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Loi noi dau

Ban dang c¢6 trong tay tap I cua mot trong nhitng sach bai tap giai tich (theo
chuing t6i) hay nhat thé gidi .

TruGe day, hau hét nhiing nguoi lam toan cta Viét Nam thuong st dung hai cuon
sach néi tiéng sau (bing tiéng Nga va di duoc dich ra ti€ng Viét):

1. ”BAI TAP GIAI TICH TOAN HOC” ctua Demidovich (B. II. Ilemnnosua; 1969,
Coopuur 3amau um Yupaxkueantt no Maremaruueckomy Ananusy, W3mareancTBo
"Hayxra”, Mocksa,)

N

va

2. ”GIAI TICH TOAN HQC, CAC VI DU VA BAI TAP” cua Ljaszko, Bojachuk, Gai,
Golovach (1. U. Jlamko, A. K. Boauyk, . T. FaI@), I'. II. T'onobau; 1975, Marem-
arnuecknl® Ananus B IIpumepax u 3anauvax, Tom 1, 2, M3narenncreo Bumas

I xkoua).

dé giang day hodc hoc gidi tich.
Can chd y rang, cu6n thit nhit chi ¢6 bai tap va ddp s6. Cuon thd hai cho 10i
giai chi ti€t doi v6i phan 16n bai tap clia cudn thi nhit va mot s6 bai toan khac.
Lan nay chidng t6i chon cudn sach (bang ti€ng Ba Lan va da dugc dich ra tiéng
Anh):

3. ”BAI TAP GIAI TICH. TAP I: SO THUC, DAY SO VA CHUOI SO” (W. J. Kaczkor, M.
T. Nowak, Zadania z Analizy Matematycznej, Cze$¢ Pierwsza, Liczby Rzeczy-
wiste, Ciagi 1 Szeregi Liczbowe, Wydawnictwo Universytetu Marii Curie -
Sklodowskiej, Lublin, 1996),
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iv Loi néi ddu

4. ”BAI TAP GIAI TICH. TAP II: LIEN TUC VA VI PHAN ” (W. J. Kaczkor, M.
T. Nowak, Zadania z Analizy Matematycznej, Cze§¢ Druga, Funkcje Jednej
Zmiennej—Rachunek Rozniczowy, Wydawnictwo Universytetu Marii Curie -
Sklodowskiej, Lublin, 1998).

dé bién dich nhidm cung cap thém mot tai lidu tot gidp ban doc hoc va day gidi tich.
Khi bién dich, ching to6i da tham khao ban ti€ng Anh:

3% W. J. Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALYSIS I,
REAL NUMBERS, SEQUENCES AND SERIES, AMS, 2000.

4%, W. J. Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALYSIS II,
CONTINUITY AND DIFFERENTIATION, AMS, 2001.

Séch ndy c6 céc uu diém sau:
e Ciac bai tap dugc xap xép tir dé cho t6i kho va ¢6 nhiéu bai tap hay.
e Loi giai kha day du va chi tiét.

e Két hop dugc nhitng y tudng hay giita toan hoc so cap va toan hoc hién dai.
Nhiéu bai tap duoc 14y tir céc tap chi ndi tiéng nhu, American Mathemati-
cal Monthly (tiéng Anh), Mathematics Today (tiéng Nga), Delta
(tiéng Balan). Vi thé, sich nay c6 thé ding lam tai liéu cho cdc hoc sinh
phé thong & cdc 16p chuyén ciing nhu cho céc sinh vién dai hoc nganh toan.

Cic kién thic co ban dé giai cac bai tap trong sdch ndy c6 thé tim trong

5. Nguyén Duy Tién, BAI GIANG GIAI TICH, TAP I, NXB Dai Hoc Quéc Gia Ha
Noi, 2000.

6. W. Rudin, PRINCIPLES OF MATHEMATICAL ANALYSIS, McGraw -Hil Book
Company, New York, 1964.

Tuy vay, tru6c mdi chuong ching toi trinh bay tém tét 1y thuyét dé gitp ban doc
nhd lai cac kién thic co ban can thiét khi giai bai tap trong chuong tuong tng.



Loi néi dau v

Tap I va II ctia sich chi ban dén HAM SO MOT BIEN SO (trlt phan khong gian
metric trong tap II). Kaczkor, Nowak chic s& con viét Bai Tap Giai Tich cho ham
nhi€u bién va phép tinh tich phan.

Chung to6i dang bién dich tap 11, sap t6i s€ xuat ban.

Chiing toi rat biét on :

- Gido su Pham Xuan Yém (Phdp) da gui cho ching toi ban goc ti€éng Anh tap I
ctia sach nay,

- Gido su Nguyén Hitu Viét Hung (Viét Nam) da gti cho ching toi ban goc tiéng
Anh tap II ctia sach nay,

- Gido su Spencer Shaw (My) da gtri cho chiing toi ban goc tiéng Anh cuén siach
ndi tieng ctia W. Rudin (ndi trén), xuat ban l4n thd ba, 1976,

- TS Duong Tat Thing da c6 vii va tao diéu kién dé chiing toi bién dich cu6n
sdch nay.

Ching t6i chan thanh cdm on tap thé sinh vién Todn - Ly K5 Hé Dao Tao Ci
Nhan Khoa Hoc Tai Nang, Truong PHKHTN, DPHQGHN, da doc k¥ ban thao va stra
nhi€u 16i ché€ ban cua ban ddnh mdy dau tién.

Chiing toi hy vong rang cuén sich nay sé dugc dong dao ban doc dén nhan va
g6p nhiéu y kién qui bau vé€ phan bién dich va trinh bay. Rat mong nhan dugc su chi
gido cua quy vi ban doc, nhiing y kién gép ¥y xin glii vé: CHI POAN CAN BQ, KHOA
TOAN CO TIN HOC, TRUONG PAI HOC KHOA HOC TU NHIEN, PAI HOC QUOC GIA
HA NOI, 334 NGUYEN TRAI, THANH XUAN, HA NOL

Xin chan thanh cam on.

Ha Noi, Xuan 2002.
Nhoém bién dich
Poan Chi






Cac ky hiéu va khai niém

e R - tap cac so thuc

R, - tap cac so thuc duong

7, - tap cac sO nguyén

N - tp cac s0 nguyén duong hay cac sO tu nhién

Q - tap cac so hitu ty

(a,b) - khoang m& c6 hai ddu mit 1a a va b

[a,b] - doan (khoang déng) c6 hai ddu mit 1a a va b
e [z] - phan nguyén cua s6 thuc =

Vé6i z € R, ham dau cua z 1a

1 véi x>0,
sgnr =14 —1 v x <0,

0 volT x =

e V6izeN,
nl=1-2-3-...-n,
2n)'=2-4-6-...- (2n—2) - (2n),
Cn—1)N=1-3-5-...-(2n—3)-(2n — 1).
e Ky hieu () = #Lk),, n,k € N, n > k, 12 hé s6 cla khai trién nhi thiic

Newton.

vil
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Cdc ky hiéu va khdi niém

Néu A C R khéc rébng va bi chan trén thi ta ky hiéu sup A 1a can trén ding
ctia nd, néu n6é khong bi chin trén thi ta quy udc rang sup A = +oo.

Néu A C R khéc rong va bi chan dudi thi ta ky hiéu inf A 1a can duéi ding
ctia nd, néu né khong bi chan dudi thi ta quy udc rang inf A = —oo.

Day {a,} cdc s0 thuc dugc goi 1a don diéu tang (twong tng don diéu giam)
néu a,1 > a, (twong Gng néu a, 1 < a,) véi moi n € N. L&p cac diy don
diéu chtra cac day tang va giam.

S6 thuc ¢ dugc goi 1a diém gidi han cta day {a,} néu ton tai mot diy con
{an, } cua {a,} hoi tu vé c.

Cho S 1a tap cac diém tu cla day {a,}. Can dudi ding va can trén ding cua
day , ky hiéu Ian luot 1a lim a, va lim a, dugc xdc dinh nhu sau

n—00 n—00

+o0o  néu {a,} khong bi chan trén,

@ an =4{ —oo  néu {a,} bi chan trén va S = (),

(supS  néu {a,} bi chan trén va S # 0,
—oo  néu {a,} khong bi chan dudi,
lim a, = ¢ +co  néu {a,} bi chan dudi va S = (),
e |infS  néu {a,} bi chan dudi va S # 0,

o
Tich vo han [] a, hoi tu néu ton tai ng € N sao cho a, # 0 v6i n > ng va

n=1
day {any@ngs1 - - * Qngin}t hOi tu khi n — oo t6i mot giGi han Py # 0. SO
P = au,any41 - - - Qngn - Po duge goi 1a gia tri cta tich vo han.

Trong phan 16n cic sich todn & nudc ta tir truGe dén nay, cac ham tang va
cotang ciing nhu cac ham ngugc cua ching duoc ky hiéu la tgz, cotgz,
arctg x, arccotg x theo cach ky hiéu ctia cic sidch c¢6 ngudn goc tir Phap va
Nga, tuy nhién trong céc sich todn ctia M§ va phan 16n cdc nuéc chau Au,
ching duogc ky hiéu tuong tu 1a tanz, cot z, arctan x, arccot x. Trong cudn
sach nay chiing toi s& sit dung nhitng ky hiéu ndy dé ban doc 1am quen véi
nhitng ky hiéu dd dugc chuin hod trén the gidi.
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Chuong 1

Gioi han va tinh lién tuc

1.1 Gi6i han cua ham so

Ching ta dung cac dinh nghia sau.

Pinh nghia 1. Ham f goi la tang (tuong Gng, tang thuc s, giam, giam thuc
sy) trén tap khac rong A € R néu x; < 1, z1, 72 € A kéo theo f(x1) < f(z2)
(tuong Gng f(z1) < f(22), f(z1) = f(22), f(z1) > f(22) ). Ham tang hay giam
(tuong ting, ting thuc su hay giam thuc sy) goi 12 ham don diéu (tuong ting,
don diéu thuc su)

Dinh nghia 2. Tap (a —¢,a+¢) \ {a}, 6 diy € > 0 goi 1a lan cdn khuyét cua
diém a € R

1.1.1. Tim cac gi6éi han hodc chiing minh chiing khong ton tai.

1 1

(a) limzcos—, (b) limzx {—} ,

x—0 €T e .

. x |b 2]
(¢ lim-— |—|, ab>0, (d) lim —,

z—=0aq |X z—0
©  lim o(va? +1-Va® +1), O i SE0ST)
e z—0 sin(sinx)

1.1.2. Gia st f: (—a,a) \ {0} — R. Chiing minh ring

(a) :lclg[l) f(z) =1 néu va chi néu :lclg(l) f(sinz) =1,
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4 Chuong 1. Gioi han va tinh lién tuc

(b) lin% f(x) =1 thi liII(l) f(|z|) = I. Diéu ngugc lai c6 ding khong ?
z— z—

1.1.3. Gia st ham f : (—a,a) \ {0} — (0, +00) thoa man lirr(l)(f(a:) + ﬁ) =2.

Chiing minh rang lim f (z) = 1.
z—>

1.1.4. Gid st f dugc xac dinh trén 14n can khuyét cua a va lim (f(z)+ ‘f(lm”) =
Tr—a
0. Tim lirr[l) f(z).
r—r

1.1.5. Chiing minh réng néu f 14 ham bi chdn trén [0, 1] thod man f(az) =
bf(z) véi0 <z < Ivaab>1thi 1iI£l+ f(z) = f(0).
z—

1.1.6. Tinh

(a) lim(z2(1+ 243+ -+ [%])),

z—0 ||
®)  lim (o([d]+[2]+-+[E), ke N.

1.1.7. Tinh lim [;,D(H; & day P(z) 1a da thtc v6i hé s6 duong.

T—00

1.1.8. Chi ra bang vi du réang diéu kién
(%) lim(f(z) + f(22)) =0

khong suy ra f c6 gi6i han tai 0. Chiing minh rang néu tén tai ham ¢ sao
cho bat déng thic f(z) > ¢(z) duge thod mén trong mét 1an can khuyét cta
0 va lim p(x) = 0, thi () suy ra lim f(z) = 0.

z—0 z—0

1.1.9.

(a) Cho vi du ham f thoa mén diéu kién

lim (f(z)f(22)) = 0

z—0

va lim f(z) khong ton tai.
z—0

(b) Chiing minh ring néu trong mot 1an can khuyét caa 0, cac bat ding
thic f(z) > |z|*, 3 < a < 1, va f(2)f(2z) > |z| dudc thod mén, thi
lim f(z) = 0.

z—0



1.1.10. Cho truéc s thuc o, gia st lim % = g(a) v6i mdi sd duong a.
T—00

Chting minh rang ton tai ¢ sao cho g(a) = ca®.

1.1.11. Gid st f : R — R 1a ham don diéu sao cho lim {5(2;)) = 1. Chung
Tr—00

minh réang lim ’;((C;)) =1 v6i moi ¢ > 0.
Tr—00

1.1.12. Chiing minh réng néu a > 1 va o € R thi
() lim & = foo, ®) lim L = oo

r—00 I rz—o0 L&

1.1.13. Chiing minh réng néu a > 0, thi lim 2Z = (.-
Tr—00
1.1.14. Cho a > 0, chting minh lin% o = 1. Dung d4ng thic nay dé ching
T—

minh tinh lién tuc cia ham md.

1.1.15. Chiing minh réng

1\* 1\*
(@) lim (1 + —) =e, (b) lim (1 + —) =e,
T—00 x T—r—00 xXr
(¢ lim(1+ x)% =e.

T—r00

1.1.16. Chiing minh rang lin%) In(1+2) = 0. Dung dang thic nay, suy ra ham
z—
logarit lién tuc trén (0, 00).

1.1.17. Tinh cac gi6i han sau :

In(1 r—1
@ lim 2L+ b lime—— 4>0,
z—0 x z—=0 T
© lmdFD -l g
z—0 €T
1.1.18. Tim
. 1 : sinx
@ Jim(na), O g
. 1 PRt
(© :101_r>r(1)(cos x)sinTe, (d) lim (e* —1)=,

P
(e) :lclg[l)(sm x)he,



6 Chuong 1. Gioi han va tinh lién tuc

1.1.19. Tim cac giéi han sau:

sin 2z + 2 arctg 3x + 322 . Incosz
1n ) ) (b) lim T2
z—0 In(1 4 3z + sin” z) + xe® 250 tgx
V1—e*—+/1—cosx )
i d 1 1 2 cotgx.
© xg(?+ vsin x ’ @ wll’%< to)
1.1.20. Tinh

(a)

)=, () lim z(In(1 + E) —1In g)

™

8=

lim (t

1.1.21. Gia st rang lim g(z) =0 va tén tai o € R, cac s6 duong m, M sao
z—0

chom < % < M véi nhiing gia tri duong cua z trong 1an can cua 0. Ching

minh riang néu o lim g(z)Inz = v, thi lim f(2)9® = ¢7. Trudng hop v = o
:10—>‘)OﬂL R z—0t

hodc v = —o0, ta gia su e® = oo va e~ = 0.

1.1.22. Biét rang lin% flz) =1 va lin% g(z) = oco. Chiing minh riang néu

Tr—> T—>
i —1) = ili 9(x) — o7
lim g(z)(f(z) = 1) = 7, thi lim f(z) ev.

1.1.23. Tinh
(2) lim (2siny/z +/zsinl)”,
z—07t

o7

() lim <1 + ze 7 sin %) ,
z—0 x
1
1 1 ew?
(¢) lim <1 + e 27 arctg =& + ze 22 sin %)
z—0 x z

1.1.24. Cho f : [0,+0c0) — R l1a ham sao cho méi dayf(a +n), a > 0, héi tu
t6i khong. Hoéi giéi han lim f(x) c6 ton tai khong ?

T—r00
1.1.25. Cho f : [0, +00) — R 12 ham sao cho v6i moi s6 duong a, day{f(an)},
hoi tu t6i khong. Hoi gi6i han lim f(z) c6 ton tai khong ?

Tr—00
1.1.26. Cho f : [0,+00) — R 1a ham sao cho v6i moi @ > 0 va moi b > 0,
day{f(a+ bn)}, a > 0, hoi tu t6i khong. Hoi giéi han lim f(x) c6 ton tai
T—r00

khong ?
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1.1.27. Chting minh rang néu lim f(r) = 0 va lim f0)=f@) — () thi lim @ =
z—0 z—0 z z—0 T
0.

1.1.28. Gia st f xac dinh trén (a,+00), bi chin trén mdi khoang hitu han
(a,b),a < b. Chiing minh rang néu lirf (f(x+1)— f(z)) =1, thi lirr[l) % =1.

1.1.29. Cho f x4c dinh trén (a,+oco), bi chin duéi trén méi khoang hitu
han (a,b),a < b. Chiing minh ring néu lim (f(x +1) — f(z)) = +oo, thi
T—r+00

liir[l)@ = +00.

1.1.30. Cho f xac dinh trén (a,+oc0), bi chén trén mdi khoang hitu han
(a,b) ,a < b. Néu v6i s6 nguyén khong 4m k, lim W ton tai, thi

T—+00
fl@) 1 flz+1)— f(z)
w—1>r—£loo AR R | :cgr-ipoo xk

1.1.31. Cho f xac dinh trén (a,+oc0), bi chén trén mdi khoang hitu han
(a,b),a < b va gia st f(z) > ¢ > 0 véi z € (a,+00). Chling minh ring néu

lim £ Sf(;” tn tai, thi lim f(z)? ciing ton tai va

T—+00 Jim
Jim (f(2))7 = lim_ %

1.1.32. Gia thiét rang liII(l)f ([%rl> = 0. Tu d6 c6 suy ra liII(l) f(x) ton tai
T— T—
khong ?

1.1.33. Cho f : R — R sao cho v6i moi a € R, day {f(%)} hoi tu t6i khong.
Hoi f ¢6 gi6i han tai 0 khong ?

~ . M ~ . l _ l — N . —
1.1.34. Chtng minh rang néu :lclg[l)f (z(2-[3])) =0, thi :1013(1) f(z) =0.

1.1.35. Chting minh ring néu f don diéu tang ( gidm ) trén (a,b), thi véi

moi zy € (a,b),

@ f(zg) = lim f(z) = inf f(z)  (f(zg) = sup f(z)),

T >0 >T0
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(®) f(zg) = lim f(z) = sup f(x) (f(zy) = inf f(z)),

T r<x0 <z

© f(zg) < flxo) < flzg)  (f(zg) > flxo) > flzg))-

1.1.36. Chiing minh réng néu f don diéu ting trén (a,b), thi véi moi x4 €

(a,b),
(a) lim f(a") = f(z7),
(b) lim f(z*) = f(zp).

1.1.37. Chting minh dinh i Cauchy sau day. Dé f c6 giéi han hitu han
khi # — a, diéu kién can va du 1a v6i moi € > 0 ton tai § > 0 sao cho
|f(z) — f(z')] < ebatci khindo 0 < |z —a| <5 va 0 < |z —a| <. Lap cong
thiic va chiing minh diéu kién can va da tuong tu dé lim f(z) ton tai.
Tr—00
1.1.38. Chting minh ring néu lim f(z) = Ava lin}1 g(y) = B, thilim g(f(z)) =
T—a y— T—a

B véi gia thiét (go f)(z) = g(f(z)) dude xac dinh va f khong nhan gia tri A
trong 1an can khuyét cua a.
1.1.39. Tim cac ham f va g sao cho lim f(z) = A va lirrig(y) = B, nhung

T—a y—
lim g(f(x) # B.
1.1.40. Gia st f : R — R 1a ham tang va z — f(z) — z ¢6 chu ki 1. Ki hiéu
f™ 1a phép lip thi n caa f; tic 1a, f! = f va f* = fo f*! v6in > 2. Chiing

f(0) " ( £7(0)

minh rang néu lim == ton tai, thi v6i moi z € R, lim @) — iy

n—00 n—00 n—00

1.141. Gia st f : R — R 14 ham tang va z — f(z) — z ¢6 chu ki 1. Ngoai
ra, gia st f(0) > 0 va p 12 s6 nguyén ducng c6 dinh. Ki hiéu f™ 1a phép lap
thti n ctia f. Chting minh rang n&u m, 14 s6 nguyén duong nhd nhat sao cho
F7(0) > 0, thi

i
-

i IO O 1+50)

My ~ nooo M ) m, m,
1.1.42. Gia st f: R — R 1a ham tang va z — f(z) — x ¢6 chu ki 1. Chiing
[ (x)

minh rang lim £-=% ton tai va nhan cung gia tri véi moi z € R, 6 day f™ ki
n—oo

hiéu phép lip thi n caa f.




1.2 Cac tinh chat cua ham lién tuc

1.2.1. Tim t&t ca cac diém lién tuc ctia ham f x4c dinh béi

0 néu z vo ty,
flx) =4 A
sin x| néu z hitu ty.

1.2.2. Xacdinh tap cac diém lién tuc ctia ham f dude cho béi

22 —1 néuz vo ty,
flz) = o
0 néu z hiiu ty.

1.2.3. Nghién ctiu tinh lién tuc ctia cic ham sau:

0 néu z vd ty hodc z =0,
(a) fz)={1 néuz=p/gpeZ geN,va
p, g nguyén td cung nhau,
|| néu z vo ty hoéc z = 0,
(b) f(z) = qz/(qr +1) l’lé/u:E:p/(LpEZ7 g €N, va

p, g nguyén td cung nhau,
(Ham dinh nghia 6 (a) dudc goi 1a ham Riemann.)

1.2.4. Chiing minh rang néu f € C([a,b]), thi
du rang diéu ngudc lai khong ding.

fl € C([a,b]). Chi ra bang vi

1.2.5. Xac dinh tat ca cac a, va b, sao cho ham xac dinh bdi

anp +sintz néuz € 2n,2n+1],neZ,
fz) =

by, +costex mnéuz € (2n—1,2n),neZ,
lién tuc trén R.
1.2.6. Cho f(z) = [#*]sin7z v6i € R. Nghién ctiu tinh lién tuc cua f.

1.2.7. Biét
f(z) = [a] + (z — [2])¥) véiz >

Chting minh rang f lién tuc va tang thuc sy trén [1, co).
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1.2.8. Nghién ciiu tinh lién tuc ctia cac ham sau day va vé db thi cta ching

(@) f(z) = lim 2=2—- 1 €R,

nT4+n=—%7

(b) f(z) = lim Z¢42 - 7 € R,

nT b
nsoo €L

©  fla)=lim MR g >,

n—oo

@  f(z)= lim wn a4 L @ A0,

n—oo

(e) f(z) = lim ¥/cos?z +sin™z, = €R.

n—oo

1.2.9. Chting minh rang néu f : R — R lién tuc va tudn hoan thi né cé gia

tri 16n nhat va gia tri nho nhat.

1.2.10. Cho P(z) = z?" + ag,_12*" ' + - + a17 + ag, chiing minh rang tén tai
z, € R sao cho P(z,) = inf{P(z) : * € R}. Ciing chting minh ring gia tri
tuyét doi cta moi da thic P c6 gia tri nhd nhat; ttc 13, ton tai z* € R sao
cho |P(z*)| = inf{|P(x)| : z € R}.

1.2.11.

(a) Cho vi du vé ham bi chén trén [0, 1] nhung khong c¢6 gia tri nho nhat,

cting khong ¢6 gia tri 16n nhat.

(b) Cho vi du vé ham bi chén trén [0, 1] nhung khong c6 gia tri nho nhat
trén moi doan [a,b] C [0,1], a < b.

1.2.12. Cho f: R — R, zp € Rva § > 0, dat

wg(zo,0) = sup{|f(z) — f(zo)| : z € R, |z — x| < I}

va wi(xg) = 6111(1;1+ w(7g,9). Chitng minh ring f lién tuc tai zy néu va chi néu

wy(zo) = 0.

1.2.13.
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(@) Cho f,g € C([a,b]) va v6i = € [a,b], dat h(zx) = min{f(x),g(z)} va
H(z) = max{f(z),g(z)}. Chting minh rang h, H € C([a,b]).

(b) Cho f1, f2, f5 € C(la,b]) va véi x € [a,b], ddt f(z) 1a mot trong ba gia tri
fi(x), fo(z) va f3(z) ma nadm gitia hai gi4 tri con lai. Chiing minh rang

f € C([a,b]).

1.2.14. Chiing minh rang néu f € C([a,b]), thi cac ham dugc x4c dinh bdi
m(z) = inf{f(C) : ¢ € [a,2]} va M(z) = sup{f(C) : C € [a,x]}

cting lién tuc trén [a, b)].

1.2.15. Goi f 1a ham bi chan trén [a,b]. Chiing minh rang cac ham dugc xAc

dinh bdi
m(x) = inf{f(¢) : ¢ € [a,2)} va M(x) = sup{f(C) : C € [a,2)}

ciing lién tuc trén (a,b).

1.2.16. Véi cac gia thiét cta bai toan trude, kiém tra cac ham

m*(z) =inf{f(¢) : ¢ € [a, 2]} va M*(z) = sup{f(¢) : C € [a, 2]}
c6 lién tuc trai trén (a,b) hay khong ?

1.2.17. Gia sti f lién tuc trén [a, 00) va lim f(z) hitu han. Chtng minh rang
Tr—r00

f bi chén trén [a, c0).
1.2.18. Cho f 14 ham lién tyc trén R va dat {z,} 1a day bi chan. Cac bat

d4ng thic sau

lim f(z,) = f(lim z,) va lim f(z,) = f(lim z,)

n—o00 n—oo n—oo n—oo

c6 dung khong ?

1.2.19. Cho f : R — R la ham lién tuc, tang va goi {x,} la day bi chéan.
Chting minh rang
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b) i f(x,) = £(Tm 2,).

1.2.20. Cho f : R — R 1a ham lién tuc, giam va goi {z,} 1a day bi chan.
Chiing minh rang

@ lim f(r.) = £(lim 2.),

1.2.21. Gia st f lién tuc trén R,  lim f(z) = —oco va lim f(z) = +oo. Xac
T—00

T—r—00

dinh ¢ bang cach dat
g(x) =sup{t : f(t) <z} véizeR
(a) Chiing minh rang ¢ lién tuc trai.
(b) g c6 lién tuc khong ?

1.2.22. Cho f: R — R 1a ham tuin hoan lién tuc véi hai chu ki khong thong
udce Ty va Ty; tic 1a 7+ v6 ty. Ching minh rang f 1a ham hing. Cho vi du
ham tuin hoan khac ham hang c6 hai chu ki khong théng uée.

1.2.23.

(a) Chting minh rang néu f : R — R 1a ham lién tuc, tudn hoan, khac ham
hang, thi né c6 chu ki duong nhé nhat, goi 1a chu ki co ban.

(b) Cho vi du ham tuan hoan khac ham hing ma khoéng cé chu ki co ban.

(c) Chting minh rang néu f : R — R 14 ham tuan hoan khong c¢6 chu ki co

ban, thi tap tat ca cac chu ki caa f tru mat trong R.

1.2.24.
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(a) Chiing minh rang dinh li trong muc (a) ctia bai toan trudc van con ding
khi tinh lién tuc ctia f trén R dudc thay thé bdi tinh lién tuc tai mot
diém.

(b) Chiing minh rang néu f : R — R 1a ham tuan hoan khong c6 chu ki co

d N A 2 1A LS A, A <R N P B N N
ban va néu né lién tuc tai it nhat mot diém, thi n6 la ham hang.

1.2.25. Chting minh ring néu f,¢g : R — R la ham lién tuc, tudn hoan va
lm (£(a) = g(a)) = 0 thi f = .

1.2.26. Cho vi du hai ham tuan hoan f va g sao cho moi chu ki cia f khong
thong ude v6i moi chu ki cia g va sao cho f+ g

(a) khéng tuan hoan,
(b) tuan hoan.

1.2.27. Cho f,g: R — R 1a cac ham lién tuc va tuin hoan lan lugt véi chu
ki co ban duong T} va T. Chiing minh rang néu 7+ ¢ Q, thi h = f + g khong

12 ham tuin hoan.

1.2.28. Cho f,g : R — R 1a cac ham tuin hoan .Gia st f lién tuc va khong
c6 chu ki nao ctia g thong udc véi chu ki co ban cua f. Chiing minh réng
f + ¢ khong 12 ham tuan hoan.

1.2.29. Chting minh ring tap cac diém gian doan ctia ham don diéu f: R —
R khéng qua dém dudgc.

1.2.30. Gia st f lién tuc trén [0, 1). Chting minh rang
R Lok
fim 5 2 (MG = o
1.2.31. Cho f lién tuc trén [0, 1]. Chting minh rang

Jim g 0 ()5 =0

k=0



14 Chuong 1. Gioi han va tinh lién tuc

1.2.32. Gia st f : (0,00) — R 12 ham lién tuc sao cho f(z) < f(nz) v6i moi

s6 duong x va moi s6 ty nhién n. Chting minh rang lim f(z) ton tai (hitu

T—00

han hoéc v6 han).
1.2.33. Ham f xac dinh trén khoang I C R dudgc goi 14 16i trén I néu
fAzy 4+ (1= Nz2) < Af(z1) + (1= A) f(z2)

v6i moi 21,z € I va A € (0,1). Chiing minh riang néu f 16i trén khoang md,
thi n6 lién tuc. Ham 16i trén khoang bat ki c6 nhat thiét lién tuc khong ?

1.2.34. Chiing minh ring néu diy {f,} cdc ham lién tuc trén A hdi tu déu
té1 f trén A, thi f lién tuc trén A.

1.3 Tinh chat gia tri trung gian
Ta nhéc lai dinh nghia sau:

Dinh nghia 3. Ham thuc f c6 tinh chdt gid tri trung gian trén khoang I
chia [a,b] néu f(a) < v < f(b) hodc f(b) < v < f(a); tlc 12, néu v nam gitta
f(a) va f(b), thi tén tai c nam gitia a va b sao cho f(c) = v.

1.3.1. Cho céac vi du cac ham c6 tinh chat gia tri trung gian trén khoang I

nhung khong lién tuc trén khoang nay.

1.3.2. Chiing minh rang ham téng thuc sy f : [a,b] — R c6 tinh chat gia tri

trung gian thi lién tuc trén [a, b].

1.3.3. Cho f : [0,1] — [0,1] lién tuc. Chiing minh rang f c6 diém c6 dinh
trong [0, 1]; ttc 14, ton tai x4 € [0, 1] sao cho f(xg) = 0.

1.34. Gia st f,g : [a,b] — R lién tuc sao cho f(a) < g(a) va f(b) > g(b).
Chting minh rang ton tai z¢ € (a,b) sao cho f(zg) = g(wo).
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1.3.5. Cho f: R — R lién tuc va tuan hoan véi chu ki 7' > 0. Chting minh

rang ton tai zy sao cho
T
f (azo + 5) = f(zo).

1.3.6. Ham f : (a,b) — R lién tuc. Chiing minh rang, véi z,,z,... ,, cho
trude trong (a,b), ton tai zo € (a,b) sao cho

Fleo) = (@) + flzz) ++ + f(za))
1.3.7.

(a) Chting minh rang phuong trinh (1 — z)cosz = sinz c6 it nhat mot
nghiém trong (0, 1).

(b) Véi da thtic khac khéng P, chting minh rang phuong trinh |P(z)| = e*
c6 it nhat mot nghiém.

1.3.8. Véiag < by <a; < by <--- < a, < b,, chiing minh rdng moi nghiém
cua da thic

n n

P(z) = H(az + ag) + 2H(az +br), z€R,

k=0 k=0
déu 1a thuc.

1.3.9. Gia st f va g c6 tinh chAt gia tri trung gian trén [a,b]. H6i f + g ¢6
tinh chat gia tri trung gian trén khoang d6 khong ?

1.3.10. Gia st f € C([0,2]) va f(0) = f(2). Chling minh ring ton tai x; va
x5 trong [0, 2] sao cho

T2 —x1 = 1va f(z2) = f(z1).
Gidi thich § nghia hinh hoc két qua trén.

1.3.11. Cho f € C([0,2]). Chting minh réng ton tai z; va z, trong [0, 2] sao
cho

Ty —x1 = 1va f(zo) — f(z1) = %(f(2) — f(0)).
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1.3.12. Véin € N, goi f € C([0,n]) sao cho f(0) = f(n). Chiing minh rang

ton tai z; va x, trong [0,n] thod mén

Ty — 21 =1 va f(xg) = f(x1).

1.3.13. Ham lién tuc f trén [0,n], n € N, thoa méan f(0) = f(n). Ching minh
rang v6i moi k € {1,2,... ,n — 1}, ton tai x; va z, sao cho f(xz) = f(x,), 6
day z — x, = k hodic z, —x,, = n — k. Héi v6i moi k € {1,2,... ,n—1}, c6 tén

tai r; va z, sao cho f(zy) = f(x), 6 day zp —z, = k ?

1.3.14. 6 Véin € N, goi f € C([0,n]) sao cho f(0) = f(n). Chting minh rang
phuong trinh f(z) = f(y) ¢6 it nh&at n nghiém véi x —y € N.

1.3.15. Gia st cac ham thuc lién tuc f va g xac dinh trén R giao hoan véi
nhau; tic 13, f(g(x)) = g(f(x)) véi moi € R. Chiing minh rang néu phuong
trinh f?(z) = ¢*(z) c6 nghiém, thi phusng trinh f(z) = g(z) cling ¢6 nghiém
& day f2(x) = F(f(z)) vA 2(x) = 9(9(2)) ).

Chi ra vi du réng gia thiét vé tinh lién tuc cia f va g trong bai toan trén

khong thé bé qua.

1.3.16. Chiing minh rang don anh lién tuc f : R — R thi ho#c tang thuc su,
hoidc giam thuc su.

1.3.17. Gid st f : R — R 1a don anh lién tuc. Chiing minh rang néu ton tai
n sao cho phép lap thi n ctia f 1a anh xa déng nhat, tic 1a, f*(z) = = véi
moi z € R, thi

(@) f(x) =m, x € R, néu f tang thuc sy,
(®) f*(z) =z, x € R, néu f giam thyc su.

1.3.18. Gia st f : R — R thoa man diéu kién f(f(z)) = f*(z) = —x, z €
R.Chting minh rang f khéng thé lién tuc.

1.3.19. Tim t4t ca cac ham f : R — R c6 tinh chat gia tri trung gian va tén
tai n € N sao cho f"(z) = —z, x € R, 6 day f™ ki hiéu phép lap tha n caa f.
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1.3.20. Chting minh rang néu f : R — R c6 tinh chat gia tri trung gian va
f~'({q}) d6ng v6i moi ¢ hitu ty, thi f lién tuc.

1.3.21. Gia st f : (a,00) — R lién tuc va bi chidn. Chting minh ring, véi T
cho truéc, ton tai ddy {z,} sao cho

lim z, = +oco va lim (f(z, +T) — f(z,)).

n—oo n—oo

1.3.22. Cho vi du ham lién tuc f : R — R dat mdi gia tri cua né dung ba
lan. Héi c6 ton tai hay khong ham lién tuc f : R — R dat mdi gi4 tri cia né
ding hai 1an ?

1.3.23. Cho f : [0,1] — R lién tuc va don diéu thuc sy tung manh. (Ham f
goi 12 don diéu thuc sy tiing manh trén [0, 1], néu ton tai phan hoach cua
[0,1] thanh httu han khoang con [t;_1,;], 6 day i =1,2,... ,nva0 =ty <t; <
... < t, =1, sao cho f don diéu trén mdi khoang con d6.) Chiing minh rang

f nhan mot trong cac gia tri cia né mot s6 18 1an.

1.3.24. Ham lién tuc f : [0,1] — R nhan moéi gia tri ctia n6é hitu han lan va
f(0) # f(1). Chiing minh rang f nhan mot trong cac gia tri ciia né mot s6
1é 14n.

1.3.25. Gia st f : K — K lién tuctrén tap con compact K C R. Ngoai ra,
gia st o € K 1a s6 sao cho moi diém gidi han cta day lap {f"(z0)} 1a diém
¢ dinh ctia f. Chting minh rang {f"(z¢)} héi tu.

1.3.26. Ham f : R — R lién tuc, tang sao cho F xac dinh béi F(z) = f(z) —=x

tuan hoan véi chu ki 1. Chting minh ring néu a(f) = lim f”Tm)’ thi ton tai
n—oo

o € [0,1] sao cho F(z¢) = a(f). Chiing minh thém ring f c6 diém bit dong

trong [0, 1] néu va chi néu a(f) = 0. (Xem céc bai toan 1.1.40 - 1.1.42.)

1.3.27. Ham f : [0,1] — R thod man £(0) < 0 va f(1) > 0, va ton tai ham
g lién tuc trén [0,1] sao cho f + g gidm. Chting minh rang phuong trinh
f(x) =0 c6 nghiém trong khoang mg (0, 1).
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1.3.28. Chiing minh ring moi song 4nh f : R — [0,00) c6 v6 han diém gian
doan.

1.3.29. Nhic lai rdng méi z € (0,1) c6 thé dugc biéu dién bdi s6 nhi phan
(binary fraction) .ajaqas . .., 6 day a; € {0,1}, i = 1,2,.... Trong truéng hgp
z ¢6 hai khai trién nhi phan khac nhau, ta chon khai trién c6 v han chit s6
1. Tiép d6, goi ham f: (0,1) — [0,1] dugc xac dinh béi

—1¢
f(z) :ig%oﬁglai'

Chting minh ring f gian doan tai moi = € (0, 1), tuy nhién, né c6 tinh chat

gia tri trung gian.

1.4 Ham nua lién tuc

Dinh nghia 4. Hé théng sé thuc md rong R bao gdm hé théng so thuc va

hai ki hiéu +oo,—o00 véi cac tinh chat sau :

(i) Néu z thuc, thi —0o < z < +00, va & + 00 = +00, £ — 00 = —00, -4 =
e _.
—0o0

(i) Néu z >0, thi z - (+o0) = +00, z - (—00) = —0c0.

(iii)) Néu z < 0, thi z - (+00) = —o0, - (—00) = +00.
Pinh nghia 5. Néu A C R 1a tap khac réng, thi sup A (tuong tng inf A) 1a
s6 thuc md rong nho nhat (tuong tng, 16n nhat) ma 16n hon (tuong ting, nho

hon) hoéc bang moi phan ti caa A.
Cho f 1a ham thuc x4ac dinh trén tap khac rong A C R.

Pinh nghia 6. Néu z, la diém gi6i han cta A, thi gidi han dwdi (tuong tGng
gidi han trén) cua f(z) khi z — z¢ dugec dinh nghia 1a inf (tuong tng sup)
clia tap tt ca cac y € R sao cho ton tai day {z,} cac diém trong A khac z,
hoi tu t61 2o va y = nhﬁtgo f(z,). Gi6i han duéi va giéi han trén cua f(z) khi
r — zo duge ki hiéu tuong tng béi lim f(z) va Eof(x).

T—rT0
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Dinh nghia 7. Mot ham gia tri thuc goi 1a nua lién tuc dudi (tuong Gng
trén) tai o € A, zy la diém giéi han ctia A, néu lim f(x) > f(z0) (tuong ting
T—rT0

lim f(x) < f(x)). Néu zy 1a diém c6 l1ap cta A, thi ta gia st rang f 1a nta

T—rT0
TN A < 2, . R IN
lién tuc trén va duéi tai diém nay.

1.4.1. Chting minh rdng néu z, 1a diém gidi han ctia A va f : A — R, thi

(@) lim f(z) =supinf{f(z)} : € A, 0 < |z — x| <,

T—x0 6>0

(b) Mf(:r):(isrigsup{f(:c)} e A 0<|r— x| <.

T—T0

1.4.2. Chiing minh ring néu z, 1a diém giéi han cia A va f: A — R, thi

(@ lim f(xz)= sup inf{f(z)} : x € A, 0 < |z — xo| <,

T—T0 6—0t

() lim f(z) = 5inof+ sup{f(z)} : z€ A, 0 < |z — 20| <.

T—T0

1.4.3. Chiing minh ring y, € R 1a gi6i han duéi cia f : A — R tai diém gidi
han zy cia A néu va chi néu v6i moi € > 0, hai diéu kién sau day dudgc thoa

man :
(i) ton tai d > 0 sao cho f(z) >yo—e véimoi z € Ava 0 < |z — x| < 6,

(ii) v6i moi d > 0, ton tai ' € A sao cho 0 < |z' — x| < & va f(x) < yo +e.

Thiét 1ap bai toan tuong tu cho gidi han trén cia f tai x.
1.4.4. Cho f: A — R va z( 1a diém t6i han cia A. Ching minh ring

(a) lim f(z) = —oo néu va chi néu véi moi y thyc va véi moi § > 0, ton tai
T—rT0

z € Asaocho 0 < |z' — x| <0 va f(z') <y.

(b) lim f(z) = 4+o0 néu va chi néu véi moi y thuc va véi moi 6 > 0, tén tai
T—rT0

z € Asaocho 0 < |z' — x| <dva f(z') > y.
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1.4.5. Gia st f : A — R va z, 1a diém gi6i han ctia A. Chiing minh ring néu
| = lim f(z) (tuong Gng L = lim f(z)), thi ton tai day {z,}, =, € A, z, # o,
T—rx0

T—T0

hoi tu t6i zy sao cho | = lim f(z,) (tuong Gng L = lim f(z,)).
n—oo n—oo
1.4.6. Cho f: A — R va 2, la diém gi6i han ctia A. Ching minh ring

lim (—f(z)) = —lim f(z) va lim (—f(2)) = —lim f(z).

10 T—TQ T—TQ T—T0

1.4.7. Cho f: A — (0,00) va zy 1a diém gi6i han ctia A. Chting minh ring

liml— ! vaml— 1
oo f(@) T f(z)  #owf(z)  lim f(z)

T—T0 T—T0

(Ta gia st réng = =0va g- = +00.)

1.48. Gia st f,g: A — R va zo 1a diém giéi han ctia A. Ching minh ring
cac bat ding thic sau day ddng (trit trudng hgp cac dang bat dinh +oo — oo

va —o0 + 00):

lim f(z) + lim g(z) < lim (f(2) +g(2)) < lim f(2) + lim g(=)

T—T0 T—x0 T—x0 T—0 T—T0
< lim (f(z) + g(2)) < lim f(z) + lim g().
T—TQ T—rx0 T—TQ

Cho vi du cac ham sao cho” <” trong cac bat ding thic trén duge thay béi
" </l.

1.4.9. Gia st f,g: A — [0,00) va zy la diém giéi han cia A. Chiing minh
rdng cac bat ding thic sau day ddng (tri trudng hop cac dang bat dinh
0 (+00) va (+00) - 0):

lim f(z)- lim g(z) < lim (f() - g(z)) < lim f(z) - lim g(x)

T—x0 T—x0 T—x0 T—To T—T0
< - . < - T '
< lim (f(z) - g(2)) < lim f(z) - lim g(z)

Cho vi du cac ham sao cho ” <" trong cac bat ding thic trén duge thay béi
" <//.
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1.4.10. Chting minh rang néu lim f(z) tén tai, thi (trit trudng hop cac dang

T—rTQ
b&t dinh +o0o — 0o va —oo + 00):

lim (f(z) + g(z)) = lim f(z) + lim g(z),

T—To T—T0
T (f(2) + g()) = lim f(=) + Tm g(x).

Ngoai ra, néu f va g 1a cac ham khong am, thi (tri truong hop cac dang bat
dinh 0 (+00) va (4o0) - 0):

lim (f(z) - g(z)) = lim f(z) - lim g(z),

ot T—0 T—T0
T (/@) g()) = lim f(@) T g(o).

1.4.11. Chting minh ring néu f lién tuc trén (a,b),! = lim f(z) va L =
r—a

lim f(z), thi v6i moi \ € [I, L], ton tai day {z,} gébm cac diém trong (a,b) hoi

r—a
tu téi a sao cho lim f(z,) = A

n—oo

1.4.12. Tim t4t ci cac didm tai d6 f: R — R xac dinh béi

0 néu z vo ty,
flx) =4 T
sinx néu z hiiu ty
14 nta lién tuc.
1.4.13. Xac dinh t4t ca cac diém tai d6 f xac dinh bdi

2> —1 néu x vo ty,
f(z) = . o,
0 néu z hiu ty

14 nta lién tuc.

1.4.14. Chiing minh rang

néu z vo ty hodc z = 0,

Q= O

f(z) = né’ua;:%’,pEZ,qEN,
va p, ¢ nguyén td cung nhau,

14 nua lién tuc trén.
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1.4.15. Tim t4t ca cac diém tai d6 ham xac dinh béi

(|| néu z vo ty hodc z = 0,
() fl@)={25 néux=2peZqeN,

\ va p, ¢ nguyén td cung nhau

(0 nduzeQn(0,1] vaz =2 pgqeN,

q+1
(b) f(z) = va p,q nguyén t6 cing nhau,
L0 néu z € (0,1) vo ty

khong ntia lién tuc trén, cing khéng nta lién tuc duéi.

1.4.16. Cho f,g : A — R nta lién tuc trén (tuong tng, dudi) tai z, € A.
Chting minh rang

(a) néu a > 0 thi af nta lién tuc dudi (tuong tng, trén) tai z, € A. Néu
a > 0 thi af nta lién tuc trén (tuong tng, dudi) tai z.
(b) f + g nta lién tuc dudi (tuong Gng, trén) tai x.
1.4.17. Giad st rang f, : A = R, n € N, ntta lién tuc duéi (tuong Gng, trén)
tai o € A. Chting minh rang sup f, (tuong tng, sup f,) nta lién tuc duéi
eN

neN n
(tuong tng, trén) tai x,.

1.4.18. Chiing minh ring gi6i han theo tiing diém ctia mot day tang (tuong
ting, giam) cidc ham nia lién tuc duéi (tuong ting, trén) 1a nta lién tuc duéi
(tuong tng, trén).

1.4.19. Véi f : A — R va z 1a diém giéi han caa A, dinh nghia dao d¢ cia f
tai x boi

of(z) = 6lir51+ sup{|f(z) — f(u)| : z,u € A, |z — x| <9, |[u— x| <}
Chiing minh rang os(7) = fi(z) — fo(w), 6 day

fi(z) = max{f(x),lim f(2)} va fo(x) = min{f(z),lim f(2)}.

Z—T
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1.4.20. Goi fi, fo, va oy nhu trong bai toan truée. Chiing minh rang f; va oy

14 nta lién tuc trén, va fo 1a nia lién tuc dudi.

1.4.21. Chting minh rang dé f : A — R 1a nta lién tuc duéi (tuong tng,
trén) tai zp € A, diéu kién can va da 1a v6i moi a < f(xg) (tuong tng,
a > f(zp)), ton tai § > 0 sao cho f(x) > a (tuong tng, f(x) < a) bat ct khi
nao |z —zg| < 0, z € A.

1.4.22. Chiing minh ring dé f : A — R la nda lién tuc duéi (tuong tng,
trén) tai 7o € A, diéu kién can va dula véimoia € R, tap {x € A : f(z) > a}
(tuong tng, {r € A : f(x) < a}) 1a m& trong A.

1.4.23. Chiing minh rang f : R — R l& ntia lién tuc duéi néu va chi néu tap
{(z,y) € R* : y > f(z)} 1a dong trong R>.
Lap cong thiic va ching minh diéu kién cin va du cho tinh nta lién tuc

trén cua f trén R.

1.4.24. Chtng minh dinh li Baire sau day. Moi ham nta lién tuc duéi (tusng
ting, trén) f : A — R 1a gi6i han cua day ting (tuong Gng, giam) cac ham

lién tuc trén A.

1.4.25. Chiing minh rang néu f : A — R nta lién tuc trén, g : A — R nta
lién tuc duéi va f(x) < g(z) khép noi trén A, thi ton tai ham lién tuc h trén

A sao cho

f(z) < () < glz), €A
1.5 Tinh lién tuc déu
Dinh nghia 8. Ham thuc f xac dinh trén tap A € R dugc goi la lién tuc déu

trén A néu, véi € cho trude, ton tai § > 0 sao cho v6i moi x va y trong A ma
|z —y| <4, taco|f(z) - fly)| <e.
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1.5.1. Kiém tra cac ham sau day c6 lién tuc déu trén (0,1) hay khéng :

@ @) =e G f@)=sin,
©  fla)=wsin=, @  flo) =t
©  fla)=et O f@) = cos,
®  f(z)=lhuz, (h)  f(z) = cosz-cos,
1) f(z) = cotg .
1.5.2. Ham nao trong sd cac ham sau day lién tuc déu trén [0, c0) ?
(@) f(z) =, (b) f(z)=zsinz,
© f(2)=sin’c, @ f(x)=sina?
@ fla)=¢", @ flo)=e" w2>
() = sinsinz, h) flx)= (:r sinz),

1.5.3. Chiing minh ring néu f lién tuc déu trén (a,b), a,b € R, thi lim_f()

r—a™t

va lim f(z) ton tai nhu cac gi6éi han hiiu han.

z—b—

1.5.4. Gia st f va g lién tuc déu trén (a,b) ([a,0)). Tt d6 c6 suy ra tinh lién

tuc déu trén (a,b) ([a, 0)) clia cac ham
@ f+g,
(b) fg,
(© z— f(z)sing ?

1.5.5.

(a) Chting minh rang néu f 1a lién tuc déu trén (a,b] va trén [b,c) , thi n6

ciing lién tuc trén (a, c).
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(b) Gia st A va B 1a cac tap déng trong R va goi f : AUB — R 1a lién tuc
déu trén A va B. Hoi f c6 nhat thiét lién tuc déu trén AU B ?

1.5.6. Chiing minh rang moi ham lién tuc va tudn hoan trén R thi lién tuc

déu trén R.
1.5.7.

(a) Chting minh rang néu f : R — R lién tuc sao cho lim f(z) va lim f(z)

T—r—00 T—00

14 hitu han, thi f ciing lién tuc déu trén R.

(b) Chting minh réng néu f : [a, +00) — R lién tuc va lim f(z) 1 hiiu han,

T—00

thi f cling lién tuc déu trén [a, o).
1.5.8. Kiém tra tinh lién tuc déu caa
(@) f(z) = arctgx trén (—oo, +00),
(b) f(z) = zsin = trén (0,400),
(©) f(z) =e % trén (0, +00).

1.5.9. Gia st f lién tuc déu trén (0,00). Hoi cac gi6i han lim f(z) va

z—10
lim f(z) c6 ton tai khong ?

T—r00

1.5.10. Chiing minh rang moi ham bi chin, don diéu va lién tuc trén khodng
I C R 1a lién tuc déu trén I.

1.5.11. Gia st f lién tuc déu va khong bi chédn trén [0, 0o). Phai chang hoac
lim f(z) = 400, hodc lim f(z) = —oc0 ?
T—r00 T—r00
1.5.12. Ham f : [0,00) — R lién tuc déu va v6i moi z > 0, day {f(z+n)} hoi
tu t6i khong. Chiing minh ring lim f(z) = 0.
T—00

1.5.13. Gia st f : [1,00) — R lién tuc déu. Chiing minh ring toén tai s6
duong M sao cho Ww—x)‘ < Mv6Lz>1.
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1.5.14. Goi f : [0,00) — R lién tuc déu. Chting minh rang tén tai s6 duong
M véi tinh chat sau day :

sup{|f(z + u) — f(u)|} < M(z+ 1) v61 moi = > 0.
u>0

1.5.15. Cho f : A -+ R, A C R, lién tuc déu. Chiing minh rang néu {z,} 1a
day Cauchy cac phan ti trong A, thi {f(z,)} cting 1a ddy Cauchy.

1.5.16. Gid sti A C R bi chan. Chiéing minh rang néu f : A — R bién day
Cauchy cac phan tii cia A thanh day Cauchy, thi f lién tuc déu trén A. Tinh
bi chén ctia A c6 phai la gid thiét c6t yéu khong ?

1.5.17. Chiing minh rang f lién tuc déu trén A € R néu va chi néu véi moi

day {x,} va {y.} cac phan ti cua A,

lim (z, —y,) = 0 suy ra lim (f(z,) — f(yn)) = 0.

n— o0 n—oo

1.5.18. Gia st f : (0,00) — (0,00) lién tuc déu. T d6 c6 suy ra

lim —f(:c i %)
T—00 f(;c)

1.5.19. Ham f: R — R lién tuc tai 0 va thod mén cic diéu kién sau day

=1?

f(0) =0va f(zy +x2) < f(z1) + f(x2) V61 moi xq,x2 € R.
Chiing minh rang f lién tuc déu trén R.

1.5.20. Vé6i f: A - R, A C R, ta dinh nghia

wr(0) = sup{|f(z1 — f(22))| : 21,22 € A, |21 — 22| <6}

va goi wy 12 mé dun lién tuc cia f. Chiing minh ring f lién tuc déu trén A

néu va chi néu lim w;(d) = 0.
d—0T

1.5.21. Cho f : R — R lién tuc déu. Chting minh ring cac phat biéu sau
tuong duong.
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(a) V61 moi ham lién tuc déu g : R — R, f - g lién tuc déu trén R
(b) Ham z + |z|f(z) lién tuc déu trén R.

1.5.22. Chiing minh diéu kién cAn va du sau day dé f 1a ham lién tuc déu
trén khoang I. Véi € > 0 cho trudc, ton tai N > 0 sao cho v6i moi x1,z, €
I, zy # x,

f@) = flw)

Ty —x— 2

> N suy ra |f(x1) — f(z2)] < e.

1.6 Phuong trinh ham

1.6.1. Chting minh rang ham duy nhat lién tuc trén R va thod man phwong
trinh ham Cauchy

flz+y) = f(z)+ f(y)

12 ham tuyén tinh dang f(z) = ax.
1.6.2. Chting minh réng néu f : R — R thoa mén phuong trinh ham Cauchy
f+y) = fz)+ fy)
va mot trong cac diéu kién
(a) f lién tuc tai zy € R,
(b) f bi cha trén khoang (a,b) nao do,
(c) f don diéu trén R,
thi f(z) = ax.
1.6.3. Xac dinh t4t ca cac ham lién tuc f : R — R sao cho f(1) >0 va

flz+y) = f(x)f(y).
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1.6.4. Chiing minh réng cac nghiém duy nhat ma khéng déng nhat bang

khéng va lién tyc trén (0, 00) cua phuong trinh ham

flzy) = f(x) + f(y)
la cac ham logarit.

1.6.5. Chiing minh ring cac nghiém duy nhat ma khéng déng nhat bang

khong va lién tuc trén (0, 00) cua phuong trinh ham

flzy) = f(=)f(y)

a

la cac ham dang f(z) = z°.

1.6.6. Tim t4t ca cac ham lién tuc f : R — R sao cho f(z) — f(y) hiiu ty véi
r — y hiiu ty.

1.6.7. Véi |q| < 1, tim tdt ca cadc ham f: R — R lién tuc tai khong va thoa
man phuong trinh ham

f(z) + f(qz) = 0.
1.6.8. Tim tat ca cac ham f : R — R lién tuc tai khong va thoa man phuong

trinh ham 5
flx)+f (53:) = x.
1.6.9. Xac dinh moi nghiém f : R — R lién tuc tai khong cua phuong trinh
ham
2f(2z) = f(x) + .
1.6.10. Tim tat ca cac ham lién tuc f : R — R thoa man phuong trinh Jensen

; (m;y) WGES0

1.6.11. Tim t&t ca cac ham lién tuc trén (a,b), a,b € R, thoa man phuong

; (m;y) WGES0

trinh Jensen
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1.6.12. Xac dinh tat ca cac nghiém lién tuc tai —1 cua phuong trinh ham

fQRr+1) = f(x).

1.6.13. Véi a thuc, chting minh rang néu f : R — R l1a nghiém lién tuc caa
phuong trinh
fl@+y) = f(z)+ fy) + azy,

thi f(z) = %2% + bz, 6 day b= f(1) — &.

2

1.6.14. X4c dinh moi nghiém lién tuc tai 0 cia phuong trinh ham

1—=x

f<x)=f( . ) e A1

1.6.15. Goi f: [0,1] — [0,1] 14 ham lién tuc, don diéu giam sao cho f(f(z)) =
z v6i z € [0,1]. HOi f(z) =1 — z ¢6 phai la ham duy nhat nhu vay khong ?

1.6.16. Gia st rang f va ¢ thoa man phuong trinh
fla+ty)+fla—y) =2f=)f(y), zyeR

Chting minh réng néu f khong déng nhat bing khong va |f(z)| < 1 véiz € R,
thi ta cting c6 |g(z)| < 1 véi z € R.

1.6.17. Tim t4t ca cac ham lién tuc thoa man phuong trinh ham
fx+y) = flx)e! + fly)e”.
1.6.18. X4c dinh moi nghiém lién tuc tai khong f: R — R cua
f@+y) = fle—y) = f(2)f(y).

1.6.19. Giai phuong trinh ham

z—1

f(:r)—i—f( )=1+ZE véi x #£0,1.
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1.6.20. Day {z,} hoi tu theo nghia Cesaro néu

C — lim 2, = lim Ty +To+ T3+ + 2Ty

n— 00 n— 00 n

tén tai va hitu han. Tim tat ci cac ham lién tuc Cesaro, tic la
f(C— lim z,) =C — lim f(x,)
n—oo n—oo

v6i moi day hoi tu Cesaro {z,}.

1.6.21. Cho f : [0,1] — [0, 1] 1a don anh sao cho f(2z— f(z)) =z véi z € [0, 1].
Chting minh rang f(z) =z, z € [0, 1].

1.6.22. V6i m khac khong, chiing minh rédng néu ham lién tuc f : R — R

(oo L2 <

thoa man phuong trinh

thi f(z) = m(z — ¢).
1.6.23. Chiing minh rang cic nghiém duy nh4t cia phuong trinh ham
fle+y)+ fly—2)=2f(x)f(y)

lién tuc trén R va khéng dong nhat bang khong 1a f(z) = cos(azx) va f(z) =
cosh(az) véi a thuc.

1.6.24. Xac dinh moi nghiém lién tuc trén (—1,1) caa

f(“y> — f@) + £(y).

1+azy

1.6.25. Tim moi da thic P sao cho

P(2x —2%) = (P(z))*
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1.6.26. Cho m,n > 2 1a cac s6 nguyén. Tim tat ca cac ham f : [0,00) — R
lién tuc tai it nhat mot diém trong [0, 00) va sao cho

n

f <%Zx§”> :%i(f(xl))m véiz; >0, i=1,2,...,n.

i=1 i=1

1.6.27. Tim t&t ca cAc ham khéng déng nhat biang khong f : R — R thoa
man phuong trinh

flzy) = f(2)f(y) va f(z+ 2) = f(z) + f(2)
v6i z # 0 nao do.
1.6.28. Tim t4t ca cac ham f: R\ {0} — R sao cho
f@) =1 (3). ato
1.6.29. Tim t4t ca cac ham f: R\ {0} — R thoa man phuong trinh ham
s+ 1@ =1(3)+1(5), o0

1.6.30. Chiing minh rang cac ham £, g,¢ : R — R thoa méan phuong trinh

flz) —gly T+y
f@) o) _ g (228) -y s
x—y 2
néu va chi néu ton tai a,b va ¢ sao cho
f(z) =g(x) =ar? +br +c, ¢(z) = 2ar +b.

1.6.31. Chiing minh rang ton tai ham f : R — Q thoa mén ba diéu kién sau
day :

@ f(z+y) =f(z)+f(y) véiz,y R,
(b) f(zx) =2z véiz € Q,

(¢) f khong lién tuc trén R.
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1.7 Ham lién tuc trong khong gian metric

Trong muc nay, X va Y 14an lugt ki hiéu 1a cic khong gian metric (X, d;)
va (Y, d,). Dé don gian, ta néi rang X 1a khéng gian metric thay cho (X, d;)
14 khong gian metric. R va R” luén gia st dude trang bi metric Euclide, néu
khéng phat biéu ngugc lai.

1.7.1. Goi (X,d;) va (Y,ds) 1a cac khong gian metric va f : X — Y. Chiing
minh rang cac diéu kién sau day tuong duong.

(a) Ham f lién tuc.
(b) V6i moi tap dong F C Y, tap f1(F) dong trong X.
(c) V6i moi tap mé G C Y, tap f1(G) md trong X.

(d) Véi méi tap con A cua X, f(A C f(A)).

(e) V6i méi tap con Beua Y, f~1(B) C f~1(B).

1.7.2. Goi (X,d;) va (Y,ds) la cac khong gian metric va f : X — Y lién tuc.
Chting minh rang nghich anh f~!(B) ctia tap Borel B trong (Y,d,) 1a tap
Borel trong (X, d;).

1.7.3. Cho vi du ham lién tuc f : X — Y sao cho anh f(F) (tuong tng, f(G))
khong déng (tuong ting, md) trong Y véi F déng (tuong ting, G md) trong X.

1.7.4. Goi (X, d;) va (Y,ds) la cac khong gian metric va f : X — Y lién tuc.
Chting minh réng anh cta tap compact F trong X 1a tap compact trong Y.

1.7.5. Cho f xac dinh trén hgp cac tap dong F,F,,... | F,,. Chiing minh
rang néu giéi han cua f trén méi F;, i = 1,2,...,m, la lién tuc, thi f lién
tuc trén FLUF,U.. . UF,,. Chi ra vi du ring phat biéu trén khong dung
trong truong hgp vo han F;.

1.7.6. Cho f xac dinh trén hop cac tap md G, t € T. Chiing minh rang néu

v6i mdi t € T, giéi han fia, 1a lién tuc, thi f lién tyc trén |J G..
teT
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1.7.7. Cho (X,d;) va (Y,ds) 1a cic khong gian metric. Chiing minh rang
f:X — Y lién tuc néu va chi néu v6i modi A trong X, ham fa lién tuc.
1.7.8. Gia st f la song anh lién tuc tit khong gian metric compact X 1én
khong gian metric Y. Chting minh réang ham ngudc f~! lién tuc trén Y.
Caing chting minh ring gia thiét compact khong thé bi bé qua.

1.7.9. Goi f la anh xa lién tuc t khong gian metric compact X vao khong
gian metric Y. Chiing minh rang f lién tuc déu trén X.

1.7.10. Goi (X, d) 1a khong gian metric va A 1a tap con khac réng cua X.
Chting minh rang ham f : X — [0, c0) x4c dinh béi

f(z) =dist(z, A) = inf{d(x,y) : y € A}
lién tuc déu trén X.

1.7.11. Gia su f 12 anh xa lién tuc cua khong gian metric lién théng X vao
khéng gian metric Y. Chting minh rang f(X) lién théng trong Y.

1.7.12. Cho f: A - Y,0 # A Cc X. Véi z € A dinh nghia
of(z,0) = diam (f(A N B(z,9))).
Giao do cua f tai v duge xac dinh béi

of(x) = alilgl+ of(x,0).

Chting minh ring f lién tuc tai 7o € A néu va chi néu os(x) = 0 (so sanh
v6l 1.4.19 va 1.4.20).

1.713. Giasi f: A=Y, 0 # A C X vavéize A, goi of(z) 1a giao do caa
f tai = duoc xac dinh nhu trong bai toan trudc. Chiing minh rang véi moi
e>0,tap {z € A : oy(z) > ¢} 1a déng trong X.

1.7.14. Chiing minh rang tap diém lién tuc cia f : X — Y 1a giao dém dugc
cac tap md, néi cach khac, 1a Gs trong (X, d;). Ciing chting minh ring tap
diém gian doan cua f 1a hgp d€m dudc cac tap déng, néi cach khac, 1a F,
trong (X, d;).
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1.7.15. Cho vi du ham f: R — R ¢6 tap diém gidn doan 1a Q.

1.7.16. Chiing minh réng v6i mdi tap con F, ciua R 1a tap diém gian doan
cua ham f: R — R.

1.7.17. Cho A 1a tap con F, ciia khong gian metric X. C6 ton tai hay khong
ham f: X — R ma tap diém gian doan 1a A ?

1.7.18. Goi ya 12 ham d#c trung cia A C X. Chting minh rang {z € X :
0ya(z) > 0} = 0A, 6 day xs(z) 1a giao d6 cua f tai z duge x4c dinh nhu trong
1.7.12. Suy ra rang xa lién tuc trén X néu va chi néu A vita md, vita déng
trong X.

1.7.19. Gia st g; va g» 1a cac 4nh xa lién tuc cua khong gian metric (X, d;)
vao khong gian metric (X, ds), va tap A c6 phin trong rong, tri mat trong
X.Chiing minh réng néu

Ja(x) voizeA,
o) = {92(33) viiz e X\ A,
thi
of(z) = da(g1(2), 92(2)), zeX

6 day of(z) la giao do cua f tai z duge xac dinh nhu trong 1.7.12.

1.7.20. Ta néi rang ham thuc f xac dinh trén khéng gian metric X 1a thuoc
I6p Baire thi nh4t néu f la giéi han diém cta day ham lién tuc trén X.
Chtng minh ring néu f thudc 16p Baire tht nhét, thi tap cac diém gian
doan cua f 1a tap thudc pham tru thi nhat; tic 14, né 1a hop cia mot s6 dém
dudc cac tap khong dau tru méat.

1.7.21. Chiing minh réng néu X 1a khong gian metric day dua va f thuoc 16p

Baire tht nhét trén X, thi tap cac diém lién tuc caa f tra mat trong X.

1.7.22. Goi f : (0,00) — R lién tuc sao cho véi mdi s6 duong z, day {f (%)}
héi tu té1 khong. Tu d6 ¢6 suy ra lim+ f(z) = 0 khong ? (so sanh véi 1.1.33.)
z—0
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1.7.23. Ki hiéu F la ho cac ham lién tuc trén khong gian metric compact X

sao cho v6i moi x € X, ton tai M, thod man
|f(z)| < M, v6i moi f € F.

Chiing minh rang ton tai hing s6 duong M va tap mé khac réng G C X séo
cho
|f(z)| < M v6i moi f € F va véi moi z € G.

1.7.24. Goi F; D F, D F3 O ... 1a day cac tap con khac réng 16ng nhau cua
khong gian metric ddy di X sao cho lim diam F, = 0. Chting minh rang

n—0o0

néu f lién tuc trén X, thi

f (ﬂ F) = () F(Fn).

1.7.25. Goi (X, d) la khong gian metric va p 1a diém ¢d dinh trong X. Véi
a € X, xac dinh ham f, béi f,(z) = di(u,z) — di(p,z), x € X. Chiing minh
rang u — f, 12 4nh xa bao toan khoang cach, néi cach khac, 1a ding cu ctua
(X, d;) vao khong gian C(X,R) cac ham thuc lién tuc trén X dudc trang bi
metric d(f,g) = sup{f(z) — g(z) : z € X}.

1.7.26. Chiing minh riang khong gian metric X 1a compact néu va chi néu
v61 moi ham lién tuc f : X — R 1a bi chan.

1.7.27. Cho (X,d;) la khong gian metric va vé6i z € X, xac dinh p(z) =
dist(z, X \ {z}). Chiing minh ring hai diéu kién sau day tuongduong.

(a) Moi ham f: X — R 1a lién tuc déu.

(b) Moi day {x,} cac phan ti ciia X sao cho
lim p(z,) =0
n—oo

chta day con hoi tu.



36 Chuong 1. Gioi han va tinh lién tuc

1.7.28. Chiing minh rang khong gian metric X 1& compact néu va chi néu
moi ham thyc lién tuc trén X 14 lién tuc déu va v6i moi € > 0, tap {z € X :
p(z) > e}, 6 day p duge xac dinh nhu trong 1.7.27, 1a hitu han.

1.7.29. Cho vi du khong gian metric khong compact sao cho moi ham lién
tuc f: X — R 14 lién tuc déu trén X.
1.7.30. Xét ham dinh nghia bdi (so sanh véi 1.2.3 (a))

0 néu zhiiu ty.

néu z =0,

fz) =

Q= O

néu z = g, p € Z,q € N, vap, gnguyén td cing nhau
1.7.31.

1.7.32.

1.7.33.

1.7.34.

1.7.35.

1.7.36.

1.7.37.

1.7.38.

1.7.39.

1.7.40.

1.7.41.

1.7.42.

1.7.43.

1.7.44.

Chitng minh. Khong c6 chi a? =1 O

Chimg minh. Loi gidi tiép theo



Chuong 2
Phép tinh vi phan

2.1 Pao ham cua ham so6 thuc

2.1.1. Tinh dao ham (néu c6) cua cac ham sau:
(@) fz) = z[z], =R,

®  flz)=Vl, zER,

(c) f(z) = [z]sin®(7z), = €R,

(d) f(z) = (z — [2])sin*(7z), = €R,

() f(z) =Infz], 2 eR\{0},

® f(z) = arccos ﬁ, |z| > 1.

2.1.2. Dao ham cac ham s6 sau:

(a) f(x)=1log,2, x>0,z#1,

(b) f(z) =log,cosz, =z € (0,%)\{1}.
2.1.3. Nghién ctu tinh kha vi ctia cac ham s6 sau:

@) flz) = {arctanx vl |z| <1,

Tsgnw + xT_l vél x| > 1,

37
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2 —x2 o
b) f<x>={f€ o

© flz) = {7r

2] < 1,
vél x| > 1,

arctan = v6i x #0
|z ’

3 vl z =0.

2.1.4. Chiing minh rang ham s6

khéng kha vi tai cac diém z,, =

han cua day {z,}

2 s %
x |cos;‘ vl z # 0,
x=0.

Jz) = {o véi

2
2n+17

Chuong 2. Vi phdn

n € Z, nhung kha vi tai 0 1a diém gidi

2.1.5. Xac dinh cac gia tri a, b, c,d sao cho ham f kha vi trén R:

(a) fz) =
(b) fz) =
(© fz) =

2.1.6. Tinh tdng:

(a)

(b)

(c)

;

4x z <0,
ax’+br+c 0<z<l,
(3 — 27 x>1
(ax + b x <0,
cx’4+dr 0<xz<1,
\1—% z>1

(az + b r <1,

ax’4+c 1<z<2,
dz?4+1

C= )

> ke, zeR,
k=0
2n
2
Z(_l)k(;)kn7 nZ ]-7

Z kcos(kx), x€R.
k=1
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2.1.7. Chiing minh rang néu |a; sinz +al2sin 2z + - - - + a, sinnz| < |sinz| véi
z € R thi |a; + 2a2 + - -+ + na,| < 1.

2.1.8. Gia st rang f va g kha vi tai a, hay xac dinh

@ lim zf(a) —af(z) b lim f(x)g(a) — f(a)g(z)

z—a x—a ’ T—a T —a

2.1.9. Gia sti riang f(a) > 0 va f kha vi tai a. Hay tinh cac giéi han sau:

o (flot2) L (f@\
@ Jﬂ(w)’ o (fg) e

2.1.10. Cho f kha vi tai a. Hay tinh cac gi6i han sau:
IR

(a) lim ,
T—a T — Q
f(:v) v f( )

(c) nh_}n;()n(( >—|—f<a )+~~~+f<a+§)—kf(a)>,k€N,
(d) Jggo(f< >+f( 2)+~~~—|—f<a+%)—nf(a)>.

2.1.11. V61 a > 0 va m,k € N hay tinh

((n+1)m+(n+2)m+"'+(”+k)m—lm),

(a) lim

n—00 nm—l

(e+3)" (a+3)" - (a+3)"

ank

(b) lim

n—oo
2
©) lim <1+1) i ---(1+@) .
n—00 n2 TL2 TL2
2.1.12. Gia st rang f(0) = 0 va f kha vi tai diém 0. Hay tinh téng

s (07 (5) 41 (5) 1 (7).

v6i k 12 mot s6 nguyén duong cho trude.

Y
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2.1.13. Cho f la ham kha vi tai diém a va {z,} va {z,} 1a cac day héi tu téi

a sao cho z,, # a, z, # a, T, # 2, n € N. Hay chi ra ham f sao cho giéi han

lim f(xn) = f(2n)

n—oo ZETL — ZTL
(a) bang f'(a),
(b) khong ton tai hodc c6 ton tai nhung khac f'(a).

2.1.14. Cho f 1a ham kha vi tai a va xét hai day {z,} va {z,} cing hdi tu
vé a sao cho z, < a < z, v6i moi n € N. Chiing minh réng

lim f(@n) = f(20)

n—o0 ,’Ijn — Zn

= f'(a).
2.1.15.
(a) Chiing minh ring ham f xac dinh trong khoang (0,2) theo cong thiic

fa) x? v6i cac gia tri = hitu ty trong khoang (0, 2),
€Tr) =
2z —1 vG6i cac gia tri x vo ty trong khoang (0, 2)

chi kha vi tai duy nhét diém z = 1 va f'(1) # 0. Ham ngudgc cta f c6
kha vi tai diém 1 =y = f(1) khong?
(b) Cho

A={ye(0,3):yeQ, y ¢ Q},
B:{x:x:%(y+4),y€A}-

Xét ham
x? v6i z hitu ty thuoc (0, 2),
f(z)=q2zx—1 vé6izvoty thude (0,2),
2r —4 v61 z € B.
Chting minh ring khoang (0, 3) chtia trong mién gia tri ctia f va ham
nguge cta f khéng kha vi tai diém 1.
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2.1.16. Xét ham f xac dinh trén R sau

I 0 néu z vo ti hoac bang 0,
x) = . .
a; néuzx = g, p € Z, q € N va p,q nguyén t6 cung nhau,

trong d6 day {a,} thod man diéu kién lim n*a, = 0 v6i k¥ > 2. Chiing minh

n—oo

rang f kha vi tai moi diéu v6 ty c6 bac dai s6 nho hon hodc bang k, tic la...

2.1.17. Cho P la mét da thic bac n véi n nghiém thuc khac nhau z4,... ,z,
va @ la da thtc bac khong qua n — 1. Chiing minh rang

Q(x) - = Q(zx)
P(z) ; P'(wp) (@ — i)

v6i x € R\{z1, zs,... ,2,}. Tim tong

" 1
— n>2
2 T

2.1.18. St dung két qua bai trude hay kiém tra cac déng thic sau:

"/ (_1)/<:_ n!
® Z<k>az+k_:r($+1)(33+2)"'($+”)

k=0
v6i z € R\{-n,—(n—1),...,—1,0},
= (n\ (-1)F nl2m
®) kzzo(k>x+2k_:r(x+2)(:r+4)~--(x+2n)
v6i z € R\{—-2n,—2(n—1),...,-2,0}.

2.1.19. Cho f kha vi trén R. Hay khao sat tinh kha vi caa ham |f]|.

2.1.20. Gia st fi, fa, ..., fn xac dinh trong mot 1an cin cua x, khac 0 va kha

vi tai . Chting minh ring

(H f’“>/ - S~ A
1—"[1 £ — fi(z)
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2.1.21. Gia sticacham fi, fo,..., fai 91,92, - - - , gn Xac dinh trong lan can cua

z, khac 0 va kha vi tai . Chiing minh réng
n & / _ n & n f;lg(l') B M)
<,I[1 9k) (=) ’Hgk(x); (fk(ff) gr(z) /)

2.1.22. Nghién ctiu tinh kha vi caa f va |f] vé6i

x néu z € Q,
(a) f(g;) — i - @
sinz néu z € R\Q.
— 5 & 1 1) kso
(b) f(,’]j) = 37 2k ; Diu T E Q N [Qkfla 21;72) ,1 = 4,
sin (33 - z_k) néu zx¢c (R\Q) N [F? W) . k>2.

2.1.23. Chiing minh réng néu dao ham mot phia f’ (o) va f’ (zo) ton tai thi

f lién tuc tai z,.

2.1.24. Chiing minh riang néu f : (a,b) — R dat cuc dai tai c € (a,b), tic la
f(c) = max{f(z) : z € (a,b)} va ton tai cac dao ham trai va dao ham phai
f-(c) va f"(c), thi ' (z9) > 0 va f, (o) < 0. Hay phat bidu bai toan tuong
tng trudng hop f dat cuc tidu.

2.1.25. Chiing minh rang néu f € C([a,b]), f(a) = f(b) va f' ton tai trén
(a,b) thi
inf{f" (z):z € (a,b)} <0 <sup{f' (z):z € (a,b)}.

2.1.26. Chting minh ring néu f € C([a,b]) va f’ ton tai trén (a,b) thi

f(b) = f(a)

— <sup{f.(z):z € (a,)}.

inf{f" (z):z € (a,b)} <

2.1.27. Chiing minh ring néu f’ tén tai va lién tuc trén (a,b) thi f kha vi
trén (a,b) va f'(z) = f_(z) véi z € (a,b).

2.1.28. Ton tai hay khong ham f : (1,2) — R sao cho f/ (z) = z va f| (z) = 2z
véi x € (1,2) ?



2.1. Pao ham ciia ham so6 thuc 43

2.1.29. Cho f kha vi trén [a, )] thoa man

0 f(a) = F(b) =0,
(i) Fla) = (@) >0, f(b)=F (b)>0.

Chting minh rang ton tai c € (a,b) sao cho f(c) =0 va f'(c) <0.

2.1.30. Chiing minh rang f(z) = arctan z thod man phuong trinh
(L+2) f (@) +2(n — 1) f"V(2) + (n = 2)(n = 1) f"(2) =0
v6i x € R va n > 2. Chiing minh rang
FEM©) =0, fEMD0) = (~1)"(2m)\.

