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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

A PHCN Meée ®Cu
I. Ly do chan ®O tpi:

Trong ch—ng trxnh to,n THPT cuc trb Iu phCn hEp dEn, l«i

cuén tEt ¢ nh+ng ngéi hac to.n vu lum to,n. C.c bui to,n npy
rEt phong phé vu ®a d'ng .
Vx VEy, c.c bui to n cuc trb ciia hum sé théng xuy2n cd m/At
trong c,c kx thi tét nghiOp THPT cong nh trong c,c kx thi hac
chan sinh gidi quéc gia, quéc tO vu ¢ c ®O0 thi vpo ¢ c tréng C§,
§H .

§O gifi quyOt nd ®Ri hai ngéi hac to_n vy lum to,n phi linh
ho't v VEn déng mét c ch hip ly trong tdng bui to,n. TEt nhi2n
®@ng tric mét bui to n cuc trb thx mc¢i ngéi ® Ou c& mét hing
xuEt ph .t rigng cAa mxnh. N&i nh vEy ca nghUa Ip c& rEt nhiOu
ph—ng ph,p ®0 ®i ®0On kOt qu{ cuéi cing cfia bui to_ n clc trp.
§iOu quan tréng Iy ta ph¥i Iua chdn ph—ng ph,p nuo cho I&i gifi
téi u cla bui to,n. ThEt Iu khd nhng cong thé vb nOu ta txm ®ic
®éng léi ®6ng ®%n ®O gifi quyOt na .

D1y hdc sinh hac to,n kh«ng ch@ cung cEp nh+ng kiOn thac
c— b¥n, nh+ng d'ng bui tEp vEn déng trong s,ch gi,o khoa,
s.ch tham khfo mu ®iOu quan trédng Ip hxnh thpnh ¢ ch t duy
trong suy IuEn to n hac cfia mci hac sinh th«ng qua c,c ph—ng
ph.p gifi to,n, td ®a gidp c,c em ca n"'ng luc t duy logic, ®éc
IEp s.ng tlo ®O hopn thiOn ki n"ng, kil xYo trong hac tEp vu
ph .t triOn nh©n c_ch cfa hac sinh.

Vx VEy, ®0 giép c,c em tu tin h—n trong viOc hac ton, t«i
x©y dung ®O tui : “Mét sé ph—ng ph . p gifi bpi to_n cuc
trb cha hpum se”.
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Td ®a gidop nh+ng ngéi hac to,n vu lum to,n ca th2m c«ng
cd ®O gifli quyOt c c bpito . n clc trp .

Il. Mé6c ®Ych s_ng kiOn kinh nghiOm

-Giép cho hac sinh cé c,i nhxn kh i qu,t vO c,c ph—ng
ph,p txm cuc trb cfia hum se, td ®a hxnh thunh n2n c,c ph—ng
ph,p gifi to,n.

-Gap phCn ®aei mii ph—ng ph,p gifng d'y bé m«n theo h-
ing pht huy tYnh tYch clc, tu gi c, s, ng t'o cfia hac sinh. Gap
phCn n©ng cao chEt ling ®éi ngod hac sinh kh ,, gidi vO bé m«n
To,n é tréng THPT.

-Gap phCn hxnh thunh IBng say m2, su huo hgng hac tEp
m«n To,n, t0 ®a hxnh thunh vu ph .t triOn n"ng luc tu
hac, tu bai ding kiOn thgc cho hac sinh.

- Ngoupi ra, ®0 tui cBn cd thO Iu mét tpi liOu tham kh9o bae

Ych cho c.c btn ®3ang nghiOp trong viOc bai ding HSG, luyOn
thi §H, CS§.
11l. NhiOm vé nghi2n cgu
§O ®1t tét kOt qui cfia ®O tpi, ngéi nghi2n cgu phYi lum ®ic
nh+ng y2u cCu sau:
- Ph9i n¥m thEt v+-ng nh+ng vb trY, moc tidu, ® £c ®iOm
vl hO théng ch—ng trxnh to,n hac é bEc THPT.
- Ca c,inhxnkh.,iqu.tvO ly thuyOt cfia bpi to,n cuc trp cfia
hum nhiOu biOn & bEc ®1i hac ,p déng vuo to, n hdc THPT
dii gdc nhxn to,n hac s— cEp. Td6 ®4a gap phCn giép gi,o
vign THPT hiOu ®1ic bin chEt cfia vEn ® 0O, ®0 ,p dbng
vHo tdng ®&i ting hac sinh mét c_ch c& hiOu quy nhEt.
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

- N©ng cao dCn trxnh ®¢é hac to,n vu lum to, n cfha hac
sinh THPT ® ,p gng ®ic nhu cCu cha x- héi trong théi ku
CNH, H§H ®Et nic.

IV. §ei ting vp ph*m vi nghi2n cou

- Seiting “Mét se ph—ng ph,p gifi bui to,n cuc trbp cha
hum se” é tréng THPT.

- Ph'm vi nghi2n cgu Iy hac sinh khei lip 10 tréng THPT Y2n
L-ng

S . ng kiOn kinh nghiOm gém 2 ch—ng

Ch—ng 1: Gifi bui to_n cuc trb cAa hum s& b»ng miOn gi,
trp.
Ch=ng 2: Gifi bui to,n cuc trb chAa hum se b»ng ph—ng

ph p hxnh hac.
Trong c.c ch—ng thx sau phCn trxnh bpuy ly thuyOt Iy mét
sé bui tEp ®a ra nh»m minh hda cho ly thuyOt ® ®a ra é tran .
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

V. Ph—ng ph,p nghi2n cgu.

- Nghi@n cgu c— sé ly IuEn vp thuc tiOn d'y hiac “Mét se
ph—-ng ph, p gifi bui to,n cuc trb cha hum se"” trong ch—ng
trxnh to,n hac THPT.

