Chuong IV
GIAI PHUONG TRINH VA
HE PHUONG TRINH

1. GIAI PHUONG TRINH
Trong muyc nay chung ta s& nghién ctru cac phuong phap tim nghiém thue cua
phuong trinh dai so.
Pé giai phuwong trinh mot an:
fx)=0 (4.1)

thuong nguoi ta diung phuong phéap gan ding. Phuong phap nay chia 1am 2 budc.
Buiéc gidi so bg. Trong budc ndy ta xem xét cac van dé sau:

* Phuong trinh c6 nghiém hay khong? néu c6 thi thudc mién nao?

= Trong mién nao (du bé) chic chan c6 nghiém hodc c6 duy nhat nghiém?

= Tim x4p xi ban dau x, ciia nghiém, nho d6 sé giai chinh xac & budc sau.

Buwoc gidi hoan thién: tim nghiém voi sai sO cho trudec.
1.1. Gidi so' b0

Trir khi f(x) 1a da thirc ndi chung ngoi ta khong c6 phuong phap rd rang nao dé
gidi so b0 mot phuong trinh. Viéc gidi so by chu yéu nho vao viéc van dung linh
hoat cac kién thirc ctia giai tich toan. Thuong nguoi ta thuong dung moét s6 cach
sau day:

= Pinh 1y 1: Néu / 13 mot ham lién tuc trén doan [a,b] va f(a).f(b) <O thi
(4.1) c6 nghi¢m thyc thudc [a,b].

= Dinh ly 2: Néu f'(x) khong d6i dau trén doan [a,b] thi (4.1) c6 nhiéu
nhat mot nghiém trén [a,b].

= Khi ham f{x) 1a mot da thuc thi ta co thé x4c dinh duoc mién nghi¢ém cua
phuong trinh:

) =pax) =apx" +ax" + ... +a.x+a,=0 (4.2)

Gia su: ap > 0 va phuong trinh c6 ‘ghé c6 nghiém duong, tirc la I={k | ax <0} #J.
Chung ta s€ tim mién D sao cho néu (4.2) c6 nghi¢m thi nghi€ém phai thudéc mién
D nay.

a) Mién nghiém dwong



Pit A = max {|a|} v6ike I, va p 1a bac 16n nhat cia da thirc ma a,<0(p<n)

Pinh ly: Néu x 14 nghiém duong cia (4.2) thi x thoa mén:
x<l+ n_i/z (4.3)
ay

Chung ta s& chimg minh néu

x>1+ ni/z (4.4)
ay

thi gia tri cua da thic p(x) > 0 tirc 1a da thirc néu c6 nghiém thi nghiém phai thoa
man (4.3). That vay voi x thoa man (4.4) ta co :

A(xp+1 —1)

x—1

Chirng minh:

p(x)=ayx" —A(x” +...+x+1):a0x" -

. +1 P
. a,x" (x—l)—Ax” : . x” [ao (x 1) A} 20
x—1 x—1

(dpcm)

b) Mién nghi¢m am

DPé tim nghiém am ta dat x = — t trong p,(x) ta nhan duogc: q,(1) = p.(—t)
Chung ta ¢4 ménh dé sau:

Néu mién nghiém duong cua phuong trinh ¢,(7) = 0 13 0 < t < a thi mién nghiém
am cua phuong trinh (4.1)la —a <t<0.

Vi du: Xét phuong trinh

2x° -4x* +x7 -5x% 3x +7 =0 4.5)
Khi d6n=>5,a,=2, p=4, A=max{|-4|, |-5|} = 5. Nghiém duong néu c6 thi
x<1+5/2=3,5
Pé tim nghi¢m am ta dat x = —t ta co:

20 -4t -0 -5 +3t+7=0
hay 20+ 4t + £+ 58 -3t-7=0

Tacon=35,p=1, A=7, ap = 2 nén nghi¢m duong néu co thi

t<1+4{/z
2

Toém lai phuong trinh (4.5) néu c6 nghiém thi nghiém théa man:



—[1+4{ﬁj<x<3,5
2

Chu y: Ta chi xac dinh dugc mién nghiém néu co, chir khong khéng dinh phuong
trinh da cho c6 nghiém.

