Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

LOI NOI DAU.

Trong nhiéu nam qua, cac cudc thi Olympic toan qudc gia, quic té danh
cho hoc sinh, sinh vién d4 tré thanh mot san choi tri tué nhim phat hién va wom
mam nhiing tai ning toan hoc tuwong lai. Qua Mot thoi sinh vién Pai hoc su
pham da timg nhiéu lan tham dy cac ky thi Olympic toan, ban than t0i dé& hoc
tap duoc nhitg diéu that quy gia vé van dé rén luyén tu duy doc lap, sang tao
thdng qua viéc giai cac bai toan kho. Hon thé nita, xuat phat tir nh1eu dam mé
va yéu thich véi linh vyc giai tich toan hoc, tdi ludbn ¢c6 mong muébn tim toi,
tong hop nhitng bai toan cd loi giai dep va khé trén nhiing tap chi toan trong
nudc va nudc ngoai. Trén co so nhitng bai toan suu tim duoc, t6i md rong nd
theo nhiéu hudng khac nhau dé dugc nhimng bai todn méi la hon, hap dan hon.
Nham gilp cac ban hoc sinh , sinh vién dang 6n luyén dé chudn bj thi Olympic
c6 thém mot tai lidu hd trg cho viée giai toan ctia minh, tdi xin manh dan viét
cubn sach: Bai tap giai tich danh cho Olympic toan. Mong rang qua cudn
sach nay, cac ban s& tim thay duoc niém vui va nhiing cam xtc riéng trude
nhitng dang toan, nhiing bai toan hay ma lau nay trong nhirng gido trinh giai
tich cin ban cac ban rat it gap.

Noi dung cudn sach nay duoc chia ra lam 7 chuong. Tir chwong 1 dén
chuong 5, mdi chuong dugc chia ra [am 3 phan gdm: TOm tar Iy thuyét- Cac
dang bai tdp (cO kém theo 101 giai chi tiét)- Bai tdp dé nghi. Chuong 6 1 hé
thdng cac bai tdp téng hop- nang cao cho cic chuong trén véi nhitng dinh
huéng, goi ¥ cach giai. Chuong 7 1a phan gidi thidu cdc dé thi ciia Hpi Todn
hoc Viét Nam d4 ra thi tir nim 1993 dén 2011.

Vi kinh nghiém con non tré cua mot giang vién trong budi dau day hoc,
chic chin rang cudn sach ndy con rat nhiéu nhu’ng sai sot, rat mong sy chi day
thém cua quy thiy co gido, su dong gop cua cac ban hoc sinh-sinh vién yéu
thich toén dé t6i rit ra dugc nhiéu kinh nghiém quy bau. Cudi cling tdi Xin chan
thanh cam on Th.S Huynh Tan Trong giang vién khoa Toan-Tin, trudng Dai
hoc Quang Nam d& dong vién, ting hd va gitup dd cho t6i trong viéc hoan thanh
cubn sach nay.

Moi y kién trao d6i xin ban doc lién hé theo dia chi sau déy:

Van Phu Quéc, GV. Truong Pai hoc
Qudng Nam, S6 102- Puwong HUng
Virong-TP. Tam Ky

Mail: guocdhsptoan@gmail.com

S6 dién thoai: 0982 333 443
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CHUONG1 DAY SO THUC VA GIOI HAN

A. TOM TAT LY THUYET

1. Dinh nghia day s0

Day so la mot anh xa U:N > R

nu(n)

Ta thuong ky hiéu day la (u,) hoac {u,}.
2. D3y s6 hdi tu, phan ky
2.1. Dinh nghia
2.1.1. Binh nghia 1

a) Dy (u,) hoitudén aeR < Ve >0, 3N, eN, Vn>N,=u, —a<e¢.
Ky hiéu: limu, =a hogc u, >a (n— ).

b) Déy (u,) khong hoi tu thi duge goi 1a ddy phén ky.
2.1.2. Ménh dé 1
Giéi han cta mot day hoi tu 12 duy nhat.
2.1.3. Binh nghia 2
a) Dy (u,) dugc goi 1 bi chan trén néu 3M :u, <M VneN.

b) Day (u,) dugc goi 1a bi chan dudinéu Im:u,2m VneN.

c) Dy (u,) dugc goi 1 bi chin néu né vira bi chin trén vira bi chan
dudi, tie 1a Ja >0:|u,|<a VneN.

2.1.4. Binh nghia 3
a) limu, =+0 < VA>0, 3N, eN, Vn>N,=u, > A.

N—oo

b) limu, =—0 < VB<0, 3N, eN, Vn>N,=u, <B.

Nhan xét: Tat ca cac day s6 co gii han +oo déu phan ky.
2.1.5. Ménh dé 2
a) Moi day s tién dén +oo déu bi chin dudi.
b) Moi day sb tién dén —o déu bi chin trén.
2.2. Tinh chét vé thit tw cia day s6 hdi tu
2.2.1. Ménh dé 1
Cho (u,) la mot ddy s6 hoi tu c6 gidi han 1a a va hai s thue a, 3.
Néu o <a thi AN, eN:VneN,n>N, = a<u,.
Néua<p thi 3N, eN:VneN,n>N,=u <.
Néu a <a<p thinjeN:VneN,n>n,=a<u, <p.

2.2.2. Ménh dé 2
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2.2.3.

2.2.4.

Cho (u,) 1a mot ddy s6 hoi tu. Khi do:
a) Néu IN,eN:VneN,n>N, = u, >« thi limu, >«

N—oo

b) Néu IN, eN:VneN,n>N, =u < thi limu, <j.

c)Néu In,eN:VneN,n>n,=a<u, < thi a<limu, <p.
Ménh dé 3

Cho hai day s6 (u,),(v,) hoi tu

Néu In,e N:¥vneN,n>n,=u, <v_ thi limu <limv,

Ménh dé 4

Cho ba déy s6 (u, ),(v,),(w,) sao cho:
(i) In,eN,VvneN,nzn,=v, <u <w,
(i) limv, =limw_ =a.

nN—o0 nN—oo
Khi d6: limu, =a.

N—oo

2.2.5.Ménh dé 5

2.2.6.

Cho hai day s6 (u,),(v,) sao cho:
(i) In,eN,VvneN,nzn,=u, <v,
(ii) limu, = +o0.

N—oo

Khi do: limv, =+o.

Ménh dé 6

Cho hai day so (u,),(v, ) sao cho:
(i) In,eN,VvneN,nzn,=u, 2V,
(ii) limu, = —oo.

n—o
Khi do: limv, =—o.

N—o0

2.3. Cac tinh chét vé dai s6 ciia ddy s6 hdi tu

2.3.1.

Ménh dé 1

Cho hai day so (u,),(v,) vacac s6 1,a,beR. Khi dé, ta co:
(i) limu, :azim\un\:\a\.
_|limu, =a
(ii) fimv, b = lﬁ?o(“n +v,)=a+b

N—oo

(iii) limu, =a= limAu_=a

nN—oo X—>0
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limu, =0
(iv) 4"~ = limu,v, =0
aM >0:lv,[sM ™
limu, =a
v) 4" = lim(u,v.)=ab
V) limv, =b n%w(””)

N—oo

(vi) limv, =b=0= |imi=%.

n—oo n—>ooVn
limu, =a
. g .U a
(vii) <" = lim—.=—,
limv,=b#0 nm>=v b
nN—oo

2.3.2. Ménh dé 2
Cho (u,),(v,) 1a hai ddy sé thuc.

limu, =+ _
a) <" = lim(u, +Vv, ) = +o0.
dm:v,2mVneN "™
limu, =+
Dic biét: (i) 1"~ = lim(u, +v, )=+
limv, =+  no=
n—o0
limu, =+
(i) " = lim(u, +V, )=+
limv, =b N0
nN—o0
limu, =+ _
b) 4"~ = lim(u,v, ) =+o.
do>0,dn,eN,VneN,n2n,=>v, 20 "~
limu, =+
Dic biét: (1) "7 = Iim(unvn): 400
limv, =+00 o=
nN—o0
limu, =+
(i) 1~ = lim(u,v, ) = +o
limv,=b>0 no=
n—o0

: .1
c) limu, =+ = lim—=0.

nN—o0 n—>ooun

limu, =0 1
d) <" = lim—=+o.
dn,eN,VneN,nz2n,=u,>0 "*U,
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2.4. Cép’S('() cong, cAp s6 nhan
2.4.1. Cap so cong
2.4.1.1. Pinh nghia

Cho day s6 (u

n

Y L U =Xy
) xac dinh boi
U, =u,+d, vneN

(%,, d la cAc sb hang s6 cho trudc) duogc goi 1a cap sé cong. Trong d6 X, goi la
s6 hang dau tién, d goi 1a cong sai.
2.4.1.2. Cac két qua

a) Cho (u,) la cép sb cong. Khi dé: u, =u, +(n—1)d Vne N’

b) Cho (u,) la cap so cong. Khi dé: 2u, =u vneN

c) Cho (u,) la cép sb cong. Khi d6 tong cua n s6 hang dau tién la:

; _Zuk u+u)

Ba sb a, b, ¢ theo thu tu 1ap thanh mot cap s6 cong < 2b=a+c.
2.4.2. Cap so nhan
2.4.2.1. Dinh nghia.

+Uu

n+1 n+2

2[2u1 +(n-1)d].

X oA (s e U =%
Cho day s6 (u, ) xéac dinh boi:
u,=ug vneN
(%,, d 12 cAc hang s6 cho trudc) duge goi 1a cap sb nhan. Trong d6 X, goi 1a s6
hang dau tién, q goi 1a cdng boi.
2.4.2.2. Cac két qua
a) Cho (u,) la cép sb nhan. Khi d6: u, =u,q"* VneN".

b) Cho (u )IaCapsonhan Khidé: u’, =uu ., VneN.

n n+2

c) Cho (u,) la cép sb nhan. Khi d6 tong cua n s6 hang dau tién la:
n 1_ qn
s, =Y U =U q=1.
- Ny
Ba so a, b, ¢ khac khong theo thi tu 1ap thanh mot cap s6 nhan
< b*=ac>0.

3. Tinh don di¢u
3.1. Day don diéu
3.1.1. Pinh nghia

Cho (un) la mot day thuc. Ta néi ring:

a) (u,) ting < u, <u,,, VneN .

b) (u,) gidm < u,,, <u, VneN .

n+l —
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tang thyc sy < u, <u,, VneN.
<u, VneN .

don diéu< (u,) tang hodc giam.

c) (u,)

d) (u,) giam thyc sy < u,,
) (Un)

f) (

») don diéu thue sw < (u,) tang thuc sy hodc giam thyc sy
* Nhan xét
(i) Néu cac déy(un) : (Vn) déu ting (twong tUng giam) thi
dély(un + Vn) tang ( twvong ung giam).
(i)  Néucac ddy (u,), (v,) déu ting (twong img gidm) va cac s6 hang
khong am thi day (u,v, ) tang (tvong tng gidm).
(iii) Mot diy sé co thé khong ting hodc khong giam, Vi du diy sb
(u,) xéc dinh boi cong thirc sau day: u, =(-1)", neN",
3.1.2. Pinh Iy
a) Moi day tang va bi chan trén thi hoi tu.
b) Moi day giam va bi chdn dudi thi hoi tu.
3.1.3. Ménh de o
a) Moi day tang va khong bi chan trén thi tién dén +oo .
b) Moi day giam va khong bi chan dudi thi tien dén —oo .
* Nhan xét:
limu, <+

nN—oo

limu, =+

nN—oo

(i) Néu (u,) ting va hoi tu dén a thi a=supu,.
neN

(iii) Néu (u, ) ting thi hién thién n6 bi chin duéi béi u .
3.2. D&y ké nhau
3.2.1. Dinh nghia
Hai day s6 (u,) va (v,) dugc goi 1a ké nhau khi va chi khi:
(i) (u,) tang (i) (v,) giam (iii) rI]i%rpo(vn —u,)=0.
3.2.2. Ménh dé 1
Néu hai day s (u,) va (v,) ke nhau thi chiing hoi tu va c6 cing giéi

(i) (u,) ting =

han.
3.2.3. Ménh dé 2 ( Nguyén ly Cantor)
Cho hai day so (a,), (b,) sao cho :

(i) a,<b, VneN (i) [a,,.b.]<=[a,b,]VYneN (iii) lim(b,-a,)

n!=n
N—o0

0
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Khi d6 ton tai duy nhat ae R sao cho (")[a,.b,]={a}.
neN
Mot cach dién dat gon hon: Moi ddy thit dan déu c6 mot diém chung duy nhat.
4. Day con
4.1. Dinh nghia

Cho day s6 (u,) va (n,) la ddy cac so tu nhién ting thuc sw. Khi d6 ta goi
(u,, ) 1a mot day con cia (u,).

4.2. Ménh @é 1
limu, =a<+oo=limu, =a.

nN—o0 nN—o

4.3. Ménh dé 2
limu, =a<+wo < limu,, ,, =limu, =a.
n—o n—o

4.4. Dinh ly Bolzano- Weierstrass.
Moi day so bi chan déu cd thé trich ra mdt day con hoi tu.

5. Day Cauchy

S.1. Dinh nghia
Day (u,) dugc goi la ddy Cauchy néu

Ve >0, 3n,eN,vm,n>n, =[x, - x,|<e.

5.2. Cac két qua

a) (u,) laday Cauchy< Ve >0,3n,e N',vn>n, =

X, — X

<g VpeN.

n+p
b) (u,) 1a ddy Cauchy < né héi tu.

6. Day chin, day khong dang ké, ddy twong dwong
6.1. Day chan

Day (v,) “chan” ddy (u,) néu ton tai hing s6 C > 0 va ton tai 6 n, e N
sao cho |u,|<Clv,| Vn2n,. Taviét: u, =0(b,).
6.2. Day khong dang ké

Day (u,) “khong ddng ké” so véi (V,) néu véi moi & >0 ton tai mot s6
n, €N sao cho |u |<e&lv,| Vn=n,, nghia la: rI]Ln;%: 0. Taviét: u,=o(v,)

6.3. Day twong duwong

Day (u,) “ trong duong” véi (V,) néu u, —v, =0(V, ), nghia la limt =1,

N—o0 V
n

Taviétu ~V, .

www.MATHVN.com 7
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7. Mt s6 loai day quan trong S
7.1. Day truy hoi truy hoi cap 1 véi hé so hang so
a) Dang tong quat: u ,=au. +b vneN, a, beR.
b) Cong thac
+Néu a=1 thi day (u,) 1a mot cap so cong.
+Néu a=1thiu =Aa"+B.
7.2. Day truth(k)i tuyén tinh cip 2 v6i hé sé hing sb
a) Dang tong quat: u., =au.,+bu vneN 6 abeR.
b) Cong thic:
Xét phuong trinh dic trung cua ddy: A°—al—-b=0. ‘
+ Néu phuong trinh nay c6 hai nghiém phan biét 4, 4,thi ton tai
A,BeR saocho: u,=AA"+BA, VneN,
+ Néu phuong trinh nay c6 nghiém kép A thi ton tai A,B <R sao cho
u,=(A+Bn)A".
+ Néu phuong trinh nay c6 nghiém phirc A = x +iy thi ta dat

r=|A|={x*+y*, tan(p:X (pe(—%,%j.

X H
Khi do A =r(cosg+ising) va u, =r"(Acosng+Bsinng)
(ABeR,VneN).
7.3. Dy truy hoi cap 1 dang: u ,, = f (u,,n)

* Céach lam
o(u,)=f((u,))

?(u) = (o(u,)n)
+ Budc 2: dat day phu v, =¢(u, ). Khi d6 ta thu duoc mot day truy hoi
ma1i theo v, don gian hon.
7.4. Dy truy héi cap 2 dang : u_, = f (u,,u,4,N)
* Cach lam

+ Budc 1: bién d6i dé dwa vé dang: [

o(Uy)+o(Uys) = F(@(uy).0(Ups))

(D(Un ) + q)(un—l) = f (q)(un)’q)(un—l)’ n)
+ Budc 2: dat ddy phu Bat ddy phu v, =¢(u, ). Khi do ta thu duge mot
day truy hdi méi theo v, don gidn hon.

+ Budc 1: bién ddi dé dua vé dang: [
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8. Gidi han trén va giéi han dwéi cia diy sé
8.1. Dinh nghia
a) Néu day s6 (u,) c6 mot day con (u, ) sao cho limu, =a thi a dugc

goi 1a mot gia tri riéng cua day (un) va a c0 thé hitu han hay 13 +w.

b) Tap cac gi6i han riéng cua day so bi chdn (u,) ¢ gia tri 1on nhat. Gia
tri nay dugc goi 1a “gidi han trén” ctia ddy (an) ky hiéu la !L_Toun :

c) Tap cac gisi han riéng ctia ddy sb bi chan (u,) co gia tri bé nhat. Gia
tri ndy dugc goi 13 “gi6i han dudi” cia ddy (a,) ky hiéu la limu, .
8.2. Pinh Iy 1 o

Moi dy s6 (u,) déu c6 gi¢i han trén, gi6i han dudi va

limu, = limsup{u,,u,.,,...}

limu, =liminf {u,u,.,,...}
8.3. Pinh Iy 2
Day s6 (u,) c6 giéi han ( hitu han hay *o0) < limu, =limu, .

N— n—co

Khi do: limu, =limu_ = limu_.

9.Giéi thiéu hai dinh 1y quan trong vé day sé

9.1. Dinh ly Toeplitz
Gia sir ddng thoi xay ra cac diéu kién sau day:
() Cacsé P, >0 VnkeN',

(i) > P,=1VneN
k=1
(iii) Vé&imdi k e N ¢6 dinh, lim P, =0

(iv) limu, =a<+wo,

Khi d6 ddy (v, ) xic dinh boi v, = Z P, . (neN") hoityva
k=1

limv, =a.

N—o0

9.2. Dinh ly Stolz
Néu hai ddy s6 (U, ),(v,) dong thoi théa man cac diu kién sau:
(i) v,,>v. VneN’
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(ii) limv, = oo

N—oo

U —U
(iii) lim———2L =3

N—o0 —
Vn n-1

Y .- U
thi ton tai im—=a.

