SO GIAO DUC VA PAO TAO

TiINH QUANG NAM NAM HOQC 2023 - 2024 POT 1

HUONG DAN CHAM VA DAP AN
_ Mén: TOAN
(Huong dan cham nay gom co 10 trang)

KY THI CHON HQC SINH GIOI CAP TiNH THPT

Noi dung

Piem

Caul
(3,0d)

Vx—fy+14x =y +x-3y-2=0

Gidi hé phuong trinh
27x°y +27x> —54xy —76x—20y =22+ 3/80x+y 7

(x,yeR).

3,0

- Piéu kién: x>0, y>-1.

- Nhan xét: (x;y)=(0;-1) la nghiém cta hé.

- Xét (x;p)#(0;-1):

Phuong trinh thir nhét ciia hé twong duong voi phuong trinh

Wx=y+D+(x* =)+ Q2x-2y)—x—y-2=0

+(x+y+2)(x—y-1)=0

- x—-y-1
\/;+«/y+l

1
-y-)| —=——— 21=0
S (x—y ){\/;4_ y+1+x+y+ J

X 1
Sy=x-1 VIl —————+x+y+2>0)
Jx+ y+1

Thay y = x—1 vao phuong trinh tht hai cua h¢ ta dugc:
27x’ —54x% —42x =2+3/81x -8

& (x-2) +(x-2) = (BL—8) +BIx—8 (%)

Ham sb f(t)=1 +1 co f'(£)=3t*+1>0,VtcR nén ham sé f(z) dong bién trén R,

Do d6, pt (**) <>3x—2=3/81x—-8 <> x =0 hodc x= 3+§\/g hoac x = 3_?/8 (loai)
Vay hé phuong trinh da cho ¢6 2 nghiém: (0; 1), (BJF?/E : #J
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Céiu 2
(2,0a)

u, >0

Cho day 50 (u,,) dwoc xac dinh nhu sau: 1412 .
U, =——-,vneN

n+l
un

Chirng minh day s6 (u,) co gidi han hitu han va tim gici han do.

2,0

- Nhan xét: u, >0,vneN".

1+u> 1 2
u . = & =

n+l 2
2I/ln U, 1+i
u,
: x, >0
bat x, =—. Khi d6 ta co: 2 .
u X ., = VneN

n n+l 2

1+x

n

- Nhéan xét: x, >0,Vrne N’

2
Xét f(x)=1 7 (x>0) va g(x) = f(f(x))
+X
f(x)= %< 0 Vx>0= f(x) nghich bién trong khoang (0;+x) va g(x) dong
x

bién trong khoang (0;+ ).

Do g(x) dong bién nén (x,,)1a ddy so don diéu va 0<x,, <2. Suyra (x,,)co giéi han.

Giasu limx,, =« , khid6 0<a <2 («a l1a nghiém cia phuong trinh g(x) =x)

- Tuong tu, day sb (x,,,, ) cling c6 gi6i han, goi giéi handé 1a B (0< f<2)

2
. 2 1+ B 2=a(l+ %) ~ NI
Tuxnﬂ_—j,suyra B ®{2=ﬂ(1+a2):(0{ P)af—-1)=0 (*)
Cl+d

*Khi gf=1= a+f=2.Khido a,f lahai nghiém ciua phuong trinh:
X’ 2X+1=0 X=lca=p=1.

*Khi g =p,trhétréntacd: a’ +a-2=0=a=1.

Do d6 limx,, =limx,,,, =1. Suy ra diy sb (x,) co gidihanla 1.

1 ; o
Ma x, =— nén ddy s6 (u,) ¢ gi¢i hanla 1.
u

n

+u?

1 .
* Cach khac: Taco u, >0,Vn.Dat u = L. VneN (1)

1 2
2u
n

2

1 1 1
T (1)suyra u :—+—>5,‘v’n. Do do6 u, >%,Vn22.

2un

Xét ham sb f(x)—Hx2 xe(%ﬁoo],cé f'(x)=;3<0,Vx>%.
JE

Suy ra f(x)<f[%j:§,Vx>— .

_2x2’
1
2
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Diy s6 (un) codang u , = f(un) Suy ra %< u, <§,Vn >3, tac la day (un) bi chan.

Vi f(x) nghich bién trén [%,gj nén f(f(x)) ddng bién trén [%,gj Do d6 hai day (u2n) va

(u2 ) c6 tinh don di¢u ngugc nhau.
n+l

Két hop voi day (u, ) bi chan suy ra hai day (u,, ) va (u,,,, ) ¢ gi6i han.

