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Chwong 7. Gidéi han va lién tuc cia ham sé

7.1 Gidi han cia day s6

Ham s6 xéc dinh trén tap hop N dwoc goi 1a day s6 vo han. Day so6

thwong dwoc viét dwdi dang:
1,02, ... 0, ... (7.1)

hodc {a,}, trong d6 a, = f(n), n € N dwoc goi 14 s6 hang tong quat
clia day, n 13 s6 hiéu ciua sé hang trong day.

Ta can lwu y cdc khéi niém sau day:

i) Day (7.1) dwoc goi 1a bi chdn néu IM € RT :Vn € N = |a,| <
M; va goi la khong bi chén néu: VM € RT : 3n € N = |a,| > M.

ii) S6 a dwoc goi la gidi han cia day (7.1) néu:
Ve>0, IN(e):Vn>=N = |a, —a| <e. (7.2)
iii) S6 a khong phai 1a gi¢i han cia day (7.1) néu:
de>0, VN:dn> N =|a, —a| > ¢. (7.3)

iv) Day c6 gidi han dwoc goi la day hoi tu, trong trweong hop ngwoc
lai day (7.1) goi la day phéan ky.

v) Day (7.1) goi la day vo cing bé néu lim a, = 0 va goi la day
vo cling 16m néu VA > 0, 3N sao cho Vn SN= la,| > A va viét
lim a,, = oco.

vi) Diéu kién can dé day hoi tu 1a day dé phai bi chan.

Chai g: i) Hé thike (7.2) twong dwong véi:

—e<a,—a<e&La—c<a,<a+te. (7.4)
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Hé thitc (7.4) chitng t6 rdng moi s6 hang véi chi s6 n > N cta day
hoi tu déu nam trong khodng (a — €, a + €), khoang nay goi l1a e-lan
can cta diém a.

Nhw vay, néu day (7.1) hoi tu dén s6 a thi moi s6 hang ctia né trir
ra mot s6 hitu han s6 hang déu nam trong e-lan can bat ky bé bao
nhiéu tuy ¥ cta diém a.

ii) Ta lwu ¥ rang day s6 vo cung 16n khong hoi tu va ky hiéu
lima,, = 0o (—00) chi ¢6 nghia la day a, 1a v6 cung lén va ky hiéu dé

hoan toan khong c6 nghia la day cé giéi han.

7.1.1 CAc bai toan lién quan t&i dinh nghia gidi
han

Dé chitng minh lim a,, = a bang cich sit dung dinh nghia, ta can tién
hanh theo céc bwdc sau day:

i) Lap biéu thitc |a, — a

ii) Chon day b, (néu dieu dé c¢6 lgi) sao cho |a, — a|] < b, Vn va

v6i e di bé bat ky bat phwong trinh déi véi n:
b, <e (7.5)

c6 thé gidi mot cdch dé dang. Gid st (7.5) c6 nghiém 1a n > f(e),
f(g) > 0. Khi d6 ta c6 thé 1dy n 1a [f(¢)], trong d6 [f(¢)] 14 phan

nguyén cua f(e).

CAC Vi DU

Vi du 1. Gia st a, = n("Y". Chitng minh rang:

i) Day a, khong bi chan.

ii) Day a, khong phai 1a v6 cuing 16m.

Gidi. i) Ta chitng minh rang a, thda man dinh nghia day khong
bi chan. That vay, V M > 0 s6 hang véi s6 hieu n = 2([M] + 1) bang

n va 16n hon M. Diéu dé cé nghia 14 day a,, khong bi chan.
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ii) Ta chitng minh rang a, khong phai la vo ciing 1ém. That vay,
ta xét khoang (—2,2). Hién nhién moi s6 hang ctia day véi s6 hieu 1
déu thuoe khodng (—2,2) vi khi n 1& thi ta c6:

nV" =n7t =1/n € (=2,2).

Nhw vay trong khéng (—2,2) ¢6 vo s6 s6 hang ciua day. T do,

theo dinh nghia suy ra a, khong phai la vo cing 1ém. A

Vi du 2. Dung dinh nghia gi¢i han day s6 dé chitng minh rang;

(= :
1)  lim ———=0. 2) 1
)y )

Gidi. Dé chitng minh day a, cé giéi han 13 a, ta can chitng minh
ring doi véi moi s6 € > 0 cho trwde cé thé tim dwoc s6 N (N phu
thudc €) sao cho khi n > N thi suy ra |a, — a| < €. Thong thwong ta
c6 thé chi ra cong thirc twong minh biéu dién N qua e.

1) Ta c6:

1

ool [

Gia st € 1a 86 dwong cho trwede tuy y. Khi do:
1 1
—<e&ESEn> —-
n 5
Vi thé ta c6 thé ldy N 1 s6 tw nhién ndo dé théa man dieu kién:
1

1
N>-=>—<e.
15 N c

(Chang han, ta c6 thé 1dy N = [1/¢], trong d6 [1/e] 1a phan nguyén
ciua 1/e).

Khi d6 Vn > N thi:

lan — 0] =
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“ e . —1)"
Dieu d6 cé nghia la lim (=1 =0.

n—oo n
2) Ta lay s6 € > 0 bat ky va tim s6 tw nhién N(e) sao cho Vn >

N(e) thi:

n
’ — 1’ <e.
n+1
Bat dang thitc

1 1
la, — 1| <ee ——<ee ——1.
n+1 €

AN 1x ~ S M A 9 1 7 \
Do d6 ta c6 the 1dy so N(e) la phan nguyén cta — — 1, tikc la:
€
N(e) = E((1/e) —1).

Khi d6 véi moi n > N ta co:

n 1
— 1) - < = i — 1. A

‘n—l—l n+1 N—|—1<€ n1—>I£1<>n—|—1

Vi du 3. Chitng minh rang cdc day sau day phan ky:
1) ap=mn, neN (7.6)
2) a, =(—1)", mneN (7.7)

1

3) a, = (—1)" + e (7.8)

Giai. 1) Gia sir day (7.6) hoi tu va ¢ gidi han 1a a. Ta lay e = 1.
Khi dé theo dinh nghia giéi han ton tai s6 hiéu N sao cho Vn > N thi
tacéla, —al <lnghiala|n—al <1Vn>N. Tedd-1<n—a<1
Vn>N&a—-1<n<a+1Vn>N.

Nhung bat dang thitc n < a+ 1, Vn > N 1a vo Iy vi tap hop céc
s6 tuw nhién khong bi chan.

2) Cdch 1. Gia st day a, hoi tu va ¢é gidi han 1& a. Ta lay lan

1 1 " e i~ ax .
can (a 5 + 5) ctua diem a. Ta viét day da cho dwdi dang:

{a,} = —1,1,-1,1,.. .. (7.9)
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1 1 . . s
Vi db dai clia khodng (a — 5.+ 5) 1 bing 1 nén hai didm —1
P o 1 N

va +1 khong the dong thoi thuoc lan can (a — 3 a+ 5) cua diem a,

vi khodng céch gitta —1 v& +1 bang 2. Dicu d6 cé nghia 1a & ngoai

1 1 ~ ~ ) ~ N N ~ 7

lan can <a 3 a+ 5) c6 vo s6 80 hang cua day va vi thé (xem chi
¥ & trén) s6 a khong thé 1 giéi han ctia day.

" 1 .
Cdch 2. Gia st a,, — a. Khi dé Ve > 0 (lay € = 5) ta ¢

1

|an—a|<§ Vn > N.
Vi a, = =1 nén
1 1
l—al<=, |—-1—al<=
l—al <5, |-1-a <3
1 1
:>2:|(1—a)+(1+a)|<|1—a|—|—|a+1|§§+§:1

=2<1, voly.

. 1 P “
3) quyréngvéin:2m:>a2m:1+2—. SO hang ke v&i no
m

6 s0 hiéu 1é 2m + 1 (hay 2m — 1) va

! <0)
om—1 7

Aomy1 = —1 + <0 (hay agm-1 =—1+

2m +1
T d6 suy rang
|y — an—1] > 1.
Néu s6 a ndo dé 1a giéi han cia day (a,) thi bat dau tir s6 hiéu nao
. . 1 s
d6 (a,) thda man bat dang thitc |a, —a| < 5 Khi dé6

1
|an—an+1|<|an—a|+|an+1—a|<§+§:1.

Nhung hiéu gitra hai s6 hang ké nhau bat ky ciia day da cho luon luén
16m hon 1. Dieu mau thuan nay ching té rang khong mot s6 thure

nao cé thé 1a giéi han ctia day da cho. A
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BAI TAP

Hay sit dung dinh nghia giéi han dé chitng minh rang

1. 1 1 né 2n— 1
. lim a, =1 néu a, = ——
3n?+1

3 .
2. lima, = -néua, = —
n—00 5 5n2 —1

Bat dau tir s6 hiéu N nao thi:

la, — 3/5/ < 0,01  (DS. N = 5)

3. nh_)rglo a, = 1 néu a, = 3n3_: 1.
4. lim 2" —
n—oo n
. 24+ 5-6"
5. nh_)rglo o = 5.
6. lim w = 0.

n—oo M+ 1
7. Chitng minh rang s6 a = 0 khong phéi 1a giéi han cta day a, =
n?—2
2n2 -9

8. Chitng minh riang

o n?+2n+1+sinn
lim =1
n—00 n24+n+1

9. Chitng minh rang day: a, = (—1)" + 1/n phan ky.

10. Chitng minh rang day; a,, = sinn® phan ky.

11. Tim gi6i han ctua day: 0,2;0,22;0,222;...,0,22...2,...
= =

Chi dan. Biéu dién a, dwdi dang

= 0,22 2—2+22+ 42 (PS. lima, = 2/9)
an =0,22... =07 10 Ton . lima, =
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12. Tim gidi han cla day S0
0,2:0,23:0,233:0,2333; ....0,233...3, ...
=

Chi dan. Biéu dién a, dwdi dang

2 3 3 3
hm (S 2 2) (DS, 7/30
¢ 1O+(102+103+ +10n) (BS. 7/30)

13. Chitng minh rang néu day a, hoi tu dén a, con day b, dan dén

oo thi day a, /b, dan dén 0.

14. Chitng minh rang
n

i) lim — = 0.

D

i) lim — =0 (a>1).
n—oo "

Chi dan. i) St dung hé thic:
2 = (141 =14nt 2D SR
a B 2 2
va woe lwong |a, — 0.

ii) Twong tw nhw i). Str dung hé¢ thikc:

—1
=t (a—1r >Ny
15. Chitng minh rang
li 2 né 1+ L +--- 4 !
n = n n = _ __
ima eu a 5 o

Chi ddn. Ap dung cong thike tinh téng cAp sé nhan dé tinh a, roi
wGe lwong |a, — 2|.
16. Biét rang day a, c6 gidi han, con day b, khong cé gidi han. C6
thé néi gl ve gidi han cta day:

i) {an +ba).

ii) {anb,}.

(BS. i) lim{a,, + b, } khong ton tai. Hay chirng minh.
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ii) C6 thé gap ci hai treong hop c6 gidi han va khong cé gii han,
vi du:

n—1
an, =

> bn = (_1>n; ap = —, bn = (_1>n

S|

n

7.1.2 Chirng minh sw hoi tu cta day s6 dwa trén
cac dinh ly vé giéi han

Dé tinh gi¢i han ciia day s6, nguoi ta thwong st dung céc dinh 1y va
khai niéem sau day:

Gia st lima, = a, limb,, = b.

i) lim(a,, £ b,) = lima, +1limb,, = a £ b.

ii) lima,b, = lima, - limb, = a - b.

iii) Néu b # 0 thi bat dau tir mot s6 hiéu nao dé day a,/b, xdc
dinh (nghiala 3N :Vn > N = b, #0) va:

. anp lima, a
lim — = =

b, limb, b

iv) Néu lima, = a, limb, = a va bat dau tir mot s6 hiéu nao dé
an < zp < by, thi limz, = a (Nguyén ly bi chan hai phid).
v) Tich ciua day vo cung bé v4i day bi chan la day vo cung bé.

P R s o (LN e
vi) Néu (a,) la day vo cung 16m va a,, # 0 thi day <—) la day vo
a

n
ciing bé; ngwoc lai, néu oy, 1a day vo cliing bé va a,, # 0 thi day <ai)
1a v6 cling 16m. "

Nhan zét. Dé 4p dung ding dan céc dinh 1y trén ta can lwu ¥ mot
s6 nhan xét sau day:

i) Dinh 1y (iii) vé gidi han ctia thirong sé khong ép dung dwoc néu
ti s6 va mau s6 khong cé gigi han hitu han hodc mau s6 c6 giéi han
bang 0. Trong nhitng trirong hop dé nén bién ddi so bo day thwong,
chang han bang céch chia hodc nhan tit s6 va mau sé véi cling mot
biéu thitc.



12 Chwong 7. Gidi han va lién tuc ctia ham sé

ii) Doi véi dinh 1y (i) va (ii) cling can phai than trong khi ép dung.
Trong trirdng hop nay ta can phai bién déi céc biéu thic a, & b, va
ay - by, trude khi tinh giéi han (xem vi du 1, iii).

iii) Néu a,, = a = const Vn thi nh_)rglo a, = a.

CAC Vi DU

Vi du 1. Tim lima,, néu:
1) a, = (1+77"%)/(3—1)
2)a,=2+44+6+---4+2n)/[1+34+5+ -+ (2n+ 1)
3) an =n?/(12+ 22+ - +n?)
Gidi. Dé gidi cdc bai todn nay ta dung ly thuyét cap s6

1) Nhan tit s6 va mau s6 phan thitc véi 77" ta cé:

L+72 747
an: =
31 3.7 —1

Do do

77" 4 72
lima, = 1imw7:_1 = —49 i lim 7" = 0,n — oo.

2) Ttk s6 va mau s6 déu 1a cip s6 cong nén ta co:

2+4+6+---+2n:2+22n~n;
1+3+5+~~~+(2n+1)zw(n+1).
Do do
an:nil = lima, = 1.

3) Nhuw ta biét:

1)(2n+1
12+22+--~+n?:n(nJr )6(n+ )
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va do do:
I I 6n”
ima, = lim
n(n+1)(2n + 1)
6
(14+1/n)(2+1/n)
Vi du 2. Tim giéi han
il
lim 2 4 2"
LI
3 9 3n
Gidi. Tk s6 va mau s6 déu 1a cap s6 nhan nén
RS SRS S )
2 on o
1 1 33" —1)
1o — 22 77
+3+ +3” 23"
va do do:
202" —1 2-3" 2" —1 2 "
lima,, = lim ( ) 5 = 2lim - —lim 3
2n 3(3" —1) 2n 3 3n—1
2 1 2 4
= 2lim[1 — (1/2)"] - Slim———— =2-1- 2. 1=—.
3 1—(1/3)" 3 3
Vi du 3.

1) a, = Vn2+n—n

2) ap =Vn+2—n

3) a, = In2 —n3+n

Gidas.

1) Ta bién ddi a, bing cdch nhan va chia cho dai lirong lién hop

(Vvn?2+n—n)(vVn?>+n+n) n 1
Ay = = =
Vn24+n+n vni+n+n 1+ 1/n+1
Do dé

1

1
lima,, = =
lim (v/1+1/n+1) 2

n—oo
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2) Bién ddi a,, twong tw nhir 1) ta co:

(Vn+2)° — ()’
(Vn+2) +nT2- Y+ (V)
2

Ay =

Ay =

(Vo 12+ Vnt2 Vnt (Vn)

[N z x N
Biéu thitc mau s6 bang;:

nB(YT+2/n) + Y1+ 2/n+1] — oo

khi n — oo va do d6 lima,, = 0.
3) Ta c6 thé viét n = v/n3 va 4p dung cong thitc:

a® +b* = (a+ b)(a* — ab + b?)

suy ra

(V=7 + ) [(VZ —7B)° — n¥/nZ =18 + n?]
(V2 — ) — n/n? — 13 + n?
n2
T (V=) i B 42
1
[1/n— 123 — [1/n— 1] + 1

Ay =

suy ra lima, = 3 A

Vi du 4. Tim giéi han cua céc day sau

n n
ap = s bn: s
vnZ+n n?+1
1 1 1

CTL: + _i_..._i_i.
vn+1l Vn2+2 vn?2+n

Gidi. Dau tién ta chirmg minh lima,, = 1. That vay:

lim a,, = lim

n 1
—Y— =l V=1
ny/1+1/n lm\/l—i—l/n
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Twong tw limb,, = 1.
Dé tim giéi han cta ¢, ta sé 4p dung Nguyén 1y bi chan hai phia.

Mot mat ta cé:

1 1 1 n
Cn<\/n2+1+\/n2—|—1+“.+\/n2+1:\/n2+1:bn
nhung mat khéc:
Cp > ! + ! —i—-“—l—#:a.
TV en Vet Vntitn o
Nhw vay a, < ¢, < b, va Jirgloanquli_)rgobn: 1. Tw db suy ra

lime,=1. A

Vi du 5. Chitng minh rang day (¢") la: 1) day vo cung 16n néu
lg| > 1; 2) day vo cung bé khi |¢| < 1.

Gidi. 1) Gid st |q| > 1. Talay s A > 0 bat ky. T dang thitc
lq|" > A ta thu dwgc n > log, A. Néutaldy N = [log,A] thiVn > N
ta c6 |¢|” > A. Do d6 day (¢") la day vo cung 16m.

1\n7-1
2) Gid stt |¢| < 1, ¢ # 0. Khi d6 ¢" = [(—) } Vi
q

1
—’ > 1 nén
q

Lin ~ Ay , N /1~ Lin]7h 0 4 o
day ((—) ) la day vo cung lom va do d6 day <[(—) } ) la vo cung
q 4q
bé, titc la day (¢™) la day vo cung bé khi |¢| < 1.
3) Néu ¢ =0 thi ¢" =0, |¢g|" < e Vn vado ds (¢") 1a vo cling bé.

A

BAI TAP

Tim gi¢i han lim a, néu

n—oo

n®>—n

n—+/n

2. a,=n*n—vn?+1). (BS. —0)

1. a,= (bS. o0)
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1+2+43+---+n

3. a,= DS. 1/6
Vot + 1 ( /6)
4 = YIS pg )
n—+1
. .
5. an=—t 420 (pg.5)
n-+1 n
n3 3n?
6. a, = - . DS. 1/3
T B R S| (BS. 1/3)
n cosn
7. a, = - DS. 1
=0T 1o (BS. 1)
nd+1
8. Un = 5 (bS. )
cosn? 3n 1
9. a, = — . PS. ——
“ el e S 5)
(="
10. a, = ——/ . DS. 0
¢ 5y/n+1 ( )
VnZ+1
11, q, = YEEL+VR (DS. +00)

an = .
vnd+n—/n
12. a,=V1—-n3+n. (bS. 0)

vn?+4
13. ap= " (ps. 1)
vnd — 3n?
(n+3)!
14. a, = . bS. —
¢ 2(n+ 1)l = (n+2)! ( %)
15. = 2T AT I o by 1)

n+2
1
16. a, =n— v/n®—n2. (bS. §)

17 e, lT243- 45— (05, _1)
Vn2+1+vV4n2 +1 3
. 1 1
8. a”_ﬁ+ﬁ+"'+n(n+1)'
1 1 1

Chi dén. Apd — = — =
Laan. AP l'mgn(n—i-l) n n+1

(DS. 1)
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1 1 1 (—1)n! 3
19, a, =1 ~4 = — —foeeqpit ps. 2
“ 3T9 o7 T T T (BS. 7)
2n+1+3n+1
20. q, = "° ps. 3
R TIRET, (BS. 3)
_1)n
21. = "EEDT T pg )
n—(=1)»

1 1 1 1
o (L) (s
VI \NVTHV3 0 VB3 VE V2n—1+4+2n+1
Chi dan. Truc can thitc & mau s6 céc biéu thitc trong dau ngoic.

1
05 )

1 1 1
123 234 " TamiDm+2

Chi dan. Trwée hét ta chitng minh rang

23. a, =

1 1 1 1 1
- —[ . (DS. 2)
nn+1)(n+2) 2lnn+1) (n+1)(n+2) 4
1 1 1 1
24. a4y = ——+ —— + -+ . (BS. —)
a1as  A2a3 i1 ard

trong d6 {a,} 1& cap s6 cong véi cong sai d # 0, a, # 0.

1
25. a,=(1—-1/4)(1-1/9)--- (1 —1/(n +1)?). (bS. 5)
5 gx v , , , b n—+2
Cht dan. Bang quy nap toan hoc chitng to rang a,, = .
2n + 2

7.1.3 Chirng minh sw hoi tu cla day s6 dwa trén
diéu kién di dé day hoéi tu (nguyén ly
Bolzano-Weierstrass)

Day s6 a, dwoc goi la:
i) Day tang néu a,.1 > a, Vn
ii) Day gidm néu a,11 < a, Vn
Céc day tang hoac giam con dwoc goi la day don diéu. Ta lwu y

rang day don diéu bao gitr cling bi chan it nhat 14 mot phia. Néu day
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don diéu tang thi né bi chin dwdi bdi s6 hang dau tién ctia né, day
dom diéu gidm thi bi chan trén béi s6 hang dau. Ta ¢ dinh 1y sau day
thwong dwoc sit dung dé tinh gi¢i han ctia day don diéu.
Dinh ly Bolzano-Weierstrass. Day don diéu va bi chan thi hoi tu.
Dinh Iy nay khang dinh veé su ton tai ctia giéi han ma khong chi
ra dwoc phwong phdp tim gi¢i han d6. Tuy vay, trong nhiéu treong
hop khi biét gigi han ctia day ton tai, cé thé chi ra phirong phép tinh
né. Viéc tinh todn thwong dwa trén dang thie ding véi moi day hoi
tu:

lim a,y1 = lim a,.

n—oo n—oo

Khi tinh giéi han dwa trén dang thitc vira néu tién loi hon ci la st

dung céch cho day bang cong thitc truy hoi.
CAC Vi DU

Vi du 1. Chitnh minh rang day:

e
=5 T 541

hoi tu.
Gidi. Day da cho don diéu tang. That vay vi:

Qpt1 = G NeNn  Gpy1 > Gy

T g +1

Day da cho bi chan trén. That vay:

_t ., oyttt
R N BT | 57+1 5 @ 52 5
11
g_5n+1 1< 1) 1
:7:—1—— <_.
I 1 5) 1
5

Nhw vay day a, da cho don di¢u tang va bi chan trén nén né hoi
tu. A
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Vi du 2. Ching minh rang day a, = — hoi tu va tim giéi han cia
n!

no.

2 22 2"

i cho « T

Day a, don dicu giam. That vay

Gidi. Day da cho ¢é dang

. gntl gn 9
ntl _ = <1 Vn>1.
an, (n+1)! nl n+l

Do d6 a,41 < a, va day bi chén trén bdi phan tit a;. Ngoai ra
a, > 0, Vn nén day bi chan dwdi. Do dé day don diéu giam va bi

chan. N6 hoi tu theo dinh ly Weierstrass. Gia sitr a 1a gidi han ctia no.

Ta co:
Ap+1 2 - 2
= Api1 = ———ay,.
an n+1 T +1
Tw do
2a
im @41 1m—1 1mn+1 ima

n
va nhw vay: a =0-a — a = 0. Vay: lim—' =0. A
n!
Vi du 3. Cho day a, = V2, ans1 = v2a,. Chitng minh réng day hoi
tu va tim giéi han cia né.
Gidi. Hién nhién rang: a; < ap < az < --- < . Dé 1a day don diéu
tang va bi chin dwéi bdi s6 /2. Ta chitng minh rang né bi chin trén
bdi s6 2.

That vay
a1:\/§; as = V2a; <V2-2=2.

Gid st da chitng minh dwoc rang a, < 2.
Khi dé:

i1 = V2, < V22 =2,
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Vay theo tién dé quy nap ta cé a, < 2 Vn.
Nhw thé day a, don diéu tang va bi chin nén né cé gidi han dé
laa.

Ta co:
=2 2 =2
Ap+1 = an = a’n—l—l = 40p.
Do dé:
. 2 . .
limay,, = 2lima,

hay a? — 2a = 0 va thu dwoc a; = 0, ay = 2.

Vi day don dicu tang Vn nén giéi han a = 2. A

Vi du 4. Chitng minh tinh héi tu va tim gi¢i han ciua day

=va; o =1\/a+a,...,

T
xn:\/a—i- a+---++a,a>0,n dau can.

Giai. 1) Rorang: o1 < 29 < 23 < -+ < Ty, < Tpy1 < ... nghia la
day da cho la day tang.
ii) Ta chirng minh day x, 1a day bi chan. That vay, ta cé:

1'1:\/5<\/5+1
T9 =1\/a++a< \/a+\/5+1<\/a+2\/5+1:\/5+1.

Gia sit da chitng minh dwoc rang: x, < v/a + 1.
Ta can chitng minh z,,,; < y/a + 1. That vay, ta co:

Tpy1 = a+xn<\/a+\/5+1<\/a+2\/5+1:\/5+1.

Do dé nhd phép quy nap todn hoc ta da chitng minh rang day da
cho bi chan trén bdi v/a + 1.
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iii) Dé tim gi¢i han ta xét he thirc x,, = \/a + x,,_; hay

xi =a+ Tp-1-

T do:
limz? = lim(a + 2,1) = a + limz,
hay néu gia thiét limz, = Athi: A2=a+ A — A - A—a=0va

_1+\/1+4a _1—\/1+4a
=g s

Ay 5

Ay
Vi Ay < 0 nén gia tri Ay bi loai vi z,, > 0.
Do dé;

1++v14+4a A
2

Vi du 5. Tim giéi han cta day a, dwoc xde dinh nhw sau: a; 1a s6

limzx, =

tiy ¢ ma
O<a1 <1, apy1=an(2—a,) Vn=1l (7.10)

-9 . . S [N ’ . N . v N AR B N
Giai. 1) Dau tién chimg minh rang a, bi chan, ma cu thé la bang

phép quy nap todn hoc ta chirng minh rang
0<a, <1 (7.11)

Ta c6 0 <a; < 1. Gid st (7.11) da dwge chitng minh véi n va ta
sé ching minh (7.11) ding véin+1 .

Tir (7.10) ta c6; anp1 = 1 — (1 — a,)?

Tir hé thitc nay suy ra 0 < (1 —a,)? < 1,vi0 < a, < 1.

Tw ddsuyra: 0 < aneq1 <1 Vn.

ii) Bay giv ta chitng minh rang a,, 1a day téng.

That vay, vi @, < 1 nén 2 — a,, > 1. Chia (7.10) cho a, ta thu
dwoc:

An1
an

=2—a, > 1.
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Tw d6 an+1 > a, Yn. Nhw vay day a, don diéu tang va bi chan.
Do dé theo dinh ly Weierstrass, lim A,, ton tai va ta ky hiéu né 1a a.
iii) T (7.10) ta co:

lima,;; = lima, - im(2 — a,,)

hay a=a(2—a).
T dba=0vaa=1 Viz; >0 vaday a, tang nén

a=1=lima,. A
Vi du 6. Chimg minh rang day a, = — hoi tu va tim gi6i han cua
n
né.