2.1.31. Chiing minh rang

(a) (e®sinz)™ = 2"/2e% sin <a: + n%) , TER, n>1,
1 1
b) (z"lnz)™ =n! <lnx+1+§—|—--~+—), x>0,n>1,
n
nz\ " 1 1
(c) (ﬂ> = (=1)"nlz~ " (lnx —1l—=—=- == > ,x>0,n>1,
x 2 n
n—1_1/z (n) n el/x

2.1.32. Chting minh cic déng nhat thic sau:

Zn ™ g T\ Zonizg T >

(a) > (k)SII1<IL‘+]€2) 2 s1n<:r+n4), reR, n>1
= 1(n 1 1

b § —1)F = =14+ += > 1

(b) k:l( ) k(k) toteot s n2

2.1.33. Cho f(z) = V22 — 1 v6i z > 1. Chting minh rang f™(z) > 0 néu n

18 va f™ < 0 véi n chin.
2.1.34. Cho fo, = In(1 + 2?*), n € N. Chiing minh ring

) (=1) =0,
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2.1.35. Cho P la mét da thtc bac n, chting minh ring

- P(k)(o) E+1 - kP(k)(fE) k+1
2o LY

k=0

2.1.36. Cho A\, \y,... , A\, la cAc gia tri thod man diéu kién
M 4+ M>0 VekeN

Kho d6 ham 1
fle) = (1= Mz)(1 = Ao) -+ - (1 = Ap)

sé& dugc xac dinh trong 1an can 0. Chting minh rang véi k € Nta cé f*)(0) > 0.

2.1.37. Cho f 1a ham kha vi dé&n c&p n trén (0, +occ). Chiing minh rang véi

x>0, "
1 /(1 n o 1 "
xn+1f( ) <E) = (1) (ZU tf <E)> .

2.1.38. Cho I,J 12 hai khoang méva f:J — R, g: I — J 1 cac ham kha vi
v6 han trén J va I. Ching minh céng thitc Faa di Bruno cho dao ham cdp n
ciua h = f o g sau:

n! )\ " RO
A (1) = Z mf(k)(g(t)) (91—1(25)> (g ll(t)) ’

trong d6 k = ki + ko + - - - + k,, va tong 18y trén tit ca cic gia tri ki, ko, ... , kn
sao cho k1 + 2ky + - - - + nk, = n.

2.1.39. Chting minh rang cac ham sé sau :

e V7 néu x40,
@ Fla) = w7
0 néu z =0,
e/* néu >0
b x) = ] ’
®) 9(x) {0 néu z <0,
-1 41 ~
e =’z mnéu x € (a,b),
© h(z) = fu @€ (a0)
0 néu z ¢ (a,b),

cung thugc C°(R).



2.2. Cac dinh ly gia tri trung binh 45

2.1.40. Cho f kha vi trén (a,b) sao cho véi x € (a,b) ta ¢6 f'(x) = g(f(x)),
trong d6 g € C*°(a,b). Chiing minh rang f € C=(a,b).

2.1.41. Cho f 1a ham kha vi cAp hai trén (a,b) va véi cac s6 a, 8,7 thuc thoa

man o + % > 0 ta c¢6

af’(x) + Bf () +vf(x) =0, =€ (a,b).

Chting minh rang f € C=(a,b).

2.2 Cac dinh ly gia tri trung binh

2.2.1. Chting minh ring néu f lién tuc trong khoang déng [a, b], kha vi trén
khoang mé (a,b) va f(a) = f(b) = 0 thi v6i a € R, ton tai x € (a,b) sao cho

af(z)+ f(z) =0.

2.2.2. Cho f va g la cac ham lién tuc trén [a, b], kha vi trén khoang mé (a, b)
va gia st f(a) = f(b) = 0. Chling minh rang ton tai = € (a,b) sao cho

g'(x)f(x) + f'(z) = 0.

2.2.3. Cho f la ham lién tuyc trén [a, b], @ > 0 va kha vi trén khoang mé (a, b).
Chting minh ring néu

fla) _ f(b)

s
thi ton tai g € (a,b) sao cho zof'(zo) = f(z0)-

2.2.4. Gia st f lién tuc trén [a,b] va kha vi trén (a,b). Chting minh ring
néu f%(b) — f?(a) = b* — a® thi phuong trinh

fl(@)f(z) ==

c6 it nhat mot nghiém trong (a,b).
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2.2.5. Gia su f va g lién tuc, khéc 0 trong [a,b] va kha vi trén (a,b). Chiing
minh rang néu f(a)g(b) = f(b)g(a) thi ton tai zy € (a,b) sao cho

f'(zo)  g'(x0)

flxo)  g(wo)

2.2.6. Gia st ag,ay, ... ,a, la cac sd thuc thoa man
a a U
St — 4+ 2 4 q, =0.
n+l n 2

Chting minh ring da thic P(z) = apz™ + a12" ' + --- + a, c¢6 it nhat mot
nghiém trong (0, 1).

2.2.7. Xét cac so thuc ag,ay,... ,a, thod man
ao 2a, N 22a5 N 2" la,y  2"a,
1 1 3 n n+1l

Chiing minh rang ham s6
flz) = a,In"z+ -+ asn’z +a;lnz + ag
¢6 it nhat mot nghiém trong (1,€?).

2.2.8. Chiting minh réng néu moi nghiém cta da thtic P c6 bac n > 2 déu la
thuc thi moi nghiém cta da thtic P’ cling déu 1a thuc.

2.29. Cho f kha vi lién tuc trén [a,b] va kha vi cdp hai trén (a,b), gia
st f(a) = f'(a) = f(b) = 0. Chiing minh ring ton tai z; € (a,b) sao cho
f”(xl) — 0

2.2.10. Cho f kha vi lién tuc trén [a,b] va kha vi cdp hai trén (a,b), gia su
f(a) = f(b) va f'(a) = f'(b) = 0. Chting minh ring ton tai hai s6 z;,7, €

(a,b), x1 # x5 sao cho
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2.2.11. Chiing minh rang cac phuong trinh sau:

() B 4+ 723 -5 =0,
(b) 3% 4 4% = 5

c6 ding mot nghiém thuec .

2.2.12. Chiing minh rang véi cac s a1, as, . .. ,a, khac 0 va véicac sb ay, as, . . .

thoa man «; # «;, i # j, phuong trinh
a1 4+ asx®? 4+ -+ - + a,x°" =0
c6 nhiéu nhit 1a n — 1 nghiém trong (0, +00).
2.2.13. Chiing minh rang véi cac gia thiét ctia bai trén, phuong trinh
a1 + ae™*” 4 - + a,e* =0
c6 nhiéu nhit 1a n — 1 nghiém trong (0, +00).

2.2.14. Cho cac ham f, g, h lién tuc trén [a,b] va kha vi trén (a,b), ta dinh
nghia ham

z) g(z) h(z)

a) g(a) h(a)|, =€ ]la,b].

b) g(b) h(b)

Chting minh réng ton tai zo € (a,b) sao cho F'(x) = 0. St dung két qua viia

S
F(z) =det | f(
I

nhan duge phét biéu dinh 1y gié tri trung binh va dinh 1y gia tri trung binh

téng quat.

2.2.15. Cho f lién tuc trén [0,2] va kha vi clp hai trén (0,2). Chiing minh
rang néu f(0) = 0, f(1) = 1 va f(2) = 2 thi tén tai 29 € (0,2) sao cho
f”(ﬂfo) =0.

2.2.16. Gia st f lién tuc trén [a,b] va kha vi trén (a,b). Chiing minh ring
néu f khong 1a mot ham tuyén tinh thi ton tai z; va z, thudc (a,b) sao cho

f(b) = f(a)

i) < b—a

< f,(l'g).

sl
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2.2.17. Cho f 1a ham lién tuc trén [0,1] va kha vi trén (0,1). Gid st ring
f(0) = f(1) = 0 va tén tai 2o € (0,1) sao cho f(xp) = 1. Chting minh rang
|f'(c)] > 2 vé6ice (0,1).

2.2.18. Cho f lién tuc trén [a,b], a > 0, kha vi trén (a,b). Chiing minh ring
ton tai zo € (a,b) sao cho

bf(a) B af(b) _ /
T b—a flzy) — o1 f'(21).

2.2.19. Chiing minh ring cdc ham s8 = + In(1 + ),  + In(1 + 2?) va
x + arctan x lién tuc déu trén [0, +00).
2.2.20. Gia su f kha vi cap hai trén (a,b) va ton tai M > 0 sao cho |f"(z)| <
M v6i moi x € (a,b). Chiing minh riang f lién tuc déu trén (a,b).
2.2.21. Gia st f : [a,b] = R, b — a > 4 kha vi trén khoang mé (a,b). Chiing
minh rang tén tai zy € (a, b) sao cho

f/(I'O) <1+ fz(.'Eo).

2.2.22. Chiing minh ring néu f kha vi trén (a,b) va néu

(1) lim f(z) =+eo, lim f(z) = —oo,
(ii) fl(x)+ fA(x)+1>0, vé6i z¢€ (a,b),
thib—a > .

2.2.23. Cho f lién tuc trén [a,b] va kha vi trén (a,b). Chting minh ring néu
lim f'(x) = A thi f’' (b) =
z—b—
2.2.24. Gia st f kha vi trén (0,00) va f'(z) = O(z) khi 2 — co. Chiing minh
rang f(z) = O(z?) khi r — oc.
2.2.25. Cho fi, fo,..., fn V& G1,G2,... ,9n 1& cac ham lién tuc trén [a,b] va
kha vi trén (a,b). Gia st rang gp(a) # gr(b) v6i moi k = 1,2,... ,n. Chiing
minh ring ton tai c € (a b) sao cho

o 1:0) — fi(a)

k=1
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2.2.26. Cho ham f kha vi trén khoang md I va gia st [a,b] C I. Ta néi riang
f khd vi déu trén [a,b] néu véi moi € > 0, ton tai § > 0 sao cho

flz+h) - f(z)
h

—f(z)| <e
v6i moi z € [a,b] va |h| < §, x + h € I. Chting minh rdng f kha vi déu trén
la,b] khi va chi khi f’ lién tuc trén [a, b].
2.2.27. Cho f lién tuc trén [a,b], g kha vi trén [a,b] va g(a) = 0. Chiing minh
rang néu ton tai A # 0 sao cho

9(x) f(z) + Ag'(x)] < lg(@)], V6L x € [a,b],
thi g(z) = 0 trén [a, b].

2.2.28. Cho f kha vi trén (0, +00). Chiing minh ring néu lim £2 =0 thi

rz—+oo T
im [f'(z)] = 0.
T—>+00

2.2.29. Tim t4t ca cac ham f: R — R 12 thod m&n phuong trinh ham

flz+h) - fx)
h

1 .
=f <x+§h> v6i x,h €R, h#0.

(HD. Chting minh rang phuong trinh chi c6 duy nhat nghiém la mot da thiic
bac hai bat ky).

2.2.30. Cho céc s6 duong p,q thoa man p + ¢ = 1, hdy tim tat ca cac ham
f:R — R thoa man phuong trinh

f(z) = f(y)

P =f'pr+qy) v6i zyeR, z#£y.

2.2.31. Chting minh ring néu f kha vi trén khoang mé I thi f' nhan moi
gia tri trung gian trong I.

2.2.32. Cho f kha vi trén (0, 00). Chiing minh ring

(a) néu lim (f(z) = f'(z)) =0 thi lim f(z)=0,

T—+00 z—+00
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(b) néu mgriloo(f(:r) —2y/xf'(z))=0 thi lim f(x)=0.

T—>+00
2.2.33. Chiing minh réng néu f € C?([a,b]) c6 it nhat ba nghiém trong [a, b]
thi phuong trinh f(z) + f”(x) = 2f'(x) ¢6 it nh4t mot nghiém trong [a, b].

2.2.34. Chting minh ring néu da thtcP bac n cé6 n nghiém phan biét 16n
hon 1 thi da thic

Q(z) = (z° + 1)P(2)P'(z) + zP*(z) + (P'(x))
c6 it nhat 2n — 1 nghiém phan biét.

2.2.35. Gia sti rang da thic P(z) = apa™+am 12™ - - -+a1z+ag v6i ay, > 0
c6 m nghiém thyc phan biét. Chting minh rang da thiic Q(z) = (P(z))*—P'(x)

cod

(1) ddng m + 1 nghiém thuc phan biét néu m 1é,

(2) dtng m nghiém thuc phan biét néu m chan.

2.2.36. Gia su da thtc P(x) bac n > 3 ¢6 cac nghiém déu thuc, viét

P(z) = (z —a1)(z —az) - (z — an),
trong d6 a; < a;1q,1=1,2,...,n—1va
Pz)=n(z—c)(x—c) (x—cpn1),

trong d6 a; < ¢; < a;41,%=1,2,..., n— 1. Chiing minh rang néu

Qz) = (z —a1)(z — az) -~ (x — an-1),

Q'(z) =(n—1)(z —di)(z —dz) - (z — dy-2),
thid; >¢; v6ii=1,2,...,n—2. Hon niia chiing minh réng néu

R(z) = (z —az)(x —az) -+ (x — ay),

R(z)=Mn—-1)(z—e)(xz—e3) (v —en_2),

thie; <c¢yv6ii=1,2,... ,n—2.
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2.2.37. St dung gia thiét ctia bai trén hay chiing minh rang

(1) néu S(z) = (x —a; — ¢)(z — az)...(xr — a,), trong d6 € > 0 thod man
ar+e < ap_yvanéu S'(z) =n(z—fi)(@—fo) ... (x— fo1) thi fr1 > cn1,

@ néuT(z)=(r—a1)(r—az)...(x—a,+e), v6i € > 0 thod man a, —¢ < ay

vanéu T (z) =n(r —qg1)(x — g2) ... (x — go_1) thi g < 1.

2.2.38. St dung gia thiét ctia bai 2.2.36 hay chiing minh rang

Qi1 — Q4 Qi1 — A4 .
it ———<&<apn——7, 1=L12,...,n—1
Gt iyl S GS T T ! "
2.2.39. Chiing minh ring néu f kha vi trén [0, 1] va
@ f(0) =0,

(ii) ton tai K > 0 sao cho |f'(z)] < K|f(z)] v6i z € [0,1],
thi f(z) = 0.

2.2.40. Cho f la mot ham kha vi v6 han trén khoang (—1,1), J C (-1,1)
12 mot khoang c6 d6 dai A\. Gia st J dudc chia thanh ba khoang lién tiép
31, Jo, Js c6 do dai tuong ting 12 Ay, Ay, As, tiic 12 ta 6 J; UJy UJs = J va
A1 + A2 + A3 = A. Chting minh rang néu

mg(J) :inf{|f(k)(3;)] cxeJ}, keN,

thi )
my(J) < )\_2(mk—1(J1) + my-1(J3)).

2.2.41. Chiing minh ring véi gia thiét ctia bai truée, néu |f(z)| < 1 véi
€ (—1,1) thi

k(k+1)
273 Lk
me(J) < T

2.2.42. Gia st riang da thic P(z) = apx™ + ap 12"+ - + a1z + ag c6 n

k € N.

nghiém thuc phan biét. Chiing minh rang néu ton tai p,1 < p < n —1 sao

cho a, =0 va a; # 0 v61 moi ¢ # p thi ap_1a,41 < 0.
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2.3 Cong thirc Taylor va quy tac L’Hopital

2.3.1. Gia st f : [a,b] — R kha vi cAp n — 1 trén [a,b]. Néu f™)(z,) tén tai
thi v6i moi z € [a, b,

f”(x())
2

F@) = fao) + L8 o — ) +

1!
f(”)(xo)
n!

(x — x0)?

+-- (x —20)" + o((x — zo)").

(Coéng thiic nay dudc goi 1a cong thitc Taylor véi phan du dang Peano).

2.3.2. Gia st f : [a,b] — R kha vi lién tuc cap n trén [a,b] va gid st ring
f*+1 tén tai trong khoang md (a,b). Chiing minh ring vé6i moi z, 2, € [a, b]

va moi p > 0 ton tai 6 € (0,1) sao cho ,

f'(20) f"(z0)

f(x) = f(zo) + 1 (z — o) + o1 (z — o)
(n)
ot T2 g ),
trong doé
r(z) = FtD) (g :L—'pQ(at —2p)) (1= 0)" 1P — o)

duge goi 14 phan du dang Schlomilch-Roche.

2.3.3. St dung két qua trén hay chiing minh cac dang phan du sau:

SO (@0 4 0(z — m9))

(a) ro(x) = CES (z — xo)"H!
(dang Lagrange),
(n+1) _
o) ra) = LD Z20D g gy gy

n!
(dang Cauchy).
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2.3.4. Cho f : [a,b] — R 1a ham kha vi cdp n + 1 trén [a,b], x, 79 € [a,b].
Chting minh céng thicc Taylor véi phan du dang tich phdan sau:

F@) = flag) + L2 L) (0 gy

|
SRR G (z — )" + %/"” FED ) (@ — ) dt.

(ZE —ZL'()) +

n!

2.3.5. Cho f : [a,b] — R 1a ham kha vi cdp n + 1 trén [a,b], x, 79 € [a,b].
Chiing minh cong thic Taylor sau:

£lo) = Flao) + L0 (0 gy o L0 (02
+F M(az —29)" + Rpi1(2),

n!

x tnt1 tn to
Ryi1(x) = / / / / FOD () dty - - dtpdt .
xo J T xo 0o

2.3.6. Chting minh coéng thic x4p xi sau

trong dé

1 1
\/1+x%1+§—§x2

cho sai s6 két qua khong vugt qua 3|z|* khi |z| < 3.

2.3.7. Chiing minh cac bt ding thic sau:

(a) (I1+2)*>14azr v6i a>1 hodc a<0,
(b) (1+2)*<l4ar vl 0<a<l,

gia thiét rang > —1, 2 # 0.

2.3.8. Cho cac ham f,g € C*([0,1]), ¢'(z) # 0 v6i = € (0,1) thoa man
f(0)g"(0) # f(0)g’(0). Véi z € (0,1) xét ham 6(z) 14 modt s6 thoa man
dinh 1y gia tri trung binh téng quat, ttc la

f(z) — f(0) _ f'(6(x))
g(x) —g(0)  g(O(z))
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Hay tinh gi6i han

2.39. Cho f : R — R kha vi cdp n + 1 trén R. Chting minh rang véi moi
z € R ton tai # € (0,1) sao cho

2

(a) f(ZU) = f(O) —+ xf’(x) . %f”(l‘) 4+t (_1)n+1i_7;f(n)(x)
N ey ),
z z? g2 ) (g
® f(1+$>:f(x)_1+:cf/< ) +<_1)n(1+x)”fm( )

(n+1) ( 24022
p2n+2 f e

1+z)»t (1+n)!

+ (=)™t r# —1.

2.3.10. Cho f: R — R kha vi cdp 2n + 1 trén R. Chting minh rang véi moi
z € R ton tai 6 € (0,1) sao cho

10-10-37 (G) (5)+3°(3) ()
o e (2) ()

9 2\ 2n+1
- (2n+1) el
Ty (9”3)(2) ‘

2.3.11. St dung két qua bai trén hay ching minh réng

n 1 o 2k+1
In(1+2)>23" ( )
ok +1\2+02

véin=0,1,... vaz > 0.

2.3.12. Chiing minh ring néu f”(x) ton tai thi
 fah) —2f(@) + S~ h)

h—0 h?

b) ,{15[1) f(z+2h) —2£2(x+h)+f(x)

(a) = f"(2),

_ f”(fL‘).
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2.3.13. Chiing minh ring néu f”(x) ton tai thi

flz+3h) —=3f(x+2h)+3f(x+h) — f(x)

i h3 - 1)
2.3.14. Cho z > 0, hay kiém tra cac bat ding thic sau:
n ok
N x

(a) > o

k=0

2?2 3 a2t r? 28
b I cma 4L
(b) x 2—|—3 4<n(—|—az)<x 2—|—3,
(©) l4te— e THz<1tte- Lo Lo

5%~ g% x 5%~ g% T gt

2.3.15. Chiing minh rang néu ton tai f*(z) khac 0 va 0(z) 1a gia tri dugc
xac dinh qua cong thiic Taylor

hnfl hn
fl@th) = f@) +hf' @) &b gy /0 @)+ 2+ 6,
thi .
}Lig(l)e(h) T+l

2.3.16. Gia st f kha vi trén [0,1] va f(0) = f(1) = 0. Hon niia ton tai f”
trong (0, 1) gi6i ndi, ttc 1a | f"(x)| < A, v6i moi x € (0,1), Chting minh rang

A

|f/(l')’ < 57 vil z € [07 1]

2.3.17. Gia st f : [—¢,c] — R kha vi cdp hai trén [—c,c] va dit M, =
sup{f*(z) : x € [—¢, ]} v6i k = 0,1,2. Chitng minh ring

M- .
() 1f'(z)] < ==+ («® + 02)2—2 véi = € [—cd,

c c
) M,
(b) My <2/ MoM, véi ¢> 4] =2
My

2.3.18. Cho f kha vi cép hai trén (a,00), a € R, dat

M, = sup{f®(z) : 2 € (0,00} <00, k=0,1,2.
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Chiing minh rang
My < 24/ MyMs.

Hay chi ra trudng hop ham f 1am cho b4t déng thic tré thanh ding thiec.
2.3.19. Cho f kha vi c4p hai trén R, dit
My, = sup{f®(z): z € (0,00)} <00, k=0,1,2.

Chiing minh rang

My < 24/ MyM;.

2.3.20. Cho f kha vi c4p hai trén R, dit
My, =sup{f®(z):z € (0,00)} <00, k=0,1,2,...,p,p>2.
Chiing minh rang
M, < 2Fe=R2pp=km g ke 10 p— 1.

2.3.21. Gia st f” tén tai va giéi ndi trong (0,00). Chiing minh rang néu
lim f(z) =0thi lim f'(z) =0.

2.3.22. Gia st f kha vi lién tuc c4p hai trén (0, c0), thoa man

lim zf(z)=0 va lim zf"(z)=0.

r—-+00 r—-+00

Chting minh rang lim xf'(z) = 0.

r—-+00
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2.3.23. Gia su f kha vi lién tuc cip hai trén (0,1) va thod man

() lim f(z) =0,

r—1—

(ii) ton tai M > 0 sao cho (1 — z2)|f"(x)| < M véi x € (0,1).

Ching minh rang lim (1 —z)f/(z) = 0.

r—1—
2.3.24. Cho f kha vi trén [a, b] va gid st rang f'(a) = f'(b) = 0. Chting minh
rang néu f” ton tai trong (a,b) thi ton tai c € (a,b) sao cho

710 = G0 = (o)

2.3.25. Gia st f[-1,1] — R kha vi cap ba va biét rang f(—1) = f(0) =
0, f(1) = 1 va f'(0) = 0. Chiing minh ring tén tai ¢ € (—1,1) sao cho
f///(c) 2 3'

2.3.26. Cho f kha vi lién tuc cdp n trén [a,b] va dat
Q(t)ZW’ .’13,t€ [a’ab}a .’Iﬁ#t

Chiing minh céng thtc Taylor du6i dang sau:

f'(x0) J™ (o)

f(x):f($0)+T($—on)+""|‘ o (z = 20)" + 1n(2),

vii1

n!

() = (& — @)™,

2.3.27. Gid st rang f : (—1,1) — R kha vi tai 0, cac day {z,.}, {y.} thod
man —1 <z, <y, <1,n € N sao cho lim z, = lim y, = 0. Xét thuong
n—oo

n—oo

Yn — Tn

Chting minh rang

(a) néu x, < 0 <y, thi lim D, = f'(0).
n—oo
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®) néu 0 < z, < y, va day {y o } gidi noi thi lim D, = f'(0).
noen n—00

(c) néu f’ ton tai trong (—1,1) va lién tuc tai 0 thi lim D, = f(0).
n—oo

(Hay so sanh vé1 2.1.13 va 2.1.14.)

2.3.28. Cho m € N, xét da thic P sau

Plz) = nil (m; 1) (—1)f(z— k)", zeR.

k=1

Chting minh rang P(z) = 0.
2.3.29. Gia st rang f™*? lién tuc trén [0,1]. Chiing minh ring tén tai

6 € (0,1) sao cho
! (n—1) (n) (_=
f@%:ﬂm+ff%H~~+§;§§#wﬁ+i_%gﬂﬂ

xn+2

n
v re(n42) 0 ]
+2(n+1)f (x)(n+2)!
2.3.30. Gia st rang f("P) tén tai trong [a, b] va lién tuc tai zo € [a,b]. Chiling

minh rang néu f")(zg) =0véi j =1,2,...,p—1, fOHP)(zg) £ 0 va

"(zo (=1 (z, 1
) = fan) + D50 = ) oo L e

™) (1, )T — 29
)

o=

thi
(n + p) G
2.3.31. Cho f la ham kha vi lién tuc clp hai trén (—1,1) va f(0) = 0. Hay

]

lim f(kx).

z—0t

tinh gi6i han

S

i
I
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2.3.32. Cho f kha vi vo han trén (a,b). Chiing minh ring néu f bing 0 tai
v6 han diém trong khoang déng [c,d] C (a,b) va

sup{|f™(z)|: z € (a,0)} = O(n!) khi n — oo
thi f bang khéong trén mot khoang md nam trong (a,b).
2.3.33. Gia su rang
(@) f kha vi vo6 han trén R,
(ii) tén tai L > 0 sao cho |f™(z)| < L véi moi z € R va moi n € N,
(1) f (%) = 0 véi n € N. Chting minh rang f(z) = 0 trén R.

2.3.34. St dung quy tic I'Hopital dé tinh cac gidi han sau:

) arctanwz_i ) 1\°*
(a) lim ———=, b) lmz||1+—-) —€],
z—1 1‘—]_ r—+00 x
. 1/x
. 1 ) sinz
© mmo-= @ ()

(e) i sinz )
1m
z—0t T

2.3.35. Chting minh ring véi f kha vi lién tuc cdp hai trén R thod man
£(0) =1, f/(0) = 0 va f"(0) = —1 thi

a

. a x: —a?/2 .
:UEI—POO (f(\/5>) e , trong d6 a€R.

2.3.36. V61 a > 0 va a # 1 hay tinh

. a® — 1 1/x
lim (| — .
z—+oo \ z(a — 1)
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2.3.37. C6 thé st dung quy tic 'Hépital trong nhiing trudng hop sau dudc
khong ?

@) lim T —sinx
200 22 + sinx’
2 in2+1
) lim rrsm2y ,
z—oo (22 + sin 2z)(sinx + 3)2
1 X
(c) lim (2 sin /x + /7 sin —) ,
z—0t T
1 61/12
(d) lim (1 + ze V" sin —4)
x—0 x

2.3.38. Ham

c¢6 kha vi tai diém 0 khéng ?

2.3.39. Gia st f kha vi lién tuc cip n trén R, a € R. Chiing minh ddng thic

- £ (a) = lim -3 (t=0re(}) ta i ).

k=0
2.3.40. Chting minh quy téc I’'Hépital duéi dang sau:
Gia st f,g: (a,b) > R, —00 < a < b < 400 1a cac ham kha vi trén (a,b),

dong thoi thod man diéu kién

1) g'(z) #0 véi z € (a,b),

()  lim g(z) = +oo(—o0),
z—at
e . fl(x) _ _
(111) xlgg 7 = L, oo < L < +4o0.
Khi d6
lim @ = L.
z—at g(l’)

2.3.41. St dung quy tic I'Hépital vita néu & trén hay chiing minh két qua
téng quat ctia 2.2.32 : Cho f kha vi trén (0,00) va a > 0.
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(a) Né&u mgrfoo(af(:r) + f(z)) =L, thi lim f(z) =<

T—r+00

(b) Néu mgrfoo(af(x) +2yzf'(z)) = L, thi lim f(z) = £.

T—+00

Cac két qua trén c6 con dung déi véi truong hop a Am khong ?

2.3.42. Gia st f kha vi clp ba trén (0,00) sao cho f(z) > 0, f'(z) > 0,
f"(z) > 0 v6i moi x > 0. Chiing minh ring néu

(@) ()
lim —————==¢, c#1,
@) 7
o f@)f@ 1
x)f"(x
li = .
eooe (f(2)2 2—c
2.3.43. Gia st rang f 1a ham kha vi v6 han trén (—1,1) va f(0) = 0. Chting
minh ring néu g duge xac dinh trén (0,1)\{0} theo cong thic g(r) = @ thi

ton tai mot md rong ciia g kha vi vo han trén (—1,1).

2.4 Ham loi
Pinh nghia 1. Mot ham f dudc goi 1a l6i trong khoang I C R néu

(1) fAz1+ (1= A)za) < Af(21) + (1 = A) f(22)

trong d6 x1, 25 € I va A € (0,1). Mot ham 161 f dude goi 1a 16i chdt trong I
néu bt ddng thic (1) 1a chit véi 21 # zo. f 14 ham I6m néu —f 14 ham 16i.

Dinh nghia 2. Ham f(z) dugc goi 12 thoa man diéu kién Lipschitz dia
phuong trén moét khoang md I véi hing s6 Lipschitz L > 0 néu véi moi
z,y € Lz #ythi [f(z) - f(y)| < Llz —yl.

2.4.1. Chiing minh rang f kha vi trén mot khoang md I 1a 16i khi va chi khi
f' tang trong I.

2.4.2. Chting minh réng f kha vi cdp hai trén mot khoang md I 1a 16i khi
va chi khi f”(z) > 0 v6i moi z € L.
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2.4.3. Chting minh ring néu f 16i trong khoadng mé I thi bat dang thitc
Jensen

FOuzs + Xawo + -+ Agmp) < A f(@1) + Aaf(z2) + - + A f(20)
ding v6i moi xq,xs,...,7, € I vAd moi b s6 thuc dudgng A, Ao, ..., \, thoa
man A\ + X+ + A\, = 1.
2.4.4. Cho z,y > 0 va p,q > 0 thod man % + % = 1. Chting minh bat ding
thtc

Pzt
ry < —+ —
p q
2.4.5. Chiing minh rang
Ha;k v6l x1,%2,...,T, > 0.

2.4.6. Chiing minh rdng véi a # b ta c6 bat ding thic
el — d° _ e? + et
b—a 2
2.4.7. Ching minh bat ding thiic

xlnzx+ylny > (:r—{—y)lnx;—y, x #.
2.4.8. Cho o > 1 va cac s6 duong z1, Zs, ... ,Z,. Chiing minh rang
1 ) 1
) iy
(n k=1 ) "
2.4.9. Cho zy,79,... ,2, € (0,1) va cac s6 ducng pi,ps,...,p, thoa man
3" pr = 1. Chiing minh ring
k=1
n -1 n 1+ Pk
T
(a) 1+<Zpkxk) < ( ’“) ,
Ty
k=1 k=1
1+ > pry

b k=1 < )
() n _H(l—xk)
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2.4.10. Cho z =1 3z v6i z1,25,... ,2, € (0,7). Chiing minh ring
k=1

(a) Hsin zy < (sinz)",

k=1
b) Hsm:nk < (smx) '

Tk T

k=1

2.4.11. Chiing minh rang v6i a > 0 va 21, 2,... ,2, € (0,1) thod mén z; +

To+ -+ x, =1thi

u 1\*_ (n?2+41)
> (m+g) =
T n

k=1

2.4.12. Cho n > 2, hay kiém tra kh&ng dinh sau:
ﬁ2’€—1< b 2, 1 "
2k-1 — n mn-2n1)
k=1

2.4.13. Chiing minh céc bt ddng thic sau:

2
n 1 1 1
(a) <—+—+- -4+ —, x1,29,...,2x, >0,
1 t+x2+ -+ Ty T T2 1
1 (07 o
(b) mél’ll'“l’n §a1x1+---+an:pn
Vol a,zp >0, k=1,2,... ,n thoa man > o = 1.
k=1
(c) gt oyt yen < (@ Fy)M e (T )"
VOl yp, x> 0,0, > 0,k =1,2,... ;n sao cho > ap = 1.
k=1
o STl <I1(50)
j=1 i=1 i=1 \j=1
Vol ,x;; > 0,0, > 0,4, =1,2,... ,nsao cho > oy = 1.

k=1

2.4.14. Chting minh rang néu f : R — R 16i va bi chan trén thi 13 ham hing
trén R.
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2.4.15. Liéu mot ham 16i giéi noi trén (a,o0) hodc trén (—oo,a) c6 ludn 1a
ham héng khoéng ?

2.4.16. Gia st rang f : (a,b) — R 16i trén (a,b) , trong d6 —oco < a,b < oo.

Chting minh rang ho#ic f don diéu trén (a,b) hodc ton tai c € (a,b) sao cho

f(e) =min{f(z) : z € (a,b)}
dong thoi f giam trong (a,c] va ting trong |[c,b).
2.4.17. Cho f : (a,b) — R 16i trén (a,b), trong d6 —co < a,b < co. Chiing
minh rang cac giéi han

lim f(z) va lim f(x)

z—at T—b~

ton tai, hitu han ho#c v6 han.

2.4.18. Gia st f : (a,b) — R 11 va giéi ndi trén (a,b) , —c0 < a,b < oo.
Chting minh rang f lién tuc déu trén (a,b). (So sanh véi bai 2.4.14).

2.4.19. Gid st f : (a,b) — R 16i trén (a,b), trong d6 —oo < a,b < co. Chting
minh ring dao ham mét phia ctia f ton tai va don diéu trén (a,b). Hon niia

dao ham phai va trai ctia né bang nhau bén ngoai mot tap dém dudgc.

2.4.20. Gia st f kha vi cap hai trén R va f, f/, f” tang chéit trén R. Véi a, b
cho truée, a < b cho x — £(z),z > 0 xac dinh qua dinh 1y gia tri trung binh,
tac la

fb+z)— fla—x)
b—a+2x

Chting minh rang ham ¢ ting trén (0, o).

= f'().

2.4.21. St dung két qua bai 2.4.4 ching minh b4t dang thice Holder: Cho
p,q > 1 thoa man % + % = 1. Chting minh rang

n n 1/p n 1/q
3l < (z rmp) (z w) |
=1 =1

i=1
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2.4.22. St dung bt ding thic Holder chiing minh b6t dang thiie Mikowski
sau: Néu p > 1 thi

n 1/p n 1/p n 1/p
(ery@-vg) s(zw) +<z|yi|p) |
=1 =1 =1

2.4.23. Chiing minh rdng néu chudi Y aj hoi tu thi ) %= héi tu.
n=1 n=1

2.4.24. Cho z;,y; > 0,i=1,2,...,n va p > 1. Chting minh bat ding thuc

sau
((@o o )+ (o)) < @] o) ()

2.4.25. Chting minh b4t déng thtic Minkowski téng quat sau: Cho z;; > 0,

i=1,2,...,n,7=12,... ,mvap> 1, ching minh rang
n m P\ 1/p m n 1/p
(E(Te)) <x(xa) -
i=1 \j=1 j=1 \i=1

2.4.26. Gia st ham lién tuc f trén khoang I 14 I6i trung binh ttc la

f(x+y)<f@»+ﬂw i}

5 < 5 vel z,y €L

Chiing minh rang f 16i trén L.

2.4.27. Chtng minh ring diéu kién lién tuc trong bai 2.4.26 1a khong thé
bo duge. (Hay chi ra phan vi du).

2.4.28. Cho f lién tuc trén I sao cho

() < S

véi z,y € I, x # y. Chiing minh réng f 16i chat trén I.

2.4.29. Gia su f 16i trong khoang md I. Chting minh rang f thod man diéu
kién Lipschitz dia phuong trén I.
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2.430. Cho f : (0, 00) — R 11, dat

lim f(x)=0.

z—0t

Chting minh rdng ham f — £ ) tang trén (0, 00).

2.4.31. Ta néi rang ham f dudi céng tinh trén (0, 00) néu véi x1, x5 € (0, 00),

f(@1,22) < fla1) + f(22).

Chiing minh rang

( )

(a) néu giam trén (0, 00) thi f dudi cong tinh.

(b) néu f 16i va duéi cong tinh trén (0,00) thi ham z +— {2 ) 12 ham gidm
trén khoang dé.

2.4.32. Gia st f kha vi trén (a,b) va v6i moi z,y € (a,b), z # y, ton tai duy
nhat ¢ sao cho
fly) = fz)
y—x
Chting minh rang f 16i chit hodic 16m chit trén (a, b).

= f'(0).

2.4.33. Cho f : R — R lién tuc va thod méan diéu kién véi méi d € R, ham
ga(z) = f(z +d) — f(x) thuoc 16p C*(R). Chting minh rang f thuéc C=(R).

24.34. Gid stia, < ... < ay < a; va f 101 trén doan [a,,a;]. Chting minh

rang
n n
Z flar1)ay, < Z flar)ak1,
k=1 k=1
trong d6 a,,1 = a;.

2.4.35. Gia st ring f 16m va ting chit trén mot khoang (a,b), —oo < a,b <
oo. Chting minh ring néu a < f(z) < z v6i x € (a,b) va

hm f+( ) = 17

z—at
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thi v6i z,y € (a,b) ta c6

i 4 @) = fM(2)
nooo frl(y) — fr(y)

trong d6 f" 1a thanh phéan lap thi n cta f (xem 1.1.40).

2.5 Cac ung dung cua dao ham

2.5.1. St dung dinh ly gia tri trung binh téng quat hay chtng minh

2

(a) 1— % <cosz, VOl x#0,
23
(b) x — ) <sinz, vé1 x>0,
' 2 .
(©) cos:r<1—§+z, vl x # 0,
3 5
) sinx<x—§—+%, véi x> 0.

2.5.2. Cho n € N va z > 0 hay kiém tra cac khing dinh sau:

(a) $3 N 2175 N x4n—3 x4n—1 i
T——+—=—"-- — sin
31 5! (4n—3)!  (4n—1)!
x3 33’5 l,4n—3 33’4”_1 1,471,-‘,-1
< —_ — —_ e e . —_
TR TR T T =) @n—1  @ntD)
x2 334 $4n74 $4n72
by 1-— I .. - <
®) STRAPT T an =D @2y 7
ZL’2 .’E4 :L.4n—4 :L.4n—2 x4n
AW T T =l an—2) " @)

2.5.3. Cho f lién tyc trén [a, b] va kha vi trén khoang mé (a, b). Chting minh

riang néu a > 0 thi ton tai 21, 2o, 23 € (a,b) sao cho

f(z1) = (b+ a)M = (B +ab+ a2)f/($3)

225 323
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2.5.4. Chiing minh két qua téng quat cta 2.2.32: Cho f 14 mot ham bién

phtic trén (0, 00) va o 1a mdt s8 phiic ¢6 phan thuc duong. Chting minh ring
A 2 . < . / o N . -

néu f kha vi va xll}tiloo(af(a:) + f'(z)) = 0 thi xggrnoo f(z)=0.

2.5.5. Cho f kha vi cap hai trén (0,00). Chting minh ring néu hIJP (f(z)+
T—r+00
f'(x) + f"(z)) = L thi 1ir+n f(z) = L.
T—r+00

2.5.6. Cho f kha vi c4p ba trén (0,00). Liéu ti su ton tai cua giéi han

lim (f(z)+ f'(z) + f"(z) + f"(x))

T—+00
c6 suy ra sy ton tai ciia giéi han lim f(r) khéng ?

r—-+00

2.5.7.

(a) Gia st f kha vi lién tuc trén (0,00) va cho f(0) = 1. Chiing minh rang
néu |f(z)] < e ® v6i x > 0 thi ton tai zo > 0 sao cho f'(xg) = —e .

(b) Gia st f kha vi lién tuc trén (1,00) va cho f(1) = 1. Chting minh ring
néu |f(z)] < % v6i z > 1 thi ton tai zo > 1 sao cho f'(zg) = — .
0

2.5.8. Gia st rang f va g kha vi trén [0,a] thod man f(0) = ¢(0) = 0, va
g(z) >0, ¢'(x) > 0 v6i moi = € (0,a]. Chiing minh rang néu gL,/ ting trong
(0, a] thi % cing tang trong (0, al.

2.5.9. Chiing minh rang cic phuong trinh
sin(cosz) =z va cos(sinz) =x

c6 duy nhat nghiém trong [0, 7/2]. Hon niia chiing minh rang néu z; va ,
lan lugt 1a nghiém cta hai phuong trinh trén thi z; < z,.

2.5.10. Chting minh ring néu f kha vi trén [a,b], f(a) = 0 va ton tai hing
s6 C > 0 sao cho |f'(z)| < C|f(x)| v6i moi x € [a,b] thi f(z) = 0.



2.5. Cac ung dung cua dao ham 69
2.5.11. St dung dinh ly gia tri trung binh chiing minh réng v6i 0 < p < ¢
p q
<1+5> < <1+5> ,
p q

2.5.12. Chiing minh réng ¢* > 1+ z v6i € R. St dung két qua d6 chiing
minh b4t ddng thic lién hé gitta trung binh cong va trung binh nhan.

ta co

vél z > 0.

2.5.13. Chting minh rang
zy <e®+y(lny —1)

v6i 2 € R va y > 0. Ching minh ring ddu ding thic xay ra khi va chi khi

y =e".

2.5.14. Gid st f : R — [—1,1] thude 16p C2(R) va (£(0))2 + (f(0))? = 4.
Chting minh rang ton tai 2o € R sao cho f(zg) + f'(x0) = 0.

2.5.15. Kiém tra cac bat ding thic sau:

1 .
(a) (:r+—> arctanz >1 v61 x>0,
x
(b) 2tanz —sinhz > 0 v6i1 0<x<g,
(c) nz << véi x>0,z #e,
e
1 1 )
(d) ;3211331<§ vl x>0,z # 1.

2.5.16. So sanh cac sb sau:
(a) €™ hay 7°,
(b) 2V2 hay e,

(c) In8 hay 2.
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2.5.17. Kiém tra cac khéng dinh sau:

b b
(@) 1n<1+£>1n<1+—><—, a, b,z >0,

a x a
(b) <1+£>m <1+£)m<1, z € R\{0},m,n € Nym,n > |z|,
m m

1

(c) 1n<1+\/1+x2><5+lnx, x> 0.

2.5.18. Cho z > 0 hay kiém tra céc bat ddng thic sau:

T
(a) In(l+2x) < Ve
(b) (1—2z)?>zn’a.

2.5.19. Chiing minh rang

r? 2 z?
(a) x+?—€<(a:+1)ln(1+x)<x+?, véi x>0
2
(b) ln(1+cosa:)<1n2—%, vl x € (0,).

2.5.20. Cho z > 0, chiing minh cic bat ding thic sau:

(a) e’ <1+ ze”, (b) e —1—x < z?e”,
(C) .’13633/2 < % — 17 (d) et < (1 +x)1+x7

1 z+1
o () =

2.5.21. Chiing minh rang (e +z)* > (e — 2)°** véi z € (0, e).
2.5.22. Chting minh réng néu z > 1 thie* ' +Inz — +1> 0.

2.5.23. Chiing minh céc bt ddng thic sau:

(a) 1t + 2 g > 61 0<z< T
a —tanx + —sinx >z, V6l T < =
2 3 ’ 2’
(b) (2 +cosx) > 3sinz, véi z >0,
.2
sin )
(c) cosx < véi 0<z< =

2 2
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2.5.24. Chting minh réng néu o > 1 thi véi 0 < z < 1 ta c6

1 a a
FS.’E +<1—37) S].

2.5.25. Chiing minh bat ding thic sau bi€t 0 < a < 1va z,y >0 :
(x +y)* <z 4y~

2.5.26. Cho a € (0,1) va z € [~1, 1], ching minh ring

ala—1) 2

14+2)*<l+azr-— 2

2.5.27. Chiing minh két qua téng quat cta bai trén: Cho B > 0 va z €
(—1, B], chting minh rang:

1-— .
(a) (1+33)°‘§1+aa;——2()2(1+g))2x2 vl 0<a<l,
(b) 1+z)*>1+ al=0) o 6 1<a<2
ar — ——>u .
5= 2(1 + B)?
2.5.28. Chiing minh rang
2 .
(a) sinz > —x, VOl x € [O, z] ,
s 2
2 .
(b) sinx > —z + %(7‘(‘2 —42?%), véi z € [O, z] :
T s 2

2.5.29. Chiing minh rang véi z € (0,1) ta cé
mx(l —z) <sinz < 4z(1 — z).

2.5.30. Chting minh réng véi = duong va n nguyén duong ta cé

2.5.31. Cho n nguyén duong. Hay tim cac cuc tri dia phuong cua ham

n

z? "\
flz) = <1+x+g+---+m>e :
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2.5.32. Cho m va n nguyén duong, tim cac cuc tri dia phuong cua
flz) =21 —x)".
2.5.33. Cho m,n nguyén dudng, tim gia tri 16n nhat cua
f(z) = sin®™ - cos®™ .
2.5.34. Tim céc cuc tri dia phuong ctia ham f(z) = 2/3(1 — )?/3,
2.5.35. Tim gia tri 16n nhat va gia tri nhé nhat ciia ham
f(x) = zarcsinz 4+ V1 — 22
trén [—1,1].

2.5.36. Tim gia tri 16n nh4t trén R cua

1 1
U wr e w
2.5.37. Cho céc s6 khong 4m ay, as, . .. ,a,. Ching minh cac bat ddng thic
sau:
1 & 1
a — T < —
(a) - ’;ake <<
1 & 4
b — ale < —|

(©) Hakﬁ <g> eXp{gZak}-
k=1 k=1
2.5.38. Tim cac cuc tri dia phuong ciia ham

0 vl z =0.

fa) = {e”"” (V2+sinl) véi z#0,
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2.5.39. Cho
2 (2+sind) véi z #£0,
flz) = { ( 2

o vl x = 0.
Chiing minh rang f kha vi trén R va tai 0 f dat gia tri 16n nhat tuyét doi
nhung f khong don diéu trong bat ky khoang (—¢,0) hay (0, ¢) nao.
2.5.40. Cho z > 0, chitng minh b4t dng thic sau

sinh x
\/ sinh? z + cosh? z

1
< tanhz < z <sinhz < §sinh2x.

2.5.41. St dung két qua bai trén chiing minh ring véi a,b ducng va a # b

thi
2 b—a a+b [a? + b?
—F < Vab< < < .
% + % Vab Inb—1Ina 2 2
S6 L(a,b) = —=t— dugc goi 1a trung binh loga cua a va b. (Quy udc rang
L(a,a) = a.)

2.5.42. Dai lugng trung binh mi ctia hai s6 duong z va y 1a

a? +yP\'P
Mp(:r,y):< 5 > véi p #£ 0.

(a) Chting minh rang
lim M,(z,y) = /7.

p—0
(Tt d6 c6 thé quy uée My(z,y) = /Ty.)
(b) Chiing minh ring néu = # y va p < ¢ thi M,(x,y) < M,(z,y).

2.5.43. Cho A\ > 1, cac s6 duong z,y va sd0 n nguyén ducng, chiing minh

rang

"yt + AM(z+y)t -2t —y") x4y

</ <
ny—\/ 2+ A(2" — 2) =79
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2.5.44. Chting minh rang
(a) sin(tanx) >z vl x € [O,

I
].

wl

(b) tan(sinz) > x v6l x € [O,

2.5.45. Chiing minh rang véi = € (0,7/2] ta c6

1 1 1 4
sin2x - Jc2 w2

2.5.46. Cho = > 0 chting minh ring
3z
1+2v1+ 22

2.5.47. Choay, b,k =1,2,... ,n duong. Chiing minh bat ddng thic sau

ﬁ (xag + (1 —2)by) < maX{Hak,ku}
k=1 k=1

k=1

arctanx >

dting véi z € [0, 1] khi va chi khi

() ()

k=1 k=1

2.5.48. St dung két qua bai 2.5.1 chiing minh rang
cosz +cosy < 1+ cos(zy) véi 2% +y* <.
2.5.49. Cho z,y duong, chiing minh réng ¥ + y* > 1.
2.5.50. Cho n > 2 nguyén duong, chiing minh rang néu 0 < z < -2; thi
(1— 22" + 2" < (1 — ™)™
2.5.51. Cho ham
7t

1 )
f(x)—x—g—l—ﬂsm— vl z > 0.
x

Chting minh ring véi cac gia tri y,z > 0 thod man y+ 2 < 1 tacé f(y+2) <

fly) + f(2).



2.5. Cac ung dung cua dao ham 75

2.5.52. Chiing minh b4t déng thic

n

2( M), k n—k
Z(k—nx) <k>az (1—2x) gz.
k=0
2.5.53. Gia st f € C*([a,b]), f(a)f(b) < 0 va f' va f” khong déi dau trén
[a,b]. Chiing minh ring day truy héi

n = dn — 7O 2071727"'7
Tt = f'(zn)

trong d6 dit xy = b néu f’' va f” cung dau, zo = a néu f’ va f” trai dau sé
hoi tu vé nghiém duy nhat cia phuong trinh f(z) = 0 trén (a,b). (Phuong
phap nay dugc goi 1a phuong phdap xdp xi nghiém cia Newton.)

2.5.54. St dung cac gia thiét caa bai toan trén chiing minh rang néu M =
max{|f"(z)| : x € [a,b]} vAa m = min{|f'(z) : © € [a,b]} thi

M
<

< 2m(azn—§)2, n=0,1,2,...,

|xn+1 - g’
trong d6 ¢ 1a nghiém duy nhAt cta phuong trinh f(z) = 0.
2.5.55. Tim sup {27 +27Y%: 2 > 0} .

2.5.56. Cho f kha vi v6 han trén (0,1), gia st rang v6i méi z € [0, 1] ton tai
n(z) sao cho f®)(z) = 0. Chting minh rang trén doan [0,1] f s& déng nhat
v61 mot da thic.

2.5.57. Chi ra vi du dé chiing t6 rang gia thiét kha vi v6 han trén [0, 1] trong

bai tap trén 1a cAn thiét. Chiing minh rang néu

lim f™(z) =0

n—oo

v6i mbi z € [0,1] thi ta khong thé suy ra két luan trong bai 2.5.56.
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2.6 Kha vi manh va kha vi theo nghia Schwarz

Pinh nghia 1. Mot ham thuc xac dinh trén tdp mé A C R duge goi 1a kha
vi manh tai diém a € A néu

lim f($1) — f(z2)

(z1,22)—(a,a) T1 — T2
1722

= f*(a)

ton tai hitu han. f*(a) duge goi 1a dao ham manh cla f tai a.

Pinh nghia 2. Mot ham thuc f xac dinh trén tap mé A C R duge goi 1a kha
vi theo nghia Schwarz tai a € A néu giéi han

h) — —h
PR B () BT

ton tai hitu han, f*(a) dugc goi 1a dao ham theo nghia Schwarz hay néi gon

lai 14 dao ham Schwarz caa f tai diém a.

Pinh nghia 3. Dao ham manh trén (tuong ing dudi) cua f tai a dude xac
dinh bang cach thay thé lim trong dinh nghia 1 bang lim (tudng Gng lim),
ky hiéu la D* f(a) (tuong tGng D, f(a)). Pao ham Schwarz trén va dudi cua f
tai a dugc xac dinh bang cach thay thé tuong tu. Ta ky hiéu ching 1a D*f(a)
va Dgf(a).

2.6.1. Chiing minh rang néu f kha vi manh tai a thi né kha vi tai a va
f*(a) = f'(a). Hay chi ra phan vi du dé chiing t6 diéu ngugc lai khéng ding.

2.6.2. Cho f: A — R va ky hiéu A, A* 1a tap cac diém ma tai d6 f kha vi
va kha vi manh. Chtng minh rang néu a € A* 1a mét diém giéi han cta A*
thi

lim f*(z) = lim f() = () = £'(0).

z—A
TEA* zeAl

2.6.3. Chiing minh réng moi ham kha vi lién tuc tai a thi kha vi manh tai

a.
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2.6.4. T tinh kha vi manh cua f tai a c6 suy ra dudc tinh lién tuc caua f’
tai diém d6 khong ?

2.6.5. Cho tap mé G C A. Chiing minh rang f kha vi manh trén G khi va
chi khi dao ham f’ lién tuc trén G.

2.6.6. Chting minh réng néu f kha vi trén R thi né kha vi manh trong mot
tap thang du, tic la trong tap R\B trong d6 B la mot tap thudc pham tru
thi nhat trén R. (xem 1.7.20)

2.6.7. Gia st f lién tuc trén [a,b] va ton tai dao ham Schwarz f* trong mot
khoang mé (a,b). Chiing minh rang néu f(b) > f(a) thi ton tai c € (a,b) sao
cho f*(c) > 0.

2.6.8. Gia st f lién tuc trén [a,b] va f(a) = f(b) = 0. Chting minh ring néu
f kha vi Schwarz trén mot khoang mé (a, b) thi ton tai z;, 25 € (a,b) sao cho
f2(z1) > 0 va f*(zq) <0,

2.6.9. Cho f lién tuc trén [a,b] va kha vi Schwarz trén khoang md (a,b).
Chting minh rang ton tai z;,z, € (a,b) sao cho

f(b) — f(a)

filae) < —=——

< fi(z).

2.6.10. Gia st riang f lién tuc va kha vi Schwarz trén (a,b). Chting minh
riang néu dao ham Schwarz f° gi6i néi trén (a,b) thi f thod man diéu kién
Lipschitz trong khoang nay.

2.6.11. Gia st f va f° lién tuc trén (a,b). Chiing minh rang f kha vi va
f'(z) = f*(x) v6i moi x € (a,b).

2.6.12. Gia st rang f lién tuc va kha vi Schwarz trén mot khoang mé I.
Chting minh rang néu f* > 0 tai diém = € I thi f ting trén I.

2.6.13. Gia st rang f lién tuc va kha vi Schwarz trén mot khoang mé I.
Chting minh rang néu f*(z) = 0 tai z € I thi f 124 ham hang trén 1.
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2.6.14. Cho f kha vi Schwarz trén (a,b) , xét zo € (a,b) 1a cyc tri dia phuong

cua f, hoi dao ham Schwarz ctia f c¢6 bang 0 tai z, khéng ?

2.6.15. Ta néi ham f : R — R c6 tinh chdt Baire néu ton tai mot tap thing
du S C R dé f lién tuc trén d6. Ching minh ring néu f c6 tinh chit Baire
thi ton tai mot tap thing du B sao cho véi moi z € B,

D.f(z) = D.f(x) va D*f(x)=D"f(z).

2.6.16. Chting minh rang néu f c6 tinh chat Baire va kha vi Schwarz trén
R thi f kha vi manh trén mot tap thing du.

2.6.17. Cho f kha vi Schwarz trén mot khoang mé I va xét [a,b] C I, ta néi
rang f khd vi Schwarz déu trén [a,b] néu véi moi € > 0 ton tai § > 0 sao cho
V6l |h| < 6,

fl@+h)— flz—h)
2h
VOl x € [a,b] vA x + h,x —h € I. Gia st f kha vi Schwarz trén I va [a,b] C L

Chting minh rang néu ton tai zy € (a,b) sao cho lim |f(zo + h)| = +o0 va ton
ﬁ-

— f ()| <¢,

tai z; sao cho f bi chdn trong [z, ), thi f khong kha vi Schwarz déu trén
[a, b].

2.6.18. Gia st f lién tuc trén I chtia [a,b]. Chting minh rang f kha vi

Schwarz déu trén [a,b] khi va chi khi f* lién tuc trén [a, b].
2.6.19. Hay chi ra phan vi du dé ching té rang gia thiét lién tuc cia ham
f 6 bai tap trén 1a can thiét.

2.6.20. Chiing minh rang mot ham bi chin dia phuong trén khoang mé I f
58 kha vi Schwarz déu trén moi doan [a,b] C I khi va chi khi f’ lién tuc trén
I



Chuong 3

Day va chuoi ham

3.1 Day ham va su hoi tu déu
Chiing ta nhéc lai dinh nghia sau.

PINH NGHIA. Chiing ta néi rang day ham {f,} héi tu déu vé ham f trén A
néu véi mbi s6 € > 0 ¢6 mot s6 ng € N sao cho v6i moi n > ny bat ding thiic
|fn(z) — f(z)| < € thod méan véi moi z € A. Ching ta ky hiéu 1a f, = f.

A

3.1.1. Chiing minh ring day ham {f,} xac dinh trén A 1a hdi tu déu trén
B C A vé ham f: B — R néu va chi néu day s6 {d,} , v6i

d, = sup{|fu(z) — f(z)| : 2 € B}, neN,
héi tu vé 0.

3.1.2. Gia st f, = f v& g, = g. Chting minh ring f, + g, = f + g. Khéng
A A A
dinh f, - g, = f - g c6 ding khong?
A

313. Giastu f, = f, g» = g, va ton tai s6 M > 0 sao cho |f(z)] < M va
A A
lg(x)| < M véi moi z € A. Chting minh rang f, - g, = f - g.
A

3.1.4. Cho {a,} la day s6 thuc hoi tu, va {f,} 1a ddy ham thoa man
sup{|fn(x) — fm(2)| : x € A} <|a, — an|, n,m €N,

79
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Chting minh rang day ham {f,} hoi tu déu trén A.

3.1.5. Chiing minh réng ham giéi han cia moét day ham bi chian hoi tu déu
trén A 14 mot ham bi chin. Khing dinh nay c6 dung trong trudng hop hoi
tu diém khéng?

3.1.6. Chiing minh ring day ham {f,}, véi

fn<x) = {

hoi tu diém nhung khong héi tu déu trén R. Hay tim day con hi tu déu.

néu n chan,

SI=3I8

~ 2
néu n le.

3.1.7. Chiing minh tiéu chudn Cauchy cho sy hoi tu déu.
Day ham {f,}, xac dinh trén A, hdi tu déu trén A néu va chi néu véi mdie > 0
ton tai s6 ny € N sao cho véi moi m > ny bat ddng thic | froam(x) — fm(z)| < €

thoa man v6i moi n € N va v6i moi z € A.

3.1.8. Xét su hoi tu déu trén doan [0,1] cua cac ddy ham cho bdi clc cong
thiic sau

1
(a) fu(x) = [+ (e =12’
1'2
(b) fa() = 21 (e =12
(C) fn(x) = xn(l - .’13),
(d) fa(z) = na"™(1 - z),
(e) fulz) = n’z"(1 - z)*,
na?
(f) fa() = Ty
1
(®) fulw) =T

3.1.9. Xét su hoi tu déu trén A va B cua cac diay ham khi

(a) fo(z) =cos" z(1l —cos"z), A =[0,7/2],B=[n/4,7/2],
(b) fu(r) =cos"zsin®z, A =R,B=10,7/4].
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3.1.10. Xac dinh day ham {f,} hoi tu déu trén A hay khong véi

(a) fu(z) = arctan %, A =R,
2
© fula) = nm“”? A = (0,00),
(d) fulz) = W1+ﬂ" A =R,
(e) fn(x) n\/ 2+ | ’n, A= Rv
(f) fa(x) =+vn+1sin"xzcosz, A =R,
() fo(@) =n(Yr—1), A=][l,a], a>1.

3.1.11. Véiham f xac dinh trén doan [a, ], ddt f,(z) = 228 4 € [q,b],n € N.

Chiing minh rang f, = f.
[a,b]

3.1.12. Kiém tra ring day ham {f,}, véi
fo(z) = nsin Van2n2 + 22,
hoi tu déu trén doan [0,a], a > 0. Day ham {f,} ¢6 hoi tu déu trén R khong?
3.1.13. Chiing minh ring day da thic {P,} xac dinh bdi cong thic truy héi
Py(z) =0, Puu(z)=P,(x)+ %(az — P(z)),n=0,1,2,...,

hoi tu déu trén doan [0,1] dén ham f(z) = /.
Suy ra ring c6 day da thiic hoi tu déu trén doan [—1, 1] dén ham z > |z|.

3.1.14. Gia st ham f: R — R kha vi va ham f’ lién tuc déu trén R . Kiém

tra rang
w(f(e+5)-1@) > e

déu trén R. Bing vi du chi ra rang gia thiét lién tuc déu cta ham f’ 1a
khéng thé bd qua duge.
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3.1.15. Cho {f,} 12 day ham lién tuc déu hoi tu déu trén R. Ching minh

rang ham giéi han ciing 14 ham lién tuc déu trén R.

3.1.16. Ching minh dinh Iy Dini: Cho {f,} la ddy ham lién tuc trén tap
compact K hoi tu diém vé ham f cting 14 ham lién tuc trén K. Khi d6 néu
for1(x) < fulz) v6i x € K va n € N thi ddy ham {f,} hoi tu vé ham f déu
trén K.

Bang vi du hay chi ra rang mdi diéu kién trong dinh 1y Dini (tinh compact,
tinh lién tuc ciia ham gi6i han, tinh lién tuc va don diéu cua day ham {f,.})

14 cAn thiét.

3.1.17. Day ham {f,} xac dinh trén tap A dugc néi la lién tuc dong bac trén
A néu v6i mdi e > 0 ton tai s6 § > 0 sao cho |f,(z) — f.(2')| < € mbi khi
|z —2'| < 6,x,2' € A, va n € N. Chiing minh rang néu {f,} 1a diy ham hoi
tu déu cua day ham lién tuc trén tap compact K thi {f,} 1a lién tuc dong

bac trén K.

3.1.18. Ching ta néi rang day ham {f,} xac dinh trén A héi tu lién tuc trén
A vé ham f néu véi mdi x € A va v6i mdi diy {z,} nim trong A hoi tu vé
thi day {f,(z,)} hoi tu v& f. Chting minh ring néu day {f,} hoi tu lién tuc
trén A vé ham f thi

i £, () = f(2),

v6i mbi ddy {z,} ndm trong A hdi tu vé x € A va v6i mbi diy con {f,, }.

3.1.19. Chiing minh rang néu {f,} héi tu lién tuc trén A vé f thi f lién tuc
trén A (ngay ca khi f, khong lién tuc).

3.1.20. Chiing minh ring néu {f,} hoi tu déu trén A vé ham lién tuc f thi
{f.} hoi tu lién tuc trén A. Diéu ngugc lai c6 ding khong?

3.1.21. Cho {f,} la ddy ham xac dinh trén tap compact K. Chiing minh cac
ménh dé sau 1a tuong duong.

(i) Day ham {f,} hoi tu déu trén K vé ham f € C(K).
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(i) Day ham {f,} hoi tu lién tuc trén K vé ham f.

3.1.22. Gia st {f,} la ddy ham tang hodc giam trén doan [a,b] hdi tu diém
vé mot ham lién tuc trén [a,b]. Ching minh rang {f,} hdi tu déu trén [a, b].

3.1.23. Cho {f,} 12 day ham tdng ho#c giam trén R va bi chén déu trén R.
Chiing minh {f,} chiia mét day con hdi tu diém trén R.

3.1.24. Duéi nhiing gia thiét ctia bai toan trén (3.1.23) hay chi ra rang: Néu
ham gi6i han f cia mot ddy ham con {f, } hdi tu diém 1 lién tuc thi {f,}
hoi tu vé f déu trén mdi tap con compact cia R. Day ham {f,} phai hai tu
déu trén R khong?

3.1.25. Chiing minh rang ham giéi han ctua day da thic hoi tu déu trén R
la mot da thic.

3.1.26. Gia st riang {P,} 12 mot day da thic c6 dang
P, (z) = appa? + an,p,lzrp*I + o Q1T F G-
Chiing minh ba ménh dé sau 1a tuong duong:
(i) {P,} hoi tu déu trén mbi tap con compact cia R,
(1) C6 p+1 s6 phan biét ¢y, ¢y, .. ., ¢, sao cho {P,} hoi tu trén {co,c1,...,¢},
(iii) Day cac hé s6 {a,;} hoi tu véii=0,1,...,p.

3.1.27. Chiing minh rang néu {f,} hdi tu diém va lién tuc dong bac trén tap
compact K thi {f,} hoi tu déu trén K.

3.1.28. Cho {f,} la day ham lién tuc trén doan [a,b] va kha vi trén khoang
(a,b). Gia st {f/} bi chan déu trén (a,b), tic 1a ¢6 s6 M > 0 sao cho |f/ (z)| <
M v6i moi n € N va z € (a,b). Chitng minh rang néu {f,} hoi tu diém trén
[a,b] thi {f,} hoi tu déu trén doan do.
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3.1.29. Nghién ctiu su hoi tu va su hoi tu déu ctua {f,} va {f’} trén A, véi

sin nx

(a) fn(x) - \/ﬁ ) A= Rv

3.1.30. Gia st {f,} hoi tu déu trén A vé ham f. Hon niia gia st rang z 1a
diém tu cta A va bit dau tit chi s6 n nao d6, lim f,(z) ton tai. Chting minh
Tr—TQ

lim lim f,(z) = lim f(z).

n—00 T—T( T—T0
Va néu {f,} hoi tu déu trén (a,oc0) v& ham f va bat dau tit chi s6 n nao do,
lim f,(z) ton tai thi
Tr—00

205, 20, ) = Jin, fle)

Nhiing d4ng thtc trén c6 ¥ nghia ring néu giéi han moét vé& caa ching tén
tai thi gi6i han ctia vé& kia ciing ton tai va ching bang nhau.

3.1.31. Cho {f,} 1a day ham kha vi trén doan [a, b] sao cho {f.(x¢)} hdi tu
V6l o € [a,b]. Chiing minh néu day {f/} hoi tu déu trén [a,b] thi {f,} hoi tu

déu trén [a,b] v& mot ham f kha vi trén [a,b] va c6 ding thic
f'(z) = lim fl(z) v6i z € [a,b].
n—oo

3.1.32. V6i ham f : [0,1] — R, dat B,(f,z) 1a da thiic Bernstein bac n cua
ham f, dugce x4c dinh badi
- k
k=0

Chting ming rang néu f lién tuc trén [0, 1] thi {B,(f)} hdi tu déu trén [0, 1]
vé ham f.

3.1.33. Dung két qua caa bai toan trén (3.1.32) dé ching minh dink ly xdp
xi cua Weierstrass. Néu f : [a,b] — R lién tuc trén [a,b] thi v6i mbi e > 0 ton

tal da thiic P sao cho

|f(x) — P(z)] <e v6imoizx € [a,b].
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3.2 Chuoi ham va su hoi tu déu

3.2.1. Tim nhiing chudi héi tu diém:

(a)

(b)

(c)

(d)

(e)

()

(@)

(h)

=1
—1
]
n=1
) 2"
Zl—{— n’ .’E#—].,
n=1
N 1
Z 1 3n n’ 7é _§7
n=1 + L
0 n—1
T
9 .’ﬁ%—l,l,
; (1 _ xn)(l :ETL+1)
o0 2n71
T
Y T#-LL
n=1
n=2 n 7

Z sin? (2mv/n? + 22).

n=0

85



86 Chuong 3. Ddy va chudi ham

3.2.2. Nghién ciiu su héi tu déu cta cac chudi sau trén tap A:

(a) ; <g — arCtan(n2(]_ + 1,2))) , A — R7
2 In(1 + nz)
b W(ltne) o
(b) ; — 12, 00),
© Y nlaPe i A =R,
n=1
@ Y 1=t A=[-11]
n=1
© 2
n
e T (@"+a2), A={reR:1/2<|z <2},
“ 2 e, As{eeR:1/25 ]l <2}
S 1
Mgin — . A =
4y ; sin o, (0, 00),
o Sn(i ) A=Ceaae

3.2.3. Chi ra rang chudi ham Y f,(z), trong d6 f, dudc x4c dinh béi
n=1

fn(a;):Oné'uOngﬁhoécﬁgxgl,

fn(z) 12 ham tuyén tinh trén [1/(2n + 1),1/(2n)] va [1/(2n),1/(2n — 1)],

hoi tu déu trén doan [0, 1] mic dit dau hiéu M ctia Weierstrass khong thé ap
dung dudgc.

3.2.4. Xét tinh lién tyc trén [0,00) cua ham f xac dinh bdi

@ =) G ter D

n=1
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oA , LN A 2 X A o A R
3.2.5. Nghién cttu su lién tuc ctia tong cia chudi sau trén mién hoi tu diém

cua no:
=\ 2" sin(nz) N
(a) ; — (b) 2:% "
© Y n2'a", @) > Iz +1).
n=1 n=1

oo
3.2.6. Xac dinh mién hoi tu diém ctia chudi Y |z|V™, va xét tinh lién tuc
n=1

92 A
cua tong.

3.2.7. Chting minh ring chubi Y %f@ hoi tu diém vé mot ham lién tuc
n=1

trén R.

3.2.8. Gia stirdngchudi 3. f,(7),r € A, hditudéutrén Avaham f: A - R
n=1
bi chin. Chting minh réng chudi Y f(z)f.(z) hdi tu déu trén A.
n=1
Bang vi du chi ra rang tinh bi chin ctia ham f 1a can thiét. Gia thiét

nao duge ap dat 1én ham f dé tit su hoi tu déu cta chubdi 3 f(z)f.(x) suy
n=1

(o @]
ra su hoi tu déu caa chudi > f,(r) trén A.

n=1

3.2.9. Gia st {f,} 1a chudi ham x4c dinh trén A va thod man
(1) fo(x) >0v6iz e AvaneN,
(2) fulz) > fup(x) véiz e AvaneN,

(3) supfu(x) = 0.

€A n

Chting minh rang chudi > (—1)"*'f,(z) hdi tu déu trén A.
n=1
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3.2.10. Chting minh cic chudi sau hoi tu déu trén R:

(=)
@ Zzanr:c?’ ®) Z\/erx?

)n—i—l

+1

© Z \/_—i-cos:r

3.2.11. Chiing minh rang néu Y. f2(x) hoi tu diém trén A va
n=1

su 2(
sup (Z @ )
va > 2 hoi tu thi Y ¢, f.(z) hol tu déu trén A.

n=1 n=1

3.2.12. Xac dinh mién hoi tu diém A va mién héi tu tuyét d6i B caa cac
chudi sau. Hon niia xét tinh hoi tu déu trén cac tap C.

11
3z —1)" C:[——],

3|v—‘

6’3

(“1) C=[-2 -1].

3.2.13. Gia st cac ham f,, g, : A — R, n € N, thoa man cac diéu kién sau:

(b)

(a) i_o:
»

(1) chudi Y |for1(z) — fo(z)] hoi tu déu trén A,
n=1

(2) sup|fn(z)] — O,
€A n—oo
(3) day ham {G,(z)}, 6 day G,(z) = >_ gr(x) bi chin déu trén A.
k=1

Chting minh rang chudi Y f,(z)g,(z) hdi tu déu trén A.
n=1

Suy ra ddu hiéu Dirichlet cho su héi tu déu: Gia st rang f,, g, : A —
R,n € N, thod méan cac diéu kién sau:
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(1’) v6i mdi z € A ¢6 dinh day ham {f,(x)} don diéu,
(2) {fn(z)} hoi tu déu vé 0 trén A,

(3) day téng riéng ctia chudi 3 g,(z) bi chian déu trén A.
n=1

Khi @6 chudi > f,.()g.(z) hoi tu déu trén A.
n=1

3.2.14. Chiing minh céc chudi sau hdi tu déu trén cac tap A:

(1_)n+1x_7 A= [07 1]7

M8

(a)
n=1 "

(b) Zsmim), A=[)2r—4l,0<d<m,
n=1
. sin(n?z) sin(nz)

© o A=k
; n + x2

©  Sosmnswn) g0
n=1
e 1

() Z(—l)nﬂﬁa A = [a,00),a >0,

n=1

e—TLCC

- _1\n+1 —
®) ;< 1) Ny A =[0,00).

3.2.15. Gia st rang nhiing ham f,,¢, : A — R,n € N thod mén cac diéu
kién sau:
(1) ham f; bi chan trén A,

(2) chubi 3 |fos1(z) — fu(z)| hoi tu diém trén A va
n=1

sup ( £ lfunsla) = £(0)]) <o

€A \n=1

(3) chubi Y g,(z) hoi tu déu trén A.
n=1
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Chting minh rang > f,(7)g,(x) hoi tu déu trén A.
n=1

Suy ra ddu hiéu Abel cho su héi tu déu: Gia st rang f,,gn : A — R,n € N,

thod man cac diéu kién sau:
(1) v6i mbi x € A ¢6 dinh diay ham {f,(z)} don diéu,
(2) {fn(2)} bi chin déu trén A,
(3) chudi 21 gn(z) hoi tu déu trén A.

Khi d6 chudi nfjl Ful@)gn(z) hoi tu déu trén A.

3.2.16. Chi ra rang cac chudi sau hoi tu déu trén cac tap A:

L A=R
(a) nZ::I g2 e an(nx), =R,
= (—1)"* ! cos & B
(b) ;ma A =[-R,R],R >0,
= ()
A A=,
(©) nZ::I n(n + ) 0,c0)

3.2.17. Gia st riang f,,n € N lién tuc trén A va chudi 3 f,(z) hoi tu déu
n=1

trén A. Chiing minh ring néu z; € A 14 diém tu ctia A thi

lim > fu(w) =D falo).
n=1 n=1
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3.2.18. Kiém tra nhiing khing dinh sau:

0 —1)nt1
(a) lim (=1 " =1In2,
r—1— o n
o -1 n+1
(b) lim (=1) =1n2,
r—1 n
n=1
(c) lim (" — ") =1,
r—1— o
(d) lim i L _ 1
a—0t £ 212 7
> x? 2
li _ = —
© :c1—>rrolo ; 1+ n2z2 6

3.2.19. Gia st chudi > a, hoi tu. Tim giéi han

n=1
oS
lim E anpx”.
r—1—
n=1

3.2.20. Gia thiét ham f,,n € N lién tuc trén doan [0, 1] va chudi > f,(z) hoi
n=1

tu déu trén [0,1). Hay chiing minh chubi Y £,(1) hoi tu.

n=1

[e.9]
3.2.21. Tim mién hoi tu diém A cua chuéi Y e "* cos(nz). Chuoi nay c6 hoi
n=1

tu déu trén A khong?
3.2.22. Gia st rang f, : [a,b] — (0,00),n € N1ién tuc va f(z) = > f.(z) lién
n=1

tuc trén doan [a,b]. Chiing minh ring chudi Y f,(z) hoi tu déu trén doan
n=1

la, b].

3.2.23. Gia st > fu(z) hoi tu tuyét déi va déu trén A. Chudi . |f.(x)| c6
n=1 n=1
hoi tu déu trén A khong?
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3.2.24. Gia thiét riang f,,n € N don diéu trén [a,b]. Chting minh rang néu
S fo(x) hoi tu tuyét d6i & diém cudi ctia [a, b] thi chudi > f,(z) hdi tu tuyét
=1 n=1

doi va déu trén toan b [a, b].

3.2.25. Gia su Z|

trén méi tap A b; chan khong chia a,,n € N.

3.2.26. V6i mdi day s6 thuc {a,}, chi ra rang néu chudi Dirichlet Y % hoi

n=1
tu tal diém x = z, thi chudi hoi tu déu trén [z, c0).

3.2.27. Nghién ctiu su hdi tu déu trén R cta chubdi

o0 . 2
Z Sin (7; ) .
n
n=1

3 2.28. Gia thiét réang f,,n € N kha Vl trén [a,b]. Hon niia gia thiét rang
Z fn(z) hoi tu tai diém z, € [a,b] va Z f!(z) hoi tu déu trén [a,b]. Ching

minh rang Y f.(z) hdi tu déu trén [a, b] vé ham kha vi, va
n=1

(Z fn(@) = foz(iﬁ) véi € [a,b].

3.2.29. Chiing minh ring f(z) = Y = kha vi trén R.
1

n—

3.2.30. Chiing minh rang ham

Z l—i—n2

kha vi trén [, L]

6 U

3.2.31. Cho f(z) = i(—l)’”rl In(1+ %) véi z € [0,00). Chiing minh ring f
n=1

kha vi trén [0,00) va hay tinh f(0), (1), va lim f'(x).

T—00
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3.2.32. Cho

e}

flz) = Z(—l)"“% arctan %, z € R,

Chiing minh rang f kha vi lién tuc trén R.

n=1

3.2.33. Chiing minh ham

Sln
7 ER:

kha vi lién tuc trén R.
3.2.34. Cho .
= Z Vn(tanz)*, x € (—z, E).
n=1
Chting minh f kha vi lién tuc trén (—Z, %).

3.2.35. Dinh nghia

00
—nx
(&

fla)y=>" T TEl0%).

Chting minh rang f € C([0,00)) , f € C=(0,00) va f'(0) khong tén tai.

3.2.36. Hay chi ra rdng ham

-y
— x4 n?
lién tuc trén R. N6 c6 kha vi trén R khong?

3.2.37. Chting minh réng ham ¢ Riemann xac dinh béi

thude C*°(1, 00).

93
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3.2.38. Gia thiét rang f € C=([0,1]) thod man nhiing diéu kién sau:

@ f#0,

2) f™0)=0véin=012...,
(3) véi mbi day sb thuc {a,}, chudi 3 a,f™(x) hdi tu déu trén [0, 1].
n=1

Chiing minh rang

lim nla, = 0.
n—o0

3.2.39. Véi z € R dit f,(r) 1a khodng cach tit # dén phan s6 gdn nhat c6
mau s6 1a n (tt s6 va mAu s6 khong nhat thiét phai 1a nguyén t6 cung nhau).
Tim tit cad z € R dé chudi 3 f.(z) hdi tu.

n=1

3.2.40. Cho g(z) = |z| v6i = € [—1,1] v mé rong dinh nghia g cho moi s6
thyc  bang cach dit g(z +2) = g(z). Chting minh riang ham Weierstrass f

xac dinh boi
o 3 n
10 =3 (3) st

n=0

lién tuc trén R va khéng kha vi tai moi diém.

