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Chapter 1
Essential Techniques

1.1 Reductio ad Absurdum

In this section we will see examples of proofs by contradiction. That is, in trying to prove a premise, we assume that its negation
is true and deduce incompatible statements from this.

1 Example Shew, without using a calculator, that 6−
√

35<
1
10

.

Solution: Assume that 6−
√

35≥ 1
10

. Then 6−
1
10

≥
√

35 or 59≥ 10
√

35. Squaring both sides we obtain 3481≥ 3500, which

is clearly nonsense. Thus it must be the case that 6−
√

35<
1
10

.

2 Example Let a1,a2, . . . ,an be an arbitrary permutation of the numbers 1,2, . . . ,n, wheren is an odd number. Prove that the
product

(a1 −1)(a2−2) · · ·(an −n)

is even.

Solution: First observe that the sum of an odd number of odd integers is odd. It is enough to prove that some differenceak −k
is even. Assume contrariwise that all the differencesak −k are odd. Clearly

S= (a1 −1)+ (a2−2)+ · · ·+(an −n) = 0,

since theak’s are a reordering of 1,2, . . . ,n. S is an odd number of summands of odd integers adding to the eveninteger 0. This
is impossible. Our initial assumption that all theak −k are odd is wrong, so one of these is even and hence the product is even.

3 Example Prove that
√

2 is irrational.

Solution: For this proof, we will accept as fact that any positive integer greater than 1 can be factorised uniquely as theproduct
of primes (up to the order of the factors).

Assume that
√

2 =
a
b
, with positive integersa,b. This yields 2b2 = a2. Now botha2 andb2 have an even number of prime

factors. So 2b2 has an odd numbers of primes in its factorisation anda2 has an even number of primes in its factorisation. This
is a contradiction.

4 Example Let a,b be real numbers and assume that for all numbersε > 0 the following inequality holds:

a < b+ ε.

1



2 Chapter 1

Prove thata≤ b.

Solution: Assume contrariwise thata > b. Hence
a−b

2
> 0. Since the inequalitya < b+ ε holds for everyε > 0 in particular

it holds forε =
a−b

2
. This implies that

a < b+
a−b

2
or a < b.

Thus starting with the assumption thata > b we reach the incompatible conclusion thata < b. The original assumption must be
wrong. We therefore conclude thata≤ b.

5 Example (Euclid) Shew that there are infinitely many prime numbers.

Solution: We need to assume for this proof that any integer greater than 1 is either a prime or a product of primes. The following
beautiful proof goes back to Euclid. Assume that{p1, p2, . . . , pn} is a list that exhausts all the primes. Consider the number

N = p1p2 · · · pn +1.

This is a positive integer, clearly greater than 1. Observe that none of the primes on the list{p1, p2, . . . , pn} dividesN, since
division by any of these primes leaves a remainder of 1. SinceN is larger than any of the primes on this list, it is either a
prime or divisible by a prime outside this list. Thus we have shewn that the assumption that any finite list of primes leads to the
existence of a prime outside this list. This implies that thenumber of primes is infinite.

6 Example Let n > 1 be a composite integer. Prove thatn has a prime factorp≤
√

n.

Solution: Sincen is composite,n can be written asn = ab where botha > 1,b > 1 are integers. Now, if botha >
√

n and
b >

√
n thenn = ab>

√
n
√

n = n, a contradiction. Thus one of these factors must be≤
√

n anda fortiori it must have a prime
factor≤

√
n.

The result in example 6 can be used to test for primality. For example, to shew that 101 is prime, we computeT
√

101U = 10.
By the preceding problem, either 101 is prime or it is divisible by 2,3,5, or 7 (the primes smaller than 10). Since neither of
these primes divides 101, we conclude that 101 is prime.

7 Example Prove that a sum of two squares of integers leaves remainder 0, 1 or 2 when divided by 4.

Solution: An integer is either even (of the form 2k) or odd (of the form 2k+1). We have

(2k)2 = 4(k2),

(2k+1)2 = 4(k2 +k)+1.

Thus squares leave remainder 0 or 1 when divided by 4 and hencetheir sum leave remainder 0, 1, or 2.

8 Example Prove that 2003 is not the sum of two squares by proving that the sum of any two squares cannot leave remainder
3 upon division by 4.

Solution: 2003 leaves remainder 3 upon division by 4. But we know from example 7 that sums of squares do not leave remainder
3 upon division by 4, so it is impossible to write 2003 as the sum of squares.

9 Example If a,b,c are odd integers, prove thatax2 +bx+c= 0 does not have a rational number solution.



Practice 3

Solution: Suppose
p
q

is a rational solution to the equation. We may assume thatp andq have no prime factors in common, so

eitherp andq are both odd, or one is odd and the other even. Now

a
�

p
q

�2

+b
�

p
q

�
+c = 0 =⇒ ap2 +bpq+cq2 = 0.

If both p andp were odd, thenap2 +bpq+cq2 is also odd and hence6= 0. Similarly if one of them is even and the other odd
then eitherap2+bpqor bpq+cq2 is even andap2+bpq+cq2 is odd. This contradiction proves that the equation cannot have
a rational root.

Practice

10 Problem The product of 34 integers is equal to 1. Shew that their sum cannot be 0.

11 Problem Let a1,a2, . . . ,a2000 be natural numbers such that

1
a1

+
1
a2

+ · · ·+ 1
a2000

= 1.

Prove that at least one of theak’s is even.

(Hint: Clear the denominators.)

12 Problem Prove that log2 3 is irrational.

13 Problem A palindromeis an integer whose decimal expansion is symmetric, e.g.
1,2,11,121, 15677651 (but not 010,0110) are palindromes. Prove that there is no posi-
tive palindrome which is divisible by 10.

14 Problem In △ABC, ∠A > ∠B. Prove thatBC> AC.

15 Problem Let 0< α < 1. Prove that
√

α > α .

16 Problem Let α = 0.999. . . where there are at least 2000 nines. Prove that the deci-
mal expansion of

√
α also starts with at least 2000 nines.

17 Problem Prove that a quadratic equation

ax2 +bx+c = 0, a 6= 0

has at most two solutions.

18 Problem Prove that ifax2 + bx+ c = 0 has real solutions and ifa > 0,b > 0,c > 0
then both solutions must be negative.

1.2 Pigeonhole Principle

The Pigeonhole Principle states that ifn+1 pigeons fly ton holes, there must be a pigeonhole containing at least two pigeons.
This apparently trivial principle is very powerful. Thus inany group of 13 people, there are always two who have their birthday
on the same month, and if the average human head has two million hairs, there are at least three people in NYC with the same
number of hairs on their head.

The Pigeonhole Principle is useful in provingexistenceproblems, that is, we shew that something exists without actually
identifying it concretely.

Let us see some more examples.

19 Example (Putnam 1978) Let A be any set of twenty integers chosen from the arithmetic progression 1,4, . . . ,100. Prove
that there must be two distinct integers inA whose sum is 104.

Solution: We partition the thirty four elements of this progression into nineteen groups

{1},{52},{4,100},{7,97},{10,94}, . . .,{49,55}.

Since we are choosing twenty integers and we have nineteen sets, by the Pigeonhole Principle there must be two integers that
belong to one of the pairs, which add to 104.

20 Example Shew that amongst any seven distinct positive integers not exceeding 126, one can find two of them, saya andb,
which satisfy

b < a≤ 2b.
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Solution: Split the numbers{1,2,3, . . . ,126} into the six sets

{1,2},{3,4,5,6},{7,8, . . .,13,14},{15,16, . . .,29,30},

{31,32, . . . ,61,62} and{63,64, . . . ,126}.
By the Pigeonhole Principle, two of the seven numbers must lie in one of the six sets, and obviously, any such two will satisfy
the stated inequality.

21 Example No matter which fifty five integers may be selected from

{1,2, . . . ,100},

prove that one must select some two that differ by 10.

Solution: First observe that if we choosen+ 1 integers from any string of 2n consecutive integers, there will always be some
two that differ byn. This is because we can pair the 2n consecutive integers

{a+1,a+2,a+3, . . .,a+2n}

into then pairs
{a+1,a+n+1},{a+2,a+n+2}, . . .,{a+n,a+2n},

and ifn+1 integers are chosen from this, there must be two that belongto the same group.
So now group the one hundred integers as follows:

{1,2, . . .20},{21,22, . . . ,40},

{41,42, . . . ,60}, {61,62, . . . ,80}
and

{81,82, . . . ,100}.
If we select fifty five integers, we must perforce choose eleven from some group. From that group, by the above observation
(let n = 10), there must be two that differ by 10.

22 Example (AHSME 1994) Label one disc “1”, two discs “2”, three discs “3”, . . . , fifty discs‘‘50”. Put these 1+2+3+ · · ·+
50= 1275 labeled discs in a box. Discs are then drawn from the box at random without replacement. What is the minimum
number of discs that must me drawn in order to guarantee drawing at least ten discs with the same label?

Solution: If we draw all the 1+2+ · · ·+9 = 45 labelled “1”, . . . , “9” and any nine from each of the discs “10”, . . . , “50”, we
have drawn 45+9 ·41= 414 discs. The 415-th disc drawn will assure at least ten discs from a label.

23 Example (IMO 1964) Seventeen people correspond by mail with one another—each one with all the rest. In their letters
only three different topics are discussed. Each pair of correspondents deals with only one of these topics. Prove that there at
least three people who write to each other about the same topic.

Solution: Choose a particular person of the group, say Charlie. He corresponds with sixteen others. By the Pigeonhole Principle,
Charlie must write to at least six of the people of one topic, say topic I. If any pair of these six people corresponds on topic I,
then Charlie and this pair do the trick, and we are done. Otherwise, these six correspond amongst themselves only on topics
II or III. Choose a particular person from this group of six, say Eric. By the Pigeonhole Principle, there must be three of the
five remaining that correspond with Eric in one of the topics,say topic II. If amongst these three there is a pair that corresponds
with each other on topic II, then Eric and this pair correspond on topic II, and we are done. Otherwise, these three people only
correspond with one another on topic III, and we are done again.

24 Example Given any set of ten natural numbers between 1 and 99 inclusive, prove that there are two disjoint nonempty
subsets of the set with equal sums of their elements.
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Solution: There are 210−1 = 1023 non-empty subsets that one can form with a given 10-element set. To each of these subsets
we associate the sum of its elements. The maximum value that any such sum can achieve is 90+91+ · · ·+99= 945< 1023.
Therefore, there must be at least two different subsetsS,T that have the same element sum. ThenS\ (S∩T) andT \ (S∩T)

also have the same element sum.

25 Example Given any 9 integers whose prime factors lie in the set{3,7,11} prove that there must be two whose product is a
square.

Solution: For an integer to be a square, all the exponents of its prime factorisation must be even. Any integer in the givenset
has a prime factorisation of the form 3a7b11c. Now each triplet(a,b,c) has one of the following 8 parity patterns: (even, even,
even), (even, even, odd), (even, odd, even), (even, odd, odd), (odd, even, even), (odd, even, odd), (odd, odd, even), (odd, odd,
odd). In a group of 9 such integers, there must be two with the same parity patterns in the exponents. Take these two. Their
product is a square, since the sum of each corresponding exponent will be even.

Practice

26 Problem Prove that amongn+1 integers, there are always two whose difference is
always divisible byn.

27 Problem (AHSME 1991) A circular table has exactly sixty chairs around it. There
areN people seated at this table in such a way that the next person to be seated must sit
next to someone. What is the smallest possible value ofN?

28 Problem Shew that if any five points are all in, or on, a square of side 1,then some
pair of them will be at most at distance

√
2/2.

29 Problem (Hungarian Math Olympiad, 1947) Prove that amongst six people in a
room there are at least three who know one another, or at leastthree who do not know
one another.

30 Problem Shew that in any sum of nonnegative real numbers there is always one num-
ber which is at least the average of the numbers and that thereis always one member that
it is at most the average of the numbers.

31 Problem We call a set “sum free” if no two elements of the set add up to a third
element of the set. What is the maximum size of a sum free subset of {1,2, . . . ,2n−1}.

Hint: Observe that the set{n+1,n+2, . . . ,2n−1} of n+1 el-
ements is sum free. Shew that any subset withn+2 elements
is not sum free.

32 Problem (MMPC 1992) Suppose that the letters of the English alphabet are listed in
an arbitrary order.

1. Prove that there must be four consecutive consonants.

2. Give a list to shew that there need not be five consecutive consonants.

3. Suppose that all the letters are arranged in a circle. Prove that there must be five
consecutive consonants.

33 Problem (Stanford 1953) Bob has ten pockets and forty four silver dollars. He
wants to put his dollars into his pockets so distributed thateach pocket contains a dif-
ferent number of dollars.

1. Can he do so?

2. Generalise the problem, consideringp pockets andn dollars. The problem is
most interesting when

n =
(p−1)(p−2)

2
.

Why?

34 Problem Let M be a seventeen-digit positive integer and letN be the number ob-
tained fromM by writing the same digits in reversed order. Prove that at least one digit
in the decimal representation of the numberM +N is even.

35 Problem No matter which fifty five integers may be selected from

{1,2, . . . ,100},

prove that you must select some two that differ by 9, some two that differ by 10, some
two that differ by 12, and some two that differ by 13, but that you need not have any two
that differ by 11.

36 Problem Let mn+ 1 different real numbers be given. Prove that there is eitheran
increasing sequence with at leastn+ 1 members, or a decreasing sequence with at least
m+1 members.

37 Problem If the points of the plane are coloured with three colours, shew that there
will always exist two points of the same colour which are one unit apart.

38 Problem Shew that if the points of the plane are coloured with two colours, there
will always exist an equilateral triangle with all its vertices of the same colour. There is,
however, a colouring of the points of the plane with two colours for which no equilateral
triangle of side 1 has all its vertices of the same colour.

39 Problem (USAMO 1979) Nine mathematicians meet at an international conference
and discover that amongst any three of them, at least two speak a common language. If
each of the mathematicians can speak at most three languages, prove that there are at least
three of the mathematicians who can speak the same language.

40 Problem (USAMO 1982) In a party with 1982 persons, amongst any group of four
there is at least one person who knows each of the other three.What is the minimum
number of people in the party who know everyone else?

41 Problem (USAMO 1985) There aren people at a party. Prove that there are two
people such that, of the remainingn− 2 people, there are at leastTn/2U−1 of them,
each of whom knows both or else knows neither of the two. Assume that “knowing” is a
symmetrical relationship.

42 Problem (USAMO 1986) During a certain lecture, each of five mathematicians fell
asleep exactly twice. For each pair of these mathematicians, there was some moment
when both were sleeping simultaneously. Prove that, at somemoment, some three were
sleeping simultaneously.
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1.3 Parity

43 Example Two diametrically opposite corners of a chess board are deleted. Shew that it is impossible to tile the remaining
62 squares with 31 dominoes.

Solution: Each domino covers one red square and one black squares. But diametrically opposite corners are of the same colour,
hence this tiling is impossible.

44 Example All the dominoes in a set are laid out in a chain according to the rules of the game. If one end of the chain is a 6,
what is at the other end?

Solution: At the other end there must be a 6 also. Each number of spots must occur in a pair, so that we may put them end to
end. Since there are eight 6’s, this last 6 pairs off with the one at the beginning of the chain.

45 Example The numbers 1,2, . . . ,10 are written in a row. Shew that no matter what choice of sign± is put in between them,
the sum will never be 0.

Solution: The sum 1+ 2+ · · ·+ 10= 55, an odd integer. Since parity is not affected by the choice of sign, for any choice of
sign±1±2±·· ·±10 will never be even, in particular it will never be 0.

46 Definition A lattice point(m,n) on the plane is one having integer coordinates.

47 Definition The midpoint of the line joining(x,y) to (x1,y1) is the point�x+x1

2
,
y+y1

2

�
.

48 Example Five lattice points are chosen at random. Prove that one can always find two so that the midpoint of the line
joining them is also a lattice point.

Solution: There are four parity patterns: (even, even), (even, odd), (odd, odd), (odd, even). By the Pigeonhole Principle among
five lattice points there must be two having the same parity pattern. Choose these two. It is clear that their midpoint is an
integer.
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For the next few examples we will need to know the names of the following tetrominoes.

Figure 1.1: L-tetromino Figure 1.2: T-tetromino Figure 1.3: Straight-tetromino Figure 1.4: Skew-tetromino Figure 1.5: Square-tetromino

49 Example A single copy of each of the tetrominoes shewn above is taken.Shew that no matter how these are arranged, it is
impossible to construct a rectangle.

Solution: If such a rectangle were possible, it would have 20squares. Colour the rectangle like a chessboard. Then thereare 10
red squares and 10 black squares. The T-tetromino always covers an odd number of red squares. The other tetrominoes always
cover an even number of red squares. This means that the number of red squares covered is odd, a contradiction.

50 Example Shew that an 8×8 chessboard cannot be tiles with 15 straight tetrominoes and one L-tetromino.

Solution: Colour rows 1,3,5,7 black and colour rows 2,4,6, and 8 red. A straight tetromino will always cover an even number
of red boxes and the L-tetromino will always cover an odd number of red squares. If the tiling were possible, then we would be
covering an odd number of red squares, a contradiction.

Practice

51 Problem Twenty-five boys and girls are seated at a round table. Shew that both
neighbours of at least one student are girls.

52 Problem A closed path is made of 2001 line segments. Prove that there is no line,
not passing through a vertex of the path, intersecting each of the segments of the path.

53 Problem The numbers 1,2, . . . ,2001 are written on a blackboard. One starts erasing

any two of them and replacing the deleted ones with their difference. Will a situation
arise where all the numbers on the blackboard be 0?

54 Problem Shew that a 10× 10 chessboard cannot be tiled with 25 straight tetromi-
noes.

55 Problem Shew that an 8×8 chess board cannot be tiled with 15 T-tetrominoes and
one square tetromino.



Chapter 2
Algebra

2.1 Identities with Squares

Recall that
(x+y)2 = (x+y)(x+y) = x2 +y2+2xy (2.1)

If we substitutey by y+zwe obtain
(x+y+z)2 = x2 +y2 +z2 +2xy+2xz+2yz (2.2)

If we substitutezby z+w we obtain

(x+y+z+w)2 = x2 +y2+z2 +w2 +2xy+2xz+2xw+2yz+2yw+2zw (2.3)

56 Example The sum of two numbers is 21 and their product−7. Find (i) the sum of their squares, (ii) the sum of their
reciprocals and (iii) the sum of their fourth powers.

Solution: If the two numbers area andb, we are given thata+b= 21 andab= −7. Hence

a2+b2 = (a+b)2−2ab= 212 −2(−7) = 455

and
1
a

+
1
b

=
b+a
ab

=
21
−7

= −3

Also
a4 +b4 = (a2 +b2)2 −2a2b2 = 4552−2(−7)2 = 357

57 Example Find positive integersa andb with È
5+

√
24=

√
a+

√
b.

Solution: Observe that
5+

√
24= 3+2

√
2 ·3+2 = (

√
2+

√
3)2.

Therefore È
5+2

√
6 =

√
2+

√
3.

58 Example Compute È
(1000000)(1000001)(1000002)(1000003)+1

without using a calculator.

8
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Solution: Letx = 1 000 000= 106. Then

x(x+1)(x+2)(x+3) = x(x+3)(x+1)(x+2) = (x2 +3x)(x2 +3x+2).

Puty = x2 +3x. Then

x(x+1)(x+2)(x+3)+1= (x2 +3x)(x2 +3x+2)+1= y(y+2)+1= (y+1)2.

Thus È
x(x+1)(x+2)(x+3)+1 = y+1

= x2 +3x+1
= 1012+3 ·106+1
= 1 000 003 000 001.

Another useful identity is the difference of squares:

x2 −y2 = (x−y)(x+y) (2.4)

59 Example Explain how to compute 1234567892−123456790×123456788 mentally.

Solution: Putx = 123456789. Then

1234567892−123456790×123456788= x2 −(x+1)(x−1) = 1.

60 Example Shew that

1+x+x2+ · · ·+x1023= (1+x)(1+x2)(1+x4) · · · (1+x256)(1+x512).

Solution: PutS= 1+x+x2+ · · ·+x1023. ThenxS= x+x2+ · · ·+x1024. This gives

S−xS= (1+x+x2+ · · ·+x1023)− (x+x2+ · · ·+x1024) = 1−x1024

or S(1−x) = 1−x1024, from where

1+x+x2+ · · ·+x1023= S=
1−x1024

1−x
.

But
1−x1024

1−x
=

�
1−x1024

1−x512

��
1−x512

1−x256

�
· · ·
�

1−x4

1−x2

��
1−x2

1−x

�
= (1+x512)(1+x256) · · · (1+x2)(1+x),

proving the assertion.

61 Example Given that
1√

1+
√

2
+

1√
2+

√
3

+
1√

3+
√

4
+ · · ·+ 1√

99+
√

100

is an integer, find it.

Solution: As 1= n+1−n= (
√

n+1−
√

n)(
√

n+1+
√

n), we have

1√
n+

√
n+1

=
√

n+1−
√

n.
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Therefore
1√

1+
√

2
=

√
2−

√
1

1√
2+

√
3

=
√

3−
√

2

1√
3+

√
4

=
√

4−
√

3

...
...

...
1√

99+
√

100
=

√
100−

√
99,

and thus
1√

1+
√

2
+

1√
2+

√
3

+
1√

3+
√

4
+ · · ·+ 1√

99+
√

100
=
√

100−
√

1 = 9.

Using the difference of squares identity,

x4 +x2y2 +y4 = x4 +2x2y2 +y4 −x2y2

= (x2 +y2)2 −(xy)2

= (x2 −xy+y2)(x2 +xy+y2).

The following factorisation is credited to Sophie Germain.

a4+4b4 = a4 +4a2b2+4b4−4a2b2

= (a2 +2b2)2 −(2ab)2

= (a2 −2ab+2b2)(a2 +2ab+2b2)

62 Example Prove thatn4 +4 is a prime only whenn = 1 for n∈ N.

Solution: Using Sophie Germain’s trick,

n4 +4 = n4 +4n2+4−4n2

= (n2 +2)2−(2n)2

= (n2 +2−2n)(n2+2+2n)

= ((n−1)2+1)((n+1)2+1).

Each factor is greater than 1 forn > 1, and son4+4 cannot be a prime ifn > 1.

63 Example Shew that the product of four consecutive integers, none of them 0, is never a perfect square.

Solution: Letn−1,n,n+1,n+2 be four consecutive integers. Then their productP is

P = (n−1)n(n+1)(n+2)= (n3 −n)(n+2) = n4 +2n3−n2−2n.

But
(n2 +n−1)2 = n4 +2n3−n2−2n+1= P+1 > P.

As P 6= 0 andP is 1 more than a square,P cannot be a square.

64 Example Find infinitely many pairs of integers(m,n) such thatm andn share their prime factors and(m−1,n−1) share
their prime factors.
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Solution: Takem= 2k − 1,n = (2k − 1)2,k = 2,3, . . .. Thenm,n obviously share their prime factors andm− 1 = 2(2k−1 − 1)

shares its prime factors withn−1= 2k+1(2k−1 −1).

65 Example Prove that ifr ≥ s≥ t then
r2 −s2 + t2 ≥ (r −s+ t)2 (2.5)

Solution: We have
(r −s+ t)2 − t2 = (r −s+ t − t)(r −s+ t + t) = (r −s)(r −s+2t).

Sincet −s≤ 0, r −s+2t = r +s+2(t −s) ≤ r +sand so

(r −s+ t)2 − t2 ≤ (r −s)(r +s) = r2 −s2

which gives
(r −s+ t)2 ≤ r2 −s2 + t2.

Practice

66 Problem The sum of two numbers is−7 and their product 2. Find (i) the sum of
their reciprocals, (ii) the sum of their squares.

67 Problem Write x2 as a sum of powers ofx+3.

68 Problem Write x2 −3x+8 as a sum of powers ofx−1.

69 Problem Prove that 3 is the only prime of the formn2 −1.

70 Problem Prove that there are no primes of the formn4 −1.

71 Problem Prove thatn4 +4n is prime only forn = 1.

72 Problem Use Sophie Germain’s trick to obtain

x4 +x2 +1 = (x2 +x+1)(x2 −x+1),

and then find all the primes of the formn4 +n2 +1.

73 Problem If a,b satisfy
2

a+b
=

1
a

+
1
b

, find
a2

b2
.

74 Problem If cotx+ tanx = a, prove that cot2 x+ tan2 x = a2 −2. .

75 Problem Prove that ifa,b,c are positive integers, then

(
√

a+
√

b+
√

c)(−
√

a+
√

b+
√

c)

·(
√

a−
√

b+
√

c)(
√

a+
√

b−
√

c)

is an integer.

76 Problem By direct computation, shew that the product of sums of two squares is
itself a sum of two squares:

(a2 +b2)(c2 +d2) = (ac+bd)2 +(ad−bc)2 (2.6)

77 Problem Divide x128−y128 by

(x+y)(x2 +y2)(x4 +y4)(x8 +y8)

(x16+y16)(x32+y32)(x64+y64).

78 Problem Solve the system
x+y = 9,

x2 +xy+y2 = 61.

79 Problem Solve the system
x−y = 10,

x2 −4xy+y2 = 52.

80 Problem Find the sum of the prime divisors of 216−1.

81 Problem Find integersa,b withp
11+

√
72= a+

√
b.

82 Problem Given that the differencep
57−40

√
2−

p
57+40

√
2

is an integer, find it.

83 Problem Solve the equationp
x+3−4

√
x−1+

p
x+8−6

√
x−1 = 1.

84 Problem Prove that ifa > 0, b > 0,a+b > c, then
√

a+
√

b >
√

c

85 Problem Prove that if 1< x < 2, then

1p
x+2

√
x−1

+
1p

x−2
√

x−1
=

2
2−x

.

86 Problem If x > 0, from

√
x+1−

√
x =

1√
x+1+

√
x
,

prove that
1

2
√

x+1
<
√

x+1−
√

x <
1

2
√

x
.

Use this to prove that ifn> 1 is a positive integer, then

2
√

n+1−2 < 1+
1√
2

+
1√
3

+ · · ·+ 1√
n

< 2
√

n−1
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87 Problem Shew that

(1+x)(1+x2)(1+x4)(1+x8) · · ·(1+x1024) =
1−x2048

1−x
.

88 Problem Shew that

a2 +b2 +c2 −ab−bc−ca=
1
2

�
(a−b)2 +(b−c)2 +(c−a)2

�
.

89 Problem Prove that ifr ≥ s≥ t ≥ u≥ v then

r2 −s2 + t2 −u2 +v2 ≥ (r −s+ t −u+v)2 (2.7)

90 Problem (AIME 1987) Compute

(104 +324)(222 +324)(344 +324)(464 +324)(584 +324)

(44 +324)(164 +324)(284 +324)(404 +324)(524 +324)
.

91 Problem Write (a2 +a+1)2 as the sum of three squares.

2.2 Squares of Real Numbers

If x is a real number thenx2 ≥ 0. Thus ifa≥ 0,b≥ 0 then(
√

a−
√

b)2 ≥ 0 gives, upon expanding the square,a−2
√

ab+b≥ 0,
or √

ab≤ a+b
2

.

Since
a+b

2
is the arithmetic mean ofa,b and

√
ab is the geometric mean ofa,b the inequality

√
ab≤ a+b

2
(2.8)

is known as theArithmetic-Mean-Geometric Mean(AM-GM) Inequality.

92 Example Let u1,u2,u3,u4 be non-negative real numbers. By applying the preceding result twice, establish the AM-GM
Inequality for four quantities:

(u1u2u3u4)
1/4 ≤ u1 +u2+u3 +u4

4
(2.9)

Solution: We have
√

u1u2 ≤
u1 +u2

2
and

√
u3u4 ≤

u3 +u4

2
. Now, applying the AM-GM Inequality twice to

√
u1u2 and

√
u3u4

we obtain È√
u1u2

√
u3u4 ≤

√
u1u2 +

√
u3u4

2
≤

u1+u2
2 +

u3+u4
2

2
.

Simplification yields the desired result.

93 Example Letu,v,wbe non-negative real numbers. By using the preceding resulton the four quantitiesu,v,w, and
u+v+w

3
,

establish the AM-GM Inequality for three quantities:

(uvw)1/3 ≤ u+v+w
3

(2.10)

Solution: By the AM-GM Inequality for four values�
uvw

�u+v+w
3

��1/4
≤ u+v+w+ u+v+w

3

4
.

Some algebraic manipulation makes this equivalent to

(uvw)1/4
�u+v+w

3

�1/4
≤ u+v+w

4
+

u+v+w
12

or upon adding the fraction on the right

(uvw)1/4
�u+v+w

3

�1/4
≤ u+v+w

3
.
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Multiplying both sides by
�u+v+w

3

�−1/4
we obtain

(uvw)1/4 ≤
�u+v+w

3

�3/4
,

from where the desired inequality follows.

94 Example Let a > 0,b > 0. Prove theHarmonic-Mean-Geometric-MeanInequality

2
1
a + 1

b

≤
√

ab (2.11)

Solution: By the AM-HM Inequality r
1
a
· 1
b
≤

1
a + 1

b

2
,

from where the desired inequality follows.

95 Example Prove that ifa,b,c are non-negative real numbers then

(a+b)(b+c)(c+a)≥ 8abc.

Solution: The result quickly follows upon multiplying the three inequalitiesa+b≥ 2
√

ab, b+c≥ 2
√

bcandc+a≥ 2
√

ca.

96 Example If a,b,c,d, are real numbers such thata2 +b2+c2 +d2 = ab+bc+cd+da, prove thata = b = c = d.

Solution: Transposing,
a2 −ab+b2−bc+c2−dc+d2−da= 0,

or
a2

2
−ab+

b2

2
+

b2

2
−bc+

c2

2
+

c2

2
−dc+

d2

2
+

d2

2
−da+

a2

2
= 0.

Factoring,
1
2
(a−b)2+

1
2
(b−c)2+

1
2
(c−d)2+

1
2
(d−a)2 = 0.

As the sum of non-negative quantities is zero only when the quantities themselves are zero, we obtaina= b,b= c,c= d,d = a,
which proves the assertion.

We note in passing that from the identity

a2 +b2+c2−ab−bc−ca=
1
2

�
(a−b)2+(b−c)2+(c−a)2

�
(2.12)

it follows that
a2 +b2 +c2 ≥ ab+bc+ca (2.13)

97 Example The values ofa,b,c, andd are 1,2,3 and 4 but not necessarily in that order. What is the largest possible value of
ab+bc+cd+da?

Solution:
ab+bc+cd+da = (a+c)(b+d)

≤
�

a+c+b+d
2

�2

=

�
1+2+3+4

2

�2

= 25,

by AM-GM. Equality occurs whena+c= b+d. Thus one may choose, for example,a = 1,c = 4,b = 2,d = 3.
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Practice

98 Problem If 0 < a≤ b, shew that

1
8
· (b−a)2

b
≤ a+b

2
−

√
ab≤ 1

8
· (b−a)2

a

99 Problem Prove that ifa,b,c are non-negative real numbers then

(a2 +1)(b2 +1)(c2 +1) ≥ 8abc

100 Problem The sum of two positive numbers is 100. Find their maximum possible
product.

101 Problem Prove that ifa,b,c are positive numbers then

a
b

+
b
c

+
c
a
≥ 3.

102 Problem Prove that of all rectangles with a given perimeter, the square has the
largest area.

103 Problem Prove that if 0≤ x≤ 1 thenx−x2 ≤ 1
4

.

104 Problem Let 0≤ a,b,c,d ≤ 1. Prove that at least one of the products

a(1−b), b(1−c), c(1−d), d(1−a)

is≤ 1
4

.

105 Problem Use the AM-GM Inequality for four non-negative real numbersto prove
a version of the AM-GM for eight non-negative real numbers.

2.3 Identities with Cubes

By direct computation we find that

(x+y)3 = (x+y)(x2 +y2 +2xy) = x3 +y3 +3xy(x+y) (2.14)

106 Example The sum of two numbers is 2 and their product 5. Find the sum of their cubes.

Solution: If the numbers arex,y thenx3 +y3 = (x+y)3 −3xy(x+y) = 23 −3(5)(2) = −22.
Two other useful identities are the sum and difference of cubes,

x3±y3 = (x±y)(x2∓xy+y2) (2.15)

107 Example Find all the prime numbers of the formn3 −1, n a positive integer.

Solution: Asn3 − 1 = (n− 1)(n2 + n+ 1) and asn2 + n+ 1 > 1, it must be the case thatn− 1 = 1, i.e.,n = 2. Therefore, the
only prime of this form is 23 −1 = 7.

108 Example Prove that

1+x+x2+ · · ·+x80 = (x54+x27+1)(x18+x9 +1)(x6 +x3 +1)(x2+x+1).

Solution: PutS= 1+x+x2+ · · ·+x80. Then

S−xS= (1+x+x2+ · · ·+x80)− (x+x2+x3 + · · ·+x80+x81) = 1−x81,

or S(1−x) = 1−x81. Hence

1+x+x2+ · · ·+x80 =
x81−1
x−1

.

Therefore
x81−1
x−1

=
x81−1
x27−1

· x27−1
x9 −1

· x9 −1
x3 −1

· x3 −1
x−1

.

Thus
1+x+x2+ · · ·+x80 = (x54+x27+1)(x18+x9 +1)(x6 +x3 +1)(x2+x+1).

109 Example Shew that
a3 +b3 +c3−3abc= (a+b+c)(a2+b2+c2 −ab−bc−ca) (2.16)
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Solution: We use the identity
x3 +y3 = (x+y)3 −3xy(x+y)

twice. Then

a3 +b3+c3 −3abc = (a+b)3+c3 −3ab(a+b)−3abc

= (a+b+c)3−3(a+b)c(a+b+c)−3ab(a+b+c)

= (a+b+c)((a+b+c)2−3ac−3bc−3ab)

= (a+b+c)(a2+b2+c2 −ab−bc−ca)

If a,b,c are non-negative thena+b+c≥ 0 and alsoa2+b2 +c2−ab−bc−ca≥ 0 by (2.13). This gives

a3 +b3+c3

3
≥ abc.

Lettinga3 = x,b3 = y,c3 = z, for non-negative real numbersx,y,z, we obtain the AM-GM Inequality for three quantities.

Practice

110 Problem If a3 −b3 = 24,a−b = 2, find (a+b)2.

111 Problem Shew that for integern≥ 2, the expression

n3 +(n+2)3

4

is a composite integer.

112 Problem If tanx+cotx = a, prove that tan3 x+cot3 x = a3 −3a.

113 Problem (AIME 1986) What is the largest positive integern for which

(n+10)|(n3 +100)?

114 Problem Find all the primes of the formn3 +1.

115 Problem Solve the system

x3 +y3 = 126,

x2 −xy+y2 = 21.

116 Problem Evaluate the sum

1
3√1+

3√2+
3√4

+
1

3√4+
3√6+

3√9

+
1

3√9+
3√12+

3√16
.

117 Problem Find a6 +a−6 given thata2 +a−2 = 4.

118 Problem Prove that

(a+b+c)3 −a3 −b3 −c3 = 3(a+b)(b+c)(c+a) (2.17)

119 Problem (ITT 1994) Let a,b,c,d be complex numbers satisfying

a+b+c+d = a3 +b3 +c3 +d3 = 0.

Prove that a pair of thea,b,c,d must add up to 0.

2.4 Miscellaneous Algebraic Identities

We have seen the identity
y2 −x2 = (y−x)(y+x). (2.18)

We would like to deduce a general identity foryn −xn, wheren is a positive integer. A few multiplications confirm that

y3 −x3 = (y−x)(y2 +yx+x2), (2.19)

y4 −x4 = (y−x)(y3 +y2x+yx2+x3), (2.20)

and
y5 −x5 = (y−x)(y4 +y3x+y2x2 +yx3+x4). (2.21)

The general result is in fact the following theorem.
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120 Theorem If n is a positive integer, then

yn −xn = (y−x)(yn−1 +yn−2x+ · · ·+yxn−2 +xn−1).

Proof: We first prove that for a6= 1.

1+a+a2+ · · ·an−1 =
1−an

1−a
.

For, put S= 1+a+a2 + · · ·+an−1. Then aS= a+a2 + · · ·+an−1 +an. Thus S−aS= (1+a+a2+ · · ·+an−1)−

(a+ a2 + · · ·+ an−1 + an) = 1− an, and from(1− a)S= S− aS= 1− an we obtain the result. By making the

substitution a=
x
y

we see that

1+
x
y

+

�
x
y

�2

+ · · ·+
�

x
y

�n−1

=
1−
�

x
y

�n

1− x
y

we obtain �
1−

x
y

��
1+

x
y

+

�
x
y

�2

+ · · ·+
�

x
y

�n−1�
= 1−

�
x
y

�n

,

or equivalently, �
1−

x
y

��
1+

x
y

+
x2

y2 + · · ·+ xn−1

yn−1

�
= 1−

xn

yn .

Multiplying by yn both sides,

y
�

1−
x
y

�
yn−1

�
1+

x
y

+
x2

y2 + · · ·+ xn−1

yn−1

�
= yn

�
1−

xn

yn

�
,

which is
yn −xn = (y−x)(yn−1 +yn−2x+ · · ·+yxn−2 +xn−1),

yielding the result.❑

☞ The second factor has n terms and each term has degree (weight) n−1.

As an easy corollary we deduce

121 Corollary If x,y are integersx 6= y andn is a positive integer thenx−y dividesxn −yn.

Thus without any painful calculation we see that 781= 1996−1215 divides 19965−12155.

122 Example (E őtv ős 1899) Shew that for any positive integern, the expression

2903n−803n−464n+261n

is always divisible by 1897.

Solution: By the theorem above, 2903n − 803n is divisible by 2903− 803= 2100= 7 · 300 and 261n − 464n is divisible by
−203= (−29) ·7. This means that the given expression is divisible by 7. Furthermore, 2903n − 464n is divisible by 2903−
464= 2439= 9 · 271 and−803n + 261n is divisible by−803+ 261= −542= −2 · 271. Therefore as the given expression
is divisible by 7 and by 271 and as these two numbers have no common factors, we have that 2903n − 803n − 464n + 261n is
divisible by 7·271= 1897.

123 Example ( (UM)2C41987) Given that 1002004008016032 has a prime factorp > 250000, find it.
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Solution: Ifa = 103,b = 2 then

1002004008016032= a5 +a4b+a3b2 +a2b3 +ab4+b5 =
a6 −b6

a−b
.

This last expression factorises as

a6−b6

a−b
= (a+b)(a2+ab+b2)(a2 −ab+b2)

= 1002·1002004·998004

= 4 ·4 ·1002·250501·k,

wherek < 250000. Thereforep = 250501.
Another useful corollary of Theorem 120 is the following.

124 Corollary If f (x) = a0+a1x+ · · ·+anxn is a polynomial with integral coefficients and ifa,b are integers thenb−a divides
f (b)− f (a).