Vi du: Phuong trinh x*- x +1 =0 khao st theo phwong phap trén thi ta thdy nghiém (néu
c6) 0< x <I. Nhung phuong trinh trén v6 nghiém.
1.2. Giai hoan thién

Trong muc ndy chung ta gia st phuong trinh (4.1) c6 nghiém trong mot mién nao
do. Ching ta s€ trinh bay cac phuong phap tim nghiém gan dung vé1 do chinh xéc
cho trudc.

1.2.1. Phwong phap chia doi

Piéu kién: Ham f{x) lién tuc va thoa man diéu kién f(a).f(b) <0 khi d6 phwong
trinh (4.1) ¢6 nghiém thudc khoang (a,b).

Thuat toan :

Budc 1: Dat ¢ = (a+b)/2

Néu f(a).f(c) < 0 thi b=c con khong thia=c¢

Budc 2: Néu b — a < & thi nghiém x = ¢ con khong thi quay lai Budc 1.
Phuong phép chia d6i c6 tdc do hoi tu twong dbi cham.
1.2.2. Phwong phap lap don

Gia str c6 thé dua phuong trinh (4.1) vé dang twong duong:

X=0(x) (4.5)

trong d6 ¢ co tinh chét:
" ¢ (x)e[a,b] véi Ve[a,b] (4.6)
" o’ (X)[<q<1 véi Ve[a,b] (4.7)

Khi d6 véi xap xi ban du xo €[a,b] tuy y, ddy {x,} dugc xdy dung bai:
Xi+1 = P(Xg) (4.8)
s& hoi tu dén nghiém.
That vay: Dé dang ta c6 danh gia sau:
X1 = Xn | = @ (Xn) - @ Xn-1)] = [@°(C)] [Xn - Xno1 | £ q [Xn - Xn1 [€ Q" X1 - X0
Do vay:

|Xn+p - Xn | = |( Xn+p - Xn+p—1) + ( Xn+p—1 - Xn+p—2)+'-+ ( Xp+1 - Xn)|



< | Xntp = Xntp-1] T | Xnp-1 = Xnp2| e F| Xnr1 - Xn |

<[ x1-x0l @ (1+q+.4q"") < [q/(1-)] | X1~ Xo

= [Xntp~ Xn| < [q/(1-)] | x1- Xo| (4.9)
Vi0<q<1nén voindulon thi [X,,- X, | s€ bé tuy y. Theo diéu kién Cosi day nay
s€ ho1 tu to1 x*.
Lay gidi han hai vé (4.8) ta c6:

lim Xy = lim ¢ (Xx) (k—>x)
hay x* =@ (x*)
Vay x* 1a nghiém cua (4.8).
Lay gi6i han (4.9) khi p—oo ta duoc:
[x*- x| < [q/(1-q)] | 1= Xo| (4.10)
Day 1a udc lugng sai s6 mac phai khi thudt todn dung sau n budc.
Do [Xp- Xn1 | < qV" | Xi- Xo| nén thudng ta chon diéu kién két thic 1a:
X* - Xn | < (q/(1-9) )[Xn- Xn1 | < &

Nhén xét: Thuat toan don gian, dé thuc hién, nhung khéng c6 phuong phap chung
dé tim phuong trinh tuong duong (4.5)

Vi du 1. Giai phuong trinh x° — 40 x+3 = 0; x€[0,1]
Ta dua vé phuong trinh:
X = (X +3)/40 =¢(x);
Ta thidy ¢ thod man: 0 < ¢(x) <1
0< @’ (x)=x"/8 <1/8=q<1 v&ixe[0,1]

Vi x¢ =0.5, EPSILON = 0.0001 sau 4 1an 1ap ching ta dugc x = 0.07500.
Vi du 2. Giai gan dang phuong trinh f(x) = x” + x —1000=0. D& thay f(9).f(10) < 0
nén phuong trinh c6 nghiém trong khoang (9,10). Ta c6 3 cach dua phuong trinh
vé dang (4.5) nhu sau:

a) x=@(x)=1000-x’

b) x = @y(x) = 1000/x” -1/x

¢) x=03x)= (1000-x)"

Ta xét tung truong hop:
d) ¢’1(x) =-3 x% max |¢’;(x)| =300 >>1
e) ¢’2(x)=-2000.x"+x-% |¢’2(10)| =2
f) @5(x)= -(1000-x)>"/3; |¢’3(x)| < 1/(3 . 999°° )= 1/300 =q

Hai ham dau khong thoa man céc tinh chat |¢’(x)] < 1.Con ham @s(x) hoi tu rat
nhanh vi q rat bé.



