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LOI NOI DAU

Phuong trinh ham 13 mot trong nhitng linh vigc hay va khé ciia toan so cap.
Trong cac ki thi Olympic Toan hoc Quoc gia, Khu vire va Qubc té thuong xuyén
xuat hién cac bai toin phuong trinh ham. Cac bai toan nay thuong 1a kho, doi
khi rat khé. Dé giai cac bai toan dé trude tién ta phai nim vitng céc tinh chat
c6 ban vé ham s6, mot s6 phuong trinh ham co ban, cac phuong phap gidi va
c6 su van dung thich hgp. V6i mong mudn cé thé tiép can dugce véi cac bai toan
trong céc ki thi Olympic Toan, luan van sé di theo huéng trén. Cu thé, luan
van chia lam ba chuong:

Chuong 1. Kién thiic chuan bi

Trinh bay vé nhitng kién thitc co ban duge dung trong cac chuong sau nhu:
Ham s6 lién tuc, ham s6 chin va ham s6 18, ham s6 tuan hoan va ham s6 phan
tuan hoan, tinh don diéu ctia ham s6, tinh chat 4nh xa ctia ham so.

Chuong 2. Mot sé6 phuong trinh ham co ban

Trinh bay vé mot s6 phuong trinh ham co ban nhu: phuong trinh ham
Cauchy, phuong trinh ham Jensen va nhitng tng dung ctia chiing trong viéc giai
toan.

Chuong 3. Mot sd6 phuong phap giai phuong trinh ham

Trinh bay mot s6 phuong phap gidi phuong trinh ham thong dung. O mbi
phuong phap bat dau bang phuong phap gidi, sau dé 1& cac bai toan, cudi cling
la cac bai toan van dung.

Dé hoan thanh luan van, truéc hét toi xin chan thanh cam on sau sic t6i TS
Pham Van Quoéc da danh thsi gian huéng dan, danh gia, chi bdo, tan tinh gitp
dd trong qua trinh xay dung dé tai ciing nhu hoan thién luan van. Qua day, toi
cling xin gii 10i cAm on chan thanh t6i cac thay co, cac anh chi hoc vién cao
hoc khéa 2009-2011, Ban giam hiéu, Phong sau dai hoc, Khoa Toan-Co- Tin
hoc truong dia hoc Khoa hoc Ty nhién Ha Noi da tao dieu kien, gitp dé trong
su6t qua trinh hoan thanh khéa hoc.

Tuy da c6 nhiéu c6 gang nhung do thoi gian c6 han va kha nang con han
ché nén cac van dé trinh bay trong luan vin con chua dude trinh bay sau sac
va khong thé tranh khoi nhitng sai sét. Tac gid mong nhan dudc sy gop ¥ xay

dung ciia thay co cuing cac ban.



To6i xin chan thanh cam on!
Ha Noi, ngay 01 thang 10 nam 2014

Hoc vién

Nguyén Ngoc Diép



Chuong 1
Kién thic chuan bi

Trong chuong nay, ching ta chi trinh bay cac dinh nghia, tinh chat co ban
lien quan dén ham s6 phuc vu cho cac bai toan dude trinh bay trong cac chuong
sau. Ta quan tam t6i cac ham s f(x) véi tap xac dinh D(f) C R va tap gia tri
R(f) CR.

1.1. Ham s6 lién tuc

1.1.1. Pinh nghia vé ham sb lién tuc
Dinh nghia 1.1.1. Gid st ham s6 f(x) xac dinh trong (a,b) C R va zq € (a,b).

Ta noéi rang ham s6 lien tuc tai z¢ néu v6i moi day {x,,}°2;, z, € (a,b) sao cho

lim x, =z ta déu ¢6 lim f(z,) = f(xo).

Dinh nghia nay tuong duong véi dinh nghia sau:
Dinh nghia 1.1.2. Ham s6 f(x), xac dinh trong (a,b), dugc goi 1a lién tuc tai
zo € (a,b) néu lim f(z) = f(xp). Dicu nay c6 nghia la: v6i moi 6 € > 0, ton
T—TQ
tai 86 6 = d(¢) > 0 sao cho v6i moi = € (a,b) théoa man 0 < |x — zo| < § thi
|f(z) = f(zo)| <O.

Ham s6 khong lién tuc tai z¢ dude goi 1a gian doan tai .

Dinh nghia 1.1.3. Gia st ham s6 f xac dinh trén mot tap J, tap J co the 1a

mot khoang hoidc hop ciia cac khoang thuoc R. Ta néi ham sb f lién tuc trén J
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néu no6 lién tuc tai moi diem thuoc J.

Dinh nghia 1.1.4. Ham s6 f(z) xac dinh trén doan [a, b] dugc goi 1a lien tuc
trén [a,b] néu no lién tuc trén khodng (a,b) va lién tuc phai tai a, lien tuc trai
tai b.

1.1.2. Tinh chit ctia ham s6 lién tuc

o) muc trén, ta di c6 cac cach xac dinh mot ham sb lien tuc. Tuy nhién viéec
st dung cac dinh nghia d6 khong phai lic nao ciing don gian. Do vay, ngudi ta
da chitng minh dugc cac tinh chat rat hitu ich, gitp ta xac dinh nhanh cidc ham
lién tuc, nhu sau:

1. Cac ham so cap co ban nhu: ham lfiy thita, ham cin thic, ham lugng
giac, ham logarit ... liéen tuc trén mién xac dinh ctia ching.

2. Gi& stt f(x) va g(x) 1a cdc ham lién tuc tréen D C R. Khi d6 (f + g)(z) =
f(z)+g(x), (fog)(x) = f(g(x)) cing la cac ham lién tuc trén D.

x

3. Gia st g(x) # 0 v6i moi z € R, khi dé fé i
g(x

truong hgp ngugce lai, no lién tuc trén tap xac dinh ctia no.

ciing la ham lién tuc. Trong

Mot s6 tinh chat khac ctia ham sb lién tuc:

Dinh 1y 1.1.5. (Dinh ly vé gia tri trung gian).
Gid st f(x) lién tuc trén doan [a,b]. Néu f(a) # f(b) thi vdi moi so thuc M
nam gitia f(a) va f(b) déu ton tai c € (a,b) sao cho f(c) = M.

Meénh dé 1.1.6. Gid s f(x) va g(x) la hai ham zdc dinh va lien tuc trén R.
Khi dé néu f(x) = g(x) vdi moi v € Q tht f(z) = g(x) trén R.

Chitng minh. V6i mdi z € R, ta xét day s6 hitu ty s,, n € N théa man
lim s, = z. Do f(r) = g(r) v6i moi r € Q nén f(s,) = g(s,) v6i moi
n—-4oo

n € N. Lay gi6i han hai vé khi n — +oo, chu ¥ f(z) va g(x) 13 hai ham lién

tuc, ta co

n—-4oo n—-4oo

lim f(sp)= lm g(sn)= f ( lim sn> =9 (ngrfoo sn> = f(z) = g(z).

V6i x € R bat ky ta c¢6 f(x) = g(x). Hay 1a f(x) = g(x) v6i moi z € R. O



Nhan xét 1.1.7. Trong ménh dé trén ta c6 thé thay gia thiét f(z) = g(z) véi
moi x € Q bang gia thiét f(x) = g(x) véi moi x € A, trong dé6 A 1a tap hop tru
mat trong R bat ky. V6i dinh nghia vé tap hop trit mat nhu sau.

Dinh nghia 1.1.8. Tap A € R dugc goi 1a tap trit mat trong R néu va chi néu
Vo,y € R, z < y thi déu ton tai a € A sao cho z < a < ¥.

Vidu 1.1.9. 1. Q la tap tru mat trong R.
2. Giast2<peN. Tap A= {ﬁ’m € Z,n € N} tru mat trong R.
p’l’l

1.2. Ham s6 chin, ham so 1é

Dinh nghia 1.2.1. Xét ham s6 f(z) véi tap xac dinh D(f) C R va tap gia tri
R(f) C R. Khi d6

i) f(x) duge goi 1a ham 86 chdn tren M C D(f) néuVe € M = —x € M va
f(=x) = f(x) v6i moi x € M.

ii) f(z) dugc goi 1a ham s6 18 tren M C D(f) néu Ve € M = —x € M va
f(=x) = —f(x) v6i moi x € M.

1.3. Ham s6 tuan hoan va phan tuan hoan

Dinh nghia 1.3.1. Ham s6 f(x) dugc goi 1a ham tuan hoan (cong tinh) chu
ki a, a >0 tréen M, M C D(f) néu véi moi x € M thi tacé z+a € M va
f(z +a) = f(x) v6i moi z € M. S6 thyc T > 0 nhé nhat (néu c6) théa man
flx+T) = f(x) v6i moi z € M dugdc goi la chu ki co s6 clia ham s6 tuan hoan

().

Dinh nghia 1.3.2. Ham s6 f(x) dugc goi 1a phan tuan hoan (cong tinh) chu
kib, b > 0tren M C D(f) néu v6i moi z € M thi taco x +£b € M va
f(x+b) =—f(x) v6i moi x € M.

Vidu 1.3.3. (IMO 1968) Cho s6 thuc a. Gia stt ham f : R — R thoa man

fla+a) =3 + V@ - F@P, vreR



Ching minh réng f(z) 1a ham tuan hoan. Lay vi du ham f trong truong hop

a=1.

R P 1
Giai. Gia st f la ham can tim. Ta thay rang 3 < f(z) <1 véi moi z € R. Dit
1 1
f(x) — 5= g(x), v6i moi z € R. Khi d6 0 < g(z) < 3 Vx € R va ta co

gz +a) = i _[g(z)]?, VzeR
Hay 1a [g(z + a)]? = i — [g(z)]?. Suy ra

lg(z + 2a)]* = i —[9(z + a))? = [g(x)]> = g(z + 2a) = g(z), Yz eR.

Do d6 f(x + 2a) = f(z) v6i moi x € R hay f(z) 13 ham tuan hoan.
7r

537

—

Véi a = 1 dé dang kiém chiing ham f(z) = = |sin

1
5 ‘~|—§,V:C€]Rth6amén

bai toan.

1.4. Tinh don diéu ctia ham s6

Dinh nghia 1.4.1. Gid st ham s6 f(z) xac dinh tren I € D(f), 6 day ta chi
xét I 14 mot khoang, nita khodng hay doan thyc. Khi d6, ham s6 f(z) dugc
goi 1a khong gidm (hodc khong tang) tréen I C D(f) néu véi moi a,b € I thi
f(a) > f(b) & a > b (tuong tng f(a) > f(b) < a <b).

Dinh nghia 1.4.2. Ham s6 f(x) dugc goi la dong bién (don diéu tang) trén
I C D(f) néu v6i moi a,b € I ta c6 f(a) > f(b) & a > b.

Dinh nghia 1.4.3. Ham s6 f(z) dugc goi 1a nghich bién (don dig¢u gidm) trén
I C D(f) néu v6i moi a,b € I ta co f(a) > f(b) & a <b.
1.5. Tinh chat anh xa ctia ham s6

Gia st ) # X CR. Xét ham s6 f: X — R, ta c¢6 cac dinh nghia sau :

Dinh nghia 1.5.1. Ham s6 f(z) dudc goi 1a don anh trén X néu vé6i moi
a,be X thi f(a) = f(b) < a=0b.



Dinh nghia 1.5.2. Ham s6 f(z) dugc goi la toan dnh tit X vio Y néu véi moi
y €Y thi ton tai € X théa man f(z) = y.

Dinh nghia 1.5.3. Ham s6 f(z) dugc goi la song anh tix X vao Y néu né via
la don anh trén X vua la toan anh tu X vao Y.

Dinh nghia 1.5.4. Gid st f : X — Y 13 mot song anh. Khi do, ta c6 thé dinh
nghia ham s6 f~!: Y — X nhu sau: véi mdi y € Y thi f~(y) = = khi v& chi
khi z 1a phan t& duy nhéat cia X théa man f(z) = y. Ta goi f~! 13 ham s6
ngugc cta f. C6 thé thay rang f~! 1a song 4nh tit Y vao X.



Chuong 2

Mot sé6 phuong trinh ham

co ban

2.1. Phuong trinh ham Cauchy

Bai toan 2.1.1. (Phuong trinh ham Cauchy)

Tim tat cd cdc ham s6 f(x) lién tuc trén R thoa man

fle+y)=fz)+ fly), Va,yeR (2.1)

Lai giai. V6i moi n € N*, tit (2.1) ta suy ra f(xq + 22 + ... + ) = f(x1) +

f(z2)+ ...+ f(xy,), trong d6 z1, 22, ..., zy ERtUy §. LAy 21 =20 = ... = 2, = x
ta dugc

fnz) =nf(x), VreR. (i)

Didc biet, khi ta lay x = 1 thi ta ¢6 f(n) = nf(1), Vn € N*. Trong (i), thay

r = —,taco
n
() =nf <1) hay f (1> ~ 11, vnen
n n n

mf (l) = Ef(l) Diéu nay c6

. . . m
Tu d6. v6i moi m,n € N* ta co f (—
n n

~—
I

nghia la
flz)=2f(1), VzeQ. (i)



Trong thay z = y = 0, ta ¢6 2f(0) = f(0) = f(0) = 0. Khi d6, thay
y=—xtaco 0= f(0)= f(x)+ f(—x) nén f(—x) = —f(z) hay f(z) la ham lé.
Do d6 tit (ii) dan dén f(x) = zf(1), Vo € Q. Nhung f(z) va zf(1) 1a hai ham
lien tuc trén R nén theo Menh dé ta suy ra f(z) = zf(1) v6i moi = € R.
Dat f(1) = a, thé thi f(z) = az, ham nay théa man bai toan.

Vay nghiém ctia bai todn phuong trinh ham Cauchy 1a f(z) = az v6i moi
x € R, v6ia e R tuy .

Nhan xét 2.1.2. 1. Vi diéu kien (2.1), ta chi can gia thiét f(z) lien tuc tai
mot diém x¢ € R cho trude, khi d6 f(z) sé lien tuc trén R. That vay, theo gia
thiét thi mlg];lo f(z) = f(zo). V6i mdi x1 € R ta ¢

f(z) = f(xr — 21+ x0) + f(x1) — f(z0), VzeR

Tu do suy ra

lim f(z)= lim {f(z — 21+ z0) + f(z1) — f(x0)}

r—rTq r—rTq

= lim {f(z — x1 + o)} + f(21) — f(@0)

r—Tq

= f(zo) + f(x1) — f(wo) = f(21).

Do 71 € R bat ky nén f lién tuc trén R.

2. T 101 gidi ta nhan thay rang néu thiéu gid thiét ham f(z) lien tuc thi
ham f(x) chi théa méan la f(z) = ax, Vx € Q, trong d6 a tuy ¥.

3. T bai toan phuong trinh ham Cauchy ta c6 thé thay ring, ham f(z) lién

tuc trén R, thoa méan
flxr+xo+ ...+ xp) = f(x1) + flx2) + ... + f(xn), Ve, xo,....2, €R

van chi 1a ham f(z) = az, Vo € R, v6i a € R bat ky.

4. Két qua ciia bai toan phuong trinh ham Cauchy sé khong thay doi néu ta
thay R bang [0, +00) hogc (—oo, 0].

Cac ham f thoéa man tinh chat dugc goi la ham cong tinh, hay thoéa
man phuong trinh ham Cauchy (theo mot s6 tai lieu). Dé c¢6 thé xac dinh hoan
toan ham cong tinh f trén R, ta c6 thé thay gia thiét f lien tuc trén R hay chi
tai mot diém, bang mot trong cac gia thiét: f 1a ham don dieu trén R; f(z) > 0

v6i moi x > 0, hay f bi chan trén mot doan nao do, ...
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Vi tinh quan trong ctia 16p bai toan phuwong trinh ham Cauchy, ta sé di tim
hiéu cac bai todn nay.
Bai toan 2.1.3. X4c dinh ham s6 f(z) don diéu trén R va théa man phuong

trinh .

Loi giai. Ta da biét f(z) théa man (2.1) thi f(r) = ar véi moi r € R, véi
a = f(1) € R tuy §. Ta sé chi ra rdng néu f don dieu thi f(z) = azx v6i moi
x € R. Ta di chiing minh cho truong hop f khong giam, truong hgp f khong
tang tuong tu.

Gia st f khong gidm trén R. Khi d6, a = f(1) > f(0) = 0.

Véi moi x € R bat ky, xét hai day s6 hitu ty s,, gidm va ¢, tang cing c6 gisi
han la x. Khi d6 f(s,) = as, va f(¢,) = aq, v6i moi n € N. Ngoai ra, f khong
gidm trén R, nén as,, > f(s,) > f(z) > f(gn) = ag, v6i moi n € N.

Lay gidi han hai vé khi n — 400 ta c6

i > > I > >
nll)gr_loo asn, > f(z) > ngriloo ag, = ax > f(x) > ax.

Vay f(z) = ax, nhung x € R bat ki nén f(z) = ax véi moi z € R.

Nhan xét 2.1.4. Tuy ti gid thiét f don diéu trén R va théa man , ta cling
c6 thé suy ra f lién tuc tai x = 0, tit d6 suy ra f(z) = zf(1) véi moi x € R.
Nhung cidch lam trén kha ngin gon va ro rang doc lap hon 13 néu qui vé tinh
lien tuc clia f. Ngoai ra, day ciing 1a két qua nén tang ctia cac bai toan vé 16p
phuong trinh ham vira cong tinh vita don diéu.

Néu thay gid thiét f don dieu béi f(x) > 0 véi moi > 0, két hop f thoa
man thi ta suy ra f la ham khong gidm trén R, do d6 f(z) = az v6i moi
xr € R, véi a > 0. Dic biet, néu f(z?") = [f(2)]?", n € N* thi ta sé suy ra dudc
f(x) =0 hoac f(z) =z v6i moi x € R. Con trusng hop f(x) <0 v6i moi x > 0
thi ta sé suy ra ham f khong tang trén R, va tit d6 f(x) = ax v6i moi = € R,
v6i a < 0.

Bai toan 2.1.5. Tim tat cd cdc ham f(z) xac dinh trén R, thda man 1} va
bi chin trén doan [c, d] véi ¢ < d bat ky.

Lai giai. Gid sit f 1a ham théa man bai toan. Do f thdéa méan nén f(x) = ax
v6i moi x € Q v6i a = f(1). Ta chi ra diéu nay cing dung khi z € R, nghia la

f(x) = ax v6i moi x € R.
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Thuyc vay, lay z € R bat ki. Khi d6 v6i méi n € N ton tai r, € Q, phu
thudc vao n va x, sao cho nx —d < r,, < nx — ¢, khi d6 f(nz — r,) bi chin do

c<nx—r, <d Tacod

[f(nx — )| = |f(nx) — f(=ra)| = [nf(x) — arn|

= [n(f(2) — ax) + a(nz — )| > nlf(z) — azx| = |a(nz —ry)].

Suy ra |f(nx — r,)| + |a(nx — r,)| > n|f(z) — ax|. Nhung |a(nx — r,)| <
max{|ac|, |ad|}, va f(nz —r,) bi chan v6i moi n € N. Nén n|f(x) — ax| cing bi
chin v6i moi n € N. Diéu nay chi xdy ra khi f(x) —ax = 0. Vay f(z) = ax v6i
moi x € R. U

0 trén, ta da tim hiéu bai toan phuong trinh ham Cauchy trong cac truong
hgp khac nhau ctia ham s6 f(z). Tiép theo ta sé trinh bay mot s6 dang co ban
khéc ctia phuong trinh ham Cauchy.

Bai toan 2.1.6. Xéc dinh cac ham s6 f(z) lién tuc trén R thoéa man diéu kien

flx+y)=f(x)f(y), Vr,yeR, (2.2)

Loi giai. Ta thiy rang f(z) = 0 la nghiém clia bai toan (2.2)).
Xét truong hop f(z) khong dong nhat bang 0. Khi d6 ton tai zp € R ma
f(x0) # 0. Theo (2.2) thi f(x0) = f(z + (zo — z)) = f(x)f(zo — x) # 0 v6i moi

x € R. Suy ra f(x) # 0 v6i moi x € R va

=1 (G 2) =[G >0 wen

Dat In f(x) = g(x). Khi d6 g(x) 1a ham lién tuc trén R va

g(x+y) =In f(z+y) =In[f()f(y)] = In f(z)+In f(y) = g(x)+9g(y), VreR.

Theo bai toan phuong trinh ham Cauchy thi g(x) = bz, b € R tuy y. Hay
f(x) = e = a® v6i a > 0 tiy 3. Thit lai, ham nay théa man bai toan. O
Bai toan 2.1.7. X4c dinh cdc ham s6 f(x) lien tuc tréen R\ {0} théa man diéu
kién

flzy) = f(@)f(y), Vo,y e R\{0}. (2.3)
Lai gidi. Thay x = 1 vao phuong trinh ta duge f(x)(1 — f(1)) = 0 v6i

moi x € R.
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Néu f(1) # 1 thi ta c¢6 f(x) = 0 v6i moi x € R. Nghiem nay théa man bai
toan.

Xét f(1) = 1. Khi d6
s=f(e3)=s@-1(3). veer\p)

Vay f(z) # 0 véi moi z € R\ {0}. Do d6 f(2?) = f(z)f(z) = [f(x)]? > 0 véi
moi z € R\ {0}.

a) Xét x,y € RT. Dtz = e,y = €V va f(e') = g(t). Khi d6 g(¢) lién tuc trén
R va g(u +v) = g(u)g(v) v6i moi z,y € R. Theo bai toan tren thi g(t) = a® vdi
moi t € R, a > 0 tiy ¥, vi do d6 f(z) = f(e%) = g(u) = a* = a'** = 2! = z@
v6i moi z € RT, trong d6 a = Ina.

b) Khi z,y € R~ thi zy € R*. V6i y = x, thi tu va két qua phan a), ta
c6 [f(x)]? = f(2?) = (2®)* v6i moi € R™, a € R xéc dinh & trén. Do f(z) # 0

v6i moi x # 0 va f(x) la ham lién tuc trén R™, nén
f(x) =|z|% VxeR™ hoic —|z|*, VzeR™.

Két hop a) va b) va thit lai cac két qué ta c6 két luan : Nghiem ctia (2.3) 1a

mot trong cac ham s6 sau
1. f(z) =0 v6imoi x € R\ {0}.
2. f(x) =|z|* v6i moi z € R\ {0}, a € R tuy ¥.
|z|*, Vz eR*
—|z|*, VzeR™, aeRtuyy.
Bai toan 2.1.8. X4c dinh cdc ham s6 f(x) lien tuc trén R\ {0} thoa man diéu
kién
flxy) = f(2) + f(y), Va,y € R\{0}. (2.4)

Loi giai. a) Trude hét xét x,y € RT. Dt o = e,y = €Y, f(e!) = g(t). Khi d6

tré thanh

g(u+v) =g(u) + g(v), Vu,v € R.

Ngoai ra, ¢g(t) lién tuc trén R. Nén theo bai todn phuong trinh ham Cauchy,
ta c6 g(t) = at. Do d6 f(x) = alnx v6i moi x € RT, a € R tuy §.
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b) Khi 2,5 € R~ thi zy € Rt. Véi y = z, tit (2.4) vh két qua phan a) ta c6
1

flx) = %f(a:2) = Ealn(aj2) =aln|z|, VzeR™

vOi a xac dinh 6 trén.

Nhu vay, v6i moi z € R thi f(z) = aln|z| v6i a € R tuy y. Ham nay thoa
méan bai toan. Vay nghiém cia bai toan la f(x) = aln|z| véi moi z € R\ {0},
v6i a € R tuy ¥.

Bai toan 2.1.9. (Phuong trinh ham Pexider)

Tim tat ca cdc ham s6 f(x),g(x), h(z) xac dinh va lién tuc trén R va thoa

man diéu kien

fz+y)=g(x)+hly), Voyck
Lai giai. Thay y = 0 va dat h(0) = ¢ thi ta ¢6 f(x) = g(x) + ¢ v6i moi = € R.
Con thay z = 0 va dit ¢g(0) = b ta ¢6 f(y) = h(y) + b v6i moi y € R. Tu d6
thay vao diceu kién ta thu dugc

fle+y)=f(x)+ fly) —b—¢c, Vz,yeR.
Béang cach dat f(z) —b—c = k(z) v6i moi z € R thi ta c¢6
k(z+y) = k() +k(y), VoyeR

Ngoai ra, ta cling thay rang do f(x) lién tuc nén k() lién tuc. Do vay, theo
bai toan phuong trinh ham Cauchy thi ta c6 k(x) = ax, a € R tuy §. Suy ra véi
moi x € R thi

flx)=ax+b+c, g(x) =ax+b, h(x) =azx +c¢, véia,b,ceR tuy y.

Thit lai, ta thay rdng caAc ham s6 nay thoéa man bai toan.
Nhan xét. Ta thay ring c6 thé c6 them nhiing bai toan “dang phuong trinh
ham Pexider”, ting v6i cac dang co ban ctia phuong trinh ham Cauchy. Tuy
nhién, diéu kién ctia cac ham s6 c6 thé doi hdi nhiéu hon. Ta lay vi du don gian

nhu: Tim céc ham f(z), g(x), h(x) lién tuc trén R thdéa man

flz+y) =g(@)h(y), Vo,yeR

Ta di xét mot vai vi du don gidn, 4p dung kha tryc tiép phuong trinh ham
Cauchy trong cac truong hop khac nhau ctia ham sé f(x).
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Vi du 2.1.10. (Olympic sinh vién 2010)
Tim ham f: R — R lién tuc théa man f(1) = 2010 va

flx+y)=2010"f(y) + 2010Y f(x), Va,y € R.
Loi giai. Dat 201077 f(x) = g(x). Khi do, g(x) lién tuc trén R va

gz +y)=g(x)+9), Vz,yeR,

Tu day dan dén g(z) = az, a € R. Do d6, f(z) = az2010% v6i moi x € R.
Ma f(1) = 2010, suy ra a = 1. Nén f(x) = £2010* v6i moi = € R. Thit lai thay
day la nghiém cta bai toan.

Vidu 2.1.11. Tim f: R — R théa man cac diéu kién sau

i) flx+y)= f(z)+ f(y) v6i moi z,y € R,

i) f(zy) = f(x)f(y) véi moi x,y € R.

Lai giai. Trong ii) 1ay y = x, ta c6 f(2?) = [f(2)]? v6i moi z € R. Do d6 f(z) >
0 v6i moi x > 0. Trong i) ta xét véiy > 0, ta cd f(z+y) = f(x) + f(y) > f(x)
voi moi z € R, y > 0. Suy ra f(x) dong bién trén R. Nhu vay, f cong tinh va
dong bién nén f(r) = ax, a > 0. Nhung f(22?) = [f(x)]? nén a = 0 hosic a = 1.
Suy ra f(x) =0 v6i moi z € R hodc f(z) = x v6i moi x € R. Thit lai thay day
la hai nghiém ctia bai toan.

Nhan xét. Tt bai todn néu ta thay gid thiét ii) bang gia thiét f(z?") = [f(x)]*"
hay f(z") = 2™, 2 < n € N* thi nghiém ctia bai toan van la f(z) = 0 v6i moi
z € R hoac f(x) = x véi moi x € R.

Vi du 2.1.12. Xac dinh tat cd cac ham s6 f(x) dong bién trén RT théa man
diéu kien f(zy) = f(z) + f(y) véi moi x,y > 0.

Lai gidi. Vi z,y > 0 ta c6 thé dat o = €%,y = e¥. Va dit f(e') = g(t) v6i moi
t € R. Khi do, g(t) dong bién tréen R va g(u+v) = g(u) + g(v) v6i moi u,v € R.
Do d6 g(x) = ax, a > 0. Nén f(z) = f(e") = g(u) = au = alnx v6i moi x > 0,
vol a > 0.

Vidu 2.1.13. Tim ham f : R — R* dong bién théa man f(z+y) = f(z)f(y)
v6i moi x,y € R.

Lai giai. Vi f(x) > 0,Vz € R nén ta c6 thé dat g(z) = In f(z), v6i moi z € R.
Do f(x) dong bién nén g(x) ciing dong bién. Ngoai ra tit phuong trinh diéu
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kién, ta co

Inf(z+y)=mnf(x)+Inf(y) = g(x+y) =g() +9(y), Yr,yeR

Do d6 g(x) = ax, a > 0. Suy ra f(z) =e* = c* v6i c = €* > 0 tuy §.
Vi du 2.1.14. Xac dinh ham f: Rt — R thoa man

i) f(zy) = f(z)f(y) véi moi z,y > 0.
i) lim f(z) = 1.

z—1
Lai giai. V6i moi z > 0, ta c6 f(z) = f(v/z2v/7) = [f(/7)]* > 0. Néu ton tai
o > 0 ma f(ﬂfo) =0 thi

i i

s =1 (r0-2) = flan) 7 (£) =0, va>0

0 Lo
Diéu nay mau thuin véi ii). Nen f(z) > 0 v6i moi x > 0. T i) dé suy ra
f(1) =1. Do d6 f(x) lien tuc tai @ = 1. Ta chi ra f(z) lién tuc tréen R™. That
vay, v6i bat ky xg > 0 ta c6

lim [f(yzo) — f(=o)] = lim[f(z0) f(y) — f(z0)] = f (o) lim[f(y) — 1] = 0.

y—1 y—1

Diéu nay chi ra f(z) lién tuc tai g > 0 bat ky. Do d6 f(x) lien tuc trén
R*. Dt g(z) = In f(x), thi g(x) lién tuc va g(zy) = In f(xy) = In f(x)f(y) =
In f(z)+1In f(y) = g(z) + ¢g(y) v6i moi x,y > 0. T day suy ra g(z) = alnz véi
moi x > 0 = f(x) = e9®) = e*I"® = 2 v6i moi > 0. Thit lai, ta di dén két

luan nghiém ctia bai toan la f(z) = 2% v6i moi x > 0 v6i a € R bat k.

2.2. Phuong trinh ham Jensen

Bai toan 2.2.1. (Phuong trinh ham Jensen) Tim ham f(z) xac dinh va

lién tuc trén R thoa man

f<x+y>:fmy;ﬂw

, Vx,y el
2 Y

Lai giai. Dat f(z) — f(0) = g(=

9<x+y> :M’ Ve, y € R.

