxeR.
Thay x boi f(x), tacd f(f(x)) > g(f(x)) = f(g(x)) > g(g(x)) vOi moi x.

Tt d6 suy ra phuwong trinh f( f(x)) = g(g(x)) khong c6 nghiém thuec.

Nhan xét.

O day ta ap dung dinh Ii trung gian cho ham lién tuc, mot két qua quen thudc 1a néu
trén mot mién D, ham s6 v6 nghiém thi né khong ddi ddu trén D. Dinh li nay con rat
hitu ich trong nhiéu treong hop, ching han d¢€ giai mot bat phuong trinh ric r6i, ta

chuyén vé gidi phuong trinh tim cac nghiém r6i 1ap bang xét ddu la xong.

Dudi day la mot bai twong tw voi bai toan trén:

Cho f,g:[0;1]—[0;1] la cac ham sd lién tuc, thdéa man f(g(x)) = g(f(x)) voi moi x e R.
a. Chitng minh rang ton tai x, € [0;1] sao cho f(x,) = g(x,).

b. Gia stt rang f(x) don diéu, chiing minh ton tai x, €[0;1] sao cho f(x,)=g(x,) =X,
c. Hay cho phan vi du trong treong hgp thay mién [0;1] boi R.

Bai 5.

Cho hai diy sé (x,),(y,) xdc dinh béi cong thiic

=x, ++1+x,y . :L,nzl,Z,S,...

1+1+y?

Chiing minh ring x y, €(2;3) v6i n=2,3,4,... va limy, =0.

n—+0w

X =W =\/§,x

n+l

Loi giai.

Dat x, =cotq, =3 véi a:%’ ta co

1 cosa+1 a
x2=cota+\/1+cot2a=cota+ — = = 2 _otd—cos
sina sina 2
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Do d6, bang quy nap, ta chitng minh dugc x, = cot nﬂ voi n>1.
Tuwong ty, dat y, =tanb = \/5 vOi b =% thi ta co
7si b b
tanb tanb sinb S, COS b T
Y= = = = 2 =tan—=tan—.
1++1+tan’b 14 L l+cosb 5 b 2 3-2
cosb 2
Bang quy nap, ta ciing chitng minh duoc rang y, = tan 3 72[”71 voi n>1.
- x 2tan— " . 2
Tte d6 suy ra x y, =cot tan — = cot 3:2 vOi moi
3.2"  3.2" 3-2" 4 2 T 2 7
—tan —ta
n 3. 2n
>0 va tan’ <tan’—=— nén

n>1. Tathdy tan’ 37[

n n

2<x,y, <3 voimoi n=2,3,4,..

Ta cling c6 lim y_ = lim tan 2 —tan0=0.Tacé dpem.

H—>+00 H—>+00 3. n-1

Nhan xét.

Cac bi€u thitc c6 dang f(x)=x+vV1+x* va g(x)= rat dé goi y cho ta nghi

x
1+vV1+x°
TR P X o x RN .
dén cdc ham lwong gidc vi f(cotx)= COtE va g(tanx) = tanE. Sau khi da tim dwoc cac
cong thirc tong quat thi cong viéc lai la chi can xtr 1 dai s6 la xong. Do d¢6, viéc chu y cac
dac trung ham ctia cac ham sd quen thudc cling 1a mot cong viéc co ich khi né giap ta

_ 3
nhan biét ban chat ctia van dé nhanh chéng hon. Chéng han f(x) =% thoa
X —6x" +

man tinh chat sau f(tanx) = tan4x.
Mot bai toan tuong tu:
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Cho day s0 (u,) xac dinh béi u,=1Lu,=2,u _, =3u —u

7 el T n n-17

n>2 va xét day sd sau

n
v, = Zarc cotu,n=1,2,3,.. Tinh giéi han lim v _.
o n—+oo
Bai 6.

a) Cho P(x) la da thiic bdc n cé hé s6 thuc. Chiing minh rang phuong trinh 2* = P(x) c6

khong qud n+1 nghiém thuyc.
b) Cho f(x)-x, f(x)—x* la nhiing ham s6 don diéu ting trén R . Chitng minh rdng ham
s0 f(x) —73x2 ciing la ham sé don diéu ting trén R.
Loi giai.
a) Xét ham s6 g(x)=2" — P(x) thi dé thay do P(x) la da thitc bac n nén
PP (x)=0= ¢ (x)=2"(In2)"" > 0.

Pao ham cdp n+1 cta ham s6 g(x) khong ddi ddu nén theo dinh li Rolle thi phwong
trinh g(x) =0 c6 khong qua n+1 nghiém. Ta c6 dpcm.

V3 V3

b) Gia st ton tai a > b sao cho f(a)—Ta2 <f(b)—7

f(a)—a’ +{a3 —§a2J< f(b)-b’ +[b3 —%sz va

b*, suy ra

V3,

f(a)—a+{a—7a ]<f(b)—b+{b—\/§b2].

2
Theo gia thiét thi f(x)—x, f(x)—x’ la cdc ham s6 don diéu tang trén R nén
f(a)y—a’ > f(b)-b’ va f(a)—a> f(b)-b.
Tit 46 suy ra 4,b ndm trong mién ma cac ham s8 x° —73x2 va x —73x2 nghich bién.
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Ta thay x° —@f nghich bién trén lzo;g}, con ham so x—%x2 thi nghich bién trén

l:gﬁoo:l nén ta phai c6 dong thoi a,b e l:O; g:l N l:g;ﬂo] = {ﬁ}

3

Tuy nhién a>b nén diéu nay khong thé xay ra nén diéu gia st la sai.
A \ ~ 3 2 \ LN v A
Vay ham s& f(x) _TX la don diéu tang trén R.

Nhan xét.

O ciu a, ta thdy ring phuong trinh da cho ¢ dang ham s6 mil bang da thitc. Ta biét
rang dao ham c4p n+1 ctia da thitc bac n 1a bang 0 con ctia ham s8 mii dang a* thi lai
khong d6i ddu nén xt li hoan toan dé dang. Mot cau hoi dit ra la ting véi mdi s6
nguyén duong 71, ¢d ludn ton tai da thiec bac n théa man phuong trinh 2* = P(x) cd

dung n+1 nghiém khong?

Cau b cuta bai nay tuy khong méi nhung kha tha vi. Du chi don thuan ap dung dinh
nghia ctia ham don diéu nhung cling doi hoi phai lya chon hudng ti€p can phu hop 1a
phan chiing. Ta c6 thé di theo mot con duwong tw nhién hon 1a khao sat ddu dao ham:

Gia thiét da cho co thé viét lai la
f(x)>1, f(x)>3x" véi moi x.
Ta can chiing minh f'(x) > J3x véimoi x.

