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CHU PE 4. TINH CHAT BA PUONG TRUNG TUYEN\
CUA TAM GIAC

I. TOM TAT LY THUYET
1- Duong trung tuyén cua tam giac
e Doan thang AM néi dinh A clia tam

gidc ABC v6i trung diém M cla canbh.

BC goi la duwong trung tuyén cta tam B M C
gidc ABC.
e Moi tam giac cé ba duong trung tuyén.
2. Tinh chat ba duong trang tuyén cua tam giac
Ba duong trung tuyén cua mot tam
gidc cung di qua mot diém.
DPi€ém d6 goi la trong tAm cua tam
gidc d6, diém dé cdch méi dinh

2
mot khoang bang 3 do dai duong

trung tuyén di qua dinh ay.
Néu G la trong tdm cua tam giac

AG _BG CG _
ABC thi 4D BE CF

e | b

II. BAI TAP VA CAC DANG TOAN
Dang 1. St dung tinh chat trong tam cua tam giac

Phuong phdp gidi: St dung linh hoat céc ti s6 lién quan téi trong tdm cua
tam giac.

Vidu. Néu AABC c6 trung tuyén AM va trong tam G thi ta c6

1

2
=3 =AM, AG = 2GM; GM = 3 AM; ...

AG
1A. Cho AABC c6 hai duwong trung tuyén BD, CE
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5G CG
a) Tinh céc ti s6 BD CE
3
b) Chimg minh BD + CE > 2 BC

1B. Cho AABC c6 BC = 8 cm, cac duong trung tuyén BD, CE cat
nhau tai G. Chiimg minh BD + CE > 12 cm.

2A. Cho tam gidc ABC c6 hai duwong trung tuyén BP, CQ cat nhau
tai G. Trén tia doi cua tia PB 1ay diém E sao cho PE = PG. Trén tia d6i
cua tia QG 1dy diém F sao cho QF = QG. Chimg minh:

a) GB = GE, GC = GE; b) EF = BC va EF//BC.

2B. Cho tam gidc ABC c6 hai duwong trung tuyén AD, BE cat nhau
tai G. Trén tia déi cua tia DG lay diém M sao cho D la trung di€ém cua
doan thdng MG. Trén tia d6i cua tia EG 1dy diém N sao cho E 1a trung
diém GN. Ching minh:

a) GN = GB, GM = GA; b) AN = MB va AN // MB.

Dang 2. Chitng minh mot diém la trong tam cua tam giac

3A.

Phuong phdp gidi: Pé ching minh mot diém 1a trong tAm ctia mot tam giéc,
ta c6 thé dung mot trong hai céch sau:

- Chimg minh diém dé la giao diém cta hai duwong trung tuyén trong tam
giac.

- Chimg minh di€m d6 thuéc mot duong trung tuyén clia tam gidc va thoa
man mot trong cdac ti 1é vé tinh chat trong tdm cua tam gidac.

Cho AABC. Trén tia déi cta tia AB ldy diém D sao cho

1

AD = AB. Lay G thudc canh AC sao cho AG = 3 AC. Tia DG cat BC tai
E. Qua E vé duong thdng song song véi BD, qua D vé duong thang
song song véi BC, hai dudong thang nay cat nhau tai F. Goi M 1a giao
diém cua EF va CD.

Chimg minh:

a) G la trong tam ABCD;

b) ABED = AFDE, tlr d6 suy ra EC = DF;
c) ADMF = ACME;

d) B, G, M thang hang.

2.Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khéng nén
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3B. Cho AABC. Trén canh BC lay diém M sao cho BM = 2CM. Vé
diém D sao cho C la trung di€m ctia AD. Goi N la trung di€m ctia BD,
Chimg minh:

a) M la trong tam tam gidc ABD;

b) Ba diém A, M, N thang hang;

c) Puong thdng DM di qua trung diém ctia AB.

4A. Cho AABC véi duong trung tuyén AD. Trén tia AD 18y diém E
sao cho AD = DE, trén tia BC 1dy diém M sao cho BC = CM. Ching

minh C la trong tam cta AAEM.