1.2.3. Phwong phap tiép tuyén

Khi /13 ham kha vi va d& tinh gié tri dao ham thi phuong phap tiép tuyén c6 téc do
ho1 tu nhanh.

Gia str f{x) 12 ham kha vi lién tuc 2 1an trén doan [a,b] va thoa man: f(a).f(b)<0 va
7", /" khong dbi dau trén doan [a,b].
Dinh nghia: Piém x, goi la diém Fourier cta f néu:

f(x) f (%) >0 (4.11)

Dé théy v6i cac didu kién trén néu mot trong hai diém a, b 1a diém Fourier, thi
diem kia khong 1a Fourier. (Vi f(a) va f(b) trai dau, con f (x,) khong do6i dau).

Phuong phap tiép tuyén hay con goi la phuong phap Fourier c6 toc do hoi tu cao.
Y tuong cua thuét toan nhu sau: 0 budc lap thu k ta thay ham /(x) boi tlep tuyén
v6i d6 thi tai diém x,. Nghiém xap xi tiép theo 1a giao diém ciia tiép tuyén vai truc
hoanh.

Xép xi ban dau x, duoc chon 12 mot diém Fourier thudc [a,b] kéca avab.
Phuong trinh tiép tuyén voi db thi'y = f{x) tai x la:
y =/ () (x - ) + f(xe)
Nghiém x4p xi & budc k+1 sé& 1a nghiém cta phuong trinh:
() (x = %) + () = 0
hay ta c6 cong thirc 1ap:
L)
S (%)
Ta c6 thé ching minh day trén don diéu va hoi tu dén nghiém phuong trinh (4.1).

(4.12)

xk+l = xk -

Uéc luong sai sb:
Gia su x* la nghi€ém cua (4.1), dit m = min{|f’(x)| | xe[a,b]}. Ta cd udc lugng sau:

|/ (=)

m

[, - x| < (4.13)

That vay, ta co
Jn) = f(x%0) = fx*) =f (c) (0 — X*)

nén

G
\f S
Vi céc dao ham f (x) va/ (x) khong ddi dau trén [a,b] nén

£




m=min { |[f ()|, [f (b)| } >0
Vi du: Bé tinh gan dang 15 ta giai phuong trinh x* - 15 =0 trén doan [2,3]. D&
kiém tra thdy £(2).63) <0;/ (x) =3x*>0; f (x) = 6x >0 trén doan [2,3] va xo=
3 la diém Fourier va m = min{12, 27} =12
Cong thuc (4.12) ¢6 dang:

X-15 2 5
— ==X+

3x? 3 X;
Ta c6 x; = 2,5556 ; x, = 2,4693
Sai sb |xo- x*| < |f{x,)|/m = 0,005

Xiewt =X

1.2.4. Phwong phap day cung
Gia su:

= Phuong trinh f{x) = 0 c6 nghiém duy nhat & trong doan [a,b]

= f{x) lién tuc trén khoang [a,b] va f (x), f (x) khong ddi dau trén [a,b]
Giasit/ (x)>0vaf (x) <0, khi d6 f{a) > f(&) = 0, tic 1a diém a 1a diém Fourier.
Y tudng cta phuong phap day cung nhu sau:
Chon x4p xi ban dau x,=Db

Goi N 1a diém ¢6 toa do (b, f(b)); xap xi bac 1 cua nghiém dugc chon 1a hoanh do
cua giao diém cua day cung MNj véi tryc hoanh Ox.

