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A–1 Let
�

betheregionconsistingof thepoints �������	� of the
cartesianplanesatisfyingboth 
 ��

��
 ��
���� and 
 ��
���� .
Sketchtheregion

�
andfind its area.

A–2 A notuncommoncalculusmistake is to believethatthe
productrule for derivativessaysthat ������������� �!��� . If�"���#�$�&%('*) , determine,with proof,whetherthereexists
anopeninterval �,+#�.-/� andanonzerofunction � defined
on �0+#�.-/� suchthatthis wrongproductrule is truefor �
in �0+#�.-/� .

A–3 Determine,with proof, the set of real numbers� for
which 1235476 8 �9;:=<.: �9 �>�=? '
converges.

A–4 (a) If every point of theplaneis paintedoneof three
colors,dotherenecessarilyexist two pointsof the
samecolorexactlyoneinchapart?

(b) Whatif “three” is replacedby “nine”?

A–5 Prove thatthereexistsa unique function � from theset@BA
of positive realnumbersto

@CA
suchthat�"���"���#���D�FEG�H�I�"���#�

and �"���#�KJML
for all �;J>L .

A–6 If a lineartransformationN onan 9 -dimensionalvector
spacehas 9PO � eigenvectorssuchthat any 9 of them
arelinearlyindependent,doesit follow that N is ascalar
multipleof theidentity?Proveyouranswer.

B–1 A composite (positive integer) is a product +�- with +
and - not necessarilydistinct integersin Q(R��.S	��TU�=V*V=V.W .
Show thateverycompositeis expressibleas ��� O �#X O��X O � , with �7��� ��X positive integers.

B–2 Prove or disprove: If � and � are real numberswith�ZY[L and ���0� O �\���]�0� O �\�_^ , then �����`�M�(���a��^ .
B–3 For every 9 in theset bc�dQ��G�.R	�=V*V=VeW of positive inte-

gers,let f 3 betheminimumvalueof 
 gK�ah�i S#
 for all
nonnegativeintegersg and h with g O hj� 9 . Find,with
proof, thesmallestpositive realnumber� with f 3 �&�
for all 9lk b .

B–4 Provethatif m 13G476 + 3 is aconvergentseriesof positive
realnumbers,thensois m 135476 �0+ 3 � 3on/pq3 A 6�r .

B–5 For positive integers9 , let s 3 bethe R 9`O � by R 9`O �
skew-symmetricmatrix for whicheachentryin thefirst9 subdiagonalsbelow themaindiagonalis 1 andeach
of theremainingentriesbelow themaindiagonalis -1.
Find, with proof, the rank of s 3 . (Accordingto one
definition,therankof a matrix is thelargestt suchthat
thereis a tvuwt submatrixwith nonzerodeterminant.)

Onemaynotethat

s 6 �yxz L �{�|�� L �{��{�|� L
}~

s ^ � x���z
L �{���{��� �� L �{���{���� � L �{���{��{�|� � L �{��{���{�|� � L

}=���~ V
B–6 Provethatthereexistaninfinitenumberof orderedpairs�0+#�.-=� of integerssuchthat for every positive integer � ,

thenumber+o� O - is a triangularnumberif andonly if �
is a triangularnumber. (Thetriangularnumbersarethe� 3 � 9 � 9ZO �\�.�5R with 9 in Q(L	�=�o�.R	�=V=V*V.W .)


