Bai 3. BIEU THUC TOA PO CUA CAC PHEP TOAN
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Ly thuyét

1. Bi€u thirc toa dd cua tong, hiéu hai vecto va tich cia mét sé véi mot
vecto

[E‘;» Pinh nghia:

0) a=(a;a;a) , b=(h;b;h)
Trong khong gian XVZ  cho hai vecto ' va 57 vasé k.
Khi do:
r 1 r 1
, a+b=(a+b;a+b;a+b) a-b=(a-B;a-b;a-h)
ka =(ka ;ka ;ka )
q =kb

‘— jm\,céc bai tap lién quan dén toa do déu duoc xét trong khong gian
M

2. Biéu thuc toa dé cua tich vé huéng

:;, Pinh nghia:

Trong khéng gian Oxyzl tich v6 hudéng cta hai vecto :(q; a;a) va
(h b;b ) duoc xac dinh badi cong thic
ri

- - . -1 . | i

* Toa do diém dau cuoi:

~ Trong khong gian Oxyz cho hai diém Alx;¥1i2,). B0x;y B;ZB).

Ta cd- AB (X XyiVe~ Vai%g z.)

* Toa do trung diém doan thang

f-ﬁHﬂ

" Trong khéng gian Oxyz cho hai diém Al Y.52,), B0y B;ZB).

M| XatXe Vat Ve 2t 2
2 2 T
TAn AA Frmanr r1'-;;\?m M A AAnn -|-1f\r"2\nrr AR 1AL i
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E‘,w Toa do trong tam tam giac

" Trong khong gian Oxyz, cho DABC ¢4 Al Y12,). B0 V5i2;) va
Clx;y.:2.)



egCéc dang bai tap

0 Dang 1. Toa dé téng hiéu vecto

_%Phwong )
Trong khéng gian Oxyz’ hai vecto _(q i a) b =(b;hsh) va s6 thuc K.
) @+b=(@ +h;a.+b;a +b) o @-b=@-B;a-b;a-b)
a =k
[ = 1a, =kb,
i~ ka=(ka;ka ;ka,) ~m - a, =kb,
(¢ g
9’ Vi du 1.1,
':j-_ .5 ': s T
Trong khéng gian Oxyz , cho hai vecto a=(%-15) va b=(0;-2; 4). Tim toa

==

r r
1 2a'ib
2

EA mfbm adm sercirn meave r7+i) rrr- S5n
o Loi giai
Ta co:
5+b:(2 +0;(-1)+(-2);5+(-4)) =(2;-3;:1)
a- b=(2- 0;(- 1)- (-2);5- (-4)) =(2;1;9)
sa =(5.2:5.(- 1):5.5) =(10:- 5:25)
I r
28 =(4:-2:10) %b:(&;- I;-2 5 26- Lb=(4;- 1;12)

“ 4 Vidu1.2.

Trong khong gian @Y, cho ba diém A 13- 2), B(2;3;4)
Chimg minh rang ba diém A-BC tao thanh tam giac.
o Loi giai
wa o
Ta c6. ‘45:(3;5;5]; AC :(4;3;9)'
3

UL UL
Vi 4 nén AB va AC khong cung phuong.
Vay ba diém A B.C tao thanh tam giac.

6 6
= F—
8 9

va C(3,-5,-7).
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0 Dang 2. Toa do di€ém - vecto thdéa diéu kién

- )

r 1
(1) Tich v6 huéng cta hai vecto: ab=aa +bb +qc,

| ! r. _

(2) @ va b vuéng goc = 4P =0= ga +hb +cc =0
[ Xa*tXs VatVs 2 +2

_,} & 2 & _,}

(3) I 1a trung diém AB:
— Li'L+IB E}=* ":"M I\fﬂﬂ‘l{B MT

.X.fl +XB+XL': y.4.+}?3+}ilﬂ z.fl +zB+zL_:

‘ 3 3 3

— GA+GB+GC = C+=r WM : IMM+I~B+MC BMG
X, EXgEXHX, Vo vVt VoY, 2, 42,4242,

(4) G 1a trong tam DABC:.