15 15
biat limu, =ae|—;— |, limu,  =be|—;—|. Qua gidi han tir (1), ta dugc:
* 2n |:2 2j| 2n+1 |:2 2j| Q g ()
a_1+b2
h 2 2ab* =1+ b*(2
2b PN a ()(1)
b_1+a2 2a’°b=1+a*
24*

=b(3
Suy ra 2a’b—2ab’> =a’ — b’ <:>(a—b)(2ab—(a+b))=0<:> a=b(3)
2ab=a+b(4)
Thay (3) vao (2), taduge 2a’ =a* +1<a=1,suyraa=b=1.

Thay (4) vao (2), ta duogc (a+b)b=1+b2 Sab=1=a+b=2.

Do d6 a,b 1a nghiém phuong trinh x> —2x+1=0< x=1.Suyraa=b=1.
Nhu vay hé (I) c6 nghiém duy nhat a=b=1.

Suyra limu, =limu, =1,dodo limu =1.

1
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Cho tam gidc nhon ABC (AB < AC). Puong tron (O) lan lwot tiép xiic véi ba canh

Ciau 3 | AB,BC,CA tai ba diéem M,N,K. Goi S,R lan lwot la giao diém cia dwong phan gidc 5.0
(5,0d) | ngoai géc A ciia tam gide ABC véi hai dwong thang KN,MN. Goi I la giao diém cia ’
hai dwong thang MS va KR, dwong thang AN cat dwong tron (O) tai diém thir hai la J.
a) Chimg minh I thuéc (O) va %:ﬁ 1,5
sin KMN KJ
s
3a
1,5d)

(Hoc sinh khong vé hinh — khéong cham)

Taco: RS//IKM = ,TJQTV;KMszﬁ\C
Do d6 tr giac AKNR noi tiep duong tron.

Tuong ty, tir gidc AMNS n6i tiép dudng tron.
= RKN +SMN = RAN + SAN =180° .
Do d6 tir giac MNKT ndi tiép duong tron hay / € (O)

Taco: IMK = ISA= ANM = KI = MJ

Tt giac MNKJ néitiép (O) co giao diém hai tiép tuyén tai M, K nam trén duong thang
NJ nén MNKJ 1a ti giac diéu hoa.
Do do MN _ MJ

KN KJ

MN _KI _ sinMKN _ KI
KN KJ  sinKMN KJ

* Luu y: Tacod: AKNR va AMNS déu noi tiép duong tron. Do d6 A 1a diém Miquel cua tir gidc toan
phan NKIMRS .Ma A thudc RS nén tir gidc MNKI ndi tiép. Suyra 7 € (0).
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3b
3,5d)

Puong tron ngoai tiép tam gide AMK cdt dwong tron ngogi tiép tam gidc ABC tai diém
thit hai la D, OD cdt MK tai E. Goi (T) la duong tron di qua D va tiép xiic véi BC tai
N . Ching minh rang (T) tiép xiic véi dwong tron ngogi tiép tam gidc ABC va EN la
dwong phan gidc cua goc BEC .

3,5

F

T T T T

Suy ra hai tam giac DBM va DCK dong dang

Do do E=%=ﬂ:> DN 1a phan giac cua BDC .
DC CK CN

Goi X 1a tam ctia dudng tron ngoai tiép tam giac ABC, Y 1a tim ctia dudng tron (7).
Goi F 1a giao diém thir hai ctia duong thang DN va dudng tron ngoai tiép tam giac ABC .
Khi d6 F 1a diém chinh giita ctia cung nhé BC.

= YN//XF (cung vudng goc véi BC)

—_—  — -

= NDY = DNY = DFX = FDX

= X, Y, D thiang hang. Suy ra (T tiép xtic v6i dudng tron ngoai tiép tam giac ABC .

Goi L, P,Q lan luot 14 trung diém ctia KN, MN,KM ; r 1a ban kinh ctia (O)
0Q.04=0P.0B=0L.0C = .

Suy ra phép nghich dao / g tim O, phuong tich »* bién tam giac ABC thanh tam giac
OPL.
Do do6 1 (’; : (ABC)— (OPL) (v6i (QPL) duodng tron Euler cta tam giac MNK )

Ma OD.OE =04.00=r> =1, : D>E
Laico6 De(ABC) nén E e(QPL)
Suy ra £ la chan duong cao vé tr N cua tam gidc MNK hay EN vudng goc MK

Do BN CK AM _ | nén theo dinh li CEVA thi AN, BK,CM dong quy tai 1 diém Gergone

CN AK BM
Goi T la giao diém cia MK va BC,tacd (TNBC)=-1= E(TNBC)=-1

Ma ET vudng goc EN nén EN la phan gidc cia goc BEC .
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Cau 4
(2,0d)

