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A-1 Let R betheregionconsistingof thepoints(z, y) of the
cartesiarplanesatisfyingboth|z|—|y| < 1and|y| < 1.
Sketchtheregion R andfind its area.

A-2 A notuncommorcalculusmistaleis to believe thatthe
productrule for derivativessaysthat(fg)' = f'g’. If
f(z) = e*”, determinewith proof, whetherthereexists
anopenintenal (a, b) andanonzerdunctiong defined
on (a, b) suchthatthis wrongproductrule is truefor z
in (a,b).

A-3 Determine,with proof, the setof real numbersz for
which
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A-4 (a) If every point of the planeis paintedoneof three

colors,dotherenecessarilgxist two pointsof the
samecolor exactly oneinch apart?

(b) Whatif “three” is replacedy “nine”?

A-5 Provethatthereexistsa unique function f from the set
R of positive realnumbergo R* suchthat

f(f(z)) = 6z — f(z)

and

f(z) >0
forallz > 0.

A-6 If alineartransformatiomd onann-dimensionalector
spacehasn + 1 eigervectorssuchthatarny n of them
arelinearlyindependentloest follow thatA isascalar
multiple of theidentity? Prove your answer

B-1 A composite (positive integer) is a productab with a
andb not necessarildistinctintegersin {2, 3,4,...}.
Shaw thatevery composités expressibleaszy + zz +
yz + 1, with z, y, z positive integers.

B-2 Prove or disprove: If z andy are real numberswith
y>0andy(y +1) < (z +1)2, theny(y — 1) < 22.

B-3 For everyn in thesetN = {1,2,...} of positive inte-
gers,let r,, bethe minimumvalueof |¢ — dv/3| for all
nonngativeintegersc andd with ¢+ d = n. Find, with
proof, the smallestpositive realnumberg with r,, < g
foralln € N.

B—4 Provethatif ). | a, isacorvergentseriesof positive
realnumbersthensois 3% | (a,)™/("+1),

B-5 For positiveintegersn, let M,, bethe2n + 1 by 2n + 1
skew-symmetricmatrix for whicheachentryin thefirst
n subdiagonal®elor the main diagonalis 1 andeach
of theremainingentriesbelow the maindiagonalis -1.
Find, with proof, the rank of M,,. (Accordingto one
definition,therankof amatrixis thelargestk suchthat
thereisak x k submatrixwith nonzerodeterminant.)

Onemaynotethat

0 -1 1

M, = 1 0 -1
-1 1 0
0 -1 -1 1 1
1 0 -1 -1 1

My = 1 1 0 -1 -1
-1 1 1 0 -1

-1-11 1 0

B—6 Provethatthereexistaninfinite numberof orderedoairs
(a,b) of integerssuchthatfor every positive integert,
thenumberat + b is atriangulamumberif andonly if ¢
is atriangularnumber (Thetriangularnumbersarethe
t, =n(n+1)/2withnin {0,1,2,...}.)