6> i ;
(5) G 1a trong tAm chépABCD . 4 1 1
(¥ ¥ F| (¥ W | LA LA | L ¥ T] - . e

4 Vidu2.1.

Trong khong glan Oxyz cho ba diém A(3"2"1), B(1;- 1;2) va C(;2;- 1). T

tna dA vvartey U thAa Lf —B‘: 3A0
o Loi giadi
BC =(0;3;-3) A0 =(-3;-2;-1)

{l =BC- 3A0 =(0-3.(-3):3- 3.(-2):-3- 3.(- 1)) =(9:9:0)

Ta co:

Do do:

2

y Vi du 2.2.

Trong khong gian Oxyz, cho ba diém A2 1), B(2;-1:3) va c(- 3;5;1). T

LAl
tna @A didm D can chn AB=2DC
o Loi giadi

Goi D(xy:z) 1a diém can tim.
Ta c6: AB:(I;—3;4)’ DC =(-3- x;5- y;1- z).
3
=2(-3- x) 2
 AB=2DC = {-3=2(5- y)e= ly=—
4=201-2) |z=-1

Tk giéc ABCD 13 hinh binh hanh
N ,‘
22’

Véy
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4 Vi du 2.3.
Trong khong gian Oxyz’cho bon dié A2;0:0) B(0;2;0)l c(0;0:2) va
D(2;2;2) ~ MN 12 et 1 e 32 8s AR-X (D v 32l Mt 38 mm o

o Loi giai

' "r+c+ r:r+"r 0+0]
: = M(1:1:0)

AB= M

Ta c6 M 1a trung diém
I
CD = N‘ 2 D: ;22

i1;2)

)

va N 1a trung diém
MN = I‘
Vay I 1a trung diém
v

9' Vi du 2.4.

,)
1+1 |+| D:H‘ﬁf(lrlll)

i

AL 2;-1 . B(0;-2;3 . Q
;2 )Va ( ).Tlmtoado

Trong khong gian OXVZ | cho hai dié
chan duong cao ké tir dinh O cta tam giac OAB.
o Loi giai

Kix:y: N .2 A \
(x,y,z) la diém can tim.

Goi
Ta cb: AK =(x- 1;y- 3;z+|), AB=(- |;-4;4).
'x- 1=k -
w (1) [x=-k+l
AK —kAB < y- 2=k(-4)= {y=-4k+2
z+1=k4 IZ—4k- 1.

wi A.K.B thang hang nén
= K(-k+1;-4k+1:4k- 1) = OK =(- k+1:-4k+2:4k- 1)
OKAB=0< (- k+1).(-1)+(-4k+2).(-4)+(4k- 1) 4 =0

 n .
K[ 20,14 19
Véy 33 33 33
4
4 Vidu 2.5.

Trong khéng gian 9%%, cho D: DABC piét A(2:4:-3) c6 trong tam G(2;1; U)

Khi d6 xac dinh toa d6 AB+AC
o Loi giai

=0 = k=",
33

Goi M la trung di'(:e:rl? doan BC, G 1a trong tam DABC M
Ta c6 AB+AC =2AM (quy tic hinh binh hanh)
UL 4
AM Z“EAG e
B M

Va



Do do

W ur ulm
AB+AC =2AM =2.
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1 Dang 3. PO dai vecto

AR \

ﬁPhllrong ),
L uu 2 ] 2
AB=(x,- x,;y,- V.;z,- 2,) ~ AB Z‘Aﬁ" :‘J(XB -, ) +(ye- 1) +(z- 2,)

d=J@) +@) +(a) - —|if =& =(a) +(a) +(a)

(1)

1
(’)\ NA Aai iAot~ d.

4 Vidu 3.1.

A(I;Z;- l) . B(0;3;1).
va

Trona khona aian Oxyz, cho Tinh d6 dai doan thana

o Loi giai
, ;':E:(-I;I;E) = AB:.,! - I):+|:+23 :JE
Ta co

4 Vi du 3.2.

)= 2 Tl e
Trong khong gian Oxyz’ cho tam gidc ABC biét A(1;0;-2),B(251; |)’

C(1;-2;2) o .+ nARC

 Loi giai
Theo cong thirc tinh d6 dai ta duoc

AB=(2-1) +(1-0) +(-1+2) :-J'?T.
BC =149 49 :Jﬁ;
AC =\0+4+16 =25

Chu vi clia ABC: 3+ 'D"‘E\E’.