RS rang f(x)>0 nén ta chi can xét véi x>0 vi néu x <0 thi hién nhién v3x < f(x), ta

nhan hai bat déng thittc da cho, vé theo vé, lai thi dwoc
(f(x))" >3x* = f(x)>/3x v6i moi x.

Vi cach tiép can nay, 16 rang d6 kho caa hai bai a va b la nhu nhau.
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2010

w [ e

Nhan xét chung.

Co thé' néi trong cic nam gin ddy thi dé thi Giai tich 2010 la dé hay nhit voi dg phin logi, tinh
moi mé cua dang Todn ciing nhw dg bao qudt (bén canh doé thi dé Dai s6'2010 ciing la mét dé hay,
nhiéu ciu khd thi vi). Néu nhw & cdc cdu 2, 3 la qud quen thudc va dé thi cdu 1 va 6 sé thudc
dang trung binh, cin phai ddu tw thich hgp méi giai quyét dwoc tron ven. Cau 4 va 5 chinh la
diém nhin cua dé voi ddc trung gidi tich ma ta c6 thé’ nhin dinh la “thwc sw danh cho SV thi
Olympic”. Sé khong qud khé khan dé gidi cdc cdu 1, 2, 3 va 6 nhwng dé gidi quyét tron ven hai
cdu con lai thi ding la mot thir thich khong nho.

Bai 1.
Cho ham s6” f(x)=In(x+1).
a. Chitng minh rang v6i moi x >0, ton tai duy nhdt s6 thuc c théa man f(x)=xf'(c) ma

ta ki hiéu la c(x).

b. Tinh Tim &%)

x—=0" X

Loi giai.

a. Ta can chtiing minh rang phuwong trinh In(x+D _ 1 n c6 nghiém duy nhat 1a ¢ voi
x c+
moi x >0. Dé dang tinh duoc c= -1.
In(x +1)
b. Ta can tinh gidi han
o1
lim@ ~lim In(x+1) lim x—ln(x+1).
x>0t x x—0" X x-0" X ln(x + 1)
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Theo quy tac L'Hospital thi

1
1—~
x—ln(x+1): imx—lr1(1+x) . _ 1+ X jim
=00 xIn(x+1) x>0 x?2 =0 In(l+x) 0 2x  x00 1

1+x

Vay gidi han can tim la %

Nhan xét.

bay la mot bai co ban ki€ém tra cac kién thiec vé dao ham, giéi han. Tuy khong kho

nhung phat biéu tuong d6i la va néu & day khong dung quy tac L'Hospital hoéc dung

nhung khong tach ra thanh 2 phan d€ tinh riéng thi cting kha vat va méi chi ra duoc

gidi han nhuw trén.
Bai 2.

Cho day (x,) xdc dinh béi x, =1,x X, (1+x2°1°) voi n=1,2,3,...

n+l n

x2010 x2010 2010
Tinh gi¢i han lim | —+—=2—+ . +—2— |,
o x2 x3 xn+1

Loi giai.

Trudc hét, ta thdy day nay tang thwc sy va néu day nay bi chdn thi ton tai giéi han, dat

gidi han d61a L > 0. Chuyén cong thirc xac dinh cua day qua gidi han, ta c6
L=L1+I1*") < L=0, mau thuan.

Do d6 lim x, =+o0. Véimoi k>1, ta co

X—>+00

2010 2011
X, _ X, :xk_xk+1 _ 1 _L
xk+1 xkxk+1 xkxk+1 xk xk+1
201
. xfOlo x;ow xno 0 . 1 1
Suy ra lim| —+——+...+ =lim| ————|=1.
X% X3 X1 T Xaa

Vay gidi han can tinh 1a 1.
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Nhan xét.

Dang gi6i han day s6 nay kha pho bién va trong dé Giai tich trudc d6 cling da co xuat
hién. Ta c6 thé liét ké ra cac budc chinh dé xr li dang Toéan nay la:

- Chitng minh day (u,) khong bi chan va tién toi vo cue (thwe ra néu nd tién téi mot
diém cu thé nao d¢é thi cling giai quyét twong tw).

- Biéu dién tting s8 hang thanh dang sai phan r6i rit gon.

- Tinh toan gidi han thu duoc roi két luan.

Mot s6 bai toan tuong tu:

2

(1) Cho a>0 va xétday s6 (u,) duwgc xac dinhbdi u, =1,u_, =u, +u—” voi n=1,2,3,...

n+l

a
SOy e U U, U u
Tinh gidi han cta tong L +-—2+—=2+...+ —.
Z/12 uS Z44 un+1
~ ~ ’ . 2. 1 xiq + 4xn,1 + xn,1 /. .
(2) Cho day so (x,) xac dinh bodi x, = 5% = 5 voimoi n22.

baty = Ziz Chttng minh r?mg:

k=1 xk

a. Day s0 (y,) c6 giéi han hitu han va tim gidi han dé.
~ ~ x A . A
b. Day s6 — hoi tu vé 1.
n

Bai 3.
Cho s6 thuc a va ham s6 f(x) kha vi trén [0;+x) théa mdn cdc diéu kién f(0)>0 vd

f(x)+af'(x) 20 vdi moi x €[0;+x).
Chitng minh rang f(x)>0 vdi moi x > 0.
Loi giai.
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Xét ham s8 g(x) = e™ f(x) v6i x €[0;+00) thi dé thay ham s8 nay kha vi trén [0;+0) va
§'(x)=e" (f(x)+af'(x)) 20 v6imoi x e[0;+o0).
Do d6 g(x)>g(0)=¢"f(0)>0 v&i moi x €[0;+x).
Tte d6 suy ra e” f(x) 20 hay f(x)>0 vdimoi x>0.
Nhan xét.
Cau hoi dang nay da xudt hién nhiéu tredc dé va 6 day duoc gidi thiéu voi hinh thic
kha don gian. Tuy nhién, cach ddt ham sd nhu thé néu chua st dung d€ giai toan lan
nao thi néi chung ciing khdng phai dé dang dé nghi ra.
Bai 4.
Cho ham s6” f(x) kha vi lién tuc trén [0;1]. Gid st rang
Iol f(x)dx = Iol xf(x)dx =1.
Chitng minh rdang ton tai diém c (0;1) sao cho f'(c)=6.
Loi giai.
Xét ham s8 g(x) =6x—2 thi dé dang thay ring
Iolg(x)dx = J.Ol xg(x)dx=1.

Tt do6 suy ra Iol(f(x)—g(x))dx =0.

bat h(x) = f(x)—g(x) thi h(x) lién tuc trén [0;1] va co tich phan Iolh(x)dx =0.