N—o0 V
n

B- CAC DANG BAI TAP

BAI TAP REN LUYEN Ki NANG TiNH TOAN CAC TONG HUU HAN

1.1. Cho ddy s6 (u,) xac dinh béi: u, = arctanz—l2 ,n>1.
n

Hay tinh tong S =U, + U, + ...+ Uyy,,.

Giai
Taco: u, :arctaniz:arctanizzarctan (2n+1)~(2n-1)
2n 4n 1+(2n+1)(2n-1)
= arctan(2n+1)—arctan(2n—-1) , nx>1.
Khi do:

S=u +U,+...+ Uy,
=arctan3—arctanl+ arctan5—arctan3+... + arctan 4023 — arctan 4021

= arctan 4023 —arctanl1 = arctan 4023 — % .

1.2. Cho ddy s6 (u, ) xac dinh boi: u, =(n’+1)n! , n>1
Hay tinh tong S =U, + U, + ...+ Uyy,,.
Taco: u, :(n2 +1)n!:(n2 +n—n+1)n!: n(n+1)-(n-1)n! , n>1
Khi do :
S=u +U,+...4+ Uy,
=1.21-0.14+2.3-1.2+...+ 2011.2012!- 2010.2011!= 2011.2012!

1.3. Cho ddy s6 (u,) xac dinh bsi: u, = , n>1,
n++n*-1
Hay tinh tong S =u, + U, + ...+ Uy, .

www.MATHVN.com 10



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAI\MATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

L. 1 1
Taco:u, = =
\/n+~/n2—1 \/n+1+2 n+1n—1+n—1
2 2 2 2
\/n+1 \/n_l,nzl
\/(\/n%—l \/n 1] \/n+1 \/ -1 2 2
Khi

do:S=u +U, +...4+ Uy,

=1—0+\E—\/i+ﬁ—ﬁ+...+\/20“—\/2009+\/1006—\/1005
_ [i005 + /201 _\ﬁ_o_x/2012+\/2011 1

1.4. Cho day So xac dinh boi :

n

1{“_“) +Ji2_z(1_j st
n n n

Héytinhténg8:1+i+...+ 1
ul u2 u2011
Giai
2 2 2
Tacs v, = 12 \/iz—z(i_ )- ngj . ngj
n n n n n
Suyra:
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Khi d6 :
S:i+i+...+ 1
ul u2 u2011

- %(\/12 +22 =1 + 07 ++...+4/20112 + 20122 — /20117 + 20102 )

20112+ 20122 -1
4 '
1.5. Cho day s6 (u

) xac dinh boi :

U = 1

" Q/Fi—{‘/nsjtnz+{‘/n3+2n2+n+(‘/n3+3n2+3n+1’
Hay tinh tong : S =u, + U, +...+ Uy, .

Gidi

n

n>1

, 1
Taco:u, =
Yt st +4n 2 +n+ ¥ +3n2 +3n+1

_ 1
e+l +n+1én+n+14n+1
1

i Jﬁ((‘/ﬁ+(‘/n+l)+Jn+l((‘/ﬁ+(‘/ﬁ)
1 _ Ynr1-4n

(Vn+n+1)(¥n+¥n+1) (Jn+L+vn)(sn+i-vn]

==4n+1-¢n , n21
Khido: S=u +U,+..+ Uy, =42 -4+ 4342 +...+ 42012 - 42011
= /2012 -1.

BAI TAP XAC PINH CONG THUC TONG QUAT CUA DAY SO

1.6. Cho ddy s6 (u,) xac dinh boi:

u,=3,u =4
{(n +1)(n+2)u, =4(n+1)(n+3)u,, -4(n+2)(n+3)u,, ,n=2 (*)
Tinh uy,,?
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Giai
Chia hai vé ctia (*) cho (n+1)(n+2)(n+3) ta duogc:
u 4 un—l -4 un—2

n

n+3 n+2 n+1

v, =1

V
Dit v, =—" . Khi 6 ddy (V, ) xéc dinh boi: { °
n+3 v, =4v _,—4v _,, n=2

Phuong trinh dac trung c6 nghiém 1a 1 =2.
A=1

Do do6: v, =(A+Bn)2". Véi v, =v, =1, tacé hé: {2(A+B):l<:> a__1

=V, =2"-n2""=u,=(n+3)2"-n(n+3)2"".
Vé&in=2011, tacd : Uy, =2014.2°"* —2011.2014.2**°
U, =2
1.7. Cho ddy sé6 (u,) xac dinh béi : _2011u, + 2010

U,, = ,n=1
2010u, +2011

Tinh uy,, ?
u,—1 1 4021

2010u,+2011  wu,,-1 u,-1

n+1 n

1 . ~ . . Vo = 1
. Khi d6 day (v,) xac dinh boi :
u,—-1 v, =4021v, + 2010

n

Khido : v. = A4021" + B.

Taco:u,, -1

Dt v, =

A 3
iy ... |A+B=1 )
Véi v, =1, v, =6031 taco hé : o
4021A+B=6031 | _ 1
2
Dodé:vn:§4021”—£:>un:1+#
2 2 3.4021" -1
2 34021 +1

Vi n=2011,taco : Uy, =1+ 34021 _1 3402°% _1°

www.MATHVN.com 13
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o, _ ~ |u, =253
1.8. Cho day s6 (u,) xac dinh boi : .
u,,=2011u, +2012" ,n>1
Tinh uyy,,?
bat v, =u, —2012". Khi d6 day (v, ) x&c dinh béi :
Vo=U,—1 Vv, =252
=
Vy.q +2012™ =2011(v, +2012")+2012" " |v,, = 2011y, ,n>1
Suy ra: v, = 2011y, , = 2011%, , =...= 201"y, = 252,(2011").
Do do: u, =252.(2011")+2012".

V6i n=2011, ta co: Uy, = 252.(20117*) + 2012°*,

U ==

2
.- \/22w2/1u§1 2

1.9. Cho ddy s6 (u,) xac dinh béi :

Tinh uy,, ?

\/2—2,/1—sin2ﬂ
. 1 .z 6 . T
Taco:u=—=sin—, u,= =sin
2 6 2
Ching minh bang quy nap ta dugc : U, =sin 2n7_T1 5

Véi n=2011,taco : Uy, :sinm.

1.10. Cho ddy s6 (u,) (n=1, 2, ...) dugc xac dinh bai :

www.MATHVN.com 14
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_ - 4 ., = == 8 _ ot
. T . T
sin~ sin—

4 4

T
2n+1 '

. 1
Chung minh bang quy nap ta dugc : U, = Fcot

1 T

Véi n=2011,taco: Uy, = S cot ooz

u =1
~ r4 ’ . 2t 2
1.11. Cho déy so (u, ) xac dinh boi: o= U, +2 2
2un—l

Hay xac dinh cong thic tong quat cua day so6 (u,).
Giai
Xét hai day s6 (x,) va (y,) xac dinh nhu sau :

=2y =1

X, =X:,+2yr,  (n=2)

yn = 2Xn—lyn—l (n Z 2)
Ching minh bang quy nap : U, = % vn>1.

n

Vén dé 1a by gio chiing ta di tim cong thire tong quét cua hai ddy (X,), (V,) la

xong.
Dé y rang:
2
{Xn = Xr?—l + zyﬁ—l {Xn = Xr?—l + zyﬁ—l o & \/Ey” - (X”‘l + \/Ey”‘l)
= = )
Yo =2X1Yns \/Eyn = 2\/Exn—lyn—l Xy — \/Eyn = (Xn—l - \/Eyn—l)

www.MATHVN.com 15
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X +N2Y, = (% #2Y0)

=

Xy — \/Eyn = (Xn—2 - \/Eyn—Z )22
X, +\/§yn :(xlth/zyl)Znl :(2+\/§)2nl

(s (o)

Pay 1a mot hé phuong trinh theo hai an x_, v, .

X, :%[(2+\/§)znl +(2 —\/E)ZM}

Y, :%[(ZWLJE)ZH —(2 —\/E)Zn }
(2442) +(2-+2)

s

Giai hé trén ta duoc:

Vay ta thuduge : X, = \/E

BAI TAP VE CHUNG MINH TiNH PON PIEU, B CHAN CUA DAY SO

2011

1.12. Cho céc s6 thuc duong X,,X,,..., X,,; thoa min diéu kién: Z X, > 2011.
1

2011

biat u, = ZX,’Q . Ching minh rang day (u,) tang.
k=1
Vi x> 0 ta ludn c6: (x" -1)(x-1)20.

Diéu nay twong duong véi X" —x" > x 1.

2011 2011 2011
Do do: Uy, —U, = D % =D x> > %, —2011>0.
k=1 k=1 k=1

Vay ddy (u,) tang.
1.13. Cho day s6 (u,) dugc x4c dinh nhu sau:

2011
U, >0,2011u, ~2010u, , = 2222~ 23
un—l

Chimg minh rang day so6 (u,) giam va bi chan du6i bai 2012.

www.MATHVN.com
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2011
Tir 2011u, —2010u, , =222~ n-23..
un—l
1 201220“]
Suyra: u, :—[2010un ——5—
2011 ooy

Rérang u, >0 VeN".
Ap dung bit dang thirc Cauchy cho 2011 sé duong ta dugc:

2011 2011
U = — (2010 , 2012 ]: L (unl+...+unl+%]22012.
%,—/

" 2011 2011 2011 2010

n-1 U,
. 1 2012°4) _ 1

’ un L 2011 20 )7 2011

Vay (u,) giam va bj chin dudi boi 2012.

1.14. Cho ddy s6 (u,) xéc dinh béi:

[2010 (2010+1)=1 (do u, >2012).

n

u, >0
=(1-t)u +2011_t1t ,te(01), VneN"
u,"
Chtng minh day (Un) hoi tu
Xt ham sé: f(x) = (L-t)x+ 22ml y e (0,490) , te(0.1).
Xt

1
Taco: f'(x)= (lt)[l 2011x‘].

f'(x)=0<> x=2011". Lap bang bién thién, ta dé dang suy ra: f(x)=2011".

1

Mau,=f(u,,) YneN=u,>2011' VneN hay u} >2011

t-1 1
201]1 (2011_%]30, VtE(O,l)

Do do: u,,, —u, = (1-t)u, +
u t
Déy (u,) giam va bi chan dudi boi 2011 nén hoi ty.

www.MATHVN.com
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1.15. Cho ddy s6 (u,) xéc dinh béi: u, :%.CZ”n ,n>1.
Chtng minh day sb (Un) hoi tu.
Giai
Lap ti so:
vn+1

U gt Cme Jngl 4 (20+2) (N 2n+l

u, fcznn A (e (20)E 2n(n+l)

n

——>1 VneN". Viy day (u_) ting thuc su.
\I T an?1an 2y day (U, ) tang the s

Hon ntra:

Ut _ / ( j 1 1(1 1 j
In - o=
+4k 8k*+8k 8\k k+1

u 10401 1
In kel < e (Inu,, —Inu )<=) | =———
:Z (k k+1j<:>kz_;‘ ea =) 8,;‘(k k+1j
1) 11 8fe

Hay Inun—lnu1<( j Inun<lnl+1(1——
2 8 n

2
Vay (u,) la day hoi tu
1.16. Cho X;, X, ..y Xpo11 Ia c4c s6 thuc duong ¢ dinh. Xét day sb :

un:§/x1”+x2+...+x2011 neN'
2011

Chung minh rang day (un) tang .

Pit v, X1 -I-X +.. -I-X2011

2011
Ap dung bat dang thirc Bunhiacovski ta c6 :

1 n+1 n-1 n+1 n-1 n+1 n—l 2
2 2 2
V, = 20102 X X + X X,© +..+ X2011X2011
n+1 n+1 n+1 n-1 n-1 n-1
KAy et X XX A Koy
2010 2010 re

www.MATHVN.com
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Ta s& chimg minh (u,) 12 dy tang
Lai ap dung bét ding thirc Bunhiacovski ta c6 :
e 1 X2+ X+t Xy,
to2017° 2011
l

Gidstrang U, <U,. Khldo'nﬂf]’v <Yy, =>v, <V

n+1
TaCO:Un+1=n+Vn+l>n+\l/V —n+ —1_ \7/\/” _nV
n_

Vay (u,) la déy tang.

2
(Lx +1%, 4.+ 1%, ) < =uS=u,<U,.

BAI TAP VE DAY SO VA BAT PANG THUC

. u, =0
1.17. Cho ddy s (u,) xac dinh boi: <
u,|=|u,, +1 ,n>1
Chirng minh rang: U, + U, +...+ Uy, > —%.

:‘uk +1‘ ,k=1,23,...,n

n n n
Suy ra: Ug, =Ug +2u, +1= > U7, =D uf +2) U, +n

k=1 k=1 k=1

Ta co: |u.,

n n
n
=0<u;,=2) u +n=> U, -
k=1 k=1

Chon=2011,suyra: u, +U,+...+ Uy, > —%
) (2n+1)(\/n +1+\/ﬁ)
1.18. Cho day s6 (u,) x&c dinh nhu sau :— = 5 ,n>1
un
. Sy 2011
Chirng minh rang : U, + U, +...+ Uy, < 013"
Giai
) 2(Vk+1-+k)
Taco:u, = :

(2k+1)(\/k+1+\/E): 2k +1
Ap dung bat dang thitc Cauchy ta c6 : 2k +1=k +(k +1) > 2,/k (k +1).

www.MATHVN.com
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Suyra:uk<“k+1_\/E: t_ 1
k(k+1) N
Do @6 : Zu <1- 2 = K
\/k+ \/k2+4k+4 k+2
Cho k =2011 ta duogc : u1+u2+...+u2011<%.
2013

1.19. Cho (u,) la ddy sé thuc duong théa : u? <u,-u,, ,n>1.
Chimg minh rang: u, < 1 ,n>1.

n
Giai

+ Véin=1, u’ <u,—u,<u, = U <l== (dung trong truong hgp nay)

+ Véin=2, u,<u, —u; :i—(ul_ij 1.1
4 2 4 2
( dang trong truong hop nay)
+ Gia str khang dinh trén dung dén n. Ta s& ching minh n6 dung dén n+1.
That vay!

Xét ham so: f (x)=x—x’.

N

RG rang f(x) la ham so tang trén [0 ﬂ

1

Do dé u,,, < f(u,)< f(—j:

n

1 1 1 1

n> n+1 nz(n+1)<n+1'

Vay un<i ,n=1.
n

1.20. Cho déy (u, ) xac dinh boi: { ~ 2012u, - u?
s
2

2012
Chirmg minh rang: M<X2012
Giai
RO rang: O<u, <1VneN.
u2
Taco v, =t -t YU 2012 U 1 e( 1 1 j
u, u, uu., uu., 2012u., 2012-u, \2012 2011
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Suy ra: L=v2012+...+v1+i€(1+ 2012 , 2012] (2 4023)

2012 U, 20127 2011 ' 2011
2011 1
W 2023 U<y
1.21. Cho ddy s6 (u,) xéc dinh béi: u, n>1

T

Chirng minh rang: u, + U, +...+U_ <2,
Véi k e N', ta co:
1 Jk 1 1 1
K K| =———
Jé+Jk KTk \/_k(k+1) \/—(k k+1j
gt )
Ve k1) (Vk

:(“\/T](f «/k+j ( k1+lj

1 1

B ET n1+1]:2(1‘¢%]<2

Do do:

U, +U, +..+U, <2(1—

u>0,v,>0

1.22. Cho day s6 (u,), (V,) xac dinh nhu sau: uml:un+i ,nx1
Vn

vn+1:vn+i ,n=>1
u

Chirg minh rang: {3/(u2011 + V2011)2 > 23/2011.
Giai
pat w, =(u, +v,)".
2
Khi d6: w,,, =(u,,, +vn+1)2 == {(Un +V, )+ (i ¥ iﬂ =

u v

n n
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=(u, +v,)* +2(u, +Vn)(i+i]+£i+ijz

u v u Vv

n n n n

> (U, +v, ) +2(u, +vn)[i +i] >w,+8 (bétdang thirc Cauchy)
u "

n n

Suy ra: w, >w, ,+8>w,_,+2.8>..>w, +(n—-2).8

2
Ma w, = Kul +ui] +[v1 +Viﬂ >(2+2)"=16  (bét ding thirc Cauchy)
1 1

Vithé: w, >16+(n-2).8=8n= 3w, >2¥n hay §/(u, +v,)" >2%¢n

Chon 1 =2011, ta duge: {(Upeyy +Voeyy)” > 232011

1.23. Cho da thire f(x)=x"+2x°+3x"+2x+2 va day so (u,) x4c dinh
- nof(2k-1 , . 2011

boi:u, = HW Chtng minh: U, +U, +...+ Uy, < 2004

k=1

Ta c6 bién doi sau

f(k)=k*+2K° +3K°+ 2k +2=(K* +1)| (k+1)° +1] , k=12,..,0

( ban doc tu kiém tra 1)

f(2k-1) (4k*—4k+2)(4K*+1) (2k-1)°+1
f(2k)  (4k®+1)(4k* +4k+2) (2k+1) +

" _) (P +1)(3+1)..((2n-1) +2
Dodé:unzl_[f(ZK 1) (1 +1)(3+ ( n— 2+) 2 1
f(2k) (3 +1)(52+1). ((2n+1)°+1) 2n*+2n+2

k=1
1 1/1 1
=U,< = ——— 1.
2n(n+1) 2ln n+1
Viy :

1(1111 1 1]1( 1]2011
Uy + U, + .o+ Uy < ——t+——=+..+ - =—|1- = :

Suyra:

[HEN

2\1 2 2 3 2011 2012) 2 2012 ) 4024
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n

1.24. Cho day s6 (u,) xéac dinh nhu sau :

1
u =u_ +—u’, , k=12..n
n

Ching minh rang: 1—l <u, <1.
n

Giai
. 1,
Tacoé:u, =u,_,+—u;, ,k=1,2,..n
n
<nu, —nu, —-u>, =0<nu, —nu,_, +UU,, —u’, =uu,,
1 1 1

< (U —u ) (n+u ) =uu,, @E—I: T

s 1
ROrang: 0<—=u, <u, <..<U,.
2

uk—ZI. uk n k=1 uk—l uk un uO
Mit khac u_ <1 nén:

1 1 1 511 n 1 1 n n+2
———>—:>Z — > ——<————=—
u, u n+1 FHluy, u) n+tl u, u, n+l n+1l

n

Vi the: ii<3:>2[ii]<1:>i>i1:1:> u, <1.

n+l n-1 1

>u >——>—=1-=—.
n+2 n
1
Vay 1-—<u, <1.
n
_1
1.25. Cho ddy s6 (u,) xé&c dinh nhu sau: 2
u,,=u,+u, ,n=1
Chung minh rang: 1< L + L +...+#<2.
u+1 u,+1 Uyg, +1
Giai
Taco: u,,,—U,=u;>0Vn=(u,) ting.
Mat khac:
21 1
u2:E ,Uy=—>1suyra: u,>1vn=>23=>——«<1.
4 16 (VJ
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A el 1 1 1 1 1 1

Ta c6 phan tich sau: u,,, =u, (u, +1)=> —=—- = S
U, U, u,+1 u+1 U, U,

2010 2010

=2 —Z[——]=i Lot o).

n=1 Uy +1 = Unis U Uggy Uso12
Vay 1< L + 1 +..+ L <2.

u+1 u,+1 Uyg, +1

BAI TAP VE GIOI HAN CUA DAY SO

1.26. Tim I|mZarctan

N> k? +k+1
Giai
+1)—k
Ta co: arctan%:arctangzarctan(k +1)—arctank
k?+k+1 1+(k+1)k

n 1 n
= I(Z_(;arctan P I(Z_(;(arctan (k +1)—arctan k)

=arctan(n+1)—arctanl=arctan(n+1).