3.3 Chuoi luy thira

3.3.1. Chiing minh rang mdi chudi luy thira i an(z — )" déu ton tai R €
n=0

[0, 00| sao cho

(1) chudi luy thira hoi tu tuyét d6i véi |z —zo| < R va phan ky véi |[z—xo| > R,

(2) R 1a can trén ding cta tap hop tit ca nhiing r € [0,00) dé {|a,|r"} 1a
day bi chén,

(3) 1/R = Iim {/]a,| (6 day 3 = 400 va £ =0).
n—oo
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R dugc goi 1a ban kinh hoi tu cua Y a,(z — xo)"™.
n=0

3.3.2. Xac dinh mién hoi tu cua cac chudi luy thia sau:

o0 . o0 2TL .
(a) ;n% , (b) ij ,
© Z%x", @ D 2+ (=Dt
n=1 n=1
. 2+ (_1)n " n = n,.n?
(e) ;<m> T, ® ;25E )
00 , oo 1 (—=1)"n?
@ > 2, ) Z(Hg) o
n=1 n=1

3.3.3. Tim mién hoi tu caa cac chudi sau:

Z(z—1)* = n [2z+1)"
@ 2 g o Yoe()

n=1 n=1

4t n o (n!)? n
© gg—x (1—2)", (@ ;(%)!@—1),
(e) i\/ﬁ(tanx)", ® i (arctan %)n )

n=1 n=1

3.3.4. Chiing minh rang néu R; va R, lan lugt 12 ban kinh héi tu cta > a,2"
n=0
va > by,a™ thi

n=0

(a) ban kinh hdi tu R caa Y (a, + b,)2" bang min {R, Ry}, néu R, # R,.

n=0

C6 thé néi gi vé R néu Ry = Ry?

(b) ban kinh hoi tu R ctia > a,b,2" thod mdn R > R R,. Bang vi du chi
n=0
ra rang bat ddng thic la chat.
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3.3.5. Cho R; va R, lan lugt 1a ban kinh héi tu caa Y a,z" va Y. b,z
n=0 n=0

Chiing minh

(a) néu Ry, Ry € (0,00) thi ban kinh hdi tu ctia chudi luy thira

Z—"g;”, by #0,n=0,1,2,...,

n=0 "
thod man R < g—;,
(b) ban kinh héi tu R caa chubdi tich Cauchy (xem I, 3.6.1) ctia nhiing chudi
da cho thoa man R > min{R;, R»}.
Bing vi du chi ra ring cac bat ding thic (a) va (b) 1a chit.

3.3.6. Tim ban kinh hoi tu R cta > a,z", néu

n=0
(@) c6 a va L > 0 sao cho lim |a,n* = L,
n—roo
(b) ton tai cac s6 duong o va L sao cho lim |a,o”| = L,
n—oo

(¢) lim |a,n!| = L,L € (0,00).
n—oo

3.3.7. Gia st rang ban kinh héi tu cia > a,z" 1a Rva 0 < R < co. Uébc
n=0

lugng ban kinh hoi tu cua:

() i 2"anz", (b) i n"a,z",
n=0 n=0

(c) i Z—Tanxn, (d) i a’z™,
n=>0 ' n=0

3.3.8. Tim tat ca cac chudi luy thita hoi tu déu trén R.
3.3.9. Tim ban kinh hoéi tu R cta chudi luy thia
0 x?n—&—l

c— (2n+ 1!

va chi ra ring ham téng f cia n6 thod man phuong trinh f/(z) = 14+zf(z),z €
(_R7 R)



3.3. Chudi luy thira 97

3.3.10. Chiing minh rang chubi Z - hoi tu trén R va ham téng f thoa

man phuong trinh f”(z) + f'(z )+f( )—e ,x € R.

3.3.11. Cho R > 0 1a ban kinh hdi tu cta chudi luy thua > a,2" va dit
n=0

So(z) = 3 apzf,n = 0,1,2,.... Chiing minh ring néu f la ham téng caa
k=0
chudi va zy € (—R, R) sao cho S, (x) < f(z0),n=0,1,2,..., thi f/(zy) # 0.

3.3.12. Cho {S,} 1a day tdng riéng cta E a, va dat T, = Sot8t4%  Chiing

nt1
minh néu {7},} bi chin thi cac chudi luy thia E a,z", E Spx™, > (n+1)Ta™
n=0 n=0 n=0

hoi tu véi |z| < 1 va
Zanaz =(1—-=x) ZS&; = l—in
n=0

3.3.13. Cho f(z) = Y 2", |z| < 1. Chiing minh ring c¢6 s6 M > 0 sao cho

()] <

M
— <L

3.3.14. Chiing minh dinh ly Abel sau. Néu >_ a, hoi tu vé L thi

n=0

(1) > a,z"™ hoi tu déu trén [0, 1],
n=0

(2) lim Z ap,x™ = L.

z—17 =0

3.3.15. Chting minh dinh 1y Abel tong quat sau. Néu {S,} 14 diy cac tong
riéng cua i a, va chudi luy thua f(z) = i anx™ c6 ban kinh hdi tu bang 1
thi i h

lim S, < lim f(x) < T f(x) < fm S,

n—00 z—1— rz—1- n—00
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3.3.16. Chtiing minh dinh ly Tauber. Gia thiét rang ban kinh héi tu ctia chudi
luy thua f(x) = Z a,z" bang 1. Néu lim na, = 0 va lim f(z) = L,L € R

n=0 n—oo x—1—

thi chudi s6 Z a, hoi tu vé L.
n=0

3.3.17. Béng vi du chi ra rang gia thiét lim na, = 0 trong dinh ly Tauber
n—oo

1a khong thé thiéu.

3 3.18. Gia st ring {a,} 12 diy s6 duong va ban kinh hoi tu cua f(z )

Z apz™ la 1. Chiing minh hm f(z) ton tai va hitu han néu va chi neuZ an

n=1 n=1

hdi tu.

3.3.19. Chiing minh su téng quat sau cta dinh ly Tauber. Gia thiét ring
ban kinh héi tu ctia Y a,z” biang 1. Néu
n=0

9 . '
lim 20t Fna =0va lim f(z)=L,L €R,

n—00 n rz—1—

thi chudi > a, hoi tu vé L.
n=0

3.3.20. Gia thiét ring ban kinh hoi tu ctia 3_ a,2" bang 1. Chiing minh néu
n=0
Z na? hoi tu va lim f(z) = L,L € R thi 3 a, hoi tu va c6 tdng bing L.

n=1 z—1~ n=0

3321 Gia thiét an,b > 0,n = 0,1,2,..., va cac chubi luy thua f(z) =
E anz", g(z) = Z b,z" c6 cung ban kinh hoi tu 1a 1. Hon ntia gia thiét
hm flz) = mlir{lng(ox) = 400. Chiing minh néu c6 7}13)10 = = A € [0,00) thi
cung co wlig{ % = A.

3.3.22. Chting minh két qua tdng quat sau ctua bai toan trén (3.3.21). Gia
thiét ca hai chudi luy thua f(z) = i a,z™ va g(z) = i b,x™ c6 cung ban
kinh hoéi tu bang 1. Hon niia gia n:kfié’t rang S, = azzi a; + -+ a, va
T, = bo+bi+ - +bn,n € N du duong va hai chudi 3" S, va 5 T, phan ky.
Néu lim 2= = 4 € [0, 00) thi lim He) _ 4, " "

n—soo In x_>,g()
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3.3.23. Béng vi du chi ra ring chiéu ngudc lai cta dinh 1y trén 1a sai. Nghia
la, tu lim J;(—f)) = A khéng suy ra dugc su ton tai lim 22,

rz—1— n—oo Tn

3.3.24. Cho ban kinh hdi tu cta chubi luy thia f(z) = Y a,2" véi cac hé s6
n=0
khong am la 1 va dit hm f(z)(1—1z) = A € (0,00). Chiing minh ¢6 cac s6

duong A; va A, sao cho
An<S,=ay+a1+---+a, <Ayn, neN.

3.3.25. Ching minh dinh ly Hardy va Littlewood sau. Cho ban kinh hoi
tu cta chudi luy thua f(z) = Z a,x™ voi cac hé s6 khong am 1a 1 va dit
lir? f(x)(1—2)= A€ (0,00). Kh1 do

z—1-

lim&:A

n—oo M

oday S, =ag+a, + -+ ap.

3.3.26. Cho ban kinh héi tu cta chudi luy thta f(z) = Y a,2" bing 1.
n=0
Chting minh néu day s6 {na,} bi chin va lim f(z) = L,L € R thi chudi

r—1—

E an hoi tu va c6 téng bang L.
n=0

3.3.27. Cho ban kinh héi tu cta chudi luy thta f(z) = Y a,z” bing 1.

n=0
Chiing minh ring néu lim f(z)(1 — z) ton tai va khac 0 thi {a,} khéng thé
z—1-

héi tu vé 0.

3.4 Chuoi Taylor

3.4.1. Gia thiét ham f thuoc C=([a,b]). Chiing minh réng néu tit ca cac
dao ham £ bi chan déu trén [a,b] thi v6i mdi = va o thudc [a,b] ta déu c6

. fln)
- Z f n(le) (iL' - xo)n‘
n=0 ’




100 Chuong 3. Ddy va chudi ham

3.4.2. Dinh nghia

Péng thic

c6 thoa méan véi z # 0 khong?

3.4.3. Dinh nghia f(z) = > COSE#,:E € R. Chtng minh f thugc C*°(R) va
n=0

d4ng thic

chi thoa méan tai x = 0.

3.4.4. Chting minh ring néu o € R\N va |z| < 1 thi

(1+x)a:1+ia(a—1)-~;ﬂ(a—n+l)xn.

n=1

Va né dudge goi la cong thiic nhi thiic Newton.

3.4.5. Chiing minh ring véi |z| < 1 ta ludn c6

= 1— %(1 —-% %(1 _ ),

n=2

3.4.6. Chting minh néu chudi luy thia Y} a,z" ¢6 ban kinh hdi tu R duong

n=1
va f(x) = Y aya™ véi z € (—R, R) thi ham f thuoc C*°(—R, R) va
n=1
(n)
ap = / (O), n=20,12....
n!

3.4.7. Chiing minh ring néu z, thudc vao khoang hdi tu (—R, R), R > 0 cia
chudi luy thua f(z) = > a,z" thi
n=0

© f(”)(x‘o)

n!

(x —xp)" VO |z — 20| < R — |x0]-

n=0
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3.4.8. Gia thiét rang cac chudi Y a,z" va Y b,z" cung hdi tu trong khoang
n=0 n=0

(—R,R). Dat A la tap tdt ca x € (—R, R) ma

o o
E anx” = E b,z".
n=0 n=0

Chiing minh néu A c6 diém tu thudc khoang (—R, R) thi a, = b, véi n =
0,1,2,....

3.4.9. Tim chudi Taylor ctia ham f tai diém 0 khi

(a) f(zr) =sinz®, z €R,
(b) f(zr) =sin®z, z€R,
(c) f(z) =sinzcos3z, z€R,
(d) f(z) =sin®x +cosz, z€R,
(e) f(x)zélnii—ip l'e(—l,l),
(f) f@)=In(1+z+2%), =ze€(-1,1),
1
(g) f(l’) = m7 T € (_1/37 1/3)7
e:r:
(h) f(l‘): 1_3:7 VS <_171)

3.4.10. Tim chudi Taylor cla cac ham f sau tai diém x=1:

(a) @)= (z+1)e", weR,
®) f@) == @#0,

© fa) ===, z#0,

(@ @) =2E a0
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3.4.11. Véi |z| < 1, thiét 1ap cac ding thic sau:

= 2n—1)!
(a) arcsinx =  + ; 1 @) ﬁ S $2n+1’
- 1
b t = —1)" 2n+1'
(b) arctan nEO( ) S -

Hay dung nhiing dong nhat thic trén dé chi ra rang

o0

T 1 (2n — 1! LT e
6 2" ; 2 (220 + 1) 4 Z:%

3.4.12. Tim chubi Taylor ctia ham f tai diém 0 khi

(a) f(z) ::carctanx—%ln(ljtxz), z e (—1,1),
(b) f(z) =zarcsinz + v1—2% z€(-1,1).

3.4.13. Tim t6éng cta nhiing chudi sau:

(a) iﬂ, (b) i((_ﬂ,

n(n+1) — (2n+1)!

= (- < (!
© Xz @ i@
= (=1)(2n — 1) 3" (n+1)

© z; I ® Z%T

3.4.14. Tim tdng ctia chudi Z (23;)2” voi |z| < 1.

2n)'

3.4.15. Dung céng thic Taylor v6i phan du tich phan (xem 2.3.4) dé chiing
minh dinh ly Bernstein sau. Gia st f kha vi v6 han 14n trén khodng mé I va
tat ca cac dao ham cap cao f™ déu khéng am trén I. Khi @6 ham f 1a ham
giai tich thuc trén I, nghia 12 v6i méi o € I ¢6 1an can (zg — 7,29 +7) C I

sao cho

>, f(n)
= Z / n('ﬂfo) (x —xo)" VO |z — x| <7
n=0 ’
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3.4.16. Gia st f kha vi v han 1an trén khoang mé I. Chiing minh rang néu
v6i mbi 2o € I c6 khoang mé J C I véi zy € J, va ¢6 nhiing hing s6 C > 0 va

p > 0 sao cho
!
@) <t v zed,
pn
thi o
n T .
f(:r)zzf n(' 0)(:r—:£0)" v6i z € (xg— p,zo+p)NJ.

n=0
3.4.17. Gia thiét rang f 14 ham giai tich thuc trén khoang mé I. Chiing
minh v6i méi zy € I c6 khoang mé J, véi o € J C I, va c¢6 nhiing hang s6
duong A, B sao cho

|
1™ (2)| < A% véi z el

3.4.18. 4p dung cong thic Faa di Bruno (xem 2.1.38) dé chting minh ring

v6i mdi s6 nguyén duong n va mdi A > 0 ta ludn cé

k' k n—1
> Tl AL AT

G day k = ki + ko + - - - + k,, va tong dugc 14y trén tat ca cac ki, ko, ..., k, thoa
man ki + 2ky + - - - + nk, = n.

3.4.19. Cho I, J 1a nhiing khoang md, va f : I — J, g : J — R 1a cac ham
giai tich thuc trén cac tap I, J tuong ting. Ching minh h = go f 1a ham giai
tich thuc trén I.

3.4.20. Cho ham f thudc C* trén khoang mé I va (—1)"f™(z) > 0véiz €1
va n € N. Chiing minh rang f 14 ham giai tich thuc trén I.

3.4.21. 4p dung cong thic Faa di Bruno dé chiing minh ring véi méi s6
nguyén duong n ta déu co6

Saierwa(t) () () -2, 1)

G day k = ki + ko + - - - + k,, va tdng dudc 14y trén tat ca cac ki, ko, . .., k, thoa

man ky + 2k + - - + nk, = n, va (¢) = delolacktl)
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3.4.22. Gia thiét rang f 14 ham giai tich thuc trén khoang mé I. Chiing
minh néu f'(zy) # 0 v6i z¢ € I thi c6 khodng mé J chtta 2y va ham giai tich
thuc g xac dinh trén khoang mé K chtia f(zg), hon nita (g o f)(z) = z v6i
reJva(fog)(zr)=xvéizeK.

3.4.23. Chtng minh néu f kha vi trén (0,00) va f~! = f’ thi f 1a ham giai
tich thuc trén (0, c0).

BN

3.4.24. Chiing minh rang chi c¢6 duy nhat mét ham f kha vi trén (0,00) ma
ffl — f/-

3.4.25. Chting minh réng chi c6 duy nhat mot ham f thod man gia thiét cta

bai toan trén (3.4.25) 1a f(z) = az®, 6 day c = 1+T‘/5 vaa=cl"

3.4.26. ap dung két qua ctia 2.3.10 dé chi ra rang véi z € (0,2) ta ludn cé

00 1 T 2n+1
1n(1_$>:2;2n+1(2+x) '

3.4.27. Cho M,(x,y) va L(x,y) la trung binh luy thtta va trung binh logarith
cia nhiing s6 duong x va y (xem dinh nghia nay 6 2.5.41 va 2.5.42). Chiing

minh rang néu p > 5 thi
L(z,y) < My(z,y) v6i z,y>0,z#uy.

3.4.28. V6i ky hiéu trong bai toan 3.4.27, ching minh néu p < £ thi ton tai
nhiing s6 duong z va y dé L(z,y) > M,(z,y).

3.4.29. Véi ky hiéu trong bai toan 3.4.27, chiing minh néu p < 0 thi
L(z,y) > My(z,y) v6L xz,y>0,z#uy.

3.4.30. V6i ky hiéu trong bai toan 3.4.27, chting minh néu p > 0 thi tén tai
nhiing s6 duong z va y dé L(z,y) < My(z,y).
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Chuong 1

Gioi han va tinh lién tuc

1.1 Gi6i han cua ham so

1.1.1.

(a) Vi |zcos 2| < |z], gi6i han béing 0.

(b)VGix>O,1—x<m[%]§1Vévéix<0,1<x[%]§l—:r. Vi vay,

lim x [1] = 1.
z—0 z
(¢) Nhu trong (b), c6 thé chi ra gidi han bing b

(d) Giéi han khong ton tai vi cac giéi han mot phia 14 khac nhau.

(¢) Gi6i han bing 1 (so sanh véi 16i gidi cta 1, 3.2.1).

107
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(f) Ta co

. cos(% cos) . sin(5(1 +cosz))
lim lim

2—0  sin(sin ) T a0 sin(sin z)

sin(7 cos® £)
20  sin(sin )
. sin(msin® £)
= hm —
z—0 sin(sinz)
TN sin . 2sin 5 cos 3 . sin(7r sin? )
20 2cosZ sin(2sinZcos%)  mwsin®Z

2
= 0.

1.1.2.

(a) Gia su lin}) f(z) = 1. Khi d6, véi € > 0 cho trudc, ton tai 0 < § < Z sao
z—

cho
(1) [f(y) =l <enéu0 <yl <d
Ciing chd ¥ rdng néu 0 < |z| < 4, thi 0 < |y| = |sinz| < |z| < §. Vi

vay, theo (1), |f(sinz) — ] < e. Tu do, liII(l) f(sinz) = I. Bay gio, gia su
T—

lim f(sina) = 1 .Véi € > 0 cho truéc, ton tai 0 < § < Z sao cho

z—

() |f(sinz) — | <enéu 0 <|z| <d

Bay gi6, néu 0 < |y| < sind, thi 0 < |z| = |arcsinz| < § va theo (2), ta
nhan duge|f(y) — ] = | f(sinz) — I| < e. Diéu nay c6 nghia lim flz) =1
z—

(b) Suy ra truc tiép tit dinh nghia cta giéi han. DEé chi ra diéu ngudc lai
khéng dung, quan sat ching han ring liII(l) [|z|]] = 0 nhung lin% [z] khong
T— z—

ton tai.

1.1.3. Ré rang, f(x)+ ﬁ > 2. Tu d6, theo gia thiét, véi e > 0 cho truée, ton

tai 6 > 0 sao cho

1
0< flx)+——=—-2<evh 0 < |z|] <.
F@) + 5 o
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Diéu kién nay c6 thé viét lai tuong duong nhu sau

(1) 0§(f(ﬂ:)—1)+(ﬁ—l)<a
hoac
e 0< (@) -1 (1-755) <

Binh phuong hai vé& cta (1) va dung (2), ta c6
1 2
z)—1)%+ (——1) < e+ 2.
O
Cudi cung, (f(z) —1)? < &2 + 2e.

1.1.4. Gia st lim f(z) ton tai va bang I. Khi d6, theo diéu kién ctia bai
toan, ta nhan 33:?5(: [+ ﬁ =0, suy ra l = —1. Bay gi0 ta chting minh réng
lim f(z) = —1. Ta chi cAn chting minh rang ton tai § > 0 sao cho f(z) < 0
flglax € (a —d,a+6) C {a}. Thuc vay, néu trong moi lan can khuyét cua a,
ton tai zy sao cho f(zq) > 0, thi s& c¢6 f(xg) + ﬁ| > 2, mau thuén gia thiét.
Vi f(z) < 0, bat déng thiic sau day ding :

1
[f@)I|

1.1.5. Tén tai M > 0 sao cho |f(z)| > M véi x € (0,1). Tt f(ax) = bf(x) véi
z € 0,2], fa®x) = b*f(x) v6i x € [0, 55]. Dung phép quy nap, ta co

fa+1) < ‘f(fc) "

1
f(an;c) = b”f(;c) vll T € lo, a—n] , neN.
Vi vay
1 . 1
(+) |f($)|§Mb—nvdlx€{O,J], n e N.

Mit khac, ddng thtc f(az) = bf(z) suy ra f(0) = 0. Két hop diéu nay véi
(%), c6 diéu phai chiing minh.
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1.1.6.

(a) Ta co

z? <1+2+3+---+ [’%D =x2$ [’xi']

Tu dinh nghia cia ham phan nguyén, suy ra néu 0 < |z| < 1, thi
1(1 z]) <z*(1+2+3+---+ ! 1(1+| ).
p— J— x x DY —_— —_— x
2 lz|] ) — 2

Cudi cung, giéi han 1a 1.

(b) Nhu trong (a), ¢ thé chiing minh giéi han 1a k+1)

1.1.7. Vi P la da thic vé6i hé s6 duong, véi z > 1, ta c6

P(z)
P(x—1)

<

Vi vay, lirglo Ef(([;)% =1

1.1.8. Xét f: R — R xac dinh béi

(-1)" néuz=:,n=0,1,23,.
flay = 7T menr =
0 néu ngugc lai.

Bay gio, néu f(x) > (), thi

p(x) < fz) = (f(x) + F(22)) — f(22) < (f(z) + f(22)) — ¢(22),

suy ra lim f(z) = 0.
z—0
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1.1.9.
(a) Xét, chdng han, f: R — R x4c dinh nhu sau:

(-1)" néuzr=:,n=0,1,23,...,
floy={ O mee =
=0 néu ngudgc lai.

(b) Néu f(z) > |z|* va f(z)f(2z) < |z], thi

: ol o
"= 7)< Ty = g

Do ; < a <1, ta ¢6 lim f(z) = 0.
z—0

1.1.10. Ta ¢ 42 = lim 282 — Jip L8 — 4(1).
a z—o0 ¢°7T oo t

1.1.11. Suy ra tu lim &;) =1 réng v6i moi n € N,

200 f(@)
o T2 @) f ) fee))
i = (i e )

Gia stiring f tdng va c > 1. RO rang, ton tain € NU{0} saocho 2" < ¢ < 271,
Vi vay, theo tinh don diéu ca f, ta c6 f(2") < f(cx) < f(2"M2), tit d6
lim f(cz)

o 1(@)

v6l ¢ > 1.

Theo trén, néu 0 < ¢ < 1, thi

LS

s f(z) e f(10)

1.1.12.

(a) Chd ¥ réang néu a > 1, thi lim a®* = +oco0. Thuc vay, véi M > 0 cho
Tr—r00
trude, a® > M néu va chi néu z > 24 P chiing minh lim 2= = +oo,
na n—00 n+1

ta viét 7;‘—; = % va quan sat rang (1 + (a — 1)) > "("T_l)(a - 1)%

Vay, véi N cho truéc, ton tai ny sao cho n‘fl > N bat ct khi nao n > ny.

Bay gio, v6i x > ng + 1, dat n = [z]. Khi d6, % > 4= > N. Tu do,

. T
lim & = +o0.
z—o0 T
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a(L’

(b) RG rang, lim 4 = 400 véi a < 0. Trong trudng hgp a > 0, ta c6
T—r00

a* aa a_ b*\ *
@ \ z C\z )
& day b= a= > 1. Theo (a), lim & = +o0. Do ds,
Tr—r00

lim ¢ lim (b—> = 400

z—00 T T—00 €T
v61 o duong.

1.1.13. Suy ra tu bai toan trudc rang lim 22 = 0. Thé y = Inz dudc

Yy
Yy—00

a

: Inx __
Jim 5 =0,

1.1.14. Ta biét ring lim a= = lim a» = 1. Trudc hét gia sti @ > 1. Cho

n—oo n—oo

truée ¢ > 0, khi d6 ton tai s6 nguyén ngy sao cho n > ngy suy ra
1 .1 . 1
l—e<an<a®<ar <l4evéi|z| < —.
n
Vi vay liII(l) a®*=1v6ia>1 Néu0<a<1,suy tit trén rang
T—>

lim a® = li L
ao0 " T 250 (1a)e

Trudng hop a = 1 14 rd rang. Dé chiing minh tinh lién tuc cta ham mi
x +— a®, chon zp € R tuy y. Khi d6

lim ¢ = lim a™a” ™ = a™ lim oY = a™.
T—T0 T—To y—0

1.1.15.

(2) Do lim (1+ 1)" = ¢, (xem, chang han, 1,2.1.38), véi ¢ > 0 cho truéc, ton
n—oo

tai ng sao cho néu x > ny + 1, va néu n = [z], thi

1 n 1 x 1 n+1
e—e< |1+ —— < (14 — < (14— <e+e
n+1 T n
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(b) Ta c6

. 1\” . 1\
lim (14— = lim (1-—-
T—>—00 x Yy——+00 Yy
1 \v! 1
= lim (1+—— 1+—.
y—+o0 Yy — 1 Yy — 1

Do d6, bat ddng thic cAn ching minh suy ra ti ().

(©) Theo (a) va (b), ta nhan duge lim (1 + 2)* = lim (1 + %)y — eva

z—0t y—+00

lim (1+2)% = lim (1+%>y:e.

z—0~ Yy——00

1.1.16. Ta biét ring (xem, ching han, I, 2.1.38) 0 < In(1 + 1) < In e N.
Ngoai ra, véi € > 0 cho trude, ton tai ng sao cho —5 < . Hé qué 1a, néu

lz| < &, thi
0

1 1 1 1
1<ln(1——> <ln(1—|—a:)<ln<1+—) < —<e.

no — T L L
Tu do, lin% In(1 + z) = 0. Dé chting minh tinh lién tuc cta ham logarit, 14y
z—
zg € (0,00). Khi d6

lim Inz = lim <lnx+1n£) =Inzy+limlny
T—x0 T—x0 T y—1
= Inzo+limln(l +¢) = Inxy.
t—0
1.1.17.

(a) Theo két qua ctia 1.1.15 va do tinh lién tuc ctia ham logarit (xem 1.1.16),

8|

limM =limIn(l+z)> =lne=1.

z—0 €T z—0
(b) Trudc hét, dé ¥ tinh lién tuc cia ham logarit cé 86 a, a > 0, a # 1, suy
tit tinh lién tuc ciia ham logarit tu nhién va tit ddng thic log, © = {E—i
Vay, theo (a),
. log, (14«
x

=log, €
z—0
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bat y = a* — 1. Khi d6

1 1
lima = lim y

= =Ina.
a—0 T y=0In(y+1) log,e ne

(c) Dat y = (1 +2)* — 1. RO rang, x tién t61 khong néu va chi néu y tién
t61 khong. Ngoai ra,

(1+z)* gy In(1+y) y  aln(l+z)

z (1+y) x In(1+y) x

Tu day va (a), suy ra lirr(l) % = qa.
r—r

1.1.18.

(2) Pt y = (Inz)=. Khi d6, Iny = 2022 . Inz Ty d6, theo 1.1.13 va do tinh

Inzx z °

N N ~ . 1
lién tyc cua ham mi, lim (Inz)z = 1.
T—r00

(b) Dit y = 25**. Khi d6, Iny = 222 . zInz. Theo 1.1.13,

~Int
2.

lim zlnz = lim
z—0t t—00

Lai do tinh lién tuc cia ham m, ta c6 lim z5°% = 1.
z—07t

(c) bat y = (cos x)ﬁ, ta thay

_ In(cosz) cosz—1

cosx — 1 sin? z

In

Bay gio, theo 1.1.17 (a), liII[l)(COS :c)ﬁ — e 2.
z—
(d) Véi z du lén,
£
2
Do lim 27 = 1 (xem 1.1.14), giéi han 12 e

T—00

S(e’”—l)%ge

8=
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(e) Ta co llI(I)l (sin :r)lna: = ¢e%, § day
z—

. Insinz ) ln%—i-lnx
a = lim = lim —&— =1.
z—0t Inz z—0+ Inz

Ping thic cudi cing suy ra tit tinh lién tuc cla ham logarit (xem

1.1.16).
1.1.19.

(a) Ta co

sin 2242 arctan 3z+3z2

sin 2z + 2 arctan 3z + 3z2 . p
1m ) = ]1m ) . = 2
250 ln(l + 3z 4 sin iL') + zet 7z—0 In(14+3z+sin? z)+ze e

T

Y

n(14+3z+sin? z)+ae® 3
- .

vi, theo 1.1.17 (a), hm

(b) Theo 1.1.17 (a), ta c6

lim 2Incosz lim 2In(1 — sin® 1) _1
x—0 _x2 x—0 —.’E2
Tir d6 lim oy = —3.
(c) Ta co
Vi—e?®—+/1—cosz ~ lim 176%:/5 S _1

lim
z—0t Vsinx z—0% /sinx
x

vi, theo 1.1.17 (a), hm d4e?) 1.

1.1.20.
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(a) Truéc hét, quan sat rang

T 1
W 21ntan Tl _ In (Cosz - 1)

T T

Do 1.1.16 va 1.1.18 (d),

In(x — 1
lim M = lim In(z — l)ﬁ = lim In(e? — 1)/ = 1.
T—00 IHZL’ T—00 Yy—00
Tu do
In (e 1) In L
lim Zotl = lim ——— 2%+
(2) T—00 T —00 T
— lim —2Incos 545
T—00 T
Tiép d6, theo 1.1.18 (e),
—2Incos 527 —21In sin sZ£ 2 1p 2@zt
lim 2z+1 — lim 2x41 — lim pr
Z—00 X T—00 x 2—00 x

Gi6i han cudi cung 14 0 (xem 1.1.13). Két hgp diéu nay véi (1) va (2),

suy ra giéi han la 1.

(b) Ta co
In(1+2
lim z (111 <1+£> —ln£> = lim u
T—00 2 2 T—00 =
— lim ln(11+y) — 2,
T—00 §y

& day déng thic cudi 1a hé qua cta 1.1.17 (a).

1.1.21. Dat b(z) = L. Khi do,

l-O(

lim g(z)In f(z) = lim (ag(z)Inz + g(z) Inb(z)

z—0+ z—0t

lim ag(z)lnz =7y
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1.1.22. Theo 1.1.17 (a),

lm g () In f(z) = g ==

1.1.23.

(a) Ap dung két qua trong 1.1.21 véi
1
g(r)=xz, a=1/2 va f(z)=2sinyz+ xsin-
x

va dung déng thic 1im+ z1ln+/z = 0 (xem, chdng han, 1.1.13). Giéi han
z—0
la 1.

(b) Dat
1
flz)=1+ re sin — va g(z) = 6517,
x

va chd ¥ ring lim g(x)(f(x) — 1) = 0. Vay, theo 1.1.22, gi6i han la 1.
z—>

(¢) Nhu trong (b), c6 thé chi ra ring giéi han bang e?.
1.1.24. Khong. Véi o hitu ty duong c6 dinh, xét ham xac dinh bdi
1 néuz =na, n €N,
fz) = . :
0 néu ngudgc lai.
Ham nay thoa méan gia thiét ctia bai toan. Thuc vay, nfua < 0vaa+k = na
v6i k,n € N, thi khéng ton tai &',n’ € N khac sao cho a + k' = n’a. Vi néu
vay, ta c6 k — k' = (n — n/)a, mau thudn. RG rang, lim f(z) khong ton tai.
Tr—00
1.1.25. Khong. Xét ham xac dinh bdi
1 néuz=n¥2 necN,
f(z) = - .
0 néu ngudc lai.
Giéi han lim f(x) khéng ton tai, mic dau f thod man tinh chat da cho trong
T—r00
bai toan. Thuc viy, néu a > 0, va véi k,n € N nao d6, 18y ak = n</2, thi
khong ton tai &/, n' € N sao cho a’k’ = n</2. Vi néu vay, ta c6
k

n
_— = — nn’
nl

k,/

n'—n

Y

mAu thuln.
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1.1.26. Khong. Xét ham xac dinh nhu trong 151 giai ctia bai toan trudc. Dé
thay rang ham nay thoa mén diéu kién da cho, gia st a,b 1a cac s6 duong
va a+bn=m¥?2, a+ bk =12 v6in,m, k€N nao désao chon # k,m # L.
Khi d6

nl\v/2 — mk /2 m /2 — /2
o= , p=METVE
n—k n—k

Néu tén tai p,g € Nsaochop#n,p#kva q#m,q#1va a+bp=qY2, thi
theo (1), ta ¢6

(1

m(p — k) V2 +1(n - pV2,
mAau thuan.

1.1.27. C6 dinh € > 0 tuy y. Theo gia thiét, ton tai 6 > 0 sao cho
f(z) = f(32)]

]

bat ct khi nao 0 < |z] < 4.

Vi vay, v6i 0 < |z| < 4,

M — lim f(ZE) _f(inﬂx)
X B n—oo X
n+l 1 T . 1
< 3 B )
n—00 — T

n+1 1
igréo Z FS = 2¢.
k=1

IN

1.1.28. bat lim (f(x +1) — f(z)) = va dat

T—00

M,= sup f(z) va m,= inf f(z).

z€[n,n+1) z€[n,n+1)

Cac day {M,} va {m,} dudc dinh nghia ding v6i n > [a] + 1. Theo dinh
nghia cia supremum, véi € > 0 cho trudc, ton tai {z,,} sao cho z,, € [n,n+1)
va f(x,) > M, —e. Khi d6

flen+1)— flzy) —e < Mpy1 — M, < f(zpy1) — f(@p1 — 1) + ¢,
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va tu do

l—e< h_m(Mn—i-l_Mn)S h_m(Mn+1_Mn)§l+6

n—0o0 n—oo

Vi ¢ > 0 dudc chon tuy y, lim (M, 1 — M,) = [l. Theo cung cach nhu vay, co
n—oo
thé chi ra lim (my,, —m,) = . T dinh 1y Stolz suy ra ( ciing xem, ching
n—oo
han, 1,2.3.2)

. M, . My,
lim — = lim = 1.
n—oo N n—oon + 1

Do d6, v6i € > 0 cho truéc, ton tai ny sao cho véimoi n > n,

mpy N mp

(*) —e< ———l<e va —e<——-l<e
n+1 n

Suy ra ti trén rang néu [ > 0 thi f(x) > 0 v6i x da 16n. Vi vay, néu n, = [z],

thi

n.+1~— x© — n,

Bay gio, theo (x), ta thay v6i z > ng + 1,
mp,
—e< —= [ <

@),

—l<e.

Vé6i I < 0, c6 thé chi ra ring

Ny T ng + 1

va tién hanh tuong tu. Theo cach dé, khang dinh dudc chiing minh cho I # 0.
Dé chitng minh khang dinh ciing ding cho I = 0, dat M, = sup |f(z)].
)

z€[n,n+1
Nhu trén, c6 thé tim day {z,} sao cho

|f(@n + 1] = |f(zn)] — & < Mug1 = My <[ f(@ns1)| = [f (@01 = 1)| + €

@) < Mo v6i z € [n,n + 1), ta nhan duge

va chi ra rang lim %= = 0. Do
n X

n—oo
lim £@ — .
rz—o00 T
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1.1.29. Véin > [a]+1, dat m,, = [inf : f(z). Theo dinh nghia cua infimum,
z€n,n+1

v6i e > 0 cho trude, ton tai day {z,} sao cho z, € [n,n+1) va m, < f(x,) <
m, +¢. Khi d6

f(@ni1) = f(@ns1 — 1) < myyqy —my, + €.

B4t ddng thtc trén suy ra lim (m,1 — my,) = co. Theo dinh 1y Stolz ( ciing
n—oo

xem [,2.3.4 ), lim = = +oo. Néu z € [n,n + 1), thi %w) > [hm, suy ra
n—oo

lim @ = +4o00.
Tr—r00
1.1.30. Dung ki hiéu duge dua ra trong 18i giai caa bai tap 1.1.28, ¢6 thé chi

ra rang
lim Mn+1 - Mn — lim Mp+1 — My
n—oo nk n—o0 nk

Bay gid, theo dinh 1y Stolz ( xem, chdng han, 1,2.3.11),

=1l

M, 1 My, — M,
1m = — hm _—
n—00 nk+1 k + 1 n—oo nk
va
lim My 1 lim Mont1 — Min
n—00 nlﬁ"l k + 1 n—oo nk '

Pé chiing minh khang dinh ctia bai toan, chi cn 4p dung 1i luan tucng tu
nhu da duge st dung trong hai bai toan truée.

1.1.31. Pat lim f(mil) = [ va chd ¥ rang ham z + In(f(z)) thod man cac

T—+00 f()
gia thiét cia bai toan 1.1.28. Vi vay, ta c6 lim 2U&) —1n7 T d6
Tr—r00
: L Inn
Jim (f(z))r =™ =1

1.1.32. Khong. Xét ham xac dinh bdi

fz) =

~ 1
1 neuz=-,nel2...,
0  néu ngudc lai.
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1.1.33. Khong. Ta xét ham xac dinh nhu sau

1 néu z=—,necl2, ...,
flz) = ~ nv2
0 néu ngudgc lai,

va tién hanh nhu trong 16i giai cta 1.1.25.

1.1.34. Véi e > 0 cho trudc, ton tai 0 < § < 1 sao cho néu 0 < |z| < 4, thi

(-]

Béy gio, 18y n € N dua 16n sao cho + < 4. V6i 0 < s < 5, ddt 2 = =2, Khi
doé

|
I
8
A\
SEES

1 —
n+1 n n
Vayn<i<n+1val[i]=n.

(0

Cudi ciing, néu 0 < s < —=, thi
minh tuong tu.

1.1.35.

(a) Gia st f don diéu tang trén (a,b). Néu {z,} 1a day giam hoi tu téi =,
thi {f(z,)} cing don diéu giam va bi chin duéi béi f(zy). Vay (xem,
ching han, 1,2.1.1), lim flz,) = ingf(xn). R6 rang,

n—00 ne
mf f(z,) > inf f(z).

r>T0

Ngoai ra, v6i > z, cho trudc, ton tai n sao cho z, < z, va do dé,
f(zn) < f(x). Tu doé
inf f(z,) < inf f(z).

neN r>x0
Nhu vay, ta da chiing minh ring néu {z,} 1a diy don diéu gidm téi z,
thi

lim f(z,)= inf f(x).

n—00 x>x0
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Bay gio gia st {z,} hoi tu téi 2o sao cho z,, > zo. Khi d6 (xem, ching
han, 1,2.4.29 ) z,, chtia day con don diéu giam z,,. Theo trén,

li_>m f(zn,) = inf f(z).

xT>x0
Néu day {z,} chta day con z,, sao cho Jim f(zn,) # inf f(x), thi ta
—00 x>0
c6 thé tim day con don diéu ctia n6 ma khong héi tu téi inf f(z), mau

xr>x0

thuan. Tu day, suy ra

lim f(z) = inf f(z).

T—I0 r>x0

Pang chd ¥ 6 day phén tich trén chi ra ring dé x4c dinh cac giéi han
mdt phia, chi cAn xét cac diy don diéu.

Suy luan tuong tu dugde 4p dung cho cac ding thic khac trong (a) va
D).

(c) Gia su f don diéu ting. Do f(z) > f(xo) v6i z > x¢, f(xf) = iilf f(z) >
>0

f(x0). Ciing nhu vay, c6 thé chiing minh f(z,) = sup f(z) < f(x).

r>x0

1.1.36.

(a) Suy ra tu 16i giai cia bai toan truée rang

f@) < f(z7) < f(z) batcikhinao a<zy<t<uz.
Néu x — z¢, thi t — x§, va vi vay

fag) = lim f(t) < lm f(z")

t—wy +

va
i () < (o) = T f(a).
Do d6, lim f(z7) = flzd).

x%xo

(b) Li luan tuong tu nhu trong cau (a)
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1.1.37. Diéu kién cin suy ra tit dinh nghia ctia giéi han. That vay, néu
lim f(x) = [, thi v6i ¢ > 0 cho trudc, ton tai § > 0 sao cho quan hé 0 <

Tr—a

|z —a|l <ésuyra |f(z) —I| < 5. Do do,

f(@) = f(@)| <|f(z =D+ |f(@ =) <e<e.

Bay gio ta chi ra diéu kién trén cling 1a da. Gia st diéu kién d6 dudc thoa
man va f khéng c6 gi6i han tai a. Lay {z,} sao cho 7}1%105)10 Tp = a, Tp, # a Va
{f(z,)} khong hoi tu. Vi thé, {f(z,)} khong la day Cauchy. Mat khac, vi
lim z, = a nén ton tai ny sao cho néu n,k > ng, thi 0 < |z, —a| < § va
8ﬁ<oo|azk —a| < §. Tu gia thiét suy ra |f(z,) — f(7x)| < &, mAu thuan.

Hoan toan tuong tu, c¢é thé chi ra rdng dé giéi han lim f(z) ton tai, diéu
kién can va dua 1a : véi moi € > 0, ton tai M > 0 sao cﬁoO;;, 2’ > M kéo theo

f(z) = f(z)] <e.

1.1.38. Goi {z,} z, # a, 1a day bat ki hoi tu t6i a. Suy ra ti dinh nghia giéi
han ctia ham tai @ rang lim f(z,) = A. Dat vy, = f(z,). Vi f(z) # A trong

n—oo
lan can khuyét caa a, f(z,) # A v6i n da l6n. T d6 lim g(y,) = B, hoic
n—oo
tuong duong, lim g(f(z,)) = B. Diéu nay c6 nghia lim g(f(x,)) = B.
n—o0 T—a

1.1.39. Xét cac ham f va g dudc xac dinh nhu sau:

~ 1
fl@) = 0 neu r=:-,n=12...,
sinz néu ngudc lai,
0 néu y=0,
g(.’l?) = siny . .
=4 néu ngudc lai,
y

Khi d6
0 néu z==neN, hoac z=knkelZ,

g(f(l')) = {sin(sinm)

sinx

néu ngugc lai,

va lelg(l) f(z) =0va lelg(l) g(y) = 1, nhung :lcgr[l) g(f(z)) khong ton tai.
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1.1.40. Do tinh tuan hoan cta z — f(z) —z, f(z +1) = f(z) + 1. Vi vay, véi
moi s6 nguyén n, f(z +n) = f(z)+n, € R. Vi moi s6 thuc z ¢6 thé duge
viét duéi dang tong phan nguyén va phan phan clia né (tic la z = [z] + 7, &
day 0 < r < 1), ta co

(*) f(x) = f(r) + [z].
T tinh don diéu cua f
F0) < F(r) < F(1) = F(0)+1 véi 0<r<L.
Ta c6 thé chiing minh bing quy nap rang
o)< fMr)<fM0)+1 véi 0<r<1 va neN.
Vi thé,

PO _ 50 01

n n n n
Cac bat ddng thic trén ching minh khing dinh cla ta trong trudng hop
0 <z < 1. Ngoai ra, theo (x), f"(z) = f"(r) + [z], nén khang dinh cting ding
v61 moi = € R.

1.1.41. [6, trang 47]. Trudc hét, quan sat rang

z+f(0) < [z] + £(0) = f([z])
< S+ [2]) = f(0) +

< x4 f(0)+1

< f(z)
o] +1
Bay gid, ta chting minh bang quy nap rang véi n € N,
(1) z+n(f(0)—1) < f"(z) <z +n(f(0)+1).
C6 dinh n tuy ¥y va gia st rang (1) dung. Khi d6, nhu trong 16i giai cta
1.1.40, ta nhan duge

@) = f(fM@) = F(f (@) +7)
@)+ f(r) < f"(z) + ( )
z+n(f(0)+1)+ f(0) +
z+ (n+1)(f(0)+1),

IN
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& day r = f"(x) — [f"(x)]. Piéu nay chiing minh bat ding thic bén phai caa
(1). Theo cung cach nhu vay, ta c6 thé ching minh bat ddng thic bén trai.
Lai dung quy nap, ta sé chiing minh rang

2) frme=D(0) <mp < f7(0), neN.

V6i n = 1, bat déng thic suy ra tit dinh nghia ctia m,,. Gia st bat ding thiic
cting ding cho s6 tu nhién n ¢ dinh tuy y. Khi d6

fOrIme0) = fre(frm(0)
f7r(0 4 np) = f7(0) +np
D+ np.

v

v

Cling nhu thé,

formeD) = fret(fr(0) < f N0+ ny)
= np+ ["7(0)
< n,+p.

Vay bat ding thic (2) duge ching minh.
Moi s6 nguyén duong n c6 thé duge viét nhun = km,+q, 6 day 0 < g < my,.
Theo (1) va (2), ta c6

fUkp) < fU(f5m(0))
= f"(0) = frR(fHmm1(0))
< f1%(kp) < kp+ (¢ + k) (1 + £(0)),

kp = q(f(0)+1)

IA

Tu do6

3) W WOZ) O e By )

n n n n

Do lim £ = -L va lim £ = 0, bit ding thic can chiing minh 14 h¢ qua cta

n—00 mp n—00

3).
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1.1.42. [6, trang 47]. Chd ¥ rang theo 1.1.40, chi cAn chiing minh ILm ! néo)
ton tai. Néu f(0) = 0, thi giéi han 1a 0. Bay gio gia st f(0) >n OO.<> Thi
ho#c v6i moi p nguyén duong, ton tai s6 nguyén n sao cho f*(0) > p, hodc
tén tai p nguyén duong sao cho f*(0) < p véi moi m € N. Trong trudng
hgp sau, {f"(0)} 1a day bi chan, do d6 nh_}r& fnT(O) = 0. Truong hgp dau tién,

lim m, = oo, 6 day m, dugc xac dinh nhu trong 1.1.41. Chuyén qua giéi han

p—r0o
khi p — oo trong cac bat ding thtc cia 1.1.41, ta thiy lim 2 ton tai, va do
p—00
f(0)

d6 lim -~ ciing ton tai.

n—oo

Truong hop f(0) < 0, c6 thé chiing minh bat ding thic tucng tu nhu (2)
ctia bai toan truéc, sau d6 tién hanh tuong tu.

1.2 Cac tinh chat cua ham lién tuc

1.2.1. Ham gian doan tai zy # km, 6 day k € Z. Thuc vay, néu {z,} 1a day

cac s0 vo ty hoi tu t6i zg, thi lim f(z,) = 0. Mat khéac, néu {z,} 1a day cac s6
n—o0

v0 ty hoi tu téi zo, thi do tinh lién tuc cia ham sin, lim f(z,) = lim sin |z,| =

sin || # 0. Tuong tu, c6 thé chi ra ring f lién tuc tai kr véi k € Z.

1.2.2. Nhu trong 15i giai cta bai toan trudc, ta c6 thé ching minh rang f
chi lién tuc tai —1 va 1.

1.2.3.

(a) Truéc hét quan sat rang néu {xz,} hoi tu téi z, véi z,, = Lo, ¢ day p, € Z
va ¢, € N nguyén t6 cung nhau, va =, # z,n € N, thi lim f(z,) =
Jggloqin = 0 = f(z). Néu {z,} 1a day cac s6 vo ty hoi 17;1;01?01 z, thi
nll_{go f(zn) = 0 = f(z). DPiéu nay c6 nghia f lién tuc tai moi diém vo ty.
Ciing nhu vay, c6 thé chi ra rang 0 14 diém lién tuc cta f. Gia st bay
gid x # 0 va z = 2, p va ¢ nguyén t6 cung nhau. Néu {z,} la day cac
s0 vo ty hoi tu téi z, thi nh_}rg() f(x,) =0 # f(z). Do d6, f gian doan tai

moi diém hitu ty khac 0.
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(b) Gia stz € R\ Q va goi {2,} 1a day cac s6 vo ty khac z tién t6i x. Thi
lim f(z,) = lim |2,| = |z|. N&u {z,} 1a diy céc s6 v0 ty tién t6i z, thi

theo chi ¥ 6 dau 1oi giai cau (a),

. . ann
1 L) =1 —
) = i e T

Diéu nay c6 nghia f lién tuc tai moi diém vo ty ducng va gian doan tai
moi diém v6 ty &m. Chiing minh tuong tu, f lién tuc tai 0.Bay gid, goi
0# 2= £ (p,¢ nguyén t6 cung nhau). Khi d6

. D (np+1)g+1

"g (pt1)g

hoi tu t6i 2. Chd y rang td s6 va mau s6 cua z, 14 nguyén to cung

nhau. Vi vay

1
lim f(z,) = lim (np + )pQ+p:27AL,

Vi vay, ham gian doan tai moi diém htiu ty khac khong.

1.2.4. Goi f € C([a,b]) va goi zy 1a diém thudc [a, b].Véi € > 0 cho trude, ton
f(@) = flzo)| < e

Bay gio, tinh lién tuc cta |f| tai zo suy ra tit bat ding thic hién nhién

1 (@) = 1 f (o)l < [f(z) = f(xo)l.

Ham cho béi

tai § > 0 sao cho néu x € [a,b] va 0 < |z — x| < 4, thi

1 véir € QN a, b,
f(l') - {_1 vl € [(l,b] \Q7

gian doan tai moi diém thudc [a,b], mic dau |f| 1a ham hing va vi vay lién
tuc trén [a, b].
1.2.5. Dé f lién tuc trén R, diéu kién can va du la

lim f(z)= lim f(z) va lim f(z)= lim f(z)

x—2n~ z—2nt z—(2n—1)~ z—(2n—1)*
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v6i mdi n € Z. Tu d6
b,+1=a, va a,.1=5b,—1
Dung quy nap, a, =2n+ag va b, =2n — 1+ ag, ag € R.

1.2.6. Do ham 18, ta chi cAn nghién ctu tinh lién tuc ctia né véi z > 0. RS
rang, f lién tuc tai z # /n, n = 1,2,.... Bay gic gia si n = k? v6i k 1a s6
nguyén duong. Khi dé

lim f(x) =n lim sinmex =0
z—kt f( ) z—kt
va

lim f(z) =(n—1) lim sin7mz = 0.
z—k~ z—k~

T d6, ham ciing lién tuc tai moi n = k2. Néu n € N khong 14 binh phuong
cia mot s6 nguyeén, thi
lim f(z)=n lim sinmz = nsin(ry/n)
z—/nT z—/nt
va

lim f(z) = (n—1)sin(ry/n).
/1

Ta két luan rang f gian doan tai = = £/n v6i n # k2.

1.2.7. Ta cé
1 néu z € [%,1),
flz) = i - [2 )
n+(z—n) néu z€n,n+1),neN.

Do d6, ham lién tuc tai x # n, n € N. Ngoai ra, lim+ f(z) = lim f(z)=n=
r—n r—n—

f(n). Vay f lién tuc trén [1,c0).

Bay gio ta chi ra ring f tang thuc sy trén [1,00). RS rang, f tang thuc su

trén mdi khoang [n,n + 1) Néu x; € [n — 1,n) va z3 € [n,n + 1) thi
fxa) = f(z1) = (w2 —n)" + 1~ (21 —n+1)""" > (22 —n)" > 0.

Tu d6 suy ra f(zs) — f(z1) > 0 V6l 23 € [m,m + 1) va z; € [n,n + 1), néu
m>n+ 1.
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1.2.8.
(a) Ta co
1 néu z >0,
f(z)=<0 néu z =0,
-1 néu z <0.

Ham nay chi gian doan tai 0.

(b) Theo dinh nghia cua f

x? néu z >0,
-

néu z <0,

Ham nay lién tuc trén R.

(¢c) Ta co
f(z) = lim n(e” +27) = lim n+In(l + (z/e) )
n—oo n n—o0 n
Do do,
1 néu 0<z<e,
ol
nx néu z > e.

Ham lién tuc trén [0, c0).
(d) f(z)=max{4,2? %}. Ham lién tuc trén R\ {0}.
(e) f(xz) =max{|coszl|,|sinz|}. RG rang, f lién tuc trén R.

1.2.9. Goi T > 0 1a chu ky cta f. Do tinh lién tuc ciia f trén [0, T], ton tai
z. € [0,T] va z* € [0,T] sao cho f(z.) = inf f(x) va f(z*) = sup f(z).

z€[0,T] z€[0,T]
Diéu can chting minh suy ra ti tinh lién tuc cta f.

1.2.10. Vi P 1a da thtic bac chdn, ta c6 lim P(x) = lim P(z) = +oco. Do
Tr—r—00

T—r00
vay, v6i moi M > 0, ton tai a > 0 sao cho néu |z| > a, thi P(z) > M. Goi
To € [—a,,a] sao cho
P(xo) = inf P(x).

z€[—a,a)
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Néu P(xg) < M, thi ta c6 thé dat z, = zo. Néu P(x¢) > M, 18y b > 0 sao cho
P(z) > P(xo) v6i moi |z| > b. Do tinh lién tuc, ton tai . € [-b,b] sao cho
P(x,) = inf P(x).

(z.) we[gb,b] (z)
DPé chiing minh khang dinh tha hai, quan sat rang

lim |P(z)| = lim |P(z)| = 400
T— 00

T—r—00

va tién hanh tuong tu.
1.2.11.

(a) Dat
Fa) = 2r — 1 néu z € (0,1),
o néu z = Ohodcx =1,

() Véin € N, dat

An: 07i73737"'72 !
AL LML 2n

VéBl = Al, Bn :An\
Xac dinh f nhu sau:

—1 N [e's) o
k:lAk =A,\A, 1. Ro rang,kszlAk = kszlBk.
0 néu z€[0,1\ U Ay,
fla) = o oe M S
2%—1 néu z€B,,neN.

Véimoiavab 0<a<b<l, infb] f(z) = —1; f khéng nhan gia tri —1

z€|a,
trén [a, b].
1.2.12. Truéc hét quan sat rang

(D) Wf($0, (51) < (.()f(.’]?(), (52) bat ct khi ndo 0 < (51 < (52.

Gia st rang 61_i>r51+ wy(7o,d) = 0. Khi d6, véi € > 0 cho trude, ton tai &, > 0 sao
cho w(z9,d) < e néu § < &. Do d6, néu |z — x| < § < g thi |f(z) — f(z0)| < &,
suy ra tinh lién tuc cua f tai zo.

Bay gio, gid st f lién tuc tai z,. Khi d6 v6i € > 0 cho trudc, ton tai
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do > 0 sao cho |z — x| < dy kéo theo |f(xo) — f(x)| < 5. Tk do, theo (1), néu
0 <<y, thi

wi(zo, ) < wy(zo, o) < &,

va do d6, lim wy(xg,d) = 0.
d—0+

1.2.13.

(a)

(b)

Goi zg € [a,b] va € > 0 dudc chon tuy y. T tinh lién tuc cia ham f va

g rdng ton tai § > 0 sao cho néu z € [a,b] va |z — 24| < 4, thi

f(mo) —e < flz) < f(wo) +e va glzo) —e < glz) < g(xo) +e.

Tu d6
(1) h(z) < min{ f(zo) + ¢, 9(x0) + €}

= min{f(2o), 9(x0)} + & = h(w) + ¢
va

f(x) > f(zo) —e = hwo) —e va g(z) > g(x0) — € = h(zo) —&.
Do do,
(2) h(z) > h(z) — €.

Tinh lién tuc cua h tai zg suy ra ti (1) va (2). Cung cach nhu vay, cé
thé chiing minh H lién tuc trén [a, b].

Nhu trong cau (a), ta c6 thé chi ra rang max{fi, fo, fs} va min{fi, fa, f}
lién tyc trén [a, b]. Tinh lién tuc cua f suy ra tu

f(@) =fi(z) + fa(z) + f3(2) — max{ fi(x), fo(2), f3()}
—min{ fi(z), fa(z), f3(x)}.
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1.2.14. Vi f lién tuc, cac ham m va M duge xac dinh. Goi z, 14 diém thudc
[a,b] va € > 0. Do tinh lién tuc cta f, ton tai § > 0 sao cho

sup |f(zo +h) — f(z)| <e.
|h|<d

T dinh nghia cia m suy ra

(1) m(zo+h) —mlwe) = _imf  f(Q)— inf f(C) <0,

C€Ela,zo+h] ¢€la,zo] -
Quan sat rang néu can dudi ding tht nhit dat dudc tai mot diém trong
a, zo], thi ddng thic 6 (1) ding. Vay, gia st z), € [zo, 2o + h] va
m(zo+h)= inf f(() = f(xn).

CE [a7x0 +h]

Khi d6, véi |h| < 6,

m(zo + h) —m(zo) = f(zn) — inf f(() > flzn) — f(z0) > —e,

CG[G,,:E()]

boi vi |xp — z0] < |h| < §. Vay ta da chi ra m lién tuc tai mdi zy € [a,b]. Li
luan tuong tu dé chiing minh M lién tuc trén [a, b].

1.2.15. Do f bi chén, cac ham m va M dugc xac dinh va bi chian. Ngoai ra,
m giam trén (a,b] va M tang trén [a,b). V6i zy € (a,b), theo 1.1.35,

lim m(z) = inf m(¢) > m(zo).
Ty ¢€(a,zo0)

Néu ) i(nf )m({) > m(zy), thi ton tai s6 duong d sao cho
€(a,zo

inf m(¢) = m(zo) = d.

¢e(a,zo)

Vay, v6i moi ¢ € (a, 7o),

m(¢) = int _f(@) > m(zo) +d,

va do do, f(z) > m(zy) + d v6i moi z € [a,xy), mAu thuan. Tém lai, ta da

chiing minh lim m(z) = m(zg). Tinh lién tuc trai cia M chiing minh hoan
T—=T

toan tuong tu.
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1.2.16. Khong. Xét ham sau :

2 mnéu zel0l
flz)=<1 néu ze€ll,2),
3  néu ze€l23.

Khi d6, m* khong lién tuc trai tai xg = 1, va M* khong lién tuc trai tai

1'1:2.

1.2.17. Bat lim f(z) = I. Khi dé, cho truée ¢ > 0, tén tai M > a sao cho
T—00

|f(z) —1] <ev6ixz>M. Vaynéuz > M thil —ec < f(r) <l+e. RS rang, vi

f lién tuc nén n6 bi chén trén [a, M].

1.2.18. Gid st lim x, = a. Do tinh lién tuc cia ham f, véi moi € > 0, ton tai
n—o0

0 > 0 sao cho
(1) If(z) — fla)| <e V6L |x—al<e.

Tu dinh nghia gi6i han dudi, suy ra ton tai {z,, } sao cho |z, —a| < § bt dau
tu gia tri ko ndo do cua chi s6 k. Bay gio, theo (1), ta ¢6 |f(z,,) — f(a)| < ¢
v6i k > ky. Vay ching ta da chi ra rang

n—oo n—oo

Ta chi ra vi du ring bat ding thic nay c6 thé ngit. Ly f(z) = —z, z € R
va z, = (—1)", n € N. Khi d6

—1 = lim f(z,) < f(lim z,) = 1.

n—oo n—oo

Hoan toan tuong tu, c6 thé chi ra ring

Vi du tuong tu c6 thé dung dé chi ra bat ddng thic nay cling ngit.

1.2.19.
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(a) Nhu da chting minh trong bai toan truéc rang véi moi day bi chdn {z,}

va v6i moi ham lién tuc f, bat ddng thic sau day dung :

lim f(z,) < f(lim )

n—oo n—oo
va
lim f(z,) > f(lim z,).

n—oo n—oo

bt lim z,, = a. Khi d6 ton tai day {z,,} sao cho

(1) f(wn,) < fla) + e

(xem 161 gidi cua bai toan trudc),. RS rang, véi n du 16n, ta c6 z, > a—3.
T d6, do tinh don diéu va tinh lién tuc cua f, ta nhan dugc

@) > f <a— g) > fla) — .

Két hop véi (1), duge lim f(z,) = f(lim z,).

n—oo n—oo

(b) Chiing minh ding thic nay tuong tu (a).

1.2.20. Ap dung 1.2.19 cho —f.

1.2.21. Chd ¥y rang ¢ dugc xac dinh va tang trén R.

(a) Theo bai 1.1.35,

(1) g(zy) = sup g(z) < g(o).

x<x0
Gia st rang g(xy) < g(wp). Khi d6 ton tai s6 duong d sao cho g(z;) =

g(xo) — d. Do @6, v61 moi = < x,

sup{t : f(t) <z} < g(wo) —d,

hodc tuong duong, t < g(zg) — d néu f(t) < . Diéu nay suy ra t <

g(zo) — d néu f(t) < xg, tc 1a g(xy) = sup{t : f(t) < zo} < g(x0) — d,
mAu thuln.
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(b) Ham g c6 thé gian doan, nhu trong vi du sau day. Néu

x vl x <1,
flz) =1 —z+2 vl 1 <z<2
x—2 vl T > 2,
thi
K vel z <0,
9(w) = {2—1—:15 vl x> 0.

1.2.22. Tabiét rang tap {m +ndm,n e Z} 14 tri mat trong R (xem, chéng

han I, 1.1.15). Vay, vdi = € R cho trudc, ton tai diy {mk n nk%} héi tu t6i
7;- Dung tinh tuan hoan va tinh lién tuc cta f, ta nhan dugc

Goi Ty va Ty 1a hai s6 khong thong uée va dit
W={zeR:z=rT1 + sy, s,tcQ}.

Xac dinh f bang cach dit

1 v6l z €W,
flx) = 9
0 v6i z€eR\W.

Thi T} va T5 14 cac chu ky cua f.
1.2.23.
(a) Gia su T),, n € N, 1a cac chu ky duong cua f sao cho lim 7, = 0. Do f
lién tuc, v6i g € R va € > 0 cho truéc, tén tai 6 > 0 d%ﬁoo
|f(z) — f(z0)] <& Dbat ct khi ndo |z — zo| < 0.

Vi lim T, = 0, ton tai ng sao cho 0 < T,,, < %. Khi d6, it nhat mot trong

n—oo

cac s6 kT, v6i k € Z thuge khoang (zg — §,z9 + §). T d6

[f(z0) = fO)] = | (o) — f(KT)| <e.

Suy ra ti tinh tuy ¥ clia € > 0 va 2o € R rang f 1a hang, trai gia thiét.
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(b) Ham Dirchlet dugc xac dinh béng cach dit

)1 vl x € Q,
f(x)_{o véi zeR\Q,

14 tudn hoan. Moi s6 hiiu ty déu la chu ky ctia né. Vi vay, chu ky co

ban khéng ton tai.

(c) Gia st tap tat ca cac chu ky ctua f khéng trit mat trong R. Khi d6 ton
tai khoang (a,b) khong chtia bat ct chu ky nao cta f. Nhu trong cau
(), c6 thé chiing minh dudc ring tén tai chu ky 7' va mét s6 nguyén k
sao cho kT € (a,b). Mau thuan.

1.2.24.

(a) Goi zy € R 1a diém lién tuc cta f. Vi f khong 1a ham hing nén ton
tai z; # x0 sao cho f(x1) # f(zo). N&u khong ton tai chu ky duong nhé
nh4t cua f, thi sé ¢6 day {7,,} cac chu ky duong cua f hoi tu t6i khong.
Lay 0 < e < |f(z1) — f(xo)]. Vi f lién tuc tai o, nén toén tai § > 0 sao
cho

(1) |f(z) — f(z0)] <& Dbat ct khi ndo |z — zo| < 0.

Do lim T, = 0, tén tai chi s6 ng @ 0 < T,,, < %. Vay, it nh4t mot trong

n—oo

cac s6 kT,,, k € Z, thudc vao khoang (zy — z; — §, 79 — 1 + ). Vi thé,
z1 + kT, € (zo — 6,20 + 0) va theo (1),

|f(21) — fzo)| = [f(21 + kT,y) — f(20)] <&
MaAu thuln.
(b) La hé qua truc tiép cua (a).

1.2.25. Goi T} va T5 l1an lugt 1a cac chu ky duong ctua f va g. Gia st f # g.
Khi d6 ton tai z sao cho f(zq) # g(wo), hay néi cach khac,

(D | f(z0) — g(z0)| = M > 0.
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V6i 0 < e < &, ton tai § > 0 sao cho
(2) |f(zo+ h) — f(zg)| <& DbAat ci khi nao |h| <.
Theo gia thiét, lim (f(z) — g(x)) = 0, ton tai s6 ngguyén duong k sao cho,
Tr—r00
néu = > +kT5, thi
f(z) — g(z)| <e.
Do d6, v6i moi s6 nguyén ducng m,
(3) |f(zo + kmTy) — g(zo + kmTy)| < e.
Theo (2), (3) va tinh tudn hoan cua f va g, ta c6

| f(2z0) — g(w0)]

= |f(zo) — flzo + kmTs) + f(xo + kmTz) — g(zo + kmT>)|
(4) < |f(zo) = flzo + kmTo)| + | f(zo + kmTy) — g(zo + kmT3)|
= |f(zo) — f(zo + kmTy — nT})|
+ [ f(xo + kmT3) — g(xo + kmTy)| < e + & = 2¢,

bat ct khi nao
(5) ’mk’Tg — nT1] < 0.

Tuy nhién, vi 2¢ < M, (4) mau thuan véi (1) néu ton tai m € Nvan € Z
thoa man (5). Mit khac, néu & 1a hitu ty, (5) rd rang dude thoa man véi s6

1>
nguyén m va n nao dé. Néu % 14 vo ty, thi (5) cling duodc thoa man (xem,

ching han, I, 1.1.14).
1.2.26.

(a) Dat f(r) = sinz va g(x) = x — [z] v6i z € R. Khi d6, f va g tuan hoan
v6i cac chu ky co ban 1an lugt 1a 27 va 1. Vi vay, khong c6 chu ky nao
cua f thong udc véi bat ky chu ky nao cua g. Dat h = f+ g, thi ta sé co

sinT+T—[T]=0, sin(-7)—T—-[-T]=0.
Do do, (T — [T]) + (=T — [-T]) = 0, suy ra T — [T] = 0. Diéu nay c6

nghia 7 1a s6 nguyén, mau thuin véi sin T = 0.
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(b) [A.D.Kudriasov, A.S. Meseriakov, Mathematics in School, 6(1969), 19-
21 (Russian)]. Goi «, 3 va ~y 1a céc s6 thuc sao cho ding thic aa + b5 +
cy = 0 véi a,b,c € Q thod man néu va chi néu a = b = c = 0. Tén tai
nhiing s6 nhu vay, ching han a = 1,3 = v/2 va v = v/3. Dinh nghia

W= {aa+ b8+ cy:a,bceQ}.

Xét hai ham f va g cho bdi :

Fa) = ~b—c—b+c2 néu rz=aa+bB3+cycW,
o néu z¢ W,

() atc+a’?—c néu z=aa+bB+cyceW,
r) = .
g 0 néu z¢ W,

Chd ¥ rang moi s8 ra, r € \{0}, 1a chu ky cta f va moi s6 s3, s € \{0},
la chu ky caa g. ta sé chi ra rang nhiing ham nay khéng c6 chu ky nao
khac. Néu T 1a chu ky caa f, thi f(8+T) = f(8), va vi f(8) = —2, ta nhan
duge 3+T € W. Dods, T e W. Vivay, T = ra+ sf + ty v6i r,s,t € Q
nao d6. Vi rang f(T) = f(0), ta c6 —s — t — s> + 2 = 0, hay tuong duong,
(s+t)(1+s—t) =0. Bay gio ta chi ra rang 1 + s — t # 0. Thuc vay, néu
14s—t=0,thiT=ra+s8+ (1+s)y. St dung

(1) flz+T) = f(z),

v6l x = —v, ta thu dugec —s — s — s>+ s> = 1+ 1, hay s = —1. Vi vay
T = ra — (3. Bay gig, th€ z = 3 vao (1) ¢6 f(ra) = f(B3), va do d6, 0 = -1 —1,
mau thuan. Vay ta da ching minh 1 +s—¢ #0. T d6 suy ra s+t = 0. Do
vay, T = ra+ s — sy. Bay gio, ta can chi ra s = 0. Dé lam vay, ta 14y = = v
trong (1), va co

—s+s—1—8s+(s—1)°=-1+1,

suy ra s = 0. Hoan toan tuong tu, c6 thé chiing minh cac chu ky ctaa ¢ chi 1a

cac chu ky da néi ¢ trén. Vay, khong c6 chu ky nao cua f thong ude véi bat
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ky chu ky nao ctia g. Bay gid, chi ¥ rang h = g + f dugc cho bdi cong thiic

fa) = a—b+a®>—0b* néu z=aa+bB+cyeW,
o néu r¢W.

Nhu trén, c6 thé chiing minh ring moi chu ky ctia k 1a nhiing s6 tv, & day
teQvat#D0.

1.2.27. Gid st rang h = f + g tuén hoan véi chu ky 7. Vi £ ¢ Q, ta thay
rang hodc £ ¢ Q, hodc £ ¢ Q. Gia sy, ching han # ¢ Q. Do tinh tuan hoan
cua h, ta nhan duge f(z +7T) + gl +T) = h(z +T) = h(z) = f(x) + g(z) véi
r € R. Vivay, ham H dugc x4c dinh bang cach dit H(z) = f(z +7T) — f(z) =
g(z) — g(z + T) lién tuc va tuan hoan véi cac chu ky khong thong uée T va
T,. Theo két qua cta bai 1.2.22, H 1a ham hang. Diéu nay c6 nghia ton tai
hing s6 ¢ € Rsao cho f(z+T) = f(z) +cvéiz € R. Giastic#0. ThEz =0

va sau d6 = = T vao déng thic cudi cung, ta co
f@2T) = f(T)+c= f(0) + 2c.

Bang quy nap, c6 thé chiing minh f(nT) = £(0) + nc, mau thudn véi tinh bi
chin caa f (xem, chidng han 1.2.9). T d6 ¢ = 0 va T 1a chu ky cta f. Do

d6, T = nTy v6i n € Z nao d6, mau thuan.

1.2.28. Chting minh ctia két qua nay la cai bién ciua két qua dudc cho trong
161 giai ctia bai toan trude. Gia st T; 1a chu ky co ban ctia f. Nhu trong bai
toan trude, c6 thé chi ra ring ham H dude cho bdi cong thiic

H(z) = flz+T) - f(z) = g(x) — gz + T)
dong nhat bang khong. Vi vay, T 1a chu ky chung caa f va g, mau thuan.

1.2.29. Gia s, chdng han, f don diéu ting. Goi zo 1a diém gian doan caa
f. Theo két qua ctua bai 1.1.35, f(z§) — f(zy) > 0. Diéu nay c6 nghia f gian
doan don gian tai zo. V6i mdi diém z, nhu vay, ta c6 thé két hop moét khoang
(f(zg), f(zg)). T tinh don diéu ctua f va ti két qua trong 1.1.35, suy ra cac
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khoang két hgp véi cac diém gian doan khac nhau cta f 1a réi nhau. Lay
mét s& hitu ty trén moi khoang, ta c6 tuong ting mot-mot gita tap cac diém
gian doan cua f va mot tap con cua Q.

1.2.30. Vi f lién tuc déu trén [0,1], v6i € > 0 cho trudc, tén tai ny € N sao

cho2n >ngvavéik=1,2,...,2n ta cod

() o ()| =

Vay néu 2n > ng. thi

1 & k €
k
S - — )| < =.
|50l ZnZ( D f(2n) =2
k=1
Ngoai ra,
2n+1
1 k n 1

not| = —1)* < 1)|.
21| 2n+1;( )f<2n—|—1> ST e LA

Suy ra rang
1 > (=1Ff (E) =0.
n &~ n

1.2.31. Nhu trong 16i giai ctia bai toan trudc, chd y trudc hét rang f lién tuc

déu trén [0,1]. Tu d6, véi € > 0 cho trude, ton tai ng € N sao cho néu n > ng
vak=0,1,2,...,n, thi
k E+1
/() (57)
n n
Do dé6, v61 n > ng,

= A )

< E.
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Vi vay

n—1
€ n—1 €
si<52 (") =5

k=0

1.2.32. Pat M = lim sup f(z) vA m = lim inf f(z). Gia st M > m. Khi d6

700 p>p r—00 T>T
ton tai s6 thuc k sao cho M > k > m, va ton tai a sao cho f(a) > k. Do tinh
lién tuc cta f, ton tai b > a sao cho f(t) > k v6i moi t € [a, b].
Ly p = ;2. Khi d6 £ > £ + 1 bét ct khi nao z > p. thuc vay,

Vi vay, ton tai s6 nguyén ng gitia £ va £ ; ttc 1a, £ > ny > £, hodc tuong
duong a < £ < b. Theo gia thiét,
no

v6i moi z > p, mau thuln véi dinh nghia cia m. Do d6 m = M, tic la
lim f(x) tén tai va hitu han hoéc v6 han.

T—00

1.2.33. Cho f 13 trén (a,b) vi a < s <u < v < t < b. TU giai thich hinh hoc
ctia tinh 16i, suy ra ring diém (u, f(u)) ndm dudi dudng thing qua (s, f(s))
va (v, f(v)). Diéu nay c6 nghia

f(v)—f(S)(

V—S

(1) flu) < f(s)+

u— ).
Tuong tu, diém (v, f(v)) ndm duéi dudng thing qua (u, f(u)) va (t, f(t)). Vay

(2) fv) < flu) + ———=
Céac bat ddng thic (1) va (2) suy ra

PO =) () < oy < pay o SO =50

uU—S t—u

f(s)+ (v —u).
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Tit cAc bat ding thic trén va luat squeeze suy ra ring, néu {v,} 1a day héi
tu téi u ti bén phai, thi nll_{gof(vn) = f(u), ttc la li>m+f(a:) = f(u). Cang nhu
vay, :cli)rlrbl+ f(z) = f(u). Vay tinh lién tuc cua f wtaqii moi u trong (a,b) dugc
chiing minh.

Vi du sau chi ra khang dinh khéng dung néu khoang khéng mé :

2 néu z€l0,1),
2 néu z=1.

1.2.34. Suy ra tu tinh hoi tu déu cta {f,} rang, v6i € > 0 cho truéc, tén tai
ng sao cho

1 .
[fu(z) — f2)] < 3¢ vél n >mng, x € A.
C6 dinh a € A. Do tinh lién tuc cta f,, tai a, ton tai § > 0 sao cho
1 M1 s
| fro () — fro(a@)] < 3¢ bat ct khi nao |z — al <.
Vay

f (@) = f(a)| < |fuo(2) = f(@)] + |fnog (2) = Fro(@)] + | o (@) — fla)] <&

1.3 Tinh chat gia tri trung gian
1.3.1. Lay f xac dinh trén [a, b bang cAch dit

f(a) = sinxlTa néu a<zx <b,
0 néu z =a.

RG rang, f c¢6 tinh chat gia tri trung gian trén [a, b] nhung né gian doan tai
a.

Bay gio, ta xay dung mot ham c6 tinh chat gia tri trung gian va c¢6 vo han
diém gian doan. Ki hiéu C 1a tdp Cantor. Nhic lai rang tap Cantor dudc
xac dinh nhu sau. Chia doan [0,1] thanh ba phadn bing nhau, bé khoang
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(3,2), va ki hiéu E, 1a hop cac khoang [0, 3] va [2,1]. Budc thit hai, ta bo cac

khoang md mot phan ba § gitia cia hai khoang con lai va dit

o LTUI231 0187 I8,
9 9’9 9’9 97|
Tién hanh tuong tu, & budc thi n, ta bd hgp tat ca cac khoang md mot phan

ba 6 gitia cua 2" ! khoang con lai va ki hiéu E,, 12 hgp ctia 2" khodng déng,
mdi khodng c6 do dai 3. Khi d6

o Am.
n=1

Chu ¥ rang néu (a;, b;), i = 1,2, ..., 12 day cac khoang da loai bé thi

E2:

C=[0,1]\ | J(as, bs).
n=1
Xac dinh ham g bang cach dat

(@) 0 néu z € C,
€Tr) = .
g 2Az—a;) _ néu z € (a;b),i=1,2,....

bi—a;

Tu cach x4y dung tap Cantor, suy ra rang mdi khodng [a,b] C [0, 1] chéia mot
khoang con mo khong giao v6i C. Thyc vay, néu (a,b) khong cé cac diém
cua C, thi (a,b) 12 mot trong cac khoang bi loai bd (a;, b;) hodc khoang con
clia n6. Néu ton tai x € (a,b)NC, thicon € Nvak € {0,1,2,...,3" — 1}
sao cho z € [4%, 5] C (a,b). Khi d6, khodng m& mot phan ba ¢ gitia cua
[, E1], ma thuc ra 1a mot trong cac khoang (a;, b;), 1a mot khoang con mé
khéng chta cac diém cua C.

Ham ¢ gian doan tai méi diém ctia z € C, va suy ra tit trén ring g c6

tinh chat gia tri trung gian.

1.3.2. Goi zj € (a,b) tuy ¥ 6 dinh. T tinh don diéu caa f, suy ra rang

sup f(z) = f(zg) < f(zo) < f(zg) = inf f(z)

alz<zg zo<x<b
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(xem, ching han, 1.1.35). Bay gid gia st ring
fl@o) < flag)-

Khi dé, ton tai day gidm thuc su {z,}, 2, € (x0,b], hoi tu téi 2, sao cho
f (x,) = f(x§). Vi f téng thuc su, f(z,) > f(zd) > f(z0). Theo tinh chat

n—oo

gi4 tri trung gian, ton tai 2’ € (29, z,) sao cho f(z') = f(z). Khi d6

inf f(z)> inf f(z)= f(2').

ro<z<x' ro<z<b
Mat khac, do tinh don diéu thuc suctua f, inf f(x) < f(2), mau thuan. Vay
ro<z<z!

ta da ching minh ring f(zo) = f(zg). Cac déng thic f(zy) = f(zo),f(a) =
f(at), va f(b) = f(b~) c6 thé dugc chitng minh theo cach han toan tucng tu.