Do d6 khong thé ¢6 h(x) > 0,Vx € (0;1) hoac h(x)<0,Vx € (0;1). Suy ra phwong trinh
h(x) =0 c6 it nhat mot nghiém trong (0;1).

Gia st h(x) =0 chi c6 mot nghiém la x =a € (0;1). Ta c6 cac treong hop:

(1) Néu h(x) <0 v6imoi x €(0;a) thi h(x)>0 véi moi x €(a;1). Ta co
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.[01 xf(x)dx—1= Iol xf (x)dx —Iol xg(x)dx = Iol xh(x)dx = Ioa xh(x)dx + Ll xh(x)dx
> .[Oa ah(x)dx + Ll ah(x)dx = I: ah(x)dx =0

Suy ra Iol xf(x)dx >1, mau thuan véi gia thiét.

(2) Néu h(x)>0 véi moi x € (0;a) thi h(x) <0 véi moi x € (4;1). Chiing minh tuong tu,
ta cling co Iol xf(x)dx <1, mau thuan.

Suy ra phuong trinh (x) =0 phai c6 it nhat hai nghiém trong (0;1). Gia st hai nghiém
déla a,be(0;1) voi a<b.

Ta c6 h(a)=h(b)=0 nén f(b)— f(a)=g(b)—g(a). Do tinh lién tuc cta ham sd h(x), theo
dinh li Lagrange thi ton tai c € (2;b) < (0;1) sao cho

o f)—f(a) _g(b)—g(a) _
fle)= b—a  b-a =6

Tt day ta co dpem.
Nhan xét.

Ham s6 g(x) duwoc dwa vao dung la kha bat ngo va cling ding la né théa man gia thiét

[ g()dx = [ (6x-2)dx = (3x* ~2)| =1, [ xg(x)dx = [ (6 ~2x)dx = (2 ~2*)| =1

0 8 0 o Jo 0 0 ’
Lién hé gitra gia thiét va két luan rat khéo va mot cai khé caa bai toan chinh la f'(c) =6,
tai sao lai 1a s8 6, s6 khac c6 duoc khong? Hay phan tich ki thém bai toan dé€ c6 cau tra
101 thich hop.

Mot bai tong quat xudt phat tir y twdng cta bai toan nay:
Cho cac s6 dwong a,b. Xét ham s f(x) kha vi lién tuc trén [0;a] . Gia stt rang
IO f(x)dx = IO xf(x)dx =b.
Chitng minh rang ton tai diém c € (0;a) sao cho f'(c) = 6b(2—3—a).
a
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Bai 5.

Cho da thitc P(x) bdc n c6 hé so thuc sao cho P(-1)#0 va —% < g Chiing minh
rang P(x) c6 it nhdt mot nghiém x, véi ‘xo‘ >1.
Loi giai.

Gia st x,x,,..., x, la cac nghiém (thyrc hodc phttc) cua P(x). Khi do, theo dinh li Bezout

thi ton tai k€ R sao cho P(x)=k] J(x—x,). Ta c céc cdng thirc

i=1

P) & 1 P(D) & 1
P(x)_;x—xi: P(—l)_;xi+1'

1, P 1
Podé 245 Z}[z x+1] 2 &

=
TN
R
+ | |
_| =
~

Ta 6 xf_l=(xf_1)(xf2+1):Re[xf_1]=‘xf‘ L imoi i=1,2,3,.m
X +1 Jx,+1] X +1)x +1)
' n ‘2_1
Vi Eere]R nén zxi—ZZO.
2 P(-1) pur ‘xi +1‘

Tir déng thitc nay ra P(x) phai c6 it nhat mot nghiém x, ma [x,[> 1.
Nhan xét.

Cai kho ctia bai nay chinh la phai x& li trén sd phttc cac nghiém ctia phwong trinh. Téat
nhién du la thuc hay phtte thi da thitc ciing théa man dinh li Bezout, dinh li Viete,...
Thuc ra néu thay da thitc da cho bang da thitc c6 n nghiém thuee thi 10i giai van twong

tw nhung lap luén trén tap s6 thuc sé dé dang hon, dén doan

(- (x —-1 |
E+M=lz X2 212 X ~1=0
2 P(-1) 23T\ x,+1) 25\ (x,+1)

thi bai toan hoan tat. Dang toan nay khd lau méi c¢6 xuat hién lai trong dé Olympic SV.
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Cac bai toan tuwong tu:
(1) Gia st da thite P(x)=x"" —mx+m(m=0) va c6 da 2008 nghiém thuc. Chitng minh

rang trong cdc nghiém ctia P(x), c6 it nhdt mot nghiém x, thoa man digu kién ‘xo‘ <2

(2) Cho da thic P(x)=3x"—9x° +18x* —21x° +15x* —6x+1,x € R. Chttng minh rang
P(x) ¢6 3 nghiém a,b,c thuc hodc phitc phan biét ma |a|+|c[=3+[p|.

Bai 6.

a. Tim tdt cd cdc ham s6” f(x) khd vi lién tuc trén [0;1] sao cho f(1)=ef(0) va

[ [f(x)j g <1
f(x)
b. Tim tdt ca cdc ham s6 f : R — R lién tuc théa man f(1)=2010 vd

f(x+y)=2010" f(y)+2010" f(x) voi moi x,y € R.

Loi giai.
a. Ta cod
J(f’(x) j [ [f’(x)j )
f(x) f(x) f(x)
f'(x) f'(x) AL f'(x)
j{f()j dx — 21nf(x)\ 1= I[f()j (0)” j[f(xJ

Tir d6 ta 6 j:[?(‘j))j dx>1.

Hon nita, theo gia thiét thi .[ []} (= ))j dx <1 nén dang thizc phai xay ra, tizc la

j:{%—lj dx=0
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Do ham s6 f(x) kha vi lién tuc trén [0;1] nén ta duoc

[
f)

=1 v6i moi x €[0;1].
Suy ra f(x)=f'(x),x<€[0;1], do dd f(x)=ce*,c>0.
Tht lai, ta thdy ham s6 nay thoa méan dé bai.
b. T gia thiét, ta c6
2010 f(x+y) =2010"" f(y)+20107" f(x) véi moi x,y € R.

bat 20107 f(x) = g(x). Ta cé

g(x+y)=g(x)+g(y) voimoi x,y eR.
Day chinh la phuwong trinh ham Cauchy va nho tinh lién tuc cua g(x), ta thu duoc

nghiém 1a g(x)=ax, suy ra f(x)=ax-2010". Hon ntta, tix diéu kién f(1)=2010, ta co
a=1va f(x)=x-2010".