Cho p la s6 nguyén t6 I6n hon 3.
a) Xét da thire f(x)=(x+1)(x+2)..(x+p-1)=x"" +ap_2)c‘”’2 +..+ax+(p-1)!
Chitng minh rang a;:p véimoi i=1,2,..., p—2.

b) Chimg minh ((p11)!j”+((p;1)!j”+" [(p )J chia hét cho p° .

p-1

2,0

a) f(x)=(x+1)(x+2)...(x+p—1)=x”’l+ap_2x”’2+...+a1x+(p—l)!
Xét da thic baic p—2: O(x) = f(x)—(x"" =1)
Taco 9()=Q2)=...=0(p—-1)=0 (mod p)

Suy ra Q(x) 6 p —1 nghiém theo modulo p, ma Q(x) la da thirc bic p—2 nén cac hé s6
a:p.

0,5

P p p
b) Ta co: ((plzl)!j J{(p—l)!J :[ (p—l)!j (k" +(p=h)")
p—k k(p—k)
k" +(p=k)' =k’ —k" +C k" .p' =Co k"2 .p* +Co k" p* — ..
=p k" —C k" P +C kT p -

Ma —C;.kp_z.p2+C;.k”_3.p3—... chia hét cho p* nén k% +(p—k)” = p* k"' (mod p*)

Do @6, ta chi can chiing minh tong cta cac s6 hang [ (ED 3()) K77 chia hét cho p, véi
k(p—

(p-

!
Taco k””' =1(mod p) va a” =a(mod p), v6i a = k(—ll)c) (dinh Iy nho cua Fermat)
p—

Ta di chiing minh z (p=D)! ch1a hét cho p .
i k(p—k

! !
Ta co mal ( 1) D! j Do @6, ta di chirng minh:
k(p k)

1M M — .
1).+(p 1)'+...+(p—1)'=(p—l)!(l+%+...+Lj chia hét cho p?

1 2 p-1 1 p—1

Theo dinh li Viet cho f(x) thi @, =(p —1)!(l+l+...+Lj.
1 2 p-1
Twra) thay x=—p vao f(x)tadugc
) =(p+D)(=p+2)..(-1)=(=D)""(p-D!=(p—-D! (doplasdle)
Mi f(=p)=(=p)"" +a,,(=p)" " +..+a (=p)+(p-1)!

Suyra (=p)"" +a, ,(-=p)" +..+a,(-p)’ =a,p (¥

Vi aip nén VI(*)ip’, dod6 a,pip’ hay aip’.

-1 —1)! —! .
Vay (p-D! l+1+ A : :p” hay (P 1).+(p 1)'Jr...+(p D! chia hét cho p~.
1 2 p-1 1 2 p-1

Suy ra diéu phai chimg minh.

1,5

* Lwu y: Hoc sinh c6 thé néu l+1+...+L =0(mod p°) (Do dinh 1i Wolstenholme)
1 2 -1
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Cau s
(3,0d)

Tim tat cd ham s6 f:R—R théa man
S(x+ S+ )+ f()=x+ f(x+p)+f (x), Vx,y R (%)

3,0

Thay y =1 ta dugc f(x+f(x+1))=x+f(x+l) 1)
Khi d6, x+ f(x+1) la diém c6 dinh cia ham f vé&i batky xeR.

-TH1: f(0)#0

+Thay x=0 taduge f(f(1))+/(0)=f(»)+2/(0)

Néu v, la diém c6 dinh cia ham / thi ta co:
f(f(yo))+f(0)=f(yo)+yof(0)<:>yo+f(0)=J’o +,/(0) <y, =1.
Do do: x+ f(x+1)=1= f(x)=2-x véimoix € R.

Thu lai f(x)=2-x théa man.

-TH2: £(0)=0
+ Thay y =0 va x boi x+1 ta dugc f(x+f(x+l)+l):x+f(x+1)+l ?2)
Khi d6, x+ f(x+1)+1 la diém c6 dinh cia ham / véibatky xeR.

+ Thay x =1 ta dugc f(1+f(y+1))+f(y):l+f(y+1)+yf(l) 3)
+ Thay x=-1 vao (1) ta dugc f(—1)=—1

+ Thay y =-1 vao (3) ta duoc f(l):l

Do d6, (3) viétlai f(1+ f(y+D)+ /() =1+ f(y+D)+y @)

Tl (4), néu y,, y,+1 la diém cb dinh thi y, +2 ciing la diém c6 dinh.