1.3.3. Ham ¢ duydc xac dinh bdi g(z) = f(z) — z, z € [0,1], 1a lién tuc, va
f(0) =g(0) >0, va g(1) = f(1) — 1 < 0. Vi g c6 tinh chit gia tri trung gian,
ton tai zo € [0, 1] sao cho g(zg) = 0.

1.3.4. Xét ham h(z) = f(z) — g(z), = € [a,b], vd quan sat rang h(a) < 0
va h(b) > 0. Theo tinh chat gi4 tri trung gian, ton tai zo € (a,b) sao cho

1.3.5. Xac dinh ham ¢ bang cach dat
T
g(x)=f (x—l— 5) — f(z).

Khi d6 g lién tuc trén R, g(0) = f(£) — f(0), va g(£) = f(0) — f(%). Vay ton

2
tai zo € [0, 2] ma g(zo) = 0.

1.3.6. Dit

m =min{ f(zy,..., f(z,)} va M =max{f(x1,..., f(zn)}

Khi d6 .
m < —(f(z1) + fz2) + -+ + f(2a)) < M.

S
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Do dé, ton tai zy € (a,b) sao cho

Flao) = (F(@) + f(@s) + -+ o).
1.3.7.

(a) bat f(z) = (1 —x)cosz —sinz. Khi d6 f(0) =1 va f(1) = —sinl < 0.
Vi vay ton tai zo € (0,1) thoa man f(xq) = 0.

(b) Ta biét ring (xem, chdng han, 1.1.12)

lim e ®|P(z)|=0 va lim e *|P(z)| = +oo.
T—r—00

00
Do dé, ton tai o € R sao cho e %|P(z¢)| = 1.
1.3.8. Ta hay quan sat rang
sgn P(—a;) = (—1)! va sgnP(~b) = (-1, 1=0,1,... ,n.

Theo tinh chat gia tri trung gian, tén tai moét nghiém cta da thic P trong
moi khoang (—b;, —a;), 1 =0,1,... ,n.
1.3.9. Khong. Xét, chdng han, f va g dudc xac dinh nhu sau :

. 1 A
f(:r):{smﬂ néu a <z <b,

0 néu z =a,
va
() —sin néu a<z<b,
T) = .
g 1 néu z =a.
1.3.10. Dat

g(@) = flz+1) - f(z), z<l0,1].
Khi d6, g(1) = f(2)— f(1) = —g(0). Vi thé& ton tai zo € [0,1] sao cho f(zo+1) =

f(zo). Vay, ta c6 thé 14y 25 = x4+ 1 va 2, = .
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1.3.11. Xét ham
9@) = fa+1)— f(x) - 2(F2) - £(0)), =€ 0,1],
va dung li luan tuong tu nhu trong 161 giai cua bai toan trude.
1.3.12. Xac dinh ham g theo cong thic
g(z)=flz+1)— f(z) v6i xe€[0,n—1].

Néu ¢(0) = 0, thi f(1) = f(0). Vay gia s, chdng han, rang g(0) > 0. Khi d6
f(1) > £(0). Néu ciing thé f(k+1) > f(k) v6i k =1,2,... ;n— 1, thi ta sé c6

F0) < f(1) < f(2) <--- < f(n) = £(0).

Mau thuan. Suy ra ton tai ky sao cho g(ko) > 0 va g(ko + 1) < 0. Do g lién
tuc, ton tai zo € (ko, ko + 1] dé g(z¢) = 0. Do d6, f(xo+1) = f(zo). Liluan
tuong tu khi ¢(0) < 0.

1.3.13. Ham f c6 thé dugc thac trién trén [0, 00) dé ¢6 chu ky n. Ta van ki
hiéu ham dugc thac trién 1a f. Véi k € {1,2,... ,n — 1} tuy ¥ c6 dinh, xac
dinh

9(z) = f(z + k) — f(z), =>0.

Bay gio, ta chiing minh ring ton tai zo € [0, kn] sao cho g(0) > 0. Néu
g(j) >0v6imoi j =0,1,2,...  kn — k, thi ta nhan dugc

fQ0) < f(k) < f(2k) <--- < f(kn) = [(0).

Mau thuin. Suy ra ton tai j, sao cho g(jo) > 0 va g(jo + 1) < 0. Do g lién
tuc, ton tai 2o € (jo,jo + 1] d& g(z) = 0. Do d6, f(zo + k) = f(xo). Trudc hét
gia st xg € [(I — 1)n,In — k] v6i 1 <1 < k nao d6. TU tinh tuan hoan cua f,
suy ra f(zo) = f(zo— (I —1)n) va f(zo+ k) = f(xzg — (I — 1)n+ k). Vi vay, ta
c6 thé 18y xy = z9 — (I — 1)n va 2}, = zg — (I — 1)n+ k. N&u xy € [In — k&, In], thi
zo+k € [In,(I+1)n]. Tacd f(xog—(I—1)n) = f(xg) = f(zo+k) = f(zo—In+k).
Co6 thé 18y z, = 20 — (I — 1)n va x}, = zo — In + k.
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Khong ding rang v6i moi k € {1,2,... ,n — 1}, déu ton tai z; va z}, sao
cho zj, — o}, = k sao cho f(x;) = f(z},). Thuc vay, chi cAn xét ham

f(z) = sin (gaz> vél € [0,4].

Dé thay rang f(x + 3) # f(x) v6i moi x € [0, 1].

1.3.14. Loi giai sau day la cta sinh vién cua t6i egor Michalak.

Khéng mat téng quat, c6 thé gia st f(0) = f(n) = 0. Trudng hgp n = 1
la rd rang. Vi gia st n > 1. Ta sé xét truong hgp ma f(1) > 0, f(2) >
0,---,f(n—1)>0. Véi k=,... ,n—1, ta dat g(x}) = f(z + k) — f(z). Ham
gr, lién tuc trén [0,n — k], va theo gia thiét g,(0) > 0 va gix(n — k) <. Do do,
ton tai 2, € [0,n — k] saoa cho gi(r;) = 0, hay néi cach khac, f(z;, + k) =
f(x;). Diéu nay chting minh khang dinh cua ta trong truong hgp nay. Theo
cach hoan toan tuong tu, ta c6 thé thay khang dinh cta ta ciing ddng néu
f(1) <0,f(2) <0,---,f(n—1) < 0. Bay gic gia su f(1) > 0 (tuong tng
f(O) < 0), cac s8 f(1), f(2),---, f(n — 1) khac nhau va khac khong, va ton tai
m,2<m <n-—1,véi f(m) <0 (tuong tng f(m) > 0). Khi d6, ton tai cac s6
nguyén ki, kg, -+ , ks giia 1 va n — 2 sao cho

F(1)>0,£(2)>0,..., f(k) >0,
flki+1)<0,f(k1+2)<0,..., f(ky) > 0.

flks+1) <0, f(ks+2)<0,...,f(n—1)<0
(hoac f(ks+1) >0, f(ks+2)>0,...,f(n—1) <0)

(tuong tng f(1) < 0,f(2) < 0,...,f(k1) < 0,...). Bay gio, li luan tuong
tu nhu trong chiing minh ctia truong hop tht nhat, tén tai k; nghiém trong
0, k1 + 1], k2 nghiém trong [k, k2+1], vAn van. RG rang trong truong hgp nay,
t&t ca cac nghiém d6 phai khac nhau va vi vy khing dinh dudc chiing minh.
Cudi cung, xét trusng hop khi ton tai s6 nguyén k va m ,0 < k < m < n, véi
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f(k) = f(m). Cang gia st cac s6 f(k), f(k+1),---, f(m — 1) khadc nhau. Tu
trén suy ra c6 m — k nghiém trong khoang [k, m]. Tiép d6, xac dinh

fl(az):{ﬂx) néu 0<z <k,

fle+m—k) néu k<z<n-—(m-—k).

RG rang, f; lién tuc trén [0,n — (m — k)] va fi(n — (m — k)) = f1(0) = 0.
Néu £,(0), fi(1),..., fi(n — (m — k) — 1) khac nhau, thi theo phan thi nhat
cua ching minh, ta nhan dugec n — (m — k) nghiém, va cung véi m — k
nghiém & trén, ta c6 diéu phai chiing minh. Néu mdt vai s6 trong cac s6
£100), f1(1), ..., fi(n — (m — k) — 1) trung nhau, thi tuc trén c6 thé lip lai.

1.3.15. Gia st ngugc lai, tic 1a phuong trinh f(z) = g(x) khong c6 nghiém.
Khi d6 ham h(x) = f(z) — g(z) hodc duong, hoac &m. Tu d6

0 = h

MAu thuln.

Vi du sau chi ra gi st lién tuc 1a cot yéu:

{\/5 néu reR\Q,

0 néu z<Q,

() 0 néu z€R\Q,
T) = .
g V2 néu z € Q,

1.3.16. Gia st ngugc lai rang tén tai z1, 2, va x3 sao cho z1 < zo < x3 Vi,
chang han, f(z1) > f(z3) va f(z2) > f(z3). Theo tinh chdt gia tri trung
gian, v6i moi u sao cho f(zy) < u < min{f(x1), f(x3)}, ton tai s € (z1, ) va
t € (w2, 73) thod man f(s) = u = f(t). Do f la don 4nh, s = ¢, mau thuan véi
T <8< xy9 <t< 3.

1.3.17. T két qua ctia bai toan truée, suy ra f hodc gidm thuc su, hoidc tang
thuc su.
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(a) Gia st rang f tang thuc su va ton tai xy sao cho f(z) # 0. Gia s,
ching han, f(zo) > zo. Khi d6 f"(zo) > o, trai gia thiét. Li luan tuong
tu cho truong hgp f(zg) < zo.

(b) Néu f giam thuc sy, thi f2 giam thuc sy. Do f"(x) = z, ta nhan duge
f?(z) = =z, tc 1a phép lip tht n cia f? la phép dong nhat. Vi vay,
theo (a), f?(z) = z.

1.3.18. Chd ¥y rang f la don anh. Thuc vay, néu f(x,) = f(z2), thi —z; =
fA(x1) = f?(wy) = —wy. T &6, 2, = . Suy ra tit 1.3.16 rang néu f lién tuc,
thi n6 hoidc tang ngit, hodc giam ngéit. Trong ca hai trudng hgp, f? sé ting

ngit. Mau thuan.

1.3.19. Nhu trong 16i giai ciia bai toan trude, c6 thé chi ra f 1a don anh trén
R. Li luan tuong tu nhu trong 10i giai cua bai 1.3.16 rang f hoéc ting ngit,
hoéc giam ngat. Trong ca hai trudng hop, f?*, k € N tiang ngat. Do d6, s6
nguyén n trong diéu kién f"(z) = —z phai 1é. Néu f tdng ngit, thi f* cling

tang ngit, mau thuin véi diéu kién cta ta. Vay, f gidm ngit. Ngoai ra, do

f(=2) = f(f"(2)) = ["(f(2)) = = (=),

ta thay rang f 1a ham 18 (va moi phép lap caa f ciing vay).

Bay gio, ta sé chi ra riang f(z) = —x, » € R. Gia st riang ton tai xo
sao cho z; = f(xy) > —=xp, hay néi cach khac, —z; < z,. Suy ra rang
Ty = f(z1) < f(—20) = —x1 < x. CO6 thé chi ra bing quy nap ring néu
rr = f(xr_1), thi (=1)"x, < 2o, mAu thuan véi gia thiét x, = f*(zo) = —zo.
Li luan tuong tu cho truong hgp f(xy) < —zo. T d6 f(x) = —z v6i moi
z € R.

1.3.20. Gia st f gian doan tai x. Khi d6 ton tai diy {z,} hoi tu t6i = sao
cho {f(z,)} khéng hoi tu téi f(x). Diéu nay c6 nghia ton tai ¢ > 0 sao cho
v6i moi k € N, ton tai ny > k dé

|f(zn,) — f(2)] > e
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Vay f(xn,) > f(x)+e > f(z) hodc f(z,,) < f(z)—e < f(z). Gia sti, ching han,
bt ding thiic thi nhit ding. Tén tai s6 hitu ty ¢ sao cho f(z)+¢ > g > f(z).
Vay f(z,,) > q > f(z) véi k € N. Do tinh ch4t gia tri trung gian cta f, ton tai
2z gitia  va x,, sao cho f(z;) = ¢, tlc 1a z;, € f~1({q}). R0 rang, kh_)r(r)lozk =z.
Tu do, f~*({q}) dong, = € f~*({q}), va vi vay f(z) = ¢. MAu thuln.

1.3.21. Dé chitng minh dinh li, chi cin xét truong hop T > 0. Pit g(z) =
f(x+T)— f(z). Khi d6, c6 hai kha nang.

(a) Tén tai o > a sao cho g(z) duong hosc Am véi moi z > .
(b) Khong ton tai zo nhu vay.

Trong trudng hgp (1), néu ching han, g 1a duong trén (z,, 00), thi day {f(zo+
nT)} don diéu tdng. Vi f bi chin, giéi han sau ton tai va hiiu han :

lim f(zo+nT) = 7}520 flzo+ (n+1)T).

n—oo

Vi vay c6 thé 14y z, = z¢ + nT. Trong trudng hgp (2), do tinh chit gia tri
trung gian ctua g, v6i moi s6 nguyén duong n > a, tén tai z, > n sao cho
g(z,) = 0.

1.3.22. Pt
z+2 nfu —-3<z<-1,
g(z) =< —x nfu —1<z<1,
x—2 néu 1<z<3,

va xac dinh f bdi cong thiic
f(z) =g(x —6n)+2n véi 6n—3<zx<6n+3,ncZ.

Ham f c6 tinh chat can tim.

Khéng ton tai ham lién tuc trén R ma dat méi gia tri ctia né ding hai lan.
Gia st ngugc lai rang f 14 ham nhu vay. Goi 21, x5 sao cho f(z;) = f(z2) = b.
Khi d6 f(z) # b v61 © # z1,25. Vay hodc f(x) > b v61 moi = € (x1,z3) hodc
f(z) < b véi moi z € (x1,73). Trudng hgp trude, ton tai chi mot xg € (21, 29)
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sao cho f(z¢) = max{f(z) : x € [z1, x5]}. Thuc vay, néu c6 hon mot diém ma
tai d6 f dat cuc dai ctia né trén [z, x5], thi f nhan gia tri ciia n6 hon hai lan
trén [z, 29]. Do d6, tén tai chi mot diém ), (bén ngoai khoang [y, z5]) sao
cho ¢ = f(xg) = f(xp) > b. Khi d6, do tinh chit gia tri trung gian cua f, moi
gia tri trong (b, c) dat dugc it nhat ba lan. MAu thuan. Li luan tuong tu cho
truong hgp f(z) < b véi z € (z1, x9).

1.3.23. Gia st rang f don diéu ngit trén méi khoang [t; 1,t;], 6 day i =
L,2,...,nva0=ty<t; <---<t,=1 TapY = {f(t;) : 0 < i < n} gbm

nhiéu nhat n + 1 doan yo, y1,... ,Ym. Ta gid st rang yo < y1 < ... < Ym. Dat
29 :yi,O <i<m,va ch(_)n 21,23y ..+ y29m—1 SA0 cho o0 <21 < 2p<zzg<...<

Zom—1 < Zom. Dat

X =4z €[0,1]: f(z) = 2},
X:XOUX1U"'UX2m:{1'1,1'2,... ,l‘N},

vadit 0=z —1<z9<...<ay=1 V6 1<j<N,kihiéu k; 12 phan ti
duy nhét caa tap hop {0,1,2,... ,2m} sao cho f(z;) = z,. Khi d6 k; va ky
chdn va k; — kjy; = +1,1 < j < N. Suy ra N, s6 cac phan tt caa tap X, 1a

1é. Do d6, mot trong céc tap X = f(z;) gdbm mot s6 1é phan tu.

1.3.24. Truéc hét, ta chi ra rang c6 khong qua d&m duge cuc tri dia phuong
ctia f. Thuc vay, néu z, € (0,1) va f(zy) l1a cuc dai (cyc tidu) thuc su
cia f, thi ton tai khoang (p,q) C [0,1] v6i cac dau mut hitu ty sao cho
f(x) < f(zo) (f(z) < f(xo))Vl & # 29 va = € (p,q). Do d6, khang dinh cua ta
dudc suy ra tir su kién chi c6 dém dudc khoang v6i dau mut hiiu ty.

Vi ¢6 khong qua dém dugc cuc tri dia phuong thuc su ctia f, ton tai y
gitia f(0) va f(1) ma khong la gia tri cuc tri caa f. Gia st f(0) < f(1) va dat
fYy) ={z1,2—-2,... ,2,}, 6 day 7y < 2o < --+ < x,,. Ngoai ra, dit xo = 0 va
T,_1 = 1. Khi d6, ham = — f(x) — y hodc duong , hosic Am trén médi khoang
(2;,7i41), va c6 ddu khac nhau trong cic khoang ké nhau. Chd ¥ ring ham
amm trong khodng thd nhat va duong trong khoang cudi cung. Vi vay, s

cac khoang 12 18. Do d6, n 1a 1é.
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1.3.25. Xac dinh day {z,} bang cach dit z, = f"(z,). Néu c6 mot s6 hang
ctia day la diém c8 dinh ctia f, thi {z,} 12 hing s6 bit dau tit gia tri nao d6
cta chi s6 n. Vay né hoi tu. Néu c6 mot s6 hang ciua day nay 1a diém giéi
han ctia né, thi theo gia thiét, diy ciing héi tu nhu trén. Vi vay, chi can xét
truong hop khéng cé s6 han nao cta diy {z,} la diém giéi han ctia n6. Gia
st ngudc lai, day khong hoi tu. Khi d6

a=limz, <b= lim z,,.
n—o00 n—oo
LAY zo € (a,b). Do zj, khong la diém giéi han cta {z,}, ton tai khoang

(¢,d) C (a,b) ma khong chtia bat ki s6 hang nao cua day. Ngoai ra, c6 v
han s6 hang ctia day trong méi khoang (—oo,c) va (d, o). Néu khong c6 s6
hang nao cta day trong (a,b), thi ta c6 thé 14y ¢ = a va d = b. Bay gid, ta
xac dinh day con {z,,} cua {z,} sao cho z,, < cva z,,,, >dvéikecN. Vi
vay, néu g la diém gi6i han cta z,,, thi g < ¢ va f(g) > d. Diéu nay man
thuan vé6i gia thiét ring moi diém giéi han cta day 1a diém c6 dinh cta f.

1.3.26. [6]. Theo két qha cla 1.1.42, ta biét ring lim 'O — o(f) tén tai.
Ta sé chi ra riang toén tai 2o € [0, 1] sao cho f(z) - :BO;—I— a(f). Néu f(x) >
z+a(f)+evéimoix € [0,1] va véie > 0 nao dd, thi, néi riéng, f(0) > a(f)+e.
Ta sé& chi ra bing quy nap rang véi n € N, f*(0) > n(a(f) +¢). Thuc vay,
dat r = £(0) — [f(0)], ta co

F2(0) = f(£(0) = f(FO)] +7) = [F(O)] + f(r)

AVARRLV,
=
=
_l’_
3
_l’_
2
=
_l’_
™
I
—
e
_l’_
2
=
_l’_
™

2(a(f) +¢).

Li luan tuong tu dé chitng minh rang f*(0) > n(a(f) +¢) kéo theo f"+(0)
(n+1)(a(f) +¢). Bay gid, quan sat rang néu f"(0) > n(a(f) +¢), thi a(f)
a(f) + ¢, mau thuidn. Hoan toan tuong tu, c6 thé chiing minh ring néu
f(z) <z +a(f)—evéimoiz € [0,1] va véi € > 0 nao d6, thi a(f) < a(f) —e.
Lai mau thuan. Do d6 theo tinh ch4t gia tri trung gian, ton tai x4 € [0, 1]

>
>
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sao cho F(zy) = f(xo) — 1o = a(f). N6i riéng, néu a(f) = 0, thi 2y 1a diém c6
dinh ctia f. Mt khac, néu z, 1a diém c6 dinh cta £, thi a(f) = hm ( ) — 0.

1.3.27. Goi A ={z €[0,1]: f(z) >0}, s=inf A, va h = f +g. Vi h giam, ta
c6 h(s) > h(z) > g(x) v6i z € A. Do g lién tuc, diéu nay suy ra h(s) > g(s).
Do d6, f(s) > 0. Tu gia thiét, suy ra g(0) > h(0) > h(s) > g(s). Do tinh
chit gia tri trung gian cta g, ton tai t € (0,s] sao cho g(t) = h(s). Khi dé
h(t) > h(s) = g(t), suy ra f(t) > 0. Theo dinh nghia cua s, ta c6 t = s, suy ra
g(s) = h(s), hay tuong duong f(s) =

1.3.28. Chu y réang f khong lién tuc trén R. Néu f lién tuc trén R, thi
theo k&t qua trong 1.3.16, né sé don diéu thuc sy, ching han, tang thuc su.
Trong trusng hgp d6, néu f(zy) = 0, ta ¢6 f(z) > 0 v6i z > xg, va f(z) <0
véi T < 79, mau thuan véi gia thiét f 4nh xa R 1én [0, co0). Li luan tuong tu
chi ra f khéng thé giam thuc su. Do d6, f khong lién tuc trén R.

Gia st ngudc lai ring f ¢6 hitu han diém gian doan, chéng han, z; < z, <
. < Z,,. Khi d6 f don diéu ngit trén mdi khoang (—oo, z1), (21, 22), . . . , (7,,00) }
Do d6, theo tinh chat gii tri trung gian cua f.

f((—OO, 1'1)), f((l’l,l’g)), s ,f((l'n, OO))
1a cac khoang mé @61 mot roi nhau. Tu d6

[0,00) \ (f((—oo» 1)) U O F((@e, Trs)) U f (2, 00)))

k=1

c6 it nhat n + 1 phan ti. Mat khac, cac phan ti duy nhat cua

IR\ ( —00 ZL’l U ZL’k-,ZL’k;J,.l l‘n,OO)>

12 z1,29,... ,2,. Vivay, f khong la song 4nh, mau thuin. Vay, ta da ching

. 2 N R (2
minh f c6 v6 han diém gian doan.

1.3.29. Ta chi ra rang néu I 1a khoang con ctia (0,1) v6i phan trong khac
rong, thi f(I) = [0,1]. P& lam vay, chd ¥ ring khoang I nhu thé chia mot
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khodng con (5, £t1) Vay chi cin chting minh rang f(s%-, &) = [0,1]. Bay

2107 210 210 210

gi0, quan sat rang néu z € (0, 1), thi hodc = = 75 V61 m va ng nao do, hodc

x € (2%7;21—01) v6i j nao do, j = 0,1,...,2" — 1. Néu z = 5%, thi f(z) =1 va

gié tri clia f tai diém gifta cla (55, &) cting 1a 1. Tiép d6, néu z € (5, L)

v6l j nao d6, thi ton tai 2’ € (5%, &) sao cho f(z) = f(2’). Thuc vay, moi s6
k1

555 5ro-) €O cung ng chi s6 dau tién, va ta c6 thé tim 2’ trong khoang

trong (5%

nay dé tat ca cac chii s6 con lai nhu trong khai trién nhi phén caa z. Vi

n n
Z(li Z a;
T =1

T i=ng-+1
= lim ———

n—oo N n—oo 1 — Ny

ta nhan duge f(z) = f(2'). Do dé, chi cdn chiing minh ring f((0,1)) = [0, 1],
hay néi cach khac, v6i moi y € [0,1] ton tai = € (0,1) sao cho f(z) —y. Suy
tir trén ring gia tri 1 dat dugc, ching han, tai a:% Dé chiing minh gia tri 0
cling dat dude, 14y = = .ay, as, ..., 6 day

1 néu i=2k=1,2,...,
a; = .
0 ngudgc lai.

Khi dé

Dé dat dugc gia tri y = §, 0 day p va ¢ 1a cac s6 nguyén duong nguyén
nguyeen t6 ciing nhau, 18y

z=.00...011...100...0...,

q—p p q—p
6 diy cac cum ¢ — p s0 khong xen ké véi cac cum p s6 1. Khi d6 f(z) =
klggo Z—Z = L. Bay gi0, ta phai chi ra rang moi s6 vo ty y € [0, 1] cling 1 nhiing
gia tri dat duge. Ta da biét (xem, chéng han, I, 1.1.14) rdng ton tai day s6
hiiu ty Lo, 6 day mdi cip s6 nguyén p, va ¢, la nguyén té cung nhau, hoi tu
t6i y. Pat
r=.00.011..100 Q...

N——
q1—p1 P1 q2—p2
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6 day cum p; s6 1 tiép sau q; — p; s6 khong, cum p, s6 1 tiép sau go — py sO
khéng, va tiép tuc. Khi d6

o Pirtprtcctpy L Dn
f(z) = lim = lim — =y.
noo gt @ttt qn no gy

Vi lim ¢, = +oo, ddng thtc thia hai suy truc tiép ti két qua trong I, 2.3.9

n—oo

hodc tit dinh 1f Stolz (xem, chdng han, I, 2.3.11).

1.4 Ham nua lién tuc

14.1.

(a) Dat supinf{f(z) : x € A, 0 < |z — x| < §} = a. Trude hét, gia st a la
sO th(i;((:). Chiing ta sé chi ra rang a = lim f(z). Theo dinh nghia caa
suppremum, v6i moi § > 0 o
(i) inf{f(z):z € A, 0<|z—120| <0} <aq,
va v6i moi € > 0, tén tai 6* sao cho
(ii) inf{f(z):z € A, 0<|z—29| <"} >a—c.

Theo (ii),
(iii) f(x)—a>a—¢ néu 0<|z—mz| <d*

Bay gio, goi {z,} 1a diy diém ctia A khéc z,. Né&u day hoi tu t6i z,
thi bt dau tur gia tri ndo d6 cta chi s6 n, 0 < |z, — zo| < §*. Vi vay,
f(x,) > a —e. Néu {f(z,)} hoi tu, chdng han téi y, thi ta nhan dugc
y > a—¢, va do d6, lim f(z) > a. Dé chiing minh rang lim f(z) < q,

T—xQ T—IT0
ta sé dung (i). Suy ra ti dinh nghiacua infimum ring, v6i ¢; > 0 cho

trude, ton tai ¥ € A sao cho 0 < |x — x| < 0* va f(z*) < a +¢,. Lay
§ = L, ta nhan dugc day {z}} sao cho

1
0<|z;| < 1 va f(x) <a+e.
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Két hop véi (iii), thu duge a —e < f(2¥) < a+¢;. Khong mat tong quat,
c6 thé gia st rang {f(z*)} hoi tu. Khi d6, giéi han nhd hon ho#c bang
a+¢. Tu tinh tuy y cua £; > 0 suy ra

lim f(z) < a.

T—rT0

Néu a = +oo, thi v6i M > 0 cho trude, ton tai 6* > 0 sao cho
inf{f(z):z € A, 0 < |z — 20| <"} > M.

Tu d6, néu 0 < |z—xzg| < 6%, thi f(z) > M. Do d6, néu {z,} hoi tu téi =,
thi bt dau ti mot chi s6 nao d6 cta n, f(r,) > M. Vay lim f(x) = +oo,
tic 1a nh_}rgo f(z) = lim f(z) = +oo. Cudl cung, néu a = n—ﬁoﬁz, thi v6i moi
6 >0, o

inf{f(z):z € A, 0<|z—120| <0} = —00.

Vi vay, ton tai day {z*} hdi tu téi zo sao cho lim f(z*) = —oo, suy ra
n—oo

lim f(z) = —oo.

T—rTQ

(b) Chiing minh tuong tu nhu trong (a).
1.4.2. Két qua 1a hé qua truc tiép cua 1.1.35 va bai toan truéc.

1.4.3. Suy ra ti két qua ctia bai toan trudc rang véi € > 0 cho trudc, ton tai
0 > 0 sao cho

0<yo—inf{f(z):x €A, 0<|z—ax¢ <} <e.

Theo dinh nghia cta infimum, diéu nay tuong duong véi diéu kién (i) va (ii).
Theo 1.4.2(b), § = lim f(z) néu va chi néu véi moi ¢ > 0, cac diéu kién
T—rTQ

sau dugc thoa man :

(1) Tén tai § > 0 sao cho f(x) < §+ € v6i moi x € A trong 1an can khuyét
0< |$ — .’130| < 4.
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(2) V6i moi § > 0, ton tai 2’ € A trong 1an can khuyét 0 < |2/ — | < 0 dé
fl@)>g-e
1.4.4.

(a) Theo 1.4.2(a), lim f(z) = —oo néu va chi néu véi moi § > 0
T—T0

inf{f(z):z € A, 0 < |z — 20| <0} = —00.
Diéu nay c6 nghia véi moi § > 0, tap
{f(z):z € A, 0 < |z —x0| <0}
khéng bi chén duéi, suy ra diéu phai chiing minh.
(b) Chiing minh tuong tu nhu (a).

1.4.5. Goi {4, } 1a day céc s6 duong don diéu giam, hoi tu t6i khong. Suy tu
1.4.2(a) rang

[ = lim inf{f(z):z € A, 0 < |z — 20| < 0p}.

n—oo

v6i s6 thuc [, diéu nay tuong duong véi hai diéu kién sau

(1) Véin €N, ton tai k, € N sao cho 0 < |z — zo| < 0y kéo theo f(z) >1—2
voL k > k.

(2) Véin € N, ton tai k, > n va a3, € A sao cho 0 < |7y, — | < &, va
f(ka) <+ %

Do dé, ton tai day {x;,} hoi tu t6i 29 sao cho lim f(x,) = L.
n—oo

Néu lim f(x) = —oo, thi theo 1.4.4(a), véi moi n € N va § > 0, ton tai
Tr—TQ
T, € A sao cho 0 < |z, — x| < 0 va f(z,) < —n. Vivay, lim z, = +oco va
T—T0

lim f(z,) = —oco.
T—rTQ
Néu lim f(z) = +oo, thi sy ton tai cia {z,} suy ra truc tiép ti dinh

Tr—TQ

nghia.
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1.4.6. Két qua suy ra truc tiép tu I, 1.1.2 va tu 1.4.1.
1.4.7. Chicin ap dung I, 1.1.4 va 1.4.1.

1.4.8. Chu y rang

(1) inf (f(z) +g(x)) > inf f(z) + inf g(2),
2) Sgg(f (z) +g(z)) > Sup f(z) + Sup g9(z).

That vay, véi z € A,
S ,
f(@) +g(x) = inf f(z) + inf g(z),

suy ra (1). Bat ddng thic (2) duge chiing minh tuong tu.
Truée hét, ta chi ra rang

3) lim f(z) + lim g(z) < lim (f(z) + g(z)).

T—rx0 T—T0 T—rT0

Theo (1), ta c6
inf{f(z) +g(z):x € A, 0 < |z — x| < 0}
>inf{f(z):z€ A, 0<|z—x| <6}
+inf{g(z) :z € A, 0 < |z — x| < 6}

Chuyén qua gi6éi han khi § — 0" va két qua ctia 1.4.2(a) sé c6 (3). Bat ding
thic
) lim (f(z) + g(z)) < lim f(z) + lim g(z)

¢6 thé dude chiing minh tuong tu. Hon niia, suy ra ti bai 1.4.6 va (3) ring

lim f(z) = lim (f(z)+ g(z))

> lim (f(z) + g(x)) + lim (—g(z))
= lim (f(z) + g(z)) — im g(z).

T—T0 T—rTQ
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C6 thé ching minh theo cung cach nhu vay ring

lim f(z) + lim g(z) < lm (f(z) + g(2)).

T—T0 T—T0 T—rT0

P& chiing minh céc bat dang thic c6 thé ngit, xét cac ham xac dinh nhu sau

sin < néu z >0,
-

0 néu z <0,

0 néu z >0,
gx) =19 . -

sin — néu z <O0.

Véi g = 0, cac ding thic da cho c6 dang —2< -1 <0< 1< 2.

1.4.9. Quan sat rang néu f va g khong am trén A, thi

(1) inf (f(x)-g(z)) = inf f(z) - inf g(),
2) sup(f(z) - g(z)) > sup f(z) - sup g(x)
€A €A T€EA

Phan con lai ctia chting minh tuong tu nhu trong 16i giai cia bai toan trudc.
Dé thdy rang bt ddng thic c6 thé ngit, xét cac ham dude cho bdi

1
f(ZL') — {sin2 %Jrl

2 néu z <0,

(@) 3 néu z >0,
g\xr) = ~
ﬁ néu z <0.

néu z >0,

Véi xp = 0, cac ding thitc di cho c6 dang 1 < 1< 3 <3 <.

1.4.10. Ta c6 lim f(z) = lim f(z) = lim f(z). Vay, theo 1.4.8,
T—rTQ T—rTQ

T—rx0

lim f(z) + lim g(x) < lim (f(2) + g(2)) < Tm f(x) + lim g(a).

T—T0 T—T0 T—T0 =0 T—T0
Vi vay,
lim (f(z) +g(z)) = lim f(z) + lim g(z).

T—T0 T—T0 T—T0

Céac bat ddng thtc khac ¢6 thé duge ching minh tuong tu.
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1.4.11. Né&u )\ = [ hodc A = L, thi khang dinh dugc suy ra truc tiép ti 1.4.5.
Vay gia st rang A € (I, L). Khi d6, theo 1.4.5, ton tai day {z,} va {z/} déu
hoi tu dén a sao cho

lim f(z))=1 va lim f(2))=L.

n—oo n—oo
Suy ra rang f(z/) < A < f(z”) bat d4u tu gia tri ndo d6 ctia chi s6 n. Vi f
lién tuc, né cé tinh chét gia tri trung gian. Tu d6, ton tai z,, trong khoang
v6i cac diém mut 2/, va 2/ sao cho f(z,) = A. Vi {z/,} va {z”} hoi tu téi a,

day {z,} cung vay.

1.4.12. Ham lién tuc tai k7 v6i k € Z (xem, chdng han, 1.2.1). R6 rang,

— sin xg néu sinzy > 0,
lim f(x) = . )
T 0 néu sinzg <0,
va
, 0 néu sinzy >0
lim f(z) = 1 . . ’
o—0 sin xg néu sinzg <0,

Do d6, f ntia lién tuc trén trén tap

keZ keZ

<@ n | J @k, (2k + 1)@) U <(R \Q)n | JI2k - 1)7r,2/m}>
va nua lién tuc duéi trén

(@ N J(@k -, 2k7r)> U ((R \ Q) N | J[2kr, (2K + 1)7@) .

keZ keZ

1.4.13. Ta co6

— 21 & < —1lhodcry > 1,
Tim f(a;) _ T nA/u iy ACTo
T30 0 néu o€ [-1,1],
va
lim £(z) 0 néu x < —lho#czy > 1,
im f(x) = .
2—0 r2—1 néu x€[-1,1].
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Vay f nta lién tuc trén tai méi diém hitu ty trong (—oo, —1) U (1, 00) va tai
md&i diém hitu ty trong khoang [—1,1]; f nta lién tuc dudi tai mdi diém hiiu
ty trong (—oo, —1] U [1,00) va tai m&i diém hitu ty trong (-1, 1).

1.4.14. Ham f lién tuc tai 0 va tai mbi diém vé ty (xem, chéng han, 1.2.3).
Gia st rang 0 # zo = , G day p € Z va q € N nguyén t6 cung nhau. Khi dé,

f(wo) = ¢ va lim f(z) =0 < . T d6, f nlia lién tyc trén trén R
T—rT0
1.4.15.

(a) Ham f lién tuc tai 0 va tai mdi diém v6 ty duong (xem, ching han,

1.2.3). Gia st rang 1 s6 vo ty am. Khi @6 lim f(z) = |z| = f(xo). Vi
T—T0

vay, f nta lién tuc trén tai 0 va tai mbi diém vo ty. Néu z = § > 0,

thi lim f(z) = 2 > 25 = f(0). Diéu nay c6 nghia f nta lién tuc duéi

a1
T—rT0
tai mdi diém hiu ty duong. Néu zp = Z, thi
p p

Eof(x) -7y > i+ 1 = f(zo)

ggﬂ@:§>5§7=ﬂ%)

Vay f khong ntia lién tuc trén, ciing khong nta lién tuc duéi tai cac

diém hiu ty Am.
(b) Chu ¥ rang véi x € (0,1],

lim f(t) = — < f(z) < & = Tm f(t).

t—z t—z
Vay f khong ntia lién tuc duéi, cting khéng ntia lién tuc trén trén (0, 1].
1.4.16.
(a) Néu zo € A 1a diém co 1ap trong A, thi khang dinh hién nhién dung.
Néu z, € A 14 diém gi6i han caa A, thi khang dinh suy ra tir
L alim f(z) néu a>0,
lim af(z) =< ="

T alim f(x) néu a <0,
T—rx0
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(b) Gia zo 12 diém gi6i han ciia A va, chdng han, f va ¢ nta lién tuc duditai
xo. Khi d6, theo 1.4.8,

lim (f(z) + g(z)) > im f(z) + lim g(z) > f(z0) + g(zo).

T—rx0 T—T0 T—rx0

1.4.17. Gia st, ching han, ring f, nda lién tuc duéi tai zo. Visup fn > fn
neN

v61 n € N, ta nhan dugc

lim sup f,(x) > lim f,(x) > fu(zo) v61 neN.

z—xo nEN T—T0

Do dé,
lim sup f,,(z) > sup fn(z0).

z—x0 n€EN neN
1.4.18. Chi cin quan sat rang néu {f,} 1a diy ting (tuong ting, gidm), thi
lim f,(z) = sup fo(z) (tuong tdng, lim f,(z) = inf f,(z)) (xem, chdng han,
n—00 neN n—00 neN
1,2.1.1) va dung két qua trong bai toan trudc.
1.4.19. Theo 1.4.1. ta c6
file) = max{f(@).Tm ()}
= %ngsup{f(z) 1z €A, |z—1z| <4}
>
= lim sup{f(2):z € A, |z — z| < 0}.
d—0t
Tuong tu,
fa(z) = lim inf{f(z) : z € A, |z — z| < §}.
d—0+
Tu do,
fi(z) = fa(x) = lim sup{f(z):z€ A, |z — x| <}
d—0+
— lim inf{f(u):u € A, |u—=z| <d}
d—0+
= lim sup{f(z) — f(u) : z,u € A, |z —z| <4, |u —z| <4}
d—0+
= lim sup{|f(z) — f(u)| : z,u € A, |z — x| <6, |u —z| < I}
d—0+

= os(z).
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1.4.20. Goi z 1a diém gidi han cta A, va goi {z,} l1a diy cac diém ctia A hoi
tu téi z. Dat i, = |z, — x| + % Khi d9, |z — z,| < 0, kéo theo |z — x| < 20,,.
Do d6, tu 161 giai cua bai toan trudc,

fa(z) = Jlrgoinf{f(z) cz2 €A |z — x| <dn}
> inf{f(z):z €A, |z — x| <}
> inf{f(z):z €A, |z — x| < 20}

Chuyén qua gi6i han khi k — oo cé ]}LIglofg (1) > fo(z). Suy rarang ll_}n;fg (2) >
fa(x), va vi vay tinh nta lién tuc duéi cua f, duge chiing minh. Hoan toan
tuong tu c6 thé chiing minh f; nta lién tuc trén. BAy gio, theo két qua cta
bai toan trude of(z) = fi(z) — fo(z), di€u nay cung v6i 1.4.16 chiing minh

tinh nua lién tuc trén cua oy.

1.4.21. Chung ta s& chting minh khang dinh cho ham nua lién tuc duéi.
Trudc hét gia st rang diéu kién da cho duge thod man. Khi dé, véi a < f(zo)
ton tai § > 0 sao cho f(x) > a bat ct khi nao |z — x| < §. Néu {z,,} 1a day
cac diém ctia A hoi tu téi zo, thi |z, — zo| < 6 v6i n da 16n.Ta @6 f(x,) > a,
suy ra lim f(z,) > a. Do tinh tuy y cua a, ta ¢6 lim f(z,) > f(zo). Bay gio,

T—x0 T—0
gid st rang f nta lién tuc duéi tai z, va véi trai véi diéu kién cua ta, diéu
kién da cho khéng dugc thod man. Khi d6 ton tai a < f(xg) sao cho v6i moi
n €N, ton tai z, € A & |z, — x| < 6, = 2 va f(z,) < a. Vay ddy {z,} hoi

tu téi 7o va lim f(z,) < f(z0), mau thuan.
n—oo

1.4.22. Gia st rangvéi moia € R, tap {z € A : f(x) > a} md. Goi zy 12 phan
tl cia A va ldy a < f(zp). Khi d6, ton tai 6 > 0 sao cho (zg — 6,29 + ) C
{x € A: f(z) > a}. Theo két qua cta bai toan trude, suy ra f nua lién tuc
duéi.

Gia st f nta lién tuc duéi trén A. Ta sé chirarangtapz € A,: f(z) < a
déng trong A. Goi {z,} 1a diy cac diém cta tap hgp nay héi tu téi a. Khi
d6 f(x,) < a, va do d6, f(z) < lim f(z,) < a, suy ra z ciing 1a phan tl caa

n—oo

r € A: f(x) < a. Vay, ta da chiing minh ring tap nay la déng, hay tuong
duong, phan bu ctia n6 md trong A.
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1.4.23. Gia su f nua lién tuc dudi trén R, va dat B = {(z,y) € R* : y > f(z)}.
Ta phai chi ra ring B déng trong R2. Goi (z,,y,) 1a diy diém trong B hoi
tu t6i (zg,yo). Khi do6

Yo = lim y, > lim f(z,) > lim f(z) > f(zo).

ntooo n—00 T—T0

Tit d6, (x0,0) € B.

Bay gio, gia st rang B déng va f khong ntia lién tuc duéi tai z, € R. Khi
do, tap B¢ = {(z,y) € R: y < f()} m6 trong R? va ton tai diy {x,}, z, # 0,
héi tu t6i z¢ va sao cho y = li_)m f(zn) < f(xo). LAy g sao cho y < g < f(xy).
Khi d6 (0, g) thuoc B¢. Tu d%, tc%n tai hinh c4u tam tai (7o, g) chiia trong B.
Diéu nay c6 nghia v6i n du 16n, (o, g) thudc B¢, hay tuong duong, g < f(x,).
Vi vay, ¢ < y, mau thuan.

Nhéc lai rang f ntia lién tuc trén trén R néu va chi néu —f nta lién tuc
duéi trén R. Vay f ntia lién tuc trén trén R néu va chi néu tap {(z,y) € R?:
y < f(z)} dong trong R2.

1.4.24. [21]. Ta truéc hét chi ra rang f nta lién tuc dusi néu va chi néu ham
g(z) = 2 arctg f(z) nua lién tuc dusi. Dé lam vay, ta dung déc chung duge cho
trong 1.4.20. Gia st réing f ntia lién tuc duéi. Dé chiing minh ¢ cling nta lién
tuc dudi, chi can chi ra véi moi s6 thuc a, tap B = {z € A, 2 arctg f(z) > a}
mé trong A. Ro rang, néua < —1, thi B= A, vanéua > 1, thi B = (. Néu
la| < 1, thi B = {2 € A, f(z) > tg(2a)}; vAy n6 mé theo gia thiét. Bay gio
gia st rdng g nua lién tuc dudi. Khi d6 {z € A : g(z) > 2 arctga} md v6i moi
s0 thuc a. Do d6, tap {z € A : f(x) > a md.

Véin €N, a€ A, xac dinh ¢, ,, boi

Yan =g(a) +nlx —al, z€R,
va dat
gn<x) = ggg (Pa,n(x)'

R6 rang,
() < gnia(x) vél zeR
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9n(7) < @un(z) = g(7) z € A.
Tu d6, v6i mdi z € A, day {g,(z)} hoi tu. Bay gid, ta chiing minh ring ham
gn lién tuc trén R. Thuc vay, véi z, 2’ € R,
|Pan(T) — (Pa,n(x,” < nlr —a'|.
Suy rang
SOaJL(x/) —nlr — 33/| < an(r) < SOaJL(x/) + |z — x/"
Do d6
gn(@) = nlz — 2| < ga(x) < gn(a') + njz — 2|,

va vi vay tinh lién tuc cta g, dudc chiing minh. Suy ra ti trén rang véi
r € A, nh_)rgo gn(7) < g(z). Ta phai chiing minh rang 7}1_)120 gn(z) > g(x). Goi
r € A va goi a << g(z). Vi g ntia lién tuc duéi tai z, ton tai § > 0 sao cho
g(a) > anéu |z —a| <. T d6

(1) Pan(x) > gla) >a vl |z —al <o
Mt khéc,
(2) Pan(x) > —14+nd vl |z —al <9,

két hop véi (1) b

gn(z) = in£ Yan(z) > min{a, —1 4+ nd}.
ac

Vi vay, g,(z) > a véi n da 16n, va do d6 ta nhan duge lim g,(z) > a. Cudi
n—oo

cling,, chuyén qua giéi han khi a — g(z), ta ¢6 lim g,(z) < g(x).
n—oo

1.4.25. Suy ra tit dinh 1y Baire (xem bai toan trudc) rang ton tai diay giam
{fn} va day tang {g,} cac ham lién tuc hoi tu trén A t6i f va g,tuong Gng.
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e1(z) = fi(z), Y1(z) = inf{py(2), g1 ()},

n(7) = max{¢n_1(z), fu(z)}, Un(x) = inf{pn(z), gn(2)}-

Khi d6 {¢,} giam, béi vi cac bat ding thiic v, < ¢, va f, < @, suy ra

Pnt+1 = maX{i/)m fn+1} < max{?ﬂn, fn} < max{@m fn} = Pn-

Tuong tu, c6 thé chi ra rang v, tang. By gid quan sat rang day cac ham
lién tuc {p,} va ¥, ddeeuf hoi tu, chdng han té6i ¢ va 1, tuong tng. C6 thé
chi ra ring ¢(z) = max{y(z), f(z)} va (z) = min{p(z),g(z)} (xem, ching
han, I, 2.4.28). Vay néu ¢(z) # ¢(z) v6i x nao d6, thi p(z) = f(z); va tit dé
f(z) < g(z), ta cing ¢6 ¥ (z) = f(z), mau thuan. Vi vay, cac day {p,} va ¥,
c6 ciing gidi han, ching han f, sao cho f(z) < h(z) < g(z). Theo 1.4.18, h

nua lién tuc trén va nua lién tuc dudi, do dé lién tuc.

1.5 Tinh lién tuc déu

1.5.1.

(a) Ham c6 thé thac trién lién tuc trén [0,1]. Vi vay, f lién tuc déu trén
(0,1). Vi vay, f lién tuc déu trén (0, 1).

() Chu ¥ rang véin € N,

1 1
(@) ¢ (g |

o L__| ¢6 thé nhé tuy §. Do d6, ham lién tuc khéng déu

mac da onw 2nm+5
trén (0,1).

(c) Vi ton tai thac trién lién tuc cla f trén [0, 1], ham f lién tuc déu trén
(0,1).
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(d) Ta co
Flo) =1 (s )| = - e =1
Inn In(n+1)/| B
va | — m —. Tu d6, f khong lién tuc déu trén (0, 1).

(e) Vi 1im+ e~ = 0, ham c6 thé thac trién lién tuc trén [0,1]. Vay f lién
z—0

tuc déu trén (0, 1).

() Ham khong lién tuc déu trén (0, 1) bdi vi

1 1 1 1
— )= — = )| = eZnr T ir > 2 N.
‘f (27rn> f<27rn+7r)‘ emr hewrin > 2, ne

(g) Dé thdy raing ham khong lién tuc déu trén (0, 1), chd ¥ ring

/(&) ()l

(h) Quan sat rang

F () =7 (g )| = leos g +cos ] — 2
on mt1)| o T

Vay ham khong lién tuc déu trén (0, 1).

(i) Nhu trén, c6 thé chi ra ring ham khéng lién tuc déu trén (0,1).
1.5.2.

(a) Chung ta sé chi ra rang f lién tuc déu trén [0, +o00). Thuc vay, theo
bat ddng thiic

IVT1 — /Ta| < V/|x1 — 13| VOl 1,29 € [0,00)

ta co
ZL’1—£L'2’ <6 kéo theo ’\/1’1—\/1’2| < E.
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(b) Chu ¥y rang

1
f@2nm)— f <2n7r + —) — 2.
n n—oo
Vay f khong lién tuc déu trén [0, 0o).
() Vi
|sin® z; — sin® 25| = |sin@; — sin x| - [ sinz; + sin o] < 2|21 — 73],

ham lién tuc déu trén [0, c0).
(d) Ham khoéng lién tuc déu trén [0, 00) béi vi
‘f(\/Zmr) .y <2n7r + g)‘ =1

mic da |v2nt — /2nm + 5| — 0.

n—oo

(e) Ham khong lién tuc déu trén [0, c0). Thuc vay, suy ra ti tinh lién tuc

cua ham logorit rang

n n— 00

1
|Inn —In(n+1)] =In (1+—) — 0.

Ngoai ra,

|f(Inn) — f(In(n +1))] = 1.

(f) C6 thé chiing minh, nhu trong (d), ring ham khéng lién tuc déu trén
[0, 00).

(g) Vi

sin x1 — sin x»

9 S’xl_l’Q?

| sin(sinz;) — sin(sinxg)| < 2 |sin

f lién tuc déu trén [0, o).
(h) Chu ¥ réang
1

1 1 1
. 9 . .
sSin ( NI Sin o + o s 2n7r>

— sin 1.

n—0o0
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Do d6, ham khéong lién tuc déu trén [0, co).

(i) Quan sat rang

| sin \/Z1 — sin \/z3|
V11 ; VT2 o5 Y 331—;- VT2 < V1 — /13l

= |2sin

Bay gid li luan nhu trong (a), ta chiing minh dugc tinh lién tuc déu cua f.

1.5.3. Chiing ta sé& chting minh ring mlirg f(z) ton tai. Do tinh lién tuc déu,
v6i e > 0 cho truée, ton tai § > 0 sao cho |f(z1) — f(z2)| < € bat ct khi nao
|71 — 22| < 6. RO rang, néua <z, <a+dvaa<zy<a+d,thi|r — x| <4.
Suy ra rit dinh li Cauchy (xem, chdng han, 1.1.37) ring gi6i han trai caa f
tai a ton tai. Hoan toan tuong tu, c6 thé chiing minh ring giéi han phai ctua
f tai b ton tai.

1.5.4.

(a) Suy ra truc tiép tit dinh nghia cta tinh lién tuc déu ring téng cta hai

ham lién tuc déu cling 14 ham lién tuc déu.
(b) Néu f va g lién tuc déu trén khoang hiiu han (a,b), thi theo két qua
ctia bai toan trudc, cdc ham trén cé thé thac trién lién tuc trén [a,b).

Vi vay, f va g bi chan trén (a,b). Do d6, tinh lién tuc déu cua fg trén
[a,b] suy ra tit bat ding thiic

|f($1)g(331) - f($2)g(332)|
|f(@)llg(z1) — g(x2)| + [g(m2)|| f(21) — fFO22l-

Mat khac, cac ham f(z) = g(z) = = lién tuc déu trén [a,c0) nhung

f(x)g(x) = ? khong lién tuc déu trén khoang vo han.

(c) Theo (b), z — f(z)sinz lién tuc déu trén (a,b). Ham khong nhat thiét
lién tuc déu trén [a, o), nhu vi du trong 1.5.2(b) da chi ra.
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1.5.5.

(a) Véi e > 0 cho trude, ton tai & > 0 va d; > 0 sao cho |f(z1) — f(b)| < £

néu 0 < b—axy < 2 va|f(zs) — f(b)] < £néul < a,—b< 2 Dit

(52 = min{51, 52}, ta co
(1) |f(£L’1) — f(l‘g)’ < e néu ’1}1 — £L’2| < 0.

Véi x1,25 € (a,b] hodc x1,25 € [b,¢), (1) duge thoa man véi s6 duong
0 > 0 nao doé.

(b) Khong. Cho A =Nva B ={n+1:n¢cN}, va xét ham f xac dinh béi

f(:c):{l néu z €A,

2 néu z € B.

1.5.6. Né&u f 12 ham héng, thi né lién tuc déu trén R. Néu f 14 ham tuan
hoan khac ham héng, thi chu ky cd ban 7 ctia né ton tai (xem 1.2.23). R&
rang, f lién tuc déu trén méi khoang kT, (k + 1)T),k € Z. Vay, nhu trong
161 giai caa 1.5.5(a), c6 thé ching minh rang f lién tuc déu trén R.

1.5.7.

(a) Dat lim f(x)=1va xl~i>{noo f(z) = L. Khi d6, véi € > 0 cho trudc, ton tai
A > 0sao cho |f(z) -] < §véiz c Ava |f(z) -] < § v6iz < A
Tu day, suy ra rang néu z;,z, € [A,00) hodc x1,25 € (—o0, —A], thi
|f(x1) — f(z2)] < e. RG rang, f lién tuc déu trén [—A, A]. Cudi cung,

nhu trong 16i giai ctal.5.5(a), c6 thé chi ra réng f lién tuc déu trén R.
(b) Chiing minh tuong tu nhu trong (a).
1.5.8. Chi can ap dung két qua trong bai toan truéc.

1.5.9. lim f(z) khong nhat thiét ton tai. Dé thay diéu nay, xét ham trong
T—r00
1.5.2(c). Gi6i han lim f() ton tai (xem 1.5.3).
z—0
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1.5.10. Gia st rdng I = (a,b) 1a khodng bi chin va, ching han, f don
diéu tang. Khi d6, nhu trong 1.1.35, c6 thé chiing minh ring lim+ flz) =
Tr—a

inf f(z) va lim f(z) = sup f(z). Do @6, f c6 thé thac trién lién tuc trén
z€(a,b) Tz—b~ z€(a,b)
[a,b]. Vay né lién tuc déu trén (a,b). Néu khoang I khong bi chin, thi cac

gi6i han lim f(x) va/hodc lim f(z) ton tai va hitu han. Theo 1.5.7, f lién
—00 T——00

tuc déu trén I.

1.5.11. Khong. Ham sau day lién tuc déu trén [0, +oo) nhung giéi han

lim f(z) khong ton tai :

Tr—00

(1 voi z € [0,1],
—x 42 vol z € [1,2],

fla) = z—n(n+1) v6i z € [n(n+1),(n+ 1),
—z+(+1)(n+2) 6 z€n(n+1),(n+1)%,

1.5.12. Goi € > 0 tuy y c6 dinh. Chon § > 0 sao cho véi z,2’' <0

z— 2| <& kéotheo |f(z)— f(z') < %
Goi x1,Zs,... 2 12 cac diém trong khoang [0,1] sao cho véi moi z € [0, 1],
ton tai z; dé |z — 25| < 8. Vi lim f(z; +n) =0 v6ii = 1,2,... k. Gia st
n—oo

T >ng+1va dit n = [r]. Khi d6, ton tai z; sao cho |z — (n+z;)| < 6. Suy ra
rang
[f(@)] < [f(2) = f(zi +n)| + | f(zi +n)| <e.

1.5.13. Do tinh lién tuc déu cta f trén [1,00), ton tai § > 0 sao cho |f(x) —
f(z')] < 1néu |z — 2| <. Moiz > 1 cothé viet dudi dangz =1+nd+7, 8
day n e NU{0} va 0 <r < 4. Tu do

|f@)] < [fO+f(z) = FOI < O]+ (n+1).
Chia cho z, ¢6

fraci o)l < LOIEGHD) _J70) +2

M.
T )
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1.5.14. Nhu trong 1oi gidi cia bai toan trude, ta tim § > 0 sao cho néu
x =mnd+r, thi v6i moi u > 0

If(x +u)— f(u)] <n+1

Vi vay, | )
r4u) — f(u n
X +:r4)—1 s = 1—1—7;;4—7“ Sg:M'

1.5.15. Gia st {z,} 1a day Cauchy gém cac phan tl trong A; tiic 13, v6i § > 0
cho truéc, ton tai ng € N sao cho |z, — z,,| < § v6i n,m > ny. Do tinh lién
tuc déu ctia £, véi e > 0 cho trude, ton tai . > 0 sao cho |f(z,) — f(zm)| < €
néu |z, — z,,| < d.. Vay {f(z,)} 1a day Cauchy.

1.5.16. Gia st ngugc lai, rang f khong lién tuc déu trén A. Vay, c6 ¢ > 0 sao
cho vé6i moi s6 nguyén duong n, ton tai x, va 2/, trong A sao cho |z, — 2| < %
f(xn) — f(z)| > e. Vi A bi chan, ton tai day con héi tu {z,, } cta {z,}.
Suy tit trén rang day {z), } hoi tu t6i cung gi6i han. Vi vay, day {2} véi cac

va

~ / /
S0 hang Tnys Tpgs Tngs Ty - - -

s Ty, T, 5 - - - DO1 tu, va vi vay, né la day Cauchy.
Nhung |f(zn, — f(z;,)| > €, va nhu vay {f(z)} khéng la day Cauchy. Mau
thuln.

Tinh bi chin ctia A 14 khong bé duge. D& thay diéu nay, xét ham f(z) = 22

trén (0, 00).

1.5.17. Diéu kién can suy truc tiép ti dinh nghia cta tinh lién tuc déu. Bay
gio, gia st riang diéu kién da cho duge thoa man va f khéong lién tuc déu
trén A. Khi d6, tén tai € > 0 sao cho v6i moi s6 nguyén duong n, ton tai z,

va y, trong A sao cho |z, — y,| < * va |f(z,) — f(y,)| > €, mau thuan.
Y g Y " Y

1.5.18. Khong. Xac dinh ham f bang cach dat

( vél € [0,2],

v6i x=mn,n>2,
vil x:n+%,n22
z—n+ i véi z € (nn+2),n>2

e (r—n—7)+ r€(m+int1),n>2

fz) =

303 |-

S
<
Q
=
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Ham f lién tuc trén (0,00), lim f(z) =0 va 111%1+ f(z) =1. Suy tu 1.5.7 réng
T—00 xr—

f lién tuc déu trén (0, c0). Tuy nhién,

lim ——2~ =

n—o0 f(n)
1.5.19. Do tinh lién tuc ctia f tai 0, véi e > 0, ton tai § > 0 sao cho |f(x)| < ¢
v6i |z| < 6. Tt d6, tinh cong tinh dudi ctia f suy ra rang, véi z € R va [t| < 4,

fla+t) = fl@) < ft) <e  f(@)—fla+t) < f(-t) <e.
Do d6, |f(z +t) — f(z)| < &, suy ra tinh lién tuc déu cua f trén R.
1.5.20. Quan sat ring w; don diéu ting trén (0, 00). Vay (xem 1.1.35)

li 0) = inf w¢(d) > 0.
Jim wr(0) = infuwr(0) 2
Néu lims_,o+ wy(6) = 0, thi véi e > 0, ton tai § > 0 sao cho w;(§) < . Do do,

néu |z; — x| < 4, thi |f(z1) — f(z2)|] < wy(d) < e. Diéu nay c6 nghia f lién

tuc déu trén A.

Bay gid gia st rang f lién tuc déu trén A. Khi d6, véie > 0, ton tai 6y > 0
sao cho |f(z1) — f(x2)| < € V61 |21 — m3| < dp. Tu do, Jl_i>r[1)n+ w(do) < e. Do tinh
tuy y cua € > 0, ta c6 6llrgl+ we(0) = 0.

1.5.21. R6 rang, chi can chiing minh (b) suy ra (a). LAy € > 0 ¢ dinh tuy y.
Vi fg lién tuc tai 0, tén tai §; > 0 sao cho

2] <é1 ko theo |f(a)g(x) = F(0)g(0)| < 5.

Vay, néu |z1| < §; va |z2] < da, thi |f(z1)g(z1) — f(z2)g(z2)] < e. VO |z1] > b1,

ta co

|f(z1)g(w1) — f(22)g(z2)|

sﬁﬁﬂ@Mﬂm>—ﬂ@n+uummmn—mm»
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Do dé,

|f(331)9(331) - f($2)9(332)|
< 9@ 1 () — Jaal fla)] + £ (e2)lla) — @)

|21
+1f(z2)l|g(z1) — g(2)]-

Két hop véi két qua trong 1.5.13, ¢

|f(z1)g(z1) — f(22)g(z2)| < M|z1|f (1) — |32| f(202)]
+ML|zy — 22| + L|g(z1) — g(z2)],

M:sup{M ;x| 251},
1= max {sup () <ol < 1) sup { LD oy > )

]

Vay két qua can chting minh suy ra ti tinh lién tuc déu cta g(z) va |z|f(z)
trén R.

1.5.22. Gia st rang f lién tuc déu trén I. Khi d6, véi € > 0 cho trudc, ton
tal 6 > 0 sao cho

(i) |zy — 23] < kéotheo |f(z1)— f(z2)| <e.

Ta sé chting minh réng véi € > 0 cho trudc, ton tai N > 0 sao cho véi moi
r1,Ty € I, 11 # Ty,

f(z1) — f(z2)

1 — T2

(ii) > N kéo theo |[f(z1)— f(xq)| <e.

RO rang, phép kéo theo nay tuong duong véi

f(z1) — f(z2)

1 — T2

< N.

|f(z1) — f(z2)] > ¢ kéo theo ‘
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Theo (i), néu | f(z1)— f(22)| > ¢, thi |z; — 25| > 6. Khong mat tdng quat, c6 thé
gid st rang z; < 12 va f(z1) < f(22). Vi f(z2)— f(z1) > &, tdn tain € [, 2¢] va
mot s6 duong k sao cho f(z2) = f(z1)+ kn. Bay gio, ti tinh chat gia tri trung
gian cla f trén khoang [z;,z,], suy ra ton tai o1 = 29 < z; < -+ < 2, = To
sao cho f(z) = f(x1) +in,i=1,2,... k. Tacd |f(z) — f(zi_1)| =n > ¢, vay
|z — zi-1| > 0. Dat N = 2, ta nhan dugc

‘f(fﬂl)—f(ﬂb) S K _

1 — T2

Bay gio gia st (ii) dudc thoa man. Khi d6, véi € > 0 cho truée, ton tai N > 0

sao cho
f(z) — flz) > ¢ Kéotheo |[TENZI@))
T — To
Do do,
|f(xz1) — f(z2)] > ¢ kéotheo |z —zo| > %

£

Diéu nay c6 nghia rang (1) dugc thoa man véi § = .

1.6 Phuong trinh ham

1.6.1. R6 rang, ham f(z) = z lién tuc va thoa man phuong trinh ham
Cauchy. Ta chiing minh rang phuong trinh nay khéng c6 nghiém nao khac.

Trudc hét quan sat rang néu f thoa man

(1) flx+y) = f(z)+ fly) véi =z,y€cR,

thi f(2z) = 2f(z) v6i = € R. C6 thé chiing minh bing quy nap ring véi
n € N,

2) f(nz) =nf(z).
Néu trong (2), thay z bdi £, ta nhan dugc

1
€ F(5)==~f@).
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Néu r = , 0 day p,q € N, thi (2) va (3) suy ra

@ fra) = f (2) —of (1) = D) = rf(a).

q
Suy ra tl (2) rang £(0) = 0. Két hop véi (1), ta duge 0 = £(0) = f(z)+ f(—2),
hay néi cach khac, f(—x) = —f(z). Vay, theo (4), ta ¢c6 —rf(z) = f(—rz) =
—f(rz) v6i moi s6 hitu ty am r. T d6, v6i moi s6 thuc «, ton tai day {r,}
cic s hitu ty hoi tu t6i o, va vi f lién tuc, theo (4) ta c6

flaz) = f(lim r,z) = lim f(r,z) = li_)m rof(x) = af(x).

n—o0 neoo

bit z = 1, duge f(a) = af(1). Do do, f(x) = az, 6 day a = f(1).
1.6.2.

(a) Ta sé chting minh ring néu f lién tuc tai it nhat mot diém va thoa
man phuong trinh ham Cauchy, thi né lién tuc trén R. Vay, khang
dinh suy ra ti bai toan trude. RO rang, néu f thoa mian phuong trinh
ham Cauchy cac déng thic (2)-(4) trong 15i giai ctia 1.6.1 dung. ta trude
hét chi ra ring tinh lién tuc cta f tai mot diém z, kéo theo ttinh lién
tuc tai 0. Thuc vay, néu {z,} 1a day hoi tu t6i 0, thi {z, + x¢} hoi tu té6i
zo. Ngoai ra, suy ra tit ddng thic

f(zn +0) = f(2n) + f(20)

va ti tinh lién tuc cta f tai o rang lim f(z,) = 0 = £(0). Bay gio,
néu x 1a s6 thuc tuy y va {z,} hoi tunt?c’ioiox thi {z,, — =} hoi tu t6i 0.
Déng thic f(z, — z) = f(z,) — f(z) va tinh lién tuc cta f tai 0 suy ra

(b) Ta trude hét chi ra rang néu f thod man phuong trinh ham Cauchy
va bi chin trén trong khoang (a,b), thi n6 bi chan trong moi khoang

(—e,€), e > 0. D€ lam vay, xét ham

g(x) = f(x) = f(V)z, z € R.
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R6 rang, g thoa man phuong trinh ham Cauchy, va suy tu 16i gidi caa
1.6.1 rdng g(r) = 0 véi r € Q. Véi z € (—¢,¢), c6 thé tim duge s6 hitu
ty r sao cho z +r € (a,b). Khi d6, g(z) = g(z) + g(r) = gz +r) =
f(x+7)— f(1)(z +r), suy ra bi chin trong khoang (—¢,¢), va do do, f
cing vay. Vi f(—z) = —f(z), f bi chan dudi trong (—e,¢). Bay gig, ta
phai chi ra f lién tuc tai 0. Goi {z,} 1a day hdi tu t6i khong, va chon
day {r,} céc s6 hitu ty phan ky t6i +oo sao cho lim z,r, = 0. Khi do,

n—oo

day {|f(rnz,)|} bi chan trén, ching han béi M, va

1 1 M
el = |7 ()| = 5] < 2

n n n

Tu do, li_)m f(z,) = 0= f(0). Vay khang dinh cta ta suy tu (a).

(¢) Gia st, ching han, ring f don diéu tiang. Suy ti (2)—(4) trong 15i giai
cua 1.6.1 rang véi —< <z < 1,

1 1
—f(1) < < —f(1).
L) < fa) < ()
Vay f lién tuc tai 0, va doi hoi cua ta suy ti (a).

1.6.3. Quan sat rng f(z) = f*(%) > 0. Néu f nhan gia tri 0 tai z,, thi do
f(x+y) = f(2)f(y), f s& dong nhat bing 0, mau thuin véi f(1) > 0. Vay f
ducng trén R va ham g(z) = In f(z) lién tuc va thoa man phuong trinh ham
Cauchy. Suy ra ti 1.6.1 rang g(z) = ar, 6 ddy a = g(1) = In f(1). Tu d6,
f(z) =0", x € R, v61 b= f(1).

1.6.4. Vi x,y € (0,00), chon ¢,s € R sao cho x = e’ va y = e*. Dinh nghia ¢
theo cong thtc g(t) = f(e'). Khi d6, g(t + s) = g(t) + g(s) v6i t, s € R, va theo
1.6.1, g(t) = at. Vay, f(z) =alnz = log,z, § day b = ex.

1.6.5. Nhu trong 16i giai cua bai toan trude, véi z,y € (0,00), tachont,s € R
saocho z = €',y = ¢°. Tiép theo, ta xac dinh ham g bang cach dit g(t) = f(e?).
Khi d6 f thoa man phuong trinh da cho néu va chi néu g(t +s) = g(t) + g(s)
v6it,s € R. Suy ra ti 1.6.3 rang g(t) = a’. T d6, f(z) = a™* = 2%, § day

b=Ina.
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1.6.6. Néu f lién tuc trén R va f(z) — f(y) hitu ty v6i moi z — y hiiu ty, thi
g(z) = f(z+1)— f(x) lién tuc va gia su ¢ji nhan gia tri hitu ty. Suy ra ti tinh
chat gia tri trung gian rang g 1a ham hang. Dat f(z +1) — f(z) = ¢, ¢ € Q.
Néu f(0) = r, thi f(1) = r + ¢, va theo quy nap, f(n) = ng+r,n € N.
Do f(z) = f(x + 1) — ¢, ta nhan dugc f(—1) = —¢ + r, va theo quy nap,
f(=n) = —ng+r,n € N. V6i s6 hitu ty p = £, ham f(z + p) — f(z) cang
12 ham hing. Goi f(z + p) = f(z) + §. Nhu trén, c6 thé chiing minh rang
f(kp) = kg + r v6i k € N. Noi riéng, f(n) = f(mq) = mqg + r. Méat khac,
f(n) =ng+r. Tuds, § = Zqva f (%) =q+r. Vipco thé chon tuy ¥,
f(z) = gz +r véi z € Q. Tinh lién tuc ctia f suy ra rang f dugc xac dinh bdi
cong thic nay v6i moi = € R.

1.6.7. Quan sat rang f(0) = 0. Ngoai ra, véi z € R, ta c6

f@) = —f(qz) = f(z) = — ().

C6 thé chiing minh bing quy nap rang f(z) = (—=1)"f(¢"z). Cho n — oo va
st dung tinh lién tuc cua f tai 0, ta ¢6 f(xz) = 0. Vay chi ¢6 duy nhat ham
dong nh4t bang 0 thoa man phuong trinh da cho.

1.6.8. Ta c6 f(0) =0 va

F@) = —f <§x) i ((;)235) —§x+x.

C6 thé chiing minh bing quy nap ring véi n € N,

s =cars ((3) o) + o (g) T P

Bay gid, ta chuyén qua gi6i han khi n — oo va st dung tinh lién tuc ctaa f

tai 0, thu duge f(z) = 2z.
1.6.9. Néu trong phuong trinh, dit y = 2z, ta c6

f()_lfl RN SYA VAT T
YV=5/\3Y) T ¥ =/ Y] Ty T3
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C6 thé ching minh bing quy nap ring
1 1 1 1 1
f(y):2—nf (%y) +2ﬁy+my+"'+§
Cho n — oo va st dung f(0) = 0 va f lién tuc tai 0, ta k&t luan riang
fly) = 3v.
1.6.10. Dat f(0) = c¢. Trong phuong trinh Jensen, ta cé

F(E) = [0S0 fo)re

B 2 T2

Y.

Tu do,

f@)+1W) _ (:v+y) _flaty)+e
2 2 2 ’
suy ra f(z) + f(y) = f(z +y) + c¢. Bay gio, dat g(z) = f(z) —c. Khi d6 g
thoa man phuong trinh Cauchy (xem 1.6.1). Vi vay, g(z) = az, hay néi cach
khac, f(z) = ax + c.

1.6.11. Truéc hét, ta chi ra rang f tuyén tinh trén mdi khoang con déng
[, 8] cua (a,b). Theo phuong trinh Jensen,

(ot 50 @) = @)+ 50) - fta).

2
Hon nia,
o ats
f(a+i(ﬁ—a)) - f( i )
1 1. (fa+p
- 3@ +57(*57)
= f(0) + 3(F(5) ~ f())
va

f(a+§<ﬂ—a>> _ f(%ﬂ+l(a+%(ﬁ—a))>

2
1 1 1
— 31+ 31 (a+30-a)
= f(0) +2((5) - f())
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Bay gid, ta chting minh bang quy nap rang

k k
(ot 0= ) = @) + 5o (£0) - fla)
véi k=1,2,3,...,2" van € N. Gia st ddng thtc ddng v6i m < n, ta ching

minh réng né ddng cho n + 1. Thuc vay, néu k =2[, 1 =0,1,...,2", thi theo
gia thiét quy nap,

ot gmtr-a) = 7(at50-a)

Tuong ty, néu k=21 +1,1=0,1,...,2" — 1, thi
k [ l
ot gm-) = 1(5 (0 g=0-0)+3(a+56-0))
[ [
= 3 (o o =) + 57 (ot 35— )
k
= f(0) + 5 (F(8) ~ f(@).

Vi cac s6 2% tao thanh tap trd mat trong [0, 1], tinh lién tuc cua f suy ra
rang

fla+t(B —a)) = fla) +t(f(B) — f(a)) v6i te[0,1].
bat z = a +t(8 — «), duge

Bay gio quan sat rang véi gia thiét cta ta, cac giéi han mot phia cia f tai a
va b ton tai. That vay, ching han, ta c6

ylirg@zfcgb) —f(;) véi x € (a,b).
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RO rang,

o0

(a,b) = U [, — Bl

n=1
& day {a,} 1a day giam cac diém trong (a,b) hoi tu téi a, va {3,} 1a day tang
cac diém ctia khodng nay hdi tu téi b. Vay véi = € (a,b), tén tai ng € N sao

cho z € [, B,] v6i moi n > ng. Suy ra riang

f(Bn) — flam)

)= fla,)+ Tr— Q).
) = ftan) + L g
Néu cho n — oo, ta ¢
b)) — f(a*t
1) = ) + T H  )
1.6.12. V61 x € R, dat
Ty =2 va xn+1:xn_1,n:1,2,3,....

Khi @6, lim z,, = —1 va f(z,) = f(22441), n € N. Tu d6, f(z) = f(z,). Cho
n—oo

n — oo, ta thay rang f(x) = f(—1). Vay chi c6 ham hing thod méan gia thiét

cua ta.

1.6.13. Chu y ring g(z) = f(z) — %2? lién tuc trén R va thod man phuong

trinh ham Cauchy (xem 1.6.1). Vay g(z) = g(1)z, suy ra

_ %2 _ ¢ 5i
f(x) 5% (f(l) 2)3; vél z e R.
1.6.14. Theo gi& thiét,
1 1
N =f(-2=—Z == f(0
s =1 (-5=-z==10)
Ngoai ra, v6i t #0,—1,—3,—3,..., ta co

=1 () =1 (5) =7 () =

Vi lim —%— =0, tinh lién tuc cta f tai 0 suy ra rang f(¢t) = f(0). Vay nghiém

n—oo M1

duy nhét ctia phuong trinh da cho 14 cac ham hang.
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1.6.15. Khong. Thuc ra, ¢6 nhiéu ham nhu vay. Véi a € (0,1), goi g 12 ham
lién tuc tu [0, a] va [a,1]. Khi d6, ham f duge xac dinh béi

f(a) = {g(a;) vél z € [0,q],

g i(z) v6i z€(a,l],
6 day ¢! 1a nghich dao ctaa g, c6 tinh chit nhu trong bai toan.

1.6.16. Gia st ngugc lai rang ton tai yo € R sao cho |g(yo)| = a < 1. Dat
M = sup{|f(z)| : # € R}. Theo dinh nghia ctia supremum, ton tai 7, € R sao
cho | f(zo)| > 2. Theo gia thiét,

|f(@o + o)l + [f(@o — o)l = [f(@o+ o) + flwo—10)|
M
= 2[f(z0)llg(vo)| > 27“ =2M.
Tu do, |f(xo + yo)| > M hodc |f(xo — yo)| > M, mAu thuln.

1.6.17. Chu ¥ riang g(z) = f(z)e~® thod méan phuong trinh ham Cauchy. Suy
ra ti 1.6.1 rang f(z) = aze®.

1.6.18. Theo gia thiét, f(0) =0 va f(2z) = (f(z))?. Bing quy nap,
- (G- @) - )

f(5) = Vi),

Néu f(z) > 0, thi chuyén qua giéi han khi n — oo, ta nhan duge 0 = 1, mau

Tu do,

thuln. Vay, chi c6 ham déng nhat bang 0 thoa man phuong trinh da cho.

1.6.19. Thay = bdi =+ trong

Q) .ﬂ@+f<x;1>=1+x

dudgc
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Tiép tuc thay = béi —L trong (i), ta nhan dugc

—1 T — 2
(ii1) f(ﬁ)+f(x)_x—1‘
Cong (i) véi (iii) roi tru di (i), c6
r—2 2zr-—1
2 =1 — .
f(x) +z+ o] .
Tu do,
-2 -1
fz) = 20(z—1)

C6 thé kiém tra d& dang ring ham nay tthoa man phuong trinh ham da cho.

1.6.20. Vi cac so thuc z va y, x4c dinh {z,} nhu sau : a9, 1 = = va Top =
y, k=1,2,.... Khi d6 déng thic f(C — lim z,) = C — lim f(x,) kéo theo
n—oo n—oo

F (lim n:r—{—ny) — im nf(z) +nf(y)

n—00 277, ’

n—oo n

tic 1a f thod man phuong trinh Jensen f (&%) = w Nhu trong 161
giai cta 1.6.11, ¢6 thé chi ra ring

. k k

(i) Fletgely—2)) =)+ 5 (fly) = f(2)

véi k=0,1,2,3,...,2" van € N. Véi t € [0,1], c6 thé tim day {&} hoi tu téi
t. Vi moi day hoi tu ciing 1a hoi tu Cesaro (t6i cung gi6i han), ddy véi cac s6
hang z, = = + ';—Z(y — ) hoi tu theo nghia Cesaro. Theo (i) day {f(z,)} hoi
tu téi f(x) +t(f(y) — f(z)). Do do,

[l +t(y —2)) = f(2) +t(f(y) - f(2))

Suy ra tir 1.2.33 rang f lién tuc trén R. Két hgp véi 1.6.10, diéu nay chi ra
rang f(z) = az + c.
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1.6.21. Vi f(2z — f(z)) = z va f 1a don anh, ta ¢6 f~(z) = 2z — f(z). Vay

(i) fl@)—z=z— ().

