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8*?rJB8-�>?<6�ID478i =>?32K; i =B:>AD67CK:�L�=BID4QA+GB6M:wAæ� =
20
i| i =>CK:38\¢�6�:<;�A+G34MID4�ku=BID4V:<=B:<4 i =>?325; i =B:>A�6MCP:L�=BID4 A+GB6M:

60
i| f � CP: i 4 A+G34"6��B47I�6�¥74"6 i ID=B8*8O672P2yku=>?<I 2 × 2

8*?rJB8-�>?<6�ID478OLN?<8EAXJ<4
60
i| ¢04M6 i GS=>k�A+G34�ku=>?<I�� =>?325;�A+G347:�GB6\�B4"AD= i =B:>A�6MCP:V4*òM6 i AD2�T 60

i| ¢r� G>C i G�L�476�:38A+GB67A�4M6 i G$� =>?325;RGB6��B4�AE= i =B:>AD67CK:XAæ� =
20
i| i =>CP:38 f�� G34�8*6�LF4zAæ� = 20

i| i =>CP:38 � =>?325;A+G34M:�GB6\�B4�AD=FJ34�CK:N6M2@2rku=>?<I
2 × 2

8+?rJ389�B?<6MID4M8\¢�� G>C i G�CP8�CPLFH<=B898+C5J>254 f�� G>?<8\¢BA+G34LNCP:BCKL�?<L°CK8
$1.30
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AC

6�:<;
BDJBCP8-4 i AO6�:<;�AEI�CK894 i A$A+G34�=BH<H<=B8*C�AE4N6M:<¥\254786�8�8-G3=��a: f

ßK6�à � CP:<;nA+G34jßK6 i ?BAD4\à�6�:<¥\2K4jJ34�Aæ� 4M4M:
AC

6M:<;
BD

f
ßuJ�à � G3=���A+GB67A π

7
< α <

3π
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A B

CD

E

α
α

β
β

δ

2δ

γ

2γ

��� å��3êKç � è ��� � 	7é 	Mè �Xã�è 
3ã\ä � 	5é7ê 	�è � �7å ��² ��ä 
Bã � f
ß56\à � G34�8*?<L¿=>krA+G34a6M:<¥\25478�CP:F�B?<6�;3I�CP2P67AD4MI�672

ABCD
CP8

2(α + β) + 3(γ + δ) = 2π
f

� ?<LFL�CK:<¥VA+G34w6�:<¥\2K4M8FCK: 4EAB
6�:<; 4ECD

TBCK472K;38
α + β = 2(δ + γ)

f
� ID=BL
A+G34a6�J<=7�B4 4��>?<67ADCK=B:38�¢M� 4 ¥74\A

α + β =
4π

7

f ß � à
� 47: i 4>¢>A+G34�6 i ?BAD4a6M:<¥\254 J34�Aæ� 4M4M:

AC
6�:<;

BD
CK8

π − (α + β) =
3π

7

f



��� �

ßuJ�à � ?<LFL�CK:<¥$A+G34O6�:<¥\2K4M8�CP: 4DAB
¥\C �B4M8�A+G34R4��>?<67ADCK=B:

2α + β + δ = π
f

Ú 8*CP:<¥�ß � à*¢M� 4 ¥74\A
α + δ =

3π

7

f�� CK: i 4
δ > 0

¢�� 4�894�4OA+GB67A
α <

3π

7

f
£ :�A+G34a=�A+G347IzGB6M:<;y¢B8+?<LFL�CK:<¥�A+G34�6M:<¥\25478$=>k 4CAB

T>C54�25;B8�A+G34a4��>?<67ADCK=B:
α+2β +γ = π

f�Ú 8*CP:<¥Xß � à+¢7� 4O¥74�A
β +γ =

3π

7
` G347: i 4>¢ (4π

7
− α

)

+γ =
3π

7

¢
=BI

γ = α − π

7

f � CP: i 4
γ > 0

¢�� 4�894�4OA+GB6�A
α >

π

7

f
��� ���i�����U��
��X
��H�������������%���3�H B"�".$K�'&�(')+*'�X,#&.�	���M/�
�12�3
���$K����$�57"��98K/K 3�X5�DL��CX�3NO5���I�?3$

�M�B��
�1R$!,���$J57"��98@�9��C!�R 3DlI�"��E� $E��PRQ#�3
�(�P $JIL&�S ]K
LS9�>FG
�1RSU)+&�(�"B)R*��#��� $JI�&.S ]K
LS $JIL&�S ^E&�(�8!&�('�dI��2I�5
kB/'<�C�����5�$�����F;m&�(�
3n��P S $K�9��FZ&�(BS &3�
µ ¯ ë © fEª ä � � � é�ã � ��� �6µ ��µ � µ � 	7é7êuä ����¬ 	�è � 	�å � ä+ã � 	�è���ç
	�µ

Ù 4�AD4MIDLNCP:<4�A+G34�ID4M672O:B?<LFJ<47I�8
a
¢

b
¢

c
¢

d
¢O¥\C��B47:�A+GB67A"A+G34�ID=3=�AD8Q=>kXA+G344��>?<67ADCK=B:

x2 + ax − b = 0
6�ID4

a
6M:<;

c
¢R6M:<;�A+G34wID=3=�AD8�=>kXA+G34�4��>?<67ADCK=B:

x2 + cx + d = 0
6�ID4

b
6�:<;

d
f

� é*é�ã\è�êKç 	7å@å	��ê	�yã�é 	J±�ã�é � å��3êKç � è � ����è �>ä+ã 	 ° �Mè 	Mä � �0é7ê � �<ã�èyê
�,¸�ç�â+ã � � âæç�ã�èyêKç��yâ �
� ´�µ�²�ä � è�� � � â �>ç � � 	�ê
	�å	� ��	�è��I²�ç�ê ���"¯ � è 	Mä ����� � ± «	�è ã��é7êKç �
� � ±�	MèBç 	 f

� CK: i 4�A+G34aID=3=�AD8�=>k A+G34 4��>?<67ADCK=B:
x2 + ax − b = 0

6MID4
a
6�:<;

c
¢�� 4aLN?<8EAGB6��B4

x2+ax−b = (x−a)(x−c) = x2−(a+c)x+ac ` A+G347ID47ku=BID4>¢ a+c = −a6�:<;
ac = −b

f�� CPLNC@2K6MID2 Ty¢�8+CK: i 4XA+G34RID=3=�AD8�=>k3A+G34�4��>?<67ADCK=B:
x2 + cx + d = 0

6�ID4
b
6�:<;

d
¢M� 4O�r:<; A+GB67A

b + d = −c
6�:<;

bd = d
f�� G>?<8\¢�� 4�=3J�AD67CK: A+G34Rku=>2@25=���CP:<¥8�T38EAE47L =>ky4��>?<67ADCK=B:387ì

a + c = −a
¢

ac = −b
¢

b + d = −c
¢

bd = d
f

� k
d 6= 0

¢�A+G34M:
b = 1

¢�6�:<; i =B:38-4M�B?r47:>AD2�T ¢
2a = −c

¢
ac = −1

¢�6�:<;
c + d = −1

¢�� G>C i G TBCK472K;38
a = ±

√
2

2

¢
c = ∓

√
2
6M:<;

d = ±
√

2 − 1
f

� k
d = 0

¢�A+G34M:
2a = −c

¢
ac = −b

¢
b = −c

¢
k5ID=BL'� G>C i GO� 4 i 6�: i =B: i 2@?r;<4$A+GB6�A

ac = c
f � 4M: i 4B¢MCPk

c 6= 0
¢7A+G347:

a = 1
¢
b = 2

¢6�:<;
c = −2

f�� =�� 4-�B4MI9¢>CPk
c = 0

¢�A+G34M:
a = 0

6�:<;
b = 0

f� G347ID47ku=BID4>¢>A+G34�8-=>2@?BADC5=B:"CK8

(a, b, c, d) ∈
{

(0, 0, 0, 0)
¢
(1, 2, −2, 0)

¢ (±
√

2

2
, 1, ∓

√
2, ±

√
2 − 1

)} f
I�*�
�12
i^@
�12
iP	^@�!S (')���FX][�	
�P	
������+QBP SU��(3���.QB
�FJS	P+P+
����
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µ ¯ í ± fEª ä � � � é�ã � ���O_rã � �7å 	�´�µ ° �Mä-ê	� �
� � ¯Mã�ä � ª ����® � �oµ
¡M4�A

x1
¢
x2
¢
. . .
¢
xn
J<4$:<=B:<�*:<4M¥�67ADC �B4�ID4M672>:B?<LFJ<47I�8�896�ADCK8+k@TBCP:<¥ n

∑

i=1

xi = n
f

¡M4�A
xn+1 = x1

f � G3=�� A+GB6�A n
∑

i=1

xixi+1 ≤ n
C@k

n ∈ {1
¢
2
¢
3
¢
4} ¢zJB?BAa:<=�A:<4 i 4M8*896MIDC@2�T"C@k

n ≥ 5
f

��� å��3êKç � è ����²\çæê ���"¯ � è 	Mä ����� � ± «	Mèyã��é�êKç �
� � ±�	�è>ç
	 f
�SG34M:

n = 1
¢�� 4aGB6��B4

x1 = 1
f�� G347:

x2
1 ≤ 1

f¡M4�A
n = 2

f$� G347:
x1 + x2 = 2

f �BT�A+G34 g � 
 4�� � :<4M�B?<672PC�A�T ¢3� 4�=3J>A�6MCP:
√

x1x2 ≤ x1 + x2

2
= 1

f�� 47: i 4>¢
2
∑

i=1

xixi+1 = x1 + x2 ≤ 2
f

� �>?<6M2@C@A�TFG3=>2K;38�CPky6M:<;F=B:B2 T�C@k
x1 = x2 = 1

f� =���254\A
n = 3

f�� G347:
x1 + x2 + x3 = 3

f �BT�A+G34X� 472@25� ¤ :<=��a:Nß56M:<;F476�8�TAE=�H3ID=M�B4_à�CK:<4M�B?<672PC�A�T
3(x1x2 + x2x3 + x3x1) ≤ (x1 + x2 + x3)

2 ¢
� 4a894�4OA+GB6�A

3
∑

i=1

xixi+1 = x1x2 + x2x3 + x3x1 ≤ (x1 + x2 + x3)2

3
= 3

f
� �>?<6M2@C@A�TFG3=>2K;38�CPky6M:<;F=B:B2 T�C@k

x1 = x2 = x3 = 1
f� 4+òMA i =B:38+C5;34MI

n = 4
fO� G34M:

x1 + x2 + x3 + x4 = 4
f �BTNA+G34 g � 
 4��� :<4��>?<6M2@C@A�Ty¢�� 4 ;34�;>? i 4RA+GB6�A

√
x1x2 + x2x3 + x3x4 + x4x1 =

√

(x1 + x3)(x2 + x4)

≤ (x1 + x3) + (x2 + x4)

2
= 2

f
� 47: i 4>¢

4
∑

i=1

xixi+1 = x1x2 + x2x3 + x3x4 + x4x1 ≤ 22 = 4
f

� �>?<6M2@C@A�TFG3=>2K;38�CPky6M:<;F=B:B2 T�C@k
x1 = x2 = x3 = x4 = 1

f
� CP:36M2@2�T ¢y254\A

n ≥ 5
f �S4N894�A

x1 = x2 = 1
2
n
6�:<;

x3 = · · · = xn = 0
f� G347:

x1 + x2 + · · · + xn = n
f � CP: i 4

n > 4
¢

n
∑

i=1

xixi+1 =
n

2
· n

2
=

n

4
· n >

4

4
· n = n

f
��� ���g�����	��
��e
��T�E�>"���C �M 3C!A9 [�'$M�U��P &�(�
[Q�� $JI�Q�1�q#
��.8!������������� �����! #"�"�$M�'&�(')+*'�e,#&��U���

/'
�12�3
���$9����$E5K"L��8�&�('�Z�9��C!�R 3DjI�"��E� $'��PRQ#�3
�(�P $�I�&.S ]K
LSB��FG
�1RS	)	&�(Z"B)R*��#��� $>I�&.S ]K
LS $�I�&.SU^E&�(K�
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1
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2
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1
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8
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1
6M:<;

7
ß56M:<;

8 = 1 + 7
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n ≥ 2

¢
f
(

f(n − 1)
)

= f(n + 1) − f(n) �

��� å��3êKç � è ���[¸�ç�� � � ��� ª � å 
 � � ±�± ��è>çæê � � � å@å�ã �Bã ���RçKè�ê�ã�ä � 	O¯Mã�è ���¨¸ ��® � �oµ
� ?<H<H<=B8-4RA+GB6�A

f
CK8�8+? i GN6�kK?<: i ADCK=B: f�� G34M:y¢>ku=BIz672P2

n ≥ 2
¢

f(n + 1) − f(n) = f
(

f(n − 1)
)

≥ 1
f



� ���

� G>?<8\¢
f
CK8�CP: i ID4M6M8*CP:<¥Rku=BI

n ≥ 2
f �BT�CP:<;B? i ADCK=B:y¢�� 4 GB6��B4

f(n) ≥ n − 1
ku=BIz6M2@2

n ≥ 2
f	� k

f(8) ≤ 9
¢�A+G34M:

3 = 9 − 6 ≥ f(8) − f(7) = f
(

f(6)
)

≥ f(5) ≥ 4
¢

� G>C i G"CK8�6 i =B:>AEI�6�;>C i ADCK=B: f � 4M: i 4B¢
f(8) ≥ 10

f�� G347:
f(10) > f(10) − f(9) = f

(

f(8)
)