Vi du 3.3.

e P 3.1 ) e
Trong khéng gian OXVZ, cho A(;2;-1), B(0;3;1); CG;2;0). Tinh dién tich

DABC (néu cé).
o Loi giai

LA L W IF)
, AB=(-1;1;2) . Ac=(2;0;1)
(0] va

Tac khong cung phuong nén ba diém A;BC lap

thanh tam giac.

Mat khac AB = ) +r+2" = vy AC=N2 40+ =5
J30

2

| |
S=—ABAC=_\o.f5 =
Vay dién tich tam giac ABC 1a 2 2
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4 Vidu 3.4,

Trong khéng gian %%, cho ba diém

A(2;0;0), B(0;3;1),C(-3;6:4) .
. Tim

diém M thuéc doan BC sao cho MC =2MB_ Tim do6 dai doan AM .
o Loi gidi

Gia

ur o un
MC =2MB = BM:iﬂcﬁ

piém MeBC,
Vay AM =9 +16+4 :Jﬁ_

“a:%.(-a)

Ib-3=

c-1=

!
>

3

3

, M(a:b:c) = ﬁﬁuf:(ﬂ;b— 3:c-1) . EZ(—?:;};?:)
su va .

=

(a=-1
b=4 = M(-1:4:2)

c=2
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0 Dang 4. Su cung phuong cua hai vecto

1‘7 \
R R,

Xét hai vécto

a =kh
a=kb= {a =kh
= = !, L a =kh

d Vidua.1.

I ! I
=l4-1-=2 =1--2:- e '2;-
Trong khoéng gian OXVZ, cho céc vecto @ S ‘); b=(;-2; 1); c=(8 4);

! [
d:(_4;_ |;2) Vactey 32(4; ;-2 i nhivomor v vactey nan 3 chn?
o Loi giai
r
a=(4;1;-2) 4 1 -2
Ir = _ = F
, |p=(-2-1) 1 -2 -1 b
Xet ! nén 4 khong cung phuong P.
T
ﬂ:(ﬂr,l, 2) 4 1 -2
1F (S'} 4):‘?5:;:_4
., | €=\8;2;- 2 - NN !
Xét nén 4 cung phuong €.
T
a=(4;1;-2) 4 1 -2
i r ( = _4:_| :T :
o |d=-4;-1;2) -4 -1 2
Xét ! nén 4 cung phuong d.
1

1 1
Vay vecto a4 cung phuwong véi vecto € va d.

4 Vi du 4.2.

r 1
A . . a=\11;5 . b=lm+1:2n:10). _.
Trong khong gian OXyz’cho hai vecto ( ) va ( ) Tim
1 “,_“;,\“
MN 48 hai vecto @ va " cling phuong.
o Loi giai

[0
2 . Do 8l AR 2 11
bé haivecto 4 va ' cung phuwong khi va chi khi

, |
‘q =kh | =k(m+1) k:E
a =kb = {1=k(2n) < {m=l
a =kb, |5=kl0 n=l

Véy: m=l; n=1.



4 Vi du 4.3.

Trong khong gian Oxyzl cho ba diém A2;- 1;5),3(5;_5;?), M(x;y;l)' Véi gia
tri ndo ctia X , Ythi A, B, M thing hang.
o Loi gidi
, AB=(3;-4;2) AM =(x- 2; y+1;-4)
Ta co , .

uy WA L =
A,B,M thing hang. = AB, AMcing phuong 3 -4 2 VT
g

y Vi du 4.4.

AG-231) , B(S; 6; 2)
AM

tai didm M Tinh 2 <& BM

- o Loi gi&im

Me (0x2) = M(x02)  AB=(7;3;1) -, ap=50, AM =(x+2;-3;z-1)

Trong khéng gian Oxyz, cho hai diém . Pudng thing

(Ox2)

ABrEF m3t nhina

(x+2=7k [x=-9

= 1-3=3k < {-1=k
ABM thing hang = AM=kAB (215K [z=0 = M(-9,00).
LLia [(NET 7] A_M_l
BM =(-14;- 6;- 2) AM=(-7-3- ) AM =59 BM =255~ BM 2
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0 Dang 5. Tich vd hudng va ung dung

—(q a; a) b =(h;h;h)

Xét hai vécto | Fa co:
ab =|d ‘b‘,ms(a,b)
rr
(1) Tich v6 hwdéng hai vécto: ab=q h. +a,b, +a,.b
r r
ms(g,b)z ab ab+a.b +a.b
a
-~ — Géc gifta 2 vécto: [l .J(q +(@) +@) ) + (B +(BY
r L b - r.b
Chu y: Khi a-b>0 yp; cos(a;b) >0 (GJI ) la goc nhon,
I I r
Khi 4D<0 cos(ab) <0 (a0) la géc ti.