Véi x4 € [0, 1], x4c dinh bang dé quy day {z,} bdi z, = f(z,_1). Suy ra tu (i)
réng Tp — Tp—1 = Tp-1 — Tp-2. Vi Véy’ Tp = To + n(xl - xO)' Vi |xn - ':UO| <1,

ta c6 |z — 29| < L véin € N. Do d6, f(zo) = 21 = 0.

1.6.22. Ta sé chiing minh riang cac nghiém lién tuc duy nhat ciia phuong
trinh da cho 1a cac ham f(x) = m(z — ¢). Néu g(z) = 2z — %x), thi g lién tuc

va
(i) g9(g9(x)) =2g9(z) —x v6i z€R.

Vay g 12 ham mot-mot. Thuc vay, néu g(x;) = g(z2), thi ta c6 g(g(z1)) =
g(g(z2)), suy ra r; = x5. Theo két qua trong 1.3.16, g hoic ting thuc sy,
hoidc giam thuc su trén R. Ta sé chiing minh rang trudng hgp trude xay ra.
Theo (1),

(i) 9(9(z)) —g(z) = g(z) —x véi z€R.

Néu g gidm ngit, thi véi z; < zy, ta c6 g(z1) > g(x2), va do d6, g(g(z1)) <
g(g(x9)). Mat khac, (i1) suy ra

9(9(z1)) — g(z1) = g(z1) — 21,  9(9(72)) — g(z2) = g(2) — T2,

mAu thuln.

Tu (i), suy ra bang quy nap rang
g"(x) =ng(z) — (n—1)z vé1 n>1,

g"(z)

G day g¢" ki hiéu phép lip thia n caa g. Tu do6, lim = g(z) — z. Ngoai ra,

n—oo

(iii) 9"(z) — 9"(0) = n(g(z) — 2 — g(0)) + =
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Vay, cho n — oo va dung tinh don diéu cua g, ta c6

gz) <z +g(0) véi =<0,
(1)

g(x) >z +g(0) véi z>0.
suy ra g(R) = R. Vi vay, ham ngugc ¢'(x) duge xac dinh trén R. Trong (i),
thay = béi g'(¢g7'(y)), ta thay ¢~ (97'(y)) = 29 '(y) —y. Vig~' thod man
(i), c6 thé chiing minh bing phucng phap tuong tu rang

9 "(y) =9 "0)=nlg"(y) —y—9 "(0) +y.
Tiép theo, chuyén qua gi6i han khi n — oo, ta ¢6 (nhu trén)

2) 9 ) <y+g97'(0) véi y <O,

g y)>y+g0) véi y>0.
Bay gio, ta chiing minh ring ¢=*(0) = —¢(0). Thay z bdi g~!(y) trong (ii), ta
dudc

suy ra g~(0) = —g(0).

Gia stt, chéng han, ring g(0) > 0. Khi d6, g(z) > 0 véi z > 0. Theo (2), véi
y = g(z) >0, ta thay z > g(z) + g7 1(0) = g(z) — g(0). Vay theo (1), véi = > 0,
ta nhan duge g(z) = z+¢(0). Vig=1(0) <0, tacé g '(y) <0 véiy <0, va nhu
trén, ta c6 thé chiing minh ring g~'(y) = y+g¢~1(0), tic 1a g(z) = =+ ¢(0) véi
z < 0. Vay, g(z) = = + ¢g(0) hay tuong duong, f(x) = m(z — g(0)) véi z € R.

1.6.23. D& kiém tra ring cac ham da cho thod mén cac diéu kién ctua bai
toan. BAy gid, ta sé chiing minh riang khong con nghiém nao khac. Néu
trong phuong trinh

(i) flx+y)+ fly—z)=2f(2)f(y)

ta dat x = 0 va y sao cho f(y) # 0, taco f(0) = 1. LAy y = 0 trong (i), ta thay
rang f(zr) = f(—z), tdc f 12 ham chdn. Do f lién tuc va f(0) = 1, ton tai
khoang [0, ¢] ma trén d6 ham nhan gia tri dusng. Ching ta xét hai truong
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hop : f(c) < 1va f(c) > 1. Truong hgp thit nhat, ton tai 6, 0 < § < Z, sao
cho f(c) = cosf. Bay gio, viét lai (i) dué6i dang
fly+z)=2f(x)f(y) — fly —2).

Thay 1an lugt z = ¢,y = c va 2 = ¢,y = 2¢ dudge f(2c) = 2cos? —1 = cos 20 va
f(3¢) = 2cosfcos20 — cos§ = cos 30. C6 thé chiing minh bing quy nap ring
f(nc) = cosnf Bay gio, ap dung (i) véi z = y = § dugc

(f (E))Q _ SO+ f(e)  1+cosh cos? (th;ta) ‘

2 2 2

Vi f (%) va cos (g) duong, phuong trinh cudi ciing suy ra rang f (%) = cos (g)
va bang quy nap f (%) = cos (&) véi n € N. Néu ta bat dau véi phuong

trinh f(nc) = cosné va lap lai thua tuc trén, ta nhan duge
mc mo .
f(—) =cos | — v6i m,n € N.
2n 2n
Vay f(cx) = cosbx v6i x = 2&. Vi tap céc s6 dang £, m,n € N, 1a tap con tru

mat cia R, tinh lién tuc cla f suy ra riang f(cx) = cosfx véixz > 0. Vi f
0

Truong hop f(x) > 1, ton tai 6 sao cho f(c) = coshf. DE chi ra ring
f(z) = cosh(ax), li lun tuong ty nhu truong hgp trén.

chin, ding thic ciing ding véi z Am. Cubi cung, f(z) = cosax véi a =

1.6.24. Néu ta dit x = tanhu, y = tanh v, thi

r+y  tanhu+tanhv
l+2y 1+ tanhutanhv

= tanh(u + v).

Vi vay, phuong trinh g(u) = f(tanhy) thoa man phuong trinh ham Cauchy
(xem 1.6.1) va lién tuc trén R. Do d6, g(u) = au. Tu d6, f(z) = 3aln 2= véi

11—z
lz| < 1.

1.6.25. Gia st P khong dong nhat bing 0 va thod mén phuong trinh. Dat
Q(z) = P(1—z). Khi d6, Q(1 —z) = P(z), va phuong trinh da cho c6 thé viét
lai 12 Q((1 — 2)?) = (Q(z))* hay

(i) Q(2?) = (Q(z))* véi = €R.
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Néu @ khong 1a don thtc, thi né c6 dang Q(z) = ¥ + 2™R(z), 6 day a #
0,m,k >0, va R la da thtc sao cho R(0) # 0. V6i @ nhu vay, theo (i),

% 1+ 2®R(2?) = a*2® + 2a2" ™ R(z) + 2¥" R (7).

Dong nhat hé s ctia cac luy thitta nhu nhau, ta ¢6 Q(z) = az*, a #0vaa = 1.
Do d6, P(x) = (1 —z)* v6i k € NU{0}. RS rang, ham dong nhat bang khong
cling thoa man phuong trinh da cho.

1.6.26. [S. Kotz, Amer. Math. Monthly 72 (1965), 1072-1075]. D& don gian
ki hiéu, ta s& viét f™(x;) thay vi (f(x;))™. Néu trong phuong trinh

n

: 1 - 1<,
(i) f<5;xi ) =5;f (2:)
tadatz; =c¢,i=1,2,... ,n,tacod

(ii) f(™) = 1"(0).

Néi riéng, f(1) = f™(1), suy ra f(1) = 0 hoac f(1) = 1; hoac f(1) = —1 trong
truong hgp n 1é. Cling nhu vay, f(0) = 0 hodc f(0) = 1, f(0) = —1 néu m 1é.
bat c = x%, x > 0, trong (i1), ta nhan dudgc

1 1
f(27) = £7(@).
Thay z; béi 2" trong (i) va dung ding thtc cudi cting, ta c6
(i) FEs ) =2 ) = 25 i
nizli _nizl i _nizl o

Noéi riéng, véi z3 =24 =--- = x,, = 0,

n

F(BEE = 2t + e + 22 10).

Néu trong (iii), ta déit zo = 23 = ... = 2, = 0, va thay z; bdi z; + 25, ta ¢

n

f<a:1+332 :%f($1+$2)+n;1f(0)).
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Do dé,
f(z1 +22) = f(1) + f(x2) — £(0).

Vay, ham g(z) = f(z) — f(0) thao man phuong trinh ham Cauchy va lién tuc
tai it nhat mot diém. Theo két qua trong 1.6.2, g(z) = ax véi z > 0. Vay

f(z)=ax+0b, 6day a= f(1)— f(0), b= f(0).

Suy ra tit trén rang b = 0 hoéc b = 1; hay thém vao d6, néu m 18, b = —1.

Vay, céc gia tri c6 thé duy nhét cta a 1a —2, —1,0, 1 hodc 2. D& kiém tra ring

va, vél m 1é

14 cidc nghiém duy nhAt.
1.6.27. Néu f thoa man diéu kién da cho, thi véi moi s thuc a, b, b # 0,
fla+b) = f((ab 2+ 2)(z7'b) = flab ™ 2+ 2)f(27'b)
= (f(ab™'2) + f(2))f(27'b) = f(a) + f(b).

T d6 f(0) =0 va f(—z) = —f(x). Ngoai ra, f(n) = nf(1) v6i moi s6 nguyén
n. Néu f khéng déng nhat bang 0, thi tén tai ¢ sao cho f(c) # 0. Nhung
fle) = f()f(c), vay f(1) = 1. Néu z # 0, thi 1 = f(z)f(z™1), va do do,
0+# f(x) = (f(z71))"!. T trén suy ra véi cac s6 nguyén p va q # 0,

floa )= f)f(a) =f)(fl@) " =pg "

Chd ¥ rang v6i z > 0, ta ¢6 f(z) = (f(v/7))? > 0. Vay néu y — = > 0, thi
fly—=z) = f(y) — f(z) > 0. Diéu nay c6 nghia f la don diéu thyc sy, va
f(z) =z néu z € Q. Suy ra ring f(r) = x véi z € R.

1.6.28. Ham f c6 dang

(i) f()=g(z) —g (—) :
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6 day g 1a ham thuc bat ky trén R C {0}, thod man phuong trinh ham da
cho. Mt khéc, néu f thoa mén phuong trinh da cho, thi

@) - f()

Tdc la f ¢6 dang (i).

1.6.29. Quan sat rang néu f thoa man phuong tring ham da cho va néu ta

e 1 1 1 1
o0 =3 (f@+7(3)) wa=5(r0-1(3)),

thi cdc ham g va h ¢6 tinh chat sau day :

0 o0 =a(3).

(i) hz) = —h (1>  h(@) + R2x) =0, h(—z) = h(z).

x

Bay gio chd y rdng néu g va h thod man (i) va (i), thi f=g+h thoa man

phuong trinh ham da cho. Vay ta can tim cac ham g va h. Nhu trong 16i
gidi ctia bai toan trude, c6 tthé chi ra rding mo ham thod man (i) c6 dang

1

o) = k(a) £ (1)

T
3 day k 1a ham xac dinh trén R C {0}. Dé tim ham h, quan sat rang (ii) suy
ra h(1) = 0. Bay gio, v6i > 1, dat h(z) = s(Inlnz). Khi d6, s thoa man
phuong trinh ham
s(lnlnz) + s(In(2lnx)) =0,
hay c6 thé viét lai duéi dang
s(t) +s(In2+t)=0 v6i teR.

Diéu nay c6 nghia s c6 thé 1a ham bat ky sao cho s(t) = —s(In2 +t) (chd y
rang s 1a tudn hoan véi chu ky 21n2). C6 v6 han cac ham nhu vay, ching
han, c6 thé 14y s(t) = cos L. Tiép theo, ta thac trién ham f lén (0,1) bing
cach dat h(z) = —h (1), va sau d6 1én (—oo,0) bang cach ddt h(—z) = —h(z).
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1.6.30. [S. Haruki, Amer. Math. Monthly 86 (1979), 577-578]. Néu trong
phuong trinh da cho ta thay x b6i z +y va béi z — vy, ta c6

flat+y) —glz—y)
(1) % = ¢(z).
Bay gio, thay y bdi —y trong (1), dudc

flz—y)—g(z+y)

= ¢().
Do dé6, v61 u,v € R, ta c6

P(u+v) +olu—v) = Uw+v+w—gw+v—w

[\D|b—k

W—v+w—gw—v—w)
(ﬂU+v+y%—ﬂu—v—y»

;—y<f<u C(w—y)) - glut (v —9))).

[\D|H

L 20 + y)o(u) — 20 — y)o(w)) = 20(u).

-+ 0) +ou—v) = -

Néu ta dat s = u+v va t = u — v, thi diéu nay c6 thé viét lai duéi dang

SN o (10) ren

Goi A: R — R duge cho bdi A(s) = ¢(s) — ¢(0). Khi d6, A(0) =0 va
A(t) + A(s) = o(t) + 6(s) — 26(0)

+1t
@) —2¢( 5 )—2¢

:2¢(s—2|—t).

Dat ¢ = 0 c6 A(s) = 2A(2). Tiép tuc, thay s bdi s + ¢, ta nhan duge

s+t
2 )

A(s+1t) = 2A(
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Tu day va (2) suy ra
(3) A(s+1t) = A(s) + A(t).
Vay phuong trinh (1) ¢6 thé viét dusi dang

flzt+y) -9z -y _ B+ A(x),

@ n

6 day B = ¢(0) va x — A(x) 12 ham thod man (3). Néu trong (4) 14n lugt dat

y=xzvay= —uz,thitaco
f(2z) = g(0) + 2Bz + 2zA(x) va g(2z) = f(0) + 2Bz + 2z A(z).
Thay 2z béi x va dung A(s) = 2A($), ta nhan dugc
f(x) =g(0) + Bz + %xA(a:) 9(2z) = f(0) + Bz + %azA(az)

Thé nhiing phuong trinh nay vao (1) va ap dung (3), ta di dén

g(0) — f(0) + 2By + zA(y) + yA(x)
2y

= ().
bat x =1, tacéd
A(z) =dy + f(0) —g(0) 6day d=2¢4(1)— A(1) —2B.

Vi A(0) =0, ta c6 f(0) = g(0). T d6, A(z) = dz va f(z) = g(x) = f(0)+ Bz +
Ldx?
sda®.

Dé& kiém tra ring f(z) = g(z) = az? + bz +c va ¢(z) = f'(z) = 2az + b
thoa man phuong trinh ham da cho.

1.6.31. Tap R c6 thé xem nhu khong gian vector trén Q. Co s¢ Hamel cho
R trén Q 1a tap doc lap tuyén tinh cuc dai. Ton tai co s6 Hamel H chiia 1.

Vi vay, mdi z € R ¢6 biéu dién duy nhat

x = Z wr(x)h,

heH



192 Chuong 3. Ddy va chudi ham

G day chi c¢6 hitu han hé s6 wy,(z) khac khong. Do d6,véi =,y € R,

e ty=Y wletph =Y (@) +w )k,

heH heH

suy ra wy(x +y) = wi(z) + wi(y). Vay, noi riéng, f = w; thoa man (a). Ta sé
chiing minh né cling thoa man cac tinh ch4t khac.

Chi yrang w; = 1, bdivil =1-1val e H. Bay gig, ta chi ra rang
wi(z) =z v6i z € Q. Theo tinh céng tinh cua wy,

Tu do

Lai do tinh céng tinh, suy ra rang

w1 (B) ] p,q € N.
q q

Ngoai ra, w1(0) =0,bsivi0=0-1valeH. Vay

a=a 5+ () (2) o (2)

hay néi cach khac
()=
w1 | —— = ——.
q q
Vay ta da chiing minh ring wi(z) = = véi moi 2 € Q. Cudi cung, ta chi ra
rang w; khong lién tuc. Néu w; lién tuc, ta sé c¢6 wi(z) =  v6i moi z € R.
Diéu nay mau thuin véi gia thiét w; chi nhan gia tri hitu ty.
1.7 Ham lién tuc trong khong gian metric

1.7.1. Truéc hét, ta chiing minh rang (a) = (b). Goi F 1a tap déng trong
Y. Khi dé, néu diy {z,} cac phan ti trong f~!(F) hdi tu téi z, thi f(z,) € F,
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va do tinh lién tuc cua f, f(z,) — f(z). Vi F déng, f(z) € F, hay néi cach
khac x € f~1(F). Vay ta da chting minh rang f~*(F) déng.

DPé ching minh (b) = (c), chi cin chd ¥ rdng moi tap con mé G cua
Y 1a phan bu cta tap con déng F, tic 1a, G =Y C F. Khi d6, ta c6
fHG) =X C f(F).

Bay gio ta sé chiing minh rang (¢) = (a). Goi 29 € X va € > 0 tuy ¥ c6
dinh. Theo gia thiét, tap f~*(By(f(z0),€)) 12 md trong X. Do o 1a phan ti
caa [~ (By(f(x0),¢€)), ton tai d > 0 sao cho Bx(f(x),¢) C f~H(By(f(z0),€)).
Vi vay, ta ¢6 f(Bx(zo,9)) C By (f(z0),¢), tic 1a f lién tuc tai z.

Vay, ta da chting minh rang ba diéu kién diu tién la tuong duong.

Tiép theo, ta chiing minh ring (a) = (d). Dé lam vay, 18y 3, € f(A). Theo
dinh nghia nghich anh ctia mét tap duéi tac dong cia 4nh xa f, ton tai
zo € A sao cho f(xg) = g(zy). Do tinh lién tuc ctia f tai zo, véi € > 0 cho

trude, ton tai hinh cdu Bx (g, d) sao cho
f(Bx(z0,9)) € By (yo,¢).
Vi zy € A, ta thay Bx(zg,0) N A # 0. Vay
0 # f(Bx(z0,0) N A) C By(yo,e) N f(A),

tic la yo € f(A).
Dé chiing minh (d) = (c), dat A = f~(B). Khi d6

f(f~1(B)) C f(f'(B)) =B.

Tt d6 7-1(B) C f\(B).
Cudi cung, ta chiing minh ring (c) = (b). Néu F dong, thi F = F. Theo
(),

fHEF) C fH(F),
ttc la f~1(F) dong.

1.7.2. Ki hiéu B(X) 1a ho t4t ca cac tap con Borel cua X, tic 1a, o-dai s6

cac tap con cua X chiia moi tap md. Ki hiéu B 14 ho cac tap B C Y sao cho
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f1(B) € B(X). Khi d6 B 1a o-dai s& cac tap con caa Y. Vi f lién tuc, suy
ra tit bai toan trudc rang nghich anh cia moi tap md 1a md. Do d6, B chia
tat ca cac tap con mé ctia Y. Tt d6, B(Y) C B, suy ra néu B € B(Y), thi
f(B) € BX).

1.7.3. Cho X =Y = R dudc trang bi metric Euclide thong thudng d(z,y) =
|z —y|. Xac dinh f(z) =sinmz va F = {n+ < :n > 2}. Khi d6, F dong trong
khéng gian metric X, vi né chi chia cac diém co lap. Mt khac,

f(F) = {sing,—sin%,sin%,...}

khong déng trong Y bdi vi né khong chiia diém diém tich lu§ ctiia né, tic la
diém 0.

LAy X va Y nhu trén dong thai xac dinh f(z) = z(x — 2)? va G = (1,3).
Khi d6, f(F) = [0,3).

1.7.4. Néu v, inf f(F), thi y, = f(z,), 6 ddy =, € F,n = 1,2,3,.... Néu F
compact trong X, thi ton tai diy con {x,, } ctia {z,,} hdi tu téi € F. Do tinh
lién tuc cua f, {y,, } xac dinh béi y,, = f(z,,) la day con cua {y,} hoi tu téi
f(z)inf f(F). Vay tinh compact cua f(F) dugc chiing minh.

1.7.5. Goi {z,} 1a day cac phan t trong F; UF,U...UF,, hoi tu téi z. Khi
d6, ton tai it nhat mot day F; chda day con {z,, }. Do d6, day {z,} c6 thé
phan tich thanh hiiu han diy con sao cho méi diy con duge chiia trong mot
tap F;. Do F; dong va f lién tuc trén F;, f(z,,) = fir,(zn,) = fir,(z) = f(2).
Suy ra rang {f(z,)} dugc phan tich thanh hitu han diy con héi tu téi f(z),
tac 1a {f(x,)} hoi tu té1 f(z).

Dé thay ring khang dinh khong ding trong trudng hgp vo han tap, xét
F; xac dinh nhu sau: Fo={0}, F; = {3}, i=1,2,3,.... Ham cho béi

1 vei zeF;,i=1,23,...,
f(z) = 3
0 vel z € Fy,

lién tuc trén méi Fy, i = 0,1,2,3,..., nhung khong lién tuc trén tap (JF;.
i=0
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1.7.6. Lay tuy y =, € tUTGt. Khi dé, ton tai ty € T sao cho zy € Gy,. Vi Gy,
(S

md va giéi han clia f trén Gy, 1a lién tuc, vé6i e > 0, ton tai § > 0 sao cho néu

z € B(xo,9) C Gy, thi f(z) = fig, (z) € B (f\GtO (z0),€), tlc 1a f lién tuc tai

xg.

1.7.7. Gia st rang v6i mo tap compact A C X, fia 1a lién tuc. Néu day {z,}

cac phan ti cia X hoi tu t6i z, thi tap A = {z, 21,75, 23,...} 12 compact
trong X. Vay, f(z,) = fla(z,) = fia(z) = f(z). Vay f lién tuc trén X. Bao
ham ngudgc lai la r6 rang.

1.7.8. Tinh lién tuc cua f~! tuong duong véi diéuf kién f(G) md trong Y

v6i mbi G md trong X. Néu G md trong X, thi G = X C G, coi nhu tap
con déng cua khéng gian compact X 1a compact. Theo két qua ctua 1.7.4,
f(G€) =bY C f(G) cling compact, va do d6 déng. Diéu nay c6 nghia f(G)
ma.

Dé chi ra tinh compact 1a gia thiét c6t y&u, xét £ : (0,1) U {2} — (0, 1] cho
béi f(z) = z v6i z € (0,1) va f(2) = 1. RS rang, f la song anh lién tuc tu
(0,1U{2}) 1én (0,1]. Vi f~Y(z) =z v6iz € (0,1) va f~1(1) = 2, ham ngugc
khong lién tuc trén (0, 1].

1.7.9. Goi d; va d, 1an lugt 1a cac metric cia X va Y. Do tinh lién tuc caa
f, v6i e > 0 cho truéc va x € X, ton tai §(z) > 0 sao cho
) €
(1) di(y,z) < d(xz) kéotheo di(f(y),f(x)) < 5
Vi ho céc hinh cau {B (z, 1d(z)) : z € X} 12 phti m6 ctia khong gian compact
X, ton tai phtt con hitu han

() {B (xi, %6(3;0) i=1,2,... ,n} .

Dit 6 = $ min{d(z1),(z2), ... ,6(z,)} va 18y z va y trong X sao cho d;(z,y) <
5. Vi ho (2) 12 mot phtt ctia X, ton tai i € {1,2,...,n} sao cho di(z,z;) <
L§(z,). Khi d6

1
di(y, ;) < di(y,z) +dy(z,2;) <6+ 55(%) < 6(z).
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Do d6, theo (1),
da(f(2), f(y)) < do(f(@), f(@)) + da(f(20), [(y)) <e.
1.7.10. V6i zg,x € X vay € A,
dist(z, A) < d(z,y) < d(z,z0) + d(x0, y).

Vay dist(z, A) < d(z,z9) + dist(zg, A). Tu d6

dist(z, A) — dist(zg, A) < d(z, zo).
Ctng nhu vay, dist(zg, A) — dist(z, A) < d(z, (). Do d6

|dist(z, A) — dist(zo, A)| < d(z, zo),
va vi vay f lién tuc déu trén X.

1.7.11. Néu f(X) khéng lién thong, thi ton tai cAc tap con mé roi nhau, khac
rong G; va G, sao cho G; U G, = f(X). Tinh lién tuc clia f suy ra rang
fYGy), i = 1,2, 1a mé. RO rang, chung khac rong, roi nhau va hgp caa

ching bang X, mau thuan.

1.7.12. Goi d; va dy 1an lugt 1a cac metric trén X va Y. Giad st f lién
tuc tai 2o € A. Khi dé, v6i e > 0 cho trude, c6 thé tim § > 0 sao cho
f(z) € Bf(z0),e/2 bat ct khi nao = € B(x,0) N A. Do d6,, do(f(z), f(y)) <e
v6i moi z,y € B(zg,d)NA. Suy ra rang os(zo) = 0. Nguge lai, néu of(zg) = 0,
thi véi € > 0, tén tai 6. > 0 sao cho

0 <0 <06 kéotheo diam(f(ANB(zg,9))) <e.
Tu d6 dy(z,z) < ¢ kéo theo

do(f(z), f(z0)) < diam(f(A N B(xp,d))) < e.
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1.7.13. Dat B = {z € A : oy(z) > €} va goi {z,} 1a diy cac diém cta B hai
tu t6i zo. Vi B C A, 79 € A. Vi vay, os(7o) dugc xac dinh ding dan. Ngoai
ra, v6i moi § > 0, ton tai n € N sao cho B(z,,d/2) C B(z,d). Tu dé

diam(f(A N B(zo,9))) > diam(f(A N B(z,,/2))) > of(z,) > €.
Suy ra rang of(xg) > €, hay néi cach khac, z, € B.
1.7.14. Theo két qua caa 1.7.12, tap C cac diém lién tuc cta f bang tap céc
diém ma trén d6 dao do triét tiéu. Dat
B, = {z € X:o04(z) < fracln}.

Suy ra ti bai toan truéc rang B, md trong X. Mit khac,

C = ﬁ B,,
n=1

ttic 1a, tap cac diém lién tuc cta f c6 kiéu G;. Suy ra rang tap X \ C cac

diém gian doan cua f c6 kiéu F, trong X.
1.7.15. Xét ham dinh nghia bdi (so sanh véi 1.2.3 (a))

0 néu 2z hiiu ty.

fz) = éu =0,

néu x = §, p € Z,q € N, va p,q nguyén t6 ciing nhau.

1.7.16. [S. S. Kim, Amer. Math. Monthly 106 (1999), 258-259]. Goi A ¢6
kiéu F, trong R, ttc la

QI O
=)
(¢
c

T a
n=1

6 day F, déng. Khong méat tong quat, c6 thé gia st ring F, C F,., véi
n € N. Thuc vay, chi can thay F,, béi F;UF,U---F,. Néu A =R, thi, chzgmg
han, f(r) = xo(r) gidn doan tai méi z € R. Néu A # R, thi ta dinh nghia
ham g bang cach dit

S5 néu z €A,

g(x) = neK
0 nfu zcRCA,
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6day K={n:z €F,}, va ta dit
@) = 960) (xelo) - 3 )

Trude hét, ta chi ra ring mdi diém caa A 13 diém giam doan cta f. Thuc
vay, néu = € A°, thi moi l4n c4n cia = chita mét diém ma tai d6 d&u ctaa f
khéac ddu caa f(z). Néuz € DA N A, thi f(x) # 0 va moi 14n can cia x chia
mot diém ma tai do f triét tiéu. Vi A = A°U (DA N A), ham f gian doan
trén A. Bay gio, ta phai chi ra rang f lién tuc trén R C A. Ta c6 f(z) =0
néu r ¢ A. N&u day {z;} hoi tu téi z va x;, € A, thi v6i moi n, ton tai k, sao
cho z;, € F,, v6i k > k,. (N&u c6 v han z;, trong F,, ndo d6, thi z ciing nam
trong F,,.) Do dé, v6i k > k,,,

1 1 1

g(zx) = on+1 + on+2 +...= on’

tic la klim g(zr) =0 =g(z).
— 00
1.7.17. Khong. Moi ham xac dinh trén khéng gian metric r6i rac 1a lién tuc.
1.7.18. Trudc hét gia st rang z € A = AN X \ A. Vi méi hinh ciu B(z, §)
chtta cAc diém clia A va cac diém ctia X \ A, ta c¢6 o,, (7) = 1.
Bay gio, gia st rang o,, (z) > 0. Diéu nay c6 nghia véi moi § > 0,

Sup{‘XA(x) - XA(Z/)| RS B(I‘,(S)} = OXA(x75) > 0.
Do d6, m&i hinh cAu B(z, §) phia chiia cac diém ctia A va cac diém ctia X\ A.
Tu d6, r € 0A = ANnX)\ A.

R6 rang, néu A viia md, viua déng, thi OA = (). Vi vay, theo 1.7.12, yxa
lién tuc trén X. Ngudc lai, néu ya lién tuc trén X, thi 0A = (). Bay gig,
ta chiing minh ring A C A. Né&u khoéng, ton tai € A\ A C X\ A, mau
thudn. C6 thé ching minh hoan toan tuong tu rang X \ A ciing doéng.

1.7.19. V61 z € A va d >0 tacod
op(x,0) = sup{da(f(x), f(y)) : y € B(z,0)}
= sup{da(f(z), f(y)) :y € ANB(z,0)}
+sup{d2(f(z), f(y)) :y € (X\ A)NB(z,0)}

f
f
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Vay
of(z,9)
< sup{da(g1(2), 91(y)) : y € AN B(z,9)}
+sup{da(g1(2), 92(y)) 1 y € (X \ A) N B(z,9)}
< 0y, (2,0) +sup{da(g1(x), 92(y)) : y € (X \ A) N B(z,0)}
< o4 (x,0)

+sup{dy(91(2), 92()) + do(92(2), 92(y)) : y € (X \ A) N B(z,0)}
S Og, (ZL', 5) + d2(gl(x)v 92(‘/1")) + 092(511, 5)

Vi g; va g, lién tuc, ta ¢, theo 1.7.12,

(D) o(x) < dy(91(2), ga())-

Bay gid, ta phai chiing minh rang véi = € A.

2) of(z) > da(g1(x), ga()).

Goi {6, } 1a day cac s6 duong hoi tu t61 0. Vi A° =), tap X\ A tru mat trong
X. Vay méi hinh cau B(z,d,) chtia mot diém y, caa X\ A. Do do,

sup{dz(f (), f(y)) : y € B(z,6,)}
> sup{da(91(7), 92(y)) : y € B(z,6,) N (X \ A)}
> da(g1(), g2(yn))-

Két hop véi tinh lién tuc ciaa g, suy ra
lim sup{da((z), (1)) : ¥ € Bz, 6,)} > dalon(a), ga(2)).

Tu d6 suy ra (2). Suy ra tit (1) va (2) ring ding thic cAn ching minh ddng
v6i 2 € A. Theo cach tuong tu (dung tinh trit mat cta A) ¢ thé ching minh
d4n thtc nay ciing ding cho z € X\ A.
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1.7.20. Gia st rang {f,} 1a diy cdc ham lién tuc trén X sao cho f(z) =
lim f,(z). V6ie >0, dat
n—oo

P,(e)={z € X:|f(z) — fn(z)| <€}

va G(g) = U (Pn())°. Ta sé chiing minh rang C = () G(1/n) 1a tap cac
m=1 n=1

diém lién tuc cta f. Trudc hét ta sé chiing minh réng néu f lién tuc tai zo,
thi 7o € C. Vi f(x) = lim f,(z), ton tai m sao cho
n—oo

|f(x0) = fin(zo)| <

Wl ™

Suy ra ti tinh lién tuc ctia f va f,, tai 2o rang tén tai mot hinh cau B(z, §)
sao cho véi z € B(xy, ),

[f (@) = f(zo)| < 5 VA [fm(2) = fn(20)] <

Do d6, | f(x) — fu(z)| < e néu z € B(xp,d). Diéu nay c6 nghia zy € (P,,(g))° C
G(g). Vie > 0 c6 thé chon tuy ¥, ta c6 2, € C.

Wl ™
Wl M

Bay gio néu
zg € C= ﬂ G(1/n),
n=1
thi, v6i moi ¢ > 0, 7o € G(g/3). Vay ton tai s6 nguyén ducng m sao cho
zo € (P,,())°. Do d6 ton tai hinh cAdu B(xg,d) sao cho néu = € B(zg,d), thi
5

£(@) — Fulo)] < 5.
Vi £, lién tuc, diéu nay chi ra rang f lién tuc tai z,. Bay gid, ta phai chiing
minh ring X \ C thudc pham trii thit nhat. P& lam vay, xac dinh

F..(e) ={z e X:|fn(z) = frir(z)| <e v6imoi ke N}.
Tinh lién tuc cta f,, n € N, suy ra rang F,,(¢) déong. Vi f(z) = 1i_>m fn(z), T €
X, ta thay rang X = |J F,.(¢) va F,.(¢) C P,,.(¢). Do d6,
m=1

[e.9]

UF.(0)) € Ge).

m=1
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Bay gio chi ¥ rang v6i moi F C X, phan trong cua F \ F° bang rong, bdi vi
(F C F°)°\ F°\ (F°)° = (). Ngoai ra, néu F déng, thi F\ F° déng va vi vay
F \ F° trtt mat khép ndi. Vi rang

X\ |J Enl()’ € | Enle) \ (Fnle))),

tap X\ U (F..(€))° thuoc pham tru thi nhat. Cuéi cling, quan sat rang
m=1

X\ C=X\[]JG(1/n) = [ X\ G(1/n)).

Vi vay, tap X \ C cac diém gian doan ctia f thudc pham tri1 thit nhat.

1.7.21. Ta sé dung ki hiéu cua 161 giai cua bai toan trude. Ta cé

X\ G(1/k) cX\U m(1/K))° U m(1/E)\ (Fo(1/k))°).

Tu do, .
U(X\G 1/k)) U U m(1/F) \ (Fm(1/F))°).

Vay, X\ C la tap con ctia hgp dém dugc cac tap déng va khong dau tru mat
(cac phan bul cia ching md va trit mat trong X). Suy ra riang C chta giao
dém dudc cac tap md va tru mat. Theo dinh 1i Baire, C tri mat trong X.

1.7.22. Véie > 0, dat

Fk:{O}Uﬂ{x>O:‘f(%)‘§s}, k=1,2,3,....

n>k

Vi f lién tuc, cac tap 1a d6ng (xem, chéng han, 1.7.1). Theo gia thiét, U F;, =

[0,00). Theo dinh Ii Baire, it nhat mot trong cac tap F}, c6 phan trong khac
rong. Do dé, ton tai a > 0,0 > 0, va k € N sao cho (a — 6,a + §) C Fi. Khong
mét téng quat, c6 thé gid stirdng § < £. Néu 0 < z < § va n = [¢], thi
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a—d0<a—zx<nr<a<a+d, van >k Vay nr € Fi, va theo dinh nghia
cua Fy,
suy ra lim f(z) = 0.

nr
=7 (5)] ==
n
z—0t

1.7.23. Dinh nghia F,, nhu sau :
F,={zeX:|f(z)|]<n véimoi feF}.

Suy ra ti tinh lién tuc cia f rang F,, dong. Theo gia thiét, véi moi z € X,
ton tai s6 nguyén ducng n, sao cho |f(z)] < n, v6i moi f € F, . Do do,
X = U F,. Vi (X,d;) thugc pham tru thid hai, ton tai F,, c6 phan trong
khac rong bit G =F2 . Vivay, |f(z)] < ng véimoi f € F va mdi z € G.
1.7.24. Ta biét rang

n=1

Bay gid, ta chting minh réng néu f lién tuc, thi
ﬂf )C f (ﬂ F )

Layy € () f(F,). Khi d6, v6i moi s6 nguyén ducng n,y € f(F,), hay néi cach
n=1

khac, y = f(z,). theo dinh 1i vé cac tap 16ng nhau cta Cantor, ) f(F,)

n=1

{z0} v6i 2y € X v6i 29 € X nao d6. Do tinh lién tuc cua f, y = lim f(x,)
n—oo

f(zo). Vayy € f (ﬂlf(Fn))-

1.7.25. V61 u,v € X ta cb

d(fu, fo) = sup{|di(u, z) — di(v,2)| : @ € X} < dy(u,v).

Ngoai ra,

d(fus fo) = sup{|di(u,z) — di(v,2)| : 2 € X}
< |di(u,z) — di(v,x)| = di(u,v).
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1.7.26. Gia st truée hét rang X 1a khong gian metric compact va f: X — R

lién tuc. Khi d6, véi € > 0 cho truéc va z € X, ton tai d, > 0 sao cho
If(y) — f(z)] < e Vbl |y — x| < .. Viho {B(z,d,), x € X} 1a pht mé cua
X, ton tai phu con hitu han B(z1,6,,), B(22,0,,),. .. ,B(2,,d,,). Vi vay véi
r€X,ton taii € {1,2,...,n} sao cho z € B(;,d,,). Suy ra ring

[f (@) < [f(2) = f@o)] + [f ()] < &+ max{f(z1), f(22),. .., f(zn)},

tic la f bi chan trén X.

Bay gio gia st rang ham thuc lién tuc trén X bi chin va gia st ngugc lai
rang X khong compact. Khi dé, c6 thé tim day {x,} cac phan ti trong X ma
khoéng chiia bat ky day con hoi tu nao. Khi d6, F = {z, : n € N} dong trong
X. Ham f cho béi f(x,) = n lién tuc trén F. Theo dinh li théac trién Tietze,
ton tai théc trién lién tuc ctia f xac dinh trén toan X. Vay, ta da xay dung

mot ham lién tuc va khong bi chan, mau thuan.

1.7.27. Truéc hét, ta chiing minh rang (a) suy ra (b). Gia st (a) dung, tic
JEEO p(x,) = 0 va gia st ngugc lai rang {z,,} khéng chia day con hoi tu. Khi
d6 ton tai day {y,} cac phan ti trong X sao cho nh_}rgo di(xn, yn) = 0 va y, # z,
v6i n € N. Néu {y,} chtia day con hdi tu y,,, thi do kh—>Holo di(Tny, Yn,) = 0, day
con {z,,} cling hdi tu. Suy ra ring khong c6 s6 hang nao caa day {z,} va
{yn} dugc 14p lai v6 han lan. Vi vay, ton tai mot day tang thuc su {n;} cac sd
nguyén duong sao cho cactapvo han ¥y = {z,,, : k e N} vaFy = {y,, : k € N}
déng va roi nhau. Theo b dé Urysohn, ton tai ham lién tuc f : X — R sao
cho f bang 1 trén F; va bang 0 trén F,. Vay

[f(@n,) = flym )l =1 va  lim di(zn,,Yn,) = 0.

k—o00

Tu d6 f lién tuc nhung khong lién tuc déu trén X, mauthuan (a).

Dé chi ra rang (b) suy ra (a), ki hiéu A 1a tap cac diém giéi han caa X.
Theo (b), moi diy cac phan ti trong A cé day con hdi tu t6i phan ti trong
A. Vi vay, A compact. Néu X # A, thi v6i §; > 0, dit d, = inf{p(x) : = €
X, dist(z,A) > §;}. Ta sé chiing minh ring , > 0. Néu &, = 0, thi ton tai
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day {z,} cac phan ti trong X sao cho lim p(z,) = 0 va dist(z,, A) > d;.
n—oo

theo (b), {7,} c6 diy con héi tu téi mot phan ti trong A, mau thuin. Goi

f:X — R 1a ham lién tuc va 1ay € > 0 tuy ¥ c& dinh. Khi d6, véi = € A, ton

tai d, > 0 sao cho néu dy(z,y) < d,, thi |f(z) — f(y)| < 3¢. Vi A compact, ton

tal zy,...,x, € A sao cho
" 1
Ac( /B xk,gaxk .
k=1

bat 6, = %min{éml,... 0z, } v& d > 0 nhu trén. Dat § = min{d;, d} va
18y z,y € X sao cho di(z,y) < J. Néu dist(z,A) > d;, thi p(x) > &y, vay
di(z,y) < 6 < 3 chi néu z = y. Khi do, rd rang, |f(z) — f(y)] < e. Néu
dist(z, A) < 6;, thi tén tai a € A sao cho d;(z,a) < §;. Suy ra ti trén ring
ton tai k € {1,2,... ,n} d€ dy(a,z;) < £04,. Do do,

1

di(y, zx) < di(y,z) + di(z,a) + di(a,zx) < 6+ 61 + 3

Sy < By

£2) = ) < 1F(e) = S + @) — £ < 32 + 3¢ ==

Diéu nay chting minh tinh lién tuc déu caa f trén X.

1.7.28. Biét ring, xem, chéng han, 1.7.9, moi ham lién tuc trén khéng gian
metric compact 1a lién tuc déu. Néu X 1a compact, thi mdi tap {z € X :
p(r) > e}, e > 0, 1a hitu han. Mat khac, gia st rang tén tai mot s6 € > 0 sao
cho tap {z € X : p(x) > ¢} 1a hiiu han. Vi ho c4c hinh cau B(z,¢),z € X 1a
phti md ctia X, né ¢6 phui con hitu han, mau thuan véi p(z) > ¢ v6i v6 han z.

Baygio gia sti moi ham thuyc lién tuc trén X 1a lién tuc déu va tap = €
X : p(x) > ¢ hitu han. Ta s& chting minh ring X compact. Goi {z,} 1a day
cac diém ctia X. Néu mot s6 hang cta day nay dude lap lai vo han lan, thi
rd rang ton tai mot day con héi tu. Néu khong, thi lim p(x,) = 0, vi tap

{z € X : p(z) > ¢} 1a httu han. Theo két qua cua bai Z(?élo;)l truée, {z,} chia

mot day con hoi tu.
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1.7.29. Chi can xét X = [0,1] U {2} U {3} U {4} U ... dugc trang bi chuin
Euclide d;(z,y) = | — y|.
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Chuong 2

Phép tinh vi phan

2.1 Pao ham cua ham so6 thuc

2.1.1.
(a) Ta co
2 x>0,
f(z) = {—a:2 x < 0.
Suy ra
2z x>0
/ o )
f(x)_{—%c x <0,
béi vi
o) = tim 2= o= (0
f4(0) = lim ——=0=f(0)
(b) Ta c6
- {7, 20
2\/1?1 x <0
Boi vi y
h—0
’ -1 —_
FO) = =t
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nhung

h—0— h

nén dao ham cua f tai diém 0 khong ton tai.
(©) f'(x) =nmsin(2nz) v6i z € (n,n+1),n € Z. Hon niia véi n € Z ta c6

nsin®(rz) — 0 nsin®(rz — n)

! _ — 3 —
f+(n) n :Aclinm+ r—Nn n w1—1>1713+ r—n B 07
— 1) sin? —
£/ (n) = lim (n — 1)sin®(mx) — 0 o,
TN~ r—n

suy ra f'(x) = m|x]sin(27x).
(d) Tu cau (c) suy ra
f'(x) = (wsin®(7z))" — ([2] sin®(7z))’
= sin’(7z) + w(z — [z]) sin(272).
() f'(z) =21 vbiz#0.

® f'(z) = - khi |z > L.

2.1.2.
(a) Vilog,2 = }E—i nén ta co
In2 log,2-log, e
fiw) = o’z = x e,
(b) T (a) suy ra
, —tanzlnz — Llncosz
fz) = o

In“ 2

1
= —tanzlog, e — —log, cosz - log, e.
x

2.1.3.
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(a) RO rang

3 |z| > 1.
Ta can phai kiém tra tinh kha vi tai cac diém z =1 va z = —1. Ta ¢6
T _z=l 7 1
(1) = lim 4+—2 4 _
fil) = lm S— 2
arctanx — I 1
(1) = lim ————* = arctan’(1) = =.
L) = Jip T = wetanl (1) =5

Do d6 f(1) = 3. Ta lai 6

arctanx + T 1
'(=1) = lim —— "1 _ (=1) = =
fi(=1) x_}f_]% PR arctan’(—1) %
_m_z=1l _m
1_1 — 1 4 2 4:
S0 = lim — g = o

Suy ra f khong kha vi tai diém —1.

(b) Ta co

Hon niia

1 1

F(1) = lim =< =0,

z—1t x — 1

T

20—z _ 1 ’
(1) = lim TC Tl (:cze*ﬁ)

=0.
z—1— r—1 =1
Vi f 12 ham chin nén f/(-1) = 0.
(¢) Chd ¥ rang f lién tuc tai 0. Hon niia
1 s
. . arctany — % t—m/2
f0) =l == i

tant

= lim (t — g) tant = —1

t—mw/27
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va
arctan (—1) — 2 t— /2
£.(0) = lim D) =5 71/
z—)t x t—m/2- —tani
_ m
=— lim (t——)tantzl,
t—mw/27 2

suy ra f khéng kha vi tai diém 0.
2.1.4. Trudc hét ta thay rang

#/(0) — tim 1o ]

z—0 x

=0.

R6 rang véi x # ﬁ ,n € Z thi f/(z) ton tai, véi z,, = ﬁ,n =0,2,4,...,
ta co

. . z’cost 5 T
fi(z,) = lim = (2 cos — =,
2 T
. x° Ccos — ™\
f(z,) = lim z — (—:r2 cos —) = -,

Tuong tu véi x, = Qfﬁ, n=1,3,5,... thi f'(z,) =7 va f (z,) = -7 Vif
12 ham chin nén f khéng kha vi tai cac diém z, , n € Z.

2.1.5.

(@) Viflientucnénc=0vaa+b=1. Vif (0)=4, fL(0)=bsuyrab=4
va a = —3. Dé& thay rang vdi a, b, c dude tim ra J trén ham f sé kha vi
trén R.

(b) a=d=-1,b=0,c=1.
() b=c=1,a=0,d=1/4.
2.1.6.

(a) V6ix # 0 ta co
n 1— 6(n+1):r
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Dao ham hai vé ta dudc

i kekx B ne(n+2)x _ (n + 1)e(n+1)x 4 e
B (1—e)? '
k=0

(b) Pao ham n 14n hai vé& ding thic

S (et = ey

k=0

ta dudgc

2n m,

k=0
Dé tinh dugc vé& phai tai diém 0 ta xét ham g(z) = e — 1 va chi y rang
dao ham cap n ctia g>*(z) 12 mdt tdng ma cac thanh phan chia mot luy
thtia cua g(x) v6i bac it nhat 1a n (xem 2.1.38), do d6 dao ham cép n
clia ham = > (e — 1)?" tai 0 bang 0. Tu d6 suy ra

i(—nkkﬂ (i:‘) = 0.

k=0

(d) Pao ham ding thc

sin 2 sin
Zsin(k:x): 22 g #£2nle,
P sin
ta dugc
n sz (2n+l)z s 2 nx
nsin Z sin =% — sin® 2
chos(kx): 2 5 L 2 g #2nlel.
p sin® §

Véi © = 2l ta cod
. 1
Z k cos(kz) = §n(n +1).
k=1
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2.1.7. Pat f(x) = aysinz + agsin2z + - - - 4+ a, sinnz ta ¢

|ay + 2a; + - - - + na,| = | f'(0)| = lim f(”;)_f(o)‘
z—0 €T
T PACON B Sk B (G
z—0 |sin & T =0 |sinz| —

2.1.8.
(a) Ta co
af(@) —af(r)

r—a Tr—a r—a Tr—a

(b) Theo (a) ta co
f(z)g(a) — fla)g(z)

lim
(@)~ fla)g(a) ~ Fla)(g(z) ~ g(a)

= ['(a)g(a) = f(a)g'(a).

2.1.9.

(a) Vi f lién tuc tai a va f(a) >0 nén f (a+ 1) > 0 véi n da 16n. Hon nita
vi f kha vi tai @ nén ham = — In(f(z)) cing kha vi tai a, tit d6 suy ra

fla+d) : — lim 1hnf(a+y)—Infla)
fla) e
=0 (In f(2))peg =

lim In
n—oo

o Si=

Vay
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(b) Tu (a) suy ra

(f(@)m:hmlnf(w)—lnf(a) t—a__f(a)
f(a) ;

lim In
r—a

2.1.10.
(a) Tu 2.1.8(b) cho g(z) = =™ ta dugc

lim o' flw) =" fla) _ —na" "' f(a) + a"f'(a).

(b)
o @ = f0) . (f@)e” — f0) z
iao f(z)cosz — f(0) 91cﬁ0 ( x f(z)cosz — f(()))
x\/ . 1
= (@) ie=s (f(z) cosz)i,_g
_ [0+ £(0)
f1(0)
(c)
TLILI&?‘L(f <a+% + f <a+%) +ot f <a+—) —kf(a)>
i (f ar3) =@ Hf(a+3) — S
+...+kf(a+i) _f<a)>
=(1+2+--+k)f'(a) = k<k2+ 1)f’(a).

(d) Véik € N ta co

a %— a
f( +”k) @) _ oy,

n2

lim
n—oo

Vay véi moi € > 0 ton tai ng sao cho véi n > ng thi

k k k k k
2l (@)= ge<f (a+ ;) — fla) < —f'(a) + ¢
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v6i k =T, n. Cong cac bat déng thic trén theo k ta dudc

L U D)

nn+1) n(n + 1)
< BETTR f(a)+ —o2 ©
T d6 suy ra giéi han can tim la £ f'(a).

2.1.11.
(a)

™ _ 2\ _1q 14+ kY™ _q
(0 e
n—oo E
k(k+1)m
2

Hay so sanh véi 2.1.10(c).

(b) Tt 2.1.10(c) ta cb

o ln((w%)”(w%)“--«w%)")

n—00 a"k

Suy ra

n—00 a"k

S T G SN )Y

(¢) Chu ¥ rang

2
limln((l—i—%) <1+_Z)...(1+n_j))
2

= lim (ln(1+%)+ln<1+_§)+...+1n<1+%>>
n—00 n n

. 1 1 1 1 1
=lim (In({-+=)+---+In{=-+= ) —nln—).
n—oo a n n n a
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St dung 2.1.10(d) suy ra

2
i (14 25) (14 35) - (14 25) ) =
n—00 n n n

2.1.12. Ta c6

(101 (3) 1 (3) -1 ()
g (L0 S0 S-S0

z—0 x xT x
1 1 1 ,
—<1+§+§+"'+E>f(0).

2.1.13.
(a) Khi f(z) = 2™, m € N thi

lim f(xn) — f(zn) — lim le — Zgl m—1 f’(a).

n—00 Tn — Zn n—co Ty — Zn

(b) Xét ham

z?sint v6i x #0,
fw) = {O vl x =
Cho
R 2 A —_—
o m(4n + 1) A T
ta dugc
n) n 2 /

Mt khéc véi

23/?sind véi z #0,
0 vl x = 0.

va cac day {z,} va {z,} nhu trén thi ta lai c¢6

lim g(ZEn) - g(zn) _
n—00 Ty — Zn
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2.1.14. Tu gia thiét ta c6
f(@n) = f(2n) _ fl@n) — fla) 20 —a N f(zn) — fla) a— 2z,

Ty — Zn Tp— Q4 Ty — Zp Zn—Q T, — Zn

Y

trong do
a—z Ty — Q
<1, 0< X2
Ly — Zn Ty — Zn

0< <1

va

a—z T, —a
n + n — 1.
Tp— 2pn Ty — 2Zn
Tu d6 suy ra gia tri ctia biéu thic
f@n) = fz)
Tn — Zn
sé nam gitia

fla) = fa) . fG) = fla)

St dung nguyén ly kep ta suy ra
lim f(@n) = f(20)

n—00 Ty — Zn - f (a)
2.1.15. [W. R. Jones, M. D. Landau , Amer. Math. Monthly 76 (1969),
816-817]

(a) Trudc tién ta nhan thay rang f chi lién tuc tai 1. Néu {z,} 1a mot day
cic s6 hiiu ty khac 1 va hoi tu vé 1 thi

L lim (z,, +1) = 2.

n—oo XL, — n—+00
Néu day {z,} 1a day cac s6 vo ty hoi tu vé 1 thi

n) 1 .
& = lim 2 =2.

n—00 Ly — n—o00
Suy ra f'(1) = 2. Ro rang f la anh xa mét mét trén (0,2). Ham ngugc
f~1 duge xac dinh trén (0, 3) ngoai trit cac s6 hitu ty c6 can bac hai vo
ty, diéu nay c6 nghia la ta khéng dinh nghia dudc diém trong trong

mién xac dinh ctua f~!. Vay khéng ton tai (f71)".
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(b) Thay ring f dugc xac dinh trén (0,2) UB, vé6i B C (2,7/2). Déng thoi
ta ciing thay rang han ché ctaa f trén (0,2) chinh 14 ham f dugc néu
G (a), vi vay f'(1) = 2. Vi f(B) = A nén mién gia tri cua f chia (0, 3).
Tuy vay (f7!)" ciing khong ton tai vi mdi 1an can ctia 1 = f(1) chtia
anh ctia mot diém nao d6 trong (0,2) va trong B qua f. Bén canh d6
ta c6 két luan rang giéi han caa f! tai diém 1 ciing khong ton tai.

2.1.16. Theo dinh 1y Louville ta c6 moi s6 vo ty = bac k déu dudc x4p xi khong

1

> qu

tot bdi cac so hiiu ty, theo nghia toén tai mot s6 M > 0 sao cho ‘ZE —L

v6i moi s6 hiiu ty p/q. Tt d6 suy ra

@) -
i, | S Mdlal
q
Tu d6 va véi gia thiét f/(z) = 0 ta suy ra diéu phai chiing minh.
Ta c6 mdt nhan xét rang véi a, = 279 thi f kha vi tai tat ca cc diém vo
ty.
2.1.17. bat P(z) = a(z — z1)(x — x9) - - - (x — x,), ta cb

P'(z) = aH(:rk —-z;), k=1,2,...,n.

Diéu phai chiing minh

tuong duong véi

- - Q(xx) P(x)
Q(ﬂf) = ; P’(a:k)(a: — ﬂfk)

Ta viét biéu thic duéi dang

—=
—

8

|

8
3_/

S,
I
=

S
=
I
S
8
=

(2 — 75)

Eod

i

I
—s

S
Ll
ol
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Vi @ 1a da thtc c6 bac khong qua n — 1 nén ta chi cAn chting minh rang
ding thtc dung véi n diém phan biét. Ro rang ding thtc ding véi cac gia
trix =xg,k=1,2,... ,n. Cho Q(x) =1 tacb

2.1.18. St dung cac két qua bai trudc véi

@  P@=st )@+ @tn) va Q)=
b)) Plx)=zxz+2)(z+4)---(z+2n) va Q(z)=nl2".

8

—~

2.1.19. R6 rang dao ham cta |f| ton tai tai m&i diém 2 thod man f(z) # 0.
Néu f(z) =0 thi f'(x) =0, ttc 1a |f|'(z) = 0.

2.1.20. Tén tai mot 1an can cta = sao cho tai d6 méi ham f;, déu khéng d6i

d&u, tir d6 suy ra | fx| kha vi tai x va ta c6

f15l) C N
—( ><x>(1ank> ()= S0 W),
{115

Chu ¥y rang | fi|'(x) = sgn(fr(x)) fi(z) ta suy ra diéu phai chiing minh.
2.1.21. St dung két qua bai trén, thay thé f; bdi fi/gx.
2.1.22.

(a) Ro rang f va |f| lién tuc tai = 0. Hon ntia f/(0) = 1 va |f|'(0) khong
ton tai (xem 2.1.19).
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(b) f va |f| chi lién tuc tai cac diém z, = 3/2%,k = 2,3,.... RG rang
f'(zx) = 1 va |f|'(xx) khong ton tai.

2.1.23. Cho € > 0. Tu dinh nghia cuaa f’ (z)

(1) (fi(mo) — )z — o) < f(x) — f(20) < (ff(w0) + &) (@ — 20)

v6i x > x¢ va du gan t6i x. Tuong tu cho f’ (z)

2 (fL(20) — €)(z — z0) = f(z) — fl20) = (fL(20) + &) (7 — 20)
Vil © < xy va du gan téi zy. Tu (1) va (2) ta suy ra f lién tuc tai .

2.1.24. Vi f(c) = max{f(z) : x € (a,b)} nén tacéd f(z)— f(c) < 0véiz € (a,b),
suy ra
[ (c) = lim Jl@) = o) > 0.
T—CcT r—cC

Lap luan tuong tu c6 f’ (c) <O0.
Néu f(co) = min{f(z) : x € (a,b)} thi ta lai dugc f, (cp) > 0 va f'(co) <O0.

2.1.25. RG rang khing dinh dung khi f 14 ham hdng. Gia st ring f khong
12 ham hang, khéng giam tong quat ta gia st rang f(a) = f(b) = 0, thé thi
ton tai z; € (a,b) sao cho f(z;) > 0. LAy k 1a 6 thuc thoa man 0 = £(b) <
k < f(z1). Pat ¢ = sup{z € (a,b) : f(z) > k}. thé thi f(z) < k v6i z € [, b].
Hon niia ton tai diy Am {h,,} hoi tu vé 0 sao cho f(c+ h,) > k. Vi f’ ton tai
nén

£(c) = lim flethn) =10

n—00 hn -7
t d6 suy ra inf{f’ (z) : € (a,b)} < 0. Lap luan hoan toan tuong tu ta co
sup{f’ (z) : z € (a,b)} > 0.
Céac két qua nhan duge d6i véi f/ 14 hoan toan tuong tu. Ta c6

(/] () 2 € (a,0)} < 0 < sup{f(2) : 2 € (0, b))
2.1.26. Ta ap dung két qua bai trén cho ham

z— f(x) — W(m — a).
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Tuong tu ta c6 két qua cho f)(z), ttc 1a

f(b) — f(a)

inf{f\(z): 2 € (a,0)} < b

2.1.27. Tu bai trén ta céd

< sup{f}(z) : x € (a,b)}.

inf{f' (z):z€ (x,z+h)} < f(a:—l—h})l— f(z)

<sup{f'(z):z € (z,z+h)}.

v6i z € (a,b) va h > 0 da nhod sao cho z + h € (a,b). Vi f” lién tuc trén (a,b)
nén khi cho h — 0% ta dugc f’ (z) = f ().

2.1.28. Tu bai trén ta suy ra ham nhu vay khong tén tai.

2.1.29. Tu gia thiét suy ra f bang 0 tai it nhat mot diém trong khodng md
(a,b). Dat
c=inf{z € (a,b) : f(z) =0},

ta co f(c) =0. Vi f/(a) > 0 nén f(x) > 0 véi x € (a,c). Hon niia vi f'(c) ton
tai nén
o= i LEEW Qe ) _
h—0~ h h—0~
2.1.30. RS rang (1 + 2?)f'(x) = 1, tu d6 suy ra (1 + 22)f"(z) + 2zf'(z) = 0.
St dung quy nap suy ra

0.

(1422 f™(z) + 2(n — Dz f"V(z) + (n—2)(n — 1) "I (z) = 0.
Cho = = 0 ta duge f?™(0) = 0 va f@m+D(0) = (1—)™(2m)!.
2.1.31. St dung phép quy nap.
2.1.32.

(a) St dung cong thtic Leibniz

(f (2)g(a)™ = (")f<"—k><x>g<k><x>

k
k=0

va ding thic (a) trong bai trén.
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(b) St dung coéng thiic Leibniz va ddng thic (b) trong bai trén.

2.1.33. RG rang néu z > 1 thi f(z) > 0, f'(z) > 0 va f’(z) < 0. Dao ham
ham s6

(f(@)*=2"—1

n 14n (n > 3) va st dung cong thiic Leibniz ta dugc

2f(2) /(@) + Y (Z) f® (@) f" P (@) = 0.
k=1

St dung phép quy nap ta dugc diéu phai chting minh.

2.1.34. Ta c6
fan(z) = 1n 1—{—:c Zlnx—wk

trong d6 wy = cos & + i sin % Vi
2 SR
f (@)= ~@n =1 o
bat x = —1 ta dugce
(2n) S 1
o (—1) = —(2n—1)1 ) T o

tuong duong

)1y — [(2n—D)! 22" (=D*

22n = COS2n (2]{:;11)71* :
Vi f22")( 1) thuc nén suy ra f22”)( 1)=0.

2.1.35. Ki hiéu L(z) va R(x) 1a v€& trai va vé& phai cta ding thtc trong dé
bai, r6 rang L va R la cac da thtc bac n + 1 va L(0) = R(0) = 0. Do d6 ta
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can chiing minh ring L'(r) = R'(z),z € R. Ta c6

— P®)(0
L) = kf st~ Pla),
k=0
R(x) = Y 1)* PN Pr( O) k+1
()= S g S ey
k=0 k=0
np(k:—&-l (0) -
Ta c6 diéu phai chiing minh.
2.1.36. Ton tai mot 14n can cta 0 dé f duong, do d6
,_ ['(2) A1 An
] _ _ '
(n(a)) =28 = s e =gt
Do d6 f'(z) = f(x)g(z) va f'(0) = A+ A +---+ A, > 0. Hon niia
_ \itH Nt
1 Oy =4t [ —2L ... ).
(1 g (x) =1 ((1_/\1@%“ + -+ (l—An:E)’H)

St dung coéng thiic Leibniz ta duge

9 =3 (") a )

Tu (1) suy ra f®(0) > 0 v6i moi k € N,

2.1.37. Ta ching minh bing quy nap. Véin = 1 thi ding thtc 1a hién nhién,
gid st diéu phai chiing minh ding véi k < n, ta chiing minh né ciing ding
v6i n + 1. That vay, ta co

1y (s (1>)(M (xnf <<%>>>
= (e (5)) o (e ()
— ot (3) - 0 ( (s ))




2.1. Pao ham ciia ham so6 thuc 223

Hon ntia

s er @) o))

Theo gia thiét quy nap véi f va k =n — 1 ta dugc

(n—1)
1 1 1
ik x x
tt d6 suy ra

n+1 n ]‘ ("‘H) _ n (n) ]' 1 (n) 1 ,
(=1 (x f (;)) Tt (z) - (ﬁf (;))
1 ntl 1
— Wf( +1) (E) ]

2.1.38. Chiing minh dué6i day dugc dya theo bai bao cia S. Roman [Amer.
Math. Monthly 87 (1980), 805-809], méic du tac gid st dung nhiing kién thtic
giai tich ham nhung ching minh kha so cap. Ta xét phiém ham tuyén tinh
L : P — R xéac dinh trén tap P cac da thic hé s6 thuc. Ki hiéu (L, P(z)) la
gia tri ctia phiém ham L tai da thtc P(z). Xét phiém ham tuyén tinh A*

nhu sau
<Ak,a;"> = nld, i,

trong doé

1 v6i n=k,
6n.k == L.
0 v6i n#k.

Ta ki hiéu gia tri ctia A* tai 2" 1a (2"). Ki higu Y- axA*, a; € R 1a phigm
k=0

ham tuyén tinh sau

<Z ap A, P(az)> = Z ar (A", P(z)).

Vi <Ak, P(az)> = 0 v6i hau hét k nén ton tai hitu han cac thanh phan khac 0

trong tong & vé& phai cta ding thic trén, bay gid ta cAn di chting minh ring
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néu L 12 mot phiém ham trén P thi

(1) L=

That vay, véin > 0 ta c6

= (L,z*) . * (L, 2" . .
<Z<ks! >A’x>zz<k!><A’x>:<L’””>‘

k=0

Vi L va A* tuyén tinh nén

o~ Lozt

<L,P<x>>:<2 - Ak,P<x>>

k=0
v6i moi da thtic P, ta c6 (1). V6i phép dit & trén gia tri cia A* tai 2" 1a
(:r”)fj)zo thi ta dinh nghia dugc phép toan trén A* nhu sau

AF AT = AR

Theo (1) ta mé rong dude phép toan nay thanh phép toan déivéi L, M : P — R
bat ki nhu sau:

h

<

I
M8

=
NE

M,y = &
) J n
. . i Al = E cn A",

trong doé

]

k=0
Do d6 theo (1) ta c6

n - n n—
(2) (LM, x >:Z<k) (L, 2%y (M,z").
St dung phép quy nap suy ra
(Ly---Lj,a")

!
3) = Y e (™) (L) (L),

E1,... ,k;=0
kl_i'_..‘_i'_k;j:n
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Ta dinh nghia dao ham hinh thtc L' caa L 1a
(A% =0, (A% =kA*' v6i keN

va < >
, L,x
L:E: o A T RARL

k=1
Ta can chiing minh réng véi moi P € P,

4) (L, P(x)) = (L,xP(x)).
R6 rang ta chi cdn chiing minh ring ((A%),z") = (A¥,2"1). Ta c6
<(Ak)/, ") = <I<:Ak’1, ™) = knld, 1 = (n+ D041y = <Ak, "y
Dé chiing minh cong thtc Faa di Bruno ta dat
o =hO(0), g0 =9"(),  fo= " (Wuzgir)
R6 rang
hi = fig1, ha = figa + fagi, hs = figs+ f239192 + fagi-

Dung quy nap chiing minh dudgc

(5) hn = ka:ln,k:(gbg?? cee 7gm)7
k=1

trong d6 1, (g1, 92, - - - , gn) d0c1ap véi f;,5 = 1,2,... ,n. Déxac dinhl, (g1, 9o, - . -

ta chon f(t) = e*,a € R, ta cb f, = a*e®® va h, = (e“g(t))(n). T (5) suy ra
(6) 67 ag(®) agt) Za lnk: gl g2, .. 7gm)

Xét B, (t) = e~ (e“g(t))( ) n > 0 thi theo cong thiic Leibniz ta dude
By(t) = e~ (agy (t)es®) "V

n—1
—1 n—k—
) =a-e Z (n I )gk+1(t) (eag(t)>( Y

k=1

n—1

_— (” . 1) Gt (D) B p 1 (8).

k=1

9l
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Vé6i t € I cho trude, didt B, = B,(t) va xét phiém ham L va M xéc dinh
trén P nhu sau : (L,z") = B,,(M,z") = g, khi d6 (L,1) = By = 1 va
(M,1) = go = g(t). Hon niia theo (1) ta dugc

— By k N . 9k 4k
k=0 k=0

K&t hgp (7) véi (2) va (4) ta duge

(L0 = Z (") ety (nay
_ a:Z:: ("3 1) (e (pan)

=a(M'Lz"").
Do d6 (L', z" ') = (M'L,z"!) hay no6i cach khac
L'=aM'L.
Phuong trinh vi phan dang chinh tic nay c¢6 nghiém L = ce®™ %) trong

d6 ¢ 1a mot s8 thuc. St dung diéu kién ban dau ta duge 1 = By = (L,1) =
<ce“(M’90), 1> =c¢, do @6 L = e*M-%) tix @6 suy ra

o k
B, = (L,x") _ <€a(M790)71,n> _ Z % <(M N go)k,x">
k=0

SR Y ) ()

|...
k=0 " ji,e. k=0 Jitc Ik
Ji++in=n
PR P,
= Rl . 951952 " G-
— k! =gl g
k=0 Ty 5Jk=0



2.1. Pao ham ciia ham so6 thuc

Tinh toan hé s6 cua a* 6 (6) ta dudc

227

n! 9in 95 Y
O U Iin iz . Gir
(91,92 9n) k! Z_l Al gt gl
.jl,‘“,‘]]?—
Jit+in=n
n! k! g1\ M Gn\ Fn
w2 kll..-kn!<i) (J) '
K1y kin =0
[ S
k1+22+-+nkp=n
Cudi cung ta c6
n n K 7 ky In K
k=1 k=1 Ky kin=0
k14-+kn=Fk
k1422+4nkn=n
Ta dugc diéu phai chting minh.
2.1.39.
(a) Ta co
1 -1z 44
e vl =z #0
f/(.’lf) — 3 . 7é )
0 vor x =0,
vi (xem 1.1.12)
2—1/:c2
lim = 0.
x—0 x

Tw d6 suy ra f’ lién tuc trén R. Hon ntia v6i x # 0 thi

)

St dung két qua cta bai 1.1.12 ta duge f”(0) = 0, tit d6 suy ra f” ciing

lién tuc trén R. Cudi cung ta duge

f () = {

trong d6 P 1a mot da thiic, do d6 v6i moi n € N f()(x) lién tuc trén R.

4 2.3

671/12 (_

16

f'(z) =

rd

e V' p (1) véi z#0,

0 v6l x =0,
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(b) Tuong tu cau (a) ta cé g™ (0) = 0véin € N, dong thai ta duge g € C=(R).

(c) Ham s6 dang xét 1a tich cua hai ham f; va f, thuoe C*(R); qua vay,
ta thay rang fi(z) = g(z — a) va fo(z) = g(b — z) v6i g dugc x4c dinh &
cau (b).

2.1.40. Ta co

() = ¢ (f(@)f'(z) = ¢ (f(2)g(f (@),
f"(x) = g'(f(@)(g(f(2)))* + (¢'(f(2)))*9(f ().

Do d6 f” va f"” déu lién tuc trén (a,b). St dung quy nap ta duge f™ véi
n > 3 déu la tong cta cac dao ham ¢®)(f), k=0,1,2,... ,n — 1, tit d6 suy ra

:g/
:g/

ching lién tuc trén (a,b).
2.1.41. Néu o # 0 thi

f”(ﬂf) _ _ﬁf/(x) — Vf(x)7

«

Tu d6 suy ra

f’”(fL‘) _ _ﬂfﬂ(m) — ’)/f(l') _ (52 - ")/Oz)f(/(l') + Vﬁf(x)

o o?

St dung quy nap suy ra dao ham tha n 1a mot biéu dién tuyén tinh caa f
va f'. Vi a=0thi g #0va f'(x) = —%f(:r). St dung quy nap lan niia suy
ra .
f(@) = (-1)" - f (@),
5
2.2 Dinh ly gia tri trung binh

2.2.1. Xét ham phu h(z) = e*®f(z), z € [a, b] thod man diéu kién ctua dinh ly
Rolle, do d6 ton tai zy € (a,b) thod man

0 = h(x0) = (af(zo) + f'(x0))e™™.

Tu d6 suy ra af(x) + f'(x¢) = 0.
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2.2.2. Ham h(x) = 9@ f(z),z € [a,b] thod mén diéu kién ctia dinh 1y Rolle,

do d6 ton tai zg € (a,b) thoa man
0 = 1'(z0) = (¢'(x0) f (o) + f(w0))e?™,

do d6 ¢'(zo) f(zo) + f'(z0) = 0.

2.2.3. St dung dinh ly Rolle déi v6i ham h(z) = @) 2 e [a, b].

T

2.2.4. St dung dinh ly Rolle déi v6i ham h(z) = f*(z) — 22,z € [a, b].

2.2.5. St dung dinh 1y Rolle déi v6i ham h(z) = ng’ z € [a,b].

g(z

2.2.6. Chu y réng da thiic

Q(z) = na—_l?lx’”l + %x” + -+ ayz

thod man diéu kién dinh 1y Rolle trong khoang [0, 1].

2.2.7. Ham

Qn, n a3 a1 Qo 2
=—" "Mz +- .+ =In*z+—In*z+ =Ilnz, xc[le,
n+1 3 2 1 1]

h(z)

thod man cac diéu kién ctua dinh 1y Rolle.

2.2.8. Su dung dinh 1y Rolle ta suy ra gitia hai nghiém thuc cua da thic P
ton tai it nhat mot nghiém thuc ctia P’. Hon niia mdi nghiém cta da thtic

bac k P 1a mot nghiém cta P’ bac k — 1, do d6 ton tai n — 1 nghiém cuaa P'.

2.2.9. St dung dinh 1y Rolle déi véi f trong [a,b] ta c6 ton tai ¢ € (a,b) sao
cho f'(c) = 0. Tiép d6 st dung dinh ly Rolle d61 v6i f’ trén [a,c] ta suy ra
rang ton tai z; € (a,c) C (a,b) sao cho f”(z;) = 0.

2.2.10. Lap luan tuong tu bai tap trén.

2.2.11.
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(a) Dat P(z) = z'® + 723 — 5, ta c6 P(0) = —5 va xhi& P(z) = +o0o. St dung
dinh 1y gia tri trung gian ta c6 ton tai nghiém duong ctia P(z) = 0.
Néu tén tai hai nghiém duong khac nhau thi ti dinh ly Rolle ta suy
ra ton tai zy sao cho P'(zg) = 0 véi 2y duong nao dé, diéu nay trai véi

gia thiét P’'(x) = 0 khi va chi khi 2 = 0. Cuéi ciing ta c6 nhan xét rang

P(z) <0 véi z < 0.
- +(2)

Ta c6 f(2) = 0. N&u phuong trinh dang xét c6 nghiém khéc 2 thi theo

dinh 1y Rolle dao ham ctia né phai c6 it nhat mot nghiém, diéu nay

(b) Xét ham

mau thuan véi gia thiét vi f/(z) < 0 v6i moi z € R.

2.2.12. Ta st dung phuong phap quy nap. Véin = 1, phuong trinh a;2% = 0
khong ¢6 nghiém trong (0,00). Gia st v6i n € N nao d6, phuong trinh

a1 4+ asx®? + - - - + a,x®" =0,
c6 nhiéu nhat 1a n — 1 nghiém trong (0, 00). Xét phuong trinh
a1 4 ax™ 4 - - - + a2 + ap =0,
ta viet duéi dang
a1 + asx® M + -+, T = 0.

Néu phuong trinh cudi cing nay c6 nhiéu hon n nghiém trong (0, cc) thi st
dung dinh 1y Rolle ta suy ra dao ham cta ham trong vé trai sé c6 n nghiém
duong, diéu nay trai véi gia thiét quy nap, ta dudgc diéu phai chting minh.
2.2.13. St dung bai tap trén, thay = bdi €.

2.2.14. R rang F(a) = F(b) = 0 va F lién tuc trén [a,b]. Hon ntia F' kha vi

trén (a,b) va
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St dung dinh 1y Rolle ta suy ra ton tai zo € (a,b) sao cho F'(zy) = 0. Chon
g(x) =z va h(z) =1 v6i z € [a,b] thi

F'(z0) = det

tic 1a f(b) — f(a) = f'(z0)(b— a), ta nhan dugc dinh 1y gia tri trung binh. Dé
téng quat hoa dinh 1y nay ta chi can cho h(z) = 1.

2.2.15. St dung dinh 1y gia tri trung binh ta suy ra ton tai z; € (0,1) va
x5 € (1,2) sao cho

fla) =f1) = f0)=1 va [fl(z)=fQ2)-f(1)=1

St dung dinh 1y Rolle d61 véi f trong khoang [z1, 75] ta dugc diéu phai chiing

minh.
2.2.16. Vi f khéng 1a ham tuyén tinh nén ton tai c € (a,b) sao cho

7o) < fla) + LT ooy may () > pl) + LT D)

Gia su rang

76 < flay + TO=T0 gy
Thé thi
flo—fla) _fo)—fla) . Fflo—fO) _ ) fla)
c—a b—a c—b b—a

St dung dinh 1y gia tri trung binh suy ra diéu phai chiing minh. Ta lap
luan tuong tu cho trucng hgp

10 > fla) + 1O D gy

2.2.17. Gia st rang zo # 3, khi d6 mot trong hai khoang [0, z,] va [z, 1]

khong hon 1. GIa st ring doan d6 1a [zo,1], st dung dinh 1y gia tri trung
binh ta dudgc

—1 _ f(l) — f(l'[)) _ f/(C),

1—1’0 1—1]0
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suy ra |f'(c)| > 2. Gia st rdng zp = 3 va f tuyén tinh trong khoang [0, 1],
thé thi f(z) = 2z v6i z € [0,1]. Vi f/(3) = 2 nén ton tai z; > 3 sao cho
f(z1) > 1, trong trudéng hgp nay st dung dinh 1y gia tri trung binh trén
khoang [z1,1] ta suy ra diéu phai chting minh. Néu ton tai z, € (0,1) sao
cho f(z3) > 2y, st dung dinh 1y gia tri trung binh dé1 v6i khoang [0, o] ta
suy ra diéu phai chting minh. Néu f(z3) < 2z, thi st 4p dung dinh ly gia
tri trung binh cho khoang [z,, 1].

f(=@)

2.2.18. St dung dinh 1y gi tri trung binh téng quat cho ham z — - va

z — < trén [a,b] ta dugc

bi@ —af () _ S-S T )

_ 1_ 1 _ 1
b—a y— >

2.2.19. The dinh ly gia tri trung binh , véi 1, 25 € [0, 00),

1
]ln(l—i—a:l)—ln(l—i-m)]:x +1]a:1—332| < oy — @l
0
Tuong tu
2 2 21}0
’hl(]. +.’131) —ln(l +l’2)’ = 1‘2——{—1’:1:1 —I'2| S ’.’131 —.’132|.
0
Va
t — tan xo| = T — To| < |1 — To|.
| arctan z; — arctan xs| x%+1! 1 o] < |z 2|

2.2.20. C& dinh z( € (a,b), thé& thi v6i moi z € (a,b) ta c6 ton tai c nim gitia
zo va z sao cho f'(z) — f'(xg = f"(¢)(x — o). Do d6

|f'(@)| < Mz — zo| + [ (20| < M(b—a)+|f (o),
tc 1a f’ bi chin, ti d6 (nhu két qua bai trudc) ta suy ra f lién tuc déu trén
(a,b).