125 Example Prove that there is no polynomialp with integral coefficients withp(2) = 3 andp(7) = 17.

Solution: If the assertion were true then by the preceding corollary, 7−2 = 5 would dividep(7)− p(2) = 17−3 = 14, which
is patently false.

Theorem 120 also yields the following colloraries.

126 Corollary If n is an odd positive integer

xn +yn = (x+y)(xn−1−xn−2y+xn−3y2 −xn−4y3 + · · ·+x2yn−3−xyn−2 +yn−1) (2.22)

127 Corollary Let x,y be integers,x 6= y and letn be an odd positive number. Thenx+y dividesxn +yn.

For example 129= 27 +1 divides 2861+1 and 1001= 1000+1= 999+2= · · · = 500+501 divides

11997+21997+ · · ·+10001997.

128 Example Prove the following identity of Catalan:

1−
1
2

+
1
3

−
1
4

+ · · ·+ 1
2n−1

−
1
2n

=
1

n+1
+

1
n+2

+ · · ·+ 1
2n

.

Solution: The quantity on the sinistral side is�
1+

1
2

+
1
3

+
1
4

+ · · ·+ 1
2n−1

+
1
2n

�
−2
�

1
2

+
1
4

+
1
6

+ · · ·+ 1
2n

�
=

�
1+

1
2

+
1
3

+
1
4

+ · · ·+ 1
2n−1

+
1
2n

�
−2 · 1

2

�
1+

1
2

+
1
3

+
1
4

+ · · ·+ 1
n

�
=

�
1+

1
2

+
1
3

+
1
4

+ · · ·+ 1
2n−1

+
1
2n

�
−

�
1+

1
2

+
1
3

+
1
4

+ · · ·+ 1
n

�
=

1
n+1

+
1

n+2
+ · · ·+ 1

2n
,

as we wanted to shew.
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Practice

129 Problem Shew that 100 divides 1110−1.

130 Problem Shew that 271958 −108878 +101528 is divisible by 26460.

131 Problem Shew that 7 divides

22225555+55552222.

132 Problem Shew that ifk is an odd positive integer

1k +2k + · · ·+nk

is divisible by
1+2+ · · ·+n.

133 Problem Shew that

(x+y)5 −x5 −y5 = 5xy(x+y)(x2 +xy+y2).

134 Problem Shew that

(x+a)7 −x7 −a7 = 7xa(x+a)(x2 +xa+a2)2.

135 Problem Shew that

A = x9999+x8888+x7777+ · · ·+x1111+1

is divisible byB = x9 +x8 +x7 + · · ·+x2 +x+1.

136 Problem Shew that for any natural numbern, there is another natural numberx
such that each term of the sequence

x+1,xx +1,xxx
+1, . . .

is divisible byn.

137 Problem Shew that 1492n − 1770n − 1863n + 2141n is divisible by 1946 for all
positive integers n.

138 Problem Decompose 1+x+x2 +x3 + · · ·+x624 into factors.

139 Problem Shew that if 2n − 1 is prime, thenn must be prime. Primes of this form
are calledMersenneprimes.

140 Problem Shew that if 2n +1 is a prime, thenn must be a power of 2. Primes of this
form are called Fermat primes.

141 Problem Let n be a positive integer andx > y. Prove that

xn −yn

x−y
> nyn−1.

By choosing suitable values ofx andy, further prove than�
1+

1
n

�n

<

�
1+

1
n+1

�n+1

and �
1+

1
n

�n+1

>

�
1+

1
n+1

�n+2

2.5 Logarithms

142 Definition Let a > 0,a 6= 1 be a real number. A numberx is called thelogarithmof a numberN to the basea if ax = N. In
this case we writex = logaN.

We enumerate some useful properties of logarithms. We assume thata > 0,a 6= 1,M > 0,N > 0.

aloga N = N (2.23)

logaMN = logaM + loga N (2.24)

loga
M
N

= logaM − logaN (2.25)

loga Nα = α logaN, α any real number (2.26)

logaβ N =
1
β

logaN, β 6= 0 a real number (2.27)

(logab)(logba) = 1, b > 0,b 6= 1. (2.28)

143 Example Given that log8
√

21024 is a rational number, find it.

Solution: We have

log8
√

21024= log27/2 1024=
2
7

log2210 =
20
7
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144 Example Given that
(log23) · (log34) · (log45) · · · (log511512)

is an integer, find it.

Solution: Choosea > 0,a 6= 1. Then

(log2 3) · (log34) · (log45) · · · (log511512) =
loga 3
loga 2

· loga4
loga3

· loga5
loga4

· · · loga512
loga511

=
loga 512
loga2

.

But
loga512
loga2

= log2512= log229 = 9,

so the integer sought is 9.

145 Example Simplify
S= logtan1◦+ logtan2◦ + logtan3◦ + · · ·+ logtan89◦.

Solution: Observe that(90−k)◦+k◦ = 90◦. Thus adding thekth term to the(90−k)th term, we obtain

S = log(tan1◦)(tan89◦)+ log(tan2◦)(tan88◦)

+ log(tan3◦)(tan87◦)+ · · ·+ log(tan44◦)(tan46◦)+ logtan45◦.

As tank◦ = 1/ tan(90−k)◦, we get
S= log1+ log1+ · · ·+ log1+ logtan45◦.

Finally, as tan45◦ = 1, we gather that
S= log1+ log1+ · · ·+ log1= 0.

146 Example Which is greater log57 or log83?

Solution: Clearly log57 > 1 > log83.

147 Example Solve the system
5
�
logx y+ logy x

�
= 26

xy= 64

Solution: Clearly we needx > 0,y > 0,x 6= 1,y 6= 1. The first equation may be written as 5
�

logxy+
1

logx y

�
= 26 which is

the same as(logx y− 5)(logy x−
1
5
) = 0. Thus the system splits into the two equivalent systems (I)logx y = 5,xy = 64 and

(II) logx y = 1/5,xy= 64. Using the conditionsx > 0,y > 0,x 6= 1,y 6= 1 we obtain the two sets of solutionsx = 2,y = 32 or
x = 32,y= 2.

148 Example Let TxU be the unique integer satisfyingx−1< TxU ≤ x. For exampleT2.9U = 2,T−πU = −4. Find

Tlog21U+Tlog22U+Tlog23U+ · · ·+Tlog21000U.

Solution: First observe that 29 = 512< 1000< 1024= 210. We decompose the interval[1;1000] into dyadic blocks

[1;1000] = [1;2[
[

[2;22[
[

[22;23[
[

· · ·
[

[28;29[
[

[29;1000].
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If x∈ [2k,2k+1[ thenTlog2xU = k. If a,b are integers, the interval[a;b[ containsb−a integers. Thus

Tlog21U+Tlog2 2U+Tlog23U+ · · ·+Tlog21000U = (21 −20)0+(22−21)1

+(23 −22)2+ · · ·
+(29 −28)8

+(1000−29)9

= 0+2 ·1+4 ·2+8·3
+16·4+32·5+

+64·6+128·7
+256·8+489·9

= 7987

(the last interval has 1000−512+1= 489 integers).

Practice

149 Problem Find the exact value of

1
log2 1996!

+
1

log3 1996!
+

1
log4 1996!

+ · · ·+ 1
log19961996!

.

150 Problem Shew that log1/2 x > log1/3 x only when 0< x < 1.

151 Problem Prove that log3 π + logπ 3 > 2.

152 Problem Let a > 1. Shew that
1

loga x
> 1 only when 1< x < a.

153 Problem Let A= log6 16,B = log1227. Find integersa,b,c such that(A+a)(B+
b) = c.

154 Problem Solve the equation

log1/3

�
cosx+

√
5

6

�
+ log1/3

�
cosx−

√
5

6

�
= 2.

155 Problem Solve
log2 x+ log4 y+ log4 z= 2,

log3 x+ log9 y+ log9 z= 2,

log4 x+ log16y+ log16z= 2.

156 Problem Solve the equation

x
0.5 log√x(x2−x)

= 3log9 4.

157 Problem Given that logaba = 4, find

logab

3√a√
b

.

2.6 Complex Numbers

We use the symboli to denotei =
√

−1. Theni2 = −1. Clearly i0 = 1, i1 = 1, i2 = −1, i3 = −i, i4 = 1, i5 = i, etc., and so the
powers ofi repeat themselves cyclically in a cycle of period 4.

158 Example Find i1934.

Solution: Observe that 1934= 4(483)+2 and soi1934= i2 = −1.
Complex numbers occur naturally in the solution of quadratic equations.

159 Example Solve 2x2 +6x+5= 0
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Solution: Completing squares,

2x2 +6x+5 = 2x2 +6x+
9
2

+
1
2

= (
√

2x+
3√
2
)2 −(i

1√
2
)2

= (
√

2x+
3√
2

− i
1√
2
)(
√

2x+
3√
2

+ i
1√
2
).

Thenx = −
3
2
± i

1
2

.

If a,b are real numbers then the objecta+ bi is called acomplex number. If a+ bi,c+ di are complex numbers, then the
sum of them is naturally defined as

(a+bi)+ (c+di) = (a+c)+ (b+d)i (2.29)

The product ofa+bi andc+di is obtained by multiplying the binomials:

(a+bi)(c+di) = ac+adi+bci+bdi2 = (ac−bd)+ (ad+bc)i (2.30)

160 Definition If a,b are real numbers, then theconjugatea+bi of a+bi is defined by

a+bi = a−bi (2.31)

Thenorm|a+bi| of a+bi is defined by

|a+bi|=
È

(a+bi)(a+bi) =
p

a2 +b2 (2.32)

161 Example Find |7+3i|.

Solution:|7+3i|=
È

(7+3i)(7−3i) =
p

72+32 =
√

58.

162 Example Express the quotient
2+3i
3−5i

in the forma+bi.

Solution: We have
2+3i
3−5i

=
2+3i
3−5i

· 3+5i
3+5i

==
−9+19i

34
=

−9
34

+
19i
34

If z1,z2 are complex numbers, then their norms are multiplicative.

|z1z2| = |z1||z2| (2.33)

163 Example Write (22 +32)(52 +72) as the sum of two squares.

Solution: The idea is to write 22 +32 = |2+3i|2,52 +72 = |5+7i|2 and use the multiplicativity of the norm. Now

(22 +32)(52 +72) = |2+3i|2|5+7i|2

= |(2+3i)(5+7i)|2

= |−11+29i|2

= 112 +292

164 Example Find the roots ofx3 −1 = 0.
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Solution:x3 −1 = (x−1)(x2 +x+1). If x 6= 1, the two solutions tox2 +x+1= 0 can be obtained using the quadratic formula,
gettingx = 1/2± i

√
3/2. Traditionally one denotesω = 1/2+ i

√
3/2 and henceω2 = 1/2− i

√
3/2. Clearlyω3 = 1 and

ω2 + ω +1 = 0.

165 Example (AHSME 1992) Find the product of the real parts of the roots ofz2 −z= 5−5i.

Solution: By the quadratic formula,

z =
1
2
± 1

2

√
21−20i

=
1
2
± 1

2

È
21−2

√
−100

=
1
2
± 1

2

q
25−2

È
(25)(−4)−4

=
1
2
± 1

2

È
(5−2i)2

=
1
2
± 5−2i

2

The roots are thus 3− i and−2+ i. The product of their real parts is therefore(3)(−2) = −6.

☞ Had we chosen to write21−20i = (−5+2i)2, we would have still gotten the same values of z.



Practice 23

Practice

166 Problem Simplify
(1+ i)2004

(1− i)2000
.

167 Problem Prove that

1+2i +3i2 +4i3

+ · · ·+1995i1994+1996i1995

= −998−998i.

168 Problem Let

(1+x+x2)1000= a0 +a1x+ · · ·+a2000x
2000.

Find
a0 +a4 +a8 + · · ·+a2000.



Chapter 3
Arithmetic

3.1 Division Algorithm

169 Definition If a 6= 0,b are integers, we say thata divides bif there is an integerc such thatac= b. We write this asa|b.

If a does not divideb we writea 6 |b. It should be clear that ifa|b andb 6= 0 then 1≤ |a| ≤ |b|.

170 Theorem The following are properties of divisibility.

• If c dividesa andb thenc divides any linear combination ofa andb. That is, ifa,b,c,m,n are integers withc|a,c|b, then
c|(am+nb).

• Division by an integer is transitive. That is, ifx,y,z are integers withx|y,y|z thenx|z.

Proof: There are integers s, t with sc= a, tc= b. Thus

am+nb= c(sm+ tn),

giving c|(am+bn). Also, there are integers u,v with xu= y,yv= z. Hence xuv= z, giving x|z. ❑

A very useful property of the integers is the following:

171 Theorem (Division Algorithm) Let a,b be integers,b > 0. There exist unique integersq andr satisfying

a = bq+ r, 0≤ r < b (3.1)

Proof: The set S= {a−bs: s∈ Z,b−as≥ 0} is non-empty, since a−b(−a2) ≥ 0. Since S is a non-empty set of
non-negative integers, it must contain a least element, sayr = a−bq. To prove uniqueness, assume a= bq+ r =

bq′ + r ′ with 0≤ r ′ < b. Then b(q−q′) = r ′ − r. This means that b|(r ′ − r). Since0≤ |r ′ − r| < b, we must have
r ′ = r. But this also implies q= q′. ❑

For example, 39= 4·9+3. The Division Algorithm thus discriminates integers according to the remainder they leave upon
division bya. For example, ifa = 2, then according to the Division Algorithm, the integers may be decomposed into the two
families

A0 = {. . .−4,−2,0,2,4, . . .},
A1 = {. . . ,−5,−3,−1,1,3,5, . . .}.

Therefore, all integers have one of the forms 2k or 2k+ 1. We mention in passing that every integer of the form 2k+ 1 is
also of the form 2t −1, for 2k+1= 2(k+1)−1, so it suffices to taket = k+1.

24
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If a = 4 we may decompose the integers into the four families

B0 = {. . . ,−8,−4,0,4,8, . . .},

B1 = {. . . ,−7,−3,1,5,9, . . .},

B2 = {. . . ,−6,−2,2,6,10, . . .},

B3 = {. . . ,−5,−1,3,7,11, . . .}.

Therefore any integer will take one of the forms 4k,4k+1,4k+2 or 4k+3. Again, any integer of the form 4k+1 is also of the
form 4t −3 and any integer of the form 4k+3 is also of the form 4t −1.

172 Example Shew that the square of any integer is of the form 4k or of the form 4k+1. That is, the square of any integer is
either divisible by 4 or leaves remainder 1 upon division by 4.

Solution: If n is even, that isn = 2a, then n2 = (2a)2 = 4a2, which is of the form 4k. If n is odd, sayn = 2t + 1, then
n2 = (2t +1)2 = 4(t2+ t)+1, which is of the form 4k+1.

173 Example Shew that no integer in the sequence

11,111,1111,11111, . . .

is a perfect square.

Solution: Clearly 11 is not a square, so assume, that an integer of this sequence hasn > 2 digits. If n > 2,

11. . .1| {z }
n 1′s

= 11. . .11| {z }
n−2 1′s

00+12−1= 100·11. . .11| {z }
n−2 1′s

+12−1.

Hence any integer in this sequence is of the form 4k− 1. By the preceding problem, no integer of the form 4k− 1 can be a
square. This finishes the proof.

174 Example Shew thatn2 +23 is divisible by 24 for infinitely many values ofn.

Solution: Observe thatn2 + 23 = n2 − 1+ 24 = (n− 1)(n+ 1) + 24. Therefore the families of integersn = 24m± 1,m =

0,±1,±2,±3, . . . produce infinitely many values such thatn2 +23 is divisible by 24.

175 Example Shew that the square of any prime greater than 3 leaves remainder 1 upon division by 12.

Solution: If p > 3 is prime, thenp is of one of the forms 6k±1.
Now,

(6k±1)2 = 12(3k2±k)+1,

proving the assertion.

176 Example Prove that ifp is a prime, then one of 8p−1 and 8p+1 is a prime and the other is composite.

Solution: If p= 3, 8p−1= 23 and 8p+1= 25, then the assertion is true forp= 3. If p> 3, then eitherp= 3k+1 or p= 3k+2.
If p = 3k+ 1, 8p− 1 = 24k− 7 and 8p+ 1 = 24k− 6, which is divisible by 6 and hence not prime. Ifp = 3k+ 2, 8p− 1 =

24k−15 is not a prime, .

177 Example Shew that if 3n+1 is a square, thenn+1 is the sum of three squares.
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Solution: Clearly 3n+1 is not a multiple of 3, and so 3n+1= (3k±1)2. Therefore

n+1=
(3k±1)2−1

3
+1 = 3k2±2k+1= k2 +k2 +(k±1)2,

as we wanted to shew.

178 Example (AHSME 1976) Let r be the common remainder when 1059,1417 and 2312 are divided byd > 1. Findd− r.

Solution: By the division algorithm there are integersq1,q2,q3 with 1059= dq1 + r,1417= dq2 + r and 2312= dq3 + r.
Subtracting we get 1253= d(q3−q1),895= d(q3−q2) and 358= d(q2−q1). Notice thatd is a common divisor of 1253,895,
and 358. As 1253= 7 ·179, 895= 5 ·179, and 358= 2 ·179, we see that 179 is the common divisor greater than 1 of allthree
quantities, and sod = 179. Since 1059= 179q1+ r, and 1059= 5 ·179+164, we deduce thatr = 164. Finally, d− r = 15.

179 Example Shew that from any three integers, one can always choose two so thata3b−ab3 is divisible by 10.

Solution: It is clear thata3b− ab3 = ab(a− b)(a+ b) is always even, no matter which integers are substituted. Ifone of the
three integers is of the form 5k, then we are done. If not, we are choosing three integers thatlie in the residue classes 5k±1 or
5k±2. By the Pigeonhole Principle, two of them must lie in one of these two groups, and so there must be two whose sum or
whose difference is divisible by 5. The assertion follows.

Practice

180 Problem Find all positive integersn for which

n+1|n2 +1.

181 Problem If 7|3x+2 prove that 7|(15x2 −11x−14.).

182 Problem Shew that the square of any integer is of the form 3k or 3k+1.

183 Problem Prove that if 3|(a2 +b2), then 3|a and 3|b

184 Problem Shew that if the sides of a right triangle are all integers, then 3 divides one
of the lengths of a side.

185 Problem Given that 5 divides(n+2), which of the following are divisible by 5

n2 −4, n2 +8n+7, n4 −1, n2 −2n?

186 Problem Prove that there is no prime triplet of the formp, p+2, p+4, except for
3,5,7.

187 Problem Find the largest positive integern such that

(n+1)(n4 +2n)+3(n3 +57)

be divisible byn2 +2.

188 Problem Demonstrate that if n is a positive integer such that 2n+ 1 is a square,
thenn+1 is the sum of two consecutive squares.

189 Problem Shew that the product of two integers of the form 4n+ 1 is again of this
form. Use this fact and an argument by contradiction similarto Euclid’s to prove that
there are infinitely many primes of the form 4n−1.

190 Problem Prove that there are infinitely many primes of the form 6n−1.

191 Problem Prove that there are infinitely many primesp such thatp−2 is not prime.

192 Problem Demonstrate that there are no three consecutive odd integers such that
each is the sum of two squares greater than zero.

193 Problem Let n > 1 be a positive integer. Prove that if one of the numbers
2n −1,2n +1 is prime, then the other is composite.

194 Problem Prove that there are infinitely many integersn such that 4n2+1 is divisible
by both 13 and 5.

195 Problem Prove that any integern > 11 is the sum of two positive composite num-
bers.

196 Problem Prove that 3 never dividesn2 +1.

197 Problem Shew the existence of infinitely many natural numbersx,y such that
x(x+1)|y(y+1) but

x 6 |y and(x+1) 6 |y,

and also
x 6 |(y+1) and(x+1) 6 |(y+1).
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3.2 The Decimal Scale

Any natural numbern can be written in the form

n = a010k +a110k−1 +a210k−2 + · · ·+ak−110+ak

where 1≤ a0 ≤ 9,0≤ a j ≤ 9, j ≥ 1. This is thedecimalrepresentation ofn. For example

65789= 6 ·104+5 ·103+7 ·102+8 ·10+9.

198 Example Find a reduced fraction equivalent to the repeating decimal0.123= 0.123123123. . ..

Solution: LetN = 0.123123123. . .. Then 1000N = 123.123123123. . .. Hence 1000N−N = 123, whenceN =
123
999

=
41
333

.

199 Example What are all the two-digit positive integers in which the difference between the integer and the product of its
two digits is 12?

Solution: Let such an integer be 10a+b, wherea,b are digits. Solve 10a+b−ab= 12 fora getting

a =
12−b
10−b

= 1+
2

10−b
.

Sincea is an integer, 10−b must be a positive integer that divides 2. This givesb = 8,a = 2 or b = 9,a = 3. Thus 28 and 39
are the only such integers.

200 Example Find all the integers with initial digit 6 such that if this initial integer is suppressed, the resulting number is 1/25
of the original number.

Solution: Letx be the integer sought. Thenx = 6 ·10n+y wherey is a positive integer. The given condition stipulates that

y =
1
25

(6 ·10n+y) ,

that is,

y =
10n

4
= 25·10n−2.

This requiresn≥ 2, whencey = 25,250,2500,25000, etc.. Thereforex = 625,6250,62500,625000, etc..

201 Example (IMO 1968) Find all natural numbersx such that the product of their digits (in decimal notation) equalsx2 −

10x−22.

Solution: Letx have the form
x = a0 +a110+a2102+ · · ·+an10n, ak ≤ 9, an 6= 0.

Let P(x) be the product of the digits ofx,P(x) = x2 − 10x− 22. Now P(x) = a0a1 · · ·an ≤ 9nan < 10nan ≤ x (strict inequality
occurs whenx has more than one digit). This means thatx2 − 10x− 22≤ x which entails thatx < 13, whencex has one
digit or x = 10,11 or 12. Sincex2 − 10x− 22= x has no integral solutions,x cannot have one digit. Ifx = 10,P(x) = 0, but
x2 −10x−22 6= 0. If x = 11,P(x) = 1, butx2 −10x−22 6= 1. The only solution is seen to bex = 12.

202 Example A whole number decreases an integral number of times when itslast digit is deleted. Find all such numbers.

Solution: Let 0≤ y ≤ 9, and 10x+ y = mx, wherem,x are natural numbers. This requires 10+
y
x

= m, an integer. Hence,x

must dividey. If y = 0, any natural numberx will do, as we obtain multiples of 10. Ify = 1 thenx = 1, and we obtain 11.
Continuing in this fashion, the sought number are the multiples of 10, together with the numbers 11, 12, 13, 14, 15, 16, 17,18,
19, 22, 24, 26, 28, 33, 36, 39, 44, 55, 77, 88, and 99.
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203 Example Shew that all integers in the sequence

49,4489,444889,44448889,44. . .44| {z }
n 4′s

88. . .88| {z }
n−1 8′s

9

are perfect squares.

Solution: Observe that

44. . .44| {z }
n 4′s

88. . .88| {z }
n−1 8′s

9 = 44. . .44| {z }
n 4′s

·10n+88. . .88| {z }
n−1 8′s

·10+9

=
4
9
· (10n−1) ·10n+

8
9
· (10n−1−1) ·10+9

=
4
9
·102n+

4
9
·10n+

1
9

=
1
9

(2 ·10n+1)2

=

�
2 ·10n+1

3

�2

We must shew that this last quantity is an integer, that is, that 3 divides 2·10n+ 1 = 200. . .00| {z }
n−1 0′s

1. But the sum of the digits of

this last quantity is 3, which makes it divisible by 3. In fact,
2 ·10n+1

3
= 6. . .6| {z }

n−1 6′s

7

204 Example (AIME 1987) An ordered pair(m,n) of non-negative integers is calledsimpleif the additionm+ n requires no
carrying. Find the number of simple ordered pairs of non-negative integers that add to 1492.

Solution: Observe that there ared+1 solutions tox+y = d, wherex,y are positive integers andd is a digit. These are

(0+d), (1+d−1), (2+d−2), . . . , (d+0)

Since there is no carrying, we search for the numbers of solutions of this form tox+y = 1, u+v= 4, s+ t = 9, anda+b= 2.
Since each separate solution may combine with any other, thetotal number of simple pairs is

(1+1)(4+1)(9+1)(2+1)= 300.

205 Example (AIME 1992) For how many pairs of consecutive integers in

{1000,1001, . . .,2000}

is no carrying required when the two integers are added?

Solution: Other than 2000, a number on this list has the formn = 1000+100a+10b+c, wherea,b,c are digits. If there is no
carrying inn+n+1 thenn has the form

1999, 1000+100a+10b+9, 1000+100a+99,1000+100a+10b+c

with 0≤ a,b,c≤ 4, i.e., five possible digits. There are 53 = 125 integers of the form 1000+ 100a+ 10b+ c,0≤ a,b,c≤ 4,
52 = 25 integers of the form 1000+100a+10b+9,0≤ a,b≤ 4, and 5 integers of the form 1000+100a+99,0≤ a≤ 4. The
total of integers sought is thus 125+25+5+1= 156.

206 Example (AIME 1994) Given a positive integern, let p(n) be the product of the non-zero digits ofn. (If n has only one
digit, thenp(n) is equal to that digit.) Let

S= p(1)+ p(2)+ · · ·+ p(999).

FindS.
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Solution: If x = 0, putm(x) = 1, otherwise putm(x) = x. We use three digits to label all the integers, from 000 to 999 If a,b,c
are digits, then clearlyp(100a+10b+c)= m(a)m(b)m(c). Thus

p(000)+ p(001)+ p(002)+ · · ·+ p(999) = m(0)m(0)m(0)+m(0)m(0)m(1)

+m(0)m(0)m(2)+ · · ·+m(9)m(9)m(9)

= (m(0)+m(1)+ · · ·+m(9))3

= (1+1+2+ · · ·+9)3

= 463

= 97336.

Hence

S = p(001)+ p(002)+ · · ·+ p(999)

= 97336− p(000)

= 97336−m(0)m(0)m(0)

= 97335.

207 Example (AIME 1992) Let S be the set of all rational numbersr, 0 < r < 1, that have a repeating decimal expansion of
the form

0.abcabcabc. . . = 0.abc,

where the digitsa,b,c are not necessarily distinct. To write the elements ofSas fractions in lowest terms, how many different
numerators are required?

Solution: Observe that 0.abcabcabc. . . =
abc
999

, and that 999= 33 ·37. If abc is neither divisible by 3 nor by 37, the fraction is

already in lowest terms. By Inclusion-Exclusion there are

999−

�
999
3

+
999
37

�
+

999
3 ·37

= 648

such fractions. Also, fractions of the form
s

37
wheres is divisible by 3 but not by 37 are inS. There are 12 fractions of this

kind (with s = 3, 6, 9, 12, . . . , 36). We do not consider fractions of the form
l
3t ,t ≤ 3 with l divisible by 37 but not by 3,

because these fractions are> 1 and hence not inS. The total number of distinct numerators in the set of reduced fractions is
thus 640+12= 660.
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Practice

208 Problem Find an equivalent fraction for the repeating decimal 0.3172.

209 Problem A two-digit number is divided by the sum of its digits. What isthe largest
possible remainder?

210 Problem Shew that the integer

11. . .11| {z }
221 1′s

is a composite number.

211 Problem Let a andb be the integers

a = 111. . .1| {z }
m 1′s

b = 1000. . .0| {z }
m−1 0′s

5.

Shew thatab+1 is a perfect square.

212 Problem What digits appear on the product

3. . .3|{z}
666 3′s

· 6. . .6|{z}
666 6′s

?

213 Problem Shew that there exist no integers with the following property: if the initial
digit is suppressed, the resulting integer is 1/35 of the original number.

214 Problem Shew that the sum of all the integers of n digits,n≥ 3, is

49499. . .9|{z}
n−3 9′s

5500. . .0|{z}
n−2 0′s

.

215 Problem Shew that for any positive integern,

11. . .1|{z}
2n 1′s

−22. . .2|{z}
n 2′s

is a perfect square.

216 Problem A whole number is equal to the arithmetic mean of all the numbers ob-
tained from the given number with the aid of all possible permutation of its digits. Find
all whole numbers with that property.

217 Problem The integern is the smallest multiple of 15 such that every digit ofn is

either 0 or 8. Compute
n
15

.

218 Problem Shew thatChampernowne’s number

0.12345678910111213141516171819202122. . . ,

which is the sequence of natural numbers written after the decimal point, is irrational.

219 Problem Given that

1
49

= 0.020408163265306122448979591836734693877551,

find the last thousand digits of

1+50+502 + · · ·+50999.

220 Problem Let t be a positive real number. Prove that there is a positive integer n
such that the decimal expansion ofnt contains a 7.

221 Problem (AIME 1989) Suppose thatn is a positive integer andd is a single digit in
base-ten. Findn if n

810
= 0.d25d25d25d25d25. . .

222 Problem (AIME 1988) Find the smallest positive integer whose cube ends in 888.

223 Problem (AIME 1986) In the parlour game, the “magician” asks one of the partici-
pants to think of a three-digit numberabc, wherea,b,c represent the digits of the number
in the order indicated. The magician asks his victim to form the numbers

acb,bac,cab,cba,

to add these numbers and to reveal their sumN. If told the value ofN, the magician can
identify abc. Play the magician and determineabc if N = 319.

224 Problem (AIME 1988) For any positive integerk, let f1(k) denote the square of the
sums of the digits ofk. For n≥ 2, let fn(k) = f1( fn−1(k)). Find f1988(11).

225 Problem (IMO 1969) Determine all three-digit numbersN that are divisible by 11

and such that
N
11

equals the sum of the squares of the digits ofN.

226 Problem (IMO 1962) Find the smallest natural number having the last digit 6 and if
this 6 is erased and put in from of the other digits, the resulting number is four times as
large as the original number.

3.3 Non-decimal Scales

The fact that most people have ten fingers has fixed our scale ofnotation to the decimal. Given any positive integerr > 1, we
can, however, express any numberx in baser.

If n is a positive integer, andr > 1 is an integer, thenn has the base-r representation

n = a0 +a1r +a2r2 + · · ·+akr
k, 0≤ at ≤ r −1, ak 6= 0, rk ≤ n < rk+1.

We use the convention that we shall refer to a decimal number without referring to its base, and to a base-r number by using
the subindexr .
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227 Example Express the decimal number 5213 in base-seven.

Solution: Observe that 5213< 75. We thus want to find 0≤ a0, . . . ,a4 ≤ 6,a4 6= 0 such that

5213= a474 +a37
3 +a272 +a17+a0.

Dividing by 74, we obtain 2+ proper fraction= a4+ proper fraction. This means thata4 = 2. Thus 5213= 2 · 74 + a373 +

a272 +a17+a0 or 411= 5213= a373 +a272+a17+a0. Dividing by 73 this last equality we obtain 1+ proper fraction= a3+

proper fraction, and soa3 = 1. Continuing in this way we deduce that 5213= 211257.
The method of successive divisions used in the preceding problem can be conveniently displayed as

7 5212 5

7 744 2

7 106 1

7 15 1

7 2 2

The central column contains the successive quotients and the rightmost column contains the corresponding remainders.Reading
from the last remainder up, we recover 5213= 211257.

228 Example Write 5627 in base-five.

Solution: 5627 = 5 · 72 + 6 · 7+ 2 = in decimal scale, so the problem reduces to convert 289 to base-five. Doing successive
divisions,

5 289 4

5 57 2

5 11 1

5 2 2

Thus 5627 = 289= 21245.

229 Example Express the fraction
13
16

in base-six.

Solution: Write
13
16

=
a1

6
+

a2

62 +
a3

63 +
a4

64 + · · ·

Multiplying by 6, we obtain 4+ proper fraction= a1+ proper fraction, soa1 = 4. Hence

13
16

−
4
6

=
7
48

=
a2

62 +
a3

63 +
a4

64 + · · ·

Multiply by 62 we obtain 5+ proper fraction= a2+ proper fraction, and soa2 = 5. Continuing in this fashion

13
16

=
4
6

+
5
62 +

1
63 +

3
64 = 0.45136.
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We may simplify this procedure of successive multiplications by recurring to the following display:

6
13
16

4

6
7
8

5

6
1
4

1

6
1
2

3

The third column contains the integral part of the products of the first column and the second column. Each term of the second

column from the second on is the fractional part of the product obtained in the preceding row. Thus 6· 13
16

−4=
7
8

, 6· 7
8

−5=
1
4

,
etc..

230 Example Prove that 4.41r is a perfect square in any scale of notation.

Solution:

4.41r = 4+
4
r

+
4
r2 =

�
2+

1
r

�2

231 Example (AIME 1986) The increasing sequence

1,3,4,9,10,12,13, . . .

consists of all those positive integers which are powers of 3or sums of distinct powers or 3. Find the hundredth term of the
sequence.

Solution: If the terms of the sequence are written in base-three, they comprise the positive integers which do not contain the
digit 2. Thus the terms of the sequence in ascending order are

13,103,113,1003,1013,1103,1113, . . .

In thebinaryscale these numbers are, of course, the ascending natural numbers 1,2,3,4, . . .. Therefore to obtain the 100th term
of the sequence we write 100 in binary and then translate thisinto ternary: 100= 11001002 and 11001003 = 36+35+32 = 981.

232 Example (AHSME 1993) Given 0≤ x0 < 1, let

xn =

8><>: 2xn−1 if 2xn−1 < 1,

2xn−1−1 if 2xn−1 ≥ 1.

for all integersn > 0. For how manyx0 is it true thatx0 = x5?

Solution: Writex0 in binary,

x0 =

∞X
k=1

ak

2k
, ak = 0 or 1.

The algorithm given moves the binary point one unit to the right. For x0 to equalx5 we need(0.a1a2a3a4a5a6a7 . . .)2 =

(0.a6a7a8a9a10a11a12. . .)2. This will happen if and only ifx0 has a repeating expansion witha1a2a3a4a5 as the repeating
block. There are 25 = 32 such blocks. But ifa1 = a2 = · · · = a5 = 1 thenx0 = 1, which lies outside]0,1[. The total number of
values for whichx0 = x5 is therefore 32−1= 31.

Practice
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233 Problem Express the decimal number 12345 in every scale from binary to base-
nine.

234 Problem Distribute the 27 weights of 12,22,32, . . . ,272 lbs each into three separate
piles, each of equal weight.

235 Problem Let C denote the class of positive integers which, when written inbase-
three, do not require the digit 2. Prove that no three integers inC are in arithmetic pro-
gression.

236 Problem What is the largest integer that I should be permitted to choose so that you
may determine my number in twenty “yes” or “no” questions?

237 Problem Let TxU denote the greatest integer less than or equal tox. Does the equa-
tion

TxU+T2xU+T4xU+T8xU+T16xU+T32xU= 12345

have a solution?

3.4 Well-Ordering Principle

The setN = {0,1,2,3,4, . . .} of natural numbers is endowed with two operations, additionand multiplication, that satisfy the
following properties for natural numbera,b, andc:

1. Closure: a+b andabare also natural numbers,

2. Commutativity: a+b= b+a andab= ba,

3. Associative Laws:(a+b)+c= a+(b+c) and(ab)c = a(bc),

4. Distributive Law: a(b+c) = ab+ac

5. Additive Identity: 0+a= a.

6. Multiplicative Identity: 1a = a.

One further property of the natural numbers is the following.

Well-Ordering Axiom: Every non-empty subsetS of the natural numbers has a least element.
As an example of the use of the Well-Ordering Axiom let us prove that there is no integer between 0 and 1.

238 Example Prove that there is no integer in the open interval]0;1[.

Solution: Assume to the contrary that the setS of integers in]0;1[ is non-empty. As a set of positive integers, by
Well-Ordering it must contain a least element, saym. Since 0< m< 1, we have 0< m2 < m< 1. But this last string of
inequalities says thatm2 is an integer in]0;1[ which is smaller thanm, the smallest integer in]0;1[. This contradiction shews
thatm cannot exist.
Recall that anirrational number is one that cannot be represented as the ratio of two integers.

239 Example Prove that
√

2 is irrational.

Solution: The proof is by contradiction. Suppose that
√

2 were rational, i.e., that
√

2 =
a
b

for some integersa,b,b 6= 0. This

implies that the set
A = {n

√
2 : bothn andn

√
2 positive integers}

is non-empty since it containsa. By Well-Ordering,A has a smallest element, sayj = k
√

2. As
√

2−1 > 0,
j(
√

2−1) = j
√

2−k
√

2 =
√

2( j −k), is a positive integer. Since 2< 2
√

2 implies 2−
√

2 <
√

2 and alsoj
√

2 = 2k, we see
that

( j −k)
√

2 = k(2−
√

2) < k
√

2 = j.

Thus( j −k)
√

2 is a positive integer inA which is smaller thanj. This contradicts the choice ofj as the smallest integer inA
and hence, finishes the proof.

240 Example Let a,b,c be integers such thata6 +2b6 = 4c6. Shew thata = b = c = 0.
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Solution: Clearly we can restrict ourselves to non-negative numbers. Choose a triplet of non-negative integersa,b,c satisfying
this equation and with

max(a,b,c) > 0

as small as possible. Ifa6 +2b6 = 4c6, thena must be even,a = 2a1. This leads to 32a6
1+b6 = 2c6. This implies thatb is

even,b = 2b1 and so 16a6
1+32b6

1 = c6. This implies thatc is even,c = 2c1 and soa6
1 +2b6

1 = 4c6
1. But clearly

max(a1,b1,c1) < max(a,b,c). We have produce a triplet of integers with a maximum smallerthan the smallest possible
maximum, a contradiction.

241 Example (IMO 1988) If a,b are positive integers such that
a2 +b2

1+ab
is an integer, then shew that

a2 +b2

1+ab
must be a square.

Solution: Suppose that
a2 +b2

1+ab
= k is a counterexample of an integer which is not a perfect square, with max(a,b) as small as

possible. We may assume without loss of generality thata < b for if a = b then

0 < k =
2a2

a2 +1
= 2−

2
a2 +1

< 2,

which forcesk = 1, a square.

Now, a2 +b2 −k(ab+1) = 0 is a quadratic inb with sum of rootska and product of rootsa2−k. Let b1,b be its roots, so
b1 +b = ka,bb1 = a2 −k.

As a,k are positive integers, supposingb1 < 0 is incompatible witha2 +b2
1 = k(ab1 +1). As k is not a perfect square,

supposingb1 = 0 is incompatible witha2 +02 = k(0 ·a+1). Also

b1 =
a2 −k

b
<

b2 −k
b

= b−
k
b

< b.

Thus we have shewnb1 to be a positive integer with
a2 +b2

1

1+ab1
= k smaller thanb. This is a contradiction to the choice ofb.