4B. Cho AABC. Trén duong trung tuyén AM cua tam giac do, lay
hai diém D, E sao cho AD = DE = EM. Chtmg minh E 14 trong tdm cua
AABC.
5A. Cho AABC. Vé trung tuyén BM. Trén tia BM 1ay hai diém G, K
2
sao cho BG = 3 BM va G la trung di€m cta BK. Goi E la trung diém
CK; GE cat AC tai I Chimg minh:
1
a) Ilatrong tam cua AKGC; b) CI = 3 AC.
5B. Cho AABC, M la trung di€ém AC. Trén doan BM lay diém K sao
1

cho KM = 2 KB. Piém H thudc tia doi cua tia MK sao cho BH = 2BK.
1

Goi I 1a diém thudc canh AC va IC = 3 CA. buong KI cat HC ¢ E.
a) Chuing minh I 1a trong tdm cta AHKC va E la trung diém ctia HC & E

IE IC
b) Tinh céc ti s6 /K MC | Chimg minh ba diém H, I, F thdng hang (I
la trung di€m KC)

6A. Cho hai doan thang AC va BD cét nhau tai trung diém O cua
moi doan. Goi M, N 1an luot 1a trung diém ctia BC, CD. Poan thang
AM, AN cat BD lan luot tai I va K. Chimg minh:

a) [ 1a trong tam cua AABC va K la trong tam cua AADC;
b) BI = IK = KD.

6B. Cho tam gidc ABC, duong trung tuyén BD. Trén tia doi cua tia
DB lay diém E sao cho DE = BD. Goi P, Q 1an luot 1a di€m trén BE sao
cho BP = PQ = QE. Chtimg minh:

3.Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khéng nén
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8A.

8B.

9A.

10A.

a) CP, CQ cat AB, AE tai trung diém cta AB,AE.
b) CP//AQ va CQ//AP.

Dang 2. Van dé duong trung tuyén trong tam giac vudéng, tam giac
can, tam giac deéu...

Phuong phdp giai: Chu y nhitng tinh chat cua tam gidc vuong, tam gidc céan,
tam giac déu.

7A. Cho AABC vudng tai A, trung tuyén AM. Trén tia déi cua tia
MA 1dy diém D sao cho MD = MA.

a) Tinh ABD

b) Chimmg minh AABD = ABAC.
1

¢) Chimg minh AM = 2 BC

7B. Cho AABC vuéng tai A, AB = 6 cm, AC = 8 cm. Tinh khoang
cach tir trong tam G cua AABC téi cac dinh, ctia tam giéc.

1
Cho AABC, trung tuyén AM = 2 BC.

a) Chtig minh BMA =2M4C vy Ema =28us

b) Tinh BAC .

Cho hinh vé, biét AABC c6 hai 5 I

dudng trung tuyén BN,CP vudng B -
géc véi nhau tai G. Tia AG cat BC N
tai I. BC = 5 cm. A

Tinh do6 dai GI,AG.
Cho AABC can tai A c6 duong trung tuyén AM.
a) Chiing minh AM L1BC.

b) Biét AB = 10 cm, BC = 12 cm. Tinh d6 dai doan vuoéng géc ké tir B
xuong AC.

9B. Cho AABC ¢c6 AB = BC = 13 cm, AC = 10 cm, Buong trung
tuyén BM, trong tam. G. Tinh d0 dai GM.

Cho AABC c6 hai duong trung tuyén BM, CN.
a) Chimg minh néu AABC can tai A thi BM = CN.

4.Puong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khéng nén
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b) Nguoc lai néu BM = CN, chitng minh:

i) GB = GC, GN = GM;
ii) BN = CM;
iii) AABC can tai A
10B. Cho AABC c6 hai duong trung tuyén BM va CN cat nhau tai G.
Biét BM = CN. Ching minh AG LBC.
11A. Cho AABC c6 ba duong trung tuyén AM, BN, CP cat nhau tai G.
Biét AM = BN = CP. Ching minh AABC déu.

11B. Cho AABC c6 ba duong trung tuyén AM, BN, CP cat nhau tai
G. Biét AG = BG = CG. Chimng minh AABC déu.

III. BAI TAP VE NHA
12. Cho tam gidc ABC. Trén tia d6i clia tia AB 18y diém E sao cho

AE = 2AB. Trén tia d6i cua tia BC 1dy di€ém D sao cho BD = BC.
Chirng minh:

a) A la trong tam cua ACDE;
b) Pudng thdng CA di qua trung diém cua DE.

13. Cho bén diém A, B,C, D khéng thang hang nhw hinh vé. Goi O
la giao diém ctia AC va BD. Trung di€ém cta BD va AC lan luot 1a M,
N. Chirng minh AC + DB > 2MN.

14. Cho AABC vudng tai A, AB = 6 cm, AC = 8 cm.
a) Tinh BC.
b) Puong thdng di qua trung diém I cia BC va vudéng géc véi BC cat
AC tai D. Chimg minh EBD =BCB |

c) Trén tia d6i cua tia DB 1ay diém E sao cho DE = DC. Chimg minh
ABCE vuong.