~—

. Ta ¢6 g(z) lién tuc trén R vé6i g(0) = 0 va
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Lan lugt cho y = 0 v z = 0 ta suy ra g(z/2) = g(x)/2, g(y/2) = g(y)/2 v6i

moi z,y € R. Dog(x—;y> = M v6i moi x,y € R suy ra g(x +y) =

g(x)+g(y) v6i moi z,y € R. Ma g(x) la ham lién tuc nén theo bai toan phuong
trinh ham Cauchy, ta c6 g(z) = ax, a € R. Suy ra f(z) = ax + b. Thit lai, ta di

dén két luan nghiém clia bai toan phuong trinh ham Jensen 1a
f(x) =ax+0b, VreR, v6ia,beRtuyy.

Nhan xét. Ta c6 mot huéng mdé rong ciia bai toan nhu sau: Tim ham f(z) lién

tuc thdéa man

f <a:1 + z3 + ...—|—xn) _ f@) 4 f(@2) £+ fan)

n n
v6i moi x1, Ta, ..., £, € R. Nghiém ctia bai toan nay van la nghiém ctia bai toan
phuong trinh ham Jensen.

Bay gid, ta sé thit thay doi he sb clia cac bién trong bai toan phuong trinh
ham Jensen, va di tim nghiém ctia bai todn khi d6. Cu thé ta c6 bai toan sau
day:

Bai toan 2.2.2. Cho a,b € R\ {0}. Tim tat ca cdc ham f(z) lien tuc tréen R
théa man

flax +by) =af(x) +bf(y), Vr,yeR. (2.5)
Lai giai. Thay x =y =0, ta c6 f(0)[(a 4+ b) — 1] = 0. Xét céc truong hgp sau:

e Néua+b#1tht f(0)=0. Khi dé trong lan lugt thay y = 0,2 =0

ta co
flax) =af(x), f(by) =bf(y), Vr,yeR. (i)
T va (i) suy ra < flax +by) = af(x) + bf(y) véi moi z,y € R.
T day do a,b # 0 nén ta c6 f(x +y) = f(z) + f(y) v6i moi z,y € R. Mat
khéc, f(z) lién tuc trén R nén theo bai toan phuong trinh ham Cauchy, ta cé
f(z) = cx v6i moi x € R, v6i ¢ € R bat ky.
e Néu a + b =1 thi f(0) nhan gia tri tuy y. Khi d6

& flax +by) — f(0) = alf(x) — f(0)] + bf(y) — f(O)], Vz,y € R,

hay g(ax + by) = g(ax) + g(by) v6i moi x,y € R, trong d6 g(x) = f(x) — f(0),
g(0) = 0. Khi d6 tuong ty phan trén ta c6 g(x) = cx. Suy ra f(z) = cx + d,
c,d € R tuy y.
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Két luan:
-Néua+b#1th f(x)=czx véi moi x € R, v6i c € R tuy ¥.
-Néua+b=1thl f(z) =cx +d, v6i moi z € R, v6i ¢,d € R tuy ¥.

Nhan xét. Ta hoan toan cé thé giai tuong tu bai toin ma rong sau: Véi n > 2,

n € Nva ay,as,...,a, € R\ {0}. Tim ham f: R — R lién tuc théa man
flarzy + asxo + ... + anxy) = a1 f(x1) + asf(z2) + ... + anf(zn)

v6i moi x1, x9, ..., x, € R.
Tt bai toan trén, ta hoan toan giai dugce bai toan sau: Véi a, b # 0, tim ham

f:RT — R* lién tyuc trén R* théa man

flay’) = [f@I[fW)°,  Va,y>0.

Mot trong nhitng ng dung quan trong nhat ctia bai toan phuong trinh ham
Jensen, d6 1 gitp gidi quyét bai toan phuong trinh ham chuyén doi giita céc
dai lugng trung binh.

Bai toan 2.2.3. Véi a,b,c,p,q,r € R, trong d6 a,b # 0. Tim ham s6 f(x)

xac dinh va lién tuc trén R thda man
flax +by+c)=pf(x)+qf(y) +r, Voe,y € R. (2.6)

Loi gidi. Do a,b # 0 nén tu , bang phép thé thich hop, khong kho dé ta
thay rang:
J(0) = pf () +af(0) +r.
u—c

fu) =pf( ) +aqf(0) +r, VueR,

a

f0) =pf(=") +af(3) +7, Vo ER,

flu+v)=pf(

T boén phuong trinh trén ta thay rang f(u+v)+f(0) = f(u)+f(v), Yu,v €
R.
Béang phép dit f(x) — f(0) = g(x), Vz € R, tacé g(x) lién tuc trén R va

)—l—Qf(%)—l—?“, Vu,v € R.

g(u+v) =g(u) + g(v), Yu,v € R.
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Theo bai toan PTH Cauchy thi g(z) = sz v6i s € R tuy y. Suy ra
f(z) = sz +t,Vox € R, & day t = f(0). Thay lai vao (2.6) ta c6

s(ax + by +c¢) +t = (spx + pt) + (sqy + qt) + r
s s(a—plr+sb—qy+ (sc+t—pt—qt—r)=0, Vz,yeR.

e Xét truong hop: hoiic p # a hoac ¢q # b. Khi do, suy ra s = 0 va
t — pt — qt = r. Nén trong truong hgp nay:

“Néu p+qg=1 va r#0 thi v6 nghiem.

-Néu p+gq=1 va r=0 thi s=0 va t € R tuy y. Nhu vay
f(x) =t, Vx € R, v6i t € R tuy y. Thit lai, ham nay théa man bai toan.

e Xét truong hop p=a vad ¢=0>b. Khi dé, hai s6 s,t phai théa man

sc+t—at—bta—1r=0.

-Néu c=a+b—1=r=0 thi s,t €R tuyy. Day la truong hop mé rong
bai todn PTH Jensen da xét & trén. Va f(z) = sz + ¢, Vo € R, v6i s,t € R
tuy y.

-Néu c=a+b—-1=0,r#0 thiv()nghiém.

“Néu ¢#0, a+b=1 thi t € R tuy ¥, s:g. Va f(x)zga:—l—t, vz € R.

-Néu c#0, a+b#1 thi seR tuyy, t:%. Nghiém ctua bai
a JE—
toan la
f(x) 4T VreR, véi scRtiyy
x)=sxr+ ——, Vx véi s uy .
a+b_17 Y yy

Dén day, ta da giai xong bai toan vdi tat ca cac truong hop.
Nhan xét. Ta thay ring, d6i v6i bai toan tong quét nay thi bai toan PTH
Cauchy van déng vai tro quan trong nhat. Truong hop: a =0 hodc b= 0 bai

toan sé chuyén sang huéng khac.
2.3. Van dung phuong trinh ham co ban vao giai
toan

Trong phan nay, ta quan tam nhiéu dén cac bai toan van dung phunog trinh

ham (PTH) Cauchy trong cac 16p ham lién tuc, don di¢u vA mot s6 ap dung
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cac két qua nhan xét; dong thai ta cling xét dén mot s6 bai toan tuong tu cling
v6i mé rong clua no.
Bai toan 2.3.1. (IMO 1979, Shortlist) Cho ham f: R — R, théa man véi
hai s6 thuce bat ki z,y ta c6 f(zy+z+y) = f(zy) + f(z) + f(y). Ching minh
rang

fle+y)=f@)+ fy), Yo,y eR.
Lai gidi. Chox =y =0tacé f(0) =0. Choy = —1 tasuyra f(—x) = —f(z).
Lay y =1taco f(2x +1) =2f(z) + 1. Vi vay

fRuwv+u+v)+1) =2f(wv+u+v)+1 =2f(uv)+2f(u)+2f(v)+1, Vu,v € R.
Mat khac, ta lai c¢6
fRuv+u+v)+1)=fuv+1)+u+(2v+1)) =

= f(uv+1)+ f(u)+ fRv+1) = fRuv+u) + f(u) +2f(v) + 1, Vu,v € R.

Do dé 2f(uwv)+2f(u)+2f(v)+1 = fQRuv+u)+ f(u)+2f(v)+1,Vu,v € R.
Suy ra
fQRuv +u) =2f(uwv) + f(u), Yu,v € R.
O day, cho v = _71 ta c6 0= f(0) = 2f(_7u) + f(u), Yu € R. Do f la ham

1é nén
fu) = =2f(-u/2) = f(u)=2f(u/2) = f(2u)=2f(u), Yu € R.

Tw do suy ra f(2uv +u) = 2f(uv) + f(u) = f(2uv) + f(u), Yu,v € R. Hay

la
fle+y) = f@)+ fly), Yo,y € R.

Dén day, bai toan dugc chitng minh !

Nhan xét. Ta c6 thé dé thiy ring néu ham f théa man f(z +y) = f(x) +
f(y), Vo,y € R, thi n6 cling théa man f(zy +z +y) = f(ay) + f(x) +
f(y), Yo,y € R. Nhu vay ta c6 2 khang dinh sau tuong duong: " f 13 ham cong
tinh" va "ham f théa man f(zy + 2z +vy) = f(zy) + f(z) + f(y), Vz,y € R."
Bai toan 2.3.2. (THTT - T7/2010) Xac dinh ham s6 lien tuc f : R — R
théa man

fla+ fy) =2y + f(z), Vz,y eR.
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Lai gidi. Cho x =0 ta ¢6 f(f(y)) = 2y + f(0). T day dé thay f 1a don anh
tréen R. Khi d6, v6i x = y = 0 ta c¢6 f(f(0)) = f(0) nén f(0) = 0. Do d6
F(fW) =2y, vy e R va 2f(y) = f(f(f(y))) = f(2y). Tt d6 thay y bdi f(y)

trong phuong trinh diéu kién ta dugc

flx+2y) = flx+ f(f(y) =2f(y) + f(z) = f(2y) + f(z), Vo,y € R.

Hay 1a f(z +vy) = f(z) + f(y), Vx,y € R. Lai ¢6 f lién tuc trén R nén
f(z) = cx, Yo € R. Ké hop f(f(y)) = 2y cho ta ¢ = ++/2. Thit lai, ta di dén

két luan
f(x)=v2x, Yz eR hoic f(z)=—-V2z, VreR.

Nhan xét: Ta c6 thé thay 2 bdi hing s6 k2 € R bat ki. Khi d6, nghiem
clia bai toan 1& f(z) = kx, Vo € R hodc f(z) = —kx, Va € R. Tuy nhién, néu
thay 2 béi mot hing s6 ¢ < 0 thi sé khong ton tai ham f. Ban doc quan tam

thit tim hiéu xem tai sao nhé !

Bai toan 2.3.3. Chiting minh réng khong ton tai ham f : Z — Z théa man

flz+ f(y) = flz)—y, Yo,y € Z.

Loi giai. Gia st ton tai ham f théa man bai todn. Cho z = 0 ta c6 f(f(y)) =
f(0) —y, Yy € Z, (1) . Tt day, dé thay f 1a song anh trén Z. That vay, trudc
tien f 1a toan anh vi Vy € Z thi f(f(f(0) —y)) = y. Gid st f(y1) = f(y2) thi
fO) =y = f(f(y1)) = F(f(y2)) = f(0) — y2 suy ra y1 = y2, do d6 f la don
anh. Vay f 1a song anh tren Z. T (1) lay y = 0 ta ¢6 f(f(0)) = f(0), do f don
anh nén f(0) = 0. Suy ra f(f(y)) = —y, Yy € Z. Do f toan anh trén Z nén véi
moi y € Z ton tai a € Z ma y = f(a), khi d6 f(y) = f(f(a)) = —a. T day, véi

moi x,y € Z ta co

fle+y) =[x+ f(a) = f(z) —a=[flz) + [(y)

Theo bai toan PTH Cauchy ta suy ra f(z) = cz, Vo € Z. Talaico f(f(z)) =

2x = —x, Vo € Z suy ra ¢ = —1, vo ly. Vay gia st ton tai f

—x, Vx € Z nén c
théa man bai toan 1a sai. Hay noi cach khac khong ton tai f thoa man bai toan

(DPCM) .
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Bai toan 2.3.4. (VietNam 2006 - Bang B) Tim ham f : R — R lién tuc

thdéa méan

Lai giadi. Chox =t,y =0,z = —t tacd f(t)f(t)f(—2t) = =8 suy ra f(—2t) =
—8

FOP < 0, Vt € R. Nén c6 thé dit In —f_(z) = g(z), Vx € R, khi d6 f(z) =

—2e9(%) va ¢ lien tuc trén R. T phuong trinh diéu kien ta suy ra
9 —y)+9(y—2)+9(z—2) =0, Va,y,z € R.

éday,chox:y:z:Otacég(O):0. Cho y = z = 0 suy ra g(z) =
g(=x), Ve € R. Do d6 g(z —y)+9(y—2) = —g(z —2) = g(z —2) = g((x —y) +
(y — 2)), Vz,y,z € R. Hay la

g(u) +g(v) = g(u+v), Vu,v € R.

Ngoai ra ¢ lién tuc nén g(z) = azx, Vo € R. Khi d6 f(x) = —2e** =
—2(e")*, Vx € R, v6ia € R tuy §. Hay f(z) = —2¢%, Vo € R, v6ic> 0 tuy .
Bai toan 2.3.5. (DH Vinh - 2010) Tim tat c4 cac ham lién tuc f : RT — R*
thoa man

F(f(xy) —zy) + 2 f(y) + yf(2) = flay) + [(2)f(y), Yo,y >0.

La&i gidi. Chon y = 1 ta duge f(f(z)—x)+zf(1)+f(x) = f(z)+f(x)f(1), Vo >
0. Suy ra
f(f(@) — =) = F)[f(2) — ], Vo > 0. (i)

Phuong trinh diéu kién c6 thé viét lai thanh
fWf(zy) — zy] = flzy) — 2y + [f(2) —2][f(y) —y], Y,y > 0.

bat f(z)—z = g(z), Vo > 0 taduge f(1)g(zy) = g(zy)+g(x)g(y), Va,y >
0 hay la

g(V)g(zy) = g(z)g(y), Y,y > 0. (ii)

Do f : Rt — RT nen tu (i) ta suy ra f(z) > z, Vo > 0 va nhu vay
g(x) >0, Vx > 0.
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bat h(z) = % Khi d6 h(x) lien tuc tréen RT va

hzy) = h(z)h(y), Yo,y > 0.
Tu day, theo dang co ban cia PTH Cauchy ta suy ra
h(z) =2% = g(z) = cx®, v6i ¢ > 0,a tuy ¥.

Cudi cung f(z) =z +g(x) =z +cz® Vz € RT véi ¢>0,a € R tuy ¥.

Nhan xét: Hai bai toan kha cian ban. Diém mau chét 1a dua phuong trinh
diéu kien vé dang co ban ctia PTH Cauchy.

Bai toan 2.3.6. (Italy 1999) a) Xéc dinh ham don diéu (thuc su) f: R - R
thdéa man
fle+f(y) = f(z) +y, Yo,y eR. (a)

b) Chitng minh rang, véi 1 < n € N, khong ton tai ham don di¢u f: R — R

théa man

fle+ f(y) = f(@) +y", Vo,y e R. (b)
Loi giai. a) Do f don dieu (thyc sy) nén f don anh. Lay x = y = 0 ta
c6 f(f(0)) = f(0), suy ra f(0) = 0. Lay = = 0 ta duge f(f(y)) = y. Tu
(a) thay y béi f(y) ta c6 f(z + f(f(y)) = f(z) + f(y), suy ra f(z +y) =
f(z) + f(y), Vx,y € R. Vay ta ¢6 f la ham cong tinh va f don diéu, ti do
f(x) =cx, c= f(1),Vx € R.

Thay lai vao phuong trinh (a) ta suy ra ¢ =1 <= ¢ = #1. Khi d6, dé
thay hai ham f(z) =, Vz € R va f(z) = —z,Vx € R chinh la nghiém cta
bai toan.

b) Tuong tu nhu trén, ta cing c6 f don anh, f(0) =0va f(f(y)) =y",Vy €
R. Bay gio, ta xét 2 truong hgp véi n:

- Néu n chén. Khi do, f(f(—=1)) = 1= f(f(1)), mau thuan véi tinh don anh
ctia f. Nhu vay, v6i n chin thi khong ton tai f thoa man bai toan.

- Néu n 18 thi v6i moi y ton tai z sao cho 2™ = f(y), suy ra f(f(2)) = 2" =

f(y), do tinh don anh ctia f nén f(z) =y. Tu d6 véi moi =,y ta c6

f@)+ fy) = fl@) + 2" = f(z + f(2) = [z +y)

Nhu vay, ta lai c6 f cong tinh dong thoi f don diéu nén f(x) = cx. Suy ra
2" = f(f(z)) = f(cx) = x,Vo € R. Thay 2 = 1,2 tac6é ¢ = 1, 2¢2 = 2"
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suy ra 2" = 2 <= n = 1, mau thuan v6i gia thiét. Nén truong hgp n 1é ciing
khong c6 nghiém. Vay ta c6 DPCM !

Ta xét mot s6 md rong clia bai toan Italy 1999 nhu sau.

Bai toan 2.3.7. Tim ham f : R — R don diéu trén R thoéa man
f@* ™+ fly) =y + [f(@)", Va,y € R, (*)

& day, n 1a s6 tu nhién bat ki.

Loi giai. Do f don diéu nén f don anh. Lay 2 = 0 ta ¢6 f(f(y)) = v +
[£(0)]**1 (1) , nén dé thiy f cling 1 toan anh. Vay f la song anh. Khi d6 ton
tai duy nhat a ma f(a) = 0. Dat f(0) = b, khi d6 trong (1) thay y = a ta c6
b= f(0) =a+b>"Tt Trong (*) lay x = a,y = 0 ta c6 f(a®>" ™1 +b) =0 = f(a),
do f don 4nh nén a = a®"*! + b. Nhu vay, ta c6 he

a=a’"t+b va b=aqa+ b,

Dan dén a1 + 62"t =0 suyra a = —b va 2a = a®"t!, 2b = 0?1
Do f 1a toan 4nh trén R nén ton tai ¢ sao cho f(c) = a. Khi d6, trong (1)
thay y = c ta co
0= f(a) = f(f(c)) = c+ b
T (1) lay y = 0 ta c6 f(b) = f(f(0)) = v>" 1. Trong (*) thay z = ¢, y = b
ta dudc

FE B b [FOF = b+ —a = f(C),
do f don anh nén ¢! 4 b2"*+! = c. Nhu vay ta lai c6 hé méi
c+ b2n+1 =0 va C271—i—1 4 b2n+1 —c.

Suy ra 2"t = 2¢. Mat khac ta lai ¢c6 2a = o', 2b = v®"*! nen hoic
c=ahodcc="0. Néu c=a thi a= f(a) =0 khi dé6 f(0) =0; con néu
c=bthi b+ bt =0suyrab=0dods f(0)=0.

Nhu vay, ta trong moi truong hgp ta luon c¢6  f(0) = 0, ti (1) suy ra
f(f(y)) =y, ¥y € R. Trong (*) lay y = 0 thi f(x>") = [f(2)]*" ™!, Vz € R.
V6i moi x € R thi ton tai z € R ma z = 22" khi d6 f(z) = f(z?"T1) =
[f(2)]*"*. Do d6 v6i moi =,y € R ta c6

flaty) = fE+ f(FW) = fly) + [P = fy) + f(2).
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Hay f cong tinh trén R. M#t khac f don diéu nén f(x) = cx, Vo € R. T
day, két hgp véi phuong trinh f(f(y)) = y,Vy € R ta suy ra ¢ = +1. Thit lai,

ta di dén két luan
f(x) =z, Vr € R hodc f(x)=—=x, Vx €R.

Nhan xét. Viéc van dung tinh song anh ctia f dé tinh f(0) = 0 1a mau
chét, viec con lai dua vé PTH Cauchy trong 16p ham don dieéu 1a kha dé dang.
Ta c6 bai toan mé rong thit 2 don gian hon nhu sau.

Bai toan 2.3.8. V6i n € N*. Tim ham f : R — R don diéu théa man

fla+ [T =y + f(z), Yo,y €R. (**)

Lai giai. Tuong tu, ta cing c6 f la song anh. Dat f(0) = b va gid st f(a) = 0.
Khi d6, trong (**) thay (x,y) = (0,a) ta ¢

b=f(0)=a*"""+b = a=0.

Do d6 f(0) = 0. Trong (**) thay z = 0taco f([f(y)]*"T!) = y*" ! Vy e R.
V6i moi 2 € R ton tai y € R ma 2z = [f(y)]*"™!, do f 1a toan anh. Khi d6
f(z) = f([f(y)]?>"T) = y? L. Nén v6i moi z,2 € R ta c6

flx+z2) = flx+[f]"h) =y + f(2) = f(2) + f(2).

Néi cach khac, f 1a ham cong tinh. Mit khac f don diéu nén f(z) = cx, Vx €
R. Két hop f([f(y)]*"T!) = y***1 Vy € R ta sé suy ra ¢ = £1. Thit lai, ta di

dén két luan
f(x) =z, Vx € R hodc f(x)=—=x, Vx €R.
Bai toan 2.3.9. (IMO - 1992) Tim tat cd cdc ham f: R — R théa man
f@®+ f() =y +[f(@)], Yo,y € R. (1)

Loi gidi. Lay 2 = 0 ta c¢6 f(f(y)) = y + [f(0)]?, tit day dé thay f 1a song
anh. Dat f(0) = b va gid st f(a) = 0. Trong (1) thay (z,y) = (0,a) ta c6
b= f(0) = a+ b Trong (1) thay (z,y) = (a,0) ta c6 f(a®+b) =0= f(a), do
f don anh nén a = a?® + b. Nhu vay ta c6 hé

a=a’+b va b=a-+b>
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Tw day suy raa =b=0. Do d6 f(0) =0 va f(f(y)) =y, Yy € R. Bay gig,
trong (1) 1ay y = 0 ta c6

[f(@)]? = f(z®) = f((~2)?) = [f(~2)]%, Vo € R.

Suyra f(z) =+£f(—z), Vr € R. Nhung f don anh nén f(—z) = —f(x), Vo #
0, diéu nay ciing dang khi = 0. Do d6 f 14 ham 18. V6i moi 2 > 0 ton tai
sao cho z = 22, khi d6 f(z2) = f(2?) = [f(z)]?. Do vay véi moi 2 > 0, y € R ta
co

flz+y) = f(@®+ f(fW) = fly) + [f(@)]° = fy) + f(2).
V6i z < 0 thi —z > 0. Theo khing dinh trén va chi § f 14 ham 18 nén

flz+y)=—f(—2—y)=—[f(—=2) + f(~y)] = f(z) + f(y), V2 <0,y € R.

Vay v6i moi y, 2z € R ta déu c6 f(z +vy) = f(2) + f(y). Mat khac f(z?) =
[f(2)]? nén f(z) >0, Vo > 0. Dan dén f(z) = cx, Vo € R vdi ¢ > 0. Két hgp
f(fly)) =y, Yy € R ta suy ra f(x) ==z, Vo € R.

Hoan toan tuong tu, ta c6 thé dé dang giai dudc cac bai toan md rong

sau.

Bai toan 2.3.10. Cho € N*. Tim tat ci cac ham f : R — R théa méan

f@@+ f) =y + [f(@)]", Yo,y eR.

Thay do6i bai toan IMO 1992, ta c6 bai toan tuong tu, nhung phic tap hon

nhu sau:

Bai toan 2.3.11. Tim ham f : R — R théa man diéu kién

fla+IfW)]?) = f(z) +y°, Vo,y €R. (2)

Lai giai. Cho z = 0 ta duge f([f(y)]?) = f(0) +y?, Vy € R. Tt day dé thay f
la song anh trén RT. Trong (2) choy = 0taco f(x+[f(0)]*) = f(x), (i).Do f
don anh trén RT nén trong (i), ta xét v6i z > 0 ta suy ra x+[f(0)]? =z, Vo > 0
dan dén f(0) = 0.

Tu day ta 6 f([f(y)]?) = v*, Vy € R. Do f toan anh tit RT vao [0, +00)
nén véi moi z > 0 ton tai y sao cho z = [f(y)]?, khi d6 f(2) = f([f(v)]?) = y>.

Nén v6i moi z > 0,z € R ta co
flaz+2) = flz+[f(W)]*) = f2) +y* = f(x) + f(2).
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Ta chi ra diéu nay ciing ding khi z < 0. Bang cach chi ra f 14 ham 1&. That
vay, ta co

FUF@P) =y* = F(f(=9)]), Yy €R,

nhung f don anh trén R nén [f(y)]* = [f(~y)]?, suy ra f(—y) = £f(y), Yy €
R.
Gia st ton tai a # 0 ma f(—a) = f(a), khi d6 tit (2) ta suy ra

fla+[f@)]?) = fla) +y* = f(=a) +y* = f(—a+ [f(¥)]*). Vy €R.
Do f nhan moi gia tri trén R* nén ta ton tai b ma [f(b)]? > |a|. Khi d6
a+[f(O)*>0 va —a+[f(b)]*>0.
Mat khéc f(a+ [f(b)]?) = f(—a+[f(b)]?) va f don anh trén RT nén
a+[fO)=-a+[f(b)?=>a=-a=a=0.

Diéu nay mau thuan vdéi gia st a # 0. Do d6 f(—y) = —f(y), Vy € R. Hay
f la ham 1é. Khi d6 v6i moi t < 0,x € R ta dat z = —t > 0. Theo trén ta c6

fatt) = —f(=2=t) = = f(=a+2) = =[f (=) + [ (2)] = f(2)=f(2) = f(2)+f (D).

Nhu vay v6i moi z,y,€ R ta ¢c6 f(x +y) = f(z) + f(y). Thém vao dé
f([f(]?) = y? va f toan anh trén RT, suy ra f(z) > 0, Vo > 0. Tit d6 ta c6
f(z) = z, Vo € R. Dé thay day 13 nghiém ctia bai toan.

Mot cach tuong tu, ta co thé gidi duge bai toan md rong sau:

Bai toan 2.3.12. V6i n € N*. Tim ham f: R — R théa man dicu kién

fl@+[fW)P") = f(z) +y*", Vo,y € R.

Bai toan 2.3.13. (American Mathematical Monthly) Cho 1 < n € N.

Xac dinh tat cd cac ham f : R — R théa méan

flx+y") = f(z)+ [f(y]", Yo,y €R. (*)

Loi gidi. Cho x = y = 0 suy ra f(0) = 0. Chi lay z = 0 thi f(y") =
f()]™, Yy e R.
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V6i moi a > 0 ton tai y € R ma a = y™, khi d6 f(a) = f(y") = [f(y)]". Do
d6 véi moi a > 0,z € R ta co

fle+a)=fle+y") = fl@)+[fW]" = fz) + f(a).

O tren, néu ldy z = —a thi ta suy ra f(—a) = —f(a), Ya > 0, diéu ndy ciing
c6 nghia f 13 ham 18. Vi thé v6i moi a > 0,2 € R ta c6

[z —a) = =f(=z +a) = =[f(=2) + fa)] = f(z) = f(a).

Tud6 dan dén f(z+y) = f(z)+f(y), Yo,y € R. Theo bai toan PTH Cauchy
thita co f(rx)=rf(x), Vr € Q, Vx € R dac biet f(r) =rf(1), Vx € Q.

Véimoir € Q, z€Rtaco f((r+z)") =[f(r+x)]"=[f(r)+ f(z)]". Mt
khac

f((r+ )" ch k) zn:ijrkf(:c"_k),
k=0

[f(r) ch[f ch g [f (z)]" ",

Suy ra S CLr £am ) = Sp_y CEAHFIMF@I™ (). C6 dinh
thi hai vé clia dang thic (i) déu 1a da thitc bién r bac n. Do (i) ding véi moi
r € Q nén hé s6 cta r*, k =0,1,...,n bing nhau. Dic biét, véi k = n — 2 v&

k=n—1taco

F@) = [F@PFOI va flz) = f@)fOI", Ve e R (i)

Trong (ii) 1ay # = 1 ta suy ra f(1) = 0 hodc f(1) =1, con v6i n chdn thi ta
c6 them truong hop f(1) = —1. Ta di xét 3 trudng hop nay. 1) Néu f(1) = 0,
tu (ii) ta suy ra f(z) =0, Vo € R. Ham nay théa man bai toén.

2) Néu f(1) = 1, thi tit (ii) ta suy ra f(2?) = [f(x)]?. Tu dé dé suy ra
f(z) =z, Vo € R. Ham nay thoéa man bai toan.

3) V6i n chan va f(1) = —1. Dat g(z) = — f(z), Vz € R. Khi d6, ham g(x)
thoa man diéu kien (*) clia bai toan va g(1) = 1. Theo truong hgp tren thi
g(x) =z, Vo € R. Nén f(z) = —z, Vx € R. Nhung thit lai véi chi ¥ n chan thi
ta thay rang ham f(z) = —x khong théa man (*).

Két luan: bai toan c6 hai nghiem 1a  f(z) = 0, Vo € R hodac f(x) =
x, Vo € R.
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Bai toan 2.3.14. (USA - 2002) Tim ham f : R — R théa mén

f(xQ - y2) = xf(a:) - yf(y)a vxay € R. (*)
Lai giai. Trong (*) cho z =y =0 ta c6 f(0) =0, véi y = 0 thi f(2?) = zf(z),
v6i x = 0 thi f(—y?) = —yf(y), v6i x = —y thi f(—z) = —f(z), Vo € R.

Ta viét lai (*) nhu sau f(2® — y?) = f(2?) — f(y?) hay f(u) — f(v) = f(u -
v), Yu > 0,v > 0. T day ta c6 f(x) = f(x +y —y) = f(zr +y) — f(y) hay
flx+y) = f(z) + f(y), Yo,y > 0 € R. Két hgp 2 khang dinh trén va f 13 ham
1é suy ra f(rz) =rf(z), Vr € Q, z € R. Dic biet f(r) =rf(1), Vr € Q. Ta di
tinh f([z + 1]?) v6i x > 0 theo hai cach. Ta c6

Fla+1]?) = f(@*+22+1) = f(2®)+2f(2)+f(1) = 2f(z)+2f (2)+f(1), V2 > 0,

va f([z+1]%) = (2+1) f(z+1) = (2+1)(f(2)+f (1)) = af (2)+f(2)+a f(1)+f(1).

Tw dé suy ra f(x) = xf(1), Vo > 0. Nhung theo trén f la ham 1é nén véi
moi x < 0tacod f(z)=—f(—z) = —(—x)f(1) = xf(1). Do d6 v6i moi z € R ta
c6 f(z) = xzf(1). Thit lai ham nay théa man bai toan. Vay f(z) = cz, Vo € R
v6i c € R tuy ¥.