Thtt lai ta thdy ham s6 nay thoa man.
Vay tét ca cac ham sd can tim la f(x) =x-2010",x e R.
Nhan xét.

Cau a cua bai toan nay dwa vé mot phuong trinh vi phan, néi chung it xudt hién trong
cac ki thi Olympic SV. Néu khong cong nhan cac li thuyét vé phan nay thi khé c6 thé
chitng minh r?mg f(x)=ce*,c>0 da mo ta hét cac nghiém c6 thé c¢d. Doan lap luan dé
dan dén dang thitc xay ra da khéo léo str dung duoc gia thiét. Cau b thi dé hon 16 rang
vi chi can mot thao tac chia hai vé& cho 2010 la dwa duoc vé phuong trinh ham

Cauchy. C6 1€ hau hét cac thi sinh sé€ wu tién x& li bai nay hon la chon cau a.
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2011

w [ &
Nhan xét chung.

Dé thi nay khong c6 bai nao qud kho, hiu hét cic ciu 6 mirc d9 trung binh va ciing mang tinh
suy ludn dua trén kién thirc co ban vé ham so, gioi han,... chiv khong doi hoi phai cé quai nhiéu
kinh nghiém thi cw. Cic ciu 1, 2, 6 la dé: 3,4 la trung binh va cau 5 la mot bai khd moi chir
khong kho (6 dé Dai s6’ ciia nam nay ciing c6 bai vé dinh thirc ma trgn nhwng phdt biéu thong
qua mot bai todn tro choi khd thii vi). Dé thi nhw vdy v0 rang la hay nhung mot diéu hoi tiéc la
ciing chwa c6 sw xudt hign nhiéu ciia cdic yéu to Gidi tich cao cdp nhw: khai trién Taylor, dinh li
Lagrange, cdc tinh chat cua tich phan ciing con khd mo nhat (mgt hoc sinh THPT bo di ciau 6b

thi ciing co thé'lam tron ven dé nay).
Bai 1.

pe

e

Cho ham s6 = .
0 ham so f(x) 21y

a. Chiing minh rang f(x)=x cé nghiém duy nhit trong {% ;1} va f'(x) dong bién.

b. Chitng minh day s6 (u,) xdc dinh béi u, =1,u_, = f(u,) thoa man u, e {%;1},%1.
Loi giai.
a. Xét ham s6 g(x)= f(x)—x thi

_(x=1)e"
C (x+1)°

g'(x)=f'(x)-1 -1<0 Véimoixe{%;l}
. A . |1
Do d¢, g(x) don diéu gidm trén {E ;1}.
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0 va g(1)= i -1<0, g(x) lién tuc trén

Mat khac, ta cling c6 ¢ 1 :4\/2—1:8\/2_9>
2 9 2 18

{% ; 1} nén suy ra phuong trinh g(x) =0 hay f(x)=x c6 nghiém duy nhat trong {% ; 1}.

(x=De* . ., . (x*=2x+3)e"
(x+1)° va fix)= (x+1)*

Do d6 ham s6 f'(x) dong bién trén {%;1}.

Tacod f'(x)= >0 Véimoixe{%;l}

b. Ta sé chitng minh bang quy nap rang u e {%;1},%1 >1 ().
That vay,

-Vo6in=1 thi u, :16{%;1},&1& la (*) dung voi n=1.
- Gia st (*) dang voi n=k, ta co u, e{%;l} Do tinh don diéu ctia ham sd f(x) trén
mién {%;1},&1 co f(l)ﬁf(uk)ﬁf(%j:>£<u <4\/E.

4 - Tk+1 — 9
Dodo u, , e E;& c l;1 . Ta c6 dpcm.
4 9 2
Nhan xét.

Céac Ki thuat st dung trong bai nay déu quen thudc, chi cin ndm vitng tinh chit cta

ham s& 1a c6 thé xit If t6t. Y teong quy nap cho cau b ciing kha tw nhién.

Thuc ra day 1a mot bai toan ct va & day khong thdy su xuat hién cau hdi quan trong
nhat ctia bai toan gdc la: Chiing minh day s8 (u,) hdi tu. Cac ¥ a, b nham phuc vu cho

viéc chitng minh nay.
Bai 2.

Tinh tich phan .[ 1 ax

"T+x+a?+Vxt +3x* +1
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Loi giai.

1

T+x+x2 +Vx* +3x* +1

Xét ham sd g(x) = v6i x e[1;1]. Ta thdy ring

3(0) = va g(x)+g(-) -

T+x+x2 —v1+3x* +x*

2(x+x°)

1+x%

Ta cting c6 g(x) =

Do do

1= st~ i [ onte= [ -0 o
dx .

:.[0 (g(—x)+g(x))dx :.[0 e =%.

Vay tich phan can tinh 1a %.
Nhan xét.
Viéc dat thém ham g¢(x) va nhan lién hgp nhu trén la hoan toan tu nhién, ké ca tinh

chat g(x)+g(-x) = cling dugc chitng minh hoan toan dé dang. Tuy vay, ddi véi

1+x°
nhiéu ban chira nam vitng vé tich phan suy rong thi sé khong “dam” nhan lién hop
kiéu nhu vay do mién can tinh tich phan c6 chita s6 0 va sé kho ¢d thé tim duoc mot 1oi
giai thit hai thay thé.

Bai 3.

Cho hai diy sé (x,) va (y,) théa man cdc diéu kién

xn+yn ,vd

2 2
X, +y ..
n n
2 5 yn+121/—2 v0i neN.

a. Chitng minh rang cdc day (x,+vy ), (x,y,) la nhitng ddy don di¢u ting.

X

b. Gid s cdc ddy s6 (x,),(y,) bi chin. Chitng minh rang hai day ndy cing héi ty vé mot
diém nao dé.
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Loi giai.
a. D& thay rang cac day (x,),(y,) duong véi n>2.

batx +y =s ,xy =p, . Tacod

xn+yn Sn p Xi +yi xn +yn Sn
anrl2 2 232\/Zva yn+12\’ 2 2 2 :EZ pn'

>p ,tecla (x,+vy,), (x,y,) lanhing

Suy ra Sn+1 = xn+1 + y 2 Sn va pn+1 = xn+1yn+1 2

n+l —

192}
)-Pl:w

day don diéu tang.

b. Do cac day (x,) va (y,) bi chdannén day (x, +y,) bi chan, hon nita n6 la day don
diéu tang nén c6 gidi han.
2 2

S s . . , S, s < N S FRRT
Gia st lim(x +y )=1lims =s>0. Ta cling c6 p, SZ” va (s,) tdng nén p, SZ, tiee la

n—>+w n—>+00

day (p,) cling bi chdn va day nay cling don diéu ting nén né c6 gidi han, dit 1a p véi

2 2 2 2
S < . ; 5. A . . S5, S
0<p£z. Mat khac, ta co pmzzn nén p=hmpn2hmz”=z.