15. Cho AABC vuolng tai A, trung tuyén AM. Biét AB = 6¢cm,
AC = 8cm.

a) Trén tia d6i cta tia MA 1y diém D sao cho MD = MA. Chtmg minh
AAMB = ADMC.

b) Chirng minh ABAC = ADCA.
c) Tinh AM.

5.Puong tuy gan khong di sé khong dén-Viéc tuy nho khong lam sé khéong nén
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AB+AC
DO Chirng minh AM < 2

16. Cho AABC c¢6 hai duong trung tuyén AM, BN vudéng goc véi
nhau, trong tam G. Biét AM = 4,5 cm, BN cm. Tinh d6 dai cdc canh
cua AABC

HUONG DAN
1A. Goi giao diém cua hai duong trung tuyén BD,CE la G.
AGBC cé: GB + GC > BC (b4t dang thitc tam giéc).

2 2 2 2
Ma GB = 3BD, GC = 3CE nén: 3BD + 3 CE > BC.

3
Do d6 BD + CE > 2 BC.

1B. Tuong tu 1A.

3
BD+CE> 2 .8=12 cnm.

2A. a)ViGlatrong tam AABC A
nén BG = 2GP, CG = 2GQ. g /\ :
Lai c6 PE = PG, QF = QG
nén GE = 2GP, GF = 2GQ.
Do d6 BG = GE,CG = GF. . c
b) Suy ra AGBC = AGEF (c.g.c)

Tt d6 ta c6 EF = BC va GEF =6BC
=> EF // BC.

2B. Tuong tu 2A. ; F
3A. a) ViAD = AB nén A la trung diém BD
=> CA la duong trung tuyén cua ABCD A M
1 G
Ma AG = 3 AC => G la trong tdm ABCD
B E g

b) Ta c6 : BD || EF => BDE =PEF
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3B.

4A.

4B.

va DE || BC => BED =EDF

=>ABED = AFDE (g.c. g) => BE = DF

(hai canh tuwong tng) (1). Mat khéc do G la trong tdm ABCD nén E la

trung diém BC

=> BE = EC (2).
Tw (1) va (2) suy ra EC = DF.
c) ADMF = ACME (g.c.g).

d) Do ADMF = ACME => MD = MC => M la trung diém DC => BM

la trung tuyén ctia ABCD.

=> G €BM => B, G, M thdng hang.

Twong tu 3A.

a) M thudc duong trung tuyén BC
cua AABD ma BM = 2CM nén M
la trong tam AABD.

Do dé M thudc trung tuyén AN.
=> Ba diém A, M, N thang hang.
b) DM la trung tuyén thit ba cta
AABD nén DM di qua trung diém
cua AB.

Theo dé bai ta c6 AD = DE nén

C thuéc MD la duong trung tuyén
cua tam giac AEM (1)

Mat khéac ta c6 BC = 2CD va

BC = CM nén CM = 2CD (2)

Tw (1) va (2) suy ra C la trong
tdm ctia AAEM.

A
/@C
B
N
D
A
D\/
E

2

Twr gia thiét AD = DE = EM ta c6 AE = 5AM.

Ma E thudc trung tuyén AM nén E la trong tam cua AABC.
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2
5A. a) Theo dé bai BG = 3 BM.

Suy ra BG = 2GM => GK = 2GM
=>M la trung diém GK.

Do d4 I 1a giao diém ba duong trung

tuyén trong AKGC.
b) I la trong tdam AKGC nén
2 2 1 !
Cl=3CM= 3. 2AC= 3AC.
5B. Tuong ty 5A.

a) M la trung diém KH. Suy ra I la trong tdm ctia A HKC. Suy ra KI la
trung tuyén AKHC.

IE

1 IC
b) IK 2 MC

ad | bd

. Suy ra HI
cling la trung tuyén AKHC.
6A. a)AABC c6 hai duong trung

BO, AM cat nhau tai I nén & -

I1a trong tAm ctia AABC . K 4

Tuwong tw ta c6 K la trong tam

> “ C
cua AADC. B M
b) Tiry a) suy ra ta co:

2 2
Bl =3 BO, DK = 3 DO
Mt khac BO = DO

2 1 1
=> Bl = DK = 3BO = 3BD => IK = 3BC. Suy ra DPCM.

Do d6 BI = IK = KD.