≥ f(10)
¢

� G>C i G"CK8�6�¥�6MCP:N6 i =B:>AEI�6�;BC i ADC5=B: f

� 4+òMA�� 4�AD?<IE:�AE=j8-=>2@?BADC5=B:38NAD=nH3ID=3JB2K4MLN8�=>kXA+G34n�rIDC�ADCK89GÜ�w67A+G347LF6�ADC i 6M2£ 2�TBLFHBCK6�;��M������������� � ¢ 7 =>?<:<; � ¢3¥\C��B47:N67A����������Fì>� � ��� f
Ø f 4�C��B47:SA+GB67A

34! = 295 232 799 cd9 603 140 847 618 609 643 5ab 000 000
¢;<4\AE47IEL�CK:<4RA+G34a;BCK¥\C@A�8

a
¢
b
¢
c
¢
d
f

��� å��3êKç � è ��� ª ç�ã�äEä+ã�¬ � äEè3é��\ê�ã-ç5è � ° 	�çKé � è3é�³R¸�	 � ê�ê�ã ����ä�	�è â+ã"µ
� =BI$6�:�T�H<=B8*C�ADC��B4�CP:>AE4M¥74MI

n
6�:<;�6M:�T�H3IDCPL�4

p
¢ C�A$CK8$� 4�2P2 ¤ :<=��a:QA+GB6�A$A+G344*ò�Hr=B:<47:>A�=>k

p
CK:"A+G34�H<I�CKLF4 ;<4 i =BLNHr=B8+C@ADCK=B:F=>k

n!
CK8

νp(n!) =
∑

k≥1

⌊

n

pk

⌋ ¢
� G34MID4 b.c ;34M:<=�AD4M8$A+G34 CK:>AD4�¥747I$H36�IæA f � 47: i 4>¢ ν2(34!) = 32

6M:<;
ν5(34!) = 7

f
� Azku=>2@25=��a8�A+GB6�A

34!
CP8$;BC �BCP8*CKJB2K4aJMT

107 ¢�� G>C i G"ku=BI i 4M8 b = 0
f

� CK: i 4
ν2(34!) = 32

¢<C�A�ku=>2@25=��a8�A+GB6�A
34!/107 CP8X;>C��>CK8+C5J>254 JMT 8

f�� G347:FA+G34
3
�*;BCK¥\C@Aa:B?<L�J34MI

35a
� G3=B8-4�;BCK¥\C@A�8"6MID4�A+G34

3
I�C5¥7G�A+�+L�=B8EA ;BCK¥\C@A�8�=>k

34!/107 CP8;BC �BCP8*CKJB2K4XJMT
8
f0� G>?<8\¢

300+50+a
CK8�;BC �BCP8*CKJB2K4XJMT

8
f0� G347:

a+6 ≡ 0 (mod 8)
¢��C@A+G

6 ≤ a + 6 ≤ 15
f�� G34MID4�ku=BID4B¢

a + 6 = 8
6�:<;

a = 2
f

� =BI�6�:�T�Hr=B8+C@ADC �B4RCK:>AD4�¥747I
n
¢>254\A

n =
k
∑

i=0

ai10
i J34RA+G34a;<4 i CKLN6M2 4*ò�H<6M:38*CK=B:

=>k
n
¢r6M:<;F254\A

Se(n) =
∑

i≥0

a2i
6M:<;

So(n) =
∑

i≥0

a2i+1
f � A�CP8�� 472@2 ¤ :<=��a:FA+GB6�A

n ≡ Se(n) + So(n) (mod 9)
6�:<;

n ≡ Se(n) − So(n) (mod 11)
f � ID=BL A+G34¥\C��B47: ;<4 i CKLN6M2�4*ò�H<6M:38*CK=B:Rku=BI

34!
¢\� 4��<:<;OA+GB67A

Se(34!)+So(34!) = c+d+1406�:<;
Se(34!) − So(34!) = c − d − 18

f�£ :"A+G34a=�A+G34MIzGB6�:<; ¢B8*CP: i 4
9
6�:<;

11
6�ID4J<=�A+Gak56 i AD=BI�8�=>k

34!
¢M� 4OGB6��B4

34! ≡ 0 (mod 9)
6M:<;

34! ≡ 0 (mod 11)
f0� G>?<8\¢

c + d + 140 ≡ 0 (mod 9)
6�:<;

c − d − 18 ≡ 0 (mod 11)
f�� G>CP8a2K4M6�;38RAE=

c + d ≡ 4 (mod 9)
6�:<;

c − d ≡ 7 (mod 11)
f � CK: i 4

0 ≤ c + d ≤ 18
6M:<;

−9 ≤ c − d ≤ 9
¢BC�A�ku=>2@25=��a8�A+GB67A

c + d = 4
=BI

c + d = 13
¢

6�:<;
c − d = −4

=BI
c − d = 7

f
� =���¢�8*CP: i 4

c − d
6M:<;

c + d
GB6\�B4NA+G34F896ML�4NH<6MIDC�A�TV6�:<;

c ∈ {0
¢
1
¢
. . .
¢
9} ¢� 4 476�8+CP2 TN;<4M;B? i 4RA+GB67A

c = 0
6�:<;

d = 4
f� G347:

(a, b, c, d) = (2, 0, 0, 4)
f



� � �

� ï�
�ô���� f�� G34aH3ID=3JB2K4ML°8+A�67AD4MLF4M:>A�CP8$4MIDID=B:<4�=>?<8 f �w6MH32K4 ¥\C �B4M8
34! = 295 232 799 cd9 604 140 847 618 609 643 5ab 000 000

f
� G34QID4M6M8-=B:BCP:<¥�6�J3=M�B4 i 6M:�J<4Q6�;36MHBAD4�;V� =BID;�ku=BIX� =BID;VAE=�H<ID=7�B4�A+GB6�A-¢�CK:�A+GB6�Ai 6M8-4>¢

(a, b, c, d) = (2, 0, 0, 3)
f

¯ f0� G34$AEIDCP6�:<¥\2K4
ABC

¢�� G347ID4
AB < AC

¢�GB6M8 i CKI i ?<L i CKI i 2K4
S
f�� G34XH<4MIDHr47:<;BC i �?32K6MI0k5ID=BL

A
AE=

BC
L�4M4�A�8

S
6�¥�6MCP: 67A

P
f0� G34XHr=>CP:>A

X
2PCK4M8�=B:�A+G34�2@CK:<4�8-4M¥�L�47:>A

AC
¢B6�:<;

BX
L�4M4�A�8

S
6�¥�6MCP:N67A

Q
f

� G3=���A+GB67A
BX = CX

C@ky6�:<;N=B:B2�T"CPk
PQ

CP8�6�;>CK6ML�4\AE47I�=>k
S
f

��� å(¯Mã�� � � ��ã ��� ä+ã � �oµ ��	Mè � 	�åPå � � 	J± �<ã�è � �1² � ® � � � 	�è�� ��µ ¶Jµ � ±�ã�ã\è�
 �
��	�åæê � � ±�±�ã-å ��ê	�yã5´aã�ê	� ã�ä�å 	�è���éJµ �"ã��7ç(¯Mã ��	Mè � 	�åPåw· é$é � å �BêKç � è1µ

� ?<H<H<=B8-4RA+GB6�A
BX = CX

f0� G347:
∠XCB = ∠XBC

= ∠QBC = ∠QAC `
� G34M: i 4B¢

AQ ‖ BC
f � A�ku=>2P2K=��a8�A+GB67A

∠PAQ = 90◦ ¢B� G>C i G�L�476�:38$A+GB6�A PQCK8�6 ;BCP6�LF4�AD4MIz=>k
S
f� G34a6MID¥\?<L�47:>AzCP8�ID4-�B4MI�8+C5J>254 f
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á f ¡M4\A
x
¢
y
¢
z
J34�H<=B8*C�ADC��B4aID4M672y:B?<L�J34MI�8X8+? i G�A+GB67A

x2 + y2 + z2 = 1
f 1<ID=M�B4A+GB67A

x2yz + xy2z + xyz2 ≤ 1
3

f
��� å(¯Mã�� ��� ° ç�â �yã-å�¬ 	3ê 	7ç@åPå�ã � � � �>ã�è � ��ä 	MèyâEã�� ª ç�ã\äEä*ã ¬ � äEèBé �\ê�ã_çKè�� ° 	7çPé � èBé3³
¸�	 � ê�ê�ã � ��ä 	MèyâEã��3¶ � é�«ã�¸ �7çPé �t«� 	 ��³/¬ 	�äEä+ã�ä � ��®0è>ç$¯Mã\ä�é+çæê 	3ê ª � åPç�ê��ã�âDè>ç�â 	 �<ã ��	Bê
	�å �Mè � 	 �
¬ 	�ä+â+ã-å � è�	�� � ��	7çKè �
��ã ��� ä*ã ���oµ ��	Mè � 	�åPå �
� 	J± �<ã�è ���1² �E® � � �X_rã � �7å 	8´�µ ° ��ä-ê ���
� � ¯Mã�ä � ª ��� ® � � � 	Mè � � �¨­ 	Mä � ²Jµ �8µ � 	�è ��� �RçPå � ä�ç � ¸�	 �Mä�ç�ã\ä ®0è>ç$¯Mã\ä�é+çæê ���
� 	3ê�ã�ä�å � � � � ´�µ �"ã �<ä�é�ê �7ç(¯Mã�ê	�yãXé � å��3êKç � è ��� ¬ 	Bê
	�çPå@å�ã"µ

� ID=BL
A+G34 � 6M? i G�T 
 ��i G��a6MI�Þ � :<4M�B?<672PC�A�T�6�:<;"A+G34aG�T3H<=�A+G34M8+CK8\¢�� 4aGB6��B4
x2yz + xy2z + xyz2 = xyz(x + y + z)

≤ xyz(12 + 12 + 12)
1

2 (x2 + y2 + z2)
1

2 =
√

3 xyz
f

£ :QA+G34F=�A+G347IXGB6�:<; ¢ 1
3

= 1
3
(x2 + y2 + z2) ≥ 3

√

x2y2z2
¢y?<8+CK:<¥ A+G34 g � 
 4��� :<4��>?<6M2@C@A�T ` G347: i 4>¢ xyz ≤ 1

3
√

3

fX� G34�;<478*CPID4�;FCK:<4M�B?<672PC�A�TFku=>2P2K=��a8�CPLFLF4�;>CK6�AE4�2�T
JMT i =BLFJBCP:BCK:<¥XA+G34RAæ� ="ID4M8+?32@A�8 f
´aã 
<ê�­Oã���ç$¯Mã ê	�yãOé � å �BêKç � è ��� �o«� 	 ��³R¬ 	MäEä*ã\ä � µ

� ID=BL
A+G34�CK;<47:>ADC@A�T
(a + b + c)2 = a2 + b2 + c2 + 2(ab + bc + ca)

6�:<;A+G34O� 472@25� ¤ :<=��a:"CK:<4M�B?<672PC�A�T
a2 + b2 + c2 ≥ ab + bc + ca

¢>C�A�ku=>2@25=��a8�A+GB67A
3(ab + bc + ca) ≤ (a + b + c)2

f ß � à



� �M�

� 4�A�ADCP:<¥
a = xy

¢
b = yz

¢B6�:<;
c = zx

CP:Fß � à�TBCK472K;38
3(x2yz + xy2z + xyz2) ≤ (xy + yz + zx)2 ≤ (x2 + y2 + z2)2 = 1

¢
k5ID=BL
� G>C i G � 4a¥74\A

x2yz + xy2z + xyz2 ≤ 1
3

f� =�ADC i 4OA+GB67A�4M�B?<672PC�A�TNG3=>25;B8�� G34M:
x = y = z = 1√

3

f
ë f ¡M4�A

m
6M:<;

n
J34 CP:>AE4M¥74MI�8O¥�ID4767AD4MI�A+GB6�:

1
f ��=B:38+C5;34MI�6�:

m × n
ID4 i AD6M:<¥\?32K6MI¥�IDCK;Q=>k0H<=>CK:>A�8�CP:NA+G34�HB2K6M:<4 f � =BLF4

k
=>kyA+G3478-4 Hr=>CP:>AD8�6MID4 i =>25=>?<ID4M;�ID4M;FCK:F8*? i G6X�a6�TaA+GB67A�:<= A+GBID4M4�ID4M;"Hr=>CP:>AD8�6MID4XA+G34��B4MIæADC i 4M8�=>k 6RIDCK¥7G�A+�*6M:<¥\254M;�AEI�CK6M:<¥\254XAæ� ==>k�� G3=B894"8+C5;34M8X6�ID4"H36�I�672P2K472 AE=NA+G34"8+C5;34M8O=>k�A+G34�¥�IDCK; f�Ù 4\AE47IEL�CK:<4 A+G34�¥�ID4767AD4M8EAHr=B8*8*CKJB2K4X�>6M2@?r4 =>k

k
f

��� å��3êKç � è ��� ª ç�ã�äEä+ã�¬ � äEè3é��\ê�ã-ç5è � ° 	�çKé � è3é�³R¸�	 � ê�ê�ã ����ä�	�è â+ã"µ
�S4���C@2P2yH3ID=M�B4>¢yJMTFCP:<;B? i ADCK=B:�=B:

p = m + n
¢3A+GB6�A�A+G34�¥�ID4M6�AE478+A�Hr=B8*8*CKJB2K4�>6M2@?r4 =>k

k
CK8

m + n − 2
f

trôMö�ï � f
p = 4

f� G34�¥�IDCK;�CK8
2 × 2

¢�6�:<;VA+G34QLF6_ò�CPLN?<L :B?<LFJ<47I =>k�ID4�;�Hr=>CP:>AD8 CP8 i 2K4M6MID2 T
2 = 2 + 2 − 2

f�� G>?<8\¢�A+G34aID4M8+?32@AzG3=>25;B8�ku=BI
p = 2

f
trôMö�ï�� f

p ≥ 4
fg 898+?<L�4 A+GB67A�A+G34�ID478*?32�AXG3=>25;B8Oku=BI$6M2@2

m
¢
n > 1

8+? i G�A+GB6�A
p = m + n

f¡M4�A�?<8 i =B:38+C5;34MI�6 ¥�IDCK;���C@A+G
p + 1 = m + n

f
�QC@A+GQ:<=�2K=B898R=>k�¥747:<4MI�672PC�A�T ¢<� 4�LN6�T�6M898+?<L�4 A+GB6�A$A+G34�¥�IDCK;QCK8Xku=BIELF4�;�JMT

m
ID=��a8a6M:<;

n
i =>2P?<LN:38R��C�A+G

m ≥ n
fQ� G347:

m ≥ 3
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a!b! = a! + b! + c!
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a > c
¢>6�:<;