- Nghi2n cgu nh+ng kh& kh™n cfia hac sinh trong viOc gifi
bui to, n clic trb cia hum sé, td ®a txm ra hing gifi quyOt.

§O tui ®ic tiOn hunh nghign ceu, thuc nghiOm é c c lip 10
tréng THPT Yan L-ng. §%&c biOt & c_c lip chan, lip chuy2n ®0. §0
tui cBn Iu mét tpi liOu rEt tét cho ¢, c bln hac sinh khéi 12 chuEn
bb thi viao §H, C§ v luyOn thi hac sinh giai .
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

B. Nél DUNG

Ch-ng 1: Gifli bpi to ,n cuc trb chna hpm se
b»ng miOn gi, trb

1.1 Ph—-ng ph _p chung
Muén txm gi, trb lin nhEt, gi, trb nhd nhEt ca hum sé
y =f(x) tren miOn D ta lum nh sau :
Gai yo Iu mét gi, trp tuld cfia hum sé tréan D ®iOu ®4& c3
f(x) =y, (LD

nghUa Iu hO sau ® ©y ca nghiOm
xeD (12)

Tul tdng dng bpi cAa hO (1.1),(1.2) mp ta cd ®iOu kiOn ca
nghiOm thYch hip. Trong nhiOu tréng hip ®iOu kiOn Ey (sau khi
biOn ®sei wvu rét gdn sl ®a vO  d'ng)
a <Yy, <p (1.3)

VX yo lu mét gi, trb bEt kx cia f(x), n2n td (1.3) thu ®ic
minf(x) =a vu maxf(x) =p
xeD xeD

Nh vEy ®O txm gi, trb lin nhEt, nhad nhEt cfia hum sé& nOu
ding ph—ng ph,p nuy, ta quy vO viOc txm ®iOu kiOn ®0 mét
ph—ng trxnh (thgm ®iOu kiOn phd) ca nghiOm .

1.2. KOt qui ®iOu tra kh'o s _t thuc tiOn vu gifi ph_p

§O thuc hiOn ®O tui nuy t«i cho ¢ c lip tran lum mét sé byi
to.n vO gi, trb lin nhEt, gi, trP nha nhEt nh sau:
Bui tEp 1.1: Txm gi, trb lin nhEt, nha nhEt cla hum sé

2x*+10x+3 -
f( )= 2 ’ I |
X+ 2x+1
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Léi gifli ®ong:
Gai yo Il gi, trb tud y cha hum se. Khi ®a ph—ng trxnh sau

ca nghiOm
2x° +10x + 3 _
+2x+1 70
(1.4)
Do 3 +2x+1>0,"x1 | nan to (1.4)

= 2X° +10x + 3=3x%y, + 2Xy, + Y,
= (By,- 2)x* +2x(y,- 5)+y,- 3=0
(1.5)

* 3y,- 2=0= vy, :g thx Y,-5#0 vEy (1.5) hiOn nhign ca
nghiOm tgc Iy f(x) nhEn gi, trp % vii mai gi, trb xI |

%3y, - 2200 v, ;% thx (1.5) Iu ph—=ng trxnh bEc hai ®&i vii
x. Do ®a
(1.5) ca nghiOm khi v ch@ khi A"=-2y; +19y,- 35>0 < gsyo <7

<y, <7

o

N U

KOt hip cq hai tréng hip ta ®ic

wlinN

Yo =

(1.6)  T0(16) tasuy ra mexf(x) =7, minf(x) =

~

x| x|

Lip 10A1 ca 18/45 hac sinh cho Iéi gifi ®6ng, 15 hac sinh
ca léi gifi sai vu 12 hac sinh kh«ng ca I&éi gif.

wlinN
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Lip 10A2ca 15/45 hac sinh cho |éi gifi ®4ng, 24 hac sinh
ca léi gifi sai vy 11 hac sinh kh«ng ca léi gifi.

Lip 10A4 ca 10/46 hac sinh cho |éi gifi ®6ng, 26 hac sinh
ca léi gifi sai vy 10 hac sinh kh«ng ca léi gifi.

Buito.n 1 Ip bui to.ntxm gi, trb lin nhEt, gi, trp nha nhEt
hum se € mgc ®é trung bxnh kh, v ch@ meét sé hac sinh ca Iéi
gifi ®6ng. Nh+ng hac sinh ca léi gifi sai I[u do tYnh nhCm vp
mét se kh«ng ®PbPnh hing ®u—c c,ch gifi.

80 kh3%c phéc nh+ng sai ICm tr2n ta lum nh sau :
Bic 1: N2u ph—ng ph_p chung ®O Ium bui to n cuc trb cfa

hum ph©n thgc.

Bic 2: Cung cEp cho hac sinh ¢ ch gifi vu biOn IuEn ph—ng
trxnh bEc 2

_ Bic3:Cung cEp cho hac sinh ¢, ch gifi bEt ph—ng trxnh

bEc 2.