A E
6B. Tuong ty 6A. \

o]
VA

8.Puong tuy gan khong di sé khong dén-Viéc tuy nhé khong lam sé khéng nén
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b) Chi ¥ AADP = ACQD va
AADQ = ACDP.
7A. a) AAMC = ADMB (c.g.c)

—> HpB=B4c—> BD //AC Ma AB LAC nén AB LBD

=> QBD = 900.
b) AABD = ABAC (c.g.c). B P
c) AABD = ABAC (c.g.c) => AD = BC.
M
1 1
Ma AM = 2AD => AM = 2BC. A ¢
7B. Ap dung dinh ly Pytago trong tam giéc "
vuong ABC tinhduwoc BC = 10cm
Goi M la trung diém cua BC. =+ y
Do d6 AM = 5cm .
- - -
- =—5=——ocm
Twong tw tinh duoc
. 3
BG =8N =2 JAB + AN® =252
3 3 cm
CG =473
va 3 cm. 5
M
1
8A. a)Tacé: MA=MB=MC= 2 BC &
A

=> AMAB, AMAC la tam giac can tai M.
Do do

Bard =Wrac + Wrca =2Mac, Bara =Krag + Bisa =285

b) Theo ¥ (a) ta c6 2. (MeaB + Mac) =RBa+EBma _ 500
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=> BAC = 90°.

8B. Vi(GI la duong trung tuyén ké tir G dén BC

=>GIl= 2BC= 2.5=2,5cm.

Lai c6 Al la duong trung tuyén cua AABC, G la trong tam => AG =
2GI = 2.2,5 = 5cm.

9A. a) AABM = AACM (c.c.c) AMB =HMC = g9p° => aAM L BC.

b) BC = 12cm => BM = 6¢cm. Ap dung Pinh li Pytago cho tam giac
vuéng AMB, ta tinh dugc: AM = 8cm.

| =

1
Vé BC. Chimg minh duoc dt AABC = 2 BC. AM =
Tw do tinh duwoc BN = 9,6cm.
9B. Tuong ty 9A. BM = 12cm

AC. BN.

1 1
=>GM =3 BG=3.12 = 4cm.
10A. a) ABMC = ACNB (c.g.c) => BM = CN.
b) i) Do G la trong tam AABC nén:

2 1
GB = 3 BM,GM = 3 BM, . ¢

[FSH
I

GC = 3CN,GN = 3CN
Ma BM = CN nén GB = GC,GN = GM.
ii) Ty i) suy ra AGBN = AGCM (c.g.c) => BN = CM.
iii) Vi BN = CM nén BN = CM => AB = AC .
Do d6 AABC can tai A.
10B. Tuong ty 10A.
Chirng minh duoc tam giac ABC can tai A.
Kéo dai AG cat BC tai M. Ta c6 AAMB = AAMC (c.c.c).
Suy ra bPCM.
11A. Ta c6é BN = CP nén GB = GC,GP = GN. A

10.Duong tuy gan khéng di sé khéong dén-Viéc tuy nhé khéng lam g
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11B.

12.

13.

14.

Tuong tw 10A, ta c6 AB = AC.
Tuong tw, ta c6 AB = BC.

Vay AB = BC = CA.

Suy ra AABC déu.

2
Ta c6 AG = BG = CG va AG = 3 AM,
2 2
BG = 3 BN, CG = 3 CP
=> AM = BN = CP. Tuong tu 11A suy ra bPCM.

Twong tw 3B. a) Ta c6 BD = BC, ]
do dé EB la duong trung tuyén cua ACDE .
Mat khac AE = 2AB nén A la trong tam cua
ACDE. ////
D B C

b) Vi A la trong tam cta ACDE nén CA

la duong trung tuyén, suy ra PPCM

Ta cé

OD + OA > AD

OA + OB > BC

OB + OC > BC

OC + OD > DC

2(0OA+ OB+ OC+ OD) >AB + BC + CD + DA
Hay 2(AC + BD) > AB + BC + CD + DA.

Str dung két qua cua 12 trang 93, ta co:
AB + BC + CD + DA > 4MN.
Suy ra bPCM.

Cht y: Trung diém G cua MN duoc goi la trong tdm cta hinh ABCD.
a) BC =10 cm. G
b) ABDI = ACDI (hai canh goc vuong)
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—~ €BD =BcB

c) Ta co

ABCD céan tai D => DC = DB.
ACDE can tai D => DE = DC

AB LAC nén AC 1 DC. Twr d6 suy ra
ABAC = ADCA (hai canh géc vuong).
c) AM =5 cm.

d) Xét AABC c6 BC < AB + AC,

AABG vuong tai G nén :
AB? = AG? + BG? = 3% + 4% = 25.
Suyra AB =5cm

12.Puong tuy gan khéng di sé khong dén-Viéc tuy nhé khong lam sé khéong nén