2

T d6 suy ra p=sz hay s* =4p.

Theo dinh li Viete thi x ,y, 1a cdc nghiém duong ctua phuong trinh t* —s t+p =0 va

cac nghiém ctia phuong trinh nay la

L CRRCRTIN [E{ RNGETY
(s, 52 =4p, ) =[5, ~Js2—4p, ).
Z(Sn Sn pn 2 Sn S]’l pl/l
Suy ra limx, =limy, = lim%(sn +«/si—4pn): lim%(sn _*/55_479"):%-

n—>+w n—>+w n—>+00 n—>+w0

Nhan xét.

Cac day s trong bai toan chinh la cac dai lwong chuyén doi gia tri trung binh. Cau a
duoc giai dé dang bang quy nap nhung cau b thue sy khong don gian va rat dé bi ngo
nhan. Nhiéu ban sé chtiing minh dwgc hai day héi tu nhung dé€ chiing minh duoc ching
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cung hoi tu vé mot diém qua khong dat thém hai day s ,p, thi sé rat dé bi ngo nhan (tat

nhién la c6 mot s6 cach khac dé thuwce hién diéu nay). Dudi day la mot s6 bai tuong tw ¢d

cung dang:

(1) Cho hai day s0 (x,),(y,) théaman x, =a>0,y, =b>0 va

X .+ f
xn ZHT]/nl’yn = xnflynfl voi Tl=2,3/4;---

Chttng minh r?mg hai day da chohdituva limx =limy .

n—>+w n—>+0

(2) Cho hai day so (x,),(y,) théaman x, =a>0,y, =b>0 va

N 2
X, = Yut Zynl Y, = L—i_i vOi 7’122,3/4/---

xnfl ynfl

Chttng minh r?mg hai day da chohdituva limx =limy .

n—>+w n—>+0
Bai 4.

a+n p+n
Cho o, B €R thoa madn diéu kién [1+lj <e<[1+—j ,VneN
n n

Tim min‘a —,B‘ .
Loi giai.

Tt gia thiét, ta co a < —n< f vdimoi n.

I S
ln(l +1j
n

%—x v6i x>1 thi dé thay f tang. Suy ra day
In[1+j
x

tang. Do do¢, ta c6 danh gia sau:

Xét ham sd f(x) =

min‘a—ﬁ‘:—min
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Theo quy tac L'Hospital, ta c6

. 1 . 1 1 t—In(1+t)

Wy T ey 1) T e )2

ln[1+ j n(l+t) t n(1+t)
n

Do do min‘a—ﬁ‘:l—LJrl:é_L.
In2 2 2 In2

Nhan xét.

O bai toan nay, ta chi can tim chdn trén va chan dudi cho ham s6 f(n) = -n dé

-
1
In (1 + j
n
tir d6 xac dinh dwgc khoang cach 16n nhat gitra 8, 1a xong. Ham s6 duoc chon ¢ day
c6 thé thay bang mot ham tly ¥ va cau hoi nhu trén kha phd bién trong céc bai toan vé

khao sat mién gia tri ctia ham so.

Tuy nhién, c6 nhiéu thi sinh sé ngd nhan do biét truedc két qua quen thudc sau

n 1+n
[1+lj <e<[1+lj ,VneN
n n

Va tir d6 kétluan a =0, 8 =1 dan dén sai [Am dang tiéc.
Bai 5.
Ta goi doan thing [o, B la doan thing t6t néu véi moi bo s6 a,b,c théa man diéu kién

2a+3b+6c=0 thi phuong trinh ax* +bx +c =0 c6 nghiém thuc thuc doan [«, ). Trong

tat cd cdc doan thiang tot, tim doan c6 d¢ dai nhé nhat.
Loi giai.
. N . . . A 1
Véi a=0 thi 3b+6c=0 va phuong trinh ax® +bx+c=0 c6 nghiém la x = 5 suy ra doan

tot phai chira sd % Do d6 « <%<ﬁ.
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Xét a0, khi d6 khong mat tinh tong quat, ta ¢ thé gia st a=3 va b=-2-2c¢. Phuong
trinh da cho viét lai thanh

3x>—2(1-c)x+c=0.

T+c+yl-c+c’ .- 1+c—~1-c+c’

3 2 3

Phuong trinh nay c6 hai nghiém la x, =

y=ci(¥)

y = o)

Dé thdy rang x,,x, la cac ham s6 lién tuc va tang theo bién ¢ ; hon nira, ta cd

) ) 1
limx, =limx, =—.
- c—>+0 2

Gia st [«, 8] 1a mdt doan théng tot. Khi do, ro rang ton tai duy nhat gia trj ¢, sao cho
x,(c,)=pB. Voi c>c, thi x,(c)> B, tic la x,(c) nam ngoai doan tdt, suy ra x,(c)>a .
Cho ¢ —(c,)” thi x,(c,) 2 a. Ttr do, ta co

2
2\1—-c,+¢;

B-azx/(c,)—x,(c,)= >

o |%

Do d6, @6 dai doan théng tot khong thé bé hon g Ta sé chi ra ton tai duy nhat doan

thang nhu vay.

That vay, néu chon «a = thi

3-43 ﬁ:3+\/§
6 6
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- Néu CZ%,ta co x, € a,%}c[a,ﬁ].

N 1 . 1
-Néuc<—,tacoé x, €| =
2 2

;ﬁ}C[a,ﬁ]-

Vay doan théng tot c6 d6 dai nho nhat la l:

3—\/5.3+\/§}
6 6 |

Nhan xét.

DPay la mot bai toan rat thu vi véi phat biéu kha la m&t, xuat phat tir mot bai toan ci
hon 1a v6i diéu 2a+3b+6c=0 da cho, chitng minh phuong trinh bac hai ax* +bx+c=0
ludn c6 nghiém. Can hiéu r6 ban chat cta cau hoi la: doan t6t 1a doan chita it nhat mét

nghiém cua phwong trinh da cho chit khong phai chita dong thoi ca hai nghiém.

Mot cau hoi mo rong khé hon tir bai toan nay la:

4 ~ . ~ 7 . :l 2
Vi cac s6 a, f nhu da dinh nghia, chitng minh rang a + f —2af > .
Bai 6.
a. Tim ham s6” f : R — R thoa man diéu kién

(x=yY) f(x+y)—(x+y) f(x—y)=4xy(x* —-y*) véimoi x,yeR.
b. Cho ham s6 f lién tuc trén {% ;2} va théa man diéu kién
xf(x)+lf[lj <2 vdimoi Vx e {1;2}.
x7\x 2
Chitng minh rang J.f f(x)dx<2In2.
2
Loi giai.