Nhan xét. Ta chi can c6 f(2? — y?) = f(2?) — f(y?) suy ra f(z +y) =
f(@)+ f(y), Ve +y,y > 0 € R. Va tu day f(rz) = rf(z), Vr € QT do f 1&
nén f(rz) =rf(x), Vr € Q, x € R. Sau dé tu f(z)+ f(x+1) = fRz + 1) =
fllx+1)?2 =2 =(z+1)f(x+1) — zf(z) tasé suy ra f(z) = 2f(1), Vo € R.
Bai toan 2.3.15. (Canada - 2008) Xac dinh ham s6 f: Q — Q thda man

f2f(x)+ fly) =22 +y, Vz,y € Q. (1)

Loi giai. Ly y = z ta ¢6 f(3f(x)) = 3z, Vo € Q. O day, thay z béi 3f(z)
suy ra
fOz) = f(3fBf(x))) = 3[3f(x)] = 9f(x), Vo € Q.

Véi x = 0 ta suy ra f(0) =9f(0) do d6 f(0) = 0.

Lay x = 0 trong (1) ta c6 f(f(y)) =y, Vy € Q. Khi d6, tac dong f len
hai vé (1) suy ra 2f(z) + f(y) = f(2z +y), Va,y € Q. O day, lay y = 0 ta c6
f(2z) =2f(x), Vx € Q. Vivay, v6imoi z,y € Q tacod f(2x+y) = f(2x)+ f(y).
Diéu nay tuong duong véi

flz+y)=f(z)+ f(y), Yo,y € Q.
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Theo bai toan PTH Cauchy suy ra f(z) = zf(1), Vo € Q. Két hop
f(f(ly)) = y ta suy ra f(x) =0, Vx € R hoac f(z) = z, Vx € Q. Th lai,
ta thay chi ham f(z) = z, Vz € Q théa méan bai toan.

Nhan xét. Tt 1oi giai ctia bai toan nay, mot cach tuong ty, ta dé dang suy
ra két luan sau: Gid stt a,b € Q vd a,b # 0, a+ b # 0,21 thi bai toAn tim ham
f:Q — Q thoa méan

flaf(x) +bf(y)) = ax + by, Yo,y € Q

c6 nghiem duy nhat 1a f(z) = z, Vx € Q.
Bai toan 2.3.16. (Indian MO 2005) Tim ham f : R — R thoéa méan

f@® +yf(2)) =af(@) +2f(y), Yo,y,2 €R. (*)

Loi gidi. Nhan thay f(z) =0, Vx € R 1a nghiém cia bai toan. Ta di tim
nghiem khéc, gid st d6 1a f(x). D& thay f(0) = 0 va ton tai a # 0 ma f(a) # 0.
Trong (*) lay (x,y,2) = (0,a,z2) ta c¢6 f(af(2)) = zf(a), tit day dé thay f la
don anh trén R. Tu (*) thay z = 0,y = z = 1 ta c6 f(f(1)) = f(1), do f
don 4nh nén f(1) = 1. Lay x = 0,y = 1 ta c6 f(f(z)) = z, trong (*) chi lay
z=1taco f(z*+y) =xzf(x)+ f(y), lay y = 0 thi f(z?) = zf(z). Tt (*) thay
r=-1l,y=z=0tasuyra f(-1) = —1. Ly z = 0,2 = —1 ta suy ra f(y) =
—f(y), Yy € R. T do, ta chi ra f cong tinh. Suy ra f(rx) = rf(x), Vr € Q;
f(x+1) = f(x) + f(1). Dén day, ta dinh tinh f([z + 1]?) theo hai cach.

Ta c6 f(lz +1)?) = f(2®> + 22z + 1) = f(2®) + 2f(x) + f(1) = xf(x) +
2f(x) + f(1), va f([lz +1J°) = (@ + Df(z +1) = (@ + D(f(z) + f(1)) =
zf(x) + flz) +xf(1) + f(1).

Tit hai dang thic trén suy ra f(z) = 2f(1) = x, Vo € R.

Nhan xét. Néu thay déi (*) thanh f(22+yf(2)) = of(x)—2f(y), Vx,y, 2 €
R, thi nghiém ctia bai toan 1a f(x) = —z, Vo € R. Ban doc c6 thé thit tu Ii giai

tai sao 7

Bai toan 2.3.17. Tim ham f : R — R thoa man

flx+y)+ flzy) = f(x)f(y) + f(z) + f(y), Yo,y € R. (1)

Lai giai. Ta thay ring (1) 1a tong ctia hai phuong trinh
fle+y) = fl2)+ fy) (2)
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flzy) = f(x) + f(y) (3)

Ta biét rang ham f théa man dong thoi (2) va (3) thi f(x) =0, Vo € R
hodc f(z) = x, Vo € R. Do vay néu tir (1) ta chi ra (2) va (3) ciing dung thi
bai toan dugc giai xong.

Dé tach dugc cac phuong trinh tit (1) ta quan tam dén tinh chin, 1é cla

ham s6. Ching han, néu f 14 ham 1& thi thay y bdi —y ta c6
f(=zy) + f(@z —y) = f(@)f(=y) + f(@) + f(=y). (4)
Cong (1) va (4), chi § ham f 1& ta s 6
fle+y)+ flz—y) =2f(z).

Tt phuong trinh nay va khang dinh f(0) =0 (suy rakhildy x =y =048
(1)), cho y = z ta c6 f(2x) = 2f(x). Suy ra f(z +y) + f(x —y) = 2f(x), diéu
nay dan dén (2) dung, kéo theo (3) ciing ding.

Quay tré lai bai toan. Ta quan tam dén tinh chin, 1é cia ham s6. Dé lam
diéu nay ta di tinh f(1), f(=1). Trong (1) thay y = 1 ta c6

f@)+ fle+1)=fQ)f(x)+ f(@)+ f(1) = fla+1) = f1)f(z) + f(1). (5)
Néu ta dat f(1) = a thi theo (5) ta dé dang tinh dugc
f2)=d*+a, fB)=d*+a*+a, f4)=da*+a®+d*+a.

Néu tiép tuc qua trinh nay, ta sé tinh duge f(n), n € N. Nhung cong viéc
clia ta la tinh f(1). Cht y rang 6 (1) lay 2 = y = 2 ta c6 2f(4) = [f(2)]*+2f(2).

Thay cac gia tri 6 trén, ta suy ra
a*+a® +a* +a=(a®+a)?+2a*+a)=a* =d

Suy ra a = 0,£1. Ta di xét cac truong hgp nay.

*) Néu a = f(1) = 0. Thi tu (5) ta suy ra f(z) =0, Vz € R.

¥) Néua = f(1) = —1. Tt (5) ta suy ra f(z + 1) = —f(z) — 1. O day lay
r=-1taco f(—1) = —1. Trong (1) lay y = —1 ta ¢6

fle=1) + f(=2) = f(=1)f (=) + fz) + f(=1). (6)
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Do f(-1)=1 nén f(z — 1) + f(—z) = —1, Vz € R. O day thay = bdi —z ta
c6 f(—x — 1)+ f(z) = —1. Theo trén f(z)+ f(x+1) = —-1do d6 f(z+1) =
f(=x —1), Vo € R. Hay f la ham chan. Trit (1) cho (4), chd § f 14 ham chan,
taco f(x+vy)— f(x—y) =0, Vo,y € R. Diéu nay dan dén f 13 ham hang, mau
thuan v6i f(0) =0 va f(1) = —1. Vay truong hgp f(1) = —1 khong xay ra.

) Néu a = f(1) =1 thi tu (5) tasuy ra f(x +1) — f(z) = 1. Lay x = —1
thi f(—1) = —1. Theo (6) ta c¢6 f(z — 1) + f(—x) = —1, & day thay = bdi
—x ta ¢ f(—x — 1)+ f(xr) = —1. Mat khac f(z + 1) — f(x) = 1 nén suy ra
f(x+1)+ f(—z—1) =0, Vo € R hay f 1a ham 1&. Theo 1ap luan ban dau thi
(2) va (3) dang. Do vay trong trudng hgp nay f(x) =z, Vo € R.

Két luan: nghiém ctia bai toan 1a f(z) =0, Vx € R hodc f(z) =z, Vz € R.
Bai toan 2.3.18. (Indian MO - 2003) Tim tat ci cac ham f: R — R thoa
man

fle+y)=flx)f(y) — flay) +1, Vo e R.
Lai giai. Bal toan nay thuec sy c6 thé giai thong qua bai toan trén.
That vay, bang cach dat f(z) — 1 = g(z), Vo € R thi phuong trinh diéu kién
cho tré thanh

g(x+y)+1=[g(x) +1[g(y) + 1] — [g(zy) + 1] + 1, Vz,y €R

= g(x+y)+g(ry) = g(x)g(y) + g(z) + g(y), Vz,y € R,

Tuy nhién, ta hoan toan c6 thé giai doc lap, bing cach di tinh gia tri cia
f(1).
Bai toan 2.3.19. (Romania RMC 2008) Tim ham s6 f : R — R théa man

f(x) + f(y)
2

r+y

e

) =

, Vz,y € R.

Lai giai. Dat f(z) — f(0) = g(z), Vo € R. Khi do, ti diéu kién ta c6 ¢(0) =0

~

va
g2y 9(x) +g(y)’ —
3 2
Lay y=0 taco g(g):@, Vx € R. Tu do

Tr+vy T Y
= g(— = R.
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Diéu nay tuong duong véi g(xz+1vy) = g(x) +g(y), Vr,y € R. Lay y = z suy
ra g(2z) = 2¢g(z), Vo € R. Ta c6

2 o) g(20) +ola)

3 g(2z) = g(z), Yz € R.

g9(x) = g(

Ma g(2z) = 2g(z) nén g(z) =0, Vo € R. Do d6 f(x) = f(0), Va € R. Diéu
nay c6 nghia f(x) = const trén R. Day la nghiém ctia bai toan.

Nhan xét. Ta c6 thé md rong bai toan nhu sau: Véi p # ¢ € N*, tim ham
s6 f : R — R théa man

vy _ f@)+ )

f(p .

, Vo, y € R.

Bai toan 2.3.20. (Romania RMC 2006) Cho r,s € Q. Tim ham f: Q — Q
thoa man
fle+fy)=fle+r)+y+s, Va,yeQ (*)
Lai giai. bat g(z) = f(x) —r — s, Vo € Q. Khi d6
g@+9)=g9@@+fly)—r—s)=fz-r—5)+fy) —r—s=

=flr—s)+ty—r=g(r—s)+y+s, Vr,y € Q.

Va g*(x +9(y)) =gy +s+g(z —s)) =2 +9(y), Yo,y € Qhay ¢ =id
doi v6i cac phan tit dang = + g(y). C6 dinh y = yo € Q thi tap

{r+9g(w) : 2€Q} =Q,
vivay ¢2 =id tréen Q. Do dé6 ta c6
gz +y) =g(x+g(9y)) =g(x —s) +g(y) + s, Vz,y € Q.

Mit khac g(z +y) = g(y — ) + g(x) + 5. Do d6 g(z) — g(z — ) = g(y) —
gy —s), Vo,y € Q. Nen g(z) — g(x — s) = ¢ (const). Diéu nay dan dén

gz +y)=g(x)+9y)+s—c, Vo,y € Q.

Lay x =y = 0 ta c6 g(0) = —(s — ¢), do vay g(z +y) = g(x) + g(y) — 9(0).
Tuw day dé suy ra g(x) = ax + g(0), Vx € Q v6i a,9(0) = —(s—¢c) € Q la
cac hing s6. Nhung ¢ = id trén Q, nén ta c6 a(ax +b) +b =z, Vo € Q
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suy ra hodc a =1, b =0 hosic a = —1, b = —2s. Nhu vay ta ¢6 g(x) = x hoac
g(z) = —x — 2s, Vo € Q. Dan dén

fx)=z+r+s, VreQ va f(x)=—-x+r—s, Ve eQ.
Thit lai, ta thay day 1a hai nghiém ctia bai toan.

MOT SO BAI TAP VAN DUNG

Bai toan 2.3.21. Tim ham f : R — R lién tuc thoa man

flx+y)=fz)+ f(y) +zy(z +y), Vo,y eR
Ggiy. bat f(x) — %3 =g(x), Yz € R.

Bai toan 2.3.22. (Balkan 2000) Tim ham f: R — R théa man

f@f(@)+ fy) =y + [f()]? Vo,y €R.

Ggi y. Chira f(0) =0, f(f(y)) =y. Sau d6 ching minh f cong tinh va
[f(2)]? = 2. Tix d6, xét cac trusng hop f(1) = 1 hodc f(1) = —1. Ung véi cac
trudng hgp nay la cac nghiém f(z) =z, Vr € R va f(z) = —z, Vx € R.

Bai toan 2.3.23. (Belarus 1997) Tim ham g : R — R thoéa méan

g(x+y)+g(x)g(y) = g(zy) +g(z) + 9(y), Y,y € R.

Ggi y. Ta di tim nghiém f khac hai nghiém tam thuong f(z) = 0 va
fx) = 2.

Chira g(z +y) = g(z) + g(y), VYz,y € Q va f(z) la ham 1é. Tu d6 ching
minh g(2?) = [g(x)]?. Dén day, bai toan da quan thudc va c6 nghiem f(x) =
x, Vx € R.

Bai toan 2.3.24. (VietNam 1999) Gia st ham f : [0,1] — R lién tuc théa

man
(i). f(0) = f(1) =0,
(ii). Véi moi x,y € [0,1] ta c6 2f(x) + f(y) = 3f(
Chitng minh réng f(z) = 0,Vz € [0,1].

2 +y
3

).
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Ggi y. - Thay (z,y) = (0,1) ta suy ra f(1/3) =0.
- Thay (x,y) = (1,0) ta suy ra f(2/3) = 0.

- Thay (x,y) = (0,1/3) ta suy ra f(1/9) =0

- Thay (x,y) = (1/3,0) ta suy ra f(2/9) = 0.

- Thay (z,y) = (2/3,0) ta suy ra f(4/9) =0

- Thay (x,y) = (1/3,1) ta suy ra f(5/9) =0

- Thay (z,y) = (1,1/3) ta suy ra f(7/9) = 0.

Tuong ty nhu trén, st dung (ii), bing quy nap ta c6 thé chi ra f(5%) =
0, a,n € N. Ma tap hgp gom tat ca cac so hitu ti c6 dang %, a,n € N trit mat
trong doan [0, 1] nén f(x) = 0,Vz € [0, 1].

Bai toan 2.3.25. Tim tat ca cdc ham f(z) xac dinh trén R théa man

flle+1)f(y)] = ylf(x) +1], Yo,y e R.

Ggi y. Chira f(0) =0, f(—1)=—1, f(1) = 1. T do6 chi ra f nhan tinh va
f cong tinh. Dén day bai toan da quen thudc, va nghiém la f(z) = z, Vz € R.
Bai toan 2.3.26. (THTT) Tim ham f : (0,+00) — R ¢6 dao ham tai z =1

~

va

f(wy)zx/if(y)Jr\/_f( ), Y,y > 0.

Ggi y. Dat g(z) = YV > 0.

\/E
Bai toan 2.3.27. (IMO 1989, Shortlist) Xac dinh tat ci cac s6 thyc a sao
cho ton tai ham f:[0,1] — R lién tuc théa man f(0) =0, f(1) =1 va

Tr+vy
2

Ggiy. Chira f(1/2) = a, f(1/4) = a?, f(3/4) = 2a—a?, f(1/2) = 3a*>—2a>.
Do d6 ta c6 3a? —2a® = a suy ra a € {0,1/2,1}. Roi di xét tung trudng hgp

I

)=01—-a)f(z)+af(y), VO<z<y<1

nay. Di dén gia tri can tim clla a 13 a = 1/2.

Bai toan 2.3.28. (IMO 2002) Tim tat cd cac ham f: R — R théa méan

(f(@) + F)(f () + F@) = flzy — 2t) + flat +yz), Yo,y 2,6 € R (%)

Bai toan 2.3.29. (IMO 2005, Shortlist) Tim ham f : R — R théa mén
fle+y)+ f(@)f(y) = flzy) + 22y + 1, Yo,y € R.
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Dap s6. Nghiem can tim 1a: f(z) =2z — 1, f(x) = —z — 1 hosic f(z) =
2?2 -1, Vx € R.
Bai toan 2.3.30. (IMO 2004, Shortlist) Tim f : R — R thoa man

f@® +y° +2f(zy)) = [f(z +y)]*, Yo,y €R.

Bai toan 2.3.31. Tim ham f : R — R lién tuc thoa man

r+y
2

(f (@) + F(y)S( ) =2f(x)f(y), Yo,y € R.

Gdi y. Nghiem tam thuong f(z) = 0, Vo € R. Tim nghiem khéac, khi dé6
f(z) #0, Vx € R. Dat g(x) = 1/f(x). Khi d6 ta sé dua vé dang PTH Jensen.
Bai toan 2.3.32. (Japan Math Olympiad Final 2008) Tim f: R — R
thoa man

f@+y)f(f(x) —y) = 2f(x) —yf(y), Yo,y €R.
Bai toan 2.3.33. Tim ham f : R — R thoa man

(i). flz+ y)1= f(@)+ ), Ya,y €R,

(). F@)F(2), o £0,

Gogi y. Chi ra f lién tuc tai 0.

Bai toan 2.3.34. (BMO 2003, Shortlist) Tim tat ca gia tri c6 thé c6 ciia
f(%), trong d6 f : Q — [0, +00) 1a ham théa man cac tinh chat

(i) flzy) = f(2)f(y), Yo,y € Q,
(ii). V6i moi x € Q néu f(x) <1 thitasuyra f(z+1) <1,

2004) 1
2003" 4
Bai toan 2.3.35. (THTT) Tim

Gogi y. Dap s6  f(

ham f: R — R thoa man

1 1
flx+y) = «’EQf(E) + ?ff(;)a Va,y # 0.

Bai toan 2.3.36. (IMO 1996, Shortlist) Gia st 0 < a < 1 va f la ham lién
tuc trén [0, 1] théa man f(0) =0, f(1) =1 va

r+uy
2

Xac dinh gia tri cta f(1/7).

I ) =1 —a)f(z)+af(y), Vo,y € [0,1].
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Bai toan 2.3.37. (THTT - T10/2004) Tim tat ca cac s6 thyc a > 0 sao cho
ton tai s6 thuc & > 0 vd ham s6 f : R — R théa méan

F@)+ 1) -
1)

Tr+vy
2

f( )+k|x_y|a7 \V/.CE,yER.

Bai toan 2.3.38. (IMO 2003, Shortlist) Tim ham f: Rt — R* thda man
(). fzyz) + f(2) + f(y) + f(2) = F(Voy) + F(VY2) + f(Vz), Va,y,2 >0
(ii). f(z) < f(y), V1 <z <uy.

Bai toan 2.3.39. (China TST 2011) Cho s6 nguyén n > 2. Tim ham

f R — R théa méan

flz—f)=flx+y™) + f(fly) +y"), Vr,y €R.

Bai toan 2.3.40. (APMO 2011) Tim ham f : R — R théa man hai diéu
kién sau

(i). Ton tai s6 thuyc M ma f(z) < M, Vx € R,

(i) f(zf () +yf(x) = xf(y) + f(xy), Yo,y € R.
Bai toan 2.3.41. (Romania TST 1997) Tim tat cd cdc ham s6 f : R —

[0, +00) théa man

f(@®+ %) = f(&® = y*) + f(2ay), Vz,y € R.

Ggi y. Chira f(0) =0, f(x)la ham chén. Ta xac dinh f(x) véi > 0.
Vé6i a,b > 0 ton tai z,y sao cho 22 —y? = a, 2zy = b. Ta cb

fla)+ f(b) = F(v/a® + b2), Ya,b> 0.

Dat g(t) = f(V/t), ¥t > 0. Suy ra g(a) + g(b) = g(a +b), Ya,b > 0 va
g(t) >0, Vt > 0. Do d6 g(t) = kt,k > 0. Tt d6 f(z) = ka?.
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Chuong 3

Mot s6 phuong phap giai
phuong trinh ham

3.1. Phuong phap thé

+)

+)

Thay cac gia tri dac biét:
Vi du thay = = a sao cho f(a) xuat hién nhiéu trong phuong trinh.
r = a, y = b rdi hoan vi, thay ddi di dé tim lién hé gitta f(a) va f(b).
Dat f(0) =b, f(1) =0, ...

Néu f la toan anh, ton tai a: f(a) = 0 (dung trong phuong trinh cong),
con néu ton tai a: f(a) = 1 (néu trong phuong trinh ¢6 nhan). Chon z,y
phit hgp dé triét tieu di f(g(x,y)) c6 trong phuong trinh. Ham c6 = bén

ngoai thi ¢6 gang chi ra n6 1a don anh hoac toan anh.
Lam xuat hien f(z).

f(x) = f(y) v6i moi z,y € A= f(x) = const v6i moi x € A.

Bai toan 3.1.1. Tim f : R — R théa man diéu kién

f(@)f(y) — f(xy)
3

=x+y+2, Vz,y € R. (*)
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Loi gidi. Gia st ton tai f(x) thda man diéu kien (*). Thay z = y = 0 vao (¥)
ta co
f2(0) — f(0) =6«
e Xét f(0) = —2, thay y = 0 vao (*) ta o
f0)- f(x)— f(0)=3(x+2) & —2f(x) +2=3x+6
@f(x):—g-x—l Vr € R.

Thit lai (*) thay khong thoa méan.
e Xét f(0) =3, thay y = 0 vao (*) ta co

f@) - f(0)—f(0)=3(z+2) & flz)=2+3, VzeR

Thit lai thiay thoa man.
Vay f(x) =z + 3 v6i moi z € R.

Bai toan 3.1.2. Cho f:[0,1] — [0, 1] théa méan:
1. Ton tai a,b € [0,1] sao cho f(a) =0, f(b) = 1;

2. Véi moi z,y € [0, 1] ta co:

Chting minh rang ton tai duy nhat z¢ € [0, 1] sao cho f(x¢) = zo.
Lai giai. Thay x = a, y = b vao (*) ta ¢6

la— fla)[+1b—Ff(b)] a+1-b

L= |f(@) - f(b)] < ! -

a=1,
=a—-b>1= (do a,b € [0, 1]).

1
Ta sé chitng minh f <§> =

1
Thayle,yzitacé

‘f(l)_fG)‘g 1+15-76)] @)‘f(;)‘g 1+ ]i -/ ()]

2 2 2 2
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) 1 1
e Néu f <§) > 3 thi suy ra

i g (3]« I E=s0
1) <2 ()

S f <%) > % (vo 1y).

V&ff(%)==%-

1 . 1
Ta ching minh x = 5 14 duy nhat. Thay y = 5 vao (*) ta co

f) -5 = 5

0y~ 3| < L=t -

. 1
Gia sit ton tai xg € [0, 1], xg # 5 820 cho f(zo) = xo. Thay x = x¢ vao (**)

ta co . .
‘f(xo) — 5‘ < 0= f(zg) = 5 = %o (vo ly).

Vay ta c6 diéu phai chitng minh.
Bai toan 3.1.3. Tim ham f: RT — R théa man diéu kién:
1 3 3 .
f) =3, flzy) = f(=)f ; +fWf| ) Yoy e R
Lai giai. Chox =1, y = 3, ta cb

F3)= P+ FP3) = F23) ~ [3) + 1 =0 [(3) = 5.

Thay y =1,



= 1) =1 (2) = s = 2150
Cho x =y, ta ¢6

f(z®) =2f%(x) >0V € RT = f(x) >0 Ve € R,

3
Thay y = —, ta co
x

13) = f() - f(z) + 2 (§> -

X

Bai toan 3.1.4. Tim f: R — R thoa man

zf(y) +yf(x) = (x+y)f(x)f(y), Vr,y € R.

f(1)=0
f)=1
e f(1) =0, thay y = 1, suy ra f(x) = 0 v6i moi x € R. Thit lai thay thoa

Lai gidi. Thay z =y =1=2f(1) = 2f%(1) = [

man.
e f(1)=1,thayy=1= f(x)+ax=(z+1)f(x) = zf(z) =axVr e R =
f(z) =1Vx e R\ {0},
bat f(0) = a. V6i x,y # 0 thi théa man; x = y = 0 théa man.
Xét v6i x £ 0, y = 0 = xa = za (théa mén).
1 néuzx#0
Vay f(z) =0 v6i moi z € R va f(z) = v6i a tuy ¥ 1a hai
anéuzr=0

ham s6 théa man.
Bai toan 3.1.5. Tim f : R — R théa méan diéu kien
f(@® + f(y)) = xf(z) +y Yo,y € R (*)

Loi giai. Thay x =0 = f(f(y)) =y v6i moi y € R, suy ra Ty = R hay f la

song anh (f(y1) = f(y2) = y1 = v2).
Thay y = 0 = f(2?+ f(0)) = zf(x). Ta mudn chi con z? trong (*). Do f la
toan anh nén ton tai a dé f(a) = 0. Thay y = a,

f@*) =zf(z) +a= f(a®) =a= f(f(a®)) =a® = f(a) = 0.
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C6 a =0, thay y =0, ta co

Gia st ¢6 a,b # 0, a # b sao cho {f

= f(a®*+ f(b)) = af(a) + b= f(a®> —b) =a*+b

fla® ~b) =

a?—=b=0b=0 (vo ly) N f(x) =z, Vz € R
—a?+b=a=0 (voly) f(x) = —z, Vz e R.

Bai toan 3.1.6. Tim f : R — R théa man diéu kién:

flaf(x) + f(y)) = f(z) +y Yo,y € R. (*)

Loi giai. Thay z =0, ta c6

FUf() =2 0)+y, VyeR (**)

Suy ra f la song 4nh = ton tai a: f(a) = 0. Thay x = a vao (*) ta c6
f(f(y)) = y. Két hop véi (**), f(0) =0=a=0.
Thay x béi f(z), y =0, ta c6

(z)

(x) = —u.

f@) (@) = 2 = f(2) > ;

Gia st ton tai a,b # 0: f(a) = a va f(b) = —b. Thay x = a, y = b vao (*)
= f(a® — b) = a® + b. Theo bai trudc suy ra vo ly.
Vay f(z) = z v6i moi z € R, hodc f(x) = —z v6i moi € R (thit lai thay

théa méan).

Bai toan 3.1.7. Tim f : R — R thoa man

f(flx)+y) =22+ f(fly) — z), Vx,y € R.

Loi giai. Ta chiing minh ham 1& toan anh, tic chi ra v6i moi x € R, ton tai ~y

sao cho f(y) = x. D& y néu chon y = — f(z), ta c6
f0) =2z + f(f(=f(z)) —z) = f(f(—f(2)) —2) = =22 — f(0)
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(T day c6 thé suy ra f 1a toan anh).

Tu day, ta ¢6 cach chon nhu sau: v6i moi « € R, chon « sao cho
_z+ f(0)

2

Tw d6 chon 8 = —f(a), v = f(B) — a. Khi d6 ta sé c¢6 f(y) = x v6i moi
r € R. Suy ra f 1a toan anh, suy ra ton tai a: f(a) = 0.

Thay = = a = f(y) = 2a+ f(f(y) — a).

V6i moi z € R, ton tai y: f(y) = 2+ a (do f 1a toan anh). T do suy ra
f(y) =2a+ f(z) = f(z) =2 —a v6i moi x € R. Thit lai thay théa man.

—2a—f0)=z=a=

Bai toan 3.1.8. Tim f: R — R sao cho
f(f@+y)=fle+y) + o) fy) —2zy, Vzyek (*)
Lai giai. Thay y béi z, z bdi z +y,
f(f@+y+2)=fle+y+2)+fla+y)fz) —(x+y)z,  VoyzeR
Thay z = 0, ta c6
fl@+y)f0) = f(x)f(y) —xy,  Vo,yeR. (1)
+) Néu £(0) =0, ta c6
f@)fly) ==y,  Va,yeR. (2)

Thay y = 1= f(z)f(1) = = v6i moi z,y € R.
Néu f(1) = 0= vo ly.

Vay f(1) =a # 0= f(z) = kx v6i moi z € R.
Thay vio (2) = k2 = 1= k = +1,

f(z) ==, Vz € R (thi lai thiy thoa mén)
f(z) = —x, Vo € R (thi lai thay khong thoa man).

+) Néu £(0) # 0, thay y = 1 vao (1), ta c6
fle+1)f(0) = f(2)f(1) —= (3)
Thay z bdi z 4+ 1, y = —1 vao (1), ta ¢6
f@)f(0) = fle+1)f(=1) +z+1. (4)
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Tix (3) x f(=1) + f£(0) x (4) c6:

f(@)f2(0) = f(2) (1) f(-1) = f(=1)z + 2£(0) + f(0)
= f(2)[f(0) = F()f(=1)] = z[£(0) = f(=1)] + £(0) ()

Thay z = 0 vao (5) = f2(0) — f(1)f(-1) =1

= f(z) = 2[f(0) = f(=1)] + f(0).
bat a = f(0)— f(—1), b= f(0) = f(z) = ax+ b v6i moi z,y € R. Thay vao
(*) =a=0b=0 (vo ly).

Bai toan 3.1.9. Tim f,g: R — R thoa man

fl@)—fly)=(@*—y)glz—y), Va,yeR. (1)

. °e2 e

f@) = f(—y) =@ —y*)glz+y), Vz,yeR (2)

Thay = béi y vao (2) = f(y) = f(—y) v6i moi y € R.
T (1) va (2) suy ra

(2> —y*)g(z —y) = (2 = y*)g(z +y), Vz,y €R
= g(z—y) =g(r +y), Vo #+y, z,y €R.

u—+v U —v

Véi moi u,v € R, dat z = 5 Y=

g(u) = const, Yu # 0.

Dat g(z) = cvéiz # 0= f(z) - f(y) = c(a®—y?), Vo £y = f(z)— f(y) =
C($2_y2)’ vxay €ER= f(I)—C.I‘2 = f(y)_CyQ, vy#0:> f(l‘) :C.Iz—i—k’vx 7&
0.

= g(u) = g(v), Yu,v # 0 =

. N c, v#0

Tir d6 ta c6 cap ham sb thoa man dé baila g(z) = { 4 véic,d € R
d, =0

tiy y va f(x) = cx? + b v6i b € R tuy ¥.

Bai toan 3.1.10. Tim f : R — R sao cho

f(fx=y) =f@) = fly)+ f2)fly) vy,  VzyeR (1)
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ooooo

f(f(@)) = f(x) = f(0) + f(2)f(0), VzeR. (2)
Dit f(0) = a, tit (1) va (2) (trong (2) thay z bdi = — ), ta c6
fle—y)1+a)—a=f(x) - fly) + f(@)f(y) —2y, Ve,yeR. (3)
Thay z = y vio (3), ta ¢6
fA(x) =2 +a*  VzecR (4)

Thay = = a = f%(a) = 2a°. Dat f(a) = b= b* = 2a>.
Thay = = 0 vao (2)
Thay x = a vao (2)

=b=a’=a*-2a2=0.
= (f( )) =b—a+ ab.
= f2(b

Thay = b vao (4) ) =b%+a®.
a® +a* = (a® + a* — a)>. (*)
Ta c6 hé
a* —2a® =0,
= a=0.
(a® + a? — a)? = a* + a?