���M�

a!b! = a! + b! + c! < 2a! + b!
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(a! − 1)(b! − 2) < 2
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c = a + k
� G347ID4

k > 0
CK8X6�:QCP:>AE4M¥74MI fÙ C��>CK8+C5=B:�JMT

a!
:<=��hTBCK472K;38

a! = 2 + (a + 1)(a + 2) · · · (a + k)
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a
¢
a + d

¢
a + 2d

¢<� G347ID4
d > 0

¢38+? i G�A+GB67A
f(a) < f(a + d) < f(a + 2d)

f
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a
¢
a+d

¢
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¢
a+2003d

¢\� G347ID4
d > 0

¢38+? i G�A+GB67A
f(a) < f(a + d) < · · · < f(a + 2003d) �
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n ∈ � 8*? i G�A+GB67A f(n) = m
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ß56\à�¡M4�A
a = f−1(1)

6M:<;
m = f(a+1)

f�� G347:
m ≥ 2
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k
��C�A+G

0 ≤ k ≤ m−2
8*? i GXA+GB67A

f(a+2k) < f(a+2k+1)
f¡M4�A

d = 2k f�� G347: f(a) < f(a + d) < f(a + 2d)
f
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f(n) = 4(3i) − n − 1
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3i ≤ n < 3i+1
f� G347:

f
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i ≥ 0
f � ?<H3Hr=B894A+GB67A

f(a) < f(a + d) < f(a + 2d) < f(a + 3d)
ku=BI 89=BL�4

a
¢

d ∈ � f� 47: i 4>¢
3j ≤ a < 3j+1 ¢ 3k ≤ a + d < 3k+1 ¢ 3l ≤ a + 2d < 3l+1 ¢�6M:<;

3m ≤ a + 3d < 3m+1 ¢���C@A+G 0 ≤ j < k < l < m
f�� G34MID4�ku=BID4B¢

2d = (a + 3d) − (a + d) > 3m − 3k+1 ≥ 3k+2 − 3k+1 = 2(3k+1)
f
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n ≥ 0
¢

ßPC�à (
f(2n + 1)

)2 −
(

f(2n)
)2

= 6f(n) + 1
¢B6M:<;

ßKC@C�à
f(2n) ≥ f(n)

f
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� CK: i 4
6f(n)+1

CP8z=3;3;y¢�J<=�A+G
f(2n+1)−f(2n)

6M:<;
f(2n+1)+f(2n)LN?<8EA�J<4 =3;3;y¢3JMTNßKC à f�� k

f(2n + 1) − f(2n) ≥ 3
¢>A+G347:

f(2n + 1) + f(2n) ≤ 1
3

(

6f(n) + 1
)

= 2f(n) + 1
36�:<;

2f(2n) =
(

f(2n+1)+f(2n)
)

−
(

f(2n+1)−f(2n)
)

≤ 2f(2n)+ 1
3

−3
¢
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f(2n+1)−f(2n) = 1

¢76�:<;�ßKC à<ID4�;>? i 4780AD=
f(2n+1)+f(2n) = 6f(n)+1
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f(2n) = 3f(n)6�:<;

f(2n + 1) = 3f(n) + 1
ku=BI�6M2@2

n ≥ 0
f� =���� 4�89G3=���¢rJMTFCP:<;B? i ADCK=B:Q=B:

n
¢BA+GB67A�C@kyA+G34�J36M8-4 
 2 ID4MH3ID4M894M:>A�67ADCK=B:Q=>k

n
CP8

ak2
k + · · · + a12 + a0

¢�A+G34M:
f(n) = ak3

k + · · · + a13 + a0
f � CK: i 4

f(0) = 0
¢<A+G34 i 2P6MCPL CK8�AEID?r4 ku=BI

n = 0
f�g 898+?<L�4aA+GB6�A

n ≥ 1
6�:<;NA+G34 i 2K67CKL CP8AEID?r4�?<H�AD=

n − 1
f ��I�C@AD4

n = ak2
k + · · · + a12 + a0

f�� G347:
f(n) = f(2(ak2k−1 + · · · + a1) + a0)

= 3f(ak2k−1 + · · · + a1) + a0 = ak3
k + · · · + a13 + a0
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37 > 2003
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36+ · · ·+3+1 = 1093
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2003
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¢
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¢
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¢
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¢
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=

p + q

r + s + t
=

q

r + t
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=
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=
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=
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=
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(
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=
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a2 + b2 ≤ c ≤ 1
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2
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a2+b2 ≤ c ≤ 1
¢�6�:<;X2K4�A

r =
√

a2 + b2
fy� G347:

0 ≤ r ≤ √
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a = r cos θ
¢
b = r sin θ
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θ
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a + b = r(cos θ + sin θ) = r
√

2 sin

(

π

4
+ θ

) f
� CK: i 4 −1 ≤ sin
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π
4

+ θ
)
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6M:<;

r ≥ 0
¢r� 4NGB6��B4 −r

√
2 ≤ a + b ≤ r

√
2
f� G347:

a + b + c ≤ c + r
√

2 ≤ 1 +
√

2
¢

8*CP: i 4
c ≤ 1

6M:<;
r ≤ √

c ≤ 1
f�g 2K89= ¢

a + b + c ≥ c − r
√

2 ≥ c −
√

2
√

c =

(√
c − 1√

2

)2

− 1

2
≥ −1

2

f
� G>?<8\¢ −1

2
≤ a + b + c ≤ 1 +

√
2
f��=BID4�=7�B4MI9¢ CPk�� 4 A�6 ¤ 4

a = b = 1√
2

6�:<;
c = 1

¢rA+G347:
a2 + b2 ≤ c ≤ 16�:<;

a + b + c = 1 +
√

2
¢ � G>C@254 ��C@A+G

a = b = −1
2

6M:<;
c = 1

2

¢r� 4F=3J>A�6MCP:
a2 + b2 ≤ c ≤ 1

6�:<;
a + b + c = −1

2

f�� G34aH3ID=3=>k CK8 i =BLFHB254\AE4 f



��� �

ë f ß ®�µ ° �	
 	7é � ã3¯ à�¡M4�AyAæ� =�894��>?r4M: i 4M8�=>kBID4M672>:B?<LFJ<47I�8 {an} 6�:<; {bn} J34�8*? i GA+GB67A
a0 = b0 = 0

6M:<;�ku=BIz4M6 i G�Hr=B8+C@ADC �B4RCK:>AD4�¥747I
n
¢

an = a2
n−1 + 3

6M:<;
bn = b2

n−1 + 2n f
��=BLNH<6MID4RA+G34a:B?<LFJ<47I�8

a2003
6M:<;

b2003
f

��� å��3êKç � è ��� ª ç�ã�äEä+ã�¬ � äEè3é��\ê�ã-ç5è � ° 	�çKé � è3é�³R¸�	 � ê�ê�ã ����ä�	�è â+ã"µ
� =BI

n ≥ 1
¢r� 4FGB6\�B4

a2
n > 22n f�� G>CP8Oku=>2P2K=��a8�JMTQCK:<;>? i ADC5=B:V=B:

n
¢�8*CP: i 4

a1 = 3
6M:<;

an > a2
n−1

ku=BI
n ≥ 1

fÉg :<=�A+G34MI�476�8�TwCP:<;B? i ADCK=B:É89G3=��a8�A+GB6�A
2n > n + 3

ku=BI
n ≥ 3

f�� G>?<8�¢>ku=BI
n ≥ 3

¢�� 4 GB6\�B4
a2

n > 22n

> 2n+3 f ß � à
�S4 i 2K67CKL A+GB67A

2bn < an
ku=BIX672P2

n ≥ 3
f�� G34 i 2P6MCPLÂCP8OAEID?r4�ku=BI

n = 3
¢8*CP: i 4

a3 = 147
6�:<;

b3 = 72
f 1<ID= i 4M4�;>CK:<¥�JMTFCK:<;>? i ADC5=B:y¢B� 4�6�8*8*?<LF4aA+GB67A�A+G34i 2K67CKLÂG3=>2K;38�ku=BI$8-=BLF4�¥\C �B4M:

n ≥ 3
faÚ 8+CK:<¥�A+G34"CP:<;B? i ADCK=B:SG�TBHr=�A+G3478*CP8O6�:<;�ß � à+¢� 4 =3J�AD67CK:

2bn+1 = 2
(

b2
n + 2n+1

)

= 1
2

(

(2bn)2 + 2n+3
)

< 1
2

(

a2
n + a2

n

)

< a2
n + 3 = an+1

¢
� G>C i GN4M:<;B8�A+G34RCK:<;>? i ADC5=B: f�BT�?<8+CK:<¥�A+G34 i 2P6MCPL 6M:<; i G34 i*¤ CK:<¥�A+G34S�rI�8EA ku4\� i 6�894M8\¢�� 4V;<4M;B? i 4SA+GB6�A
bn ≤ an

ku=BIR672P2
n ≥ 0

¢���C�A+G�4��>?<6M2@C@A�TVC@kz6�:<;�=B:B2 TVC@k
n = 0

f�� :�H36�IæADC i ?32P6�I9¢
a2003 > b2003

f

� = i =BLNH32K4�AD4OA+G>CK8�:B?<LFJ<47I-¢�� 4R2K=3= ¤ 6�A�ID4M6�;<47I�8�§�8-=>2@?BADC5=B:38�AE="H3ID=3JB2K4MLN8$=>kA+G34 Ú�¤ I�67CK:BCP6�:��w6�A+G34MLN67ADC i 672 £ 2 T3LNH3CP6�; ������� � =BIDL¿¥\C��B47:NCP: �D�M�����FìB� � � 
 � ����� fØ f � CK:<;�6M2@2�ID476M2
k
8*? i GNA+GB6�A�A+G34�ku=>2@25=���CP:<¥a8�T38EAE47L¶=>k�4M�B?<6�ADC5=B:38OGB6�8X6�?<:BCK�B?r48-=>2@?BADC5=B:�ì

x2 + y2 = 2k2 ¢
kx − y = 2k

f
��� å(¯Mã�� � � ° ç�â �yã-å�¬ 	Bê
	�çPå@å�ã � � � �Bã\è�� ��ä�	�è â+ã � 	�è�� ª ç�ã\äEä*ã�¬ � äEè3é��\ê�ã-ç5è � ° 	7çPé � èBé3³
¸�	 � ê�ê�ã ����ä 	MèyâEãOµ �"ã���ç$¯Mã`¬ 	3ê 	7ç@åPå�ã�· é~­$ä�ç�ê�ãX³ � ��µ

� G34O8�T38EAE47L GB6�8z6O?<:BC5�>?r4R8-=>2@?BADC5=B: CPk<6�:<;"=B:B2�T CPkBA+G34O2@CK:<4
`
��C�A+G"4��>?<67ADCK=B:

kx − y = 2k
CK8�A�6�:<¥747:>A�AE=NA+G34 i CKI i 2K4

γ
��C@A+GQ4M�B?<6�ADC5=B:

x2 + y2 = 2k2 fR� G>CK8i =B:<;>C@ADCK=B: i 6M:aJ<4�8+A�67AD4�;�4��>?3C��>672547:>AD2�TR6M80ku=>2P2K=��a87ìBA+G34�I�6�;>CP?<8 √
2|k| =>k γ CP8�4��>?<6M2AE=OA+G34X;>CK8EAD6M: i 4$k5ID=BL

`
AE=OA+G34�=BIDCK¥\CK:y¢\� G>C i GRCP8 |k · 0 − 0 − 2k|√

1 + k2

f�� G>?<8\¢�� 4�=3J>A�6MCP:
A+G34�ku=>2P2K=���CK:<¥ i =B:<;BC�ADC5=B:F=B:

k
ì
2k2 =

4k2

1 + k2

f
� =>2��>CK:<¥Oku=BI

k
¢�� 4R�r:<;�A+GB67A

k ∈ {0
¢
1
¢ −1} f
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¯ f 1<ID=7�B4XA+GB6�A�ku=BI�6M:�T AEIDCP6�:<¥\2K4B¢�CPk
S
;<47:<=�AE478zC�AD8z6�ID476�6M:<;

r
;34M:<=�AD4M8�A+G34RI�6�;>CP?<8=>k C@A�8�CK:38 i IDCKJ<4M; i CPI i 254>¢�A+G34M:

S

r2
≥ 3

√
3
f

��� å(¯Mã�� ��� ° ç�â �yã-å�¬ 	3ê 	7ç@åPå�ã � � � �>ã�è � ��ä 	MèyâEã�� ª ç�ã\äEä*ã ¬ � äEèBé �\ê�ã_çKè�� ° 	7çPé � èBé3³
¸�	 � ê�ê�ã � ��ä�	�è â+ã � 	Mè �-_rã�� ��å
	G´�µ ° ��ä-ê ��� � � ¯Mã\ä � ª ����® � �oµ �"ã ��ç$¯Mã ° ��ä-ê ��· éé � å��3êKç � è���± � ��ç ��ã � ���Nê	� ã ã ��çæê � ä)µ

Ù 4M:<=�AD4FA+G34Q8+C5;34F2547:<¥_A+GB8"=>k�A+G34FAEI�CK6M:<¥\254QJMT
a
¢
b
¢�6�:<;

c
6�:<;SA+G34Q8-47LNCK�Hr47IDCPL�4\AE47IaJMT

s
fQg H3H32 TBCP:<¥�A+G34 g � 
 4�� � :<4M�B?<672PC�A�TSAE=�A+G34�Hr=B8+C@ADC �B4F:B?<L�J34MI�8

s − a
¢
s − b

¢36M:<;
s − c

¢�� 4a=3J�AD67CK:
3

√

(s − a)(s − b)(s − c) ≤ 1
3
s ` A+GB6�A�CK8\¢

(s − a)(s − b)(s − c) ≤ s3

27

f ß � à
Ú 8*CP:<¥ � 4MID=B:y§ 8 � =BIEL�?32K6N6M2K=B:<¥ ��C�A+GVß � à�6�:<;QA+G34 ¤ :<=��a:�ku=BIEL�?32K6

S = rs
¢ � 4=3J>A�6MCP:

S2 = s(s − a)(s − b)(s − c) ≤ s4

27
≤ S4

27r4

f
� G347:y¢ S2

r4
≥ 27

¢B6�:<;FG347: i 4>¢ S

r2
≥ 3

√
3
f

ë f ¡M4\A
α
J<4F6�ID4M672�:B?<LFJ<47IR8*? i G�A+GB6�AO�>�B4 i =B:3894 i ?BADC �B4�AE47IELN8 =>k�A+G34FCP:B�r:BC�AE48-4M�B?r47: i 4
sin α

¢
sin 2α

¢
sin 3α

¢
. . .
¢
sin nα

¢
. . .

6�ID4"I�6�ADC5=B:3672 f 1<ID=M�B4 A+GB67A 	7å@åA+G34RAE47IELN8$=>krA+G34a894��>?r4M: i 4a6�ID4�I�67ADCK=B:36M2 f
��� å��3êKç � è ��� ª ç�ã�äEä+ã�¬ � äEè3é��\ê�ã-ç5è � ° 	�çKé � è3é�³R¸�	 � ê�ê�ã ����ä�	�è â+ã"µ
v�ï�
�
�ô f ¡M4�A

p
J34a6M:�CK:>AD4�¥747Iz8*67ADCP8*k@T>CK:<¥R6M:�TF=>k<A+G34�ku=>2P2K=���CK:<¥Xku=>?<I i =B:<;>C@ADCK=B:387ì

ßPC�à
sin(pα) = sin

(

(p + 1)α
)

= 0 `ßKC@C�à
sin(pα) = sin

(

(p + 2)α
)

= 0 `ßKC@CPC à
cos(pα) = cos

(

(p + 1)α
)

= 0 `ßKC ��à
cos(pα) = cos

(

(p + 2)α
)

= 0
f

� G347:
sin α ∈ {−1

¢
0
¢
1} fª ä � ����f ßPC�à � ?<H<H<=B8-4�A+GB6�A

sin(pα) = sin
(

(p + 1)α
)

= 0
fz� G347:

cos(pα) = ±16�:<;
0 = sin

(

(p + 1)α
)

= sin(pα) cos α + cos(pα) sin α = ± sin α
f

� G>?<8\¢
sin α = 0

f
ßKC@C�à � ?<H3Hr=B894 A+GB67A

sin(pα) = sin
(

(p + 2)α
)

= 0
fR� G34M:

cos(pα) = ±16�:<;
0 = sin

(

(p + 2)α
)

= sin(pα) cos(2α) + cos(pα) sin(2α) = ± sin(2α)
f
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� G>?<8\¢
sin(2α) = 0

¢�� G>C i G"CPLFHB2PCK4M8zA+GB6�A
sin α ∈ {−1

¢
0
¢
1} fßKC@CPC à�6M:<;FßPC���à�6�ID4 i =B:38+C5;34MID4M;�CP:N6 8+CKL�CP2P6�I��a6\T f

� ?<H<H<=B8-4
sin(pα)

CK8XI�6�ADC5=B:3672yku=BI
p ∈ {n

¢
n + 1

¢
n + 2

¢
n + 3

¢
n + 4} ¢ku=BIz89=BL�4RCP:>AE4M¥74MI

n > 0
f

trôMö�ï � fR� G34MID4�4*òMCK8EAD8
p ∈ {n + 1, n + 2, n + 3} 8+? i GFA+GB6�A sin(pα) 6= 0

6�:<;
cos
(

(p − 1)α
)

6= 0
f� G347:

cos α =
sin
(

(p − 1)α
)

+ sin
(

(p + 1)α
)

2 sin(pα)CK8RI�6�ADC5=B:3672 f � CK: i 4
cos
(

(p − 1)α
) i 6�:VJ34F4+ò�H3ID4M8*8-4M;�6�8R6NHr=>2 T3:<=BL�CK6720CP:

cos α��C@A+GwI�6�ADC5=B:3672 i =34�� i CK4M:>A�8�¢�C�Aaku=>2@25=��a8aA+GB67A
cos
(

(p − 1)α
) CP8"I�67ADCK=B:36M2�ßK6�:<;wCP8:<=B:<�EÞ*47ID= ¢3JMTFG�T3H<=�A+G34M8+CK8Dà f�� G34MID4�ku=BID4B¢

sin α =
sin(pα) − sin

(

(p − 1)α
)

cos α

cos
(

(p − 1)α
)

CK8�I�6�ADC5=B:3672 f¡M4�A
k
J<4�6�Hr=B8+C@ADC �B4 CP:>AE4M¥74MI f � CK: i 4

sin(kα)
i 6�:�J34"4*ò�H<ID4789894�;�6M8X6�Hr=>2 T<�:<=BLNCP6M2<CK:

sin α
��C�A+G�I�67ADCK=B:36M2 i =34�� i C547:>AD8\¢>C@A�ku=>2P2K=��a8zA+GB6�A

sin(kα)
CK8�I�6�ADC5=B:3672 f

trôMö�ï � f � =BI 476 i G
p ∈ {n+1

¢
n+2

¢
n+3} ¢9� 4�GB6��B4 sin(pα) cos

(

(p−1)α
)

= 0
f� G347:y¢0JMTQA+G34�HBC5¥74M=B:<G3=>254�H3IDCP: i CKHB254>¢04�C@A+G347I

sin(pα) = 0
ku=BI�Aæ� =N�>6M2@?r4M8=>k

p ∈ {n + 1
¢
n + 2

¢
n + 3} =BI cos((p − 1)α

)

= 0
ku=BI�Aæ� ="8*? i Ga�>672P?r478$=>k

p
f

� :F47C�A+G34MI i 6�894B¢M� 4RLF6\T"?<8-4OA+G34O2547LFLN6RAE=�;34�;>? i 4OA+GB67A
sin α ∈ {−1

¢
0
¢
1} f	� :H<6MI�ADC i ?32K6MI-¢

sin α
CK8�I�6�ADC5=B:3672�¢>6�:<;"A+G34 i =B: i 2@?<8*CK=B:�ku=>2@25=��a8�6�8�CP:F�y6M8-4 � f

í f�Ù =34M8zA+G347ID4 4*òMCK8EA�6 :B?<LFJ<47I
q ∈ � 6�:<;N6aH<I�CKLF4a:B?<LFJ<47I p ∈ � 8*? i G�A+GB6�A

3p + 7p = 2 · 5q �
��� å(¯Mã�� � � ° ç�â �yã-å�¬ 	Bê
	�çPå@å�ã � � � �Bã\è�� ��ä�	�è â+ã � 	�è�� ª ç�ã\äEä*ã�¬ � äEè3é��\ê�ã-ç5è � ° 	7çPé � èBé3³
¸�	 � ê�ê�ã ����ä 	MèyâEãOµ �"ã���ç$¯Mã`¬ 	3ê 	7ç@åPå�ã�· é~¯Mã\ä�é+ç � è1µ

� G347ID4�CK8�:<=�8+? i G�H<67CKI
(p, q)

fg 898+?<L�4�8+? i G�:B?<L�J34MI�8
p
6�:<;

q
4*òMCK8EA f�� G347:

p 6= 2
¢r8*CP: i 4

32 + 72 = 58CK8�:<=�A�=>krA+G34Rku=BIEL
2 · 5q

f�� G>?<8�¢
p
CP8$=3;<; f�� G347:

2 · 5q = 3p + 7p = (3 + 7) · A = 2 · 5 · A
¢

� G34MID4
A = 3p−1 − 3p−2 · 7 + 3p−3 · 72 − · · · − 3 · 7p−2 + 7p−1 f

� A�ku=>2@25=��a8RA+GB6�A
A = 5q−1 ��C@A+G q > 1

ßK8*CP: i 4
A > 1

à f � ?<I�A+G347IELF=BID4B¢�8*CP: i 4
3 ≡ −2 (mod 5)

6�:<;
7 ≡ 2 (mod 5)

¢�� 4aGB6��B4
A ≡ 2p−1 + 2p−1 + 2p−1 + · · · + 2p−1 ≡ p · 2p−1 (mod 5)

f
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g 8X6�ID478*?32�A-¢
p · 2p−1 ≡ 0 (mod 5)

¢ 6M:<;FA+G34�=B:B2 T�Hr=B8*8*CKJBC@2PC�A�TNCK8
p = 5

f � CK: i 4
35 + 75 = 2 · 52 · 341

CP8�:<=�A�=>krA+G34�ku=BIDL
2 · 5q ¢�A+G34�H<ID=3=>k CP8 i =BLNH32K4�AD4 f

² f�� CP:<;N672P2<kK?<: i ADCK=B:38
f : � → �

8+? i G�A+GB67A
f
(

xf(x) + f(y)
)

= x2 + y

ku=BIz672P2
x ∈ � 6M:<; y ∈ � f

��� å(¯Mã�� ��� ° ç�â �yã-å�¬ 	3ê 	7ç@åPå�ã � � � �>ã�è � ��ä 	MèyâEã�� ª ç�ã\äEä*ã ¬ � äEèBé �\ê�ã_çKè�� ° 	7çPé � èBé3³
¸�	 � ê�ê�ã ����ä�	�è â+ã � 	�è��G¸�ç
� � � � � ª � å 
 � � ±�± ��è>çæê � � � åPå�ã �>ã � �Rç5èyê�ã\ä � 	O¯Mã�è ���¨¸ �
® � �oµ �"ã���ç$¯Mã�� � � ��· é�é � å��3êKç � è�µ

� AaCK8�476�8�T�AD=V�B47IDC@k@T�A+GB6�A�J<=�A+G
f(x) = x

6�:<;
f(x) = −x

8*67ADCP8*k@T�A+G34kK?<: i ADC5=B:3672y4��>?<67ADCK=B: f �S4O��C@2P2<H<ID=7�B4RA+GB67A�A+G3478-4�6�ID4OA+G34 =B:B2 T�8-=>2@?BADC5=B:38 f¡M4�A
f
J34�6�8-=>2@?BADC5=B: f � 4\A�ADCK:<¥

x = 0
CP:�A+G34QkK?<: i ADC5=B:3672�4M�B?<6�ADC5=B:�¥\C �B4M8

f
(

f(y)
)

= y
ku=BI�6M2@2

y ∈ � f � 4M: i 4B¢>ku=BI�6M2@2 x ¢ y ∈ � ¢
x2 + y = f

(

xf(x) + f(y)
)

= f
(

f(x)f
(

f(x)
)

+ f(y)
)

= f(x)2 + y
f

� G>?<8\¢
f(x)2 = x2 ku=BIz672P2 x ∈ � f�� k f(1) = 1

¢>A+G347:
1 + 2x + x2 = f(1 + x)2 = f

(

1f(1) + f
(

f(x)
)

)2

=
(

12 + f(x)
)2

= 1 + 2f(x) + x2 ¢
6�:<;"A+G>?<8

f(x) = x
ku=BI�6M2@2

x ∈ � f�� CKL�CP2P6�I�2�T ¢>C@k f(1) = −1
¢�A+G34M:

1 − 2x + x2 = f(−1 + x)2 = f
(

1f(1) + f
(

f(x)
)

)2

=
(

12 + f(x)
)2

= 1 + 2f(x) + x2 ¢
6�:<;"A+G>?<8

f(x) = −x
ku=BI�6M2@2

x ∈ � f
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áO¯ ë í f ª ä � � � é\ã�� ��� ª 	 ��å ��ç������Må � ä�ç�� 	��XêKå 	�èyêKç�â5®�èBç(¯Mã�äæé*ç�ê	� ��¬ � â�	 � 	Bê � è �
�¨¸ �
® � � f