Gidi. i) Ta chitng minh rang day a, don diéu giam, that vay:

(n+1)! n! n! n" n"
an = = = — = an
T+ D) T 1) o (1) (n+ 1)
Vi
" <1 nén ap4 <a
(n+1)» mH s T

Vi a, > 0 nén né bi chin dwéi va do d6 lima, ton tai, ky hiéu
lima, = a va 1o rang la a = lima, > 0.

ii) Ta chitng minh a = 0. That vay ta cé:

1" 1\n 1\
(n+1) :<n+ ) :<1+_) S+

n" n n n
Do dé:
n" - 1 - 1
—— <= Va a, —Qy,.
(n+n ~2 IS
A c . a
Chuyén qua gi¢i han ta dwoc a < 3 =a=0. A

BAI TAP
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1. Cho céc day so:

5n? 2n

2) by = (—1)"

1) ay = ——— -
)a n?+3 n+1

sinn. 3) ¢, = ncosmn.

Hay chi ra day nao bi chan va day nao khong bi chan.
(DS. 1) va 2) bi chan; 3) khong bi chéan)

2. Chitng minh rang day:

Qo a1 as
a; = a9 = az =
a+ap’ a+ay’ a+as’
Ap—1
a,=——"—,... (a>1,a9>0)
a—+ Qn—1

hoi tu.

3. Chirng minh cac day sau day hoi tu

n?—1
1) anp = __%E__
Dy =2y
2! 3! n!
Chi dan. Tinh bi chan dwoc suy tir n! > 27! va do d6
<2 i —3 L3
noos 92 92 on—1 on—1

4. Chitng minh cdc day sau day hoi tu va tim gigi han a ctia ching

1) a; = V5, apn1 = V5an, k€N, (DS. *V/5)

%) 2
ap = ———

(n+2)!

. a, 9
Chi dén. 2+ = <1. (DS.a=0)

an n—+3
3) a, = ) trong d6 E(nz) 1a phan nguyén cia nz.
n

Chi dan. St dung hé thitc: nz —1 < E(nz) < nz. (DS.a=1)

5. Chitng minh ring day: a, = a'/?" hoi tu va tim giéi han cta né
(a>1).
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(DS. @ = 1. Chi dan. Chimg minh rang a, 1a day don diéu giam

vl
1/2n+1 1/(2™-2
an+1:a/ = g'/( ):\/an,an>1)

6. Chitng minh rang day
1 1 1
=1+ttt
hoi tu.
Chi dan. Chimg té rang day don diéu tang, tinh bi chan cia né
dwoc xdc lap bang cach sit dung céc bat dang thike:
1 1 1 1

— - — =, nz2
n? nn-1 n—-1 n

7. Chitng minh rang day

LS SR
3+1 3242 3" +n

Ay =

c6 gidi han hiru han.
Chi dan. Tinh bi chén cta a, diroc xdc lap bang cach so sanh a,
vé4i tong mot cap s6 nhan nao do.
NS ~ 1 n N ) N
8. Chitng minh rang day ((1 + —) +1) don diéu giam va
n
1\ n+1
lim <1 + —) =e.
n—oo n

9. Tinh lim a,, néu

1) a :<1+n+k),keN. (DS. ¢)
2) an = <n7l1) :Ds'é>

3) a :(1 %ﬂ. (DS. /@)

) a=(% - DT wso
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7.1.4 Chirng minh sw hoi tu cla day s6 dwa trén
diéu kién can va dd dé day hoéi tu (nguyén

ly hoi tu Bolzano-Cauchy)

Trén day ta da néu hai phwong phdp chitng minh sw hoi tu cua day.
Hai phwong phép nay khong dp dung dwoc déi véi cde day khong don
diéu dwoc cho khong bang phwong phap giai tich ma dwoc cho bang
phwong phép khéc (chang han bang phwong phép truy hoi). Mat
khéc, trong nhiéu trirong hop ngwdi ta chi quan tdm dén sw hoi tu
hay phan ky ctia day ma thoi. Sau day ta phat biéu mot tiéu chudn
c6 tinh chat “noi tai” cho phép két luan sw hoi tu cia day chi dua

trén gid tri ciia cdc sO hang cia day:

Nguyén ly hoi tu. Day (a,) ¢ gigi han hiru han khi va chi khi né

thda man dieu kién:

Ve>0, 3Ny = No(e) e N:Vn>NyvaVpeN

= |an, — Angp| < €.

T nguyén 1y hoi tu rit ra: Day (ay,) khong cd gidi han khi va chi

khi né thda man diéu kién:

de>0, VNeNdIn>NIm=N — |a, —an| > ¢.

CAC Vi DU
Vi du 1. Chitng minh rang day

cosl cos?2 cosn

n = , c N
a 3 + 32 + + 3 n

hoi tu.
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Gidi. Ta wée lwong hiéu

cos(n + 1) cos(n + p)
’an+p_an|: W ""FW
<3n+1+'“+3n+p
] 1
1 1m0 11
— < . < =
3”+11_1 2 3» 3
3

~ . 1 A s ~ Ve
Gia st € 1a 86 dwong tuy y. Vi lim 3 = 0 nén véi s6 € > 0 do,
n—oo
“ . e , 1 “ s
ton tai sO NV € N sao cho Vn > N ta cé 3 < e. Nghialanéun > N,
con p la s6 tw nhién tuy y thi
1
|antp — an| < 3 <&
Do d6 theo tiéu chuan hoi tu day da cho hoi tu. A

Vi du 2. Chitng minh riang day

1 1 1
CLnZW‘Fﬁ‘F““"%
phan ky.
Gidi. Ta wée lwong hiéu
1 1 1
|an — Anip| = \/n—|—1+\/n+2+“.+\/m

p

=
/N +p

Dac biet voi p = n ta co

Vn,peN.

N

|an - a2n| 2 — = = vn (*)

V2T V2

1 “ D e X
Ta lay € = ﬁ Khi d6 VN € N ton tai nhirng gid tri n > N va

3p € N sao cho |a, — @, = &. That vay, theo bat dang thirc (*) ta
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chi can 1ay s6 n > N bat ky va p = n. Tir dé theo ménh dé phu dinh
nguyen ly hoi tu ta c¢6 day da cho phan ky. A

BAI TAP

Stt dung tiéu chuan hoi tu dé chitng minh sw hoi tu cta day (a,)
néu
" sin no
= 2n

a e R.

2. a,= > ard®, gl <1, |ax| < M Vk,M > 0.
k=1

=1 k!
5. a,=0,77...7
——
nchir s
n 1
6. a, = .
;2k+k
Chitng minh rang cdc day sau day phan ky:
1 1
7. ap=14+=-4+---+—, neN.
2 n
8 ! + ! + + ! 2
ey =——F—+ -t —, n=2...
In2 In Inn

7.2 Giéi han ham mét bién

7.2.1 Céc khdi niém va dinh 1y co ban vé giéi han

Dinh nghia gi¢i han cia cdc ham déi véi nam trweong hop: = — a,

r — a+0, z — oo dwoc phéat biéu nhw sau.
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1) S6 A dwoc goi 1a gidi han ctia ham f(z) tai diém a (khi 2 — a)
néu Ve > 0 bé bao nhiéu tiy y tim dwge s6 6 = §(g) > 0 (36 = d(e) >

0) sao cho Vz ma

reDrN{z;0< |z —a|] <d(e)}
thi
|[f(x) — Al <e.

Ky hiéu: lim f(z) = A.
2) SO A dwoc goi la gidi han bén phai (bén tréi) ciia ham f(z) tai
diém x = a néu Ve > 0, 36 = §(¢) > 0 sao cho v4i moi = thda man

diéu kién

reDiN{r:a<zr<a+d0} (xeDinN{r:a—3d<z<a})

thi
|f(z) — Al <e.
Ky higu:
Jim f(@) = fla+0) (lim f(2)= fa—0).
Twong tu:
3) lim f(x)=A<Ve>03IA>0:VeeDin{a:z>A}

T—-+00
= |f(z) — Al <e.

Dinh nghia gi¢i han khi x — —oo dwoc phat biéu tirong tir.
4) Néu lim f(z)= lim f(z)= A thi nguwoi ta viét

T—-+00

lim f(z) = A.

r—00
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Triromg hop ddc biét néu A = 0 thi ham f(x) dwoc goi 1a ham vo
cung bé khi z — a (r — a £ 0,  — £00).

Khai niém ham vo ciing 16n tai diém a cling dwoc phat biéu déi
véi cd nam trirong hop.

Chang han, ham f(z) dwoc goi 1a ham vo cling 16n tai diém a néu

VM>030=06(M)>0:VeeDrN{z:0< |z—a|<d}
= |f(x)] > M.

Ngoai ra, néu f(z) >0 (f(z) <0) Ve € Dyn{z:0 < |[r—al < 4§}
thi ta viét
lim f(z) = 400 <lim f(x) = —oo).
Ta lru ¥ rang cdc ky hiéu vira néu chi chitng t6 f(z) 14 vo cing
16n chit hoan toan khong cé nghia rang f c6 giéi han.

Khi tinh giéi han ta thwomg stt dung céc dieu khang dinh sau day.
Pinh ly 7.2.1. Néu cdc gidi han lim fi(x), lim fo(z) ton tai hitu han
the

) lim[fi(z) + fo(2)] = lim fi(2) + lim fa()

r—a

2) lim[fi(2) - fo(2)] = lim fi(z) - lim f>(z)

r—a

o . filz) _}»Er‘llfl(x)
3) Néu lim fofw) # 0 thi lim s = lim f5(x)

4) Néu trong lan can U(a;0) = {z : 0 < |v —a|] < 0} ta cd
fi(z) < f(z) < fo(x) va lim fi(x) = lim fo(x) = A the lim f(x) = A
(nguyén lj bi chan hai phid).

Dinh nghia gi¢i han ham s6 c6 thé phéat biéu dwédi dang ngon ngir
day nhw sau.
Pinh 1y 7.2.2. Gid s D C R, a € R la diém tu cia né; A € R,
f:D —R. Khi doé

lim f(z) = A

r—a
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khi va chi khi ¥(ay), a, € D\ {a}, a, — a

f(an) — A

Tir d6 dé chitng minh mot ham nao dé khong cé gidi han khiz — a,
ta chi can chitng minh rang 3(a,,), 3(a,) déu hoi tu dén a nhwng

il_r)r(ll flan) # ;}3}1 f'(an).

Céc dinh Iy co ban ve giéi han da phét biéu trén day khong ap
dung dwoc d6i véi céc gidi han sau day khi © — a, a € R.
1) im[f(z)+g(x)]; f, g 1a cdc vo cling 1ém (v6 dinh dang “cot00”).
. flx) . VI ..
2) lim —=; f, g hoac dong thoi 1a hai vo cung bé, hoac dong thoi
r—a g e
la hai v6 cung 16m (v6 dinh dang “0/0” hodc “co/00”).
3) lim f(z)-g(x); f1a vo cung bé, con g la vo cung 1én hodc nguoc

lai (v6 dinh dang “0 - 00”).

4) lim [f(x)]"":
a) khi f(x) — 1, g(x) — oo (v dinh dang “1°°”)
b) khi f(z) — 0, g(x) — 0 (v dinh dang “0°”)

c) khi f(z) — oo, g(z) — 0 (vo dinh dang “00?”)
Viéc tinh gi¢i han trong cac truwong hop nay thwong dwoc goi
13 khit dang vo dinh. Trong nhiéu trwomg hop khi tinh gidi han ta

thwong st dung céc gidi han quan trong sau day:

lim o = 1, (7.12)
x—0 I
lIm(l+2)7 =e (7.13)
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va cac hé qua cua (7.13)

1\=
lim (1 n —) —e, (7.14)
T—00 €T
1 1 1
lim 281 F0) Ly (7.15)
r—0 x lna
Coat—1
lim =Ina, 0<a#l. (7.16)
x—0 X
CAC Vi DU

Vi du 1. St dung (¢ — §) - dinh nghia giéi han dé chiing minh rang

lim 22 = 9.

r——3

Gidi. Ta cin chitng minh rdng Ve > 0, 35 > 0 sao cho véi
|z + 3] < 4 thi ta cé |22 — 9] < e.

Ta can wée lwong hiéu |22 — 9|. ta ¢
2% — 9| = |z — 3||z + 3.

Do thira s6 |z — 3| khong bi chén trén toan truc s6 nén dé wéc lwong
tich don gidn hon ta trich ra 1 - 1an cén cla diém o = —3 tic 1a
khoang (—4; —2). Véi moi z € (—4;—2) ta ¢é |z — 3| < 7 va do dé

2% — 9| < 7|z + 3.

Vi §-1an can diém a = —3 [tirc 14 khodng (—3 — §; —3 + §)] khong
dwoc virot ra khdi ranh giGi clia 1-1an can nén ta lay § = min (1, %)
Khido v6i 0 < [z 4+ 3] <d§ = |22 — 9] <e. Do Vaymli)rgngZQ. A
Vi du 2. Chitng minh rang il_)H% V11— 2 = 3.

Gidi. Gid st € > 0 la s6 dwong cho trirde bé bao nhiéu tuy y. Ta
xét bat phwong trinh

V1l —z —3| <e. (7.17)
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Ta cé
VIl -2 —-3> —¢
(717) & —e< VIl -z -3<ec &
Vil—z-3<e¢
r—11< —(3—¢)? r—2<6e—¢&?
= =
r—11> —(3+¢)? r—2>—(6e+¢e?%).

Vi 6e — &2 < | — (6c + ¢)?| = 6 + & nén ta c6 thé ldy d(e) 1a s6
§ < 6c —e? Véi s § db ta thiy rang khi = thda man bat dang thite
0<|r—2<dth|/1l—2—3|<eva
lirr%\/ll —r=3 A
Vi du 3. Tinh cac gi¢i han

2T _ 2
1) lim——
r—2 I —

0
(v6 dinh dang 6);

2) lim cotg2z - cotg(% — x) (v6 dinh dang 0 - 00);
$—>Z

1 1\=
3) lim <e§ + —) (vo dinh dang 1°).
x

Giai

1) Ta c6
20 —gx? 20 —-2—(2*—-2%) 2?2 —-1 a?—4
r—2 T —2 B T —2 T —2

T d6 suy rang

=2 I — 2 z—2 I — 2 T—2 T —

2) Déty:%—x. Khi dé

. s ) T
lim cotg2x - cotg(— — x) = lim cotg(— — Qy) cotgy
T—7 4 y—0 2

sin2y cosy

= lim — = 2.
y—0 siny cos2y
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1
3) Pt y = —. Khi dé
X

1 1\= 1 lim (e +v)
lim <e§ + —) = lim(eY + y)v =ev=0 ¥
T—00 x y—0
In(e¥ In(1 Y -1 Yy -1
lim n(e —|—y):hm n[l+(e+y—1)] e’ +y
y—0 Y y—0 eV +y—1 Y
In(1+¢ v—1
:hmELiJ~MnO+€ ):z
t—0 t y—0 Yy

T d6 suy rang

lim (¢! +y)* =% A

. 1 .
Vi du 4. Ching t6 rang ham f(x) = sin — khong c¢é giéi han khi
x
x — 0.

Gidi. Ta Iwu ¥y ménh dé phi dinh déi véi dinh nghia gidi han:

lim f(z) # A< 3o >0V >0 3xs (0< |xs —al <0)

r—a

— [ f(z0) — Al = €o.
. " L .
NequOtalaygozivaxk:Wi. Khi d6 Vo > 0,

dke N:0<x,<dva

|f(z) = 0] = |f(zx)| = 1 > &

va nhw vay A = 0 khong phai la giéi han cia ham da cho khi z — 0.

Néu A # 0 thi ta lay g9 = %Véxk: ﬁ Khi d6 Vo > 0,
dk € N :0 <z, < §thl |f(xg) — A = |A| > e. Nhw vy moi s0
A # 0 déu khong 14 gidi han ctia ham sin - khiz — 0. A

Vi du 5. Ham Dirichlet D(x):

1 néux€Q,

D(z) =
0 ntureR\Q
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khong c6 gigi han tai Va € R.

Gidi. Ta chitng minh rang tai moi diém a € R ham D(z) khong
thda man Dinh Iy 2. Dé lam viéc d6, ta chi can chi ra hai day (a,) va
(al)) cting hoi tu dén a sao cho lim D(an) # lim D(ay,).

bau tién ta xét day cdc digmoohfru ty (a:) Olj(f)i tu dén a. Ta cb
D(a,) =1 V¥n vado ds lim D(a,) = 1. Bay gio ta xét day (a))) -

day céc diém vo ty hoi tu dén a. Ta c¢6 D(a!)) = 0 Vn va do vay
lim D(a!) = 0.
Nhw vay lim D(a,) # lim D(al). Tir d6 suy ra ring tai diém a

ham D(x) khong ¢ giéi han . A

Vi du 6. Gia stt lim f(z) = b, lim g(z) = +o0o. Chiing minh rang

lim[f(z) + g(z)] = +o0.

r—a

Gidi. Ta can chimg minh rang VM > 0, 36 > 0 sao cho Vz : 0 <
|z —a| <& thi f(x) + g(z) > M.
Vi lim f(x) = b nén ton tai d;-1an can U(a, §;) ctia diém a sao cho

f@)| <C, z#a (7.18)

trong d6 C' 1a hing s6 dirong nao doé.
Gid st M > 0 1a s6 cho trwde tuy y. Vi lim g(x) = +oo nén doi
voiso M +C, 35 >0 (6 <d1)saochoVa:0< |z —al<dth

glx)>M+C (7.19)

Tt céc bat dang thitc (7.18) va(7.19) ta thu dwoc la: véi 2 théa
man diéu kién 0 < |x —a| < < §; thi

fl@) +g(x) 2 g(x) = [f(x)| > M+ C-C=M. A

BAI TAP



7.2. Gi6i han ham moét bién

35

1. St dung dinh nghia giéi han ham s6 dé chitng minh cic dang thitc
sau day:
1
1) lim sinz = 5 2) lim sinz = 1;

z—% z—7

6 2

1 s
3) li in—=20; 4) I tgr = —.
) limzsin — ; 4) Jim arctgr = o

N 1
Chi dan. Dung hé thitc g — arctgr < tg(g — arctgr) = —)
x

z—1 1
1 — = 6) lim log,a = +o0;
5) Jim oo =35 6) lim log,z = +o0;
22 +2x —15
7 lim (Vi2+l—2)=0: 8) lim — "2 _ g
)mirfoo( ?+1-1)=0; )mi@s z+5 ’

> —-3r+2 1
9) lim(522 — 7z + 6) = 4; 10) lim ———— = = —;
) lim(5a — Tz +6) = 4 10) lim ———0r = &

11) lim Lo ~0
z—+oo 22 — 100z + 3000

2. Chitng minh céc giéi han sau day khong ton tai:

1
1) limsin ——  2) lim sinz;  3) lim 2 ;

r—1 xr — T—00 r—0

4) lir%e%; 5) lim cos .

xr— r—00
Néu tir s6 va mau s6 clia phan thite hitu ty déu triét ticu tai diém
r = a thi ¢ thé gidn wéce phan thite cho # — a (# 0) mot hodc mot
s6 lan.

Stt dung phwong phép gian wée dé, hay tinh cac gidi han sau day

(3-10).

s T O )
IR e
5. lim % (PS. —8)

6. lim JUmi_; m,n €% (bS. m)

z—1 " — 1 n
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. 1 3
7. iﬂ(l—x_l—ﬁ) (BS. —1)
8 lim< o _ b )‘abeN ®s. =)
a—1\1—go 1—gb/) "7 .
) (xn _ 1)(1.71—1 _ 1) L. (l.n—k—i—l o 1) N
1 DS.
S T oD@ o) ) (BS. Cy)
. (z"=a") —na" "z —a) nin—1)
10. il_r)r(ll ) ,neN (bS. 5@ )

Chi dan. D4l bién x — a = t.

Céc bai todn sau day cé thé dwra vé dang trén nho phép doi bién
(11-14)

¢ —1
11. lim & (bs. 2
z—=1gxs — 1 qr
1+ 5
12, tim AV pg 2
z——11 —+ \5/5 3

31 — 41 1
13, limg\/ +rx—4V1l+x+

1
bS. -
=0 2—2%/14+x+=x ( 6)

V1 —1 1
14, im0 (ps o)
z—0 X n

Mot trong cac phirong phép tinh gidi han ctia cic biéu thitc vo ty

la chuyén vo ty tir mau s6 1én tir s6 hodc ngroc lai (15-26)

V1 21 1
15. lim Y- DS 2)
x—0 e 2
V3+z+22—V9— 21+ 22 1
16. li bS. =
" 2 — 31+ 2 ( 2)
5% 15
17. 1 bS. —
e -vice 0 %)
4l -
18, lim VA3 VIZ20 g )

z—0 T + 2
19. lim (V2?2+1— V22 —1) (bS. 0)

r—00
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20. lim (V1-—2°+2) (bS. 0)

21. ml_l)r_{loo (Va? + Bz + ) (BS. +00)
22. lim (VZTsrtx) (DS )
23. ml_l)rlloo (V2% +2z — z) (bS. 1)
24. ﬂUl_l)r_noo (V2?2 +2z —z). (bS. +o0)

wln

25. lim [(x—i—l)

r—00

—(z— 1)%} (DS. 0)

26. liI_El [V (z+a)(z+as) - (z+a,) — ]
ar+as+---+ay

(bS. )
Khi gidi cdc bai todn sau day ta thwong st dung hé thitc
1+t)* -1
T ) N (27-34)
t—0 t
V14324 — /1 -2
27, iy VAT VI 2 (DS. —6)

=0 T+rx—+1+z
: _ Ya= 2
m Vate— Yo ‘ neN (bS. —a»™1)

28. li
z—0 x n
o VI3 + V14t —1+x—V1i+a 313
29. lim (bS. —)
z—0 Vi+2r+or—+vVli+zo 280
5/ 3 2 _ 32 2 )
20, Lim Va?+axr + 12— Va? —ar +x (DS, §a€)
z—0 Va+r—+a—x 2
Vit o2 +2)" — (V1I+a2—z)"
31. lir%( ’ ) ( ) (bS. 2n)
T— X
n _n _ 2n
32, lim VTPV T N a0 (DS. \/a)
z—0 xT na
val — V140 k—0b
33, lim VLT \/+x,neN,a>0 (bs. 57
z—0 xT nk
n+1

34. lim ({‘/(1+x2)(2+x2)~~(n+x2)—x2) (bS.

r—00

)
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Khi tinh gigi han cdc biéu thitc lwong gidc ta thwong sit dung cong

thitc co ban

sin x
=1

lim
x—0

cing véi st két hop cdc phwong phdp tim giéi han da néu & trén
(35-56).

. T
sin —
35. lim —2 (PS. 0)
T—00 €T
. arctgw
36. 1 bS. 0
e 580
2% —4
37. lim —— (bS. —4)
z——2 arctg(x + 2)
— & 1
38. lim BT IT pg
z—0 x 2

1
39. lim zcotghz (bS. 5)

z—0
40. Tim(1—o)te™ (DS, )
. lim(1 — 2)tg— .=
z—1 & 2 m
1— a2 2
41. lim —— (bS. 2)
r—1 SIN 7Y ™
) sin x 1
42 Im 55 B8 50)
. COSMx — COSNIT L, 9
43. il_)Hé o (bS. i(n —m?))
L 1 3
44. lim z [cos — — cos — (bS. 4)
T—00 T i
45, lim sin(a + x) + sin(2a —1x)—2sina (DS. —sina)
x—0 x
46. lim cos(a + x) + cos(a —x) — 2cosa (DS. —2cosa)
z—0 1 —cosz

47. lim (sinv2? +1—sinva? — 1) (bS. 0)

r—00
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vecosxy — 1 DS, _1

48. }:I—I% x? ( 4>
r .z
cos = — sin — 1
10 1w 22 g 1
o cos V2

T
sin <x — —) 1
50. lim —— 37 (bS. —)
e—2 1 —2cosz V3

2 —1 1
51, 1im Y2801 (pg Ly
T—7 1— tg T 4
1+tgr—1—1t
52. lim VAT BT VITIET g
z—0 sSiInx
53, lim {/cos ax — X/cos fx (DS, 32 — 042>
z—0 1‘2 2m
cosST — {/cosT 1
54. li 3 [ p—
220 sin? x ( 3)
1— \cos 2 3
55. lim COSTVEOS 2T (bS. =)
z—0 tgx? 2
V1 inx —
56. lim —l—:csma; cos T (BS. 4)
z—0 ia2 7
sin 5

Dé tinh giéi han lim[f(2)]*®), trong d6
f(x) — 1, ¢(z) — oo khi * — a ta cé thé bién déi bicu thirc
[f(2)]#® nhw sau:

£ =t {[1+ (1) — e |70

_ Jim (@) ()]

& day lim ¢(x)[f(z) — 1] dwoc tinh theo cdc phwong phap da néu trén
day. Néu lim ¢(z)[f(z) — 1] = A thi

lim[f(2)]?@ = et (57-68).

r—a
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57.

58.
59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

2 x+1
lim ( v 3) (DS. ¢)

2r +1
. rr =1\
J:11—>I£l<> < x? ) (BS.0)
lir%(l + tgx)cors” (bS. e)

lir%(l + 3tg2r)cote’ (bS. €3)

CoST \ 32 5
lim () ps. ef
720 \ cos 22 ( €*)
lirr%(sinx)@ (bS. —-1)
lim (tgz)*** (DS. e
cotg2z
hr% [tg(— + l‘)} (bS. e)
9101_)1% (cosz)= (DS. e72)
. - -2
9101_% (cos3x) (bS. e72)
1 e
lim (ﬁ) (S. 1)
z—0\1+sinx
lim (sin 2x)tg22m (PS. e72)

4

Khi tinh gi¢i han céc biéu thitc c6 chita ham lodarit va ham mi ta

thwong st dung céc cong thire (7.15) va (7.16) va cac phwong phap
tinh giéi han da néu & trén (69-76).

69.

70.

71.

72.

Inz — 1

lim — (bS. e™)
+210 15:::_—13 (BS. 1011110)
i 083



7.3. Ham lién tuc

41

73, tim —C =" (DS. 1)
. lim .
z—0 sin ax — sin fx
esin S5r __ esina}
74. lim ————— bs. 2
20 In(1 + 2) (DS.2)
a® — b 1. a
o lim ———— 0 bS. —=In—
. Iy lncosQ:c’a>O’b> ( 2nb)
) asina} + bsina} %
76. lim [f} La>0,b>0  (DS. Vab)

7.3 Ham lién tuc

Pinh nghia 7.3.1. Ham f(x) x4c dinh trong lan can cta diém g

e YN T . A ,
dwoc goi 13 lién tuc tai diém d6 néu

lim f(z) = f(zo).

r—x0
Dinh nghia 7.3.1 twong dwong véi
Pinh nghia 7.3.1*. Ham f(x) xdc dinh trong lan can cta diém z
dwoc goi 1a lién tuc tai diém zo néu

Ve>030>0Vx € Dy:|o—uxo| <d=|f(x)— flzo)] <e.

