PE 04
Céu 1. (2 diém)
1)Cho a, b, ¢ 13 cac s6 khac 0 théa min a + b + ¢ = 2023 va

1 1 1 _ ]_ , [ . R 4
AT o Tinh gia tri biéu thuc

A= (02021+b2021)(b2023+C2023)(C2025+02025)

5 3
X —4x—3x+9 | . ) o
biét x théa man

x 1
x*+3x7+11 Cax+l 4

2) Cho biéu thic B =

Chtng minh 3B 1a s6 nguyén.
Ciu 2. (2 diém)

5x _ 14
1) Giai phuong trinh: 5——+——=—

X+4x+4 x*+4 15

2) Cho da thirc A = 12x*—3 y*+8xy+2x+y biét rang a, b 1 hai s6 nguyén
duong théa mén v4i x = a; y = b thi gia tri cta da thirc A bang 0. Ching
minh rang: 6a + b + 1 1a binh phuong ctia mot sé nguyén.
Cau 3. (2 diém)
1) Tim tat ca cac s6 ty nhién n dé C = n*-8n°+23n°—26n+10 14 sd chinh
phuong.
2) Tim céc cdp sd nguyén (x; y) thoa man: x*+y*+1=5xy.
Céu 4. (3 diém)
1) Cho tam gidc ABC vuong tai A, duong cao AH. Goi E, F lan luot 1a
hinh chiéu cta H trén AB va AC. Goi M 1a giao diém cua BF va CE.

a) Chirng minh AB.CF = AC. AE

b) So sanh dién tich tir giac AEMF va dién tich tam gidc BMC.
2) Cho tam gidc ABC, diém D trén canh BC sao cho DC = 4BD. Piém M
thay ddi trén doan théng AD, BM cit AC tai E, CM cit AB tai F. Xac
dinh vi tri diém M trén AD dé dién tich tam giac DEF 16n nhéat.
Céu 5. (1 diém) Cho a, b, ¢ 13 cac s6 duong. Tim gia tri nho nhit cta biéu
thirc:

33a+17b+c 18b+18c 9c¢
M= + +
a+2b+3c 2a+b+c a+b




LOI GIAI
Cau l.

o 1 1 1_ 1 _ bc+ac+ab_ 1
1) Theo dé bai ta co: _*+7+ =555 =~ 1 ~ 5003

_, beracrab (via+b+c=2023)

abc a+b+

=> [ab+ac+bc||a+b+c|=abc

=> a’b+ab’+abc+a’ c+abc+ac’+abc+b’c+bc’=abc
=> q’b+ab*+abc+a’ c+abc+ac® +b’c+bc® =0

=> a*(b+c)+ab(b+c)+ac(b+c)+bc(b+c)=0

=> (b+c)[a2+ab+ac+bc)=

=> (b+c)|ala+c|+bla+c|[=0

=> [b+c|la+c|la+b|=

a=—b a2021 ( b )2021 a2021+ b2021 —0
= |p=—c=¢ p2023 — 0)2023 =i b2023+C2023:0
c=—a 2025 ( 0)2025 C2025 +02025: 0
SuyraA=0
, 1
2) Taco 14 =>4x = x’+x+1=x"—3x+1=0

Ta co x5—4x3—3x+9:(x2—3x+1)(x3+3x2+4x+9)+20x:20x

X*+3x%+11=(x*—3x+1|(x*+3x+11)+30x=30x

x5—4x3—3x+9_3 20x _

Vay 3B 1a s6 nguyén

Cau 2.
X 5x _14 \
+ =— 1A 18N Z—2
1) Zrdaxtd P+ 15 bicu kién: x

V61 x = 0 khong phéi 1a nghiém cua phuong trinh

X 5x _14
2 +t= 15
X +4x+4 x+4




5 14

#0taco: + ==
r.. *
Vo1 x wrdia 2 15 (%)
X X
4, 1 5 _14
o4 oy et _14
baty X"X+<J2ph1mngtr1nh()tro"nhanh—er2+—y_2 =
=8
:>7y2—45y—88:0:L(y—8)(7y+11):0:g, -11
y=—="
7

Vé6iy =8 thi x+§+<32 =8=>x"—6x+4=0=0(x—3/'=5

—| x=3=V5 __[x=3+V5(tm)
x=3=—V5  |x=3-V5(tm)
2
A 1r 25 |? ,
Vo li vi X+, >0V x(logi)

Vay tap nghiém cta phuong trinh S = [3+/5)

2) Vi x =a, y =b thi gia trj cia da thirc A bang 0 nén ta c6
12a*~3b*+8ab+2a+b =0

=>12a’+b’+8ab+2a+b=4b

=> 12a’+6ab+b’+2ab+2a+b=4b’

=> 6a(2a + b) + b(2a + b) + (2a + b) = 4b°
=>(6a+b+1)(2a+b)=4b’

bat (6a+b+1,2a+b)=d (d EN¥)

__|6a+b+1id_;|6a+b+1:d
2a+b:d 3(2a+b):d
(>(8a*b+lid_;yp_q:g
6a+3b:d
[6a+b+1:d -
Vi, ip:g Suyradb’=(6a+b+1)(2a+b):id'=i2bid

Suyral:d=>d=1
Do d6 (6a+b+1,2a+b)=1
Ma (6a + b +1)(2a + b) =[2b]” 1a s6 chinh phuong.



Suy ra 6a + b +1 1a binh phuong ctia mot sd nguyén.
Cau 3.