Vay f(0) = 0. Tu do6 suy ra

f(f(x)) = f(z), Vz € R (2)
fz(a:) =22 VzeR (4)
flx—y) = f(z) = fly) + f(x)f(y) — 2y, Vz,y €R (3)

T (3), thay = = 0,

f(=y)=—-f(y), Vy e R. (5)

Tw (4) suy ra f(x) = x hoac f(z) = —=x.

Gia st ton tai @ # 0, f(x) = —a, tit (2) ta c6: f(z) = f(f(z)) = f(~ )
(5) ¢6 f(—x) = —f(x) = f(x) = —f(—2) = f(x) = 0. Mat khac f(x) = = hoiic
f(x) = —x nén suy ra vo ly.

Vay f(z) =z v6i moi € R 1a ham can tim.
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Bai toan 3.1.11. Tim f : R — R thoa man

f(f(@)+y)=f@®—y)+4f(x)y, Vz,yeR (1)

Lai giai. Thay x = 0, ta co

fUf0)+y) = f(-y) +4f(0)y,  VyeR, (2)

bat f(0) =a, f(a) =b. Thay y =0 vao (2) = b=a.
Thay y = —a vao (2) = f(0) = f(a) —4a®> = a=a—4a® = a=0.

fly)=f(-y), VyeR. (2)

v? — f(x)

5 vao (1) = f(@)la® — f(@)] = 0, Vo € R = f(z) =

Thay y =
0 hosic f(x) = z2.
Gi4 stt ton tai dong thai ab # 0 sao cho f(a) = 0, f(b) = b%. Thay y = 0 vao
(1) ta co:
f(f(@)) = f(*), VzeR (3)

Thay x = a, y = b vao (1) = f(b) = f(a®> —b) = b* # 0.
Thay * = a, y = —b vao (1) = f(=b) = f(a® +b) = b* # 0.
= (a*—b)?=(a®*+b)?*=b"=a=0b=0 (vo Iy).

Vay f(x) = 0 v6i moi x € R hodic f(x) = 22 v6i moi x € R (thit lai thay

thdéa man).

Bai toan 3.1.12. Tim f,g: R — R théa méan
i) 2f(x) —g(x) = f(y) —y vi moi z,y € R;
i) f(z)g(x) >z +1 véi moi z € R.

Loi giai. Thay x =y vao i) = g(z) = f(z) +z véimoi x € R = f(z) —z =
fly)—y, Ve,y e R= f(z) =z +c¢, Vr €R, g(x) =2z +¢, Vz €R.
Do f(x)g(x) — (x+ 1) > 0 v6i moi x € R nén suy ra

20 +2(3c— 1)+ —1>0, VT ER=>A<0 2 —6c+9<0=c=3.
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Bai toan 3.1.13. Tim f: R"™ — R* théa man

flaf)fly) = fle+y),  Ve,y>0. (1)
Loi giai. Ta dua vao phuong trinh, ta c6 gdng chon  sao cho zf(y) =z +vy &
N Y
- fly) -1
e Gia st ton tai y: f(y) > 1, chon z = # Thay vao (1),
yf () ) _ ( yf () ) o
jf(f(y)—l fly)=1f ) -1 (do f(x) > 0 v6i moi x > 0)

= f(y) =1 (vo ly).

Vay 0 < f(y) < 1 v6i moi y > 0.

Gia st ton tai a > 0: f(a) = 1. Thay vao (1) ta ¢6 f(z) = f(z +a), Vo >
0= f(z) = f(x +na), ne N*, = >0.

Dé y két qua ctia bai trude: f khong gidm, ton tai @ > 0 sao cho f(x +a) =
f(z) = f(x) = const. T (1) co

flx+y) = flafw)fy) < fly),  Va,y>0.

Suy ra v6i moi 0 < z < y ta ¢6 f(y) = fly—x+xz) < f(x), suy ra f la
ham gidm. Suy ra f(z) = a (a € (0,1]) v6i moi x > 0. Thay vao (1) ta co
a=a’=a=1.

Vay f(z) =1 v6i moi = > 0.

e Gid st 0 < f(z) < 1 v6i moi z € R, suy ra f(z) > f(y) v6i moi z,y € R,
0 < x <y, hay f la ham giam ngat.

Thay y = 1 vao (1) suy ra f(x +1) = f(zf(1))f(1). Dat f(1) = a =
flx+1)= f(ax)a. CO6 x + 1 =ax + (1 —a)x + 1, suy ra

flx+1) = flax) f(f (az)[(1 — a)z + 1]).

Do f la ham gidm ngit (don anh) nén suy ra = f(az)[(l —a)z + 1] =1=
a
= Vr>0= = —— V> 0.
J(az) (1—a)x+1 v /(@) (1—a)x+a v
Bai toan 3.1.14. Tim f : R — R théa méan diéu kién

fle+yf(e) =f(f(@)+2f(y), Ve,yeR (1)
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Loi giai. Thay x = 0 suy ra
Fyf(0) = F(F(0)), ¥y € R. (2)
Gia st f(0) # 0, tur (2) suy ra f(x) = ¢ v6i moi x € R. Thay vao (1) suy ra
c=c+cx, Ve R & c=0= f(0)=0 (vo ly).

Vay f(0) = 0.
Thay y =0 = f(f(x)) = f(x) v6i moi z € R. Nhin lai (1), ta sé chon y sao

cho x + yf(x) = f(x), hay la y = — % 6 f(z) # 0. Dén budc nay ta c6

x
/ 7@
hai gia thiet.

Gia thiét 1: Xét hai trudng hop

Truong hop 1. Xét f =0 c6 la nghiém ?

Trudng hop 2. Ton tai zo # 0: f(xg) # 0. Tu day suy ra f hodc 1a don anh,

hoac la toan anh, hoac la song anh.
Giai thiét 2: Xét hai truong hgp:
Truong hgp 1. Néu ton tai xg # 0: f(z¢) = 0. Chitng minh f = 0.

Truong hop 2. Xét f khong dong nhat bang 0 v6i moi x # 0 hay (f(z) =0 <
r =0).

Véi cach thay nhu trén, qua ro 1a bai nay ta dung gid thiét 2.
Trudng hgp 1. Gia st ton tai g # 0: f(zg) = 0. Thay x = zg vao (1) suy
ra f(zg) = zof(y) véi moi y € R. Suy ra f(y) = 0 v6i moi y € R. Thit lai thay

f =0 théa man.
flz) -

Truong hgp 2. Véi x # 0, chon y = —F—— ta co
f(z)
f(z)

= f(z)—2=0, Ve #0
= f(x) =z, Vo € R.

Thit lai thiy théa man.
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Bai toan 3.1.15. Tim f: R — R lién tuc thoa man

flx+ f(y) =2y + f(x), Va,y € R. (1)

Loi giai. V6i cac bai toan lien tuc hodc don dieu, ta thuong c6 ging chi ra
phuong trinh d6 1a phuong trinh Cauchy hay f(z + y) = f(x) + f(y) v6i moi
z,y € R. Cho x =0 vao (1), ta ¢6

f(f(y) =2y + f(0), Vy € R. (2)
Suy ra f la song anh. Thay y = 0 vao (2), ta ¢
f(f(0)) = £(0) = f(0) = 0.

2) & f(fly) =2y = f(2y) = F(F(F(v)) = 2f(y) Yy € R.
Thay y béi f(y) vao (1), ta c¢6

flx+2y)=2f(y) + f(x), Yo,y €R
= f(z +2y) = f(2y) + f(x), Yo,y € R.

Thay y béi %, ta co
flx+y) = f(z)+ f(y), Vz,y € R.

Do f lién tuc = f(z) = kx v6i moi x € R. Thay vao (1), ta c¢6
k(x4 ky) =2y + kx < k = £V2.

Vay f(z) = v2z v6i moi = € R, hodc la f(z) = —v2z v6i moi x € R.

Bai toan 3.1.16. (Slovenia National Olympiad 2010). Tim tat ci céc
ham f : [0,400) — [0, +00) théa man

W+ Df(@+y) = flzf(y), Vayel0+00). (1)
Lai giai. Trong (1), cho z = 0 ta dugc

(y+1f(y) = f(0), Vyel0,+o0).

Suy ra

fly) = vy €0,400) (v6i a = f(0)). (2)
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Thit lai: Thay (2) vao (1) ta duge

(y+ 1a a
= , YV z,y € |0,400
r+y+1 xf(y)+1 yel )
1
(y + a = axa , YV z,y € [0,+00)
y+1

(y+Da  aly+1)
r+y+1 art+y+1’

vV z,y € [0,+00)

a=0
= Vz,y € [0,+00)
| zt+ytl=ar+y+1
[ a=0
=
| a=1.
Vay cédc ham s6 théa man dé bai la f(z) = 0 véi moi z € [0,+00) va

1
f(zx) = p) v6i moi x € [0, +00).

Bai toan 3.1.17. (Switzerland Finad Round 2010). Tim tat cd cac ham
sO f: R — R théa man

FUE)+ W) =29+ flz—y), Vazyek (1)
Lai giai. Dat f(0) = a. Trong (1) cho y = z ta duge f(f(z)) =z + g v6i moi
z € R. Vay (1) tré thanh

a a
x+§+y—l—§=2y+f(x—y), Vx,y €R.

Suy ra
f(:c—y)z:t—y—i—a, CL’,:UGR. (2)
T (2), cho y = 0 suy ra f(x) =z + a v6i moi x € R. Thay vao (1) ta duge
r+2a0+y+2a=2y+x—1y+a, Vr,y € R
=a=0.
Vay ¢6 duy nhat mot ham s6 théa man yéu cau ctia dé bai la f(z) = x véi
r € R.
Bai toan 3.1.18. (Romania Team Selection Test 2011). Tim tat ca cac

ham f :R — R thoa man

2f(z) = flx +y)+ flx +2y), Ve eR, vy=>0. (1)

ol



Loi giai. Gia sit ham s6 théa man cac yéu cau cia deé bai. Ky hieu P(u,v) chi

viéc thay = bdi w va thay y bdéi v vao (1):

P(2x,x) = 2f(2x) = f(3z) + f(4x), Vo >0

(
P(z,z) = 2f(x) = f(2x) + f(3x), Ve >0
P(0,z) = 2f(0) = f(z) + f(22), Vx>0
P(0,2z) = 2f(0) = f(2z) + f(4z), Vz > 0.

Thay (4) va (5) vao (2) ta dugc

2f(2x) = f(3x) +2f(0) — f(2x) < f(3x) = 3f(2z) — 2/(0).

Thay (6) vao (3) ta dugc

2f(3x) = f(2x) +3f(22) — 2f(0) & 2f(2z) = f(z) + f(0).

Thay (7) vio (4) din ti
4f(0) = 2f(x) + f(z) + f(0), Yz =0
Trong (1) thay y bdi 2y ta dugc
2f(x) = f(x +2y) + f(z + dy), Vr e R,V y > 0.
Tit (9) va (1) suy ra

flx+y)=flz+4y), VreR, Vy>0.

2
3

(2)
(3)
(4)
(5)

5

(6)

(10)

Trong (10) thay x b6i —4y ta duge f(—3y) = f(0) véi moi y > 0. Tu day

thay y béi y/3 ta duge f(—y) = f(0) v6i moi y > 0. Vay

f(t)=0  véimoit <0.

(11)

Tu (11) va (8) suy ra f(z) = f(0) v6i moi x € R. Do d6 f 1a ham héang trén

R. Thit lai ta thay thoéa méan.

Bai toan 3.1.19. (Dé thi Olympic 30/04/2012). Tim tat c cic cip ham

s6 f,g : R — R thoa man diéu kien f(0) = g(0) =1, g(1) =2 va
f@)=fly) = (x—yyglz+y), VryeR

02
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Lai giai. Tw (1) cho y = x va st dung ¢(0) = 1 ta dugc
f(x) = f(—z) = 2z, Vz € R. (2)
Trong (1) thay = bdi x + 1 va thay y bdi x ta dugc
flx+1)— f(z) =92z +1), vV € R. (3)
Trong (1) thay = bdi © 4+ 1 va thay y b6i —x ta duge
flx+1)— f(—x) =22z +1). (4)
T (2) va (4) suy ra

flx+1)+ 22— f(x) =212z + 1), Ve e R
g2z +1) =22z +1) — 2z, Vo € R.

T (5) va (3) suy ra

92z +1) =2z + 2, Ve e R
sSg(r)=x+1, Vo € R. (6)

Thay y = 0 vao (1) va st dung (6) ta duge
fx)=zg(x)+1l=2(x+1)+1=a*+z+1, Vo € R.

Thit lai ta thay cdc cap ham s6 f(z) = 2?2 +2+1v6imoiz € Rva g(x) = x+1
v6i moi z € R théa man yéu cau cia dé bai.

Bai toan 3.1.20. (Poland Second Round - 2012). Tim tat ci cac ham s6

g(f(x)) = flgy) +=,  Va,yeR. (1)



Tu (2) va (3) ta c6
f(f(g(0)) +z) = =2+ g(0) = f(z) = —x + a (v6i a 14 hing $6).
Thay f(z) =a — x tré lai (1) ta co
g(—x—y+a)=—g(y) +a+x, Vz,y € R. (4)
Thay x = —y vao (4) ta dugc
gla)=a+z—g(—x) = g(xr) = —x + b (v6i b 14 hang $0).
Thay f, g vita tim duge vao (1) ta co

—(—z—y+a)+b=—(—y+b) +a+uz, Vr,y € R
Sr+y—a+b=y+z—b+a, Vr,y € R
& a=b.
Do d6 f(x) = —x+a v6imoi z € R va g(x) = —x + a v6i moi z € R (véi a
12 hing s0).
Bai toan 3.1.21. (Albania Team Selection Test 2013). Tim tat ca cac
ham s6 f : R — R théa man

F@)+ %) = (@+9f @) + fW?) — f(zy)], Va,yeR. (1)

Lai giai. Ky hieu P(u,v) chi viéc thay = béi u, thay y béi v vao (1)

P(Vx,V/~z)= f(-z) = —f(x), VreR (2)
P(0,0) = f(0) =0 = f(z°) = zf(2?), Vz € R (3)

St dung (3) ta bién doi (1) thanh
(z+y)flzy) =2f(y*) +yf(2®), Vo,yeR (4)
Tir (4) lay y = 1 ta duoc
(z+ 1D f(x) =2f(1) + f(z*), VzeR. (5)
Tir (4) lay y = —1 ta dugc
(z = D(=f(2)) =xf(1) = f(z*), VzeR (6)

Cong (5) v6i (6) ta thu duge 2f(x) = 2f(1)z v6i moi z € R. Vay f(x) = cx
voi moi x € R (¢ 1a hdng s6). Thit lai ta thiy théa man.
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Bai toan 3.1.22. (Dé thi hoc sinh gidi qudc gia nam 2013). Tim tat ca
cac ham s6 f : R — R théa man f(0) =0, f(1) = 2013 va

(= (@) = F(FPW)] = [f @) = fWIf* (@) - fP(»)],  VYeyeR (1)

ooooo

frey =10 vz 2)

Thay (2) vao (1) suy ra véi moi x khac 0, y khéc 0 ta c6

- [EE - L0 ) - i) - 200
ot 1P )+ 5002
& 2O sy )+ L8 gy =0
LW e+ 8 e =0
< [af(y) —yf(@)zf*(y) —yf(z)] = 0. (3)
Tit (3) cho y = 1 ta dugc
(20132 — f(2))[2013%z — f?(x)] =0,  Vx #0. (4)

Tt (4) suy ra f(z) = 2013z véi moi x < 0. Béi vay, tit (3) cho y = —1 ta
dugc
[—2013z + f(2)][2013%2 + f2(x)],  Vz #O0. (5)

T (5) suy ra f(x) = 2103z v6i moi x > 0. Nhu vay f(z) = 2013z véi moi
x € R. Thit lai thay théa man.

Bai toan 3.1.23. (IMO 2010). Tim tat ca cdc ham f: R — R théa man

fely) = f@)f(W)],  Vo,yeR. (1)

O day [a] duge ky hieu la sé nguyen 16n nhat nhd hon hodc bing a.

ooooo

fO) = f@)[f(O)],  VeeR (2)
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Néu [£(0)] khac 0 thi £(z) = 20 = € <6i moix € R (véi c bt ki va [d

FO)]

khac 0). Thit lai thay théa man.
Xét [f(0)] = 0. Khi d6 (2) dan dén f(0) = 0. T (1) cho y = 1 ta dugc

f(z]) = f(a)[f ()] (3)

T (3) cho x =1 ta duge f(1) = f(1)[f(1)] < f(1) =0 hodc [f(1)] = 1.

Khi f(1) = 0 thi tut (1) cho z = 1 ta dugc f(y) = 0 v6i moi y € R hay
f(z) = 0. Thit lai thay théa man.

Néu [f(1)] =1 thi tu (3) ta 6

fla]) = f(z),  VeeR

1
Véi x € [0, 1] thi tit (4) suy ra f(z) = f(0) =0. Tu (1) cho y = 5 ta dugc

f (%) — f(a) lf (%)} ~0, VreR (5)

T (5) cho z = 2 ta duge f(1) =0 (mau thuan véi [f(1)] = 1).

T6m lai cdc ham théa man (1) la: f(z) = é véi moi x € R (v6i ¢ 1a mot s6
bat ky va [c] khac 0) va f(x) =0 v6i moi = € R.
3.2. St dung tinh lién tuc
Chu y:

e f lién tuc va f don anh thi f don diéu thuc su.

e f lien tuc trén [a,b] thi f bi chan (tic 1a ton tai M = max f(z) va

[a,b]
m = min f(x)).

[a,b]

e flién tuc tai xg & lim f(z) = f ( lim x)
T—rT0 T—rTQ
Bai toan 3.2.1. Tim f : R — R lién tuc, théa méan

2 fy) +yf(a®) = f(zy) +a,  Vz,yeR (1)
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Loi gidi. Thay z = 0 vao (1) = yf(0) = f(0) + a v6i moi y € R. Néu f(0) #
0= yf(0) c6 tap gid tri la R = vo ly = f(0) =0 = a = 0. Vay a # 0 thi
phuong trinh khong c6 nghiém.

Véia=0, (1) < 22f(y) +yf(x?) = f(zy) véi moi z,y € R.

Thay z =y =1 vao (1) = f(1) = 0.

Thay y =1 vao (1) = f(z?) = f(x) v6i moi x € R.

Thay y = x vao (1) = 22 f(z) + zf(2?) = f(2?) véi moi z € R
“1EVE o

= (2> +2—1)f(x) =0 véi moi z € R = f(x) =0 véi moi = # 5 f
lien tuc tréen R = f(x) = 0 v6i moi = € R.
Bai toan 3.2.2. Tim f: R — R lién tuc, théa méan
f(4z) + f(9z) = 2f(6x), Vz € R. (1)
Lai giai. Thay z béi % vao (1) ta co
2 3
f <§x> +f (556) =2f(z), Vr e R
2 3
= f <§x> —flx)=f(x)—f (5:1:) ) Vx € R.
2 _ . 3
bat g(z)=f <§az> — f(x) = g lién tuc trén R va g(z) = ¢ <§az> =

g (gx) = g(x) v6i moi x € R. Quy nap ta dugc
2 n
g(z) = ((3) x) : Vr € R. (*)

o) = lm g ((g)x) — 9(0) = £(0) — £(0) = 0

n—-+oo

V6i moi xz € R, ta co

= g(x) =0, Ve e R
if(%x)—f(m):O, Ve eR
= f <§x> = f(x), Vr € R.

Tuong tu = f(x) = f(0) v6i moi z € R (thit lai thay théa man).

Vay f(z) = c v6i moi x € R (¢ = const) théa man bai toan.
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Bai toan 3.2.3. Tim f: R — R lién tuc, thoa méan
f@?) + f(x) = 22 + =z, Vo e R. (1)
Lai giai. Dat g(x) = f(z) — = v6i moi z € R. Khi do, ta c6

g(z?) + g(x) =0, Vo € R. (2)

P

Thay = béi —z = g(2?) + g(—x) = 0 v6i moi z € R = g(x) = g(—z) v6i
moi x € R = ¢ 1a ham chén, do d6 ta chi can tinh g v6i z > 0.

Thay = bdi 22 vao (2) = g(z?*) + g(2?) = 0 = g(2*) = g(x) v6i moi x € R.
Xét x> 0 = g(x) = g(x'/*) v6i moi > 0. Lay a > 0 tiy ¥, xét day s6 (z,,)
xac dinh nhu sau

1
V?’LGN*I $n+1:.’£ﬁ, o = Q.

1 . . 1 0
=z, =a* = lim z,= lim ai" =a =1.
n—-4oo n——4oo
, 1/4 )
Co6 g(xpy1) = g(:cn/ ) = g(zn) = ... = gla) = g(a) = lim g(x,) =
n—-+4oo

g( Brf z,) =¢(1) = f(1) =1 =05. Vay g(x) = b véi moi z > 0 = g(x) = b v6i
moi x # 0 (do g chan) = f(x) = x + b v6i moi x # 0 (b = const). Thay vao (1)
=b=0= f(z) =2 v6imoi x #0. Thay x =0 vao (1) = f(0) =0, f(z) ==

v6i moi x € R.

Bai toan 3.2.4. Tim f : R — R lién tuc, théa méan
1
flx)=Ff <x2 + Z) , Vo € R. (1)
Loi giai. Thay x bdi —z, ta co
2 2, 1
s =p(apeg)=s(@+1),  wer

= f chin, do d6 ta chi can tinh f v6i z > 0. Ta mubn sit dung day sb6 dé ap

dung tinh lién tuc nén ta quan tam dén phuong trinh

=+ so=t
B 4 2
) 1 o 1me A
1, Xet0§a§§.Taxet day so
2 1 *
xoza,an:xn—i—Z, Vn € N. (*)
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Ta co

x —ﬂr;z—i—l—a2+1<1+1—1
ooty 444 2
, 1 1 1
Giast z, < - = Tpi1 _x"+1 < §.Vaya:n§§ véi moi n € N. C6 41 —
Ty, =22+~ —1x, > 0= (z,) |3 ting lai bi chin trén nén ton tai k = lirf Ty,
n—-—r+0oo
Lay gi6i han hai vé ctia (*) ta c6
1 1
k=k>+-=k=—.
* 4 2
Ta lai co
2 1
f@ny1) = f xn+1 = f(wn) = ... = f(a)
= fla)= lim faa) = F( 7(s
= lim Typ) = im =z, | = — .
n—+o0o n——+00 2
1 1
Vay f(z <§) i moi x € [0, 51 :
1 , .
2, Xét a 5 Deé y véi (*), viét lai nhu sau
/ 1/ . 1
Tn = A/ Tpne1 — — | néu x, -
17 +17 7
Dao lai thit tu n va n + 1, ta xét day sau
1 1
Tpit1 = xn_Zv $0:a2§.
. .
Twong ty, quy nap ta duge x,, > 3 v6i moi n € N.
1 22
LTn+1 — \/
/ J— Z + ‘T’ﬂ
Suy ra (x,) la day gidm, lai bi chin du6i nén ton tai k = hI_’I_l z,. Lay gi6i
n—-—r+oo

han hai ve ta c6

1 1
k=y\lk—>=Fk=—.
4 2

Ta c6
2 1 9 1
Tp = Tpqq + Z = f(ﬂfn) =f Tpi1 T Z = f(l'n+1)
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= f(a) = f(xo) = f(@1) = ... = f(zn) = ...
= f(a)= lim f(xn)_f< lim xn) :f(%).

n—-+o0o n——+00

Vay f(a) = f (%) v6i moi a > 0, ¢6 f chén = f(a) = f (%) = ¢ (c 1a hang

$0) v6i moi a € R. Thit lai thay théa man.

Bai toan 3.2.5. Cho g(x) = . Hay tim tat ca cac ham s6 f(x) xac dinh

1+ 22

va lién tuc trén khoang (—1,1) théa man

(1—2*)f(g(x) = A +2*)?f(x), Vze(-1,1).
Loi giai. He thic viét lai du6i dang
(1—2?)?

el @) = (1 =a?)f@),  vee (L)

Dat o(z) = (1 — 2?)f(z) = f(z) lién tuc trén (—1,1) < ¢(z) lién tuc trén
(—1,1). Ta c6

Flola)) = wlo() (1~ )" = olote)) - L,

= p(g(x)) = p(z), Voe(-1,1).

Ve e (—1,1)

Dé y
2
2 (1+a)?-(1-a)? 1—(11—35)
= = , Ve e (1,1
9(x) 1+22 (I+2)2+(1-2)? . ze(-1,1)
Il
1-— 1-t 1—t?
Datt = +i:>a::1—+t:>g(x) o vatG(O +00) (doz € (—1,1)).
Y (i Bl vt € (0,+00)
\ive) Y \i+e )
o 1_t e . 2 e .
bat h(t) = ¢ 1Tt v6i moi t € (0,4+00) = h(t*) = h(t) v6i moi t €

(0, +00). Ta thay () lien tuc trén (—1,1) < h(x) lien tuc trén (0, +00). Quy
nap ta duge h(z) = h( ®/x) v6i moi z > 0, v6i moi n € N*. Do lirf R/r =
n—-+0oo

1 = h(z) = h(1) v6i moi x > 0 = ¢(z) = const = a v6i moi x € (—1,1) =

fle) ==

5 voi moi x € (—1,1) (thi lai thay thoa man).
T
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MOT SO BAI TAP VAN DUNG

Bai toan 3.2.6. Tim ham f xac dinh va lién tuc tréen R™ va théa méan

1
f(x?’)—fo(:E):E—x, Vo > 0.
C o onee J@) 1 S 1 N
Gdi y. Dat —— — — = g(=) thi g lién tuc trén R™, dong thoi g(z°) = g(x)
x x

. 1
v6i moi x > 0. Tu d6 g(x) = g(1) = ¢ v6i ¢ € R bat ky. Suy ra f(z) = cx + —
x

vol x > 0.

Bai tap 3.2.7. Tim ham f xac dinh va lién tuc trén R théa man
(f(2?) = a®)(f(2®) —a%) =2, Vz>0.
f(z)

Gdi y. Dit g(x) = —= — x v6i moi = > 0.
x
Bai tap 3.2.8. Tim tat cd cac ham xac dinh va lién tuc trén RT thoa man

z(x? +3-2011?)
322 + 20112

f<w>=f( ) Vi > 0.

rn(z? +3-20112)
3z2 + 20112

Goiy. Véiz > 0xétday zog = x, Tpy1 = . Giai phuong trinh

z(z? +3-2011%)
3x2 + 20112

€r =

ta dugc nghiém x = 2011.

e Néu 0 < z < 2011 thi ching minh diy x,, tang va bi chan trén bdi 2011. Dan
dén z,, hoi tu dén 2011.

e Néu x > 2011 thi ching minh day z,, khong gidm va bi chan dudi béi 2011.
Tu d6 z,, hoi tu dén 2011.

T d6 st dung tinh lién tuc cta f ta suy ra f(z) =0 véi moi x > 0.

Bai tap 3.2.9. Tim tat cd cdc ham s6 lién tuc théa man
f(x) = f(1 —cosz), Vx € R.

Gogi y. Xét day z,,41 = 1 —cosz,, n € N va zg tuy y. Ta chiing minh x,, hoi

tu dén 0, tit d6 stt dung tinh lién tuc ctia f suy ra f(x) = const.
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3.3. St dung tinh don anh, toan anh va song anh
Xét phuong trinh

fg(z,y)) = ah(z,y) + t(z,y)

trong d6 g(z,y), h(x,y), t(z,y) 1a cac ham v6i an x,y, f(z), f(y) da biét.

Gia thiét 1. h(x,y) = 0 véi moi x,y € R. Néu diang thi di dén két luan.
Néu sai thi ton tai yo: h(x,yo) # 0 = f(g(x,y0)) — t(x,yo) la toan anh, thay
vao gidi nhu binh thuong. Néu dung thi két luan. Néu sai (tic la khong giai ra
nghiem) thi st dung tinh chat toan anh, tinh vai gia tri dic bigt roi thay lai.
Néu c6 ca tinh chat don anh thi st dung (tinh gia tri dac biét c6 thé ding ménh
dé ddo). Dén day néu duy doan duge nghiem thi c6 thé st dung ménh dé dao dé
chitng minh. Budc trén khong gidi quyét duge thi dua vé phuong trinh Cauchy
(chiing minh ham c¢6 tinh chat Cauchy) hodc ching minh ham héng.

Gia thiét 2. Dy doan f = c la nghiém. Tinh a: f(a) = c. Sau dé gia st ton
tal zg # a: f(xo) = c.

+) Néu f = ¢ dung thi két luan: f(z) = ¢ & = = a, roi dung phép thé hop
1y, cudi cung 1a két luan.

+) Néu sai thi két luan khong phu hop.
Bai toan 3.3.1. Tim f: R — R thoa man

flx—fy) =2f(x) +x+ f(y), Vz,yeR (1)

Chi y: Néu ¢6 ham g(z) théa man f(g(x)) = ax + b v6i a # 0 thi f 1a toan
anh.

Lai giai. Thay y = 0 vao (1), ta c6

fle=f(0)) =2f(z) =2+ f(0), VzeR

Suy ra h(z) = f(z — f(0)) — 2f(x) la toan anh. Dat f(0) = a, ton tai zo:
h(zo) = 0 hay u,v sao cho f(u) —2f(v) =t, u =v+a v6i moi t € R.
Vay ta c6

ft) = f(f(u) =2f(v)) = f(f(u) = f(v) = f(v))
= 2f(f(u) = f(v)) + fu) = f(v) + f(v)
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=2[f(f(w) + f(u) + f(v)] + f(u).
Céan tinh f(f(u)). Tai (1) thay = béi f(y),
=a=2f(f(y) +2f(y) = 2f(f(y) = -2f(y) +a

= f(t) = 2[=2f(u) + f(u) + f(v) + a] + f(u)
= —f(u) +2f(v) +2a = -t + 2a, vt € R.

Thay t =0=a =2a = a=0. Vay f(x) = —z v6i moi z € R.
Bai toan 3.3.2. Tim f: R — R théa méan
i, flz—=f)+ fly) =flz—y) véimoi z,y € R (1);
ii, f71(0) 1a tap hitu han.