� ?<H<H<=B8-4�A+GB67A0A+G34 i 4M:>AEID4R=>kBA+G34R:BCP:<4��+Hr=>CP:>A i CPI i 254R=>k<6XAEIDCP6�:<¥\2K4X2PCK4M8z=B: A+G34CK: i CPI i 254R=>kBA+G34�AEIDCP6�:<¥\2K4 f � G3=��hA+GB6�A�C�AD8�6�:>ADCPHr=3;B6M2BHr=>CP:>A�CP8�A+G34 � 4�?r4MIEJ36 i G�1B=>CK:>A `A+GB67A�CP8�¢BA+G34 Hr=>CP:>A�� G347ID4aA+G34 :BCK:<4M�*H<=>CK:>A i CPI i 254 6M:<;NA+G34aCK: i CPI i 254 6�ID4�AD6M:<¥74M:>AzAD=4M6 i GF=�A+G347I f
áO¯ ë ² f ª ä � � � é�ã � � � ° 	�ä�ç 	�è?²Mã�êKç$¯ 	 ��¬��� ä�å
	 � �
� � ±�	�è>ç
	 f

¡M4�A
a
¢
b
¢
c
¢
d
J34"6M:�TQHr=B8+C@ADC �B4�ID4M6720:B?<LFJ<47I�8$��C@A+G

d = min{a
¢
b
¢
c
¢
d} f1<ID=M�B4OA+GB67A

a4 + b4 + c4 + d4 − 4abcd

≥ 4d
[

(a − d)3 + (b − d)3 + (c − d)3 − 3(a − d)(b − d)(c − d)
] f

áO¯ ë � f�ª ä � � � é\ã�� ���¦¶ � é�«ã ¸ �7çPé �o«� 	 ��³R¬ 	MäEä*ã\ä � �C®0è>ç$¯Mã\ä�é+çæê 	3ê ª � åPç�ê��ã�âDè>ç�â 	 �<ã
��	3ê 	7å���è � 	���¬ 	Mä*âEã_å � è 	 � � ��	�ç5è f

¡M4�A
a1
¢
a2
¢
. . .
¢
an
J34aID476M2r:B?<L�J34MI�8\¢<476 i GN¥�ID4767AD4MI�A+GB6M:

1
f 1<ID=M�B4OA+GB67A

n
∑

k=1

(

1 + logak
(ak+1)

)2 ≥ 4n
¢

� G34MID4
an+1 = a1

f
áO¯ ë � ftª ä � � � é�ã � ���`²�ç�ê ���"¯ � è 	Mä ��� � � ± «	Mèyã��é�êKç � � � ±�	MèBç 	�� 	Mè �5¬ � � � 	Mè
	 � è>çæê ���	 �
¬ �Bâ ��	�ä+ã\é�ê
��� � ±�	MèBç 	 f

� k
a
¢
b
¢B6�:<;

c
6MID4aH<=B8*C�ADC��B4�ID476M2r:B?<L�J34MI�8\¢3H3ID=M�B4RA+GB6�A

a2(b + c − a)

b + c
+

b2(c + a − b)

c + a
+

c2(a + b − c)

a + b
≤ ab + bc + ca

2

f
áO¯ ë © ftª ä � � � é�ã � ���`²�ç�ê ���"¯ � è 	Mä ��� � � ± «	Mèyã��é�êKç � � � ±�	MèBç 	�� 	Mè �5¬ � � � 	Mè
	 � è>çæê ���	 �
¬ �Bâ ��	�ä+ã\é�ê
��� � ±�	MèBç 	 f

¡M4�A
a
¢
b
¢B6�:<;

c
J<4OA+G34�2K4M:<¥_A+GB8$=>krA+G34a8+C5;34M8$=>k 6�AEI�CK6M:<¥\254 f 1<ID=M�B4OA+GB67A

(b + c)2

a2 + bc
+

(c + a)2

b2 + ca
+

(a + b)2

c2 + ab
≥ 6

f
áO¯ í ± f ª ä � � � é�ã � � � �~µ ¶Jµ � ±�ãMã�è 
 � ��	�åæê � � ±�±�ã-å ��ê	� ã`´aã�ê	� ã�ä�å 	�è���é f

¡M4�A
ABC

J34R6M:�CK89=B8 i 472K4M8�AEI�CK6M:<¥\254$��C�A+G
AB = AC

6M:<;
∠BAC = 100◦ f¡M4�A

D
J34FA+G34�H<=>CK:>Aa=B:SA+G34QH3ID=3;B? i ADCK=B:w=>k

AB
8+? i GSA+GB67A

AD = BC
f � CP:<;

∠ADC
f
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´ � �yä � �Må�ã�±¿çKé�ã3¯Mã�ä���ã�äU±�	Mèyã\è�êKå �Fâæå � é\ã���µ�² �yã"ã ��çæê � ä�çPé�	�å$­ 	��Mé �rå�ã 	Mé\ã��ê � â � èBé*ç �<ã�ä � � ä�� � �MåPç�â�	BêKç � èNèyãJ­né � å �BêKç � èBé � äzèyãJ­jçKè3é+ç � ��êPé � è���	7é7ê �yä � �Må�ã�±NéJµ

á Ø á � f �D�M�����Vì � �M� ¢ � � � � ª ä � � � é\ã�� ��� ª 	 �7åE¬ ä�	Bâ�
Bã�è �`®0è>ç$¯Mã\ä�é+çæê � ��� ²Mã�
 	Mé �
� ��çKè � �Mä � ��²�����® � � f

¡M4�A
a1
J34�6F:<=B:<�EÞ*47ID=VID476M2�:B?<LFJ<47I-¢�6M:<;�;<4��r:<4�A+G34F8-4M�B?r47: i 4 {an}∞

n=1JMT
an+1 = n2/an

ku=BI
n ≥ 1

f 1<ID=7�B4RA+GB6�A
N
∑

n=1

1

an

=

(

1

πa1

+
πa1

4

)

ln(N) + O(1)
f

��� å��3êKç � è ���t¶ � ã-å � â �>å � é��3ã�ä ����¬ 	��Mé+ç��<ã ��´ ����® � ����± � ��ç��yã�� � ��ê	�yã ã ��çæê � ä f
� A�CK8�8EAEI�6MCK¥7G�ADku=BIæ�a6MID;"AE="H<ID=7�B4 JMT�CP:<;B? i ADCK=B:�A+GB6�A�ku=BI

n ≥ 0
¢

a2n+1 =

(

22nn!2

(2n)!

)2

a1
f

g�i+i =BID;BCP:<¥XAE= � ADCPID2@CK:<¥�§ 8 � =BIEL�?32K6B¢
n! =

√
2πn

(

n

e

)n[

1 + O
(

1

n

)] ku=BI
n → ∞ f

� G347ID47ku=BID4>¢Bku=BI
n ≥ 1

¢

22nn!2

(2n)!
=

22n2πn
(

n

e

)2n

√

2π(2n)
(

2n

e

)2n

[

1 + O

(

1

n

)]

=
√

πn

[

1 + O

(

1

n

)] f

� G347:y¢Bku=BI
n ≥ 1

¢
1

a2n+1

=
1

πna1

[

1 + O

(

1

n

)]

=
1

πa1

[

1

n
+ O

(

1

n2

)]

6�:<;
1

a2n+2

=
a2n+1

(2n + 1)2
=

πna1

4n2
(

1 +
1

2n

)2

[

1 + O

(

1

n

)]

=
πa1

4n

[

1 + O

(

1

n

)]

=
πa1

4

[

1

n
+ O

(

1

n2

)] f



� � �

� G347ID47ku=BID4>¢Bku=BI
N ≥ 4

¢
N
∑

n=1

1

an

=
1

a1

+
1

a2

+

bN−1

2 c
∑

n=1

1

a2n+1

+

bN−2

2 c
∑

n=1

1

a2n+2

=
1

πa1

bN−1

2 c
∑

n=1

[

1

n
+ O

(

1

n2

)]

+
πa1

4

bN−2

2 c
∑

n=1

[

1

n
+ O

(

1

n2

)]

+ O(1)

=

(

1

πa1

+
πa1

4

)

ln
N

2
+ O(1)

f
� =�ADCP:<¥�A+GB67A

ln(N/2) = ln N − ln 2 = ln N + O(1)
¢�� 4R6MIEI�C��B4R6�A�A+G34a;34M8+CKID4M;ID4M8+?32@A f
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��a
��dNd�R���H 3D o �EI2���+D#DB �$J�9�3Q#
�(B$G=�1R&�(')�
h8�����DBIB�! [������CH<i57"�$g5'1��.Q�� S (�
�(��
p���FZ(3&���S+Q�FJ$�� (3(#��
�1LQ#)+q�$3��Q���P 1RS &�8'&�('�ZP *'
E]�12�.]K����
�1��

�����
	���
��������������������������! #"%$�&'$�(�)�*,+�-/.1032546)87:9<;�=>;?0@7A7B)DCFE'$#G�)�H�C:I�"�;�H<2J)��
K�L?M

ε N LOMJP�LQL?R@RASUT�V8L x2

a2
+

y2

b2
−1 = 0

�XWZY�[ T�\�]�\�RAR>L?R�M�\�^�_�L�^ZM5VXM [
ε
S@^ZM`L�]�V8L�a5M

\bMJPZS@]5c!M5\�^�_�L�^ZMO\�M
M1(x1, y1)

\�^�c
M2(x2, y2)

�Fd P [�Y MJP�\?MFMJP�L�eZ\�R@f#L [Zg
(

x2
1

a2
+

y2
1

b2
− 1

)(

x2
2

a2
+

y2
2

b2
− 1

)

SUVhS@^�c�L�T#L�^�c�L�^ZM [Zg MJP�L�a%P [ ViL�^!M�\�^�_�L�^ZM5V �
j 2`$�kl+�0>H�;�=U03$�Hm$�no(J0>k/0A7>;�"p(�$�7�G�=U0B$�H�(�+�- j &'$�(�=3$�7@0@(�qorOs�)�k/0U(%Cut�;�"%v�;�w�)80B$yxp0Uz�4{ 254<$�$�7UC j =|4<)?H�(iC:}X"%)�)�2`)D~6;�H<*, #)�=B)�"���rF�!$�$�C:9�03$�7>;l�XH�03v�)?"�(%0B=|-�CF��;!.y0>"�;�*Z;�CF� j C� { j �

� L�V8P�\�R@R'V8L�L!MJP�\�M g|[ ]p\�RARFa%P [ SUaJL�V [Zg MJP�L/MJP�]5L�L!M5\�^�_�L�^ZM�V � MJP�L�T�] [ c�f#a5MpS@^
� f#L�VJM5S [ ^!SUVh\�R Y \���V

1
� � Lbc�L�^ [ M5L N � O

MJP�L�a`L�^ZM`]5L [Zg MJP�Lb_�S�e�L�^�L�RAR@S@T�ViL � \�^�c N �
C1

�
C2

� \�^�c
M

MJP�L�T [ SU^ZM�V [Zg M�\�^�_�L�^�a�� [Zg MJP�L�MJP�]5L�L�M5\�^�_�L�^ZM�V
C1M1

�
C2M2

�
\�^�c

M1MM2

�
W P�L�\��,^�L�M`]�\�^�V g|[ ]`��\�M5S [ ^

(x, y) →
(

x,
a

b
y
) M`]�\�^�V g|[ ]5��V�MJP�L�_�S e�L�^

L�RAR@S@T�ViL
M [ MJP�Lua`SU]5a`RUL Y S�MJP!a`L�^ZM`]5L
O
\�^�c!]�\�cZS@f�V

a
�o� MF\�R@V [ M`]�\�^�V g|[ ]`��VoMJP�L�T [ S@^ZM5V

M1(x1, y1)
�

M2(x2, y2)
�

C1

�
C2

� \�^�c
M

M [ MJP�L�T [ SU^ZM�V
M ′

1

(

x1,
a

b
y1

) �
M ′

2

(

x2,
a

b
y2

) �
C′

1

�
C′

2

� \�^�c
M ′

� ]5L�V%T#L�a5M5S�e�L?R�� � \�^�c�S�M'M`]�\�^�V g|[ ]`��VoMJP�L
M5\�^�_�L�^ZM�V
C1M1

�
C2M2

� \�^�c
M1M2

[Zg MJP�L�L?R@RASUT�V8L�M [ MJP�LuM5\�^�_�L�^ZM�V
C′

1M ′
1

�
C′

2M ′
2

� \�^�c
M ′

1M ′
2

� ]5L�ViT�L�a5M5S e�L�R � ��[Zg MJP�L�a`S@]5a`R>L �� [ ^�ViL � f#L�^ZM5R � �
M ′

1O ⊥ M ′
2O �>N S@V8L�a5M [ ]�V [Zg ∠C′

1OM ′ \�^�c
∠M ′OC′

2

�Y P�L�]5L
∠C′

1OM ′ + ∠M ′OC′
2 = π � � \�^�c OM ′ ⊥ M ′

1M ′
2 � V%S@^�aJL M ′

1M ′
2

S@V
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AD6M:<¥74M:>A<AE=$A+G34 i CKI i 2K4z6�:<;
OM ′ CP8�6�I�6�;>CP?<8Dà f � 4 i 67?<8-4 4M ′

1M ′O ∼ 4OM ′M ′
2

¢C@A�ku=>2@25=��a8�A+GB67A
M ′M ′2

1 · M ′M ′2
2 = M ′O4 f�� G34M:

(

M ′
1O2 − M ′O2

)

·
(

M ′
2O2 − M ′O2

)

= a4 ¢
((

x2
1 +

a2

b2
y2
1

)

− a2

)

·
((

x2
2 +

a2

b2
y2
2

)

− a2

)

= a4 ¢
(

x2
1

a2
+

y2
1

b2
− 1

)

·
(

x2
2

a2
+

y2
2

b2
− 1

)

= 1
f

��� ��� �����	��
��f
������!�R,a��59��IB�U"�$MNeS �2���3Q�1RSE"#�3QBPU*�
�1�(l"BP &BP+
�5'(#SU��
�1R��SUPU�.$��.�.][� S (#$iN%<9$J5K"L��8�M�ED#I��H 3�����ECH<@5K".$ 5'1��.Q�� S (�
�(#p���FZ(#&���S	Q�FJ$G� (3(#��
�1LQ#)+q�$H�MQ���PU1RS &.8T�������������-���!�! #"�"�$J�'&�(�)R*��
,#&��U���\/'
�12�3
���$@����$X57"��98���<> [DG"#���HD#<�" o  [��:�$ o &�����S	�3
L$�CH?3$X57"��98��i� ���9"BNd 3 3C!A�$>k.&.�	P+
3��FZFG
L� $
PU*�
iC!
�PU*�
�1R� &�('����8�&�(��ZPU*�
E]�12�.]K����
�1��

����������
��������������������������  #"%$�&'$�(�)�*,+�-/.y0B254<)D7:9<;�=>;?0@7A7B)DCFE'$#G�)�H�C:I�"�;�H<2J)��
K�L?M

a1

�
a2

�
. . .