- ImZarctanéz limarctan(n+1) ==

n—oo k +k+1 noe

1.27. Tim Iim[cos(;m%/n3 +3n° +n +1)+sin(nn§/n3 +3n° +n +1)]
Giai

Pat u, =¥’ +3n° +n+1.

Ta co: cos(znu,)=cos| —znu, +(n+1)nz |=coszn(n+1-u,)

| (n+1) —u’ 27zn?
= cos| zn . =COS .
- (n+1)" +(n+1)u, +u7 (n+1)" +(n+1)u, +u;

27

2 2
SORRHLE
U n n n n) |

Suy ra: limcos(znu, ) = cos%r = —% .

N—o0

= COS
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Bién di tuong tu, ta ciing tim duoc : |imSin(ﬂnUn)=—Sin2§=—§.
Vay Iim[cos(;rn%/n"*qLBn2 +n+1)+sin(7rn§/n3+3n2 +n+1)}:—1+2\/§.
n 4 3 2
1.8, ”mzk +10k* + 35k +50k+23.
N0 €= (k+4)!
n 4 3 2
Ta c6: ”mzk +10k” + 35k “ + 50k + 23
N0 €= (k+4)!
n(k+1)(k+2)(k k+4)-1 L
:"mZ( + )( + )( +3)( + ) :"mz i_ 1
o0 £~ (k+4)! oot k! (k+4)!
(1 1 1 1 1 1 1 1 1 1
=lim=—-—4+ -t -t -+ ——
e\ 10 5121 61 31 71 41 8l n! (n+4)!]
1| TR U SRR SRR S——
ns( 100 207 31 41 (n+1)! (n+2)! (n+3)! (n+4)!
1 1 1 1 41
=S =t —t—=—,
1 21 31 41 24
1.29. Cho a, b I hai sb thuc duong. Hay tim Iim(\/a;\/B] .
Taco: iIn\/a_:%an/%sIn\/g;\/g:In[%(ﬁ/a—l)+%(Q/5—l)+l}
n

<[ (¥a-1)+(¥B-1)]

Tt (*) nhan cac vé cho n, ta dugc:
1

h 1
|n@£|n(\/a;\/6] Sla _1+1b _1—>Inx/%.

2 1 21
a
Viy Iim(\/a;\/B] =/ab.

www.MATHVN.com
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1.30. Cho ddy s6 (u,) thoa man diéu kién: 0<u,,, <u, +u, YmneN.

n+m —

Ching minh rang: lim < Inf{ neN}
n

n—>oon
bat A= { neN}va k=inf A.
n

Theo tinh chét cua inf: V8>0,ElmeN*:kSu—m<k+£.
m

vneN, chiancho mtadugc: n=gm+r ,qeN,0<r<m-1.
Khong mét tinh tong quat c6 thé xem u, =0.

Ta co:
u,+u, u m u Uy \ 5
U, =Ugn,, SQU, +r=k< Y WUn 70 Uy AW Uy 2, Uy
n_ gm+r mgm+1l n 2 n
0<r<m-1nén u, bi chian. Do d6 3N, e N sao cho ¥n> N, thi:
o< &
n 2

Tur do suy ra: 0<h ckte vn>N,.
n

N—o0 n

Vay lim < mf{ neN}
n

1.31. Tim i
nN—o0
+ Bang cach sur dung tinh chat don di€éu cua ham so, ta dé dang chirng minh
3 3 5
£, 2l , X . X
dugc bat dang thirc: X_E<Smx <X——+—, Vx>0

Van dung két qua d6 vao bai toan nay, ta co danh gia ner sau:

(g 55T T3

k=1

Nn—o0 6n
Ciing str dung tinh chat don diéu ta ching minh dugc bat dang thirc:

n 2
+ Trudc het ta tinh IImH(l—k—] :

L<In(x+1)<x vx>-1,x#0.
X+1

www.MATHVN.com 26



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

" g k? d 0k’
Vi the, ta c6 danh gia: ;—GH e Inlk_![l——] ;—6n3
n(n+1)(2n+1) n n(n+1)(2n+1)

| 1- :
6(-6n°+n’) ) nlk__!( 6n3]< -36n°
Ap dung dinh 1}'1 kep ta suy ra duoc

n 1 . k? L
lim| In 1—— =——=1lim 1-— |=e .
n—mo( ]I;J[( ]] 18 = n%w]g[ 6n3)

n 2 4 _1
+ Tiép theo ta s& ching minh I|mH(l—%+ 5i'(n6 ] <el,
n—o n 1

Hay

That vay!
n k4 n k2 k4
I 1_ —_—— =
n[lk_! 6n° 5'n6]<kz_1:[ 6n3+5!n6]
n(n+1)(2n+1) N n(n+1)(2n +1)(3n2 +3n —1)
36n° 30.5!n°

" SRLSRP
Suy ra: Lmn[l_ﬁ+51n6jse 18

3n n 1

Vay ciing theo dinh 1y kep ta suy ra: lim : l_IsinL —e B,
n—o nt k=1 N/ N

1.32. Cho (Un) la dy cac nghiém lién tiép cta phuong trinh luong giac

N—o0

N u.—u
tanx =x ,x>0. Tim Ilmcos( ”*14 ”j ?

X X T .
D¢ thay nn<un<nn+5 'n=12..=limu, =+o.

nN—oo

=0

~ . T .
Hon nita: limtan| nz + ——u, [=1lim
n—>o0 2 nAmtanun

N—oo

Do do: lim(u,,, —u, —7)= IimK%+ nz —unj—(%+(n +1)7r—un+lﬂ =0

N—o0

:Iim(n;wz—unjzo (do y =tanx laham lién tuc)
2

Vay tir tinh 1ién tuc cia ham s6 y =cosx, ta suy ra:
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nN—o 4 2
1.33. Cho ddy s6 thuc duong (u,) duge xay dung nhu sau:

Iimcos(u”+14_ U j —cosZ = Q

u, >0

n-1
un:zmi/Zuk ., h>2
k=1

Chutng minh ring day (u—”] c6 gidi han hiru han khi n — o0 va hdy tim gidi han
n

do.

Giai
n

Taco: uX' =Y u, =u +u >ul (dou,>0 VneN).
k=1

Suy ra: u,,, >u, Vn>2 hayday (u,) tang thyc su.

Mat khac:

U2011=U§011+Un =Un(U§Olo+1)<Un+1(U2010+1):>U2010<U§010+1 vn > 2

n+1 n n+1

Chimg minh bang quy nap don gian ta dugc: 2%’ <u;*®+n-1.Suy ra: (u,) bi
chan trén.

Do d6 (u,) c6 giéi han hiru han khi n — .

u 2010 u 2010 n—l
Hon nita 0 <| —L- <| —2 +—————0 (n—>0).
n+1 n+1 (n+1)

Viy lim2n-0.

n—o N
1.34. Cho ddy s6 (u,) xéc dinh béi:
u, =/3++2
un+1:(\/§—\/§)uf+(2\/5—5)un+\/§—\/1—8 ,n=1l (%)

. 1 :
bat v, = , Vne N, Hay tim limv, .
kZ—J;uk +\/§ N—o0

Giai
Nhan c4 hai vé cta (*) cho J3 +4/2 ta dugc:

(\/§+\/§)um:u§ —(\/§—x/§)un+ 3
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(\/§+\/_)( e ):uﬁ—Z\/§un+3:(un—\/§)zzo Vne N
=U,,>U, Yne N = (u,) laday so ting.
Hon ntra un2u1:\/§+\/§.
Gia sir (u,) bi chan trén. Khi d6 déy (u,) hoi tu. bat
L=limu, (L>+3++2).

Chuyén gia thuyét bai toan qua giéi han ta duoc:

=(VB-2) L2 +(2V6 -5)L+ 127 1B = (L-+3) =0 L=13

( Biéu nay v Iy).

Vay limu, =+o0.

N—oo

Ta lai co:
(8 +-2)(05-8) = 8] +42)
1 3+ 1 1
bi VB (4, 3)(y +2) U VB U2
1 1 1

= = -
U, +/2 u_\/§ u|<+1_\/§

DI s)) :
kluk+2 k=1 uk \/_ uk+1 \/§
1 1 V2 1

:ul_\/g_uml_\/é_ 2 _un+1_\/§

:Iimvnzﬁ.
n—oo 2
u=a
1.35. Cho day sb (u_) xac dinh béi:
yso (u) ‘ un+1—%ln(uﬁ+20112)—20112 N

Ching minh rang day s6 (u,) c6 gidi han khi n — +oo va tim gi6i han do.

Giai
Xét ham sé: f(x)= @I (x2+20112)—20112
2010

www.MATHVN.com

>1

29



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

, 2011 2X 2011 2X 1 X
= f'(x)= . =< . = —
2010 x*+2011° 2010 2.2011]x| 2010

=

1

f(x) < R

(1= 5019 +X<
bat g(x)=x- f(x)
g'(x)=1-f'(x)>0 ¥YxeR. Suy ra: y=g(x) tang thuc su trén R va day la
ham lién tuc.
Vi g (—20112 ) g(0) <0 nén phuong trinh f (x)=x c6 nghiém duy nhat
X, € (~2012%,0).
Theo d&, ta c6: u,,, = f (u,).
+ Néu a=x, thi u, = f(c)=c. Chirng minh bang quy nap ta dugc: limu, =c.

N—+00

+Néua=x, thiu #c VneN",
Ap dung dinh 1y Lagrange cho ham f(x) v6i mdin, 3¢, nam giita u_ vac

CY

Suyra: 0<|u, —c|<

Sao cho : |u,., —¢|

lu, —c|<

n+l

1
<. <—= |u- _
2010‘“”‘1‘_"'_2010”‘1‘u1 c| >0 (n— +wx)
Vay (u,) c6 gi6i han hiru han va limu, =c.

N—o0

o o |W<0
1.36. Cho déy so (u, ) xac dinh boi : . .
u,=e"-1,nx1
Hay tinh : a) limu, b) limnu,.

Chtng minh bang quy nap, ta dugc : u <0 VneN,

Str dung tinh chat don diéu ctia ham sd, chtirng minh duoc : e —1>x Vx <0,
Vithé: u,,, =e" -1>u, = (u,) ting thuc su.

Vay (un) la day hoi tu.

a) bat a=Ilimu, (a < 0) . Chuyén cong thie da cho qua gidi han, ta duoc

a=e*-1=a=0.
Viy limu, =0.

N—o0
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b) Hay luu y céc bai todn nho vé gidi han ctia ham s6

. e* -1 . e'=1-x . le*-1 1 , .
I|me =1, |Ime—2=|lm—e =—  (quy tac L’Hospital)
>j—>0 X x—0 X now? X 2 ,
Ap dung dinh 1y Stolz, trong bai todn tim gidi han ctua day so nay
: on . (n+l)-n_
pmnd, =M= T 1
un un+1 un un+1 un
=—lim — —lim— ——limS—— 1 =2
n—moi_ 1 n—>ooe” —_ _un n—oo un Ilmen un
u, e —1 un(e”n 1) N—>o0 u;
u, €(1,2)
1.37. Cho day s6 (u,) xéc dinh boi : 2

u .
un+1:1+un—?” ,N>2

Chtng minh riang day s (Un) CO gidi han hitu han va tim limu,_ .

Chtng minh bang quy nap ta duoc : u,e (1, 2) ,VneN",

Taco:
2
un+1 = 3_(un _1)
2
1 2 2l 1
um_ﬁ\zz\(s_(xn_l) )-(3-(v2-2)) \ZEUH_ﬁHﬁ_(z_Un).
Vi 0<2-u, <2 nén un+1—\/§‘<iun—\/§‘.
V2
1 1\
Suyra: 0< u”_ﬁ‘<ﬁu”‘l_\/§‘<"'<(ﬁj ul—\/E‘—>0 (n— ).
Vay Iimun:\/z.
1.38. Cho hai ddy sb (u,) va (V,) xéc dinh béi:
Uy, Vle(O,l)
Uy =U; (1-u,—Vv,)+u, ,n>1

n>1

Chutng minh ring hai ddy s6 ndy hoi tu va tim gidi han cta chung.

Vo =V (1-u, —v,)+v

n !
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Giai

Ta co:

Up.y + Vi = (U + V) (1= (U, +V,)) + (U, +V,).
bat w, =u, +Vv,, tacé: w,, =w,(1-w,)+w,.

Chung minh quy nap ta dugc : w, =1— (l— Wl)n :

Ta ciing thu dugc : U, :i(l—(l—wl)n) LV, :i(l—(l—wl)n).

W, W,

. o u : V.
Vi 0<[l-w,|<1nén limu,=—2— ; limv,=—2—.
now U Y, e U+,

1.39. Cho ddy s6 (u,), (V,) duoc xéc dinh nhu sau :

n n 1
n(1+n)+m+nl(1+2nn ) ; Vn:(iljnzm
+n n+

u, =1+

Hay tim limv, .

N—+oo

®

14i

N . n"(1+ n") )
D¢ chirng minh 131—z|<32 vneN, k=1,2,...,n.
+n
Tur cong thire xéc dinh day s (u,) tasuy ra:
n+1<u,<2n+1<2(n+1) vneN .
1 1
Dodo: 1<v, <27 <2" »1 (n— +o0).
Vay limv, =1.

N—o0

1.40. Cho déy s6 (u,) xéc dinh béi: u, = %

T 6+ |

=0

Tinh limu, .
Gidi
1 1 n!
Chung minh nap: U, = — , n>1.
& MR ARy R 2011(2011! (2011+ n)!]
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+Voi n=1, ta cé:
1 1 2012-1 1 1 1

u, = —

1(1+1)(1+2)...(1+ 2011) 2011° 2012!  2011( 2011! (2011+1)!

, ‘ (Dbing voin=1).
+ Gia su cong thuc dung dén n. Can chirng minh né dung dén n+1.
1

(n+1)(n+2)...(n+2012)

Taco:u ,=uU +

1 (1 n! 1
B 2011(2011! - (2011+ n)!]+ (n+1)(n+2)..(n+2012)

_ 1 B n! N n!

2011.2011! 2011(2011+ n)! (n + 2012!)
_ 1 - (n+1)! 1 1 (n+1)!
~2011.2011! 2011(2011+n+1)!_2011 2011! (2011+n+1)! '
Vay limu L

oty 2011 20111

1.41. Cho ddy s6 (u,) xéac dinh nhu sau: u, :\/IS+,/£3+...+J£3 ,neN’
n n n

Hay tinh limu, .
Giai
Xét xe[k;k+1] (keN). Suy ra: Jk <Jx<Jk+1 vx e[k;k +1]

k+1

L4y tich phan: Jk < J Jxdx <~k +1.
k

j j+l
Suy ra: _[\/;dx<\/]< _[ﬁdx j=1,2,...n.

n+1

Vi thé: Z_[\/_dx<z\/7<z_[\/_dx <:>J\fdx<2f _[\/—dx

:1 J
n n+1

J%jfdmfzpfjfdx

0

n \/F N—+00

3
Hay§<un<%[ (1+ij 1 ]—)% (n— +00). Vay limu, ==
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1.42. Cho ddy s6 (u,) xé&c dinh nhu sau:
u, e R

b
u.,=u, + 2011_“x —u,[dx,neN’

Chung minh rang: limu, = +o.
n—o0

Giai

2012

b
Taco: U, —U = 2011_”x —u,|" dx>=0=>(u,) la day so ting.

Gia st n6 bi chan trén. Khi do6 n6 hoi tu. Bat a=Ilimu,

N—>00

2012
d

b b
Chuyén qua giéi han ta duge : L =L+ 2011[]x— L[ dx < [x- L[ *dx =0,
mau thuan.
Vay limu, =+

N—oo

DAY SO VA SO HQC
u =1
1.43. Cho day sé6 (u, ) Xac dinh boi : .
yso () ' un+1:(1+§jun+2—§,n21
n n
Chutng minh ring tit ca cac s6 hang cua day sé déu 1a s6 nguyén.
1-1).1.(1+4
otz D100
2-1).2.(2+4
o1 02018

(n=1)n(n+4)

Dy doan: u, =1+ vneN'.

Chutng minh quy nap dé kiém tra tinh dung dan ctia cOng thirc ndy. Phan nay
don gian danh cho ban doc tu giai quyét.

D& thay : (n—1)n(n+4)=(n-1)n(n+1)+3n(n-1)6.

Vay tat ca cac s6 hang ciia diy déu 1a s6 nguyén.
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Up=U, =u,=1
1.44. Cho day s6 (u,) xéc dinh nhu sau : ; t(u
e

n+3

u

n+1 n

Chutng minh ring tat ca cac s6 hang cua ddy déu nguyén.