2.2.21. Xét ham x +— arctan f(z), st dung dinh 1y gia tri trung binh ta dugc

vl a <z <o <b, 19— 21 >,

_ el
|arctan f(z9) — arctan f(z1)| = P2(20) 11 (xg — 7).
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Do d6
| (@o)]

> m(@ - 351),

tu d6 suy ra
| f' (o) < _T
fAxo)+1 = xo— 1y

< 1.
2.2.22. Ta co
arctan f(zy) — arctan f(z1) =
vll a < r1 < x9 < b. T (1) suy ra
arctan f(zy) — arctan f(zq) > —(x9 — 7).
Cho 23 — b~ va z; — at , st dung (i) ta duge —7m > —(b — a).
2.2.23. Su dung dinh ly gia tri trung binh suy ra

£ = tim LN =IO pon) = a

h—0— h—0—

2.2.24. Vi f'(z) = O(z) nén tén tai M > 0 va zy € (0,00) sao cho |f'(z)| < Mz
v6l x > 1. St dung dinh ly gia tri trung binh ta dugc

|f(z) = f(zo)| = | ('m0 + 0(z — 20))|(z — T0)
< M(x +0(x — 20))(z — m0) < Ma(x — x) < M2?

vll T > xp.

2.2.25. Su dung dinh 1y Rolle cho ham

n

fi(b) — fk;(a)>
h(x) = x) — frla) — x)— grla)) ————= .
=32 (1) fle) ~ o) —auto) P
2.2.26. Gia st f kha vi déu trén [a,b], khi d6 v6i moi day {h,} hoi tu vé 0
sa0 cho h, # 0 VA z + hy, € I véi z € [a,b], diy ham {w} hoi tu déu
vé f’ trén [a,b]. Theo bai 1.2.34 thi f’ lién tuc trén [a, b].
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Bay gio gia thiét rang f’ lién tuc trén [a, b], st dung dinh 1y gia tri trung
binh ta dugc v6i moi x € [a,b],x + h €1,

flz+ h}i — @ iy = s on) — £

v6i 0 < 6 < 1. Vi f" lién tuc déu trén [a,b] nén f kha vi déu.

2.2.27. Vi f lién tuc trén [a,b] nén noé bi chan, tic 1a ton tai A > 0 sao cho
|f(z)| < A v6iz € [a,b]. Theo gia thiét ta c6

4(@)] < %w»

Bay gid xét [c,d] C [a,b] c6 do rong khong 16n hon 1Pk = Z va thod man
g(c) = 0. V61 zg € [c,d] ta co
B |g(z1)|
[9(20) = g(0)] = lg(0)| = (w0 = €)lg'(x1)] < 5 =5

Lap lai qua trinh trén ta tim dugc day {z,} cac diém thudc [c,d] sao cho

1 1
9(zo)| < 5lg(z)] = - = Zlglza)l < -
T d6 suy ra g(z0) = 0. D& két thic ching minh ta chia doan [a,b] thanh
htiu han doan con c6 do rong khong qua £.
Ta c6 nhan xét ring gia thiét f lién tuc trén [a, b] c6 thé thay thé& béi tinh

bi chén cua né trén [a, b).

2.2.28. St dung dinh 1y gi tri trung binh téng quat ta dudc

f@22)  f(@)
T R (3]
2z T

vl x < ¢ < 2z. Tu do6 suy ra

o 182 (ro-12).

2z x 2x ¢
facla fe)  f@)] L |FQ)
, x x
o< |0 <2 22 - L8] 1)

Cho = — oo ta dudc diéu phai chiing minh.
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2.2.29. Suy ra tu bai 1.6.30.
2.2.30. Tu gia thiét suy ra
(1) f'(pz +qy) = f'(gz +py) véi z#y.

Néu p # ¢ thi f' 1a ham hang. That vay, néu f'(z;) # f'(z2) thi dit

D p—1 . _p—1 D
a;—2p_1a:1—|—2p_1332 va y—2p_1331—|—2p_1332,

thi ta dugc =1 = pz + (1 — p)y va 29 = py + (1 — p)z, trai véi (1). Tu d6 suy ra
v6i p # ¢ thi f 1a ham tuyén tinh, néu p = ¢ = 3 thi theo két qua bai trudc,
f sé la mot da thic bac hai.

2.2.31. Véi [a,b] C 1, gid st rang f'(a) < f/(b). Dit ) 1a s6 thoa man f'(a) <
A < f'(b). Xét ham g(z) = f(z) — Az, thé thi ¢'(a) < 0 va ¢'(b) > 0. Do d6 g
dat cuc tiéu trén [a,b] tai diém z, € (a,b), tic 1 ¢'(z0) = 0, hay f'(zo) = A.

2.2.32.

(a) Cho £ > 0 sao cho |f(z) — f'(x)] < € v61 z > a. Theo dinh ly gia tri
trung binh téng quat, ton tai ¢ € (a, z) sao cho

e’ f(z) —e*f(a)

el’_e(l

= f(&§) = f'(§)-
Do d6
|f(z) = fla)e" ™| <ell —e*|,

hay
[f(@)] < [f(a)|e”™* +ell —e*"].

Tu d6 suy ra|f(z)| < 2¢ v6i z du 16n.

(b) St dung dinh Iy gia tri trung binh téng quat d6i v6i ham z — eVZ f(z)
va z — eV” va lam nhu cau a.
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2.2.33. Tu gia thiét suy ra ham x — e % f(z) c6 it nh4t ba nghiém phan biét
trong [a,b], do d6 theo dinh 1y Rolle dao ham cua né =z — e *(f'(z) — f(z))
phai c6 it nhit hai nghiém phan biét trong [a, b] va dao ham c4p hai cua né
6 it nh&at mot nghiém , tic 1a phuong trinh e *(f(z) + f”(z) — 2f'(x)) = 0 ¢6
it nhat mot nghiém trong [a, b].

2.2.34. Chud ¥y rang Q(z) = F(x)G(z) véi

F() = P(0) + oP(2) = 2 (2P(a)) |
G(z) = xP'(xz) + P(z) = (zP(x))".

Xét cac nghiém 1 < a; < ap < --- < a, cua da thic P, theo dinh ly Rolle F
c6 n — 1 nghiém, ky hiéu la b;,: = 1,2,... ,n — 1 va G c6 n nghiém, ky hiéu
12 ¢;,i =1,2,... ,n, c6 thé gia thiét ring
1<ar <bi<ag<by<---<by_1<ay,
O0<a<a<c<a<--<cy<ap.
Néu b; # cip1,i = 1,2,...n — 1 thi da thic Q c6 it nhat 2n — 1 nghiém. Bay
gi0 gia thiét rang tén tai i sao cho b; = ¢;;1 = r, thé thi P/(r) +rP(r) = 0 =
rP'(r)+ P(r), do d6 (r* —1)P(r) =0. Vir > 1 nén P(r) =0 vo ly.
2.2.35. Goi cac nghiém cua P la z; < 23 < --- < ,, theo gia thiét ta
c6 P'(zm) > 0, P(Tpm1) < 0 va P'(xpr5) > 0,.... Hon niia ta thay ring
Q(zm) < 0, Q(ry_1) > 0, .... Néu m 1é thi Q(x;) < 0, néu m chin thi
Q(x1) > 0, suy ra theo dinh 1y Rolle @ c6 it nhat m + 1 nghiém thyc khi m 1é
va it nhat m nghiém thuc khi m chdn. Ta cin chi ra réng cac nghiém cta Q la
phan biét. Vi cac nghiém cua P 1a thyc va phan biét nén (P(z))? > P(z)P"(x)

v61 moi z € R. That vay, vi
P(z) = ap(z —x1)(x — x2) - - - (T — ),
nén thay rang véi z # z,,, ta cé

Pllz) 1
P(x) _Zaz—xj'

J=1
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Vi vay

P(z)P"(z) — (P(2))* = —P*(x Z

— (z — ;)
7j=1
Hon ntia v6i z = z;

(P(27)* > 0= P(x;)P"(x).

Do d6 bat dang thiic (P'(x))? > P(z)P"(z) ding, tit d6 suy ra

P(z)Q'(x) = P(z)(2P(x)P'(x) — P"(z))
= 2P'(z)(P*(z) — P'(x)) + 2(P'(z))* — P(z)P"(x)
> 2P (z)P?(z) — (P'(x))*.

Tic 1a

(D P(z)Q'(z) > 2P'(z)Q().

Vay cac nghiém cta @ déu la nghiém don, Néu y; va 3, 14 hai nghiém lién
tiép ctia Q thi Q'(y1) va Q'(y2) trai ddu nhau, do d6 tu (1) ta suy ra P(y;) va
P(y) cling trai dau nhau, va ta cé két luan rang gitia hai nghiém lién tiép
cua Q ludn c6 it nhat mot nghiém ciaa P, vay véi m 1é, néu @ c6 hon m + 1
nghiém thuc thi P ¢6 nhiéu hon m nghiém, v6 1y, twong tu néu véi m chin
@ c6 nhiéu hon m nghiém thi né phai c6 m + 2 nghiém, tic 12 P c6 nhiéu

hon m nghiém, vo ly.

2.2.36. [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. Chua ¥
rang néu moi nghiém cta da thiic bac n P déu thuc thi theo dinh 1y Rolle,
moi nghiém ctia P’ ciing déu thuc, va ndm gitia cac nghiém cua P, do d6 P’
c¢6 dang nhu da cho trong dé bai, ta chi cAn ching minh khng dinh d4u, cac
khing dinh sau chting minh tuong tu. R6 rang P(z) = Q(z)(x — a,), do d6

() Pl(z) = Q'(z)(z — an) + Q(x).

Xét truong hop a; < a;y1, gid st rang P(x) > 0 véi z € (a; > as4,) khi
d6 Q(z) < 0 véi z € (a; > a;+1). Hon niia tu (x) ta suy ra Q'(z) < 0 véi
r € (a;,a;41) va Q'(¢;) <0, do d6 d; > ¢;, diéu phai chiing minh.
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2.2.37. [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. Gia su

rang a, 1 < a, va € > 0. R6 rang
S(x) = P(z) — eR(z),
v6i R(z) = (x — ag)--- (z — a,,). Khong mat tong quat gia st rang P(z) < 0
véi = € (a,_1a,), khi d6 S(z) < 0 va R(z) < 0 véi z € (ay,_1a,). Vi
(1) S'(z) = P(z)(z — a,) — eR/(x),
nén S(c, 1) = —eR'(cy_1). Theo két qua bai trude ta c6 R'(c,_1) > 0. Theo (1)

tac6 S'(c,_1) < 0. Vi S’ d6i ddu am sang duong tai mot diém thudc (a,_1,a,)
nén f,_, > ¢,_1. Khng dinh con lai duge chiing minh tuong tu.

2.2.38. [G. Peyser, Amer. Math. Monthly 74 (1967), 1102-1104]. Dait
W(z) = (z — a;)(x — a;41). Néui = 2,3,... ,n— 1 thi W(z) = 0 tai cac

R N .
diém x = q; va tai

azzc:m:am—w
1+ 1 1+1
Néu i = 1 thi W’ chi bang 0 tai c. St dung két qua dau cta 2.2.36 n—i—1 1an
va ti€p dén 1a két qua bai trén n—1 1an véi € bang a; —aq, a; —as, . . . , 4 — ;1
lién tiép ta dudgc

Qj+1 — G4
i+1
DPé chting minh b4t ding thic bén trai ta st dung phan tha hai ctia hai bai

¢ < C= a1 —

tap trén mot cach tuong tu.

2.2.39. Chd ¥ rang theo dinh 1y gi4 tri trung binh, véi moi = € (0,1/K)NJ0, 1]

ta co

F@)] < Kalf(@)] < K[ f(@)] < - < K"ay---a,1] (@)
trong d6 0 < z, < &1 < -+ < 21 < x. Do @6 |f(z)] < (Kx)"|f(x,)]. Vi f
bi chan nén f(z) = 0 trén (0,1/K)N[0,1]. Néu K > 1 ta cling c6 két luan

tuong tu f(z) = 0 trén [1/K,2/K]. Lip lai qua trinh trén nhiéu lan suy ra
f(z) =0 trén [0, 1].
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2.2.40. Va1 r1 €Jyvazxzsy € Jstacd

FU D (ws) — f0 D (@)

I3 — I

= 9()

véi ¢ € (z1,x3). Do do

my(J) < (1F% D (as) = [fE D (@)])

£L’3 — T
< )\— (7% D )] = [F* D (@)]) -
2
Lay can duéi dung theo z; € J; va z3 € J5 ta suy ra diéu phai chiing minh.

2.2.41. Quy nap theo k. Véi k = 1 ta suy ra bat ddng thic ti dinh 1y gia tri
trung binh va |f(z)| < 1. Gia st bat ding thic ding véi k nao d6, theo két
qua bai trén ta cé

1
my11(J) < )\—(mk(Jl)erk(JB)))
1 1 kGety) o 1 ESSh
E(kt1 1 1
—9 Lk — .
’ ()\’f)\g * A'gxz)
Dat M = A3 = g5y VA de = 127 ta duge
(k41) (k+2)
mi (@) < 2D

Diéu phai chiing minh.
2.2.42. Ta co

+1)! n!

PP Y(z) = (p—Dla,_1 + (p—a 4 ——————a, " P

( ) (p ) p—1 91 p+1 (Tl-p—i-].)'

Theo dinh 1y Rolle ta c6 gitia hai nghiém thuc lién tiép ctia P toén tai ding
mot nghiém thuc cta P’, ti d6 suy ra da thic P®Y c6 n — p + 1 nghiém
thuc phan biét va P® c¢6 n — p nghiém thuc phan biét, dong thdi nhu trén
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ta co gitia hai nghiém lién tiép cia P®~V) ¢6 ding mot nghiém caa PP, Gia
sti phan chting rang a, ; va a,;; c6 cung dau, khong gidm tdng quat ta co
thé gia thiét ching c6 ddu duong, khi d6 tén tai € > 0 sao cho P®~ Y giam
trong khoang (—¢,0) va ting trong khoang (0,¢). Ré rang P®(0) = 0. Néu
khéng tén tai mot nghiém khac ctia P®) thi ta c6 PP~V (z) > PPY(0) > 0
Vi z # 0, vo ly. Néu P® ¢6 nghiém khac 0 véi thi ky hiéu z, # 0 1a nghiém
gan khong nhat ta nhan thay rang gitia 0 va z, c6 mot nghiém cta P®-Y,
mit khac PP~ (z) > 0 trong khodng md c6 hai dau 1a 0 va o, vo ly. Diéu
phai chiing minh.

2.3 Cong thirc Taylor va quy tac L’Hopital

2.3.1. Chd y rang v6i n = 1 ta dudc diéu phai chiing minh ti dinh nghia
cua f'(xg). Véin > 1, dat

1! n!

rae) = )= (a0) + Loy L g ).
Thé thi r,(z0) = r'(x9) = -+ = r™(xy) = 0. Theo dinh nghia ctia dao ham
thta n
r D (z) = 2D (z) — r D (0) = ) (20) (2 — 20) + 0(x — 20),
tit d6 suy ra r»V(z) = o(z — ). St dung dinh 1y gia tri trung binh ta dugc
(o) = r™ D (z) — r D (z0) = V() (x — ),

4,2 IN A <R A P . N 2, N N N
v6i ¢ 12 mot diém thuge khoang mé ¢6 hai dau mut 1a z va zq. Vi |c — | <

n—2)

|z — x|, ta suy ra r" 2 (2) = o((z — z0)?). Lap lai qua trinh trén n lan ta

dudgce r,(z) = o((z — zo)™).

2.3.2. Véi x,zq € [a,b] dat

! Xo (n) To
m@%=ﬂ@—(ﬂ%%F” Mx—%%F~+i—Ll@—xM0.
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Khéng mit téng quat ta gia thiét z > z,. Trén doan [z, 2] xét ham trung

gian
o) = @) - (16 + H -4+ B )
Ta c6
o Pla0) = raleo) v pla) =0
Hon niia ¢/(x) ton tai va
@) - LGy

Theo dinh 1y gia tri trung binh téng quat

p(x) — o(x) _ @)
() —Y(zo)  ¥(c)’

trong d6 1 lién tuc trén [xg,z] c6 dao ham khac khong trén (zg,z). Két hgp
véi (1) va (2) ta dude

ro(2) =

Y ol
Chon 9(z) = (z — 2)P va viét ¢ =z + 0(x — x¢) ta dugc

(n+1) _
T‘n<l‘) _ f (x()?j'_pe(x 'ZL’O) (1 . 9)n+1fp<x . .’130)”+1.

2.3.3. Chu y rang két qua trong bai nay chinh 1a cac trudng hgp riéng cta
bai truée vé6i

(a) p=n-+1,

(b) p=1



242 Chuong 2. Vi phdn

2.3.4. Tich phan tting phan

F(2) — flao) = / Pyt = (@ - OFOF, + / " — )1 ()dt.

o

Do do6 ) N
/ f‘)) (z — 20) + / (z — ) f"(t)dt.

Zo

f(@) = flzo) +

Lip lai qua trinh trén n lan ta sé suy ra dang cong thiic Taylor cAn chiing

minh.

235. Véin=1

/ / FO (L )ty dty = / (F(ats) — F'(z0))dts

— f(@0) — (z — m0) f'(0)-
St dung quy nap ta suy ra diéu phai chting minh.
2.3.6. St dung cong thic Taylor véi phan du dang Lagrange (xem 2.3.3 (a)),
ta co . . 5
Vidtz=1+=z— =2+ — (1—|—9x) 5/243
vl 0 < 6 < 1 nao do, suy ra

1 1 3|zl 2|z |3 1
‘m_(1+_x__x2)‘< 2P _ V2P

13
5 3 x|°.

|
(1?4 2
2.3.7. St dung cong thtic Taylor véi s6 du dang Lagrange d6i véi f(z) =
(1+ x)%, ta duge

ala—1)(1+ 03;)"‘_2x2

l14+z2)*=14az+ 5

v6i 0 < 6 < 1. Dé ¢6 diéu phai chiing minh ta chi caAn chd § ring

a(a—1)(1 + fz)>2
2

>0 v6i a>1 hay a<0,
va
a(a—1)(1 + fz)>2

5 <0 v6i O0<a<l.
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2.3.8. Theo cong thiic Taylor

fla) = f0) _ f(O0)z + 3/"(61(z))?
g9(x) = g(0)  ¢'(0)x + 59" (02(x))x?

Mat khac theo dinh ly gia tri trung binh

f'6(x) _ f'(0) + 0(x) f"(65(x))
g(0()  g'(0)+0(z)g"(6s(x))

St dung cac ddng thic trén va tinh lién tuc tai 0 cia f” va ¢” ta dé& dang

suy ra
lim @ = l
z—0t T 2
2.3.9.
(a) Theo cong thic Taylor
£0) = fla + (-2) = fa) + LD () L e
fO@), . @b,
o (e TR R e

Cho # =1 — 0, ta dugc diéu phai chting minh.
(b) Chd ¥ ring f (1) = f (;ﬁ) 1am nhu cau (a).

2.3.10. Ta c6

f@nt1) (% + 91%) <x)2n+1

(2n +1)! 2
tuong tu
r x '(3) (2 Fe(5) (ayz
10=f(3-3)=1(3) - 1(!)(§)+ " <2n§.)<5>
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Trit v& v6i v& hai ddng thic trén ta dugc

i@ =10+ o7 (3) (5) + 259 (3) (5)

e —— ) (2 (2

Tt e () (5)
S (54 005) £ 10 (5= ) iy
(2n+1)! 2 '

Vi dao ham thod man dinh 1y gia tri trung gian (xem 2.2.31) ta c6 diéu phai

+

chiing minh.

2.3.11. St dung két qua bai trén véi f(z) = In(z + 1), z > 0 va chd ¥ ring
daoham 1é cua f nhan gia tri duong véi z > 0.

2.3.12. St dung cong thitc Taylor véi s6 du dang Peano (xem 2.3.1),

(a)
i L&+ R) = 2f(@) + flz —h)
h—0 h2
i {f(x) — hf'(x) + 51" (2) + o(h?)
= fim -
z)— f(x ") — P21 o(h2
(b)
lim f(z+2h) —2f(z+h)+ f()
h—0 h2
= lim W f"(x) +;2(4h2)o(h2) _ )

2.3.13. Tuong tu cach giai bai trén, ta ap dung céng thiic Taylor véi phan
du dang Peano.

2.3.14.



2.3. Cong thitc Taylor va quy tdc L’Hépital
(a) Theo cong thic Taylor véi z > 0 ta co
n l’k anrl ; n l’k
e’ = Z — + e’ > Z —.
| | |
k' (n+1)! k!
(b) V61 z > 0taco
L 1 2 o a2t
1 Hh=2-—++—-"—+————>0— — + — — —.
R N i pr e e M M
Tuong tu v61 x > —1,z # 0
In(z + 1) 2+x3 s ! > x2+x3
n(x =r-—+——————>r— — + —.
2 3 4 (1+ Ogx)? 2 3

(c) St dung cong thiic Taylor cho ham z — /1 + z ta dudc

1 1 1 1
1 -1 T 2 o B 1 9 —7/2 4
Vite=1+cz—ca"+ o 128( +01z)"

< 1—1-53:—%3;2—1-%3;3
va
\/14——1' =1+ 11’ — 112 + i(l +92£U)_5/2£L’3 >14+ 11’ . 11’2.
2 8 16 2 ]
2.3.15. Theo 2.3.1
h e
flx+h)=fx)+hf(z)+ -+ Ff(")(a;) 4+ —(n — 1)'f("+1)(a;) +o(R™Y,

Miit khac
hnfl
(n—1)!
Tru déng thic trén cho ddng thic dudi ta duge
O (z 4+ 0(hh) = f™M(x)  f () | o(h)

I = Tar1 T Tho

fla+h) = f@) +hf (@) + -+

FON @) + 0.

Tu do suy ra

[ (@) | olh)

o n+1 h
6(h) = Fortromm 7@
0(h)h

Chu ¥ rang f™+Y(z) ton tai va khac 0 ta suy ra diéu phai chiing minh.

245
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2.3.16. V610 <z <1 ta cod

2

M f0) = f@ - 2) = f(2) - f'@)a + f'(z — 62) 5,

vaver0 <z <1,

2) f) = fle+(1-1)
= f(@)+ (@)1 =)+ f(z + 0:(1 — x))

(1-2)*
2

Théy rdng tu (1) suy ra |f/(1)| < 4, va ti (2) ta c6 |f/(0)| < 4. Hon niia tri
(2) cho (1) ta dugc

f(z) = %(f’(:r —01z)2® — f"(x+0:(1 —2)?) v6i O0<z<l.

Do d6

|

A
If'(z)] < =(22° — 22 =1) < 5 0<z<l.
2.3.17.

(a) Véiz € [—c, ¢,

0 fQ) - f@) = fla)e—mz)+ EZCTD)

2

va , ;

F-e) — fa) = —fla)(e+ o) + LEZBETD e
Do d6
f’(l’) f(C) _26f<_0)
(=) f" (x40 (c— ) = (c+x)f(x — Oc + x))
4c
Tu do suy ra

<= —.
@) < 22 (¢ at)
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(b) Tu (1) & trén, véi x € [—c,c) ta co

flo) = f@) _ f'ath),

) = 59 =,

trong d6 h = c—x > 0. Do d6 | f'(z)| < 22 + 1MLk, Chon h =2 % ta
dIIQC ’f’(l’)| < 24/ M()Mg, kéo theo M1 < 2\/ M()Mg.

2.3.18. Bat ding thic M; < 2/MoM, dude chiing minh trong cau (b) bai
2.3.17, d4u ding thic dat duge, vi du nhu 6 ham

202 -1 v6i —1<z<0,
f(.’]?) = 21 =
o volr 0 <z < oo.

Thét Vay, ta co M() =1va M1 = M2 =4.

23.19. Véi h >0vaz e R, taco

2

f@+h) = f@) + F@)h+ 'z + 0h)%

va 9

flo = B) = J@) ~ f@h+ - b)Y

Tu d6 suy ra

/! 1 h /
flle) = 5 (fle+h) = f(z =) = 2(f"(z + 6R) — ["(z — 61h)),
tic la v
F@)| <=2+ 5My v6i h>0.
Chon h =, /24P ta dugc diéu phai chting minh.

2.3.20. Véi p = 2 diéu phai chiing minh dudc suy ra ti bai tap trén. Ta su
dung phuong phap quy nap. Gia st khing dinh ding véi 2,3,...,p. Ta di
chting minh rang né ciing ding véi p + 1. Ta c6

fP V(x4 h) = fEI(z) 4 [P (z)h + FPD (2 4 gh)h;
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va
f(p_l)(a: —h) = f(p_l)(x) — f(p)(az)h + f(p+1)(a: — th)h;.

Do doé
f(p)(x) - %(f(p—l)(x +h) — f(P—l)(:r —h))
2O 4 0h) — O (@ 1)),

Tu do suy ra

M,. h
FP@)] <=+ SMpa, B> 0,

Chon h = 1/2% ta duge M, < /2M, 1 M,,;. Theo gia thiét quy nap, véi
k =p—1va mot vai tinh toan ta dugc

1 _p_
(1) M, < 2PPMyT MP

p+1-
Vay ta da chiing minh dugce bat ddng thic véi k = p. Bay gio ta di ching
minh né véi 1 < k < p — 1. Theo gia thiét quy nap ta cé

k(p—k)  1-E

k
MO p+Mpp7

M, <2

két hop véi (1) ta dugc

k(p+l—Fk) 1

ok _k_
My < 255572007 T
Diéu phai chiing minh.

2.3.21. Gia st |f"(z)] < M(M > 0), v6i z € (0,00). Theo cong thiic Taylor
cho z,h € (0,00) ta c6

2

f@+h) = f@)+ F(@)h+ f'(z+ Hh)%.

Tu do6 suy ra
fa+h) = f@)| M

()] < LN !
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Vi lim f(x) =0, chon € > 0 thi ton tai 7 sao cho

Tr—r00
Mh .
| f ()!_——FT v6l x> x9,h > 0.
£ ! !
Chon h = /2% ta duge |f/(z)] < v2eM, x>xo,tUC1a:}Lrgof()

2.3.22. V61 x > 0,

fe+1) = f@) + () + %f”(f) véi £e(matl).

Do d6

of(e) = @+ D@+ 1) ~af(e) — 5 7 &f

N 2 . 1 o
Tu d6 suy ra wl_lgloo zf'(z) = 0.

2.3.23. Vi u,z € (0,1), u > x , theo cong thic Taylor ta co
flu) = £(2) + f@) - 2) + 37(€) - 2)?
v6i ¢ € (z,u). Chonu=z+¢e(l—2),0 <e < 3, ta duge
f(u) = (@) = (1= 2) /(@) + 5" (o + 01 = 2))(1 — 2)?
v6i 0 € (0,1). Cho z — 1~ ta dudgc
(1) 0= lim ((1 —x)f'(x) + %af”(a) +0s(1 —2))(1 — x)2) :
Theo dinh nghia gi6i han, néu £, > 0 thi

(1 - 2)|f @) < &1+ el 4+ 021~ D)|(1 2’
1 Me

< -
€1+ (9 _1)

v6i z di gdn 1. Vi € chon tuy ¥ nén (1 —2)|f'(x)| < &1, ti d6 suy ra 11I{1 (1—
r—1"
z)f'(z) = 0.
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2.3.24. Ta c6

)

f<aJ2rb> :f(b)+f”;fz) (b;a)27

v6l 11 € (a, “—*b) va xy € (“TH’,Z)), do do6
2

~

VR
o)

2o |+
o

~~
Il

va

2

10 - 1@ = (252) 31 - ol < (52 1l

trong d6 | f”(c)| = max{[f"(z2)], [/ (x1)[}-
2.3.25. Theo cong thic Taylor ta c6

lf//(o) + f ?E‘;L'l) va 0= f(—l) _ %f//(o) _ f ?SL?)

v6i z; € (0,1) va zy € (—1,0). Do d6
Pan) + ) = 6

tic 1a f”(z1) > 3 hosic f”(x3) > 3. Chud ¥ ring ta c6 thé nhan duge dau ding
thic véi vi du f(z) = 1 (2% + z2).

2.3.26. Viét

(1) f(t) =t(z) + (t — 2)Q(1).

Pao ham hai v& ddng thtc trén theo ¢ ta dugde

) ft) =Q(t) + (t — 2)Q'(t).

Thay thé t bdi z,

(3) f(@) = fxo) + (z — x0) f'(0) + (& — 20)*Q'(x0).
Dao ham (2) theo ¢ va cho t = z, st dung (3) ta dudgc

f(x) = f(x0) + (x — 20) f'(0) + %f”(ﬂfo)(ﬂf — 3)” + %(JJ — 20)°Q" (z0).

Lap lai qué trinh trén n 1an ta duge ddng thic caAn ching minh.
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2.3.27. Theo cong thtc Taylor 6 2.3.1,

Do do
0 pioy = J0) = @) ofu) — o)
Yn — Tn Yn — Tn
(a) Viz, <0<y, nén
o(yn) —olan) | - lolyn)l | lo(za)| _ Jo(ym)| | Jo(zn)l
Yn — Tp _yn_'xn Yn — Tn N Yn —Tp ‘

Tu dé suy ra
lim 0(3/71) — O(xn)

n—oo yn — xn

két hop véi (1) ta duge lim D, = f(0).
n—oo

=0,

(b) T (1) ta suy ra chi cAn chting minh ring lim 2&2)=°@) — o Ta ¢6

n—oo  YnTTn

0(Yn) = o(n)

lim
n—o0 yn — ,’Ijn
— lim <O(y”)- bn _ On) ) _0,

d4ng thic cudi cing duge suy ra ti tinh giéi ndi cta cac day {y—”}

Yn—Tn
va In
Yn—Tn | °

(c¢) Theo dinh 1y gia tri trung binh ta ¢6 D,, = f'(0,), trong d6 x,, < 0,, < Y.
St dung tinh lién tuc tai O caa f’ ta c6 diéu phai chting minh.

2.3.28. Chu y rang P 1a da thic c6 bac khong vudt qua m, dao ham déng

thtc "
il N m+1
(RN Sl (A (ST

k=0
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ta dugc

(1) —(m+ 11—y =)

Cho y =1 ta dudgc
+
m+ 1
@ -3 ( ) 1k,
k=1

Tt d4ng thic trén suy ra P D(0) = 0. Pao ham (1) réi cho y = 1 ta lai
thay rang (theo (2)) P™~2(0) = 0. Lap lai qua trinh trén ta suy ra rang
PU(0)=0vé6i j=0,1,2,...,m — 1. Hon nita P (0) =0, vi

0=(1-1)m = :f;l (m; 1) (—1)".

St dung cong thiic Taylor ta suy ra P(z) = 0.

2.3.29. [E. I. Poffald, Amer. Math. Montly 97 (1990), 205-213] Ta st dung
dinh 1y (gia tri) trung binh tich phan sau.

DPinh 1y. Cho f va g la hai ham lién tuc trén [a,b], g c6 ddu khong déi trong
khodng do. Khi dé ton tai ¢ € (a,b) sao cho

[ e = ste) [ oty

Ching minh. Dat
m =min{f(z):z € [a,b]} va M =max{f(z):z € [a,b]}.

Gia st rang, diéu nay khong 1am mat tinh téng quat cla bai toan, g(z) > 0,
khi d6 mg(z) < f(z)g(z) < Mg(z). Tich phan bat ding thic kép ta dugc

/ da:</ f(x dng/abg(x)da:
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Do d6

< TGty
[ g(x)dx

<M

Vi f thoa man dinh 1y gia tri trung gian trong [a, b] nén ta c6 diéu phai ching
minh.

Bay gio ta chting minh cong thtic ctia dé bai. St dung cong thiic Taylor
v6i phan du dang tich phan (xem 2.3.4)

X

n T _ n n+1
1 () = 1O )

Esy T
(n+2) (4 —t) dt.
[ <>(n+1 )

Do dé
/ (n—1) (n) (_=_
f'(0) FoD0) -
:f(0)+ 1 x+"'+m$ 1
(n) (1) ()% T ne2) z z"
+<f Oy <O)n+1+ 0 A (n+1 t>dt> n!
f’(O) f(n-‘rl)(o) .
= SO+ e e

nLJrl T "
(n+2) (¢ — ) dt=.
+/0 / ®) <n +1 ) n!

Mt khac cling theo cong thitic Taylor véi phan du dang tich phan ta cé

/"(0) f0)
1 I‘+"'+ml’ +1

1 ! (n+2) _ p\n+l
+—(n+1)!/0f (£)(x — t)"Ldt.

flz) = f(0) +
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Tu do suy ra

! (n—1) (n) (_z_
o= (g0 + £ 0 L2,

1 X
- (TL+2) t . t n+1dt
eyl REASIOICED
I T G A P
/0 / ®) n+1 n!

1 = (z — )" T
_ 1 (n+2) T —t) ) at
n! / ®) ( n+1 T \nT1

+JO
1 /v’”
+— FOD () (z — )" dt.

Xét ham
(Jf _ t)n+1

g(t):——x”( ° —t) véi t €0,z

n-+1 n+1

R6 rang ¢/'(t) > 0 v6i moi t € (0,z) va g(0) = 0, do d6 g duong trén toan
khoang mé (0, x). Theo dinh 1y trung binh tich phan & trén ta c6

=i r— )"t T
2y (EZ —t) ) dt
e (S ()

=ﬂ%%o£ﬁ%@w

va
X

/m f(n+2)(t) (x . t)n+1dt _ f(n+2) (5) / (x . t)n+1dt.

T

n+1

Tu d6 suy ra

f(x)—(f(0)+@x+---—l-—'x +—x

—Z_

— if(n+2)(§1) /n+1 g(t)dt " ﬁf(nﬂ) (52) / (m . t)”“dt.

n! 0
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xZ

T x _ n+1
A = / Tt va e = / ="
0

1

n+
ta sé thay rang

xn+2n

2(n+1)2(n+2)
St dung dinh 1y gia tri trung gian ta c6
o) [T glt)de + o (G) [T gy

CCn+2’I’L - - f(n+2) <€)7
2(n+1)2(n+2)

A+ =

v6i € 6 gitia & va &. Tu d6 suy ra

! (n—1) (n) (_z_
f@) - (f(O) $ 20y %xl ; #ﬁ
— l (n+2) "2 - n nt2) 2
—al (5)2(n+ 12(n+2) 2(n+ 1)f( i (E)<n+2)!.

Dat 0 = £ ta suy ra diéu phai chiing minh.
2.3.30. Theo gia thiét va ap dung cong thic Taylor cho f™ ta dudgc

£ (@o +0(x) (2 — o))

_ ) 4 LD 0+ 0@ — 20)

(6()(z — 20))".

p!
Suy ra
@) = fa0) + LD — ) v L e
Ly Zil(x)(x )
Mat khéc
@) = sl + L8000 gy 4o L) e
FU P (@ + ba (2 — o)) (2 — )™,

(n+p)!

255
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T hai ddng thic trén suy ra

FOHP) (2o + 0,0(x) (x — 0))
n!p!

FOHP) (29 + Oy(z — 30))
(n +p)!

(0(z)) =

Vi f(»*7) 1a ham lién tuc tai 2o va f™*?)(2) # 0 nén khi cho z — z, ta dudc
G = it Jmm (0(z))7

Truong hgp p = 1 chinh 14 bai 2.3.15.

2.3.31. Theo cong thic Taylor

kd kd
flkz) = (f’(O)k:I: + —f”(@kx)k%z)
(D) k=1 k=1
i d ([f] ) S
trong dé
[
(2) n(z) = 3 1" (0kx)k*z>.
k=1

Vi f” bi chan trong l1an can cua 0 nén

() e

6

8

k=1

Tu (2) ta suy ra lim+ n(x) =0, con tu (1) ta c6
z—0

%]
. _ f'(0)
:nlg(r)lJr 1 f(kx) N 2 '

2.3.32. Theo dinh 1y Bolzano - Weierstrass (xem I, 2.4.30) ta c6 tap nghiém
clia f c6 it nhat mot diém gi6i han, ky hiéu 1a p trong [c, d]. Ré rang f(p) = 0.
Xét day nghiém {z,} cta f hoi tu vé p, theo dinh ly Rolle ta c6 gitia hai
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nghiém ctia f sé ton tai it nh&t mot nghiém cta f’, vi vay p ciing 1a diém
gidi han cua tap cac nghiém cua f'. T d6 suy ra, theo cong thiic Taylor

(n) O(r —
) =L (p +n!(x p)) ()
v6i 0 € (0,1). Vi sup{|f™(z)|: 2 € (a,b)} = O(n!) nén ton tai M > 0 sao cho

|f(x)] < M|z —p|™ v6in da 16n, do d6 véi x € (a,b) ma |z —p| < 1 thi f(z) = 0.

n

2.3.33. Tuong tu bai tap trén, ta chiing minh duge f*)(0) = 0 véi k € N,
theo cong thic Taylor ta co

™) (p
f(z) = / (l x)a:", neN
n!
Vi z cho trudc va lim Zr = 0 nén ta suy ra f(z) =0 v6i moi z € R.
n—oo :
2.3.34.
(a) 1.
(b) —e/2.
(c) 1/e.
(d) /8,

2.3.35. Dé chting minh ring
. a ’ IERT xlnf(%) _ _—a?/2
i (1(G5)) = )

ta st dung cong thtic Taylor véi phan du dang Peano (xem 2.3.1), dugc
2
f@)=1- 5 +o(a),
tiép theo st dung 1.1.17(a). Ta ciing c6 thé st dung quy tic L'Hépital trong
trucng hop nay:
1 !/
lim ol f (L) g VD o afevh)
T—+00 \/E T—+00 t T—400 2\/¥f(a\/¥)
i a2f”(a\/z?) a2

= lim = ——.

T—+00 Qf(a\/g) + 2a\/ff’(a\/%) 2
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2.3.36. Gia st rang a > 1, theo quy téc I’'Hépital ta co

a* —1\V®
—_— =a.
z—+oo \ z(a — 1)

lim
Néu 0 < a < 1 thi
at —1 \Y*
lim (| —— =1.
z—+o0 \ 2(a — 1)

2.3.37.

Chuong 2. Vi phdn

(@) Vi lim 1=%2 khéng ton tai nén khong st dung quy téc 'Hopital trong
Tr—00

2+4cosx
trucng hop nay.

(b) Khong st dung quy tic 'Hopital, vi dao ham cta ham duéi mau bang
0 tai cac diém 7/2 + 2n7,n € N. Mit khac ta c6 thé ching minh duge

rang giéi han nay khong ton tai.

(c) Pé tim gi6i han ctia biéu thtic dang f(2)9®) khi 2 — 0% ta chi can tim

In f(x)

gi6i han lim 242 Tuy nhién giéi han nay khong tinh dudc bang quy

z—01t  gz)

tdc 'Hépital vi gi6i han cta biéu thic phan thic dao ham khong tén

tai. Theo 1.1.23(a) ta c6 gidi han cin tim bang 1.

(d) Giéi han bing 1 (xem 1.1.23(b)). Giéi han khong thé tinh dugc bing

quy tac 'Hopital.

2.3.38. Ta c6

11 1 1 ___1_1
T _ . In(1+t¢ t 2
lip &2 221 2 g (1+t)
x—0 € t—0 In(14¢)
In2

In2(2t —2In(l1+t) — tin(1 +1¢))

= l1m
t—=0 2t In*(1 + t)

In2
127

d4ng thic cudi cung dude tinh bang cach st dung quy tdc I'Hopital mot vai

lan lién ti€p. T 46 suy ra f'(0) = —122.
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2.3.39. St dung 2.3.28 ta chiing minh dugc réng

“ n 0 v6i r=0,1,..., n—1
_1I<; k’T: P ) )
S - {0

=0 r=n.

Pé chiing minh ding thtc trong dé bai ta ap dung quy tic I'Hépital n 14n
lién tiép.

2.3.40. Ga st rang lim g(z) = +oo va L € R. Theo (iii) , véi ¢ > 0 cho trudc

r—a
ton tai a; sao cho véi z € (a,a;) ta c6
!
(1) L—5<f/(x)<L+5.
g (z)

Vi ¢’ thoa mén dinh 1y gia tri trung gian trong nén ti (1) suy ra ¢’ khéng déi
ddu trén (a,b), tit d6 suy ra g don diéu thuc su trén (a,b). V6i z,z1 € (a, ay),
& < y, theo dinh 1y gia tri trung binh téng quat ta c6

flx) — fly) _ f(wo)
9(x) —g(y)  g'(z0)

v6i zy € (z,y) C (a,a;). CO dinh y, theo (1) ta c6

fl@)  fly
L—e< 9@ () <L+e
1_ g((y)))
g(zx

Khéng mat téng quat ta coi g 1a thuc su ting trén (a,b), khi d6

(19w, ) f@) a1 9w\ S
(& ><1 )+f(w)<g(w)<(L+)<1 g<x>)+g<x>'

Cho z — a™ ta dugc

L —¢< lim M§L+5,
w—m*g(l’)

ta duge diéu phai chiing minh cho mot trusng hgp. Cac truong hop khac
dudc chiing minh tuong tu.

2.3.41.
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(a) St dung quy tac 'Hopital ta c6

axr axr / L
lim f(z)= lim /(@) — lim & (af(z) + F'() =—.
——+00 z—+o0 ¥ z—+00 ae® a
(b) Tuong tu:
' eV (2) e (f’(fﬂ) + 5= ($)>
lim f(z)= lim ———=— = lim
T—+00 T—4-00 eaﬁ T—4-00 2\(;5(3‘1\/5
1 , L
= lim —(af(z) + 2Vzf'(z)) = .

Céc phan vi du dé chiing minh ring (a) va (b) khong con ding khi a
am la cac ham f(z) = e % va f(z) = e *® tuong tng.

2.3.42. St dung quy tac 'Hopital dudc chiing minh trong 2.3.40 ta dugc

lim (1 _f@ ) = lim —<x_ %> NGO

if'(@)) " amw @ e (@)

T—r00

Do d6

)
)

Theo gia thiét c6 ¢ < 1. Ro rang khi ¢ # 1 thi

xff(x) 1
M :}Lrgo fllx) 1-c¢

=1-—c.

Bay gio ta chiing minh ring lim f(z) = +oo. Theo cong thic Taylor ta c6
Tr—00

2

h
fle+h)=f(z)+ fx)h+ f”(C)g, h > 0.
Do d6 f(x+h) > fx)+ f'(z)h. Cho h — oo ta duge lim f(z) = +oo. St dung

quy tac I'Hépital 1an niia
oxfi(z) L f(z) +af(z) 1
M) AT pm T
két hop véi (1) ta duge
f(z)f"(z) zf'(z) flz) 1

lim —F——== = lim

oo (fi(2))2 oo fi(2)  zfi(z)  2—c¢
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2.3.43. V61 x # 0, theo cong thic Leibniz ta co

(1) | .
_ N (R e
- ( ]‘) k' f ( )ZL’n—"—l_k .
k=0
Dat g(0) = f/(0), st dung quy tic I'Hoépital ta dudc
4™(0) = lim g(z) — f'(0) lim f(x) —Qfﬂf (0)
z—0 T z—0 T
’ o 7
@ T 0
z—0 2z 2

Do d6 ¢/(0) ton tai. Ta can chi ra rang ¢’ lién tuc tai 0. Theo (1) va st dung
quy tac I'Hopital ta dudc

lim ¢'(z) = lim M = lim W
=l S =00

Suy ra g thudc 16p C'(—1,1). By gio ta st dung quy nap dé chiing minh,

(n+1) .
_ e oy
mn

gia st rang bai toan da dugc chiing minh dén n tic 1a g™ (0) —
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g € C™(—1,1), thé thi ti (1) va st dung quy tic I'Hoépital ta dudc

(n) — g™
z—0 x

Z (_1)71—]{37;_: (k) (Zlf)l'k o xn-i—lg(n) (0)

— lim £=0
z—0 xrnt2
2 n—kKn. n (n+1)
| ;0(_1) kk_: (k)(x)xk _gnttd n+1(0)
- :EE%) x”+2
nl(=1)"f'(z) + Z( 1)k fEED () ok
g(_l)nfk (kﬁll)!f(k+1)($)xk71 o xnf(n+1)(0)
i (n + 2)xnt! }
n!(=1)"f'(z) + Z( 1)k fEED () ok
= lg% { (n + 2)zntl
Z (—1)”_1_kz—!!f(k+1)(:r)xk . xnf(n+1)<0)
+ k=1
(TL + 2)3371—&-1
@) — f) )
70 (n + 2)zntl n+2

Bay gio ta chi con phai ching minh rang ¢tV lién tuc tai 0 nita 14 xong.
Ta lai st dung (1) va quy tac I'Hopital dudc

s nt+1—k (n+1)! r(k) k
> (=R f (2)a

lim g"*Y (z) = lim =2

0 2—0 2
l. z:: (—1)n+1l;k(n+1)!f(n+1 (z ):1: + E )";1 1’“)'71-&-1) f(n+1)(x)xk71

a5 (n+ 2)x"+1

— lim f(n+—2)(x) — g(nﬂ)(o)'

z—0 n—|—2
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T nhiing 1ap luan vita néu ta thay rang ham g duge dinh nghia nhu & trén

sé thuge 16p O=(~1,1) va g™ (0) = L@ n=0,1,2,....

2.4 Ham loi

2.4.1. Gia st f1oitrén I, ta c6 v6i o1 < = < 2

f(z) = f(z1) < f(z2) — f(m1)

r — T To — Iq

(1

(xem (1) trong 161 giai cua 1.2.33). Mt khac vi

o — T r — T
T = r1+ T2,
To — 1 Ty — 1
nén ta c6
To — X r — T
<
flz) < o xlf(ﬂfl) T o, JUlf(%‘z),
tu do suy ra
f(x2) — f(z1) < f(z2) — f(2)
To — T1 - xe—x
Két hop véi (2?) ta duge
@) fx) — f(z1) < f(z2) — f(fﬁ)
r — T Lo — X

Cho z — z{ ta duge

To — I

fla1) <
Tuong tu cho z — x; ta dugc

f(x2) — f(z1)

To — Iq ’

vV

f'(x2)

Tu d6 suy ra f'(z1) < f'(z2), tic la f’ 1a ham téng.
Gia st rang f’ ting trén I, xét 2, < = < x,, theo dinh 1y gia tri trung

binh
f(ZL’) _f(xl) :f/(£1)7 f(l'g)—f(l')

T — I To9g — T

= f/<€2)7
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trong d6 z; < & < 1 < & < 39, tl d6 va st dung tinh don diéu cua f’ ta dudc
(??). Bay gio ta chiing minh rang ti (2?) ta suy ra tinh 16i ctia f. That vay,
diat © = Azg + (1 — Mg, 21 <2 va X € (0,1), ta cb = € (21, x9),

T — I = (1 —>\)(£L’2 —£L’1) va X9 —x = )\(112—151)-

T d6 st dung (??) ta duge f(z) < Af(z1) 4+ (1 — A)f(z2). Ta nhan thiy ro
rang bat ddng thic (??) tuong ducng véi tinh 16i ctia f. Véi chd ¥ ring f
tang chit trén I ta suy ra f 16i chéttrén 1.

2.4.2. Chu y diéu kién f”(z) > 0 v6i z € I tuong duong véi f’ tang, st dung
két qua bai trén ta duge diéu phai chiing minh.

2.4.3. St dung quy nap. Diéu kién dudc dit v6i n = 2 chinh 1a dinh nghia
tinh 16i cta f, vi vay gia thiét ring bat ding thic da dude ching minh véi
n > 2, ta di chting minh rang né cting ding véi n + 1. Xét A, Ao, ..., Ay Aptt
14 cac s6 khéng Am sao cho A\; + Xy + - + A\, + Auy1 = 1. Vi c6 thé biéu dién
Ann 4+ Anpranis dudi dang (A + Anir) (
gia thiét quy nap ta dudgc

>\n+1 A
T, + An+/\n+1x"+1>’ nén theo

An
)\n+)\n+1

FOuzy + Aoxg + -+ - 4+ ATy + A1 Zng1)
< Auf(wr) + Ao f(22)

A An
++(>‘n+>\n+1)f( e )

—Tp T
)\n + )\n+1 )\n + )\n+1 +1
Vi ham f 16i nén theo dinh nghia ham 16i ta dugdc diéu phai chiing minh.

2.4.4. ViIn"(z) = —= nén ham z — Inz 16i trén (0,00), do d6
P g4 1 1
In (:r_ + :r_) > —Ina? + —Iny? = In(zy).
p q p q
2.4.5. Vi x = Inz 161 trén (0,00) nén ta c6

N1
111(&—1—@—1—---4—:8—) > —(Inzy +Inzy+---+1Inzx,)
n o n n n
1

=—In(zy - 29 - xp).

S
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2.4.6. Ham = — ¢® 16i chattrén R.

Hinh vé
Gid st véi a < b ton tai minh ndm du6i ddthiy =e* tiz =a dénz =bcod
dién tich nhé hon hinh thang tao bdi cac diém (a,0), (b,0), (a,e?), (b, e®), khi
dé
e 4 e

eb—e“:/etdt<(b—a) :

2

2.4.7. Xét ham f(z) =xlnz,z > 0tacd f'(z) =% > 0 nén f 16i. T d6 suy

T
ra

x+ymx+y

x y
< Y1y,
2 5 Sgmrtghny

2.4.8. Chi ¥ rang ham z — 2%, o > 1 1a ham 16i trén (0, 0o0).
2.4.9.

(2) Ham f(z) = In (1 4 1) 181 trén (0,00), do f"(z) > 0 & d6, sti dung bat
dang thic Jensen ta suy ra diéu phai chting minh (xem 2.4.3).
Chu y rdng néup, = 2 v6i k=1,2,... ,nva ) z; = 1 thi ta dugc bat

k=1

dang thtc cho trong I. 1.2.43 (a).

(b) St dung bat ding thiic Jensen cho ham

1+x
=1 , O<z<l.
f(z) n(l—x) x
Chd ¥ rang né'upk:%vc’jik: 1,2,...,nva Y zx =1 thi ta dugc bat
k=1

ddng thic cho trong I. 1.2.45.

2.4.10.
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(2) Xét ham f(20 = Insinz véi 2 € (0,7), vi f"(z) = —=—%= < 0 nén f 1om

trén (0,7). Ap dung bat ding thiic Jensen cho —f (xem 2.4.3) ta dudgc
diéu phai chting minh.

(b) Xét ham
f(z) =Insinx —Inz, =z € (0,7).

Chd y rang f"(z) = —Sinlgw + 3%2 < 0 va ap dung bat ding thtc Jensen
cho —f.

2.4.11. Chu y riang ham f(z) = (z + 1)" 141 trén (0, 00) vi

ro=a(e+ D) (00 (1-2) 4 2 (e41)) 2o

Theo b4t ding thic Jensen ta ¢

241\ 1 — 1 1 — 1\*
(” + ) — —Zxk—l— - S—Z(kar—) .
n (Cym—, L5 @ = Tk

k=1

- na—l

n 1\° 2 1)@
k=1

2.4.12. Ap dung bat déng thic Jensen cho ham 2 — —Inz,z > 0 ta dudc

1

22 —1 23 —1 2" —1
ﬁ<1n1+ln 5 +In 52 +---+1n 2n1>

<t (L 1+22_1+23_1+ +2n_1 In (2 2+ L
nl— = In _ .
- n 2 22 on—1 n n2n1

2.4.13.

(a) Ap dung bat déng thic Jensen déi v6i ham f(z) = %, x > 0 ta dugc

1

1 1 1
~T1 + Ty + + = Tn

1 1 1
T n T,

<

S|

1
-— +
x1

SEES
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Vay

n? 1 1 1
< —
Ty +2Tog+ -t x, X1 T2 Ty

(b) Ap dung bat ding thiic Jensen d6i véi ham f(z) = —Inz, = > 0 ta dude

Qn

In(z{z5? - z0") =a;Inzy +aglnzs + -+ - +ap Inz,
< In(a1x1 + aaxe + + - - + @pxy,).
Tu do6 suy ra
(1) xPtwy? - xom < g + aoy + -+ Q.
Thay z;, trong (1) béi i ta chting minh duge bat ddng thic con lai.

(c) Né&u ton tai z, hay y, bang 0 thi ta chiing minh dugc bat déng thic.
Gia st rdng zx,yr > 0 véi k = 1,2,... ,n, ta viét bat ddng thic dudi
dang

x?laqu e x%n + y?lygm e yz‘n
< 1.
(1 +y1) (22 +42)°2 -+ (T + )™
Tu (b) ta suy ra

J;?lng o ZE%” + y?lygw e yz‘n

(1 +y1) (22 +42)°2 -+ (T + )
< ay T1 TLa L2 Ln [

2 +otan +ay
1+ W% To + Yo 1+ W% 1+

bt —2 =1,
Tn + Yn

(d) St dung quy nap theo m va (c).

2.4.14. Gia st phan chiing rang f khong phai 14 ham hang trén R, khi d6
ton tai x; < x5 sao cho f(z1) < f(x2) hodc f(x1) > f(xz). Xét x thod min
T < T9 <z tacod

flxo) = f (x_foL'l + 2 _xlx) < x_x2f(:v1) + 2 _xlf(ff)-

r — T r — I r — T r — T
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Khi dé

r — I T_To

(1) f(z) > f(x1) — f(x1).

To — X1 To — I

Néu f(zs) = f(z1) + A véi A > 0 thi tit (1) suy ra f(z) > AZZ + f(x1), vO Iy

vi f 12 ham bi chén trén. Tuong tu néu f(z;) > f(xs) thi f(x1) = A + f(z2),
chon x < z; < x5 ta dugc

mau thuan véi gia thiét f bi chin trén.
2.4.15. Khong. Xét ham f(z) = e, = € (a,00) va f(z) =¢€*, x € (—00,a).
2.4.16. Gia st rang f khéng don diéu, khi d6 ton tai a < z1 < 2o < 3 < b
sao cho

flx) > flz2) va  f(z2) < f(z3),
hoac

f@1) < flz2) va  f(z2) > f(xs).
Vi f 16i nén f(xs) < max{f(z1), f(x3)}, suy ra truosng hop sau khoéng xay

ra. TU tinh lién tuc cta f (xem 1.2.33) ta suy ra ton tai ¢ € [z}, 23] sao cho
f(e) = min{f(z) : © € [r1,23]}, st dung gia thiét f 16i ta suy ra f(z;) <
max{ f(x), f(c)} v6i z € (a,z;), ti d6 suy ra vi f(c) < f(z1) nén f(x;) < f(z),
vay néu z,y € (a,c| thi

otz <y <z suyra f(y) < max{f(z), f(z1)} = f(2),
o tix <z <ysuyra f(y) <max{f(c), f(z1)} = f(z1) < f(z),

o tix; <z <ysuyra f(y) <max{f(c), f(x)} = f(x),

suy ra f 12 ham giam trén (a,c|, l4p lai 1ap luln trén ta suy ra f 1a ham

tang trén [c, b).

2.4.17. Day 1a hé qua truc tiép ctia bai tap trén.
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2.4.18. Vi f bi chan nén st dung bai tap trén ta suy ra giéi han mot phia
cua f tai cac diém a va b tén tai hitu han, vay két hop véi 1.2.33 va 1.5.7 ta
dudc diéu phai chting minh.

2.4.19. Cho z; < z, 14 hai diém thudc (a,b), khi d6 via <y < x; < < X9
ta ¢6 (xem (1) va (2) trong 2.4.1)

fO) = f@) _ f@) = f) _

Yy — I r — I o — X1

f(z2) — f(z1)

Y

(*)

tu d6 suy ra ham = — %

ham phai f’ (z;) ton tai va

tang va bi chan dudi trén (z,b), vay dao

flx2) — f(ﬂfl)

! <
(%) f+(£81) > Ty — T3
Chud ¥ rang véi z; < z2 < t < b ta c6
f(wz) - f(ﬂfl) < f(t) - f(332)
o — I - t—.’Eg ’

vay

f(z2) — f(m1) <

p— < fi(@2).

K&t hop bt ddng thic trén véi (x*) ta dudc Ji(x1) < f(x2). Lap luan tuong
tu ta ching minh dudc rang dao ham trai cta f ciing ton tai va ting trén
(a,b), hon niia ti (¥) suy ra véi ; € (a,b) ta c6 f (1) < f'(z;). Nhac lai
rang theo (2) cia 2.4.1 ta c6 néu z; < x < z, thi

f(x) — f(21) < f(ﬂfz)_f(w)

r — T Lo — X

Suy ra
filzr) < fl(a).

Nhu vay ta co

fr(z) < fl(zy) < fl(ze) < fi(ze) vol xp < 2o
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Cac bat ding thtc trén cho ta thdy ring néu mot trong cac dao ham mét phia
ctia f lién tuc tai mot diém cta (a,b) thi ta c6 ddu ding thic tai diém do.
Vi ham don diéu chi ¢6 cung 1dm 14 d€m dude diém gian doan (xem 1.2.29)
nén cac dao ham mét phia sé bang nhau bén ngoai mot tap dém duge (c6 dd
do 0).

Cac khing dinh trén déu dung déi véi ham 16m.

2.4.20. Vi f’ tang chit nén ham nguge (f/)~! ton tai va
b _ _
o) - (- (L=

b—a+2z
Tt d6 suy ra ham ¢ kha vi trén (0,00). Pao ham déng thic trong dé bai ta
dudgc

f’(b—{—x)—{—f’(a—x)—?f’(f)_ " /
Lt = 1€ (@)

Chd y rang f”(z) > 0 va vi f” tang chat nén f’ 16i chit (xem 2.4.1), vi vay

(xem hinh vé bén dudi)

, . /CL—.’E b+x
f<b+x)2f< ) Fi(t)dt = f(b+z) — fla— ).

(1

(b—a+2z)

a—

Hinh vé

Do do6
fb+2)+ f'la—z)

2
vay theo (1) ta dugc ¢'(z) > 0 v6i z > 0.

> f(€),

2.4.21. Khong méat tinh tdng quat gid st rang > |z;| > 0va > |y;| > 0. Theo
i=1 i=1
2.4.4 ta co

p q

’Z/i’

n 1/q
(zymﬁ

1
n 1/p n 1/qg — 5
(;uw) (gwm)
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Cong vé& v6i vé& bat ding thic trén theo i = 1,2,... ,n ta dude

n

n 1/p n 1/q
(Erel) " (Eul)

p .4
=~ +_n :_+_:1
Py fedr T fule P

2.4.22. Véi p = 1 ta c6 diéu phai chiing minh. Véi p > 1 xét ¢ thod man
L+ 1=1,khid6q= 2, dodd

Dozt gl =) o+ yilles + gl
=1 i=1

<Y il 4P D vl +wil
=1 =1

1
n P n
< (Z ’$i|p> (Z |z; + yi’(p_l)q>
i—1 i—1
1

1
q

n : n - n :
_ (Zw) +(zryirp) (zwyirp) |
=1 =1 =1

Tu d6 suy ra
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2.4.23. Theo b4t ding thic Holder ta c6

N g N TN i
n 4
(B (B

n n=1 n=1

D=

2424. Dat sy =a1 +xo+ -+ Ty, So=y1 F o+ Fyp vA S = (8] + 55)7,
khi d6
SP = +sh= (z18) " +yish ) + (28t +yesh )
+ 4 (:rns]f_l + ynsg_l) )
T d6 suy ra theo bat ddng thic Holder
1 1 1 1
SP < (@ +up)r (8] + 53)7 + (2 + y3) P (s] + s5)°
ook (@) (s )
1
= ST (@ + 90 + @G+ +o + (@l + )7 ).
Ta dugc diéu phai chting minh.

2.4.25. Dit
1

n n m
P _ p—1 _ p—1 _
S E sis; = = E xi;S; = E 8i=1NT; ;S;
=1 =1 j=1 7j=1
1 p—1
m n P n P
j=1 \i=1 i=1

ti d6 suy ra diéu phai chting minh.
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2.4.26. Xét z,y € I saochoxz <y. V6in=0,1,2,... dat

Tn:{;—n:izo,l,... ,2"}.

Ta sé st dung quy nap dé ching minh rdng véin =0,1,... va s € T, thi

fF(A=s)z+sy) <(1—s)f(2) +sf(y).

That vay, véi n = 0 bat ding thic 1a hién nhién véi s = 0 hosic s = 1. Gia
st ta chiing minh duge bat ddng thic dén n va véi s € T, ta di ching minh
né véin + 1. Xét s € T, 11, ta nhan thay chi cAn chiing minh d6i véi truong
hop s ¢ T,.. Viton tai &, n € T, sao cho s = £ nén

(1—s)z+sy= (1—£+T77>x~|—5¥y

(1—5);(1—n)x+€;ny

(1 =8z +&y)+ (1 —n)z +ny
: .

Vi f 16i nén

f((l—s)a:—i—sy) < f((l—§)$+5y)42-f((1—77)$+77y).

St dung gia thiét quy nap ta dudc

F(1 = )2+ sy) < 2= @) +EF) J2r (1= n)f(=) +nfy)

_ (1 . “T”) fa)+ 0 5)

= (1 =5)f(z) +sf(y).

Xét t € [0,1] nao do, vi tap

T= G T,
n=0
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trit mat trong [0, 1] nén ton tai diy diém {s,} C T sao cho t = lim s, do d6

n—oo
vi f lién tuc nén

(=t +ty) = lim f((1 = s,)z + sny)
< lim (1 = s0)f(2) + snf(y))
=(1—=t)f(z) +tf(y).

2.4.27. Ton tai f : R — R cong tinh va khéng lién tuc (xem 1.6.31). Néu f
Ia moét ham thi v61 moi x € R ta cb

0=1(5+9) 1) +1(5) - G)

Vay f (%) = 3/f(z), tit d6 suy ra v6i z,y € R ta c6

F(5) =1 (5+3) = 57+ g = {0

Néu f 16i trén R thi né phai lién tuc (xem 1.2.33), vo ly.

2.4.28. Khong giam téng quat, gia st ring z < y. Véi t € (0,1) dat z =
(I-t)z+tythiz <z<yvatontaiac (z,z) va b € (z,y) sao cho z = %L
Tuong tu ton tai ¢, € (0,t) va t, € (¢,1) sao cho

a=(1—t)x+tyy va b= (1—ty)z+tpy.

Vi z = 22 nén ¢t = Lt o dung két qua cta 2.4.26 ta suy ra f 16i trén I, ta
P P

can chiing minh rang f 16i thuc su. Ta c6

A1 -ty + 1) = £() < L0
f((]' _ ta)x -+ tay) + f((l _ tb)x + tby)
2
(L 1)) () + (1~ 1) () + S0
2

- (1-252) f0 + 25w
(1)) + 1)

IN
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2.4.29. Vi f lién tuc trén I (xem 1.2.33) nén né bi chan dia phuong. Xét
zo € I va e > 0 sao cho khodng [zg — 2¢, 29 + 2¢] vAn nam trong I, vi f bi chin
dia phuong nén ton tai M > 0 sao cho

(1) 1f(z)| <M v6i x € [xy—2¢e,x0+ 2]

Xét x1 # xy trong o — £, x0 + €, diém 73 = 7o + ‘:E;Tﬂ(:rg — 1) thudc [zg —

2e,x0 + 2¢] va

Ty — 13 . ’.’132—.'131|
2 |zg — 21| + € ! |zo — 1|+ € s

Vi f 16i nén ta suy ra

& ’ZEQ — iL'1|

f(z2) < f(x1) + [

T oy — x| +e

f(x3).

Tu d6 suy ra

f(z2) — f(m1) <

- ’1'2—1'1|—|-5

<ol s

€

(f(zs) — f(21))

Két hop véi (2?) ta duge f(z2) — f(21) < 2L|zy — 24|. Cudi cing vi vai tro cua

5 v 1 binh ding nén ta dudge |f(z2) — f(z1)| < Mgy — a4

2.4.30. Xét 1 < mg, 1,22 € (0,00). Néu 0 < z < z thi

To — X1 Ty — X
+

I = T To.
To — X To — X
Vi f 16i nén
o — I r1 — X
< .
fon) < 2= f(a) + 2 f ()
Cho z — 07 ta dudc
X

f(z1) < x—lf(@)-

2
2.4.31.
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(a) Tu tinh don diéu cia ham z +— %’”) ta suy ra v6i z1,79 > 0

1 f(:El + ZL'Q) g f(iL’l + :L'Q)

f(xl + x2) - Ty + X2 2 1+ To

< flxy) + f(x2).

(b) Gia sti 0 < a < bva dat p= % va g =1-p, st dung tinh 16i va duéi
cong tinh cua f ta duge

f(b) = f(pa+q(a+0b)) <pfla)+qf(a+0)
< pfla) +a(f(@) + (b)) = fla) + (1= ) ().

Suy ra )
a
2.4.32. Gia st phan chiing rang f khéng 16i thuc su hodc 16m thuc sy, thé
thi ton tai cac diém o <  trong khoang (a,b) sao cho dudng thing di qua
cac diém (o, f()) va (8, f(B)) giao véi d6 thi ctia f tai diém (v, f(7)) sao cho
a <y < 3. Tu gia thiét suy ra tén tai duy nhat ¢; € (a,v) va G € (v, 3) sao

cho £(8) - £(v)
= () va DI ey,

Vi (a, f()), (8, £(5)) va (7, f(7)) thing hang nén f'(¢1) = f/((), diéu nay la
vo ly.

Hinh vé

2.4.33. Ta c6 nhan xét rang dao ham Dini

D+f( ) t—>[)ﬂL (x - ti f( )7 DJrf(x) - I}L_I?Jrf(x - ti — f(x)a
D7f@) = (:Hti o), D_f(z) = lim f(:c+ti—f(x)

t—0~
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luén ton tai hitu han hodc v6 han. Hon niia vi g; kha vi nén ta luén c6 (xem
1.4.10)

DY f(x+d) = D* f(z) + gg(x), D, f(z) = Dy f(x) + g,
D™ f(x+d) = D™ f(z) + gy(x), D_f(z) = D_f(x) + g,

—
s &

v6i = € R, vi vAy dao ham Dini cta f tai diém z + d dudc biéu dién qua dao
ham Dini cta f tai diém z. Xét a < b 1a cac s6 bat ky, dit m = Q=1
va F(z) = f(z) — m(z — a), th€ thi F(a) = F(b) = f(a), va do d6 F dat cuc
tri trén [a,b] tai mot diém ¢ nao d6 thude (a,b0. Khong giam téng quat ta
gia st F(c) la cuc dai cia F. Néu c+t € (a,b) thi F(c+t) < F(c), hay
noi cach khac f(c+1t) — f(c) < mt, ti d6 suy ra DT f(c) < m < D_f(c).
Vi cac dao ham Dini cia f tai = duge biéu dién qua dao ham Dini cta
f tai ¢ nén ta c6 ngay DT f(x) < D_f(x) v6i moi . Né&u f 1a ham 16m
trén [a,b] thi f kha vi hau khip noi trén [a,b], trit ra mot tap dém dugc
(xe, 2.4.19), ti d6 suy ra f kha vi trén (a,b). Né&u f khong 16m tréN(a, b)
thi f sé dat cuc tiéu trén [a,b] tai mot diém nao d6 thuoc khoang (a,b),
theo trén ta ching minh duge D~ f(z) < D, f(z) v6i moi z, t& d6 suy ra
Dt f(z) < D_f(z) < D f(z) < Dy f(z) v6i moi z, tic la ta chiing minh dugc
tinh kha vi cta f trén R.

Bay gio ta di ching minh rang f’ 1a ham lién tuc. Gia st phan ching
ring ton tai zy sao cho f’ gian doan tai d6, khi d6 ton tai day {z,} hoi tu
vé zy sao cho day {f'(z,)} hoi tu vé f'(zg) +r v6i r # 0 hodc day {f'(z.)}
khéng bi chin. Trong truong hgp thi hai ta chi ra duge mot day {y,} sao
cho {f'(y,} phan ky, gia st n6 tién dén +oo, khi d6

f(@o) — flyn)

To—Yn F (o) +ol1)

cho n — oo ta duge f'(zy) = +oo, vo ly. Trong truong hgp con lai vi f’ thoa
mén dinh ly vé cac gia tri trung gian (xem 2.2.31) nén ton tai day {y,} sao

cho f'(y,) = f'(z¢) +r/2. R6 rang ta cé thé gia thiét raing day hoi tu mot

phia vé z, gia st 1a hoi tu phai, theo gid thiét v6i moi z ta déu tim dudgc
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mot day nhu vay véi r khong doi. That vay vi = zo + (z — z9) = o + d va

f'(zn +d) = go(za) = f'(20) = f'(w0) + 1 = (20 + d) — galwo) + 1.
nén khi chuyén qua giéi han ta dugec
lim £+ d) = F(2) 4
St dung dinh ly gia tri trung gian cho f’ 1an niia ta chi ra réang ton tai day
{z,} sao cho f'(z,) = f'(z) + r/2. Bay gio ta di xay dung day {z,} nhu sau:

Xét = bat ky, chon x; thod man z; < z+27! va f'(z,) = f'(z) +7/2, ti€p theo
18y x5 sao ch 7y < 2o <z + 272 va f/(z2) = f'(z1) +1/2,

Tn < Tpy1 < Tp +27" VA f(Tn41) = f(20) + g

Khi d6 day vita nhan dudc sé hoi tu, gia st vé a. Hon niia tit ddng thic cudi
cung G trén ta ¢6 f'(x,) = f'(z1) + (n —1)r/2, t& d6 suy ra day {f'(z,)} phan
ky vé +00 hodc —oo, diéu nay 1a vo 1y vi f kha vi tai a. Vay ta chting minh
duge réang f’ lién tuc va thoa man cac tinh chat cia f, nhu vay né ciing kha
vi lién tuc, lap luan tuong tu nhu vay ta chting minh duge rang moi cap dao
ham cua f déu c6 tinh chat nhu vay, ttc la f € C> .

2.4.34. V6i n = 2 ta suy ra ding thtc mét cach d& dang. Gia st n > 2 va
xét day tang {a,}. Dat

S = (fla)ar = Fan)an+ 3 (f(@)ari — o).

Ta can chiing minh rang S, > 0. That vay, vi f 16i nén

Ap — Ap ay — Gp
flan) = f ( + a; + : Gn+1)

a1 — Apy1 a1 — Gp41
ap — Apt1 aq a
< ———f(a1) + ———f(@n41)
ar — Qp+1 a1 — Qp41

Do d6

(an-i-l - al)f(an) + (an - (ln+1)f(6l1) + (al - an)f(an-i-l) >0,

tacla S, 1 — S5, >0, tw d6 suy ra S,, > Sy = 0.
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2.4.35. [M. Kuzma, A. Simajdor, Amer. Math. Monthly 74 (1967), 401-402].
Vi f téng thuc su va a < f(z) < x nén ta c6

a< f"z) < f(x) <z véilquadn €N va z € (a,b).

Tu @6 suy ra day {f"(x)} hoi tu vé I (I c6 thé bing —oc). Ta sé chiing minh
rang [ = a. That vay, theo két qua caa 1.2.33 ta c6 f" déu lién tuc, vay néu
[ € (a,b) thi ta dugc

) = f (lim (@) = Tim [ (@) =1,

n—oo n—oo

trai véi gia thiét f(z) < z v6i moi z € (a,b), vy | = a v6i moi = € (a,b). Theo
2.4.19 dao ham phai ctia f ton tai va giam trén (a,b), suyravéia < t; <ty < b
thi (xem 2.4.19)

f(t1) = f()

(1) Filto) < = —

< fi(t1).
Cho ty = f*(z) va t; = f*(z) ta dugc

f*2(@) = ()

F"@) < =

< fi(fTH ().

oy
Tu lim fi(z) =1 ta suy ra

T—ra

)~ f )
5 TP ()

va tu do6 suy ra v61 k € N

=1,

o i £ ) A ) )
n=oo  frtl(z) — fr(x) nvoo L LT fntitL(z) — frti(z)

1=

=1.

Vi f! la ham giam nén tu déng thic lim+ fi(x) =1tasuyra fi(z) <1, do
T—a
d6 theo (2?) ta duge ham z — f(z) — = giam trén (a,b). Vi f(v) — v < 0 nén
fw)

—u
—>1 v6l v<u,uv€(a,b).
Fo) v (@)
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Xéta<y<z<b dat u= f"(x) vav = f"(y) ta duge

[ () = f*(x)
[t (y) — f(y)

Mait khac ton tai k € N sao cho f*(x) <y < z, suy ra f**(z) < f*(y). Vi
ham z — f(z) — z giam nén ta duge

1.

v

) = fy) < () = ).

Tu do6 suy ra

1) = ) ) - )
= P ) S ) = )

két hop véi (2?) ta dude diéu phai chting minh.

1

2.5 Cac ung dung cua dao ham
25.1.

(a) St dung dinh ly gi4 tri trung binh téng quat cho ham f(z) =1 — cosz
va g(z) = ‘”2—2 ta dugc
1 —cosx sinf

2 9
2

<1

vol x # 0.

3

(b) Véi z > 0 xét ham f(x) =z —sinx va g(z) = &, st dung dinh ly gia tri
trung binh tdng quat va (a)  trén ta dude
r—sinz 1—cosf

3 - 02 <1
3! 2

tit d6 suy ra diéu phai chting minh. Chud ¥ rng d6i véi z < 0 bat ddng

thiic sé trd thanh sinz < z — g—?
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(c) Dung dinh 1y gia tri trung binh téng quat cho cac ham
x? x?
f(z) =cosx — 1+ 5 g(x) = )
trén khoang c6 hai dau mut 1a 0 va z, va (b) ta dugc diéu phai chiing

minh.

(d) Dung dinh 1y gia tri trung binh téng quat cho cac ham
23 5
f(:r):sin:c—:r+§, g(x)=—, x>0,

va (c).
2.5.2. St dung quy nap va lap luan tuong tu clu trén.

2.5.3. Stt dung dinh Iy gia tri trung binh téng quat cho ham f va g(z) = =,
g(z) = 2? va g(z) = 2® lién tiép ta dugc

f(b) = fla) _ f'(21) f(b) = fla) _ f'(2s)

b—a 1 b? — a2 22y
f(b) = fla)  f(xs)
B¥—a 323

2.54. Pat f(x) = fi(z)+ifs(z) v a = a+ib, a > 0. Tu gia thiét lim (af(z)+

T—r+00
f'(z)) =0 ta suy ra

m lim (afi(@) + fi(z) = bfa(a)) = 0
va
@ lim (afa(a) + f3(a) + bfa(x)) =0,

Chu y rang

. | eaniba
i ) = i
. etz (£ (x) cosbr — fo(x) sin bx)
z—+00 e
v lim etz ( fo(z) cos br + f1(z) sin br) .

T—+00 eax
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St dung quy tic 'Hopital (2.3.40) , tit (1) va (2) ta dudc
e (f1(x) cosbr — fo(x)sinbx)

lim

T—+00 ear

 n C08b2(e(0) + A@) ~ b)) — sinbelafale) + F(e) + b))
x—>+00 a

=0.

Tuong tu ta chiing minh dudge rang

lim e (fa(x) cosbx + fi(x)sin bx)

T—+00 eax

=0.

Do d6 ta c6 lim e® f(x0 =0, suy ra lim f(z)=0.
x—+00 T—+00
Cubi cing ta c6 mdt nhan xét rang két qua trén c6 thé duge téng quat
nhu sau: Néu 1ir+n (af(z)+ f'(z)) = L thi liril f(x) = L/a. That vay, trong
T—>r+00 T—r+00
truong hgp nay ta co 1ir+n (af(x) — L/a)+ (f(z) — L/a)) = 0 va st dung
T—r+00

nhiing két qua vita dat dugc 6 trén ta suy ra diéu phai chiing minh.

255 Lay oy = £ — LBivaay = 1 + Lita co

f@)+ f(@) + () = smcaf(x) + (o0 + aa) f(2) + f" ()
= az(arf(z) + f(2)) + (aa f(z) + f'(z))"

St dung két qua bai trudec (xem phan nhan xét 6 phan 16i giai) ta dudc
lim (aif(z) + f'(z)) = L/ay va EIJP f(z) = L/(azaq) = L.

T—r+00

2.5.6. Khong. Vi du ham f(z) = cosz, z > 0.
2.5.7.

(a) bat g(z) = f(z) —e ™™, 2 >0, ta c6 g(0) =0, g(z) <0va xll_{rolog(a:) = 0.
Néu g(x) =0 thi f'(z) = —e® v6i 2 € (0,00), do d6 gia st ton tai a > 0
sao cho g(a) < 0, khi d6 véi = da 16n, gia st = > M thi g(z) > 1g(a), ti
d6 suy ra g nhan gia tri nho nhat tai zo € (0, M), ttc 1a ¢'(x) = 0.

(b) Lap luén hoan toan tuong tu nhu (a).
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2.5.8. Ta co

() - (G~ 3=

Theo dinh ly gia tri trung binh téng quat ta c6

(f(w))/ AC)) (f’(w) 3 f’(e))

9(z) g(@) \g'(=) g0))"

v6l 0 <0 <z <a. Vif'/g don diéu tdng nén

!/
(_f(a;)) >0 v6 z>0.
9(x)

2.5.9. Dat f(z) = sin(cosx) — z, ta thay rang f(0) =sinl va f(n/2) = —7/2.
Theo dinh ly vé gia tri trung gian ta c6 ton tai 7o € (0,7/2) thod man
f(z1) =0. Vi f'(x) <0 trong (0,7/2) nén khong ton tai nghiém cta f trong
khoang nay. Mot cach hoan toan tuong tu ta chiing minh dudc rang ton tai

duy nhit mot nghiém, goi 14 x5 ctia phuong trinh cos(sinz) = =.

Hinh vé
Hon ntia ta c6

x1 = sin(cosxy) < cosxy, Ty = cos(sinxzy) > cos xa,
nén xy > 1.