Do d6, tir (1) va (2) suyra x+ f(x+1)+2 ciing la diém c6 dinh ciia ham /' vdi bat ky
xeR

Tocld f(x+f(x+D)+2)=x+ f(x+1)+2.

+ Thay x boi x—2 taduge f(x+ f(x—1))=x+ f(x—1)
+ Tur (*), thay y =—1 ta duoc
S(x+ =)+ f(=x)=x+ f(x=1)= f(x) = f(=x) == f(x).

Tac / 1a ham sd 1é.

+ Tu (*), thay (x,y) boi (-1,—y) ta dugc

S(F1+fE1=0)+ f () ==1+ f(=1= )= yf (1)
S—f(1+fA+)+ ) =-1-f1+y)+y ()

Tir (4) va (5), cong vé theo vé suy ra duge: f(y)=y v6i bat kyyeR hay f(x)=x,

VxeR.
Thu lai f(x) = x thoa man.

Vay c6 hai ham s thoa dé 1a: f(x)=x, f(x)=2—x.
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Cau 6
(2,0a)

T6 mau tat ca cdc dinh ciia da gidc déu (T) ¢6 12 dinh bang hai mau khdc nhau, moi dinh t6 mét mau.
a) Hoi ¢6 bao nhiéu cdch t6 mau sao cho khéng c¢é tam gide déu nao ma tat ca cdc dinh ciia
no cung mau (cdc dinh cua no la dinh cua (T))?
b) Hoi ¢é bao nhiéu cach té mau sao cho cé it nhat mét da gide déu ma tat ca cde dinh ciia
no cung mau (cdc dinh cua no la dinh cua (T))?

a) S cach t6 mau mot tam gidc déu khong c6 tat ca cac dinh cing mau 1a 2° —2 =6 cach.

Suy ra cach t6 mau sao cho khong c6 tam giac déu cing mau 1a: 6.6.6.6 =1296 cach 0>
b) Trudc hét, ta di tinh s6 cach t6 mau sao cho khong cé da giac déu nao ma tat ca cac
dinh cta n6 cung mau.

- Pé cho gon, ta ndi mdt da gidc déu cing mau dé thay cho da giac déu co tit ca cac
dinh cung mau. Gia st hai mau d6 1a dé va xanh.

- Hién nhién chi can quan tdm dén tam giac déu va hinh vudng. Cac dinh cua da giac
déu (T) c¢6 12 canh tao thanh 4 tam giac déu va 3 hinh vudng.

* Trong 1296 cach t0 mau sao cho khong co tam giac déu cung mau, ¢ cach dé to
hinh vuéng cung mau.

- Pé ¢6 mot hinh vudng cling mau ta 1am nhu sau:

+ Chon ra 1 hinh vudng c6 C; cach chon.

+ Hinh vuong duoc t6 mdt mau, c6 2 cach.

+ Mbi dinh ctia hinh vudng twong tng 1a 1 dinh tam gidc déu; dé tam giac déu nay
khong cung 1 mau thi hai dinh con lai c6 3 cach.

Do d6 dé c6 mot hinh vudng ta co: C3.2(3.3.3.3) = 486 céch.

(Néu dinh @6 mau dé thi hai dinh kia cia tam gidc déu khong cing mau phdi la: dé-xanh,
xanh-do, xanh-xanh (dinh thir ba cua tam giac déu khéng ciing mau la mot dinh ciia hinh vuong
cung mau dang xét); Moi dinh hinh vuéng la 1 dinh cua 1 tam giac déu, voi 4 dinh tuwong trng 4
tam gidc déu, khi do du tat cd cdc dinh cia da gide déu 12 dinh, nén khong thé xday ra khd nang
con tam giac déu cung mau,).

- P& ¢6 hai hinh vuong ma méi hinh ciing mau ta lam nhu sau:

+ Chon ra 2 hinh vuéng c6 C32 cach chon. s

(cd 3 dinh ciia tam gidc déu khéng thé la cdc dinh trén hai hinh vuéng)

+ Ca hai hinh vudng t6 ciing mot mau ta c6 2 cach; khi ¢6 mdi tam giac déu luén c6 2
dinh (cung mau) tir 8 dinh cta hai hinh vuéng, do d6 dinh con lai phai khac mau c6 1 cach.