Gia gitr x, 1a xép xi bac k. Ta 1ap cong thirc tinh xap xi bac k+1. Téc 1a ta tim
hoanh d¢ giao diém cua day cung MNy v&i truc hoanh Ox. Vay ¢ moi budc ta xap
xi cung MNy v6i day cung MN; (nén c6 tén 1a phuong phép day cung).

Phuong trinh duong thang qua M va Ny 1a
—f(xk)_f(a)(x—a) (4.14)

X, —a

y=f(a)+

Cho y = 0 ta tim hoanh d¢ xy., cua giao diém cua MN, véi Ox:

X =a—L X, —a 4.15
k+1 f(xk)_f(a)( k ) ( . )
Tu do6 suy ra:
[ (%)

Xewt =X —



Twong ty nhu vy, néu / (x) >0 vaf (x) > 0 thi b 12 diém Fourier. Xép xi ban dau
la xy = a va ta co phép lap:

f(xk) v —
o))

U'6c lwgng sai s6:

Xt =X —

Sai s6 ¢ budc k duoc tinh nho cong thic (4.13) 1a:

_§| < ‘f(xk )‘

[,
m

2. GIAI HE PHUONG TRINH TUYEN TiNH

Trong muc nay ta xét hé n phuong trinh tuyén tinh n an so.
a,x, +a,x, +..+a, x, =b

a,, X, +ayX, +...4+a, x, =b,

(4.16)
a,x, +a,x,+..+a, x =b,
hay dudi dang ma tran:
Ax=b (4.17)
trong d6 A 1a ma tran cac h¢ s6:
A=(ay)

con x vab la cac vec to cot.

Trong truong hop Cramer tirc 14 khi det A # 0 thi hé (4.16) c6 duy nhat nghiém:

det 4,
X, =
det 4

trong d6 A; 1a ma tran nhan dugc tr ma tran A nho thay vecto b vao ¢t hé s6 thtr i
cua A.

Néu det A =0 va hang cia A khéac hang ciia ma tran m¢ rong (A,b) thi h¢ vo
nghi¢m. Con néu hang ctia A bang hang cia ma trdn mo rong (A,b) thi hé c6 vo so
nghiém.

Tuy nhién khi n 16n thi viéc tinh cac dinh thirc rat kho khan va sai s6 16n. Khi d6
nguoi ta dung phuong phap Gauss dé€ giai h¢ phuong trinh nay.

2.1. Phuong phap Gauss.



Khi dung phuong phap Gauss dé giai hé (2.16) ching ta st dung 2 phép bién doi
tuong duong doi voil hé phuong trinh dai s6 tuyén tinh:

Nhén 1 phuong trinh cta hé v6i mot s khac khong

Cong vao mot phuong trinh ciia hé mot td hop tuyén tinh cac phuong trinh khac.
Phuong phap Gauss gom hai giai doan.

Qus trinh thuin. Pua hé (4.16) vé dang tam gidc:

X, +b,x, +...4b,x, =b

1n""n

X, +..+b,x =b,

n-'n

x,=b

trong d6 B 1a ma tran c6 cac phan tir nim dudi dudng chéo chinh bang khong.

Qua trinh ngwoec.

Néu hé phuong trinh c¢6 duy nhat nghiém thi né nhin duoc bang cach giai tir
phuong trinh cuoi cung lén trén ta nhan dugc:

x, =b,

x, =b, - Zb.x.' Vk<n

K7
J—k+1

Vi du: Giai hé phuong trinh:
2x, +4x, +x; =7
4x, +2x,—2x, =4

2x, +x,+4x, =7

H¢ tuong duong voi:

1
X, +2x, +§x3:3,5

—6x,—4x, =-10
-3x,+3x; =0

tuong duong vi:



1
X, +2x, +§x3 =35

2 5
x2 +§X3 zg
S5x; =5

Trdo:xs;=1;x,=53-23=1;x,=3,5-2-0,5=1;

Phuong pap Gauss c¢6 uu diém 13 don gian, d& 1ap trinh. Tuy nhién thuat toan
khong thuc hi¢n dugce néu c6 phan tr dan a, & budce k bang 0.