Tu cong thicc tréntasuy ra: u,,, = Uniothh , M0
un un
Taco:
U, :E }: 2
1 1
4 :E 1-:3
1 1
32,2,
1 1
U =223, 32 4341353
2 2
u, = 5'3:')’4'2 + 4'2'2 =542+42=6.4.2
o= 64253 5432 . o o o
4.2 4.2

e eent (3101 Shen(n-2)n—4)
- _ Uyl +0! n+1)(n-1)(n+3)..n(n-2)(n—-4)...+n!
Do o= tha ==, (n-1)(n-3)(n5)..
(n+1).nkn! B (n+2).n!

(-D(n-3)(n-5) (-D)n-3)(n-5).. =24

Vay tat ca cac sd hang ctia ddy déu nguyén.
4n++/4n° -1

van+1+42n-1"
Chirg minh rang : u, +U, +...+U,, 12 mdt s6 nguyén.

Giai

Dit v, =v/2n-1,suyra: v’ +Vv:=4n.

n>1.

n

1.45. Cho ddy s6 (u,) xéac dinh béi : u

n =
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Taco:

3 3

Vn+1+v +Vi.aV, (Vn+1 v )(Vn+1+v +ViaVa )_ Vg —V, _i(vs —VS)

n - 2 n+1 nj-
VotV (Vour =V ) (Vs + V) v ’

n+1 n+1

Nhu vay U, +U, +...+U,, :%(vé3 —vf)+%(v33 —v§)+...+%(v41 —v40)

:%(vfl—vf):%(\/S?—l):364.
Vay U, +U, +...+ U, la mot s6 nguyén.

1.46. Cho déy s0 v han (u, )xac dinh nhu sau : u, =3(n*+n)+7 , neN".
Ching minh rang khong c6 phan tir ndo cua day 1a lap phuong ctia mot s6
nguyén.

Giastrtontaindé u =a*,aeN".

Taco: 3(n’+n)+7=a’. (*)

Vi 3(n”+n)=3n(n+1) la mot s chin nén a° 1as6 I¢, suy ra a 12 50 1¢, nghia
laa=2k +1véi keN .

Thay a =2k + 1 vao (*) ta thu dugc : 3(n* +n+2)=8k" +12k* +6k. (**)

Vi 3(n* +n+2):3nén 8k® +12k* + 6k :3

Ma 12k* +6k:3=8k*:3=k*:3=k:3.Suyra: k=3l ,1eN. Thay vao (**) ta
duge : 3(n*+n+2)=827I°+12.91° + 6.3

hay n? +n+2=6(121°+61° +1) (***)

RO rang vé phai ctia (***) chia hét cho 6. Ta kiém tra va thiy rang vé phai
khdng chia hét cho 3. Diéu nay vo ly. Vay khong c6 phan tir nao cua day so 1a
lap phuong ctia mot sO nguyén.

~ X " , . .. Ul = 4 y U2 - 22
1.47. Cho day so nguyén (u,) xac dinh boi : :
u=6u_ -u_, ,nx2
, . N X ., ~ z . y2 +7
Chirng minh rang ton tai cac day so (x,), (y,) saocho:u ==>"— n>1.
Xn - yn
Gii
bit xn=u”+u”*1 ,yn=u” RNV X =3,y =
2 2
. L X,=3X,,+4y, ,
Khi do ta c6 cac hé thuc :
y X -1 +3yn—1
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Theo cachdattaco: u =X +VY, .

2

Yot 7
\ /4 R y
Ching minh bang quy nap, ta thay dleu nay luén dung.
Vay bai toan dd dugc chirng minh. )
C- BAI TAP bE NGHI
1.48. Cho day sé6 (u, ) x4c dinh nhu sau:

Vy ta chi can ching minh : Xn+yn— S XE=2y+7,n>1.

u= |2
' 2
u,., =24u0° —12+/6u? +15u —/6 ,n>1
Hay tim u,,,?
1.49. Cho hai day sé (u, ), (v,) x4c dinh nhu sau:
T I VT
o1 2! n! " nl
Chung minh Lllgu —LLrQV eR\Q.
u, =2011
1.50. Cho ddy s6 (u,) xac dinh boi: L |y _L]-Héytinh limu,?
n+l = [P 2n

2011

1.51. Cho ddy s6 (u,)”, céc sb nguyén duong thoa : Z \/7 =2+/2011.

Chutng minh rang day sé nay cd it nhat hai sé hang bang nhau.
vm,neN",

m+n

1.52. Cho ddy s6 (u,) thoa médn diéu kién: |u

m+n
Chimng minh ring day (u,) 1a mot cap so cong.

1.53. Cho ddy sé (u,) théa mén diéu kién: L vnmeN  n<m

Chirng minh day (u,) bi chan.

1.54 Chodéys”' (u) 1c dinh boi u, =+2011
e o (U, ) xac dinh bot: _
1 =+2011+u_

Tim limu_?

n—oo
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u, =3

u., = \/9u§ +11u_+3 |

1.55. Cho day sé6 (u, ) x4c dinh nhu sau: {

< 2 s A , - u LA
TimmeR dé day so (v,) véi v, =—= la hoi tu.

n

m
— 1
1.56. Tim lim >’ :
T g cosz(zgkllj
1.57. Cho day sé6 (u,) x4c dinh nhu sau:
u =1
2+2c0s@)u_ +cos’ :
n+l = ( q)) . q) ' n 21
(2—2c0s2¢)u, +2—cos2p
Xét day sé (v, ) xac dinh bai: v, = n>1.
yso(v.) ' " ; 2u, +1
Tim céc gié tri cua @ sao cho day sé (v,) €6 gioi han hitu han va tim limv,_?
u, =2011
1.58. Cho ddy sb (u, ) xac dinh nhu sau: ., 201lcos’ g
Up.y = U, SIN" ¢+ ——
6 day O< o <% la goc cho trude. Hay tim limu, .
yoy 2
1 1 2
1.59. Cho ddy s6 (u,), (V,) xac dinh nhu sau: Ju,,, = 2u”
4v. -1
V.., = Yy
n+l 1—4U§+1
Véi n>1, hdy tim cac gioi han limu, ; limv,.
u=3,v,=2
1.60. Cho hai déy sb (u, ), (Vv,) xac dinh nhu sau: qu,,, =Uu2 + 22
Vn+1 = 2unVn

Vi n>1. Hay tinh cac gigi han sau: lim%/v. ; lim%/uu,..u. .

nN—o0 n—
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1.61. Cho phuong trinh: X" —nx +1=0. Chirng minh rang phuong trinh c6 hai
nghiém u,, v, sao cho O<u, <1<v,. Timcac giéi han limu_ , limv,.

nN—o nN—oo

Ulzg

1.61. Cho dy s6 (u,) xé&c dinh nhu sau: !

— n

i (4n+2)u, +1

Hay tinh tong S =U, + U, + ...+ Uyy,,.
1.62. Cho ddy s6 (u,)=R". Gia sir véi mdi a > 0 cho trudc, ton tai ¢ sao cho

a
n+1

u +i<C vn2>1.
u

n
a

a) Chimg minh rang néu ¢ :(a +1)a_ﬁ thi day (Un) hoi ty. Tim limu, .

N—oo

b) Khang dinh trén con diing khong khi ¢ > (a+1)a 1.
u=2u,=8

1.63. Cho ddy s6 (u,) xéc dinh béi: {

u,,=4u,-u. ,,vn=2

n-1"?

n
bit v, = arccotu; . Tim limv, .

k=1 N—oo

1.64. Cho day s6 (u,), (v,) théamin v, >0VneN ; [:—”] tang.

DU
va day s6 (w,) xac dinh boi: w, =£2—  vneN.
2 Vi
=0
Ching minh rang day s6 (w, ) la déy ting.
1.65. Chirng minh rang hai ddy sb (u,) , (v,) xéc dinh boi:

o1 1 . o\ Z
u, = y V,=U,+——— ,n21, aeQ, (hay R,) co dinh
n ;kak! n n na+1.n| Q ( y )

|2 hai ddy ké nhau.
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CHUONG 2 GIOI HAN VA TINH LIEN TUC
CUA HAM SO

A. TOM TAT LY THUYET

l. GIG1 HAN HAM SO.
1. Cac loai ham so dic biét
Hamso f:E >R, J#E cR dugc dinh nghia la:
a) Ham sb ting néu Va, beE , a< b, f(a)<f(b)
b) Ham sé tang thyc su néu Va, beE ,a< b, f(a)<f(b)
c) Ham sb gidm néu Va, beE , a< b, f(a)>f(b)
d) Ham sb giam thuc sunéu Va, beE ,a< b, f(a)>f(b)
e) Ham Sé don diéu néu ham nay tdng hodc giam
f) Ham s6 don diéu thuc sy néu ham nay tang thuc su hodc giam thuc
su
9) Bichannéu IM >0 {f(x)|<M, vxeE,
h) Bi chin trén néu Ja eR:f(X)Sa vx ek,
i) Bichindudinéu 3BeR: f(x)>pB VxeE,
j) Ham chin néu f(-x)=f(-x) ¥xeE ( E la mién xéc dinh déi
Xtrng)
k) Ham Ié néu f(—x)=—f(x) ¥xeE (E la mién x4c dinh doi ximg)
) Ham tudn hoan néu 3T >0:XxeE=>x+TeE va f(x+T)=f(x)
m) Ham 16i < v(a,b) e E? , VA €[0,1] ta co:
f(Aa+(1-1)b)<Af(a)+(1-2)f(b).
n) Ham 18m< —f 1a ham 16i.
2. Giéi han ham sb
2.1. Dinh nghia ?
Cho tap con Ec R, f:E—>Rva X, duoc goi la diém tu cua tip E.
L eR duoc goi 1a gidi han ctia ham sb f(X) tai diém X, néu:
Ve>0,35>0, VxeE: 0< \x—x0\<5:>‘f(x)—L‘<g.
Ky hiéu: !Lrpf(x): L hodc f(x)—>L (Xx—>X,).

Néu ham s6 c6 gidi han tai diém x, thi gioi han d6 1a duy nhat.
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Néu a(x) 1a ham sé xac dinh trén E va lima(x)=0 thi a(x) goi 1a dai
lugng vo cung bé (VCB) khi x — X, .
2.2. Giéi han mét phia
a) LeR duoc goi la giéi han bén trdi cua f(X) tai X,, ky hi¢u

lim f(x) =L néu: Ve >0, 35>0, VXeE:0<x0—x<5:>‘f(x)—L‘<g .

b) LeR dugc goi la giéi han bén phai cua f(X) tai x,, Ky hi¢u
lim f(x) =L néu: Ve >0, 35>0, VXEEZ0<X—X0<5:>‘f(X)—L‘<8.

X—>Xg

2.3. M@t so tinh chit
Gia su ton tai cac gi6i han limf(x)=L, limg(x)=K
Khi do:
a) lim[ f(x)+£g(x)|=L+K

X—>Xg

b) lim[ f(x)g(x)]|=LK

X—>Xg

c) Iimmzﬁ (K=0)

"(x)
d) f(x)<g(x) (trong lan can cua x,)= L <K
e) lim|f (x)[=|L].

+ Luu Y rang trong qua trinh giai bai tip toan, ta thuong xuyén st dung
Mot sO gid1 han quen thudc dudi day:
. sinx . tanx
a) lim =lim =
x—0 X x—0 X

b) lim(L+x)< =e

x—0
o) lim In(1+x)
x—0 X

1

=1

X

d) lim&—
x—0 X

2.4. Dinh ly Kep
Gia sir limg(x)=Ilimh(x)=M va g(x)<f(x)<h(x) V xeE.

X—>Xg X—>00

Khi @o: limf(x)=M.

2.5. Mt 6 mé rong
2.5.1. Giod1 han +oo hay —o.

=Ina (0<a=#l).
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a) limf(x)=+0 < Va>0,35 >0,VyxeE:0<|x—X,|<s=f(X)>a.

X—>Xg

b) limf(x)=-0 < Va>0,35 >0,VxeE: 0<[x—X,|<d=>f(Xx)<-a.

2.5.2. Goié’i han tai diém +o0 hay —oo
a) limf(x)=L< Ve >0, 3a >0, VX e E: x> a = |f(x)-L|<s.

X—>+00

b) limf(x)=L < Ve>0,3a >0, VxeE:x< —a = f(x)-L|<e.

Sl;y luan tuong tu, ta co thé dinh nghia cic gidi han sau:
limf(x)=+400, limf(x)=—o0, limf(x)=+0, limf(x)=—owo.

3. Vo6 cung bé-vo cung lon
3.1. Dinh nghia
Cho dai lugng a(X) xac dinh trén khoang mé (a;b) , X, € [a;b].
Khi d6: a(x) dugc goi 1a vO cling bé (VCB) trén (a,b) khi x —>x, néu
lima (x)=0; a(x) duge goi la vo cing lén (VCL) trén (a,b) khi x — X, néu

lim
3.2. Tinh Qhét cuia cac phép toan
a) Tong cua hai VCB 1a mét VCB,;
b) Tich cua mdt vo cung bé va mot dai lugng bi chan 1a mot VCB
C) Tiph hai vd VCL la mot VCL
d) Tong cua mot VCL va mot dai lugng bi chan la mét VCL
&) a(x) 1a VCL thi —— 13 VCB
a(x)
f) limf(x)=L<f(x)=L+a(x), a(x) la VCB khi x — X,.

3.3. Phan loai VCB
Néu a(x) 1a VCB va a(x) =0 thi

a(X)‘=+oo.

14 VCL, do d6 ta chi can phan

1
a(x)
loai VCB.
Cho a(x) va B(x) la hai VCB khi x — X,, a(x) la VCB cap cao hon

B(x). k¥ hicu & (x) =0(B(x)) néu lim %) —o.

(0

Hai VCB a(x) va B(x) dugc goi 1a cling cép néu Iimﬂz L=0

(0
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a(x) va B(x) goi la twong duong, ky hieu o(x)~ B(x) néu

—=1
X=X, ﬁ(X)
4. Ham lién tuc
4.1. Dinh nghia
Ham sb f(X) xac dinh trong tdp E c R duoc goi 1a lién tyc tai diém X,

jim &%)

néu Ve >0,38 >0, VX e E; \x—x0\<5:>‘f(x)—f(xo)‘<g.
Néu X, 1a diém tu cta tap E < R thi f(x) lién tuc tai diém x, néu:

limf (x)=f(x,).
Néu f(X) lien tuc tai moi diém x € E thi f(X) duogc goi 1a lién tuc trén

E.
4.2. Lién tuc mgt bén
a) Ham sb f(X) dugc goi 1a lién tuc bén trai tai x =X, € E

néu lim f(x)="F(x,).
b) Ham s6 f(x) dugc goi 1a lién tuc bén phai tai x=x,€E

néuxlirxr}f(x):f(xo).
(%)= limf (x)=f (x,)

c) Ham s6 f(x) lién tuc tai diémx =X, € E < limf
4.3. Ham s6 gian doan
Ham so f(X) dugc goi la gian doan tai diém X, néu n6 khong lién tuc tai

diemdo. ,
Ham so f(x) dugc goi 1a gian doan khir dugc tai X, néu nd gian doan tai
X, VA ton tai limf (x). Ciing luu ¥ rang trong mot s6 tinh hudng nao d6, c6 the
xem ham gian dooan khtr dugc tai X, 1a ham lién tuc tai X, .
Diém X, € E dugc goi la diém gian doan loai mot cua f(X) néu:
+ f(X) gian doan tai X,
+ Ton tai cac gidi han limf (x), limf (x).
Néu f(X) gian doan tai X, nhung khong gian doan loai mot tai diém do
thi ta noi f(X) gian doan loai hai tai X, ; con X, la diém gian doan loai hai.

4.4, Tinh lién tuc ddi véi cac phép toan
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Néu f(x),g(x) 12 nhiing ham lién tuc tai diem x =X, thi cac ham
f(x)xg(x); f(x)g(x) ; f(x) voi - g(x)=0 ;  Af(x) véi  AeR

min{f(x),g(x)} , max{f(x),g(x)} ciing 1a nhirng ham s6 lién tuc tai X, .
4.5. Sy lién tuc ctiia ham hep

Cho f:(a,b)—>(c,d) 1a ham s6 lién tuc tai diem X, e(a;b),
g:(e,f) >R la ham lién tyc tai diém t, =f(x,)e(c,d) véi (c,d)=(e,f). Khi
do ham hop g.f :(a,b) >R xac dinh bsi g,f (x)=g(f(x)) ciing lién tuc tai X,
* Luuy rafmg: Moi ham s so cap déu lién tuc trén tap xac dinh cua no.
4.5. Bo dée Bolzano-Weierstrass.

Moi ddy (x,)c[a;b] déu co mot ddy con (xnk) hoi tu dén mot diém
trong [a;b].
4.6. Dinh ly Weierstrass

Néu ham s y =f(x) lién tuc trén [a;b] thi d6 dat gid tri 16n nhét, gia tri
nhé nhat trén [a;b]. Nghia 1a ton tai c, de[a;b] sao cho f(c)<f(x)<f(d)
voimoi X €[a;b].
4.7. Dinh ly gia tri trung gian

Néu ham sb f lién tuc trén doan [a; b] va f(a)f (b) <0 thi tdn tai ¢ thudc
(a, b)saocho f(c)=0.
4.8. Pinh ly Bolzano — Cauchy

Néu ham sb y:f(X) lién tuc trén doan [a;b], f(a): u, f(b):v thi
Moi W nam gitta u va v déu ton tai c(a,b) sao cho f(c)=w.
4.9. Pinh ly (lién tuc va anh xa ngworc).