Loi giai. Dya vao yéu cau bai toan, ta lien tuéng dén gid thiét da néu trudc

d6. Dé thay néu st dung, ta dung gia thiét 2.

Thay x =y = 0= f(—f(0)) =0. Vay ton tai a: f(a) = 0.
Thay z =y =a= f(a— f(a)) + f(a) = f(0) = f(0) =0.
Thay lai y = a vao (1), ta c6
f(@)=f(z—a), VzeR (2)

Vay gié st ton tai a # 0: f(a) = 0. Quy nap tit (2) suy ra f(ka) = 0 v6i moi
k €N (vo ly do f~1(0) 1a hitu han). Vay f(z) =0 < z = 0.
Thay x = 2y vao (1),

= fQy—[fy)+fly)=fly), YyeR
<2y—fly)=0, VyeR
& f(y) =2y, Vy € R (tht lai thay thoa man).

Bai toan 3.3.3. Tim f : (0,400) — (0, +00) théa man

flx
H(8) —wrws@). vayso 1)
Loi giai. Trudc hét, ta thit tinh cac gia tri dic biét.

Thay y = 1= f(f(z)) = f)f(f(2)) Vo > 0= f(1) = 1.
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1

Thay y = f(z) = f(1) = f(a)f(f(2))f(f(=)) = (f(f(2)* = )
f(f(x) = \/% v6i moi x € RT. Dy doan f(z) = % v6i moi x > 0.
Dé y tut (1), thay z = 1,
éf(i)zyﬂw Vy >0
/)
= ) =y Yy > 0.
Vay h(z) = J;Ef%)) =z 1a toan anh. Suy ra véi moi t > 0, ton tai u,v > 0
f(w) = a coO
fw) -~
_ (LW 2 v v u
)= 1 (59 = 1) 17w - £7w)
— fw [ S V()
O Trw i
_ L vt >0
NG :
Vay f(t) = % v6i moi ¢ > 0 la ham can tim.

Bai toan 3.3.4. Tim f : R — R thoa man
fle—=fw)=rfw)+zf(y) + fz) -1, Vz,yeR (1)
f(z—f(0)) = f(f(0) +zf(0) + f(x) =1,  VzeR (2)

Ta dang muén dung tinh chat toan anh, vay hay xem f(0) = 0?

Giad st f(0) = 0, tit (2) = f(x) = f(z) — 1 v6i moi x € R (vo ly). Vay
f(0) #£ 0, suy ra f(z — f(0)) — f(z) =zf(0) + f(f(0)) — 1 1a song anh. Suy ra
véi moi t € R, ton tai u,v: t = f(u) — f(v).

= f(t) = f(f(u) = f(v) = f(f(v)) + fu) f(v) + f(f(u)) — 1. (3)
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Ta can tinh f(f(z)). Thay = = f(y), ta c6 f(0) = 2f(f(y)) + f*(y) — 1 véi
moi y € R. Dat a = f(0),

= fFW) = 5lat1- ), VyeR ()
(3) & £(t) = 520 +2— () ~ () + 2f(u) {(v) 2
1 2 _ 1 2
:—§UWT—ﬂW]+a——§¢'+&

1
Vay f(t) = —3 -t? 4 a v6i moi t € R. Thay vao (4),

= L1 2 4 2+ _ 1 +1 12+ 2 Vy € R
5|75y ta a=3 |a ;Y ta , Yy
1 1
= —§a2—|—a: §(a—|—1—a2)
& a=1.
1 L, e 2 ,
Thit lai f(z) = —5 + 1 v6i moi x € R thay thoa man.
Bai toan 3.3.5. Tim f: R — R thoa man
flx+ f(y) = f2y) +22f(y) + f(~x), Vz,yeR. (1)
Loi giai. Thit vai gia tri dac biet. Cho y = 0, ta c6
f(z+ f(0)) = f2(0) +22f(0) + f(—=x), VreR. (2)

Dé y tinh toan anh dya vao f(0) & (2) hay f(y) & (1).

St dung gia thiét 1:

Trudng hgp 1: f =0 v6i moi z € R (thit lai thay théa méan).
Trudng hgp 2: Ton tai a: f(a) # 0, thay y = a vao (1) ta c6

flz+ f(a)) = f(a) + 2xf(a) + f(-x), Ve eR.

Suy ra véi moi t € R, ton tai u,v: f(u) — f(v) =t.

= f(t) = f(f(u) = f(v)) = f(=f(v) + f(w)) = f7(u) = 2f (0) f(u) + f((v)).
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Ta can tinh f(f(z)). Thay x = 0 vao (1) ta c6

F(fW) = F2(y) + f(0) = f2(y) + b
= f(t) = f2(u) = 2f (u) f(v) + f*(v) + b
=1+, vt € R.

Thay lai (2), ta c¢6
(z4+y*+b)>+b=(y°+b)>+22(y° +b) +2° +b, Va,y € R (luon ding).

Vay f(z) = 2% 4+ b v6i moi x € R, hosic 1a f = 0.
Bai toan 3.3.6. Tim f: R — R thoa man

flafly) +z)=zy+ flz), Ve,yeR (1)

Lai giai. Thay x = 1= f(f(y)+1) =y+ f(1) v6i moi y € R = f la song anh
= ton tai a: f(a) = 0. Thay y = a vao (1) = f(z) = ax + f(z) v6i moi z € R
= a=0.

Do f 1a toan 4nh nén ton tai b: f(b) = —1. Thay y = b = f(zf(b) + ) =
br + f(x) = f(x) = bxr v6i moi x € R. Thay lai (1) ta ¢6 b> =1 = b = +1.
Vay f(x) = x v6i moi x € R, hodic f(z) = —z v6i moi z € R (thtt lai thay thoa
man).

Bai toan 3.3.7. Tim f: RT™ — R* théa man

fly)f(x+y)=1,  Va,y>0. (1)

i - v6i moi y > 1. Khi do

v\ v\
fz(y—l)_1$f<y—1>_1'

o2 o2

v6i moi y > 1. Dat = a, hay la
y—1 y—1
y> —ay+a = 0 (v6i a > 0). Phuong trinh nay c6 nghiém khi va chi khi

a’> —4a >0 < a > 4. Goi y1,y2 13 hai nghiem. Khi d6 theo dinh 1y Viét, ta c6

Lai giai. Chon z,ysaochozy=2x+y <z =

Ta can xét tap gia tri cia

Y1 + Y2 = a va y1y2 = a. Vay f(y) =1 v6i moi y > 4.
Thay y = 4 vao (1), ta ¢6

fdx)f(x+4) =1= f(4z) =1, Vz e RT
= f(x) =1, Vz € RT.
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Bai toan 3.3.8. Tim f : R — R thoa méan diéu kien

flx+ f(y) =3f(x) + fly) =22,  Va,y eR. (1)

ooooo

f(x+ f(0)) =3f(x) + f(0) — 2=, Vr € R
= f(z + f(0)) = 3f(z) = =22 + f(0). (2)
Vé phai ctia (2) la toan 4nh nén ton tai u,v € R: f(u) — 3f(v) = t v6i moi
t € R. Ta co
f&) = f(f(u) =3f(v)) =3f(=3f(v)) + f(u) + 6f(v).
Ta can tinh f(—3f(v)). Dat £(0) = a, thay = bdi —f(y) vao (1) ta c6

F(0) = 3F(=FW) + f(u) + 2 () = F(~f(W) = —F W) + 5.

Thay = béi —2f(y), ta c¢6
J(=F) = 3F(=20 () + F() +4f(y) = 3(-2/(y)) = ~6(4) + 5

= [(=2f(y) = ~2f(W) + 5.

a . .
Tuong tu, ta ¢6 f(—3f(y)) = —=3f(y) + 3 v6i moi y € R. Suy ra

£(t) =3 (=3f(v)+ 2&7) Ff@)+6f0)=t+5,  WER

Thay t = 0, ta c6 a:g:>CL20:>f(t):t véi moi t € R (thi lai thay
thoa man). Vay f(x) = z v6i moi € R la ham can tim. e D4i véi phuong

trinh ham (tim f,g) dang:

f(F(z,y) + [(G(z,y) = g(H(z,y))

trong d6 F(z,y),G(x,y), H(z,y) 1a cadc ham hai bién z,y biét trudc. Ta chi ra
rang H(z,y) =t v6i moi t € R luon ¢6 nghiem hay H(x,y) 1a toan anh. Khi d6

bai toan dua ve lya chon z,y, u, v sao cho

(H(xvy) =a

J ) =0 Va,b € R
F(z,y) = G(u,v)

|G (2, y) = F(u,v)



tuong duong chi ra rang hé c6 nghiém: (z,y,u,v) (khong can tim nghiém). Khi

do ta co

f(E () + [(G(z,y) = f(G(u,v)) + F(F(u,v))
= g(H(z,y)) = g(H(u,v)) = g(a) = g(b),  Va,beR.
Bai toan 3.3.9. Timcap f: R - R, g : R — R thoa man

f@ +2y) + fle+y) =g(z+2y), VryeR

L&i giai. Xét he

)
rT+2y=a
u+2v=>=
g Va,b € R
> +2y=u+tv
\:E—l—y:u?’—i—Zv
a—1x 3 b—u
Yy=— B)=z"—z+a=u+ 5
b— b
== u(4):>:r3—:13—|—a: —|—u(1)
2 2
Can phai tinh u theo z,a,b. Tinh tuong tu z, ta co6
3 a+w 3
u’—u+b= 5 =z =2u"—2u+2b—a (2)
b
= (2u® — 2u+2b—a)® — (2u® —2u+2b—a)+a— J;“:o

la phuong trinh bac 9 = ¢6 nghiém = x theo (2).Tw do, ta c¢6 y,v theo (3) va
(4). Vay ta c6 diéu phai chitng minh.

Bai toan 3.3.10. Tim f: R — R, g : R — R thoa man
f@+4y)+ fx+y) =gz +y), VzyeR
Loi giai. Tim z,y, u, v thoa man

P riy=utv=a
r+y=ud+4v=">

:y:b—x:x3—4x+4b—a:0C()nghiémx.
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Vay ta c6 diéu phai ching minh. Ta ¢6 g(x) = const = ¢ véi moi z € R

= f(@3+4y) + f(r +y) =cvéimoi x € R = f(a) + f(b) = ¢ v6i moi a,b € R
c

= f(a)= ) = &

Bai toan 3.3.11. Tim f: R — R théa man

f@®+2y) = fla+y) +fBr+y)+1,  Vo,yeR
Loi giai. Dé ¥ chon y sao cho: 23 +2y =z +y < y =« — 3. Thé y béi © — 23
ta c6 f(4x —x3) = —1 v6i moi x € R. Phuong trinh 4z — 23 = ¢ luon c6 nghiem
v6i moi ¢t € R. Suy ra f(z) = —1 v6i moi =z € R.

Bai toan 3.3.12. Tim f : R — R thoa man

fle=fly) =2f(x) +z+ fly), VryeR (1)
Loi giai. Cho y =0, ta co
fl—=f0)) =2f(z) +z+ f(0), VzeR
= flz— f(0)) —2f(zx) =x+ f(0) VzeR
Suy ra véi moi t € R, ton tai u,v: f(u) —2f(v) =t. Ta c6
F() = £ ) — 2(0) = 2£(f(u) = F(0) + £(u) — £(0) + (0
=212f(f(u) + f(u) + f(0)] + f(u)

Tinh f(f(z)). bat a = f(0), thay = béi f(y) vao (1) ta co

a=2/(JW) +2fW) = fFW) = ~J() + 5. WER

= F(t) =2~ f) ¥ at f@)+ f) =2a—t,  VieR,

Thay t = 0 = a = 0 = f(x) = —x v6i moi x € R (théa méan). Vay

f(z) = —z v6i moi € R 1a ham can tim.

Bai toan 3.3.13. Tim f : R — R sao cho

f(f(@) =) = f2(x) = 2f(2)y* + f(f(y),  Vz,yeR. (1)

Loi giai. Phan tich bai toan: Dé ¥ ¢ day c6 y doc lap dang y?, khac véi binh
2n—+1

thuong 13 v, 93, ...,y , nhung ta van c6 thé st dung dugc gia thiét véi mot
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nita cia tap R (RT hodac R™). Dé y chit nita, néu c6 dinh x, ta van c6 f(f(y))
di cling vé6i viéc xét y clia ta. D6i v6i nhitng bai nhu thé, ta phai tim hé thic
lien hé cta f(f(y)) theo f(y) trudc.

Thay y = 0 vao (1), ta c6 f(f(x)) = f2(z) + f(£(0)) v6i moi x € R. Vay ta
c6 danh gia he thitc. Hon nita, cho z = 0 = f(0) = 0 = f(f(z)) = f*(z) véi
moi # € R = (du doan f(z) = 22) (*).

Viét lai (1): f(f(z) —y?) = f2(z) — 2f(2)y* + f?(y) v6i moi z,y € R. Ta
xét t6i gid thiét 1.

Truong hop 1. f(x) =0 v6i moi x € R (théa man).

Truong hop 2. Ton tai zg # 0: f(zo) # 0 = f(f(z0)) = f%(x0) > 0 = ton
tai a € R: f(a) > 0. Thay z = a vao (1), ta ¢6

f(f(@) —y®) = f2(a) = 2f(a)y” + f*(y), VyeR
= f(f(a) = y*) = f*(y) = f*(a) — 2f(a)y?, Vy € R.

Tim tap gia tri cta f2(a) — 2f(a)y? € (—oo, f2(a)]. Vay v6i moi t < 0, ton tai
u, v f(u) = f2(v) =t

= f(t) = f(f(w) = f2(v)) = f2(u) = 2f (w) f*(v) + [ (0) = [f(u) = f2(0)]* = ¢

Vay f(t) =t v6i moi t < 0.

Véi z > 0, ta c6 f(z) = f((vV2)?) = f(f(=V7)) = f*(=V7) (sit dung (*))
= f(z) = 2% véi moi x > 0 (that ra c6 f(t2) = f(f(t)) = f2(t) = t* v6i moi
t <0 = f(z) =2% v6i moi & > 0). Vay f(z) = 2 v6i moi x € R (thit lai thay

théa méan).

Bai toan 3.3.14. Tim f : R — R thoa man

2f(3x = 2f(y)) = —4f(f(y)) +3f(z) =3z -1,  Vr,yeR (1)

Lai giai. Do c¢6 f(f(y)) nhung khong c¢6 y doc 1lap nén bai nay ta lam nhu binh
thuong. C6 dinh vy, ta c6

3f(x) =2fBx = 2f(y)) =3x+1-4f(f(y), VeeR
Khi d6 ton tai u,v: 3f(u) —2f(v) =t v6i moi t € R.
= 2f(t) = 2f(3f(u) = 2f(v)) = =4f(f(v)) + 3f(f(u)) = 3f(u) = 1. (2)
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Gio ta thay can thiét tinh f(f(x)). Thay x bdi f(y) vao (1), ta c6

2f(f(y)) = —4f(f(y)) +3f(f(y)) —3f(y) — 1

= fF) = ~f) -5 WeER
Thay vao (2) ta ¢6
2£(t) = 47 (0) + 5 — 3f(u) ~ 3f(u) — 1 + (1)
— —203(u) — 2/(0)] -

Bai toan 3.3.15. Tim f: R — R théa méan

Vt € R (thi lai thay thoa man).

flz+2f(y) =22+ f(y) +zf(y), Vz,yeR.

. e 20

flx+2f(y) ==[f(y) +2] + f(y), Vr,yeR. (1)

Stt dung gia thiét 1.

Truong hop 1. f = —2 (thdéa méan).

Truong hop 2. Ton tai a: f(a) # —2. Thay y = a vao (1), taco f(z+2f(a)) =
z[f(a) + 2] + f(a) v6i moi x € R = f 1a song anh = ton tai b: f(b) = 0. Thay
y=>bvao (1) = f(z) = 2z v6i moi x € R (khong thdéa méan).

Bai toan 3.3.16. Tim f : R — R théa man diéu kién
flaf(z)+ f(y) = (f(@)* +y,  VYr,yeR (1)
f(fy) =f0)+y, VyeR. (2)
Suy ra f la song anh. Do f 1a toan anh nén ton tai a € R: f(a) = 0. Thay
x =a vao (1), ta c6
f(fw)=-y, VyeR (3)
T (2) va (3) = f2(0) =0 = f(0) = 0. Thay = bdi f(x), y =0 vao (1) ta co
flaf(x)) = (f(f(2))* = 2.

71



Thay y = 0 vao (1), ta cé f(zf(z)) = f2(x) = f?(z) = 2% v6i moi x € R =
f(z) =z hodc f(x) = —z. D¢ ¥ f(x) = z v6i moi z € R v& f(x) = —x v6i moi
r € R déu 1a ham can tim.

Gia st ton tai a,b # 0: f(a) = a vd f(b) = —b. Thay z = a, y = b vao (1)
= f(a® —b) = a® +b. Lai ¢6

2 2 2
9 a”—b a“+b=a"—0> b=20 o
a®—b)= & Vo 1
A ) b—a? a’+b="b-a? a=0 (v 1y)
Vay f(z) =z v6i moi x € R va f(x) = —z v6i moi 2 € R 1a hai ham can tim.
Bai toan 3.3.17. Tim f : R — R thoa man
f@*+ fy)=fz)+y, VoyeR (1)

Lai giai. Dy doan f(z) = x v6i moi z € R. Thay x = 0 vao (1), ta c6

f(fly) = f2(0)+y,  VyeR (2)
Suy ra f 1a song anh. Do f la song 4nh nén ton tai duy nhat a: f(a) = 0.
Thay = = y = a vao (1), ta c6 f(a?) = a = f(f(a®)) = f(a). St dung (2) ta

c6 f(f(a®)) = f2(0) +a® Do f(a) =0 = a®>+ f2(0) =0=a = f(0) =0. (2)
< f(f(z)) = x véi moi = € R.

Thay y = 0 vao (1) = f(2?) = f?(z) v6i moi x € R = f(x) > 0 véi moi
x > 0.

Thay y bdi f(y) vao (1) ta ¢6 f(z? +y) = f?(z) + f(y) v6i moi z,y € R
= f(z? +y) > f(y) véi moi z,y € R.

Véi z,y € R bat ky, x > y ta co

fl@)=flx-y+y)=Ff(V(E-y)3?*+ty) > fly), Vo=>uy.

Vay f la dong bién, lai ¢c6 f 1a don 4nh = f ting ngit (z > y < f(z) >
f(y)). Véi z € R, dat a = f(x). T (2) ta ¢6 f(a) = f(f(x)) = z. Gid su
a>x= fla)> f(x) = x>a (voly). Véia <z = f(a) < f(x) = x < a (v
Iy). Vay a = = hay f(x) = = v6i moi x € R.

Bai toan 3.3.18. Tim f : R — R thoa méan
fae+fW)=z+fy)+zf(y), Voyek (1)
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Loi giai. (1) & f(z + f(y) = (1 + f(y)) + f(y) v6i moi z,y € R. Ap dung
gia thiét 1.

Truong hop 1. Xét f(x) = —1 v6i moi z € R (théa mén).

Truong hop 2. Ton tai xo: f(xg) # —1. Thay y bdi zq ta c6: f(z+ f(x0)) =
z(14+f(x0))+ f(xo) v6i moi x € R. Suy ra f 1a toan anh (chua la song anh dugce).
Do f 1a toan anh nén ton tai a: f(a) = —1. Thay y = a vao (1) = f(z—1) = —1
v6i moi z € R (vo 1y).

Vay f(x) = —1 la ham can tim.

Bai toan 3.3.19. Tim tat ci cac gia tri clia a, sao cho ton tai duy nhat mot

ham s6 f: R — R théa man diéu kién
f@®+y+fy) = (f(2)* +ay, Vz,yeR (1)

Lai giai. Véi a = 0, ta ¢6 f(z) =0, f(x) = 1 la hai ham s6 thda man. Vay
a # 0. Vé phéi ctia (1) 1a ham bac nhat clia y = f 1 toan 4nh = ton tai b:
f(b) =0. Thay = = 0 vao (1) ta cd

fly+f) =r0)+ay, VyeR
Thay y = b vao (1), ta ¢6
f(z? +b) = f2(x) + ab. (2)

C6 f(x2+b) = f2(—x)+ab= f3(—z) = f?(z) véi moi x € R = f(—b) = 0.
Thay y = —b vao (1), ta co

f(z? =b) = f*(z) — ab. (3)
T (2) va (3), ta co
f(z?+b) — f(z® — b) = 2ab. (4)

Tu day ta du doan b = 0. Thay = 0 vao (4) = f(b) — f(—b) = 2ab =
200 =0=b=0 (doa #0). Vay f(z)=0< 2z =0.

(2) & f(z?) = f*(x) v6i moi = € R,

Thay x =1 = f(1) = f2(1) = f(1) =1 hosic f(1) =0 (vo ly).
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Thay y = 1 vao (1) = f(22 +2) = f%(z) + a = f(2?) + a v6i moi z € R.
Thay x = 0 vao trén ta c6: f(2) =

=a®=f32)=f(4) = f(V2)*+2) = fA(V2) +a=2a=a=2 (do a #0).
f*(x)
2

Loi dung tinh chat: f(z) =0 < x =0, thay y b6i —

(o LD (L)) om g (LOY LD s een

, ta co

2
Thay y béi 2 Q(y) vao (1) ta c6

f(x2—f (- y)) va,y € R

& f(@* —y?) = f(2®) - f(¥°), Va,yeR (*)

Thay x = 0 vao (*) = f(—y?) = —f(y?) v6i moi y € R hay f 14 ham 1&. Do
vay
()= fle+y)=flx)+ fly), Vz,yeR
Co f2(z) = f(2?) = f2(z+y) = f((z+y)?) & [f(x)+2f(2) f(y)+ 2 (y)] =
F@®) + f(?) +2f (zy) = f(2)f(y) = f(zy) v6i moi z,y € R. Suy ra f vita la
cong tinh vira 1a nhan tinh = f(z) = = v6i moi x € R (thit lai thay théa man).

Vay a = 2 1a gia tri can tim.

Bai toan 3.3.20. Tim f : R — R thoa man
f(f(@)+y) =22+ f(f(y) —x), Ve,yeR. (1)

Loi giai. Thay y = —f(z) vao (1) ta ¢6 f(0) = 22 + f(f(—f(x)) — ) =
f(f(=f(x)) —x) = =2z + f(0) = f 1a toan anh = ton tai a: f(a) = 0.
Thay x = avao (1) tacé: f(y) = 2a+f(f(y)—a) = f(f(y)—a) = f(y)—a—a.

Do f 1a toan anh nén véi moi ¢t € R, ton tai y: t = f(y) —a = f(t) =t — a v6i
moi t € R (thit lai thay thoa man).

Bai toan 3.3.21. Tim f: RT™ — R* théa man

f@)f(y) = f(z+yf(z)),  Vz,y eRT. (1)

74



Loi giai. Gia st f 13 ham théa méan dé bai. Ta mudn triét tiéu hai vé bing cach
T

chon y: z +yf(x) =y & y= T Chon dugc nhu thé néu f(z) < 1.
Truong hop 1. Gia sit ton tai zg € R*: f(zg) < 1. Chon y = #0().

Thay vao (1) = f(zo) =1 (vo ly).

Truong hgp 2. Gid st ton tai zg € R*: f(z9) = 1 (c6 thé nay do dy doan
f(z) = 1 la nghiém). Thay «* = z¢ vao (1): f(zo)f(y) = f(y + xo) v6i moi
y e Rt = f(y) = f(y + o) v6i moi y € RT.

Nhé lai hé qua: Ton tai a > 0: f(x + a) = f(z) v6i moi z € RT, f 1a ham
don diéu = f(x) = ¢ = const.

Ta c6 f(x) > 1 v6i moi x € RY. Tu (1) = f(yf(z) +z) > f(z) véi moi
=Y @) > f(b) véi moi a,b € R*

f(b)

(a >b) = f(z) = c=const. Thit lai c6 ¢> =c=c=1.

r € RY. V6imoia>b,chonx=0b,y=

Truong hop 3. f(x) > 1 v6i moi x € RT.
Tuong tu ta c6: f(a) > f(b) v6i moia > b, a,b € RT = f 1a ting ngit trén RT.

Co f(x)f(y) = f(x+yf(x)), f(y)f(z) = fly+xf(y)), do f ting ngat (= f la
f) =1 fm) -1

z oy
= const = ¢ v6i moi x € RT (¢ > 0) = f(z) =cx+1

don énh) = z+yf(z) = y+xf(y) véimoi z,y € RT =
flz) -1

T
voi moi x € RT (¢ > 0) (théa man bai toan).

moi z,y € RT =

Bai toan 3.3.22. Tim f : R — R thoa man

f(@®=y*)=af(x)—yfly), Va,yecR (1)

Loi giai. Thay z = y = 0 vao (1) ta c6: f(0) = 0. Lai c6 f(2? — y?) =
fa? = (=y)*) = 2f(z) + yf(~y) véi moi ,y € R = yf(~y) = —yf(y) véi moi
yeR = f(zr) =—f(—z) v6i moi z € R.
Thay y = 0 vao (1) ta c6: f(2?) = xf(x) v6i moi z € R.
(l)ﬁf(xz_yQ) :f(xz)_f(y2)7 VSC,’yER
= f(a*) = f(@" —y*) + f(y*), VoyeR

hay

flu)=flu—v)+ flv),  Yu,v=0. (2)

Thay u = 2t, v =t vao (2) ta c¢6: f(2t) = 2f(t) v6i moi t € R.
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Ta tinh f(2¢ 4+ 1) theo hai cach:
+) Thay u =t+1,v=1vao (2) = f(t+1) = f(t) + f(1) v6i moi t € R.
+) Thay x =t + 1, y =t vao (1) ta co:

f2t+1) = f((t+1)2=t?) = (t+1) fF(t+1)—tf(t) = f(O)+(t+1)f(1),  VtER.

(3)
Thay u =2t + 1, v =1 vao (2) ta co:

ft+1) = f(2t)+ f(1) =2f(t) + f(1), vVt € R. (4)

Tu (3) va (4) = f(t) =tf(1) = at v6i moi t € R (a = const). Thit lai thay

ham sb trén thoéa man.

Bai toan 3.3.23. Tim f : R — R thoa man

f(A+2)f(y) = yf(f(x) +1), Vr,y € R.

Lai giadi. R6 rang vé6i bai nay ¢6 y ndm ngoai thi f ¢6 kha ning 14 don anh. Dé
st dung dudgc, ta hdy xét cac gid thiét. St dung gia thiét 1.

Truong hop 1. Ton tai a € R: f(f(a) +1) # 0.
Thay * = a, ta c6: f(1 4+ a)f(y)) = yf(f(a) +1) = f la song anh. Thay
y=1= f((z+1)f(1)=f(f(z)+1) véimoiz e R = f(z) = (z+1)f(1) -1
vimoiz € R. Thay x = 1= f(1) =2f(1)—1= f(1) = 1= f(x) = x v6i moi
x € R.

Truong hop 2. (Pht dinh cta truong hop 1) Vi moi x € R: f(f(z)+1) = 0.

flle+1)f(y) =0, Ve,yeR (*)

Dé y trong (*), néu ton tai k: f(k) # 0. Thay y = k vao (*) = f((z +
1)f(k)) = 0 v6i moi = € R. Thay z béi ffk)

(vo 1y). Vay f(z) = 0 v6i moi € R (thit lai thay thoa méan). (R0 rang ta thay

—1= f(z) =0 v6i moi z € R

trong truong hop 2, ta da st dung gia thiét 2).

Bai toan 3.3.24. Tim f : R — R lién tuc va thoa méan

fzf(y) =yf(z), Ve,yekR (1)

Loi giai. Gia st f 1a ham s6 thdéa man phuong trinh (1).
Ta st dung gia thiét 1.
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Truong hop 1. f(x) =0 v6i moi x € R 1a ham thoéa man.

Truong hop 2. Ton tai g € R: f(xg) # 0.
Thay = béi zg, ta ¢6 f(zof(y)) = yf(xp) v6i moi y € R = f 1a song &anh. Lai
c6 f lién tuc tréen R = f tdng ngat hodc gidm ngit. Thay z = y = 0 vao (1)
= f(0) =0. Thay y = 1vao (1) = f(xf(1)) = f(z) v6imoiz e R=zf(1) =z
véimoi z € R= f(1) =1> f(0) = f tang ngit. Thay z = 1 vao (1), ta co:
f(f(y)) =y v6i moi y € R. Gia st ton tai yo: f(yo) > yo = f(f(y0)) > f(yo) >
yo (vo 1y). Gid st ton tai yo: f(yo) < yo = f(f(v0)) < f(yo) < yo (vO 1y). Vay
f(z) = z v6i moi z € R. Thit lai thdy ham nay théa man.

Bai toan 3.3.25. Tim f : Z* — Z" thoéa man
f(f(n)+m) =n+ f(m+ 2003), Vm,n € Z7 . (1)

Loi giai. Gia st f 1a ham théa man phuong trinh (1). Gid sit ton tai ny, no:
fn) = f(n2) = f(f(n1) + m) = f(f(n2) + m) = n1 + f(m + 2003) =
ng + f(m +2003) = ny = ny = f la don anh.

Thay m béi f(1) vao (1), ta co:

f(f(n)+ f(1)) = n+ f(f(1) +2003)
= n+ 1+ £(2003 4 2003)
= f(f(n+1)+2003), VneZ".

= f(n+1) = f(n)+ f(1) — 2003 v6i moi n € Z* = f(n) la mot cap s6 cong véi
cong sai f(1)—2003, v6i s6 hang dau la f(1) = f(n) = f(1)+(n—1)[f(1)—2003]
v6i moi n € Z* hay f(n) = an+b v6i moi n € Z*. Thay vao (1) = a=1, b=
2003 = f(n) = n + 2003 véi moi n € Z*.

Bai toan 3.3.26. Tim f : R — R théa méan

f(f@)+y) =af(y) + f(f(x)+ f(y)), Yo,y €R. (1)

Loi giai. Dya vao dé bai, dé thay ta sé st dung gid thiét 1.

Truong hop 1. f(x) =0 v6i moi x € R. Thit lai thay théa man.

Truong hop 2. Ton tai zg: f(xg) # 0.
Thay y = xo vao (1) = f(f(z)+zo) = xf(xo) + f(f(x) + f(z0)) v6i moi z € R.
Gid stt ton tal 1,22t f(21) = f(22) = f(f(z1) + 20) — f(f(21) + f(20)) =
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f(f(@2) + xo) — f(f(z2) + f(@0)) = x1f(20) = 32f(20) = 21 = 32 = (do
f(xo) #0) = [ la don édnh. Thay z = 0 vao (1) = f(f(0) +y) = f(f(0)+ f(v))
v6i moi y € R = f(0) +y = f(0) + f(y) v6i moi y € R = f(y) = y v6i moi
y € R (thit lai thiy khong théa man).