Such a counterexamplek cannot exist, and so
a2+b2

1+ab
must be a perfect square. In fact, it can be shewn that

a2 +b2

1+ab
is the

square of the greatest common divisor ofa andb.
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Practice

242 Problem Find all integers solutions ofa3 +2b3 = 4c3.

243 Problem Prove that the equalityx2 +y2 +z2 = 2xyzcan hold for whole numbers
x,y,z only whenx = y = z= 0.

244 Problem Shew that the series of integral squares does not contain an infinite
arithmetic progression.

245 Problem Prove thatx2 +y2 = 3(z2 +w2) does not have a positive integer solution.

3.5 Mathematical Induction

The Principle of Mathematical Induction is based on the following fairly intuitive observation. Suppose that we are to perform
a task that involves a certain finite number of steps. Supposethat these steps are sequential. Finally, suppose that we know
how to perform then-th step provided we have accomplished then−1-th step. Thus if we are ever able to start the task (that
is, if we have a base case), then we should be able to finish it (because starting with the base we go to the next case, and then to
the case following that, etc.).
We formulate the Principle of Mathematical Induction (PMI)as follows:

Principle of Mathematical Induction Suppose we have an assertionP(n) concerning natural numbers satisfying the
following two properties:

(PMI I ) P(k0) is true for some natural numberk0,

(PMI II ) If P(n−1) is true thenP(n) is true.

Then the assertionP(n) is true for everyn≥ k0.

246 Example Prove that the expression 33n+3 −26n−27 is a multiple of 169 for all natural numbersn.

Let P(n) be the assertion “33n+3−26n−27 is a multiple of 169.” Observe that 33(1)+3 −26(1)−27= 676= 4(169) soP(1)

is true. Assume the truth ofP(n−1), that is, that there is an integerM such that

33(n−1)+3 −26(n−1)−27= 169M.

This entails
33n−26n−1= 169M.

Now

33n+3−26n−27 = 27·33n−26n−27

= 27(33n−26n−1)+676n

= 27(169M)+169·4n

= 169(27M +4n),

and so the truth ofP(n−1) implies the truth ofP(n). The assertion then follows for alln≥ 1 by PMI.

247 Example Prove that
(1+

√
2)2n +(1−

√
2)2n

is an even integer and that
(1+

√
2)2n −(1−

√
2)2n = b

√
2

for some positive integerb, for all integersn≥ 1.
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Solution: LetP(n) be the assertion: “
(1+

√
2)2n +(1−

√
2)2n

is an even integer and that
(1+

√
2)2n −(1−

√
2)2n = b

√
2

for some positive integerb.” We see thatP(1) is true since

(1+
√

2)2 +(1−
√

2)2 = 6,

and
(1+

√
2)2 −(1−

√
2)2 = 4

√
2.

Assume now thatP(n−1), i.e., assume that

(1+
√

2)2(n−1) +(1−
√

2)2(n−1) = 2N

for some integerN and that
(1+

√
2)2(n−1) −(1−

√
2)2(n−1) = a

√
2

for some positive integera. Consider now the quantity

(1+
√

2)2n +(1−
√

2)2n = (1+
√

2)2(1+
√

2)2n−2+(1−
√

2)2(1−
√

2)2n−2

= (3+2
√

2)(1+
√

2)2n−2 +(3−2
√

2)(1−
√

2)2n−2

= 12N+4a

= 2(6n+2a),

an even integer. Similarly

(1+
√

2)2n −(1−
√

2)2n = (1+
√

2)2(1+
√

2)2n−2−(1−
√

2)2(1−
√

2)2n−2

= (3+2
√

2)(1+
√

2)2n−2 −(3−2
√

2)(1−
√

2)2n−2

= 3a
√

2+2
√

2(2N)

= (3a+4N)
√

2,

which is of the formb
√

2. This implies thatP(n) is true. The statement of the problem follows by PMI.

248 Example Prove that ifk is odd, then 2n+2 divides
k2n

−1

for all natural numbersn.

Solution: The statement is evident forn = 1, ask2 −1 = (k−1)(k+1) is divisible by 8 for any odd natural numberk since
k−1 andk+1 are consecutive even integers. Assume that 2n+2a = k2n

−1 for some integera. Then

k2n+1
−1 = (k2n

−1)(k2n
+1) = 2n+2a(k2n

+1).

Sincek is odd,k2n
+1 is even and sok2n

+1 = 2b for some integerb. This gives

k2n+1
−1 = 2n+2a(k2n

+1) = 2n+3ab,

and so the assertion follows by PMI.
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249 Example Let sbe a positive integer. Prove that every interval[s,2s] contains a power of 2.

Solution: Ifs is a power of 2, then there is nothing to prove. Ifs is not a power of 2 then it must lie between two consecutive
powers of 2, say 2r < s< 2r+1. This yields 2r+1 < 2s. Hences< 2r+1 < 2s, which yields the result.

250 Definition TheFibonacci Numbersare given byf0 = 0, f1 = 1, fn+1 = fn + fn−1,n≥ 1, that is every number after the
second one is the sum of the preceding two.

The Fibonacci sequence then goes like 0,1,1,2,3,5,8,13,21, . . ..

251 Example Prove that for integern≥ 1,
fn−1 fn+1 = f 2

n +(−1)n+1.

Solution: Ifn = 1, then 2= f0 f2 = 12 +(−1)2 = f 2
1 +(−1)1+1. If fn−1 fn+1 = f 2

n +(−1)n+1 then using the fact that
fn+2 = fn + fn+1,

fn fn+2 = fn( fn + fn+1)

= f 2
n + fn fn+1

= fn−1 fn+1 −(−1)n+1+ fn fn+1

= fn+1( fn−1 + fn)+ (−1)n+2

= f 2
n+1 +(−1)n+2,

which establishes the assertion by induction.

252 Example Prove that a given square can be decomposed inton squares, not necessarily of the same size, for all
n = 4,6,7,8, . . ..

Solution: A quartering of a subsquare increases the number of squares by three (four new squares are gained but the original
square is lost). Figure 3.1 below shews thatn = 4 is achievable. Ifn were achievable, a quartering would make

Figure 3.1: Example 252. Figure 3.2: Example 252. Figure 3.3: Example 252.

{n,n+3,n+6,n+9, . . .} also achievable. We will shew now thatn = 6 andn = 8 are achievable. But this is easily seen from
figures 3.2 and 3.3, and this finishes the proof.

Sometimes it is useful to use the following version of PMI, known as the Principle of Strong Mathematical Induction (PSMI).

Principle of Strong Mathematical Induction Suppose we have an assertionP(n) concerning natural numbers satisfying the
following two properties:

• (PSMI I ) P(k0) is true for some natural numberk0,
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• (PSMI II ) If m< n andP(m),P(m+1), . . . ,P(n−1) are true thenP(n) is true.

Then the assertionP(n) is true for everyn≥ k0.

253 Example In the country of SmallPesia coins only come in values of 3 and5 pesos. Shew that any quantity of pesos
greater than or equal to 8 can be paid using the available coins.

Solution: We use PSMI. Observe that 8= 3+5,9= 3+3+3,10= 5+5, so, we can pay 8,9, or 10 pesos with the available
coinage. Assume that we are able to payn−3,n−2, andn−1 pesos, that is, that 3x+5y= k has non-negative solutions for
k = n−3,n−2 andn−1. We will shew that we may also obtain solutions for 3x+5y= k for k = n,n+1 andn+2. Now

3x+5y= n−3=⇒ 3(x+1)+5y= n,

3x1 +5y1 = n−2 =⇒ 3(x1 +1)+5y1 = n+1,

3x2 +5y2 = n−1 =⇒ 3(x2 +1)+5y2 = n+2,

and so if the amountsn−3,n−2,n−1 can be paid so cann,n+1,n+2. The statement of the problem now follows from
PSMI.

254 Example (USAMO 1978) An integern will be calledgoodif we can write

n = a1 +a2+ · · ·+ak,

where the integersa1,a2, . . . ,ak are positive integers (not necessarily distinct) satisfying

1
a1

+
1
a2

+ · · · 1
ak

= 1.

Given the information that the integers 33 through 73 are good, prove that every integer≥ 33 is good.

Solution: We first prove that ifn is good, then 2n+8 and 2n+9 are also good. For assume thatn = a1 +a2+ · · ·+ak, and

1
a1

+
1
a2

+ · · · 1
ak

= 1.

Then 2n+8= 2(a1 +a2+ · · ·+ak)+4+4 and

1
2a1

+
1

2a2
+ · · · 1

2ak
+

1
4

+
1
4

=
1
2

+
1
4

+
1
4

= 1.

Also 2n+9= 2(a1+a2 + · · ·+ak)+3+6 and

1
2a1

+
1

2a2
+ · · · 1

2ak
+

1
3

+
1
6

=
1
2

+
1
3

+
1
6

= 1.

Therefore

if n is good then 2n+8 and 2n+9 are good (*)

We now establish the truth of the assertion of the problem by induction onn. Let P(n) be the proposition “all the integers
n,n+1,n+2, . . .,2n+7” are good. By the statement of the problem, we see thatP(33) is true. But (*) implies the truth of
P(n+1) wheneverP(n) is true. The assertion is thus proved by induction.
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Practice

255 Problem Use Sophie Germain’s trick to shew that
x4 +x2 +1 = (x2 −x+1)(x2 +x+1). Use this to shew that ifn is a positive integer
then

22n+1
+22n

+1

has at leastn different prime factors.

256 Problem Prove thatn3 +(n+1)3 +(n+2)3 is divisible by 9.

257 Problem Let n∈ N. Prove the inequality

1
n+1

+
1

n+2
+ · · ·+ 1

3n+1
> 1.

258 Problem Prove that for all positive integersn and all real numbersx,

|sinnx| ≤ n|sinx| (3.2)

259 Problem Prove thatq
2+

È
2+

p
2+ · · ·+

√
2| {z }

n radical signs

= 2cos
π

2n+1

for n∈ N.

260 Problem Let a1 = 3,b1 = 4, andan = 3an−1 , bn = 4bn−1 whenn > 1. Prove that
a1000> b999.

261 Problem Let n∈ N,n > 1. Prove that

1·3·5· · ·(2n−1)

2·4·6· · ·(2n)
<

1√
3n+1

.

262 Problem Prove that for all natural numbern > 1,

4n

n+1
<

(2n)!

(n!)2
.

263 Problem Let k be a positive integer Prove that ifx+
1
x

is an integer thenxk +
1
xk

is also an integer.

264 Problem Prove that for all natural numbersn > 1,

1
12

+
1
22

+
1
32

+ · · ·+ 1
n2

< 2−
1
n

.

265 Problem Let n≥ 2 be an integer. Prove thatf1 + f2 + · · ·+ fn = fn+2 −1.

266 Problem Let n,m≥ 0 be integers. Prove that

fn+m = fn−1 fm+ fn fm+1 (3.3)

267 Problem This problem uses the argument of A. Cauchy’s to prove the AM-GM
Inequality. It consists in shewing that AM-GM is true for allpowers of 2 and then
deducing its truth for the numbers between two consecutive powers of 2. Let
a1,a2, . . . ,al be non-negative real numbers. LetP(l) be the assertion the AM-GM
Inequality

a1 +a2 + · · ·+al

l
≥ l√a1a2 · · ·al

holds for thel given numbers.

1. Prove thatP(2) is true.

2. Prove that the truth ofP(2k−1) implies that ofP(2k).

3. Let 2k−1 < n < 2k. By considering the 2k quantities

a1 = y1,a2 = y2, . . . ,an = yn,

an+1 = an+1 = · · · = a2k =
y1 +y2 + · · ·+yn

n
,

prove thatP(n) is true.

3.6 Congruences

268 Definition The notationa≡ b modn is due to Gauß, and it means thatn|(a−b).

Thus ifa≡ b modn thena andb leave the same remainder upon division byn. For example, since 8 and 13 leave the same
remainder upon division by 5, we have 8≡ 13 mod 5. Also observe that 5|(8−13). As a further example, observe that
−8≡ −1≡ 6≡ 13 mod 7.
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Consider all the integers and arrange them in five columns as follows.

. . . . . . . . . . . . . . .

−10 −9 −8 −7 −6

−5 −4 −3 −2 −1

0 1 2 3 4

5 6 7 8 9

. . . . . . . . . . . . . . .

The arrangement above shews that any integer comes in one of 5flavours: those leaving remainder 0 upon division by 5, those
leaving remainder 1 upon division by 5, etc..
Sincen|(a−b) implies that∃k∈ Z such thatnk= a−b, we deduce thata≡ b modn if and only if there is an integerk such
thata = b+nk.
The following theorem is quite useful.

269 Theorem Let n≥ 2 be an integer. Ifx≡ y modn andu≡ v modn then

ax+bu≡ ay+bv modn.

Proof: As n|(x−y), n|(u−v) then there are integers s,t with ns= x−y, nt = u−v. This implies that

a(x−y)+b(u−v)= n(as+bt),

which entails that,
n|(ax+bu−ay−bv).

This last assertion is equivalent to saying

ax+bu≡ ay+bv modn.

This finishes the proof.❑

270 Corollary Let n≥ 2 be an integer. Ifx≡ y modn andu≡ v modn then

xu≡ yv modn.

Proof: Let a= u,b = y in Theorem 269.❑

271 Corollary Let n > 1 be an integer,x≡ y modn and j a positive integer. Thenx j ≡ y j modn.

Proof: Use repeteadly Corollary 270 with u= x,v = y. ❑

272 Corollary Let n > 1 be an integer,x≡ y modn. If f is a polynomial with integral coefficients thenf (x) ≡ f (y) modn.

273 Example Find the remainder when 61987 is divided by 37.
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Solution: 62 ≡ −1 mod 37. Thus

61987≡ 6 ·61986≡ 6(62)993≡ 6(−1)993≡ −6≡ 31 mod 37

and the remainder sought is 31.

274 Example Find the remainder when
12233·455679+876533

is divided by 4.

Solution: 12233= 12200+32+1≡ 1 mod 4. Similarly, 455679= 455600+76+3≡ 3, 87653= 87600+52+1≡ 1
mod 4. Thus

12233·455679+876533≡ 1 ·3+13 ≡ 4≡ 0 mod 4.

This means that 12233·455679+876533 is divisible by 4.

275 Example Prove that 7 divides 32n+1 +2n+2 for all natural numbersn.

Solution: Observe that
32n+1 ≡ 3 ·9n ≡ 3 ·2n mod 7

and
2n+2 ≡ 4 ·2n mod 7

. Hence
32n+1+2n+2 ≡ 7 ·2n ≡ 0 mod 7,

for all natural numbersn.

276 Example Prove the following result of Euler: 641|(232+1).

Solution: Observe that 641= 27 ·5+1= 24 +54. Hence 27 ·5≡ −1 mod 641 and 54 ≡ −24 mod 641. Now, 27 ·5≡ −1
mod 641 yields

54 ·228 = (5 ·27)4 ≡ (−1)4 ≡ 1 mod 641.

This last congruence and
54 ≡ −24 mod 641

yield
−24 ·228≡ 1 mod 641,

which means that 641|(232+1).

277 Example Prove that 7|(22225555+55552222).

Solution: 2222≡ 3 mod 7, 5555≡ 4 mod 7 and 35 ≡ 5 mod 7. Now

22225555+55552222≡ 35555+42222≡ (35)1111+(42)1111≡ 51111−51111≡ 0 mod 7.

278 Example Find the units digit of 77
7
.

Solution: We must find 77
7

mod 10. Now, 72 ≡ −1 mod 10, and so 73 ≡ 72 ·7≡ −7≡ 3 mod 10 and 74 ≡ (72)2 ≡ 1 mod
10. Also, 72 ≡ 1 mod 4 and so 77 ≡ (72)3 ·7≡ 3 mod 4, which means that there is an integert such that 77 = 3+4t. Upon
assembling all this,

777 ≡ 74t+3 ≡ (74)t ·73 ≡ 1t ·3≡ 3 mod 10.

Thus the last digit is 3.
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279 Example Find infinitely many integersn such that 2n +27 is divisible by 7.

Solution: Observe that 21 ≡ 2,22 ≡ 4,23 ≡ 1,24 ≡ 2,25 ≡ 4,26 ≡ 1 mod 7 and so 23k ≡ 1 mod 3 for all positive integersk.
Hence 23k +27≡ 1+27≡ 0 mod 7 for all positive integersk. This produces the infinitely many values sought.

280 Example Prove that 2k −5,k = 0,1,2, . . . never leaves remainder 1 when divided by 7.

Solution: 21 ≡ 2,22 ≡ 4,23 ≡ 1 mod 7, and this cycle of three repeats. Thus 2k −5 can leave only remainders 3, 4, or 6 upon
division by 7.

281 Example (AIME 1994) The increasing sequence

3,15,24,48, . . . ,

consists of those positive multiples of 3 that are one less than a perfect square. What is the remainder when the 1994-th term
of the sequence is divided by 1000?

Solution: We want 3|n2−1 = (n−1)(n+1). Since 3 is prime, this requiresn = 3k+1 orn = 3k−1,k = 1,2,3, . . .. The
sequence 3k+1,k = 1,2, . . . produces the termsn2 −1 = (3k+1)2−1 which are the terms at even places of the sequence of
3,15,24,48, . . .. The sequence 3k−1,k = 1,2, . . . produces the termsn2 −1 = (3k−1)2−1 which are the terms at odd places
of the sequence 3,15,24,48, . . .. We must find the 997th term of the sequence 3k+1,k = 1,2, . . .. Finally, the term sought is
(3(997)+1)2−1≡ (3(−3)+1)2−1≡ 82 −1≡ 63 mod 1000. The remainder sought is 63.

Practice

282 Problem Prove that 0,1,3,4,9,10, and 12 are the only perfect squares modulo 13.

(Hint: It is enough to consider 02,12,22, . . . ,122. In fact, by
observing thatr2 ≡ (13− r)2 modn, you only have to go
half way.)

283 Problem Prove that there are no integers withx2 −5y2 = 2.

(Hint: Find all the perfect squares mod 5.)

284 Problem Which digits must we substitute for a and b in 30a0b03 so that the
resulting integer be divisible by 13?

285 Problem Find the number of alln,1≤ n≤ 25 such thatn2 +15n+122 is divisible
by 6.

(Hint: n2 +15n+122≡ n2 +3n+2= (n+1)(n+2) mod 6.)

286 Problem (AIME 1983) Let an = 6n +8n. Determine the remainder whena83 is
divided by 49.

287 Problem (Polish Mathematical Olympiad) What digits should be put instead ofx
andy in 30x0y03 in order to give a number divisible by 13?

288 Problem Prove that if 9|(a3 +b3 +c3), then 3|abc, for integersa,b,c.

289 Problem Describe all integersn such that 10|n10+1.

290 Problem Find the last digit of 3100.

291 Problem (AHSME 1992) What is the size of the largest subset S of{1,2, . . . ,50}
such that no pair of distinct elements of S has a sum divisibleby 7?

292 Problem Prove that there are no integer solutions to the equationx2 −7y = 3.

293 Problem Prove that if 7|a2 +b2 then 7|a and 7|b.

294 Problem Prove that there are no integers with

800000007= x2 +y2 +z2.

295 Problem Prove that the sum of the decimal digits of a perfect square cannot be
equal to 1991.

296 Problem Prove that
7|42n

+22n
+1

for all natural numbers n.

297 Problem Find the last two digits of 3100.

298 Problem (USAMO 1986) What is the smallest integern > 1, for which the
root-mean-square of the firstn positive integers is an integer?

Note. The root mean square ofn numbersa1,a2, . . . ,an is defined to be�
a2

1 +a2
2 + · · ·+a2

n

n

�1/2

.
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299 Problem If 62ab427 is a multiple of 99, find the digitsa andb.

300 Problem Shew that an integer is divisible by 2n,n = 1,2,3, . . . if the number
formed by its lastn digits is divisible by 2n.

301 Problem Find the last digit of

2333333334·9987737+12·21327+12123·99987.

302 Problem (AIME 1994) The increasing sequence

3,15,24,48, . . . ,

consists of all those multiples of 3 which are one less than a square. Find the remainder
when the 1994th term is divided by 1000.

303 Problem (AIME 1983) Let an = 6n +8n. Find the remainder whena83 is divided
by 49.

304 Problem Shew that if 9|(a3 +b3 +c3), then 3|abc, for the integersa,b,c.

3.7 Miscellaneous Problems Involving Integers

Recall thatTxU is the unique integer satisfying
x−1 < TxU ≤ x (3.4)

ThusTxU is x is an integer, or the integer just to the left ofx if x is not an integer. For exampleT3.9U = 1,T−3.1U = −4.
Let p be a prime andn a positive integer. In the productn! = 1 ·2 ·3· · ·n the number of factors contributing a factor of ofp is

T
n
p
U the number of factors contributing a factor ofp2 is T

n
p2U, etc.. This proves the following theorem.

305 Theorem (De Polignac-Legendre) The highest power of a primep diving n! is given by

∞X
k=1

T
n
pk U (3.5)

306 Example How many zeroes are there at the end of 999! = 1 ·2 ·3 ·4· · ·998·999?

Solution: The number of zeroes is determined by the highest power of 10 dividing 999!. As there are fewer multiples of 5
amongst{1,2, . . . ,999} that multiples of 2, the number of zeroes is the determined bythe highest power of 5 dividing 999!.
But the highest power of 5 dividing 999! is given by

T
999
5

U+T
999
52 U+T

999
53 U+T

999
54 U = 199+39+7+1= 246.

Therefore 999! ends in 246 zeroes.

307 Example Let m,n be non-negative integers. Prove that

(m+n)!

m!n!
is an integer. (3.6)

Solution: Letp be a prime andk a positive integer. By the De Polignac-Legendre Theorem, itsuffices to shew that

T
m+n

pk
U ≥ T

m
pk

U+T
n
pk

U.

This inequality in turn will follow from the inequality

TαU+TβU ≤ Tα + βU (3.7)

which we will shew valid for all real numbersα,β .
Adding the inequalitiesTαU ≤ α, TβU ≤ β , we obtainTαU+TβU ≤ α +β . SinceTαU+TβU is an integer less than or equal
to α + β , it must be less than or equal than the integral part ofα + β , that isTαU+TβU ≤ Tα + βU, as we wanted to shew.
Observe that(m+n)! = m!(m+1)(m+2) · · ·(m+n). Thus cancelling a factor ofm!,

(m+n)!

m!n!
=

(m+1)(m+2) · · ·(m+n)

n!
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we see that the product ofn consecutive positive integers is divisible byn!. If all the integers are negative, we may factor out a
(−1)n, or if they include 0, their product is 0. This gives the following theorem.

308 Theorem The product ofn consecutive integers is divisible byn!.

309 Example Prove thatn5−5n3+4n is always divisible by 120 for all integersn.

Solution: We have
n5 −5n3+4n = n(n2 −4)(n2−1) = (n−2)(n−1)(n)(n+1)(n+2),

the product of 5 consecutive integers and hence divisible by5! = 120.

310 Example Let A be a positive integer and letA′ be the resulting integer after a specific permutation of the digits of A.
Shew that ifA+A′ = 1010 thenA s divisible by 10.

Solution: Clearly,A andA′ must have 10 digits each. Put

A = a10a9a8 . . .a1

and
A′ = b10b9b8 . . .b1,

whereak,bk,k = 1,2, . . . ,10 are the digits ofA andA′ respectively. AsA+A′ = 10000000000, we must have
a1 +b1 = a2 +b2 = · · · = ai +bi = 0 and

ai+1+bi+1 = 10,ai+2+bi+2 = · · · = a10+b10 = 9,

for some subindexi,0≤ i ≤ 9. Notice that ifi = 9 there are no sumsai+2 +bi+2,ai+3 +bi+3, . . . and if i = 0 there are no sums
a1 +b1, . . . ,ai +bi.
Adding,

a1+b1 +a2+b2+ · · ·+ai +bi +ai+1+bi+1+ · · ·+a10+b10 = 10+9(9− i).

If i is even, 10+9(9− i) is odd and ifi is odd 10+9(9− i) is even. As

a1 +a2+ · · ·+a10 = b1 +b2+ · · ·+b10,

we have
a1 +b1+a2+b2+ · · ·+ai +bi +ai+1+bi+1+ · · ·+a10+b10 = 2(a1 +a2+ · · ·+a10),

an even integer. We gather thati is odd, which entails thata1 = b1 = 0, that is ,A andA′ are both divisible by 10.

311 Example (Putnam 1956) Prove that every positive integer has a multiple whose decimal representation involves all 10
digits.

Solution: Letn be an arbitrary positive integer withk digits. Letm= 1234567890·10k+1. Then all of then consecutive
integers

m+1,m+2, . . . ,m+n

begin with 1234567890 and one of them is divisible byn.

312 Example (Putnam 1966) Let 0< a1 < a2 < .. . < amn+1 bemn+1 integers. Prove that you can find eitherm+1 of them
no one of which divides any other, orn+1 of them, each dividing the following.

Solution: Let, for each 1≤ k≤ mn+1,nk denote the length of the longest chain, starting withak and each dividing the
following one, that can be selected fromak,ak+1, . . . ,amn+1. If no nk is greater thann, then the are at leastm+1 nk’s that are
the same. However, the integersak corresponding to thesenk’s cannot divide each other, becauseak|al implies thatnk ≥ nl +1.
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313 Theorem If k|n then fk| fn.

Proof Lettings= kn, t = n in the identity fs+t = fs−1 ft + fs ft+1 we obtain

f(k+1)n = fkn+n = fn−1 fkn+ fn fkn+1.

It is clear that if fn| fkn then fn| f(k+1)n. Since fn| fn·1, the assertion follows.

314 Example Prove that ifp is an odd prime and if

a
b

= 1+1/2+ · · ·+1/(p−1),

thenp dividesa.

Solution: Arrange the sum as

1+
1

p−1
+

1
2

+
1

p−2
+ · · ·+ 1

(p−1)/2
+

1
(p+1)/2

.

After summing consecutive pairs, the numerator of the resulting fractions isp. Each term in the denominator is< p. Sincep is
a prime, thep on the numerator will not be thus cancelled out.

315 Example The sum of some positive integers is 1996. What is their maximum product?

Solution: We are given some positive integersa1,a2, . . . ,an with a1 +a2+ · · ·+an = 1996. To maximisea1a2 · · ·an, none of
theak’s can be 1. Let us shew that to maximise this product, we make as many possibleak = 3 and at most twoa j = 2.
Suppose thata j > 4. Substitutinga j by the two termsa j −3 and 3 the sum is not changed, but the product increases since
a j < 3(a j −3). Thus theak’s must equal 2, 3 or 4. But 2+2+2= 3+3 and 2×2×2< 3×3, thus if there are more than two
2’s we may substitute them by 3’s. As 1996= 3(665)+1= 3(664)+4, the maximum product sought is 3664×4.

316 Example Find all the positive integers of the form

r +
1
r
,

wherer is a rational number.

Solution: We will shew that the expressionr +1/r is a positive integer only ifr = 1, in which caser +1/r = 2. Let

r +
1
r

= k,

k a positive integer. Then

r =
k±

√
k2 −4
2

.

Sincek is an integer,r will be an integer if and onlyk2 −4 is a square of the same parity ask. Now, if k≥ 3,

(k−1)2 < k2 −4 < k2,

that is,k2 −4 is strictly between two consecutive squares and so it cannot be itself a square. Ifk = 1,
p

k2 −4 is not a real
number. Ifk = 2, k2 −4 = 0. Therefore,r +1/r = 2, that is,r = 1. This finishes the proof.

317 Example For how many integersn in {1,2,3, . . . ,100} is the tens digit ofn2 odd?

Solution: In the subset{1,2, . . .10} there are only two values ofn (4 and 6) for which the digits of the tens ofn2 is odd. Now,
the tens digit of(n+10)2 = n2 +20n+100 has the same parity as the tens digit ofn2. Thus there are only 20n for which the
prescribed condition is verified.
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Practice

318 Problem Find the sum

5+55+555+ · · ·+ 5. . .5|{z}
n 5′s

.

319 Problem Shew that for all numbersa 6= 0,a 6= ±i
√

3 the following formula of
Reyley (1825) holds.

a =

�
a6 +45a5 −81a2 +27

6a(a2 +3)2

�3

+

�
−a2 +30a2 −9

6a(a2 +3)

�3

+

�
−6a3 +18a

(a2 +3)2

�3

.

If a is rational this shews that every rational number is expressible as the sum of the
cubes of three rational numbers.

320 Problem What is the largest power of 7 that divides 1000!?

321 Problem Demonstrate that for all integer valuesn,

n9 −6n7 +9n5 −4n3

is divisible by 8640.

322 Problem Prove that ifn > 4 is composite, then n divides(n−1)!.

323 Problem Find all real numbers satisfying the equation

Tx2 −x−2U = TxU.

324 Problem Solve the equation

T
x

1999
U = T

x
2000

U

325 Problem (Putnam 1948) Let n be a positive integer. Prove that

T
√

n+
√

n+1U = T
√

4n+2U

(Hint: Prove that
√

4n+1<
√

n+
√

n+1<
√

4n+3. Argue
that neither 4n+2 nor 4n+3 are perfect squares.)

326 Problem Prove that 6|n3 −n, for all integersn.

327 Problem (Polish Mathematical Olympiad) Prove that if n is an even natural
number, then the number 13n +6 is divisible by 7.

328 Problem Find, with proof, the unique square which is the product of four
consecutive odd numbers.

329 Problem (Putnam 1989) How many primes amongst the positive integers, written
as usual in base-ten are such that their digits are alternating 1’s and 0’s, beginning and
ending in 1?

330 Problem Let a,b,c be the lengths of the sides of a triangle. Shew that

3(ab+bc+ca) ≤ (a+b+c)2 ≤ 4(ab+bc+ca).

331 Problem Let k≥ 2 be an integer. Shew that ifn is a positive integer, thennk can be
represented as the sum ofn successive odd numbers.

332 Problem (IMO 1979) If a,b are natural numbers such that

a
b

= 1−
1
2

+
1
3

−
1
4

+ · · ·− 1
1318

+
1

1319
,

prove that 1979|a.

333 Problem (Polish Mathematical Olympiad) A triangular numberis one of the
form 1+2+ . . . +n,n∈ N. Prove that none of the digits 2,4,7,9 can be the last digit of
a triangular number.

334 Problem Demonstrate that there are infinitely many square triangular numbers.

335 Problem (Putnam 1975) Supposing that an integern is the sum of two triangular
numbers,

n =
a2 +a

2
+

b2 +b
2

,

write 4n+1 as the sum of two squares, 4n+1 = x2 +y2 wherex andy are expressed in
terms ofa andb.
Conversely, shew that if 4n+1 = x2 +y2, thenn is the sum of two triangular numbers.

336 Problem (Polish Mathematical Olympiad) Prove that
amongst ten successive natural numbers, there are always atleast one and at most four
numbers that are not divisible by any of the numbers 2,3,5,7.

337 Problem Are there five consecutive positive integers such that the sum of the first
four, each raised to the fourth power, equals the fifth raisedto the fourth power?

338 Problem Prove that
(2m)!(3n)!

(m!)2(n!)3

is always an integer.

339 Problem Prove that forn∈ N, (n!)! is divisible byn!(n−1)!

340 Problem (Olimpíada matemática española, 1985) If n is a positive integer,
prove that(n+1)(n+2) · · ·(2n) is divisible by 2n.
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Sums, Products, and Recursions

4.1 Telescopic cancellation

We could sum the series

a1 +a2+a3+ · · ·+an

if we were able to find{vk} satisfyingak = vk −vk−1. For

a1 +a2+a3 + · · ·+an = v1 −v0 +v2 −v1+ · · ·+vn−1 −vn−2+vn−vn−1 = vn −v0.

If such sequencevn exists, we say thata1 +a2+ · · ·+an is a telescopic series.

341 Example Simplify �
1+

1
2

�
·
�

1+
1
3

�
·
�

1+
1
4

�
· · ·
�

1+
1
99

�
.

Solution: Adding each fraction:

3
2
· 4
3
· 5
4
· · · 100

99
,

which simplifies to 100/2= 50.

342 Example Find integersa,b so that

(2+1) ·
�
22 +1

�
·
�
222

+1
�
·
�
223

+1
�
· · ·
�
2299

+1
�

= 2a +b.

47
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Solution: Using the identityx2 −y2 = (x−y)(x+y) and lettingP be the sought product:

(2−1)P = (2−1)(2+1) ·
�
22+1

�
·
�
222

+1
�
·
�
223

+1
�
· · ·
�
2299

+1
�

=
�
22 −1

�
·
�
22+1

�
·
�
222

+1
�
·
�
223

+1
�
· · ·
�
2299

+1
�

=
�
222

−1
�
·
�
222

+1
�
·
�
223

+1
�
· · ·
�
2299

+1
�

=
�
223

−1
�
·
�
223

+1
�
·
�
224

+1
�
· · ·
�
2299

+1
�

...
...

= (2299
−1)(2299

+1)

= 22100
−1,

whence
P = 22100

−1.

343 Example Find the exact value of the product

P = cos
π
7
·cos

2π
7

·cos
4π
7

.

Solution: Multiplying both sides by sin
π
7

and using sin2x = 2sinxcosx we obtain

sin
π
7

P = (sin
π
7

cos
π
7

) ·cos
2π
7

·cos
4π
7

=
1
2
(sin

2π
7

cos
2π
7

) ·cos
4π
7

=
1
4
(sin

4π
7

cos
4π
7

)

=
1
8

sin
8π
7

.

As sin
π
7

= −sin
8π
7

, we deduce that

P = −
1
8
.

344 Example Shew that
1
2
· 3
4
· 5
6
· · · 9999

10000
<

1
100

.

Solution: Let

A =
1
2
· 3
4
· 5
6
· · · 9999

10000

and

B =
2
3
· 4
5
· 6
7
· · · 10000

10001
.

Clearly,x2 −1 < x2 for all real numbersx. This implies that

x−1
x

<
x

x+1
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whenever these four quantities are positive. Hence

1/2 < 2/3

3/4 < 4/5

5/6 < 6/7

...
...

...

9999/10000 < 10000/10001

As all the numbers involved are positive, we multiply both columns to obtain

1
2
· 3
4
· 5
6
· · · 9999

10000
<

2
3
· 4
5
· 6
7
· · · 10000

10001
,

or A < B. This yieldsA2 = A ·A< A ·B. Now

A ·B=
1
2
· 2
3
· 3
4
· 4
5
· 5
6
· 6
7
· 7
8
· · · 9999

10000
· 10000
10001

=
1

10001
,

and consequently,A2 < A ·B= 1/10001. We deduce thatA < 1/
√

10001< 1/100.
For the next example we recall thatn! (n factorial) means

n! = 1 ·2 ·3· · ·n.

For example, 1! = 1,2! = 1 ·2= 2, 3! = 1 ·2 ·3= 6,4! = 1 ·2 ·3 ·4= 24. Observe that(k+1)! = (k+1)k!. We make the
convention 0! = 1.

345 Example Sum
1 ·1!+2 ·2!+3·3!+ · · ·+99·99!.

Solution: From(k+1)! = (k+1)k! = k ·k!+k! we deduce(k+1)!−k! = k ·k!. Thus

1 ·1! = 2!−1!

2 ·2! = 3!−2!

3 ·3! = 4!−3!

...
...

...

98·98 = 99!−98!

99·99! = 100!−99!

Adding both columns,
1 ·1!+2 ·2!+3·3!+ · · ·+99·99! = 100!−1! = 100!−1.

Practice
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346 Problem Find a closed formula for

Dn = 1−2+3−4+ · · ·+(−1)n−1n.

347 Problem Simplify�
1−

1
22

�
·
�

1−
1
32

�
·
�

1−
1
42

�
· · ·
�

1−
1

992

�
.

348 Problem Simplify

log2

�
1+

1
2

�
+ log2

�
1+

1
3

�
+ log2

�
1+

1
4

�
+ · · ·+ log2

�
1+

1
1023

�
.

349 Problem Prove that for all positive integersn, 22n
+1 divides

222n
+1 −2.

4.2 Arithmetic Sums

An arithmetic progressionis one of the form

a,a+d,a+2d,a+3d, . . .,a+(n−1)d, . . .

One important arithmetic sum is

1+2+ · · ·+n =
n(n+1)

2
.

To obtain a closed form, we utilise Gauss’ trick:
If

An = 1+2+3+ · · ·+n

then
An = n+(n−1)+ · · ·+1.

Adding these two quantities,

An = 1 + 2 + · · · + n

An = n + (n−1) + · · · + 1

2An = (n+1) + (n+1) + · · · + (n+1)

= n(n+1),

since there aren summands. This givesAn =
n(n+1)

2
, that is,

1+2+ · · ·+n =
n(n+1)

2
. (4.1)

For example,

1+2+3+ · · ·+100=
100(101)

2
= 5050.

Applying Gauss’s trick to the general arithmetic sum

(a)+ (a+d)+ (a+2d)+ · · ·+(a+(n−1)d)

we obtain

(a)+ (a+d)+ (a+2d)+ · · ·+(a+(n−1)d) =
n(2a+(n−1)d)

2
(4.2)

350 Example Find the sum of all the integers from 1 to 1000 inclusive, which are not multiples of 3 or 5.
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Solution: One computes the sum of all integers from 1 to 1000 and weeds out the sum of the multiples of 3 and the sum of the
multiples of 5, but puts back the multiples of 15, which one has counted twice. Put

An = 1+2+3+ · · ·+n,

B = 3+6+9+ · · ·+999= 3A333,

C = 5+10+15+ · · ·+1000= 5A200,

D = 15+30+45+ · · ·+990= 15A66.

The desired sum is

A1000−B−C+D = A1000−3A333−5A200+15A66

= 500500−3 ·55611−5·20100+15·2211

= 266332.

351 Example Each element of the set{10,11,12, . . . ,19,20} is multiplied by each element of the set{21,22,23, . . . ,29,30}.
If all these products are added, what is the resulting sum?

Solution: This is asking for the product(10+11+ · · ·+20)(21+22+ · · ·+30) after all the terms are multiplied. But

10+11+ · · ·+20=
(20+10)(11)

2
= 165

and

21+22+ · · ·+30=
(30+21)(10)

2
= 255.

The required total is(165)(255) = 42075.

352 Example The sum of a certain number of consecutive positive integersis 1000. Find these integers.

Solution: Let the the sum of integers beS= (l +1)+ (l +2)+ (l +n). Using Gauss’ trick we obtainS=
n(2l +n+1)

2
. As

S= 1000, 2000= n(2l +n+1). Now 2000= n2 +2ln+n> n2, whencen≤ T
√

2000U = 44. Moreover,n and 2l +n+1
divisors of 2000 and are of opposite parity. Since 2000= 2453, the odd factors of 2000 are 1, 5, 25, and 125. We then see that
the problem has te following solutions:

n = 1, l = 999,

n = 5, l = 197,

n = 16, l = 54,

n = 25, l = 27.