Hiéu © — o = Az dwoc goi 1a s gia cia doi s, con hiéu f(x) —
flzo) = Af dwoc goi 1a sd gia cia ham sé tai xo twong ing véi s6

gia Az, tirc la
Ax =z —x9, Af(xo) = f(xo+ Azx) — f(x0).

Véi ngon ngtr s6 gia dinh nghia 7.3.1 ¢6 dang

Pinh nghia 7.3.1**. Ham f(x) xédc dinh trong lan can cia diém g

dwoc goi 13 lién tuc tai zy néu

lim Af =0.

Axz—0
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Bang “ngon ngtt day” ta c6 dinh nghia tirong dwong
Pinh nghia 7.3.1**. Ham f(z) xéc dinh trong lan can diém xo € Dy
dwoce goi 1a lién tuc tai diém zo néu

V(l'n) € Df P T, — To = lim (xn) = f(l'o)

Dinh ly 7.3.1. Diéu kién can va di dé ham f(x) lién tuc tai diém
xo la ham f(x) thda mac cde diéu kién sau ddy:
i) Ham phdi xdc dinh tai mét lan cdn nao dé cia diém x.

ii) Ham cd cdc gioi han mot phia nhw nhau

r—x9—0 x—x0+0
111) m—}mr(l;l—o m—}mr(l;l—l—o f(xO)

Gia st ham f(z) xdc dinh trong nita lan can bén phai (bén trai)
ctia diém =z, nghia 1a trén mia khodng [zg, zo + §) (twong tng: trén
(xo — d,20]) nao do.

Ham f(z) dwoc goi 1a lién tuc bén phdi (bén trdi) tai diem xo néu
f(zo +0) = f(xo) (twong tmg: f(zo —0) = f(z0))-

DPinh 1y 7.3.2. Ham f(z) lién tuc tai diém xo € Dy khi va chi khi
nd lién tuc bén phdi va bén trdi tai diém xo.

Ham lién tuc tai mot diém cé céc tinh chat sau.

I) Néu cdc ham f(z) va g(x) lién tuc tai diém zo thi f(x) & g(z),
f(x) - g(x) lién tuc tai zg, va f(x)/g(x) lién tuc tai xo néu g(zg) # 0.

IT) Gid sit ham y = () lién tuc tai xg, con ham u = f(y) lién
tuc tai yo = ¢(zo). Khi d6 ham hop u = f[e(x)] lién tuc tai .

Tir d6 suy ra rang

lim f[p(2)] = [ lim o(z)].

T—T0 T—T0
Ham f(z) goi 1 gidn doan tai diém z¢ néu né x4c dinh tai nhing
diém gan o bao nhiéu tliy y nhung tai chinh zo ham khong thda man

it nhat mot trong cdc diéu kién lién tuc & trén.



7.3. Ham lién tuc

43

biém zy dwoc goi 1a

1) Diém gidn doan khit dwoc ctia ham f(z) néu ton tai mll)r? f(z) =
b nhung hodc f(z) khong xdc dinh tai diém zo hosc f(x) ;éo b. Néu
b6 sung gia tri f(zo) = b thi ham f(x) trd nén lién tuc tai xo, tirc 1a
gidn doan cé thé khit dwoc.

2) Diém gidn doan kiéu I ctia ham f(z) néu 3 f(xo+0) va 3 f(2o—0)
nhung f(zo + 0) # f(zo — 0).

3) Diém gidn doan kiéu II ctia ham f(x) néu tai diém zo mot trong
céc gidi han g;_lg?m f(x) hodc q;—lggl—o f(c) khong ton tai.

Ham f(x) dwoc goi 1a ham so cdp néu né dwoc cho bdi mot bicu
thite giai tich 1ap nén nho mdt sé hitu han phép tinh s6 hoc va céc
phép hop ham thuwre hién trén cdc ham so cap co ban.

Moi ham so cap x4c dinh trong lan can ciia mot diém nao dé 1a
lién tuc tai diém dé.

Luwu y rang ham khong so cap cé thé c¢é gidn doan tai nhitng diém
né khong xéc dinh cling nhw tai nhitng diém ma né xéc dinh. Dac biét
1a néu ham dwoc cho bdi nhieu biéu thite gidi tich khac nhau trén cac
khodng khac nhau thi né c¢é thé cé gidn doan tai nhitng diém thay déi

biéu thitc gii tich.
CAC Vi DU
Vi du 1. Ching minh rang ham f(z) = sin(2z — 3) lién tuc Vz € R.
Gidi. Ta ldy diém xo € R tuy y. Xét hiéu
sin(2z — 3) — sin(2x¢ — 3) = 2cos(x + x¢ — 3) sin(x — o) = a(x).

Vi |cos(z + xg — 3)| < 1 va sin(z — z0)| < |z — 0| nén khi x — 1z
ham sin(z — x¢) 14 ham vo6 cing bé. Tir d6 suy rang a(z) 1a tich cia
ham bi chan v&i vo cung bé va

lim sin(2z — 3) = sin(2z9 — 3). A

T—T0o
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Vi du 2. Chiéng minh rang ham f(z) = v/r +4 lién tuc tai diém
To = 5.

Gidi. Ta c6 f(5) = 3. Cho trude s6 € > 0. Theo dinh nghia 1* ta
lap hiéu f(z) — f(5) = Vo +4 — 3 v wéc lrong modun ctia né. Ta

co

— 5 |z — 5|

T+ 2 < *

VaTa-s = ot < *)
Néu ta chon ¢ = 3¢ thi véi nhirng gid tri  ma |z — 5] < 6 = 3¢

ta sé ¢6 |[vr +4 — 3| <e. T d6 suy rang ham f(z) lién tuc tai diém

o = 5. A

Vi du 3. Chitng minh rang ham f(z) = /z lién tuc bén phai tai
diém zo = 0.

Gidi. Gia st cho trirée s6 e > 0 tly y. Bat dang thiic |/ —0| < e
twong dwong véi bat dang thite 0 < # < €2, Ta ldy 6 = €. Khi d6
tir bat dang thitc 0 < o < § suy rang /7 < . Dieu d6 c¢6 nghia rang

lim /z=0. A

z—0+0

Vi du 4. Chitng minh rang ham y = 2? lién tuc trén toan truc so.
Gidi. Gid st 9 € R 1a diém tluy ¥ trén truc s6 va e > 0 1a s cho

truwede tuy y. Ta xét hicu

2% — 22| = | + 0|7 — 20

va can wée lwong né. Vi |z + x| khong bi chin trén R nén dé wée
lrong hiéu trén ta xét mot 1an can nao dé clia g, chang han U(zp; 1) =
(o — Lyzg+1). V&iz € U(mp; 1) ta b

|z + 20| = |x — 20 + 20| < | — o] + 2|x0| < 1 4 2|20
va do do

2 — 23| < (1 + 2|zo])|x — w0l.
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Vi §-14n can ctia diém x cin phai nam trong U(zo;1) nén ta ldy
(5:min< ;1)tasé

co

;1) va vii |x—x0|<5:min(1

19
1—|—2|l‘0| +2|l‘0|

|2 — 25| <e. A

Vi du 5. X4c dinh va phan loai diém gian doan ctia ham

1
.
1+ 277

flx) =

Gidi. Ham da cho xéc dinh Vo # 1. Nhw vay diém gidn doan 1a
diém zo = 1.
Néu (2,) 12 day hoi tu dén 1 va z, > 1 thi (

1
) 13 déy vo
T, — 1

cing 16n véi moi s6 hang déu dwong. Do d6 <1 + 2%1——1) la day vo

N 1
cung 1ém. T d6 suy rang f(x,) = ———— la day vo cung bé, tikc
1 + 29%—1
b Tim f(z,) =0 va lim f(z) =

Néu (z,) — 1 va z, <1 thi ( ) la day vo cung l6n véi cac

s6 hang déu am. Do vay (2 ﬁn—l) (n — o0) va

flzn) = 1”? —1 (n— o00),

titc 1a lim f(z) = 1. Do dé diém xo = 1 13 diém gidn doan kiéu I. A

z—1-0
Vi du 6. X4c dinh va phan loai diém gidn doan ctia ham

e

1
rcos— khixz <0
T

flx)=140 khi z =0

1
CoS — khi z > 0.
\ T
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Gidi. Diém gidn doan c6 thé c6 ctia ham 1a 2o = 0. Ta xét céc gidi
han mot phia tai diém z = 0.

i) Ta chitng minh rang ml_i)griof(:c) = 0. That vay, néu day (x,)
hoi tu dén 0 va x,, < 0 Vn thi

1
cos —| < |z
x

n

0 < |f(wn)| = |2

Vi |z,| — 0 khi n — oo nén lim f(z,) = 0.

ii) Ham da cho khong cé giéi han bén phai tai diem zq = 0. Dé
chitng minh dieu d6 ta xét hai day hoi tu dén 0 14p nén tir cic day
1

i
- nim
2

bén phéi tai diém zo = 0 thi hai day f(z,) va f(z/,) phai héi tu dén
cing mot gi¢i han. Thé nhung f(z),) = cos2rn = 1 hoi tu dén 1, con
f(x,) = cos <g - mr) = 0 hoi tu dén 0.

va z/, = ——. Néu nhw ham f c6 giéi han

~
so dwong x, =
2mn

Tir d6 suy rang ham cé gian doan kiéu II tai diém zo = 0. A
Vi du 7. Tim va phan loai cdc diém gidn doan ctia cdc ham:
1) y=(signz);  2) y=lq
Gidi
1) Tir dinh nghia ham signz suy rang

I, x#0
0, z=0.

(signz)? =

Tir d6 suy rang ham y = (signz)? lién tuc Vo # 0 (hay dung do
thi ctia ham) va tai diém 2o = 0 ta c6 y(0 — 0) = y(0 + 0) # y(0).
Diéu d6 c6 nghia rang zo = 0 1a diém gidn doan khit dwoc.

2) GiAstn € Z. Neun—1< 2z < nth[z] =n—1, néu
n <x <n+1th [z] = n (hay dung do thi ciia ham phan nguyén

[z]). Néu zo € Z thi ton tai 1an can cla diém zy (khong chita céc s6
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nguyén) sao cho tai d6 ham bang hang s6. Do vay né lién tuc tai .
Néu zg = n 1a s6 nguyén thi [n — 0] =n — 1, [n + 0] = n. Tir d6 suy

N N oA .« oA
rang ro = n la diem gian doan kieu I. A

, 7’ oA N A~ . oA ., ,
Vi du 8. Khao sét sw lién tuc va phan loai diem gian doan cua cac

ham
2 ~
x 1 T neu x <1

x Inz néu z > 1.

Giai
1) Him f(z) = 2 néu = # 0 va khong xdc dinh khi x = 0. ViVa

ta cé lim z = a nén khi a # 0:

r—a

lim f(z) = a = f(a)

r—a

va do vay ham f(z) lién tuc Vo # 0. Tai diém z = 0 ta c¢é gian doan
khit dwoc vi ton tai
/) =yr =0

2) Ham f(z) = e * 1a ham so cap vi né la hop clia cdc ham
y = —x" ! va f = ¢Y. Hién nhién 1a ham f(x) xdc dinh Vo # 0 va
do d6 né lién tuc Vo # 0. Vi ham f(x) xdc dinh trong lan can diém
x = 0 va khong xéc dinh tai chinh diém z = 0 nén diém z = 0 1a diém
gidn doan. Ta tinh f(0+ 0) va f(0 —0).

Ta xét day vo cung bé tuy y (z,) sao cho z, > 0 Vn. Vi
lim (-i) — —oonén lim e"77 = 0. Tir dsuy ring lim e % = 0.

T—00 Tn T—00 x—040
Bay gitr ta xét day vo cung bé bat ky () sao cho zy < 0 Vn. Vi
1 _1
lim <— —) — 400 nén lime % = 4o0o. Do d6 lim e+ = 400
n— o0 ,j;';_b x—0 rz—0—-0
tite 1a f(0 — 0) = +o0.
Nhw vay gi¢i han bén tréi ctia hAm f(z) tai diém z = 0 khong ton

tai do d6 diém x = 0 13 diém gidn doan kiéu II.
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3) Ta chitng minh rang f(x) lién tuc tai diém = = a # 1. Ta ldy
e < la—1|, e > 0. Khi d6 e-1an can clia diéem z = a khong chira diém
r =1néue < |a— 1|. Trong e-lan can nay ham f(z) hodc trung véi
ham (z) = z néu a < 1 hodc tring véi ham ¢(r) = Inz néu a > 1.
Vi céc ham so cap co ban nay lién tuc tai diém x = a nén ham f(z)
lién tuc tai diéem = = a # 1.
Ta khao sdt tinh lién tuc ctia ham f(z) tai diém z = a = 1. Dé lam
viéc d6 ta can tinh céc gi¢i han mot phia cla f(z) tai diém z = a = 1.
Ta cé
0=ty o) = iy e =0,
f1=0)= a:l—lfiof(x) - a;l—lflriox - illgx =1
Nhw vay f(1+0) # f(1—0) va do d6 ham f(x) c6 gidn doan kiéu

[taix =a=1.

BAI TAP

Khéo st tinh lién tuc va phan loai diém gian doan ctia ham

20— 3 3
1. f(z) = |2z — 3 (DS. Ham xdc dinh va lién tuc Vo # °; tai
5 20 — 3 2
To =3 ham c6 gian doan kiéu I)
1
— néux #0
2 fr)={a
1 néuxz=0.

(DS. Ham lién tuc Vz € R)
3. C6 ton tai hay khong gia tri @ dé ham f(z) lién tuc tai o néu:
4.3 néuxz <0

1) f(z) = .
2a +x khiz > 0.
(DS. Ham f lién tuc Vz € R néu a = 2)
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1
rsin—, x # 0;
x

2) f(z) =
a,z=0,29=0.
(bS. a=0)
1+
— T # —1
3)f(3;): 1+ 23 7
a, r=—1z0=—1.
1
PS. a=-
(DS, a =)
cosz,r < 0
4) fz) =
a(x — 1),z > 0;29 = 0.
(bS. a=—-1)
sin x
4 fo) = 2]

(DS. Ham ¢6 gidn doan tai z = km, k € Z vi:

1  néu sinz >0
fla) = .
—1 néu sinz < 0)
5. f(z) =E(z) - E(-2)

(DS. Ham ¢6 gidn doan khir dwoc tai x = n, z € Z vi:

—1 nfuzx=n

0 néux#n.)

flx) =

e Kkhiz #£0
0 khi z = 0.
(DS. Tai diém 2 = 0 ham c¢6 gian doan kiéu IT; f(—0) = 0, f(+0) =

00)

6. f(x)=

Tim diém gidn doan va tinh buéc nhay cia céc ham:
T+ 2
7. )=+ ——
/() |z + 2|
(PS. = —2 14 diém gidn doan kiéu I, §(—2) = 2)
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2|z — 1]
8. f(z)= R

(DS. x = 0 1a diém gidn doan kiéu II, x = 1 1a diém gidn doan kiéu
I 6(1) = —4)

Hay bo sung céc ham sau day tai diém = = 0 dé ching trd thanh

lién tuc

9. f(x)="5L (DS f(0)=1)

10. f(z) = % (DS. f(0) = %)
)=t s f(0) = 2)

12. Hiéu cua céc gigi han mot phia ctia ham f(x):

d= lim f(z)— lim f(x)

x—x0+0 r—x9—0
dwoe goi 1a bude nhdy ctia ham f(z) tai diém xo. Tim diém gidn doan
va bude nhay ctia ham f(z) néu:
1 P
——2? néuz < 2,
2
x néu x > 2.
(DS. 2o = 2 14 diém gidn doan kiéu I; d = 4)
2y/r néul< <l
2) fla)=¢4—-22 néul<uxz<25;
2¢ —7 néu 2,5 < x < +o00.
(DS. 2o = 2,5 la diém gidn doan kiéu I; d = —1)

20 +5 néu —oo<ax < —1,

3) fla) =141 )
— neu — 1<z < +o0.
x
(DS. 2o = 0 1a diém gian doan kiéu II; diém zy = —1 1 diém gidn

doan kieu I, d = —4)
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7.4 Gidéi han va lién tuc cia ham nhiéu
bién

1. Gidst u = f(M) = f(z,y) xac dinh trén tap hop D. Gia s
My(z0,90) 1 diém c6 dinh ndo dé clia mit phang va x — o, ¥ — Yo,
khi d6 diém M (x,y) — My(xo, yo). Diéu nay twong dwong véi khodng
cach p(M, My) gitra hai diéem M va My dan dén 0. Ta lwu y rang

p(M, My) = [(z — 20)? + (y — 1)/~

Ta cé cac dinh nghia sau day:
i) Dinh nghia gi¢i han (theo Cauchy)
S6 b dwoce goi 1a gidi han cta ham f(M) khi M — M, (hay tai

diém My) néu
Ve>0,30=0(e) >0:VYM e {D:0< p(M, M) <d(e)}
= |f(M)—b| <e.

ii) Dinh nghia gi¢i han (theo Heine)

S6 b dirge goi 1a gidi han ctia ham f(M) tai diem My néu déi véi
day diém {M,} bat ky hoi tu dén M, sao cho M,, € D, M, # M
Vn € N thi day céc gid tri twong ttng ctia ham {f(M,,)} hoi tu dén b.

Ky hidu:

i) lim f(M) = b, hoac

M—M,
i) lim f(z,y)=0>
T — Xo
Y —Yo
Hai dinh nghia giéi han trén day twong dwong véi nhau.
Chai 9. Ta nhan manh rang theo dinh nghia, gi¢i han ctia ham khong
phu thuoc vao phwong M dan téi My. Do dé néu M — M, theo
cac hwéng khac nhau ma f(M) dan dén céc gid tri khac nhau thi khi
M — My ham f(M) khong cé gidi han.
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iii) S6 b dwoce goi 1a gidi han ctia ham f(M) khi M — oo néu
Ve>0,3R>0:YVM € {D:p(M,0) >R} = |f(M)-1b <e.

Daéi véi ham nhiéu bién, cling véi gidi han thong thwong da néu &
trén (gidt han kép !), nguoi ta con xét gigi han lap. Ta sé xét khai
niém nay cho ham hai bién u = f(M) = f(z,y).

Gia st u = f(z,y) xdc dinh trong hinh chtt nhat

Q = {(Z‘,y) : |l‘—l‘0| < d17 |y_y0| < d2}

c6 thé trir ra chinh cdc diém x = x¢, y = yo. Khi ¢6 dinh mot gid tri
y thi hAm f(z,y) trd thanh ham mot bién. Gia st doi véi gid tri ¢6

dinh y bat ky thda man diéu kién 0 < |y — yo| < da tOn tai gi¢i han

lim f(z,y) = ¢(y).

T—x0
y ¢d dinh

Tiép theo, gid st lim p(y) = b ton tai. Khi d6 nguwdi ta néi rang
Y—Y%o

ton tai gidi han lgp ciia ham f(x,y) tai diém My(zo, yo) va viét

lim lim f(z,y) =0,

Y—Yo T—To

trong d6 giGi han  lim  f(z,y) goi la giéi han trong. Twong tw, ta
T—x0
y ¢d dinh
0<|y—yo|<dz
c6 thé phat biéu dinh nghia gi¢i han 18p khac lim lim f(x,y) trong
T—x0 Y=o
do gidi han

lim  f(z,y)
Y=o
z ¢6 dinh
0<|$—$0|<d1
la giéi han trong.
Moéi quan hé gitra giéi han kép va cac gidi han lap dwoc thé hién

trong dinh ly sau day:
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Gid sit tai diem Mo(zo,yo) gidi han kép va cde gi¢i han trong cia
cdc gidi han ldp cia ham ton tai. Khi d6 cdc gidi han ldp ton tai va
lim lim f(z,y) = lim lim = lim f(x,y).

T—T0 Y—Yo Y—Yo T—To T—T0
Y—Yo

Tir dinh 1y nay ta thay rang viéc thay doi thit tw trong cdc gidi
han khong phai bao gio cung dwoc phép.

Déi véi ham nhiéu bién ta cling ¢6 nhitng dinh 1y vé cdc tinh chét
s6 hoc ctia gidi han twong twr cdc dinh 1y vé gidi han ctia ham mot
bién.

2. Tir khéi niém giéi han ta sé trinh bay khai niém vé tinh lién tuc
ctia ham nhiéu bién.

Ham u = f(M) dwoc goi 1a lién tuc tai diém My néu:

i) f(M) x4c dinh tai chinh diém M, cling nhw trong mot 1an can
nao dé cua diém M.

ii) Giéi han Mh_)%o f(M) ton tai.

iif) Jim f(M) = f(Mo).

Sw lién tuc vira dwoc dinh nghia goi la sw lién tuc theo tap hop
bién s6.

Ham f(M) lién tuc trong mién D néu né lién tuc tai moi diém cia
mién do.

bDiém M, dwoc goi 1a diém gidn doan ctia ham f(M) néu déi véi
diém M, c6 it nhat mot trong ba diéu kién trong dinh nghia lién tuc
khong thda man. Diém gidn doan ctia ham nhiéu bién c6 thé 1a nhitng
diém c6 1ap, va ciing ¢é thé 1a cd mot dwong (dwong gian doan).

Néu ham f(x,y) lién tuc tai diém My (o, yo) theo tap hop bién s6
thi n6 lién tuc theo tirng bién s6. Diéu khang dinh ngwoc lai 13 khong
ding.

Ciing nhwr d6i v6i ham mot bién, tong, hiéu va tich cidc ham lién
tuc hai bién tai diém M, 14 ham lién tuc tai diém d6; thwong ctia hai

ham lién tuc tai My cling 1a ham lién tuc tai My néu tai diém M, ham
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mau s6 khac 0. Ngoai ra, dinh ly vé tinh lién tuc ciia ham hop van

dung trong trwong hop nay.

Nhan zét. Twong tuw nhw trén ta cé thé trinh bay cic khdi niém co

ban lién quan dén gigi han va lién tuc ciia ham ba bién,...
CAC Vi DU
Vi du 1. Chitng minh ring ham
1 1 P
f(z,y) = (z + y) sin — sin — 1a v6 cung bé tai diem O(0,0).
£ )
Gidi. Theo dinh nghia v6 cling bé (twong tw nhw doi véi ham mot
bién) ta can chitng minh rang
lim f(z,y) = 0.
40
Ta 4p dung dinh nghia gidi han theo Cauchy. Ta cho s6 € > 0 tuy
£oo8 3y € C oA,
y va dat 0 = 7 Khi d6 néu
p[M(z,y),0(0,0)] = /22 +y? <6 thi|z| <4,y <.
Do dé
o1 1
(2, y) — 0] = ’(x—i—y)sm;sm;’ <o+ Jyl <20 =«
bieu dé chitng té rang
lim f (2, y) = 0.
y—0

Vi du 2. Tinh céc gi¢i han sau day:
2
1) lim (1 + 2y) @ + 2y,

2 (y—22+1-1
2) i Y2t (v —2)° +

z—0 z—0 2 — 2)2 ’
y—2 y—2 S <y )
4 4
. T+
3) lim— y2.
=0~ +y

y—0
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Gidi. 1) Ta biéu dién ham dwdi ddu gidi han dwéi dang
1 2y

[(1+xy):cy}:c+y.

0
Vit =2y — 0 khi <x—> )nén
y—0

1

lim (1 + 2y) ™Y =lim (1 + 1)

1
t =e.
y—2

Tiép theo vi lim
y—)

cta thwong), do d6 giéi han can tim bang e
2) Ta tim gi¢i han v6i dieu kien M (z,y) — My(0,2). Khodng cach
gitra hai diém M va M, bang

p=vrt+(y—2)°.

= 2 (theo dinh ly thong thwomg vé gigi han

Do do

limf(z,y) = lim Y———— Pl = lim (1) -1
T 1 2 50 2 2
y_)g =0 P PO p2(Vp?+141)

1 1
—= hm _— = —
p—0 /p2 + 1 -+ 1 2
3) Chuyén sang toa do cic ta c6 x = pcos @, y = psinp. Ta cb

et +yt p*(cos® o +sin @)
22+ 9% p2(cos? p + sin’ @)

= p*(cos* ¢ + sin* ).

Vi cos* p + sin' ¢ < 2 nén

limM = lim p*(cos”  + sin’ ) = 0
m—>0x2 —+ y2 o p—)Op ¥ v) =5
y—0
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Vi du 3. 1) Chitng minh rang ham

khong cé gigi han tai diém (0, 0).

2) Ham

r—=1Yy
Z, =
fi(z,y) Tty
_ 1y
f2(x’y>_x2+y2

c¢6 gi¢i han tai diém (0,0) hay khong ?

Gidi. 1) Ham fi(z,y) xdc dinh khip noi ngoai trir dwomg thang
r+y = 0. Ta chitng minh rang ham khong cé gigi han tai (0,0). Ta
14y hai day diém hoi tu dén diém (0, 0):

Khi dé thu dwoc

1
M, = (-,0) . (0,0), n— oo,
n

1
M = (0, —) ~(0,0), n— 0.
n

1
)
lim f;(M,) = lim 7% =1,
n—oo n—oo - O
1
0— —
Jum fi(M) = Jim =L
0+~
n

Nhw vay hai day diém khdc nhau ciing héi tu dén diém (0, 0) nhuwng
hai day gia tri twong ng cua ham khong cé cung giéi han. Do dé
theo dinh nghia ham khong c6 giéi han tai (0,0).

2) Gid st diém M(z,y) dan dén diém (0,0) theo dwong thang
y = kx qua goc toa do. Khi db ta cé

lim it = lim

ka2 k

J:—>8 3;'2—|—y2 z—0 12 4 k222 N 1+k2
y—)
(y=kz)
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Nhw vay khi dan dén diém (0,0) theo cic dwong thang khic nhau
(twong tng vGi cac gid tri k& khdc nhau) ta thu dwoc cdc giad tri gidi
han khéc nhau, titc 1a ham da cho khong ¢6 giéi han tai (0,0). A

Vi du 4. Khao sat tinh lién tuc cia cadc ham

22+ 22y +5

1 = <

) f(z,y) g y—
1

2) f(:v,y)=7x2+y2_z
r+y
3 Y
) f(z,y) PR

Gidi. 1) Dieu kién lién tuc cia ham da cho bi vi pham tai nhirng
diém ctia mat phang R? ma toa do clia chiing théa man phwong trinh
y? — 22 +1 = 0. D6 1a phwong trinh dwong parabon véi dinh tai diém
<%, O). Nhw vay céc diém ctia parabon nay 13 nhitng diém gidn doan
- d6 1a dwong gidn doan clia ham. Nhitng diém cta mit phang R?
khong thuoc parabon dé 1a nhitng diém lién tuc.

2) Ham da cho lién tuc tai moi diém ctia khong gian R? ma toa do
clia chiing théa man dieu kién 22 + y*> — 2z # 0. D6 1a phwong trinh
mat paraboloit tron xoay. Trong trwrong hop nay mat paraboloit 1a
mat gidn doan ctia ham.

3) Vi tit s6 va mau s6 1a nhitng ham lién tuc nén thwong 1a ham
lien tuc tai nhitng diém ma mau s6 23 +y* # 0. Ham c6 gian doan tai
nhitng diém ma 23 + y* = 0 hay y = —2. Nghia 1a ham c6 gidn doan
trén dwong thang y = —z.