2.5.10. Gia st phan chiing rang ton tai = € (a,b] sao cho f(x;) # 0, khi dé
ti tinh lién tuc cta f ta suy ra f(z) # 0 v6i x € (o, 3). Gia st rang f(z) > 0
vél z € (o, ), f(a) =0, a>a va f(F) > 0. Khi d6 theo dinh 1y gia tri trung
binh, v6i 0 <e < 3 — a taco
f'(9)
f(0)

Cho ¢ — 07 ta duge +o00 < C(8 — a), vd 1y, ta dugc diéu phai chting minh.

| In f(B) —In fla+e)| =

‘(/B—a—s)SC(ﬁ—a—s).
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2.5.11. Cho 0 < p < ¢q va z duong, theo dinh ly gia tri trung binh ta c6

1n(1+§) 1 1 _1n<1+%>—ln(1+§)
»

et > et
% 1+ ¢ 14+ G

Y

Q8

trong d6 ¢y € (o, g) e (z —) Do d6

q’p

(f—f)m(uf)>f(1n<1+f>—1n(1+f>>.
P q q)  q p q
Tu do6 suy ra

fln(1+f)>fm(1+f),

p 7)  q p

q1n<1+£> >p1n<1+£>.
q p

2.5.12. Ta suy ra bat ding thiic e > 1+ z, z € R bang cach st dung dinh
ly gia tri trung binh. That vay, ta c6
e’ —1

X

hay néi cach khac,

=e>1 véi x>0,
va
e’ —1
T
Néu z = 0 thi x4y ra d4u ding thic. Ky hiéu

=eS<1 v6i z<D0.

k=1
1an lugt 13 trung binh céng va trung binh nhan ctia cac s6 khong Am aq, as, . . . , a, ]
Néu A, # 0 thi
2k 1 Qg L
€An ZA—ZO AY0) 1 ]{7:1,2,...,71.
n

Do d6
S g . n n
PTG S s [ =
- A An’
k=1 k=1""" n



2.5. Cac ung dung cua dao ham 285

ttic 1a A, > G,. Néu A, = 0 thi A, = G,, = 0. Vi ddu ding thic trong bat
drfmg thiic € > 1 + 2 chi xay ra khi z = 0 nén ta c6 A, = G,, khi va chi khi

ap=as =+ = a,.

2.5.13. Néu trong bat ding thiic ¢! > 1 + ¢ ta thay thé ¢ bdi « — z thi duge
xe® <e’+ef(z—1) véi xz,z€R.

Thay thé z bdi Iny ta duge diéu phai chiing minh.

2.5.14. Theo dinh ly gia tri trung binh ta c6 ton tai a € (—2,0) sao cho

£(0) ~ F2)] _ 1FO)—IF(-2)] _
2 - 2 -

[f'(a)] = 1.

Tuong tu ton tai b € (0,2) sao cho |f'(b)| < 1. Ddt F(x) = (f(x))

Ham F dat cuc dai trén [a,b], ttc 1a tai ¢ € [a,b], Vi F(0) =4, F(a) < 2
va F(b) <2 nén x4 € (a,b), do d6 F'(zg) = 2f'(x)(f(xo) + f"(20)) = 0. Chu
v rang f'(wo) # 0 vi ti f/(z¢) = 0 ta rit ra F(zg) = (f(x))? < 1 vo 1y, vay
f(xo) + f"(z0) = 0.

2.5.15.

&

[\
_l_
=
O
=

(a) B4t ding thic cAn chiing minh tuong duong véi
f(z) = (2* + 1)arctanz —z >0, > 0.
Vi f/(z) = 2zarctanz +1—1> 0 nén f(z) > f(0) =0 véi = > 0.

(b) Theo cong thiic Taylor véi s6 du dang Lagrange ta c6

2 sin®é; 1 sin& 2
1 2t =2 —z%2 — 459 23
M e T 33; (008551 2 cos? & o T 332
va
3 1 ef2 — &2 3 1 e™/2 — ¢~ 7/2
(2) sinhx:x+x——{——ix4 <3;+$_+_Lx4‘

6 4! 2 6 4! 2
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Ta lai c6 e™/? < 8. That vay, chd y rang (xem L. 2.5.3) In(1 + z) > 25
v6iz >0, do d6In8 =3In2=3In(l+1) > 2, suyra8 > e >e"? do
vay

e7r/2 _ e—7r/2 e7r/2 A
< <
2 2 ’
két hop véi (1) va (2) ta duge
2 2t 2
inh T2 copt 2y
sin x<a:—|—6—|— 6 < x+3x,
viz+ia® —22'>0v60 <z <2
(c) Dat f(z) = lnzx —2véiz > 0vax #e Tacod f(z) = £, suy ra
f(z) >0khi0 <z <eva f'(x) <0 v6iz>e Dodé f(z) < fle)=0
V0Ol T # e.
(d) Véi z > 1, bat déng thic cin ching minh tuong duong véi
f(r)=2rnz—2*+1<0.
Vi f'(z) = elnaz+2 — 2z va f'(z) = 2 —2 <0 ta duge f'(z) < f'(1) =0
va do do f(z) < f(1) =0.
V6i 0 < z < 1 viée chiing minh b4t ddng thiic & dau bai sé tuong duong
v6i chiing minh f(z) =2zlnz —22+1>0. Vi f’(z) =2—-2> 0nénta
duge f'(x) > f(1) =0va do d6 f(z) > f(1) =0.
2.5.16.
(a) St dung (c) 6 bai trén ta duge Inm < I, tlic la e™ > 7°.
(b) St dung (d) 6 bai trén ta duge v2Inv/2 < 1, ti d6 suy ra 2V2 <.
(¢) Xem 2.5.15 (b).

2.5.17.
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(a) B4t déng thic cAn chtng minh tuong duong
p\ n(1+2)
(1 + —) < e,
T

Viln(l+1¢) <t véit>0nén

z b/a
b ln(1+a) b z/a b z/a
(1 + —) < (1 + —) = (1 + —) < b,
i i i

(b) V61 n, m nguyén duong ta xét ham

T \™ T\" ,
f(z) = (1—1—%) (1—1—5) ., |z| < min{m,n}.
Khi d6 f'(z) <0 khiz >0va f'(z) >0khiz <0, vay f(z) < f(0) =1
v6i z # 0 va |z| = min{m, n}.
(¢) bat f(z) =In(v1+22+1)—1 —Inz, 2> 0. Taco

(1—2)(V1+a22+1)+a?
22(V1+a2+1+a22

RG rang f'(x) > 0khi < 0x < 1. Khiz > 1 ta ¢

fi(x) =

(1—2)(V1+224+1)+2>>0

khi va chi khi
22> (z - D)V1+ 22+ 1),

b4t ding thic nay tuong duong

2
L 1—1>\/1+ZE2.

Vay f'(z) > 0 v6i moi z > 0, hon niia vi

) 1++1+ 22
limln| ———
T—00 €T

=0,

nén lim f(x) =0, tk d6 suy ra f(z) <0 véi z > 0.

T—00
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2.5.18.
(a) Pt
- 1 1 + - 9 > 07
f@) =1+ 0) - ==,
ta co
241 -2 —
Flay=22 22 o,
20+ z)V1+x

vivli+az <143, 2>0.Dodb f(z) < f(0)=0.

(b) Vé6i 2 > 1 bt déng thic duge suy ra ti (a) khi thay = bang z — 1. Néu
z € (0,1) thi ta st dung (a) v6i < > 1.

2.5.19.
(a) St dung cong thic Taylor cho ham f(x) = (1 + z)In(1 + x).

(b) Theo cong thiic Taylor ta c6

1n(1+cosx):1n2————-—<ln2—x—.

2.5.20.
(a) Dat f(z) =e*—1—ze® taco f'(z) = —xze® <0, suy ra f(z) < f(0) = 0.
(b) Dat f(z) =e® — 1 — ze® — 2%, st dung (a) ta duge
fl(z) =e* — 1 —2ze® — z%e”
<1+ze® —1—2ze" — e, = —2e(1+2) < 0.
(¢) N&u f(x) = ze*/? — e® + 1 thi
4 _ z/2 f _x/2
fl(x)=e <1+2 e )<0,

vi e’ > 1+ x vél moi z > 0.
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(d) B4t ddng thic cAn chtng minh tuong duong véi bat ding thic

< (1+z)n(l+x).

(e) Ta di chting minh bat ddng thic tuong duong
(z+1)(In(z+1) —In2) < zlnz.

Xét ham f(z) = (z +1)(In(z + 1) —In2) — zlnz. Ham nay dat cuc dai
taiz =1, do dé f(z) < f(1) =0.

2.5.21. L&y loga hai vé, ta viét bat ddng thic cAn ching minh dudi dang
(e—z)In(e+z) > (e+z)In(e—z). Xétham f(z) = (e—z)In(e+z)—(e+x) In(e—x)
ta c6 f’(x) > 0 véi z € (0,e), do d6 f'(z) > f'(0) = 0, ti d6 suy ra f(z) >
f(0) =0.
2.5.22. Dit f(x) =e* ' +Inz —2z+1tacod
fl(z) =e""1+ 1 2.

T

Vay véiz > 1thi f'(z) =e" ' =% >0,vie" ' >1va 5 <1

2.5.23.

’ _ 1 2 .
(a) Xét f(r) = stanz + sinz — =, ta cb

2(1 — cosz)? (cosz + 1)

3cos?zx

/ . £ p
fl(z) = >0 véi xE(O,ZQ).
Tic la f don diéu tdng, do d6 f(z) > f(0) v6i 0 <z < 7.

(b) Xét f(z) = r — 28T ta ch

" 2¥cosz’

o (cosz —1)?
) = (24 cosz)? —

(c) bat f(z) = % — 2 v6i 0 <z < % ta thdy rang

_ 1+cos’xz —2y/cosx cosx - (1 —cosx)?

! > 0.
/ (x) 24/COS T COST 24/COS T COS T
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2.5.24. Ly f(z) = 2*+ (1 — 2)* thi f'(z) = 0 chi khi z = 1, hon nita f dat

cyc tiéu i+ tai diém nay va cuc dai bing 1 tai cAc ddu mut caa [0, 1]

2.5.25. Chia hai vé& cho z® thi diéu phai chting minh tuong ducng véi viéc
chiing minh rang
(14+t)*<1+tY véi t>0.

Néu f(t) = (1+t)* — 1 —t> thi f'(t) <0, do d6 f(t) < f(0) v6i t > 0.

2.5.26. Xét ham

fx)=1+2)*-1-ax— %ﬁ, T € [-1,1].

Ta c6 f(0) =0, f'(0) =0vavéiz € (—1,1) thi

(@) = a1 — a)(1+ )™ + —“(14_ %)

a(l — a)
1
_ ia(l —a)(1-2%) <0.

< -22a(l—a)+

T d6 suy ra f’ giam trén (—1,1), vay f'(z) > 0 v6i z € (—1,0) va f'(z) >0
véi x € (0,1), dong thoi f dat cuc dai tai 0. Vi f(0) = 0 nén f(z) < 0 véi
z € [-1,1].

2.5.27. [D. S. Mitrinovic, J. E. Pecaric, Rendiconti del Circolo Mat. di
Palermo 42 (1993), 317-337]. Xét ham

ala—1)

flz)=142)—1—ax— 5

(1+B)*%? zel-1,B]
Ta c6
f/(w) = Oé(]. + .’13)0471 — o — Oé(Oé _ 1)(1 + B)af2x

va
(@) =ala—1)((1+ z)* (1 + B)O‘_Q) .
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(@ Neu 0 < a < 1vax e (—1,1) thi f’(x) < 0, tc 1a f' giam, do do
0= f'(0) < f'(z) v6i z € (—1,0) va 0 = f'(0) > f'(z) v6i z € (0, B]. Vay
f dat cuc dai tai diém 0, suy ra f(z) < f(0) = 0 v6i = € [-1, B], thém
ntia vi (1+ B)* > 1 nén ta ¢

ala—1) 4

(1+x)“—1—am—mx < f(z) < f(0) =0.

(b) Nhu (a), khi 1 < a < 2 va 2 € -1, B] thi f(z) > f(0) =0, do 6

ala—1) ,

(l—i-a;)a—l—aa;—mx > f(z) > f(0) =0.

2.5.28.

(a) Xét ham
Fa) = {% véi e (0,%],

1 vél z =0.

Thay réng f giam trén ( } that vay, theo dinh 1y gia tri trung binh
ta co

f(x) rcosx —sinx  cosz — L cosx — cosl
€Tr) = = = y

2 x x

trong d6 0 < 0 < z, ti d6 suy ra f'(z) < 0 trén (O, %} Vi f (%) = % nén

ta dudc diéu phai chiing minh.

(b) Ta viét bat ding thiic cAn ching minh duéi dang

3

sinx > —x—4x—3.
T T
Dat
3 z3 s T
- . T _4_7 I:|:7_:| \ :|:_7_:|‘
f(x) =sinzx —o—4— 0 1 V2 J 197

Ta c6 f(0) = f (%) =0va f(Z) >0, hon nita f/(0) =0, f”(3) <0 va
f@(x) > 0 v6i moi z € I. Tu d6 suy ra f"(x) < 0 trén I va do vay f
1a ham 16m trén I. Vi f(0) = 0 va f (%) > 0 nén suy ra f(z) > 0 véi
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x € I. Bay gio ta di chting minh réng f’ 14 ham 16i trén J. That vay ta
c6 f@(Z) >0 va fD(z) >0 véiz € (%,%) nén dao ham cap ba cua f
sé duong trén J, hon nita vi f/ (3) <0 va f' (%) =0 nén f/(z) <0 trén

bJ, k&t hop véi f (5) = 0 ta suy ra f(z) >0 trén J.

2.5.29. Giastirangz € (0,1), taco ”29!”3 < ma?, vy tit bat ddng thic sin rz >

T — ”Z“’fg (xem 2.5.1 (b)) ta duge sinwr > 7w — “Z!w3 > (1 — z). Dé chiing

minh bat ding thic con lai ta xét ham f(z) = 4z — 42% — sinwz, = € [0,1].

Ta c6 f'(z) =4 — 8z — wcosmz va f"(r) = —8n?sinmz. Do d6
: )1y I
f"(z0) =0 khivachi khi zy= —arcsin %,
7r m

va f(0) = =8, f" (1) =72—8>0,do d6 f'(z) <0 véiz € (0,z0) va f"(z) >0
v6i © € (wo,3), hay noéi cach khac f' thuc sy giam trén (0, ) va thuc su
tang trén (330, %), hon ntta vi f/(0) =4 —7 > 0 va f’ (%) = 0 nén ta suy ra
fl(z) < 0véiz € (:ro,%), va do vay f'(z¢) < 0, suy ra ton tai x; € (0, 0)
sao cho f/(z1) > 0 néu z € (0,1) sao cho f/(z;) = 0. St dung tinh don diéu
cua f’ ta suy ra f tang trén (0,2;) va gidm trén (z1,3). Vi f(0) = f(3) =0
nén f(z) > 0 véi z € (0,1). Vay ta da chiing minh duge bat ddng thic véi
1

z € (0,1). R0 rang bat ddng thic ciing ding d6i véi z = 5. Cudi cung ta

chung sy rang bat déng thic khong thay déi khi thay thé z béi 1 — z.

2.5.30. Dat f(z) =e* — > & — Z(e* — 1), 2 > 0, ta co
k=0

DL gk x 1 1
! _ T _ = :E_ _ X _
Jla)=e ;(k—l)! n"  nt T
va
n k-1 l

Ogy=e*—S 2 Lo _ o j—93
fY(z)=e ;(k—l)! —e’ — —e”, 3y, m.

Hon nita ta ¢6 fP(0) = —L <0 v6il=2,3,...,n, f/(0)=0va f(0) =0. Vi
f™(x) < 0 véi x > 0 nén dao ham Y s& giam thyc sy, ttc la fY(z) <
f=(0) < 0, tit d6 suy ra tinh don diéu cta f™2 va f*2)(z) < 0 véi z > 0.
Lap lai nhiing 1ap luan viia néu trén ta duge f(z) < f(0) =0 v6i = > 0.



2.5. Cac ung dung cua dao ham 293

2.531. Vi f'(z) = —Z:e™" nén ta suy ra né chi bang 0 tai goc toa do, hon
niia néu n chin thi f'(z) < 0 v6i z # 0, do d6 trong truong hop nay f khong
c6 cuc tri. Mt khac néu n 1€ thi f/(z) > 0khiz < 0va f/(z) <0véiz >0
nén véi cac gia tri n 1é ta ¢6 f(0) =1 1a cuc dai cua f.

2.5.32. Dao ham f'(z) = (m + n)z™ (1 — z)"! (L —n) bang 0 tai duy

nhat zo =0khim > 1,taiz; =1khin > 1vataiz, = . . Ta dé dang thu
rang f(zy) = % chinh 14 cuc dai dia phuong cta f hdn niia néu m 18
thi f(zo) = 0 1a cuc tiéu dia phuong cta f. Mit khac néu m 18 thi 0 khong
14 cyc tri ctia f. Hoan toan tuong tu ta c6 khi n chan, f(z;) = 0 1a cuc tiéu

dia phuong caa f va khi n 18 thi z; khéng thé 1a diém cuc tri caa f.

2.5.33. Tu bai trén ta c6 f dat cuc dai f(z) = % tai diém z thoa méan
phuong trinh

sin?z = m .
m-—+n
2.5.34. Vi x #0,1 ta co
1 e —
"r)== —3——".
Fla) =5 i

Vay f'(z) = 0 tai z = . Hon nita f/(z) > 0 khi z € (0,1) va f'(z) < 0 khi
z € (3,1),dodod f(3) = %‘I 14 cuc dai dia phuong cta f. Ham f khong kha
vi tai 0 va 1. Bén canh d6 do f(z) > 0 v6iz € (0,1) va f(z) <0 véiz <0
nén f khong dat cuc tri tai 0, nhung f(1) = 0 1a cuc tiéu dia phuong cta f,

vi f(z)>0=f(1)véiz>1vavéize(0,1).

Hinh vé

2.5.35. Ta c6 f'(z) = arcsinz, suy ra diém cuc tri chinh 1a nghiém cta f, vi
f(0)=1va f(—1) = f(1) = Z nén % la gia tri cuc dai va 1 1a gié tri cuc tiéu
1

cua f trén [—1,1].
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2.5.36. V6i z > 1 ta c6 f(z) < 0, suy ra f(z) < f(1) = 3. Véiz € (0,1)
taco f/(3) =0, fl(z) < 0Onéuz e (0,3) va f'(z) > 0 véi z € (1,1), vay
f (%) = % 1a cuc tiéu dia phuong cia f. Véi 2 < 0 dao ham f’ duong, suy ra
s = 1(0) > /().

Vay gia tri cyc dai cua f 1a f(0) = f(1) = 2. Mt khac vi hm f(z) =
xEmOO f(z) =0va f(z) > 0 v6i moi € R nén can trén ding cha f]R) la 0,

nhung ham f khong c6 cuc tiéu trén R.

2.5.37.

(b) Nhu (a) ta chi can tim gia tri cuc dai cia ham

r— z?e®  x>0.
(c) N&éu mét trong cac hé s6 a, = 0 thi ta suy ra ngay bat ding thtc can
chiing minh, gia st a; > 0 v6i moi k, 14y logarit hai vé ta dugc bat ding
thtc tuong duong

n

Z(lnak—§> <In3-1.

k=1

S|

Va ta di tim gia tri cuc dai cia ham

xi—>lnx—§, x> 0.

2.5.38. Ta c6

(20 = {;—26—1/@ ((\/§—|— sin ﬁ) sgn x — cos %) vl x # 0,
0

vl z=0.
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1 1
sin — 4 cos —
T T

<2

nén f'(z) > 0véixz > 0va f'(x) <0 véi r < 0, vay khong ton tai cuc tri dia
phuong clia f tai cac diém z # 0, hon nita 0 = f(0) 1a gia tri cyc tiéu cla f
vi f(z) > f(0) =0 véi = # 0.

2.5.39. Chu y rang f(z) > f(0) = 0 v6i x # 0, thém niia

f'(x0 = x? (83{: + 4x sin% — cos %) véi = #0,
’ véi z=0.

Tu d6 suy ra néu n € Z\{0,1} thi

P(A) L (L)
onm An2m2 \ nr ’

va néu n € Z\{—1} thi

f ((mi 1)7r) = +11)27r2 <(2n i " 1) > 0.

2.5.40. Chu ¥y rdng sinhz > 0 va tanhz > 0 v6i 2 > 0 nén bat ding thic

sinh x
< tanh z
\/ sinh? z 4 cosh? z
dugc viét lai thanh
1 1

< .
\/ sinh®z + cosh?z  coshz
D& dang ching minh duge bat ding thic nay. Cac bat ding thic con lai
dudc chiing minh tuong tu.

2541, V6i0<a<bditz—In \/Z ta duge

b—a <b—a<ln\/§<b—a<l b — a?
9, [a1? b=a a 2Vab 2  2ab
2

Chia cho %% ta dugc diéu phai chiing minh.
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2.5.42.

(a) Ta co

1/p
) x? + yP . 1 PP 1
lim =limer " 2 =e2™ = /7y,
p—0 2 p—0

vi theo quy téc I’'Hépital ta c6

1 P 4 P In Z2) 4
lim = In < +y = lim ( 2 ) = —zy.
p—0p 2 p—0 P’ 2

() V6ip £ 0 diat f(p) = (#)U P ta chi cAn chiing minh ring ham

1. aP+yP
F(p)zlnf(p)zgln 2y

tang thuc su. Ta c6

1 D P +yP
/ [ D p _
F(]o)—p2 <37P+yp(x Inz+y’lny) —In 5 )
bat
_ P Plny) - oY
G(p) = " (zPInz+y’lny) —In 5
ta co

p (2?10 z + yP Ina?y) (aP + y?) — (2P Inz + 3" Iny)’]
(27 +y?)? ’

G'(p) =
Ta can chiing minh rang
(:L‘p In® z 4+ y* In :r2y) (2P +9y*) — (2P Inz + lny)2 > 0.
St dung bat ding thic Cauchy
(z1y1 + Toya)® < (aTy)) (25 + 43)

thay

Pp2

zp=a"? 2’ =y’ =2z, yp=y"y,
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ta dugc
(a;p/2~a:p/2lnx+yp/2~yp/21ny)2 < (@ +9P) (2P In’z + P In’y) .

Suy ra
(zPInz +yPlny)® < (2P +yP) (2" I’z + P In’y)

tic la G'(p) > 0 v6i p > 0. Vay trong truong hgp nay ta dude G(p) =
p*F'(p) > G(0) = 0. Khi p < 0 thi G'(p) < 0 va do d6 G(p) = p*F'(p) >
G(0). Tt nhiing 1ap luan trén ta c6 két luan rang ham p — p téng thuc
su trén mdi khoang (—o0,0) va (0,0), theo dinh nghia cta My(z,y)
(xem 2.5.42) ta suy ra f tang thuc su trén R.

2.5.43. V61 A > 1 ta xét ham

f) 2+ A2 —2)

St dung bat déng thic
(ZL' +y)n S 2n—1(l,n _‘_yn)’

ta chiing minh dugc rang f/(\) < 0, vay f giam trén [0,00). Két hgp véi
f(1) = (z +y)"/2" ta chling minh dugc bat ding thtc bén phai. P& chiing
minh b4t ddng thiic con lai ta chi cAn ching minh ring )\h_}rgo fA) > (Vay)™
Ap dung b4t ding thic lién hé gifia trung binh cong va trung binh nhén ta
dudgc

(z+y)" —a" —y"

Jim f(A) = o _ 9
_ Qe+ Gty (M) Ty
B om _9

> "Dz @) = (g

b4t ding thic cudi cung duge suy ra tit ddng thic

(?) +2(Z> +...+(n—1)(ni1) (),
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dé chting minh d&ng thic trén ta st dung cong thic

n n—1
— > 1.
k@ n(k_l), B>

(a) Pat f(z) = sin(tanz) — z véi z € [0, ], ta 6

2.5.44.

f(0)=0 va f'(z)=cos(tanx)

-1
cos? x ’

suy ra

f'(z) >0 khivachikhi cos(tanz) > cos® .

Chu y réng cos(tanz) > 1 — $ tan” z (xem 2.5.1(a)) nén ta chi can chiing
minh ring 1 — }tan?z > cos?z véi z € [0, %]. Bat ding thic cudi cing

dudc viét lai dusi dang hién nhién ding

2costr —3cos?x+1<0 véi xE[O,%}.

(b) Véi z € [0,%] xét ham f(z) = tan(sinz) — z ta c6

COs T

f0)=0 va f(z)=——"——-1.

~ cos%(sinx)
Tu d6 suy ra f'(z) > 0 khi va chi khi

1 + cos(2sinx)
5 :

cosx > cos*(sinz) =

Bai toan trd vé ching minh bat ding thic viia néu trén. St dung
2.5.1(c) ta dugc bt ding thic

2
1+ cos(2sinz) < 2 — 2sin’z + 58111433 < 2coszx

véi z € [0,%], tit d6 suy ra diéu phai chiing minh.
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2.5.45. Xét ham f(z) = 2= — &%, v6i z € (0,7/2) ta ¢6 f'(z) > 0 khi va chi

khi
1 CcoS T
3 " sin®a’
ttc 1a khi va chi khi '
sinz
Joosz —z>0
Dit |
_ sinz
g<x) - W -z
ta co
g (z) = (cosz)?? + %(COS ) 3sinz — 1
va
g (z) = g(cos z)"Bsin® z.

Vi ¢"(x) > 0 v6i = € (0,7/2) nén ta dugc ¢'(z) > ¢'(0) = 0, t& d6 suy ra
g(z) > g(00 = 0 v6i z € (0,7/2), tlc 1a ham f dang xét s& tang trén khoang
d6, suy ra f(z) < f(3) =1— 5.

2.5.46. Chd ¥ ring

( 3z )’ (VixaZ—1)°
arctanz — = >0
1+ 2v1+2? (1+22)(1 +2V1 + 22)?

ta dudc diéu phai chiing minh.

2.5.47. Néu a;, = b, v6i moi k thi ta dugc ngay diéu phai chiing minh, gia
st ton tai k dé , # by, dat
f(z) = H(xak +(1—2)b,) va g(z)=In f(x).

k=1

Khi dé

n 2
/ _ Qg — bk: N " . ag — bk:
g(x) = — zay, + (1 — z)by va gle) = — (xak + (1 - x)bk) '
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Vi ¢"(z) < 0 nén ham g, va do d6 ham f, c¢6 cyc dai trén [0, 1] tai mot trong
hai dau mut khi va chi khi ¢/(0) va ¢/(1) cung d&u, tic 1a ¢’'(0)¢’(1) > 0. B4t
dang thic cudi duge viét chi tiét 1a

() (B

k=1 k=1

2.5.48. Theo 2.5.1 (a) va (c) ta c6

2 1'2 $4

1—%§cosx§1—?+ﬂ, z € R.

Do d6 dé chiing minh b4t ding thiic & d4u bai ta chi cAn chiing minh ring
2 4 2yt 22y

_Z .z _Z 417 < _ZzJ
1 2+24+1 2+24_1—|—1 5

hay tuong duong

ot oyt 12277 — 1222 + A <0 vei 2P +P <
Trong hé toa d6 cuc 6, r bat ddng thic trén dugde viét lai nhu sau:
(1) r?(2 +5sin?20) <24 véi r*<m va 6¢c|0, 2n]

Vi
r?(2 + 5sin® 20) < Tr < 24,
nén ta ching minh dugc (1).
2.5.49. Bit ding thic 1a hién nhién khi z > 1 hodc y > 1, vay gia su

z,y € (0,1) va dit y = tz, vi tinh d6i xiing nén ta chi cAn chting minh bat
dfflng thic cho 0 <t <1, ta co

ZEy +yw — :L.tw + (tl‘)w — (:L‘x)t + thEx.

Viham x — z% c6 cuc tidue /e = q tai % vavit® > tnén z¥+y* > a'+ta. Hon
nita ham F(t) = a' + ta, t € R chi c6 mot cuc tiéu dia phuong to =1 —e < 0
va F tang thuc su trén (ty,00) va F(0) = 1 nén ta suy ra z¥ + y* > 1.
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2.5.50. V6i 0 < z < 1 bat déng thic can ching minh dude viét dudi dang
1—2z" 4+ 2" < (1 —2™)V1 —2n,
hay
1—a" _1-(1—a")
l—x 1—3Y1T—a"
Vi ham ¢ — =L tang thlic sy trén (0,1) nén ta chi cdn chiing minh réng

x < \”/1—x"hay0<x< Cumcungchuyrang(l—l— ) > 2 v6ln > 2,
tic 1a

f > i
2.5.51. V610 <z < 1 xét ham

f(z) 2 31
P o B Tl
g(x) " 5 +24smx

Vi g'(z) <0v6i0 < x<1nén taco g tang thuc sy trén (0,1), vay g(y + 2) <
g(y) va g(y + 2) < g(z), tit d6 suy ra

yg(y + z) + zg(y + 2) < yg(y) + zg(2),

tic la f(y +2) < f(y) + f(2).
2.5.52. Ta c6 cong thiic khai trién nhi thiic Newton
(1) @ty =Y (") Tt

K :

k=0
Pao ham (??) theo z va nhan hai vé& cta ding thtc nhan duge véi z ta duge
- n

2 nz(z+y)" ! = k zhyF,
@ o =30kt

Bay gid dao ham (??) hai 14n va nhan hai vé& cia ding thic méi nhan duge
vé6i 22 ta dudc

3) n(n — 1)z*(z + y)" Zk —1() zkyn
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Néu trong (2?), (2?) va (2?) ta thay y bdi 1 — z thi sé dudgc

1= i (Z)w'“(l — )k,

k=0

nr = Z k(Z)x’“(l — )"k
k=0

n(n — 1)z? = j;o k(k — 1) (Z) 2 (1 — )"k,

Tu dé suy ra

n

3 (k- na)? (Z) 21— 2)"F = na(l —z) <

k=0

13

2.5.53. Tu gia thiét phuong trinh f(x) = 0 c6 nghiém duy nhit ¢ € [a, ]

Hinh veé
Gia st rang f'(z) > 0 va f”(z) < 0 véi = € [a,b], @4t 7o = a theo cong thiic
Taylor véi phan du dang Lagrange ta c6

0= F(€) = Fla) + F(@n) (€ — ) + 370 (€~ )",

trong d6 c, 1a phan ti thudc khoang c6 hai dau mit 1a z, va & Tu dinh
nghia cua day {z,} ta dugc

f(zn) 2
— xn = — ajn —|— e ee— - .'Ijn > O.
£ +1 € f,(xn) (€ )
Vay {z,} bi chan trén bdi £, ti d6 suy ra f(z,) <0, vay

§—Tnr1=§— T+ <& — @y,

f(zn)

tic 1a {z — n} tang thyc sy, do vy no6 hoi tu va lim x, = . Cac trudng hgp
n—oo

con lai duge chiitng minh tuong tu.
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2.5.54. R rang m va M duong, ti két qua bai trén ta suy ra

0= €)= Flan) + Fa) €~ ) + 38" (e0) (€~ )

trong d6 ¢ 1a nghiém duy nh&t cua phuong trinh f(z) = 0 trén [a, b] va ¢, 1a

mot phan td nam gitia z,, va . Do vay ta c6

)| el
Fan)| ~ 2y & ) S

2.5.55. Ta s& chiing minh ring sup{e™® +e /% : £ > 0} = 1. Xét ham
fle) =e®+e "z >0taco f(1) =1va f(z) = f (L), suy ra ta chi can
chiing minh cho trudng hgp = > 1, lic d6 f(x) < 1 hay néi cach khac ta c6

1 1
o <

Tn—&

’xn—&-l - £| =

(1) vél x> 1.

Theo 2.3.7 (a) ta cb

Bay gid ta chiing minh rang
(2) l——>=- v6i z>2.

Dé chiing minh diéu nay ta viét (??) duéi dang g(z) = 2*' —z > 0. Chud
¥ ridng g téng thuc sy trén [2,00) va ¢g(2) = 0 ta sé chting minh dugc (??)
V6l x > 2, ttc 1a f(z) < 1 v6i z > 2. Bay gid ta chiing minh f(z) < 1 trong
khoang (1,2). Xét ham

h(z) =1Inf(z) =In (2° + 21/’”) - (3: + i) In2.

2T 4 ol/z 7’
ta c6 nhan xét rang 7'(z) < 0 khi va chi khi (22 — 1)In2 < 22Inz. D& chiing
minh bat ding thic vita néu ta xét ham

k(z) = (2 —1)In2 — 2zlnz, =< (1,2)



304 Chuong 2. Vi phdn

c6k'(z) =2zIn2-2Inz—2vak"(z) =2 (In2 — ) nénk"(z) < 0véiz € (1, )

) In2
va k"(z) > 0 véi z € (g5,2). VI k(1) =k'(2) < 0 nén ta c6 K'(z) < 0 v6i moi
z € (1,2), ttc la k 14 ham giam trén (1,2), suy ra k(z) < k(1) = 0, vay
h'(z) < 0khiz € (1,2), suy ra h(z) < h(1) =0, hay (z) < 1 véiz € (1,2). Vay

bat ding thic (2?) ding véi moi z € (1,00).

2.5.56. [5] Chiing minh cua bai nay dua vao dinh ly pham tru Baire. Véi
n € Nxét tap A, = {r € [0,1] : f™(z) = 0}. Tt gia thiét ta suy ra [0,1] 1a
hop caa cac A,, vay theo dinh ly Baire tén tai A, trit mat khip noi trong
[0, 1], ttic 14 tén tai doan I van saochoI C A,. Vi f( lién tuc nén f™(z) =0
v6l moi z € I, tit d6 suy ra trén I f s& trung v6i mot da thiic. NeuI = [0, 1] ta
suy ra ngay diéu phai chiing minh. Ngudc lai néu khong phai thi lap luan
tuong tu trén déi v6i phan con lai trong [0,1]. Lip lai cach 1am trén ta chi
ra mdt ho cac khoang ma giao cua ching tra mat trong [0, 1], hon niia trén
mdi khoang ham f sé trung v6i mot da thic, ta cAn chiing minh rang trén
moi doan f sé trung véi chi mét da thic ma théi. Xét tap B 14 phan con lai
cua ho cac khoang néi trén sau khi bd di phan trong cua ching, rd rang B
déng, thém nita B néu B khac rdng thi moi phan ti cia B déu 1a diém gidi
han ciia B. That vay, gia st 2, € B khong 1a diém giéi han cia B thi z; 1a
giao diém ctia hai khodng I, va I, ma f")(z) = 0 v6i z € I; va f"2)(z) =0
v6i z € I, tit @6 suy ra f™(2) = 0 v6i 2 € I; UL, va n > max{n;,ny}. Vi f
lién tuc nén f sé€ trung v6i mot da thic nao do trén I, UI,, va suy ra z¢ € B,
v 1y. Vi B déng nén néu né khac rong ta lai 4p dung dinh ly pham tru ctaa
Baire. Vay ton tai A, sao cho A, "B tri mat trong JNB, trong d6 J 1a mot
khoang nao d¢, tiic 1a £ (z) = 0 trén BNJ, mat khac ton tai K € J 1a phan
bt ciia B, suy ra ton tai m € N sao cho f™(z) = 0 véi z € K. Néum < n thi
f®)(z) =0 véi € K. Noum > n thi f0)(z) = fo+2(g) = ... = fM(z) =
... =0v6izeBNI vi moi diém cta B déu la diém gii han, ti dé suy ra
fO(g) = fO(g) = ... = fM(z) = ... = 0 v6i z € BN tai cac ddu muit

cua K, vi du nhu tai a va b. Do d6 véi moi z € K ta ¢

0 / " @)t = F D (@) — FD (@) = F D (),
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Lap lai qua trinh trén ta duge f™(x) = 0 v6i moi z € K va m > n, va vi
K 134y tuy y trong J nén khéng tén tai phan ti ctia B thuoc J, suy ra vé 1y.
Vay ta c6 B rong, ttc 1a I = [0, 1], két hop véi két qua da dat duge 6 trén ta
c6 diéu phai chiing minh.

2.5.57. Dat

2
Vay f'(z) =0véiz € [0,1] va fO(z) =0 véiz € (1,1].
Xét ham
f(z)= sing, z € [0,1]
ta thdy ham nay khéong thoa méan khang dinh ¢ 2.5.56 khi lim f((z) =0

. . n—oo
v6i moi x € [0, 1].

2.6 Kha vi manh va kha vi theo nghia Schwarz

2.6.1. Stu dung dinh nghia 1 khi cho 25 = a. Diéu ngudc lai khéng ding
(xem 2.1.13).

2.6.2. [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-906] Xét
€ > 0 cho trudc va 6 > 0 sao cho

B={z:|x—a| <} CA

va vll x1,x5 € B, 1 # x5 ta co

‘f — f(=1)

P f*(a)

<E.

Bay gio néu r € A! (ttc 1a néu f/(z) ton tai) va néu |x —a| < §/2 thi v6i moi
T9 sao0 cho |zy — x| < §/2 ta co
‘f—) <e

— [(a)

To — X
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Cho z, — z ta duge |f'(z) — f*(a)| < e. Do d6 lim f'(z) = f*(a) = f'(a). Vi
zeAl
A* C A! nén ta co

lim f*(z) = f*(a) = f'(a).

TEA*
2.6.3. [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-906] Vi

f" lién tuc tai a nén theo dinh 1y gia tri trung binh ta c6

f(z1) — f(72)

lim —~2——=—  Ilim "z1 4+ 0(xze —21)) = f(a).
(z1,x2)—(a,a) T1 — T — 2 (z1,x2)—(a,a) f ( ! ( 2 1)) f ( )
T1#£T2 T1FT2

2.6.4. [M. Esser, O. Shisha, Amer. Math. Monthly 71 (1964), 904-906]
Khong. Ta chi ra phan vi dy. Xét ham f trén (—1,1) sau

f(x) = / " g(b)r,

trong do
0 néu tc (—1,0)UkL_J 550 37) »
g(t) = - Sr 1_1
t néu te kL_Jl [ﬁ? m)

Khi d6 f lién tuc trén (—1,1) va

flo) = flaa) L /wlg(t)dtzo.

(z1,22)—(0,0) T3 —x — 2 (z1,22)—(0,0) T1 — To
x1FT2 T1FT2

T2

DPéng thiic cudi cung duge suy ra tit bAt ding thic sau
i — 7}

2

0 §/ g(t)dt <

T2

vl 1y < 7.

Do d6 f kha vi manh tai diém 0. Mt khac dao ham f’ khéng ton tai tai cac

2R
diém 1, n=234,5,....
n

2.6.5. Suy ra tu 2.6.2 va 2.6.3.
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2.6.6. [C. L. Belna, M.J. Evans, P. D. Humke, Amer. Math. Monthly 86
(1979) 121-123]. Chd ¥ rang f’ thudc 16p pham tru (Baire) thd nhat, vi

flz+3)—fa)

f'(z) = lim

n—oo

Y

3=

suy ra tap cac diém gian doan cua f’ thudc 16p pham tru tha nhit, (xem
1.7.20). Két hop véi 2.6.3 ta c6 diéu phai chiing minh.

2.6.7. Xét a thuc sao cho f(a) < a < f(b), va ky hiéu ¢ = inf{z € (a,b) :
f(z) > a}. Rorang c # ava c # b. Tu dinh nghia can trén ding ta cé f(z) < c
v6i z € [a,c], va ton tai ddy duong {h,} héi tu vé 0 sao cho f(c+h,) > a. Vi
f kha vi Schwarz tai ¢ nén

fS(C): lim f(C—i—hn)—f(C—hn)

n—00 2h,,

> 0.

Ta c6 nhan xét rang khi f(a) < f(b), véi lap luan tuong tu ta c6 ton tai
¢ € (a,b) sao cho f*(c) <0.

2.6.8. [C. E. Aull, Amer. Math. Monthly 74 (1967) 708-711]. Néu f = 0
trén [a,b] thi ta c6 ngay diéu phai chting minh.Gia st ton tai ¢ € (a,b) sao
cho f(c) > 0, theo bai trén ton tai z; vd 25 saochoa < z; < c < 1y < b,

Fo(m1) > 0 va f5(zy) < 0.

2.6.9. [C. E. Aull, Amer. Math. Monthly 74 (1967) 708-711]. R6 rang ham

trung gian

thod man cac gia thiét ctia bai tap trén.
2.6.10. [C. E. Aull, Amer. Math. Monthly 74 (1967) 708-711]. Vi f bi chan

trong (a,b) nén ton tai M > 0 sao cho sao cho |f*(z)| < M v6i moi = € (a,b).

Theo bai trén ta cé

—MSMSM vél xz,t € (a,b), z #£t.

r—t

Tu @6 suy ra |f(z) — f(¢)] < M|z —t|.
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2.6.11. [C. E. Aull, Amer. Math. Monthly 74 (1967) 708-711]. Theo 2.6.9,

ton tai x; vA 72 nam gitta x va z + h (z,z + h € (a, b)) sao cho

fs(xz) < f(x+h]i_f(x) < fs(xl)'

Mit khac tit tinh lién tuc ctia ham f° suy ra ton tai x5 nam gitia = va x + h
sao cho f*(x3) = w Cho h — 0 ta dugc f*(x) = f'(x).

2.6.12. Néu z,2 € I va z < z thi theo 2.6.9 ton tai z, € (7, z) sao cho

f(z) = f(=)

Z—X

Z fs(.’lﬁg) 2 0.
2.6.13. Tuong tu bai trén.

2.6.14. Khong. Xét ham f(z) = = —2|z| , z € (—1,1). D& dang kiém tra dudgc
rang f%(0) = 1 va £(0) 1a cuc dai cta f trong (—1,1).

Hinh vé

2.6.15. [C. L. Belna, M.J. Evans, P. D. Humke, Amer. Math. Monthly 86
(1979) 121-123]. Ta di chting minh rang ton tai tap cac thang du thoa man
d4ng thtc dau 1a da, khi thay f bang — f trong ding thic thi hai ta sé dugc
diéu phai chiing minh. Theo dinh nghia ta c6 D,f(x) > D.f(z). Ta can
chiing minh rang

A(f)=A{z: Dsf(z) > D.f(x)}

thudc pham tru tht nhat. Chd ¥ rang A(f) 14 hgp dém dugc cia cac tap

A(f,a) ={z: Dsf(z) >a> D, f(x)}, a€cQ.

Do d6 ta di chiing minh réing méi tap néi trén déu thudc pham tru thi nhat.
Vi A(f,a) = A(g,0) véi g(z) = f(z) — ax nén ta chi cAn chiing minh ring
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bA(f,0) thuoc pham tru thi nhat. Ta c6

[e.e]

A(£,0) = [J An(£,0)

:d({x;f(x_h)<f(x+h) véiO<h<%}ﬂA(f70)>-

Vay ta di chiing minh ring cic tap A, (f,0) déu thudc pham tru thi nhat.
Gia st phan chiing rang ton tai n € N sao cho A, (f,0) thuéc pham tru thi
hai, khi d6 tén tai khodng mé I sao cho A, (f,0) cling thudc pham tru thd
hai trong moi khoang mé con ctua I, thém niia ta gia st d6 rong cta I nho
hon 1 vaa,b €I, a <b. Xét tap thang du S C R sao cho fis lién tuc va chon
c € SN (a,b), 18y € > 0 bat ky. Khi d6 ton tai tap con J cta (a,b) sao cho

cedva
(1) f(z) > f(c)—e v61 zeSNJ.

Xét K 1a khodng md con ctia (a,b) sao cho K =2K —b={y:y =21 — b,z €
K} C J. Vitap

Sn:{:E:f(:r—h)§f(:c+h)v610<h<%}

thudc pham tru tht hai trén K va S 1a tap thiang du trén K nén suy ra tap
(28, — b) N (SN K ciling thude pham tru thi hai, vi vay khac réng. Ta chon
duge € SNK sao cho £ € S, dat h = %% (hién nhién 0 < h < 1/n) ta
duge f(z) < f(b). Hon niia ti (1) suy ra f(c) —e < f(Z). Vie > 0 bat ky nén
ta dugce f(c) < f(b). Lap luan tuong tu ta chting minh dugc riang f(a) < f(c),
suy ra f tang trén I, suy ra D, f(z) > 0 véiz € I, do d6 A(f,0)NI =0, vo ly.
Ta dugc diéu phai chting minh.

2.6.16. Day 1a hé qua cua bai toan trén, chi y rang day chinh 1a bai toan
téng quat ctia 2.6.6.

2.6.17. [J. Swetits, Amer. Math. Monthly 75 (1968), 1093-1095]. Gia su
rang f bi chin dia phuong trén [z1,z() va = — o < § < 1. Pat trung diém
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cla [z1,70) 12 2o , khi d6 ton tai M > 0 sao cho |f(z)| < M véi x € [z, 73]
Chon h, 0 < h < §/2 sao cho

|[f(z2 + h)| > 1+ M +[f*(2)].

Khi dé

2 — fi(@)

> ‘f($2+h)2—hf(332 —h)‘ P ()

> |f(za +h)| = [f(x2 — h)| = [f*(z2)]
> |f(x2+h)| = M — |f(z2)| > 1.

‘f($2+h)—f($2—h)

Vay f khong kha vi Schwarz déu trén [a, b].

2.6.18. St dung két qua trong bai 2.6.9 va lap luan tuong tu nhu bai 2.2.26
ta dugc diéu phai chting minh.

2.6.19. Xét ham

1 v61 z=0.

f(x) = {O vl z € R\{0},

Khi d6 f* déng nhat bing 0 trén R, vay né lién tuc, nhung f khong kha vi

Schwarz déu trén moi khoang chtia diém O.

2.6.20. [J. Swetits, Amer. Math. Monthly 75 (1968), 1093-1095]. Gia su
riang f kha vi Schwarz déu trén moi doan [a,b] C I. Xét zo € (a,b) va d; > 0
sao cho [zg — 1,29 + 01] C (a,b). Pat I} = (zg — d1, 20 + d1). Vi f bi chan dia
phuong trén I nén ton tai M > 0 sao cho

f(z)| <M v6i zel.
Xét § > 0 sao cho

fle+h) - flz—h)
2h

—fz) <1
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v6i |h| < 6 vi € [a,b], khi d6 véi z € I, = (zo— L, 20+ %) va |l <
min{d,0/2} ta c6

<1 .
2 T

[f*(x) <1+

Vay f° bi chan dia phuong trén I. Bay gid ta cAn chiing minh ring f lién
tuc trén I. Gia st phan chiing ring ton tai diém gian doan cta f trén [a, b]
1a diém zy € [a,b] C I, khi d6 tén tai ¢ > 0 sao cho véi moi § > 0 ton tai
z' € la,bl N (g — d, 20 +9) ma |f(2') — f(xo)] > . Vi f* bi chén dia phuong
nén ton tai M; > 0 sao cho |f*(z)] < M; v6i z thudc khoang c6 cac ddu mut

la 2’ va z, tu d6 suy ra

f(.'l?/) _f(xo) . f.s <$,+$0)‘ > € ]\4—1

x — g 2 = o — x|

diéu nay trai véi gia thiét rang f 1a kha vi Schwarz déu trén [a, b], do vay f
lién tuc trén I va st dung két qua bai 2.6.18 ta suy ra f* cling lién tuc trén
I. Két hgp v6i 2.6.11 ta chiing minh dudc réng f’ tén tai va lién tuc trén I.
Diéu ngudc lai chinh 14 mot hé qua ctaa 2.6.18.
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Chuong 3
Day ham va chuoi ham

3.1 Day ham, su hoi tu déu

3.1.1. Gia st truéc hét rang f, = f. Khi @6, véi € > 0 cho trude, tén tai ng
sao cho

|fu(z) — fz)] <€
v61l moi n > ng va moi z € B. Tu do, v6i n > ny,

dn = Sup{’fn(x) - f(l‘)’ rx e B} <,

va do d6, lim d,, = 0.

n—oo

Bay gio gia st rang lim d,, = 0. Khi d6
|fu(z) = f(@)] < sup{|fu(z) — f(2)| :x € B} <&
v6i n du 16n va véi moi x € B, tic 1a {f,} hoi tu déu trén B té6i f.
3.1.2. V61 e > 0 cho trude, ta co
e 5

@) = )] <5 A lgnla) — ()] < 5

v6i n da 16n va véi moi z € A. Vay
|fu(@) + gn(z) — (f (@) + 9(2))| < [fulz) = f(2)| + gn(z) — 9(z)| < e

313
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v6i n du 16n va véi moi = € A.
Dé thdy rang khang dinh tuong tu khong ddng cho tich cta hai day héi
tu déu, xét cac ham sau day :
L@ =a(1-2) v gue) =5 we()
W)=z (1-=) va g(v)=—=, = 1),
n g x?
Taco f, =% fva g, = g, 6 day f(z) =z va g(z) = . Mat khac,

(0,1) (0,1)

nmmm»:lQ_l>.

i n

Vay {fngn} hoi tu diém trén (0,1) t6i ham z — % Vi

d, = sup{

su hoi tu 1a khong déu.

Fu(2)gn() — é‘ Lz e (0, 1)} — 400, neEN,

3.1.3. Truéc hét chid ¥ rang néu {g,} hoi tu déu trén A téi ham bi chin g,
thi ton tai C' > 0 sao cho véi n du 1én,

lgn(2)| < C v6imoi z € A.
Véi € > 0 cho trude, do {f,} va {g,} hoi tu déu, ta co
5 . 5
[ful@) = f(@)] < 57 va lga(2) = g(2)] < 577
v6i n da 16n va véi moi z € A. Tu d6, véi n da 16n va v6i moi = € A,
| fn(@)gn(x) — f(2)g(2)]
< |ful@) = F(@)llgn(2)] + [gn(z) — g(@)||f ()] <e.

3.1.4. T tiéu chuan Cauchy cho su hdi tu ctia day sd thuc, suy ra ring {f,}
hoi tu diém trén A, chdng han téi f. Ta phai chting minh ring su hou tu 1a
déu. Lay tuy ¥ € > 0. Theo gia thiét, ton tai ny sao cho néu n, m > ng, thi

a(e) — @) < 3¢
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v6l moi x € A. Do tinh lién tuc cia ham gia tri tuyét do1, ta nhan duge

: 1
Jim |fa(2) = fn(@)] = [fal@) = fl@)]| < 5o <&
v6l moi x € A va v6i moi n > ny.

3.1.5. Goi {f,} 1a day c4c ham bi chin hdi tu déu trén A té6i f. Khi do, véi
e > 0 cho trudc, ton tai ny € N sao cho

[F(@)] < 1o () = f(@)] + [ o (2)] < €+ [ fng ()]

v6l moi x € A. Vi f,, bi chan trén A, f cling bi chédn trén A.
Ham gi6i han cta day héi tu diém cac ham bi chin khong nhat thiét bi chan.
Dé thdy diéu nay, ching han 14y

fn(z) = min {%,n} . z€(0,1),neN.

Day {f.} hoi tu t61i ham khong bi chén z — 1/z, x € (0,1).

3.1.6. V6i x € R, lim,_, fo(2) = 0. DAy khong hoi tu déu trén R béi vi
don = +00. RO rang, day con fo, 1 hoi tu déu trén R.

3.1.7. Chiing minh nhu trong 3.1.4.

3.1.8.
(a) Ta co
1
1+ (nz —1)? e f(@),
0 day

f(x):{o véi z € (0,1]

% vl z =0.

Vi ham giéi han khong lién tuc, su hoi tu 1a khong déu (xem, ching
han, 1.2.34).
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(b) Ta c6

22
0
2+ (nx — 1)? e
va d, = sup{|fu(z) — 0| : z € [0,1]} = fu (£) = 1. Theo 3.1.1, su hoi tu

14 khong déu.

() Vi
z"(l—z) — 0

n—oo
va d, = sup{|fu(z) = 0| : z € [0,1]} = fu (3%5) = #, ta thay ring
{f.} hoi tu déu trén [0, 1].

(d) Day hoi tu khong déu vi
nn+1 1

— -
(n + 1)”+1 n—oco €

n —

(e) Virdng d, = f (s%) — 0, day hoi tu déu.

ntl/

(f) Day hoi tu déu béi vi

d = sup{|ful@) — 2l s € [0,1]} =1~ £,(1) = —

— U.

(g) Day hoi tu diém téi

vl z =1.

f(x) = {1 le z € 0,1),

Vay ham giéi han khéng lién tuc va vi vay day khong hoi tu déu (xem,
ching han, 1.2.34).

3.1.9.

(a) Dé thay rang f,(r) — 0vad, = i. Vay day khong hoi tu déu trén A.
n—oo
Mit khac,

sup{|fu(z)| : 7 € B} = (%)n (1— (%)71) n>2,

va vi vay day hoi tu déu trén B.
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(b) Day hdi tu déu trén R téi ham khong, va nhu vay né ciing hoi tu déu

trén mdi tap con cua R.
3.1.10.
(a) Vid, = arctg \/%, {f.} hoi tu déu trén R t6i 0.
®) fu(z) = 2%, vavi f,(v/n) —n =n(ln2 — 1), chudi khong hoi tu trén R.

(¢) Taco fu(z) — 1. Dy khong hoi tu déu trén (0,00), béi vi f (1) —n =
n(ln2 —1).

@ fulw) —> f(), & day

T Vel |z] > 1L

f(2) = {1 V(’j% lz] <1,

Dit u, = 3/1 + 227, Khi d6, véi z > 1,

2n 2n

u? — x
2
Vi+ 22" = w,—z= =

uZr=l 4 2r=2g ... 4 201
1 1
un=t 4 u2n =2z ... 42201 7T 2n

Suy ra rang

" 1
4y < sup (o) = F@I+ sup [fule) = f@)] < F2—1+ =
z€]0,1] z€[1,00) n

tc 1a {f,} hoi tu déu trén R.

(e) Nhu trong (d), c6 thé chi ra rang day hoi tu déu trén R téi

f(x) = {2 V(/fi? lz| < 2,

|z v6l x| > 2.

() Ta co

n

1
d, =sup|vn + lsin" z cosz| = < —Til—l — NG
n n—oo e

Vay day hoi tu khong déu trén R.
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(g) Day héi tu diém t6i Inz (xem, ching han, I, 2.5.4). Theo cong thic

Taylor,
d, = sup [n(Y/z—1)—1Inz| = sup |n (e%h”” - 1) = lnaz‘
z€[1,a] z€[1,a]
1 In’ In’
= sup n<1—1— lnx—nfecn—1>—lnx§naa%,
z€(1,a] 2n 2n

béi vi 0 < ¢, < 22 Do d, hmd =0,suyra f, = f,6day f(z) =Inx.

(1,a]
3.1.11. Ta c6 [nf(z)] = nf(z) — pu(x), 6 day 0 < p,(z) < 1. Tu do

pn(ZL‘)

<

Sl

sup |fn(z) — f(z)| = sup
z€la,b] z€a,b]

va vivay f, = f.
[a,b]

3.1.12. Vi

2
sin V4m2n?2 + 22 = sin (27m\/ 14+ —— yp a 5+ 2nm — 2n7r)
m2n2

2
= sin?2 1 —1
sin 2nm + — RO

1,2
n )
VAarn2 + 22 + 2nr

ta thdy rang lim nsin \/ 4m2n2 = %. Ngoai ra, néu z € [0,a] thi, dung bat
n—oo

d4ng thic sinz > z — ta nhan dugc

3”

2 a? 2 n a

x
nsinvV4m?n2 + 22 — —| < — | 1 — I
= [ Ry 22
47 47 /1 4 4ﬂ2n2 11 3! 8n2m
Diéu nay suy ra su hoi tu déu cua diy trén [0, al.
Véi z € R, theo bt ding thtic |sinz| < |z, ta c6

6

2 x? 2

nsin V4?2 n2+x2—x— > 1—

4| — 47 /1+ 47r2n2 11

suy ra day hoi tu khong déu trén R.
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3.1.13. Truéc hét, ta chiing minh bing quy nap ring, véi moi n nguyén
duong,

2\/x 2
< —P(r) < — "~ < =,
0=V (x)_2—|—n\/5<n

Véi n = 1, bat déng thic 1a hién nhién. Bay gio, gia st bat ddng thic ding

z € [0,1].

v6i n, ta sé chiing minh déng thic diung véi n + 1. Theo gia thiét quy nap
0<Va - F(z) < Ve
Tu d6, theo dinh nghia cua P, 1,
VA~ Pralo) = (V- Poa) (1- 5(VF + B0) )
Vay /x — P,y1(x) > 0. Ngoai ra,

et < 7 (1)

2+nyx 2

2y vz
= m<1_2+(n+1)\/5>
Y
24+ (n+1)VT

Vi |z| = V22, suy ra tit cac bat déng thtc da ching minh rang day cac da
thac {P,(z*)} hoi tu déu trén [—1,1] t61 ham gia tri tuyét doi |x|.

3.1.14. Theo dinh Ii gia tri trung binh,

— (@) = 1f(¢) = fi(=)],

& day ¢, € (z,z + ). Vi dao ham f’ lién tuc déu trén R, véi £ > 0 cho trudc,

ton tai ny sao cho néu n > ng, thi

1f'(¢) — fl(z)] <e véimoi z€R
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Vay ta da chiing minh day hoi tu déu trén R.
Xét f(z) = 23, x € R. Khi d6

1
d, = sup ; — f(x)]| = sup |3z— + — | = +o0,
non

suy ra day hoi tu khong déu. Vay gia thiét lién tuc déu cua f’ 1a khong bo
dugc.

3.1.15. Goi € > 0 tuy y. Tu tinh lién tuc déu cta day trén R, suy ra rang

ton tai ng € N sao cho
9 . .
|fno($)_f(33)’ < g v6l mo1 x € R.

Bay gio, do tinh lién tuc déu cta f,,, ton tai § > 0 sao cho | f,,,(z)— fa, (/)] < £
bat ct khi nao |z — 2| < 4. Do do,

[f(2) = F(@)] < [fao () = F(@)] + | fro (%) = fuo ()] + [fno (') — f2)] <&
bat ct khi nao |z — 2’| < 4.

3.1.16. Dit g, (x) = fu(z) — f(z) v6i z € K. Ta s& chi ra rang {g,} hoi tu déu
t6i 0 tren K. Goi e > 0 tuy §. Vi {g,} hoi tu diém téi 0 trén K, véi = € K,
ton tai n, sao cho

g
0< g, <-=.
= Gn, 5

Suy ra ti tinh lién tuc ctia g, va tii tinh don diéu cta day {g,} rang ton tai

lan can O(z) cua z sao cho

(1) 0<gn(t)<e v6i n>n, va teO(z).
Vi K compact, ton tai hitu han diém z, 25, ... ,z, € K sao cho K € O(z,) U

O(z9) U ---UO(z,). Bay gid, néu

no = max{ng, , Nyy, .- - , Nz, 1
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thi (1) ddng v61 moi n > ng va moi = € K.
DPé thdy tinh compact cta K 1a khong bé dude, xét

B 1
 14nz’

fn(x) re(0,1),n=12....

Khi d6, d,, = sup |f.(x) — f(z)| =1, va vi vay day hoi tu khong déu.
z€(0,1)
Tinh lién tuc cia ham giéi han cting khong b6 duge. Thuc vay, day

folzx) =2", x€[0,1],n €N,
khong hoi tu déu trén [0, 1].

Vi du sau chi ra gia thiét vé tinh lién tuc ctia f, khong bd duge. Cac ham

fn(x) =

0 néu z =0 hoic 1 <z <1,
1 néu 0<a:<%

khoéng lién tuc. Chiing tao thanh diy don diéu hoi tu diém téi 0 trén [0, 1],

nhung day hoi tu khong déu. Cuéi cung, cic ham xac dinh bdi

2n’x vl 0 < 2L7
n
_ 1 se 1 1
fn(l’) =< n—2n? (ZL’ — %) VOl - < T < o
0 v61 % <z<l1

lién tuc va tao thanh day héi tu diém t6i 0 trén [0,1). Chid ¥ ring day {f.}
khong don diéu va day hoi tu khong déu.

3.1.17. Goi {f,} 1a day cac ham lién tuc hoi tu déu trén tap compact K téi
ham giéi han f. Lay € > 0. Chon ng sao cho (xem 3.1.7)

(@) = Fuo(2)] < =

3 vl n>nyg vamoi zx € K.

Tiép theo, vi mdi ham f, lién tuc déu trén K, c6 thé chon § > 0 sao cho néu
z,x’ € Kva |z — 12| <, thi

(1) fu(z) — fula’)] < % véi 1<k <no
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Vi vay, ta nhan dugc

[fo(@) = fu@)] < 1 fa(@) = fro ()] + | frg () = frg ()]
H o (@) = fula)| <

V6i |z — 2’| < 6 van > ng. Tu day va (1), suy ra tinh lién tuc dong bac cta
day {f.} trén K.

3.1.18. Goi {f,,} 1a day con cta {f,}, va {z,} 1a diy cac phan ti cta A hoi
tu téi z € A. Ta x4c dinh day {,,} bang cach dat

(

1 vl 1 <m < ny,
Ty vel np <m < ng,
Ym =
T vl ngp_1 <m < ng,
=

Khi d6, day {y,,} hoi tu téi z, vi thé lim f,,(ym) = f(x). Vay klim for Uny,) =
Jim f, (21) = f(2).

3.1.19. Truéc hét chd ¥ rang néu {f,} hoi tu lién tuc trén A téi f, thi {f,}
hoi tu diém t6i ham gi6i han f. Dé thdy diéu nay, chi can xét day hing ma
tat ca cac s6 hang cia n6 déu bing mot phan tii cia A. Chon tuy y = € A
va goi {z,} 14 diy cac phan ti trong A hoi tu t6i z. V6i e > 0 cho truée, su

héi tu diém cta day suy ra ton tai n; (c6 thé phu thudc z1) sao cho
€
|fn1(x1) - f(xl)’ < 5
Tuong tu, ton tai n, (c6 thé phu thudce z), ny > n4, sao cho

| oy (12) — f(22)] < g

Tiép tuc qua trinh nay, ta nhan duge day {n,} sao cho

| fo (1) — flz3)| < g keN.
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Ngoai ra, theo két qua trong bai toan trudc,

£

o) = F@) < 50 k> ko,

Do d6, |f(zx) = f(@)| < [fu(xr) = f(@e)| + [fap(zk) — [(@)| <€ V0L k = k.
3.1.20. Goi {z,} 1a day cac phan ti trong A héi tu téi z € A. Goi ¢ > 0 cho
trude. TU tinh héi tu déu caa {f,}, suy ra rang
e .
[f(2n) = ful@a)l < sup[f(y) = fu(y)l <5 V6L n=no.
yeA
Vi f lién tuc,
|f(z,) — f2)] < % v6l n > ny.

Tw d6, néu n > max{ng, n,}, ta c6

[fn(xn) = f(2)] < [falzn) = f2n)| + [f(2n) = f(2)] <e.

Vi du sau chi ra diéu ngugc lai khong dung. Goi A = (0,1) va f,(z) = 2"
Dé thay {f,} khong hoi tu déu t6i 0 trén (0,1). Tuy nhién {f,} hoi tu lién
tuc trén (0,1). That vay, néu {z,} 1a diy cac diém trong (0,1) hoi tu téi
z € (0,1), thi ton tai 0 < a < 1 sao cho z,, < a. Vi vay, nhiEO fn(xy) = 0.

3.1.21. (i) = (ii) da dudc chiing minh trong bai toan trude. Ta phai chiing
minh (ii) = (i). Ta biét rang ham giéi han f lién tuc trén K. Gia st ngudc
lai rang {f,} khong hdi tu déu trén K. Khi d6, ton tai g¢ > 0, day {n} cac
s6 nguyén duong, va diy {z;} cac phan ti trong K sao cho

| fri (k) = f k)] > €0.

Vi K compact, khong mét téng quat, c6 thé gia st rang {z;} hoi tu, ching
han, t61 z € K. Mét khac, theo 3.1.18,

€ L
| o () — f(2)] < go vél k> k.
Ngoai ra, do tinh lién tuc cua f

|f(zr) — f(z)] < % vl k> k.
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Vay, véi k du 16n,
2

€0 < [ (21) = fl2n)] < |fu(20) = f(2)] + |f(2) = fl2n)] < g0,
mau thuan.
3.1.22. Gia st, ching han, ring ham f, ting trén [a,b]. R6 rang, f lién tuc
déu trén [a,b]. LAy € > 0. Do tinh lién tuc déu caa f, ton tai § > 0 sao cho

, 5
£(e) — £()] <

bat ct khi nao |z — 2| < §, z,2" € [a,b]. By gig, chon a = 7y < 71 < 73 <
co-<zp=bsaocho |z; —x; 1| <6,i=1,2,... k. Vi

lim f,(z;) = f(z;), i=1,2,... k,

n—oo

ton tai ng sao cho néu n > ng thi

. 9 .
R0 rang, v6i mdi x € [a,b], ton tai mot i sao cho z;_; < x < x;. Bay gio, tu
tinh don diéu cua f, va (1) suy ra

Fin) = 5 < Jalwin) < Jule) < falw) < fla) + 5

v6i n > ng. Vi f tang, ta ¢ f(x;_1) < f(z) < f(x;). K&t hgp véi tinh lién tuc
déu cua f, dudc

e < f(wi1) = f@) = 5 < ful@) = f(2) < fl@) — f(wia) + 5 <&

Vay ta da chiing minh {f,} hoi tu déu trén [a,b].

3.1.23. Truéc hét, ta chiing minh rang ton tai day con {f,} hoi tu trén tap
s6 hitu ty Q. Vi Q dém dudc, ta c6 thé viet Q = {ry,r,,...}. Day {f.(r1)} bi
chén, vay n6 chta day con hoi tu {f,1(r1)}. Tiép theo, vi {f,1(r2)} bi chin,
ton tai diy con hoi tu {f,2(r2)}. RS rang {f,2(r2)} cting hdi tu. Lip lai qua
trinh trén, ta thu dugc day cac day {f.1}, {fn2},... VOi cac tinh chat sau :
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o {fur+1}la day concaa {f,x} v6i k=1,2,...,
o day {foi(ri)} hoituvéi ke Nvai=1,2,... k.

Vay day duong chéo {f,..} hoi tu trén Q. Theo cach nay, ta da xay dung day
con {f,, } hoi tu diém trén Q, ching han, t6i f. R rang, f ting trén Q. Bay
gi0, ta thac trién f 1én R bing cach dat

f(z) =sup{f(r) :r€Q, r <z}

Ham da théac trién f cting lién tuc trén R. Bay gid, ta chiing minh ring
néu f lién tuc tai z, thi klim for () = f(2). D& lam vay, xét hai day hitu ty
—00
{pn} va {¢.} hoi tu téi z sao cho p, < z < ¢,. Tinh don diéu cua f,, suy ra
S (Pn) < frp(2) < fry(qn). Bay gio, cho k — oo, ta c6
f(pn) < h;giol.}f fr(2) < limsup fr, (z) < f(gn)-

k—00

Tiép theo, chuyén qua giéi han khi n — oo (xem, ching han, 1.1.35), ta dugc

f(e™) < Hmint f,, (2) < lmsup fi, (2) < f().

k—o0 k—so0
Suy ra rang f(z) = Iﬂll_}tlc}o fr () tai m&i diém lién tuc  cia ham f. Ta biét
ring tap D cac diém gidn doan cua ham don diéu 1a dém duge (xem, ching
han, 1.2.29). Vay ta c¢6 f(z) = klirgo fn,.(z) trén tap R\ D, va do {f,,} bi chan
trén tap dém duge D, ta c6 thé ding phuong phap dudng chéo mét 14n niia
dé chon day con ctia {f,, } hoi tu diém trén D. R6 rang, diy con nay héi tu
trén toan R.

3.1.24. Néu K 1a tap con compact ctia R, thi ton tai khoang déng [a,b] sao
cho K C [a,b]. R3 rang f lién tuc déu trén [a,b]. Theo két qua trong 3.1.22,
{fn.} Dol tu déu trén [a,b], va vi vy noé ciing hoi ty déu trén K.

Vi du sau chi ra riang {f,,} c6 thé hoi tu déu trén R. Dat

fulz) = (% (arctg:n + g))n, rz eR.
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Mdi f, don diéu thuc sy trén R, va {f,} hoi tu diém t6i f(z) = 0. Tuy nhién,
su hoi tu 1a khéng déu.

3.1.25. Truéc hét, ta chting minh ring néu {P,} 1a day cac da thic hdi tu
déu trén R, thi bit dau vdi gia tri ndo d6 ctia chi s6 n, moi P, c6 cung bac.
Thuc vay, néu diéu nay khong ding, thi v6i moi k € N, ton tai n, > k sao
cho bac cua Py khac bac caa P, . Do do,

sup | Py, — Po(z)] = +00,
z€eR

mAu thuln véi tiéu chudn Cauchy cho su hoi tu déu (xem, chéng han, 3.1.7).
Tu d6, tén tai ny € N sao cho néu n > ny, thi

1
P () = anpa®? + anp12? + -+ ap1T + anp.

Lai theo tiéu chudn Cauchy cho su hdi tu déu, ta thdy néu n > ng, thi cac

hé $6 a,:, i =1,2,...,p, 1a hing s6 (doc lap véi n), tic 13,
P,(z) = apa? + ap,la:p’l + -+ a1 + anp.
RG rang, day da thic nhu vay hoi tu déu trén R téi da thiic
P(x) = apya? + ap 12" + -+ + a1 + ag.
6 day ap = lim a,p.

n—oo

3.1.26. R6 rang, (i) —> (ii). Bay gid ta ching minh ring (i) = (iii). Thuc

vay,

PH(CO)7
Pn(cl)7

an,O + an,lcO + -+ an,pcg

n,0 + Qp1C1L+ - G pCY

ey
Ano + An1Cp+ -+ anpch = Polcy).
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Vi dinh thic Vandermonde

1 Co Cg . Cg
1 C1 C% . CllJ
det ) .
2 D
1 ¢ Cp oo Ch

khac khong, hé phuong trinh tuyén tinh (1) ¢6 duy nhit nghiém va a,,;, i =
0,1,2,...,p, c6 thé dudc xac dinh bang qui tic Cramer. Do d6, (i) suy ra su
hoi tu cia moi day a,;, i =0,1,2,...,p. D& chling minh (iii)) = (i).

3.1.27. Vi {f,} lién tuc déng bac, véi € > 0 cho trudc, c6 thé chon § > 0 sao

cho v61i moin € N

€

(1) |fn(x) - fn(y)| < g

bat ct khi nao |z —y| < 6, z,y € K. Chon — oo, ta c6
€

@ £@) - 1)l < 5

(Cht y diéu nau chi ra rang f lién tuc déu trén K.) Vi K compact, ton tai
htiu han khoang mé (x; — 6,z; + ), 1 = 1,2,... ,k, z; € K, phu K. Do tinh

hoi tu diém cuaa {f.}, ton tai ny sao cho néu n > ng, thi
€ .
3) falz) = fla)| <5, i=12,... .k

R0 rang, véi z € K, ton tai i sao cho |z —z;| < §. Vay theo (1), (2) va (3), néu
n > ng, thi

() = f(@)] < [fa(2) = ful@i)l + [fnl:) = fl@)] + |f(2:) = f(2)] <e.

3.1.28. Quan sat rang {f,} lién tuc déng bac trén [a, b]. Thuc vay, theo dinh

li gia tri trung binh,

| fo(@) = fu(y)] = [fr (Ol — y| < M|z —y|

v6i moi 7,y € [a,b] van € N. T bai toan trude, ta ¢6 diéu phai ching minh.
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3.1.29.

(@) Vi |fu(2)| < ﬁ, day hoi tu déu trén R. Ta c6 f/(x) = \/ncosnz. T d6
lim f/(0) = lim y/n = +o00. Ngoai ra, néu z # 0, thi giéi han lim f/(0)
n—oo n—oo n—oo
khéng ton tai. Thuc vay, néu lim f/(0) = [, thi v6i n da 16n, ta s& cé

n—oo

cosnz| < 1. Vay |cos2nz| = 1 — 2cos?ne > %, mau thuan. Vay {f’
2 n

2’
khong hdi tu tai b4t ci diém nao.

(b) Vi |fu(z)] < 5=, day hoi tu déu trén [—1,1]. Mit khac,

1—n?2? |1 vél x =0,
0 vél x # 0.

Giéi han diém cta {f’} gian doan tai 0, va vi vay {f'} khong hdoi tu
déu.

3.1.30. Truéc hét gia st rang lim f(z) = 1. LAy ¢ > 0. Khi d6 ton tai § > 0

T—T0
sao cho néu 0 < |z — x| <4, thi |f(z) —I| < 5. Do {f,} hoi tu déu trén A,

—~

|fn(x) - f(ZL‘)| <

v6l n>ng, v € A.

| ™

Tu do,
[flz) =1 <e
bat c khi ndo 0 < |z — 29| < § van > ng. Vi lim f,(x) ton tai, suy ra

T—T0
lim lim f,(z) =1.
n—00 T—TQ

Bay gio, gia st rang lim lim f,(z) = I. Dat lim f,(z) = g.(z0). Vay ta
n—00 T—+T0 T—T0
¢6 lim g,(x¢) = [. LAy € > 0. Do tinh hdi tu déu ctua {f,}, ton tai n; sao cho
n—oo

n > n; kéo theo
(1) fol@) = f@)] < 5. zeA

Theo trén, ton tai n, sao cho néu n > no, thi

@ [9u(z0) —1] < 3
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C6 dinh ng > max{n;,ny}. Vi lim f,,(z) = gn,(70), ta c6
T—T0

€

@ o) = 0 (20)| < 5
néu |z — 9| < 6. Theo (1), (2) va (3), ta thay rang lim f(z) = L.

T—T0
DPang thtc lim lim fo(z) = lim f(z) c6 thé duge thiét 1ap tuong tu.
Tr—00

n—o0 r—0oo

3.1.31. Lay € > 0. Chon ng sao cho néu n,m > ng, thi

() [Falz) = Fulao)| < 5
va
@ 7108 = Ful0)] < gy #E L0t

Két hgp véi dinh i gia tri trung binh 4p dung cho ham f, — f,,, ta dudc

el — ¢t
2(b—a)

3) (@) = fin(@) = ful(t) + fm(t)] < < %

v6i n,m > ng va xz,t € [a,b]. Bay gid, theo (3) va (1),

(@) = fn(@)] < |fal@) = fn(@) = Falz0) + fn(2o)]
| fu(x0) — fin(zo)| < €.

Tiéu chuin Cauchy cho su héi tu déu dude thoa méan (xem, chdng han, 3.1.7).
Chon tuy ¥y = € [a,b]. Xac dinh cac ham h va h,, béi
f(t) —f(l‘) fn(t) _fn(x)

o h(t) = PR e[l A

ht) = t—zx

Khi do, }im hy(t) = fl(z), n=1,2,.... Theo (3),

€

|hn(t) - hm(t)| < 2(b — a)a

n,m Z no,

tic 1a {h,} hoi tu déu (hién nhién téi ) trén [a,b] \ {z}. Ap dung két qua

trong bai toan trudecho day {h,} va tap [a,b]\ {z}, ta nhan duge lim f/(x) =
n—oo

Pm h(t) = f'(x).

—z
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3.1.32. Ding thuc

1= (o +(1—2)" = no (Z)‘”k(l oyt

cuy ra n
CEWCIWEIEE

Do dé, -

O B - i< Y| (5) - )| (§)a o

Do tinh lién tuc cta f trén [0, 1], v6i € > 0 cho trude, ton tai § > 0 sao cho

[f(z) = fa)] <e

b4t ct khi nao || < 6, x,2’ € [0,1]. R6 rang, ton tai M > 0 sao cho |f(z)| < M
v6i x € [0,1]. LAy z tuy y trong [0,1]. Khi dé, tap {0,1,2,... ,n} cé thé phan

tich thanh hai tap
A:{k: k <5} va B:{k: E—ZL’ 25}.
k
‘f(ﬁ)—f@)

——z
n
Néu k € A, thi
<€Z<) (1—z)" F<e,

<e,

va nhu vay

2) >

keA
Néu k € B, thi

n
keA

()

(k — nx)?
T S
va theo bat ding thic da cho trong 2.5.52, ta c6

SIr(5) - s (7)o

keB

2M n M
< _ 2 . n—k < .
~ n?6? Z(k nz) (k> -2 2nd?

keB
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Két hgp véi (1) va (2), dudc

|Bn(f,l')—f($)’§5+w]\{527 336[0,1}

3.1.33. Néu [a,b] = [0, 1], thi ta 14y P(z) = B,(f,z). Néu [a,b] # [0, 1], thi ta
c6 thé ap dung két qua trong bai toan trude cho ham g(y) = f(a+(b—a)), y €
[0,1]. Vay, v6i € > 0, ton tai da thtic Bernstein B,(g,y) sao cho

19(y) = Bulg,y)l <&, y€[0,1].

bat x =a+y(b— a), ta dude
T—a
‘f(x) - B, (97m>‘ <E.
3.2 Chuoi ham, su hoi tu déu

3.2.1.
(a) Néu z € (—1,1], thi lim —— # 0. Vay chubi phan ky theo diéu kién
n—oo
can cho su hoi tu. Néu |z| > 1, thi |z|* > 2 v6i n da 16n. Tu d6

1 1 2
< )
L4+zn| = |zl —1 — |z|?