Vay f(x) =0 v6i moi x € R 13 ham can tim.

Bai toan 3.3.27. Tim f : R — R thoa méan
f(f(x)+y) = flx+y)+zf(y)+k, Vz,y€R (ke R lahing s6 bat ky). (1)

Loi giai. Gia st ton tai f théa man yeu cau bai toan. Thay x =y = 0 vao (1)
= f(f(0)) = f(0) + k.

+) Véi k # 0: Néu f(0) =0= k=0 (vo ly). Vay f(0) # 0. Thay y = 0 vao
(1) = f(f(x)) = f(x) +2f(0) + k véi moi x € R = f(f(z)) — f(z) = zf(0) +k
voi moi x € R. C6 xf(0) + k 1& ham bac nhat = ton tai u € R: f(u) = u. Thay
z=uvao (1) = f(f(u) +y) = flu+y) +uf(y) +k véimoi y € R

= uf(y)+ k=0, Yy € R. (2)

Néu k > 0, thay y = u = u? = —k < 0 (vo ly) = phuong trinh khong c6
nghiem. Néu k < 0, thay y = v = u?> = —k = u = v/—k # 0 hoiicu = —v/—k #
0. Tu (2) = f(y) = S v6i moi y € R. Thay vao (1) = % = S —I—x% + k v6i moi
r € R= k=0 (voly). Vay k < 0, phuong trinh khong c6 nghiém.

+)k=0,(1) < f(f(=)+y) = f(z+y) +xf(y) v6i moi z,y € R (3). Thay
r=y=0= f(f(0)) = f(0). Dat a = f(0) = f(a) = a. Thay x = a vao (3)
= fla+y) = f(f(a)+y) = f(a+y)+af(y) véimoiy € R = af(y) = 0 vdi moi
yeER=a=0hoaca#0= f(y) =0 v6i moi y € R (v Iy do f(0) =a # 0).

+)a=0= f(0)=0. Thay y = 0 vao (3) = f(f(z)) = f(x) v6i moi z € R.
Thay x béi f(x) vao (3) co6

f(f(x)+y) = F(f(f(@) +y) = f(f(z) +y) + f(@) fly), Vz,yeR
= f(z)f(y) =0 v6i moi z,y € R. Thay y =z = f(z) = 0 v6i moi x € R (thi
lai thay thoa man).
Bai toan 3.3.28. (Morocco National Olympiad, day 3; Spain Mathe-
matical Olympiad 2012). Tim tat ci cdc ham s6 f : R — R théa man
(=2)fy)+ fly+ f@) =flz+yf(z), Voyek (1)
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Lai giai. Truong hgp f(0) = 0: T (1) cho z = 0 ta duge f(y) = 0 v6i moi
y € R.
Truong hop f(0) khac 0: Dat f(0) = ¢, tit (1) cho y = 0 ta dugc

(x =2)c+ f(2f(x)) = f(z), Vr € R. (2)

Giad st f(x1) = f(z2). Tu (2) suy ra (z1 —2)c = (x2 —2)c = w1 = x2. Vay f
la don anh. Tt (2) cho = = 2 ta duge f(2£(2)) = f(2) = 2f(2) =2 = f(2) = 1.
Vi ham s6 f(z) = 1 v6i moi x € R khong théa man (1) nén gid st ton tai ¢ # 2

sao cho f(zg) khac 1. Trong (1) cho y = %, ta dugc
o) —
o Qf(%)—xo) _ <2f(330)—330)_
-2 (BEIZI) o g (HEIZD) 0
Trong (1) cho z = 2;222% va stt dung (3) ta dugc
2f(xo) —wo 1 _
O ol s S =0 weR
Suy ra 2f(z0)
To) —To _

Néu f(zg) — xo + 1 khac 0 thi tir (4) suy ra f(y) = 0 véi moi y € R.
. 2 — .
Néu f(xg) —zpo+1 =0 thi W = 1, két hgp v6i (3) suy ra f(1) = 0.
To) —

Tw (1) choy =1 ta duge f(1+2z) = f(x+ f(x)) véimoix € R=1+4+2f(z) =
x + f(z) v6i moi x € R (do f la don anh) = f(z) =2 — 1 véi moi = € R.

Thit lai ta thiy cac ham s6 thoéa man yéu cau dé bai 1a f(z) = 0 v6i moi
re€Rva f(x) =2 —1 v6i moi x € R.
Bai toan 3.3.29. (European Gir’s MO - 2012). Hay tim tat ci cdc ham
sO6 f : R — R théa man

flz+y)+ flx) =4 +2yf(x +y), Vz,yeR. (1)

Lai giai. T (1) cho y = 0 ta duge
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Tu (2) suy ra f 1a mot song anh. Do d6 ton tai a,b sao cho f(a) = 2,

f(b) = 4a.
Tw (1) thay y = —z + a ta dugc

fR(—z+a)+ f(z)) =4+ 4(—z +a) = 4a = f(b), vV € R. (3)

Do f 1a don anh nén tu (3) ta ¢6 —2x + 2a + f(z) = b v6i moi x € R hay
f(z) = 2z + ¢ v6i moi x € R. Thay vao (2) ta dugc 2(2x + ¢) + ¢ = 4c¢ v6i moi
r € R. Suy ra ¢ = 0. Vay f(x) = 2z v6i moi x € R. Thit lai thay thoa méan.

Bai toan 3.3.30. (Kyrgyzstan National Olympiad 2012). Tim tat ca céc
ham s6 f : R — R thoéa man

f(f(@)?+ fly) =xf(x) +y,  Va,yeR. (1)
Lai giai. Ky hieu P(u,v) chi cho viéc thay x béi v va thay y béi v vao (1).
P(0,y) = f(f(0* + f(y) =y, VyeR. (2)

T (2) suy ra f la toan dnh. Do d6 ¢6 ¢ € R sao cho f(c) = 0.

Ple,y) = f(fly) =y, VyeR (3)

T (3) suy ra f la don anh. Nhu vay f 1a song anh.
St dung (3) va thyc hién P(f(z),y), ta dugc

f@+fw) =af(@)+y=f(f=)?*+ fly), Va,yeR (4)

Do f la song anh nén tur (4) suy ra

2+ fly) = f(2)* + fly) = [f@)° =2%,  VzeR (5)

Dé thay ham s6 f(z) = z v6i moi z € R va f(z) = —z v6i moi x € R thoa
méan (1).

Ta sé ching minh ngoai hai ham nay khong con ham nao khac thdéa man
yéu cau cua dé bai. Gia sl ton tai ham s6 f : R — R thoéa méan (1) va f(z) khac
z, f(z) khac —z. Khi d6 ton tai a € R sao cho f(a) # a va ton tai b € R sao
cho f(b) # —b. Do (5) nén f(a) = —a va f(b) = b.

P(b,a) = f(b* —a) =b*+a< +(0b* —a)=b*+a
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b —a=0b+a a=20 R -
= =3 (mau thuan).
a—b>=b"+a b=0

Vay cac ham s6 théa man yeéu cau deé bai la f(x) = z v6i moi z € R va

f(x) = —z v6i moi = € R.

Bai toan 3.3.31. (Moroccan Mathematical Olympiad 2012). Tim tat ca
cac ham s6 f : R — R thoéa man f(1 — f(1)) #0 va

(G o1 r () wvemare

Loi gidi. Dat a = (1 — £(1)) £ 0. Tir (1) cho y — 1 ta duge
f@—f(z)) = az, VzeER 2)
Tir (2) thay « béi 2 — f(x) suy ra
(1 =a)z— f(z)) =alz - f(z)), VzekR (3)
Néu a # 1, tit (1) thay # béi (1 — a)z vay = 1 — a, khi d6
F(—a)z— f(z) = (1 —a)bz, Yz €R, b= f (1 _ ¢ (ﬁ)) |

Két hop vdi (2) suy ra a(x — f(z)) = (1 —a)bz v6i moi z € R. Hay f(x) = cx
v6i moi x € R. Lic nay diéu kien f(1 — f(1)) #0nghiala c(1 —c¢) # 0 < ¢ ¢
{0;1}.

MOT SO BAI TAP VAN DUNG

Bai tap 3.3.32. Cho ham s6 f : R — R théa man 4f(f(x)) = 2f(z) + x vdi
moi z € R. Ching minh rang f(0) = 0.

Bai tap 3.3.33. Xac dinh tat cd cic ham f : Z — Z thdéa man
f@2f(n) — f(m)) =2n—m, VYm,n € Z.
Bai tap 3.3.34. (Latvia TST). Tim f,g: R — R trong d6 g 1a don anh va

flg(x) +y) =9(f(y) + =), Vo,y€Z.
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Goi y. Dé thay f(9(0) +y) = g(f(y)) va g(f(0) +z) = f(g(z)). Tt d6 suy ra
9(f(9(@))) = f(9(0) + g(x)) = g(f(9(0)) + ).

Do g don anh nen f(g(z)) = f(g(0)) + 2, nhung f(g(z)) = g(f(0) + z). Tu
d6 suy ra nghiém ctia bai toan 1a g(z) = x +a va f(z) =x + b v6i a,b tuy §.
Bai tap 3.3.35. (Germany TST 2009). Tim f : R — R biét ring 23 +
xf(y) + f(z) =0 thi [f(2)]? +yf(z) +2=0.

Gdgi y. Chitng minh f toan anh, don anh va f(z) =0 < x = 0. Tt d6 chi ra
f(x) =z v6i moi z € R.
Bai tap 3.3.36. (IMO 2009, Shortlist). Tim tat ci cdc ham f xéc dinh trén

R thoa méan
flaf(z+y) = flyf(z) +2%  VayeR
Gdi y. Chitng minh f toan dnh, don anh. Tt d6 suy ra ham can tim 1a f(z) = x

v6i moi z € R hoac f(z) = —x v6i moi z € R.

Bai tap 3.3.37. Tim ham f: R — R théa man
fUf@)+y)==2y+ f(fly) — =), Vo,yek
Bai tap 3.3.38. Tim ham f: R — R théa man

flz—f(y)=2f(x) +z+ fly), Vz,yeR

Gai . Liy 2 = f(y) ta 6 f(f(w)) = ~/() + 1. Bidu dién f(/(2) ~ /(y)

theo f(x) — f(y) nhu sau
f(f(@) = f(y) = =f () = f(y)] + f(0).

Sau d6 thay x béi f(x)— f(y) ta duge f(f(x)—2f(y)) = —[f(z) =2 (y)]+2/(0).
Tw d6 suy ra f(0) = 0.
Chi ra mién gia tri ctia f(z) — 2f(y) la R. Néen f(z) = —z v6i moi z € R.

Bai tap 3.3.39. (Balkan 2007). Tim ham f : R — R théa mén

f(f(x) +y)=f(f(z) —y) +4f(z)y, Vr,yeR

Gdi y. Ta tim nghiém khac nghiém tam thuong f(z) = 0. Cach gidi dung mién
gia tri tuong tu bai toan IMO 1999.
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Bai tap 3.3.40. Cho n € N*, gia sit f : R — R 14 ham lién tuc théa méan
f(0) =0, f(1) =1 va f*(x) = x véi moi z € [0,1]. Chiing minh réng f(z) =z
v6i moi x € [0, 1].

Gdi y. Stt dung tinh chat néu f lién tuc va don anh thi f don dieu. Ma f(0) =0
va f(1) = 1 nén f dong bién. Tu day suy ra f(z) = .

Bai tap 3.3.41. Tim tat cd cac ham f : N — N don anh théa man

n+ f(n)

5 , Vn € N.

f(f(n)) <

Gdi y. f(n) =n la ham can tim.
Bai tap 3.3.42. (Romania 1986). Gia st f,¢ : N — N thoa méan f la toan
anh, g 1a don anh va thoéa man f(n) > g(n) v6i moi n € N. Chiing minh réng
f=g
Gdi y. Gia st f(n) # g(n) v6i n € N nao d6. bat A = {g(n) : f(n) # g(n)}.
Béing céch xét phan tit nho nhat g(p) cia A, dong thoi st dung tinh song anh
ciia f, don anh clia g, ta suy ra ton tai g(q) € A ma g(q) < g(p), mau thuan.
Tt d6 suy ra dieu phai chitng minh.
Bai tap 3.3.43. (VMO 1993 - Bang A). Tim tat ci cac ham f : N* — N*
théa man

f(f(n)) =1993 - n'9%, Vn € N*.

Bai tap 3.3.44. Cho ¢ € R, 0 < ¢ < 1. Chitng minh rang khong ton tai
f:(0,400) — (0,+00) théa man

f(f(a:)+ﬁ>:x+c, Va > 0. (*)

Ggi y. Gia sit ton tai f. Khi d6 f don anh va v6i moi > ¢ thi ton tai y > 2
sao cho f(y) = z. Do f don anh nén ton tai a € (0,2) dé f(a) khac c.
e Néu f(a) > ¢, theo nhan xét ban dau ton tai z > 2 sao cho f(z) = f(a) =

r = a.

. 1 1 N ) 1
e Néu f(a) < c thi > — > c¢. Do do6 ton tai x de f(z) = . Khi d6 theo
S OR D= )
(*)tasé c6z=a= 7@ = f(a) hay f(a) =1, nhung f(a) < ¢ = mau thuan.
a

Vay ta c6 dieéu phai chitng minh.
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Bai tap 3.3.45. (Iran TST 2011). Tim ham f: R — R toan anh théa mén

fle+ flz)+2f(y) = f(20) + f(2y),  Va,yeR

3.4. St dung tinh don diéu

Luu y:

a, Néu f cong tinh va don dieéu tréen R (hoiic R") thi f(z) = kz.
b, Néu f don dieéu thuyc sy thi f 14 don anh.

¢, Trong mot vai truong hop, néu dy doan duge cong thitc clia ham s6 chéng
han f(z) = g(z) thi ¢6 thé xét f(x) < g(z) va f(x) > g(z), sau d6 sit dung
tinh chat don dieu dé suy ra vo ly.

d, Néu f don dieéu va da c6 cong thiic clia f trén tap Q thi dung ki thuat chon
hai day hitu ty don diéu ngugc nhau rdi chuyén qua gisi han.

e, Néu f don dieu va chi ra f 13 tuan hoan thi c6 thé suy ra f = const.

Bai toan 3.4.1. Tim f don diéu: R — R thdéa méan

flx+ fy) = flx)+y,  Vr,yeR. (1)

Lai giai. Thay z =0 vao (1) = f(f(y)) = f(0) +y v6i moi y € R = f la song
anh. Thay y =0 vao (1) = f(xz+ f(0)) = f(z) v6imoix € R =z + f(0) = x
v6imoi z € R = f(0) = 0. Thay x =0 lai (1) = f(f(y)) = y v6i moi y € R.
Thay y béi f(y) vao (1) = f(x+y) = f(x) + f(y) v6i moi z,y € R. Lai ¢6 f
don diéu = f(z) = kz v6i moi x € R. Thay lai (1) = k = £1. Vay f(x) =

voi moi x € R, va f(x) = —x v6i moi x € R 1a cdc ham can tim.

Bai toan 3.4.2. Tim f tang ngat: R — R thoa méan

f(f(x)+y)=flxz+y) +1, Vr,y € R.

Loi gidi. Thay y = 0 vao (1) ta co f(f(z)) = f(z) + 1 v6i moi € R. Thay
x béi f(x) = f(f(x) +1+y) = f(f(x) +y)+ 1. Thay y béi f(y) vao (1)
ta c6 f(f(z)+ f(y) = fla+ fly) +1 = f(x +y) + 2 v6i moi z,y € R
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= f(flz) +1+y) = f(f(z) + f(y)) v6i moi z,y € R. Do f tang ngat =
flx)+14+y=f(x)+ f(y) v6imoi x,y € R = f(y) =y+ 1 v6imoi y € R. Thit
lai thay ham nay théa man yéu cau bai toan.

Bai toan 3.4.3. Tim f: (0,400) — R théa méan

(a) [ tang ngat;

1
(b) f(x) > —— v6i moi z > 0;
T

(©) fla)f (f(:r) + é) — 1 v6i moi z > 0.

Lai giadi. Thay =z = 1 vao (¢) ta co: f(1)f(f(1)+1) = 1. bat t = f(1) =
tft+1) =1 =1¢t# 0va f(t+1)=

i
f(t+1)f<f(t+1)+i)_1¢1-f€

11 1
t+1 t ¥+t+—1>_ el T
t2+1:2t+1<:)t2—t—1:0<:>t:1i2\/3.
+)t=1+2\/g>1.
Dofténgngat$1<t:f(1)<f(t)<f(t+1):%<1(V61§7).
1 -5 L=V L. ,
+)t= 5 = f(1) = 5 .Theazbdlf(a:)—l—gvao(c)taco
1 1 1
@)1 (s (o 3) + srr) =
1 1
=>f(x)=f<f(f($)+5)+f($)+%>,VIB>0
1 1
:>x:f<f(x)+;)+myvx>o-
Co

1 1 1 1 o
f(f(:l?)%—;)Zméa::f(x)+f($)+%vdlmolx>0

= 2f(x) + é =z f(x) {f(a:) + H & 22f(x) +1=2?f*(x) +2f(x) véi moi z > 0

& (zf(x))* —zf(x) —1 =0 véi moi = > 0.

of(x) = 1502 fl@) =152 >0
élxﬂw)—”g @[ -



Néu ton tai a > 0: f(a) = 1—;;/5:>f(a)>0>f(1):>a>1.Thayx:a
vio (1) = f(a)f <3+\/5> 1:>f<3+\/5 2 )

2a 2a. 1+5
) 5) 3 5 2 1 ) 3 5
Néu Jr\/—>a:>f V5 > fla) > —2 > +\/_<:>a2> V5
2a 2a 1++5 2a 2
(vo ly).
Tuong t, néu3+\/g<a:>(v6 Iy).
a
2
s 3+V5 <1+\/5> 145
= a" = = a” = = aq =
2 2 2
1
= fla)=1> f(z), YV >0, z # a (do f(z) = 5 v6i moi  # a ).

= vo Iy do f tdng ngat trén RT.

1-+5

Vay f(z) = v6i moi & > 0, thit lai thay théa man.

Bai toan 3.4.4. Tim f: [1,400) — [1,4+00) théa mén

fef(y)) =vyf(x),  Va,yell,+00) (1)

Lai giadi. Thay x =1 = f(f(y)) = yf(1) v6i moi y > 1 = f la don anh. Thay
y=1vao (1) = f(zf(1)) = f(z) véimoi z > 1= f(1) =1= f(f(y)) =y véi
moi y > 1 = f la song anh. C6 f(1) = 1, do f la don &anh va f : [1,400) —
[1,+00) = f(z) > 1 v6i moi x > 1. Ta sé ching minh f(x) > f(y) v6i moi
r>y>1.Véizx>1 taco (zx>y>1)

i i

1@ =1 (2e) =1 (Laen) = 10 (2) > )

Vay ta c¢6 dieu phai chiing minh. Gia sit ton tai z9 > 1: f(zg) > zo =
f(f(z0)) > f(xg) > xo (vO ly). Tuong tw, néu ton tai xg > 1: f(xg) < ¢ = (vO
Iy). Vay f(x) = x v6i moi > 1. Thit lai thay ham s6 théa man.

Bai toan 3.4.5. Ching minh rang véi moi n € N, n > 1, khong ton tai ham
don diéu ngat f : R — R sao cho

fle+ fy) = fl=)+y",  Ve,yeR (1)
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Loi giai. Gia st ton tai ham f théa man yéu cau bai toan. Thay y = 0 vao (1)
= f(x+ f(0)) = f(x) v6i moi z € R = f(0) = 0. Thay z = 0 vao (1) ta co6

f(f(y)=9y",  VyeR (2)

Thay y bdi f(y) vao (1) = f(z +y") = f(z) + f*(y) v6i moi z,y € R. Tt
(2), thay y bdi f(y) = f(y") = f(f(f(y))) = f"(y) véi moi y € R.

fle+y") = flz)+ f(y"). (*)

Ta ching minh n 1é, do f(y) # f(—y) v6i moi y # 0 (do f 1a don anh)
= [(f(y) # [(f(=y)) = y" # (—y)" v6i moi y # 0 = n 1& Do n 1§, tit (*¥)
= flz+y) = f(z)+ f(y) v6i moi z,y € R = f(x) = kx v6i moi x € R. Th
lai thay khong thoa man. Vay ta c6é diéu phai chiing minh.

Bai toan 3.4.6. Tim f : R — R thoa man
() Ty={f(2)lz R} =R;
(ii) f tang ngat trén R;

(iii) f(x) + f~Y(x) = 22 v6i moi x € R.

Loi giai. Dé thay f(z) = z + ¢ v6i moi x € R (c 1a hang s6 bat ky) thoa
man yéu cau bai toan (f~1(z) = x — ¢). Ta di ching minh day 1a nghiém
duy nhat. Gia st ton tai o9 # yo: f(xo) — o = a, f(yo) —yo = b (a # b).
Ta ¢6 f(xo) = v +a = f~'(f(z0)) = f (w0 +a) = xg = f~!(x0 + a). Co
flwo +a) + [~ (xo + a) = 2(zo + a) = f(zo +a) = 20 + 2a. Quy nap ta
duge f(xo + ka) = zo + (K + 1)a v6i moi k € N*. Lai ¢6 f~H(xo) + f(xg) =
209 = f1(xz0) = 20 —a = x9 = f(wo — a). Tuong ty, quy nap ta dugc
f(xog — ka) = o — (k— 1)a v6i moi k € N*. Vay f(zo+ ka) = zo + (k+ 1)a véi
moi k € Z. Tuong tu, f(xo + kb) = yo + (kK + 1)b v6i moi k € Z. Gia st a > b,
dat

R ') N A i T R =/
a—>b a—>b

= ka—kb<yyg—x9 < (k+1)(a—0b)
xo + ka < yo + kb
yo+(k+1Db<zo+ (k+1)a (1)
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Do f tang ngit = f(zo+ka) < f(yo+kb) = zo+ (k+1)a <yo+ (k+1)b
(2). (1) va (2) mau thuan.

Truong hop b < a, dat k = lmg — ¥
—a

Vay a = b, hay giad st 1a sai = f(x) —x = f(y) — y v6i moi z,y € R =

1 = mau thuan.

f(z) —x = const = f(x) =x + ¢ v6i moi x € R.

Bai toan 3.4.7. Cho f: R — R don diéu tang, thoa méan

fef(y) =yfQ2z),  Vae,yeR (1)

Loi giai. Xét gia thiét 1.

Truong hop 1. f(x) =0 v6i moi x € R (thdéa man).

Truong hop 2. Ton tai a: f(a) # 0. Thay x = a/2 vao (1) = f(a/2- f(y)) =
yf(a) v6i moi y € R = f la song anh. Lai c6 f don diéu tang = f tang ngat
tréen R. Thay z = y = 1 vao (1) = f(f(1)) = f(2) = f(1) = 2 (do f la don
anh). Thay =z = 1 vao (1) ta ¢6

f(fw)=yf(2), VvVyeR. (2)

= f(yf(2)) = f(f(f() = f(y)f(2) véi moi y € R (a4p dung (2) v6i y bdi
f(y)). Thay = béi y, y = 2 vao (1) = f(yf(2)) = 2f(2y) v6i moi y € R =
2f(2y) = f(y)f(2) v6i moi y € R. Ta ¢6 f(2) > f(1) = 2 > 0. Ta du doan
f(x) = 2z v6i moi x € R,

Gia st ton tai zo: f(zo) > 220 = f(f(x0)) > f(220) = x0f(2) > f(220) =
220 f(2) > 2f(2x0) = f(@0) f(2) = 20 > f(z0) (vO 1y).

Gia st ton tai zo: f(z0) < 2z0 = f(f(z0)) < f(220) = 20 f(2) < f(2z¢) =
220 f(2) < f(2z0) = f(z0)f(2) = 2z0 < f(z0) (VO Ly).

Vay f(z) = 2z v6i moi x € R.

Bai toan 3.4.8. Tim f : R — R thoa man
f@®+fy)=y+f(z), VeyeR (1)

Lai giai. Gia sit ¢6 y1,y2 sao cho f(y1) = f(y2) = f(2® + f(y1)) = f(2® +
fy2)) = y1+ f*(x) = y2 + [*(x) = y1 = y. Vay [ la don dnh.

C6 dinh z, ta c6 vé phai 1a ham bac nhat theo y = tap gia tri ctia vé trai (1)
= R, hay f la toan anh = ton tai a: f(a) = 0. Dat f(0) =b. Thay x =y =a
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vao (1) = f(a® + f(a)) = a + f*(a) = f(a®) = a = f(a) = f(f(a?)) =
fO+ f(a®) =a?+ f2(0) = a>+b* = a>+b*=0=a=>b=20.Do f la
don anh = f(z) =0 = 2 = 0. Thay y = 0 vao (1) = f(2?) = f%(x) v6i moi
r € R = f(x) >0 véi moi z >0 (do f(x) # 0 v6i moi x # 0). Thay x = 0 vao
(1) ta co

FFW) =y, VyekR (*)

Thay y béi f(y) vao (1) = f(2? +y) = f(y) + f*(x) = f(y) + f(2?) v6i moi
z,y € R.

fle+y)=fl@)+fly), Vo,yeR, (z2>0) (2)

Thay y b6i —x vao (2) = f(0) = f(—z) + f(x) = f(—z) = —f(z) v6i moi
z e R Voiz <0, tact f(z+y) = —f(-r—y) = =(f(=2)+f(=y)) = f(2)+[(y)
v6i moi x,y € R, z < 0.

Vay f(z +y) = f(x) + f(y) v6i moi 2,y € R.

Ta lai ¢6 véi x >y thi f(z) = f(z —y+y) = flz —y) + f(y) > f(y) (do
f(x —y) > 0). Vay f tang ngit trén R = f(z) = kx v6i moi x € R. Thay vao
(*) ta c6 k*y =y v6i moi y € R = k =1 (do f(z) > 0 v6i moi x > 0). Thit lai
thay f(z) = x v6i moi x € R thdéa man.

Bai toan 3.4.9. (Xay dung hai day hoi tu) Tim f: R — R théa méan

(f(@) + F)(f(Y) + F@) = fley — 2t) + flat +yz),  Vo,y,zteR (1)

ooooo

2f(0)[f(0) + f(t)] = 2f(0),  VteR. (2)
1

1 1 2
Truong hop 1. f(0) = 3 Thay vao (2) = f(t) = 3 v6i moi t € R (thda

Thay t = 0 vao (2) = 4f2%(0) = 2f(0) = f(0) = 0 hodc f(0) =

man).
Truong hop 2. f(0) =0. Thay z =t =0 vao (1) ta c6

f(@)f(y) = flzy),  Vz,yeR. (3)

Thay x =y = 1 vao (3) = f2(1) = f(1)
a, f(1) =0, thay y = 1 vao (3) = f(x
z € R (thoéa man).

1
() = 0 v6i moi

= |
=
N—
I
< |
&
4



b, f(1) = 1. Thay x =0, y =t = 1 vao (1) = 2f(2) = f(—2) + f(2) =
f(=2) = f(2) = f la ham chdn. Vi vay ta chi can xét v6i z > 0.

Thay y =t =1 vao (1) = 2(f(z) + f(2)) = f(x — 2) + f(z + z) v6i moi
x,z € R. Thay z =1 ta c6

=2(f(x)+ f(1)) = flz—1)+ f(z + 1), Vr e R
= flz+1)=2f(z) — f(x — 1) + 2, Vr e R (4)

Tt (4), lai ¢6 f(0) = 0, f(1) = 1, ta quy nap duge f(n) = n? véi moi n € N.
1
T (3) thay z =n, y = — (n € N*) ta co:
n

s =sos (3)=1(5) = 5o e
=>f(1) =%, Vn € N*.

n n

1
Véi]—jGQ(p,qu*),thayx:p,y:—tacé
q q

1 2
F(B) =001 (3) =5 = f@) =", wace
q q q
Thay z = y vao (3) = f(2?) = f?(x) > 0 véi moi x € R = f(x) > 0 v6i
moi x > 0. Thay t =z, z =y vao (1) ta co

F@@+97) = (f@)+ f(v)? = @) +2f () f(y) + P (y) > () = f(2?).

= f khong gidm trén [0, +00). Do Q la tap tri mat trén R nén véi méi x > 0, ta
chon dugc hai day hiu ty (u,), (v,) sao cho u, — z, v, = z, (u,) khong gidm
va (vy,) khong tang (u, < x < v,) v6i moi n € N. V6i moi n € N = f(u,) <
f(x) < flvp) = u2 < f(x) <v2. Chon — oo = 22 < f(z) < 2% = f(z) = 2°
véi moi & > 0. Thit lai thay f(z) = 2% v6i moi € R théa man.

Bai toan 3.4.10. Tim f: RT™ — R théa man

fUf@)+y) =af+zy),  Vo,y>0. (1)
Phan tich: Déi v6i phép thé, ta thuong chon hai cach:
+) Lam xuat hién cac s6 hang gidéng nhau dé triét tieu.

90



+) Lam xuat hien f(z).

+) Triét tieu: ta phai chon sao cho f(x) +y = 1 + xy, bién doi ta co
Yy = % T day, ro rang ta thay néu chon dudc y nhu thé thi z = 0 véi
moi x € R*. Vay néu z > 1 thi f(z) < 1; 2 < 1 thi f(z) > 1. Dé y thi ta sé
chiing minh f khong tang.

+) Xuét hien f(z): O vé phai ciia (1) néu ta c¢6 y > f(z) thi thay y bai
y— f(z) vao (1) = f(y) = af(1 + z(y — f(z))) vl moi z € R* vay > f(z).
Vay véi a,b ta chon y > max{f(a), f(b)} thi c6

af(1+a(y — f(a))) = bf (1 +b(y — f(b))).

Ta thit chon y: a(y — f(a)) = b(y — f(b)) = y(a —b) = af(a) — bf(b) =
y— “f(“;:zf(b). Néu f tang (f(a) > f(b), a > b) = y > f(a) > f(b). Tit
day ta c6 loi giai bai toan nhu sau:

Gia st ton tai u < v ma f(u) < f(v).

Chon y = vf(vq)} : Zf(u) > vf(vi : Zf(v) = f(v). Thay y béi y — f(u),

béi u vao (1) = f(y) = uf(l +u(y — f(w))). Thay y béi y — f(v), = b6i v vao
(1) = fy) = vf(A +o(y = f(v))). Co u(y — f(u)) = v(y — f(v)) (do cach chon
ciay) =>u=0v (voly). Vay véi 0 < z <y = f(z) > f(y).