5 . U+
abitu=x-y,v=x+y thi x= v

VU, .
,Yy=—— nenta co
2
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uf(v)—vf (u) = —i(u+ 0)(u—-0)| (u+0v)’ —(u—0) | v6i u,veR.

hay uf (v)—of (u) = -w’v+uv’ < o( fw) -’ ) =u( f(0)-°).
Néu uv =0 thi ta viét dang thirc trén thanh

fw-1w _f@)=v"

u (%

Do &6 ton tai ce R sao cho

f)—u’
u

=c,Vuz0< f(u)=u’+cu,Vu=0.

Néu uv =0 thi dé thdy f(0)=0, nhung ham s6 f(u)=u’+cu cling théa man diéu nay.
Thtz lai ta thdy ham s6 f(x)=x’ +cx thoa man.

Vay tat ca cdc ham s6 can tim la f(x) =x’ +cx,x e R.

b. Xét I = J.f f(x)dx . Dat x =2' thi dx=2"In2dt, thay vao tich phan nay, ta duoc
2

1=m2[ f(2")2'dt.

Twong tw, dat x =27, ta duwoc I =In ZJ.j1 f(2h2"dt.
Véi te[-1;1] thi 2 {%;2} nén theo gia thiét, ta c6

220+ f2H2t <2,
Do 4o,
1 1
2=In2 jl( F@2'+ f(27)27")dt <In2 LZdt =4In2.

Suyra [ <2In2. Ta cé dpcm.

Nhan xét.
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Cé 1€ khi gap phan tu chon nay, hau hét cac ban thi sinh déu sé chon cau a vi ndé quen
thudc va dé xit li. Chi can vai phép d6i bién don gian la c6 thé chuyén vé dai luong cé

f)-u _ f(2)-v°
u

(%

dang thi moi chuyén xem nhu da hoan tat (n6 phai 1a hang s6), dat
dai luong nay la ¢ roi tr d6 thay nguoc dan lén dé ra két qua.

Mot bai toan tuong tu:

Tim ham s& f:R — R thdéa man diéu kién

(x=yY) fx+y)—(x+y) f(x-y)=xy(x* - y*) véimoi x,yeR.

O cau b ctia bai toan, ngoai cich d6i bién thanh dang 2" nhuw trén, ta c6 thé lam truc tiép

nhu sau. Ta co

2 1 2 , N at .
1=, f(x)dx =i f(x)dx+ L f(x)dx, trong tich phan thu hai, dat x = = dx = o thi
2 2

1= 2 f - ﬁf(x)dx—f}f(ﬂ% - ﬁf(x)d“jfx—lszjdx = ﬁ(f(x)+xi2f&jjdx.

' 2dx

Twr gia thiét, ta co f(x)+i2f[lj£g vOi moi xe{l;Z} nén [ < |, =21nx‘11 =2In2.
X xX) x 2 2 X 2

Mot cau hoi teong twe cho cau b ctia bai nay.

\ ~ - A A 1 \ 2 ~ A - A
Cho ham so f lién tuc trén {E ; 2} va thoa man diéu kién

xf(x)+yf(y)£2 voi moi Vx,ye{%;Z}.

Tim gid tri 16n nhét cta [; f(x)dx.
2
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LOI GIAI BE THI OLYMPIC TOAN SINH VIEN

MON GIAI TICH NAM 2012

w [ e

Nhan xét chung.

C6 thé ndi néu khong cd 16i trong khiu bién soan dé, dan dén sai ¢ hai cdu 2 va 5 thi ddy la mot
dé hay, cd 6 tinh phén logi ldn vé dep cta bai todn. Cdc cdu dé la 1 va 3, trung binh 1a 4 va 5, cdu
kho la 2 va 6. Ciéc bai todn 5, 6 rit hay, méi mé va dep. Dé co thé xiv Ii tron ven dwgc dé thi nay
thi cin phdi ndm vitng kién thirc vé gidi tich va hiéu rd ban chdt van dé. C6 Ié cdc thi sinh thuc
sw gidi trong ki thi nay chuwa hin la nhitng nguoi dat gidi cao nhat ma dé chinh la cdc ban biét
cdu nao dung, ciu nao sai va cho phdan vi du cho chiing, dé con la nguoi “dim” chon ciu 6a

(thay vi lam mot vé'dé hon & cdu 6b) va gidi quyét tron ven bang khai trién Taylor.
Bai 1.
Cho diy sé (a,) théa man diéu kién

. n+1 2 ..
=a vaa, = a —— voin=123,..
n n

Tim o dé'day (a,) hoi tu.
Loi giai.

A ok 3 = . a,— L .
Ta cong thitc xac dinh day, tacé a, , =a +-* voimoi n>1.
n

Dat x, =a -2 thita dwgc x, =a -2 va

X, = [1 +1j X, vax, = H[l +%}1 =(n+1)x,.

n k=1
Suyra a, =(n+1)(a -2)+2 véi moi n.

Néu a =2 thi dé thdy a, — +oo khi 7 — 400 nén khong thoa.
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Néu a =2 thitacod a4, =2 véi moi n nén day (a,) hoi tu.

Vay gia tri can tim ctia a dé€ day da cho héitula a =2.

Nhan xét.

Ngoai cach giai trén sit dung trong dap an, c6 mot bién doi tw nhién hon la dua vé

a a 2

n+tl _ “n

n+l n nn+1)

, cht y rang biéu thirc co

n(n+1) n(n+1)

4 7 . a \ /4
Dat day s6 méi b, =— thi cO ngay b, =b —
n

£h& viét thanh sai phan —2— =2 __2_ 1én bai todn dugc gidi quyét nhanh chong.
nn+l) n n+l

Bai 2.
Cho da thiic P(x) c6 bdc khong nhé hon 1 c6 hé s6 thuc va da thitc Q(x) xdc dinh béi
Q(x) = (2012x* + 1)P(x)P'(x) + x(zolz(P(x))2 +(P'(x))? )

Chitng minh rang néu phuong trinh P(x)=0 c6 diing n nghiém thuc phin biét trong

khoang {% ;+ooj thi phuong trinh Q(x)=0 c6 it nhdt 2n—1 nghiém thuc phin biét.

Loi giai.