Cho E 1a mot khoang cua IR, f :E — R 13 mot anh xa, ta ky hiéu

fiE— f(E)
x> f(x).
Néu f 1ién tuc va don diéu thuc sy thi :
a) f (E) la mot khoang b) f la mot song anh

¢) T dondiéu thyc sycungvoi T d) T liéntyc trén f (E)
4.10. Lién tuc déu

Ham sd y:f(X) xac dinh trén tap E goi 1a lién tuc déu trén E néu
Ve>0,38 >0, Vu,veE: \u—v\<5:>‘f(u)—f(v)‘<g.
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4.11. Pinh ly Cantor
Néu ham s6 f1ién tuc trén [a;b] thi no lién tuc déu trén [a;b].
4.12. Anh xa Lipchitz
4.12.1. Pinh nghia
Choanhxa f:E—>R.
a) Véi k la so thuc duong. Ta néi f 1a &nh xa k — Lipschitz khi va chi khi
V&imoi U ,veE, ‘f(u)—f(v)‘ <klu-v|.
b) Tandi f 1a &nh xa Lipschitz khi va chi khi ton tai k e R* sao cho f 1a 4nh
xa k —Lipschitz.
c) Mot anh xa f:E — E a mot anh xa co khi va chi khi ton tai k €[0;1) sao
cho f la &nh xa k — Lipschitz.
4.12.2. Ménh dé: Néu f :E — R 13 &nh xa Lipschitz thi f lién tuc déu.

B. CAC DANG BAI TAP

BAI TAP VE GIOI HAN HAM SO

2.1.Tinh gi6i han cua ham s6 Iirrolx [1+2+3+ +L1‘D
X— X

Taot {12430 Hlle

Tur dinh nghia cuia ham phan nguyén ta suy ra néu 0 < |x| <1 thi

1_‘ ‘ [1+2+3+ +{1D<1+‘X‘.
2 K 2

Vi I|m ‘X‘—Ilm“‘X- 1
x>0 2 x>0 2

Iimx2[1+2+3+...+ D l
Xx—0 ‘X‘ 2

n ap dung dinh ly Kep ta suy ra:
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2.2.Gia st f :R— R 1a ham don di¢u sao cho lim ff((ZXX)) =1. Chung minh
rang Iim@:l vk>0.
f(2" f(2"x) f(2"*
in T2 g X F(2%) 127 1209 )
oo f(X) oo f(X) wa(zn-lx) f(2”‘2x) f(x)

Gia sir f(x) ting va k >1. Ta thay ton tai ne N sao cho 2" <k < 2™,

Theo tinh don diéu cta f, ta co: f (2”X) < f(kx)< f (2””X). Tur day suy ra
f (kx

|imgzl vk >1.

T

Cling suy luan nhu trén, trong truong hop 0<k <1, ta co:
 f(kx) . f(u
Ilm—( ):Ilm—( ) =1.

Vay |imM=1 vk>0.

2.3. Chitrng minh rang néu lim f (X(E[ED):O thi lim f (X):O.

x—0 X X x—0
Ta co:
Iimf(x(l—FD]:O:V5>0,EI5>0:0<\X\<5:> f[x[i—FD)«e
x—>0 X | X X | X
N o 1 . 1 . 1-t .
Bay gio lay ne N du lon sao cho —< 9. Véi O0<t<—— , dat x=—— thi
n n+1 n
- 1
1 _ n+1<1_t:x<£.V‘|thén<£<n+1hay[l}:n.
n+1 n n n X X

soyr - {2 r-Eotae
(22
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Luu Y rang trong trudng hop t <0, ching ta cling ching minh tuong tu.
Vay lim f (x)=0.

x—0

2.4. Cho biét Iirrol f (X):l : Iirrolg(x):oo. Ching minh rang néu

limg (x)( f(x)—1)=2011 thi lim f (x)g(x) = ?,

xo50 x50
Gidi
In( f (x)—1+1)
) X ) O f(x . O g(x)(f(x)-1)
Ta co: lim f (x)g( ) = I|rr01eg( JIntx) lime Fl-2 — g?ou

2.5. Ching minh rang néu f bi chin trén [0,1] thoa man f (ax) = bf (X) Vo1

xE[o,ﬂ “a,b>1thi lim f (x)= f(0).

x—0"
Ham s fbi chan trén [0,1] nén ton tai M >0 sao cho: ‘f(x)‘s M .
Tur gia thiét bai todn, chung minh quy nap ta duogc:

f(a”x):b”f(x) VXE[O,%} neN.

Vivay | f ()| <

|z

,XG[O,%} ,neN (1)
a
bf (x) =f(0)=0. Két hop véi (1) ta suy ra diéu phai chimg

Hon ntta f (ax)
minh.

2.6. Gia suham f :(-a;a)\{0} — (0;+o) thoa mén |Xi£9(f(x)+ fl ]:2.

Chimg minh rang lim f (x)=1.

x—0

Véi f(x)>0, ap dung bat ding thirc Cauchy ta duge: f(X)+

x—0

Iim(f(x)+ 1 ]:2:v5>0,35>0 sao cho 0< f(x)+

F(x)

0<|x[<§.

Tacé: 0< f(x)+ fl
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@os(f(x)—l)(l— f(lx)]“ 2).

Binh phuong hai vé cua (1), ta dugc:

(f(x)1)2+(f(lx) ]Z+2(f(x)1)£f(lx)1]<gz
& (F(x)-1) +( f (1X) - } ~2(f (x)l)[l f (lx)} <&’ (3)

Thay (2) vao (3) ta suy ra: ( f (x) —1)2 +(

f(lx)_ ] <&’ +2¢.
:>(f(X)—1)2<82+28:>|Xi_[;gf(X)Zl.
2.7. Hay chi ra mot vi du chung to ring: Ixirg(f( )+ f(2 )) 0 (*) khéng suy

ra dugc fco gidi han tai 0. Tdp (a—¢;a+¢)\{a}, ¢ diy ¢ >0 duoc goi la 1an
cdn khuyét ciia diém a < R . Chirng minh rang néu ton tai ham ¢ sao cho bat
dang thirc f (X)>¢(X) dwoc thod man trong 1an can khuyét cua 0 va
limp(x)=0 thi tir (*) suy ra dugc: lim f (x)=0.

x—0

Giai

Vidu

(-1)" néu x =in ,n=0,123,..
2

Xét f:R— R xac dinh boi f(x):{o

néu nguoc lai

p(x)< F(x)=(F(x)+f(2x ) )<(f( 2x)) - 0(2x)
Vi IXLrQQ(x):IXim(f(x) ) nén leg)lf x)=0.

2.8.
a) Cho vi dy vé ham f thoa mén diéu kién lim( f (x) f (2x))=0 nhung

x—0

lim f (x) khdng ton tai.

x—0
b) Tap (—8 : 8) \ {0} ¢ dday € >0 dwoc Qoi 13 1an cdn khuyét cia diém
0.Chang minh rang néu trong mét 1an can khuyét ctia 0, cac bat dang thic
o o B
f(x)2[x==2 va f(x)f(2x)=|x duoc thod mén thi lim f (x)=0.
Giai
néu x = zi ,n=0,123,..
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a) Xét f:R—R xéc dinh boi f(x)= {gl)

néu nguoc lai

b) \x\% < f(x)< b < ‘XZ‘OH .Suy ra lim f (x)=0.
f(2x) |22 "
.y o f(ax) a2 ,
2.9. Cho trudc so thuc «, gia su IXLrQT =0 (a) V&1 moi sO duong a. Chirng
minh rang ton tai ¢ sao cho g(a)=ca“.

Giai

Ta co: %?): IXL@;E—?: [Lrg%.}): g(1)=g(a)=g(1)a” . Chon c=g(1)
ta dugc g(a)=ca”.

2.10. Gia sur f :(—a;a)\{O} — R . Ching minh ring:

'X‘LE‘f(X): L< Ixiggf(sinx): L.

(=) Giast limf(x)=L.

Khi d6 Ve >0, 356(0;%]:‘f(y)—L‘<3 néu O<ly|]<s (¥

Dé y ring: Néu 0<[x|< & thi 0<|y|=[sinX|<|x| <5 . Vithé theo (*) ta suy ra
[f(sinx)-L|<e. Vay limf (sinx)=L.

(<) Giasir limf (sinx)=L.
Khi d6 Ve >0, 35e(0;%) sa0 cho [f (sinx)—L| <& néu 0<[x|<5 (**)

Néu 0<|y|<sing thi 0<|x|=|arcsinX| < 5. Theo (**) ta nhan dugc
f(y)-L|=|f(sinx)-L|<e.Suyra limf(x)=L.

BAI TAP XOAY QUANH TINH LIEN TUC CUA HAM SO

2.11. Khao sat tinh 1ién tuc cua cac ham sb sau
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a) f x):lim§/2011n —2+(x” +in] (x#0)

n—oo X

b)g(x) =lim ZQ/(COS 2011x)™" +(sin2011x)”
14i

o

2
a) Ta co: §/2011” — 2+(x” +inj :§/2011n + X2 +%
X X

Vithé: f(x)= max{ZOll, X7, iz} Ham sb nay lién tuc trén R\ {0}.
X
b) Ta c6: g(x)=max{|cos2011x] , [sin2011x|} . Ham s6 nay lién tyc trén R.

2.12. Cho ham s6 f(x)=[x] +(x —[x])[x] X e Eﬁoo].

Ching minh rang f lién tuc trén [%;+Ooj'

1 khi X€|:—;1j

Taco: f(x)= 2 (neN)
n+(x-n)" khi xe[n;n+1)

Ham s6 f(x) lién tuc tai moi X = n.Hon nira limf(x)=lim=f(n)=n .

Vay flién tyc trén [%;+Ooj'

2.13. Cho f 1a mot ham lién tuc trén R thoa man: ™ (x) =f.f,....f (x)=x voi
2011
moi X e R
Ching minh rang: f(x)=x véimoi xeR.
Giai
Ta ching minh fla don 4nh
That vay!
VX, X, €R taco:
f(x,)=F(x,)=>F(x,)=F*(x,)= .= F"(x,)=F"(x,) =>x, =X,

Hon ntra f'lién tuc nén f don di¢u ngat trén R.
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Néu f giam ngat trén R thi f° ting ngat trén R. Suy ra f° giam thyc
sy trén R. Tiép tuc nhu vay ta sé& thu duge ' gidm ngit trén R . Diéu nay
dan dén mau thuan voi gia thiet £ (x) =ff...f(x)=x.

2011

Gia st f tang thyc trén R. Ta s& ching minh phan ching dé giai quyét

két luan cua bai todn. Gia sir Ix, e R:f(X,) = X,.
Khong gidm tinh tong quét gia str 3x, : f(X,)> X, thi
£2(X,)>F(%,)> %, = F°(%,)>F(X,)> X, = .. = (%, ) >F(X,)> X, . Diéu
nay mau thuan. Vay f(x)=x VxeR.
2.14. Tim gi4 tri cta k sao cho ton tai ham lién tuc f : R — R thoa mén:
f(f(x))=k vxeR.
Giai
- Trudng hop: k=0 thi ham f (x) =0 VxeR thoa man yéu cau bai toan.
- Truong hop: k=0

+f lién tuc.

+ f la mot don anh. That vay! VX,yeR ,

fF(x)=f(y)=f(f(x)=F(f(y)=k=ky’=>x =y =x=y.
Vi f lién tuc va la don 4nh nén f don diéu thuc su
oNéu f tang thuc sy.

Khido: x<y= f(x)< f(y)=f(f(x))<f(f(y))=f(f(x))
tang thuc sy.
e Néu f giam thuc su

x<y=f(x)>f(y)=f(f(x))<f(f(y))= f(f(x)) gidm thyc sy.

Vay f(f(x)) la ham ting thyc, vi thé y = kx® ciing 1a ham ting thyc sy. Do
do k>0.

Nguoc lai v6i k > 0, ta luén tim duge ham f (x) = Ykx® vx eR.
2.15. Ton tai hay khong ham lién tuc f :(0;+oo) - (0;+oo) thoa man cac diéu
Kién:
(i) f(2011)< f(2012) (i) f(f(x))
+ Trudc hét ta chirmg minh f1a don anh.

2010
—.
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VX, X, e R, ta co:
f(x)="f(x)=f(f(x))=f(f(x,))=

2010 2010
= =
X X,

X =X,.

+ f lién tuc va don anh suy ra f don diéu. Két hop véi diéu kién (i) suy ra f dong

2010
X

bién trén R*. Khido f( f(x))

viy= 2010 14 ham nghich bién.
X

Vay khong ton tai ham f thoa man yéu cau bai toan.
2.16. Gia sir ham s6 f1ién tuc trén [0;+00), f (Xx)=0 ¥x>0 va

- f N \

lim (x) _ 2011 . Chimg minh rang ton tai ¢>0 sao cho f(c)=c.
ok X 2012
Giai

+ Néu f(0)=0 thi két luan trén hoan toan dung.
+Néu f(0)>0

bat g(x)=f(x)—x
Vi f lién tuc trén [0;+00) nén g ciing lién tuc trén [0;+o0).
Tacé: g(0)=f(0)-0=f(0)>0 V¥x=0.
lim f(x)_2011
xowe X 2012
Khi d6: g(b)=f(b)-b<0.
9(0)g(b)<0=3ce[0;b]=[0;+):g(c)=0<3Ic=0:f(c)=c.
2.17. Cho f lién tuc trén [0; 2012] . Chirng minh rang ton tai cac s6
f (2012)- f(0)

<1:>E|b>0:%b)<l<:>5|b>0: f(b)<b.

X, X, €[0;2012], x, —x, =1006 thoa man: f(x,)— f(x )=

2
Giai
xét ham sé: F (x)= 071000 =1 (0) _ 1(2012)=1(0) ', _ro1006].
1006 2012
F lién tyc trén [0;1006]. Ta co:
- (0)= 2(1006) 1 (2012) -1 (0)
2012

21 (1006) - f (2012)— f (0)

2012

F (1006) = —
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F(0)F(1006) < 0= 3x, €[0;1006]: F(x,)=0.
f (2012)- £ (0)
) .
Pit X, = X, +1006 , X, = X, ta c6 diéu phai chirng minh.
2.18. Tim tat ca cac ham s lién tuc f ;R — R thoa man
FOx)+F(%)+t T (%)= T (V) + F(Y,)+ot T (Vo)
V&i moi b s6 thod mAN: X + X, +...+ Xy, = YV, + Y, + oot Yy, = 0.
Giai
bat f(0)=b, g(x)=f(x)-b. Dodé: g(0)=f(0)-b=0
Va g(x)+g(%)+.+9(Xen)=9(V.)+9(Y,) + oo+ 9 (Voors)
V&i moi b s6 thod mAN © X + X, + ..o+ Xy, = Yy + Y, + et Yy, = 0.

< 3x, €[0;1006]: f (x, +1006)— f (X, )=

Trudchétcho y, =y, =..=¥,, =0, X, =X, = ... = Xo0y =0, X,00 = X, Xppy = —X
ta dugc: g(—x)=-g(x) VxeR.

Tiép theo cho

Y=Y, == Yo =0, X, =X, == Xopoe =0, Xoe = X o = ¥s Xpoy = —X— Yy 12
duoc:

g(x)+g(y)+9(-x-y)=0vxyeR<g(x+y)=0(x)+g(y) vx,yeR
bay la phuong trinh ham Cauchy, do do: g(x)=ax, a=g(1).

Vay f(x)=ax+b,a, b=const.

2.19. VoineN, goi f eC([O;n]) sao cho f(0)= f(n). Ching minh rang ton
tai X;X, trong khoang [0;n] thoa mén x, —x =1 va f(x,)=f(x).

Xét g(x)=f(x+1)-f(x),xe[0;n-1]

9(0)+g(1)+..+g(n-1)

=f(1)-f(0)+f(2)-f(1)+..+ f(n)-f(n-1)=f(n)-f(0)=0

+Néu g(k)=0 , ke{0,1,2,...,n—1}thi ta c ngay dicu phdi chirng minh.

+ Néu 3k 6{0,1,2,...,n—1}: g(k)=0. Khong mat tinh tong quat gia st
g(k)> 0 thi ltic do ludn tim duge h=k , he{0,1,2,...,n—-1} sao cho g(h)<0.
Khi d6 ton tai x, [0;n—1] sao cho g(x,)=0< f(x,+1)=f(x,).
Vay co the lay X, =X, +1, X, =X,.

2.20. Cho f:R — R 1a ham lién tuc, tuan hoan véi chu ki 4022 . Chirng minh
rang ton tai ¢ thuoc R sao cho: f(c+2011)=f(c).

Gidi
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Xét ham s6: g(x) = (x +2011)—f(x)

Vi flién tuc trén R nén R ciing lién tuc trén R.

g(x+2011)="f(x +4022)—f(x +2011) =f (x)—f(x+2011) =-g(x)

= g(x)g(x+2011) = —(g(x))2 <0 VxeR.

Lay batki ueR thi g(u)g(u+2011)<0. Do d6

x, € (u;u+2011)cR:g(x,)=0.

Nhu vay bai toan dd dugc chirng minh xong.

2.21. Cho f:R — R lién tuc sao cho ‘f (x)—f (y)\ > M‘X -y| vx,yeR.

Churng minh f 1a song anh.

+ Trudce hét ta chung f1a don anh.

vx, X, eR , F(x,)=F(x,)=0=[f(x,)-f(x,)|>V2011[x, - X,|> 0= X, =X,

+ fdon anh va lién tuc trén R nén fla ham don diéu
Gia st f'la ham don di€u tang. Khi d6
f(x)-f(0)>+2011(x-0)=+/2011x Vx>0
f(x)-f(0)<+2011(x-0)=+/2011x ¥x <0

Chuyén qua gi¢i han ta dugc: limf(x)=+o0, limf(x)=—o nghia la
Imf =f(R)=R. Suyraf 1atoan anh. Vay f 1a song anh.

V6i f1a ham don diéu giam thi cling ching minh dugc nhu thé.
2.22. Cho f, g:[0,1] - [0;+o) la cac ham s6 lién tuc thod mén:

supf(x)=supg(x).

xe[0.1] xe[0.1]

Chimg minh rang ton tai ¢ €[0,1]: (f (C))2 +2011f (c) = (g (C))2 +2011g(c).
T tinh 1ién tuc cta ham f, g ta suy ra ton tai a, be[0,1] sao cho
F(a)=g(b)=supf(x)=supg(x)=M

Xét ham s6: h(x)=f(x)-g(x)

Vi f, g la cac ham lién tyc trén [0,1] nén h ciing 1& ham lién tyc trén [0,1].
h(a)=f(a)-g(a)=M-g(a)=0

h(b)=f(b)-g(b)=f(b)-M<0

Suy ra

Ice[0,1]:f(c)=g(c) = Ice[0,1]:(f (c))2 +2011f (c)=(g (c))2 +2011g(c)
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2.23. Tim tt c4 cac ham s6 lién tyc f:R — R thoa méan: f(0)=1 va
f(2x)—f(x)=x voimoi xeR.