Bic 4: Cung cEp cho hac sinh ¢ ch gifli bpi to_n so s nh
nghiOm . ]

Bic 5: Ph©n tYch nh+ng sai ICm g&p phYi khi g&p mci
dng to,n. )

Sau khi ®a ra c,c nhEn xbt trén vu cho hac sinh [pm bui
t©p 1.2 ta thu ®ic kOt quy é c,c lip nh sau:
Bui tEp 1.2 Txm gi, trb lin nhEt, nh& nhEt cAa hum sé

_X2- 2x+2
X2+ 2X+ 2
Bui gifli

vii X1 j

LEy Y, thuéc miOn gi, trb cia hum sé khi ®3 $xI i ®0 sao cho

_XP- 2X+2

h—=n trxnh =
P g Yo X2+ 2X+2

ca nghiOm =

(Yo~ 12 +2(y, + Dx+2(y, - 1) =0 c& nghiOm
TH1:yo =1 —>x=0

Y, #1 - {yo #1 Y, #1

TH2: , &
{A >0 (y0+1)2- 2(y, - 1)’ >0 - Y2 +6y,- 1=0
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Yo #1
3- /2 <y, <3+ 22

VEy 3- 2J/2 <y, <3+ 2/2.T6 ®& suy ra

=

1
max Y =3+22 khi x=§°+1=-ﬁ . minY=3-23  khi

0

x:—y°+1=\/§.
yO'l

KOt qu9 thu ®ic é c_c lip nh sau:

Hac sinh cl3n Iong téng khi coi y In h»ng sé x Iy biOn sé.
Thg hai, khi nh©n 2 vO ®a vO ph—ng trxnh bEc 2. Txm ®iOu
kiOn c& nghiOm cfia ph—ng trxnh héc sinh & lip 10A2, 10A4 cRn
l6ng tong.

TEt c9 ¢, c 18i gifi sai ®O0u m¥ac phi mét trong c,c nhEn
xBt trén. Ngoui ra hac sinh cl6n kh«ng ch@ ra max, min ® £t t'i
®©u. C,c hac sinh kh«ng cé 1éi Iy do kh«ng biOt c,ch biOn IuEn
ph—ng trxnh bEc 2.

Lip 10A1 ca 35 hac sinh cho |éi gifi ®bng, 10 hac sinh ca
|&i gifli sai. (77,8%-22,2%)

Lip 10A2 ca 28 hac sinh ca l&i gifi ®6ng( 62.2%); 12 |é&i
gifli sai (26,7%) vu 5 hac sinh kh«ng ca léi gifi. (11,1%)

Lip 10A4 ca 25 hac sinh cho |éi gifi ®6ng(54,3%), 14 hac
sinh ca 1éi gifi sai (30,4%) vu 7 hac sinh kh«ng ca Iéi
gifi(15,3%).

Bui to,n 2 Iy mét bui to,n t—ng tu bui to,n 1, sau khi ®
hing dEn ph—ng ph_ p txm cuc trb ®- ca nhiOu hac sinh lum ®-
ic, ban cinh ®3 cBn nhiOu hac sinh Ium sai vy kh«ng biOt lum.

NhEn xPt: Ph—ng ph,p miOn gi, trb ca thO ,p déng ®0O

y_alx +bX+¢

Vi
ax’+b,x+c,

tXmM Ymax, Ymn C,C ph©n thgc ca ding

bZ- 4a,c,<0

Td nh+ng ph©n tYch tréan cho hac sinh lum mét sé bui tEp .p
déng nh sau:
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Bui tEp 1.3: Txm gi. trb lin nhEt, nhd nhEt cfia hum sé

2 4
f(X):3+ 4x +§X
(1+x%)

Bui gifi
Gai yo In gi, trb tud y cia hum se f(x). Khi ®a ph-ng
trxnh sau c& nghiOm

X 3+4x% +3x*
En x (1+X2)2 —Yo
(1.7)
(1.7) = (y,- Idx*+2(y,- 2)x*+y,- 3=0
(1.8)

* NOu yo = 3 khi ®3 ph—ng trxnh (1.8) tré thunh x2 =0 vEy
(1.8) cd nghiOm
x = 0.

* NOu Y, #3 khi ®& ph-ng trxnh (1.8) c& nghiOm < hO
sau ca nghiOm

(yo - 3+ z(yo - 2)t+ Yo- 3=0 (1.9)
t=0 (1.10)

Ta ca A =(y,- 2)°- (y,- 3 =2y,-5 . A'=0 oy, zg. Khi ®3& theo

-3 . .
Yo 3=1>0. VEy c.c nghiOm cfa ( 1.9)

®bnh ly Viet ta ca P=

0
cing dEu, t&d ®3 ®0 hO (1.9), (1.10) cad nghiOm thx ®iOu kiOn
U :
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

A =0 5 .
S_2-Y .4 ® Yo=3 cisyo<3.
2 Y,-3 2<y,<3

KOt hip cY hai tréng hip, ph—ng trxnh (1.8) ca& nghiOm

2
2

=

<Y, <3

N Ui

Nh vEy ta ®ic rpaxf(x)=3, rﬁnf(x)=
i i

NhEn xPt: Khi cho hac sinh lum bpui tEp trén ta cCn lu y nh sau:
Hum ph©n thgc trén cd ding tring ph—ng bEc 4 n2n nghiOm

cfia ph—ng trxnh ®iOu kiOn ph{i d—ng.

Bui 1.4 (ta mé réng ciia bui 1.3) Txm gi, trb lin nhEt, nha nhEt

2
cfia hum sé y:w tran ®on [0,2] .
X +2X+2
NhEn xPt: Bui tEp tEp nuy cd ding miOn x.c ®pnh D = [0,2].
Bui gifli

LEy Y, thuéc miOn gi, trb cfia hum sé khi ®3a 3IxeD ®O sao cho
ph—ng trxnh

_XP- 2X+2
X2+ 2X + 2

= (Y- 1)x? +2(y, +x+2(y,- 1) =0
(1.11)
ca nghiOm trong ®o'n [0,2] .Bui to,n quay tré vO txm tham sé

. ca nghiOm

yo ®0 pt (1.11) c& nghiOm trong ®o!n [0,2]. Ta c& c,c tréng hip
sau:

f(x)=(y, - DX* + 2(y, + Dx+ 2(y, - 1)
TH1: a = 0 hay yo= 1 khi ®3 x=0 €[0,2| - yo=1 tho{ m-n.
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