: 1 I _ _
(2) Vécto a vudng géc vécto b: ab=0<=gqb+a.b+ab =0
» Bai toan lién quan giira do dai va tich vo hudng:
I I
: oL u=mvi=n L ae s , L |u+v
Cho hai vecto U va V co | | m | | va tao vdi nhau mot goc @. Tinh ‘ ‘
- u-v 1% N \ " N \ . 7
hoac ‘ ‘ hoac tuy vao yéu cau bai toan. )
Hudng gidi quyét
r r@ ¢F Fre I, o rror,
§ e (|u+v|) =(u+v) =tF +2uv+V*
» Buwoc 1: Bién doi
i _|u|
r
) ) ab _|c1| ‘b‘ cosla ,b)
» Bwoc 2: Ap dung: '
r-.

02 hign agi U 20V :|u|: +2|ﬂ|,|1rr|c05(ﬂ;£)+|ﬂ|z (%)

{ Vi du 5.1.
a =(-3;4;0),b=(5;0;12)

Trona khona aian Oxyz .cho . Tinh cHsin ciia adc aitra

o Loi giai

cos(h) = ab _ -3.5+4.04+0.12 3
, |ﬂ| bl J(-3) 442402 fSPe0r o2 13
Ta co:
&
Vi du 5.2.

A(-1; _,3} B(0;3; 1) c(4;2;2)

Trong khéna aian @Y, cho . Cosin cua BAC

e Lm giai

LLI] u.m
ilB AC‘ ABAC

Ta c6 00sBAC = ‘ABHAC‘ a 4‘8 =(;5-2) AC=(54;-1)



(Lul UJH) 1.5+54+(-2)-1) .

ABAC
JI +5 +(1}J5 w42 +(-1) T ~ oAz 235

Vi du 5.3.
I ]
R ) ., a=\2;1;-2 b:(ﬂ;—ﬁ;\l’;)
Trong khong gian Oxyz cho hai véc to ( . . Tim tat
r.r r r 1
CA aia tri ciia M d& hai véc toy U= jﬂ+3ﬂ'b va V=ma- b vuidna ade védi nhan.
o Loi giai

{1=20+3 [—(3;3 IM2:- 4 +3my2)

b =mb- b=(2m m+2;- 2m- 2)

1y =0 4me+(2- 3nﬁ)(m+ﬁ)+(-;+3nﬁ5)(- xm- y2) =0

A |
o

Ta co: !
Khi dé:
o onTf2- 6m- 642 =0

Vi du 5.4.

.
=l1;1;- 2 =\1;U; 2 s 0
Trong khong gian @Y7, cho vecto © (i1 “), v (I’O’m). Tim M dé géc gitra
1 1

hai yvrartry uv haner 450
o Loi gidi
1- 2m

rry . uv
cos(u,v) =cos45 |u| |v| \,' RO N e J‘

Ta co:
s _ [1-2m=0
l-2m ' mI—Em: 34307 = i ]
J‘ oot (1- 2m) =3+3n7
= _E = . ﬁm:E-JE
n-4m-2=0 |m=2=J6
2

4 Vi du 5.5.
Trong khéng gian @*YZ, cho hai vecto U va V tao véi nhau mot géc 120° va

I I
u+y

I r
4 =2] v =3 Tinh
o Loi giadi

|u+ v|) —(L+V)

=2"+2.25. —I; +5 =19

e 2ibe P —|u| +1|u| |v|cos(u v)+|v|
r
u



0 Dang 6. Tam ty cu

— . Phuong )

- - /
» Bai toan cuc tri do dai vecto:

Cho N diem 44 K4 ya cdc he s6 K%K K sq0 cho k=k +k +K +k, #0

(P). Tim diém M trén duong thdng d hodc
LELLLR LILLLI LLLLI
‘ k. MA +k MA +K +k MA_ ‘

va duomg thdng 9 hodc mat phdng

(P)

mdt phdng =, sao cho nhé nhat.