2.2. Ung dung ciia phwong phap Gauss.
2.2.1. Tinh dinh thire.

Gia st can tinh dinh thirc cia ma tran A . Ta dwa A vé dang tam gic nho qua trinh
thudn. Khi do:

det(A4)=a)\ay,...a)’

2.2.2. Tim ma tran nghich ddo.
Cho A 13 ma tran khong suy bién. Ta cAn tim ma trdn nghich dao A :(xij )"
i,

i i=1 *
Do A.A'=E nén

Z“zkxk/ y (1. =1n)

Nhu vay dé tim ma tran nghich dao ta phai giai n h¢ phuong trinh dai s6 tuyén tinh
n an voi cung mot ma tran hé sé A. Ta c6 thé dung chung so do Gauss.

Vi du: Tim ma tran nghich ddo ctia ma tran A

Ta co:
1 2 3|11 0 O 1 2 31T 0 0 1 2 3(1 0 O
2 3 1101 0) > (0 -1 -5(-2 1 0)—>(0 1 52 -1 0O
31 2(0 0 1 0O -5 -7(-3 0 1 0 0 18(7 -5 1



-5 1 7 =5 1 7

N TITIRT 18 18
—>010Ll_—5 = A“=Ll_—5
18 18 18 18 18 18
0017—5 1 7 -5 1
18 18 18 18 18 18

2.3. Phwong phap lap don.
Gia sir can giai phuong trinh (4.16)
Ax=b
Néu dua dugc vé dang:
x=Bx +d (4.20)

trong dé B 1a ma trdn vudng cap n thoa man mot trong cac dicu ki¢n sau:

1) Sb|<a<t vi=tn 4.21)
i=1
2) Sh|<q<1 vi=tn 4.22)
1
3) fZZc <g<l (4.23)
i=1 j=1
x|

Khido x'=|" tiy y, ddy nghiém x4p xi duoc xdy dung boi cong thire lip:

0
X

n

¥ =By +d hay (xl.k” = Zb Xt +d. ) (4.24)

i}
Sw hdi tu va sai sb.
Chung ta thtra nhan dinh 1y sau:

Dinh 1y. Néu dua duorc hé (4.16) vé hé tuong duong (4.20) th1 hé c6 duy nhat
nghiém x* va lim X" = x* (k—0). Hon nita ta ¢6 udc luong sai sb:

1

}; Vi<n (4.25)

“‘)‘< max{‘x’f —x;f_]

‘ ®
X. —
1 q Jj<n J

Thong thudong ngudi ta chon x” = d



Vidu: H¢ phuong trinh

1,02x, —0,05x, —0,10x, = 0,795
~0,11x, +1,03x, —0,05x, = 0,849
~0,11x, —0,12x, +1,04x, =1,398

duoc dua vé dang:
x, =—0,02x, +0,05x, +0,10x, + 0,795

x,= 0,11x,—0,03x, +0,05x, +0,849
x,= 0,11x,+0,12x, —0,04x, +1,398

lay x°=(0,80; 0,85; 1,40)" ta co:
x' =(0,962; 0,982; 1,532)"
x> =(0,978; 1,002; 1,560)"
x> =(0,980; 1,004; 1,563)"

sai s&

_0.27

1-0,27

*

X; —x,.(k)‘é

1

3107 <1,1.107%;  Vi<3

2.4. Phuwong phap lap Seidel

Phuong phép nay 1a cai tién ctua phuong phap lip don dé co toc d6 hoi tu nhanh
hon.

Trong phuong phap nay thay cho cong thure lap (4.24) ta dung cong thirc sau:

n
(k+1) _ (k)
x = E b x;" +d,

- ) (Vi>1),k>0 (4.26)
X =3 p %0 43 M 1 d,
R

g g

So v6i phuong phép lip don phwong phap nay hop 1y hon & chd cac thanh phan
XD (j=1,..,i~1) vira tinh dugc da dugc huy dong ngay dé tinh thanh phan

J

(k+1)
X;

Vi du:



6x,—x,—x; =11,33
—X, +6x, —x; =32

—X, — X, +6x; =42

ta co:
1
X, =g(x2 + X, +11,33)