+ Hai hinh vuéng, mdi hinh mdi mau: c¢é 2 cach;

Hinh vudng con lai c6 4 dinh, mdi dinh twong tmg 1a 1 dinh cta tam giac déu ma hai
dinh c6 2 mau khac nhau trong 8 dinh cta hai hinh vudng (dinh con lai la dinh cua hinh
vudng con lai, khi dé hién nhién tam gidc déu nday khéng cing mau). Do d6 ¢b 2.2.2.2
cach. Vay dé c6 hai hinh vuodng ta co: C32 [2.1 + 2.(2.2.2.2)] =102 cach

- Pé ¢6 ba hinh vuéng ma moi hinh cing mau (chi can xét ba hinh vuéng véi moi hinh
cung mau nhung cd ba hinh khéng cing mot mau (vi xét tir kha nang khong co tam giac
déu nao ciing mau nén tat ca kha nang nay khong xday ra 3 hinh vuéng cing mét mau)) ta
c6: 2.2.2 - 2= 6 cach.

Suy ra cac cach to mau dé khong c6 da giac déu nao cung mau la:
1296 — (486 — (102 —6)) =906 cach

Vay s6 cach t6 mau ma it nhdt mot da gidc déu cing mau 1a: 2'> —906 = 3190 cach.
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Quy udc: Mot da gidc co tit ca cac dinh cung mau goi 1a da gidc ciing mau.
* C6 4 tam giac déu, cac tam giac déu nay khong co dinh chung, mdi tam gidc c6 6 canh t6 tao
thanh tam giac khong cung mau. Suy ra c6 6* =1296 cach. Trong s6 ndy, ta xét 3 truong hop
a. Co dung 3 hinh vudng cung mau va 3 hinh vudng nay khong cuing mau véi nhau c6 6
cach to.
b. Co dung 2 hinh vudéng cuing mau c6 C;.2.(2* —2) =84 cach. ( Chu y khong co truong
hop 3 hinh vuéng cuing mau ma cung mau véi nhau )

c. Co6 dung 1 hinh vudéng cing mau c6 C).(2.3* -6 —%.84) =300 cach. (Do 4 dinh cta hinh

vuédng 1a 4 dinh cua cac tam giac déu khac nhau va v6i mdi cach té mau 1 dinh hinh
vudng cung mau ¢ 3 cach té mau 2 dinh con lai cia tam giac déu twong tng )
* S6 cach t6 khong c6 tam gidc déu cung mau, tir gidc déu cting mau va khi d6 ciing khong co
luc gidc déu cing mau va 12-giac déu ciing méau 1a 1296 —6 -84 —300 = 906.
* Vay s6 cach to co it nhét 1 da giac déu cing mau 13 2'> =906 =3190 cach.

Trang 9/10



Cau 7
(3,0d)

Cho ba s6 thie X,y,z thudc khoding (0;1) va théa man (1-x)(1—-y)1-z)=xyz. Tim

2 2 2
s , £, . 2 , X z

gid tri nho nhat cua biéu thuc T=—+y—+—+x+y+z-
y z x

3,0

2 2 2 2 2 252
Ta c6: T22J£L+y—+ij(x+y+z)22\/%(x+y+z)
y z x xX’y+y’z+zx

P 22 2 (x+y+z)
(Swr dung bat dang thirc EIRAP AN u
a b ¢ a+b+c

()c2 +y2 +zz)(x+y+z)

X’y+y’z+zx

Hon nira, ta c6 >3 (%)

That vay, (*) < (2 +x3°)+ (3 +y2°) +(2° +2x°) 2 2x°y + 2y’ z + 22°x
(BDT nay ludn dung, ddu bang xay rakhi x=y=z)

Do d6 T >23(x> + y* +2°)

- Nhdn xét: Trong ba s6 X, ¥,z ludn c6 it nhat hai sd, sao cho chung cung Ién hon hodc
bang hodc cung nhé hon hodc bang sb m tuy y.
: . 2 1 :
Giasu, haisodola x,y va m ZE. Khi d6 ta co:
1

(x—zj(y—%jZOQ4xy22x+2y—1<:>4xy222xz+2yz—z(1)

Tir gia thiét: (1-x)(1—y)1-2)=xyz < dxyz +2x+2y+2z=2xy+2yz+22x+2 (2)
T (1) vaR)suyra: 2(1-x)(1-y)2z2(1-x)1-y)(1-2) 2 z(1-2)
S2xyzzz(l-z)o2xy2(l-z) & 2xp+z2>1.

1 1 1
Hon nita: x> +y° +2z° —(2xy+z)=(x—y)’ +(z—5)2 _ZZ 2

1 1 3
Sx Y+ 22—+ Qxp+z) 2 ——+1==
y 2 (2xy +2z) 1 2

ST 223(x*+y +2°) > 21f3% =3

1
Vay minT =3 khi x=y=z=5.

Chii y: Néu hoc sinh c6 1oi gidi diing, khdc véi dap an, Giam khdo can civ thang diém cdu
twong ung cho diem phu hop.
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