Tinh f(1): Thay z =1 vao (1) ta co

) +y) =fA+y), VyeRT (2)

Néu f(1) > 1, thay y béi y — 1 vao (2) = f(y+ f(1) — 1) = f(y) v6i moi
y € RT, y>1= f(y) =const = ¢ v6i moi y > 1 (nhd lai két bai trudc: ton tai
a>0: f(x+a)= f(x), f don dieu = f = const). Thay vao (1) = ¢ = cx v6i
moi z € R = ¢ =0 (vo ly). Tuong tu 1 > f(1), thay y béi y — 1 = vo ly. Vay
1y =1.

Ta lai 1am xuat hién x bén vé phai (1). Chon y = ’
= f (f(a:) + ) = zf(x) véi moi z > 1. O day, ta du doan duoc f(z) =
1

+) Gia stt ton tai z: f(z) > —
T

-1
(x > 1) thay vao (1)

r—1

SEE

N f(:c)+x7_1>1 (> 1) = f(f(x)+
@) <L (o).

X
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1
+) Tuong tu f(z) < — (x> 1) = vo ly.
T

1
Vay f(z) = — v6i moi x > 1.
x
Thay y = 1 vao (1) ta c6 f(f(z) +1) = zf(1 + x) v6i moi x > 0. C6
1 1

fe)+1>1L,z4+1>1= véimoi x >0 < xf(x) +x =

_ =T —
flz)+1 1+2
1+ 2z < f(x) = — v6i moi x > 0. Thit lai thay ham s6 théa man.

T
Bai toan 3.4.11. Tim f: R — R théa méan diéu kién

Lai giai. Thay x =y =u=v =0 vao (1) = f(0) =0. Thay u =v =0 vao (1)
ta co

flzy) = f@)f(y),  Vz,yeR (*)
Thay y =v =1 vao (1) ta co
fle—u) = (f(x) = f(w)fQ),  Vr,ueck (2)

Thay v = 0 vao (2) = f(z) = f(x)f(1) v6i moi z € R = f(1) = 1 hoac
f(z) =0 (néu f(1) # 1) v6i moi x € R (thda man).
+) f(1)=1. (2) = f(z —u) = f(z) — f(u) v6i moi z,u € R

= fle+y)=fl2)+ fly), VeyeR (**)

Tu (*) va (**) ta c6 két qua quen thuodc f(z) =z véi moi x € R. Vay f =0

va f(z) =z v6i moi z € R 1a cdc ham s6 can tim.

Bai toan 3.4.12. Cho f: Rt — R™ théa man

fans (B2) =1 wyere. 1)

a, Tim fnéu0 <z <ythi0< f(z)<f(y).
b, Tim fnéu0 <z <y thi0< f(y) < f(x).

Lai giai. a, Thay z =1 vao (1) ta ¢6

fWf(fy) =1,  VYyeR". (2 a)



Gia st ton tai y > 0 sao cho f(y) < f(f(y) = fa(y) < f3(y) = f(y) <
f3(y). Thay y béi f(y) vao (2a) = fa(y)f3(y) = 1 véimoiy > 0= f(y) = f3(y)
voi moi y € R*. Vay khong ton tai y: f(y) < fa(y).

Gid st ton tai y > 0: f(y) > fa(y) = foy) = fs(y) = f(y) > fs(y) (vO
Iy). Vay f(y) = f2(y) v6i moi y € RT. Thay vao (2a) = f?(y) = 1 véi moi
y>0= f(y)=1voimoiy >0 (do f(y) € RT) (thit lai thay théa man).

b, Tinh f(1): Thay x = y = 1 vao (1) = f(1)f(f(1)) = 1. Dat f(1) = a
(a>0)= f(a) = %. Thay y = a vao (1) ta c6

ax

flax)f <i> =1, Vr € RY. (2b)

Thay = = L o (2b) = f2(1) =1= f(1) = 1.

Véi bai na;ft ta sé sit dung gia thiét 2 nhu sau.

Truong hop 1. Ton tai a # 1: f(a) = 1.
Thay y = a vao (1) = f(ax)f (@) =1 v6i moi ¢ > 0 = f(az)f (1) =1 voi
moi z > 0. Thay y = 1 vdo (1) = f(z)f (3) =1 v6i moi z € RT = f(az) =
f(z) v6i moi x € RT.

Ta nhé lai két qua quan trong: V6i 0 < a # 1, f : RT — R™ don diéu thoa
man f(az) = f(z) v6i moi x > 0 thi f(z) = const.

That vay, quy nap ta c6 f(a™z) = f(x) v6i moi z € RT.

Néua>1,x6t0<z<yvan= [logay] :>n§10gay <n-+1
S 4"z <y < @ = fan) > f(y) = ) = fy) = f@)
= f = const.

Néu0<a<1,xét0<a:<yvan:{loglg],
a T

1 1
énﬁlog;gﬁn+1:>—§g§ = a"tly <z <ay
« a® — x ~ antl
= f(a™y) > f(x) > fla"y) = f(2) = f(y)

Vay f = const, ¢6 f(1) =1 = f(z) =1 v6i moi > 0 (thdéa man).

Truong hop 2. (f(z) =1z =1)
Thay  bdi f(y) vao (1) = f(u/ (1)) (1) = 1 ¥6i moi y > 0 = f(yf(y)) = 1 voi
moiy>0=yf(y)=1véimoiy>0= f(y) = 5 v6i moi y > 0 (thdéa man).

Vay f=1va f(z) = — v6i moi x > 0 14 cac ham can tim.
x
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Bai toan 3.4.13. Tim f: R"™ — R théa man

f@)fy) =2f(x+yf(x)),  VYa,y>0.

Loi giai. Ta ching minh f khong gidm. That vay, gid st ton tai x1,x2: 0 <

T < @9, f(z1) > f(zo). Dat y = f(;jj ‘j’;t@) >0 = z;f(ael) — yf(za) =
o — T1

o — 21 = yf(x1) + 21 = yf(x2) + x2. Thay y = F(z) — f(za)
ta c6 f(z1)f(y) = fz2)f(y) = f(z1) = f(x2) (vO 1¥). Vay véi moi 0 < z <
y= f(x) < f(y). Tacé f(z)f(y) =2f(z+yf(x)) > 2f(z) (do yf(z) + x> x)

= f(y) > 2 v6i moi y € RT. Ta ¢6

, T b6l x1,x9

2f(x+yf(x) = f@)f(y) =2f(y+2f(y) > 2f(y + 22) > 2f(2x), VoeR"
= f(z+yf(z)) > f(2z), Va,yeRT.

Dé §: V6i mbi y € <O, %} ta co x +yf(x) € (x,2z]. Lai c6 f khong giam
tren Rt = f(y) = const véi moi y € (z,2z], v6i moi x € RT. V6i x > 0 bat
ky, do R 1a tap tru mat = ton tai e: 0 < e <z = v+ ¢ < 2z < 2(z + ¢).
Ta ¢6 f(y) = const v6i moi y € (x 4+ €,2(x + ¢)] = f(y) = const v6i moi
y € (x,2(x + €)]. Quy nap ta dugce f(y) = const véi moi y € (x,2(x + ke)] voi
moi k € N*.

Xét v6i moi y > x: V6i e: 0 < € < x, theo nguyén 1y Acsimet ton tai k € N*
du 16n dé 21{:5 > 1 hay 2ke >y = o <y < 2(z+ ke) = f(y) = const v6i moi

y > x. Vay f(x) = ¢ v6i moi « > 0. Thay lai = f(x) =2 (thdéa man).
MOT SO BAI TAP VAN DUNG
Bai tap 3.4.14. Tim tat ci cac ham don diéu f : R — R théa man
f(f(x)+y)=flz+y)+1,  Ve,yeR

Gogi y. Tu dieu kién ta ¢6 f(f(z) +y) = f(f(y) + ) v6i moi z,y € R. T d6
f(z) = z + ¢ v6i ¢ 1a hang s6. Thit lai ta suy ra f(z) =z + 1 v6i moi = € R.

Bai tap 3.4.15. Tim ham f : R — R sao cho vdi moi s6 thuc x ta c6

f(202° + 201123 + 11z) < = < 20[f(2)]® + 2011[f (x)]* + 11[f(z)].
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Bai tap 3.4.16. (Olympic sinh vién nam 2010). Cho da thic f(x) thoa
man f(z) — z vd f(z) — 2% 1a nhitng ham tang trén R. Chitng minh ring ham

2
50 f(z) —
Goi y. Dung dao ham va bat dang thitc AM - GM.

ciing la ham tang.

Bai tap 3.4.17. Tim tat cd cac ham ting f : RT™ — R théa méan
fle+1)= f(x)+277, Vo > 0.

Ggi y. Gia stt ton tai f. Dat f(x) — 2% = g(z) thi do f 1a ham ting trén RT
nén g cting 14 ham tang tren R*. Ngoai ra g(z + 1) = g(z), hay g 1a ham tuan
hoan, mau thudn véi khang dinh g tang. Vay khong c6 f théa méan bai toan.

Bai tap 3.4.18. Tim ham f : [1,400) — [1,+00) théa man

fzf(y) =yf(z), Va,y>1 (1)
Ggi y. Chi ra f don anh, f(1) = f(f(y)) = y. Khi d6, trong (1) thay y
bdi f(y) ta co f(zy) = f(=f(f(y ))) ( )f(z) > f(x) v6i moi z,y > 1. Suy ra
f dong bién, két hop vé6i f(f(y)) =y, ta c6 f(x) =z v6i moi x > 1.

Bai tap 3.4.19. Tim ham s6 don di¢u f : [0, +00) — R théa méan

[f(x)+ fW)* = f(@* = y?) +2f(xy),  Va,y>0.

Gogi y. Cho (z,y) = (0,0) suy ra f(0) = 0 hosc f(0) =1/2.

e Néu f(0) = 1/2. Thay (z,y) = (1,0) suy ra f(1) = —1/2 hoac f(1) = 1/2.
Néu f(1) = —1/2, cho (z,y) = (1,1) suy ra f(2) = 1/2. Khi d6 f(0) > f(1)
va f(1) < f(2), mau thudn véi gid thiét f don dieu. Vay f(1) = 1/2, xét day
Tpi1 = 222, 2o = 1, thay (z,9) = (Tn,yn) ta suy ra f(z,) = 1/2. Do f(z) don
diéu nén f(x) = 1/2 v6i moi z > 0.

e Xét f(0) = 0. Cho (x,y) = (z,0), suy ra [f(z)]? = f(2?). Cho (x,y) =
(x, ) thi 4[f(2)]? = f(22?), suy ra 4f(z) = f(2x) v6i moi z > 0. Thay (z,y) =
(u+v,u—v) tasuy ra [f(u+v)+ f(u—v)]? = 4[f(u)+ f(v)]?. Suy ra f(u+v)+
flu—v)=2[f(u) + f(v)] v6i moi u > v > 0. Tt d6 chiing minh f(z) = f(1)z>
véi moi x € Q. Tt d6 suy ra néu f(1) = 0 thi f(z) = 0 v6i moi x > 0; con
néu f(1) khac 0 thi f(1) =1 va f(z) = 2 véi moi z > 0. Bai todn xuat phat
tit ddng thic hinh binh hanh.
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Bai tap 3.4.20. Tim tat cd cac ham dong bién f : R — R théa man
f@)+fy) =2+, Va,y € R.

Gaiy. Thay y = z, ta c6 f(z) + f~1(z) = 22. Dén day dua vé bai toan APMO
1989.

Bai tap 3.4.21. (KHTN 2010). Tim ham f: RT — R* thoa méan

3 — [f()]3 f(zy) .
Gogi y. Chira f(z> +1) = [f(@)P+1va f(y+1) = [f(D)]P + % Tit day

di tinh f(1) = 1. Do d6 f(z + 1) = f(z) + 1 va f(23) = [f(z)]3. Tt day chi ra
f(r) = r v6i moi r € R. Chiing minh f 1a ham tang trén R*, va do d6 f(x) = x

v6i moi x € RT.

Bai tap 3.4.22. (Iran 1997). Cho f : R — R 1la ham don diéu gidm, thoa

man véi moi x € R ta co

fe+y)+f(f@)+fW) =Fflz+fW)+ fly+ (@), VzyeR
Ching minh rang f(f(z)) = x v6i moi x € R.
Gogi y. Thay y = x ta c6
F(22) + 127 (w)) = F2F (2 + F(a)). 0

Trong (1) thay x béi f(z) ta co

FRf() + FRF(f(2) = FRF(f(2) + f(f(2))))- (2)

Trwr (2) cho (1) ta co

fQx) = fRF(f(@) = f2f (@ + f(2)) = fF(f(z) + f(f(2). ()

Tu (3), két hop vé6i gia thiét f gidm ta suy ra truong hgp ton tai x ma
f(f(z)) > x hodc f(f(x)) < x khong thé xdy ra. Do d6 f(f(x)) = z v6i moi
x € R.

Bai tap 3.4.23. (IMO 2003, Shortlist). Tim ham f : R — R khong gidm

thoa man
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ii) f(a)+ f(b) = f(a)f(b) + f(a+b—ab), véimoi a < 1 < b.
Ggi y. Diat g(z) = f(r + 1) — 1. Khi d6 g(z) khong gidm va g(—1) = —1,
g(0) = 0. Chi ra g(x) la ham nhan tinh. Tu dé xét cac trudng hgp g(1) = 0
hoac g(1) khac 0.
Bai tap 3.4.24. (Olympic Chau My La Tinh 1991). Cho ham f xéc dinh

va khong gidm trén doan [0, 1] théa man
i) f(0)=0;

i) f (f) =) i moi e [0,1];
3 2
iii) f(1—z)=1- f(x) véi moi z € [0,1].
18
Tim gid tri of .
im gia tri cia f (—1991)
Bai tap 3.4.25. (Brazil 2003). Cho ham f : R™ — R tang thyc sy tréen RT

thoa man
TEAIRCES DY
T4y 2

Chitng minh réng ton tai z > 0 sao cho f(x) < 0.

Ggi y. bat z, = 1/n va f(z,) = y, v6i moi n € N*. Ta ¢6

2xn—lxn—|—1

*
= Ty, Vn € N¥,
Tn—1 + Tn+1

tir d6 két hgp véi diéu kien ta suy ra

_ Yn—1 + Yn+1

Yn 2 = Yn — Yn+1 = Yn—1 — Yn, Vn € N*,

Dat d = y1 — yo > 0 thi ta ¢6 y,+1 = y1 — nd. Vay v6i n du 16n ta c6 diéu phai
chitng minh.

3.5. St dung tinh chat diem bat dong

Cho f : X — R, a dugc goi la diém bat dong ctia ham f néua € X, f(a) = a.
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Bai toan 3.5.1. Tim f: RT™ — R* théa man

lim f(z) = f(0) va f(zf(y)) =yf(z), Va,yeRT. (1)

Tr—r 00

Loi giai. Thay z =1 ta c¢6

f(fy) =yfQ),  Va,yeR". (2)

Cé6 f(1) > 0 = f la don anh. Thay y = 1 vao (2) = f(f(1)) = f(1) =
f(1) = 1. Goi S 1a tap tat ci cac diém bat dong ctia f = 1 € S hay S # 0.
V6i a € S, ta c6, thay # = y = a vao (1) = f(a?) = a®. Quy nap ta dugc
f(a™) =a™ v6i moin € N* = a" € S. Thay z = oY= a vao (1) ta co

1 1 1 1
f(l):af(—):f<—>:_¢_€5.
a a a a
Vay néua # 1, a € S, ta co:
+)a>1=a"€S= f(a") =a" ma lim f(z)=0= (voly).

200

+)a<1=>é€5=>f(ain> = — — +oo (vo ly).

Vay S = {1}.

Thay y = x vao (1) ta ¢6 f(zf(z)) = xf(z) v6i moi x € RT = zf(x) la
diém bat dong ctia f = zf(z) = 1 véi moi x € RT = f(z) = - v6i moi z € RT.
Thit lai thay thoa man.

Bai toan 3.5.2. Cho S = (—1;+00). Tim f: S — S thoéa man

a, fle+f(y)+=f(y)=y+f(z)+yf(r) véimoizyels.

piC

la tang ngat v6i —1 <z < 0 va véi = > 0.
Loi giai. Gia sit ton tai f théa man yéu cau bai toan. Thay x = y vao a, ta co
fle+ f(z) +af(z) =2+ f(z) +af(z), Vzes (1)

khién ta nghi t6i diém bat dong.

f(x)
x 2 P

laz =0,z € (-1,0) va x € (0,+00). Ta sé chi ra z = 0 1a diem bat dong duy

nhat.

Tim diém bat dong: Dé ¥ 1a ham tang = f(z) = x ¢6 t6i da ba nghiém
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Truong hgp 1. Ton tai g € (—1,0): f(z9) = zo. Thay x = y = z¢ vao a,
= f(2x0 + 23) = 220 + 3. C6 220 + 23 € (—1,0) do (zg € (—1,0)) = 2x¢ + z3
la diém bat dong ctia f trong (—1,0) = 2x¢ + 23 = x¢ (do trong (—1,0) ton tai
t61 da mot diém bat dong) = xz9 = 0 hodc 2o = —1 (vo Iy).

Truong hop 2. Ton tai zg € (0,+00): f(x9) = zo. Thay x = y = xg vao a,
= f(2xg + 23) = 220 + 23 = 210 + 2% ciing 13 diém bat dong ciia f

= 2x9 + 15 = 19 = %o =0 (vo 1y).
o= —1

Tit (1) = f ton tai diem bat dong. Vay f(z) =r & 2 =0= 2+ f(x) +

zf(x) =0v6imoix € (—1,+00) & f(z)(x+1) = —z véimoi z € (—1,4+00) =

x
Bai toan 3.5.3. Tim f: N — N sao cho

voi moi x € (—1,+00). Thit lai thay théa man.

flm+ f(n)) = f(f(m))+ f(n),  Ym,neN. (1)

Lai giai. Tinh f(0). Thay m = n = 0 vao (1) = f(f(0)) = f(f(0)) + f(0) =
f(0) =0. Thay n =0 vao (1) = f(m) = f(f(m)) v6i moi m € N= f(m) ciing
14 diem bat dong cta f v6i moi m € N.

+) Néu a, b 1 hai diém bat dong ctia f thi ta co

fla+0) = fla+ f(b) = f(f(a)) + f(b) = a+D. (2)

Truong hop 1. f =0 (théa méan).

Truong hop 2. f khong dong nhat bang 0 = ton tai m € N: f(m) > 0. Do
{f(m) : m € N} la cac diém bat dong ctia f nén ta c6 thé gia sit a 1a diém bat
dong khac 0 bé nhat cta f.

+) Néu a = 1, tur (2) = f(2) = 2. Quy nap ta dugc f(n) = n véi moi n € N,

+) Néu a > 1, f(a) = a, tit (2) quy nap ta dugc f(ka) = ka véi moi k € N*,
Vé6i n € N bat ky, dat n = ka + 7 (r <a—1). n thdéa man f(n) = n thi ta c6

n=f(n)=fka+r)=flr+f(ka)) = f(f(r)) + f(ka) = [(r) + ka

= f(r)=r<a.

Do a la diém bt dong bé nhat khac 0 = r = 0 hay n = ka. Do {f(n) : n € N}

13 diém bat dong ctia f = f(n):a véi moi n € N. V6i i < a, ta c6 f(i) = n,a,
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n; € N, ng = 0. V6i n bat k¥, ta c6 n = ka+1 (viét duge nhu nay 1a do {i|i < a}
Ia HTDDD)

= f(n) = f(ka+1i) = f(i+ka) = f(i)+ f(ka) = n;a+ka = (n; +k)a, ¥n € N,
Kiém tra: Véi m = ka +i,n=1la+j (i,j < a).
= f(m+ f(n)) = f(ka+i+ f(la+j)) = f(ka+ i+ (I +nj)a)
=(k+1+n;+n;)a
f(f(m))+ f(n) = f((k+n)a)+{+n;)a=(k+1+n;,+n;)a.

Vay ham dugc xay dung nhu trén thdéa man.

Bai toan 3.5.4. Tim f: R — R sao cho
f(f(x)) =2* -2, Vx € R.
Lai giai. Dt g(x) = f(f(2)) = g(z) = 22 — 2. Tim diém bat dong cta g(z):

r=-1

gx) =z’ -2=2<
T =2

Co

9(9(2)) = ¢*(z) —2 = (2% — 2)* - 2
glglz)) =z (2> -2 2= -22>—24+2=0

& (z+1)(z - 2)(2® +2 —1) =0 (do g(g(-1)) = —1, g(9(2)) = 2)

r=—-1=a
o r=2=0»

a::_l"g‘/g:c

_:E—_lg*/g—d

= g(a) = a, g(b) = b, g(g(c)) = ¢, g(g9(d)) = d. Dat g(c) =y = g(y) =c=
y = g(g9(y)) = y 1a mot diém bat dong ctia go g = y = {a,b,c,d}.

+)y=a= g(a) =cvag(c) =a. Cé6 a=g(a) = a=c (v0ly).

+)y=b=g(c)=bvag(b)=c=>b (voly).
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+)y=c=g(c) =c=c={a,b} (vo ly).

Vay g(c) = d. Tuong tu g(d) = c.

Taco fog=fofog=gof. Cogla)=a= f(a)=f(g9(a)) =g(f(a)) =
f(a) = {a,b}. Tuong tu, ta c6 f(b) = {a,b} = f: {a,b} — {a,b}. C6 fo
gog=ygogof, flc) =g(g(f(c) = flc) = {a,b,c,d}. Tuong tu, ta c6
f(d) ={a,b,c,d}.

+) Xét f(c) =a= f(a) = f(f(c)) =g(c) =d (vo 1y do f: {a,b} — {a,b}).

+) fle)=b= f(b) = f(f(c)) = g(c) = d (vO Iy).

+) flc)=c=c=A{a,b} ....... (vo 1y).

= f(c)=d= f(d) = f(f(c)) = g(c) =d = d={a,b} (voly).

Vay khong ton tai f théa man.

Tong quat: Cho tap S viv g : S — S 14 ham sb6 c¢6 ding hai diém bat dong
{a,b} v& g o g c6 diing bén diém bat dong {a, b, c,d} thi khong ton tai ham s6
f:S—Sdég=fof (ab,c,ddoi mot khac nhau).

Bai toan 3.5.5. Tim f: R — R thoa man
(a) f(f(z)+y)=2af(y)+ f(f(x)+ f(y)) véi moi z,y € R.
(b) f c6 mot diém bat dong.

Loi giai. Goi b € R théa man f(b) = b. Thay y = a vao (a) = f(f(x) +b) =
br + f(f(z) + f(b)) v6i moi x € R = br = 0 v6i moi z € R = b = 0.
Vay f(x) = ¢ & x = 0. Thay x = 0 vao (a) = f(y) = f(f(y)) v6i moi
y € R= f(y) =0 v6i moi y € R (théa man). Vay f =0 1a ham can tim.

MOT SO BAI TAP VAN DUNG
Bai tap 3.5.6. Tim tat cd cac ham f: R — R théa méan

fle+2f(y) =2z + fly) +2f(y),  Ve,yeR.

Bai tap 3.5.7. (Tournoi des villes 1996). Tim tat cid cac ham f: R — R
thoa man
f(f(z)) =2®—1996,  VzeR.

Bai tap 3.5.8. Chitng minh ring khong ton tai ham f : R — R théa méan cac

diéu kien
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i) f(—z+y)=z+ f(y)+y>f(y) véi moi z,y € R;
f(x)

ii) —= gidm thuyc sy trén (—oo,0) va tang thuc su trén (0, +00).
x

Bai tap 3.5.9. Chitng minh ring khong ton tai ham f : R — R théa méan cac
diéu kien
i) 2z+y=f(z+2f(y)+y*f(y)) véi moi z,y € R.
. flx) _ . _
ii) —= gidm thuyc sy trén (—oo,0) va tang thuc su trén (0, +00).
x
Bai tap 3.5.10. Tim tat cd cac ham f: R — R théa méan

f(f@)=a>-z—-3, VzeR.

Bai tap 3.5.11. (Italy TST 2005). Cho ham s6 f : {1,2,...,1600} —
{1,2,...,1600} théa man f(1) =1 va f2°% =z véi moi x € {1,2,...,1600}.

a) Chiing minh rang f c6 mot dieém bat dong khac 1.

b) Tim tat cd n > 1600 sao cho v6i moi ham f : {1,2,...n} — {1,2,....,n}

théa méan cac diéu kién trén co6 it nhat hai diem bat dong.
Godgi y. Ta c6 cac nhan xét sau:
e Ham f don anh.
o Néu f™(z0) = g, f™2(x0) = xo thi fi(zg) = 20 Vi d = (n1,ns).

e Néu n nhé nhat thda man f"(xg) = xo thi n|2005 va tap

A= {QTO, f(xO)a ceey fn_l(x())}

c6 tinh chat f™(z) = x v6i moi x € A. Khi d6 ta goi tap A c6 tinh chat
T,

Gid stt f(x) # x v6i moi x > 1. Khi d6 {2, 3, ...,1600} c¢6 thé phan hoach thanh
p tap c6 tinh chat Ty va g tap c6 tinh chat Typ1, va r tap c6 tinh chat Thogs v6i
p,q,r € N. Suy ra 5p + 401q + 2005r = 1599, phuong trinh nay vo nghiém dan

dén gid sit trén 13 sai. VA ta c6 diéu phai ching minh.
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3.6. Pua vé phuong trinh sai phan
Bai toan 3.6.1. Tim f: N — N thoa méan

f)f(m)=f(m+n)+ fln—m), VmmneN, n>m. (1)
Lai giai. Thay m =n =0 vao (1) ta ¢

f(0)=0

PO =260 | L

Néu f(0) =0, thay m = 0 vao (1) = f(n) = 0 v6i moi n € N (thdéa man).

Néu f(0) = 2, thay m = 1 vao (1) = f(n)f(1) = f(n+1) — f(n — 1) v6i
moin >1= f(n+1) = f(1)f(n) — f(n —1) v6i moi n > 1. Dat a = f(1),
Tp, = f(n) véimoin >0 = x9g = 2,21 = a,Tpi2 = ATp+1 — T, V6i moi n € N.
Xét phuong trinh dic trung: 22 —ax +1=0c6 A =a? — 4.

o Néu a? < 4 = z,, = ky cosnt + ko sinnt véi moi n € N, trong dé tant =

4 — g? 4 — g2
hay t = arctan :

a2
ki =2, Lk a 2cost
9 = — — —;
kicost+ kosint = a sint sint
a
= Ty = —— - sinnt, Vn e N
sint
a
= f(n) = — - sinnt, Vn € N.
sint

eNéua?—-4=0&a=242= 1z, = (ki +kan)\"V1+a? v6i moi n € N,

trong do A = g.

Néu a =2 = z,, = (k1 + kon)v/5 véi moi n € N. Suy ra

kl\/g = 27

=ke=0=>2x,=2,VneN= f(n) =2, Vn € N (théa man).
(k1 + k2)V5 =2
Néu a = —2 = x, = (k1 + k2n)(—=1)"+/5 v6i moi n € N. Suy ra

kivb = 2,
(k1 + k2)(—V5) = —2

—ky=0=m,=2 YnecN
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= f(n) =2, Yn € N (thdéa méan).

2

e Néu a? > 4 = phuong trinh dic trung c6 hai nghiém phan biet i, Ao,

Ty, = k1 A} + k2 A5 v6i moi n € N. Suy ra

( a— 2\
M=
ki 4+ ko =2 L= A2
= <
k1A + koo = a " 2\ —a
2T N —

= f(n) = ki AT + ka2 Ay, Vn € N (théa man).
Bai toan 3.6.2. Tim f: RT™ — R théa man véi a,b,c € RT
f(f(x) +af(x) =bla+b)x,  VreR" (1)

Lai giai. Véi x¢ > 0, dit ug = zo,u1 = f(x0), Uns1 = f(uy,) v6i moi n € N. Tu
(1) ta co
Unt2 + atinr1 = bla + b)uy, Vn € N.

Xét phuong trinh dic trung: 22 +az—b(a+b) = 0= 21 = bva 29 = —(a+b).
Khi doé ta c6

Up = 10" + c2(—=1)"(a +b)", Vn e N
b n
= (a—|— b)n lcl (a+b> +02(—1)n] .

b n
Ta c6 lim ( ) = 0.
n—+oo \ a4+ b
Néu ¢y > 0 thi u,, < 0 véi n 1é du 16n.

Néu ¢y < 0 thi u,, < 0 v6i n chan du l6n.
Vay ta ¢6 co = 0. Vay u,, = c¢1b™ v6i moi n € N.
Ta c6 ug = ¢1 = xg,u1 = c1bxrg = f(x9). Vay f(x) = bx v6i moi z € RT

(théa méan).

Bai toan 3.6.3. Tim f:[0,1] — [0,1] théa mén

[z — f(x)) =z, Vzel0,1]. (1)
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Loi giai. Gia st ton tai f théa man yéu cau bai toan. Khi dé ta c6
0<2zx— f(x) <1, Vz€]0,1]. (2)

Lan lugt thay z = 0, x = 1 vao (2) ta ¢6

{f(O) <0 {f(O) =0
=
f1)>1 F1) =1.

bat g(x) =2z — f(x) v6i moi z € [0,1] = g(z) € [0,1] v6i moi = € [0, 1] va

f(z) =22 — g(x). (*)

T (1) ta c6 f(g(x)) = x véi moi z € [0, 1].
Tw (*), thay = béi g(z) ta co
fg(x)) = 29(x) — g(9(x)), Vo €0, 1]
= 2g(x) —g(g(x)) =z, Ve €[0,1]

= g(g(x)) =2¢(x) —x, Vo €[0,1]. (3)

Thay = béi g(x) vao (3) ta c6 gs(z) = 2g2(x) — g(x) = 4g(z) — 2z — g(x) =
3(g(x) — x) + z v6i moi z € [0, 1]. Quy nap ta dugc

gn(x) =n(g(x) —x) +x, Vo € [0,1] (4)
va gp(z) € [0,1] v6i moi z € [0,1]. (4) = gn(x) — 2z = n(g(x) — z) véi moi
z € [0,1].

Gia st ton tai zo: g(zo) # 0. Dt a = |g(xg) — xo| > 0 (zo € [0,1]). Ta
c6 lim na = 4o0o0. Mat khac |g,(zo) — zo] < 1 v6i xg € [0,1] (vO ly). Vay

n—-4oo

g(x) =z v6i moi x € [0, 1]. Ta suy ra f(x) =z véi moi z € [0, 1].