’

Ta ¢6 Q(x) = (2012xP(x) + P'(x)) (xP'(x) + P(x)) = e ™ (elO%xZP(x))' (xP(x))

Xét a,b 1a hai nghiém lién tiép trong day n nghiém phan biét ca P(x)=0 thi theo dinh
1i Rolle, cac phwong trinh (61°°6x2P(x)) va (xP(x))' sé [an luot ¢6 cac nghiém la 7,7, sao
cho a<r,r, <b.Tasé chitng minh r?mg r, #t,, néu khong gia st r, =1, =r thi

{p'(m 2012rP(r) =0

P(r)+rP'(r)=0
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Do >0 nén ta nhan dang thitc thit nhat véi r va trir cho dang thize thit hai, ta c6

(20121 —~1)P(r) =0.

Vir>a >% nén 2012r> -1>0, suy ra P(r)=0, cling mau thuan.

Do d6, néu goi %< ¢, <c,<..<c, la cac nghiém cta phuong trinh P(x)=0 thi Q(x)=0

c6 it nhat 21 —2 nghiém nam gifra cac khoang (c,,c,),(c,,¢, ), (c, ;,¢,)-

n-17Cn
Dong thoi, ta thdy rang phuong trinh xP(x) =0 c6 nghiém x =0 nén gitta khoang (0;c,)
thi phuwong trinh P(x)+ xP'(x) =0 c6 thém mot nghiém nita.

Vay da thtec Q(x) cé it nhat (2n—-2)+1=2n-1 nghiém thyc phan biét. Ta c6 dpem.
Nhan xét.

Bai toan gdc cua bai nay c6 1é la:

Chitng minh rdng néu da thitc P(x) bac n ¢6 n nghiém thuc phan biét 16n hon 1 thi

Q(x) = (x> +1)P(x)P'(x) + xP*(x) +(P'(x))* cling cé it nhat 21 —1 nghiém thyc phan biét.
8 & p

Dang cau hoi nay da cé xuat hién trong dé Dai s6 nam 2011 tredc d6 nhung twong doi
dé hon. O bai todn dang xét, ta stt dung khéo 1éo tinh chat ctia dinh 1i Rolle d& chi ra
chdn dudi cho sd nghiém cua phuong trinh. Cai khé chinh la phan tich duoc da thic da
cho thanh nhéan t& d€ ¢6 cdc dang phuong trinh don gian hon. Néu da thirc Q(x) khong
phan tich dwoc thanh nhan ti thi bai nay thuc sy khé va khong dé kiém tra dwoc tinh
ding dan ctia ndé. Dé nay da c6 chinh stra lai cho dtng vi dé gdc dang tiéc bi sai va

trong dap an trinh bay kha van tat, dén noi khong hiéu cho thém diéu kién cac nghiém

khong nho hon % lam gi (st dung ¢ doan lap luan cac nghiém phan biét).

Bai 3.

Y P dx
Tinh tich phdn L (2012 + (11 20)

Loi giai.
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Ta co

.[1 dx _ IO dx +J'1 dx
(2012 +1)(1+x%)  “1(2012° +1)(1+x7) 0 (2012° +1)(1+x%)
_(° d(—x) +jl dx

1 (20127 +1)(1+(=x)*) 70 (2012" +1)(1+x?)

1 1 1
- '[0 [(2012x +1)(1+x%) " (2012 +1)(1 + x2)jdx

1 1 2012* 1
= + X
01+x2| 2012* +1 2012* +1

11 /s

01+x2 4

Vay tich phan can tinh 1a %.

Nhan xét.

Dang tdng quat ctia bai nay la: Cho ham s& f(x) chdn va cac sd thuc a,b >0, khi d6 ta

c6 dang thtec tich phan sau

Iaa%dx = I: f(x)dx .

No6i chung dang nay qua quen thudc ngay tir thoi THPT. Ham s6 g(x)=b"+1 & trén ¢
d3c diém 12 g(x)+ g(—x) =1 nén ta hoan toan cé thé thay bang ham s khac cé tinh chat

g(x)+ g(—x) bang mot hang s6 nao d6, chang han g(x) = ln(sinx ++/2+sin’ x).
Chti y ring trong trwong hop ham f(x) 1é thi [* f(x)dx=0.
Bai 4.

Tim tdt cd cdc ham s6” f : R — R thoa man diéu kién

XYL (X)L Y i moi vy e
f(zolzj_ 2(42013}{2014}} vormot x,y € K.

Loi giai.
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Dt a= 202 2018 S rang 50,0 1.
2012 2013

2014 2014

T déng thitc da cho, thay x,y [an luot boi
rong dang a cho, thay x,y lan lug 2012 2012y

i S| - ;(f@gﬁx}f(y)j hay f(a(+y) = 2(f(Bx)+ F).

Dt g(x) = f(x)~ £(0), ta cd

g(atx+9) = £ (atx+ ) = F0) = F0)+ F1)~2(0)) = (3(b2) + 31)).

Ta cting c6

1 1
g(atx+y) =g (atx+y)+0) = —(gb(x+y))+8(0) =5 8 (b(x +)).
So sanh hai dang thtic trén, ta duoc
g(b(x+ y)) =g(bx)+g(y) véimoi x,yeR.

Chon y saocho b(x+y)=y <y =%x thi g(bx) =0 vdi moi x.

Tt d6suy ra f(x)= f(0)=c véimoi x, tiecla f(x) la ham hang.
Tht lai ta thay thoa.

Vay tét ca cac ham sd can tim la f(x)=ceR v6i moi x.

Nhan xét.

Day 1a moét bai phuong trinh ham doi hai ki thuat bién ddi dai s6 chit khong mang tinh
giai tich nao. Dé dang doan ra dugc chi c6 thé 1a ham hang méi thoa man; tuy nhién,
muon chirng minh duoc diéu nay thi can phai khéo 1éo dung phép thé va lya chon thich
hop. Nhiéu ban bi ngd nhan, du dé khong cho lién tuc nhung van ap dung tinh chat
}(1_}1{1 f(x)=f (11_)1? x), giai ra nhanh chdng va rd rang day la mot sai [am nghiém trong.

No6i chung, khi c6 thém gia thiét lién tuc thi chi c6 truong hop a=b thi mdi dua vé

dang f( yj f(X)Jer(y) v6éi moi x,y dan dén ham s& tuyén tinh dang f(x)=ux+v

va du kho dé hoi ma thoi.
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Bai 5.
Gid sitham sé” f(x) lién tuc trén doan [0;2012] vd thoa man diéu kién
f(x)+ f(2012 -x) =0 véimoi x €[0;2012].

. . N 2012 . . 2012-x .
Chitng minh rang IO f(x)dx =0 va phuong trinh (2012—x)f(x):2012j0 f(u)du co
nghiém trong khoang (0;2012).