353 Example Find the sum of all integers between 1 and 100 that leave remainder 2 upon division by 6.

Solution: We want the sum of the integers of the form 6r +2, r = 0,1, . . . ,16. But this is

16X
r=0

(6r +2) = 6
16X

r=0

r +

16X
r=0

2 = 6
16(17)

2
+2(17) = 850.

Practice
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354 Problem Shew that

1+2+3+ · · ·+(n2 −1)+n2 =
n2(n2 +1)

2
.

355 Problem Shew that

1+3+5+ · · ·+2n−1 = n2.

356 Problem (AHSME 1994) Sum the series

20+20
1
5

+20
2
5

+ · · ·+40.

357 Problem Shew that

1
1996

+
2

1996
+

3
1996

+ · · ·+ 1995
1996

is an integer.

358 Problem (AHSME 1991) Let Tn = 1+2+3+ · · ·+n and

Pn =
T2

T2 −1
· T3

T3 −1
· T4

T4 −1
· · · Tn

Tn −1
.

Find P1991.

359 Problem Given that
1

a+b
,

1
b+c

,
1

c+a

are consecutive terms in an arithmetic progression, prove that

b2,a2,c2

are also consecutive terms in an arithmetic progression.

360 Problem Consider the following table:

1 = 1

2+3+4 = 1+8

5+6+7+8+9 = 8+27

10+11+12+13+14+15+16= 27+64

Conjecture the law of formation and prove your answer.

361 Problem The odd natural numbers are arranged as follows:

(1)

(3,5)

(7,9,11)

(13,15,17,19)

(21,23,25,27,29)

...............................

Find the sum of thenth row.

362 Problem Sum

10002 −9992 +9982 −9972 + · · ·+44 −32 +22 −11.

363 Problem The first term of an arithmetic progression is 14 and its 100thterm is
−16. Find (i) its 30th term and (ii) the sum of all the terms from thefirst to the 100th.

4.3 Geometric Sums

A geometric progressionis one of the form

a,ar,ar2,ar3, . . . ,arn−1, . . . ,

364 Example Find the following geometric sum:

1+2+4+ · · ·+1024.

Solution: Let
S= 1+2+4+ · · ·+1024.

Then
2S= 2+4+8+ · · ·+1024+2048.

Hence
S= 2S−S= (2+4+8· · ·+2048)− (1+2+4+ · · ·+1024) = 2048−1= 2047.

365 Example Find the geometric sum

x =
1
3

+
1
32 +

1
33 + · · ·+ 1

399.

Solution: We have
1
3

x =
1
32 +

1
33 + · · ·+ 1

399 +
1

3100.
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Then
2
3

x = x−
1
3

x

= (
1
3

+
1
32 +

1
33 + · · ·+ 1

399)

−(
1
32 +

1
33 + · · ·+ 1

399 +
1

3100)

=
1
3

−
1

3100.

From which we gather

x =
1
2

−
1

2 ·399.

The following example presents anarithmetic-geometricsum.

366 Example Sum
a = 1+2 ·4+3 ·42+ · · ·+10·49.

Solution: We have
4a = 4+2 ·42+3 ·43+ · · ·+9 ·49+10·410.

Now, 4a−a yields
3a = −1−4−42−43 − · · ·−49+10·410.

Adding this last geometric series,

a =
10·410

3
−

410−1
9

.

367 Example Find the sum
Sn = 1+1/2+1/4+ · · ·+1/2n.

Interpret your result asn→ ∞.

Solution: We have

Sn −
1
2

Sn = (1+1/2+1/4+ · · ·+1/2n)− (1/2+1/4+ · · ·+1/2n+1/2n+1) = 1−1/2n.

Whence
Sn = 2−1/2n.

So asn varies, we have:

S1 = 2−1/20 = 1

S2 = 2−1/2 = 1.5

S3 = 2−1/22 = 1.875

S4 = 2−1/23 = 1.875

S5 = 2−1/24 = 1.9375

S6 = 2−1/25 = 1.96875

S10 = 2−1/29 = 1.998046875

Thus the farther we go in the series, the closer we get to 2.
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Let us sum now the geometric series

S= a+ar +ar2+ · · ·+arn−1.

Plainly, if r = 1 thenS= na, so we may assume thatr 6= 1. We have

rS= ar +ar2+ · · ·+arn.

Hence

S− rS= a+ar +ar2+ · · ·+arn−1−ar −ar2− · · ·−arn = a−arn.

From this we deduce that

S=
a−arn

1− r
,

that is,

a+ar + · · ·+arn−1 =
a−arn

1− r
(4.3)

If |r| < 1 thenrn → 0 asn→ ∞.
For |r| < 1, we obtain the sum of the infinite geometric series

a+ar +ar2+ · · · = a
1− r

(4.4)

368 Example A fly starts at the origin and goes 1 unit up, 1/2 unit right, 1/4 unit down, 1/8 unit left, 1/16 unit up, etc.,ad
infinitum. In what coordinates does it end up?

Solution: Itsx coordinate is
1
2

−
1
8

+
1
32

− · · · =
1
2

1− −1
4

=
2
5
.

Its y coordinate is

1−
1
4

+
1
16

− · · · = 1

1− −1
4

=
4
5
.

Therefore, the fly ends up in(
2
5
,
4
5
).

Practice

369 Problem The 6th term of a geometric progression is 20 and the 10th is 320. Find (i) its 15th term, (ii) the sum of its first 30 terms.

4.4 Fundamental Sums

In this section we compute several sums using telescoping cancellation.
We start with the sum of the firstn positive integers, which we have already computed using Gauss’ trick.

370 Example Find a closed formula for

An = 1+2+ · · ·+n.

Solution: Observe that

k2 −(k−1)2 = 2k−1.
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From this

12 −02 = 2 ·1−1

22 −12 = 2 ·2−1

32 −22 = 2 ·3−1

...
...

...

n2 −(n−1)2 = 2 ·n−1

Adding both columns,
n2 −02 = 2(1+2+3+ · · ·+n)−n.

Solving for the sum,

1+2+3+ · · ·+n = n2/2+n/2=
n(n+1)

2
.

371 Example Find the sum
12 +22+32 + · · ·+n2.

Solution: Observe that
k3 −(k−1)3 = 3k2 −3k+1.

Hence

13 −03 = 3 ·12−3 ·1+1

23 −13 = 3 ·22−3 ·2+1

33 −23 = 3 ·32−3 ·3+1

...
...

...

n3 −(n−1)3 = 3 ·n2−3 ·n+1

Adding both columns,
n3 −03 = 3(12 +22+32 + · · ·+n2)−3(1+2+3+ · · ·+n)+n.

From the preceding example 1+2+3+ · · ·+n = ·n2/2+n/2=
n(n+1)

2
so

n3 −03 = 3(12+22 +32+ · · ·+n2)−
3
2
·n(n+1)+n.

Solving for the sum,

12+22 +32+ · · ·+n2 =
n3

3
+

1
2
·n(n+1)−

n
3
.

After simplifying we obtain

12 +22+32+ · · ·+n2 =
n(n+1)(2n+1)

6
(4.5)

372 Example Add the series
1

1 ·2 +
1

2 ·3 +
1

3 ·4 + · · ·+ 1
99·100

.
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Solution: Observe that
1

k(k+1)
=

1
k

−
1

k+1
.

Thus

1
1 ·2 =

1
1

−
1
2

1
2 ·3 =

1
2

−
1
3

1
3 ·4 =

1
3

−
1
4

...
...

...

1
99·100

=
1
99

−
1

100

Adding both columns,

1
1 ·2 +

1
2 ·3 +

1
3 ·4 + · · ·+ 1

99·100
= 1−

1
100

=
99
100

.

373 Example Add

1
1 ·4 +

1
4 ·7 +

1
7 ·10

+ · · ·+ 1
31·34

.

Solution: Observe that
1

(3n+1) · (3n+4)
=

1
3
· 1
3n+1

−
1
3
· 1
3n+4

.

Thus

1
1 ·4 =

1
3

−
1
12

1
4 ·7 =

1
12

−
1
21

1
7 ·10

=
1
21

−
1
30

1
10·13

=
1
30

−
1
39

...
...

...

1
34·37

=
1

102
−

1
111

Summing both columns,

1
1 ·4 +

1
4 ·7 +

1
7 ·10

+ · · ·+ 1
31·34

=
1
3

−
1

111
=

12
37

.

374 Example Sum

1
1 ·4 ·7 +

1
4 ·7 ·10

+
1

7 ·10·13
+ · · ·+ 1

25·28·31
.

Solution: Observe that

1
(3n+1) · (3n+4) · (3n+7)

=
1
6
· 1
(3n+1)(3n+4)

−
1
6
· 1
(3n+4)(3n+7)

.
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Therefore
1

1 ·4 ·7 =
1

6 ·1 ·4 −
1

6 ·4 ·7
1

4 ·7 ·10
=

1
6 ·4 ·7 −

1
6 ·7 ·10

1
7 ·10·13

=
1

6 ·7 ·10
−

1
6 ·10·13

...
...

...

1
25·28·31

=
1

6 ·25·28
−

1
6 ·28·31

Adding each column,

1
1 ·4 ·7 +

1
4 ·7 ·10

+
1

7 ·10·13
+ · · ·+ 1

25·28·31
=

1
6 ·1 ·4 −

1
6 ·28·31

=
9

217
.

375 Example Find the sum
1 ·2+2 ·3+3·4+ · · ·+99·100.

Solution: Observe that

k(k+1) =
1
3
(k)(k+1)(k+2)−

1
3
(k−1)(k)(k+1).

Therefore

1 ·2 =
1
3
·1 ·2 ·3−

1
3
·0 ·1 ·2

2 ·3 =
1
3
·2 ·3 ·4−

1
3
·1 ·2 ·3

3 ·4 =
1
3
·3 ·4 ·5−

1
3
·2 ·3 ·4

...
...

...

99·100 =
1
3
·99·100·101−

1
3
·98·99·100

Adding each column,

1 ·2+2 ·3+3 ·4+ · · ·+99·100=
1
3
·99·100·101−

1
3
·0 ·1 ·2= 333300.

Practice

376 Problem Shew that

13 +23 +33 + · · ·+n3 =

�
n(n+1)

2

�2

(4.6)

377 Problem Let a1,a2, . . . ,an be arbitrary numbers. Shew that

a1 +a2(1+a1)+a3(1+a1)(1+a2)

+a4(1+a1)(1+a2)(1+a3)+ · · ·

+an−1(1+a1)(1+a2)(1+a3) · · ·(1+an−2)

= (1+a1)(1+a2)(1+a3) · · ·(1+an)−1.

378 Problem Shew that

csc2+csc4+csc8+ · · ·+csc2n = cot1−cot2n.

379 Problem Let 0< x < 1. Shew that

∞X
n=1

x2n

1−x2n+1
=

x
1−x

.
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380 Problem Shew that

tan
π

2100
+2tan

π
299

+22 tan
π

2298
+ · · ·+298 tan

π
22

= cot
π

2100
.

381 Problem Shew that
nX

k=1

k

k4 +k2 +1
=

1
2
· n2 +n

n2 +n+1
.

382 Problem Evaluate�
1·2·4+2·4·8+3·6·12+ · · ·
1·3·9+2·6·18+3·9·27+ · · ·

�1/3

.

383 Problem Shew that
∞X

n=1

arctan
1

1+n+n2
=

π
4

.

Hint: From

tanx− tany =
tanx− tany

1+ tanxtany

deduce that

arctana−arctanb = arctan
a−b
1+ab

for suitablea andb.

384 Problem Prove the following result due to Gramm

∞Y
n=2

n3 −1
n3 +1

=
2
3

.

4.5 First Order Recursions

We have already seen the Fibonacci numbers, defined by the recursion f0 = 0, f1 = 1 and

fn+1 = fn + fn−1, n≥ 1.

Theorderof the recurrence is the difference between the highest and the lowest subscripts. For example

un+2−un+1 = 2

is of the first order, and
un+4+9u2

n = n5

is of the fourth order.
A recurrence islinear if the subscripted letters appear only to the first power. Forexample

un+2−un+1 = 2

is a linear recurrence and
x2

n +nxn−1 = 1 and xn +2xn−1 = 3

are not linear recurrences.
A recursion ishomogeneousif all its terms contain the subscripted variable to the samepower. Thus

xm+3 +8xm+2−9xm = 0

is homogeneous. The equation
xm+3 +8xm+2−9xm = m2 −3

is not homogeneous.
A closed formof a recurrence is a formula that permits us to find then-th term of the recurrence without having to know a
priori the terms preceding it.
We outline a method for solving first order linear recurrencerelations of the form

xn = axn−1+ f (n),a 6= 1,

where f is a polynomial.
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1. First solve the homogeneous recurrencexn = axn−1 by “raising the subscripts” in the formxn = axn−1. This we call the
characteristic equation. Cancelling this givesx = a. The solution to the homogeneous equationxn = axn−1 will be of
the formxn = Aan, whereA is a constant to be determined.

2. Test a solution of the formxn = Aan +g(n), whereg is a polynomial of the same degree asf .

385 Example Let x0 = 7 andxn = 2xn−1,n≥ 1. Find a closed form forxn.

Solution: Raising subscripts we have the characteristic equationxn = 2xn−1. Cancelling,x = 2. Thus we try a solution of the
form xn = A2n, wereA is a constant. But 7= x0 = A20 and soA = 7. The solution is thusxn = 7(2)n.
Aliter: We have

x0 = 7

x1 = 2x0

x2 = 2x1

x3 = 2x2

...
...

...

xn = 2xn−1

Multiplying both columns,
x0x1 · · ·xn = 7 ·2nx0x1x2 · · ·xn−1.

Cancelling the common factors on both sides of the equality,

xn = 7 ·2n.

386 Example Let x0 = 7 andxn = 2xn−1 +1,n≥ 1. Find a closed form forxn.

Solution: By raising the subscripts in the homogeneous equation we obtainxn = 2xn−1 or x = 2. A solution to the
homogeneous equation will be of the formxn = A(2)n. Now f (n) = 1 is a polynomial of degree 0 (a constant) and so we test a
particular constant solutionC. The general solution will have the formxn = A2n+B. Now, 7= x0 = A20 +B= A+B. Also,
x1 = 2x0 +7 = 15 and so 15= x1 = 2A+B. Solving the simultaneous equations

A+B= 7,

2A+B= 15,

we findA = 8,B = −1. So the solution isxn = 8(2n)−1 = 2n+3 −1.
Aliter: We have:

x0 = 7

x1 = 2x0 +1

x2 = 2x1 +1

x3 = 2x2 +1

...
...

...

xn−1 = 2xn−2+1

xn = 2xn−1+1
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Multiply the kth row by 2n−k. We obtain

2nx0 = 2n ·7

2n−1x1 = 2nx0 +2n−1

2n−2x2 = 2n−1x1 +2n−2

2n−3x3 = 2n−2x2 +2n−3

...
...

...

22xn−2 = 23xn−3 +22

2xn−1 = 22xn−2 +2

xn = 2xn−1+1

Adding both columns, cancelling, and adding the geometric sum,

xn = 7 ·2n+(1+2+22+ · · ·+2n−1) = 7 ·2n+2n−1 = 2n+3 −1.

Aliter: Let un = xn +1 = 2xn−1+2 = 2(xn−1+1) = 2un−1. We solve the recursionun = 2un−1 as we did on our first example:
un = 2nu0 = 2n(x0 +1) = 2n ·8 = 2n+3. Finally, xn = un −1 = 2n+3−1.

387 Example Let x0 = 2,xn = 9xn−1 −56n+63. Find a closed form for this recursion.

Solution: By raising the subscripts in the homogeneous equation we obtain the characteristic equationxn = 9xn−1 or x = 9. A
solution to the homogeneous equation will be of the formxn = A(9)n. Now f (n) = −56n+63 is a polynomial of degree 1 and
so we test a particular solution of the formBn+C. The general solution will have the formxn = A9n +Bn+C. Now
x0 = 2,x1 = 9(2)−56+63= 25,x2 = 9(25)−56(2)+63= 176. We thus solve the system

2 = A+C,

25= 9A+B+C,

176= 81A+2B+C.

We findA = 2,B = 7,C = 0. The general solution isxn = 2(9n)+7n.

388 Example Let x0 = 1,xn = 3xn−1 −2n2+6n−3. Find a closed form for this recursion.

Solution: By raising the subscripts in the homogeneous equation we obtain the characteristic equationxn = 3xn−1 or x = 9. A
solution to the homogeneous equation will be of the formxn = A(3)n. Now f (n) = −2n2+6n−3 is a polynomial of degree 2
and so we test a particular solution of the formBn2 +Cn+D. The general solution will have the form
xn = A3n +Bn2+Cn+D. Now
x0 = 1,x1 = 3(1)−2+6−3= 4,x2 = 3(4)−2(2)2+6(2)−3= 13,x3 = 3(13)−2(3)2+6(3)−3= 36. We thus solve the
system

1 = A+D,

4 = 3A+B+C+D,

13= 9A+4B+2C+D,

36= 27A+9B+3C+D.

We findA = B = 1,C = D = 0. The general solution isxn = 3n +n2.
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389 Example Find a closed form forxn = 2xn−1+3n−1,x0 = 2.

Solution: We test a solution of the formxn = A2n +B3n. Thenx0 = 2,x1 = 2(2)+30 = 5. We solve the system

2 = A+B,

7 = 2A+3B.

We findA = 1,B = 1. The general solution isxn = 2n +3n.
We now tackle the case whena = 1. In this case, we simply consider a polynomialg of degree 1 higher than the degree off .

390 Example Let x0 = 7 andxn = xn−1 +n,n≥ 1. Find a closed formula forxn.

Solution: By raising the subscripts in the homogeneous equation we obtain the characteristic equationxn = xn−1 or x = 1. A
solution to the homogeneous equation will be of the formxn = A(1)n = A, a constant. Nowf (n) = n is a polynomial of degree
1 and so we test a particular solution of the formBn2 +Cn+D, one more degree than that off . The general solution will have
the formxn = A+Bn2+Cn+D. SinceA andD are constants, we may combine them to obtainxn = Bn2+Cn+E. Now,
x0 = 7,x1 = 7+1= 8,x2 = 8+2 = 10. So we solve the system

7 = E,

8 = B+C+E,

10= 4B+2C+E.

We findB = C =
1
2
,E = 7. The general solution isxn =

n2

2
+

n
2

+7.

Aliter: We have

x0 = 7

x1 = x0 +1

x2 = x1 +2

x3 = x2 +3

...
...

...

xn = xn−1 +n

Adding both columns,
x0 +x1 +x2 + · · ·+xn = 7+x0+x2 + · · ·+xn−1+(1+2+3+ · · ·+n).

Cancelling and using the fact that 1+2+ · · ·+n =
n(n+1)

2
,

xn = 7+
n(n+1)

2
.

Some non-linear first order recursions maybe reduced to a linear first order recursion by a suitable transformation.

391 Example A recursion satisfiesu0 = 3,u2
n+1 = un,n≥ 1. Find a closed form for this recursion.

Solution: Letvn = logun. Thenvn = logun = logu1/2
n−1 =

1
2

logun−1 =
vn−1

2
. As vn = vn−1/2, we havevn = v0/2n, that is,

logun = (logu0)/2n. Therefore,un = 31/2n
.

Practice
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392 Problem Find a closed form forx0 = 3,xn =
xn−1 +4

3
.

393 Problem Find a closed form forx0 = 1,xn = 5xn−1 −20n+25.

394 Problem Find a closed form forx0 = 1,xn = xn−1 +12n.

395 Problem Find a closed form forxn = 2xn−1 +9(5n−1),x0 = 5.

396 Problem Find a closed form for

a0 = 5,aj+1 = a2
j +2aj , j ≥ 0.

397 Problem (AIME, 1994) If n≥ 1,

xn +xn−1 = n2.

Given thatx19 = 94, find the remainder whenx94 is divided by 1000.

398 Problem Find a closed form for

x0 = −1; xn = xn−1 +n2,n > 0.

399 Problem If u0 = 1/3 andun+1 = 2u2
n −1, find a closed form forun.

400 Problem Let x1 = 1,xn+1 = x2
n −xn +1,n > 0. Shew that

∞X
n=1

1
xn

= 1.

4.6 Second Order Recursions

All the recursions that we have so far examined are first orderrecursions, that is, we find the next term of the sequence given
the preceding one. Let us now briefly examine how to solve somesecond order recursions.
We now outline a method for solving second order homogeneouslinear recurrence relations of the form

xn = axn−1 +bxn−2.

1. Find the characteristic equation by “raising the subscripts” in the formxn = axn−1 +bxn−2. Cancelling this gives
x2 −ax−b= 0. This equation has two rootsr1 andr2.

2. If the roots are different, the solution will be of the formxn = A(r1)
n +B(r2)

n, whereA,B are constants.

3. If the roots are identical, the solution will be of the formxn = A(r1)
n +Bn(r1)

n.

401 Example Let x0 = 1,x1 = −1,xn+2 +5xn+1+6xn = 0.

Solution: The characteristic equation isx2 +5x+6= (x+3)(x+2) = 0. Thus we test a solution of the form
xn = A(−2)n +B(−3)n. Since 1= x0 = A+B,−1= −2A−3B, we quickly findA = 2,B= −1. Thus the solution is
xn = 2(−2)n −(−3)n.

402 Example Find a closed form for the Fibonacci recursionf0 = 0, f1 = 1, fn = fn−1 + fn−2.

Solution: The characteristic equation isf 2 − f −1 = 0, whence a solution will have the form

fn = A

�
1+

√
5

2

�n

+B

�
1−

√
5

2

�n

. The initial conditions give

0 = A+B,

1 = A

�
1+

√
5

2

�
+B

�
1−

√
5

2

�
=

1
2

(A+B)+

√
5

2
(A−B) =

√
5

2
(A−B)

This givesA =
1√
5
,B = −

1√
5

. We thus have theCauchy-Binet Formula:

fn =
1√
5

�
1+

√
5

2

�n

−
1√
5

�
1−

√
5

2

�n

(4.7)

403 Example Solve the recursionx0 = 1,x1 = 4,xn = 4xn−1−4xn−2 = 0.
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Solution: The characteristic equation isx2 −4x+4= (x−2)2 = 0. There is a multiple root and so we must test a solution of
the formxn = A2n+Bn2n. The initial conditions give

1 = A,

4 = 2A+2B.

This solves toA = 1,B = 1. The solution is thusxn = 2n +n2n.
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Practice

404 Problem Solve the recursionx0 = 0,x1 = 1,xn = 10xn−1 −21xn−2.

405 Problem Solve the recursionx0 = 0,x1 = 1,xn = 10xn−1 −25xn−2.

406 Problem Solve the recursionx0 = 0,x1 = 1,xn = 10xn−1 −21xn−2 +n.

407 Problem Solve the recursionx0 = 0,x1 = 1,xn = 10xn−1 −21xn−2 +2n.

4.7 Applications of Recursions

408 Example Find the recurrence relation for the number ofn digit binary sequences with no pair of consecutive 1’s.

Solution: It is quite easy to see thata1 = 2,a2 = 3. To forman,n≥ 3, we condition on the last digit. If it is 0, the number of
sequences sought isan−1. If it is 1, the penultimate digit must be 0, and the number of sequences sought isan−2. Thus

an = an−1+an−2,a1 = 2, a2 = 3.

409 Example Let there be drawnn ovals on the plane. If an oval intersects each of the other ovals at exactly two points and
no three ovals intersect at the same point, find a recurrence relation for the number of regions into which the plane is divided.

Solution: Let this number bean. Plainlya1 = 2. After then−1th stage, thenth oval intersects the previous ovals at 2(n−1)

points, i.e. thenth oval is divided into 2(n−1) arcs. This adds 2(n−1) regions to thean−1 previously existing. Thus

an = an−1 +2(n−1), a1 = 2.

410 Example Find a recurrence relation for the number of regions into which the plane is divided byn straight lines if every
pair of lines intersect, but no three lines intersect.

Solution: Letan be this number. Clearlya1 = 2. Thenth line is cut by he previousn−1 lines atn−1 points, addingn new
regions to the previously existingan−1. Hence

an = an−1 +n, a1 = 2.

411 Example (Derangements)An absent-minded secretary is fillingn envelopes withn letters. Find a recursion for the
numberDn of ways in which she never stuffs the right letter into the right envelope.

Solution: Number the envelopes 1,2,3, · · · ,n. We condition on the last envelope. Two events might happen.Eithern and
r(1≤ r ≤ n−1) trade places or they do not.
In the first case, the two lettersr andn are misplaced. Our task is just to misplace the othern−2 letters,
(1,2, · · · , r −1, r +1, · · · ,n−1) in the slots(1,2, · · · , r −1, r +1, · · · ,n−1). This can be done inDn−2 ways. Sincer can be
chosen inn−1 ways, the first case can happen in(n−1)Dn−2 ways.
In the second case, let us say that letterr, (1≤ r ≤ n−1) moves to then-th position butn moves not to ther-th position. Since
r has been misplaced, we can just ignore it. Sincen is not going to ther-th position, we may relabeln asr. We now haven−1
numbers to misplace, and this can be done inDn−1 ways.
As r can be chosen inn−1 ways, the total number of ways for the second case is(n−1)Dn−1. Thus
Dn = (n−1)Dn−2+(n−1)Dn−1.

412 Example There are two urns, one is full of water and the other is empty.On the first stage, half of the contains of urn I is
passed into urn II. On the second stage 1/3 of the contains of urn II is passed into urn I. On stage three, 1/4 of the contains of
urn I is passed into urn II. On stage four 1/5 of the contains ofurn II is passed into urn I, and so on. What fraction of water
remains in urn I after the 1978th stage?
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Solution: Letxn,yn,n = 0,1,2, . . . denote the fraction of water in urns I and II respectively at stagen. Observe thatxn +yn = 1
and that

x0 = 1;y0 = 0

x1 = x0 −
1
2

x0 =
1
2
;y1 = y1 +

1
2

x0 =
1
2

x2 = x1 +
1
3

y1 =
2
3
;y2 = y1 −

1
3

y1 =
1
3

x3 = x2 −
1
4

x2 =
1
2
;y1 = y1 +

1
4

x2 =
1
2

x4 = x3 +
1
5

y3 =
3
5
;y1 = y1 −

1
5

y3 =
2
5

x5 = x4 −
1
6

x4 =
1
2
;y1 = y1 +

1
6

x4 =
1
2

x6 = x5 +
1
7

y5 =
4
7
;y1 = y1 −

1
7

y5 =
3
7

x7 = x6 −
1
8

x6 =
1
2
;y1 = y1 +

1
8

x6 =
1
2

x8 = x7 +
1
9

y7 =
5
9
;y1 = y1 −

1
9

y7 =
4
9

A pattern emerges (which may be proved by induction) that at each odd stagen we havexn = yn =
1
2

and that at each even

stage we have (ifn = 2k) x2k =
k+1
2k+1

,y2k =
k

2k+1
. Since

1978
2

= 989 we havex1978=
990
1979

.

Practice

413 Problem At theGolem Gambling Casino Research Institutean experiment is
performed by rolling a die until two odd numbers have appeared (and then the
experiment stops). The tireless researchers wanted to find arecurrence relation for the
number of ways to do this. Help them!

414 Problem Mrs. Rosenberg has $8 000 000 in one of her five savings accounts. In

this one, she earns 15% interest per year. Find a recurrence relation for the amount of
money aftern years.

415 Problem Find a recurrence relation for the number of ternaryn-digit sequences
with no consecutive 2’s.



Chapter 5
Counting

5.1 Inclusion-Exclusion

In this section we investigate a tool for counting unions of events. It is known asThe Principle of Inclusion-Exclusionor
Sylvester-Poincaré Principle.

416 Theorem (Two set Inclusion-Exclusion)

card(A∪B) = card(A)+card(B)−card(A∩B)

Proof: We have
A∪B= (A\B)∪ (B\A)∪ (A∩B),

and this last expression is a union of disjoint sets. Hence

card(A∪B) = card(A\B)+card(B\A)+card(A∩B) .

But
A\B= A\ (A∩B) =⇒ card(A\B) = card(A)−card(A∩B) ,

B\A= B\ (A∩B) =⇒ card(B\A) = card(B)−card(A∩B) ,

from where we deduce the result.❑

In the Venn diagram 5.1, we mark byR1 the number of elements which are simultaneously in both sets(i.e., inA∩B), by R2

the number of elements which are inA but not inB (i.e., inA\B), and byR3 the number of elements which areB but not inA
(i.e., inB\A). We haveR1 +R2 +R3 = card(A∪B), which illustrates the theorem.

417 Example Of 40 people, 28 smoke and 16 chew tobacco. It is also known that 10 both smoke and chew. How many
among the 40 neither smoke nor chew?

Solution: LetA denote the set of smokers andB the set of chewers. Then

card(A∪B) = card(A)+card(B)−card(A∩B) = 28+16−10= 34,

meaning that there are 34 people that either smoke or chew (orpossibly both). Therefore the number of people that neither
smoke nor chew is 40−34= 6.

66
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R1R2 R3

A B

Figure 5.1: Two-set Inclusion-Exclusion

1018 6

6

A B

Figure 5.2: Example 417.

Aliter: We fill up the Venn diagram in figure 5.2 as follows. Since card(A∩B) = 10, we put a 10 in the intersection. Then we
put a 28−10= 18 in the part thatA does not overlapB and a 16−10= 6 in the part ofB that does not overlapA. We have
accounted for 10+18+6= 34 people that are in at least one of the set. The remaining 40−34= 6 are outside these sets.

418 Example How many integers between 1 and 1000 inclusive, do not share acommon factor with 1000, that is, are
relatively prime to 1000?

Solution: Observe that 1000= 2353, and thus from the 1000 integers we must weed out those that have a factor of 2 or of 5 in
their prime factorisation. IfA2 denotes the set of those integers divisible by 2 in the interval [1;1000] then clearly

card(A2) = T
1000

2
U = 500. Similarly, ifA5 denotes the set of those integers divisible by 5 then card(A5) = T

1000
5

U = 200.

Also card(A2∩A5) = T
1000
10

U = 100. This means that there are card(A2∪A5) = 500+200−100= 600 integers in the

interval[1;1000] sharing at least a factor with 1000, thus there are 1000−600= 400 integers in[1;1000] that do not share a
factor prime factor with 1000.

We now deduce a formula for counting the number of elements ofa union of three events.

R1R2

R3

R4

R5

R6 R7

A B

C

Figure 5.3: Three-set Inclusion-Exclusion

419 Theorem (Three set Inclusion-Exclusion) Let A,B,C be events of the same sample spaceΩ. Then

card(A∪B∪C) = card(A)+card(B)+card(C)

−card(A∩B)−card(B∩C)−card(C∩A)

+card(A∩B∩C)
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Proof: Using the associativity and distributivity of unions of sets, we see that

card(A∪B∪C) = card(A∪ (B∪C))

= card(A)+card(B∪C)−card(A∩ (B∪C))

= card(A)+card(B∪C)−card((A∩B)∪ (A∩C))

= card(A)+card(B)+card(C)−card(B∩C)

−card(A∩B)−card(A∩C)

+card((A∩B)∩ (A∩C))

= card(A)+card(B)+card(C)−card(B∩C)

−(card(A∩B)+card(A∩C)−card(A∩B∩C))

= card(A)+card(B)+card(C)

−card(A∩B)−card(B∩C)−card(C∩A)

+card(A∩B∩C) .

This gives the Inclusion-Exclusion Formula for three sets.See also figure 5.3.

❑

☞ In the Venn diagram in figure 5.3 there are8 disjoint regions: the 7 that form A∪B∪C and the outside
region, devoid of any element belonging to A∪B∪C.

420 Example How many integers between 1 and 600 inclusive are not divisible by neither 3, nor 5, nor 7?

Solution: LetAk denote the numbers in[1;600] which are divisible byk. Then

card(A3) = T
600
3

U = 200,

card(A5) = T
600
5

U = 120,

card(A7) = T
600
7

U = 85,

card(A15) = T
600
15

U = 40

card(A21) = T
600
21

U = 28

card(A35) = T
600
35

U = 17

card(A105) = T
600
105

U = 5

By Inclusion-Exclusion there are 200+120+85−40−28−17+5= 325 integers in[1;600] divisible by at least one of 3, 5,
or 7. Those not divisible by these numbers are a total of 600−325= 275.

421 Example In a group of 30 people, 8 speak English, 12 speak Spanish and 10 speak French. It is known that 5 speak
English and Spanish, 5 Spanish and French, and 7 English and French. The number of people speaking all three languages is
3. How many do not speak any of these languages?



Practice 69

Solution: LetA be the set of all English speakers,B the set of Spanish speakers andC the set of French speakers in our group.
We fill-up the Venn diagram in figure 5.4 successively. In the intersection of all three we put 8. In the region common toA and
B which is not filled up we put 5−2= 3. In the region common toA andC which is not already filled up we put 5−3= 2. In
the region common toB andC which is not already filled up, we put 7−3= 4. In the remaining part ofA we put
8−2−3−2= 1, in the remaining part ofB we put 12−4−3−2= 3, and in the remaining part ofC we put
10−2−3−4= 1. Each of the mutually disjoint regions comprise a total of 1+2+3+4+1+2+3= 16 persons. Those
outside these three sets are then 30−16= 14.

31
3

1

2

2 4

A B

C

Figure 5.4: Example 421.

1520

x

u

y

z t

Movies Reading

Sports

Figure 5.5: Example 422.

422 Example A survey shews that 90% of high-schoolers in Philadelphia like at least one of the following activities: going to
the movies, playing sports, or reading. It is known that 45% like the movies, 48% like sports, and 35% like reading. Also, it is
known that 12% like both the movies and reading, 20% like onlythe movies, and 15% only reading. What percent of
high-schoolers like all three activities?

Solution: We make the Venn diagram in as in figure 5.5. From it we gather the following system of equations

x + y + z + 20 = 45

x + z + t + u = 48

x + y + t + 15 = 35

x + y = 12

x + y + z + t + u + 15 + 20 = 90

The solution of this system is seen to bex = 5, y = 7, z= 13,t = 8, u = 22. Thus the percent wanted is 5%.

Practice

423 Problem Consider the set

A = {2,4,6, . . . ,114}.

➊ How many elements are there inA?

➋ How many are divisible by 3?

➌ How many are divisible by 5?

➍ How many are divisible by 15?

➎ How many are divisible by either 3, 5 or both?

➏ How many are neither divisible by 3 nor 5?

➐ How many are divisible by exactly one of 3 or 5?

424 Problem Consider the set of the first 100 positive integers:

A = {1,2,3, . . . ,100}.

➊ How many are divisible by 2?
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➋ How many are divisible by 3?

➌ How many are divisible by 7?

➍ How many are divisible by 6?

➎ How many are divisible by 14?

➏ How many are divisible by 21?

➐ How many are divisible by 42?

➑ How many are relatively prime to 42?

➒ How many are divisible by 2 and 3 but not by 7?

➓ How many are divisible by exactly one of 2, 3 and 7?

425 Problem A survey of a group’s viewing habits over the last year revealed the
following information:

➊ 28% watched gymnastics

➋ 29% watched baseball

➌ 19% watched soccer

➍ 14% watched gymnastics and baseball

➎ 12% watched baseball and soccer

➏ 10% watched gymnastics and soccer

➐ 8% watched all three sports.

Calculate the percentage of the group that watched none of the three sports during the
last year.

426 Problem Out of 40 children, 30 can swim, 27 can play chess, and only 5 can do
neither. How many children can swim and play chess?

427 Problem At Medieval Highthere are forty students. Amongst them, fourteen like
Mathematics, sixteen like theology, and eleven like alchemy. It is also known that seven
like Mathematics and theology, eight like theology and alchemy and five like
Mathematics and alchemy. All three subjects are favoured byfour students. How many
students like neither Mathematics, nor theology, nor alchemy?

428 Problem How many strictly positive integers less than or equal to 1000 are

➊ perfect squares?

➋ perfect cubes?

➌ perfect fifth powers?

➍ perfect sixth powers?

➎ perfect tenth powers?

➏ perfect fifteenth powers?

➐ perfect thirtieth powers?

➑ neither perfect squares, perfect cubes, perfect fifth powers?

429 Problem An auto insurance company has 10,000 policyholders. Each policy
holder is classified as

• young or old,

• male or female, and

• married or single.

Of these policyholders, 3000 are young, 4600 are male, and 7000 are married. The
policyholders can also be classified as 1320 young males, 3010 married males, and 1400
young married persons. Finally, 600 of the policyholders are young married males. How
many of the company’s policyholders are young, female, and single?

430 Problem (AHSME 1988) X, Y, andZ are pairwise disjoint sets of people. The
average ages of people in the setsX, Y, Z, X∪Y, X∪Y, andY∪Z are given below:

Set X Y Z X∪Y X∪Z Y∪Z

Average Age 37 23 41 29 39.5 33

What is the average age of the people in the setX∪Y∪Z?

431 Problem Each of the students in the maths class twice attended a concert. It is
known that 25,12, and 23 students attended concerts A, B, and C respectively. How
many students are there in the maths class? How many of them went to concerts A and
B, B and C, or B and C?

432 Problem The films A, B, and C were shewn in the cinema for a week. Out of 40
students (each of which saw either all the three films, or one of them, 13 students saw
film A, 16 students saw film B, and 19 students saw film C. How manystudents saw all
three films?

433 Problem Would you believe a market investigator that reports that of1000 people,
816 like candy, 723 like ice cream, 645 cake, while 562 like both candy and ice cream,
463 like both candy and cake, 470 both ice cream and cake, while 310 like all three?
State your reasons!

434 Problem (AHSME 1991) For a setS, let card
�

2S
�

denote the number of subsets
of S. If A,B,C, are sets for which

card
�

2A
�

+card
�

2B
�

+card
�

2C
�

= card
�

2A∪B∪C
�

and
card(A) = card(B) = 100,

then what is the minimum possible value of card(A∩B∩C)?

435 Problem (Lewis Carroll in A Tangled Tale.) In a very hotly fought battle, at least
70% of the combatants lost an eye, at least 75% an ear, at least80% an arm, and at least
85% a leg. What can be said about the percentage who lost all four members?

436 Problem Let x,y be real numbers. Prove that

x+y = min(x,y)+max(x,y)

437 Problem Let x,y,z be real numbers. Prove that

max(x,y,z) = x+y+z−min(x,y)−min(y,z)

−min(z,x)+min(x,y,z)

5.2 The Product Rule

438 Rule (Product Rule) Suppose that an experimentE can be performed ink stages:E1 first, E2 second, . . . ,Ek last.
Suppose moreover thatEi can be done inni different ways, and that the number of ways of performingEi is not influenced by
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any predecessorsE1,E2, . . . ,Ei−1. ThenE1 and E2 and . . .and Ek can occur simultaneously inn1n2 · · ·nk ways.

439 Example In a group of 8 men and 9 women we can pick one manand one woman in 8·9= 72 ways. Notice that we are
choosing two persons.