�
an N L n

cZSUV`M5SU^�a5M�T [ VJSAM5S e�L�]5L�\�RX^�f�� N L�]�V ��Y P�L�]5L n ≥ 2
�

� [ ]
i = 1

�
2
�
. . .

�
n
� RUL?M

pi =
∏

j 6=i

(aj − ai)
�od P [�Y MJP�\?M n

∏

i=1

a
1

pi

i < 1
�

{ $�7�G�=U03$�H +�- ��;?7�=|4<)?"��8;�H<$#G�(%C ��"5(�G�7A0>H<)?H�z�-�k�H�;�(%0�G�k�C��3H�H�(?+�"DG�25w�C j G�(?=|"�0>;�Ck $�*�0
	6)�*,+�-/=|46)�)�*�0B=B$�"D�
� L Y SAR@R�\�T�T�R �pMJP�L g|[ RAR [�Y S@^�_FMJP�L [ ]5L�� [ ^ba [ ^�e�L�� g f�^�a5M5S [ ^�V [Zg PZS>_�P�L�] [ ]5c�L�]

� ViL�L 
�
Z� T�T �Z������� � �������������� � K�L�M
I N L�\�^ [ T�L�^�SU^ZM5L�]3eZ\�R � \�^�c�RUL?M f : I → � N L�\ g f�^�a5M5S [ ^ Y PZSUa%PSUV

n � M5SU��L�VQc�S���L�]5L�^ZM5S@\ N R>L �'W P�L g|[ R@R [�Y SU^�_�VJM�\�M5L���L�^ZM�VQ\�]5L�L � f�S eZ\�RUL�^ZM �

� S � �|g x0

�
x1

�
. . .

�
xn

\�]5LQ\�^��
n+1

cZSUV`M5SU^�a5MXT [ S@^ZM5V'S@^
I
� MJP�L�^ n

∑

i=0

f(xi)

w′(xi)
> 0

�
Y P�L�]5L

w(x) =
n
∏

j=0

(x − xj)
�

� SAS � f (n)(x) > 0
g|[ ]o\�RAR

x ∈ I
�

 g f�^�a5M5S [ ^
f
Vi\?M5SUV g ��S@^�_pMJP�Lb\ N [ e�L�a [ ^�cZSAM5S [ ^�V�S@V�Vi\�S>c�M [ N L (�=|"�032i=U7|- n ! 2`$�H6v�)#"<�� [ ] [ f�]pT�] [ N RUL�� �6Y L�M5\�$�L I = (0, ∞)

\�^�c
f(x) = (−1)n ln x

�/W P�L�^
f (n−1)(x) = (n − 2)!/xn−1 > 0

g|[ ]�\�R@R
x > 0

� W P�L�]5L g|[ ]5L �
f
S@V!VJM`]�S>a5M5R �

(n − 1) � a [ ^�e�L%� �&QV%S@^�_�MJP�L
n
cZSUV`M5SU^�a5MO^�f�� N L�]�V a1

�
a2

�
. . .

�
an

_�S�e�L�^�SU^!MJP�L�T�] [ N R>L�� ��Y LR>L�M
w(x) =

n
∏

j=1

(x − aj)
�'W P�L�^ g|[ ]hL�\�a%P

i = 1
�
2
�
. . .

�
n
��Y L�P�\�e�L

w′(ai) =
∏

j 6=i

(ai − aj) = (−1)n−1pi

�
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g�i+i =BID;BCP:<¥OAD= i =B:<;>C@ADCK=B:FßPC�à�CP:"A+G34RA+G34M=BID4ML�¢ n
∑

i=1

f(ai)

w′(ai)
> 0

f�� G34M:
n
∑

i=1

ln ai

pi

= −
n
∑

i=1

(−1)n ln ai

(−1)n−1pi

= −
n
∑

i=1

f(ai)

w′(ai)
< 0

f

� 6 ¤ CP:<¥a4+ò�H<=B:<4M:>ADCP6M2P8�¢�� 4a=3J�AD67CK: n
∏

i=1

a
1

pi

i < 1
f
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�����b���/
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K�L?M

a
�
b
� \�^�c

c N L�MJP�L�VJS>c�L�V [Zg \�Via`\�R>L�^�LuM`]�SU\�^�_�R>L ABC
��� ] [ e�LuMJP�\?M

∑

	 
�	
� � 	

(a + 1)bc
(√

a −
√

b
)(√

a − √
c
) <

a4 + b4 + c4

abc

�
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S1 + S2
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S1 =

∑

	 
�	
� � 	

abc
(√

a −
√

b
)

(√
a − √

c
)

�
S2 =

∑

	 
�	
� � 	

bc
(√

a −
√

b
)

(√
a − √

c
)

�

� N ViL�]3e�LuMJP�\?M

S1 = abc ·

(√
c −

√
b
)

+
(√

a − √
c
)

+
(√

b − √
a
)

(√
c −

√
b
)

(√
a − √

c
)

(√
b − √

a
) = 0

�

� L�a5\�^�VJSU��T�RAS g �
S2 N ����\�$�SU^�_�f�V8L [Zg MJP�LuS>c�L�^ZM5S�MB�

x2y2(y−x)+y2z2(z−y)+z2x2(x−z) = (x−y)(y−z)(z−x)(xy+yz+zx).

�OS�eZS>cZSU^�_ N [ MJP/VJS>c�L�V N � (x − y)(y − z)(z − x)
\�^�c/ViL?M�M5S@^�_

x =
√

a
�
y =

√
b
�

\�^�c
z =

√
c
��Y L [ N M5\�SU^

S2 =
√

ab +
√

bc +
√

ca
�
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abc

(√
ab +

√
bc +

√
ca
)

< a4 + b4 + c4
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a

3

2 b
3

2 c = (a4)
3

8 (b4)
3

8 (c4)
1

4 < 3
8
a4 + 3

8
b4 + 1

4
c4
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a
¢
b
¢>6M:<;

c
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a
3

2 bc
3

2 < 3
8
a4 + 1

4
b4 + 3

8
c4 6�:<; ab

3

2 c
3

2 < 1
4
a4 + 3

8
b4 + 3

8
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b
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 o &BP &.S � �	
L$�
��J�2*��B^�S (BpGP *3&BPEP *'
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abc(

√
ab +

√
bc +

√
ca) < a4 + b4 + c4
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�12
M^@
�12
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�P+

PU*�
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�|g
xk > 0

g|[ ]
k = 1

�
2
�
. . .

�
n
� T�] [ e�L�MJP�\�M

� \ � cos





n
n
∑

k=1

xk



− sin





n
n
∑

k=1

xk



 ≥ 1

n

n
∑

k=1

(

cos
1

xk

− sin
1

xk

) �

�>N��
n
∑

k=1

sin
1

xk

n
∑

k=1

cos
1

xk

≥ tan





n
n
∑

k=1

xk





�

� *�0B=B$�"	� (�2J$�k�k )�HX=5�
&Q^ g|[ ]�M5f�^�\?M`L?R�� � MJP�L�SU^�L � f�\�R@S�M5S>L�V�\�]5L�SU^�a [ ]`]5L�a5Mu\�VbVJM�\�M5L�c ��
<[ MJP � \�R�MJP�L�]

�%\�^ [ f�V � &Q]5V%f�RASU^�L�^�_8����^�\�VJS@f�� �
� ^�^�V N ]�f#a�$ �  f�VJM`]�SU\ \�^�c � L�M`L�]�
 � � [�[<��
 S [ RU\
&Q^�S�e�L�]�V%S�MB� � K�\��yS@]�\�c�\ � �  � & d  _?\�e�L�a [ f�^ZM`L�]5L���\���T�R>L�Vb\�^�c MJP�L�^l\?M�M`L���TZM`L�cM [ SU��T [ ViL�\�c�c�S�M5S [ ^�\�RF]5L�VJM`]�S>a5M5S [ ^�V [ ^ MJP�L/eZ\�]5S@\ N R>L�VuM [ ��\�$�L/MJP�L�SU^�L � f�\�R@S�M5S>L�Va [ ]5]5L�a5M � �%\�^ [ f�V�V%f#a`aJL�L�c�L�clSU^�]5L�T�\�SU]�SU^�_�T�\�]�M � \ � � � [�[�� V�a [ f�^ZM5L�]5L%��\���T�RUL g|[ ]T�\�]�M � \ � SUV n = 2

�
x1 = 0.4

� \�^�c
x2 = 0.3

� \�^�c��%\�^ [ f�V � a [ f�^ZM`L�]5L���\���T�R>L g|[ ]T�\�]�M �|N�� SUV n = 2
�
x1 = 1/π

� \�^�c
x2 = 3/π

�
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K�L?M
f(x) = cos

1

x
− sin

1

x

�O� ^�L � f�\�RASAM3� � \ � a5\�^�^ [�Y N L Y ]�SAM�M5L�^�\�V
1

n

n
∑

k=1

f(xk) ≤ f

(

1

n

n
∑

k=1

xk

) �
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f ′′(x) =
(1 − 2x) sin

1

x
− (2x + 1) cos

1

x
x4

< 0

ku=BI
x ∈ (0.601451551, ∞)

f ß � G34a4M;BC�AE=BI0�B4MI�CP�r4�; �*6�:<=>?<8\§�ID478*?32�A�?<8*CP:<¥ �w6�HB254 f à� G>?<8\¢BCP:<4��>?<6M2@C@A�TFßK6�à�CP8zAEID?r4RCPk
xk ∈ (0.601451551, ∞)

ku=BI
k = 1

¢
2
¢
. . .
¢
n
f
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g(x) = sin
1

x

6M:<;
h(x) = cos

1

x

f�� G347:
g′′(x) =

2

x3
cos

1

x
− 1

x4
sin

1

x

6�:<;
h′′(x) = −

(

2

x3
sin

1

x
+

1

x4
cos

1

x

) f
� =BI

x ∈ (0.928613759, ∞)
¢�� 4QGB6\�B4

g′′(x) > 0
6M:<;

h′′(x) < 0
f � :�k56 i A-¢

h′′(x) < 0
CPk

x ∈ (0.436885409, ∞)
f�� CK: i 4

0.928613759 > 2/π
¢�� 4 GB6\�B4

0 <

n
n
∑

k=1

xk
<

π

2

6�:<;
0 <

1

xk

<
π

2
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g(x)
6�:<;

h(x)
T>C54�25;B8

1

n

n
∑

k=1

sin
1

xk
≥ sin





n
n
∑

k=1

xk



 > 0

6M:<;
0 <

1

n

n
∑

k=1

cos
1

xk
≤ cos





n
n
∑

k=1

xk





¢
k5ID=BL
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n ≥ 1

R>L�M
an = 1 +

√
2 + 3

√
3 + · · · + n

√
n
��� ] [ e�LuMJP�\?M

n
∑

k=1

k
√

k

a2
k

<
2n + 1 + (ln n)2

n + 1 + 1
2
(ln n)2

�
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Ln =

n
∑

k=1

k
√

k

a2
k

\�^�c
Rn =

2n + 1 + (ln n)2

n + 1 + 1
2
(ln n)2

�

 �uc�S@]5L�a5MXa [ ��T�f�M5\?M5S [ ^ �8Y LhViL�LFMJP�\�M

L1 = 1
�
L2 ≈ 1.2426

�
L3 ≈ 1.3396

�
L4 ≈ 1.3905

�
R1 = 1.5

�
R2 ≈ 1.6914

�
R3 ≈ 1.7828

� \�^�c
R4 ≈ 1.8322

�
��L�^�aJL �

Ln < Rn

g|[ ]
n = 1

�
2
�
3
�
4
�
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n ≥ 5

f � CP: i 4OA+G34�kK?<: i ADC5=B:
f(x) = x1/x CK8$;34 i ID476�8+CK:<¥=B:

(e, ∞)
¢B� 4�GB6��B4>¢<ku=BI$4M6 i G

k ≥ 5
¢
1 < k1/k ≤ 51/5 ≈ 1.3797

f � =�AE4 6M2P8-=A+GB67A
ak ≥ k

ku=BI�6M2@2
k ≥ 1

f�� 47: i 4>¢

Ln = L4 +

n
∑

k=5

k
√

k

a2
k

< L4 + (1.3797)

n
∑

k=5

1

k2
< L4 + (1.4)

∫ n

4

dx

x2

= L4 + (1.4)
(

1

4
− 1

n

)

< (1.4) + (1.4)
(

1

4

)