Loi giai.
Theo gia thiét thi f(x)=-f(2012—-x) véi moi x €[0;2012], do d6
2012 2012 0 2012
jo F(x)dx = jo —£(2012 — x)dx = Lm £(2012 - x)d(2012 - x) =— jo F(x)dx

2012
Tt d6 suy ra jo f(x)dx=0.

Dat g(x) = (2012 —x)*" ijH f(u)du thi dé thdy rang ham s8 nay kha vi trén [0;2012] va
c6 g(0)=g(2012) =0. Theo dinh li Rolle thi ton tai c € (0;2012) sao cho

2012—-c¢

¢'(c)=0< -2012(2012 —¢)*"' jo f(u)du—(2012-c)*" £(2012-¢) =0.
Tt day suy ra

2012 jom’c F(u)du+(2012-¢) f(c) =0

hay phuong trinh (2012 -x) f(x)=2012[" " f(u)du c6 nghiém. Ta co dpem.

Nhan xét.

Trong bai nay, & doan chitng minh gia tri ctia tich phan xac dinh bang 0 chi doi hoi ki

thuat d6i bién va tan dung gia thiét nén khong c6 van dé gi.

Con ¢ phan chiing minh phuong trinh ¢6 nghiém thi cting nhw “kich ban” ¢, ta sé phai
chon mot ham sd thich hop ma dao ham cta né c6 dang nhu thé€ réi dung dinh li
Lagrange/Rolle. Tuy nhién, ham s& nhu thé trong truong hop nay la khong dé tim, ta &
gang phan tich nhu sau:
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Ham s0 can tim sé c6 dang g(x) =h(x)- Jjouﬁ f(u)du d€ khi dung dao ham ctia ham c6

dang tich thi méi hy vong ra duwoc dang trén. Chu y ring ta cling can thém
h(0) = h(2012) =0 (diéu nay da co s&n). Ta cd
, , 2012-x , 2012-x
gEI=hx)-[ fdu—-h(x)- f(2012-x) = I (x)- [ fu)du+h(x)- f(x).

Suy ra g'(x) =0 & ~h(x) f(x)=h'(x)- [ flu)du.

Do d6, so sanh vdi phuong trinh dang quan tam, ta can ¢
h(x) _ W(x)
x-2012 2012
Dén day, dé dang chon duoc h(x) = (2012 —x)*",

Bai 6.

a. Cho ham sé” f(x) kha vi lién tuc cdp 2 trén R. Gid si f(1)=0 vd Iol f(x)dx=0. Chitng

minh rang voi moi o €(0;1), ta co

2
<—max
81 o=x<1

J.Oa f(x)dx

f”(x)‘ .

b. Cho ham s6 f:[0;1] > R la ham 16m (con goi la 16i 1én phia trén), kha vi lién tuc

théa man f(0)= f(1) = 0. Chiing minh rang

J1+4QQ¥F@0gﬁ;h+(ﬂu»ﬂug1+zgg§fuy

Loi gidi.
a. Ta 6
[ (e =xf (@), - [ f)dx = F1)~ [, Fx)dx =0.
Do dé
Kfqu=aﬂf@mﬁx=aﬂ{ﬂa@—f@}%a—hﬁ%@}h=a@r&fﬂi%@w%x
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a(o—1) J.:@xzdx =

Suy ra J.Oa f(x)dx| = a(a —1)2jol%dx“f”(0)‘.

2 3t

Ta co .folx?dx :%
0

20+1-« Jrl—()zj3 4
3

=% va a(a—1)° =%~2a(1—a)(1—a)£%~[

Tt do, ta c6 duoc

I f(x)dx

<5 31Ol grmals

f'(x)|. Pay chinh la dpem.
b. Goi x, la diém cwec dai va y, la gia tri ceee dai cua f(x) trén mién [0;1]. Ta c6

m f(x)lx = jo Fl(x)dx + jl —f'(x)dx = ( f(x,) - £(0)) - (f() - f(x,)) =2f(x,) nén

max £(x) = f(x,) = [||F () dx.

2
BAt déng thiic thir nhat twong duong voi 1 +( jol\ f’(x)‘dx)Z < ( j:Jl +( f'(x))deJ *)

Ta cé
U,/n £) de (j \f(x)\dx)
- (1/1+ F1@) +] f'(x)\jdx. (./1+ Fi@) -] f'(x))dx

L e

Tit d6 suy ra bat dang thitc (*) dung.
B4t déng thiic tht hai twong duong véi jol,/1+( Fo)dx<1+ jol\ Fo0|dx ()

Ta co
jl,/1+ (f(0) de—jl\f'(x)\dx
=[ [ 1+(F@) =[] ax = j x<0dx 1
(t Joce g

+( () +|f )

Tit d6 suy bat dang thizc (**) cling dting. Vay ta c6 dpem.
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Nhan xét.
Ca 2 cau cua bai toan nay déu khé nhung trén thyce té, hau hét cac thi sinh déu chon cau

b (c6 mdt ¥ dé xix Ii hon). Cau a doi héi phai chiing minh dang thitc
o 1 f"(0
IO f(x)dx =a(a-1) IO %xzdx .
No6i chung day la mot két qua khong dé dang cé thé khai thac duoc tir gia thiét néu

khong nam vitng khai trién Taylor. Néu da hoan tat viéc chitng minh duwoc dang thiic

trén thi cong viéc con lai hoan toan ty nhién.

béi v6i cau b, loi gidi néu trén da ching minh dwgc mdt danh gia dep
f(x,) = % j:\ f(x)|dx , trong khi 16i giai ctia dap 4n chinh thitc kh4 ric rdi va hoi thidu tu
nhién. Du vay, 16i giai bang hinh hoc duéi day sé cho ta thay 1& ban chat van dé hon.

Ta biét ring dai lwong = L1 '(x) *dx chinh 1a do dai cuia duong cong y = f(x)
& & 0 & &Y

trén mién [0;1]. Ta c¢6 thé minh hga hinh hoc cho bai toan nay nhu sau

D{" Fa

Chon toa d6 cac diém A(0;0), B(1;0),C(1;y,), D(0; y,), E(x,,Yy,) nhw hinh trén.
B4t dang thitc can chitng minh tuong duong véi

m <I<1+2y,.
Do d6 thi cua ham s6 nay 16i 1én phia trén nén

|<AD+DE+BC+CE=CD+AD+BC=1+2y,.

Hon nita [ > AE+ BE =y AD? + DE? +~/BC? + CE? > \|(AD + BC)> +(DE+CE)> = J1+41> .
Yo

Bai toan dugc giai quyét hoan toan.
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