440 Example A red die and a blue die are tossed. In how many ways can they land?

Solution: If we view the outcomes as an ordered pair(r,b) then by the multiplication principle we have the 6·6= 36 possible
outcomes

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)

(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)

(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)

(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

The red die can land in any of 6 ways,

6

and also, the blue die may land in any of 6 ways

6 6 .

441 Example A multiple-choice test consists of 20 questions, each one with 4 choices. There are 4 ways of answering the first
question, 4 ways of answering the second question, etc., hence there are 420 = 1099511627776 ways of answering the exam.

442 Example There are 9·10·10= 900 positive 3-digit integers:

100,101,102, . . .,998,999.

For, the leftmost integer cannot be 0 and so there are only 9 choices{1,2,3,4,5,6,7,8,9} for it,

9 .

There are 10 choices for the second digit

9 10 ,

and also 10 choices for the last digit

9 10 10 .

443 Example There are 9·10·5= 450 even positive 3-digit integers:

100,102,104, . . .,996,998.

For, the leftmost integer cannot be 0 and so there are only 9 choices{1,2,3,4,5,6,7,8,9} for it,

9 .
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There are 10 choices for the second digit

9 10 .

Since the integer must be even, the last digit must be one of the 5 choices{0,2,4,6,8}

9 10 5 .

444 Definition A palindromic integeror palindromeis a positive integer whose decimal expansion is symmetric and that is
not divisible by 10. In other words, one reads the same integer backwards or forwards.1

445 Example The following integers are all palindromes:

1,8,11,99,101,131,999,1234321,9987899.

446 Example How many palindromes are there of 5 digits?
Solution: There are 9 ways of choosing the leftmost digit.

9 .

Once the leftmost digit is chosen, the last digit must be identical to it, so we have

9 1 .

There are 10 choices for the second digit from the left

9 10 1 .

Once this digit is chosen, the second digit from the right must be identical to it, so we have only 1 choice for it,

9 10 1 1 .

Finally, there are 10 choices for the third digit from the right,

9 10 10 1 1 ,

which give us 900 palindromes of 5-digits.

447 Example How many palindromes of 5 digits are even?

Solution: A five digit even palindrome has the formABCBA, whereA belongs to{2,4,6,8}, andB,C belong to
{0,1,2,3,4,5,6,7,8,9}. Thus there are 4 choices for the first digit, 10 for the second, and 10 for the third. Once these digits
are chosen, the palindrome is completely determined. Therefore, there are 4×10×10= 400 even palindromes of 5 digits.

448 Example How many positive divisors does 300 have?

1A palindrome in common parlance, is a word or phrase that reads the same backwards to forwards. The Philadelphia street nameCamacis a palindrome.
So are the phrases (if we ignore punctuation) (a) “A man, a plan, a canal, Panama!” (b) “Sit on a potato pan!, Otis.” (c) “Able was I ere I saw Elba.” This last
one is attributed to Napoleon, though it is doubtful that he knew enough English to form it.
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Solution: We have 300= 3 ·2252. Thus every factor of 300 is of the form 3a2b5c, where 0≤ a≤ 1, 0≤ b≤ 2, and 0≤ c≤ 2.
Thus there are 2 choices fora, 3 for b and 3 forc. This gives 2·3 ·3= 18 positive divisors.

449 Example How many paths consisting of a sequence of horizontal and/orvertical line segments, each segment connecting
a pair of adjacent letters in figure 5.6 spellBIPOLAR?

B

B I B

B I P I B

B I P O P I B

B I P O L O P I B

B I P O L A L O P I B

B I P O L A R A L O P I B

Figure 5.6: Problem 449.

B

B I

B I P

B I P O

B I P O L

B I P O L A

B I P O L A R

Figure 5.7: Problem 449.

Solution: Split the diagram, as in figure 5.7. Since every required path must use theR, we count paths starting fromRand
reaching up to aB. Since there are six more rows that we can travel to, and sinceat each stage we can go either up or left, we
have 26 = 64 paths. The other half of the figure will provide 64 more paths. Since the middle column is shared by both halves,
we have a total of 64+64−1= 127 paths.

We now prove that if a setA hasn elements, then it has 2n subsets. To motivate the proof, consider the set{a,b,c}. To each
element we attach a binary code of length 3. We write 0 if a particular element is not in the set and 1 if it is. We then have the
following associations:

∅ ↔ 000,

{a}↔ 100,

{b}↔ 010,

{c}↔ 001,

{a,b}↔ 110,

{a,c}↔ 101,

{b,c}↔ 011,

{a,b,c}↔ 111.

Thus there is a one-to-one correspondence between the subsets of a finite set of 3 elements and binary sequences of length 3.

450 Theorem (Cardinality of the Power Set) Let A be a finite set with card(A) = n. ThenA has 2n subsets.

Proof: We attach a binary code to each element of the subset,1 if the element is in the subset and0 if the
element is not in the subset. The total number of subsets is the total number of such binary codes, and there are2n

in number.❑

Homework
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451 Problem A true or false exam has ten questions. How many possible answer keys
are there?

452 Problem Out of nine different pairs of shoes, in how many ways could I choose a
right shoe and a left shoe, which should not form a pair?

453 Problem In how many ways can the following prizes be given away to a class of
twenty boys: first and second Classical, first and second Mathematical, first Science, and
first French?

454 Problem Under old hardware, a certain programme accepted passwordsof the
form

eell

where
e∈ {0,2,4,6,8}, l ∈ {a,b,c,d,u,v,w,x,y,z}.

The hardware was changed and now the software accepts passwords of the form

eeelll.

How many more passwords of the latter kind are there than of the former kind?

455 Problem A license plate is to be made according to the following provision: it has
four characters, the first two characters can be any letter ofthe English alphabet and the
last two characters can be any digit. One is allowed to repeatletters and digits. How
many different license plates can be made?

456 Problem In problem 455, how many different license plates can you make if (i)
you may repeat letters but not digits?, (ii) you may repeat digits but not letters?, (iii) you
may repeat neither letters nor digits?

457 Problem An alphabet consists of thefive consonants {p, v, t, s, k} and thethree
vowels {a, e, o}. A license plate is to be made usingfour letters of this alphabet.

➊ How many letters does this alphabet have?

➋ If a license plate is of the formCCVV whereC denotes a consonant andV
denotes a vowel, how many possible license plates are there,assuming that you
may repeat both consonants and vowels?

➌ If a license plate is of the formCCVV whereC denotes a consonant andV
denotes a vowel, how many possible license plates are there,assuming that you
may repeat consonants but not vowels?

➍ If a license plate is of the formCCVV whereC denotes a consonant andV
denotes a vowel, how many possible license plates are there,assuming that you
may repeat vowels but not consonants?

➎ If a license plate is of the formLLLL whereL denotes any letter of the alphabet,
how many possible license plates are there, assuming that you may not repeat
letters?

458 Problem A man lives within reach of three boys’ schools and four girls’ schools.
In how many ways can he send his three sons and two daughters toschool?

459 Problem How many distinct four-letter words can be made with the letters of the
set{c, i,k,t}

➊ if the letters are not to be repeated?

➋ if the letters can be repeated?

460 Problem How many distinct six-digit numbers that are multiples of 5 can be
formed from the list of digits{1,2,3,4,5,6} if we allow repetition?

461 Problem Telephone numbers inLand of the Flying Camelshave 7 digits, and the
only digits available are{0,1,2,3,4,5,7,8}. No telephone number may begin in 0, 1 or
5. Find the number of telephone numbers possible that meet the following criteria:

➊ You may repeat all digits.

➋ You may not repeat any of the digits.

➌ You may repeat the digits, but the phone number must be even.

➍ You may repeat the digits, but the phone number must be odd.

➎ You may not repeat the digits and the phone numbers must be odd.

462 Problem How many 5-lettered words can be made out of 26 letters, repetitions
allowed, but not consecutive repetitions (that is, a lettermay not follow itself in the same
word)?

463 Problem How many positive integers are there havingn≥ 1 digits?

464 Problem How manyn-digits integers (n≥ 1) are there which are even?

465 Problem How manyn-digit nonnegative integers do not contain the digit 5?

466 Problem How manyn-digit numbers do not have the digit 0?

467 Problem There aremdifferent roads from town A to town B. In how many ways
can Dwayne travel from town A to town B and back if (a) he may come back the way he
went?, (b) he must use a different road of return?

468 Problem How many positive divisors does 283952 have? What is the sum of these
divisors?

469 Problem How many factors of 295 are larger than 1,000,000?

470 Problem How many positive divisors does 360 have? How many are even? How
many are odd? How many are perfect squares?

471 Problem (AHSME 1988) At the end of a professional bowling tournament, the top
5 bowlers have a play-off. First # 5 bowls #4. The loser receives the 5th prize and the
winner bowls # 3 in another game. The loser of this game receives the 4th prize and the
winner bowls # 2. The loser of this game receives the 3rd prizeand the winner bowls #
1. The loser of this game receives the 2nd prize and the winnerthe 1st prize. In how
many orders can bowlers #1 through #5 receive the prizes?

472 Problem The password of the anti-theft device of a car is a four digit number,
where one can use any digit in the set

{0,1,2,3,4,5,6,7,8,9}.
A. ➊ How many such passwords are possible?

➋ How many of the passwords have all their digits distinct?

B. After an electrical failure, the owner must reintroduce the password in order to
deactivate the anti-theft device. He knows that the four digits of the code are
2,0,0,3 but does not recall the order.

➊ How many such passwords are possible using only these digits?

➋ If the first attempt at the password fails, the owner must waittwo
minutes before a second attempt, if the second attempt failshe must
wait four minutes before a third attempt, if the third attempt fails he
must wait eight minutes before a fourth attempt, etc. (the time doubles
from one attempt to the next). How many passwords can the owner
attempt in a period of 24 hours?

473 Problem The number 3 can be expressed as a sum of one or more positive integers
in four ways, namely, as 3, 1+2, 2+1, and 1+1+1. Shew that any positive integern
can be so expressed in 2n−1 ways.

474 Problem Let n = 231319. How many positive integer divisors ofn2 are less thann
but do not dividen?

475 Problem Let n≥ 3. Find the number ofn-digit ternary sequences that contain at
least one 0, one 1 and one 2.

476 Problem In how many ways can one decompose the set

{1,2,3, . . . ,100}
into subsetsA,B,C satisfying

A∪B∪C = {1,2,3, . . . ,100} and A∩B∩C = ∅
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5.3 The Sum Rule

477 Rule (Sum Rule: Disjunctive Form) Let E1,E2, . . . ,Ek, be pairwise mutually exclusive events. IfEi can occur inni

ways, then eitherE1 or E2 or, . . . ,or Ek can occur in

n1 +n2 + · · ·nk

ways.

☞ Notice that the “or” here is exclusive.

478 Example In a group of 8 men and 9 women we can pick one manor one woman in 8+9 = 17 ways. Notice that we are
choosing one person.

479 Example There are five Golden retrievers, six Irish setters, and eight Poodles at the pound. How many ways can two
dogs be chosen if they are not the same kind.

Solution: We choose: a Golden retrieverand an Irish setteror a Golden retrieverand a Poodleor an Irish setterand a Poodle.

One Golden retriever and one Irish setter can be chosen in 5·6 = 30 ways; one Golden retriever and one Poodle can be chosen
in 5 ·8 = 40 ways; one Irish setter and one Poodle can be chosen in 6·8 = 48 ways. By the sum rule, there are
30+40+48= 118 combinations.

480 Example To write a book 1890 digits were utilised. How many pages doesthe book have?

Solution: A total of
1 ·9+2 ·90= 189

digits are used to write pages 1 to 99, inclusive. We have of 1890−189= 1701 digits at our disposition which is enough for
1701/3= 567 extra pages (starting from page 100). The book has 99+567= 666 pages.

481 Example The sequence of palindromes, starting with 1 is written in ascending order

1,2,3,4,5,6,7,8,9,11,22,33, . . .

Find the 1984-th positive palindrome.

Solution: It is easy to see that there are 9 palindromes of 1-digit, 9 palindromes with 2-digits, 90 with 3-digits, 90 with
4-digits, 900 with 5-digits and 900 with 6-digits. The last palindrome with 6 digits, 999999, constitutes the
9+9+90+90+900+900= 1998th palindrome. Hence, the 1997th palindrome is 998899,the 1996th palindrome is 997799,
the 1995th palindrome is 996699, the 1994th is 995599, etc.,until we find the 1984th palindrome to be 985589.

482 Example The integers from 1 to 1000 are written in succession. Find the sum of all the digits.

Solution: When writing the integers from 000 to 999 (with three digits), 3×1000= 3000 digits are used. Each of the 10 digits
is used an equal number of times, so each digit is used 300 times. The the sum of the digits in the interval 000 to 999 is thus

(0+1+2+3+4+5+6+7+8+9)(300)= 13500.

Therefore, the sum of the digits when writing the integers from 000 to 1000 is 13500+1= 13501.

483 Example How many 4-digit integers can be formed with the set of digits{0,1,2,3,4,5} such that no digit is repeated and
the resulting integer is a multiple of 3?
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Solution: The integers desired have the formD1D2D3D4 with D1 6= 0. Under the stipulated constraints, we must have

D1 +D2+D3 +D4 ∈ {6,9,12}.

We thus consider three cases.

Case I:D1 +D2+D3 +D4 = 6. Here we have{D1,D2,D3,D4} = {0,1,2,3,4},D1 6= 0. There are then 3 choices forD1. After
D1 is chosen,D2 can be chosen in 3 ways,D3 in 2 ways, andD1 in 1 way. There are thus 3×3×2×1= 3 ·3! = 18 integers
satisfying case I.

Case II:D1 +D2+D3 +D4 = 9. Here we have{D1,D2,D3,D4} = {0,2,3,4},D1 6= 0 or
{D1,D2,D3,D4} = {0,1,3,5},D1 6= 0. Like before, there are 3·3! = 18 numbers in each possibility, thus we have 2×18= 36
numbers in case II.

Case III:D1 +D2 +D3 +D4 = 12. Here we have{D1,D2,D3,D4} = {0,3,4,5},D1 6= 0 or{D1,D2,D3,D4} = {1,2,4,5}. In
the first possibility there are 3·3! = 18 numbers, and in the second there are 4! = 24. Thus we have 18+24= 42 numbers in
case III.

The desired number is finally 18+36+42= 96.

Homework

484 Problem How many different sums can be thrown with two dice, the facesof each
die being numbered 0,1,3,7,15,31?

485 Problem How many different sums can be thrown with three dice, the faces of
each die being numbered 1,4,13,40,121,364?

486 Problem How many two or three letter initials for people are available if at least
one of the letters must be a D and one allows repetitions?

487 Problem How many strictly positive integers have all their digits distinct?

488 Problem The Morse code consists of points and dashes. How many letters can be
in the Morse code if no letter contains more than four signs, but all must have at least
one?

489 Problem An n×n×n wooden cube is painted blue and then cut inton3 1×1×1
cubes. How many cubes (a) are painted on exactly three sides,(b) are painted in exactly
two sides, (c) are painted in exactly one side, (d) are not painted?

490 Problem (AIME 1993) How many even integers between 4000 and 7000 have four
different digits?

491 Problem All the natural numbers, starting with 1, are listed consecutively

123456789101112131415161718192021. . .

Which digit occupies the 1002nd place?

492 Problem All the positive integers are written in succession.

123456789101112131415161718192021222324. . .

Which digit occupies the 206790th place?

493 Problem All the positive integers with initial digit 2 are written insuccession:

2,20,21,22,23,24,25,26,27,28,29,200,201, . . . ,

Find the 1978-th digit written.

494 Problem (AHSME 1998) Call a 7-digit telephone numberd1d2d3 −d4d5d6d7

memorableif the prefix sequenced1d2d3 is exactly the same as either of the sequences
d4d5d6 or d5d6d7 or possibly both. Assuming that eachdi can be any of the ten decimal
digits 0,1,2, . . . ,9, find the number of different memorable telephone numbers.

495 Problem Three-digit numbers are made using the digits{1,3,7,8,9}.

➊ How many of these integers are there?

➋ How many are even?

➌ How many are palindromes?

➍ How many are divisible by 3?

496 Problem (AHSME 1989) Five people are sitting at a round table. Letf ≥ 0 be the
number of people sitting next to at least one female, and letm≥ 0 be the number of
people sitting next to at least one male. Find the number of possible ordered pairs
( f ,m).

497 Problem How many integers less than 10000 can be made with the eight digits
0,1,2,3,4,5,6,7?

498 Problem (ARML 1999) In how many ways can one arrange the numbers
21,31,41,51,61,71, and 81 such that the sum of every four consecutive numbersis
divisible by 3?

499 Problem Let Sbe the set of all natural numbers whose digits are chosen fromthe
set{1,3,5,7} such that no digits are repeated. Find the sum of the elementsof S.

500 Problem Find the number of ways to choose a pair{a,b} of distinct numbers from
the set{1,2, . . . ,50} such that

➊ |a−b| = 5

➋ |a−b| ≤ 5.

501 Problem (AIME 1994) Given a positive integern, let p(n) be the product of the
non-zero digits ofn. (If n has only one digit, thenp(n) is equal to that digit.) Let

S= p(1)+ p(2)+ · · ·+ p(999).

Find S.
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5.4 Permutations without Repetitions

502 Definition We define the symbol! (factorial), as follows: 0! = 1, and for integern≥ 1,

n! = 1 ·2 ·3· · ·n.

n! is readn factorial.

503 Example We have

1! = 1,

2! = 1 ·2= 2,

3! = 1 ·2 ·3= 6,

4! = 1 ·2 ·3 ·4= 24,

5! = 1 ·2 ·3 ·4 ·5= 120.

504 Example We have

7!

4!
=

7 ·6 ·5 ·4!

4!
= 210,

(n+2)!

n!
=

(n+2)(n+1)n!

n!
= (n+2)(n+1),

(n−2)!

(n+1)!
=

(n−2)!

(n+1)(n)(n−1)(n−2)!
=

1
(n+1)(n)(n−1)

.

505 Definition Let x1,x2, . . . ,xn ben distinct objects. Apermutationof these objects is simply a rearrangement of them.

506 Example There are 24 permutations of the letters inMATH, namely

MATH MAHT MTAH MTHA MHTA MHAT

AMTH AMHT ATMH ATHM AHTM AHMT

TAMH TAHM TMAH TMHA THMA THAM

HATM HAMT HTAM HTMA HMTA HMAT

507 Theorem Let x1,x2, . . . ,xn ben distinct objects. Then there aren! permutations of them.

Proof: The first position can be chosen in n ways, the second object inn−1 ways, the third in n−2, etc. This
gives

n(n−1)(n−2) · · ·2 ·1 = n!.

❑

508 Example The number of permutations of the letters of the wordRETICULAis 8! = 40320.



78 Chapter 5

509 Example A bookshelf contains 5 German books, 7 Spanish books and 8 French books. Each book is different from one
another.

➊ How many different arrangements can be done of these
books?

➋ How many different arrangements can be done of these
books if books of each language must be next to each
other?

➌ How many different arrangements can be done of these
books if all the French books must be next to each
other?

➍ How many different arrangements can be done of these
books if no two French books must be next to each
other?

Solution:

➊ We are permuting 5+7+8= 20 objects. Thus the
number of arrangements sought is
20! = 2432902008176640000.

➋ “Glue” the books by language, this will assure that
books of the same language are together. We permute
the 3 languages in 3! ways. We permute the German
books in 5! ways, the Spanish books in 7! ways and the
French books in 8! ways. Hence the total number of
ways is 3!5!7!8! = 146313216000.

➌ Align the German books and the Spanish books first.
Putting these 5+7= 12 books creates 12+1= 13
spaces (we count the space before the first book, the
spaces between books and the space after the last
book). To assure that all the French books are next each
other, we “glue” them together and put them in one of
these spaces. Now, the French books can be permuted
in 8! ways and the non-French books can be permuted

in 12! ways. Thus the total number of permutations is

(13)8!12! = 251073478656000.

➍ Align the German books and the Spanish books first.
Putting these 5+7= 12 books creates 12+1= 13
spaces (we count the space before the first book, the
spaces between books and the space after the last
book). To assure that no two French books are next to
each other, we put them into these spaces. The first
French book can be put into any of 13 spaces, the
second into any of 12, etc., the eighth French book can
be put into any 6 spaces. Now, the non-French books
can be permuted in 12! ways. Thus the total number of
permutations is

(13)(12)(11)(10)(9)(8)(7)(6)12!,

which is 24856274386944000.

Homework

510 Problem How many changes can be rung with a peal of five bells?

511 Problem A bookshelf contains 3 Russian novels, 4 German novels, and 5Spanish
novels. In how many ways may we align them if

➊ there are no constraints as to grouping?

➋ all the Spanish novels must be together?

➌ no two Spanish novels are next to one another?

512 Problem How many permutations of the wordIMPURE are there? How many
permutations start withP and end inU? How many permutations are there if theP and
theU must always be together in the orderPU? How many permutations are there in
which no two vowels (I, U, E) are adjacent?

513 Problem How many arrangements can be made of out of the letters of the word
DRAUGHT , the vowels never separated?

514 Problem (AIME 1991) Given a rational number, write it as a fraction in lowest
terms and calculate the product of the resulting numerator and denominator. For how
many rational numbers between 0 and 1 will 20! be the resulting product?

515 Problem (AMC12 2001) A spider has one sock and one shoe for each of its eight
legs. In how many different orders can the spider put on its socks and shoes, assuming
that, on each leg, the sock must be put on before the shoe?

516 Problem How many trailing 0’s are there when 1000! is multiplied out?

517 Problem In how many ways can 8 people be seated in a row if

➊ there are no constraints as to their seating arrangement?

➋ personsX andY must sit next to one another?

➌ there are 4 women and 4 men and no 2 men or 2 women can sit next to each
other?

➍ there are 4 married couples and each couple must sit together?

➎ there are 4 men and they must sit next to each other?
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5.5 Permutations with Repetitions

We now consider permutations with repeated objects.

518 Example In how many ways may the letters of the word

MASSACHUSETTS

be permuted?

Solution: We put subscripts on the repeats forming

MA1S1S2A2CHUS3ET1T2S4.

There are now 13 distinguishable objects, which can be permuted in 13! different ways by Theorem 507. For each of these 13!

permutations,A1A2 can be permuted in 2! ways,S1S2S3S4 can be permuted in 4! ways, andT1T2 can be permuted in 2! ways.
Thus the over count 13! is corrected by the total actual count

13!
2!4!2!

= 64864800.

A reasoning analogous to the one of example 518, we may prove

519 Theorem Let there bek types of objects:n1 of type 1;n2 of type 2; etc. Then the number of ways in which these
n1 +n2+ · · ·+nk objects can be rearranged is

(n1 +n2 + · · ·+nk)!

n1!n2! · · ·nk!
.

520 Example In how many ways may we permute the letters of the wordMASSACHUSETTSin such a way thatMASSis
always together, in this order?

Solution: The particleMASScan be considered as one block and the 9 lettersA, C, H, U, S, E, T, T, S. In A, C, H, U, S, E, T,
T, S there are fourS’s and twoT’s and so the total number of permutations sought is

10!
2!2!

= 907200.

521 Example In how many ways may we write the number 9 as the sum of three positive integer summands? Here order
counts, so, for example, 1+7+1 is to be regarded different from 7+1+1.

Solution: We first look for answers with

a+b+c= 9,1≤ a≤ b≤ c≤ 7
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and we find the permutations of each triplet. We have

(a,b,c) Number of permutations

(1,1,7)
3!

2!
= 3

(1,2,6) 3! = 6

(1,3,5) 3! = 6

(1,4,4)
3!

2!
= 3

(2,2,5)
3!

2!
= 3

(2,3,4) 3! = 6

(3,3,3)
3!

3!
= 1

Thus the number desired is
3+6+6+3+3+6+1= 28.

522 Example In how many ways can the letters of the wordMURMUR be arranged without letting two letters which are
alike come together?

Solution: If we started with, say ,MU then theR could be arranged as follows:

M U R R ,

M U R R ,

M U R R .

In the first case there are 2! = 2 of putting the remainingM andU, in the second there are 2! = 2 and in the third there is only
1!. Thus starting the word withMU gives 2+2+1= 5 possible arrangements. In the general case, we can choose the first
letter of the word in 3 ways, and the second in 2 ways. Thus the number of ways sought is 3·2 ·5= 30.

523 Example In how many ways can the letters of the wordAFFECTION be arranged, keeping the vowels in their natural
order and not letting the twoF’s come together?

Solution: There are
9!

2!
ways of permuting the letters ofAFFECTION . The 4 vowels can be permuted in 4! ways, and in only

one of these will they be in their natural order. Thus there are
9!

2!4!
ways of permuting the letters ofAFFECTION in which

their vowels keep their natural order.

Now, put the 7 letters ofAFFECTION which are not the twoF’s. This creates 8 spaces in between them where we put the

two F’s. This means that there are 8·7! permutations ofAFFECTION that keep the twoF’s together. Hence there are
8 ·7!

4!
permutations ofAFFECTION where the vowels occur in their natural order.

In conclusion, the number of permutations sought is

9!

2!4!
−

8 ·7!

4!
=

8!

4!

�
9
2

−1
�

=
8 ·7 ·6 ·5 ·4!

4!
· 7
2

= 5880
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524 Example How many arrangements of five letters can be made of the letters of the wordPALLMALL ?

Solution: We consider the following cases:

➊ there are fourL ’s and a different letter. The different letter can be chosenin 3 ways, so there are
3 ·5!

4!
= 15

permutations in this case.

➋ there are threeL ’s and twoA’s. There are
5!

3!2!
= 10 permutations in this case.

➌ there are threeL ’s and two different letters. The different letters can be chosen in 3 ways ( eitherP andA; or P andM ;

or A andM ), so there are
3 ·5!

3!
= 60 permutations in this case.

➍ there are twoL ’s, two A’s and a different letter from these two. The different letter can be chosen in 2 ways. There are
2 ·5!

2!2!
= 60 permutations in this case.

➎ there are twoL ’s and three different letters. The different letters can bechosen in 1 way. There are
1 ·5!

2!
= 60

permutations in this case.

➏ there is oneL . This forces having twoA’s and two other different letters. The different letters can be chosen in 1 way.

There are
1 ·5!

2!
= 60 permutations in this case.

The total number of permutations is thus seen to be

15+10+60+60+60+60= 265.

Homework

525 Problem In how many ways may one permute the letters of the word
MEPHISTOPHELES ?

526 Problem How many arrangements of four letters can be made out of the letters of
KAFFEEKANNE without letting the threeE’s come together?

527 Problem How many numbers can be formed with the digits

1,2,3,4,3,2,1

so that the odd digits occupy the odd places?

528 Problem In this problem you will determine how many different signals, each
consisting of 10 flags hung in a line, can be made from a set of 4 white flags, 3 red flags,
2 blue flags, and 1 orange flag, if flags of the same colour are identical.

➊ How many are there if there are no constraints on the order?

➋ How many are there if the orange flag must always be first?

➌ How many are there if there must be a white flag at the beginningand another
white flag at the end?

529 Problem In how many ways may we write the number 10 as the sum of three
positive integer summands? Here order counts, so, for example, 1+8+1 is to be
regarded different from 8+1+1.

530 Problem Three distinguishable dice are thrown. In how many ways can they land
and give a sum of 9?

531 Problem In how many ways can 15 different recruits be divided into three equal
groups? In how many ways can they be drafted into three different regiments?

5.6 Combinations without Repetitions

532 Definition Let n,k be non-negative integers with 0≤ k≤ n. The symbol

�
n
k

�
(read “n choose k”) is defined and denoted

by �
n
k

�
=

n!

k!(n−k)!
=

n · (n−1) · (n−2) · · ·(n−k+1)

1 ·2 ·3· · ·k .
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☞ Observe that in the last fraction, there are k factors in boththe numerator and denominator. Also, observe
the boundary conditions �

n
0

�
=

�
n
n

�
= 1,

�
n
1

�
=

�
n

n−1

�
= n.

533 Example We have �
6
3

�
=

6 ·5 ·4
1 ·2 ·3 = 20,�

11
2

�
=

11·10
1 ·2 = 55,�

12
7

�
=

12·11·10·9 ·8·7·6
1 ·2 ·3 ·4 ·5·6·7 = 792,�

110
109

�
= 110,�

110
0

�
= 1.

☞ Since n−(n−k) = k, we have for integer n,k, 0≤ k≤ n, the symmetry identity�
n
k

�
=

n!

k!(n−k)!
=

n!

(n−k)!(n−(n−k))!
=

�
n

n−k

�
.

This can be interpreted as follows: if there are n different tickets in a hat, choosing k of them out of the hat is the
same as choosing n−k of them to remain in the hat.

534 Example �
11
9

�
=

�
11
2

�
= 55,�

12
5

�
=

�
12
7

�
= 792.

535 Definition Let there ben distinguishable objects. Ak-combinationis a selection ofk, (0≤ k≤ n) objects from then
made without regards to order.

536 Example The 2-combinations from the list{X,Y,Z,W} are

XY,XZ,XW,YZ,YW,WZ.

537 Example The 3-combinations from the list{X,Y,Z,W} are

XYZ,XYW,XZW,YWZ.

538 Theorem Let there ben distinguishable objects, and letk, 0≤ k≤ n. Then the numbers ofk-combinations of thesen

objects is

�
n
k

�
.

Proof: Pick any of the k objects. They can be ordered in n(n−1)(n−2) · · ·(n−k+1), since there are n ways of
choosing thefirst, n−1 ways of choosing thesecond, etc. This particular choice of k objects can be permuted in
k! ways. Hence the total number of k-combinations is

n(n−1)(n−2) · · ·(n−k+1)

k!
=

�
n
k

�
.
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❑

539 Example From a group of 10 people, we may choose a committee of 4 in

�
10
4

�
= 210 ways.

540 Example In a group of 2 camels, 3 goats, and 10 sheep in how many ways mayone choose 6 animals if

➊ there are no constraints in species?

➋ the two camels must be included?

➌ the two camels must be excluded?

➍ there must be at least 3 sheep?

➎ there must be at most 2 sheep?

➏ Joe Camel, Billy Goat and Samuel Sheep hate each
other and they will not work in the same group. How
many compatible committees are there?

Solution:

➊ There are 2+3+10= 15 animals and we must choose

6, whence

�
15
6

�
= 5005

➋ Since the 2 camels are included, we must choose
6−2= 4 more animals from a list of 15−2= 13

animals, so

�
13
4

�
= 715

➌ Since the 2 camels must be excluded, we must choose 6

animals from a list of 15−2= 13, so

�
13
6

�
= 1716

➍ If k sheep are chosen from the 10 sheep, 6−k animals
must be chosen from the remaining 5 animals, hence�

10
3

��
5
3

�
+

�
10
4

��
5
2

�
+

�
10
5

��
5
1

�
+

�
10
6

��
5
0

�
,

which simplifies to 4770.

➎ First observe that there cannot be 0 sheep, since that
would mean choosing 6 other animals. Hence, there
must be either 1 or 2 sheep, and so 3 or 4 of the other
animals. The total number is thus�

10
2

��
5
4

�
+

�
10
1

��
5
5

�
= 235.

➏ A compatible group will either exclude all these three
animals or include exactly one of them. This can be
done in �

12
6

�
+

�
3
1

��
12
5

�
= 3300

ways.

541 Example To count the number of shortest routes fromA to B in figure 5.8 observe that any shortest path must consist of 6
horizontal moves and 3 vertical ones for a total of 6+3= 9 moves. Of these 9 moves once we choose the 6 horizontal ones the

3 vertical ones are determined. Thus there are

�
9
6

�
= 84 paths.

542 Example To count the number of shortest routes fromA to B in figure 5.9 that pass through pointO we count the number

of paths fromA to O (of which there are

�
5
3

�
= 20) and the number of paths fromO to B (of which there are

�
4
3

�
= 4). Thus

the desired number of paths is

�
5
3

��
4
3

�
= (20)(4) = 80.

543 Example Consider the set of 5-digit positive integers written in decimal notation.
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A

B

Figure 5.8: Example 541.

b

A

O

B

Figure 5.9: Example 542.

95509550

14406

9550

14266

14266 14266

without a 7 without an 8

without a 9

Figure 5.10: Example 543.

1. How many are there?

2. How many do not have a 9 in their decimal
representation?

3. How many have at least one 9 in their decimal
representation?

4. How many have exactly one 9?

5. How many have exactly two 9’s?

6. How many have exactly three 9’s?

7. How many have exactly four 9’s?

8. How many have exactly five 9’s?

9. How many have neither an 8 nor a 9 in their decimal
representation?

10. How many have neither a 7, nor an 8, nor a 9 in their
decimal representation?

11. How many have either a 7, an 8, or a 9 in their decimal
representation?

Solution:

1. There are 9 possible choices for the first digit and 10
possible choices for the remaining digits. The number
of choices is thus 9·104 = 90000.

2. There are 8 possible choices for the first digit and 9
possible choices for the remaining digits. The number
of choices is thus 8·94 = 52488.

3. The difference 90000−52488= 37512.

4. We condition on the first digit. If the first digit is a 9
then the other four remaining digits must be different
from 9, giving 94 = 6561 such numbers. If the first
digit is not a 9, then there are 8 choices for this first

digit. Also, we have

�
4
1

�
= 4 ways of choosing were

the 9 will be, and we have 93 ways of filling the 3
remaining spots. Thus in this case there are
8 ·4 ·93 = 23328 such numbers. In total there are
6561+23328= 29889 five-digit positive integers with
exactly one 9 in their decimal representation.

5. We condition on the first digit. If the first digit is a 9
then one of the remaining four must be a 9, and the

choice of place can be accomplished in

�
4
1

�
= 4 ways.

The other three remaining digits must be different from
9, giving 4·93 = 2916 such numbers. If the first digit is
not a 9, then there are 8 choices for this first digit. Also,

we have

�
4
2

�
= 6 ways of choosing were the two 9’s

will be, and we have 92 ways of filling the two

remaining spots. Thus in this case there are
8 ·6 ·92 = 3888 such numbers. Altogether there are
2916+3888= 6804 five-digit positive integers with
exactly two 9’s in their decimal representation.

6. Again we condition on the first digit. If the first digit is
a 9 then two of the remaining four must be 9’s, and the

choice of place can be accomplished in

�
4
2

�
= 6 ways.

The other two remaining digits must be different from
9, giving 6·92 = 486 such numbers. If the first digit is
not a 9, then there are 8 choices for this first digit. Also,

we have

�
4
3

�
= 4 ways of choosing were the three 9’s

will be, and we have 9 ways of filling the remaining
spot. Thus in this case there are 8·4 ·9= 288 such
numbers. Altogether there are 486+288= 774
five-digit positive integers with exactly three 9’s in their
decimal representation.

7. If the first digit is a 9 then three of the remaining four
must be 9’s, and the choice of place can be

accomplished in

�
4
3

�
= 4 ways. The other remaining

digit must be different from 9, giving 4·9 = 36 such
numbers. If the first digit is not a 9, then there are 8

choices for this first digit. Also, we have

�
4
4

�
= 4

ways of choosing were the four 9’s will be, thus filling
all the spots. Thus in this case there are 8·1= 8 such
numbers. Altogether there are 36+8= 44 five-digit



Homework 85

positive integers with exactly three 9’s in their decimal
representation.

8. There is obviously only 1 such positive integer.

☞Observe that
37512= 29889+6804+774+44+1.

9. We have 7 choices for the first digit and 8 choices for

the remaining 4 digits, giving 7·84 = 28672 such
integers.

10. We have 6 choices for the first digit and 7 choices for
the remaining 4 digits, giving 6·74 = 14406 such
integers.

11. We use inclusion-exclusion. From figure 5.10, the
numbers inside the circles add up to 85854. Thus the
desired number is 90000−85854= 4146.

Homework

544 Problem Verify the following.

➊

�
20
3

�
= 1140

➋

�
12
4

��
12
6

�
= 457380

➌

�
n
1

��
n

n−1

� = 1

➍

�
n
2

�
=

n(n−1)

2

➎

�
6
1

�
+

�
6
3

�
+

�
6
6

�
= 25.

➏

�
7
0

�
+

�
7
2

�
+

�
7
4

�
= 26 −

�
7
6

�
545 Problem A publisher proposes to issue a set of dictionaries to translate from any
one language to any other. If he confines his system to ten languages, how many
dictionaries must be published?

546 Problem From a group of 12 people—7 of which are men and 5 women—in how
many ways may choose a committee of 4 with 1 man and 3 women?

547 Problem N friends meet and shake hands with one another. How many
handshakes?

548 Problem How many 4-letter words can be made by taking 4 letters of the word
RETICULA and permuting them?

549 Problem (AHSME 1989) Mr. and Mrs. Zeta want to name baby Zeta so that its
monogram (first, middle and last initials) will be in alphabetical order with no letters
repeated. How many such monograms are possible?

550 Problem In how many ways can{1,2,3,4} be written as the union of two
non-empty, disjoint subsets?

551 Problem How many lists of 3 elements taken from the set{1,2,3,4,5,6} list the
elements in increasing order?

552 Problem How many times is the digit 3 listed in the numbers 1 to 1000?

553 Problem How many subsets of the set{a,b,c,d,e} have exactly 3 elements?

554 Problem How many subsets of the set{a,b,c,d,e} have an odd number of
elements?

555 Problem (AHSME 1994) Nine chairs in a row are to be occupied by six students
and Professors Alpha, Beta and Gamma. These three professors arrive before the six
students and decide to choose their chairs so that each professor will be between two
students. In how many ways can Professors Alpha, Beta and Gamma choose their
chairs?

556 Problem There areE (different) English novels,F (different) French novels,S
(different) Spanish novels, andI (different) Italian novels on a shelf. How many
different permutations are there if

➊ if there are no restrictions?

➋ if all books of the same language must be together?

➌ if all the Spanish novels must be together?

➍ if no two Spanish novels are adjacent?

➎ if all the Spanish novels must be together, and all the English novels must be
together, but no Spanish novel is next to an English novel?

557 Problem How many committees of seven with a given chairman can be selected
from twenty people?

558 Problem How many committees of seven with a given chairman and a given
secretary can be selected from twenty people? Assume the chairman and the secretary
are different persons.

559 Problem (AHSME 1990) How many of the numbers

100,101, . . . ,999,

have three different digits in increasing order or in decreasing order?

560 Problem There are twenty students in a class. In how many ways can the twenty
students take five different tests if four of the students areto take each test?

561 Problem In how many ways can a deck of playing cards be arranged if no two
hearts are adjacent?

562 Problem Given a positive integern, find the number of quadruples(a,b,c,d,)
such that 0≤ a≤ b≤ c≤ d ≤ n.

563 Problem There areT books on Theology,L books on Law andW books on
Witchcraft on Dr. Faustus’ shelf. In how many ways may one order the books

➊ there are no constraints in their order?

➋ all books of a subject must be together?