Gia str g # 0, yo # 0. Khi do6

. THYy . 1 1

lim = lim = — 5
e—wo 3 +y3 e—wox? —xy + Y2 T§— ToYo + Y§
Y—Yo Y—Yo

T d6 suy ra riang cic diém cta dwong thang y = x (z # 0) 1a
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nhiyng diém gidn doan khit dwoc. Vi

. T+vy . 1

lim =lim—— =4+
a—0x3 + 3 2—0x2 — xy + y?
y—0 y—0

nén diém O(0,0) 1a diém gidn doan vo ciing.

BAI TAP
Trong cdc bai toan sau day (1-10) hay tim mién xéc dinh cia céc
ham néu:
1. w=+/22—y% (DS. |y| < |z])
Lw=/ry. (DBS.x >0,y >0hoicz <0,y <0)

2
3. w=+/a?—22—y2 (DS. 2? +y? < a?)

1

4. w= . (BS. 2%+ y? > a?)
/x2_|’_y2_a2
x2 y2 x2 y2

6. w=In(z? —2? —y*—1). (DS.:U +y?— 2% < —1)
7. w= arcsing + /zy. (DPS. Hai nira béng vo han thang dimg
{0<2<2,0< y<—i—oo}va{2 <0,—00 <y < 0})
8. w=/2?+y?>—1+1In(4—2*—y?).
(DS. Vanh tron 1 < 22 + y* < 4)
9. w=/sinw(z2+y?). (DS. Tap hop cdc vanh dong tam
0< 22+ <;2< 2?2 +92<3;...)
10. w = +/In(1 + 2 — 22 — y2).
(DS. Phan trong ctia mat paraboloid z = 2% + y? — 1).

Trong céc bai toan sau day (11-18) hay tinh cdc giéi han cia ham
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sin zy

11. lim (bS. 1)
x—0 Ty
y—0
12. 1m0 (DS, 0)
z—0
y—0
. Ty
13. lim———. bS. 2
mll%\/:cy +1-1 ( )
y—)
2 2
14, lim—— 2 Y (DS. 2)

z—0 2 2 _ ’

o0 vVrzi+yr+1-1

Chi dan. St dung khodng cich p = /22 + 92 hodc nhan - chia
v64i dai lwong lién hop véi mau so.

Y
15 lim(1+a2y?) TY+oy’ (DS, e
y—3
%y
16. lim— ) (bS. 0)
z—0x —|—y2
y—0
2 —5)2+1-1 1
T AR A Gl k) (DS. 2)
z—0 22 4 (y — 5)? 2
y—>5
tg(2
18, Tim & fy). (DS. 2).
r—1 €T y

y—0
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8.1 DPao ham

8.1.1 DPao ham céap 1

Gia sit ham y = f(z) xdc dinh trong 6-1an can ctia diém o (U (z; ) =
{r eR: |z —x0| <) va Af(xo) = f(xo+ Az) — f(z0) 12 s6 gia cia
né tai diém x twrong tng véi s6 gia Ax = x — x clia doi so.

Theo dinh nghia: Néu ton tai giéi han hitu han

lim f(zo+ Ax) — f(xo)
Az—0 Ax

khi Az — 0 thi giéi han d6 dwoc goi la dao ham ciua ham f(z) tai
diém o va dwoc chi bdi mot trong céce ky hiéu:

. fleo+Ax) — f(xe) _dy _ d )
1 =2 = = =q.
A;,Elo Az de dx o

Dai lwong
A
f;(xo) = f'(xo+0) = lim A—y = lim

va

Ay
/ g N — lim Y : =J
o) = (w0 = 0) AlachEOAx Aq:h—%l—O Az
dwoc goi 1a dao ham bén phdi va dao ham bén trdi cia ham y = f(z)
tai diém o néu céc gidi han da néu ton tai.

Stt dung khéi niém giéi han mot phia ta co:
Pinh 1y 8.1.1. Ham y = f(x) ¢6 dao ham tai diém x khi va chi khi

cdc dao ham mot phia ton tai va bang nhau:

f'(@+0) = f'(x—0) = f(x).

Ham f(x) khd vi néu né c¢6 dao ham f’(z) hiru han. Ham f(z) khd

vi lién tuc néu dao ham f'(x) ton tai va lién tuc. Néu ham f(x) kha

vi thi né lién tuc. Dieu khang dinh ngiroc lai 1a khong ding.
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8.1.2 DPao ham cip cao

bao ham f'(z) dwoc goi 1a dao ham cap 1 (hay dao ham bdc nhdt).
Dao ham cia f'(z) dwoc goi 1a dao ham cap hai (hay dao ham thi
hat) cia ham f(z) va dwoc ky hiéu la y” hay f”(z). Dao ham cia
f"(x) dwge goi 1a dao ham cdp 3 (hay dao ham thit ba) cia ham f(x)
va dwoc ky hiéu 3 hay f"”(z) (hay y®, fO(x) v.v...

Ta ¢6 bang dao ham cia cdc ham so cap co ban

() /() f(=)
” 1 ala—1)(a—=2)---(a—n+1)z*™,
x>0
e’ e’ e’
a® a*lna a®(Ina)"
1
Inx — (=)t n—-1!—, z>0
x
1
1 — 1) — 1) 0
8o xlna (=) =1) g’ ©7



8.1. Pao ham

63

f(z) f'(x) F ()
. nmw
cos T —sinx cos (a: + 7)
1
tgx 5
COS* T
1
cotgw ——
sin” x
| L gl <1
arcsinx — T
V1—2a2
1
arccosx ——, jr| <1
V1—a22 =1
1
arctgx 15 22
; 1
arccotgx
& 1+ 22

1" %[u-ﬁ-’l}] = %u—l— it

2+ %(au) = aj—z, aelR

3t %(uv) = vz—z + ug—z

¢ ()= wlg-eg) e

5t %f[u(x)] = % . Z—Z (dao ham ctia ham hop).

67 Néu ham y = y(z) c6 ham ngwoc x = z(y) va Z—i =y, # 0 thi
dz , 1

—yExy:y_/'
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7T Néu ham y = y(x) dwoc cho dwdi dang an bdi hé thike kha vi
F(z,y) =0va F, #0 thi
dy F,
dr F;
trong d6 F, va F} la dao ham theo bién twong ting cia ham F(z,y)
khi xem bién kia khong dai.
8" Néu ham y = y(x) dwoc cho dwéi dang tham s6 x = (1),
y =y(t) («'(t) #0) thi

dy _y'(t)
de  2'(t)
dr d"u v
+ _ U pd U
9 - —(au + fv) = adn—i—ﬁdxn,
dm dr— k dk i
V= ZC’;€ Tk U gEY (quy tac Leibniz).

k.f

Nhdn zét. 1) Khi tinh dao ham ctia mot biéu thite da cho ta cé thé
bién ddi so bo biéu thitc dé sao cho qué trinh tinh dao ham don gidn
hon. Chang han néu biéu thitc dé 14 logarit thi c6 thé st dung céc
tinh chit cta logarit dé bién déi... réi tinh dao ham. Trong nhiéu
treomg hop khi tinh dao ham ta nén 1ay logarit ham da cho roi 4p

dung cong thitc dao ham loga

(2) = y'(z)

iln
dz y\r

2) Néu ham kha vi trén mot khodng dwoc cho bdi phwong trinh
F(x,y) =0 thi dao ham /() c¢6 thé tim tir phwong trinh

d
Bl — 0.
o (z,y)

CAC Vi DU
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Vi du 1. Tinh dao ham 3’ néu:

eac

. m+1), neN
1+ cosx .CL'7£7T(TL—|—) "

1+ 22
2) y:\3/3:4 sin”

Gidi. 1) Tride hét ta don gidn biéu thitc ctia ham y bang céch

1) y=Iny

, x#mn, ne€N.

dwrra vao céc tinh chat cua logarit. Ta c6

1 1 1
y = glne”” — gln(l +cosx) = % — gln(l + cos x).
Do d6
T
, 1 1 (cosz) 1 1 sinz _1—|—tg§
Y73 3l+4cosz 3 3ltcoss 3

2) O day tién loi hon cA 1a xét ham z = In|y|. Ta c6

dz dz @_ld_y d_y_ dz

_— = — — :> _
dv dy dr ydx dx J dx
Viét ham z dwdi dang

4
r = Injy| = In(1 + 2%) — gln|x| — 7ln| sin z|

dz 2x 4 Ccos T

dr 1+a22 3z sin z

Thé biéu thitc vira thu dwoc vao () ta c6

dy 142 < 2 4 70083:) N
dx - NI Sin7x 1+ 22 3x sinz/’
Vidu 2. Tinh dao ham y' néu: 1) y = (2+cosz)%, = € R; 2) y = 2"
x> 0.
Giai. 1) Theo dinh nghia ta cé

y = ea:ln(2+cosa:)
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Tw do

sin x

_ In(2+cosz) [ln(Q +cosx) —x }, z € R.

24 cosx

2) Viy =2 nén véi z > 0 ta c6
@ . 1
y = 2T [2%Ing] = *I0T [—2“” + 2"In2 - lnx}
T
« (1
= 272 <— + In2 - lnx). A
T

Vi du 3. Tinh dao ham cip 2 clia hAm ngwoc véi ham y = = + 2°,
r € R.
Gidi. Ham da cho lién tuc va don diéu khap noi, dao ham ¢' =
1 4 52* khong triét tieu tai bat cit diém ndo. Do d6
, 1 1

S T Taae

Lay dao ham dang thitc nay theo y ta thu dwoc

Y < 1 )’ ) —2023
2 = —) = —— .
vy L+5bz4/2 Y (1+bat)
Vi du 4. Gid st ham y = f(z) dwoc cho dwdi dang tham s6 bdi cac
cong thire x = x(t), y = y(t), t € (a;b) va gid st x(t), y(¢) kha vi cap
2vad'(t)#0t e (a,b). Timy! .

Gidi. Ta co
dy
dy @ Yo Y
_— = == = — :> _ .
de dx  j Yo x
dt

Lay dao ham hai vé ctia ding thitc nay ta cé

/ /
o= (U)o = (B L
m xy /e " xy /)t x
!, !0
TilYie — Yelor

3
o

A
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Vi du 5. Gid st y = y(x), |z| > a la ham gid tri dwong cho dwéi

dang an bdi phwong trinh

2 2
r Y
a? b?

Tinh y/,.

Gidi. Dé tim 9/ ta 4p dung cong thitc

d
—F(x,y) = 0.
(@)

Trong trwong hop nay ta cé

d<ﬁ—9"4)za

de\a? 1?2
Lay dao ham ta c6
2v 2y
b2
=y, = Tx’ |z| > 0,y > 0. (8.2)
a’y

Lay dao ham (8.1) theo x ta thu dwgc

1 1 2 Yy
2 6—2(%) - b—ngm =0
va tir (8.2) ta thu dwoc y:
y 1[62 ( ,)2} B 1[62 b4x2}
TT y a2 Yo - y a2 al y2
b4 33'2 y2 b4
— =L —— y>0 a
a?y3 [az 62} a?y3 Yy

P 1
Vi du 6. Tinh y™ néu: 1) y = e 2) y = z?%cos 2.
x —
Gidi. 1) Biéu dién ham da cho dwéi dang tong cdc phan thite co

ban

1 1[ 1 1
2—4 4dlz—2 x+2
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va khi do
) ) ()
Do
()" = (02 (1= n L2
- (:L':l:12)n+1

nén

< 1 )(n):(—l)”n![( 1 B 1

22— 4 4 x—2)ntt (x4 2)nt ]’
2) Ta dp dung cong thirc Leibniz d6i vi dao ham cua tich
(22 cos 2z) = CY%22(cos 22)™ + C}(x?)' (cos 2z)"
+ C%(2?)'(cos 2z)" 2.
Céc s6 hang con lai deu = 0 vi
()P =0 vi>2
Ap dung cong thitc

(cos 22)™ = 2" cos <2x + %T)
ta thu dwoc
—1
(22 cos 2x)™ = 2n <x2 - %) cos (23: + %T)

+ 2"nx sin <2:L" + %T) A

Vi du 7. Véi gid tri nao cta a va b thi ham
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c6 dao ham trén toan truc so.
Giai. RO rang la ham f(z) ¢6 dao ham Vo > 0 va Va < 0. Ta chi
can xét diém xo = 0.

Vi ham f(x) phai lién tuc tai diém zo = 0 nén

lim f(z) = lim_f(z) = lim f(z)

z—04-0 z—0
tire la
lim (2 +az+b)=b=e"=1=b=1.
z—04-0
Tiép do, f1(0) = (2’ + ax + b)’}mozo =ava [ (0) = em}mozo =1

Do d6 f/(0) ton tai néua = 1 va b= 1. Nhwvay véia =1,0 =1
ham da cho ¢c6 dao ham Vz € R. A

BAI TAP

Tinh dao ham ¢ ctia ham y = f(r) néu:

1. y:WJr%—%Jrz. (BS. %—gﬁ-%)

2. y = logyx + 3log,x. (bS. %)

3.y =5 +6"+ (%) (DS. 5°In5 + 67In6 — 7-*In7)
4. y=In(z+14+v22 + 22+ 3). (DS. \/ﬁm)
5. y = tghz. (bS. sinl?():c)

6. y—In(lnyz). (DS, m)

7.y=1In 1—1_3:; (bS. %43:2)
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\/7

8. y = varctgy/2r — 1 — ———— (DS. arctgy/2x — 1)

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

y = sin? 2°. (DS. 3% sin 223)
y = sin® x + cos* z. (DS. —sin 4xz)
V(1 + V)
— JzeVE. pg. ST VY
y=vaes. s S
1 L
Y = eCcoszT. (DS. ecosx Smf )
cos?
1
1 .
S —elnz
y=elnr. (DS =)
rln“x
) 2621‘
y=In(e*+Ve*+1. (PS. ——)
etr + 1
et 2
=1 DS.
Y n €4m T 1 ( 643; + 1)
Ttglx
=1 Tx. DS. —
y=logeosTe. (DS~
tgy/1
y = log; cos /1 + . (bS _ tevid T )
2+/1 4+ zIn7
22
e 3
—-— xe
= arccos(e 2 ). PS. ——
y=arccos(e 2). (08 =)
y = tgsincosx. (PS. — 31;1 C?S(COS 3:))
cos?(sin cos z)
c?cotglx
y = ev cotedT (bS. xe.f(sin 6x — 3x))
sin” 3x
VI+nz
y = eVt (bS. _c )
2zv/1 4+ Inx
y=xs (PS. z=2(1 — Inx))
y=e". (bS. 2%(1 + Inx))
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24, y = 257, (BS. z*™% cos - Inz + 2% ! sin z)
. . 1
5.y (g, (D5, (g costatge-+ |
y=(tgr™e. (DS, (1) [ cosatntgr + )
26. y = xin%, (DS. zsin® [w + Inz - cos x})
x

27. y =" (DS. 2% *1(1 + 2Inx))
28. y = a¢. (DS. erz¢ <% + Inz))
29. y—log,7. (DS !

Y= 08l "~ zlnzlog;x

1. |z—a 1
30. y= o [~ (PS.
YT et a ( 332—612)
1
31. y = sinln|xz|. (bS. M)
x
32. y = In|sinz|. (DS. cotgx)
1
33. y =In|z + Va2 +1|. (bS. —).
2+ 1

Trong céc bai todn sau day (34-40) tinh dao ham cta ham y dwoc

cho dwéi dang tham s6.

34.

35.

36.

37.

38.

39.

40.

1
x =acost, asint, t € (0,7). yl, ? (bS. ———~)
asin®t
2
=t y=t yl.? bS. ——
x 7y xx ( 9t4)
r=1+e" y=at+e % yl ? (DS. 2¢73at — ¢—2at)
1
= 3t y=asin®t. y’ ? bS. —M—
TTOCOSL Y= At Yao ( 3a sintcos4t)
2
x=c¢elcost,y =e'sint. y"’ ? bs.
Y Yaz ( et(cost — sint)3)
1
r=1t—sint,y=1—cost. yo, 7 (DS. — t>
.4
4sin” —
2
-1

r=t242t,y=In(1+1¢). y’ 7 (bS.
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Trong cédc bai todn sau day (41-47) tinh dao ham 3" hoac y” cua

ham an dwoc xdc dinh bdi cédc phwong trinh da cho

20 — 2z —vy

41. = + +y=a y? bS. ——=

T+ Ty +ty=a. y ( x+2y_a)
42. arctgg =Iny/ax2+y% o' 7 (bS. x—l—y)
x r—y

e’siny + e Ysinx

43. e*siny —e Ycosz =0. y 7 (bS. )

e*cosy +eYcosx

)

=223y — 22y +y

44. x2y+arctg(y) =0. y? (bS.

T 42y + o
e — e®)(e?tV — 1)
45. e —eV =y —x. y"? bS. (
y y ( @ + 1) )
Az +y)
46. x+y=¢e""Y. y'? bs., ———
Y Y ( (x+y+ 1)3)
—(2y% +2
47. y = x + arctgy. y" ? (bS. W)
)

Trong cac bai todn sau day (48-52) tinh dao ham cua ham ngwoc

v4i ham da cho.

48. y=x+a°, z € R a7 (DS.x’y:ﬁ)
49. y=x+Inz, 2 > 0. z, 7 (DS.x’y:xLH,y>O)
50. y=x+e® x, 7 (DS.x’yzl_i_y%x,yeR)
51. y =chz, x> 0. x,? (DS. z;, = #)

22 3

52. y=— —— x<0. 2,7 (DS.x’y:;—?ﬂ,ye(O,l)).

I+
53. V&i gia tri nao cua a va b thi ham

~
3 néu x < o,

flx) =

ar +b néu x> x
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lién tuc va kha vi tai diém z = g ?
(DS. a = 3x3, b= —2x3).

54. X4c dinh a va 3 dé cac ham sau: a) lién tuc khap noi; b) kha vi

khap noi néu

ar+3 néuz <1

VIR
x neu r > 1
a+ Bx? néu x| <1,
2 T) =
) @) L néu |z| > 1.
|z

MBS. )a)a+p=1,ba=2=-1;2)a) a+ 0 =1,D)
3 1
o= 5,5 = —5)
55. Gid stt ham y = f(x) xdc dinh trén tia (—oo,xo) va kha vi bén
trdi tai diém x = 2. Vi gid tri ndo clia a va b thi ham
f(x) néu r < zo,

flx) =

ar® +b néu r >
kha vi tai diém x = x¢ (19 # 0) ?
f'(xo — 0) o
ps. q— 0Dy — 20 iy — 0)).
s 0= 00 ) D - 0)

Trong cdc bai todn (56-62) tinh dao ham y” néu

56.y— e (DS. 27 (207 — )
57. y = tgr. (bS. ii;rglj)

8. 0= VIFFE (DS, )
59. y = arcsin%. (bS. (Zl_ajw)
60. y = arctg%. (bS. (1_3%)



74

Chwong 8. Phép tinh vi phan ham mot bién

2 — 12 )
(1 —22)y/1— a2
62. y = f(e%). (DS. e®f'(e®) + €22 f"(e®)).

61. y = xarcsinx. (bS.

Trong cdc bai todn (63-69) tinh dao ham cap 3 cia y néu:

63. y = arctg; (bS. %)
64. y=xe ", (bS. e *(3 — 2))
65. y = e” cosx. (DS. —2¢*(cosz + sinx))
66. y = x’sinz. (DS. —2¢*(cos = + sinx))
67. y = 232", (DS. 2%(2%In*2 + 92%In*z + 18zIn2 + 6))
68. y = x”?sin 2z. (DS. —4(22? cos 2x + 62 sin 2z — 3 cos 2x))
69. y = (f(z?). (DS. 12z f"(2?) + 823 f"(2%)).
Trong céc bai toan (70-84) tinh dao ham y™ néu
70. y = sin 3x. (DS. 3™sin <3x + %T))
72. y =e2. (DS. e2 <%)n)
73. y = 2%, (BS. 237(3In2)")
74. y = cos’z. (BS. 2"~ cos (23: +n- g))
75. y = (dx + 1) (DS. 4™n!)
76. y—In(az +b).  (DS. (—1)"(n— 1)!%)
77. y =sin*z + cost z. (DS. 4"~ cos <4x + %T))

N . 3 1
Chi dan. Ching minh rang sin® z + cos?z = 1 + 7 608 4.

3 3
78. y—sin’e. (DS Tsin (24 50) = Zrsin (3r4n- 3))

Chi dan. Dung cong thitc sin 3z = 3sinz — 4sin® z.
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79. y = sinax sin fz.
1 w1 7r
(bS. 5(04 —B)"cos[(a— Bz + ng] — 5(04 + B)" cos[(a+ B)x + ng])
Chi dan. Bién déi tich thanh tong.

80. y = e sin (.

ax : n n(n_1> n—2 232
(bS. e {smﬁx[a -1 ¢ ﬁ—i—...}—i—
nig_ =10 =2) 5
—1—(30553:[7104 16} T 9.3 a2 —i—})
Chi dan. Dung quy tac Leibniz.
81. y = e*(32% — 4). (DS. e*[3z% + 6nx + 3n(n — 1) — 4])
ar+b saxr+b
2. y=1
82. ¥ Yz —b <ax—b O)
1 1
pS. (—1)"la™(n — 1)! _
(BS. (=1)""a"(n )[(ax—i-b)” ax—b)”b
x (—1)"n! 3 1
Y= . DS.
8.y=5——15 O — [(:c—6)”+1+(:c—2)”+1b
3 — 222 2n 1
84. y= ——7——. bS. (—1)"n!
Y= pra g D8 >n[(2x—1)”+1+(:c+2)”+1b

Chi dan. Dé giai bai 83 va 84 can biéu dién ham da cho dwéi dang

tong cdc phan thirc don gian.

8.2 Vi phan

8.2.1 Viphancap1

Gia st ham y = f(x) xéc dinh trong lan can nao d6 cta diém zy va
Ax = x — 1o 12 86 gia ctia bién doc lap. Ham y = f(z) ¢6 vi phdn cdp
1 (vi phan thit nhdt) tai diém o néu khi déi s6 dich chuyén tir gid tri

1 = 1o dén gid tri # = 1o+ Az s6 gia tirong tng clia ham f(z) c6 thé
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biéu dién dwdi dang

Af(xo) = f(zo + Ax) — f(x0) = D(x0) Az + o Ax) (8.3)

A

trong dé D(xo) khong phu thudc Ax va O(A ?) — 0 khi Az — 0. Tich
T

D(z¢)Az dwoc goi 1a vi phan cap 1 cia ham f(x) tai diém xq va dwoc

k¥ hidu
d
dy =df = —ydx.
dx
S6 gia Az ctia bién doc 1lap x dwoc goi 1a vi phdan cia bién doc lap,
tirc la theo dinh nghia: dx = Ax.
Dinh ly 8.2.1. Ham y = f(x) ¢6 vi phan cdp 1 tai diém xo khi va
chi khi ham do c¢6 dao ham hiu han tai dé va D(zo) = f'(zo).
Vi phan df () ctia ham f tai diém x4 biéu dién qua dao ham f’(zo)

bdi cong thire

df (zo) = f'(xo)dx (8.4)

Cong thitc (8.4) cho phép tinh vi phan ciia céc ham, néu biét dao ham

ctia ching.
T (8.3) suy ra

y(xo + Ax) = y(xo) + df (xo) + o(dz), dxr — 0.

Néu df (xg) # 0 thi dé tinh gid tri gan ding ctia ham f(z) tai diém
2o + Az ta c6 thé 4p dung cong thitc

y(zo + Ax) = y(wo) + df (xo) (8.5)

Vi phan cap 1 ¢6 cdc tinh chét sau.
1+
d(au + pv) = adu + [dv,
d(uv) = udv + vdu,

d(%) = M, v # 0.

02
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7

27 Cong thire vi phan dy = f'(z)dx luon ludn thda man bat luan
x 13 bién doc 1ap hay 1a ham cia bién doc lap khac. Tinh chit nay

dwoc goi 1 tinh bat bién vé dang cia vi phdan cap 1.

8.2.2 Vi phan cap cao

Gia st z 1a bién doc lap va ham y = f(z) kha vi trong lan can nao
d6 ctia diém zy. Vi phan thit nhat df = f'(x)dr 13 hAm cta hai bién

x va dz, trong d6 dx 1a s tuy ¥ khong phu thude vao x va do db
(dz) = 0.

Vi phan cap hai (hay vi phan thit hai) d?f ctia ham f(x) tai diém
1o dwge dinh nghia nhiw 14 vi phan ctia ham df = f'(z)dz tai diem z
vGi cée dieu kién sau day:

1) df phai dwgc xem 14 ham ctia chi mot bién doc lap x (néi cach
khéc: khi tinh vi phan cta f'(x)dz ta can tinh vi phan cia f'(z), con
dr dwoc xem la hang s0);

2) S6 gia cua bién doc 1lap x xuat hién khi tinh vi phan cia f'(z)
dwroc xem 14 bang s6 gia dau tién, tikc 14 bang dz.

Nhw vay theo dinh nghia ta c6

d'f =d(df) = d(f'(v)dx) = (df'(v))dx = f"(v)dxdx
= ["(z)(dx)

hay la

& f = f"(x)d2z?|, da* = (dx)>. (8.6)

Bang phwong phdp quy nap, déi véi vi phan cap n ta thu dwoc

cong thirc

f = £ (x)dz" (8.7)
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Vi phan cap n (n > 1) cta bién doc 1ap = dwoc xem 1a bang 0, titc

la
d'v =0 véi n> 1. (8.8)

Néu 3d*f va 3d"g va a, 3 € R thi

d"(af + Bg) = ad" f + Bd"g (8.9)
d"fg = ic{;dn—kf -dkg. (8.10)
k=0

Chii y. 1) Khi n > 1, cdc cong thire (8.6) va (8.7) chi ding khi x
la bién doc lap. DGi véi ham hop y = y(z(t)) cong thike (8.6) dwoc

khéi quat nhw sau:
d*y = d(dy) = d(y,dz) = d(y,)dz + y,d(d)
va do do
d*y =y dx® + y . d*z. (8.11)

Trong trwomg hop khi z 1a bién doc lap thi d?z = 0 (xem (8.8)) va
cong thirc (8.11) trung véi (8.6).

2) Khi tinh vi phan cap n ta cé thé bién déi so bo ham da cho.
Chang han néu f(x) 1a ham hitu ty thi cin khai trién né thanh téng
hiru han cdc phan thitc hitu ty co ban; néu f(z) la ham lwong gidc
thi can ha bac nho cdc cong thire ha bac,...

3) T cong thitc (8.7) suy ra rang

fow) =

 dan
titc 14 dao ham cip n clia ham y = f(r) tai mot diém nao dé bang ty
s6 gitra vi phan cap n cta ham f(x) chia cho liy thira bac n cia vi

phén cta déi so.
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CAC Vi DU
Vi du 1. Tinh vi phan df néu
1) f(z) = In(arctg(sinz)); 2) f(x) =zv64 — x2+64arcsin%.