TH2: a#0
TH2.1: f(0)=2(yo-1), f(2)=10y,-2

f(0f(2) <0« 2y,- 1)(10y,- 2) <0 = %gyo <1

A'=0 -y +6y,- 1=0
(y,- Df(0)>0 2(y,- 1)’>0
TH2.2: 0<X, =X, <2< {(y - DF(Q)>0 < {(y,- D(20y,- 2)>0

0<><2 O<-y°7+1<2
L2 | Yo-1

3- /2 <y, <3+22

Yy <1 1

«117°°5 = 3- 22 <y, <=

Yo >1 >
1

1<y, <=

TSYs3

VEy miOn gi, trb cfla hum sé Iy 3- 22 <y, <1
Ymax=1 ®t ®ic khi x = 0, Yimin = 3-24/2 ®t ®ic khi x=4/2

X2+ PxX+q
x> +1 '

Txm p, g ®0O mexf(x) =9, minf(x) =-1.

Bui tEp 1.5 : Cho hum sé f(x)=

Bui gifli
Gai yo I gi, trb tuld y ciia hum se, khi ®a ph—ng trxnh

X>+pxX+q

2+l o

(1.12)
ca nghiOm En x .
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Ph—ng trxnh (1.12) < (y,- Dx*- px+y,- q=0
(1.13)

* NOu vy, =1thx (1.13) c& nghiOm khi P#0 ho/&Ec p = 0 vu
q=1

* NOu Y, #0 thx ph=ng trxnh ( 1.13) cd nghiOm khi A">0

< 4y?- 4(q+1Dy, - (p*- 4q) <O0.

(1.14)
XDt ph—ng trxnh 42 - 4(g+Dt- (p?- 4q)=0
(1.15)
Gai t1, t; Iu nghiOm cfia ph—=ng trxnh (1.15) thx nghiOm cfa
bEt ph—ng trxnh
(1.14) theo En yo I t, <y, <t, .
KOt hip c9 hai tréng hip thx ta thEy ph—ng trxnh (1.13) ca
nghiOm khi
t, <y, <t, trong ®3a ty, t, Iu hai nghiOm cfia ph—ng trxnh (1.15).
T6 ®3& mexf(x)=t,, minf(x) =t,. Nh vEy bpi to n tré thunh: Txm p
, ®0 ph—ng trxnh (1.15) ca hai nghiOm 9 vu -1. Theo ®bnh
ly Viet ®iOu ®3 xYy ra khi

(4(q+1)
=8 _7
| 4 o {q |
- __ 4 (P=28
4

. _ _ p=8 , p=-8
VEy hai c&£Ep gi, trb cCn txm Iu :

q=7 q=7
Bui tEp 1.6 : Txm gi, trb lin nhEt, nh& nhEt cfia hum sé

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Fx,y) =x2 +y2 tran miOn D = (6 y): (- Y2 +1) +4x3y2- %2 - y2 =0

Bui gifi
Gai to |y mét gi, trb bEt kx cfia hum sé f (x,y) tréan miOn D.
§iOu ®3 chegng td hO ph—ng trxnh sau ®©y (En x,y ) ca

nghiOm
XZ +y2 :to XZ + y2 :to
=
(- y?+ ) + Ax’y* - xX*- y* =0 (x? +yz)2 -3 +y?)+1+4x2 =0
eyt (1.16)
- 3t, + 1+ 4x* =0 (1.17)

§0 (1.17) cd nghiOm En x thx ta ph¥i c& ®iOu kiOn Iu
- 3t,+1<0

3-5_, 3445
2 °T 2
(1.18)
Vii ®iOu kiOn (1.18 ) gai xo Ip nghiOm cfa (1.17) suy ra
2
X5 :-&4“1 thay vyo (1.16) ta ®ic 4dy*=t+t,+1
(1.19)

Do t+t,+1>0 vii Yt n@n hiOn nhian vii ®iOu kiOn (1.18) thx
(1.19) cd nghiOm, nghUa Iu (1.18) Iy ®iOu kiOn ®0 hO (1.16),
(1.17) c& nghiOm. Nh vEy

maxf(x,y) :3+—\/§' mnf(x’y) :3__\/5
D 2 D 2
Bupi tEp t—-ng tu dunh cho hac sinh vO tu Ipm ( cd hing

dEn)
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

2—
Bui 1.7 Txm gi, trb lin nhEt,nha nhEt cfia hum sé y:XZ—X+1
X2+ X +
Hing  dEn : Lum  t—-ng  tu bui 1.3(8s

%Syo <] = maxf(x) =1, m'nf(x) ::—3L)

Bui 1.8 Txm gi, trb lin nhEt, nhd nhEt cfa hum sé
y_3\/X+3+4«/1-x+1
AJx+3+3V1- x+1

Hing dEn:
2 2 X+3:212tt2
+ .
Do (Vx+3 +(\/1- x) =4 n2n ta ® At vii 0<t<1
- x 1- t°
1- x =2
T
_ 2
Khi ®ataca y= 7t +12t+9,V|'i O<t<1l
-5t +16t+ 7
(§/s :ymax=g khit=0 < x=-3 ; ymm=?7) khit=1 < x=1)

Bupi 1.9 :Txm gi, trb lin nhEt,nhd nhEt cfia hum sé A=
X% - Xy + 2y?

X2+Xy+y2
2 X 2 _
Hang dEn: 't t=> khi @5 A=C"U2 (gea THAT A
y t+t+1
7- 27,
3

Bui 1.10 : Txm gi, trb lin nhEt cAa hum sé f(x,y) =[x- |
XBPt tran miOn D :[ (x,y): X% + 4y? :]J

Hing dEn : Ta cong gif s6 to Iu gi, trP tud y cfia hum se f(x,y).
§iOu ®a ca nghUa Iy hO sau ®©y ( En x, En'y) ca nghiOm

X-y=t,
x-y=t X+ay =l O
A TO ®Oy ta txm miOn gi, trkp to
X2 +4y* =1 X-y=-1
(X +4y° =1

cfia tdng hO nh vEy bpi to,n quay vO d'ng bpi 1.6 vu ta ,p déng
nguy2n ly ph©n r- ®0 txm txm gi, trb lin nhEt cha hum se .