Huéng giai quyet
» Budéc 1: Goi I 1a diém théa mén ’l‘:l‘{‘i1L * kllf; K+ knﬂ —U
» Buorc 2: Ap dung quy tac ba diém bién déi:

‘hm +k.ﬁu£f +K +knﬂu£¥‘ :|(k. +k, +kn}ﬂuﬁ‘ :N‘Kﬁ‘

» Buwoc 3: Tim do dai nhd nhat cla cac vecto da cho xay ra khi M xay ra &
vi tri nao?
» Bai todn cuc tri do dai binh phuong vecto:

AAKA k=k+k +K +Kk, >0

Cho da gidc n va cdc hé s6 KKK K sq0 cho

Tim diém M trén duong thdng 9 hodc mdt phdng (P), sao cho téng
S=k MA+k MA; +..+k, -MA; dat gid tri nhd nhdt.
Hudéng giai quyet

» Budéc 1: Goi I 1a diém théa mén k].llfl +ki‘4 +K ’*’l‘ini:fl _U
» Buoc 2: Thdy rang

nas: <R (VY < B (8 o (RR ) ()

=(Mr+14,) =(M1) +2(MIIA )+ (IA,

Ap dung quy téc ba diém bién déi:
S=k -MA®+k -MA+..+k -MA’

[ R (2

uml  um L |
=(k 4K+t K )ME +(k IA . K ATt EM‘ tobbvinh 2dinkin
=(k +k +..+Kk )M +(k IA* +..+k -IA?)
» Buéc 3: Do k>0,d S=k -MA’+k MA +..+k -MA’
thi ta xac dinh vi tri diém M can tim.
» Chiiy: Cho da giéc AAK AL va cac hé s6 KKKk sa0 cho
k=k +k +K +k, <0 (P)

. Tim diém M trén 9 hodc * ’, sao cho téng

+k,

(vr) +2(mr1a, )+ (13, ﬂ

n dat gid tri nho nhat
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Vi du 6.1.

Vo 2. afa e
Trong khong gian Oxyz’ cho bon dié’m‘q(“‘ 37),B(0:4;1),C(;0;5) va

DG:3; 3). GoiM 1a diém ndm trén mat phang (OyZ)SaO cho biéu thic
LLLI L LLLI LLLLI
|MA + MB+ MC+MD| Y

o Loi giai

AB=(-2;7;-6),AC =(1;3;-2),AD =(1;6;-4) [ABilC‘ AD =-4 0.
Ta co nén

LA LA LA

Suy ra1BAC.AD khoéng déng phang.

G(2;:1;4
Goi Gy trong tam tw diénABCD Khi dé ( )

- |M4+I'LE+MC+I~@‘ |4MG‘ =4 MG.
aco

|M=‘1 + MB+ MC+M‘

Do d6 nhd nhat khi va chi khi MG ngén nhat.

, : .. (O M(0;1;4)
VéyM la hinh chiéu vuong géc ctaC 16n mat phéng( Ve nén .

Vi du 6.2.

LR I I I
—f4+7- 7.7, =
Trong khong gian Oxyz' cho OA=1+] Bk’B(“‘“’I). Tim toa d6 diém M
thude truc funa sao cho MA® + MB' nh4 nhat.
o Loi giadi
Cach 1.
MeOy R M('D‘JJ‘U)
nén

MA*® +I'L{BL =2y - ﬂy+"”:+ f(y}

Do

Tinh

Do a6 7Y nhé nhat khi va chi khi 2 vay | 2
Cach 2.

11230
, A;1;-3) T s - > AB ‘E’E’-
Ta co . Goi * la trung diém cua . Suy ra
) Coudr: un, U ume (Ul Wl
MA® +MB =MA +MB =(MI+IA) +(MI+IB)
Khi do
wh, ur, W, um Ui

=2MI +IA +IB +3M-(H+E) =2MI* +]A* +IB =2MI" +9

Do @ MA” +MB dat gia tri nho nhat
< khi M ¢4 46 dai ngan nhat

< M 13 hinh chiéu vuéng géc ctia I trén truc tung.
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