Giai ,

Phuong trinh ham trén dugc viét lai nhu sau:

f(x)—f(gjzg

Tu do6 ta cling suy ra:

(HRON
(GG
f(z)”(lj_f(%j:%

Cong vé theo vé tit ca cac phuong trinh ham trén ta thu duoc:
f(x)—f(inj:x(£+£+...+inj:x(l—inj.
2 2 4 2 2
Khin — oo thi f(x)-f(0)=x<f(x)=x+1.
Véi f(x)=x+1VxeR thir lai thdy dung.
Thir lai thiy dung.
2.24. Gia st f(x) 12 ham s6 1ién tuc trén R nhan gié trj khac dau. Chimg minh
ring ton tai cap so cong a, b, ¢ (a<b<c) saocho f(a)+f(b)+f(c)=0.
Giai
E lién tuc trén R va nhan gié tri khac ddu nén c6 tén tai § >0 du bé va hai
SO X, , X, sao cho:
f(x)<0 khi x=x -8, X=X, X=X+6
f(x)>0khi x=x,-8, x=X,, X=X,+6
Xét ham sé:
g(t)= f(x1—5+t(x2—x1))+ f(x1 +t(x2—xl))+ f (x1 +5+t(x2—xl))
9(0)<0,g(1)>0
Do d6 3x, €(0;1):g(x,)=0
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Hay
X, €(0;1): f(x1—5+x0(x2—x1))+ f(x1+x0(x2—x1))+ f (x1+5+x0(x2—x1)):0
Pt a=x—6+%(X% =), b=x+%(X,~X), c=x+5+x%(x,~x)
D& thiy a<b<c va b—a=c—b. Vay bai toan d4 chimg minh xong.
2.25.Cho f,g Ia hai ham sé lién tuc trén [0,1] thoa mén
vxe[0,1] ,0<f(x)<g(x).Cho (u,) la mot ddy bét ky ctia doan [0,1] Vi

% f(u,)) . T
moi neN, tadat w = (%) . Chlrng minh rang (Wn) la day so hoi tu va
g(u,
tim gidi han cuta no.

Pit h(x):% , hlién tuc trén [0;1] va h([O;l])c(O;l)

Tir tinh lién tyc cia ham f ta suy ra h([0;1])=[u;v] véi O<u<v<1

N—

«

f(x
Do d6 u < ( )SV.Vé’imoineNtasuyraduo’c

9(x)

u< F(u,) <v=u"<w, <Vv". Viu,ve(0;1) nén
g(u,)

limu" =limv"=0=limw_=0
n

n—oo n—oo n—oo

2.26. Cho f 1a ham s6 lién tuc trén R thoa man diéu kién:
lim f (x+h)—2f(x)+ f (x—h)=0 Vvx e R. Chitng minh rdng néu f1a ham ¢

h—w

thi f(x)=Cx vxeR.

Gidi

Ta co: f(x):lrl]iﬂ f(x+h)—f(x—h)] vx eR

f(x+ y):%m[f(mym)—f(x+y—h)]

:%Iim f(x+y+h)+f(x—y-h)+f(x+y-h)-f(x-y-h)]

h—o0

:%Iim[f(x+ y+h)+ f(x=y=h)+ f(x+y=h)+ f(y-(x=h))]

h—o0

= f(x)+ f(y).Suyra: f(x)=Cx,C=const VxeR.
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2.27. Cho f(x) 1a mot ham sé lién tuc trén R sao cho
f (X) = f (X + 2011) Vx € R . Ching minh ring phuong trinh
f (X)=x+ 2011 c6 nghiém thyc.
Vi f 1a ham lién tuc va tuin hoan véi chu ky T = 2011 nén f bi chan.
bat g(x)=x+2011- f(x) ,xeR.
R& rang g lién tuc trén R.
Hon nita lim g(x)=+0 ; lim g(x)=—-o0

X—>+00 X—>—00

Do d6 theo dinh 1y gia tri trung gian ctia ham lién tyc ton tai ¢ € R sao cho
g (C) =0 hay phuong trinh f (X) =X+ 2011 c6 nghiém thuec..

2.28. Cho f 1a mot ham lién tuc trén R va lim f (X)=-+o0. Gia st ton tai 2011

SO @;,8y,..., 8501, S30 ChO (&) + f(8,)+...+ f (@ )=2011.
Chirng minh rang ton tai 2011 s6 by,b,,...,b,,, sao cho b, >a, , k=1,2,...,2011
va f(b)+ f(b,)+...+ f(byy,)=2012.
bat g(x)=f(a,+x)+ f(a,+X)+...+ f (@, +Xx)—2012 ,xeR.
g 1a mot ham lién tuc trén R, g(0)=-1<0, lim g(x)=+o. Do d6 ton tai

X—>+0

c>0 saocho: g(c)=0.bat b, =a, +c,k=1.2,..,2011.

Tudaytaco: b >a, ,k=12..,2011va f(b)+ f(b,)+..+ f(by,)=2012.
2.29. Cho f, g:[0,1] > R la hai ham s6 bi chin va h:R — R la ham s6 x4c dinh
boi: VxeR , h(x)= 31[10%‘ f (t)+xg(t)|. Chimg minh ring ton tai M > 0 sao

cho : ‘h(x)—h(y)‘s M|x-y| Vx,yeR.

Giai

vx,yeR, vte[0,1] taco:
[F(t)+xg(t) |- f(t)+yg(t)]=(x=y)g(t)<M|x-y| véi M :tsﬁ)%‘g(t)‘
hay f(t)+xg(t)<f(t)+yg(t)+Mx—y| vte[0,1].

L4y supremum hai vé ta duoc :

h(x)<h(y)+M|x-y]| :‘h(x)—h(y)‘SM\x—y\ vx,yeR.

2.30. Cho f(x) lién tuc déu trén [0,+0) va thoa man lim f (x+n)=0 ¥x >0.

N—o0

Chung minh rang lim f(X):O.

X—>+0

www.MATHVN.com 57



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

Giai
Vi flién tyc déu trén [0, +0) nén
Ve>035>0 vx,ye[0]: [x-y|<s=|f(x)-f (y)‘<§

Chonra mdiém X, , k=1,2,..,m sao cho: 0=x <..<X, =1 Va |x_, —X|<&
voi k=12,....m.

Tir gia thiét bai toan suy ra: 3n, :vn>n, ‘f (X, + n)‘ <g k=12,...m.

Do d6 voi n> Ny =max{n,,n,,...,n,} thi ‘f(xk +n)‘<g k=1,2,..m.
Khi d6 Vx> N, , dat n=[x] thi x—-ne[0,1). Ton tai k €{1,2,...,m} dé

[x = (% +n)|=|(x=n)-x|<&. Suyra:

os\f(x)\g\f(x)_f(xk+n)\+\f(xk+n)\<§+§:g.

Vay lim f(x)=0.

C-MOQT SO BAI TAP PE NGHI
2.31. Tim cac gidi han sau:

a) lim (ZSin\/;—F\/;Sin%jx

x—0"

1 1) %
b) Iim(1+ xe sin—4]exz
X

x—0

1
2

1 1 _1 1 ¢
c) lim| 1+e ¥arctan— +xe *sin— | .
x—0 X X

2.32.Cho b,, b,,...,b,, e R" . Hiy chiing minh rang:

(b +bi+...+D %
lim| =2—=2 2011 :ZO%ybb o I
HO( 2011 ] e

2.33.Cho ae(0;1) va f:R — R 1a mot ham sb thoa man céc tinh chat sau:

(i) limf (x)=0 (ii) Lingf(x);f(ax)zo.
Ching minh rang: Ixirg@:O.
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2.34. Cho f:R — R la mot ham sé 1ién tuc thoa man
f(x+2h)—f(x+h)

Iiror] " =0. Ching minh rang: f 1a mot ham hang,
2.35. Gia su f lién tuc trén R, Iirpf(x):—oo , limf(x)=+w.

Cho g(x)=sup{t:f(t)<x}.

xeR
a) Chimg minh rang g lién tuc trai.
b) g co lién tuc hay khong?

2.36. Nghién ctru tai moi diém su lién tuc ctia cac ham sb sau:

a) f:R—>R
cosx , xe@Q
X1 .
{smx, X e R\Q
b) F-R">R
Lkhixzi,aeN,beN*,UCLN(a,b)zl
X—<a+b b .
0 khi R*"\Q"

2.37. Cho f lién tuc trén [a; b]. Chirng minh tdn tai Cc e [a;b] sao cho:
2011f (a) + 2012f (b) — 4023f (c) =0.
2.38. Cho f lién tuc trén [0;1] va thoa f(0)=f(1). Ching minh phuong trinh
1+2011x
2011 j
2.39. Cho f:R — R ¢6 tinh chat sau: Vi bat ky cip sd cong m, n, p, q ta co:
[f(m)—f(q)|=2011]f (n)—f(p)|.Chiing minh f(x)=0 vé&imoi xeR.
2.40. Cho f(x) 1a ham sé x4c dinh va gidi noi trén [a,b]. Chung minh ring cac
ham sb: g(x)= inf)f(t) ; h(x)=sup f (t) lien tuc trai trén [a,b].

tefa,x

sau day co nghiém: f(x)=f (

X—00

2.41. Cho f :[0,+00) —[0,+o0) la mdt ham lién tuc.

a) Ching minh rang lim f (x) =+o0 khi va chi khi lim f (f(x))=+o.

b) Diéu khing dinh trén con dung nita khong néu thay [0,+00) béi (0,+00).
2.42.Cho f:R— [0,+oo) V6i tinh chat: Ve >0 tap {X eR:f (X) > e} la hiru
han.
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a) Ching minh rang véi mdi khoang mo (a,b) =R, phuong trinh f(x)=0
lubn c6 nghiém trong (a,b).

b) Chirng minh rang flién tyc tai moi diém ¢ thoa man f (C) =0.

2.43. Cho f lién tuc trén [0,1]. Ching minh ring : IimEZ(—l)i f (Lj =0.

n—o0 n i1 n
2.44. Cho f lién tuc trén [0,1]. Ching minh ring : Iim%Z(—l)i Clf (Lj =0.
nN—o0 i—0 n
2.45. Chirg minh rang tap cac diém gian doan ctia ham don diéu f :R >R
khong qua d¢ém duoc.

2.46. Cho ham f lién tuc trén [0, n] ,neN thoa man f (0) =f (n) Churng minh

rang véimoi i€ {1,2,..,n—1} ton tai X, y, sao cho f(x )= f(y,), ¢ day

X, —Y; =i hodc X, -y, =n—i. Hoi véimoi i €{1,2,..,n-1}, c6 ton tai X;, y; sao

cho f(x)="f(y,) oday x -y, =i.

2.47.Cho f e C([O,n]) sao cho f(0)= f(n). Chung minh rang phuong trinh

f (x)=f(y) c6 it nhat n nghiém véi x—yeN.

2.48. Chimng minh rang néu f :R — R thoa tinh chét gia tri trung gian va

f‘({u}) dong VueQ thiflién tuc.

2.49. Cho f :(a,+oo) — R lien tuc va bi chan. Chimg minh ring v&i T cho
limu, =+

nN—oo

lim(f(u,+T)-f(u,))=0

nN—oo

2.50. Cho f :[0,1] — R lién tuc nhan mdi gia tri cua né hiru han lan va

trudce ton tai ddy s6 (u,) sao cho:

f(0)= f(1). Ching minh rang f nhan mot trong cc gi tri ctia nd mot s 1é
lan.

2.51. Ham f :R — R lién tuc, tang sao cho g x4c dinh boi: g(x)= f (x)—x
tudn hoan véi chu ky 1.

a) Ching minh rang néu A( f)= Iim—(o) thi ton tai ¢ €[0,1] sao cho

n—oo n
g(c)=2(f).
b) Chirng minh rang f c6 diém bat dong trén [0,1] khi va chikhi A(f)=0.
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2.52. Chitng minh rang moi song anh f :R — [0,+c0) c6 vO han diém gian
doan.

2.53. Cho f:E —E liéntuc véi E c R la tap compact. Hon nira gia st
¢ & E 50 cho moi diém gi6i han cta ddy lap (f"(c)) la diém cé dinh cua f.
Chung minh rang day ( fr (C)) hoi tu.

2.54. Tim f:R — R théa min diéu kién f(x)+ f(2011x)=0 VxeR.

2.55. Cho f la mot ham lién tuc trén R thoa man
lim f (x+n)-2f(x)+ f(x-n)=0.

n—>w
a) Ching minh rang néu f 13 ham sé chin thi f 14 ham hang.
b) Chtng minh rang f (X)=Ax+u , A, u=const.
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CHUONG 3 PAO HAM

A. TOM TAT LY THUYET
I. PAO HAM
1. Pinh nghia: Cho ham s f(X) x4c dinh trong khoang (a;b), x, 1a mot diém
thudc khoang do.
Ky hiéu Ax=x-X, , X e(a;b) 1a sb gia ctia ddi s tai diem X, .
Ay =f(x)—f(x,) lasb gia ctia ham sb tuong tmg véi s6 gia AX cla dbi

LT i L

A r s A A A A o ey ~ .
S0. Xet ti s 2y . N&u ton tai gidi han hitu han lim

AX AX—0 AX X—»Xg X — XO
gi¢i han ndy dugc goi la dao ham ciia ham s6 f(x) tai di€ém X, . Pao ham cua
df

f(X) tai X, thuong duoc ky hi¢u la: f’(XO) ,

dx (%)
2. Mot s6 lwu V.

a) f'(X,) bang hé s6 goc tiép tuyén ciia d6 thi ham s6 f(x) tai diém
(%05F(x,))-

b) f(x) c6 dao ham tai x = x, thi f(x) lién tuc tai x =X, .

c) f(x) c6 dao ham tai x, khi va chi khi kha vi tai d9, tirc 12 ton tai hing
s6 C dé sb gia Ay duoc viét dudi dang
Ay =f(x, +Ax)—f(x,)=C.Ax+0(Ax) (Ax —0).

Hon nira khi do C=f'(x,).
df =f'(x,)Ax=f'(x,)dx dwoc goi 14 vi phan cta ham s6 f(x) tai diém x =X,
trong tng vai sb gia AX Cua d6i séox. . ) )
3. Pao ham mgt phia. Dieu kién dé ton tai gioi han ham so tai mot diém

Ay Ay

Cac gioi han mot phia lim — | lim — tuong ing 1a dao ham bén phai
Ax—0" AX Ax—0" AX

va dao ham bén trai ciia ham s6 f(x) tai diém x, va lan lugt dwoc ky hiéu
la:f'(x;) . f'(x;).
f(x) c6 dao ham tai diém x, < '(x,)=f'(x;)=f'(x;).
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4. Céc tinh chat thong dung
Cho cac ham s6 f(x) va g(x) xac dinh trén (a;b), kha vi tai X, €(a;b)
va 1 eR. Khidb
a) f(x)xg(x) kha vi tai x, va (f ig)'(xo):f’(x0)+g’(x0)
b) Af(x) kha vi tai X, va (Af) (x,)=Af'(x,)
c) (fg)(x)=f(x)g(x) kha vi tai x, va
(fg (XO):f,(XO)g(X0)+f(X0)g,(X0)
c) Néu g(x,)=0 thi (il(x):m khd vi tai x, va
9)" " 9(x)
f f'(%,)9(x,)—TF(X,)a'(X,
DERS-MRGLE

g (%)
5. Pao ham cia ham hop
Gia str g:(a;b)—(c;d) kha vi tai X, e(a;b). Hon nita (c;d)=(e;f) va
h:(e;f) >R kha vi tai g(x,). Khi d6 hg:(ajb) >R kha vi tai X, va

(hog), (XO) - h,(g(xo))g,(XO) :

6. Pao ham ciia ham ngugc
Cho x, el :(a;b), f :(a;b) — R 1a ham don diéu thuc su, lién tuc trén
(a;b), kha vi tai x,, f'(x,)= 0. Khi d6 ham nguoc f™:f(1)—(a;b) kha vi tai

() va (F) (F(x,))=

(%)
7. Pao ham cap cao.
7.1. Dinh nghia
Cho ham s6 y = f (x). Néu f(x) c6 dao ham véi moi X € (a,b) thi f(x)
ciing ¢6 dao ham trén (a,b).

N—

!

N—

Khidé f'(x) co dao hamtrén (a,b) thita goi (f'(x)) 1a dao ham cép
hai cua f(x) ky hiéula f"(x).

Pao ham cép n cta f(x) duge ky hiéu 12 " (x). Theo dinh nghia ta co:
£ (x) = (£ (x)) .

Quy udc: f(o)(x): f(x).
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7.2. Céc cong thire tinh
Cho cac hamsé y = f(x), y =g(x) c6 dao ham cap n trén (a,b).
Khi do:
(i) f(x)+g(x) c6 dao hamcép n trén (a,b) va
(f(0+9(x)" = 17(x)+ 9" (x).
(ii) A f(x) c6 dao ham cap n trén (a,b) va
(A1) =217 (x) (1eR)
(iii) f(x)g(x) c6 dao ham cép n trén (a,b) va

(f(x)g(x))" ZC £ (x)g"™¥(x) (Cong thirc Leibniz)

(iv) E))g c6 dao ham cép n trén (a,b) (g(x);t 0 VX).