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cfia hum se

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Ch—-ng 2 : Gifi bpi to,n cuc trb cha hum se b»ng
ph—ng ph_ p hxnh hac
2.1 C- sé ly thuyOt
BEt ®¥4ng thec tam gi,c
1.Vii 3 ®iOm A, B, C bEt kx ta lu«n cé :
+ AB+BC=AC
( DEu ®Yang thgc xfy ra < B n»m trong ®o!n AC ).
+ |AB- AC| <BC
(DEu ®¥ang thgc xMy ra < C n»m ngopi ®o'n AB ).
C,ch ,pdbng:

+ §a hum sé ®- cho vO ding : f(xy)=VxX’ +& +\/y2 + b’
(@a,bluc,ch’ngse)
+Sau ®& ®bnh hO troc to! ®é, chédn 3 ®IOmA,B,C
ca to! ®é x.c
®bPnh v cuéi cing sd déng hai bEt ®%ang thec tréan ®0 txm gi,
trb Iin nhEt, nha nhEt cfia hum sé .
2. VAABC:AB+BC>AC>AB- BC,
2.2 KOt qui ®iOu tra kho s_t thuc tiOn vy gifi
ph_p

§O thuc hiOn ®O tui npy t«i cho c,c lip trén lum mét se bypi
to,n vO cuc trb vy ®ic kOt qui nh sau:

Bpi 2.1. Txm gi, trb nha nhEt cAa hum sé

f(X) =X +x+1+/x- x+1 "xI i
Bui gifli
Ta cd: f(X) =X +x+1+Vx- x+1

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

2 2 2 2
O IRE Y| R (4N
2 2 2 2
Trong m/t ph¥ng tda ®é Oxy, xbt c,c ®iOm:
A -};-Q B };E ,C(x;0)
2 2 2 2
2 2
Khi ®a ta ca AC = x+} + ﬁ
2 2
yA
@ ________ B
2|/
ol/ x| i
1 /Ci "
2! 2
S e
2
2 2
BC:\/ X- = \/25]

AB =1 +(\3) =2

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

VA,B,C, ta lu«n cd bEt ®Y4ng thgc: AC+BC >=AB

1§ &34 \BS it
U\/ 2+gg+\/ 2 25 2, "x1 i

U f(x)3 2 "xI

DEu “=" xYy ra < C€|AB|, ta thEy OeAB= C=0
Hay f(0)=22
VEy: minf(x)=2,"xI i

NhEn xbt:

Lip 10A1 ca 15/45 hac sinh cho léi gifi ®6ng, 28 hac sinh
ca léi gifi sai vy 12 hac sinh kh«ng ca léi gifi.

Lip 10A2 ca 10/45 hac sinh cho Iéi gifi ®6ng, 25 hac sinh
ca léi gifi sai vu 15 hac sinh kh«ng ca léi gifi.

Lip 10A4 ca 2/46 hac sinh cho I&i gifli ®6ng, 24 hac sinh ca
|&i gifli sai vu 20 hac sinh kh«ng ca l&i gifi.

Bui to,n 1 I bui to,n txm gi, trP nha nhEt cha hum ¢'n
thac mgc ®¢é kh, vu ®a se hac sinh cha ca Iéi gifi ®dng.
Nh-+ng hac sinh ca léi gifi sai lu do tYnh nhCm ho/Zc cha hxnh
dung ra ph—ng ph,p gif.

§0 kh%c phéc nh+ng sai ICm tr2n ta lum nh sau:

Bic 1: Cung cEp cho héc sinh ph—ng ph, p txm cuc trp
b»ng ph—ng ph_p hxnh hac.( Nh phCn ly thuyOt ®- cung cEp).

Bic 2:Ph©n tYch cho hac sinh khi npo thx  p déng ph—ng
ph.p txm cuc trb b»ng hxnh hac vuo ®1i s&( Khi biOu thoc
trong c"n ca ding teeng bxnh ph—ng).

Bic 3: ,p ddng mét sé bEt ®¥ng thac hxnh hac.

Bic 4: Hac sinh phfi n3%2m v+ng phCn ph—ng ph,p to! ®¢é
trong hxnh hac ph¥%ng. ]

Bic 5: Th«ng qua c,ch lum cAa hac sinh ph©n tYch mét
se sai ICm gZ&p phvi khi lum d*ng to,n npy.
Sau khi gi o vizn hing dEn cho héc sinh lum bpi tEp sau:
Bui 2.2: Txm gi, trb nha nhEt ca hum sé:

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

f(X) =vVX2- X+1++X2- /3x+1, vii x| j

Léi gifi ®06ng:

Ta ca thO Vlot f(x):\/ X- = 2+ \/g] +\/ X - \/-‘—)’] +}
2] T2 2| g
_ 1y’ J3) NEXl 1)
3o B o F e )

Vii hai ®i0Om M(x;y,),N(x,;y,) tran m/Et ph¥ang to! ®§&,

ta ca:

MN =/(x, - %) +(y,- y,)’
Tran m/Et ph¥ang to! ®é Oxy,
® AEt:

A[—,\/_J [\/§ 1] C(x:0)