= 1.75
f

� CK: i 4
Rn = 2 − 1

n + 1 + 1

2
(ln n)2

> 2 − 1

n + 1
≥ 2 − 1

6
> 1.8

¢�C@A�ku=>2@25=��a8
A+GB67A

Ln < Rn
f
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�� S �2*'
��TPU*�

��PU12��(Bp#
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��[Q�&.� SUPU� n

∑

k=1

k√
k

k2
< Rn

� o �#P *u�L&�('�3Q��j&�(��%�!
��2� 
3
L� S	
���
TPU*#&#PXP *'
gFJS (BS FgQ�F � �
Rn − Ln

S �i&BPRP &�S ('
��g^E*�
�(
n = 8

8MPU*'Q���$
Ln ≤ Rn − 0.4409

^E*'
�12

0.4409 ≈ R8 − L8

$

[Q#P9P *'
��@p�&#��
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M�����	Q#P S	��(j
��XP *'
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iP	
L�	
���)��.][S (BpXP	��p#
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�1>^�SUPU*
PU*�
@S (�
��[Q�&.� SUPU�

an < n + 1 + 1

2
(ln n)2

$�^E*#SU)R*\*'
H)+� &�S FG
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3
@�2*'�B^E(g
��!S (��[Q#)�P SU��( 
[Q#P���SU�
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A
�
B ∈ Mn(

�
)
� \�^�c/RUL?M

ω = e2πi/n
� � ] [ e�LuMJP�\?M

n
∑

k=1

det(A + ωk−1B) +

n
∑

k=1

det(B + ωk−1A) = 2n(det A + det B)
�
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ω = e2π/n
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M ∈ Mn(
�
)
�#Y L�c�L�^ [ M5L N � M (1)

�
M (2)
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�
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M
� K�L�M

x N Lu\�^�SU^�c�L?M5L�]5��S@^�\�M5L �Fd S@^�aJLu\�^ n × n
c�L?M5L�]5��S@^�\�^ZM:SUVO\�^

n
� RASU^�L�\�]g f�^�a5M5S [ ^ [Zg SAM�VQa [ RAf���^�V ��Y L�a`\�^,L%��T�\�^�c

det(A + xB)
\�V g|[ RAR [�Y V �

det(A + xB) = det
(

A(1) + xB(1), A(2) + xB(2), . . . , A(n) + xB(n)
)

= det
(

A(1), A(2), . . . , A(n)
)

+

n−1
∑

j=1

αjx
j

+ xn det
(

B(1), B(2), . . . , B(n)
)

= det A +

n−1
∑

j=1

αjx
j + xn det B
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α1
¢
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¢
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αn−1
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x
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x = 1
¢
ω
¢
ω2 ¢ . . .

¢
ωn−1 CK:N8+? i+i 4M8*8*CK=B:N6M:<;N6�;<;>CK:<¥XA+G34aID478*?32�AD8\¢�� 4 =3J�AD67CK:

n−1
∑

k=0

det(A + ωkB) = n det A +

n−1
∑

k=0

n−1
∑

j=1

αjω
kj +

n−1
∑

k=0

ωkn det B

= n det A +

n−1
∑

j=1

αj

n−1
∑

k=0

ωkj +

n−1
∑

k=0

ωkn det B
f
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ωn = 1

6M:<; n−1
∑

k=0

ωkj =
1 − ωnj

1 − ωj
= 0

ku=BI
j = 1

¢
2
¢
. . .
¢
n − 1

¢
� 4 GB6\�B4

n−1
∑

k=0

det(A + ωkB) = n(det A + det B)
f

� G347: n−1
∑

k=0

det(B + ωkA) = n(det B + det A)
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f(x) = x − c2 tanh x
�XY P�L�]5L

c > 1
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f(x)
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c�L�aJ]5L�\�V%S@^�_ [ ^/MJP�L�S@^ZM`L�]3eZ\�R

[−x0, x0]
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x0 = ln
(

c +
√

c2 − 1
) S@VQMJP�L�T [ VJSAM5S e�L�] [�[ M [Zg MJP�L/L � f�\?M5S [ ^

cosh x = c
� � [ ]L�\�a%P

x ∈ (−x0, x0)
� MJP�L�P [ ]5S � [ ^ZM5\�R#R@S@^�L�T�\�ViVJSU^�_�MJP�] [ f#_�P (

x, f(x)
) S@^ZM`L�]�V8L�a5M5VMJP�L�_?]�\�T#P [Zg

f
\�M:M Y�[/[ MJP�L�]oT [ SU^ZM�V Y SAMJP!\ N Via`SUV%Vi\�V x1(x)

\�^�c
x2(x)

� ��L �#^�Lb\g f�^�a5M5S [ ^
g : (−x0, x0) → � \�V g|[ RAR [�Y V �

g(x) = x + c2 tanh
(

x1(x)
)

+ c2 tanh
(

x2(x)
)

�
� ] [ e�L [ ]hcZSUV%T�] [ e�LuMJP�\?M

g(x) > 0
g|[ ]o\�RAR

x ∈ (0, x0)
�
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p > 1
 !W�X#Y[Z U%V

a
 
b
 
c
 
d ∈

[

1/
√

p,
√

p
]

�
\#]�^-_ UMV+` W V
a W�b p

1 + p
+

2

1 +
√

p
≤ a

a + b
+

b

b + c
+

c

c + a
≤ 1

1 + p
+

2
√

p

1 +
√

p c
aLd b p

1 + p
+

3

1 + 3
√

p
≤ a

a + b
+

b

b + c
+

c

c + d
+

d

d + a
≤ 1

1 + p
+

3 3
√

p

1 + 3
√

p

�
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(a, b, c) 7→ (b, a, c)
CP:"A+G34�CP:<4��>?<6M2@C@A�T

a

a + b
+

b

b + c
+

c

c + a
≤ 1

1 + p
+

2
√

p

1 +
√

p

ß � à
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b

b + a
+

a

a + c
+

c

c + b
≤ 1

1 + p
+

2
√

p

1 +
√

p

f
� CK: i 4

a

a + b
+

b

b + c
+

c

c + a
= 3 −

(

b

b + a
+

a

a + c
+

c

c + b

) ¢
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a

a + b
+

b

b + c
+

c

c + a
≥ 3 −

(

1

1 + p
+

2
√

p

1 +
√

p

)

=
p

1 + p
+

2
√

p

1 +
√

p
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x = b/a
¢
y = c/b

¢36M:<;
z = a/c

f�� G34M:Fß � à�J<4 i =BLF4M8
1

1 + x
+

1

1 + y
+

1

1 + z
≤ 1

1 + p
+

2
√

p

1 +
√

p

f ß��_à
� =�AD4�A+GB6�A

xyz = 1
6M:<;

x
¢
y
¢
z ∈ [1/p, p]

fF� =SH<ID=7�B4�ß � à+¢0C�AXCP8a8+? � i CK4M:>A�AD=H<ID=7�B4 ß��_à�ku=BIz672P2r8+? i G
x
¢
y
¢B6M:<;

z
f�BT A+G34O8�T3LNL�4\AEI�T�CP:�ß��_à*¢7� 4OLF6\T"6M898+?<L�4�A+GB6�A

z = max{x
¢
y
¢
z} f�� G34M:y¢8*CP: i 4

xyz = 1
6�:<;

z ≤ p
¢�� 4aL�?<8+A�GB6\�B4

1 ≤ z ≤ p
6M:<;

1/p ≤ xy ≤ 1
f ¡M4\A

t =
√

xy
f�� G347:

t2z = 1
6�:<;

1/
√

p ≤ t ≤ 1
f � CK: i 4

x + y ≥ 2
√

xy = 2t
¢� 4 GB6\�B4

1

1 + x
+

1

1 + y
=

2 + x + y

1 + x + y + xy
= 1 +

1 − t2

1 + x + y + t2

≤ 1 +
1 − t2

1 + 2t + t2
= 1 +

1 − t

1 + t
=

2

1 + t

f ß � à
� 47: i 4>¢

1

1 + x
+

1

1 + y
+

1

1 + z
≤ 2

1 + t
+

1

1 + z
=

2

1 + t
+

t2

1 + t2
f

¡M4�A
h(t) =

2

1 + t
+

t2

1 + t2
f � CK: i 4

h′(t) =
−2(1 − t)(1 − t3)

(1 + t)2(1 + t2)2
¢<C�A�ku=>2@25=��a8

A+GB67A
h
CK8$;34 i ID476�8+CK:<¥�=B:

(0, 1]
f �y=B:38-4M�B?r47:>AD2�T ¢>ku=BI

1/
√

p ≤ t ≤ 1
¢

h(t) ≤ h(1/
√

p) =
1

1 + p
+

2
√

p

1 +
√

p

f
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(a, b, c, d) 7→ (b, a, d, c)CK:"A+G34�CP:<4��>?<6M2@C@A�T

a

a + b
+

b

b + c
+

c

c + d
+

d

d + a
≤ 1

1 + p
+

3 3
√

p

1 + 3
√

p
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TBCK472K;38zA+G34 4M�B?3C �>6M2K4M:>A�CP:<4��>?<6M2@C@A�T

b

b + a
+

a

a + d
+

d

d + c
+

c

c + b
≤ 1

1 + p
+

3 3
√

p

1 + 3
√

p

f
� CK: i 4

a

a + b
+

b

b + c
+

c

c + d
+

d

d + a
= 4 −

(

b

b + a
+

a

a + d
+

d

d + c
+

c

c + b

) ¢
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a

a + b
+

b

b + c
+

c

c + d
+

d

d + a
≥ 4 −

(

p

p + 1
+

3 3
√

p

1 + 3
√

p

)

=
p

p + 1
+

3

1 + 3
√

p
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x = b/a
¢
y = c/b

¢
u = c/d

¢B6�:<;
v = d/a

f�� G34M:Fß � à�J<4 i =BLF4M8
1

1 + x
+

1

1 + y
+

1

1 + u
+

1

1 + v
≤ 1

1 + p
+

3 3
√

p

1 + 3
√

p

f ß � à
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xyuv = 1
6�:<;

x
¢
y
¢
u
¢
v ∈ [1/p, p]

f�� =�H<ID=7�B4�ß � à*¢�C@A�CK8z8*? � i C547:>A�AD=H<ID=7�B4 ß � à�ku=BIz672P2r8+? i G
x
¢
y
¢
u
¢B6�:<;

v
f¡M4�A

t =
√

xy
6�:<;

s =
√

uv
f �BTFA+G34"8�TBLFLF4�AEI�TFCK:�ß � à+¢3� 4�LF6\TQ6M898+?<L�4A+GB67A

t ≤ s
f�� G34M:y¢r8*CP: i 4

ts = 1
¢3� 4 8-4M4aA+GB6�A

t ≤ 1 ≤ s
f � ?<IæA+G34MIDL�=BID4>¢ 8+CK: i 4

s2/u = v ≤ p
¢�� 4aGB6��B4

s2/p ≤ u
¢B6M:<;"A+G>?<8�¢

s2/p ≤ u ≤ p
f� =���¢>ku=BI���ò�4�;

s
¢

max

{

u + v
∣

∣

∣ uv = s2 ¢ s2

p
≤ u ≤ p

}

= max

{

u +
s2

u

∣

∣

∣

s2

p
≤ u ≤ p

}

= p +
s2

p

f
� G>?<8\¢

1

1 + u
+

1

1 + v
=

2 + u + v

1 + u + v + uv
= 1 − s2 − 1

1 + u + v + s2

≤ 1 − s2 − 1

1 + p +
s2

p
+ s2

=
2 + p +

s2

p

1 + p +
s2

p
+ s2

=
p

s2 + p
+

1

1 + p

f ßu�\à
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1

1 + x
+

1

1 + y
+

1

1 + u
+

1

1 + v
≤ 2s

1 + s
+

p

s2 + p
+

1

1 + p

f
¡M4�A

g(s) =
2s

1 + s
+

p

s2 + p

f � CP: i 4
g′(s) =

2(s − p)(s3 − p)

(s + 1)2(s2 + p)2
¢�A+G>CK8

kK?<: i ADC5=B:ÉGB6M8"6Q25= i 6M2zLF6_ò�CPLN?<L 67A
s = 3

√
p
¢�� G>C i G�CP8 CK:�A+G34QCK:>AD4MI��>672

(1, p)
f

�S4 GB6\�B4
g(1) = −1 +

p

1 + p
< 0

6�:<;
g(p) = − 2

p + 1
+

1

p + 1
< 0 ` � G34M: i 4B¢

max
s∈[1,p]

g(s) = g
(

3
√

p
) ¢B6M:<;"A+G347ID47ku=BID4>¢

1

1 + x
+

1

1 + y
+

1

1 + u
+

1

1 + v
≤ 2 3

√
p

1 + 3
√

p
+

p
3
√

p2 + p
+

1

1 + p

=
3 3

√
p

1 + 3
√

p
+

1

1 + p
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n ≥ 3
� \�^�c,RUL?M

x1

�
x2

�
. . .

�
xn N L�T [ VJSAM5S e�L�]5L�\�RX^�f�� N L�]�V�V%f#a%P�MJP�\?M

x1x2 · · · xn = 1
� � [ ]

n = 3
\�^�c

n = 4
� T�] [ e�LuMJP�\?M

1

x2
1 + x1x2

+
1

x2
2 + x2x3

+ · · · +
1

x2
n + xnx1

≥ n

2

�

{ $�7�G�=U03$�Hl+�-�=|4<)
&6"%$�&'$�(�)?"D�
&QV%S@^�_�MJP�L/V%f N VJM5S�M5f�M5S [ ^�V x1 =

√

a2

a1

�
x2 =

√

a3

a2

�
. . .