➌ no two books on Witchcraft are juxtaposed?
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➍ all the books on Witchcraft must be together?

564 Problem From a group of 20 students, in how many ways may a professor choose
at least one in order to work on a project?

565 Problem From a group of 20 students, in how many ways may a professor choose
an even number number of them, but at least four in order to work on a project?

566 Problem How many permutations of the word

CHICHICUILOTE

are there

➊ if there are no restrictions?

➋ if the word must start in anI and end also in anI?

➌ if the word must start in anI and end in aC?

➍ if the two H’s are adjacent?

➎ if the two H’s are not adjacent?

➏ if the particleLOTE must appear, with the letters in this order?

567 Problem There areM men andW women in a group. A committee ofC people
will be chosen. In how many ways may one do this if

➊ there are no constraints on the sex of the committee members?

➋ there must be exactlyT women?

➌ A committee must always include George and Barbara?

➍ A committee must always exclude George and Barbara?

Assume George and Barbara form part of the original set of people.

568 Problem There areM men andW women in a group. A committee ofC people
will be chosen. In how many ways may one do this if George and Barbara are feuding
and will not work together in a committee? Assume George and Barbara form part of
the original set of people.

569 Problem Out of 30 consecutive integers, in how many ways can three be selected
so that their sum be even?

570 Problem In how many ways may we choose three distinct integers from
{1,2, . . . ,100} so that one of them is the average of the other two?

571 Problem How many vectors(a1,a2, . . . ,ak) with integral

ai ∈ {1,2, . . . ,n}

are there satisfying
1≤ a1 ≤ a2 ≤ ··· ≤ ak ≤ n?

572 Problem A square chessboard has 16 squares (4 rows and 4 columns). Oneputs 4
checkers in such a way that only one checker can be put in a square. Determine the
number of ways of putting these checkers if

➊ there must be exactly one checker per row and column.

➋ there must be exactly one column without a checker.

➌ there must be at least one column without a checker.

573 Problem A box contains 4 red, 5 white, 6 blue, and 7 magenta balls. In how many
of all possible samples of size 5, chosen without replacement, will every colour be
represented?

574 Problem In how many ways can eight students be divided into four
indistinguishable teams of two each?

575 Problem How many ways can three boys share fifteen different sized pears if the
youngest gets seven pears and the other two boys get four each?those in which the digit
1 occurs or those in which it does not occur?

576 Problem Four writers must write a book containing seventeen chapters. The first
and third writers must each write five chapters, the second must write four chapters, and
the fourth must write three chapters. How many ways can the book be divided between
the authors? What if the first and third had to write ten chapters combined, but it did not
matter which of them wrote how many (i.e. the first could writeten and the third none,
the first could write none and the third one, etc.)?

577 Problem In how many ways can a woman choose three lovers or more from seven
eligible suitors? may be opened by depressing—in any order—the correct five buttons.
Suppose that these locks are redesigned so that sets of as many as nine buttons or as few
as one button could serve as combinations. How many additional combinations would
this allow?

➊ how many straight lines are determined?

➋ how many straight lines pass through a particular point?

➌ how many triangles are determined?

➍ how many triangles have a particular point as a vertex?

578 Problem In how many ways can you pack twelve books into four parcels ifone
parcel has one book, another has five books, and another has two books, and another has
four books?

579 Problem In how many ways can a person invite three of his six friends tolunch
every day for twenty days if he has the option of inviting the same or different friends
from previous days?

580 Problem A committee is to be chosen from a set of nine women and five men.
How many ways are there to form the committee if the committeehas three men and
three women?

581 Problem At a dance there areb boys andg girls. In how many ways can they form
c couples consisting of different sexes?

582 Problem From three Russians, four Americans, and two Spaniards, howmany
selections of people can be made, taking at least one of each kind?

583 Problem The positive integerr satisfies

1�
9
r

� −
1�
10
r

� =
11

6
�

11
r

� .

Find r.

584 Problem If 11

�
28
2r

�
= 225

�
24

2r −4

�
, find r.

585 Problem Compute the number of ten-digit numbers which contain only the digits
1,2, and 3 with the digit 2 appearing in each number exactly twice.

586 Problem ProvePascal’s Identity:�
n
k

�
=

�
n−1
k−1

�
+

�
n−1

k

�
,

for integers 1≤ k≤ n.
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587 Problem Give a combinatorial interpretation ofNewton’s Identity:�
n
r

��
r
k

�
=

�
n
k

��
n−k
r −k

�
(5.1)

for 0≤ k≤ r ≤ n.

588 Problem Give a combinatorial proof that for integern≥ 1,�
2n
n

�
=

nX
k=0

�
n
k

�2

.

589 Problem In each of the 6-digit numbers

333333,225522,118818,707099,

each digit in the number appears at least twice. Find the number of such 6-digit natural
numbers.

590 Problem In each of the 7-digit numbers

1001011,5550000,3838383,7777777,

each digit in the number appears at least thrice. Find the number of such 7-digit natural
numbers.

591 Problem (AIME 1983) The numbers 1447,1005 and 1231 have something in
common: each is a four-digit number beginning with 1 that hasexactly two identical
digits. How many such numbers are there?

592 Problem If there are fifteen players on a baseball team, how many ways can the
coach choose nine players for the starting lineup if it does not matter which position the
players play (i.e., no distinction is made between player A playing shortstop, left field,
or any other positions as long as he is on the field)? How many ways are there if it does
matter which position the players play?

593 Problem (AHSME 1989) A child has a set of 96 distinct blocks. Each block is one
of two materials (plastic, wood), three sizes (small, medium, large), four colours (blue,
green, red, yellow), and four shapes (circle, hexagon, square, triangle). How many
blocks in the set are different from the “plastic medium red circle” in exactly two ways?
(The “wood medium red square” is such a block.)

594 Problem (AHSME 1989) Suppose thatk boys andn−k girls line up in a row. Let
Sbe the number of places in the row where a boy and a girl are standing next to each
other. For example, for the row

GBBGGGBGBGGGBGBGGBGG,

with k = 7,n = 20 we haveS= 12. Shew that the average value ofS is
2k(n−k)

n
.

595 Problem There are four different kinds of sweets at a sweets store. I want to buy
up to four sweets (I’m not sure if I want none, one, two, three,or four sweets) and I
refuse to buy more than one of any kind of sweet. How many ways can I do this?

596 Problem Suppose five people are in a lift. There are eight floors that the lift stops
at. How many distinct ways can the people exit the lift if either one or zero people exit at
each stop?

597 Problem If the natural numbers from 1 to 222222222 are written down in
succession, how many 0’s are written?

598 Problem In how many ways can we distributek identical balls inton different
boxes so that each box contains at most one ball and no two consecutive boxes are
empty?

599 Problem In a row ofn seats in the doctor’s waiting-roomk patients sit down in a
particular order from left to right. They sit so that no two ofthem are in adjacent seats.
In how many ways could a suitable set ofk seats be chosen?

5.7 Combinations with Repetitions

600 Theorem (De Moivre) Let n be a positive integer. The number of positive integer solutions to

x1 +x2 + · · ·+xr = n

is �
n−1
r −1

�
.

Proof: Write n as
n = 1+1+ · · ·+1+1,

where there are n 1s and n−1 +s. To decompose n in r summands we only need to choose r−1 pluses from the
n−1, which proves the theorem.❑

601 Example In how many ways may we write the number 9 as the sum of three positive integer summands? Here order
counts, so, for example, 1+7+1 is to be regarded different from 7+1+1.

Solution: Notice that this is example 521. We are seeking integral solutions to

a+b+c= 9, a > 0,b > 0,c > 0.

By Theorem 600 this is �
9−1
3−1

�
=

�
8
2

�
= 28.
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602 Example In how many ways can 100 be written as the sum of four positive integer summands?

Solution: We want the number of positive integer solutions to

a+b+c+d = 100,

which by Theorem 600 is �
99
3

�
= 156849.

603 Corollary Let n be a positive integer. The number of non-negative integer solutions to

y1 +y2 + · · ·+yr = n

is �
n+ r −1

r −1

�
.

Proof: Put xr −1 = yr . Then xr ≥ 1. The equation

x1 −1+x2−1+ · · ·+xr −1 = n

is equivalent to
x1 +x2 + · · ·+xr = n+ r,

which from Theorem 600, has �
n+ r −1

r −1

�
solutions.❑

604 Example Find the number of quadruples(a,b,c,d) of integers satisfying

a+b+c+d = 100, a≥ 30,b > 21,c≥ 1,d ≥ 1.

Solution: Puta′ +29= a,b′ +20= b. Then we want the number of positive integer solutions to

a′ +29+b′+21+c+d = 100,

or
a′ +b′+c+d = 50.

By Theorem 600 this number is �
49
3

�
= 18424.

605 Example There are five people in a lift of a building having eight floors. In how many ways can they choose their floor
for exiting the lift?

Solution: Letxi be the number of people that floori receives. We are looking for non-negative solutions of the equation

x1 +x2 + · · ·+x8 = 5.

Puttingyi = xi +1, then

x1 +x2+ · · ·+x8 = 5 =⇒ (y1 −1)+ (y2−1)+ · · ·+(y8−1) = 5

=⇒ y1 +y2+ · · ·+y8 = 13,
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whence the number sought is the number of positive solutionsto

y1 +y2+ · · ·+y8 = 13

which is

�
12
7

�
= 792.

606 Example Find the number of quadruples(a,b,c,d) of non-negative integers which satisfy the inequality

a+b+c+d≤ 2001.

Solution: The number of non-negative solutions to

a+b+c+d≤ 2001

equals the number of solutions to
a+b+c+d+ f = 2001

where f is a non-negative integer. This number is the same as the number of positive integer solutions to

a1 −1+b1−1+c1−1+d1−1+ f1−1 = 2001,

which is easily seen to be

�
2005

4

�
.

607 Example

How many integral solutions to the equation
a+b+c+d = 100,

are there given the following constraints:

1≤ a≤ 10, b≥ 0, c≥ 2,20≤ d ≤ 30?

Solution: We use Inclusion-Exclusion. There are

�
80
3

�
= 82160 integral solutions to

a+b+c+d = 100, a≥ 1,b≥ 0,c≥ 2,d ≥ 20.

Let A be the set of solutions with
a≥ 11,b≥ 0,c≥ 2,d ≥ 20

andB be the set of solutions with
a≥ 1,b≥ 0,c≥ 2,d ≥ 31.

Then card(A) =

�
70
3

�
, card(B) =

�
69
3

�
, card(A∩B) =

�
59
3

�
and so

card(A∪B) =

�
70
3

�
+

�
69
3

�
−

�
59
3

�
= 74625.

The total number of solutions to
a+b+c+d = 100

with
1≤ a≤ 10, b≥ 0, c≥ 2,20≤ d ≤ 30

is thus �
80
3

�
−

�
70
3

�
−

�
69
3

�
+

�
59
3

�
= 7535.

Homework
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608 Problem How many positive integral solutions are there to

a+b+c = 10?

609 Problem Three fair dice, one red, one white, and one blue are thrown. In how
many ways can they land so that their sum be 10 ?

610 Problem Adena has twenty indistinguishable pieces of sweet-meats that she wants
to divide amongst her five stepchildren. How many ways can shedivide the sweet-meats
so that each stepchild gets at least two pieces of sweet-meats?

611 Problem How many integral solutions are there to the equation

x1 +x2 + · · ·+x100 = n

subject to the constraints

x1 ≥ 1,x2 ≥ 2,x3 ≥ 3, . . . ,x99 ≥ 99,x100 ≥ 100?

612 Problem (AIME 1998) Find the number of ordered quadruplets(a,b,c,d) of
positive odd integers satisfyinga+b+c+d = 98.

5.8 The Binomial Theorem

We recall that the symbol �
n
k

�
=

n!

(n−k)!k!
,n,k∈ N,0≤ k≤ n,

counts the number of ways of selectingk different objects fromn different objects. Observe that we have the following
absorbtion identity: �

n
k

�
=

n
k

�
n−1
k−1

�
.

613 Example ProvePascal’s Identity: �
n
k

�
=

�
n−1
k−1

�
+

�
n−1

k

�
,

for integers 1≤ k≤ n.

Solution: We have �
n−1
k−1

�
+

�
n−1

k

�
=

(n−1)!

(k−1)!(n−k)!
+

(n−1)!

k!(n−k−1)!

=
(n−1)!

(n−k−1)!(k−1)!

�
1

n−k
+

1
k

�
=

(n−1)!

(n−k−1)!(k−1)!

n
(n−k)k

=
n!

(n−k)!k!
.

=

�
n
k

�
614 Example ProveNewton’s Identity: �

n
i

��
i
j

�
=

�
n
j

��
n− j
j − i

�
,

for integers 0≤ j ≤ i ≤ n.

Solution: We have �
n
i

��
i
j

�
=

n!i!
i!(n− i)! j!(i − j)!

=
n!(n− j)!

(n− j)! j!(n− i)!(i − j)!

which is the same as �
n
j

��
n− j
i − j

�
.
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Using Pascal’s Identity we obtainPascal’s Triangle. �
0
0

��
1
0

� �
1
1

��
2
0

� �
2
1

� �
2
2

��
3
0

� �
3
1

� �
3
2

� �
3
3

��
4
0

� �
4
1

� �
4
2

� �
4
3

� �
4
4

��
5
0

� �
5
1

� �
5
2

� �
5
3

� �
5
4

� �
5
5

�
When the numerical values are substituted, the triangle then looks like this.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

We see from Pascal’s Triangle that binomial coefficients aresymmetric. This symmetry is easily justified by the identity�
n
k

�
=

�
n

n−k

�
. We also notice that the binomial coefficients tend to increase until they reach the middle, and that they

decrease symmetrically. That is, the

�
n
k

�
satisfy�

n
0

�
<

�
n
1

�
< · · · <

�
n

[n/2]−1

�
<

�
n

[n/2]

�
>

�
n

[n/2]+1

�
>

�
n

[n/2]+2

�
> · · · >

�
n

n−1

�
>

�
n
n

�
if n is even, and that�

n
0

�
<

�
n
1

�
< · · · <

�
n

[n/2]−1

�
<

�
n

[n/2]

�
=

�
n

[n/2]+1

�
>

�
n

[n/2]+2

�
>

�
n

[n/2]+3

�
> · · · >

�
n

n−1

�
>

�
n
n

�
for oddn. We call this property theunimodalityof the binomial coefficients. For example, without finding the exact numerical

values we can see that

�
200
17

�
<

�
200
69

�
and that

�
200
131

�
=

�
200
69

�
<

�
200
99

�
.

We now present some examples on the use of binomial coefficients.

615 Example TheCatalan number of order nis defined as

Cn =
1

n+1

�
2n
n

�
.

Prove thatCn is an integer for all natural numbersn.

Solution: Observe that
1

n+1

�
2n
n

�
=

�
2n
n

�
−

�
2n

n−1

�
,

the difference of two integers.
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616 Example (Putnam 1972) Shew that no four consecutive binomial coefficients�
n
r

�
,

�
n

r +1

�
,

�
n

r +2

�
,

�
n

r +3

�
(n, r positive integers andr +3≤ n) are in arithmetic progression.

Solution: Assume thata =

�
n
r

�
,a+d =

�
n

r +1

�
,a+2d =

�
n

r +2

�
,a+3d =

�
n

r +3

�
. This yields

2

�
n

r +1

�
=

�
n
r

�
+

�
n

r +2

�
,

or equivalently

2 =
r +1
n− r

+
n− r −1

r +2
(∗).

This is a quadratic equation inr, havingr as one of its roots. The condition that the binomial coefficients are in arithmetic
progression means thatr +1 is also a root of(∗). Replacingr by n− r −2 we also obtain

2 =
n− r −1

r +2
+

r +1
n− r

,

which is the same as(∗). This means thatn− r −3 andn− r −2 are also roots of(∗). Since a quadratic equation can only have
two roots, we must haver = n− r −3. The four binomial coefficients must then be�

2r +3
r

�
,

�
2r +3
r +1

�
,

�
2r +3
r +2

�
,

�
2r +3
r +3

�
.

But these cannot be in an arithmetic progression, since binomial coefficients are unimodal and symmetric.

617 Example Let N(a) denote the number of solutions to the equationa =

�
n
k

�
for nonnegative integersn,k. For example,

N(1) = ∞,N(3) = N(5) = 2,N(6) = 3, etc. Prove thatN(a) ≤ 2+2log2a.

Solution: Letb be the first time that

�
2b
b

�
> a. By the unimodality of the binomial coefficients,

�
i + j

i

�
=

�
i + j

j

�
is

monotonically increasing ini and j. Hence�
b+ i +b+ j

b+ j

�
≥
�

b+b+ j
b

�
≥
�

2b
b

�
> a

for all i, j ≥ 0. Hence

�
i + j

j

�
= a implies i < b, or j < b. Also, for each fixed value ofi (or j),

�
i + j

i

�
= a has at most one

solution. It follows thatN(a) < 2b. Since

a≥
�

2(b−1)

b−1

�
≥ 2b−1,

it follows thatb≤ log2a+1, and the statement is proven.
We now use Pascal’s Triangle in order to expand the binomial

(a+b)n.

TheBinomial Theoremstates that forn∈ Z,n≥ 0,

(1+x)n =

nX
k=0

�
n
k

�
xk.
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As a way of proving this, we observe that expanding

(1+x)(1+x) · · ·(1+x)| {z }
n factors

consists of adding up all the terms obtained from multiplying either a 1 or ax from the first set of parentheses times either a 1
or anx from the second set of parentheses etc. To getxk, x must be chosen from exactlyk of the sets of parentheses. Thus the

number ofxk terms is

�
n
k

�
. It follows that

(1+x)n =

�
n
0

�
+

�
n
1

�
x+

�
n
2

�
x2 + · · ·+

�
n
n

�
xn =

nX
k=0

�
n
k

�
xk.

618 Example Prove that

nX
k=0

�
n
k

�
= 2n.

Solution: This follows from lettingx = 1 in the expansion

(1+x)n =

nX
k=0

�
n
k

�
xk.

619 Example Prove that for integern≥ 1,

nX
j=i

�
n
j

��
j
i

�
=

�
n
i

�
2n−i, i ≤ n.

Solution: Recall that by Newton’s Identity �
n
j

��
j
i

�
=

�
n
i

��
n− i
j − i

�
.

Thus
nX

j=0

�
n
j

��
j
i

�
=

�
n
i

� nX
j=0

�
n− i
j − i

�
.

But upon re-indexing

nX
j=0

�
n− i
j − i

�
=

n−iX
j=0

�
n− i

j

�
= 2n−i ,

by the preceding problem. Thus the assertion follows.

620 Example Prove that X
k≤n

�
m+k

k

�
=

�
n+m+1

n

�
.
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Solution: Using Pascal’s Identity

nX
k=0

�
k+m

k

�
=

�
0+m
−1

�
+

�
0+m

0

�
+

�
1+m

1

�
+

�
2+m

2

�
+

�
3+m

3

�
+ · · ·+

�
n−1+m

n−1

�
+

�
n+m

n

�
=

�
1+m

0

�
+

�
1+m

1

�
+

�
2+m

2

�
+

�
3+m

3

�
+ · · ·+

�
n−1+m

n−1

�
+

�
n+m

n

�
=

�
2+m

1

�
+

�
2+m

2

�
+

�
3+m

3

�
+ · · ·+

�
n−1+m

n−1

�
+

�
n+m

n

�
=

�
3+m

2

�
+

�
3+m

3

�
+ · · ·+

�
n−1+m

n−1

�
+

�
n+m

n

�
...

=

�
n+m
n−1

�
+

�
n+m

n

�
=

�
n+m+1

n

�
,

which is what we wanted.

621 Example Find a closed formula for X
0≤k≤m

�
m
k

��
n
k

�−1

n≥ m≥ 0.

Solution: Using Newton’s Identity, X
0≤k≤m

�
m
k

��
n
k

�−1

=

�
n
m

�−1 X
0≤k≤m

�
n−k
m−k

�
.

Re-indexing, X
0≤k≤m

�
n−k
m−k

�
=
X
k≤m

�
n−m+k

k

�
=

�
n+1

m

�
,

by the preceding problem. Thus X
0≤k≤m

�
m
k

��
n
k

�−1

=

�
n+1

m

�
/

�
n
m

�
=

n+1
n+1−m

.

622 Example Simplify X
0≤k≤50

�
100
2k

�
.

Solution: By the Binomial Theorem

(1+1)100 =

�
100
0

�
+

�
100
1

�
+

�
100
2

�
+ . . .+

�
100
99

�
+

�
100
100

�
(1−1)100 =

�
100
0

�
−

�
100
1

�
+

�
100
2

�
− . . .−

�
100
99

�
+

�
100
100

�
,
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whence summing both columns

2100= 2

�
100
0

�
+2

�
100
2

�
+ . . .+2

�
100
100

�
.

Dividing by 2, the required sum is thus 299.

623 Example Simplify
50X

k=1

�
100

2k−1

�
.

Solution: We know that
100X
k=0

�
100
k

�
= 2100

and
50X

k=0

�
100
2k

�
= 299.

The desired sum is the difference of these two values 2100−299 = 299.

624 Example Simplify
10X

k=1

2k
�

11
k

�
.

Solution: By the Binomial Theorem, the complete sum
11X

k=0

�
11
k

�
2k = 311. The required sum lacks the zeroth term,�

11
0

�
20 = 1, and the eleventh term,

�
11
11

�
211 from this complete sum. The required sum is thus 311−211−1.

625 Example Which coefficient of the expansion of �
1
3

+
2
3

x
�10

has the greatest magnitude?

Solution: By the Binomial Theorem,�
1
3

+
2
3

x
�10

=

10X
k=0

�
10
k

�
(1/3)k(2x/3)10−k =

10X
k=0

akx
k.

We consider the ratios
ak

ak−1
,k = 1,2, . . .n. This ratio is seen to be

ak

ak−1
=

2(10−k+1)

k
.

This will be< 1 if k < 22/3< 8. Thusa0 < a1 < a2 < .. . < a7. If k > 22/3, the ratio above will be< 1. Thus
a7 > a8 > a9 > a10. The largest term is that ofk = 7, i.e. the eighth term.

626 Example At what positive integral value ofx is thex4 term in the expansion of(2x+9)10 greater than the adjacent terms?
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Solution: We want to find integralx such that�
10
4

�
(2x)4(9)6 ≥

�
10
3

�
(2x)3(9)7,

and �
10
4

�
(2x)4(9)6 ≥

�
10
5

�
(2x)5(9)5.

After simplifying the factorials, the two inequalities sought are

x≥ 18/7

and

15/4≥ x.

The only integralx that satisfies this isx = 3.

627 Example Prove that for integern≥ 1,
nX

k=1

k

�
n
k

�
= n2n−1.

Solution: Using the absorption identity
nX

k=0

n

�
n−1
k−1

�
=

nX
k=0

k

�
n
k

�
,

with the convention that

�
n−1
−1

�
= 0. But since

nX
k=0

�
n−1
k−1

�
=

n−1X
k=0

�
n−1

k

�
= 2n−1,

we obtain the result once again.

628 Example Find a closed formula for
nX

k=0

1
k+1

�
n
k

�
.

Solution: Using the absorption identity

nX
k=0

1
k+1

�
n
k

�
=

1
n+1

nX
k=0

�
n+1
k+1

�
=

1
n+1

(2n+1−1).

629 Example Prove that if m, n are nonnegative integers then�
n+1
m+1

�
=

nX
k=m

�
k
m

�
.
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Solution: Using Pascal’s Identity

nX
k=m

�
k
m

�
=

�
m

m+1

�
+

�
m
m

�
+

�
m+1

m

�
+ · · ·+

�
n
m

�
=

�
m+1
m+1

�
+

�
m+1

m

�
+

�
m+2

m

�
+ · · ·+

�
n
m

�
=

�
m+2
m+1

�
+

�
m+2

m

�
+

�
m+3

m

�
+ · · ·+

�
n
m

�
...

=

�
n

m+1

�
+

�
n
m

�
=

�
n+1
m+1

�
.

630 Example Find a closed form for X
k≤n

k(k+1).

Solution: Let
S=

X
k≤n

k(k+1).

Then

S/2! =
X
k≤n

k(k+1)

2!
=
X
k≤n

�
k+1

2

�
.

By the preceding problem X
k≤n

�
k+1

2

�
=

�
n+2

3

�
.

We gather thatS= 2

�
n+2

3

�
= n(n+1)(n+2)/3.

Practice

631 Problem Prove that X
0≤k≤n/2

�
n

2k+1

�
= 2n−1.

632 Problem Expand

1
2

(1+
√

x)100+
1
2

(1−
√

x)100.

633 Problem Four writers must write a book containing seventeen chapters. The first
and third writers must each write five chapters, the second must write four chapters, and
the fourth writer must write three chapters. How many ways can the book be written?
What if the first and third writers had to write ten chapters combined, but it did not
matter which of them wrote how many (e.g., the first could write ten and the third none,
the first could write none and the third one, etc.)?

634 Problem Prove that

mX
jn=1

jnX
jn−1=1

· · ·
j1X

k=1

1 =

�
n+m
n+1

�
.

635 Problem The expansion of(x+2y)20 contains two terms with the same
coefficient,Kxayb andKxa+1yb−1. Find a.

636 Problem Prove that forn∈ N,n > 1 the identity

nX
k=1

(−1)k−1k

�
n
k

�
= 0

holds true.

637 Problem If n is an even natural number, shew that

1
1!(n−1)!

+
1

3!(n−3)!

+
1

5!(n−5)!
+ · · ·+ 1

(n−1)!1!

=
2n−1

n!
.

638 Problem Find a closed formula forX
0≤k≤n

�
n−k

k

�
(−1)k.
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639 Problem What is the exact numerical value ofX
k≤100

k3k

�
100
k

�
?

640 Problem Find a closed formula for

nX
k=1

k2 −k.

641 Problem Find a closed formula forX
0≤k≤n

k

�
m−k−1
n−k−1

�
m> n≥ 0.

642 Problem What is the exact numerical value ofX
k≤100

5k

k+1

�
100
k

�
?

643 Problem Find n if

�
10
4

�
+

�
10
3

�
=

�
n
4

�
.

644 Problem If�
1991

1

�
+

�
1991

3

�
+

�
1991

5

�
+ · · ·+

�
1991
1991

�
= 2a,

find a.

645 Problem True or False:

�
20
5

�
=

�
20
15

�
.

646 Problem True or False:

49

�
48
9

�
= 10

�
49
10

�
.

647 Problem What is the coefficient ofx24y24 in the expansion

(2x3 +3y2)20?

648 Problem What is the coefficient ofx12y7 in the expansion

(x3/2 +y)15?

649 Problem What is the coefficient ofx4y6 in

(x
√

2−y)10?

650 Problem Shew that the binomial coefficients satisfy the following hexagonal
property:

�
n−1
k−1

��
n

k+1

��
n+1

k

�
=

�
n−1

k

��
n+1
k+1

��
n

k−1

�
.

651 Problem (AIME 1991) In the expansion

(1+0.2)1000=

1000X
k=0

�
1000

k

�
(0.2)k,

which one of the 1001 terms is the largest?

652 Problem (Putnam 1971) Shew that for 0< ε < 1 the expression

(x+y)n(x2 −(2− ε)xy+y2)

is a polynomial with positive coefficients for integraln sufficiently large. Forε = .002
find the smallest admissible value ofn.

653 Problem Prove that for integern≥ 1,

nX
k=1

k3

�
n
k

�
= n2(n+3)2n−3.

654 Problem Expand and simplify

(

p
1−x2 +1)7 −(

p
1−x2 −1)7.

655 Problem Simplify �
5
5

�
+

�
6
5

�
+

�
7
5

�
+ · · ·+

�
999
5

�
656 Problem Simplify�

15
1

�
−

�
15
2

�
+

�
15
3

�
−

�
15
4

�
· · ·+
�

15
13

�
−

�
15
14

�
657 Problem What is the exact numerical value of

1994X
k=0

(−1)k−1

�
1994

k

�
?

658 Problem True or False:�
4
4

�
+

�
5
4

�
+ · · ·+

�
199
4

�
>

�
16
16

�
+

�
17
16

�
+ · · ·+

�
199
16

�
.

659 Problem (AIME 1992) In which row of Pascal’s triangle (we start with zeroth row,
first row ,etc.) do three consecutive entries occur that are in the ratio 3: 4 : 5?
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5.9 Multinomial Theorem

If n,n1,n2, . . . ,nk are nonnegative integers andn = n1 +n2 + · · ·nk we put�
n

n1,n2 · · ·nk

�
=

n!

n1!n2! · · ·nk!
.

Using the De-Polignac Legendre Theorem, it is easy to see that this quantity is an integer. Proceeding in the same way we
proved the Binomial Theorem, we may establish theMultinomial Theorem:

(x1 +x2 + · · ·+xk)
n =

X
n1+n2+···+nk=n
n1,n2,...,nk≥0

xn1
1 xn2

2 · · ·xnk
k .

We give a few examples on the use of the Multinomial Theorem.

660 Example Determine the coefficient ofx2y3z3 in

(x+2y+z)8

.

Solution: By the Multinomial Theorem

(x+2y+z)8 =
X

n1,n2,n3≥0
n1+n2+n3=8

�
8

n1,n2,n3

�
xn1(2y)n2zn3.

This requiresn1 = 2,n2 = 3,n3 = 3. The coefficient sought is then 23
�

8
2,3,3

�
.

661 Example In (1+x5+x9)23, find the coefficient ofx23.

Solution: By the Multinomial Theorem X
n1,n2,n3≥0

n1+n2+n3=23

�
23

n1,n2,n3

�
x5n2+9n3.

Since 5n2 +9n3 = 23 andn1 +n2+n3 = 23, we must haven1 = 20,n2 = 1,n3 = 2. The coefficient sought is thus

�
23

20,1,2

�
.

662 Example How many different terms are there in the expansion of

(x+y+z+w+s+ t)20?

Solution: There as many terms as nonnegative integral solutions of

n1 +n2+ · · ·+n6 = 20.

But we know that there are

�
25
5

�
of these.

Practice
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663 Problem How many terms are in the expansion(x+y+z)10?

664 Problem Find the coefficient ofx4 in the expansion of

(1+3x+2x3)10?

665 Problem Find the coefficient ofx2y3z5 in the expansion of

(x+y+z)10?



Chapter 6
Equations

6.1 Equations in One Variable

Let us start with the following example.

666 Example Solve the equation 2|x| = sinx2.

Solution: Clearlyx = 0 is not a solution. Since 2y > 1 for y > 0, the equation does not have a solution.

667 Example Solve the equation|x−3|(x2−8x+15)/(x−2) = 1.

Solution: We want either the exponent to be zero, or the base to be 1. We cannot have, however, 00 as this is undefined. So,
|x−3|= 1 impliesx = 4 orx = 2. We discardx = 2 as the exponent is undefined at this value. For the exponent we want
x2 −8x+15= 0 orx = 5 orx = 3. We cannot havex = 3 since this would give 00. So the only solutions arex = 4 andx = 5.

668 Example What would be the appropriate value ofxif

xxx.
..

= 2

made sense?

Solution: Sincexxx.
..

= 2, we havex2 = 2 (the chain is infinite, so cutting it at one step does not change the value). Since we
want a positive value we must havex =

√
2.

669 Example Solve 9+x−4 = 10x−2.

Solution: Observe that
x−4 −10x−2+9 = (x−2 −9)(x−2 −1).

Thenx = ±1
3

andx = ±1.

670 Example Solve 9x −3x+1−4 = 0.

Solution: Observe that 9x −3x+1 −4 = (3x −4)(3x +1). As no real numberx satisfies 3x +1 = 0, we discard this factor. So
3x −4 = 0 yieldsx = log3 4.

101
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671 Example Solve
(x−5)(x−7)(x+6)(x+4) = 504.

Solution: Reorder the factors and multiply in order to obtain

(x−5)(x−7)(x+6)(x+4) = (x−5)(x+4)(x−7)(x+6) = (x2 −x−20)(x2−x−42).

Puty = x2 −x. Then(y−20)(y−42) = 504, which is to say,y2 −62y+336= (y−6)(y−56) = 0. Now, y = 6, 56, implies

x2 −x = 6

and
x2 −x = 56.

Solving both quadratics,x = −2,4,−7,8.

672 Example Solve 12x4−56x3+89x2−56x+12= 0.

Solution: Reordering
12x4 +12−56(x3+x)+89x2 = 0. (6.1)

Dividing by x2,

12(x2 +
1
x2 )−56(x+

1
x
)+89= 0.

Putu = x+1/x. Thenu2 −2 = x2 +1/x2. Using this, (6) becomes 12(u2−2)−56u+89= 0, whenceu = 5/2, 13/6. From
this

x+
1
x

=
5
2

and

x+
1
x

=
13
6

.

Solving both quadratics we conclude thatx = 1/2,2,2/3,3/2.

673 Example Find the real solutions to
x2 −5x+2

p
x2 −5x+3= 12.

Solution: Observe that
x2 −5x+3+2

p
x2 −5x+3−15= 0.

Let u = x2 −5x+3 and sou+2u1/2−15= (u1/2+5)(u1/2−3) = 0. This means thatu = 9 (we discardu1/2 +5 = 0, why?).
Thereforex2 −5x+3= 9 orx = −1, 6.

674 Example Solve p
3x2 −4x+34−

p
3x2 −4x−11= 9. (6.2)

Solution: Notice the trivial identity
(3x2 −4x+34)− (3x2−4x−11) = 45. (6.3)

Dividing each member of (8) by the corresponding members of (7), we obtainp
3x2 −4x+34+

p
3x2 −4x−11= 5. (6.4)

Adding (7) and (9) p
3x2 −4x+34= 7,

from wherex = −
5
3
,3.



Practice 103

675 Example Solve
3
√

14+x+
3
√

14−x= 4.

Solution: Letu =
3
√

14+x,v =
3
√

14−x. Then

64= (u+v)3 = u3+v3 +3uv(u+v) = 14+x+14−x+12(196−x2)1/3,

whence
3 = (196−x2)1/3,

which upon solving yieldsx = ±13.

676 Example Find the exact value of cos2π/5.

Solution: Using the identity
cos(u±v) = cosucosv∓sinusinv

twice, we obtain
cos2θ = 2cos2 θ −1 (6.5)

and
cos3θ = 4cos3 θ −3cosθ . (6.6)

Let x = cos2π/5. As cos6π/5= cos4π/5, thanks to (5) and (6), we see thatx satisfies the equation

4x3 −2x2−3x+1= 0,

which is to say
(x−1)(4x2 +2x−1) = 0.

As x = cos2π/5 6= 1, and cos2π/5> 0, x positive root of the quadratic equation 4x2 +2x−1= 0, which is to say

cos
2π
5

=

√
5−1
4

.

677 Example How many real numbersx satisfy

sinx =
x

100
?

Solution: Plainlyx = 0 is a solution. Also, ifx > 0 is a solution, so is−x < 0. So, we can restrict ourselves to positive
solutions.
If x is a solution then|x| = 100|sinx| ≤ 100. So we can further restrictx to the interval]0;100]. Decompose]0;100] into
2π-long intervals (the last interval is shorter):

]0;100] =]0;2π ] ∪ ]2π ;4π ] ∪ ]4π ;6π ] ∪ ·· · ∪ ]28π ;30π ] ∪ ]30π ;100].

From the graphs ofy = sinx,y = x/100 we that the interval]0;2π ] contains only one solution. Each interval of the form
]2πk; 2(k+1)π ],k = 1,2, . . . ,14 contains two solutions. As 31π < 100, the interval]30π ;100] contains a full wave, hence it
contains two solutions. Consequently, there are 1+2 ·14+2= 31 positive solutions, and hence, 31 negative solutions.
Therefore, there is a total of 31+31+1= 63 solutions.

Practice
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678 Problem Solve forx

2
È

x
a

+3
È

a
x

=
b
a

+
6a
b

.

679 Problem Solve

(x−7)(x−3)(x+5)(x+1) = 1680.

680 Problem Solve
x4 +x3 −4x2 +x+1 = 0.

681 Problem Solve the equation

2sin2 x +5·2cos2 x = 7.

682 Problem If the equation

q
x+

È
x+

p
x+

√
··· = 2 made sense, what would

be the value ofx?

683 Problem How many real solutions are there to

sinx = logex?

684 Problem Solve the equation

|x+1|− |x|+3|x−1|−2|x−2| = x+2.

685 Problem Find the real roots ofp
x+3−4

√
x−1+

p
x+8−6

√
x−1 = 1.

686 Problem Solve the equation

6x4 −25x3 +12x2 +25x+6 = 0.

687 Problem Solve the equation

x(2x+1)(x−2)(2x−3) = 63.

688 Problem Find the value of

√
30·31·32·33+1.

689 Problem Solve
x+

√
x2 −1

x−
√

x2 −1
+

x−
√

x2 −1

x+
√

x2 −1
= 98.

690 Problem Find a real solution to

(x2 −9x−1)10+99x10 = 10x9(x2 −1).

Hint: Write this equation as

(x2 −9x−1)10−10x9(x2 −9x−1)+9x10 = 0.

691 Problem Find the real solutions toÉ
x+2

q
x+2

È
x+ · · ·+2

p
x+2

√
3x| {z }

n radicals

= x.

692 Problem Solve the equation

1

1+
1

1+
1

1+

.

.

.

1+
1

x

= x.

where the fraction is repeatedn times.

693 Problem Solve forxp
x+

√
x+11+

p
x+

√
x−11= 4.

6.2 Systems of Equations

694 Example Solve the system of equations
x+y+u = 4,

y+u+v = −5,

u+v+x = 0,

v+x+y = −8.

Solution: Adding all the equations and dividing by 3,

x+y+u+v= −3.

This implies
4+v = −3,

−5+x = −3,

0+y = −3,

−8+u = −3,
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whencex = 2,y = −3,u = 5,v = −7.

695 Example Solve the system
(x+y)(x+z) = 30,

(y+z)(y+x) = 15,

(z+x)(z+y) = 18.

Solution: Putu = y+z,v= z+x,w = x+y. The system becomes

vw= 30, wu= 15, uv= 18. (6.7)

Multiplying all of these equations we obtainu2v2w2 = 8100, that is,uvw= ±90. Dividing each of the equations in (7), we
gatheru = 3,v = 6,w = 5, or u = −3,v = −6,w = −5. This yields

y+z = 3, or y+z = −3,

z+x = 6, or z+x = −6,

x+y = 5, or x+y = −5,

whencex = 4, y = 1, z= 2 orx = −4, y = −1, z= −2..

Practice

696 Problem Let a,b, c be real constants,abc 6= 0. Solve

x2 −(y−z)2 = a2,

y2 −(z−x)2 = b2,

z2 −(x−y)2 = c2.

697 Problem Solve
x3 +3x2y+y3 = 8,

2x3 −2x2y+xy2 = 1.