2 2 2

Khi ®a ta ca: CA:\/X-12+ Oﬁ]
2 2

VEy: f(x)=CA +CB.
VA,B,C, lu«n c& bEt ®Vang thgc: CA + CB=AB

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

O f(x)® 21 .MEtkh c, gif sd AB c¥t Ox tii C,.
Ta c&: C,A+C, =AB. Nh vEy, nOu ® £t x, =0C, thx f(x,)=2 Do
®a:

minf(x)=2,"x1 j

Sau khi hing dEn héac sinh v cho Ilpm bpi tEp 2 ®ic kOt
qui nh sau:

Lip 10A1 ca 40 hac sinh cho Iéi gifi ®bng (88,9%),5 hac
sinh ca léi gifi sai. (11,2%)

Lip 10A2 ca 37 hac sinh ca léi gifi ®bng (82,2%); 8 1&i gif
sai (17,8%)

Lip 10A4 ca 30 hac sinh cho |&i gifi ®bng (65,2%), 11 hac
sinh ca léi gifi sai (23,9%) vu 5 hac sinh kh«ng ca |&i gifi
(10,9%). ]

Nh vEy sau khi hing dEn ph—ng ph,p txm cuc trP b»ng ph-
—ng ph,p hxnh hac ®a se hac sinh ®: biOt vEn déng v Ium ®-
ic bui tEp.

Vii ph—=ng ph,p tran, sai ICm chfi yOu cfia hdc sinh m3¥c
ph¥li Iu kh«ng biOt déng ®a bpi to,n ®1i sé vO bui to,n hxnh
hac. Mét se hac sinh cBn léng téng khi ® £t c,c to! ®é t—ng
gng ®0O ®a vO bpi to.n ®é ®é dui trong tam gi..c.

T8 nh+ng ph©n tYch tran ta cho hac sinh ,p déng Ium mét sé

bui tEp vEn déng nh sau:
Bui 2.3 Txm gi, trb lin nhEt cfia hum sé:

f(X) =X 6Xx+34- X - 6x+10,"xI j
Léi gifi ®46ng:
Ta ca:

FO)=((x- 3" +25- |J(x- 3 +1=
f(3)=5-1.

X - 3{2 +5%- \]‘(X— 3)‘2+12

Vii x#3, dung AABC vu«ng t'i A,AC=5AB =

X- j Trén ctnh AC,
ta IEy ®Om D sao cho AD =1. Theo ®Ynh ly Pitago, ta ca:

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

BC =VAB’ +AC* =

X - I{2+52

BD =AB? + AD? =[x~ 3"+ T’
Trong ABCD, ta lu«n ca BC- BD<DC

B

x- 3

<:>\/‘X- 3‘2+52-\/

X - 3{2+12<4

VEy Iu vx#3 thx f(x)<4 . f(x)=4 khi x=3.

Suy ra Mexf(x)=4

Xl i

A D

NhEn xBt: Bui to n tran lp d'ng hiOu cfia hai biOu thgc, ta .p
déng hiOu cia hai cinh lu«n nha h—n c'nh tha 3.

Bui 2.4 Txm gi, trb lin nhEt vu nhd nha nhEt cfia hum sé
f(x;y) =4x +3y. XDt tran miOn D :[(X;y):x2+y2 + 16 =8x+ 6y}

V(x;y)eD, ta c3

X’ +Yy’ +16 =8x + 6y

e X - 8x+16+Yy*- 6y +9=9

o (x- 4 +(y-3) =3

VEy V(xy)€D Iy nh+ng ® Om n»m tréan ®éng trln cd tom

1(43), b.n kYnh R =3. Khi ®3 V(x;y)eD, ta c3:

f(x;y) =4x + 3y :;(x2 +y?+16) =8+

Nei Ol c¥%t ®éng trRn D tii M,M,. Khi ®4& Y(xy)eD, ta ca:

min OM =OM, =0l - M | =5- 3=2

M(x;y)D

= mn OM’* =4

M(x;y)eD

yA M

3

X +Yy

2

S ng kiOn kinh nghiOm m«n to.n
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

max OM =OM, =0l + M, =5+3=8

M(x;y)eD

= max OM?’ =64

M(x;y)eD
MAEt kh c, ta cd: OM? =x*+y’ = 4<x*+y’ <64
Suy ra: 6<f(xy) <36
VEy: max f(xy) =36 min f(xy)=6
Bui 2.5: Txm gi, trb lin nhEt cfia hum sé
f(x,y,zt) =/5- x- 2y +/5- z- 2t +/5- xz- yt tre2n miOn

D :[ (x,y,zt): X +y? =2 + 2 :5}
Bui gifli
Ta c& thO viOt It hum f(x,y,zt) nh sau

f(x,y,z,t):\/(x' 1 ;(y- 2) +\/(z- 1) ;(t- 2) +\/(x- 2) ;(y- t)

Y(x,y,zt)eD thx ®Om M(xy),N(zt) n»m trén ®éng trln ti

géc O b.n kYnh R =+/5 trong hO troc to! ®é Oxy , xbt ®iOm
P( 1; 2). VEy P (1; 2) cong n»m trén ® éng trRn D.
Khi ®3, ta ca: ry

\/(X- 1) +(y- 2) +\/(Z- 1) +(t- 2) ;

+\/(x- z) +(y- t) =MP+ NP+ MN .
O 1

vii Y(xy;zt)eD M

Do AMNP néi tiOp ®éng trRn

(O;\f'S)

MAt kh c, mét tam gi_c néi tiOp ®éng trRn nOu tam gi.c ®3 Iu
tam gi.c ®Ou thx tam gi_c ®3a ca chu vi lin nhEt.