1) C=n"-8n’+23n"-26n+10
=(n*-2n’+1)-8n(n*~2n+1)+9n’~18n+9
=(n’-1)-8n(n—-1)+9(n—-1)
=(n—1)(n+1—8n+9]

=(n—1)|(n—3P+1]

TH1: (n-1=0=>n-1=0=>n=1 (théa min)
TH2: (n—1)°#0 suy ra [(n—3/+1 13 s6 chinh phuong
bit (n—3+1 =k (k€ N)

=k’—[n-3/=1

= (k—n+3)(k+n-3)=1

k—n+3=1_
k+n—3=1

k—n=2

k=1(
k+n=4

théamdn)
n=3

THI1:

k—n+3=—1
k+n—-3=-1

K (khong TM k € N)

(="

TH2:

Vayn=1;n=3.

2) X’+y’+1=5xy

=> (x+y =3xy(x+y)+1=5xy

biatx +y=a, xy =b ta dugc a’~3ab+1=5b
=>a’+1=b(3a+5)

3
a+1

Vi3a+5#0Va€Zsuyrab= YT

Tacdéa’—4b=(x—y)>0Vx,y

3 3 2

» 4a+4 —a’+5a" —4
a — > == >

Suy ra 3a+5 0 3a+5 0

Néua=>5=>—a*+5a’—4 = a*(5—a)—4<0va3a+5>0

3 2
a+5a

—4 .
YIS 0 (Loai)

Suy ra —

Néu a <—2=(d*(5—a) >28=i—a*+5a’—4 > 0 va 3a+5<0



3
—da

Suy ra

+5a°—4
3a+

5

<0 (Loai)

Néu-2<a<5maalasénguyénsuyraa€/—1;0;1;2;3;4)

-1 0 1 2 3 4
b 0 1 1 9 2 65
5 4 11 17
Két qua ™ Loai Loai Loai ™ Loai
x=0
I y=-—1 s
Voia=-lsuyrab=0=>x+y=-1,xy=0=> X:_l(thoaman)
y=0
[x=1
=2 . ~
Voia=3suyrab=2=>x+y=3,xy=2=> i’zz(thoaman)
y=1
Vay cac cip sé nguyén (x;y) can tim (0;-1); (-1;0); (1:2); (2;1)
Cau 4.
F
E
B H C
1a) Vi HF | AB (cung vudng goc voi AC)
CF _CH
Suy ra 7 ~=3~ (1)

Vi HE [ AC (cfmg vudng goc vii AB)

AE _
Suy ra Z == BC (2)




Tir (1) va (2) suy ra <= = 2= = AB.CF = AC.AE

AC ~ AB
, SBEC_BE
1b) Taco S,.. BA
\ BE BH Spec _ BH
=> — = — =
Ma HE | AC BA ~ BC SWTg ~Tpc
SBFC_C_H

Tuong tu ta co S,.. BC

S S . CH+BH
DO d(,) BFC + BEC = —
SABC SABC BC

1

Sasc = SerctSpec = Sapr=Spec=0¢ S apmr=Saumc

2)

A

B D

L AF_ BD_  CE_
bat BE DV EA? (x,y,2>0)

AF _Sac BD _Sawn CE _ Ssuc
BF  Su DC S, EA ™ Sum

Ta co

SAMC SAMH SBMC — 1

=> XyZ = . .
Y2 Spe " Sae " Saus



. AF__ CE _ AF _ x AE_ 1
Tir —o=x, ==z =>"—=—— ==
BF "’ EA AB x+1’ AC z+1

Suv ra S aer _ Saer Sase _ AF AE _ X
W s TS Swc AB AC  (x+1)(z+1)
SBDE y SCDE zZ
Tuong tu = ; =
M Sie (y*1)(x+1)" Sppe (2+1)(y+1)
Tur d6 ta co:
S, _ _SAEF_- SBDE_SCDE — X Yy z
=1 b 1- - -
S apc S apc Sasc  Sasc <X+1)<Z+1) (y+1)(X+1) <Z+1)<y+1)

(x+1)(y+1)(z+1)—x(y+1)—y(z+1)—z(x+1)
(x+1)(y+1)(z+1)

xyz+1 _ 2
(x+1)(y+1)(z+1) (x+1)(y+1)(z+1)

ViCD=4BDsuyray = %Suyraxz:4

S, _ 2 B 8 8

[

Suy ra SABC_E(X+1)(Z+1) 5(xz+x+z+1) 5(5+x+z)
4

Ap dung bat dang thirc Co-sita co x +z=2Vxz =4

. 8 8
= >45=(—"—<—
> 5(5+x+z2) S(54xt7) ~45
Suy ra - <o =5, <5, (khong dbi)
Sasc 45 tT45 e

Dau “="xdyrakhix=z=2

SAMC

SAMC — == SAMC 5 5
_ = =— 1 S - _S
’SBMC 2 Z’SDMC SDMC 2 (Vl e 4 DMC)
AM _5
—_— ==
MD 2
Vay dé dién tich cua tam giac DEF 1on nhat thi M thudc doan AD thoa
. AM_5
méan 5 ==7.
Cau 5.

_ 33a+17b+c+18b+180+ 9c¢
"~ a+2b+3c  2a+b+c a+b




=M +43 = %+ + 128:_'_%+18 + i—cb+9
oM 443= 434(-;;11-;2)+362(aa++bb++cc)+9(aa++bb+c)
—>M+43= (a+b+c) a+24b9+3c+203(15)+c+a-?-b

Churng minh %2+b72+%22%v x,y,2>0

Ap dung ta ¢ a+222+3c+2af;+c a:sz 4(Z:f;fé)fc=a+6;+c

=>M +43 >64=(M=>21

A9 2 : 7 — 6 _ 3
Dau =" xay ra khi a+2b+3c 2a+b+c a+b
7 6 _3 _6-3__|[b=c
"7 a+2b+3c 2a+b+c a+b a+c  |a=2b

Vay gia tri nho nhat ctia M 14 21 khi a=2b = 2¢