698 Problem Solve the system

x+2+y+3+
p

(x+2)(y+3) = 39,

(x+2)2 +(y+3)2 +(x+2)(y+3) = 741.

699 Problem Solve the system
x4 +y4 = 82,

x−y = 2.

700 Problem Solve the system

x1x2 = 1, x2x3 = 2, . . . , x100x101 = 100, x101x1 = 101.

701 Problem Solve the system

x2 −yz= 3,

y2 −zx= 4,

z2 −xy= 5.

702 Problem Solve the system

2x+y+z+u= −1

x+2y+z+u = 12

x+y+2z+u = 5

x+y+z+2u= −1

703 Problem Solve the system

x2 +x+y = 8,

y2 +2xy+z= 168,

z2 +2yz+2xz= 12480.

6.3 Remainder and Factor Theorems

TheDivision Algorithmfor polynomials states that if the polynomialp(x) is divided bya(x) then there exist polynomials
q(x), r(x) with

p(x) = a(x)q(x)+ r(x) (6.8)

and 0≤ degreer(x) < degreea(x). For example, ifx5 +x4 +1 is divided byx2 +1 we obtain

x5 +x4 +1 = (x3 +x2 −x−1)(x2+1)+x+2,

and so the quotient isq(x) = x3 +x2 −x−1 and the remainder isr(x) = x+2.
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704 Example Find the remainder when(x+3)5 +(x+2)8+(5x+9)1997 is divided byx+2.

Solution: As we are dividing by a polynomial of degree 1, the remainder is a polynomial of degree 0, that is, a constant.
Therefore, there is a polynomialq(x) and a constantr with

(x+3)5+(x+2)8+(5x+9)1997= q(x)(x+2)+ r

Lettingx = −2 we obtain

(−2+3)5+(−2+2)8+(5(−2)+9)1997= q(−2)(−2+2)+ r = r.

As the sinistral side is 0 we deduce that the remainderr = 0.

705 Example A polynomial leaves remainder−2 upon division byx−1 and remainder−4 upon division byx+2. Find the
remainder when this polynomial is divided byx2 +x−2.

Solution: From the given information, there exist polynomialsq1(x),q2(x) with p(x) = q1(x)(x−1)−2 and
p(x) = q2(x)(x+2)−4. Thusp(1) = −2 andp(−2) = −4. As x2 +x−2= (x−1)(x+2) is a polynomial of degree 2 the
remainderr(x) upon dividingp(x) by x2 +x−1 is of degree 1 or less, that isr(x) = ax+b for some constantsa,b which we
must determine. By the Division Algorithm,

p(x) = q(x)(x2 +x−1)+ax+b.

Hence
−2 = p(1) = a+b

and
−4 = p(−2) = −2a+b.

From these equations we deduce thata = 2/3,b = −8/3. The remainder sought isr(x) = 2x/3−8/3.

706 Example Let f (x) = x4 +x3 +x2 +x+1. Find the remainder whenf (x5) is divided by f (x).

Solution: Observe thatf (x)(x−1) = x5 −1 and

f (x5) = x20+x15+x10+x5 +1 = (x20−1)+ (x15−1)+ (x10−1)+ (x5−1)+5.

Each of the summands in parentheses is divisible byx5 −1 and, a fortiori, byf (x). The remainder sought is thus 5.
Using the Division Algorithm we may derive the following theorem.

707 Theorem Factor TheoremThe polynomialp(x) is divisible byx−a if and only if p(a) = 0.

Proof As x−a is a polynomial of degree 1, the remainder after divingp(x) by x−a is a polynomial of degree 0, es that is, a
constant. Therefore

p(x) = q(x)(x−a)+ r.

From this we gather thatp(a) = q(a)(a−a)+ r = r, from where the theorem easily follows.

708 Example If p(x) is a cubic polynomial withp(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5, find p(6).

Solution: Putg(x) = p(x)−x. Observe thatg(x) is a polynomial of degree 3 and thatg(1) = g(2) = g(3) = 0. Thus
g(x) = c(x−1)(x−2)(x−3) for some constantc that we must determine. Now,g(4) = c(4−1)(4−2)(4−3)= 6c and
g(4) = p(4)−4 = 1, whencec = 1/6. Finally

p(6) = g(6)+6=
(6−1)(6−2)(6−3)

6
+6 = 16.
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709 Example The polynomialp(x) has integral coefficients andp(x) = 7 for four different values ofx. Shew thatp(x) never
equals 14.

Solution: The polynomialg(x) = p(x)−7 vanishes at the 4 different integer valuesa,b,c,d. In virtue of the Factor Theorem,

g(x) = (x−a)(x−b)(x−c)(x−d)q(x),

whereq(x) is a polynomial with integral coefficients. Suppose thatp(t) = 14 for some integert. Then
g(t) = p(t)−7 = 14−7= 7. It follows that

7 = g(t) = (t −a)(t −b)(t −c)(t −d)q(t),

that is, we have factorised 7 as the product of at least 4 different factors, which is impossible since 7 can be factorised as
7(−1)1, the product of at most 3 distinct integral factors. From this contradiction we deduce that such an integert does not
exist.

Practice

710 Problem If p(x) is a polynomial of degree n such that
p(k) = 1/k,k = 1,2, . . . ,n+1, find p(n+2).

711 Problem The polynomialp(x) satisfiesp(−x) = −p(x). Whenp(x) is divided
by x−3 the remainder is 6. Find the remainder whenp(x) is divided byx2 −9.

6.4 Viète’s Formulae

Let us consider first the following example.

712 Example Expand the product
(x+1)(x−2)(x+4)(x−5)(x+6).

Solution: The product is a polynomial of degree 5. To obtain the coefficient ofx5 we take anx from each of the five binomials.
Therefore, the coefficient ofx5 is 1. To form thex4 term, we take anx from 4 of the binomials and a constant from the
remaining binomial. Thus the coefficient ofx4 is

1−2+4−5+6= 4.

To form the coefficient ofx3 we take threex from 3 of the binomials and two constants from the remaining binomials. Thus
the coefficient ofx3 is

(1)(−2)+ (1)(4)+ (1)(−5)+ (1)(6)+ (−2)(4)+ (−2)(−5)+(−2)(6)

+(4)(−5)+ (4)(6)+ (−5)(6) = −33.

Similarly, the coefficient ofx2 is

(1)(−2)(4)+ (1)(−2)(−5)+ (1)(−2)(6)+ (1)(4)(−5)+ (1)(4)(6)+ (−2)(4)(−5)

+(−2)(4)(6)+ (4)(−5)(6) = −134

and the coefficient ofx is

(1)(−2)(4)(−5)+ (1)(−2)(4)(6)+ (1)(−2)(−5)(6)+ (1)(4)(−5)(6)+ (−2)(4)(−5)(6)= 172.

Finally, the constant term is(1)(−2)(4)(−5)(6) = 240. The product sought is thus

x5 +4x4−33x3−134x2+172x+240.

From the preceding example, we see that each summand of the expanded product has “weight” 5, because of the five given
binomials we either take thex or take the constant.
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If a0 6= 0 and
a0xn +a1xn−1 +a2xn−2 + · · ·+an−1x+an

is a polynomial with rootsα1,α2, . . . ,αn then we may write

a0xn +a1x
n−1 +a2xn−2 + · · ·+an−1x+an = a0(x− α1)(x− α2)(x− α3) · · · (x− αn−1)(x− αn).

From this we deduce theViète Formulæ:

−
a1

a0
=

nX
k=1

αk,

a2

a0
=

X
1≤ j<k≤n

α jαk,

−
a3

a0
=

X
1≤ j<k<l≤n

α jαkαl ,

a4

a0
=

X
1≤ j<k<l<s≤n

α jαkαl αs,

..........

..........

...........

(−1)nan

a0
= α1α2 · · ·αn.

713 Example Find the sum of the roots, the sum of the roots taken two at a time, the sum of the square of the roots and the
sum of the reciprocals of the roots of

2x3 −x+2= 0.

Solution: Leta,b,c be the roots of 2x3 −x+2= 0. From the Viète Formulæ the sum of the roots is

a+b+c= −
0
2

= 0

and the sum of the roots taken two at a time is

ab+ac+bc=
−1
2

.

To finda2 +b2+c2 we observe that

a2 +b2 +c2 = (a+b+c)2−2(ab+ac+bc).

Hence
a2 +b2+c2 = 02 −2(−1/2) = 1.

Finally, asabc= −2/2 = −1, we gather that

1
a

+
1
b

+
1
c

=
ab+ac+bc

abc
=

−1/2
−1

= 1/2.

714 Example Let α,β ,γ be the roots ofx3 −x2+1 = 0. Find

1
α2 +

1
β 2 +

1
γ2 .
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Solution: Fromx3 −x2 +1 = 0 we deduce that 1/x2 = 1−x. Hence

1
α2 +

1
β 2 +

1
γ2 = (1− α)+ (1− β )+ (1− γ)= 3−(α + β + γ) = 3−1= 2.

Together with the Viète Formulæ we also have theNewton-Girard Identitiesfor the sum of the powerssk = αk
1 + αk

2 + · · ·+ αk
n

of the roots:
a0s1 +a1 = 0,

a0s2 +a1s1 +2a2 = 0,

a0s3 +a1s2 +a2s1 +3a3 = 0,

etc..

715 Example If a,b,c are the roots ofx3 −x2 +2 = 0, find

a2 +b2+c2

a3 +b3+c3

and
a4 +b4 +c4.

Solution: First observe that

a2 +b2+c2 = (a+b+c)2−2(ab+ac+bc)= 12 −2(0) = 1.

As x3 = x2 −2, we gather

a3+b3 +c3 = a2 −2+b2−2+c2−2 = a2 +b2 +c2−6 = 1−6= −5.

Finally, fromx3 = x2 −2 we obtainx4 = x3 −2x, whence

a4 +b4+c4 = a3 −2a+b3−2b+c3−2c = a3 +b3+c3 −2(a+b+c)= −5−2(1) = −7.

716 Example (USAMO 1973) Find all solutions (real or complex) of the system

x+y+z= 3,

x2 +y2 +z2 = 3,

x3 +y3 +z3 = 3.

Solution: Letx,y,z be the roots of

p(t) = (t −x)(t −y)(t −z) = t3 −(x+y+z)t2+(xy+yz+zx)t −xyz.

Now xy+yz+zx= (x+y+z)2/2−(x2+y2 +z2)/2 = 9/2−3/2= 3 and from

x3 +y3+z3 −3xyz= (x+y+z)(x2+y2 +z2 −xy−yz−zx)

we gather thatxyz= 1. Hence
p(t) = t3 −3t2+3t −1 = (t −1)3.

Thusx = y = z= 1 is the only solution of the given system.
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Practice

717 Problem Suppose that

xn +a1xn−1 +a2xn−2 + · · ·+an

= (x+ r1)(x+ r2) · · ·(x+ rn)

wherer1, r2, . . . ,rn are real numbers. Shew that

(n−1)a2
1 ≥ 2na2.

718 Problem (USAMO 1984) The product of the roots of

x4 −18x3 +kx2 +200x−1984= 0

is −32. Determinek.

719 Problem The equationx4 −16x3 +94x2 + px+q = 0 has two double roots. Find
p+q.

720 Problem If α1,α2, . . . ,α100 are the roots of

x100−10x+10= 0,

find the sum

α100
1 +α100

2 + · · ·+α100
100.

721 Problem Let α ,β ,γ be the roots ofx3 −x−1 = 0. Find

1
α3

+
1

β 3
+

1
γ3

y

α5 +β 5 + γ5.

722 Problem The real numbersα ,β satisfy

α3 −3α2 +5α −17= 0,

β 3 −3β 2 +5β +11= 0.

Find α +β .

6.5 Lagrange’s Interpolation

723 Example Find a cubic polynomialp(x) vanishing atx = 1,2,3 and satisfyingp(4) = 666.

Solution: The polynomial must be of the formp(x) = a(x−1)(x−2)(x−3), wherea is a constant. As
666= p(4) = a(4−1)(4−2)(4−3)= 6a, a = 111. The desired polynomial is thereforep(x) = 111(x−1)(x−2)(x−3).

724 Example Find a cubic polynomialp(x) satisfyingp(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5.

Solution: We shall use the following method due to Lagrange.Let

p(x) = a(x)+2b(x)+3c(x)+5d(x),

wherea(x),b(x),c(x),d(x) are cubic polynomials with the following properties:a(1) = 1 anda(x) vanishes when
x = 2,3,4;b(2) = 1 andb(x) vanishes whenx = 1,3,4; c(3) = 1 andc(3) = 1 vanishes whenx = 1,2,4, and finally,d(4) = 1,
d(x) vanishing atx = 1,2,3.
Using the technique of the preceding example, we find

a(x) = −
(x−2)(x−3)(x−4)

6
,

b(x) =
(x−1)(x−3)(x−4)

2
,

c(x) = −
(x−1)(x−2)(x−4)

2
y

d(x) =
(x−1)(x−2)(x−3)

6
.

Thus

p(x) = −
1
6
· (x−2)(x−3)(x−4)+ (x−1)(x−3)(x−4)

−
3
2
· (x−1)(x−2)(x−4)+

5
6
(x−1)(x−2)(x−3).

It is left to the reader to verify that the polynomial satisfies the required properties.
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Practice

725 Problem Find a polynomialp(x) of degree 4 with
p(1) = 1, p(2) = 2, p(3) = 3, p(4) = 4, p(5) = 5.

726 Problem Find a polynomialp(x) of degree 4 with
p(1) = −1, p(2) = 2, p(−3) = 4, p(4) = 5, p(5) = 8.



Chapter 7
Inequalities

7.1 Absolute Value

727 Definition (The Signum (Sign) Function) Let x be a real number. We define signum(x) =

8><>: −1 if x < 0,

0 if x = 0,

+1 if x > 0.

728 Lemma The signum function is multiplicative, that is, if(x,y) ∈ R
2 then signum(x ·y) = signum(x)signum(y).

Proof: Immediate from the definition of signum.❑

729 Definition (Absolute Value) Let x∈ R. Theabsolute valueof x is defined and denoted by

|x| = signum(x)x.

730 Theorem Let x∈ R. Then

1. |x| =
¨

−x if x < 0,

x if x≥ 0.

2. |x| ≥ 0,

3. |x| = max(x,−x),

4. |−x| = |x|,

5. − |x| ≤ x≤ |x|.

6.
√

x2 = |x|

7. |x|2 = |x2| = x2

8. x = signum(x) |x|

Proof: These are immediate from the definition of|x|. ❑

731 Theorem (∀(x,y) ∈ R
2),

|xy| = |x| |y| .

112



Triangle Inequality 113

Proof: We have
|xy| = signum(xy)xy= (signum(x)x) (signum(y)y) = |x| |y| ,

where we have used Lemma 728.❑

732 Theorem Let t ≥ 0. Then
|x| ≤ t ⇐⇒ −t ≤ x≤ t.

Proof: Either |x| = x or |x| = −x. If |x| = x,

|x| ≤ t ⇐⇒ x≤ t ⇐⇒ −t ≤ 0≤ x≤ t.

If |x| = −x,
|x| ≤ t ⇐⇒ −x≤ t ⇐⇒ −t ≤ x≤ 0≤ t.

❑

733 Theorem If (x,y) ∈ R
2, max(x,y) =

x+y+ |x−y|
2

and min(x,y) =
x+y− |x−y|

2
.

Proof: Observe thatmax(x,y)+min(x,y) = x+y, since one of these quantities must be the maximum and the
other the minimum, or else, they are both equal.

Now, either|x−y|= x−y, and so x≥ y, meaning thatmax(x,y)−min(x,y) = x−y, or |x−y|= −(x−y) = y−x,
which means that y≥ x and somax(x,y)−min(x,y) = y−x. In either case we getmax(x,y)−min(x,y) = |x−y|.
Solving now the system of equations

max(x,y)+min(x,y) = x+y

max(x,y)−min(x,y) = |x−y| ,

for max(x,y) andmin(x,y) gives the result.❑

7.2 Triangle Inequality

734 Theorem (Triangle Inequality) Let (a,b) ∈ R
2. Then

|a+b| ≤ |a|+ |b|. (7.1)

Proof: From 5 in Theorem 730, by addition,

−|a| ≤ a≤ |a|

to
−|b| ≤ b≤ |b|

we obtain
−(|a|+ |b|)≤ a+b≤ (|a|+ |b|),

whence the theorem follows by applying Theorem 732.❑

By induction, we obtain the following generalisation ton terms.

735 Corollary Let x1,x2, . . . ,xn be real numbers. Then

|x1 +x2 + · · ·+xn| ≤ |x1|+ |x2|+ · · ·+ |xn| .
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Proof: We apply Theorem 734 n−1 times

|x1 +x2 + · · ·+xn| ≤ |x1|+ |x2 + · · ·xn−1+xn|
≤ |x1|+ |x2|+ |x3 + · · ·xn−1 +xn|
...

≤ |x1|+ |x2|+ · · ·+ |xn−1 +xn|
≤ |x1|+ |x2|+ · · ·+ |xn−1|+ |xn| .

❑

736 Corollary Let (a,b) ∈ R
2. Then

||a|− |b|| ≤ |a−b| . (7.2)

Proof: We have

|a| = |a−b+b| ≤ |a−b|+ |b|,

giving

|a|− |b| ≤ |a−b|.

Similarly,

|b| = |b−a+a| ≤ |b−a|+ |a|= |a−b|+ |a|,

gives

|b|− |a| ≤ |a−b| =⇒ − |a−b| ≤ |a|− |b| .

Thus

− |a−b| ≤ |a|− |b| ≤ |a−b|,

and we now apply Theorem 732.❑

7.3 Rearrangement Inequality

737 Definition Given a set of real numbers{x1,x2, . . . ,xn} denote by

x̌1 ≥ x̌2 ≥ ·· · ≥ x̌n

the decreasing rearrangement of thexi and denote by

x̂1 ≤ x̂2 ≤ ·· · ≤ x̂n

the increasing rearrangement of thexi .

738 Definition Given two sequences of real numbers{x1,x2, . . . ,xn} and{y1,y2, . . . ,yn} of the same lengthn, we say that
they aresimilarly sortedif they are both increasing or both decreasing, anddifferently sortedif one is increasing and the other
decreasing..

739 Example The sequences 1≤ 2≤ ·· · ≤ n and 12 ≤ 22 ≤ ·· · ≤ n2 are similarly sorted, and the sequences
1
12 ≥ 1

22 ≥ ·· · ≥ 1
n2 and 13 ≤ 23 ≤ ·· · ≤ n3 are differently sorted.
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740 Theorem (Rearrangement Inequality) Given sets of real numbers{a1,a2, . . . ,an} and{b1,b2, . . . ,bn} we haveX
1≤k≤n

ǎkb̂k ≤
X

1≤k≤n

akbk ≤
X

1≤k≤n

âkb̂k.

Thus the sum
X

1≤k≤n

akbk is minimised when the sequences are differently sorted, andmaximised when the sequences are

similarly sorted.

☞ Observe that X
1≤k≤n

âkb̂k =
X

1≤k≤n

ǎkb̌k.

Proof: Let{σ(1),σ(2), . . . ,σ(n)} be a reordering of{1,2, . . . ,n}. If there are two sub-indices i, j, such that the
sequences pull in opposite directions, say, ai > a j and bσ(i) < bσ( j), then consider the sums

S = a1bσ(1) +a2bσ(2) + · · ·+aibσ(i) + · · ·+a jbσ( j) + · · ·+anbσ(n)

S′ = a1bσ(1) +a2bσ(2) + · · ·+aibσ( j) + · · ·+a jbσ(i) + · · ·+anbσ(n)

Then
S′ −S= (ai −a j)(bσ( j) −bσ(i)) > 0.

This last inequality shews that the closer the a’s and the b’sare to pulling in the same direction the larger the sum
becomes. This proves the result.❑

7.4 Mean Inequality

741 Theorem (Arithmetic Mean-Geometric Mean Inequality) Let a1, . . . ,an be positive real numbers. Then their geometric
mean is at most their arithmetic mean, that is,

n
√

a1 · · ·an ≤
a1 + · · ·+an

n
,

with equality if and only ifa1 = · · · = an.

We will provide multiple proofs of this important inequality. Some other proofs will be found in latter chapters.

First Proof: Our first proof uses the Rearrangement Inequality (Theorem 740) in a rather clever way. We may
assume that the ak are strictly positive. Put

x1 =
a1

(a1a2 · · ·an)1/n
, x2 =

a1a2

(a1a2 · · ·an)2/n
, . . . , xn =

a1a2 · · ·an

(a1a2 · · ·an)n/n
= 1,

and

y1 =
1
x1

, y2 =
1
x2

, . . . , yn =
1
xn

= 1.

Observe that for2≤ k≤ n,

xkyk−1 =
a1a2 · · ·ak

(a1a2 · · ·an)k/n
· (a1a2 · · ·an)

(k−1)/n

a1a2 · · ·ak−1
=

ak

(a1a2 · · ·an)1/n
.

The xk and yk are differently sorted, so by virtue of the Rearrangement Inequality we gather

1+1+ · · ·+1 = x1y1 +x2y2 + · · ·+xnyn

≤ x1yn +x2y1 + · · ·+xnyn−1

=
a1

(a1a2 · · ·an)1/n
+

a2

(a1a2 · · ·an)1/n
+ · · ·+ an

(a1a2 · · ·an)1/n
,
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or
n≤ a1 +a2+ · · ·+an

(a1a2 · · ·an)1/n
,

from where we obtain the result.❑

Second Proof: This second proof is a clever induction argument due to Cauchy. It proves the inequality first for
powers of2 and then interpolates for numbers between consecutive powers of2.

Since the square of a real number is always positive, we have,for positive real numbers a,b

(
√

a−
√

b)2 ≥ 0 =⇒
√

ab≤ a+b
2

,

proving the inequality for k= 2. Observe that equality happens if and only if a= b. Assume now that the
inequality is valid for k= 2n−1 > 2. This means that for any positive real numbers x1,x2, . . . ,x2n−1 we have

(x1x2 · · ·x2n−1)
1/2n−1 ≤ x1 +x2 + · · ·+x2n−1

2n−1 . (7.3)

Let us prove the inequality for2k = 2n. Consider any any positive real numbers y1,y2, . . . ,y2n. Notice that there
are2n −2n−1 = 2n−1(2−1) = 2n−1 integers in the interval

�
2n−1 +1 ;2n

�
. We have

(y1y2 · · ·y2n)1/2n
=

q
(y1y2 · · ·y2n−1)

1/2n−1 �
y2n−1+1 · · ·y2n

�1/2n−1

≤ (y1y2 · · ·y2n−1)
1/2n−1

+
�
y2n−1+1 · · ·y2n

�1/2n−1

2

≤
y1 +y2+ · · ·+y2n−1

2n−1 +
y2n−1+1 + · · ·+y2n

2n−1

2
=

y1 + · · ·+y2n

2n ,

where the first inequality follows by the Case n= 2 and the second by the induction hypothesis (7.3). The theorem
is thus proved for powers of2.

Assume now that2n−1 < k < 2n, and consider the k positive real numbers a1,a2, . . . ,ak. The trick is to pad this
collection of real numbers up to the next highest power of2, the added real numbers being the average of the
existing ones. Hence consider the2n real numbers

a1,a2, . . . ,ak,ak+1, . . . ,a2n

with ak+1 = . . . = a2n =
a1 +a2+ · · ·+ak

k
. Since we have already proved the theorem for2n we have�

a1a2 · · ·ak

�a1 +a2+ · · ·+ak

k

�2n−k
�1/2n

≤
a1 +a2+ · · ·+ak +(2n −k)

�a1 +a2 + · · ·+ak

k

�
2n ,

whence

(a1a2 · · ·ak)
1/2n

�a1 +a2+ · · ·+ak

k

�1−k/2n

≤
k

a1 +a2+ · · ·+ak

k
+(2n −k)

�a1 +a2 + · · ·+ak

k

�
2n ,

which implies

(a1a2 · · ·ak)
1/2n

�a1 +a2+ · · ·+ak

k

�1−k/2n

≤
�a1 +a2+ · · ·+ak

k

�
,

Solving for
a1 +a2+ · · ·+ak

k
gives the desired inequality.❑
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Third Proof: As in the second proof, the Case k= 2 is easily established. Put

Ak =
a1 +a2+ · · ·+ak

k
, Gk = (a1a2 · · ·ak)

1/k .

Observe that
ak+1 = (k+1)Ak+1−kAk.

The inductive hypothesis is that Ak ≥ Gk and we must shew that Ak+1 ≥ Gk+1. Put

A =
ak+1 +(k−1)Ak+1

k
, G =

�
ak+1Ak−1

k+1

�1/k
.

By the inductive hypothesis A≥ G. Now,

A+Ak

2
=

(k+1)Ak+1 −kAk +(k−1)Ak+1

k
+Ak

2
= Ak+1.

Hence

Ak+1 =
A+Ak

2
≥ (AAk)

1/2

≥ (GGk)
1/2 .

=
�
Gk+1

k+1Ak−1
k+1

�1/2k

We have established that

Ak+1 ≥
�
Gk+1

k+1Ak−1
k+1

�1/2k
=⇒ Ak+1 ≥ Gk+1,

completing the induction.❑

Fourth Proof: We will make a series of substitutions that preserve the sum

a1 +a2+ · · ·+an

while strictly increasing the product
a1a2 · · ·an.

At the end, the ai will all be equal and the arithmetic mean A of the numbers willbe equal to their geometric mean

G. If the ai where all> A then
a1 +a2+ · · ·+an

n
>

nA
n

= A, impossible. Similarly, the ai cannot be all< A.

Hence there must exist two indices say i, j, such that ai < A < a j . Put a′i = A, a′j = ai +a j −A. Observe that
ai +a j = a′i +a′j , so replacing the original a’s with the primed a’s does not alter the arithmetic mean. On the
other hand,

a′ia
′
j = A(ai +a j −A) = aia j +(a j −A)(A−ai) > aia j

since aj −A> 0 and A−ai > 0.

This change has replaced one of the a’s by a quantity equal to the arithmetic mean, has not changed the
arithmetic mean, and made the geometric mean larger. Since there at most n a’s to be replaced, the procedure
must eventually terminate when all the a’s are equal (to their arithmetic mean). Strict inequality hence holds if
when at least two of the a’s are unequal.❑

742 Theorem (Cauchy-Bunyakovsky-Schwarz Inequality) Let xk,yk be real numbers, 1≤ k≤ n. Then����� nX
k=1

xkyk

�����≤ nX
k=1

x2
k

!1/2 nX
k=1

y2
k

!1/2

,

with equality if and only if
(a1,a2, . . . ,an) = t(b1,b2, . . . ,bn)

for some real constantt.
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First Proof: The inequality follows at once from Lagrange’s Identity 
nX

k=1

xkyk

!2

=

 
nX

k=1

x2
k

! 
nX

k=1

y2
k

!
−

X
1≤k< j≤n

(xky j −x jyk)
2

(Theorem??), since
X

1≤k< j≤n

(xky j −x jyk)
2 ≥ 0. ❑

Second Proof: Put a=

nX
k=1

x2
k, b=

nX
k=1

xkyk, and c=
nX

k=1

y2
k. Consider the quadratic polynomial

at2 +bt+c = t2
nX

k=1

x2
k −2t

nX
k=1

xkyk +

nX
k=1

y2
k =

nX
k=1

(txk −yk)
2 ≥ 0,

where the inequality follows because a sum of squares of realnumbers is being summed. Thus this quadratic
polynomial is positive for all real t, so it must have complexroots. Its discriminant b2 −4ac must be non-positive,
from where we gather

4

 
nX

k=1

xkyk

!2

≤ 4

 
nX

k=1

x2
k

! 
nX

k=1

y2
k

!
,

which gives the inequality❑

For our third proof of the CBS Inequality we need the following lemma.

743 Lemma For (a,b,x,y) ∈ R
4 with x > 0 andy > 0 the following inequality holds:

a2

x
+

b2

y
≥ (a+b)2

x+y
.

Equality holds if and only if
a
x

=
b
y

.

Proof: Since the square of a real number is always positive, we have

(ay−bx)2 ≥ 0 =⇒ a2y2 −2abxy+b2x2 ≥ 0

=⇒ a2y(x+y)+b2x(x+y) ≥ (a+b)2xy

=⇒ a2

x
+

b2

y
≥ (a+b)2

x+y
.

Equality holds if and only if the first inequality is0.❑

☞ Iterating the result on Lemma 743,

a2
1

b1
+

a2
2

b2
+ · · ·+ a2

n

bn
≥ (a1 +a2+ · · ·+an)

2

b1 +b2+ · · ·+bn
,

with equality if and only if
a1

b1
=

a2

b2
= · · · = an

bn
.

Third Proof: By the preceding remark, we have

x2
1 +x2

2 + · · ·+x2
n =

x2
1y2

1

y2
1

+
x2

2y2
2

y2
2

+ · · ·+ x2
ny2

n

y2
n

≥ (x1y1 +x2y2 + · · ·+xnyn)
2

y2
1 +y2

2 + · · ·+y2
n

,

and upon rearranging, CBS is once again obtained.❑
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744 Theorem (Minkowski’s Inequality) Let xk,yk be any real numbers. Then 
nX

k=1

(xk +yk)
2

!1/2

≤
 

nX
k=1

x2
k

!1/2

+

 
nX

k=1

y2
k

!1/2

.

Proof: We have
nX

k=1

(xk +yk)
2 =

nX
k=1

x2
k +2

nX
k=1

xkyk +

nX
k=1

y2
k

≤
nX

k=1

x2
k +2

 
nX

k=1

x2
k

!1/2 nX
k=1

y2
k

!1/2

+

nX
k=1

y2
k

=

� 
nX

k=1

x2
k

!1/2

+

 
nX

k=1

y2
k

!1/2
�2

,

where the inequality follows from the CBS Inequality.❑

Practice

745 Problem Let x,y be real numbers. Then

0≤ x < y ⇐⇒ x2 < y2.

746 Problem Let t ≥ 0. Prove that

|x| ≥ t ⇐⇒ (x≥ t) or (x≤ −t).

747 Problem Let (x,y) ∈ R
2. Prove that max(x,y) = −min(−x,−y).

748 Problem Let x,y,z be real numbers. Prove that

max(x,y,z) = x+y+z−min(x,y)−min(y,z)−min(z,x)+min(x,y,z).

749 Problem Let (x1,x2, . . . ,xn) ∈ R
n be such that

x2
1 +x2

2 + · · ·+x2
n = x3

1 +x3
2 + · · ·+x3

n = x4
1 +x4

2 + · · ·+x4
n.

Prove thatxk ∈ {0,1}.

750 Problem Let n≥ 2 an integer. Let(x1,x2, . . . ,xn) ∈ R
n be such that

x2
1 +x2

2 + · · ·+x2
n = x1x2 +x2x3 + · · ·+xn−1xn +xnx1.

Prove thatx1 = x2 = · · · = xn.

751 Problem If b > 0 andB > 0 prove that

a

b
<

A

B
=⇒ a

b
<

a+A

b+B
<

A

B
.

Further, ifp andq are positive integers such that

7
10

<
p
q

<
11
15

,

what is the least value ofq?

752 Problem Let a < b. Demonstrate that

|x−a| < |x−b| ⇐⇒ x <
a+b

2
.

753 Problem Prove that ifr ≥ s≥ t then

r2 −s2 + t2 ≥ (r −s+ t)2.

754 Problem Assume thatak,bk,ck,k = 1, . . . ,n, are positive real numbers. Shew that�
nX

k=1

akbkck

�4

≤

�
nX

k=1

a4
k

��
nX

k=1

b4
k

��
nX

k=1

c2
k

�2

.

755 Problem Prove that for integern > 1,

n! <

�
n+1

2

�n

.

756 Problem Prove that for integern > 2,

nn/2 < n!.

757 Problem Prove that∀(a,b,c) ∈ R
3,

a2 +b2 +c2 ≥ ab+bc+ca.

758 Problem Prove that∀(a,b,c) ∈ R
3, with a≥ 0, b≥ 0, c≥ 0, the following

inequalities hold:

a3 +b3 +c3 ≥ max(a2b+b2c+c2a,a2c+b2a+c2b),

a3 +b3 +c3 ≥ 3abc,

a3 +b3 +c3 ≥ 1
2

�
a2(b+c)+b2(c+a)+c2(a+b)

�
.

759 Problem (Chebyshev’s Inequality) Given sets of real numbers{a1,a2, . . . ,an}
and{b1,b2, . . . ,bn} prove that

1
n

X
1≤k≤n

ǎkb̂k ≤

 
1
n

X
1≤k≤n

ak

! 
1
n

X
1≤k≤n

bk

!
≤ 1

n

X
1≤k≤n

âkb̂k.
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760 Problem If x > 0, from

√
x+1−

√
x =

1√
x+1+

√
x
,

prove that
1

2
√

x+1
<
√

x+1−
√

x <
1

2
√

x
.

Use this to prove that ifn > 1 is a positive integer, then

2
√

n+1−2 < 1+
1√
2

+
1√
3

+ · · ·+ 1√
n

< 2
√

n−1

761 Problem If 0 < a≤ b, shew that

1
8
· (b−a)2

b
≤ a+b

2
−

√
ab≤ 1

8
· (b−a)2

a

762 Problem Shew that
1
2
· 3

4
· 5

6
· · · 9999

10000
<

1
100

.

763 Problem Prove that for allx > 0,

nX
k=1

1
(x+k)2

<
1
x

−
1

x+n
.

764 Problem Let xi ∈ R such that
X
i=1

|xi | = 1 and
X
i=1

xi = 0. Prove that����� nX
i=1

xi

i

�����≤ 1
2

�
1−

1
n

�
.

765 Problem Let n be a strictly positive integer. Letxi ≥ 0. Prove that

nY
k=1

(1+xk) ≥ 1+

nX
k=1

xk.

When does equality hold?

766 Problem (Nesbitt’s Inequality) Let a,b,c be strictly positive real numbers. Then

a
b+c

+
b

c+a
+

c
a+b

≥ 3
2

.

767 Problem Let a,b,c be positive real numbers. Prove that

(a+b)(b+c)(c+a) ≥ 8abc.

768 Problem (IMO, 1978) Let ak be a sequence of pairwise distinct positive integers.
Prove that

nX
k=1

ak

k2
≥

nX
k=1

1
k
.

769 Problem (Harmonic Mean-Geometric Mean Inequality) Let xi > 0 for
1≤ i ≤ n. Then

n
1
x1

+
1
x2

+ · · ·+ 1
xn

≤ (x1x2 · · ·xn)
1/n,

with equality iff x1 = x2 = · · · = xn.

770 Problem (Arithmetic Mean-Quadratic Mean Inequality) Let xi ≥ 0 for
1≤ i ≤ n. Then

x1 +x2 + · · ·+xn

n
≤
�

x2
1 +x2

2 + · · ·+x2
n

n

�1/2

,

with equality iff x1 = x2 = · · · = xn.

771 Problem Given a set of real numbers{a1,a2, . . . ,an} prove that there is an index
m∈ {0,1, . . . ,n} such that�����X

1≤k≤m

ak −

X
m<k≤n

ak

�����≤ max
1≤k≤n

|ak| .

If m= 0 the first sum is to be taken as 0 and ifm= n the second one will be taken as 0.



Appendix A
Answers, Hints, and Solutions

10 Since their product is 1 the integers must be±1 and there must be an even number of−1’s, sayk of them. To make the
sum of the numbers 0 we must have the same number of 1’s. Thus wemust havek(1)+k(−1) = 0, andk+k = 34, which
means thatk = 17, which is not even.

11 Clearing denominators, there are 2000 summands on the sinistral side of the forma1a2 · · ·ai−1ai+1 · · ·a2000, and the dextral
side we simply havea1a2 · · ·ai−1ai+1 · · ·a2000. If all the ak were odd, the right hand side would be odd, and the left hand side
would be even, being the sum of 2000 odd numbers, a contradiction.

12 If log23 =
a
b

, with integrala,b 6= 0 then 2a = 3b. By uniqueness of factorisation this is impossible unlessa = b = 0, which

is not an allowed alternative.

13 If the palindrome were divisible by 10 then it would end in 0, and hence, by definition of being a palindrome, it would start
in 0, which is not allowed in the definition.

14 AssumeAC≥ BC and locate pointD on the line segmentAC such thatAD = BD. Then△ADB is isosceles atD and we
must have∠A = ∠B, a contradiction.

15 If
√

a≤ α thenα ≤ α2, which implies thatα(1− α) ≤ 0, an impossible inequality if 0< α < 1.

16 We have 1−
1

102000 < α < 1. Squaring,

1−
2

102000+
1

104000 < α2.

Since−
1

102000+
1

104000< 0
, we have

1−
1

102000 < 1−
1

102000−
1

102000+
1

104000 < α2.

26 There aren possible different remainders when an integer is divided byn, so amongn+1 different integers there must be
two integers in the group leaving the same remainder, and their difference is divisible byn.

27 20

66 (i) −3.5, (ii) 45

67 x2 = (x+3−3)2 = (x+3)2−6(x+3)+9

89 Substitutet by
p

t2 −u2 +v2, in 2.5.

98 Use the fact that(b−a)2 = (
√

b−
√

a)2(
√

b+
√

a)2.

121
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104 Suppose that all these products are>
1
4

. Use the preceding problem to obtain a contradiction.

117 52

131 Write
22225555+55552222 = (22225555+45555)

+(55552222−42222)

−(45555−42222).

136 Considerx = 2n−1.

139 we have
2n −1 = 2ab−1 = (2a −1)((2a)b−1 +(2a)b−2 + · · ·+(2a)1 +1).

Sincea > 1,2a −1 > 1. Sinceb > 1,

(2a)b−1 +(2a)b−2 + · · ·(2a)1 +1)≥ 2a +1 > 1.

We have decomposed a prime number (the left hand side) into the product of two factors, each greater than 1, a contradiction.
Thusn must be a prime.

140 We have
2n +1 = 22km+1 = (22k

+1)((22k
)m−1 −(22k

)m−2 + · · ·−(22k
)1 +1).

Clearly, 22
k
+1 > 1. Also if m≥ 3

(22k
)m−1 −(22k

)m−2 + · · ·−(22k
)1 +1≥ (22k

)2 −(22k
)1 +1 > 1,

and so, we have produced two factors each greater than 1 for the prime 2n +1, which is nonsense.

149 1

166 Observe that(1+ i)2004= ((1+ i)2)1002= (2i)1002, etc.

167 Group the summands in groups of four terms and observe that

kik+1 +(k+1)ik+2+

(k+2)ik+3 +(k+4)ik+4

= ik+1(k+(k+1)i −(k+2)− (k+3)i)

= −2−2i.