X, = %(x1 +x;+32)

X, :%(xl +x, +42)

Giasux’=(4,67; 7,62; 9,05)"

X4 X5 X3
x’ |4,67 7,62 9,05

x| 4,66667 7,61944 9,04768
x> | 4,66619 7,61898 9,04753
x| 4,66608 7,61894 9,04750
x| 4,66607 7,61893 9,04750
x| 4,66607 7,61893 9,04750

Vay nghiém x4p xi bang
x = (4,66607; 7,61893; 9,04750)"

/o . A -5
vO1 sal sO <107

3. GIAI HE PHUONG TRINH PHI TUYEN BANG PHUONG PHAP LAP

PON
Trong muc nay ta xét hé phuong trinh phi tuyén tinh:
fi(%500x,)=0
yeeesX, ) =0
fo3isn,) (4.27)
£ (%500 x,)=0

3.1. Mo ta phuong phap.



Gia str ¢6 thé dua (4.27) vé dang tuong duong:

x = (x,...x,)
X, =, (%, X, ) (4.28)
x, =@, (%, x,)

hay dudi dang vecto
xX=¢(x) (4.29)
trong d6 ¢ (x) 1a ham n bién xéac dinh trong mién D — R" va ¢6 céc tinh chat sau:
" (x) € DvoimoixeD
* Trén D ma trdn Jacobi ciia ¢ :

og, (x) . op, (x)

PR

»x ox,
o()=|

0(x)  o0,(x)

2%

¢x1 ¢xn

thoa man

n

-3

J=1

o0(x)

Ox‘ ;

;ViSn}Sq<1 VxeD (4.30)

Khi d6 nghiém xap xi cta hé phuong trinh (4.28) nhan dugc bang phuong phap
1ap sau.

Chon x4p xi ban dau x’eD tuy y. Xap xi tht k+1 duoc tinh theo cong thirc:

X1 =g (x) (4.31)
Qua trinh lap nay s& hoi tu toi nghiém duy nhat trong mién D.
3.2. Su hdi tu va sai s0.
Nguoi ta da chimg minh hé (4.28) co duy nhat nghiém x* trong mién D va ¢ udc
luong sai s6 tién nghiém:

Hx* —x" H Sq—Hxl —xOH (4.32)

1-¢

va udc luong sai sb trong thyc hanh 1a:



Hx*—x” < d Jyr—x (4.33)
1-g
Vi du:
Xét hé:
4y —12x+3=0
oy e (4.34)
X =y =12y+2=0

ta dua hé phuong trinh vé dang:

_x3+y3 1
—n taal)

1
TR

y:

Vé6iD =[0,1] x [0,1] ham ¢ thoa mén cac diéu kién dd néu v6i q = 0,5. Ly x, =y,
=0,5ta co:

1=1 x =0.27083 y =0.16667
1=2 x = 0.25204 y=0.16794
1=3 x=0.25173 y=0.16761
i=4 x=0.25172 y=0.16760

3.3. Phuong phap Newton
Xét (4.27) c6 dang:
{ﬁ ()C, y) =0
ﬁ (X, y) =0

gia su f; va /> kha vi lién tuc va dinh thirc cua ma trén Jacobi [F(x,y)| #0 tai nghiém
(x*,y*). Khi d6 tinh nghiém gan dang theo xap xi:

(4.35)

X =X —— 1 fi(xn’yﬂ) fi'y(xi’l’yn)

n+l n ‘F(xn’yn) ]Fz(xn,y,,) ]rzy (xn,yn) (4 36)
V=Y _; ﬁ;(xn’yn) 1(xn’yn)

n+l n ‘F(xnayn) ﬂx(xn,yn) fz(xn,yn)

Trong do:



9 o
ox Oy
F(x,p)=

a ay
Vi du: Giai

{fl(x,y):2x3—y2—120
L(xy)=x’—y-4 =0

Bang db thi ta lay x4p xi ban dau x,=1,2; yo=1,7

Két qua:
1=1 x = 1.23488, y= 1.66098
1=2 x = 1.23427, y= 1.66153
1=3 x = 1.23427, y= 1.66153