�
xn =

√

a1

an

� MJP�L
_�S�e�L�^�S@^�L � f�\�RASAM3� N L�a [ �,L�V

a1

a2 +
√

a1a3

+
a2

a3 +
√

a2a4

+ · · · +
an

a2 +
√

ana2

≥ n

2

�
d SU^�a`L √

a1a3 ≤ a1 + a3

2

�
. . .

� √
ana2 ≤ an + a2

2

� SAMOVJf�� a`L�VOM [ V8P [�Y MJP�\�M
a1

a1 + 2a2 + a3

+
a2

a2 + 2a3 + a4

+ · · · +
an

an + 2a1 + a2

≥ n

4

�

 �!MJP�L � \�f#a%P�� � d a%P Y \�] � � ^�L � f�\�R@S�MB� ��Y L�P�\�e�L

(a1 + · · · + an)2 ≤ [a1(a1 + 2a2 + a3) + · · · + an(an + 2a1 + a2)]

·
(

a1

a1 + 2a2 + a3

+ · · · +
an

an + 2a1 + a2

) �
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4(a1 + · · · + an)2 ≥ n[a1(a1 + 2a2 + a3) + · · · + an(an + 2a1 + a2)]

f
� G>CP8�CP:<4��>?<6M2@C@A�T�CP8�6�:�C5;34M:>ADC�A�T"ku=BI

n = 4
f � =BI

n = 3
¢>C�A�CP8

a2
1 + a2

2 + a2
3 ≥ a1a2 + a2a3 + a3a1

¢
� G>C i G"CK8zAEI�?r4B¢3J34 i 6M?<894
2(a2

1 + a2
2 + a2

3 − a1a2 − a2a3 − a3a1)

= (a1 − a2)
2 + (a2 − a3)

2 + (a3 − a1)
2 ≥ 0

f
� G>CP8 i =BLFHB254\AE478�A+G34�H<ID=3=>k f�� �B?<672PC�A�TNG3=>25;B8z� G347:

xi = 1
ku=BIz672P2

i
f

I�*�
X)	&���

n = 3

^E&��E&�� ���X�����	��
��\
��JN%<����ENlNd 3���K��"�"#�+D���$9"BPU1R&���
3�3Q�1+p.$�=�1R&�(�)�
B�!I.*'
�12

^E&��M��(�
MS (')���1�12
�)2P'�.QB
�FJS �2��SU��(K�

���������Q
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K�L?M

0 < m < 1
� \�^�c/RUL?M

a
�
b
�
c ∈

[√
m, 1/

√
m
]

��� ] [ e�LuMJP�\?M
a3 + b3 + c3 + 3(1 + m)abc

ab(a + b) + bc(b + c) + ca(c + a)
≥ 1 +

m

2

�

{ $�7�G�=U03$�Hl+�- �?$�)87 { 254Z7B$�(?+�)?"�z�C:9<;�-�(J0B*�)DCE�!��CQ� { j �
K�L?M

f(x) = −2x2 +
(

m2 +3m
)

x+
(

m3 −3m2 −2m+2
)

� � [ ]
x ≥ m

�
f ′(x) = −4x + m2 + 3m ≤ −4m + m2 + 3m = m(m − 1) < 0

�
Y PZS>a%P!SU��T�RAS>L�VOMJP�\?M

f(x)
S@VQc�L�aJ]5L�\�V%S@^�_ �d f�T�T [ V8L�MJP�\�M

a = m
�
b ∈ [m, 1]

� \�^�c
c = 1

�'W P�L�^
m = a ≤ b ≤ c = 1\�^�c

2[a3 + b3 + c3 + 3(1 + m)abc]

− (m + 2)[a2b + ab2 + b2c + bc2 + c2a + ca2]

= 2[m3 + b3 + 1 + 3(1 + m)mb]

− (m + 2)[m2b + mb2 + b2 + b + m + m2]

= 2b3 − (m2 + 3m + 2)b2 + (−m3 + 4m2 + 5m − 2)b

+(m3 − 3m2 − 2m + 2)

= (1 − b)[−2b2 + (m2 + 3m)b + (m3 − 3m2 − 2m + 2)]

= (1 − b)f(b) ≥ (1 − b)f(1) = (1 − b)m(m − 1)2 ≥ 0
�

Y PZS>a%P���SUL�RUc�V
a3 + b3 + c3 + 3(1 + m)abc

a2b + ab2 + b2c + bc2 + c2a + ca2
≥ 1 +

m

2

�



� ���

� ?<H<H<=B8-4�A+GB6�A
a
¢
b
¢
c ∈ [

√
m, 1/

√
m]
f �QC@A+G3=>?BA�25=B8*8a=>kz¥747:<4MI�672PC�A�T ¢y� 4i 6M:F6M898+?<L�4OA+GB6�A

a ≤ b ≤ c
f�� G347:
m ≤ a

c
≤ b

c
≤ 1

f
� 47: i 4>¢Bku=BI

(m′, a′, b′, c′) =
(

a

c
,

a

c
,

b

c
, 1
) ¢�� 4 GB6\�B4

m ≤ m′ = a′ ≤ b′ ≤ c′ = 1
¢

6�:<;"A+G347ID47ku=BID4>¢
a′3 + b′3 + c′3 + 3(1 + m′)a′b′c′

a′2b′ + a′b′2 + b′2c′ + b′c′2 + c′2a′ + c′a′2 ≥ 1 +
m′

2

¢
� G>C i G i 6M:FJ<4X�aIDC�A�AE47:N6�8

a′3 + b′3 + c′3 + 3(1 + m′)a′b′c′

a′2b′ + a′b′2 + b′2c′ + b′c′2 + c′2a′ + c′a′2 − 1

≥ m′
(

1

2
− 3a′b′c′

a′2b′ + a′b′2 + b′2c′ + b′c′2 + c′2a′ + c′a′2

) f
�BT"A+G34 g � 
 4�� � :<4��>?<6M2@C@A�Ty¢

a2b + ab2 + b2c + bc2 + c2a + ca2

6
≥ 6

√
a6b6c6 = abc

f
� 47: i 4>¢

1

2
− 3abc

a2b + ab2 + b2c + bc2 + c2a + ca2
≥ 0

f
� CK: i 4

a : b : c = a′ : b′ : c′ ¢�� 4aGB6\�B4
a3 + b3 + c3 + 3abc

a2b + ab2 + b2c + bc2 + c2a + ca2
− 1

=
a′3 + b′3 + c′3 + 3a′b′c′

a′2b′ + a′b′2 + b′2c′ + b′c′2 + c′2a′ + c′a′2 − 1

≥ m′
(

1

2
− 3a′b′c′

a′2b′ + a′b′2 + b′2c′ + b′c′2 + c′2a′ + c′a′2

)

= m′
(

1

2
− 3abc

a2b + ab2 + b2c + bc2 + c2a + ca2

)

≥ m

(

1

2
− 3abc

a2b + ab2 + b2c + bc2 + c2a + ca2

) ¢
6�:<;"A+G347ID47ku=BID4>¢

a3 + b3 + c3 + 3(1 + m)abc

a2b + ab2 + b2c + bc2 + c2a + ca2
≥ 1 +

m

2
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¡M4�A
P (z)

J<4�6M:�T�:<=B:<� i =B:38+A�6�:>A i =BLNH32K4*òNL�=B:BC i Hr=>2 T3:<=BL�CK672 f � G3=��
A+GB6�AA+G34MID4�CP8�6 i =BLFHB254+ò :B?<L�J34MI
w
8*? i G�A+GB67A |w| ≤ 1

6�:<; |P (w)| ≥ 1
f

s f � � å �BêKç � è � � ° ç�â �yã-å�¬ 	3ê 	7ç@åPå�ã �
� � �>ã�è ����ä 	MèyâEã f
¡M4�A

P (z) = zn +an−1zn−1 + · · ·+a1z+a0
f � ?<H3Hr=B894B¢7AD=RA+G34 i =B:>AEI�6MI�Ty¢A+GB67A |P (z)| < 1

ku=BIa6M2@2 i =BLNH32K4*ò�:B?<LFJ<47I�8
z
8+? i G�A+GB67A |z| ≤ 1

f ��=B:38+C5;34MI
Q(z) = a0zn + a1zn−1 + · · · + an−1z + 1

f�� =�AE4OA+GB6�A
Q(z) = znP

(

1

z

) ku=BI
z 6= 0

f�� G>?<8\¢>CPk |z| = 1
¢�A+G34M: |Q(z)| =

∣

∣

∣
P
(

1

z

)∣

∣

∣
< 1

f
� A�ku=>2P2K=��a8zA+GB6�A 2π

∫

0

|Q(eit)| dt < 2π
f�� =�� 4-�B47I-¢

∫ 2π

0

Q(eit) dt =

∫ 2π

0

(

a0eint + a1ei(n−1)t + · · · + an−1eit + 1
)

dt = 2π
¢

8*CP: i 4 2π
∫

0

eikt dt =
1

ik

(

e2kπi − 1
)

= 0
ku=BI�672P2

k = 1
¢
2
¢
. . .
¢
n
f

� 47: i 4>¢
2π =

∣

∣

∣

∣

2π
∫

0

Q(eit) dt

∣

∣

∣

∣

≤
2π
∫

0

|Q(eit)| dt < 2π
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¡M4�A
P (z) = zn + an−1zn−1 + · · · + a1z + a0

f ¡M4�A
ζ = eiπ/n

f�� G34M:
ζn = −1

¢
ζ2n = 1

¢B6M:<; |ζk| = 1
ku=BI

k = 0
¢
1
¢
2
¢
. . .
¢
2n − 1

f�� =���¢
2n−1
∑

k=0

∣

∣P (ζk)
∣

∣ ≥
∣

∣

(

P (1) + P (ζ2) + · · · + P (ζ2n−2)
)

−
(

P (ζ) + P (ζ3) + · · · + P (ζ2n−1)
)∣

∣

=

∣

∣

∣

∣

∣

n−1
∑

k=0

(

P (ζ2k) − P (ζ2k+1)
)

∣

∣

∣

∣

∣

ß � à
6�:<;

n−1
∑

k=0

(

P (ζ2k) − P (ζ2k+1)
)

=

n−1
∑

k=0

(

(ζ2k)n − (ζ2k+1)n
)

+

n−1
∑

j=1

aj

n−1
∑

k=0

(

(ζ2k)j − (ζ2k+1)j
) f ß��_à

� =�AD4 A+GB67A
(ζ2k)n − (ζ2k+1)n = (ζn)2k − (ζn)2k+1 = 1 − (−1) = 2

¢6�:<;FG347: i 4>¢
n−1
∑

k=0

(

(ζ2k)n − (ζ2k+1)n
)

= 2n
f ß � à
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j = 1

¢
2
¢
. . .
¢
n − 1

¢�� 4aGB6\�B4
n−1
∑

k=0

(

(ζ2k)j − (ζ2k+1)j
)

= (1 − ζj)

n−1
∑

k=0

(ζ2j)k

= (1 − ζj)
1 − (ζ2j)n

1 − ζ2j
= 0

¢ ß � à
8*CP: i 4

(ζ2j)n = (ζ2n)j = 1
f
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2n−1
∑

k=0

∣

∣P (ζk)
∣

∣ ≥ 2n
¢
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k
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0 ≤ k ≤ 2n − 1
¢>ku=BI� G>C i G |P (ζk)| ≥ 1
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!�2*'�B^cP *3&BP

w
)	&�(T
3
X)R*�����
�(G���jPU*#&#P |w| = 1

&�(�� |P (w)| ≥ 1
� o QBP�P *#S ��S �M(��#P
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a
�
b
�
c N L/MJP�L/MJP�]5L�L�VJS>c�L�V [Zg \�M`]�SU\�^�_�R>L � \�^�clR>L�M ha

�
hb

�
hc N L�MJP�L\�R�M5SAM5f#c�L�VOM [ MJP�L�VJS>c�L�V

a
�
b
�
c
� ]5L�V%T#L�a5M5S�e�L?R�� ��� ] [ e�L�MJP�\�M

h2
a

b2 + c2
· h2

b

c2 + a2
· h2

c

a2 + b2
≤
(

3

8

)3 �

� (%(?)�HX=U0U;�7A7|- =|4<)�(8;�k )�(?$�7�G�=U03$�H +�- sbrbq<0�&�& �?$�4�H�(?$�H�C�9�)�;�v�)�"8=B$�H�C ��EXC � { j ~�?$�)D7 { 254�73$�(�+�)�"�z�Cy9<;�-�(%03*�)�C �!��C1� { j ~!;�H<* sbr ��r { k )�)�H�w�C
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ha = b sin C
� MJP�LyK�\ Y [Zg�d SU^�L�V � \�^�c�MJP�L  � ��� �� ^�L � f�\�RASAM3� ��Y L [ N M5\�SU^

h2
a

b2 + c2
=

b2 sin2 C

b2 + c2
=

sin2 B sin2 C

sin2 B + sin2 C

≤ sin2 B sin2 C

2 sin B sin C
=

1

2
sin B sin C

�
\�^�c�VJSU�/S@R@\�]�R�� �

h2
b

c2 + a2
≤ 1

2
sin C sin A

\�^�c h2
c

a2 + b2
≤ 1

2
sin A sin B

�
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sin A sin B sin C ≤ 3
√

3

8ß5894�4 � � ¢BH f � � � à+¢�� 4a=3J>A�6MCP:
h2

a

b2 + c2
· h2

b

c2 + a2
· h2

c

a2 + b2
≤ 1

8
(sin A sin B sin C)2

≤ 1

8

(

3
√

3

8

)2

=

(

3

8
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