Giai. 1) Ap dung céc tinh chat ctia vi phan ta c6

_ dlarctg(sinz)] d(sinx)
~arctg(sinz) (1 + sin® 2)arctg(sin x)
cosxdx

(1 + sin® z)arctg(sin z)

df =d[xzV64 — x?] + d[64arcsing

= 2dV64 — 22 + V64 — 22dx + 64d<arcsin%)

€T

a(64 — 2?) ()
_ AT od— de 64— 8L
x2x/64—x2 e x2

—x2dx dx
= T /6d— Pde 64—
V64 — 22 64 — 22

= 264 — 22dz, |x| <8. A
Vi du 2. Tinh vi phén cap 2 cia cdc ham
1) f(x) = ze™®, néu x la bién doc lap;
2) f(z) = sinz? néu
a) z 1a bién doc lap,
b) x 1a ham ciia mot bién doc 1ap nao dé.
Gidi. 1) Phwong phdp I. Theo dinh nghia vi phan cép 2 ta c¢6
Ef = dldf] = d[zde=® + e~ da]
=d(—ze “dxr + e "dx) = —d(ze *)dx + d(e”")dx
= —(xde™" + e “dx)dx — e "dx®

= xe "dr? — e "d2?® — e d2? = (v — 2)e "da’.
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Phwong phdp I1. Tinh dao ham cép hai f”(x) ta c6
ffa)=(ze™) = (e —xe™) = —"—e " +ae ™ =(x—2)e"
va theo cong thire (8.6) ta cé
df = (z —2)e “da’.
2) a) Phwong phdp I. Theo dinh nghia vi phan cap hai ta c¢6

d?f = d[dsin 2?] = d[2x cos 2°dx] = d[2z cos z*]dx
= (2cos °dx + 2x(— sinz%)2zdz) dx

= (2cos 2? — 42 sin 2%)da?.
Phwong phdp II. Tinh dao ham cap hai f/ ta cé
fi=2wcosa® f! =2cosx?— 4x®sinz?
va theo (8.6) ta thu dwoc
d*f = (2cos 2* — 4a? sin 2%)dz?.

b) Néu x 1a bién trung gian thi néi chung d?z # 0 va do dé ta c6

d*f = d(2x cos 2*dx) = (22 cos #*)d*x + [d(2z cos 2?)]dx

= 2z cos 2?d*x + (2cos x® — 42’ sinx?)dx®. A

Vi du 3. Ap dung vi phéan dé tinh gan ding cdc gid tri:
2—-0,15
1) ¢ m ; 2) arcsin0, 51; 3) sin29°.
Gidi. Cong thitc co ban dé ting dung vi phan dé tinh gan ding 1a

Af(wo) = df (v0) = f(wo + Az) — f(w0) = f'(w0) Az
= | f(xo + Ax) = f(z0) + f'(20) A
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Tir d6, dé tinh gan ding céc gid tri ta can thue hién nhw sau:

1" Chi ra biéu thitc giai tich d6i véi ham ma gid tri gan ding cta
né can phai tinh.

2% Chon diém My(zo) sao cho gia tri ctia ham v ctia dao ham cap
1 ctia né tai diém ay c6 thé tinh ma khong ding bang.

3% Tiép dén 1a 4p dung cong thirc vira néu.

. [2-0,15
1) Tinh gél’l dflﬂg 5 m

S6 da cho 13 gid tri clla ham

tai diem x = 0,15. Ta dit o = 0; Az = 0,15. Ta c6

Y Enl
/ 2+ 4y / / 1
e = — = e O —_ —— .

Do d6 vi y(0) = 1 nén

y(0,15) = y(0) +y'(0)Ax

1
=1—_-(0,15)=1-0,03=0,97.

2) Tinh gan ding arcsin 0, 51.

Xét ham y = arcsinz. SO can tinh 1a gid tri clia ham tai diém
0,51; tire 1a y(0, 51).

bat g =0,5; Az = 0,01. Khi d6 ta c6

arcsin(xo + Az = arcsinzg + (arcsinz)),_, Az

= arcsin(0,5 + 0,01) = arcsin0, 5 + (arcsina:)’}m -0,01

=0,5
T 1

= -+ ——=x (0,01).
6 1—(0,5)2 ( )
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C6 theé tinh gan ding /1 — (0,5)2 = /0,75 ~ 0,88 va do dé

arcsing, 51 ~ % 40,011 ~ 0,513

3) SO sin 29° 14 gid tri cua ham y = sinz khi z = T %29, Ta dat

180
T 30 <7r) 1 N ,<7r) T V3
To = —— = — —) == = cos T —) =cos—=—-
° = 180 o vlg) =g v Y% 6 2
29 0w
Pit Av =z — 2= 8 ~ T = =" Dods
L 1T R -1 Mt
s s 1 V3 m
in29° ~ (-) ’<—)~A _ —(——)z0,48. A
e EuE) TG ST e T 1R
BAI TAP
Tinh vi phan df néu:
1 —dx
1. = arctg—. bS. df = ——
flo) = et (DS df = )
2. = DS. 2*1n2 - 2tgx -
(@) (S, 272 2gr - 00
2%In2dx
3. f(x) = arccos(2). bS. ———
f(@) @) 08 -
4. f(z) = 2°Inz. (DbS. 2%(1 + 3lnz)dx)
5. f(x) = cos?(y/x). (DS. —2cos /7 - sin/x - \/_)
6. f(z) = (1 + z?)arcotgr. (DS. (2zarccotgr — 1)dz)
arctgx 1 — zarctgze
7. = . bS. ——
f(l‘) m ( (1+l‘2)3/2 l‘)
8. f(r) = sin® 2. (DS. 3sin 2z sin 4zdx)

9. f(z) = In(sin/@).  (PS. C‘);E‘Ff )
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1
—t €T - e_cosac
e ey

10. = ¢ cosa, DS.

fla) = e (s, LT gy

11. f(z) =27, (DS. —2ze %" In2dx)
2xdx

12. f(x) = arctgva? + 1. (bS. ot xZ)

13. f(x) = /zarctgy/z. (bS. 1 <arctg\/5 + ﬁ)dal:)

2\/x 1+
, x
9 T [2arcsmx — 2}
14. f(#)= —2 . (DS, V1=,
arcsinz (arcsinz)?

Tinh vi phan cip twong 1tng cia cdc ham sau

15. f(x) =47 &f 7 (DS. 4% 2In4(22%In4 — 1)(dx)?)

Y

16. f(z) = Vids —4. @f?  (ps. o4 lngx(d;c)2)

22/ (Inz — 4)3

17. f(x) =sin?z. d3f ? (DS. —4sin 2z(dz)?)

18. f(x) =+vx —1, d*f ? (bS. 16(%151)7/2

(d)?)

6
19. f(z) = zlnz, d&°f 7 (DS. —F(dx)‘r’, x> 0)
20. f(z) = zsinx; d°f ? (BS. (10cos z — xsinz)(dz)'Y)
St dung cong thitc gan diing
Af ~df

(khi f'(z) # 0) dé tinh gan ding céc gia tri sau
21. y=/3,98.  (DS.1,955)
22. y = ¢26,10.  (DS. 2,97)

(2,037)% — 3
(2,037)2 +5°

24. y = cos 31°. (bS. 0,85)

23. y = (PS. 0,35)
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25. y = tgd5°10.  (DS. 0,99)
26. y = In(10,21).  (DS. 1,009)
27. y = sin 31°. (bS. 0,51)

28. y = arcsin0, 54. (bS. 0,57)
29. y = arctg(1, 05). (bS. 0,81)
30. y=(1,03°.  (DS.1,15)

8.3 Cac dinh 1y co ban vé ham kha vi.
Quy tic ’Hospital. Coéng thirc Tay-

lor

8.3.1 Cac dinh ly co ban vé ham kha vi

Pinh ly Rén (Rolle). Giag si:
i) f(x) lién tuc trén doan |a,b].
ii) f(z) ¢d dao ham hiu han trong (a,b).
i) f(a) = /().
Khi dé ton tai diém € :a < & < b sao cho f(£) = 0.

Dinh 1y Lagrang (Lagrange). Gia si:
i) f(x) lién tuc trén doan |a,b].
ii) f(z) ¢d dao ham hitu han trong (a,b).

Khi dé tim dwoc it nhdt mét diém & € (a,b) sao cho

f<b[)) : £<a> = f1(€) (8.12)
hay la
f(b) = f(a) + f/(§)(b—a). (8.13)

Cong thire (8.12) goi la cong thire s gia hiru han.
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Dinh 1y Cési (Cauchy). Gid si:

i) f(x) va o(x) lién tuc trén doan |a,b].

ii) f(z) va ¢(x) cd dao ham hitu han trong (a,b).

i) [f"(@)]* + [¢'(x)]* # 0, nghia la cdc dao ham khong dong thoi
bang 0.

iv) (a) # ().

Khi d6 tim dwoc diém & € (a,b) sao cho:

fEb) —fla) _ f©) (8.14)

Dinh 1y Lagrange la trwomg hop riéng cua dinh 1y Cauchy vi khi
o(x) = z thi tir (8.14) thu dwoc (8.13). Dinh ly Ron cung la trirong
hop riéng cia dinh 1y Lagrange véi dieu kién f(a) = f(b).

CAC Vi DU
Vi du 1. Gid st P(z) = (z + 3)(z + 2)(x — 1).

Chttng minh rang trong khoang (—3,1) ton tai nghiém ctia phwong
trinh P"(§) = 0.

Gidi. Da thite P(x) ¢6 nghiém tai cdc diém z; = —3, 2o = —2,
g = 1. Trong cac khoang (—3,—2) va (—2,1) ham P(x) kha vi va

thda man cdc diéu kién cia dinh 1y Ron va:

Do d6 theo dinh 1y Ron, tim dwge diém & € (—3,—-2); & € (—2,1)

sao cho:
Pl(&) = P'(&) =0.

Bay gio lai 4p dung dinh 1y Ron cho doan [£;, &] va ham P'(z), ta
lai tim dwoc diém € € (&, &) C (—3,1) sao cho P"(€) = 0.
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Vi du 2. Hay xét xem ham f(z) = arcsinz trén doan [—1,+1] c6
thoa man dinh ly Lagrange khong? Néu thda man thi hay tim diém
¢ (xem (8.12)).

Giai. Ham f(z) xac dinh va lién tuc trén [—1, +1]. Ta tim f'(z).

Fla) = ——— — @) <00, zE(~1,1)
Vi

(Lwu ¥ rang khi # = £1 dao ham khong ton tai nhung diéu dé
khong anh hwdng dén sy théa man diéu kién cta dinh 1y Lagrange !).
Nhw vay ham f thoa man dinh 1y Lagrange.

Ta tim diém &. Ta cé:

arcsinl — arcsin(—1) 1

1= (-1 Jie

7-(-3)
9 U 9 1 2 4
= = > V1= =—=o=F/1-—
2 /71 — 52 f T 51,2 2
Nhw vay trong trwomg hop nay cong thite (8.12) thoa man déi véi

hai diém.

Vi du 3. Hay khéo sat xem cac ham f(z) = 2% — 2z + 3 va ¢(z) =
% — 72?2 + 202 — 5 ¢6 thda man diéu kién dinh 1y Cauchy trén doan
[1,4] khong ? Néu ching thdéa man dinh ly Cauchy thi hay tim diém
13

Gidi. i) Hién nhién ca f(x) va o(z) lién tuc khi x € [1,4].

ii) f(z) va ¢(x) c6 dao ham hiru han trong (1,4).

iii) Dieu kién thit iii) cing thda man vi:
d(z)=32* - 142 +20 >0, z€R.

iv) Hién nhién (1) # ©(4).
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Do d6 f(z) va ¢(x) thoa man dinh 1y Cauchy va ta ¢

(O ORN I

p4) —p(1)  ¢'(§)

Tir d6 thu dwoc & = 2, & = 4 va & day chi ¢6 & = 2 1a diém trong
ciia (1,4). Do dé: € = 2.

11-2 26 — 2
27 —9 32— 146 +20°

€€ (1,4).

Vi du 4. Dinh ly Cauchy c¢é 4p dung dwgce cho cac ham f(z) = cosx,
o(x) = 23 trén doan [—7 /2, 7/2] hay khong ?

Gidi. Hién nhién f(r) va op(x) thda man cdc dieu kién i), ii) va
iv) ctia dinh 1y Cauchy. Tiép theo ta cé: f'(x) = —sinx; ¢'(z) = 322
va tai = 0 ta ¢6: f'(0) = —sin0 = 0; ¢'(0) = 0 va nhw vay
[¢'(0)]2 + [£'(0)]? = 0. Do d6 diéu kién iii) khong diroc thda man. Ta

xét vé trdi cla (8.14):

(
f(b) — f(a) _ cos(m/2) — cos(—m/2)
p(b) — o(a) (7/2)? = (—7/2)

Béy gior ta xét vé phai cta (8.14). Ta cé:

f'§) _  sing
¢'(§) 3¢2

=0.

Nhurng ddi véi vé phai nay ta co:

. sin & . sin& . 1

bieu dé chimg té rang cdc ham da cho khong thda man dinh ly

Cauchy.

BAI TAP

1. Ham y = 1 — v/22 trén doan [—1, 1] ¢6 théa méan diéu kién ctia dinh
Iy Ron khong 7 Tai sao 7  (Tra 1oi: Khong)
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2. Ham y = 32% — 5 ¢6 thda man dinh ly Lagrange trén doan [—2,0]
khong ? Néu né thda man, hay tim gid tri trung gian £, (Tra 1oi:
Cé)

3. Chitng minh rang ham f(z) = z + 1/ théa man dinh 1y Lagrange
trén doan [1/2,2]. Tim &, (DS. £ =1)

4. Chitng minh rang cdc ham f(r) = cosx, p(x) = sinz thda man
dinh 1y Cauchy trén doan [0,7/2]. Tim £ 7 (DS. £ = 7/4)

5. Ching minh rang ham f(z) = e va ¢(z) = 2?/(1 + 2?) khong
théa man dinh 1y Cauchy trén doan [—3, 3].

6. Trén dwong cong y = 2 hay tim diém ma tai d6 tiép tuyén véi
dwong cong song song véi day cung néi diem A(—1,—1) véi B(2,8).
(bS. M(1,1))

Chi dan. Dira vao y nghia hinh hoc ctia cong thitc s6 gia hiru han.

8.3.2 Khit cdc dang vd dinh. Quy tic Loépitan
(L’Hospitale)

Trong chwong II ta da dé cap dén viée khir cdc dang vo dinh. Bay gio
ta trinh bay quy tac Lopitan - cong cu co ban dé khir cdc dang vo
dinh

Dang v6 dinh 0/0

Gia st hai ham f(z) va ¢(x) thda man cdc dieu kién
i) lim f(z) =0; limp(z) =0.
ii) f(x) va p(z) khd vi trong 1an cén ndo d6 cta diém r = a va
¢'(r) # 0 trong lan can do6, cé thé trir ra chinh diém z = a.
iii) Ton tai gi¢i han (httu han ho#ic vo cing)
/
lim f(w)

=k.
@)
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Khi do6
lim M = lim fz) .
@) o ()

Dang v6 dinh oco/o00
Gid st f(x) va ¢(x) thda man cdc diéu kién ii) va iii) cia dinh ly
trén day con diéu kién i) dwoc thay bdi diéu kién:
i lim f(w) = o0, lim g(z) = oo,
Khi dé:
N CIe

im —= = lim
—ap(x)  e=ag!(z)

T

Chii 9j. Néu thwong f'(z)/¢'(x) lai c¢6 dang vo dinh 0/0 (hodc
00/00) tai diem x = a va f’, ¢’ thda man céc diéu kién i), ii) va iii)
(twrong dng 1), ii) va iii)) thi ta cé thé chuyén sang dao ham cap hai,...

Cac dang vo6 dinh khac

a) Dé khir dang vo dinh 0 - oo (h_r)n flz) = 0,limp(z) = 00) ta
bién ddi tich f(x) - ¢(z) thanh: o o

L\ @)
D) 1 Tooo) (dang 0/0)
ii) #lz) (dang oo/00).

/1)
b) Dé khit dang v6 dinh oo — oo
Ta bién d6i f(x) — ¢(z) (trong dé lim f(z) = oo, lim o(r) = o0)
thanh tich o o
1 1
1) = o) = f@)elo)| 5 = 1.
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hoac

c¢) Dang vo dinh 0°, 00, 1%

Khi tinh giéi han clia ham dang F(x) = [f(2)]*® thong thwong
ta gip céc dang vo dinh 0°, oo hodc 1%°. Trong nhitng trirdong hop
nay ta cé thé bién doi F(z) dé dwra vé dang v6 dinh 0 - co da néi trong
1) nho phép bién doi

F(z) = [f(a:)]“’(l’) _ @D p(@)inf(2)
va do tinh lién tuc ctia ham ma ta sé co:

lim[f(x)]“"(””) — elimlep(@)Inf ()]
Chii 9. Ta Iwu y rang mac dit quy tac Lopitan 1 mot cong cu
manh dé tinh gi¢i han nhung né khong thé thay toan bo cic phwong
phép tinh gi¢i han da xét trong chwong II. Diéu dé dwoc chitng to

trong vi du 7 sau day.
CAC Vi DU
2
Vi du 1. Tinh lim ©— 1%

=1 e¥ —e

Giai. Ta c6 vo dinh dang “0/0”. Ap dung quy tdc L'Hospital ta

thu dwoc
2r + L
2_ 141 2 _ 1+ Inz) rT= 3
li e @ ey T e 3,
z—1  eT —e z—1 (er —e) z—1 % e

Vidu 2. Tinh  lim

r—+o00 et
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Giai. Ta ¢6 vo dinh dang “co/00”. Ap dung quy tic L'Hospital n
lan ta thu dwoc

" nt — 1)z 2 —1)...2.
lim 2 i M gy P Vet e )2

z—oo et z—1 er z—1 et z—1 et
. nl
=lim—=0. A

rz—1 em

Vidu 3. Tinh lim zlnz.
z—04-0

Gidi. Ta ¢6 vo dinh dang “0 - 00”. Nhuwng
1

=
S

rlnx =

aw‘

va ta thu dwoc vo dinh dang “co/c0”. Do d6

1
. . Inz)’ . - .
lim zlnz = Lim ( ) = L — _ lim z=0. A
x—040 x—040 <l)/ x—040 i x—040
x 2

Vidu 4. Tinh lim 2%.
° z—0+0

Gidi. O day ta c6 vo dinh dang “0°”. Nhung
T zlnz

Tr =€

va ta thu dwoc vo dinh dang 0 - oo & s6 mu. Trong vi du 3 ta da thu

dwoc
lim (zlnz) =0,
x—040
do dé
. = . g lim zlnz 0
lim 2% = lim e = ez—0+0 —e =1. A

z—0+0 z—0+0

Vi du 5. Tinh lim (1+ 22) 7=

z—0



92 Chwong 8. Phép tinh vi phan ham mot bién

Gidi. O day ta c6 vo dinh dang 1°°. Nhung

In(1+x2)

(1+ :1:2)m = e 1w

va & s6 mil cla liy thira ta thu dwoc vo dinh dang “0/0”. Ap dung
quy tac L'Hospital ta thu dwoc

In(1 2 2 2
hmm _ liml“‘ix — lim r
z—0e? —1—x 2-0e*—1  a2-0(e—1)(1+

Vidu 6. Tinh lim (tgx

$—>§

)2cosa:

Gidi. Ta c6 vo dinh dang “cc®”. Nhung

2ln tgx
= e 1/cosx

2cosx .
(tgl‘) — 62 coszln tgx

va & s6 mil cia liy thira ta thu dwoc vo dinh dang “co/o0”. Ap dung

quy tic L'Hospital ta cé

1 1
. 2In tgx . cos?x-tgx .
lim & :2hm%g:2hm%
T 1 T +sinzx z—Z tgw
CoS T cos? x
sinx
) " cos? )
=2 lim Lﬂf = lim cosx = 0.
z—Z z—Z
2 2tgx 2
2
cos? x
Do do
2 cos z lin}r 2 cosz-In tgx 0
lim (tgx) =e"2 =e =1 A
z—7

2
Vi du 7. Chitng minh rang gi¢i han

0 z?sin(1/z)

. =0
z—0 SIn T
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9) lim =0T
z—oo ¥ + SIN Y )
khong thé tim dwoc theo quy tac L'Hospital. Hay tinh cdc giéi han
dé.
Gidi. 1) Quy tac L'Hospital khong &p dung dwgce vi ty s6 cac dao
ham [2zsin(1/x) — cos(1/z)]/ cos x khong ¢é giGi han khi 2 — 0.

Ta tinh triec tiép gidi han nay.

2 .
. x?sin(1l/x ) x ) 1
hm#:hm.—~hmxsm—=1-0=0.
z—0 Sin & z—0sInx z—0 x

2) Quy tac L'Hospital khong dp dung dwoc vi ty s6 cdc dao ham

1—cosx

= tg%(z/2
1+ cosz g (@/2)
khong ¢6 gidi han khi x — oo.
Ta tinh truc tiép gidi han nay
o 1 — (s
lim L8y L OO <

z—oo I + SIN % T—00 [1 + (smx)/x]

Nhwr & phan dau cia tiét nay da ndi, quy tdc L'Hospital 14 mot
cong cu manh dé tim gi¢i han nhung dieu dé khong cé nghia 1a né cé
thé thay cho toan bo cac phwong phap tim gidi han. Can lwu ¥ rang

f(x)

quy tic L’Hospital chi 1a dieu kién di dé ton tai gi¢i han: lim @)
z—a g(x
chit khong phai 1a diéu kién can.

BAI TAP

Ap dung quy tdc L'Hospital dé tinh gi6i han:

*— 16 16
1. i . ps. —
23 13 + 522 — 61 — 16 (BS. 73)

2. lim~——% . (ps. ZLamn)

z—a " — a” n
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10.

11.

12.

13

14.

15.

16.

17.

18.

19.

20.

€2a: _

lim — .
z—0 SInx

(DS. 2)

2

(DS. 75)

1 —cosax
im-——-——:.
z—0 1 + cos bx
r __ —Xr __ 2
imS % —*  (ps. 2
x—0 r —SIinx
In(1 2
i And+2%)
z—0cos3xr — e *
el/r* —1 1
m —.
z—oo 2arctgr? —
20 +1

(BS. 0)

, In(1 + x?)
lim
z—oo In[(m/2) — arctgx]

2 _
im YL (ps —

T—00 €T

X
lim —2 . (DS.
gy B8 )

. (PS. -2)

Insinz

(DS. 1)

im : .
z—+0 Insin bz
T —a

lim arcsin

r—a

lim (7 — 2arctgz)Inz. (bS. 0)

r—00

lim (a*/* — 1)x, a > 0. (DBS. Ina)

r—00

cotg(x — a). (bS. 1/a)

lim (2 — z)%%. (DS. /™)

m—)l

i [~ 08D
lim (z — 2%In(1 + 1/x)). (bs. 1/2)

1
lir% <—2 - cotg%). (bS. 2/3)
r— €T
lim g1/ =1, (bS. e)

z—0
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

. tgr
ml—%&o (cotgz) ™. (DS. 1)

5 1/sinz
) s, e

i (>
=0 \2++V9+z
. COthJ? _1/2
il_r)% (cosx) . (bS. e1/%)
1/Inx

ml—%&o (In2x) (bS. 1)
lim (1+sin?2)" /7. (DS, ¢)
. 1/Inz 1
ml—{gio (cotga) . (bS. e

lim (sin x)tgm. (bS. 1)

x—/2

lim : . (bS. —2)

2 x 2
lim <—arccosx)l/ . (bS. e77)

x—0 \ 7T

1
lim -~ a>0.  (DS.0)

r—o0 %
m

lim *—, 0<a#1  (DS.0)

rz—o0 Q¥
Insinx 1

im ——. :
z—0+0 In(1 — cos x)

Tl 5
glgl_I)% [P — cotg x} (bS. §>

lim (tgx)tg%. (bS. e™)
i

lim (tgz) coter, (bS. 1)

r—3-0
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8.3.3 Cong thirc Taylor

. \ ’ . A~ A~ N ’ o N S
Gia st ham f(z) xdc dinh trong lan can nao dé ctua diem zy va n lan

kha vi tai diém z, thi

@) = flao) + L0 )+ L e
™ (2,
+ f ( )(.Z' N xo)n —|—0((l‘ _33'0)”)

n!

khi  — xg hay:

"L R (g i
f(x)zzf ( )(x—xo) +o((x —x0)"), x—x0.  (8.15)

k!
k=0

Da thice

") (g i
Pu(z) =) f k(‘ )(x—xo) (8.16)

dwoc goi 1a da thite Taylor clia ham f(x) tai diém g, con ham:

dwoc goi 1a s6 hang dw hay phan dw thit n cia cong thire Taylor.
Cong thire (8.15) dwoce goi 1a cong thite Taylor cidp n doi véi ham

f(z) tai 1an can cta diém zo v6i phan dw dang Peano (né ciing con

dwrge goi 1a cong thire Taylor dia phwrong). Néu ham f(z) c6 dao ham

dén cap n thi né cé thé biéu dién duy nhat dwédi dang:

f(x) = Zak(x —20)" +o((x — 20)"), T — X0

k=0

véi cde hé s6 ap dwoc tinh theo cong thire:

f(k) (370)
T

ag kZO,l,...,TL.
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Néu zg = 0 thi (8.15) c¢6 dang

f(lZ'(O)xk +o(z"), x—0 (8.17)

NE

flx) =

k=0
va goi la cong thirc Macloranh (Maclaurin).

Sau day 1& cong thitc Taylor tai lan can diém zo = 0 clia mot s6
ham so cap

n l‘k
=3 Lt o(a")
i=o k!

IL. smx—x—z—?+§_?+ +%+0<x2n+2>
2+
B Z e o)
n 2k
ITI. cosxz = kgo(—l)km + o(z?mH1)

V. (1+2)" = 1+ia(a_1)"l'€!(a_k+1)xk+o(x”)

k=1

_1+Z< )x + o(z")

ala—1)...(a—k+1) néu o € R,
i —)\F

Cck néu o € N.

Trwong hop riéng:

1 n
IvV;. = 1)kak "
Vi 1 = D ol
1 n
V. = Y a2k +o(a")
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Vv In(l+z) = ¥+ o(z™).
i
Inl—z)=—-% —+o(z").
il

Phwong phép khai trién theo cong thitc Taylor
Nhw vay, dé khai trién ham f(z) theo cong thitc Taylor ta phai ap

dung cong thirc
f(x) = Ta(x) + Ruga (2),

To(z) = Z ax(z — x0)",

k
. ;(!%) : (8.18)
1) Phwong phap truwc tiép: dwa vio cong thire (8.18). Viée st
dung cong thitc (8.18) dan dén nhitng tinh todn rat cong kénh méc
di né cho ta kha nang nguyeén tac dé khai trién.
2) Phwong phap gidn tiép: dwa vao cc khai trién c6 san I-V sau
khi da bién doi so bo ham da cho va Iwu ¥ dén cdc quy tac thuwe hién

céc phép todn trén céc khai trién Taylor.