168 If k is an integer,ik + ik+1 + ik+2 + ik+3 = ik(1+ i + i2+ i3) = 0.

183 Argue by contradiction. Assumea = 3k±1 orb = 3m±1.

187 13

195 Think of n−6 if n is even andn−9 if n is odd.

197 Try x = 36k+14,y= (12k+5)(18k+7).

302 63

322 Consider, separately, the cases whenn is and is not a perfect square.

347
50
99
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348 9

356 3030

358
5973
1993

378 Shew first that csc2x = cotx−cot2x.

379 Observe that
y

1−y2 =
1

1−y
−

1
1−y2 .

392 xn =
1
3n +2.

393 xn = 5n +5n.

394 xn = 6n2 +6n+1.

395 xn = 2n +3(5n).

396 a j+1 = 62 j
−1.

399 Let un = cosvn.

413 a0 = 0, an = an−1 +(n−1)3n.

423 Let Ak ⊆ A be the set of those integers divisible byk.

➊ Notice that the elements are 2= 2(1), 4= 2(2), . . . , 114= 2(57). Thus card(A) = 57.

➋ There areT
57
3

U = 19 integers inA divisible by 3. They are

{6,12,18, . . . ,114}.

Notice that 114= 6(19). Thus card(A3) = 19.

➌ There areT
57
5

U = 11 integers inA divisible by 5. They are

{10,20,30, . . . ,110}.

Notice that 110= 10(11). Thus card(A5) = 11

➍ There areT
57
15

U = 3 integers inA divisible by 15. They are{30,60,90}. Notice that 90= 30(3). Thus card(A15) = 3,

and observe that by Theorem??we have card(A15) = card(A3∩A5).

➎ We want card(A3∪A5) = 19+11= 30.

➏ We want
card(A\ (A3∪A5)) = card(A)−card(A3∪A5)

= 57−30

= 27.

➐ We want
card((A3∪A5)\ (A3∩A5)) = card((A3∪A5))

−card(A3∩A5)

= 30−3

= 27.
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424 We have

➊ T
100
2

U = 50

➋ T
100
3

U = 33

➌ T
100
7

U = 14

➍ T
100
6

U = 16

➎ T
100
14

U = 7

➏ T
100
21

U = 4

➐ T
100
42

U = 2

➑ 100−50−33−14+15+7+4−2= 27

➒ 16−2= 14

➓ 52

425 52%

426 22

427 Let A be the set of students liking Mathematics,B the set of students liking theology, andC be the set of students liking
alchemy. We are given that

card(A) = 14,card(B) = 16,

card(C) = 11,card(A∩B) = 7,card(B∩C) = 8,card(A∩C) = 5,

and
card(A∩B∩C) = 4.

By the Principle of Inclusion-Exclusion,

card(Ac∩Bc∩Cc) = 40−card(A)−card(B)−card(C)

+card(A∩B)+card(A∩C)+card(B∩C)

−card(A∩B∩C) .

Substituting the numerical values of these cardinalities

40−14−16−11+7+5+8−4= 15.

428 We have

➊ 31

➋ 10

➌ 3

➍ 3

➎ 1
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➏ 1

➐ 1

➑ 960

429 LetY,F,S,M stand for young, female, single, male, respectively, and let H stand for married.1 We have

card(Y∩F ∩S) = card(Y∩F)−card(Y∩F ∩H)

= card(Y)−card(Y∩M)

−(card(Y∩H)−card(Y∩H ∩M))

= 3000−1320−(1400−600)

= 880.

430 34

431 30;7;5;18

432 4

433 LetC denote the set of people who like candy,I the set of people who like ice cream, andK denote the set of people who
like cake. We are given that card(C) = 816, card(I) = 723, card(K) = 645, card(C∩ I) = 562, card(C∩K) = 463,
card(I ∩K) = 470, and card(C∩ I ∩K) = 310. By Inclusion-Exclusion we have

card(C∪ I ∪K) = card(C)+card(I)+card(K)

−card(C∩ I)−card(C∩K)−card(I ∩C)

+card(C∩ I ∩K)

= 816+723+645−562−463−470+310

= 999.

The investigator miscounted, or probably did not report oneperson who may not have liked any of the three things.

434 A set withk elements has 2k different subsets. We are given

2100+2100+2card(C) = 2card(A∪B∪C).

This forces card(C) = 101, as 1+2card(C)−101 is larger than 1 and a power of 2. Hence card(A∪B∪C) = 102. Using the
Principle Inclusion-Exclusion, since card(A)+card(B)+card(C)−card(A∪B∪C) = 199,

card(A∩B∩C) = card(A∩B)+card(A∩C)+card(B∩C)−199

= (card(A)+card(B)−card(A∪B))

+(card(A)+card(C)

−card(A∪C))+card(B)+card(C)

−card(B∪C)−199

= 403−card(A∪B)−card(A∪C)−card(B∪C) .

As A∪B,A∪C,B∪C⊆ A∪B∪C, the cardinalities of all these sets are≤ 102. Thus

card(A∩B∩C) = 403−card(A∪B)−card(A∪C)

−card(B∪C) ≥ 403−3 ·102

= 97.

By letting
A = {1,2, . . . ,100},B= {3,4, . . . ,102},

and
C = {1,2,3,4,5,6, . . . ,101,102}

we see that the bound card(A∩B∩C) = card({4,5,6, . . . ,100}) = 97 is achievable.

1Or H for hanged, if you prefer.
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435 Let A denote the set of those who lost an eye,B denote those who lost an ear,C denote those who lost an arm andD
denote those losing a leg. Suppose there aren combatants. Then

n ≥ card(A∪B)

= card(A)+card(B)−card(A∩B)

= .7n+ .75n−card(A∩B) ,

n ≥ card(C∪D)

= card(C)+card(D)−card(C∩D)

= .8n+ .85n−card(C∩D) .

This gives

card(A∩B) ≥ .45n,

card(C∩D) ≥ .65n.

This means that
n ≥ card((A∩B)∪ (C∩D))

= card(A∩B)+card(C∩D)−card(A∩B∩C∩D)

≥ .45n+ .65n−card(A∩B∩C∩D) ,

whence

card(A∩B∩C∩D) ≥ .45+ .65n−n= .1n.

This means that at least 10% of the combatants lost all four members.

451 210 = 1024

452 I can choose a right shoe in any of nine ways, once this has beendone, I can choose a non-matching left shoe in eight
ways, and thus I have 72 choices.
Aliter: I can choose any pair in 9×9= 81 ways. Of these, 9 are matching pairs, so the number of non-matching pairs is
81−9= 72.

453 = (20)(19)(20)(19)(20)(20) = 57760000

454 10353 −10252 = 122500

455 The number of different license plates is the number of different four-tuples (Letter1, Letter2, Digit 1, Digit 2). The first
letter can be chosen in 26 ways, and so we have

26 .

The second letter can be chosen in any of 26 ways:

26 26 .

The first digit can be chosen in 10 ways:

26 26 10 .

Finally, the last digit can be chosen in 10 ways:

26 26 10 10 .

By the multiplication principle, the number of different four-tuples is 26·26·10·10= 67600.
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456 (i) In this case we have a grid like
26 26 10 9 ,

since after a digit has been used for the third position, it cannot be used again. Thus this can be done in 26·26·10·9= 60840
ways.
(ii) In this case we have a grid like

26 25 10 10 ,

since after a letter has been used for the first position, it cannot be used again. Thus this can be done in 26·25·10·10= 65000
ways.
(iii) After a similar reasoning, we obtain a grid like

26 25 10 9 .

Thus this can be done in 26·25·10·9= 58500 ways.

457 [1] 8, [2] 5232 = 225, [3] 52 ·3 ·2= 150, [4] 5·4 ·32 = 180, [5] 8·7 ·6 ·5= 1680.

458 432

459 Solution:

➊ The first letter can be one of any 4. After choosing the first letter, we have 3 choices for the second letter, etc.. The total
number of words is thus 4·3 ·2 ·1= 24.

➋ The first letter can be one of any 4. Since we are allowed repetitions, the second letter can also be one of any 4, etc.. The
total number of words so formed is thus 44 = 256.

460 The last digit must perforce be 5. The other five digits can be filled with any of the six digits on the list: the total number
is thus 65.

461 We have

➊ This is 5·86 = 1310720.

➋ This is 5·7 ·6 ·5 ·4·3·2= 25200.

➌ This is 5·85 ·4 = 655360.

➍ This is 5·85 ·4 = 655360.

➎ We condition on the last digit. If the last digit were 1 or 5 then we would have 5 choices for the first digit, and so we
would have

5 ·6 ·5 ·4 ·3 ·2·2= 7200

phone numbers. If the last digit were either 3 or 7, then we would have 4 choices for the last digit and so we would have

4 ·6 ·5 ·4 ·3 ·2·2= 5760

phone numbers. Thus the total number of phone numbers is

7200+5760= 12960.

462 26·254 = 10156250

463 For the leftmost digit cannot be 0 and so we have only the nine choices

{1,2,3,4,5,6,7,8,9}

for this digit. The othern−1 digits can be filled out in 10 ways, and so there are

9 ·10· · ·10| {z }
n−1 10′s

= 9 ·10n−1.
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464 The leftmost digit cannot be 0 and so we have only the nine choices

{1,2,3,4,5,6,7,8,9}

for this digit. If the integer is going to be even, the last digit can be only one of the five{0,2,4,6,8}. The othern−2 digits can
be filled out in 10 ways, and so there are

9 ·10· · ·10| {z }
n−2 10′s

·5 = 45·10n−2.

465 9 1-digit numbers and 8·9n−1 n-digit numbersn≥ 2.

466 One can choose the last digit in 9 ways, one can choose the penultimate digit in 9 ways, etc. and one can choose the
second digit in 9 ways, and finally one can choose the first digit in 9 ways. The total number of ways is thus 9n.

467 m2, m(m−1)

468 We will assume that the positive integers may be factorised in a unique manner as the product of primes. Expanding the
product

(1+2+22+ · · ·+28)(1+3+32+ · · ·+39)(1+5+52)

each factor of 283952 appears and only the factors of this number appear. There arethen, as many factors as terms in this
product. This means that there are(1+8)(1+9)(1+3)= 320 factors.

The sum of the divisors of this number may be obtained by adding up each geometric series in parentheses. The desired sum is
then

29 −1
2−1

· 310−1
3−1

· 53 −1
5−1

= 467689684.

☞A similar argument gives the following. Let p1, p2, . . . , pk be different primes. Then the integer

n = pa1
1 pa2

2 · · · pak
k

has
d(n) = (a1 +1)(a2+1) · · ·(ak +1)

positive divisors. Also, ifσ(n) denotes the sum of all positive divisors of n, then

σ(n) =
pa1+1

1 −1
p1 −1

· pa2+1
2 −1
p2 −1

· · · pak+1
k −1

pk −1
.

469 The 96 factors of 295 are 1,2,22, . . . ,295. Observe that 210 = 1024 and so 220 = 1048576. Hence

219 = 524288< 1000000< 1048576= 220.

The factors greater than 1,000,000 are thus 220,221, . . .295. This makes for 96−20= 76 factors.

470 (1+3)(1+2)(1+1)= 24; 18; 6; 4.

471 16

472 A. [1] 10000, [2] 5040, B. [1] 12 , [2] 10

473 n = 1+1+ · · ·+1| {z }
n−1 +′s

. One either erases or keeps a plus sign.

474 There are 589 such values. The easiest way to see this is to observe that there is a bijection between the divisors ofn2

which are> n and those< n. For if n2 = ab, with a > n, thenb < n, because otherwisen2 = ab> n ·n = n2, a contradiction.
Also, there is exactly one decompositionn2 = n ·n. Thus the desired number is

T
d(n2)

2
U+1−d(n) = T

(63)(39)
2

U+1−(32)(20)= 589.
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475 The total number of sequences is 3n. There are 2n sequences that contain no 0, 1 or 2. There is only one sequencethat
contains only 1’s, one that contains only 2’s, and one that contains only 0’s. Obviously, there is no ternary sequence that
contains no 0’s or 1’s or 2’s. By the Principle of Inclusion-Exclusion, the number required is

3n −(2n+2n+2n)+ (1+1+1)= 3n −3 ·2n+3.

476 The conditions of the problem stipulate that both the regionoutside the circles in diagram 5.3 andR3 will be empty. We
are thus left with 6 regions to distribute 100 numbers. To each of the 100 numbers we may thus assign one of 6 labels. The
number of sets thus required is 6100.

484 21

485 56

486 (262−252)+ (263−253) = 2002

487
9+9 ·9

+9 ·9 ·8+9 ·9·8·7
+9 ·9 ·8 ·7 ·6+9·9·8·7·6·5
+9 ·9 ·8 ·7 ·6·5·4+9·9·8·7·6·5·4·3
+9 ·9 ·8 ·7 ·6·5·4·3·2
+9 ·9 ·8 ·7 ·6·5·4·3·2·1
= 8877690

488 2+4+8+16= 30.

489 8; 12(n−2); 6(n−2)2; (n−2)3

Comment: This proves thatn3 = (n−2)3+6(n−2)2+12(n−2)+8.

490 We condition on the first digit, which can be 4,5, or 6. If the number starts with 4, in order to satisfy the conditions of the
problem, we must choose the last digit from the set{0,2,6,8}. Thus we have four choices for the last digit. Once this last digit
is chosen, we have 8 choices for the penultimate digit and 7 choices for the antepenultimate digit. There are thus
4×8×7= 224 even numbers which have their digits distinct and start with a 4. Similarly, there are 224 even numbers will all
digits distinct and starting with a 6. When they start with a 5, we have 5 choices for the last digit, 8 for the penultimate and 7
for the antepenultimate. This gives 5×8×7= 280 ways. The total number is thus 224+224+280= 728.

491 When the number 99 is written down, we have used

1 ·9+2 ·90= 189

digits. If we were able to write 999, we would have used

1 ·9+2 ·90+3·900= 2889

digits, which is more than 1002 digits. The 1002nd digit mustbe among the three-digit positive integers. We have

1002−189= 813 digits at our disposal, from which we can makeT
813
3

U = 271 three-digit integers, from 100 to 270. When

the 0 in 270 is written, we have used 189+3 ·271= 1002 digits. The 1002nd digit is the 0 in 270.

492 4

493 There is 1 such number with 1 digit, 10 such numbers with 2 digits, 100 with three digits, 1000 with four digits, etc.
Starting with 2 and finishing with 299 we have used 1·1+2 ·10+3 ·100= 321 digits. We need 1978−321= 1657 more

digits from among the 4-digit integers starting with 2. NowT
1657

4
U = 414, so we look at the 414th 4-digit integer starting

with 2, namely, at 2413. Since the 3 in 2413 constitutes the 321+4 ·414= 1977-th digit used, the 1978-th digit must be the 2
starting 2414.
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494 19990

495 [1] 125, [2] 25, [3] 25, [4] 5+2 ·3+3 ·6= 29.

496 8

497 4095

498 144

499 First observe that 1+7= 3+5 = 8. The numbers formed have either one, two, three or four digits. The sum of the
numbers of 1 digit is clearly 1+7+3+5= 16.

There are 4×3 = 12 numbers formed using 2 digits, and hence 6 pairs adding to 8in the units and the tens. The sum of the 2
digits formed is 6((8)(10)+8) = 6×88= 528.

There are 4×3×2= 24 numbers formed using 3 digits, and hence 12 pairs adding to8 in the units, the tens, and the
hundreds. The sum of the 3 digits formed is 12(8(100)+ (8)(10)+8)= 12×888= 10656.

There are 4×3×2 ·1= 24 numbers formed using 4 digits, and hence 12 pairs adding to8 in the units, the tens the hundreds,
and the thousands. The sum of the 4 digits formed is 12(8(1000)+8(100)+(8)(10)+8)= 12×8888= 106656.

The desired sum is finally
16+528+10656+106656= 117856.

500 Observe that

➊ We find the pairs
{1,6},{2,7},{3,8}, . . .,{45,50},

so there are 45 in total. (Note: the pair{a,b} is indistinguishable from the pair{b,a}.

➋ If |a−b|= 1, then we have
{1,2},{2,3},{3,4}, . . .,{49,50},

or 49 pairs. If|a−b|= 2, then we have

{1,3},{2,4},{3,5}, . . .,{48,50},

or 48 pairs. If|a−b|= 3, then we have

{1,4},{2,5},{3,6}, . . .,{47,50},

or 47 pairs. If|a−b|= 4, then we have

{1,5},{2,6},{3,7}, . . .,{46,50},

or 46 pairs. If|a−b|= 5, then we have

{1,6},{2,7},{3,8}, . . .,{45,50},

or 45 pairs.

The total required is thus
49+48+47+46+45= 235.



Answers, Hints, and Solutions 131

501 If x = 0, putm(x) = 1, otherwise putm(x) = x. We use three digits to label all the integers, from 000 to 999 If a,b,c are
digits, then clearlyp(100a+10b+c)= m(a)m(b)m(c). Thus

p(000)+ · · ·+ p(999) = m(0)m(0)m(0)+ · · ·+m(9)m(9)m(9),

which in turn
= (m(0)+m(1)+ · · ·+m(9))3

= (1+1+2+ · · ·+9)3

= 463

= 97336.

Hence
S = p(001)+ p(002)+ · · ·+ p(999)

= 97336− p(000)

= 97336−m(0)m(0)m(0)

= 97335.

510 120

511 479001600; 4838400; 33868800

512 720; 24; 120; 144

513 1440

514 128

515 81729648000

516 249

517 We have

➊ This is 8!.

➋ PermuteXY in 2! and put them in any of the 7 spaces created by the remaining 6 people. Permute the remaining 6
people. This is 2! ·7 ·6!.

➌ In this case, we alternate between sexes. Either we start with a man or a woman (giving 2 ways), and then we permute
the men and the women. This is 2·4!4!.

➍ Glue the couples into 4 separate blocks. Permute the blocks in 4! ways. Then permute each of the 4 blocks in 2!. This is
4!(2!)4.

➎ Sit the women first, creating 5 spaces in between. Glue the mentogether and put them in any of the 5 spaces. Permute
the men in 4! ways and the women in 4!. This is 5·4!4!.

525 1816214400

526 548

527 18

528 We have

➊ This is
10!

4!3!2!



132 Appendix A

➋ This is
9!

4!3!2!

➌ This is
8!

2!3!2!

529 36

530 25

531 126126; 756756

545
�

10
2

�
= 45

546
�

7
1

��
5
3

�
= (7)(10) = 70

547
�

N
2

�
548

�
8
4

�
4! = 1680

549
�

25
2

�
= 300

550 Let the subsets beA andB. We have either card(A) = 1 or card(A) = 2. If card(A) = 1 then there are

�
4
1

�
= 4 ways of

choosing its elements and

�
3
3

�
= 1 ways of choosing the elements ofB. If card(A) = 2 then there are

�
4
2

�
= 6 ways of

choosing its elements and

�
2
2

�
= 1 ways of choosing the elements ofB. Altogether there are 4+6= 10 ways.

551
�

6
3

�
= 20

552 We count those numbers that have exactly once, twice and three times. There is only one number that has it thrice

(namely 333). Suppose the numberxyzis to have the digit 3 exactly twice. We can choose these two positions in

�
3
2

�
ways.

The third position can be filled with any of the remaining ninedigits (the digit 3 has already been used). Thus there are 9

�
3
2

�
numbers that the digit 3 exactly twice. Similarly, there are92

�
3
2

�
numbers that have 3 exactly once. The total required is

hence 3·1+2 ·9 ·
�

3
2

�
+92

�
3
1

�
= 300.

553
�

5
3

�
= 10

554
�

5
1

�
+

�
5
3

�
+

�
5
5

�
= 5+10+1= 16.

555 10×3! = 60

556 We have
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➊ (E+F +S+ I)!

➋ 4! ·E!F!S!I !

➌

�
E+F + I +1

1

�
S!(E+F + I)!

➍

�
E+F + I +1

S

�
S!(E+F + I)!

➎ 2!

�
F + I +1

2

�
S!E!(F + I)!

557 We can choose the seven people in

�
20
7

�
ways. Of the seven, the chairman can be chosen in seven ways. The answer is

thus

7

�
20
7

�
= 542640.

Aliter: Choose the chairman first. This can be done in twenty ways. Out of the nineteen remaining people, we just have to

choose six, this can be done in

�
19
6

�
ways. The total number of ways is hence 20

�
19
6

�
= 542640.

558 We can choose the seven people in

�
20
7

�
ways. Of these seven people chosen, we can choose the chairman in seven ways

and the secretary in six ways. The answer is thus 7·6
�

20
7

�
= 3255840.

Aliter: If one chooses the chairman first, then the secretary and finally the remaining five people of the committee, this can be

done in 20·19·
�

18
5

�
= 3255840 ways.

559 For a string of three-digit numbers to be decreasing, the digits must come from{0,1, . . . ,9} and so there are

�
10
3

�
= 120

three-digit numbers with all its digits in decreasing order. If the string of three-digit numbers is increasing, the digits have to

come from{1,2, . . . ,9}, thus there are

�
9
3

�
= 84 three-digit numbers with all the digits increasing. The total asked is hence

120+84= 204.

560 We can choose the four students who are going to take the first test in

�
20
4

�
ways. From the remaining ones, we can

choose students in

�
16
4

�
ways to take the second test. The third test can be taken in

�
12
4

�
ways. The fourth in

�
8
4

�
ways and

the fifth in

�
4
4

�
ways. The total number is thus�

20
4

��
16
4

��
12
4

��
8
4

��
4
4

�
.

561 We align the thirty-nine cards which are not hearts first. There are thirty-eight spaces between them and one at the

beginning and one at the end making a total of forty spaces where the hearts can go. Thus there are

�
40
13

�
ways of choosing

theplaceswhere the hearts can go. Now, since we are interested in arrangements, there are 39! different configurations of the

non-hearts and 13! different configurations of the hearts. The total number of arrangements is thus

�
40
13

�
39!13!.

562 The equality signs cause us trouble, since allowing them would entail allowing repetitions in our choices. To overcome
that we establish a one-to-one correspondence between the vectors(a,b,c,d),0≤ a≤ b≤ c≤ d ≤ n and the vectors
(a′,b′,c′,d′),0≤ a′ < b′ < c′ < d′ ≤ n+3. Let(a′,b′,c′,d′) = (a,b+1,c+2,d+3). Now we just have to pick four different

numbers from the set{0,1,2,3, . . . ,n,n+1,n+2,n+3}. This can be done in

�
n+4

4

�
ways.
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563 We have

➊ (T +L+W)!

➋ 3!T!L!W! = 6T!L!W!

➌

�
T +L+1

W

�
(T +L)!W!

➍

�
T +L+1

1

�
(T +L)!W!

564 The required number is�
20
1

�
+

�
20
2

�
+ · · ·+

�
20
20

�
= 220−

�
20
0

�
= 1048576−1= 1048575.

565 The required number is�
20
4

�
+

�
20
6

�
+ · · ·+

�
20
20

�
= 219−

�
20
0

�
−

�
20
2

�
= 524288−1−190= 524097.

566 We have

➊
13!

2!3!3!
= 86486400

➋
11!
2!3!

= 3326400

➌
11!

2!2!2!
= 4989600

➍

�
12
1

�
11!
3!3!

= 13305600

➎

�
12
2

�
11!
3!3!

= 73180800

➏

�
10
1

�
9!

3!3!2!
= 50400

567 We have

➊

�
M +W

C

�
➋

�
M

C−T

��
W
T

�
➌

�
M +W−2

C−2

�
➍

�
M +W−2

C

�
568 �

M +W
C

�
−

�
M +W−2

C−2

�
= 2

�
M +W−2

C−1

�
+

�
M +W−2

C

�
.

569 2030
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570 2

�
50
2

�
571

�
n+k−1

k

�
572 [1] For the first column one can put any of 4 checkers, for the second one, any of 3, etc. hence there are 4·3 ·2 ·1= 24.
[2] If there is a column without a checker then there must be a column with 2 checkers. There are 3 choices for this column. In

this column we can put the two checkers in

�
4
2

�
= 6 ways. Thus there are 4·3

�
4
2

�
4 ·4= 1152 ways of putting the checkers.

[3] The number of ways of filling the board with no restrictions is

�
16
4

�
. The number of ways of of of filling the board so that

there is one checker per column is 44. Hence the total is

�
16
4

�
−44 = 1564.

573 7560.

574
1
4!

�
8
2

��
6
2

��
4
2

�
.

575
�

15
7

��
8
4

�
.

575 There are 6513215600 of former and 3486784400 of the latter.

576
�

17
5

��
12
5

��
7
4

��
3
3

�
;

�
17
3

��
14
4

�
210.

577
7X

k=3

�
7
k

�
= 99

577 210−1−1−

�
10
5

�
= 1024−2−252= 770

577
�

n
2

�
; n−1;

�
n
3

�
;

�
n−1

2

�
578

�
12
1

��
11
5

��
6
2

��
4
4

�
579

�
6
3

�20

= 104857600000000000000000000

580
�

9
3

��
5
3

�
= 840

581
�

b
c

��
g
c

�
c!

582 (23 −1)(24−1)(22−1) = 315

585
�

10
2

�
28
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586 We have �
n−1
k−1

�
+

�
n−1

k

�
=

(n−1)!

(k−1)!(n−k)!
+

(n−1)!

k!(n−k−1)!

=
(n−1)!

(n−k−1)!(k−1)!

�
1

n−k
+

1
k

�
=

(n−1)!

(n−k−1)!(k−1)!

n
(n−k)k

=
n!

(n−k)!k!
.

=

�
n
k

�
.

A combinatorial interpretation can be given as follows. Suppose we have a bag withn red balls. The number of ways of
choosingk balls isn. If we now paint one of these balls blue, the number of ways of choosingk balls is the number of ways of

choosing balls if we alwaysincludethe blue ball (and this can be done in

�
n−1
k−1

�
) ways, plus the number of ways of

choosingk balls if we alwaysexcludethe blue ball (and this can be done in

�
n−1

k

�
ways).

587 The sinistral side counts the number of ways of selectingr elements from a set ofn, then selectingk elements from those
r. The dextral side counts how many ways to select thek elements first, then select the remainingr −k elements to be chosen
from the remainingn−k elements.

588 The dextral side sums �
n
0

��
n
0

�
+

�
n
1

��
n
1

�
+

�
n
2

��
n
2

�
+ · · ·+

�
n
n

��
n
n

�
.

By the symmetry identity, this is equivalent to summing�
n
0

��
n
n

�
+

�
n
1

��
n

n−1

�
+

�
n
2

��
n

n−2

�
+ · · ·+

�
n
n

��
n
0

�
.

Now consider a bag with 2n balls,n of them red andn of them blue. The above sum is counting the number of ways of
choosing 0 red balls andn blue balls, 1 red ball andn−1 blue balls, 2 red balls andn−2 blue balls, etc.. This is clearly the

number of ways of choosingn balls of either colour from the bag, which is

�
2n
n

�
.

589 11754

590 2844

591 432

592
�

15
9

�
;15!/6!

593 29.

595 24

596
�

8
5

�
5!

597 175308642

598 Hint: There arek occupied boxes andn−k empty boxes. Align the balls first!

�
k+1
n−k

�
.

599 There aren−k empty seats. Sit the people in between those seats.

�
n−k+1

k

�
.
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608 36

609 36−9= 25

610
�

14
4

�
612

�
50
3

�
= 19600

633
�

17
5

��
12
5

��
7
4

��
3
3

�
;

�
17
3

��
14
4

�
210

641 Write k = m−(m−k). Use the absorption identity to evaluate

nX
k=0

(m−k)

�
m−k−1
n−k−1

�
.)

643 11

644 a = 1990

645 True.

646 True.

647
�

20
8

�
(28)(312)

648
�

15
8

�
649 840

651 The 166-th

655
�

1000
6

�
656 0, as

�
15
1

�
=

�
15
14

�
,

�
15
2

�
=

�
15
13

�
, etc.

657 0

658 False. Sinistral side =

�
200
5

�
, dextral side =

�
200
17

�
659 The 62-nd.

663
�

12
2

�
664 6

�
10

1,1,8

�
+34

�
10

0,4,6

�
.

665
�

10
2,3,5

�
681 cos2 x = 1−sin2x
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683 logex > 1 if x > e

697 Let y = mxand divide the equations obtained and solve form.

6.2 Putu = x+2,v= y+3. Divide one equation by the other.

699 Let u = x+y,v = x−y.

749 The given equalities entail t
nX

k=1

(x2
k −xk)

2 = 0.

A sum of squares is 0 if and only if every term is 0. This gives the result.

750 The given equality entails that

1
2

�
(x1 −x2)

2 +(x2 −x3)
2 + · · ·+(xn−1 −xn)

2 +(xn −x1)
2
�

= 0.

A sum of squares is 0 if and only if every term is 0. This gives the result.

751 SinceaB< Abone hasa(b+B) = ab+aB< ab+Ab= (a+A)b so
a
b

<
a+A
b+B

. Similarly

B(a+A) = aB+AB< Ab+AB= A(b+B) and so
a+A
b+B

<
A
B

.

We have
7
10

<
11
15

=⇒ 7
10

<
18
25

<
11
15

=⇒ 7
10

<
25
35

<
18
25

<
11
15

.

Since
25
35

=
5
7
, we haveq≤ 7. Could it be smaller? Observe that

5
6

>
11
15

and that
4
6

<
7
10

. Thus by considering the cases with

denominatorsq = 1,2,3,4,5,6, we see that no such fraction lies in the desired interval. The smallest denominator is thus 7.

753 We have
(r −s+ t)2 − t2 = (r −s+ t − t)(r −s+ t + t) = (r −s)(r −s+2t).

Sincet −s≤ 0, r −s+2t = r +s+2(t −s) ≤ r +sand so

(r −s+ t)2 − t2 ≤ (r −s)(r +s) = r2 −s2

which gives
(r −s+ t)2 ≤ r2 −s2 + t2.

754 Using the CBS Inequality (Theorem 742) on
nX

k=1

(akbk)ck once we obtain

nX
k=1

akbkck ≤
 

nX
k=1

a2
kb2

k

!1/2 nX
k=1

c2
k

!1/2

.

Using CBS again on

 
nX

k=1

a2
kb2

k

!1/2

we obtain

nX
k=1

akbkck ≤
 

nX
k=1

a2
kb2

k

!1/2 nX
k=1

c2
k

!1/2

≤
 

nX
k=1

a4
k

!1/4 nX
k=1

b4
k

!1/4 nX
k=1

c2
k

!1/2

,

which gives the required inequality.
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755 This follows directly from the AM-GM Inequality applied to 1,2, . . . ,n:

n!1/n(1 ·2· · ·n)1/n <
1+2+ · · ·+n

n
=

n+1
2

,

where strict inequality follows since the factors are unequal for n > 1.

756 First observe that for integerk, 1< k < n, k(n−k+1) = k(n−k)+k > 1(n−k)+k = n. Thus

n!2 = (1 ·n)(2 · (n−1))(3 · (n−2)) · · ·((n−1) ·2)(n ·1)> n ·n ·n· · ·n = nn.

757 Assume without loss of generality thata≥ b≥ c. Thena≥ b≥ c is similarly sorted as itself, so by the Rearrangement
Inequality

a2 +b2 +c2 = aa+bb+cc≥ ab+bc+ca.

This also follows directly from the identity

a2 +b2+c2−ab−bc−ca=

�
a−

b+c
2

�2

+
3
4

(b−c)2 .

One can also use the AM-GM Inequality thrice:

a2 +b2 ≥ 2ab; b2+c2 ≥ 2bc; c2 +a2 ≥ 2ca,

and add.

758 Assume without loss of generality thata≥ b≥ c. Thena≥ b≥ c is similarly sorted asa2 ≥ b2 ≥ c2, so by the
Rearrangement Inequality

a3 +b3+c3 = aa2+bb2+cc2 ≥ a2b+b2c+c2a,

and
a3 +b3 +c3 = aa2 +bb2+cc2 ≥ a2c+b2a+c2b.

Upon adding

a3+b3 +c3 = aa2 +bb2+cc2 ≥ 1
2

�
a2(b+c)+b2(c+a)+c2(a+b)

�
.

Again, if a≥ b≥ c then
ab≥ ac≥ bc,

thus
a3 +b3+c3 =≥ a2b+b2c+c2a = (ab)a+(bc)b+(ac)c≥ (ab)c+(bc)a+(ac)b= 3abc.

This last inequality also follows directly from the AM-GM Inequality, as

(a3b3c3)1/3 ≤ a3 +b3+c3

3
,

or from the identity
a3 +b3+c3 −3abc= (a+b+c)(a2+b2+c2 −ab−bc−ca),

and the inequality of problem 757.

759 We applyn times the Rearrangement Inequality

ǎ1b̂1 + ǎ2b̂2 + · · ·+ ǎnb̂n ≤ a1b1 +a2b2 + · · ·+anbn ≤ â1b̂1 + â2b̂2 + · · ·+ ânb̂n

ǎ1b̂1 + ǎ2b̂2 + · · ·+ ǎnb̂n ≤ a1b2 +a2b3 + · · ·+anb1 ≤ â1b̂1 + â2b̂2 + · · ·+ ânb̂n

ǎ1b̂1 + ǎ2b̂2 + · · ·+ ǎnb̂n ≤ a1b3 +a2b4 + · · ·+anb2 ≤ â1b̂1 + â2b̂2 + · · ·+ ânb̂n
...

ǎ1b̂1 + ǎ2b̂2 + · · ·+ ǎnb̂n ≤ a1bn +a2b1 + · · ·+anbn−1 ≤ â1b̂1 + â2b̂2 + · · ·+ ânb̂n

Adding we obtain the desired inequalities.
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761 Use the fact that(b−a)2 = (
√

b−
√

a)2(
√

b+
√

a)2.

762 Let

A =
1
2
· 3
4
· 5
6
· · · 9999

10000
and

B =
2
3
· 4
5
· 6
7
· · · 10000

10001
.

Clearly,x2 −1 < x2 for all real numbersx. This implies that

x−1
x

<
x

x+1

whenever these four quantities are positive. Hence

1/2 < 2/3

3/4 < 4/5

5/6 < 6/7
...

...
...

9999/10000 < 10000/10001

As all the numbers involved are positive, we multiply both columns to obtain

1
2
· 3
4
· 5
6
· · · 9999

10000
<

2
3
· 4
5
· 6
7
· · · 10000

10001
,

or A < B. This yieldsA2 = A ·A< A ·B. Now

A ·B=
1
2
· 2
3
· 3
4
· 4
5
· 5
6
· 6
7
· 7
8
· · · 9999

10000
· 10000
10001

=
1

10001
,

and consequently,A2 < A ·B= 1/10001. We deduce thatA < 1/
√

10001< 1/100.

763 Observe that fork≥ 1, (x+k)2 > (x+k)(x+k−1) and so

1
(x+k)2 <

1
(x+k)(x+k−1)

=
1

x+k−1
−

1
x+k

.

Hence

1
(x+1)2 +

1
(x+2)2 +

1
(x+3)2 + · · ·+ 1

(x+n−1)2 +
1

(x+n)2 <
1

x(x+1)
+

1
(x+1)(x+2)

+
1

(x+2)((x+3))

+ · · ·+ 1
(x+n−2)(x+n−1)

+
1

(x+n−1)(x+n)

=
1
x

−
1

x+1
+

1
x+1

−
1

x+2
+

1
x+2

−
1

x+3

+ · · ·+ 1
x+n−2

−
1

x+n−1
+

1
x+n−1

−
1

x+n

=
1
x

−
1

x+n
.

764 For 1≤ i ≤ n, we have����2i −1−
1
n

����≤ 1−
1
n

⇐⇒
�

2
i
−

�
1+

1
n

��2

≤
�

1−
1
n

�2

⇐⇒ 4
i2

−
4
i

�
1+

1
n

�
+

4
n
≤ 0 ⇐⇒ (i −n)(i −1)

i2n
≤ 0.

Thus ����� nX
i=1

xi

i

�����= 1
2

����� nX
i=1

�
2
i
−

�
1+

1
n

��
xi

����� ,
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as
X
i=1

xi = 0. Now ����� nX
i=1

�
2
i
−

�
1+

1
n

��
xi

�����≤ nX
i=1

����2i −1−
1
n

���� |xi | ≤
�

1−
1
n

� nX
i=1

|xi | =
�

1−
1
n

�
.

765 Expanding the product
nY

k=1

(1+xk) = 1+

nX
k=1

xk +

nX
1≤i< j≤n

xix j + · · · ≥ 1+

nX
k=1

xk,

since thexk ≥ 0. Whenn = 1 equality is obvious. Whenn > 1 equality is achieved when
nX

1≤i< j≤n

xix j = 0.

766 Assumea≥ b≥ c. Puts= a+b+c. Then

−a≤ −b≤ −c =⇒ s−a≤ s−b≤ s−c =⇒ 1
s−a

≥ 1
s−b

≥ 1
s−c

and so the sequencesa,b,c and
1

s−a
,

1
s−b

,
1

s−c
are similarly sorted. Using the Rearrangement Inequality twice:

a
s−a

+
b

s−b
+

c
s−c

≥ a
s−c

+
b

s−a
+

c
s−b

;
a

s−a
+

b
s−b

+
c

s−c
≥ a

s−b
+

b
s−c

+
c

s−a
.

Adding these two inequalities

2
�

a
s−a

+
b

s−b
+

c
s−c

�
≥ b+c

s−a
+

c+a
s−b

+
c+a
s−c

,

whence

2
�

a
b+c

+
b

c+a
+

c
a+b

�
≥ 3,

from where the result follows.

767 From the AM-GM Inequality,
a+b≥ 2

√
ab; b+c≥ 2

√
bc;c+a≥ 2

√
ca,

and the desired inequality follows upon multiplication of these three inequalities.

768 By the Rearrangement inequality
nX

k=1

ak

k2 ≥
nX

k=1

ǎk

k2 ≥
nX

k=1

1
k
,

asǎk ≥ k, thea’s being pairwise distinct positive integers.

769 By the AM-GM Inequality, �
1
x1

1
x2

· · · 1
xn

�1/n

≤

1
x1

+
1
x2

+ · · ·+ 1
xn

n
,

whence the inequality.

770 By the CBS Inequality,

(1 ·x1+1 ·x2+ · · ·+1 ·xn)
2 ≤

�
12 +12+ · · ·+12

��
x2

1 +x2
2 + · · ·+x2

n

�
,

which gives the desired inequality.
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771 Put
Tm =

X
1≤k≤m

ak −
X

m<k≤n

ak.

ClearlyT0 = −Tn. Since the sequenceT0,T1, . . . ,Tn changes signs, choose an indexp such thatTp−1 andTp have different
signs. Thus eitherTp−1−Tp = 2|ap| or Tp −Tp−1 = 2|ap|. We claim that

min
���Tp−1

�� , ��Tp
���=≤ max

1≤k≤n
|ak| .

For, if contrariwise both
��Tp−1

��> max
1≤k≤n

|ak| and
��Tp
��> max

1≤k≤n
|ak|, then 2|ap| = |Tp−1−Tp| > 2 max

1≤k≤n
|ak|, a contradiction.