Bai toan 3.6.4. Tim f : N — R thoa méan

fF0)=1, f(1) =
fln+ )f2(n— 1) f*(n), ¥n € N*. (1)

Lai giai. Tu (1) ta thay néu f(n), f(n—1) >0= f(n+1) > 0Vn € N*. Vay
f(n) > 0 v6i moi n € N*.

105



Lay logarit hai vé ctia (1) ta c6
Inf(n+1)+2Inf(n—1)=3Inf(n), Vn € N*.
Dat g(n) =In f(n) v6i moi n € N. Khi dé6 ta c6
9(0) =0, g(1) =In2,
gn+2)+2g(n—1)=3g(n+1), Vn e N. (2)
Xét phuong trinh dic trung: 22 —3z+2=0= 21 = 1, 75 = 2. Khi d6 ta c¢6
g(n) = c11™ + 22" =1 + 22", Vn € N.
{01+C20 {cl—ln2
=
c1+ 2co =1n2 co =1In?2
=Inf(n)=—-In2+mn2-2" VneN
=f(n) =21, ¥n € N (thoa man).
Bai toan 3.6.5. f: N — R thoa man
F0)=1, f(n+1)=3f(n)+/3f%(n)+1, Vn e N. (1)
Laoi giai. Tu (1) = f(n+1) > 3f(n) véi moi n € N.
(1) = f(n+1) =3f(n) = /8f2%(n) + 1, Vn € N

:>f2(n+1)+9f2(n)—|—6f(n+1)f(n) =8f%(n)+1, VneN
= f2(n+ 1)+ f2(n) —6f(n+1)f(n) =1, ¥n € N.
Thay n béi n + 1 ta c6
= f2(n+2)+ f2(n+1)—6f(n+2)f(n+1) =1,
= f2(n+2) = f*(n) = 6f(n+ 1)[f(n+2) - f(n)] =0,
= f(n+2)—6f(n+1)+ f(n) =
(do f(n+2)>3f(n+1)>9f(n)) Vn € N.

Thay n =0 vao (1) ta ¢6 f(1) =3f(0) +3 =6.
Xét phuong trinh dac trung:

22— 6x+1=0=2,=3+V8, x5=3—8.
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Khi do ta c6

f(n)=c1(3+ V8" +c2(3— V)", ¥neN

3v2+4
c1+c=1 ClzT
= =
e+ B+ VB e+ (B—vB) =6 02:—3\/8§+4
3V2 +4 4—3v/2
:»f(n):%.(gm/é)u%-(s—\/é)“, Vn € N.

Bai toan 3.6.6. Tim f: N — N* thoa méan
fn+3)f(n+1)=f(n)+ f(n+2), Yn > 0.

Lai giai Dat a,, = f(n) Yn € N = q,, € N*.
Va

An+30p+1 = Ap + Gpt2,
An+4Qn+2 = Apy1 + Gp43,
An+50n+3 = Ap42 + Gpid,
=  (@pts5 — Apt1)Ants = Apys — Ap, VN EN
= a4 —ag=az(as —ay)
= agaq(ag — az) = ... =

= a304...0p4+2(Cptqa — an), Yn € N.

Ta chiing minh a4,047,4104n+204n+3 > 2.

Ngudc lai a4naan+10an4204n43 < 1 ma a, € N* = a4y, = Qapnt1 = Qapt2 =

agnt3 = 1. Ta ¢6 4n + 3a4p411 = A4n + Ggnao (VO 1y).
Gia st aq # ag. Khi do6 ta c6

lag — ap| = as3...04n+3(Gan15 — Gan+3) > 2"|aant5 — Gan+3)-

Co Agnis — Ganes] > 1, lim 2" = 400 = |ag — ag| > +oo (v0 1y).
n—-+4oo

Vay ay = ag, as = ay. Suy ra (a,) 1a day tuan hoan véi chu ky 4, a,14 =

a, Vn € N. T (1) ta c6
ap + a2 = ajag
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a1 + az = agas.
Cé (a1 —1)(a3 — 1) >0 (do a,, € N*)

= aiaz > a1 +az — 1= ag+ as

Zalag—lj(ao—l)(ag—l)SQ

. 1+as =ajas
Truong hop 1: ag =1 = =14 a1 + a3 = ajas

a1 +asz = ag
ap = 2 a); = 3
= (a1 —1)(ag—1)=2= hoac = a2 =05
as =3 as =2
= (ao,al,ag,ag) = (1,2,5,3) = (1,3,5,2).
Truong hop 2: ag = 2.

B 3 =ajaz ,
Neuay =1= (loai).
aq —|—CL3 = 2
B 4 =aas
Neu ay, =2 = = a1 = a3z = 2.
aq —|—CL3 :4

Truong hdp 3:a0>3=>ay=1= (al,ag) = (2,3) = (3,2), ag = 9.

3.7. Cac bai tap tong hop

Bai toan 3.7.1. Tim f: [1,400) — [1,4+00) thdéa mén
1) f(z) <2(1+x) Vo > 1;
2) zf(z+1) = f2(z) — 1 Vo > 1.
Loi giai. Ta dé thay f(z) = z+ 1 théa man phuong trinh. Gia st f 14 ham can

tim. Ta co6
fPa)=zf(z+1)+1<z+2x+2)+1<2x+1)2 Ve>1,
=f(z) <V2x+1), Vo> 1,
=fir)=zf(z+1)+1<2(V2(r+1)) +1
= V202 +2)+1<V2z +1)%
= f(z) <27 (x+1), Vo > 1.
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Quy nap ta co f(z) < 22%(1:4— 1) Ve > 1, Vk € N*. Do lim 23F =1 nén

k—+oc0
fl@)<z+1, Vo=l (*)
. P f2<37)—1 4 P . 2
Talaicod f(x+1)=——"———,¢6 f(r+1) >1véimoixz>1= f(z)—
x

1>2= fl) > Voe+l>zzvéimoia >1= f2(z) =af(z+1)+1>
VT +14+1> 23 Véimoi:c21:>f(x)>x% v6i moi z > 1. Quy nap ta co
fl@)>a' 27 véimoiz > 1véimoin e N. Tacs lim z'~ 27 =z = f(z) > =
n—-+o00o
v6i moi x > 1.
1\ 2
fz(q;):xf(x+1)—|—1Zx(:c+1)~|—1>(x—i—§) = f(z) >z + % v6i moi

x> 1.

2
fz(:u):xf(x+1)+12x<x+g)+1> (x—k%)

:>f(x)>x+1—i.

Quy nap ta co

1
f(x)>:c+1—2—n, Ve > 1, Vn € N*.

1
Do lim — =0 nén suy ra
n—+oo 2N

flz) zz+1. (**)

T (*) va (**) ta co f(z) =z + 1 v6i moi z > 1.

Bai toan 3.7.2. Chitng minh ring khong ton tai f: RT — R thoéa man

(@) > fla+y)(f(z) +y), Yo,y e RT. (1)

Lai gidi. Thay y = 1 vao (1) ta c6 f2(x) > f(z + 1)(f(z) + 1) v6i moi = > 0.

Ta suy ra

f* (@)
fle+1) < 7@ +1 < f(x), Y& >0, (do f(z)>0).

Dé y néu Je: f(x) — f(x +1) > ¢ >0 véi moi x > 0 thi f(z) — f(z +m) >
me Vm € N* = f(z +m) < f(zr) — me = v6i m du 16n thi f(x +m) < 0 (v6i

moi x). Vay nhiém vu ta phai tim c.
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T (1) ta co

f<x>—f<x+y>zﬂw@-%—ﬂxm

=f(z) - flx+y) > W >0, Vz,y > 0.

(1) =f*(z) = flz+y)(f(z)+y) >0
=12 (@) +yf(z) — fz+y)(f2) +y) > yf(z)

Sf@) - fety) = LD ey so. )

flz)+y

V6i x > 0, theo nguyén 1y Acsimet, ton tai n € N*: nf(x + 1) > 1. V6i
0<k<n-1,k€eNtaco

f<x+§>—f(x+1)>0(do1—521>o

n n

f(x) = flzr+y)>0Ve,y >0)

:>f(:1:+ﬁ) >f(:c+1)>l.
n n

k 1
Thay x béi z + —, y = — vao (*), ta ¢6
n n

k k+1 fl+ki).-+ 1 1
e d) () e f s - e e

Cho k chay tit 0 dén n — 1 r6i cong cac tong véi nhau:

n =

1 1
— 1) > — —.
fa) - fla+1)> - on=
Vay khong ton tai f théa man (diéu phai chitng minh).
Bai toan 3.7.3. Tim f : [0,400) — [0, +00) théa man:
i) fzf(y)f(y) = f(z +y) véi moi z,y > 0;
ii) f(2) =0
iii) f(x) > 0 véi moi x € [0, 2].
Lai giai. Thay y =2 vao (1) ta cé f(z +2) =0 v6i moi x > 0= f(x) =0 v6i
moi z > 2. Két hop véi iii), ta ¢6 f(z) =0< x> 2.
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V6i moi y < 2 va véi moi z +y > 2 hay x > 2 —y tacd f(zf(y))fly) =
2 )
flat+y)=0=flafy)=0=2fy) 22= fly) =2 _. Layz =2 —y, taco

2 *
f(y)szyE[O,Q). (*)

Voimoiy <2,z +y <2tacs f(zf(y)fly) =flz+y)>0= flzfy)) >
0=2xf(y) €10,2] = f(y) <§V:I:<2—y. Chox —2—ytaco

2

fl) £ 5=, Wy e0,2). (**)
-y

T (%) va (**) ta co
2
=—,V 0,2).
@)= 5= e )
Bai toan 3.7.4. Tim f: R — R thoa man

f(f(x)+zf(y) =xf(y+1), Vo,y €R. (1)

Loi giai. Phan tich bai toan: Viéc c6 z ding ngoai, dau tién ta nghi téi gia

thiét 1. Truong hgp f = 0, ta chi can giai quyét truong hop ton tai a: f(a) # 0.
Néu thay y = a — 1 = f 1a toan anh = 3b: f(b) = 0. Thay z = b, ta c6

fOf(y) =0bf(y+1), VyeR (*)

RO rang néu f(y) = 1 = bf(y+1) =0 = b =0 (= f(0) = 0) hoac
f(y +1) = 0 (khong giai quyét dugc dieu gi). Tuy dén day 14 ngd cut doan
f(y+1) = 0 nhung dé y ta thu dugc f(0) = 0 v f la toan anh = Jy sao cho

s =12 0

Diéu nay huéng cho ta 15i giai clia gia thiét 2. Cling dé ¥ mot diéu, truong
hop 2 ciia gia thiét 2 ciing suy ra dudc toan anh.

Truée hét ta tinh f(0). Thay = = y = 0 vao (1) = f(f(0)) = 0. Dat
f(0) =a = f(a) =0. Ta tinh a bang ménh dé dao.

Gidsta # 0. Thayz =y =avao (1) = f(0) =af(a+1l) = a=af(a+1) =
fla+1) =1 (doa #0). Thay y = a vao (1) tacéd f(f(x)) =xf(a+1) =x Va €
R. Vay f la song énh. Thay z = 1 vao (1) ta c6

UMW)+ fy) = fly+1), Yy €R,
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= f()+fly)=y+1, WyeR,
= fly)=y+1-f(1), vy eR. (2)
Thay y=1= f(1)=1.(2) = fyy =yVyeR= f(0)=0=a=0 (vd
I§). Vay a = 0.
Xét gia thiét 2:
Trudng hgp 1: Ton tai b # 0: f(b) = 0. Thay y = b vao (1) ta c6

f(f(z))=xf(b+1), Vx € R. (3)

Thay x = b vao (3) ta c¢6 f(f(b)) =bf(b+1) = bf(b+1) = f(0) =0 =
f(b+1)=0(dob#0). Tu (3) suy ra f(f(x)) =0 Vx € R. Thay y béi f(f(y))

vao (1) ta co

= [(f(@) +2f(f(fW)) = zf(f(f(y) + 1), Yo,y €R
= [(f(z)) ==f(1), Vz € R
= f(1) =0.
Thay 2 = 1 vao (1) = f(f(y)) = fly+1) véimoiy € R = f(y+1) =

0Vy e R= f(x) =0 Vx € R (théa man).
Truong hop 2: (f(z) =0« z =0). Thay y =0 vao (1) ta co

f(f(x)) = f(1). (4)

Do f(1) #2 0 (1 # 0) nén f la song anh. Thay = = 1 vao (1) ta c6 f(f(1) +

fly) = fly+1) véimoiy € R = f(y) =y+1- f(1) = f(y) =y v6i moi
y € R (théa man).

Dé y trudng hop 2, ta st dung (f(0) = 0 < x = 0) do d6 bai van gii dugc

gid thiét 1, mau chét 1a tim duge f(0) = 0.

Bai toan 3.7.5. Tim f : R — R thoa man
fle+y)+ f(2)fy) = f(@) + f(y) + flzy), Yo,y € R. (1)

Lai gidi. (1) = f(z+y) = f(2) + f(y) + f(ay) — f(2)f(y) v6i moi @,y € R.

flaty+z2)=f(@)+ fly+2)+ flzly+2) = f@)f(y+2)
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= f(z) + [1 = f@)][f(y) + f(2) + f(y2) = f(y) f(2)]

+ fzy) + f(22) + [(2®y2) — f(ay) f(22)
= f(z) + f(y) + f(2) + f(xy) + f(y2) + f(zz) + f(2) f(y) f(2)
2)f(y) — f(2)f(2) = f(y) f(2)

o
+ f(a%yz) — fley) f(zz) — f(2)f(y2).

Hoan doi vai tro x,vy, z ta co

f(@?yz) — flzy) f(z2) — f(2)f(yz) = f(zy?z) — f(zy) fyz) — f) f(z2). (%)

Thay y = 1 vao (*) ta c6

= f(2%2) — f(@)f(z2) — f(x)f(2) = f(x2) — f(x)f(z) — F(1)f(xz)
= f(x2) = (1 — f(1))f(z2) + f(2)f(x2), Vx,2 € R.

Mit khac thay y béi xz vao (1) ta ¢6

f@?z) = flz +x2) + f(2)f(zz) — f(z) — f(z2)
=flr+xz)=2—f(1)f(zz) + f(z), Vz,z € R. (2)

Thay z =0 vao (2) = [2— f(1)]f(0) =0. bat 2 — f(1) = a.

Néua=0,thay z =1vdo (2) = f(1+2)=f(z) = f(1)VzeR = f(z) =
2 Vx € R (théa méan).

Néu a # 0= f(0) = 0. Thay z = —1 vao (2) = f(0) = af(—z) + f(z) =
f(x) = —af(—z)Vzx € R = f(—z) = —af(z) Vz € R = f(z) = a®f(z) Vz €
R = f(x) =0 Vz € R (thoéa man) hodc a? = 1.

ea=-1=2—-f(1) =—-1= f(1) = 3. Thay vao (2) ta c6 f(z + x2) =
—f(zz) + f(z) v6i moi x,z € R. Thay x = %, z=-1= f(1) = —f(1/2) +
f(1/2) =0 (vo 1y).

e a=1. T (2) suy ra

flx+2z2) = f(zz) + f(z), Vz,z € R. (3)
Véi moi = # 0, thay z = % vao (3) ta co
fx+y) = f(x) + fy), Yo,y € R. (**)
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Co6 (**) cing ding v6i x = 0 = f(x +y) = f(x) + f(y); Vz,y € R =
flay) = f(x)f(y); Yo,y € R = f(z) = 0 (loai), hodc f(z) =2 Vz € R (loai),
hodc f(z) = x.

Vay f=0, f =2 va f(z) = z; Yz € R 1a cdc ham can tim.

Bai toan 3.7.6. Cho f: Rt — R* thoa méan:

fQ2z) >z + f(f(2)), Vz > 0. (1)
Chtng minh rang f(z) > z v6i moi z > 0.
Loi giai. Tu (1) ta dé thay f(z) > g Vz > 0.
Néu ta ¢6 f(z) > ax, Vo € Rt thi

x 1+ a2

f(x)zg+f(f(§>)>g+a2-g: L a, Ve >0

Vay ta xét day (a,) thdéa man

1+ad?
2

1
an41 = 7a0:§7 VTLEN,

Thi dé dang quy nap dudc

f(x) > anz, ¥Yn € N. *)

. 1+1
Néuan<1:an+1<%:1.Vayan<1, Vn € N. Xét

1+a2
2
(an — 1)2

="~ >0, ¥neN.

Vay (a,) l1a day tang bi chan bdi 1 = ton tai a = liIJIrl an, (0 <a<1)
n—-—+0oo
1+ a?

2
Bai toan 3.7.7. Cho f: R — R thoa man

fA(x) <222 f (g) , Vo € R, (1)

an4+1 — Qp =

=a= = a=1. Tt (*) cho n — 400, ta c6 f(x) > z v6i moi z € RT.

flx) <1, Vo e (—1,1). (2)

Chitng minh ring



Loi giai. Thay 2 = 0 vao (1) = f(0) = 0 théa man (*). Xét = # 0, tit (1)
2
= f(z) >0, Vo € R. Dat g(z) = f(z)

Wi

v6i moi x # 0.

(1) = (=) < g (

n

=9* (z)<yg

5)9(@) 2 0, ¥z £ 0

%),Vm;«éo

= g(z) < /g (%) Vi # 0.

V6i & bét ki c6  lim 2% — 0= ton tai N € N: ¥n > N, 2% € (~1,1). Suy

n—-+4oo

S

ra v6i moi n > N, ta co

Tacoé lim 272 =1,do lim =
n——+oo n—+oo 2N n——+oo

2n41 2n +1 . ( 1

1 v6imoi z € R = f(x) < % v6i moi x € R (diéu phai chiing minh).

Bai toan 3.7.8. Tim f : R — R thoa man
f((z=y)?) = f2(x) = 2¢f(y) +v°, Yo,y € R. (1)
Loi giai. Do tinh chat doi xting ctia z va y trong (1) ta ¢

F2x) —22f(y) +y* = 2 (y) — 2yf(x) + 2°
=(f(x)+y)* = (f(y) +x)°, Vz,y €R (2)

Thay = = 0 vao (2) ta c6
Fy) = (y+ f(0))%, Vy e R. (3)

Thay x =y = 0 vao (1) = f(0) = f2(0) = f(0) = 0 hozic f(0) = 1.
f(0) = 0. Tu (3) = f(y) = y hodac f(y) = —y. Gia st ton tai a,b # 0:
f(a) =ava f(b) = —b. Thay x = a, y = b vao (1) ta ¢

= f((a—b)?) =a®+ 2ab+b*> = (a + b)?
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_ (a+b)? = (a —b)? _ 2ab =0 (vo 1).
(a+b)? = —(a—b)? a’?+b2=0
Vay f(z) = x véi moi z € R hosic f(x) = —x v6i moi x € R. Thit lai thay
f(z) =z v6i moi z € R (thdéa man).
f(0)=1= f(y) =y+1hoac f(y) =—(y+1) = f(—1) =0. Gia si ton tai
a#0,a# —1: f(a) = —(a+1). Thay z = a, y = —1 vao (2),

=(f(a) = 1)* = (f(-1) + a)?

(—a—1-12=d*= (a+2)*=0a>=a=—-1(voly).

Vay f(z) =z + 1 v6i moi z € R (thdéa mén).
Bai toan 3.7.9. Tim f : R — R thoa man:

1) fl(x+1) > 2+ 1 v6i moi x € R,

2) f(x+y) = f(x)f(y) véi moi z,y € R.
Lai giai. Thay z = y vao (2) ta c6 f(2z) > f2(z) > 0 = f(z) > 0 v6i moi
x € R. Ta suy ra

flx)>f" (%) (dox = % + ..+ %)

=f(z) > (1+ g)n, Vz € R.

C6 dinh z,tacé lim = =0= tdntai N € N:véimoin > N, = +1>0 =
n—+oo n n
v6i moi n > N:
f@) = (1+2) >0,
n
Ta co
lim <1+£> =e".
n—-4oo n
T d6 suy ra f(z) > e* v6i moi z € R. Thay = = y = 0 vao (2) = f(0) >
f2(0), lai c6 f(0) > e’ =1= f(0) =1. Ta c6

1=7f0) = f(z)f(-z) =2 e®-e7* = 1.

Vay f(z) = e® v6i moi = € R (théa méan).
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3.8. Phuong trinh ham trén tap s6 tu nhién

Bai toan 3.8.1. Tim f: N* — N thoa méan

1) f(mn) = f(m) + f(n) v6i moi m,n € N*,

2) f(30) =0,

3) f(n) =0 néu n c6 tan cung bén phai bang 7.
Loi gidi. Ta 6 0= f(30) = £(2-3-5) = £(2) + f(3) + f(5) = f(2) = f(3) =
f(5) =0. Tu (3) taco f(n) =0néun =7 (mod 10). Ta c6 n € N* bat ky thi
n c¢6 phan tich nguyén t6

Foo

n = 291392593 szk v6ia; € N,p; > 5
k=4

= 9% 3% 5% B vGi(h,2) = (h,3) = (h,5) = 1, (h € N"),

Tw (1) = f(n) = f(h). Do (h,2) = (h,5) =1 = (h,10) = 1. T d6 suy ra

A= {th|t=T,10}

1a hé ty do dong du (mod) 10. Tur d6 suy ra Vn € N*, ton tai t,: t,h, = 7
(mod 10) = 0 = f(tphn) = f(tn) + f(hy) = f(hy) =0 (do f €N) = f(n) =0
v6i moi n € N*.

Bai toan 3.8.2. Ching minh ring véi b € N, ton tai duy nhat f : N* — N*
thoa man

fm+ f(n)) =n+ f(m+0b), Ym,n € N*. (1)

Loi giai. Gid st ton tai ni, ny € N*: f(n1) = f(n2) = ny = ny = f 1a don
anh.
f(f(im)+ f(n)) =n+ f(m+b) =m+n+ f(2b).

Vay véi m,n,p,q € N* thoa man: m +n = p+ ¢ thi
fUf®) + f(@) = f(f(m) + f(n)) = f(m) + f(n) = f(p) + f(q)

Thayp=q=k,m=k+1,n=k—1(k>2)thik+1+k—1=2kva
f(E+1)+ f(k—1)=2f(k) v6i moi k > 2. Tu dé

= fk+1) = fk)=fk) - flk-1)=..=f2) - f(1) =d e Z
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= f(1), f(2), ..., f(n) lap thanh cap s6 cong cong sai d
= f(n)=mn—-1)d+avéideZ,d#0,a= f(1)(do f la don anh).

Thay vao (1) ta co

d(m+n—-1d+a]—1)+a=n+dm+db—-1)+a
?=1 d==+1
= =
d(a —d) = bd a=b+d
d=1= f(1)=b0+1= f(n) =n+ b (théa man) v6i moi n € N*.
d=—-1= f(n)=-—n+0bvéimoin e N*= f(n) <0 véi moin>b(vdly).
Bai toan 3.8.3. Chitng minh rang khong ton tai f : R — R théa méan:
1) f(0) =1,
2) fz+ f(y) = f(z +y) +1 véi moi x € R,
3) Ton tai zg € Q\ Z ma f(xg) € Z.
Loi giai. Thay y=0vao (2) = f(z+1) = f(x)+1, Ve e R= f(n)=n+1

v6i moi n € Z, ma f(zx +n) = f(z) +n, Ve € R, véi moi n € Z. Dat xg =

)

—_— 3

pez,qu,qzz,(p,q)=1.Tacéf(§):neZ.Taditinhf(§+f(§)

(G () =G
q q qa 9

(
-1(3
(s (5) = (5o
:f<§>+n:2n

((2)-1(2+)
()
S r(Zen) -

118



qn—q—i—1:>n:m:1—|—gCéx0:E¢Z=>n§éZ(v61§7).Vaytacé
q q

q
diéu phai ching minh.

Bai toan 3.8.4. Chiing té riang khong ton tai song 4nh f : N* — N théa man
f(mn) = f(m) + f(n) +3f(m)f(n), Ym,n € N". (1)

Loi giai. Thay n =1 vao (1) = f(m) = f(m)+ f(1) +3f(m)f(1) = f(1)[1 +
3f(m)] =0= f(1) =0. Do f la song anh nén suy ra v6i moi n > 1, f(n) > 1.
Xét k =m-nla hop s6, m,n > 2 thi

f(k) = f(m)+ f(n) +3f(m)f(n) = 5.

Do f la song anh nén {1, 2, 3,4} dugc nhan bdi cac s6 nguyén t6 = Ip,q € P
fp)=1, f(q) =3.Tacé
f(@®) =2f(q) +3f*(q) = 33,
flor) = fp) + f(r) +3f()f(r) =4f(r) + 1.
Do f la toan 4nh nén ton tai duy nhat sé r: f(r) = 8 = f(¢?) = f(pr) =
q¢* = pr (vo 1y).
Bai toan 3.8.5. Cho f xac dinh trén N* thoa man:
1) f(p) =1 v6i moi p € P,

2) f(mn) =mf(n)+ nf(m) v6i moi m,n € N*.
Tim n dé f(n) = n.

Loi giai. Ta co

f(0*) =2pf(p) =2p, Vp € P,
f®®) =p*f(p) + pf(p*) = 3p*, ¥p € P.

Quy nap ta c6 f(p*) = kp*~! v6i moi p € P. V6i n = p** - ph*?, ta c6
f(n) =pi" f(pa™) +po" f(p1™)
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M1 mo—1 mo mi—1
=P -M2pPsy + Py - map;

2
man min m;
D2 D1 i1 Pi

k.
Quy nap véi n = pi™ - py*? - pi*, ta co f(n) =Y, — -n véi moi n € N*.
i=1 Pi
Gia st ¢6 f(n) = n. Khi do, ta c6
k

k
Z@'n:n:>2%:l(mi21)
i=1

im1 Pi

k
m¢
:>p1z—‘zzpl—m1€z
i=2 Pi

mg
=SpLcpe-1 — €1
Pk

=My - Pk-

) m
Tuwong tuw m; :p; v6i moii. Vay k =1 = SAE = m =p=p;. Vay n = p*
P1
(thdéa man).

Bai toan 3.8.6. Cho f: N* — N* théa man

f(mf(n)) = nf(m)v m,n € N*. (1)

Chting t6 rang néu p € P thi f(p) € P.
Lai gidi. Thay m =1 vao (1) = f(f(n)) =nf(1) v6i moi n € N* = f la don
anh trén N* (chua suy ra dugc toan anh).
Thay n =1 vao (1) = f(mf(1)) = f(m) v6i moi m € N* = mf(1) = m véi
moi m € N* = f(1) =1= f(f(n)) =n véi moi n € N* = f la song anh.
Thay n béi f(n) vao (1) = f(mn) = f(m)f(n) v6i moi m,n € N* = f la
ham nhan tinh.

Ham nhan tinh trén N* ¢6 tinh chat sau:
(e 5N %)

n=piipy* - py
=f(n) = [fp)]* - [f(ps)]™
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Xét p e Pvadat f(p) =m-n, m,n € N* (m,n > 2),

= f(f(p)) = f(m.n) = f(m)f(n) =p
f(m) =1, f(n) =p,
fim) =p, f(n)=1.

fim)=1, f(n)=p=m=1 (do f la don anh) (vo ly).
Vay f(p) 1a s6 nguyen t6 (diéu phai ching minh).

Bai toan 3.8.7. Cho f: N* — N* thoa man
f(mf(n)) =n®f(m), Ym,n € N*. (1)

Chiing minh rang néu p € P thi f(p) € P hosic f(p) 1a s6 chinh phuong clia mot
sO nguyeén to.

. e 20

f(f(n)) =n*f(1), ¥n € N*. (2)

Gi& st ton tai f(n1) = f(ne), tu (2) = n3f(1) = n2f(1) = n; = ny (do
ni,ns € N*). Vay f la don anh.

Thay n =1 vao (1) = f(mf(1)) = f(m) v6i moi m € N* = mf(1) = m v6i
moi m € N* = f(1) = 1. Tu (2) ta c6 f(f(n)) = n® v6i moi n € N*.

Thay m béi f(m) vao (1),

= f(f(m)f(n)) = n®f(f(m)) = m*n? = f(f(mn)), Ym,n € N*
= f(mn) = f(m)f(n), Vm,n € N*.

Goi p € P. Néu f(p) 1a hop s6 thi f(p) =a-b,a > b > 2. Ta c6 p? =
f(f(p)) = f(ab) = f(a)f(b). Tt d6 ta c6

fla)=1, f(b) =p”
fla)=p% f(b) =1
fla)=f(b) =p
e f(a)=1, f(b) =p?> = a=1 (do f la don &nh) (vo ly).
e fa)=p? f(b)=1=b=1 (voly).
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e f(a) = f(b) =p = a=0>b= f(p) = a® Ta ching minh a € P. Dat
a=m-nv6ip= f(a)= f(mn)= f(m)f(n), ta suy ra

flm)=1=a€P
fn)=1=a€P.

Vay ta c6 diéu phai ching minh.
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KET LUAN

Sau thoi gian hai ndm hoc tap tai Khoa Toan- Co- Tin hoc, trusng Dai hoc
Khoa hoc Ty nhién Ha Noi, duge sy giup dé tan tinh ctia cac thay co trong
Khoa, dac biet 1a TS. Pham Van Qudc, toi da hoan thanh luan van véi tén de
tai “Mot s6 phuong phdp gidi phuong trinh ham’.

Luan van dat dudc mot s6 két qué sau:

1. Luan vin da néu ra dudgc mot so kién thitc co ban trong dai s6 va gidi tich

c6 ting dung nhiéu trong viéc gidi quyét cac bai toan phuong trinh ham.

2. Luan vin da hé thong va phan loai mot sd6 dang toan thuong gip theo
phuong phap gidi clia cac bai toan phuong trinh ham véi nhiéu bai toan c6

16i giai, nhan xét va binh luan.

3. Luan van da néu ra mot s6 huéng khai thac mé rong, tong quat va cac
huéng tu duy tim 10i gidi cing cac bién héa trong mot sd6 dang toan phuong

trinh ham.

Phan dang cac phuong trinh ham sé giup cho sy dinh huéng va gidi quyét
chiing. Vi vay toi hi vong luan van nay c6é thé lam tai licu tham khio cho qua
trinh nghién citu, giang day va hoc tap toan & bac hoc pho thong. Toi rat mong
nhan dude su gép ¥ ciia cac thay co va cac ban dong nghiép dé dé tai nay tiép
tuc dudc hoan thién.

Xin chan thanh cdm on!
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