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

AMNP ®Ou néi tiOp ®éng trRn ca b, n kYnh /5 thx cinh cd ®é
dpi:

a=+34/5=+15
VEy: f(x,y,z t)<\/— 3V5 = O = maxf(x;y;zt) :@,(x;y;z;t)e D
Bui 2.6. Txm gi, trb lin nhEt cfia hum sé:
f(x,y,zt) =z +t°- 2xz- 2yt+1
XDt tran miOn D =|(xy,zt):x*+y* =1, 2 - t+3=0)
Bui gifli
v(x,y,zt)eD, ta ca:
f(xy,zt) =(z- X)*+(y- t)*- x*- y*+1 V4
=(z- x)* +(y- t)’ VU3
. N, (zt)

V(x,y,zt)e D thx tEp hip nh+ng 3

®iOm M(x,y) n»m
tran ®éng trin tom 0(0;0), b.n M| 1

kYnh R =1; .

. . M(x;y)
TEp hip c,c ®Om N(z,t) n»m trén 4&/1
parabol: v=u?+3

Khi ®3, ta ca:

MN? =(z- x)* + (t- y)* =f(x,y,zt)
VEy: min MN? = MgNo= 4
Vii Mo(0;1) ; No(0;3)

CV

Do ®3, taca :

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cfia hum se

{f(x,y.z,t) >4.v(xy,zt)eD _ minf(x,y,zt) =4

f(0,1,0,3) =4 (0,1,0,3)eD

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Bui 2.7. Txm gi, trb lin nhEt cAa hum sé:
f(x,y,2) =x(1-vy) +y(1-2) +z( 1- x)
XDt tran miOn D ={(x,y,2); 0<x<1;0<y <1;0<z<]
Bui gifli

AABC

Dung AABC ®Ou vii ctnh b»ng 1 khi ®3:5 _\f.

Tren AB, BC, CA ta ICn it ® Et
c,c ®o!n:
AM=x;BN=2z;CP=y
Do 0=X,Y,2<1 n23n M ca thO
tring A ho&£c B
N c& thO tring B hoEcC B
P c3 thO tring C ho/&Ec A
Léc nuy, ta ca:

S. =IAMAPsin¢ ) N3 _V3

AAMP _E - ) = SAAMP — X(l- 7 —X(l y)
Houn topn t—=ng tu, ta ca: S, _\fz(l- X)
V3
SACNP :Ty(l' Z)
MﬁEt kh.;cl ta Cé SACNP + SABMN + SACNP — TAABC
\Bx(l y)+ \/§z(1 X) + \Ey(l 7)< <£ v(x,y,2)e D
= x(l- y)+2z(1- x)+ y(1- z)sl V(x,y,2)eD

f(xyz)<1 v(xy,2)eD Do ®5 mexf(x,y,z) =1

VEy|
Ey IJ f(l0,0):l (x,y,2)eD

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Bpi tEp t—-ng tu cho héc sinh vO nhp Ilpm: ( ¢ hing dEn)
Bui 2.8 Txm gi, trb lin nhEt vu nhd nhEt ca hum sé :

f(xy) =x*+y’

XDt tran mioOn : D:{(x;y):x- 2y +8=0;x+y+2=>0;2x- y+430}

v) =20; mi 416
(8s (qy])ae%f(x'y) _20,(m)ergf(x,y) 5 )
Bui 2.9 Cho hum sé f(y)=+y*- dy+8+./y- 6y+10 "yi ;

Txm gi, trb nha nhEt cAa hum f(y)

Hing dEn Hum sé f(y) ®ic viOt 1% dii d'ng

fy)=yly- 27 +2 +|ly- 3 +T
Sau ®3 trong hO troc to! ®é ta chan c.c ®iOm
A(-1,2);B(23);M(Ly), .p dong bEt ®¥Ysng thec trong tam gi . c

AM +BM >AB .Suy ra gi, trb nha nhEt cia f(y)
(§s mMinf(y)=v10 )

Bui 2.10 Cho hum sé f(x)=vx*+94+Jx*+16 "xi i .Txm gi,
trb nha nhEt cAa hum sé f(x).

Hing dEn : Trong hO to! ®é Oxy , xbt ¢,c ®iOm
A(0;3);B(0;4);M(x;0)

.p déng bEt ®Y4ng thgc tam gi,c AM +BM >=AB. Té ®3a suy ra
gi, trb nhé nhEt .
(§s Minf(x)=7)

Bui 2.11 Cho hum sé& f(x)=+/x- 6x+13++/x*- 12x+45 "xI | .

Txm gi, trb nh& nhEt cfa hum sé f(x).

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Hing dEn : Ta viOt It hum f(x)=/(x- 3" +4+/(x- 6] +9 .

Trong hO to! ®é Oxy, xbt c.c ®iOm A(34);B(6- D;M(x;2)
_p déng bEt ®Y4ng thgc tam gi,.c AM + BM >AB
(§s ninf(x)=x/3_4 )

Bui 2.12 Cho hum se

f(x) =25~ 10x+25++/2¢- 4/6x+24 "xi ; Txm gi, trb nha

nhEt cAa hum sé f(x).

Hing dEn : Ta viOt Ii hum f(x)=\/(x- 5 + X2 +\/(2\/€_5- x)2 +x2 .

Trong hO to! ®é Oxy , xBt c.c ®iOm A(0;5);B(2V6;0);M (x;x)

_p déng bEt ®Y4ng thagc tam gi.c AM +BM >AB suy ra gi, trp
nha nhEt.
(§s MNf(x)=7)

Bui 2.13 Cho hum sé f(x)=+5x*- 8x+13+.5x- 4x+4 "xI j .
Txm gi, trb nha nhEt cAa hum sé f(x).
Hing dEn : Ta viOt |1 hum

F(x) = (x+2)° +(3- 20 +/(x- 2 +(- 2x)

Trong hO to* ®é Oxy , xbt c.c ®iOm A(-2-1);B(22);M(x;2- 2x)
_p déng bEt ®Y4ng thac tam gi.c AM +BM >=AB suy ra gi, trp
nha nhEt.