II. PINH LY GIA TRI TRUNG BINH
1. Dinh ly Fermat

Cho f(X) xac dinh trén khoang (a;b). Néu f(X) dat cuc tri tai X, va
kha vi tai x, thi f'(x,)=0.
2. Dinh ly Rolle
Gia st f(x) xac dinh va lién tyc trén [a;b] hiru han, kha vi trén (a;b) va
f(a)="f(b). Khi d6 ton tai ce(a;b) sao cho f'(c)=0.
3. Dinh ly Lagrange
Cho f(x) xac dinh va lién tuc trén [ b] kha vi trén (a; b).
Khi d6 ton tai ¢ e(a;b) sao cho f’(c):%
4. Pinh ly Cauchy
Cho f( ) g( ) lién tuc trén doan [a;b], kha vi trén khoang (a;b),
ngoai ra g’( )#0 Vx e(a;b).
Khi d6 ton tai diém c e (a;b) sao cho:
) _
)

f(b)-f(a) _f(c)
g(b)-g(a) g'(c)

5. Dinh ly Darboux
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Cho ham sé f(x) kha vi trén (a;b) va « , B e(a;b). Khi d6 f'(x) nhan
moi gid tri trung gian gitta f'(a) va f'(B).
I11. KHAI TRIEN TAYLOR VA QUY TAC L’HOSPITAL
1. Khai trién Taylor
a) Néu ham s f:(a;b) >R c6 dao ham cap n—1 trén (a;b) va cé dao
ham cap n tai diém X, € (a;b) thi véi h dii bé ta co:
' " (m)
f(x):f(xo)+¥(x—xo)+%(x—xo)z +...+#(x—xo)” co(x=x,)
Pay la cong thirc Taylor véi phan du Peano
b) Néu f kha vi lién tyc t&i cap n trén [a;b], kha vicdpn+ 1 trén (a;b) thi
/ (n) (n+)
(=10t + o x e U oy +1;nT(lc;3(x—xo)"”:

(véic o gilrax va X,)

£ (x

( 0)(x %)+ f (%, +6(x—X,))

(n+1)! (x=x%,)"

(voi 0<0<1)

2. Quy tac L’Hospital
Gia su f, g la hai ham so xac dinh va c6 dao ham hiru han trén

(a;b)\{x,}, %, €(a;b).

Néu thoa !irpf(x):lirpg(x):o ; lirp%:L (LeR hay L=+ )

. f(x
thi I|mL =L.
X—=>Xp g (X)
Khi &p dung nhirng gia thiét thich hop, quy tic ndy ciing dung cho gidi han mot
phia, gi¢i han ¢ vo cung va gidi han c¢6 dang vo dinh e
o0

IV. Sw bién thién ctia ham sé

1. Tinh don di€u ctia ham kha vi

biém X, duoc goi la diem 6 1ap cua ham f(x) néu f (X, )=0 nhung ton tai
§>0de 0<|x—x|<5 thi f(x)=0.
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Dinh I¥: Cho ham f(x) x4c dinh va kha vi trén (a,b). Khi d6 néu
f'(x)=0 (<0) va f'(x) chico cac khong diém co lap trén khoang
(a, b) thi f(x) dong bién ( nghich bién).
2. Cuec tri cia ham kha vi

Cho ham y=f (X) lién tuc trén (a, b) . Theo dinh 1y Fermat ham chi co6
the dat cuc tri tai céc diem c6 f'(x)=0 hodc tai d6 khong c6 dao ham. Diém
nhu vay goi 1a diém nghi ngd (c6 cuc tri) , néu f '(XO) =0 thi X, goi la diém
dung.
2.1. Pinh Iy

Cho ham y = f (x) lién tuc trén (a,b), kha vi trén (a,b) c6 thé trir ra
diem x, € (a,b) 1a mot diém nghi ngo. Khi d6 néu x bién thién qua x, ma :
f'(x) doi dau tir am sang duong thi X, goi la diém cuc tiéu ; f'(x) doi dau tir
duong sang am thi X, 1a diém cuc dai; f'(x) khong doi dau thi x, khong phai
1a diém cuc tri.
2.2. Dinh Iy

Cho ham s6 y = f (x) kha vidén cép n+ 1 trén (a,b) tai x, €(a,b) co

/(%)= f"(%) == "7 (x), F" (%) =0.
Khi d6: néu n 1¢ thi x, khong 14 diém cyc tri ; n chin va f(n)(xo) >0 thi x, la
diém cyc tiéu ; n chin va " (x,)<0 thi x, 1a diém cuc dai.
3. Tinh 18i 16m céia ham kha vi

+ Néu f (X) 161 trén (a, b) thi lién tuc trén do.

+ Néu f(x) 16i trén (a, b) thi kha vi trai va kha vi phai tai moi diém
thudc (a , b). Hon nira, VA, u,ne(ab):A<u<n taco:

f(u)- f(l)s £/ ()< f(u)< f(n)- f(“)_

pH—A i ‘ n—u

+ Cho f kha vi trén (a, b). Khi dé f 1oi< f' tang trén (a, b).

Hé qua Cho ham f(x) khd vi 2 1an trén (a, b). Khi d6 f (x) 10i khi va chi
khi f”(x)>0 v&imoi x thudc (a, b).

~ Luuy Nhimg két qua vé tinh 16m cua ham kha vi duoc suy ra tir nhitng

két qua tir tinh 161 cua ham kha wvi.

Gidi thi€u vé bat ding thirc Jensen

Cho f(x) 161 trén (a, b).Khi d6:
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vneN ;Vx.e(ab) ;v >0 k=1n ;anlkzltacé:
k=1

=1

NG6i riéng, véi u,v e(a,b), ta co: f(uzvjs f(u)-2+ f(v).

B. CAC DANG BAI TAP

BAI TAP XOAY QUANH PINH NGHIiA PAO HAM VA SU KHA VI

3.1. Cho ham s6: f(x)=(x-1)(x —2)(x —3)...(x — 2011). Hay tinh f'(1).
(1) Iximf(x)gii(l) _ IXim(x—1)(x—2)(;(_—13)...(x—2011)
=lim(x—2)(x-3)...(x —2011) =—1.(-2).(-3)...(-2010) = 2010!

x—1

3.2. Chimg minh rang néu |a,sinX +a,sin2X +...+a, sinnx| <[sinX| véi xeR

thi [a, +2a, +...+na, [<1.

Giai

bat f(x)=asinx+a,sin2x+...+a,sinnx ta co:

la, +2a, +...+na,|= f’(O)‘:IXirg f(x); f(0)§

il OO iy £ 09 [sinx] i POy
o0l x| oovlsinx || x| 0[sinX

3.3. Gia st f(0)=0 vafkha vitai diém 0. Hay tinh

Ixiig%{f (x)+ f (gj f (%) +..+ f (%ﬂﬂ véi k 13 mot sé nguyén duong

cho trudec.
Giai
Ta co:
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w&;f (x)+ f(§j+ f(§j+...+ f(%llﬂ

X X X
f(j_ f(0) fU_f(o) (j— (0)
—lim f(x)—f(0)+£ 2 +£ 3 1 | 2011
I 2 3 2011
= f'(0)+ f (0)+ f (0)+...+ f (0):(1+£+1+...+—1 jf’(O).
2 3 2011 2 3 2011
3.4. Cho f 1a ham kha vi tai a va xét hai ddy (x,)va (y,) cing héi tu vé a sao

f(xn)_ f (yn)

cho x <a<y, véi moi neN. Ching minh rang: lim x y =f'(a).
i n ™ Ya
Taco: 0< f(x;l(n):;n(yn) . f’(a) :‘ f (Xn)_ f (yn)X:i(n;n,(a)-l_ ynf,(a)§
_ f(xn)f(yn)f(a)+f(a)+af’(a)af’(a)xnf’(a)+ynf’(a)§
X, — Y,

_[f(x)-f(a)-f'(a)(x,—a) _f(v.)-f(a)-F'(a)(y,~a)

X,— Y, X,— Y, |
f)-f(a)-f(a)(x,-a) |f(y.)-f(a)-f'(a)(y,-a)

X, — Y, X, —Ya
f )= f(a)-f(a)(x,—a) |f(y.)-f(a)-f'(a)(y,-a)

X —a y, —a
1H00=1@) | [F0)=T@)
O ay LT a0 0 )

Vay lim 0= F0R) oy,
e Xn - yn

.1
x*sin= , x#0

3.5. Gia str f(x){ X

0 . Xx=0
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va ham g(x) kha vi tai x = 0. Chimg minh rang g f (x)) c6 dao ham bang 0
tai x=0.
Giai

d o(r(m)-o(r(@) 915y )-8
Taco: —g(f(x)) =lim = lim
dX o h—0 h h—0 h
2011 iy L 2011 1
g(h smhj—g(o) L g(h smhj g(0)
=lim 1 h*sin= = lim 1 .(Ihing h”“sin—j
- h*sin = —0 h - h*sin= —0 - h
h h
S 2011 A% 1 2011 A H 2011 A% 1
Vi 0<lh sin-~ <|h**|—>0 (h—0) nén limh smE:O.
d
Do do: — = .0=0
0 a(f(x) =[g'(0)]
3.6. Cho f(x) Ia ham s6 ¢6 dao ham tai diém X, = 2011 va n e N. Chiing minh
ring: Lirgn{f(“zr?llnj—f(ZOll)}=f’(2011).
Giai
Vi f c6 dao ham tai diém X, = 2011 nén theo dinh nghia ta co:
"mf(2011+Ax)—f(2011):f,(2011)
AX—0 AX
Xét rieng: Néu lay Ax:%, ta c6 AX =0 khi n > .
1
f(2011+ _f(2011)
Ta co: Iimn{f(l+2011”)4(2011)}:Iim d ~/(2011)
n—oo n n—oo E
n

3.7.Cho f kha vi trén [a;b] va thoa mén:
a) f(a)=f(b)=0 b) f'(a)=f'(a")>0, f'(b)=f'(b")>0.
Chtng minh ring ton tai ¢ € (a;b) sao cho f(c)=0 va f'(c)<0.
Gidi
Tir gia thiét suy ra fbang 0 tai it nhat mot diém trong khoang (a; b) :
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Pat c=inf{x e(a;b):f(x)=0},tacé f(c)=0.

Vi f’(a) >0 nén f(X) >0 VX e(a;c). Hon nira f’(C) ton tai nén
f(e)=tim R i HEe) <o,

3.8. Gia sur f co dao ham trén mét khoang chwra [0,1], f'(0)>0, f'(1)<0.
Ching minh rang ton tai X, € (0;1): f(x)< f(x,) Vxe [0;1].

Giai

f c6 dao ham trén mot khoang chira [0,1]

= 3x, €[0;1]: f (x)< f(x,)=max f (x).

Xe[O,l]

Ta sé ching minh: X, #0, X, #1.
That vay!

ILrp f(x);f(o): f'(0)>0=3he(0;1): f(x);f(0)>0 vx e(0;h]

= f(x)> f(0) ¥xe(0;h]= f(0) khong phai 1a gia tri 16n nhat ctia f (x)
trén [0,1] = x, #0.

IimM: f’(1)<0:>E|ke(0;1):L_lf(l)<0 vx e [k;1)

x>t x-1 X —
= f(x)< f(1) vxe[k;1)= f (1) khdng phdi 1a gi4 tri 16n nhat cta f (x) trén
[kil) = x, #1.

3.9. Cho mot ham sb f xac dinh trén R thoa man

f(0)=0,f(x)= ‘Sin X‘ Vx € R . Ching minh ring dao ham ciia ftai 0 khong
tdn tai.

Giai

Gia st f'(0) ton tai. VXe(O;%j ta co:

f(x)-1(0), sinx_, £(0°)=lim" ()= 1(0) i Sinx ;.
x-0 X
Tuong tu ta cling chirng minh dugc f’(O’l) <-1

x—0" X — 0 x—0" X

Diéu nay chimg to f'(0) khong ton tai.

BAI TAP VE PAO HAM CAP CAO
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3.10. Chting minh rang; f(x)=arctanx thoa man phuong trinh:
(1+x3) " (x)+2(n=1)xF " (x) +(n=2)(n-1)f"?(x) =0 véi xR va
n>2.
Giai
f(x)=arctan x
! 1 2 !
f (X)_1+x2 = (1+x*)f'(x) =1 (1)
L4y dao ham hai vé cua (1) suy ra: (1+ Xz)f (x)+2xf'(x)=0.
Bang quy nap ta chimg minh duoc:
(1+ xz)f(”)(x)+ 2(n=1)xf"?(x)+(n=2)(n-1)f"?(x)=0 ( VxR, n>2)
+ Ménh d¢ dung trong truong hop n=2.
+ Gia st ménh dé dung dén n =k
tire 1a: (1+X )f '(x )+2(k DxFE(x)+(k-2)(k=1)f*“?(x)=0 (¥
L4y dao ham ham hai Vé cua (*) ta duoc
2xE9 (x) + (1+x7) " (x) +2(k=1)f“7(x)

+2(k=1)xf% (x) +(k -2)(k -1)f*"(x) =0
& (1+x7)F 9 (x )+2kxf"’() +(k-1)kf*?(x)=0
3.11. Cho f Ia ham kha vi dén cép n trén (0;+o0). Chimg minh ring véi X >0,

(el

+ Ménh d¢ dung trong truong hop n=1.
+ Gia sit m¢nh d¢ ding trong truong hop n <Kk, tic l1a:

et oo

+ Ta s& ching minh ménh d¢ trén ding véi n =k +1.
That vay!

(k)

(- )k*l( x“f (ih“‘ﬂ) =(-1)’ [(X"f (%DI] = (-1)*" (kx“f (%) _ szf'(%jj(k)
et ool
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_ xi:” £ Gj ~(-1)"" (x“f’(%n(k) .
it (L4 (x“f’ ( % D(k) (1) [(x“f ( % D(kl) ]

Theo gia thiét quy nap voi trudng hop n =k —1 ta duoc:

%f <k> Gj =(-1)" (x“f '(%DM .

(k+1)
Tir d6 suy ra(-1)"" ( X“f (ED - |:<L+2 £ (1) (ij _
X X X

Vay bai toan dd dugc chiing minh xong
3.12. Cho f kha vi trén (a;b) sao cho véi x €(a;b) taco: f'(x)= g(f (x))
trong d6 ge C”(a;b). Chimg minh f € C* (a;b).
Taco: (x)=g(f(x)) = P'(x) =g (F(x)F (x) =g'(1 (x))g(f (x)
() =9/ (F(x))(9(f (%)) +(a'(F(x))) o
Do d6 ", " déu lién tuc trén (a;b).
Chimg minh bang quy nap ta duge f (n>3) déu Ia tong cdc dao ham g™ (f)

N
—~
—h
—~
X
S~
~—

voi k=0;n—1. Tir d6 suy ra diéu phai chirmg minh.

BAI TAP VE PINH LY GIA TRI TRUNG BINH

3.14.Cho f :[—%;%} — [-1;1] 1a mot ham kha vi c6 dao ham lién tuc va khong

A , . X . T 2 , 2
am. Chirng minh ton tai X, e(—E,Ej sao cho (f(x,)) +(f'(x,)) <1.

Giai
Xét ham so:

X > arctanf (x)
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g la ham lién tyc trén [—% E} Néu f(x)=*1 thi g kha vi tai moi x va

f'(x
9’(X)=(—2).
1-%(x)
XX f(x )=1
Néu ton tai X, e(—z Ej sao cho ( 0)
2 2 1E(Xo):_l
ham f nén theo dinh Iy Fermat ta suy ra dugc f'(x,)=0. Vi thé ta co:

(f (XO))2 + (f,(xo))2 =1.

Néu f(x)=+1Vxe| -2;Z | thi ap dung dinh 1y Lagrange cho ham g trén
5% g y

R e )

Dé thay: 0< F(x) T,
\/1—(f(x
Vay ta chimg minh dugc (f (XO))2 + (f’(xo))2 <1.
3.15. Cho f 1a mot ham thyc kha vi dén cip n+1 trén R. Ching minh rang véi
f(b)+ f'(b)+...+ f”(b)
=b-a
f(a)+f'(a)+..+ f"(a)
ton tai c(a;b) sao cho " (c)= f(c).Giai
Véia, bla sé thue, a<b ta co

In(f(b)+f )t £ } o a

f(a)+f'(a)+..+ "
& (f(a)+ f'(a)+..+ f7(a))e =(f(b)+ f'(b)+..+ f”(b))e”
Xetham sé: g (x)=(f(x)+ f'(x)+..+ f" ))e’*

Ta c6 g(x) kha vi trén R va g( )=g(b).
Theo dinh 1y Rolle ton tai ¢ € (a;b):g'(c)=0.

Ma g'(x)= e’x( f(x)- f (x))

thi x, la cuc tri dia phuong cua

mdi s thuc a,b , a <b thoa man In(
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Do d6: f™¥(c)=f(c).

3.16. Cho ham s6: f e C*([0,2]) va f(0)=2010, f(1)=2011, f(2)=2012.
Chumng minh rdng ton tai ¢ €(0;2) sao cho f”(c)=0.

Gidi

+ Ap dung dinh 1y Lagrange cho ham s6 f trén [0;1] , [1; 2]

Sac(01): f'(a) = f(l)—f(O):2011—201O:1

1-0 1-0
e (r2): £/(n)= 211 2002201,

+ Vi f' kha vi trén [0; 2] va f’(a): f'(b) nén theo dinh Iy Rolle ton tai
ce(0;2): f"(c)=0.

3.17. Gid st rang f va g la cac ham kha vi tén [a;b]; trong do
g(x)=0,g'(x)=0. Ching minh ring ton tai ¢ € (a;b) sao cho:

L(f(@) f(0))  (f(c) 9(c)
gt g(b)Ld e g’(c)l_
g(b)-g(a) g'(c)
Xét hai ham sé: h(x):m , k(x):L kha vi trén [a;b].

9(x)

Ap dung dinh 1y Cauchy ta co:
Jce(ash): h(b)-h(a)_(c)

k(b)-k(a) K(c)
f

9(x)

< 3ce(a;b): =

< 3ce(a;b):

< dce(a;h): ° b)) . (©) ¢ C)]
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3.18. Cho ham sé f(x) lién tuc trén [0;a], kha vi trén (0;a) sao cho f(a)=0.

Chimg minh ring ton tai ¢ (0;a) sao cho: f'(c)=f (C)(ZOll— %)

Xét ham so: g(x) = xf (x)e >
Vi f(x) lién tuc trén [0;a], kha vi trén (0;a) nén g(x)ciing lién tuc trén [0;a],
kha vi trén (0;a). Hon nita g(0)=g(a)=0.
Ap dung dinh 1y Rolle ta c6: ton tai c e (O;a) : g'(C) =0.
Ma g'(x) =f (x)e ™ + xe™ [ f'(x) - 2011f (x) ]
= xf'(x) +(1-2011x)f(x) |

Do do: e ™[ cf(¢) + (1—2011¢)f (c)] :o@f'(c):f(c)(zon_lj.