Néu
f@) =" ar(x — 20)* + o((z — x)")
g9(z) = bp(x — 20)" + o((x — x0)")
thi

n

@) f(z) +g(w) = 2, (ax +bi)(w = x0)* + o((x — x0)"):
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n

b) f(z)g(x) = 3 cx(w = z0)* + o((x — z0)")

ck = iapbk_p
) Flx) = flow)] = 32 oo S (0u(o — )" — ]
—i—o((kiobk(x —x0)F — xo)n)

3) Dé khai trién cdc phan thitc hitu ty theo cong thitc Taylor thong
thwong ta biéu dién phan thitc d6 dwdi dang tong clia da thite va céc
phéan thirc co ban (t6i gidn !) roi 4p dung VI, IV,.

4) Dé khai trién tich cdc ham lwong gidc thong thwong bién doi
tich thanh tong céc ham.

5) Néu cho trirge khai trién dao ham f’(z) theo cong thire Taylor
thi viéc tim khai trién Taylor ctia ham f(x) dwoc thire hién nhw sau.

Gid st cho biét khai trién

F(@) =3 bule — 20)* + ol (x — 20)"),

k=0
JED (x0)
K
Khi d6 ton tai f""V(2q) va do d6 ham f(x) c¢6 thé bidu dién dwéi

dang

by, =

n+1

f@) =Y ap(@ —w0)* + o((x — x0)" ")
k=0
= f(xo) + Y ara(z — 20)*™ + o(x — wo)" ™)
k=0
trong do
f(k+1)(x0) B f(k+1)(:c0) 1 b

AT TG K k+l k+l
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Do do

f(x)—f($0)+k0k+1

(2 — 20)"" + o((z — 20)" ") (8.19)
trong dé by, 1a hé s6 ctua da thirc Taylor déi véi ham f'(z).

CAC Vi DU

Vi du 1. Khai trién ham f(x) theo cong thitc Maclaurin dén s6 hang
o(z™), néu

3+x

2—x

Gidi 1) Ta ¢6 f(z) = 2e2* + 5¢2*. Ap dung I ta thu dwoc

) f@)=(@+5e 2) @)=l

flz) = x(n_l 2, o™ 1)) +5( 3 # +o(a")

k=0 ’ k=0

2F nén ta cé

fa) =5+ [(;__1)! + 22 ]ak 4 ofa)

2=
—(k+ 10)2" 4 o(z™).

[y

k=0

2) Tir dang thirc

f@) = + (14 %) ~m(1- %)

va V ta thu duwoc
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Vi du 2. Khai trién ham f(z) theo cong thitc Taylor tai lan can diém

7o = —1 dén s6 hang o((z + 1)?") néu
3r +3
fla) = o td
3—2r—x
Giai. Ta cé
3(a + 1) 3 (@ +1)>\ 4
r) = =—(r+1)(1- .
fa) = = = e+ ()

Ap dung cong thirc IV ta thu dwoc

f(z) = g(:c—l— 1) + g(er 1) _/E (—1)’“<x le +o((x +1)™)
trong do6
1 AV IR
_5 (_1>k:<_1>k< 2)( 2 )k' ( 2 ( ))
k !
(26— 1)
- 2Kkl
Do dé

n—1

3(2k —1)!

f(x) = x—l—l )+ Z 23"““]{‘ 2+ 1) L o((z +1)2). A
k=1

Vi du 3. Khai trién ham f(z) theo cong thitc Taylor tai lan can diém
7o = 2 dén s6 hang o((x — 2)"), néu
f(z) = In(2z — 22 + 3).
Gidi. Ta biéu dién
20— +3=0B—2)(z+1)=[1—(z—2)][3+ (x —2)]

x—2}
5 |-

=3[1— (@ -2 [1+



102 Chwong 8. Phép tinh vi phan ham mot bién

Tir d6 suy ra rang
2
fl@) =3+ Infl = (o = 2)] + In[1+ 7]

va ap dung cong thirc V ta thu dwoc

f(av):lni%—zl +Z klx_Q) +o((x —2)")

ln3—|—2[ —1} <x_]€2) Yo((x—2)"). A

Vi du 4. Khai trién ham f(x) = Incosx theo cong thitc Maclaurin
dén s6 hang chira 4.
Gidi. Ap dung III ta thu dwoc
2?2zt
In(cosz) =1n [1 —5tot o(z*)| = In(1 + 1),
trong do6 ta dat

Vi du 5. Khai trién ham f(z) = €% theo cong thitc Maclaurin
dén s6 hang chira 3.

.9 . . oA A N . 7
Gidi. Khai trién can tim phai ¢6 dang

e
Q
o
w
8
Mw
S
>
H
+
Q
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Vi zcosz = x + 0(z), (zcosz)’ = 2% + o(2¥), k = 1,2,... nén
trong cong thirc
e’ = —‘—l—o(w”), w=xCosT
k=0
ta can lay n = 3. Ta c6

.%'3

w—xcosx—x—g—i-o( zt)

w? = 2%+ o(z?), w =2+ o(z?)

va do do
3
pTCosT Zw_
k!
k=0
x’ Lo 3 1 3
=1+x —§+o( )+§(x +0(:c))+§(x + o(z%)) 4 0(z”)
1 1
:1—|—:c—|—§:c —gzcg—l—o(xg). A

Vi du 6. Khai trién theo cong thitc Maclaurin dén o(z*"1) ddi véi

cac ham

1) arctgz, 2) arcsinw.
Gidi. 1) Vi
1 - k, .2k 2n+1
(arctgr)’ = i (—1)"z* + o(x™ )
k=0
nén theo cong thire (8.19) ta cé
n L a2 -
arctgr = 1)+ o(z™"").
Véin = 2 ta thu duoc
3 5
arctgr = x — A o(z?)

3 )
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2) Ta c6
1 n 1
(arcsinz)’ = — 1+ Z(_l)k 2 | a2+ o(z2+1)
- k=1 k
- 2k — 1)!!
= 1*‘253(‘1>k( Qkk!> 7 +o(@® )

T d6 dp dung cong thire (8.19) ta cd

: = (2k— 1) .
arcsinz = x + Z m:ﬂ’”l + o(z*"*).
k=0

Véin = 2 ta thu dwoc

: L, 3 5 6
arcsine =x + <2+ —x" +olx”). A
6 40 (%)
Vi du 7. Khai trién ham f(z) = tgz theo cong thitc Maclaurin dén
o(x%).
Gidi. Ta sé dung phwong phdp hé s6 bat dinh ma noi dung dwoc
thé hién trong 1oi giai sau day.

Vi tgz 1a ham 1é va tge = x + o(x) nén
tgr = x + a3z’ + asx” + o(z®).

Ta stt dung cong thirc sinz = tgx - cos x va cac khai trién I va II1
ta co

x® 2P 6 3 5 6 x? ot 5
l'—?—f‘g‘i‘O(l'):(l'—l-agl' + asx +0(l‘ ))(1—5—1-54‘0(1' ))

3

Can bang céc hé s6 ctia 2% va 2% & hai vé ta thu dwoc

L1,
6 2"
1 1 as

54 o
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< s 1 ,
Tu’dosuyraagzg, a5:E. Do d6
t +ﬁ+2ﬁ+—(% A
= — 4+ — +o(x”).
S T

Vi du 8. Ap dung cong thitc Maclaurin dé tinh céc giéi han sau:

(M

T

sinx — x e~ 2 —Cosx
1 lim — 2 lIlm ———
) z—0 3 ’ ) a—0 x3sinz

Gidi. 1) Ap dung khai trién déi véi ham sinz véi n = 2 ta ¢6

sing— x—g—l—o(:c‘l)—x
lim = lim :
x—0 1‘3 x—0 1‘3
. o(x?h) 1 1
Tyt s Tty

2) Ap dung céc khai trién bang ddi véi ef, cost, sint cho truwomg

hop nay ta cé

2 4 2 4

N x x A x x A
=% —cosz 1—7+§+0(x)—1+7—ﬂ+0(3:)
lim = lim
2—0  x3sinx z—0 3z +0(x))
zt ot 1 1 oz*)
T 0(xt - —
TR - TR
= lim lim 7
z—0 4+ 0(1‘4) z—0 0(:13 )
1+ 1
x
L ! +0
8 24 1
1+0 12
BAI TAP

Khai trién cdac ham theo cong thitc Maclaurin dén o(z™) (1-8)

n k
L@ =gy (DS (D g+ o)
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_ 1 & k22— n
2. f(z) = Ve (PS. kgo(_m ZEEURE 4 o(a™))
3. f(z) = ﬁ (S, kio(k + 1)+ o(z™)
4. fz) = 1n§ - gi (PS. h% + kil (_4]17,:9@«% +o(@™)

5. f(z) =In(2? + 3z + 2).

(PS. In2 + zij %(1 +27%)2" 4 o(2™))

n (_1)k—1 . Q—k

6. f(z)=In(2+x—2?). (DPS.In2+ > k zF + o(z™))
k=1

1 — 222
T I@) = k .

1 o (—1)k = 7.2k

ps. L4 5o EY 7 + ofa™)
2 = 3
322+ 5z — 5 5 &

: = T (Bs. = 1)k (kD) _ 1]k ).
8. fla)=—5—5 S 2+k§[( ) Ja* +o(z"))

Khai trén ham theo cong thitc Maclaurin dén 0(z?"1) (9-13)

) ) n (_1)k+124k—3
9. f(z) = sin” z cos” x. bS. -
f(a) 8. 3

3(=1)"
4(2k)!

:L'% + 0(1‘2n+1))

10. f(z) =cos®z. (DS. i (321 4 1)22k 4 o(227+1))
k=0

Chi dan. cos® x = 7o 3x + 7 CoS T

11. f(x) = cos*z + sin* z.
n 42k
DS. 1+ 3 (—1)F——a? + 0(x%
(DS. 1+ 35 (—1)F G+ 0(a)

x . 3
Chi dan. Chiing minh rang cos* z + sin'z = 1 + 7 608 4.

12. f(x) = cos® z + sin® z.

n 3(_1)k42k—1

bS. 1+ >

= 2<2k>! :L'% + 0(1‘2n+1))
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13. f(x) =sinxsin3x.

n (_1)k22k—1
(bS. kgo I

Khai trién ham theo cong thitc Taylor trong lan can diém zo dén
o((x — xo)™) (14-20)

(1 _ 22k>x2k + 0(1‘2n+1)).

1
14. f(z) =z, zo=1. (bS. kgo g (z — )% +o((x — 1))

15. f(x) = (2? — E);;:_,;(:z = 5—)1.
(bS. kgl = (x+ D +o((xz+1)"))

16. f(x) =In(z? — Tz + 12), 2o = 1.

(DS In6 — i #(Z‘ _ 1)k + 0(1‘ _ 1)n))
17. f(z) = ln%’ T = 2.
D8 (o= 2)+ 35 (3 + ) =2 ol —2))
18, 1) = =2 -2 (o, 3 (e =2+ of(x—2))
19 fr) =TS Ly
(BS. 3+ (1) (@ = 3)" + of(z = 3)")
22+ 4x +4
20. f(l') = Wlm, To =
s, 35 CLE=D o ol + 27)

Ap dung cong thite Maclaurin dé tinh giéi han
T_ T _ 9
21. lim—— < — = (DS. 2)
z—0 r —Ssinr

tgr + 2sinx — 3x

22. li
ml_)f% 1‘4

(PS. 0)
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23.

24.

25.

26.

27.

28.

}}i_)r% p (DS. 1)
1 1

lim <— _ ) (DS. 0)
z—0 \I Sinx

COoS ¥ — e‘é 1
lim 2 ps ——
=0 gh ( o)

1 — VIt a2 1
lim TN (ps. ;)
x—0 €T 3

22

ln< coszx + —) 1
lim . 2/ (DS. —-)
=0 x(sinz — x) 4
. sin(sinz) — xv/1 — 22
lim .

x—0 1‘5
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9.1 DPao ham riéng

9.1.1 DPao ham riéng cap 1

Gid st w = f(M), M = (z,y) xéc dinh trong lan can nio dé clia diém
M (z,y). Tai diém M ta cho bién z s6 gia tiy ¥ Az trong khi van gitt
gia tri ctia bién y khong déi. Khi d6 ham f(z,y) nhan s6 gia twong

ung la
Ayw = f(z + Az,y) — f(z,y)

goi 13 56 gia riéng ciia ham f(z,y) theo bién z tai diem M (z,y).

Twong tw dai lwong

Ayw = f(:c,y—i—Ay) - f(x,y)
goi 13 56 gia riéng cia ham f(z,y) theo bién y tai diem M (z,y).
Dinh nghia 9.1.1

1. Néu ton tai gi¢i han hitu han

Agw _ . flet+ Azy) — f(z,y)
Az—0 Azx Axz—0 Az

thi gi¢i han d6 dwoc goi 1a dao ham riéng ctia ham f(x,y) theo bién
r tai diém (z,y) va dwoce chi bdi mot trong cdc ky hiéu

ow  9f(a,y)

or ) Ta fm(x7y>7 W
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2. Twong tu: néu ton tai gidi han

Ay—0 Ay Ay—0 Ay

thi gi¢i han d6 dwoc goi 1a dao ham riéng ctia ham f(x,y) theo bién
y tai diém M (x,y) va dwoc chi béi mot trong cdc ky hiéu
ow of(x,
a Ma f/(x7y)7 w/'
ay ay Y Yy
Tir dinh nghia suy rang dao ham riéng ctia ham hai bién theo bién
x 1& dao ham thong thirong ctia hdm mot bién z khi ¢6 dinh gia tri
ctia bién y. Do dé céc dao ham riéng dwoc tinh theo cdc quy tdac va
cong thite tinh dao ham thong thwong cia ham mét bién.
Nhan zét. Hoan toan twong ti ta cé thé dinh nghia dao ham riéng

ctia ham ba (hodc nhiéu hon ba) bién s6.

9.1.2 DPao ham cua ham hop

Néu ham w = f(x,y), * = z(t), y = y(t) thi biéu thic w =
flz(t),y(t)] 1a ham hop cua t. Khi d6

dw Ow dx Ow d_y

B 1

i or dt oy @ (91)
Néu w = f(z,y), trong d6 x = z(u,v), y = y(u,v) thi

ow _ owor  dudy

ou  Oxdu Oyou’ 9.2)

ow _ owds  owdy. ‘

ov Oz dv Oy v

9.1.3 Ham kha vi

Gia stt ham w = f(M) x4c dinh trong mot 1an can nao dé ctia diém
M(z,y). Ham f dwoc goi 1a ham kha vi tai diém M (x,y) néu s6 gia
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Af(M) = f(z + A,y + Ay) — f(x,y) cta ham khi chuyén tir diém
M(x,y) dén diéN (z + A,y + Ay) ¢ thé bicu dién dwdi dang

Af(M) = DiAx+ DAy +o(p), p—0

trong dé p = /Az? + Ay?.

Néu ham f(z,y) kha vi tai diem M (x,y) thi

Of oy _ 9 iy —
5, M) =Dy, ay(M)*D2
va khi do
0 0
Af(M) = a:];(M)Ax—i-a—fAy—i-o( ), p—0. (9.3)

9.1.4 DPao ham theo hudng

(1) w = f(M) la ham x4c dinh trong lan cén nao d6 cta diém
M(z,y);

(2) € = (cosa,cos 3) 1a vecto don vi trén dwong thang cé hwéng
L qua diém M (z,y);

(3) N = N(z + Az,y + Ay) la diém thuoc £ va Ae 1a do dai clia
doan thang MN.

Néu ton tai gigi han hitu han

thi gi¢i han d6 dwoc goi 1a dao ham tai diém M (z,y) theo hwéng clia

ow
vecto € va dwroc ky hieu la 25" tire la

00 _ iy B
0¢  At—0 Al
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Dao ham theo hwémg cia vecto € = (cos a, cos 3) dwgce tinh theo
cong thirc
of _of

9,
35 = aac(M)cosoz—i—a—g(M)cosﬁ. (9.4)

trong d6 cosa va cos 3 1a céc cosin chi phwong ciia vecto €.

L L Of s of of

Vecto véi cace toa do == va — (tike la vecto <—, —

ox dy oz’ dy

la vecto gradién ctia ham f(M) tai diém M (z,y) va dwoc ky hiéu 1a
grad f(M).

d .
T d6 dao ham theo hwémg a—]i c6 bieu thirc la
2

)) dwgc goi

0
8_£ = <gradf, €>.

Ta lwu y réng: 1) Néu ham w = f(x,y) khd vi tai diém M(z,y)
thi nd lién tuc tai M va ¢d cdc dao ham riéng cdp 1 tai dd;

2) Néu ham w = f(x,y) ¢é cdc dao ham riéng cap 1 theo moi bién
trong lan can nao dé cia diém M(x,y) va cdc dao ham riéng nay lién
tuc tai diém M(x,y) thi ndé khd vi tai diém M.

Néu ham f(x,y) kha vi tai diém M (x,y) thi né c¢6 dao ham theo
moi hwéng tai diem dé.

Chii 4. Néu ham f(z,y) c6 dao ham theo moi hwéng tai diém M,
thi khong c6 gi dam bao 1a ham f(z,y) kha vi tai diem My (xem vi
du 4).

9.1.5 Dao ham riéng cap cao

Gia sit mien D C R2 va

f:D—R
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1a ham hai bién f(x,y) dwoc cho trén D. Ta dat

{(:c,y) €D: EI% # ioo},

D,
D, = {(:c,y) eD: ag—; £ ioo}.

D" = D,ND,

: - ) o L of s
Dinh nghia. 1) Céc dao ham riéng Iz va 8_y dwoc goi la cac dao
ham riéng cap 1.

2) Néu ham —=: D, — R va of : D, — R ¢6 cdc dao ham riéng
ox dy
901y rr_or
Oz \Ox Oxdx  0z%’
091y Of
oy\ox/)  0xdy’
9y O’
0x\dy/  Oyox
091y rr_of
Oy\oy/  Oydy Oy

thi ching dwoc goi 1a cdc dao ham riéng cdp 2 theo x va theo y.
Céc dao ham riéng cap 3 dwroc dinh nghia nhw 14 cdc dao ham riéng

ctia dao ham riéng cip 2, v.v...
2

0xdy v

lien tuc tai diém (x,y) thi tai diém dé cdc dao ham hon hop nay

Ta lru ¥ rang néu ham f(z,y) c¢6 cdc dao ham hon hop

82
Oyox
bang nhau:

a

o’f  9*f
0xdy  Oyox

CAC Vi DU
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Vi du 1. Tinh dao ham riéng cap 1 clia cdc ham
2) w=a".

9,
Giai. 1) Dao ham riéng a_w dwogc tinh nhw 1a dao ham cia ham w
x

theo bién z véi gid thiét y = const. Do d6

1) 4w =22 — 2xy? + 3.

ox

Twong tw, ta co

)
O (2? — 2uy? ), = 20 — 2% + 0 = 2z — ).

dy

2) Nhu trong 1), xem y = const ta c6

ow
(2 = 2zy® + y°), = 0 — 4wy + 3y° = y(3y — 4a).

T = (o), =yt

EX
Twong tir, khi xem x 14 hing s6 ta thu dwoc
0
T _ p¥ing.
dy

(vi w = ¥ 13 ham mu déi v4i bién y khi x = const. A

Vidu 2. Cho w = f(z,y) va x = pcosp, y = psinp. Hay tinh 8_/;]

Gidi. Dé 4p dung cong thite (9.2), ta lwu y rang
w = f(z,y) = f(pcos g, psing) = F(p, p).
Do dé theo (9.2) va biéu thitc ddi véi z va y ta c6

ow Owdxr Owdy Ow ow
= — — = COS Y + ——sin

dp 0Oxdp Oydp Ox 0y
8w_8w@+8w8y_3_w(_ sin )+8_w( cos )

dp 0z dp 0y g

= (—a—win +8_w ) A
=p o Sn e aycosga.
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Vi du 3. Tinh dao ham clia ham w = 2% + 3z tai diém My(1,2) theo
hwémg clia vecto MyM;, trong d6 M, 1a diém véi toa do (3,0).

Gidi. Dau tién ta tim vecto don vi € ¢ hwéng 14 hwdng da cho.
Ta co

MOM1 = (2, —2) = 261 — 262,

o MOM1 261—262
= [M,M;| =22 = &= —
Moy | Mo M| 22

1. 1.
= —¢€] — ——=€.
V2 V2
trong d6 &), €; 1a vecto dom vi ctia céc truc toa do. Tir dé suy rang

1
cosf=———-

1
Vo) V2

Tiép theo ta tinh cdc dao ham riéng tai diém My(1,2). Ta cé

cosx =

fL= 2w 4y = fL(Mo) = fi(L,2) = 6,
fi=2zy = fi(Mo) = f}(1,2) = 4.

Do d6 theo cong thite (9.4) ta thu dwoc

of 1 1
2 =6-——=—4-—==V2. A
oe V2 V2
Vi du 4. Ham f(x,y) = 2+ y + v/|zy| ¢ dao ham theo moi hwdng
tai diem O(0,0) nhung khong kha vi tai do.
Gidi. 1. Sy ton tai dao ham theo moi hwémg.
Ta xét hwdémng cia vecto € di ra tir O va lap véi truc Oz goc a. Ta
co

Acf(0,0) = Az + Ay + v/ |AzAy|

= (cosa+sina + /| cosasinal)p,
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trong d6 p = \/Ax? + Ay?, Ax = pcosa, Ay = psina.
Twr do6 suy ra
0 A.f(0,0
_f(o’ 0) = lim A.f(0,0)

~ = cosa + sina + /| sina cos ¢
oe p—0 p

titc 14 dao ham theo hwéng ton tai theo moi hwémg.
2. Tuy nhién ham da cho khong kha vi tai O. That vay, ta ¢6

Vi f, =1va f, =1 (tai sao ? ) nén néu f kha vi tai O(0,0) thi
Af(0,0) = Az + Ay + /|AzAy|=1-Ax+1-Ay+<(p)p

e(p) = 0(p—0), p=+Az?+Ay?

hay la luu y Ax = pcosa, Ay = psina ta ¢b

e(p) = /| cosasinal.

V& phai dang thitc nay khong phai 1a vo cliing bé khi p — 0 (vi né
hoan toan khong phu thudce vao p). Do d6 theo dinh nghia ham f(x,y)

da cho khong kha vi tai diem O. A
Vi du 5. Tinh cdc dao ham riéng cap 2 ctia cdc ham:
HDw=2zY, 2)w= arctgE .

Gidi. 1) Dau tién tinh cédc dao ham riéng cap 1. Ta c¢6
ow ow

o — yxy_l, 8—y = 2YInx.
Tiép theo ta cé

0?w _

Tz = yly —1)z¥72,

82

3 ;] = 2¥" ' 4 ya¥yne = 2Y7 (1 + ylnz),
yox

0? 1

5 gj = yr¥ nx +2¥ - = = 2v"1(1 + ylnx),
xdy x
0% f

a—y2 = l'y(ll’ll')2.
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2) Ta c6
ow y ow x
or a2+ y?’ oy w2+ 2
Tw do
P _ K T
ox2  Odx\x2+y2) (22 +y2)?’
8%0_8(—3:)_ 2y
oy2  Oy\a?+y2) a2+ y?’
82w_g< y )_ x? —g?
Oxdy Oy \x2+y2/) (22 +y2)?’
82w_8( x )_ x? —g?
Oydxr Oz \ x2+y2/) (22 +y?)?
X . 0? 0?
Nhan zét. Trong ca 1) lan 2) ta déu c¢6 Wg?g = ay;;. A

Vi du 6. Tinh cdc dao ham riéng cip 1 ctia ham w = f(z+y?, y+2?)
tai diem My(—1,1), trong d6 = va y 14 bién doc lap.
Gidi. Dat t = v+ % v =y + 2% Khi d6

w= flz+y*y+2°) = f(t,v).

Nhw vay w = f(¢,v) 12 hAm hop ctia hai bién doc 1ap x va y. N6 phu
thuoc cac bién doc 1ap thong qua hai bién trung gian t,v. Theo cong
thire (9.2) ta cé:

ow _of 0t 0f v

dr Ot O0r Ov Ox
= flle+v*y+2°) -1+ flle+ 92y +a7) - 20
= fi+2zf,
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ow . af _ gl _ /
%(_17 1) - %<072> - ft(072> 2fv(072>
Jw of ot Of 3’0_,. (.
=2yf{+ [,
ow . g o / !
a—y(—L 1) = ay(0,2) =2/;(0,2) + £,(0,2). A
BAI TAP

Tinh dao ham riéng ctia cdc ham sau day

. flayy) = 22 + 2 + 325
(BS. fl =2z + 6xy®, f, = 3y* + 92%y?)

i
. f(xayaz> =rYyz+ —.
yz

1 x T
(DS f;:yz—i_y_z’f;/:xz_yTz’f;:x _ﬁ>

. flx,y,2) =sin(zy + yz).  (DS. f. = ycos(zy + yz),
fy = (x + z) cos(zy + yz), f. = ycos(zy + y2))

- flw,y) = tglz +y)ev.

DS L= e e
) R — T ey —
T cos?(x +y) & Y y’
x/y
! e J»‘/Z/( .Z')
" - — ).
f cos2(:c—|—y)+ glx +y)e " )
. T |y —xsigny
. f= SE— bS. [/ = =
f = arcsin e ( Ja x2+y27 fy 22 £ 42

. flz,y) = zyln(zy).  (DS. f; = yln(ay) +y, f, = xln(ry) + )
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8. f(:[," y’ Z) — Zm/y
1 _
(DS. f! = 2*/¥Inz - <_)’ f= 2%V ng - <_2)’ - <£)Zac/y—1>
Yy Y Y
9. f(xayaz> = xyz.
(DS. f; = yzxyz_l’ fg// — l‘yzzyz_llnx, f; — l'yzln(l‘)zlﬂy)

10. f(z,y,2) = z¥y*2".
(BS. fl = vty + avy*2tInz, f) = aVlnzy®z" 4 vyt
[l = a¥y*Iny - 2% + ¥ Tlyz2771)

T+a
11. f(z,y) = Insin
VY
T+a T+a r+a
bS. fl = —cotg ,f’ cotg
12, f(z,y) = T e*arctgy.
)
1 x e’
bS. fl = — — e"arct = —— —
(BS. f; ; e*arctgy, f, /2 1+y2)

13. f(z,y) = In(z + /22 + ¢?).
1 1
(bS. f; = —jggqj;;,flz= /2y \/xjg_y2>
Tim dao ham riéng ctia ham hop sau day (gia thiét ham f(x,y)
Khi vi)
4. f(z,y) = flz +y,2° +y°).
(BS. fo=fi+ fi2e, fy=fi + f2y, t=x+y, v=2"+y?)