(55 Minf(x)=5 )

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

Bui 2.14 Cho hum sé
f(x) =/10x?- 12x+10+./10x*- 20x+20 "xi j Txm gi, trb nhé

nhEt cAa hum sé f(x).
Hing dEn : Ta viOt 12

F(x)=1J(x- 3 +(3x- 1 +/(x+2 +(3x- 4)
Trong hO to! ®é Oxy , xbt c.c ®iOm
A(32):B(- 2- D:M(x:3(1- x))

.p déng bEt ®Yang thgc tam gi,c AM +BM >AB suy ra gi, trb
nha nhEt.

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

C. PhCn kOt IuEn v khuyOn nghb
1.KOt IuEn v ® nh gi, c— bin.

Sau khi tae chgc d'y hac theo ph—ng phap ®O xuEt trén é
c,c lip 10A1 n=45 hac sinh, lip 10A2 n=45 hac sinh, lip 10A4
n=46 hac sinh (HS)_ i

Qua c,c se liOu trén ta thEy khi d'y hac sinh ca c,i nhxn
kh,i qu.t ho dlng to.n cuc trp hac sinh hiOu bpi vu vEn déng
Ipm bui tEp tet h—n, ®iOn hxnh lu ®Cu ®iOm cao cong nhiOu
h—n.

Néi dung cfia SKKN npy ®ic t,c gif vii c«ng nghi2n cgu

trao ®ai th«ng qua qu, trxnh hac cao hac, gifng dy tli tréng
THPT Yan L-ng v su trao ®aei gidp ®1 cia ®3ang nghiOp ban bl,
s6 dong mét sé kiOn thac to.n hac cao cEp nh gifi tYch 13i, c.c
ph—ng ph.p txm cuc trb cia hum nhiOu biOn ®ic gng déng vuo
gifi to,n THPT vu kiOn thgc to,n hic s— cEp. Vu ®: mang [i
mét sé kOt qu9 tYch cuc ® .ng khYch IO.

Néi dung cfia s.ng kiOn kinh nghiOm ®- trxnh buy mét
c.ch cé& hO théng kiOn thec cé thO chi tiOt nh+ng dng to,n c—
bfin vO c,c ph—ng ph_,p txm cuc trb & ch—ng trxnh to,n THPT.

Th«ng qua SKKN npy hac sinh ®: tu tin h—n rEt nhiOu khi
hac to.n td ®a tlo tYnh ham hac, s, ng tlo trong qu, trxnh hac
vl t duy to,n.
2.KhuyOn nghb:

CCn n©ng cao t duy hac to,n cha hac sinh th«ng qua c,c
ph—=ng ph,p gifi ca tYnh hO théng.

CCn giép hac sinh c& c,c nhxn kh.i qu,t nhEt th«ng qua
c.c ph—ng ph_p gifli, ®a ra c_.c nhEn xbt ca tYnh chYnh x_c, phi

S ng kiOn kinh nghiOm m«n to.n -
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

hip t& ®& hxnh thunh n2n tYnh tu gi,c, tYch clc, chii ®éng hac
tEp cfia hac sinh.

CCn x©y dung hO théng c,c ph—ng ph,p gifi, c,c d*ng by
tEp t—ng ong.

KiOn thec tran ch@ ®ic ,p dbéng cho hac sinh kh, giai.
Gifing dy é c,c lip moi nhan cia tréng.

SKKN nuy ca thO ®ic ,p déng réng r-i ®0 bai ding hac sinh
gidi to n, luyOn thi §H, Cs.

Chéng ta ®: biOt c.c bui to,n txm clc trb Iu ¢.c bui to.n
rEt phong phé vu ®a ding. §Ri hai vEn déng kiOn thac mét ¢ ch
linh ho't vx vEy ® ©y Iu néi dung rEt ® .ng lo ngli cia ngéi hac
to,n v lum to, n.Trong SKKN nuy t«i ®- ®a ra mét se c«ng co
®0 gifi quyOt bui to,n txm cuc trb cAa hum sé. M&Ec di bui
to.n cuc trb c& rEt nhiOu ph—ng ph.p gifi nhng do khu«n khae
cfia SKKN vp do n"ng luc cfia bYn th©n cBn nhiOu htn chO nan
SKKN cfa t«i vEn cha n2u hOt ®ic ®Cy ®A vu hO théng ¢, c ph-
—ng ph.p ®0 gifi chdng .

T«i kYnh mong c,c ®a&ng nghiOp ®ang gap y kiOn ®0 SKKN
cfia t«i ®ic houn thiOn h—n.
T«i xin ch©n thunh cffm —-n!
M2 Linh, ngpy
20/05/2010
Ngéi thuc
hiOn
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Mét se ph—ng ph,p gifi bui to,n cuc trb cfia hum se

Th.s NguyOn Duy
Tréng
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Mét se ph—ng ph,p gifi bui to,n cuc trb cha hum se

D. Tpi liOu tham khvo

1.8c V'n Lu, Phan Huy Kh'i, Gifi tYch Iai, Nxb khoa héc vu kU
thuEt,
Hu Néi.

2. Phan Huy Khfvi (2002), C,c bui to,n cuc trb cAa hum se,
Nxb Hu Néi .

3 .Va Giang Mai, Va Kh¥c Théng, L2 Quang TuEn, gng déng
c.c tYnh chEt cfia hum sé ®O gifi bui to,n: BEt ®Yang thac,
txm gi, trb lin nhEt, txm gi, trb nh& nhEt, Nxb Thanh Ho ..

4. Tlp chY to n héc v tueei tri(NXBGD)

S ng kiOn kinh nghiOm m«n to.n -
NguyOn Duy Treng
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