N X Al ‘A A P2
va chuoi hoi tu theo tiéu chuan so sanh.

(b) R rang, chudi hoi tu néu z = 0. Néu z # 0, thi

" 1

1+ am 1+ ;1;% .
Vi vay, theo (a), chudi héi tu véi —1 < = < 1.
(c) Né&u = = 0, chudi phan ky. Né&u z # 0, thi
ror (@) h

143rzm 1+ o

3nxn

Vay s6 hang thi n cta chudi héi tu t6i 0 néu va chi néu |3%| <1,
2

/. N A~ ‘A A 2 X AL A~
ttc la, néu |r| > ;. Theo tiéu chuan so sanh, chuoi hoi tu néu z €

(—o0, —2/3) U (2/3, 00).
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(d) Ta cb
! 1 11
(1—z7)(1—2zrt) 2(1—-z) \1—2" 1—gntl)’
Tu do,
N n—1
T
Sn(z) = . .
e~ (1 —zm)(1 —antt)
1 11
oz(l-2)\1—-2 1—gNt1 )’
Do do,

o, Svle) =

T néu |z <1,
néu |z| > 1.

1
z(1—x)2

Vay chubi hoi tu trén R\ {—1,1}.

(e) Ta co
.732”_1 B 1 1
1 — g2n ] — g2n—1  g2n’
Tu do
lim Sy(z) = = néu |z| <1,
N—o0 -+ néu |z|>1

[y

—T

Vay chubi hoi tu trén R\ {—1,1}.

(f) Néu z < 0, thi chudi phan ky vi diéu kién can cho su hdi tu khéng dudc

thoa méan. V6i z > 0, theo tiéu chudn c6 dic Cauchy (xem, chdng han,

I, 3.2.28) chubi da cho hoi tu néu va chi néu ) 55 hoi tu. Theo tiéu
n=2

chuén cin, chudi thi hai héi tu néu = > 1 va phan ky néu z < 1. Néu

x = 1, thi chudi phan ky. Tém lai, mién héi tu 1a (1, c0).

(g) Vi 2" = nl"®  chubi héi tu néu Inz < —1 va phan ky néu Inz > —1.
Vay mién héi tu la (0,2).



2.6. Kha vi manh va kha vi theo nghia Schwarz 333

(h) Ta co

z2 a2zt
. . 2
sin? (27r\/ n? + 3;2> = sin? | 2n7 I < .

2
V1+5+1 n

LN ~ - X N 4 .
Theo tiéu chuan so sanh, chuoi hoi tu v61 moi .

3.2.2

(a) Viarctgx +arctgl = Z véiz > 0, ta co
T 2
1
<
n?(1+22)  n%(1+2?)

s 1

— —arctg(n®(1 4 z?)) = arct < —.

5 g(n*(1 +2%)) g =2

Theo tiéu chuian Weierstrass (tiéu chuan hoi tu trdi), chudi hoi tu déu
trén R.

(b) Véi x € [2,00),
1n(1—{—nx)< 1 < 1 7
nx™ — gn—1 — 9n—1

N . Xe 1 A® A [N 0 .
va do d6, chuoi hoi tu déu theo tiéu chuan Weierstrass.

(c) Vi sup {n%Qe_”2|x| cx € ]R} = —, chubi hoi tu déu trén R theo tiéu

chuin Weierstrass.
(d) Chubi hoi tu diém t6i

S(x):{l néu =z e [—1,1]\ {0},

01 néu z=0.
Vi S khong lién tuc, chudi khong hoi tu déu trén [—1,1].

(e) Chu ¥y rang
2 2
< n_<2n + 2n) — n_2n+1'

Vnl Vnl

"o +a7")
sup |—(z" +=x
1/2<]z|<2 | Vn!

Vi }° %2”“ hoi tu, chdng han theo tiéu chuén ty s6, chudi hoi tu déu
n=1""

A [N 0 .
trén A theo tiéu chuan Weierstrass.
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(f) Chubi khéng hoi tu déu trén A theo tiéu chuén Cauchy. Thuc vay, néu
0 < z= <3, thi

1

_ n+1 .: . n+m _:

|Spim(z) — Sp(x)] = 2" sin T + -4+ 2" sin pr—
2 2 1

_ n+1l i, 2 L n+m 3., 2

= 2 sin — iy + + 2 sin g

— n+1 2

7T3n+1£L"

Dit = = 55, ta thu dudge
1 1 2n+2 23
- <3n) <3n) ‘ 3r = 3n

(g) Su hoi tu déu cta chubi suy ra tit tiéu chuidn Weierstrass. Ta ¢

2 2 2
1n<1+$ ><$ <2

— )
nin’®n nln’n  nin’n

(o @]
N X 2 A ION g N o
va chuoi ) —%— ho1 tu theo tiéu chuan ¢ dac Cauchy.
n=2

3.23. Dt S(z) = 3 fulz) va Su(z) = 3" fu(z). Khi do
n=1 k=1

sup{S(z) — Sp(z) :z € [0,1]} =1/(n+ 1),

suy ra chudi hoi tu déu trén [0,1]. Visup{f.(z): z € [0,1]} = 1/n, tiéu chudn
Weierstrass khong thé ap dung.

3.2.4. Ta c6

Sp(z) = Z((k_l)erl)(erJrl)

k=1

< 1 by,

B (k—Dz+1 kzx+1) = nx+1
Tu d6

f(z) = lim S,(z) =

0 néu z =0,
1 néu z > 0.

RO rang, f khong lién tuc tai 0.
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3.2.5.

(a) Chudi hoi tu tuyét déi trén R, vi

>

n=0

o0

<y B
- n!

n=0

2" sin(nx)
n!

R6 rang, chudi héi tu déu trén moi khodng bi chén. Vay, tinh lién tuc
cha téng suy tir két qua trong 1.2.34.

(b) Vi
00 0o 1
™ <Y e = —,
Y

chubi hoi tu tuyét doi trén (—1,1). Ngoai ra, chudi hoi tu déu trén méi

khoang con compact ctia (—1,1). Vay tong lién tuc trén (—1,1).

(¢) Chudi hoi tu tuyét d6i véi —1/2 < = < 1/2, va nhu trong (a), c6 thé

chiing minh rang téng ctia né lién tuc trén (—1/2,1/2).

(d) Chudi hoi tu tuyét d6i véi 1/e — 1 < z < e — 1, va tdng cta nd lién tuc
trén (1/e — 1,e — 1).

3.2.6. RG rang, chudi hoi tu véi z = 0. St dung, ching han, két qua trong
I, 3.2.16, ta thay rang chudi hoi tu néu 0 < |z| < 1. Néu |z| > 1, chudi phan
ky. Li luan tuong tu nhu trong 16i giai ctia bai toan trudc, tong lién tuc trén
mién hdi tu.

3.2.7. Truéc hét chi ¥ réang chudi

2

Z smg; )

n=1
hoi tu déu trén R, vay tong S cta né lién tuc trén R. Ngoai ra, néu S, (z) =

%fzm), thi lim S,(z) = :cg(x) Do d6, tong cta chudi da cho ciing lién tuc
n—roo
trén R.
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3.28. Gia st Y fu(z) hoi tu déu trén A t6i S. Diéu d6 c6 nghia rang
n=1

d, = sup |S,(z) — S(z)| — 0,

€A n—oo
6 day Sn(x) = > fr(z). Vi f bi chin, ta cling c6
k=1

d,, = sup | f(z)Sn(z) — f(2)S(z)] — 0.

€A n—oo
Dé thay rang tinh bi chin ctia f 1a khong bé duge, 18y A = (0,1], f(z) = 1,

va f,(r) = 5. Khi d6, chubi Zlfn(:r) héi tu déu trén A, nhung Zléfn(:r)

oan—1-*

khong héi tu déu trén A, bdi vi

e}

>, 2 fla)

xT
k=n+1

2
= sup —— = +00.

sup
z€(0,1) x2"

z€(0,1)

Dé& th4y rang néu % bi chén trén A, thi chiéu ngugc lai ding.

3.2.9. Véi x € A, chudi 3 (—1)"f,(z) hoi tu theo tiéu chudn Leibniz. Ngoai
n=1
ra, theo két qua trong I, 3.4.14,

sup [ ()] = sup | > (=1)* fi(w)| < sup fusa(x).
T€EA TEA jA— TEA

Két hop véi diéu kién (3), suy ra tinh hoi tu déu ctia chudi da cho trén A.
3.2.10. Ba chubi (a),(b) va (c) thod man gia thiét ctia bai toan trudc.

3.2.11. Theo b4t dén thic Cauchy,

nt+m n+m 1/2 n+m 1/2
|3 (o) s(zcz) sup(zf,fm) .
T€EA [ k—n €A e,

Vay chi can ap dung tiéu chuén Cauchy cho su hoi tu déu.

3.2.12.
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(a) A = [%, %) vaB = (% %) Chubi hoi tu déu trén [%, %}, bdi vi

62 — 2"t 1
n+1  n+1

< sup

v€[§:3]

(b) A = (—o0,—1] va B = (=00, —3]. Chudi hdi tu déu trén [-2, —1], béi

<1 /z+1\" <1
Zz(xx>‘ﬁzm

k=n+1 k=n+1

sup
z€[—2,—1]

3.2.13. Tich phan ting phan, dudc
ka ) g (z ZGk — fres1(2)) + Gu(@) ful@).

Diéu nay cung véi gia thiét (3), suy ra

|Sntm (%) — Sn(7)]

n+m—1

Z Gk: fk+1( )) + Gn-i-m(x)fn-i-m(x) - Gn(x)fn(x)

k=n

Bay gio véi € > 0 cho trude. Khi d9, tit (1) va (2) suy ra rang, véi m € N va

v6l n du 16n

sup | Spim(z) — Sp(x)|

T€EA

< Msup ( S 1e@) = fea@)] + uem(@)] + !fn(w)!> <e

z€A —n,

Vay c6 thé ap dung tiéu chudn Cauchy cho sy hdi tu déu d6i véi > f,(x)gn(z).
n=1

DPé chting minh tiéu chuédn Dirichlet cho su hoi tu déu, chd § réng tinh
don diéu va su hoi tu déu t6i 0 caa {f,(z)} kéo theo (1) va (2). Ngoai ra,
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vi ddy cAc tdng riéng ctia 3. g,(z) bi chin déu trén A, ta thay diéu kién (3)

n=1

cling dugdc thoda méan. Do d6, chudi Y f,(z)g,(x) hoi tu déu trén A.

n=1

3.2.14. Ta dung tiéu chuén Dirichlet cho su héi tu déu.
(@) Lay fu(z) =5 va go(z) = (-1)"z"

() O day, ta lay

fo(z) = % va  gn(x) = sin(nx)

va chid y rang

© Vi

2 Z sin(k*z) sin(kx)

k=1

Z cos(k(k — 1)x) — cos(k(k + 1)x)

= |1 —cos(n(n+1)r)| <2

va {—L-} giam va hoi tu déu t6i khong, chudi hoi tu déu trén R theo

n+tx2

tiéu chuan Dirichlet.

(d) Ta c6
i sin(nz) arctg(nr)
n
) ey tg(nz) — ) Tsin(nz)
:n;(sm(m) (ar(;g i) fin )

Vi 3 280 b0ty déu trén [5,27 — 6] (xem (b)), ddy cAc tong riéng
n=1

bi chin déu. Ngoai ra, day {arctg(nz) — 7/2} va thod mén tiéu chudn



2.6. Kha vi manh va kha vi theo nghia Schwarz 339

Cauchy cho su hgi tu déu trén [6, 2m — §], béi vi

mx

1+ (m + n)na?
mx

arctg((m + n)x) — arctg(nz) = arctg

S A e

1
< tg —.
< arc ng

Vay {arctg(nz) — 7/2} hoi tu déu t6i 0. Theo (*), suy ra chudi da cho
hoi tu déu trén A.

(e) Ta cb
> 1 > 1 1
-1 n+l_— _ -1 n+1 N

Vi 2_:1( )”+1n1 hoi tu, diy cac tong riéng bi chin. Ngoai ra, day

{ E% } giam va hoi tu déu téi 0 trén [a, 00).

x
n

(f) Chd ¥ rang véi x € [0, o),

1— =n"

- 1
Z(_l)k—i_leﬂ

k=1

e*+1 | —
Ngoai ra, day {ﬁ} giam va hoi tu déu t6i 0 trén [0, co).

3.2.15. Tich phan tung phan, c6

ka T)gr(w ZGk — frr1(2)) + Gu(z) ful(2).

6 day G,(z) = ng( ). Do f1 bi chéin trén A, diéu kién (2) suy ra ton tai
M > 0 sao cho ]fn( )| < M v6i moi z € A va moi n € N. Vi {G,,} hoi tu déu



340 Chuong 2. Vi phdn

trén A, chéng han, t61 G, ta co

Spm(T) — Sn()

n+m—1

= S Cl@)(fele) — fenr(®)) + Coom@) () — Cule) fula)
= 3 (@) — fen(@)(Gilx) - Glx)

HGCrnim(®) = G(2)) frgm(z) — (Gu(w) — G(2)) fu(T).

Két hgp vé6i (2) va tinh bi chin déu caa {f,.(z)}, suy ra {S,} thoa man tiéu
chuén Cauchy cho su héi tu déu.

Pé chiing minh tiéu chudn Abel cho su hdi tu déu, chi cAn chd ¥ ring
tinh don diéu va tinh bi chan déu cta {f,} suy ra sy héi tu theo tiing diém

t61 mot ham bi chén, va nhu vay, cac diéu kién (1) va (2) dugc thao man.
3.2.16.

(a) Day {arctg(nz)} thod man cac diéu kién (1’) va (2) trong tiéu chuin

Abel cho su hoi tu déu. Ngoai ra, > (;2;; " hoi tu déu trén R (xem
n=1

3.2.10(a)).

(b) Tiéu chuén Abel cho su hdi tu déu c6 thé dugde ap dung, bdi vi chudi
i (_1)n+1
£~ \/n + cosz
hoi tu déu trén A (xem 3.2.10(c)) va day {cos<} bi chin va don diéu
v6l n > %.

(c) Chudi
= ()T
2

n=1

hoi tu (xem, ching han, I, 3.4.8) va day { Jg} don diéu va bi chin

trén [0, 00). Vay c6 thé dung tiéu chudn Abel cho sy hdi tu déu.
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3.2.17. Két qua suy truc tiép tu 3.1.30.

3.2.18. DE chiing minh (a) va (b), c6 thé dung két qua trong 3.2.14, 3.2.17,
va trong I, 3.1.32(a).

© Vi

ta nhan dugc

lim (z" — 2"t = 1.
T—1"
n=1

oo

(d) Trudc hét chi y rdng ) 5> hoi tu déu trén [0,00) theo tiéu chudn
n=1

Weierstrass. Vay, theo bai toan trude

o0

(e) Vi

chudi > 1&—22&"2 hoi tu déu trén R. Bay gio, dung két qua trong 3.1.30,
n=1

ta dmjc_
x 1 s
lim — = — = —.
T—00 nzzzll + n2x? HZ::I n? 6

3.2.19. Truéc hét quan sat rang > a,z” hoi tu déu trén [0, 1]. Diéu nay suy

n=1

ra truc tiép tit tiéu chudn Abel cho su hoi tu déu dugce phat biéu trong 3.2.15,
v6i f,(z) = 2™ va g,(z) = a,. Bay gio, theo 3.2.17, ta thay giéi han 1la > a,.

n=1
3.2.20. Vi f, lién tuc trén [0, 1], ta thay ring

n+m n+m
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Vay theo tidu chudn Cauchy, su hoi tu déu cta 3. f,(z) trén [0,1) kéo theo

n=1

su hoi tu déu cua Y f,(z) trén [0, 1].

n=1
3.2.21. A = (0,00). Su hdi tu 1a khong déu. Thuc vay, néu chudi hdi tu déu
trén A, thi theo két qua trong bai toan trudc, né sé hoi tu véi z = 0, mau

thuan.

3.2.22. Chd ¥ ring

(@)= Y fule) = f(z) = Sa(2),

k=n+1

& day S,(z) 1a téng riéng thd n cta Y f,(z). Theo gia thiét, day {r,(z)} don
n=1

diéu va hoi tu t6i 0 tai mdi z c6 dinh trong [a, b]

3.2.23. Khong. Xét

e}

d (=DMl —z)2", A=[0,1].

n=0

Theo két qua duge phat biéu trong 3.2.9, chudi nay héi tu déu trén A. Mit

khac, tong ctia chudi 3 (1 — z)z" 1a
n=1

0 vl x =1.
Vi S khéng lién tuc, sy héi tu 14 khong déu.

3.2.24. Vi f,, don diéu trén [a,b),

@)l = | Y ful@)| < D 1) < Y max{lfu(a)], [ f(®)]}-

LN N > A X A A A . o2 L
Diéu nay chi ra rang néu chudi hoi tu tuyét déi tai caca diém mut ciia khoang

[a,b], thi n6 hoi tu tuyét d6i va déu trén toan khoang [a, b].
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3.2.25. Goi A la tap bi chin khong chiia cac phan ti ctaa {a,}. Vi Z ﬁ

hoi tuy, ta c6 hm la,| = +00. Do d6, c6 thé chon ng sao cho néu n > ng, thi
|z — an| >1v01xEA Tu d6, v6i n du 16n,

11 1 11

ol =

1= Ja,| 1—2L°

’x - an| N ’an| [an]

T€EA n=1
cling hoi tu.

6 ddy M = sup|z|. Cuéi ciing, quan sat ring néu Z oy, thi 37 (% o — )

3.2.26. Viét
1

nr—To

s)
S)

n=1 n=1

%
%14

va dung tiéu chudn Abel cho su hoi tu déu (xem, ching han, 3.2.15).

3.2.27. Ta da chi ra trong 16i giai cua bai 3.2.7 réng chudi da cho hoi tu téi
mot ham lién tuc trén R. Bay gid, ta chiing minh réang su hoi tu 1a khong
déu trén R.

Trude hét quan sat ring néu ng 18, thi téng

= sin(n’z)
>

n=ng
khac khong tai mbi diém z;, = 5+ 2km, k € N. Ngoai ra,

= sin(n’z) = sin(ng3)
(1) > — = Z—(n0+21) .

n=ngo =0

’ X s i 2 Al N 2,0 A N 2,0 pe N
Néu chuoi ) :csmg+x) hoi tu déu téi f trén R, thi v6i € > 0 cho trude, ton
n=ng

tai s6 1é ny sao cho

1 .
f(x)—wa <e v6imoi z€R.
n
n=1
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Noéi riéng, ta sé co

flag) "02_1 sin(n?%) - €
T Ao Z 4 2kn’

va do do,

o ) R )

koo T — n?
Mat khac, theo (1),

flxy) i sin(n?zy,) mz sin(n?% N < 7r) i 1
= = S | Na—
T —  n? o 09 — (no + 20)%’

mAu thuln véi
i 2E> ; 0
sin <n0 2) 2 (o + 20)° # 0.

3.2.28. Khang dinh suy truc tiép ti két qua trong 3.1.31.

3.2.29. Theo dinh li Weierstrass, chudéi ). —=— héi tu déu trén R. Ngoai
n=ng
ra, vi
LYo =2e |1
n2 + x2 - (n2+x2)2 — n3’

> (ﬁ)/ ciing hoi tu déu trén R. T d6, theo két qua trong bai toan truéc,
n=ng

f kha vi trén méi khoang compact va do dé kha vi trén R.

3.2.30. Chi y trude hét ring > <) hoi tu déu trén R. Chudi
n=ngo

5 () - 5 e

hoi tu déu trén khoang dudc chi ra theo tiéu chuén Dirichlet cho su hdi tu
déu dugc phat biéu trong 3.2.13. Vi vay, tinh kha vi cta f suy ti 3.2.28.
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e 9]

3.2.31. Chudi ) (—1)"*'In(1+ 2) hoi tu, ching han, véi z = 0. Chudi
n=ngo
- _1\n+1 E ! _ . _1\n+1 1
;« 1) 1n<1+n)) _;( b n—+ax

hoi tu déu trén [0, 00) theo két qua duge phat biéu trong 3.2.9. Vay theo két
qua trong 3.2.28, f kha vi trén [0, c0) va

00 00 1
2 : n+1 ! _ E n+1 _
2 1H2 f (].) = n:1(—1) E =1- 1H2

Cudi cung, ap dung 3.1.30, ta c6 lim f'(z) =

T—r00

3 2.32. Theo tiéu chuén Abel cho su hdi tu déu (xem ching han, 3.2.15).

Z( 1)n+1\/1_ arctg 7= hoéi tu déu trén R. Chudi Z m21 ciing hoi tu déu

n=1 n=

trén R (xem 3.2.10(a)). Vay c6 thé ap dung 3.2.28.

3.2.33. Ro rang, chubdi Z Sl;‘ f’ﬂ hdi tu déu trén R. Chudi Z %xf% héi

tu déu trén mobi khoang b; chan. Vi vay, theo 3.2.28, f’ hen tuc trén moi
khoang bi chian va nhu vay f’ lién tuc trén R.

3.2.34. Theo tiéu chuin Weierstrass, chudi da cho va chudi

[e.9]

> ny/n(tgz)"!

n=ng

1
cos? x

hoi tu déu trén mdi khoang con compact ctia (—7/4,7/4). Vi vay, theo 3.2.28,
f’ lién tuc trén (—n/4,7/4).

3.2.35. Theo tiéu chudn Weierstrass, chudi da cho héi tu trén [0,00). Lai
theo tiéu chudn Weierstrass, ta thay chudi

2 —pe ™
Z 1 +n2

n=0




346 Chuong 2. Vi phdn

hoi tu déu trén mdi khoang [a,0), a > 0. Vay f thudc C*(0,00). Lap lai

—1)knke—m

——— héi tu déu trén méi

qua trinh trén k 14n, ta két luan ring Y !

n=ng

[a.00), @ > 0. Diéu nay chi ra rang f € C>(0, 00).
Néu £/(0) ton tai, thi do

lim —&F——~ >
z—0+ T 1+n

Chuyén qua gi6i han khi N — oo, ta thu duge f/(0) < co, mau thuln.

3.2.36. R6 rang, chudi hoi tu déu trén méi khoang bi chan. Vay f lién tuc
trén R. Ngoai ra, v6i = # 0,

i <x2 ’i‘|n2>/ _ i n? s(ig(i)n;)f!x].

Vay chubi hoi tu déu trén moi khoang bi chin khong chia 0. Do d6, f’ lién
tuc tai z # 0. Bay gio, ta chi ra rang f'(0) khong tén tai. Vi

f(R) = f(0)  [lh~—~ 1
h _<7;h2+n2>

va (xem, chdng han, 3.2.17)

m —_— _— = —
B0 = h?4n?  “=n? 6
gi6i han lim L0 khong thn tai,
ﬁ.
3.2.37. Truéc hét quan sat rdng chudi ) - hoi tu déu trén mdi khodng

n=1

(20, 00), Tg > 1 (xem, ching han, 3.2.26). Vay ham (—Rieman lién tuc trén
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(1,00). Véi k € N, chubi

> In*n
k
(1) > (-DF—
n=1
cling hoi tu déu trén mdi [xg, c0), 7o > 1, bdi vi
acgfl
In*n nz 1
S = xo+1
n® Mg n-5—

v6i n dua 16n. Do d6, moi dao han cdp k cia ham (—Rieman lién tuc trén
(1, 00).

3.2.38. Theo (1), ton tai o € (0,1] sao cho f(zy) # 0. Bay gid, theo (2) va
theo cong thiic Taylor véi phan du dang Lagrange, ta c6

) (9
o) = L0
& day 6, € (0,1). Tit do,
() £ 9,) = L)
o

Bay gid, (3) suy ra rang sup |anf(”)(3:)‘ — 0. Diéu nay c6 nghia véi e > 0
z€[0,1] n—00

cho trude, tén tai ng sao cho néu n > ng, thi |a,f™(6,)| < e. T (x) suy ra

rang
n

| f(20)] '

3.2.39. RG rang, véi z € Z, ta c6 f,(z) = 0. Vay > f.(z) = 0. Bay gio, dat
n=1

Inla,| <

x =L, day r,s nguyén t6 cung nhau va s > 1. Néu p la s6 nguyén t6 khac
s, thi f,(z) > z%' Thuyc vay, véi moi a € Z,

roa
s P

_ lrp — as| Zi

sp sp

Do do,

peP
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& day P ki hiéu tap cac s6 nguyén t6 khac s. Vay (xem, chdng han, I, 3.2.72)
chudi Y f,.(x) phan ky v6i moi x € Q \ Z. Véi = vo ty, dit
n=1

1 1
A= L= — -
{nGN 4<nx [nm}<2},

A(m) =t{n € A:n <m},

6 day #B 1a s6 cac phan ti cua tap B. Do véi x vo ty, s6 nz — [nz] phan
b6 déu theo modulo 1(xem, chdng han, Pinh li 25.1 trong P. Billingsley,
Probability and Measure, Wiley, New York, 1979, pp. 282-283), suy ra ring

lim 47 =1 Do d6, S L = +oo. Chi ¥ ring véin € A,
[nz] _ 1
)= ——2> —.
Jnl2) n ~ 4n

Suy ra rang > f.(z) phan ky véi moi z € R\ Q.

n=1

3.2.40. Vi g bi chan, chudi hoi tu déu trén R t6i f. Tu d6, f lién tuc trén R.
Ta phai chi ra rang f khong dau kha vi. Chon tuy y s6 thuc = va s6 nguyén
duong n. Néu ton tai s6 nguyén trong (4™z,4™z + 1), thi khong ton tai s6
nguyén trong (4"x— %, 4™zx). Vay ta luon tim dugc §,, = j:%éfm sao cho khong
ton tai s6 nguyén trong khodng mé véi cac diém muit 4™z va 4™ (z+6,,). Theo
dinh nghia cua g,

94" (@ + 0m)) — g(4™x)
5m

_Jo néu n>m,
4m néu 0<n<m.

Chi ¥ 6 day rang, v6i m cd dinh,

94" (@ + 0m)) — g(4™x)
5m
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c6 cung dau v6in =0,1,... ,m. Tu dé6
f4" (@ +0m)) — f4"2)| i 3\" g(4"(z + 0m)) — g(4"x)
o 2.\ 1 o

Ms

( > 94" (z + 6,)) — g(47z)

Om
- Z% @ v

3m+1 -1
2

f(z+h)—
h

Vi lim §,, = 0, suy ra ti trén rang lim f() khong ton tai. Diéu

m—00 h—0
nay chi ra ring f khéng dau kha vi. D6 thi cta ba tdng riéng dau tién

So(z), S1(x), So(r) cta chudi xac dinh f dugc vé phac dudi day.

3.3 Chuoi luy thira

3.3.1. Xac dinh R 1a supremum cua tap cac sd r € [0,00) sao cho {a,|r"} la
day bi chian. Néu R duong, thi véi 0 < p < R, tén tai hing s6 duong, ching
han C,, sao cho |a,|p" < C,. Tu d6, ﬁown/yany < L. Vi bét déng thic cudi
ddng v6i moi p € [0, R), ta c6

S 1
(1) lim {/|a,| < 75

n—oo
Chu ¥ ring bat ddng thic (i) cing ddng véi R = 0. D& chi ra bt ding thic
nguge lai cling ding, gid st rang R < oo; thi véi p > R, day {a,|p"} khong
bi chén. Do d6, n6 chtta mét day con sao cho |a,, |p" > 1. Vay

1
lim /|a,| > hm ”/i/|ank| > —.

n—00 1%

Vi p > R dudc chon tuy y, ta nhan dudc

(i) T /o] >

n—oo
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Chd y ring (i) hién nhién ding véi R = co. Két hgp (i) va (i), ta ¢ & =

—_ o X S A N
lim {/|a,|. Bay gig, theo tiéu chuan cin, chudi > a,(z — z)" hoi tu tuyét
n=0

n—oo

do1 véi |z — 29| < R va phan ky véi |z — zo| > R.
3.3.2.

(a) Ban kinh héi tu cta chudi 1a 1, va vi vay chudi hoi tu véi |z| < 1, phan
ky véi |z| > 1. Véi z = 1,1, chudi phan ky. Vay khoang héi tu 1a
khoang mé (—1,1).

(b) Ban kinh héi tu 1a +oo, va vi thé chudi hoi tu v6i moi = € R.
(c) Mién hoi tu 1a khoang dong [—1/2,1/2].

(d) Ta cb

1 —
==Im Y2+ (1)) =3

n—0o0

Vay chudi hoi tu trén (—1/3,1/3). Rd rang, chudi phan ky tai cac diém
mut cua khoang hoi tu.

) Vi

1 — 24 (=1 3
— = lim ————%— = —,
R nooob+ (—=1)»H1 4

chudi hoi tu trén (—4/3,4/3). Tai cac diém muiit, chudi phan ky.

) Vi

]- 1. n _ . n2 n __
R = Viel = Jim V2R =1

ta c6 thé dé dang tim ra khoang hoi tu 1a (—1,1).

(g) Vi X
T T nl/ 2 _
R i Vienl = g V2T =1,

ta c6 thé dé dang tim ra khoang hoi tu 1a (—1,1).
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(h) Ta co
1 L L 1 (=1)™n
= lim ;o0 v/ |@n| = lim ;oo (1 + —) =e.
n

Vi vay, chudi hoi tu trén (—1/e,1/e). Tai cac diém mut, chudi phan ky

=

vi khong thoa mén diéu kién cin cho su hoi tu. Thuc vay, néu z = 1/e,

thi
1+ 1 \4n?
lim ay, = lim —( 22”) — e /2
n—o00 n—00 esn
va néu z = —1/e, thi lim |ay,| = e /2.
n—oo
3.3.3.

(a) Ban kinh héi tu 1a v/2 va khoang hdi tu 1a 11— V2,14 \/5}

(b) Ban kinh hoi tu cua Z —=y"lal. Vay chudi Z (2””;1)71 héi tu trén
(—1/3,1/3). Ro rang no phan ky tai z = —1 vagz= —1/3.

(c) Ban kinh hoi tu cua Z nym 1a 3/4. Do d6, chudi Z z"(1 — x)™ hoi
tu trén (—1/2,3/2). Ta c6 thé dé dang thdy riing né phan ky tai céc

R .
diém mauit.

(d) Viban kinh hoi tu 1a 4, chudi héi tu trén (—3,5). Véi z = 5, chudi phan
ky vi day cac s6 hang cua né {%4’1} don diéu ting. Véi z = —3, ta

nhan duge chudi Y (—1)" Ezn),él" phan ky vi khong thoa man diéu kién
n=1

can cho su hoi tu.

(e) Ban kinh hoi tu caa >+ /ny™ 1a 1. Vi vay, chudi Y /n(tgz)" hoi tu
n=1 n=1

trén tap
s s
U (_Z +TL7T,Z +n7r> .
neZ

Néu 2 = —Z 4+ nr hodc z = I + nm, chudi phan ky.
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(f) Mién hoi tu 1a
(—o00,—tg 1) U (tg 1, 0)

3.3.4.

(2) Gia st ring, ching han, R, < R,. Khi d6, véi |z| < Ry, chudi 3 (an +
b,)z™ hoéi tu vi n6 l1a téng cha hai chudi hoi tu. Véi R, < ]a?| 0< Ry,
chudi phan ky vi né 1a tdng cta chudi hoi tu va chudi phan ky. Vay,
R = R, = min{Ry, Ry}. Néu R, = Ry, thi rd rang R > R,. D& chi ra bat
d4ng thic c6 thé ngat, dat a, = —1,b, = 1 v6in = 0,1,2,.... Khi d¢,
Ri=Ry=1va R = 0.

() Vi ring (xem, chdng han, I, 2.4.16)

I = — — 11
7~ don Vlanba] < Tn el - T Yol = - 7.

n—oo

ta thu dude R > Ry R,. Vi du sau day chi ra ring bat ddng thic c6 thé
ngat. Dat

agn:O, A2p11 = ]., an: ]., bgn+1 :0, n:O,1,2,... .
Khldé, RlzRQI].VéR:OO.
3.3.5.

(a) Suy ra tu

va tit (b) trong bai toan trude rang R; > RR,. D& thdy rang bat ding

(0.) (o @]
thic c6 thé ngat, xét, chang han, chuéi Y a,z" va > b,z", & day
n=0 n=0

1 v6i n chén,
an = L. 5
2n vl n le.



2.6. Kha vi manh va kha vi theo nghia Schwarz 353

(b)

va
- 2" v6i n chan,
" )1 véi n 18
Khi @6, Ry = Ry, = R=1/2.

Chi cAn chiing minh ridng néu || < min{R;, R,}, thi theo dinh 1i

Mertens (xem, chang han, I, 3.6.1) tich Cauchy ctaa cac chudi > apx™
n=0

va > b,z" héi tu. Vi du sau day chi ra riing bat ding thic R >
n=0

min{R;, R,} ¢6 thé ngit. Tich Cauchy ctia > a,z” va > b,z", § day

n=0 n=0

3\" 3\"! 1
a():laan:_<§> ) b0:17bn: (5) (2n+2n+1>

la 3 (3)2" (xem, ching han, 1,3.6.11). Ta c¢6 R, = 2/3, R, = 1/3 va

n=0
R = 4/3. Vi du tiép theo chi ra R c6 thé vo han mic dit cd R, va R,

déu hiiu han. Néu

2 néu n =0,
ap = "
2" netu n=12,....

va

1 néeu n=12,....

thi Ry =1/2,Ry =1 va R = +oc.

3.3.6. Ta sé dung 3.3.1(2).

(a)

V6i 0 < € < L, ton tai ny sao cho néu n > ng, thi

nL_ nL
8§”~|an|§ —|—5‘

ne ne

Tu d6, lim {/|a,| =1va R=1.
n—oo
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(b) Nhu trong (a), ¢6 thé chi ra ring R = a.
(c) R= 0.
3.3.7.
s T o /Ton _ 2 Wz . N 3 1
(a) Vi %EI;O\/D an| = 2, ban kinh hdi tu bang 3 R.

(b) Néu & > 0 dt nho sao cho + — ¢ > 0, thi véi v6 han n,

Vol > n (= —¢
ny/la,| >n|=—¢).
R
Do d6, lim {/|a,| = +o00 va R = 0.

n—oo

n

(¢c) Vi lim v =6 ta thay rang ban kinh hdi tu 13 R/e (xem, chéng han,
n—oo VM
I, 2.4.20).

(d) Do ton tai day cac s6 nguyén duong {n,} sao cho

1 .
7= A e

ta két luan rang ban kinh héi tu 1a R2.

3.3.8. Suy truc tiép tu két qua trong 3.1.25 réang nhiing chudi luy thia duy
nhat nhu vay la cac da thic.

3.3.9. Ban kinh hdi tu ctia chudi 14 +oo. Dao ham ting tu, ta dudc

f/(l‘): <Zm> :1+§ﬁ:1+$f(33).

n=0
3.3.10. Nhu trong 16i giai cua bai toan trude, véi z € R, ta co

ooxn

f'(@)+ f@)+ fla) =) — =
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3.3.11. Véiz € (—1,1), dat

(o) — flw)

rz—1

g(z) =
Khi d6, hr{{g(ax) = zof'(z0). Ngoai ra (xem, ching han, I, 3.6.4),

o0

1 1

o) = T o) = T o) = (o) = ()
Vay néu0 <z <1vam=0,1,2 ..., ta nhan dugc
o) = i}(ﬂxo) — Sue0)a” > (o) — Sm(zo))a™
Do d6, wof'(zg) = Tim g(x) > f(r0) ~ Su(o) > 0.

3.3.12. Trudc hét ta chting minh ring Y a,z”, > S,2" va Y (n+1)T,2" hoi
n=0 n=0 n=0
tu véi |z| < 1. Do {T,} bi chin, ton tai C > 0 sao cho |T;,| < C véi moi n.

Khi d6, véi |z| < 1,

Z(n+1 T,x"| Z C’]:U|”—ﬁ.

n=0 n=0

Su héi tu ctia > S,z" v6i |z| < 1 suy ra tit ding thic

n=0

N N

Z(n +1)Spz™ = So + Z((n + 1)T,, — nT,—1)z".
n=0 n=0

N N 0o
Tuong ty, vi > a,z" = ag+ > (S, — Sp_1)z", su hdi tu cua chuoi Y S,z" kéo
n=0 n=0 n=0

theo sy hoi tu cua > a,z™ véi |z] < 1.
n=0
Cac ding thic da phat biéu suy tit dinh 1i Mertens (xem, ching han, I,

3.6.1).
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3.3.13. Ta co

o0

@l < Y2 =3 3| e
n=0 k=0

n=1 \2k<n

[logy ]
= | X |l

k=0

o Ed
< Lkl =2
n=1

Vay bat ddng thic cAn ching minh duge thod man véi M = 2.

3.3.14. Sy hoi tu déu caa > a,z” trén [0,1] suy ti tiéu chudn Abel cho su
n=>0
héi tu déu (xem 16i giai cta 3.2.19). Dé chiing minh (2), chi cdn 4p dung

3.1.30 (cing xem 161 giai cua 3.2.19).

3.3.15. Chung ta trudc hét chi ra rang

(1) lim f(z) < lim S,,.
r—1— n—r00

Ta c6 (xem 3.3.12)

(2) flx)=(1-12x) ZSn:E" véi x| < 1.
n=0
Néu lim S, = +o0, thi (1) 14 rd rang. Néu lim S, = S € R, thi theo (2), ta c6
n—oo n—oo
(3) S—flz)=(1—2)) (S—Sn)a".
n=0

Goi € > 0 cho trude. Khi dé, ton tai ng sao cho S, < S + ¢ bat ct khi nao
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n > ng. Vay, theo (3), véi = € (0,1),

no o0

S—fl@) = (1-2)) (S—8y)a" —e(1—x) "

n=0 n=ng+1
ng

= (1-2) Z(S — Sp)z" — ezt

n=0
no

> (1-2)) (S—S.)a"—¢

n=0

Do do,

10

fl@)<S+e—(1—2)) (85— Sp)a"

n=0
Vi ton tai § > 0 sao cho néu z € (1 —6,1), thi

no

(1—2)> (S—Sa)2"| <e,

n=0

ta thay rang f(z) < S+ 2¢. Vay (1) dugc chiing minh trong trudng hop
lim S,. BAay gid, néu lim S, = —oo, thi r6 rang, lim S, = —oco. Vay véi
n—00 n—00 n—o0

M € R, c6 thé chon n; sao cho néu n > ny, thi S,, < M. Do @6, véi z € (0,1),

ta co

ni 00

M—fx) = 1-2)Y (M=S)a"+(1-z) » (M-S5,)a"
= (1—2)) (M —S,)2".

n1

Vay f(z) < M—(1—x2) Y. (M —S,)x". Viténtaid > 0saochonéur € (1-6,1),
n=0
thi

no

(1—2)> (M- S,)2"| <e

n=0

ta thu dude f(z) < M +e. Tu dé

lim f(z) < lim f(z) < M.

rz—1— rz—1—
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Vi M c6 thé duge chon tuy y, suy ra lim f(z) = —oco. Diéu nay két thic

rz—1—

chting minh cta (1). Bat ding thic

lim S, < lim f(x)

r—1— r—1—
dudc thiét lap tuong tu.
3.3.16. Dit
> klay]
n n M

Khi d6, lim A4, = 0 (xem, chiang han, I, 2.3.2). Theo gi thiét, néuz, = 1—1,
n—roo

thi lim f(z,) = L. Vay, v6i e > 0 cho trudc, ton tai ng sao cho néu n > ny,
n—oo

thi

| f(zn) — L| < %, A, < S ova nla,| <

3

bat S, = > ax, tacd
k=0

Spn—L=f(z)— L+ iak(l — ") — i apx”,
k=0

k=n+1

Bay gio, chd y rang néu z € (0, 1), thi

lz| < 1.

1-a=0-2)1+z+ - +2") <Ek(1-2).

Do do,

Sn = LI < If(@) = L+ (1= )3 hlaal + 55—
k=0

Cudi cung, 14y = = z,,, ta dudc

13 £ g
S —Ll<Z4+Z4S_g
| [<3+3+3=¢

3.3.17. Xét, chéng han, chudi 3 (—1)"z".
n=0

—ZL’)'
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3.3.18. T dinh Ii Abel (xem 3.3.14), suy ra rang néu chudi > a, hdi tu,

n=1

thi giéi han lim f(z) tén tai. D& chi ra chiéu ngugc lai ding, gia st rang
rz—1—

lim f(z) =g € R. Khi d6, theo gia thiét, v6i 0 < z < 1, ta nhan dugc

rz—1—

k
Y ana" < fw)<g, keN.

Tu do, Zan = lim Eanaz < g, suy ra sy hoi tu cua Zan

n= z—=17 g n=1
3.3.19. Xac dinh

bp=0, b,=a=2ay+---+na, necN.

Khi dé

Vi lim 22 =0, ¢6 thé chiing minh ring

n—oo M1

o0

lim (l—x)z b z" = 0.

r—1— y n+ 1

Bay gio, ap dung dinh ly Tauber, ta nhan duge

[e.9]

z;n?‘H—l =L-a.
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Ngoai ra

Yoo, N 1 1
lim = lim b, | — —
N—oco — n(n—l—l) Nﬁoon_1 n n—|—]_
N
o bn bn—l) bN
- (e e
N
= dm )

Vay > a, = L.
n=0

3.3.20. Suy ra tii sy hoi tu ctia chudi > na? va két qua trong 1,3.5.9(b) ring

n=1

lim a? +2%a3 + - - - + n’a?

n—o00 n

Theo b4t déng thic Cauchy

Do do,

n—oo

n 2 n
lim M <M:0
n - n '

két qua can chiing minh suy tit bai toan truéc.

3.3.21. Lay € > 0. Theo gia thiét, tén tai ng € N sao cho néu n > ng, thi
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la, — Ab,| < €b,. Vay, véi z € (0,1),

’f(ZL’) - Ag(l‘)’ = Z(an - Abn)xn
n=0
no 00
< Z(an — Ab,)x"| + Z (an, — Ab,)z"
n=0 n=ng+1
< ) lan— Aby|+e > bua”
n=0 n=nop+1
< Z lan, — Ab,| + €g(x).
n=0

Vi lim g(z) = +oo, v6i x 4 gan 1, ta c6
T—1—

)
Z la, — Ab,| +eg(x).

n=0

Tu do, |f(x) — Ag(x)| < 2eg(z) v6i x du gan 1.

3.3.22. Chu ¥ rang theo dinh 1y Mertens (xem, chdng han, I, 3.6.1),
flx)=(1-12x) Z Spz” va g(z) = (1—x) ZTngc”
n=0 n=0

véi |z| < 1. Vay tu két qua trong bai toan trudc, ta co

S o) T
3.3.23. Xét
1 - 2n
fla) = ek (1—2)> (n+1)z
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va

1 .
g(x)—l_x—;x.

Khi d6, lim £2 =1 Mgt khac, vi Spyeq = 0, o, = n+1 va T, = n, gi6i han

rz—1— 9(@)

Sn khoéng ton tai.

lim 7=

n—oo

3.3.24. Véi z € (0, 1),

(1) fl@) > apat > a8,

k=0

b6i vi tat ca cac hé s6 a, khong am. Dt 2 = e 7, ta ¢6
1
e 1S, < f (e’ﬁ) .

Vay, theo gia thiét, véi e > 0 cho trudc, ton tai ny sao cho néu n > ng, thi

A+e

e 'S, < - <2(A+¢e)n.
1l—e™
B4t ddng thic cudi cing suy ra tit lim In (1-2£)"=-1>-1. Vaytaco
(1) Sn < Aan v6i Ay > 2(A+e)e nao do.

Bay gio, theo (2), ta ¢
f@) = 1-2)3 S
n=0

n—1 00
< (1=2)S > a* + Ay(1—2))  ka
k=0 k=n

A2 xn-i—l

< S, + Aynx™ +

_— x :
Néu trong (1) dat z = e~*/", a > 0, ta nhan dudc

flen) = A_Sa > (A—e)ﬁ.

l1—e™n a
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B4t ddng thic cudi suy tit e n > 1 — 2. Do do,

2 Ayne—
(A— o) < 8, + Agne—o + 2220¢
Q (0%

hay néi cach khac

A—e—2A% — Ayae™ @
" )

S, >n

Néu 14y n du 16n, ta nhan dude S, > A;n véi hang s6 duong A; nao do.

3.3.25. Ta bat dau v6i mot s6 kién thic chuédn bi sé dung trong chting minh

ctia dinh li. Gia st rang ¢ lién tuc trén [0, 1] trit diém ¢ € (0,1) ma tai d6
cac giéi han mot phia p(ct), p(c™) ton tai va ¢(c) = ¢(c) hoidc ¢(c) = p(c7).
Bay gid, ta sé chi ra rang véi € > 0 cho trudc, ton tai cac da thic P, va P,
sao cho

/0 (Py(z) — p(z))de <e va /0 (p(x) — Pi(z))de < e

Dé lam vay, gia st, chang han, ring ¢(c7) < ¢(ct) va ¢(c) = ¢(ct). Ro
rang, c6 thé chon §; > 0 dt nhd sao cho bat dang thtic |o(c—d;) — p(z)| < /4
ddng v6i z € (¢ — d1,¢). Dat

M = sup{|p(z) — p(c)| 1z € (c = b1,¢)}
va ldy § < min{d;,e/(4M),c,1 — c}. Bay gic dinh nghia

o () néu z €[0,c— 48 UJc1],
9(z) {max{l(az),ﬁp(l‘)} néu z € (c—9,c),

6 day I(z) 12 ham tuyén tinh sao cho I(c — §) = ¢(c — §) va l(c) = p(c). Khi
do, g lién tuc va ¢ < g trén [0, 1]. Theo dinh li x4p xi cua Weierstrass (xem,
ching han, 3.1.33), ton tai da thic P, sao cho

9(z) — Pa(2)] < % vél € [0,1].
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Ciing nhu vay, ta dinh nghia

" :{cp(:r) néu z € [0,c U e+ 6, 1],
min{l;(z),o(z)}  néu =z € [c,c+9),

6 day I;(z) 1a ham tuyén tinh sao cho l1(c) = ¢(c7) va li(c + ) = p(c + 9).
RG rang, h 1lién tuc va h < ¢ trén [0,1]. Theo dinh 1i x4p xi cua Weierstrass,
ton tai da thic P, sao cho

|h(z) — Py(2)] < % vl € ]0,1].

Ngoai ra, ta c6

Néu dit
A={ze(c—0,0):9(x)=1l(z)} va B=(c—dc)\A,

thi ta nhan dudgc

l(z) — o(x)| dz

< [, @) e

< [ (o - sle= 0 +Ip(c- &) - 1(o)] ds
(c—5,c)5

< Z+M§<§

Suy ra tu trén rang

/0 (Py(a) — () da
~ [ () =gty o+ [ (9(0) = pla)) da <
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Hoan toan tuong tu, c6 thé chiing minh ring

/0 (0(z) — Pu()) do < c.

Bay gig, ta chting minh dinh i cda Hardy va Littlewood. Khéng mat téng
quat, c6 thé gia st ring A = 1. Trude hét, ta chi ra rang

lim (1—2) Y a,2"P(a") = /0 P(t) dt

rz—1—

v6i moi da thiic P. R6 rang, chi can chting minh ding thtc ding cho P(z) =

z¥. Ta c6,
lim (1—2) Y az™™ = lim ———(1 —zF1))  q,zk+n
L n - k+1 n
z—1 z—=1-1—x
n=0 n=0

1 v
= —— [ *dt.
-/

Bay gio, xac dinh ¢ boi

Ta phai chiing minh rang

rz—1—

o0 1
(1) lim (1 —x) Zan:rntp(:r") = / o(t)dt = 1.
n=>0 0

Suy ra tit cac chudn bi 6 phan dau 15i giai rang, véi € > 0 cho trude, ton tai
cac da thic P, va P, sao cho

< h(z) < p(x) < g(x) < Py(z) + =

fﬁ($)'— ~ B

N ™

va

/0 (Pol) — pla)) dx < <, / (0(z) — Py(2)) da < =.
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Vi a,, > 0, ta thu dugc

€
lim (1 — x) Zan:ncp ") < lim (1-2) Zaniﬁ Py(z )‘|‘§

*)1* ﬁl*
v n=0 v n=0

1 1
- /Pg(t)dt+§</ ()dze+32—6
0 0

1
T (1 — . t) dt.
Tim ( xzaw ") < /090()

n=0

Do do,

Theo dtdng cach nhu vay, ¢ thé chiing minh ring

1
T (1 — . t) dt.
Tim ( :L’Za:v<p ") > /0<p()

n=0

Vay (1) dugc chiing minh. Vi vay,

N
_ e /N SN (e VN = _ 1N
1= fim =) e )= Jim (1= an
Vi lim (1 — e '/V) =1, ta thu dugc
N—o00
N
D an
. n=0 o
S
3.3.26. Néu |na,| < C, thi v6i moi = € (0, 1),
i n—1|an|x”2<C’Zn—1 0;2.
n=2 n=2 (1-2)

Theo 2.3.23 suy ra rang

r—1— rz—1—

lim (1 —2)f(z) =0= lim (1 —z) inan:r” !
n=1

Bay gio, vi
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ta thu duge lim (1—z)F(z) = 1. Két hgp véi dinh 1i cia Hardy va Littlewood

r—1—
d trén, cé
n
k
5 (1)

n—oo n

=1
Tu do,
Z k:ak

. k=1
lim =0.
n—00 n

Pé két thic chiing minh, chi caAn ap dung két qua da cho trong 3.3.19.

3.3.27. Gia st ngugc lai rang lim a, = 0. Khi dé, véi € > 0 cho truée, tén

n—oo

tai ng sao cho néu n > ny, thi |a,| < /2. Vay,

(1 —2)f(2)] < |(1—2) ) apa”

n €
27
suy ra

lim |(1 —2)f(x)] =0,

r—1—

trai gia thiét.

3.4 Chuoi Taylor

3.4.1. Gia st rang [f™(z)] < M véin € Nva z € [a,b]. Theo cong thiic
Taylor v6i phan du dang Lagrange (xem, chdng han, 2.3.3 (a)), ta c6

n ) (g, .
fa) =30 L o ) o),
k=0

k
0 day
(n+1) _ _ n+1
[t
Tu d6, lim r,(z) = 0. Do do,
n—oo
o R (g X £(k) (o
f(z) = nll_{goz / k‘(! 0) (z — 20)* = Z / k(! O)(a: — x0)".

k=0 k=0
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3.4.2. Khong, vi f™(0) =0v6in=0,1,2,..., va f(z) # 0 véi z # 0.

A N . X 0 2 . oo 2 2
3.4.3. Theo tiéu chudn M ctia Weierstrass, chudi 3 <=e) gy $° —nsinln’e)

er er
n=0 n=0

hoi tu tuyét d6i va déu trén R. Vay f’ lién tuc trén R. Lap lai li luan
trén, ta thdy f thuoc C*(R). Ngoai ra, c6 thé tim duge f*1(0) = 0 va

FE9(0) = (—1)F Y- 2 Vay

n=0
’f(%)(())’xzk n2x 2k -
" =0,1,2,....
k) > o e, x#0, n=01,2,

Néu 1ay n = 2k, ta nhan dudgc

(2k) 2k 2k
IO (2

2k
e

>1 véi 0 va k:>‘—‘.
(2k)! e) vol 270 va 2z

Vi vay, chubi Taylor ciia f hoi tu vé 0 véi z # 0 va ding thic khong ding
néu z # 0.

3.4.4. Gia st trudc hét rang > 0. Phan du dang Lagrange trong cong thtc
Taylor caa f(z) = (1 +x)* 1a

ala—1)---(a—n)
(n+1)!

ro(x) = 2" (1 + Oz)> L
Véi |z| < 1, ta cb

lim ala—=1)---(a—n) .., o,

n—00 (n+1)!

Dé thay diéu nay, c6 thé 4p dung, ching han, I, 2.2.31. Do d6, dé ching
minh rang lim 7,(z) = 0, chi cAn chiing minh rang {(1 +6z)* "'} 1a day bi
n—oo

chian. Pidu nay suy ra tit cac bat ddng thic ré rang sau
1<(1460z)*<(1+2)*<2 v6i a>0

va
20 <(1+62)*<(1+2)*<1 véi a<0
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va (14 6z)™ < 1. Vay, ta da chting minh ding thtc da cho dung véi
0 < z < 1. Bay gig, ta xét truong hop z < 0. Phan du dang Cauchy trong
cong thicTaylor ctia f(x) = (1 + x)* (xem, chang han, 2.3.3(b)) 1a
1) —
ro(z) = ala—1)-(«
(n+1)!
Nhu trén, chi can chiéing minh rang {(1 — 6)"(1 + 6z)*"1} la day bi chin.
Vi z € (—1,0), ta thay rang

1-6
(1-9) _<1+9x><1

1<(14+602) ' <(1+2)*! néu a<l1

n) "1 - 0)"(1 + Oz)> "1

Ngoai ra,

va
1+2)*'<(1+0x)*'<1 néu a>1.
Diéu nay ching minh ding thic ddng véi = € (—1,0).
3.4.5. Trudc hét gia st rang z # 0. Khi d6 ding thic
lz] = /1 —(1—2?)

va cong thic nhi thic Newton v6i v = 1/2 (xem bai toan trude) suy ra

2| = 1—%(1—3:2)—21'3”'(271_3)(1—3:2)"

npl
—~ 2nn,

= 1- 1—x 532”_ — )",

n=2

(xem, ching han, I, 3.8.38)
(2n—=3)!!

lim —2 —
1
n—00 (TR \/_

Vi vay, theo dinhli Abel (xem, chdng han, 3.3.14), d4ng thic cing ding véi
x = 0.
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3.4.6. Vi phan ting s6 hang suy ra f thugc C*°(—R, R). Ngoai ra,
Zn (n—1)(mn-2)---(n—k+ az" "
n=~k

Tu do, f*(0) = klag v6i k=0,1,2,....

3.4.7. Quan sat rang

o0

flx) = Zan((w—wo) + )"
— ;anz< ) x — x0)fan "
_ go <§ (Z)anxg ’f) (z — o).

Dé thdy bat ddng thiic cudi cing ding, chd ¥ ring

n
an, (k’) (x — azg)kazg k

Do d6, chudi kép & vé& trai cia ddng thiic hoi tu tuyét d6i véi |z —zo|+|zo| < R,

o0 n o0

= > lan|(|lz — o] + o))"

n=0

va vi vay c6 thé ap dung két qua trong I, 3.7.23. Bay gid, vi phan ting s6
hang, ta nhan dugc

(k) b
/™ (o) = Z (n)an:rg_k véi k=0,1,2,....

(1) f(z) = chx", r € (—R,R).
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Khi d6, f(z) = 0 véi = € A. Bay gid, goi B 1a tap t4t ca cac diém gi6i han ctia
A thudc (—R, R), va @it C = (—R, R) C B. Khi d6, C mé. Theo gia thiét, B
khac réng. Ré rang, (—R, R) = B U C. Bay gid, ta phai chiing minh rang B
ciing mé. Dé 1am vay, 18y z, € B. Theo (1) va két qua trong bai toan trudc,

(1) f(ZL’) :Zdn(iﬂ—l’o)n, |1L'—£L’()| <R-— ’x0|
n=0
Bay gid, ta chting minh rang d, = 0 véin = 0,1,2,.... Néu diéu nay khong

xay ra, thi sé tim dugc it nh&t moét s6 nguyén khong 4m k dé di, # 0 va ta
nhan dudc
f(a) = (z — z0)"g(x)
0 day N
9(x) = dipn(z —m0)" |z — 0| < R— |mo].
n=0

Vi g lién tuc tai 2o va g(zo) = dy # 0, ton tai § > 0 sao cho g(x) # 0 véi
|z —x0| < 0, mAu thuln véi gia thiét z, thuéec B. Vay d, = 0véin =0,1,2,...,
va do d6, f(z) =0 véi |z — 29| < R — |mo|. Vay ta da chting minh rang B md.
Vi (=R, R) 1a tap lién thong, ta c6 C =0 va B = (—R, R).

3.4.9. Ta sé ap dung két qua trong 3.4.6.

(a) Vi
e x2n+1
inx = 1) R
sin x g( ) Y r € R,
ta co
. 5 e . x6n+3
sy — nZ:O(—].) m, WS R,
(b) Dung dong nh4t thic sin®z = 3sinz — 1sin3z, z € R, ta 6
sinz® = §i(—1)n+1(32n - 1)ﬂ r€R
4 (2n+ 1)V '

n=0
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(¢) Ta c6 sinxcos3x = %(sin 4x —sin2z), x € R. Vay

S cos 3 = li(—l)”(f”‘l Cgmeny 2 g
= (2n+ 1)V -

(d) Ta c6 sin®z + cos®z = 2 + 3 cosdz, = €R, va

0 2n
n T
cosx:nz:%(—l) ) reR
Do do,
sin® x + cos® z = § §§: ”42” il z e R
R — (2n)!’ ‘
(e) Vi
n(l+z)=Y (-1 on € (~1,1),
n=0
ta co
1 1+l’ 1 o0 2n+1
-1 = —(In(1 In(1 — —1,1).
yiny— = g+ 2) —In(l —z) Z2n—i—1 €(=L1)

n=0

(® Ro rang, In(1 + x + %) =In }:gi, z € (—1,1). Vi vay, nhu trong (e), ta

co
In(1+z +2?) = Zanx", z e (—1,1),
n=1
0 day
—% vl n=3k, k=1,2,3,...,
an = .
% vl n#3k, k=1,2,3,....
(2) Vi 1—51:1+61:2 = 1—33x — 2 , ta co

e}

(3 —2m g —1/3,1/3).
1—5x—|—6x2 =2 owe(=1/3,1/3)

n=0
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(h) Ta biét rang

o0 n

X
=2 o

n=0

i (—1,1).

n=0
Theo dinh 1i Mertens (xem, ching han, I, 3.6.1) tich Cauchy cta hai
chudi hoi tu véi |z| < 1, va

= 1
:Z(1+ + 5 + +—')x”.
n.

n=

va

CC

3.4.10.
(a) Ta co
= 2)
flz+1) = (z+2)e" ! = Z“H z €R.
n=>0
Tu @6,

. 2)
ZeTH_ (x—1)", zeR

n=0

(b) Nhu trong 3.4.9(h), c6 thé chiing minh ring

(c) St dung dong nhat thic

cosz  coslcos(zx —1) —sinlsin(z — 1)

x 1+ (z—1)
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(d) Li luan tuong tu nhu trong 16i giai cua 3.4.9(h), dugc

nz _ Z ( MZ%) (z—1)", ze/(0,2).

k=1
34.11.

(a) Theo 3.4.4,

1+z — (2n)!!
v6i |z| < 1. Tu do
n—l 2
S
Dit
s -1
T Z 2n2ﬁ 2n1+ 1) =

va chd ¥ ring (arcsinz) = m = S'(z). Vay arcsinz = S(z) + C.
Ngoai ra, vi S(0) = 0 = arcsin0, ta ¢6 S(z) = arcsin z.

(b) Dat
- n 1 n
5() = Y (1) g
n=0
Theo déng nhat thiic da biét
1 o
— —_1)" 2n 1
1 _{_1,2 nZ:%( ) T ? ’$| < Y
ta nhan duge (arctgz) = = = S'(z). Vay S(z) = arctgz + C. Vi

arctg0 = S(0) =0, ta c6 C' = 0.
Dé c6 bat ding thiic dau, chi can dat z = & trong (a). Dé c6 bat déng

hoéi tu va dung dinh 1i Abel
(xem, chang han, 3.3.14) cho chu01 Iuy thua (b).

thtc thi hai, quan sat rang E( I — +1
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3.4.12.

(a) Dung khai trién Taylor cho arctgz (d& c6 trong bai toan trudc) va cho
In(1 + 2?), ta c6

1 ) 0 (_1)n71x2n
zarctgr — Eln(l—i—x )= Z— z e (—1,1).

(b) Dung khai trién Taylor cho arcsin z (d4 ¢ trong bai toan trudc) va cong
thic nhi thiic Newton (xem 3.4.4), ta nhan dudc

2 > 2 _
:rarcsin:r+\/1—x2=1+%—l—; 271?;2”_1:}52”, z € (—1,1).
3.4.13.
(a) Dat
= " <1
f@) =X e
Khi d6
=1
() =Y —z" —1In(1 — <1
fla) =3 ge" =l =2). o
Vay

flz)=(1—-2)In(1 —z) +avél |z] <.
Bay gio, dung dinh li Abel dudc

e 1 n+1

=2In2- 1.

(b) V61 z € R, ta co

o0 n

= (—1
x; ((2n)'

(xcosz —sinz).

2n+1

o (D)7
2n _ — 2n+1
v 220(271—1—1)!3;

n=

:0 2n—i—1

n

N[~ DN~
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bat = = 1, ta dudc

o0 'I'L

T 2n + o] (Cos 1 —sinl).

n

(c) Suy ra tit déng thtc

1 1 1 1
n24+n—2 3\n—1 n+2

rang néu 0 < |z| < 1, thi

o S § LN -y (L ey (L
;n2+n—2x _3;n—1x 3;n+2$

1 — "l = "
— — 1”*1_ _ _1 n—1

3;( ) n +3x3;( ) n

1 1 22 g3

Két hop véi dinh 1i Abel, c6

> —1)" 2
U 2y, 5
—mn +n—2 3 18

(d) Téng la n/2 —In2. D& thay diéu nay, ap dung 3.4.12(a) va dinh Ii Abel.

(e) Theo cong thiic nhi thiic Newton (xem 3.4.4),

)*2n— 1N
—1—1—2 o)l x lz] <1,

va tu do, theo dinh 1i Abel,
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() RO rang, N
; <332;1+1 =323, z€R
Vay
3 ZO (3x)n7(: ) = (3ze™) (3+9z)
batz=1co

3.4.14. Khoang hoi tu ctia chudi 1a (—1,1). Goi S(z) 1a tdng ctia chudi trong
khoang d6. Khi d6

> n — 1
2 2 2n—1
; 2n — 1 :c)
va
> n — 1
S// 4 27172‘
nz:; 2n — 2 )

Suy ra rang

(1—2%)9"(x) —2S'(x) =4, |z| <1

Nhan ¢4 hai v€ déng thic nay véi (1 — 22)"2 duge

(VI—78'(@) = \/14_7

Do do,
4

S'(z) = arcsin z + ¢ :
V1—a22 V1—z2
va vi vay, S(z) = 2(arcsinz)? + Carcsinxz + D. Vi §'(0) = S(0) = 0, ta ¢b
S(x) = 2(arcsin z)%.
Néu z = +1, ta nhan dudc chudi
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hoi tu theo tiéu chuin Gauss (xem, chdng han, 1,3.2.25). Thuc vay, ta c6

a”+1:1—£+0(i>.

an 4n n2

Vay theo dinh li Abel

3.4.15. Véia €1,

0 day
1 X
Ru(o) = o [ 100(5) (o 5)ds.
Ap dung cong thic d6i bién hai 1an, ta duge
1 z—a (n=1)
R,(z) = ] U (u+a)(z —u+a)du
"Jo
_ \nt+1 1
= M/ FO (2 — a)t +a)(1 — t)"dt.
n! 0
Tinh don diéu cta f"*Y) suy ra réng néu a < = < b, b € I, thi
1 g1
/
n+1
T —a
- (=)

R0 rang, R, (b) < f(b). Vay

FO (@ = a)t + a)(1 —t)"dt
b

n (D).

Tr—a

b—a

OSRn(x)§< )f(b) vl a<z<b abel,

va vi vay, lim R,(z) = 0. Diéu nay chi ra ring chudi Taylor hoi tu déu té6i
n—oo

f trén mbi khoang con compact cia I. Vi a < b dugc chon tuy ¥ trong I, tinh

giai tich cua f suy ti 3.4.7.
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3.4.16. Chiing minh tuong tu nhu trong 3.4.1.

3.4.17. [18]. LAy z, tuy ¥ trong I. Theo gia thiét, tén tai » > 0 sao cho

f(z) = i": f(”)(':rg) (x —x0)" VO |z —x0| <7
n=0 ’

n

Pao ham m lan, dudc

fm(z) = 3 f(n;('xo)n(n —1)---(n—m+1)(x —xo)" ™.
n=0 ’
Tu do
1) (2)] < N ’f(n;ﬂn(n —1)---(n—m+ 1)z — x|,
n=0 ’

Suy ra ti dinh nghia ban kinh héi tu ciia chudi luy thita (xem, chéng han,
3.3.1) rang véi o < pp < r, ton tai s6 duong C sao cho
)] _ C
n! - pn
Do do,
= C
F @) <) p—nn(n — 1) (n—m+ 1)z — "
n=0

Vi vay, theo déng nhat thic

[e.9]

|
Y= D nmm Dot = el <1,
ta di dén
(m) —-m = ¢ n—m
@I <3 (= 1) (= m o+ 1)l — )

Cm! < Cpm!
o (1 _ mo>m“ ~(p—p)"
0

v6i |z — 29| < p1 < p. Vay ta c6 thé 14y J = (29 — p1,20 + p1), A = Cp va
B=p—pi.
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3.4.18. [18].Dat

1 . 1
f(z) ey vé6i ]:r—1|<Z
va )
g(z) = 13 vl ] <1
Khi do, L
RO rang,
=Y Az -1, gty =) "
n=0 n=0
Ngoai ra,
1 t
b = 1—(A+1)t 1—(A+1)t
_ Z(l—{—A)ntn—Z(l—l—A)ntn+l
n=0 n=0
= 14+ AL+ A"
n=0

Vi g™ (0) = n!, f™(g(0)) = f™(1) = nlA™ va h™(0) = n!A(1 + A)"!, ding
cong thic Faa di Bruno, ta c¢6 ding thtc cAn ching minh.

3.4.19. [18]. Chon z, tuy ¥ trong I va dit yo = f(zo). Suy ra ti 3.4.17 riang
tén tai cac khoang I; C I va J; C J (lan ludt chtia x¢ va 1) va cac hing s&
duong A, B,C va D sao cho

|
|F ()| < A% véi z el
va

|
9™ (y)| < C% vl z € J;.

Theo cong thic Faa di Bruno,

=Y e @) (f“if”)kl (f(;,m)k (f(jifx))k",
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Gday k = ki + ks + - - - + k, va tong 14y trén tat ca cac ki, ko, ... ,k, sao cho
ki + 2ky + - - - + nk, = n. Diéu nay cung véi két qua trong bai toan trudc cho

[ Ck! [ A\™ / A\F AN
(n) n l i R
()] < Zkllkgl---kn! DF <B1> <B2) (Bn)
B Z n! Ck! Ak n'C’Z n! Ck!
N kilkyl - k,) DF B» B klks! - - k,) DF

_ A/ A o
~ B"D D

Bay gid, suy tit két qua trong 3.4.16 rang h giai tich thuc trén I.

ta

3.4.20. Suy tur 3.4.15 rang g(z) = f(—x) giai tich thuc trén khoang —I. Vi
x — —z giai tich thuc, két qua suy ra ti bai toan truéc.
3.4.21. [18]. Xét g(t) =1 — 1 —-2¢, [¢| <1/2, va f(z) = 1, |z| < 1. Khi d6

hit) = Flo) = <=5 = 4 0.

Vay gtV (t) = h™(t). Ngoai ra, theo céng thiic nhi thtic Newton (xem 3.4.4),

2 ()

R6 rang, f(z) = Zx" Do d6, g™ (0) = —n!(2)(=2)" va f™(g(0)) = n!. Cudi

cung, theo cong thlIC Faa di Bruno,

i, )2 =g = a0

k!
:”!Zk;l!kz!--.k ! (‘(

ROy kl'ké (%) e @) kn

Gday k= ki + ks + - - - + k,, va tong 14y trén tat ca cac ki, ko, ... ,k, sao cho

—_ N
~_
|
B
~
G
/T\
RS
S NI
~_
|
B
~~
F
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3.4.22. [18]. Truéc hét quan sat rang néu f thoa mén cac gia thiét dudc
phét biéu trong bai toan, thi nghich ddo ¢ cia né ton tai trong mot khoang
maé chtia f(zq). Ngoai ra,

1
fi(x)

R6 rang, vi f thuéc C™ nén g ciing vay. Bay gid ta phai chiing minh rang g

9'(y) = h(g(y)), ¢day h(z)=

thoa man cac gia thiét ciia 3.4.16. Theo 3.4.19, ta biét rang h giai tich trong
mot khoang md nao d6 chtia zy (hdp ctia hai ham giai tich). Vi vay, theo
3.4.17, tbn tai cac hang s6 duong A va B sao cho

) A @) < Ap

trong khoang mé Iy C I nao d6 chiia xy. Bay gio, phép quy nap sé chi ra
ring ton tai khoang mé K chta f(z,) sao cho

1 n
(2) 9™ (y)] < nl(=1)"1 <;) % vl y e K.

Ta chon K sao cho ¢g(K) dugc chiita trong Iy. Khi dd, theo (1), ta c6 |¢'(y)| =
|h(g(y))| < A, tic 1a (2) ding v6i n = 1. Gia st (2) dung véi k = 1,2, ... ,n,
ta sé chiing minh né ding v6i n + 1. Theo bai toan trude, ta co

9"y )I—(hog) "y (yl) o

G Zklll{;Q k! B¥ (G)) ( 1@))

— (~1)"n |(2A Azkl'kg 1)k k;{:n! <%> (i)kn
(—1)"”’%A2(” +1) (n —%l— 1)

= (—1)"(n+1)!<2/;—):+1< : >

n+1

IA

Diéu nay két thic chiing minh ctaa (2). Vi vay, tinh gidi tich cta g trén K
suy ra tu 3.4.16.
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3.4.23. Suy ra ti f~'(z) = f'(z) rdng f 4nh xa khoang (0, c0) 1én chinh né
va f thuoec C* trén khoang nay. Tu d6, f/'(z) > 0 va f tang thuc su tren
(0,00). Pao ham ding thic f(f'(z)) = z, ta c6 f"(z) > 0 véi z € (0,00) va
n > 2. Ta sé chiing minh diéu nay bang quy nap, dung cong thiic Faa di
Bruno (xem 2.1.38). Gia st rang (—1)™f™)(z) > 0 v6i m = 2,3,... ,n. Khi

do,
| 1" k1 (3) ko

() () \ Fn?
(L25) + vt

Gday k = ky 4+ ko + - - - + k,_1 va tong 14y trén tat ca cic ki, ko, ..., k,_1 sao
cho k; + 2ks + ... + nk, 1 = n. D4u ctia mdi s6 hang duéi > 1a

sgn((—1)"(=1)* (=1)%= - (=1)"1) = (=1)",
ta nhan dudgc
sgu (f'(f' () f"V (2)) = sgn fHD (2) = —(=1)".
Bay gio, két qiia trong 3.4.20 chi ra riang f giai tich trén (0, o).

3.4.24. Theo bai toan trudc ta biét rang mdi ham f thod méan gia thiét la
gidi tich trén (0,00). Trudc hét, ta chiing minh rang tén tai duy nhat s6 a
sao cho f(z) < z néu z € (0,a), va f(z) > z néu z > a. P& lam vay, quan
sat rang do tinh don diéu cua f, ta c6 wli}lgl+ f(z) = 0, cting v6i ding thiic

f(f(@)f'(x) = zf'(z), ta duge
1) fsa) = [ erar
0
Bay gid, néu f(x) 16n hon z v6i 0 < x < 1, thi (1) suy ra

/x F1(6)(t — 1)dt > 0,
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Mau thuan véi gia thiét f'(z) > 0 v6i z > 0. Mat khac, néu f(z) < z v6i moi
€ (0,00), thi (1) suy ra

fa) > @) = [ o> [ sorwa =5

suy ra f(z) < 2 v6i z > 0, ngudgc v6i gia thiét f((0,00)) = (0,00). Do d6, theo
tinh chat gia tri trung gian, ton tai diém bat dong a cha f. Vi f(z) < z v6i

€ (0,a), ta co f'(y) = f~y) v6i y € (0,a). Cling nhu vay, f'(y) < y v6i
y > a.

Bay gid, ta chuyén qua chiing minh tinh duy nhét. Gia st ngude lai, tén
tai hai ham nhu vay, fi vaf,. Goi a; va a, 14n lugt 1a cac diém bat dong
cua f; va f,. RG rang, ta c6 thé gia st rdng a; > ay. Pit g = fi — fo. Néu
a, = ay = a, thi g(a) =0va f~' = f suy ra ¢™(a) = 0 v6i n € N. Vi g giai
tich, g 1a ham hing (béng 0) trén (0,00). Né&u a; > ay, thi fi(z) < z < fo(2)
va fi(z) > =z > fi(x) v6i = € [ag,a1). Vi vay, g(zr) < 0 va ¢'(z) > 0 véi
T € |ag,ay). Vi xli)r(r)l+ g(x) =0, ton tai b € (0,az) sao cho ¢'(b) = 0 va ¢'(x) >0
voi z € (byay), vag' (z) < 0 véi z € ([,az). Dat f(b) = fi(b) = V. Khi do,
W € (b,as), bdi vi b < f4(b) = U < fi(as) = as. T d6, ¢'(b) < 0. Mt khéc,
) = fi(fi() =bva fo(t') = fo(f3(b)) = b, mau thuan.

3.4.25. Néu f(z) = az, thi f/(z) = acz® va f~1(z) = a czt. T day co

1+V5

1—c
5 .

c= vaia=-c

3.4.26. Theo congg thiic Taylor da chiitng minh rong 2.3.10,

N 1 x 2n+1
In(l+2)=2) ( ) + Ry (x),
— n+1\2+4+=x

0 day

R"(‘”):( = )(12 T )2+ (g)m'

R6 rang, A}im R,(z) =0v6iz € (0,2). Do d6
—00

0 1 T 2n—+1
In(1+2x) =2 E < ) :
— n+1\24+=x
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3.4.27. [Tung-Po Lin, Amer. Math. Monthly 81(1974), 879-883]. Theo dinh
nghia,

Lx,y) _ ey _ 2"z —y)
My(z,y) (Z5E)Ye (2P +yr)Y/PIn

v6i z va y duong, khac nhau va véi p # 0. Chia ti s6 va mau s cho y va dit
p
z= <§) , ta dugc
Ly 20— 1)

M,(z,y) (24 1)/pInzt/e’

Bay gio viét

Cl-w

Z_1~|—w z—1
241’

w= O<|w|<1>

N A 2 N x L. (1—w)l/P . e
va nhan ca ti va mau véi U= ta di dén

2w
14w\ 1/p
L(z,y) p2'/? <(1t_w) _1>
Mp@y) (24 1) P
p((14w)/P—(1—w)l/P
— ( 2w ) _ f(w7p)
1n(1+w)2;ln(17w) g CU) ’

RO rang,

Va theo 3.4.4,

f(w,p)=1+§2nl_l<<%—1> @_2)...(;9_2”).@)&”-

Do d6, dé chting minh ring f(w,p) < g(w), chi can chi ra véi moi s6 nguyén

duong n,
GG G) am=

va bat ddng thic ngit xay ra véi it nhat mot n. Véi n = 1, ta c6

1 1
-—1 - —2 -lgl vGl pzl,
P P 2 3
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bdi vi
L 3+1 1(3 1><1 du 0<=<3
- — R — - — , neu —
2p2  2p 2p p P
T d6
G-9G-26G-3) (G2
@n = (2n)!
1 1 1 1
= (1-2)(1—=)(1=-—=)---(1——
D 2p 3p 2np
b DA

Véip > 1. Vay, Q1 < 1v6ip > 1, va cong thic cudi cung chiing minh réng
Q,<1vbin=23,....

3.4.28. [Tung-Po Lin, Amer. Math. Monthly 81(1974), 879-883]. Ta dung
nhiing ki hiéu tit 16i giai cua bai toan trude. Ta c6, Q1 > 1 véi p < 3. Vay
ton tai 0 < h < 1 sao cho néu 0 < w < h, thi f(w,p) > g(w). Bay giv, quan
sat rang bat ding thiic 0 < w < h ¢6 thé viét lai dudi dang

, 1+ h 1/p 1/p
1<z<rP, oday r:<L> va z:<£) .
1—nh Y

Diéu nay c6 nghia ton tai r > 1 sao cho L(z,y) > M,(z,y) néu 1 < 2

3.4.29. [Tung-Po Lin, Amer. Math. Monthly 81(1974), 879-883]. Dat

Eifi;j, 0 < |w| < 1, ta nhan duge

z
Yy

z Qtw)?
r—y ! —w)?
L(:E7 Z/) ~ lnz—Iny ln% . 4(0,1—1—%0.134—%@5-1—...)
Mo(z,y) (zy)'/? (E)W Liw
Y

1 1
. +...
1—w? 14 3w?+ tw?
I+w?+wt+ Wb+

= > 1.
1+ zw? + fwt 4+ 2w + - -

Két hop véi 2.5.42 va 2.5.43 suy ra diéu phai chting minh.
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3.4.30. [Tung-Po Lin, Amer. Math. Monthly 81(1974), 879-883]
ki hiéu da dua ra trong 11 giai cua 3.4.27, ta c6

Liz,y) _p(Atw)P—(1-w)?)

M,(z,y) In if—z w—1

V\ - z p 14w hA d M 4,0 do 1/
12 = <g) — 11—’ tan an U.’QC L(.’E,y) < p(x7y) VOl z du lon.

387
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