15. f(r,y) = f(g, 2.
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7/1):

8 I

L2 lv
16. f(z,y) = f(z —y,zy).
BS. fo=fi+ufe. fy=—fitaf,, t=2—y, v=ay)
17. f(z,y) = f(z =y y — 2*, 2y).
(BS. fo=fi—2f, +yfi, [y = —2uf{ + [ + 2,
t=z—y L v=y—12% w=u1xy)
18. f(z,y,2) = f(V/22 + y2, VY% + 22, V22 + 22).
zfy zfu y__ufi

1 Y —T 1 x
PS. = L r_ g Zf ==
( fa: yft v fy yg ft+va7 y

)

yf,

(PS. f

/ /
[ A SN ¥ "]

TRty VA a?

v= 12+ 22, w=V22+12)

19. w = f(z, xy, zyz).

DS.  fi=fl+tyf.+yzf,
= af, taxzf),

<R

!

= ryf,

t=uz, u=uzy, v=1ayz).

o

Trong cdc bai toan sau day hay chitng t6 rang ham f(z,y) thoa

man phwong trinh da cho twong ting (f(z,y)-kha vi).

- of  of
20. f_f(:cZ—l—yZ),y%—xa—ny
(YN OF 5 O
22. f=yf(=® -y, y% + xya—f = xyf
2 ,0f of

)
23. f:§+f(:c,y),x —x—:cya—y—l—yQ:O.

Ty VARtrar Y ey Va2
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_oag(Y 2N Of of of _

24. f==x f(xa’xﬂ)’xﬁx—i_&y&y—i_ﬁzﬁznf'
zy y z\ of of  Of ry

2 . ::-——1 —_— ., — —_— _— _— = —_—
5/ z nx+xf<x’x)’x8x+y8y+28z U z

. O O%f OEf
26. Tinh 027 920y O néu f = cos(xy)

(bS.  fr = —y*cosuzy, vy = —sinxy — zycoszy, fy,

—x? coszy)

27. Tinh céc dao ham riéng cap hai cua ham f = sin(x + yz).

"o : "o o "o o "o 2
(DS. fi, = —sint, f| = —zsint, f = —ysint, f; = —2"sint,

1

v, = —yzsint, I = —y’sint, t = x + y2)

28. Tinh aa;gy néu f = /22 + y2e* V.
ety
o2f  O*f  O*f
0xdy’ Oy0dz’ 0x0z
(BS. fil, = x¥*'2(1 + yzlnzx), fI, = 2¥*"'y(1 4 yzlnz),

. = Inz - 2% (1 4 yzlnw))
i v ps. ISy
0xdy 0xdy
31. Tinh f7.(0,0), £ (0,0), £ (0,0) néu

(bS. [ —ay+ (x+y)(@® + y?) + (2% + y?)?|)

29. Tinh néu f = ¥,

. x
neu f = arctg

30. Tinh .
1 —zy

fl,y) =1 +2)"(1+y)"

(DS. £,(0,0) = m(m — 1), f,(0,0) = mn, f (0,0) =n(n—1))

o . 2 .2
32. Tinh 8—7; neu r = /22 +y? + 22 (DS. i )
x

r3

33. Tinh f”  f" . f” néu f = (f)z

zy) Jyzr Jxz
)

a 1 z—1
®S. fr, ===y 2y )= (0)(5) (L),
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1 z
— ——@) . (1 + zlnf))
y\y Yy

2 2 —
34. Chitng minh rang 88 o aaaf néu f = arcsin 4/ i
x0y yOox x

Tinh cdc dao ham cip hai clia cidc ham (gia thiét hai lan kha vi)

35. u= f(z+y,z*+y%).
(DS up, = fu+ 4 fy, +42° £, +2f,,
Uy = fir + 2(x + y) fio + 42y fio,
uy, = fii+ 4y fl, + 4 F, + 2F,
t=x+y, v=a>+y?)

36. u = f<xy, g)

1
(BS. ul, =y fi+2f, + ?le)/va
T 1
x? x? 2x
Uy = a? fly — QEJ[Z} + Elejlv + Eﬂ;a
x

t=xy, v=—)
)
37. u = f(sinz + cosy).
(DS. ), = cos’x - f" —sinx- f', u), = —sinycosx - [,
uy, = sin*y - f” —cosy - f)
38. Chitng minh rang ham
1 _(z—xg)?

4a2t

F= et

(trong d6 a, xo 1a cdc s6) théa man phwong trinh truyén nhiét

of _ ,0%f
ot~ ¢ ox2
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. 1
39. Chitng minh rang ham f = — trong dé
r

r=/(x—x0)?+ (y — y0)? + (z — 20)?
thda man phwong trinh Laplace:

Of | Of | O

Af= ox?  0y*> 022

=0, r#0.

Trong céc bai todn 40 - 44 chitng minh rang cdc ham da cho thoa
man phwong trinh twong tng (gid thiét f va g 1a nhirng ham hai Tan
kha vi)

0%u 0%u
40. u:f(x—at)—i-g(x—i-at), w :a2@
0%u % 0%
41. u = -2 =0.

_ (Y AYELOAL Pu L0 _
42 u= f(a:) +xg<x)’ ¥ or? +2xy8:c8y Ty oy? 0.

43. u = x”f(g) + xl_”g<g),
T T

82u+2 0%u N , 0%
Tz T “Yoray v By

=n(n —1)u.

ou  0%*u ou 0*u
44. U:f(l'—i-g(y)), %axay:a_y@

45. Tim dao ham theo hwémg ¢ = 135° ctla ham s6

N 2
f(z,y) = 32t + 2y + y3 tai diem M(1,2). (bS. —g)
46. Tim dao ham cia ham f(z,y) = 23 — 32%y + 329> + 1 tai diém

M(3,1) theo hwémng tir diém nay dén diém (6,5).  (DS. 0)

47. Tim dao ham cta ham f(x,y) = Iny\/22 + y? tai diém M(1,1)
V2

theo hwéng phan gidc cia géc phan tw thit nhat.  (DS. 7)
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48. Tim dao ham cia ham f(z,y,2z) = 2? — 3zy + 5 tai diém

M(1,2, —1) theo hwémg lap véi céc truc toa do nhirng géc bang nhau.

V3
(DS. )

49. Tim dao ham ctia ham f(x,y, z) = In(e® 4 e¥ + €*) tai gbc toa do

va hwdng lap véi cac truc toa do z,y, z cac gbe twong tng la «, 3, 7.
(PS. cosa + cos 3 + COS”)/>

3

50. Tinh dao ham ctia ham f(x,y) = 222 — 3y? tai diém M (1,0) theo

hwéng 1ap véi truc hoanh géc bang 120°. (DS. —2)

51. Tim dao ham ctia ham z = 2% — y? tai diém My(1, 1) theo hwdng

vecto € lap véi hwéng dwong truc hoanh géc o = 60°. (DS. 1 —/3)

52. Tim dao ham cta ham z = In(22 + y?) tai diem My(3,4) theo
2
hwémg gradien ctia ham dé. (DS. 5>

53. Tim gid tri va hwéng cua vecto gradien ctia ham

w = tgr — x + 3siny — sin® y + 2 + cotgz

™ TmTTT

tai dié M(-,_,_).

adem Aol 309
(BS. (eradw)y = 7+ o S cosfo )
. (gradw)y =i+ —j, cosa = ——, cos B = ——
ST V3 V7

54. Tim dao ham cia ham w = arcsin tai diem My(1,1,1)

z

— 1
theo hwdng vecto MyM, trong d6 M = (3,2,3). (DS. 6)

9.2 Vi phan ctia ham nhiéu bién

Trong muc nay ta xét vi phan ctia ham nhiéu bién ma dé cho gon ta
chi cin trinh bay cho ham hai bién 1a di. Trwomg hop s6 bién 1ém

hon hai dwoc trinh bay hoan toan twong tu.
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9.2.1 Vi phan cip 1
Gia stt ham w = f(z,y) kha vi tai diem M(z,y), titc 1a tai d6 s6 gia
toan phan ctia ham cé thé biéu dién dwdi dang

= D1Az + DAy + o(p) (9.5)
trong dé p = /Ax?+ Ay?, Dy va Dy khong phu thude vao Ax va
Ay. Khi d6 biéu thitc (goi 1a phdn chinh tuyén tinh doi véi Ax va Ay
cua s6 gia Af)

DlAJL' -+ DgAy

dwoc goi 1a vi phdan (hay vi phdn todan phdn = hay vi phdn thit nhat)
cia ham w = f(z,y) va dwoc ky hiéu la df:

0
Vi Az = dx, Ay = dy va vi f(z,y) kha vi tai M nén D; = a—g,
0
D2 = a—g va
df = fd + == f (9.6)

3y
Nhw vay, néu w = f(x,y) kha vi tai M(z,y) thi tir (9.5) va (9.6)

ta co

Af(M) = df(M)+o(p) hay Af(M)=df(M)+e(p)p (9.7)

trong dé e(p) — 0 khi p — 0.

9.2.2 Ap dung vi phan dé tinh ghn ding

Déi véi Az va Ay di bé ta ¢ thé thay xap xi s6 gia Af(M) béi vi
phan df (M), tirc 1a

Af(M) =~ df (M)
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hay la

O anac+ L anay|  ©38)

A Ay) =~
flz + Az, y+ Ay) f(:v,y)+ax o

Cong thitc (9.8) 1a co s& dé 4p dung vi phan tinh gan ding. Dai

v&i ham 6 s6 bién nhiéu hon 2 ta ciing cé cong thite tirong tur.

9.2.3 Céac tinh chit cua vi phan

Doi véi cac ham kha vi f va g ta co:
(i) ( 9) = fdg +gdf, d(af) = adf, a € R;
(i

g g ~ ~ ~ AN ~
(iv) Vi phan cap 1 cta ham hai bién f(x,y) bat bién vé dang bat

luan x va y 1a bién doc 1ap hay 13 ham ctia cdc bién doc lap khéc.

9.2.4 Vi phan cap cao

Giad sit ham w = f(z,y) kha vi trong mién D. Khi d6 vi phan cap 1
clia n6 tai diém (z,y) € D twong tmg véi cdc s6 gia dr va dy cla céc
bién doc 1ap dwoc biéu dién bdi cong thire

fd:c—l— 8f

d
/= ox 8y

(9.9)
O day, dr = Az, dy = Ay 1a nhitng s6 gia tiy ¥ cia bién doc lap, dé
14 nhirng s6 khong phu thudc vao x va y. Nhw vay, khi ¢6 dinh dz va
dy vi phan df 1a ham cia z va y.

Theo dinh nghia: Vi phan thit hai d*f (hay vi phan cip 2) cua
ham f(x,y) tai diém M(z,y) dwoc dinh nghia nhir 14 vi phan cla vi
phan thit nhat tai diém M véi céc dieu kién sau day:

(1) Vi phan df 1a ham chi ctia céc bién doc lap x va y.
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(2) SG gia ctia cdc bién doc 1ap x va y xuat hién khi tinh vi phan
ctia f, va f) dwoc xem la bang s6 gia dau tién, titc 1a bang dz va dy.
Tw do

2 f(M) = 0 g;iw)dﬁ + ang (M)dzdy + g —=(M)dy*  (9.10)

trong d6 dx? = (dr)?, dy?* = (dy)? va ta xem céc dao ham riéng hon
hop bang nhau.
Mot céch hinh thitc dang thitc (9.10) cé thé viét dwdi dang

Pf = (a%dx + Zy) faw)

dy
tirc 1a sau khi thye hién phép “binh phwong” ta can dién f(x,y) vao
“0 trong”.
Twong tw

B = <§dm n gdy)gf(x,y)

dy
33f Ff o f .,  Of
dx dy + 3 dxd d
= gt + dg gy ety + 35 5 sdudy” + 5 5dy’,
v... Mot cach quy nap ta co
d"f(z,y) = iC’k o dx”_kdyk. (9.11)
’ "0z kQyk

Trong trirdong hop néu

w= f(t,v), t=oexvy), v="y(x,y)

thi
0 PR
dw = —fdt + —fd:c (tinh bat bién vé dang !)
ot v
0? 0? 0
d*w L a2 +2—— o7 didy + — f fd2t + o g, (9.12)

o tow gz T+ v
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9.2.5 Cong thirc Taylor

Néu ham f(z,y) 1a n + 1 Tan kha vi trong e-lan can V cla diém
Mo(o,yo) thi d6i véi diem bat ky M (z,y) € V ta c6 cong thire Taylor

FG.) = T )+ 37 (Faro,30) 2 = 20) + Fy (o, o)y — o)

+ %(fé'm(ilfo’ yo) (& — 0)* + 21, (0, yo) (z — 20) (¥ — Yo)

+ f;’y(xo, o) (y — ¥o))

i 0" f (2o, y n—i i
nl Z n - zoayo ( —20)" " (y — W)

PR S o RO A (V)
(n+ ! <= OOy’

(z—20)""(y—w),  (9.13)

trong d6 & =z +0(x —x0), N =yo +0(y — y0), 0 <O < 1.
hay la

£(,) = £(o,0) + 7 (o, o) + (o, ) + .

1
+ Ednf(ilfoayo) + R,
= P,(x,y) + Ryt (9.14)

trong d6 P,(z,y) goi la da thitc Taylor bac n cta hai bién x va y,
R,+1 14 s6 hang dw. Néu dat

= Ax? + Ay?

thi (9.14) c6 thé viét dwdi dang

f(z,y) = Pu(z,y) +0(p), p—0,

& day Rny1 = o(p) 14 phan dw dang Peano.
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9.2.6 Vi phan ctia ham an

Theo dinh nghia: bién w dwoc goi 14 ham an cia céc bién doc lap

x,,...,t néu né dwoc cho béi phirong trinh
F(z,y,...,w)=0

khong gidi dwoce doi vai w.

Dé tinh vi phan ctia hAm an w ta ldy vi phan ci hai vé ctia phirong
trinh (xem nhw dong nhét thitc) r6i tir d6 tim dw. DE tinh d®w ta can
14y vi phan cta dw véi lwu ¥ rang dr va dy 14 hang s6, con dw 14 vi
phan ctia ham.

Ta ciing c¢é thé thu dwoc vi phan dw bang céch tinh cidc dao ham

rieng:
w/:_Fé('> w/:_i(')
CF() P DA C R
roi thé vao biéu thire
ow ow ow
dw = —d —dy + -+ —dt,v.v...
W= gp T g W vy
CAC Vi DU

Vi du 1. Tinh vi phan df néu

1) f(z,y) =2y 2) f(z,y) = /a2 +y2
Giai. 1) Ta ¢6

fo=(zy?) =v* [ = (xy?), = 2zy.
Do d6
df (z,y) = y*dx + 2xydy.
2) Ta tinh cdc dao ham riéng:

/ £ / Y

e e



9.2. Vi phan ctia ham nhiéu bién

131

Do d6
x Y du — xdr + ydy

dz + = .

Vi du 2. Tinh df (M) néu f(z,y, z) = e* T+ va My = My (0, 1,2).

df =

Gidi. Ta cé
0 0 0
arn) =G e + S onay+ Zands. M=oz

Ta tinh cac dao ham riéng

Of o 2ppen af .
o 2ze 83:(M0> 0, (viz=0)
af o m2+y2+z af 5

oy 2ye ay( My) = 2¢e?,

Of o w2rpin af 5

5 2ze 3z< M) = 4e”.

Tw d6
df (My) = 2€°dy + 4€°dz. A
Vi du 3. Tinh dw tai diém My(—1,1) néu
w= flx+y°,y+a2°).

Giai. Cdach 1. Tinh cdc dao ham riéng cia ham f(x,y) theo x va
theo y roi 4p dung cong thike (9.9). Tt vi du 4, muc 9.1 ta ¢é

O (M) = 11(0.2) ~ 271(0,2

of
8y<MO) =2/;(0,2) + £,(0,2)
t=x+vy* v=y+2*

va do do

df (Mo) = [£(0,2) — 2£;(0,2)] dw + 2[2£;(0,2) + £,(0,2)] dy.
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Cdch 2. Ap dung tinh bat bién vé dang cta vi phan cép 1.

Ta cé
t=gx+y? = dt = dr + 2ydy,
v=y+2* = dv=2xdr + dy.
Do d6
of of
My) = —(0,2 —(0,2
df (M) 5 (0, )dt+8v<0’ )dv

= f1(0,2)[dzx + 2ydy] + £,(0,2)[2xdx + dy]

= [1(0,2) = 2£;(0,2)]dx + [2/;(0.2) + f}(0,2)]dy. &
Vi du 4. 1) Cho ham f(z,y) = 2¥. Hay tim vi phan cap hai cta f
néu x va y la bién doc lap.

2) Tim vi phan cip hai ctia ham f(x + y, zy) néu x va y 1a bién

doc lap.
Giai. 1) T vi du 2, 1) va cong thite (9.10) ta cé
0% f 0% f 0% f
&P f = —5da® 4+ 2———drdy + —dy’
/ a2 ™" + 0xdy xy+8y2 i
trong do
0* f 2
ke yly — a7,
82
8—;; = 2¥(Inz)?,
0% f
=2v" (1 +yl
920y 27 (1 + ylnz)
va do do

df =y(y — 1)a¥2de* + 2Y" (1 + ylnz)dody + 2¥(Inx)dy*.

2) Ta viét ham da cho dwéi dang u = f(t,v), trong d6 t = z + v,

v =xy.
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1t Cdch I. Tinh cdc dao ham riéng roi 4p dung (9.10). Ta c6:

0
af filx +y,2y) + folz +y,2y) -y,
of ,
a—y:ft(x+y,xy)+fv(x+y,xy)-x
82 1! 1!
a—x];: tt+f y+f y+f 2
= fl+2yfm+yfo,
a2f 1! !
= fu+ (@ +y)fi, +vyfo, + fo,
82 1! 1! !/ 1!
a—y];.: tt+ftvx+ftvx+fvvx2

= fir+ 2afp, + 2.
Thé cdc dao ham riéng tim dwoc vao (9.10) ta thu dwoc
d'f = (fi+ 2t + v f)da® + 2(f5 + (v + ) f, + 2y fl, + f1)dady
+(fo + 22 fi, + 27 f1,)dy?

2+ Cdch II. Ta c6 thé thu dwoc két qui nay néu lwu y rang véi
t=x+y=dt=dr+dy vav =2y — dv=xdy + ydr va tir d6

d*t = d(dz + dy) = >z + Py = 0
(vi z va y la bién doc lap) va
d*v = d(zdy + ydr) = dvdy + dxdy = 2dxdy.
Ap dung (9.12) ta c6

&f = f —(dx + dy)? + aZf (dx + dy)(xdy + ydz)
ot? 3 ov
a? f of of
+ 5 —=(zdy + ydz)* + e 0+ a—(dedy)

= (fi +2yf0 +y° f1,)da® + (ff; + 2a fr, + 22 £, ) dy?
+2(ff+ @+ y) fy +ayfo, + fr)dedy. A
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Vi du 5. Ap dung vi phan dé tinh gan ding cic gid tri:
1) a=(1,04)*0
1,97
2) b= arct ( — — 1)
) b=aret( 375
3) ¢ = /(1,04)19 +1In(1, 02)

sin 1,49 - arctg0, 07
922,95 '

4) d =

Gidi. Dé ap dung vi phan vao tinh gan ding ta can thuc hién cic
bwdc sau day:

Thit nhat 1a chi rd bicu thitc gidi tich doi véi ham ma gid tri gan
ding ctia né can phai tinh.

Thit hai 1& chon diém dau M sao cho gié tri clia ham va cta céc
dao ham riéng ctia né tai diém ay c6 thé tinh ma khong can ding
bang.

Cudi cung ta ap dung cong thirc
f(wo + Az, yo + Ay) = f(z0,90) + fr (0, yo) Az + £, (20, yo) Ay.

1) Tinh a = (1,04)*%. Ta xét ham f(x,y) = z¥. SG a can tinh la
gid tri cia ham khi z = 1,04 va y = 2,03.

Ta ldy Mo = Mo(1,2). Khi d6 Az = 0,04, Ay = 0, 03.

Tiép theo ta cé

of 4 0f

oz =V 7 gl =2

of of
a—:xylnxia—y}M =1-Inl =

Bay gi¢or 4p dung cong thitc vira néu & trén ta co:
a= f(1,04;2,03) = (1,04)*" ~ f(1,2) +2-0,04 =1+ 0,08 = 1, 08.

)

1,02

flz,y) = arctg(% - 1)

2) Ta nhan xét rang arctg( — 1) 14 gid tri cua ham



9.2. Vi phan ctia ham nhiéu bién 135

tai diém M (1,97;1,02).
Ta chon My = My(2,1) va cé

Az =1,97—2=—0,03,
Ay=1,02—1=0,02.

Tiép dén ta cé

1
of _ y _ y
Oz 1+<£_1)2 Yy + (z —y)?
Yy
of _ &
dy y? + (v —y)?
Tir dé
of ) B 1 B
of )
8_y<MO> = f,(2,1) = -1
Do dé

1,97 2
arctg(l’OQ — 1) = arctg(I — 1) +(0,5) - (—0,03) +1-(0,02)

:%_0,015—0,02:0,785—0,035
=0, 75.

3) Ta thdy rang ¢ = /(1,04)19 +1In(1,02) la gid tri ciia ham
u= f(x,y,2) = Va¥ + Inz tai diém M(1,04;1,99;1,02).
Ta chon My = My(1,2,1). Khi d6

Az =1,04—1=0,04
Ay=1,99 —2=—0,01
Az=1,02—1=0,02.
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Bay gio ta tinh gia tri cdc dao ham riéng tai diém M,. Ta c6

g_ﬂj%(]w) 2

or 2/ z¥ + Inz ox 0/ 2v/1 4+ 1nl -
af xYInx af
—=———"—"—= —(My) =0,
dy  2/xv + Inz 8y< 0)
of 1 af 1
- = = 2 My = — .
0z  2zv/zv +Inz 32( 0) 2

T do6 suy ra

V(1,04)199 +1n(1,02) ~ V1 +1nl +1-(0,04) +0- (—0,01)
+(1/2)-0,02 = 1,05.

4) Ta thdy d 1a gid tri ctia ham f(x,y, 2) = 2% siny arctgr tai diém
M(~2,95;1,49;0,07)
Ta ldy M, — MO< _3, go) Khi d6

Az =—2,95— (=3) = 0,05
Ay =1,49 — 1,57 = —0,08

Az =0,07.
Tiép theo ta cé
f(My) = 273 sin(7/2) arctg0 = 0,
fi(Mp) = 2"In2 - sinyarctgz}MO =0,
fi (M) = 2° cosyarctgz}MO =0,
fi() = 220 =0

T do6 ta thu dwoc

sin 1, 49 arctg0,07

-3 ~
o 273.0,07~0,0l. A

Vi du 6. Khai trién ham f(z,y) = 2¥ theo cong thitrc Taylor tai lan

can diém (1,1) véi n = 3.
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Gidi. Trong trwomg hop nay cong thive Taylor ¢é dang sau day

s = g, + TR D LD g

17 Tinh moi dao ham riéng ctia ham cho dén xap 3. Ta cé
fo=ya'™l fy=a'lnz, fro=y(y - D2
fglgly — xy—l + yl‘y_lln:c, f;g — :L'y(lnx)2’
f(s =yly— 1y — 2)5’7y_37 f;fz, = (2y — 1)ZCy_2 +y(y — l)xy_2lnx,
f;; = 22Y ne + yl'y_l(lnx)2, f;g) _ xy(lnx>3.

2+ Tinh gi4 tri clia cdc dao ham riéng tai diém (1,1). Ta cé
fAN =1, fiL) =1 fi(1,1)=0, f2(1,1)=0,
L) =1 [ =0 fI0L1) =0, fI(L1)=1
fapL ) =0, fiP(1,1) =0.
3T Thé vao cong thirc (*) ta cé
df(1,1) = f,(1,)Az + f,(1,1)Ay = Az,

Ff(L1) = fo(L)Az? +2f7 (1L, D) AzAy + f5(1,1)Ay® = 2AzAy,

df(1,1) = 3Az*Ay

va do do

1
¥ =14+ Az + AzAy + iAx2Ay + Rs. A

Vi du 7. Tinh vi phan ctia ham an w(z,y) dwoc cho bdi phirong
trinh

w? + 3%y + 2w + y*w® +y — 2z = 0.
Gidi. Ta xem phwong trinh da cho nhw mot dong nhat va lay vi
phan ctia vé trai va vé phai:
3wdw + 6zydr + 3x*dy + wdr + vdw + 2y - wdy
+ 2y%wdw — 2dx 4 dy = 0
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va tir d6 rit ra dw. Ta céd
(6xy +w — 2)dz + (32* + 2yw? + 1)dy + (3w* + z + 2y*w)dw = 0

va do do

2 —6ry —w 322 + 2yw? + 1
= x_
3w? + = + 2y*w 3w? + x + 2y*w 4

dw

Vi du 8. Tinh dw va d?w ctia hAm an w(xz,y) dwgce cho bdi phirong
trinh
2y w?
T Y
2 * 6 * 8
Gidi. Dau tién tim dw. Twong tw nhw trong vi du 7 ta cé

ydy  wdw 4 4y
d — 4+ —=0=dw=——dr — —dy. *
xdx + 5 + 1 = dw 4w — g dy (*)
Lai lay vi phan toan phan dang thitc thu dwoc véi lwu ¥ 1a dz, dy 1a

hang s6; dw 1a vi phan clia ham.

Ta co
P — _4wdm —xdwdx B é . wdy —ydwdy
w? 3 w?
hay la
1 x? 1 Y
2 2 2
d*w = 4(de - Edmdw + %dy - wdydw) (**)

Dé c6 biéu thite d?*w qua x,y,w,dr va dy ta can thé dw tir (*) vao

Vi du 9. C4c ham an u(x,y) va v(z,y) dwoc xdc dinh bdi hé

Yy +uv =1,

TV — Yyu = 3.
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Tinh du(1,—1), d*u(1,-1); dv(1,—1), d*v(1,—1) néu u(l,—1) = 1,
(1, —1) = 2.
Gidi. Lay vi phan hé da cho hai Ian ta cé
ydzx + xdy + udv + vdu = 0, 0
xdv + vdr — ydu — udy = 0.

{Zd:vdy 1 2dudv + ud?v + vd?u = 0, w

2dxdv — 2dudv + zd*v — yd*u = 0.

Thé vao (I) gidtriz =1, y=—-1,u=1,v=2tacé

{—da: +dy+dv+2du =0 du = 3dx — 2dy (1)

=
2dr —dy +dv+du =10 dv = —bdx + 3dy

Tt (IM) ta cling thu dwoc v, = 3, u, = —2; v, = =5, v, = 3.
Thay vao (II) cdc gidtriz =1,y = -1, u =1, v = 2 va du, dv ti
(III) ta co:
d*v + 2d*u = —2dxdy — 2(3dx — 2dy)(3dy — 5dz)
d*v + d*u = 2dy(3dx — 2dy) — 2dx(3dy — 5dx)

va do do

d*u = 4(5dz* — 10dzdy + 4dy?),
d*v = 10(—dx* + 4dzdy — 2dy®). A

BAI TAP
Tinh vi phan dw cua céc ham sau
1. w=2%—y’x+3. (DS dw= 22y — y*)dz + (2* — 2zy)dy)
2. w= (x> +y?)>.  (DS. 6(z? + v*)?(xdr + ydy))

3. w=ux—3siny. (DS. dw = dz — 3cosydy)
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2xdx dy
+ )
4y 2?+y

o= (5 @9 (4t (2 Jors () o0

4. w=In(2?+y). (bS.

Y 2ydx 2dy
6. w=In tg=. bS. —
w=m g:L‘ ( L . 2y + 2y>
r?sin —  xsin —
x x

Tinh dw(My) ctia cdc ham tai diém M, da cho (7-14)
7. w=e"=, My(1,0). (DS. dw(1,0) = —dy)
1
8. w=yyx, My(1,1). (DS. dw(1,1) = gdx + dy)

9. flx,y) = yf Mo(1,2,3).  (DS. df|,, = —6du + 3dy + 2dz)

10. f(z,y,2) = cos(xy + x2), MO<1, z, I).

66
V3

11. f(z,y) = e, My(0,0). (DS. df‘Mg -

(%dm +dy + dz))

12. f(z,y) =¥, My(2,3). (DS. df‘MO = 12dz + 8In2dy)

13. f(z,y) = zln(zy), Mo(1,1). (DS. df‘M = dz + dy)

14. f(x,y) = arctgg, M)(1,2). (bS. df‘M 2d:c —dy)).

5

Tim vi phan ctia cdc ham hop sau day tai cdc diém da chi ra (15-18)

15. f(x,y) = f(l' - y,at—i—y), M(l‘,y), MO(L _1>

(DS, df],, = (fi + f))dz + (f, — fi)dy,
df}MO - [ft(270> + fv(270>}dl‘+ [fv(270> o ft/(270>}dy7
t=z—y, v=2+Yy)
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16. f(x,y) = f(xya g)a M(l‘,y), M0(07 1)‘

DS dfl,, = (ufl+ 1) do + (afl = 551}

df‘MO = [ft’(0,0) —i—f{,(0,0)}dm, t=uay, v=

T

y)
17. f(xayaz> = f(l'2 - y27y2 - 22722 - .%'2), M(l‘,y,Z), MO(L 17 1)
(DS. df|,, = 2(zf; — af,)da +2y(f, — f;)dy + 22(f,, — f,)dz,
df}MO = 2(ft/(07070> - f1/u(07070>>dx + 2(f1/1(07070> - frf/(oa(]ao))dy
+2(£,(0,0,0) = f3(0,0,0))dz,
t=a—y* v=y>— 2% w=2"—1?%
18. f(z,y,2) = f(sinx+siny,cosx—cos z), M(x,y, z) va My(0,0,0).
(BS. df|,, = (ficosz — flsinz)dx + f, cosydy + f, sin zdz,
df|,,, = f{(0,0)dz + f;(0,0)dy,
t =sinx +siny, v = cosx — cos z).
Tinh vi phan dw va d?w tai diem M(z,y) (19-22) néu:

19. w = f(Inz), z = 2% + y*.

(S, dPw = A AL

2
(% +y?)
+ (dayfry — 4wy fi)dady + (2 f; — y f; + 2y fi2)dy?)
20. w = f(a, B8,7), a = az, B = by, v = cz; a,b, c-hang so.
(DS, dw = af,dx + bfydy + cfldz;
PPw = a® frodz® + U fldy® + & flhd2?
+ 2(fagabdrdy + f5 bedydz + f acdrdz))

2. w=flx+y,z—vy). OS.z+y=u,x—y=uv;

d*w = (fls +2f7 4 fo)do? + (flo — 2f%)dedy + (fla — 27, + f2)dy?)
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22. w:xf<§). (DS. dw = <f+§f’)d:c—;—zf’dy,

_ 2 / T oy 2 da / 21'2 1" 2372 /_x_3 1" 2
= (g = (g ) dwdy = (S = )dy?)

Tinh vi phan cdp hai clia cdc ham sau day tai cdc diem M (z,y)
va Mo(zo,yo) néu f 1a ham hai Tan kha vi va z,y, z 1a bién doc lap
(23-25)

23. u= f(l' - y7l'+y>7 M(l'?y)? MO(L 1) :
(BS.  d*ul,, = fuldx — dy)* + 2/, (da® — dy*) + f” (dx + dy)?,
ulyy, = [1(0.2)dx(dz — dy)® +2;,(0,2)(dz® — dy?)
+ (0, 2)(d + dy)*)
24. u = f(z +vy,2?), M(z,y,2), My(—1,—1,0).
(BS. d*u|,, = fi(dx + dy)* + 4z f],dz(dx + dy)
+ 422 fl d2? + 2fd? 2,
d*u|,, = f11(0,0)(dz + dy)* + 2,(0,0)d>"
t=x+y, v=27

25. u= f(zy, v* +y*), M(2,y), Mo(0,0).

(BS.  du|,, = fu(yde + xdy)® + Af],(ydz + zdy) (zdz + ydy)
+4f" (xdr + ydy)? + 2fldvdy + 2f! (dx® + dy?),
d*ul,, = 2f{(0,0)dxdy + 2£,(0,0)(dz* + dy?),
t =y, v=212+1y%

Tinh vi phan d"w (26-27) néu:

26. w = f(ax + by + cz).
(DS. d"w = f™(az + by + cz)(adx + bdy + cdz)")



9.2. Vi phan ctia ham nhiéu bién 143

27. w= f(az,by,cz).
. 0 0 0
(DS d"w = (aa—dx + b%dy + C—dZ) f(Oé,ﬁ,")/),

a=azx, f=0by, v=cz2)

Khai trién cdc ham da cho theo cong thitc Taylor dén cic s6 hang
cap 2 (28-30) néu

1
28. f(r,y) = ——
(z,y) = — ;
Ay — Az Ax? —2AxAy + Ay?
DS. Aw = +R
( (P @) g
29. f(z,y) =z +y.
Axr+ Ay Ax? + 2AzAy + Ay?
bS. Aw = - R
( RNy Sergr T
30. f(z,y)=e"1Y.
ot oy (Az + Ay)?
bS. Aw=¢e""(Az+Ay)+e yf + Ry).

Ap dung vi phan dé tinh gin ding (31-35)

31. i) a = (0,97)>02 (DS. =~ 0,94)
ii) b= 1/(4,05)2 + (2, 93)2 (DS. ~ 4.998)
32. 1) a=4/(1.04)299 +1n1,02. (PS. 1,05)
Chi dan. Xét ham v/zv + In 2.
ii) b= {/(1,02)2+ (0,05)2.  (bS. 1,013)

Chi dan. Xét ham /x2 + y2.
33. i) a=sin20° tgd6®.  (DS. ~0,502)
i) b=sin32° - cos59°.  (DS. ~0,273)

34. i) a = In(0,09% + 0,99%). (DS. ~ —0,03)
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Chi dan. Xét ham f = In(z® + y*), My(0,1).
i) b= /5e%02 + (2,03)2. (DS. ~ 3,037)

Chi dén. Xét ham f = \/Be* + 42, My(0,2).

35. Tinh vi phan cta ham f(z,y) = /234 y®. Ung dung dé tinh
xap xi \/(1,02)3 + (1,97)3.  (DS. =~ 2,95)

Trong cédc bai todn sau day (36-38) hay tinh vi phan cap 1 cua

ham an z(x,y) xdc dinh bdi cdc phwong trinh twong tng

)

2y — 6zz)dx + 2xdy
3(x? + 22)

36. 23+ 3222 =2zy. (DPS.dz = (

37. cos?x + cos’y + cos? z = 1.

sin 2zdx + sin 2ydy

(bS. dz=— ).

sin 2z
38. x4+ y+z=c @t (DS, dz = —dr — dy)

39. Cho w la ham cua z va y xdc dinh bdi phwong trinh

£:lng—i—l.
w Y

Tinh vi phan dw, d*w.

w(ydx + wdy)
y(x +w)

B w?(ydz — zdy)?

DS. =
(bS. dw Iy

. dPw=

).

40. Tinh dw va d*w néu ham w(z,y) dwoc xdc dinh bdi phwong trinh

w—T = arctgw_x.
(w — z)dy

(w—2z)2+y2+y’

2(y + D(w — 2)[(w —2)* + 3]

dw = — dy?).
v (oS E E

(DS, dw = dx +
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9.3 Cuec tri cia ham nhiéu bién

9.3.1 Cuc tri

Ham f(x,y) c¢6 cue dai dia phirong (hodc cie tiéu dia phwong) bing
f(zo,y0) tai diem My(zo,y0) € D néu ton tai §-1an can cia diém M,

sao cho v&i moi diem M # M, thuoc lan can 4y ta cé
f(M) < f(Mo) (twong vimg: f(M) > f(Mo)).

Goi chung cire dai, cuc tiéu ctia ham s6 1a cue tri clia ham s6.

Dieu kién can dé ton tai cuc tri dia phwong: Néu tai diém My ham
f(z, ) ¢ ce tri dia phirong thi tai diém dé ca hai dao ham riéng cap
1 (néu chiing ton tai) déu bang 0 hodc it nhat mot trong hai dao ham
riéng khong ton tai (d6 1a nhitng diém téi han hodc diém dung cla
ham f(z,y)). Khong phai moi diém dirng déu 1a diém cuec tri.

Dieu kién du: gia st

feo(Mo) =, f,(Mo) = B, f,, (M) = C.

Tx Ty Yy
Khi do:

. A
i) Neu A(My)

B )
>0 va A > 0 thi tai diém M, ham f c6

cuc tiéu dia phwong.

A

) B o \ ,
ii) Neu A(My) = B > 0 va A <0 thi tai diem M, ham f cé

cuc dai dia phwong.

~ A B ~ A~ ) 7
iii) Neu A(My) = B C < 0 thi M la diem yén ngua cia f, tikc
la tai My ham f khong cé cwe tri.
. ~ A B N N [N . ~ N s
iv) Néu A(My) = B o= 0 thi My la diém nghi van (ham f ¢6

thé cé va cling c6 thé khong cé cire tri tai d6).
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9.3.2 Cuc tri c6 diéu kién

Trong triromg hop don gidn nhét, cye tri ¢6 dieu kién cia ham f(x,y)
1a cuc dai hodc cuc tiéu ctia ham d6 dat dwoc véi diéu kién cac bién
x va y thda man phwong trinh ¢(x,y) = 0 (phwong trinh rang budc).

Dé tim cire tri ¢6 dieu kién véi diéu kién rang buoc ¢(z,y) ta lap

ham Lagrange (ham bé tro)

F(x,y) = f(z,y)ap(z, )

trong dé A 13 hang s6 nhan chwa diroc xdc dinh va di tim cuc tri thong
thwong ctia ham bo tro nay. Day 1a phwong phdp thira s6 bat dinh
Lagrange.

Tim dieu kién can dé ton tai cic tri ¢6 dieu kién chung quy 1a giai

hé phwong trinh

(OF _0f  Op

OF of 9y

— =L 4N\t =0 (9.15)
dy 3y+ dy

| o(2,y) =0

Tir hé nay ta cé thé xéc dinh x,y va \.
Vén de ton tai va dic tinh ctia cuc tri dia phirong dwwoce minh dinh
trén co s& xét dau cia vi phan cap hai ctia ham bé tro
O*F 0*F 0*F

d*F = ——dz® +2
a2 " + 0x0y

dwoc tinh doi véi cée gid tri z, y, A thu dwoc khi gidi hé (9.15) véi dieu

kién 14

dp Qo 2 2
8xdx+8ydy70 (dx* + dy* #0).

Cu thé la:
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i) Néu d*F < 0 ham f(z,y) c6 cie dai c6 diéu kién.

ii) Néu d?F > 0 ham f(z,y) c6 cuc tiéu c6 dieu kién.

iii) Néu d*F = 0 thi can phai khéo sat.

Nhan xét

i) Viéc tim cue tri ctia ham ba bién hoéic nhiéu hon dwoc tién hanh
twong tw nhw & 1.

ii) Twrong tir ¢ thé tim cire tri ¢ dieu kién ctia ham ba bién hoic
nhiéu hon véi mot hode nhiéu phwong trinh rang budce (sdé” phwong
trinh rang budc phdi bé hon s6 bién). Khi d6 can lap ham bo tro véi
s6 thira s6 chwa x4c dinh bang s6 phwong trinh rang budc.

iii) Ngoai phwong phdp thira s6 bat dinh Lagrange, ngudi ta con

dung phwong phdp khit bién s6 dé tim cuec tri cé diéu kién.

9.3.3 Gi4 tri 16n nhat va bé nhat cia ham

Ham kha vi trong mién déng bi chén dat gid tri 16n nhét (nhé nhat)

hodc tai diém dirng hodc tai diém bién ctia mieén.
CAC Vi DU
Vi du 1. Tim cye tri dia phwong ctiia ham
flxyy) =2 +y' = 20% + dwy — 2%,

L. . , . N N N v M
Gidi. i) Mién xéc dinh clia ham 1a toan mit phang R2.
. 3 ’ N LN N N N ’ oA x
ii) Tinh cdc dao ham riéng f, va f, va tim cdc diem t6i han. Ta

cod
fo=42" —dx + 4y, f=4y" + 4z —4y.
Do d6

4o —4x +4y =0
4o + dx — 4y =0
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va tir do
Ir = 0 To = —\/5 I3 = \/5
y1 =0 Y2 =2 ys = —/2.
Nhw vay ta c6 ba diem téi han. Vi f7, f) ton tai véi moi diém
M(z,y) € R? nén ham khong con diém t6i han nao khac.
iii) Ta tinh cdc dao ham riéng cip hai va gid tri cua ching tai cdc
diém t&i han.

I (x,y) =122% =4, [l =4, f' =12y* —4.

TT Ty vy
Tai diém O(0,0): A=—-4,B=4,C=—-4
Tai diéem M;(—v/2,+v2): A=20, B=4, C =20
Tai diém My(+v/2, —v/2): A =20, B =4, C = 20.
iv) Tai diém O(0, 0)ta cé

A B
B C

-4 4
4 -4

=16 —-16 = 0.

Dau hiéu di khong cho ta cau tra loi. Ta nhan xét rang trong lan
can bat ky ctia diém O ton tai nhitng diém ma f(z,y) > 0 va nhitng
diém ma f(z,y) < 0. Chang han doc theo trung ¢ Oz (y = 0) ta cé

f(x,y)|y:0 = f(z,0) = 2* — 222 = —2*(2 — 2?) < 0

tai nhitng diém du gan (0,0), va doc theo dwong thang y = x

[y, = fle.2) =22" >0

Nhw vay, tai nhitng diém khéc nhau ctia mot lan can nao dé cua
diém O(0,0) s6 gia toan phan Af(z,.y) khong c6 cing mot dau va do
dé tai O(0,0) ham khéng ¢ cuc tri dia phwong.

Tai diem M;(—v/2,v/2) ta cé

A B
B C

20 4
4 20

=400 —-16 >0
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va A > 0 nén tai Ml(—\/i, \/5) ham cé cuc tiéu dia phwong va
fmin = —8.
Tai diém My (v/2, —v/2) ta c6 AC — B> > 0 vi A > 0 nén tai d6

ham c6 cuc tiéu dia phirong va fpm = —8.
Vi du 2. Khao sat va tim cuc tri ciia ham
flz,y) = 2* + zy +y* — 22 — 3y.

Gidi. i) Hién nhién D; = R.

ii) Tim diém dirng. Ta c6

fi=2x+y—2 N 2v4+y—2=0,

fo=2+2y—3 z+2y—3=0.
. , s 4 , AN oL
Hé thu dwoc c6 nghiém la x():g, y0:§. Do do <§,§) la diem

dirng va ngoai diém dirng d6 ham f khong c6 diém dirng ndo khéc vi
fova f, ton tai V(x,y).

iii) Khao st cyc tri. Tacé A= fl, =2, B f;, =1, C= [, =2
Do dé

21
A(My) = =3>0vaA=2>0
1 2

o s 14
nén ham f cé cuc tiéu tai diem Mo(g, §)
Vi du 3. Tim cye tri cta ham f(z,y) = 6 — 4x — 3y vdi dieu kién 1a
x va y lién hé véi nhau bdi phwong trinh 22 + y? = 1.

Gidi. Ta lap ham Lagrange
F(z,y) =6 —4x — 3y + A2* + ¢ — 1).

Ta co
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va ta giai hé phwong trinh

—44+2 =0
—3+2Xxx =0
x2+y2:1

Giai ra ta cé

N 5 4 3
= —— To = —— —
2T Ty Ty BTG
Vi
4 4 4
0 =2, 9 =0, a—:2)\
0x? 0x0y 0y?
néen
d*F = 2\(dx* + dy?).
X 5 4 3 N ~ . A 4 3 N
Néu ); = T= Y=z thi d®>F > 0 nén tai diém <5’5) ham
c6 cuc tiéu cé dieu kién.
p 5 4 3
Neu A = 5 &= —% Y = —% thi d>F < 0 va do d6 ham c6 cuee
N e 4 3
dai c6 dieu kién tai diem (— 5’_5)'
Nhw vay
16 9
max:6 - - = 11,
/ * 5 +5
16 9
min —=0———==1. A
/ 5 5

Vi du 4. Tim cuec tri ¢6 diéu kién clia ham
) f(z,y) =2 +9y? +ay— 50 —4y+10, z+y=4
2 u=f(z,y,2) =1 +y+ 2>
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Giai. 1) T phwong trinh rang buéc r +y =4tacé y =4 —z va

flx,y) =2+ @A —-2)* +2(4—2) -5z —4(4 —2)+ 10
=22 — 5z + 10,

ta thu dwoc ham mot bién s6
g(x) = 2* — 5x 4+ 10

va cue tri dia phwong cia g(z) cing chinh 1a cwe tri ¢6 diéu kién cua
ham f(z,y). Ap dung phwong phép khéo sét ham s mot bién sé ddi
véi g(z) ta tim dwoc g(z) ¢6 cue tiéu dia phirong
) 15
()<
Nhung khi dé ham f(z,y) da cho c6

. o o . s 5 3
cuc tieu co dieu kién tai diem ( )

- 272
5 3 15
fn=1(5:5) =7
2) Tt cdc phwong trinh rang budc ta cd
z=14+z
y=a"4+z+1

va thé vao ham da cho ta diroc ham mot bién s6
u= f(z,y(x),2(z)) = g(x) = 22° + 4o + 2.

Dé dang thiy rang ham g(r) c¢6 cue tiéu tai z = —1 (khidé y = 1,
z = 0) vd do d6 ham f(z,y,2) c¢6 cuc tiéu c6 dieu kién tai diém
(—1,1,0) va

fain = f(=1,1,0) = 0. A
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Vi du 5. Bang phwong phdp thira sé bat dinh Lagrange tim cuwc tri

c6 dieu kién cta ham
_ 2
u=x+y+z

v6i dieu kién

{Z_x: (9.16)

y—xz=1

(xem vi du 4, ii)).

Gidi. Ta lap ham Lagrange
Fr,y,2)=z+y+2>+ Mz —2—1) + Ay — 22 — 1)

va xét hé phwong trinh

( OF
—=1—-XA—X2z=0
ox ! 2%
oF
—=14+X=0
oy + A2
oF
— =224+ X — Xz =0
0z
pr=z—2—1=0
po=y—xz—1=0.

\
Hé nay ¢6 nghiém duy nhiat x = -1,y =1, 2 = 0, \; = 1 va
Ao = —1 nghia 1a My(—1,1,0) 1a diém duy nhéit c6 thé c6 cue tri clia
ham vai céce diéu kién rang budc p; va @s.
Tt cac he thire
z—1x =

y—xz=1

ta thay rang (9.16) xdc dinh cip ham an y(z) va z(x) (trong trwong
hop ndy y(x) va z(x) dé dang rit ra tir (9.16)). Gid st thé nghiém
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y(z) v z(x) vao hé (9.16) va bang cdch 1dy vi phan cdc dong nhét
thitc thu dwoc ta cé

dz —dr =0 N dz = dx (9.17)
dy — xdz — zdr = 0 dy = (x + z)dx.

Bay gio tinh vi phan cap hai cia ham Lagrange
d*F = 2(dz)? — 2\odxdz. (9.18)

Thay gid tri Ay = —1 va (9.17) vao (9.18) ta thu dwoc dang toan
phwong xac dinh dwong la

d’F = 4dz?.

Tt d6 suy ra ham da cho cé cuc tidu ¢ dieu kién tai diém
My(=1,1,0) va fmin =0. A

Vi du 6. Tim gid tri 16n nhit va nho nhat cia ham
fl,y) =2 +y* —ry+z+y
trong mién
D={x<0,y<0,z+y> -3}

Gidi. Mién D da cho la tam gidc OAB véi dinh tai A(—3,0),
B(0,—3) va 0(0,0).
i) Tim céc diém dirng:
fi=2r—y+1=0
fi=2y—2+1=0
Tit d6 o = —1, y = —1. Vay diém ding 1a M(—1, —1).
Tai diém M ta cé:

FOM) = f(=1,-1) = 1.
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ii) Ta c6
A=fl(-1,-1)=2
B=f"(-1,-1)= -1

Vay AC — B? =4—1 = 3> 0, nén ham cé biét thitc AC — B? >0
vi A =2 > 0. Do dé tai diém M né cé cuc tiéu dia phwong va
fmin = —1.
iii) Kh&o st ham trén bién ctia mién D.
+) Khi z =0 ta c6 f =y +y. D6 véi ham mot bién f = y? + v,
—3<y<0taco
(fin)],_, = 6 tai diém (0, —3)
-1 B 1
(fnn)‘mzo = T t?.li diem <07 _5)

+) Khi y = 0 ta ¢6 hAm mot bién f = 22 + 1z, =3 < 2 < 0 v
twong tu:

(fln)‘yzo =0 t&.li dlém <07 _3>

(fnn)}yzo = _Tl tai diém <— %,O).

+)Khiz4+y=-3=y=-3—ztacd f(zr)=32>+92+6 va

—3 3 3
(fnn)‘ﬂyz_g =71 tai diem (— 2 _5)

(fin)|,y s = 6 tai diém (0, =3) va (=3,0).

iv) So sdnh céc gia tri thu dwgc doi véi f ta két luan fi, = 6 tai
(0, —3) va (—=3,0) va gid tri f,, = —1 tai diém dirng (-1, —1).

BAI TAP
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Hay tim cwc tri cia cdc ham sau day

f=1+6x—22—ay—1y? (DS. fmax = 13 tai diém (4, —2))
f=@—-1)%+2y2 (DS. fun = 0 tai diém (1,0))
f=2+azy+y*—2r—y. (DS. fuin = —1 tai diém (1,0))
f=23%%6—2—y) (x> 0,y >0). (DS. fmax = 108 tai diém (3,2))

A

5. f =22 +y* — 2% — 2%
(DS, fmax = 0 tai diém (0, 0),
Foin = —2 tai céc did M(l 1) ‘M<_1 1)
min = —¢ tai cdc diem My (3, va My (-,
Foin = — 2 tai céc dié M(l 1) ‘M<_1 1))
min — ] al cac diem 3 27 va 4 2 )
6. f = (5x + Ty — 25)e~ T Havtv?),
(DS, fumax = 37 tai diém M;(1,3),
.o3eR -1 _3
Fnin = —26¢"/52 tai diém M2<%, %))
50 20 gen
T.f=aoy+—+—,2>0,y>0. (DS. fiin = 30 tai diem (5,2))
x )
8. f=a?+ay+y?—6x—9y. (DS. fmn = —21 tai diém (1,4))
9. f=ay—a*—y+6c+3  (DS. fmax = 15 tai diém (4,4))
2
10. f= (22 +y)vev. (DS. fmin = —- tai (0,-2))
e
11. f=2+(z—1)*(y+1)% (DS. fun = 2 tai diem (1,—1))
Chi dan. Tai diém My(1, —1) ta c6 A(My) = 0. Can khdo sat dau
cta f(M) _f(MO> = f(l +A$,—1+Ay) - f(17_1>
12. f=1— (2 =2)Y>—y*> (DS. fmax = 1 tai diém (2,0))

Chi dan. Tai diém (2,0) ham khong kha vi. Khao sdt dau cta
f(M) = f(Mo), Mo = (2,0).
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Tim ce tri ¢é dieu kién ctia cdc ham sau day
13. f = xy véi dieu kién x +y = 1.
1 R 11
(DS fmax = Z tal diem (5, 5))
14. f = x + 2y véi dieu kién 22 + y? = 5.
(DS. fuax = b tai diém (1,2))

15. f:x2+y2véidiéukiéng+%:1.
36 18 12
DS, fuin = 32 tai diém (35,72 )
(bS. f 13 tai diem 1313 )

16. f =z — 2y + 2z véi dieu kién 22 + ¢ + 22 = 0.
(DS. frnin = —9 tai diém (—1,2, =2); fmax = 9 tai (1, -2,2).)

17. f = zy véi dieu kién 22 + 3y = 5.

25 ., 55
(DS. fiuax = 2 tai diem <Z’ 6)>

18. 1) f = 2* + y? véi diéu kién rang buoc % + % =1.

144 36 48
(DS. fuin = — tai <—, —))
25 25" 25

2) f = e"™ véi dieu kién z 4y = 1.
, 11
(DS. fmax = €'/* tai diém <—, —))
272
Chi dan. C6 thé sit dung phwong phap khir bién.
19. f=a2%+y?+ 222 véi dieu kien o — y + 2 = 1.
(DS. fuin = 0,4 tai didm (0,4; —0,4;0,2))

20. f=a4+y>— 23+ 5 véidieukien z +y — 2 = 1.

. 10
(DS. fuin = 5 tai diem (0,0,0) va fiax = 72—7
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21. f=xyz véi céc dieu kien x +y + 2 =5, zy + yz + 22 = 8.

4 447N /4T 4\ /T 44
D . max:4_ i <_7_7_); <_7_7_); <_7_7_)
(BS. £ o7 Wl333) \333) (333

fmin =4 tai (2,2,1);(2,1,2);(1,2,2))
Tim gid tri 1ém nhat va nhd nhéat clia cdc ham so sau.

22. [ =12%y(2 -2 —y), D la tam gidc dwoc gi¢i han bdi céc doan

thang =0,y =0, z +y = 6.
1 2 3
(bS. fin = 1 tai diem (1,2); fn, = —128 tai diem (4, 2)).
23. f=x+4vy, D={2a?+y* < 1}.

» n 2 2
(DS.  fi, = V2 tai diém bién (— \/_);

272
p . 2 2
fan = —V/2 tai diém bién <— \/7_, —g))

24. Tir moi tam gidc ¢6 chu vi bang 2p, hay tim tam gidc cé dién tich
16m nhat.
Chi dan. Dat a = 2, b =y = ¢ = 2p —  — y va 4p dung cong

thitc Heron

S=plp—2)(p—y)(z+y—p)
(DS. Tam gidc deu).
25. Xéac dinh gid tri 1é6m nhat va nhd nhat cia ham
f=a?—y?, D={? 4+ <1}
(bS.  fi, =1tai (1,0) va (—1,0);
Fan = —1 tai (0,1) va (0, —1)).
26. X4c dinh gid tri 1ém nhat va nhd nhéat ctia ham

f=a*—y* -3y, D={0<2<2-1<y<2}
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(DS.  fi, = 13 tai diém (2, —1);
fan = —1 tai diém (1,1) va (0, —1)).
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