BAI TAP VE MOT SO UNG DUNG CUA PAO HAM

Duéi diy 13 mét so bai tdp vé teng dung ciia dao ham vao mét s bai
toan Cu thé nhw: chitng minh sw ton tai nghi¢m ciia phwong trinh, tinh don
diéu, cue tri, bit ding thire, ham soé 16i-10m
3.19. Gia st f kha vi lién tuc trén (1; +oo) va thoa man f (1) =1

‘f( )‘S% Vx >1. Chimg minh phuong trinh f'(x ):—% c6 nghi¢m 16n hon 1
bat g(x)=f(x)-=

X
f kha vi lién tuc trén (1;+00)= lim f (x)=f (1)=0

x—1"

— limg(x )_Iim(f(x)—%jzo.

Os‘f(x)‘si = lim f (x)= O:Iimg(x):lim(f(x)_ljzo
X X—>+00 X—>+00 X—>+00 X
limg(x) = lim g (x)= 3x, & (L;+e0): g'(x,) =0 hay f’(Xo)=—%.

Vay phuong trinh f'(x) = —iz c6 nghiém 16n hon 1.
X
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3.20. Chirng minh phuong trinh:
2010sin3x + 2011cos2x + 2012cos X +sinx =0 ¢ nghiém trén R,
Xét ham s6: f(x)= —%coﬁx + %ﬂsin 2X +2012sinx — cos X
Ham s6 f lién tuc trén [0;27], kha vi trén (0;27).
Theo dinh Iy Lagrange ton tai C e (0;2r) sao cho:
o )_f(27r)—f (0) 2011+2012—(2011+2012)
- 27-0 27 -

3.21.Giast f :R— R c6 dao ham C§p2thoé man: f(0)=1, f'(0)=0 va
f"(x)-5f(x)+6f(x)=0 Vxe[0;+00). Ching minh rang:
f(x)=>3e*—2e™, ¥xe[0;+x).

Ta co:

f"(x)-5f"(x)+6f(x)=0 Vxe[0;+x)

< f(x)-2f'(x)-3(f'(x)-2f(x))=0 Vxe[0;+m)

bat g(x)= f'(x)—-2f(x) , x[0;+).

Khi dé g'(x)-3g(x)=0,xe[0; +oo) < (eMg(x )) X €[0;+)
=eg(x) ting trén  [0;+0) eg(X)=-2=e**g(x)=—-2¢"

= (e™f (x))' >-2e" , xe[0;+w0) < (e (x)+2e*) >0 X €[0;+00)

= e f (X)+2e” tang trén [0;+o0)

=e " f(x)+2e*2e’f(0)+2e" =3, [0;+0)

= f(X)Zfﬂe2X —2e¥, ‘v’Xe[O;+oo).

3.22 Cho f :R — R la ham kha vi c4p hai voi dao ham cap 2 duong. Chiing
minh rang: f(x+ f'(x))> f (x) voi moi s6 thyc x.

+Néu f'(x)=0 thi f(x+ f'(x))=f(x)vdimoix : hién nhién.

+ Néu f'(x) <0 thi 4p dung dinh ly Lagrange trén doan [X+ f'( X] ta

dugc: f(x)- f(x+f( ))_f (c )( f’(x)) ,Ce(X+f( )x)
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f”(x)>0= f' laham ting = f'(c)< f'(x)<0. Vivay
f(x)—f(x+f'(x))<0.

+ Néu f'(x)>0 thi ching minh twong tw nhu trudng hep f'(x) <0 ta ciing
thu dugc f(x)— f(x+ f'(x))<0.

3.23. Cho x> 2, chitng minh (x+1)cosL—xcos£>1.
X+1 X

Giai

Xét ham sb: f :[2;4+0) > R, f(t):tcos%.

Ap dung dinh ly Lagrange trén doan [X; X +1] d6i véi ham f (t)
f(x+1)—f(x)

ton tai ue[x;x+1]: f'(u)= (x+1)-x = f (x+1)- f(X)

Can chtng minh f’(u):cos%+%sin§>l VU €[2;+00).

f"(u):—%cos%<0 VU €[ 2;4+00) = f' nghich bién trén [2;+0)
f'(u)> lim f'(u)=1.
. T T .
Vay (x+1)cosm—xcos;>1 VX €[2;+0).
3.24. Gia str f(x) kha vitrén (a;b) sao cho lim =+, lim f (x)=—o va

x—a* x—b~
f'(x)+ f?(x)>-1Vxe(a;b). Ching minh ring b—a > 7. Cho vi du dé
b-—a=rx.
Giai

Taco: f'(x)+ f*(x)>-1Vxe(ab)= (%) +1>0 Vx e(a;b)

1+ f%(x)

< (arctan f(x)+ x)’ >0 Vx e(a;b)=>arctan f (x)+x ting trén (a;b)
Chuyén qua gidi han ta duoc: %+a£—%+b<:>b—a27r.

Vidu: y=cotx,a=0,b=r.

3.25. Cho f:R — R 1a ham kha vi dén cép hai sao cho ta c6 thé tim dugc ham
g:R—>R" @ cho f(x)+f"(x)=-xg(x)f'(x) vxeR.

Chutng minh ring f(x) 12 ham bi chan.

Giai
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Taco: f(x)+f"(x)=-xg(x)f'(x) VxeR

< 2f (x)f'(x) + 2 (x)f"(x) = =2xg (x)(F'(x)) .

Xét ham s6 F(x)=(f( ) +(f'( ):>F’ X)= —2xg(x)(f’(x))2
Fi(x)20 véix<0 vaF(x)<0 véi x>0.

3.26. Cho f:[0,1] > R kha vi hai 1an sao cho véi moi x €[0,1], "(x)<1.

Chtmg minh rang: f(0)-2f (%) +f(1)< % :

Xét anh xa sau:
g:[01] >R
x> £ (x)+ XE=)
2
' ' 1-2x " " ST ~
g'(x)=f"(x)+ 5 =9"(x)=f"(x)-1<0=g(x) la ham Iém.

Tir do: g(£j2%(9(0)+g(1)).
1

1.1 1
Do dé: f =>=(f(0)+f(1))=f(0)-2f| = |+F(1)<=.
0d6: 1]+ 22 2(1(0)+ @) & 1(0)- 23 +1(0) <
3.27.Cho f:R — R khd vi hai lan, 16i sao cho f(X)>0 ¥x eR.
Ching minh ring g:R - R

X > e®uf (e7).

la ham 16i.
Gisi ‘ ‘
Vi f kha hai 1an trén R nén g cling 1a ham kha vi hai lan trén R.

2010x

1 B 1 A-X
Taco: g'(x)= 2011ez‘mf( )—e @f'(e)
iy L ey g (e |, 2010 G GO oox
g(x)_2011[201le fe™)—e =:f'(e )} So11° f'(e™)+e = f"(e™)

L i . 2009 @,
=———eMf(e )+20 e 2uf'(e )+e f(e )2OVXER

(do f18i va f(x)>0 VxeR)
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BAI TAP VE KHAI TRIEN TAYLOR

3.28.Cho f(x) kha vi2 lanthoa f(0)=f(1)=0, minf(x)=-1.

xe[051]

Chimg minh rang: max f”"(x)>8.

xe[0:1]
Giai
f lién tuc trén [0;1] = 3a€[0;1]:f(a)=

ae (0;1) .

inf(x)=-1.Suy ra dugc f'(a)=0,

|
xe[051]

f(a+6(x-a))

) (x-a)" ,0<0<L.

Khai trién Taylor tai a: f (x)=-1+

. "(c
+V6i x=0, ta co: 0:—1+ﬁa2 , O<c <a

+Vé6i x=1,tacé: 0=-1+ (CZ)(l—a)z,a<c2<1.

2
Do do: f"(cl):a£28 néu as% ; f”(cz):(l_za)228 néu az%.

Vay max f"(x)>8.

xe[0:1]
3.29. Gia st f kha vi lién tuc dén cap hai trén (0;+o00) thoa man
limxf(x)=0, limxf"(x)=0. Ching minh rang: limxf'(x)=0.

Giai
Véi x >0 ta co: f(x+1):f(x)+f’(x)+%f”(c) voi ce(x;x +1)

Do dé: xf’(x):xiﬂ(x+1)f(x+1)—xf(x)—%.%cf”(c).

Suy ra: Iirqoxf’(x) =0.

3.30. Cho f kha vi trén [a;b] va gia st rang f'(a)=f'(b)=0. Ching minh
rang néu f” ton tai trong (a;b) thi ton tai ce(a;b) sao cho:

)2 gy f(0)- 1)
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.. (_a+bj (a+b_ j
viiuela,—— | ,ve| ——:b|.
2 2

b-a) 1 b-a)

Do dé: |f(b)-f(a)=| — | =[f"(v)-f"(u)/<| —

ods: f(0)=F(a) = 25| JIF (0~ (w)=[ *5? | max|
Dt f”(c)‘: max{f”(v)‘, f”(u)‘}.
Tir d6 suy ra diéu phai ching minh.
3.31. Cho f 1a ham lién tuc kha vi cap hai trén (-11) va f(0)=0. Hay tinh gisi
&
han sau: lim > f(jx).

X
+
X—>0 =1

F(v)),

f”(u)@.

Theo cbng thac Taylor, ta co:

1 (T 1
f'(o)jx+;f"(cjx)j2x2jf'(o)x[ Xm X}H]ﬂg(x)

| E—
VR

21(1)-

= i=
voi {(x):% > T(cix) %"

&

1 (T 1 1
Vi " bj chin trong 1an can ctia 0 nén > j? = =YX IALVX o X
-1

1
x 2 L f'(0
Dé thay |Irp§(x):0. Tir do suy ra lim > f(ix) :T).
X—> X—> j=1
3.32. Gia str f(x) la ham chin, kha vi hai 1an va f”(0)#0. Ching minh rang
x =0 1a diém cuc tri.

f(x) laham chin=f(—x)=f(x) = —f'(-x)=f'(x)=f'(0)=0.

Theo khai trién Taylor, ta co: f(x)=1(0) +@x2 +0(x?).
+ Néu £7(0)>0 thi %xz +0(x*)>0 v6i x di bé suy ra x =0 1a diém cuc

tiéu.
+ Tuong tu néu ”(0) <0 thisuy ra x =0 la diém cuc dai.
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BAI TAP VE AP DUNG QUY TAC L’HOSPITAL

3.33. f:(0;+0) > R c6 dao ham cap 2 lién tuc thoa man:
f"(x)+2xf'(x) +(X2 +1) f (X)‘ <2011 véi moi x. Chimg minh rang:
limf (x)=0.

X—0

Gidi ,
Ap dung quy tac Lopitan, ta co:

!

lim £ (x) = "mex;fz(x) - Iimwz |ime§(f’(x)f ()

X

X—>00 X—>0 X X—»00 >\ X—»o0 X
2 X 2
€ ) xe
e

exzz( f7(x)+2xf"(x)+(x* +1) f (x))

X—0 ! - IXLrQ X2
(Xe*;] e? (X +1)

_jim f7(x)+2xf"(x)+(x* +1) f (x)
o x*+1
3.34.Cho f kha vitrén (0;+e) . Ching minh rang:

=0.

A ) 2012
Néu | 2011f f' =2012 thi lim f =—,
a) Néu XLTO( (x)+ f'(x)) I lim (x) ~0L1
A ) 2012
b) Néu | 2011f 24 x ' =2012 thi lim f =,
) Néu lim (2011f (x) + 23 1(x)) lim £ ()= 5017
Giai ,
Ap dung quy tic Lopitan, ta co:
2011x 2011Xf !
o tim 1 ()~ tim & ) (0
-* e el (ezonx)

ox (9011 f f’
= lim © ( (zn)f (X)) = lim L(2011f (x)+ f’(x))
X0 2011e™ x>+0 2011
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2012

zzilim(zonf (x)+ 1'(x))=2017

11 X—>+00

b) Ta co:
20113/x eI £ (y ,
im 1)< tim 1) (1)

X—>+00 !
( ezonx/? )

[ 2024+ 1100

- Xt 2011e2011\/—
2/x
=|imi(2011f(x)+2&f’(x))=—nm(2o11f( )+ 24/x /(%)) = 2012
< 2011 2011+ 2011

3.35. Gia st fkha vi dén cép 3 trén (0;+o0) sao cho
f(X) >0, f’(X) >0, f”(X) >0 véi moi X >0. Ching minh ring néu
jim T O ) _ i pim FOOF () _ 1

X—0 (f”(x)) X—0 (f!(x)) 2_a
Str dung quy tac L’Hospital ta dugc:
f!(X)fm(X)

Iim[l)m}lim[xm} =lim————*=a.

X—>0 X' X—>00 (f”(x))2

X—>0

. f(x e
Do do Ilm—f ) =1-a. Tu gia thiét bal toan suy ra: a < 1.
== xf"(x)

Ta co: Iime (X): ! (*)
<= f'(x) 1-a
Ta s& ching minh limf (x)=+o.

X—>0

Theo cbng thac Taylor, ta co:

2

f(x+h)=f(x)+f'(x)h +f”(c)% ,h>0=f(x+h)>f(x)+f'(x)h.
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Cho h — oo ta duge limf (x)=+w.

Lai 4p dung quy tac L’Hospital ta duoc:

xf'(x) . f'(x)+xf"(x) 2-a

——=Iim = :

e f(x) o f'(x) 1-a

Két hop vé6i (*) ta dugc:

|mf(x)f”(x):l'me”(X) f(x) _ 1 1-a_ 1
or(f(x)) or Fi(x) xf(x) l-a2-a 2-a

3.36. Ching minh ring véi f kha vi lién tuc dén cip 2 trén R thoa mén

: o ((2011)) (22

f(0)=1, f'(0)=0 va f"(0)=-1thi lim| f| === || =e ' ¥*/.
(0)=1, 1(0)=0 va (o) =1 fim| [ 2924

Taco: lim (f (%) ) = lim ex'”[f(&]].

o011\ . In(f(2011))  2011(2011k)

— |=lim =lim

( Jx j o' t 0’ 2ﬁ.f(2011ﬁ)
20112f"(2011ﬁ) oor (2011T

=105 (201131 + 2.20117/t /(201141 B V2

Viéy lim (f (%D = lim exm(f(zoff}j: e(zofﬁz :

limxInf

X—>+00

X—>+00 X X—>+00

SU DUNG PAO HAM TRONG VIEC GIAI PHUONG TRINH HAM

3.37. Tim ham s6 f(x) x4c dinh trén R thoa mén diéu kién:

[F(x)=F(y)/<[x-y]™" voimoi x,yeR ,x=y.

Giai ,

Tu gia thiét ta suy ra:

fy)-f(x) <ly-x"" :>f’(x):IimM:O:f(x):C:const.
y—X yoX -y —X

3.38. Tim tat ca cac ham f(x) xac dinh va lién tuc trén R sao cho

f'(x)f"(x)=0 vxeR.

Giai

0<
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Pat g(x)=(f'(x))

g'(x)=2f"(x)f"(x)=0 vxeR
= g(x)=C=const= f'(x)=const= f (x)=ax+b VxeR.
3.39. Tim ham f(x)>0 va kha vi trén R" dong thoi thoa man diéu kién:

f(,/x ;y ]:\/f (X);f (y) VX,yeR, VneN",

Giai
Pao ham 2 vé ctia ding thirc d4 cho lan lugt theo bién x, bién y ta dugc:

f W 4\/1Xy : zJ 11EEZ((XX);(fXZ)(v)

2 2
- X" +y" ™ f(y)f(y)
2 4\/x”+y” 2\/fz(x)ntfz(y)
2 2

Tu do suy ra:

f(x)f'(x) f ()f'(y) N f(X)f;(X) =C=f(x) :E@ (C>0).

n-1 n-1

X y X n

Thur lai thiy dung. , , ‘

3.40. Tim tat ca cac ham so f(x) kha vi cap hai trén R va thoa mén diéu kién:
f(x)=f"(x) véimoi x eR.

Gia str ton tai ham s6 f(x) thoa mén yu cau bai toan.

!

f(x)=f"(x) = [f(x)-f'(x)]+[F'(x)-f"(x)]=0< [ex (f(x) —f’(x))] =0

of(x)-f'(x)=Ce™ < (e*Xf (x))' =-Ce™ < e™f(x) :%.e“ +B

DatA:%,tasuyra: f(x)=Ae™+Be* , A, B:const.

Vay f(x)=Ae™+Be* , A, B:const Iaham so can tim.

C-MOQT SO BAI TAP PE NGHI

www.MATHVN.com 84



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAI\MATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

x%e™ | x|<1

3.41. Xem xét tinh kha vi ctia ham s6 sau f(x)=11 N X
= x| >
e

. : X’
3.42. Chirng minh rang ham so f(x)=

73
cos—|, xz0 L
X‘ khong kha vi tai cac

0 , X=0

diem x, = oy p €2 nhung khi vi tai 0 la diém gi6i han ctia ddy (X, ).
n+

3.43. Cho f kha vi tai x,. Hay tinh cac gidi han sau:

2 lim E=F06) g g0)40

b) |im(if(xo+ﬁzj—nf(xo)]
A= n

3.44.Cho f, =In(1+x™) , neN. Hay ching minh ring: " (-1)=0.
3.45. Xét b,,b,,...,b,,,, € R thoa mén:

22 b2 22010b 22011b

b, +2b, + +..+ 20+ 2 =0
3 2011 2012
Chirng minh rang phuong trinh: b, IN** X +...+ b, In°x +b,Inx + b, =0 ¢4 it

nhat mot nghiém trong (1; ez) :
3.46. Cho cac hams6 ¢, ¢, w lién tuc trén [a;b] va kha vi trén (a;b).
p(x) ¢(x) v(x)
Xét d(x)=det| p(a) ¢(a) w(a)]|.
o(b) ¢(b) w(b)
Ching minh rang ton tai ¢ sao cho ®'(c)=0.
3.47. Cho f, g 1a cac ham sd kha vi lién tuc dén cip n tai mot 1an can cua diém a
thoa man: f(a)=g(a)=4, f'(a)=g'(a), ...f"(a)=g""(a) va
f(x) 9(x)
£ (a)=g"(a). Tinh lim———° .
(&) 207 T I g
3.48.Cho A >1. Ta ky hiéu f(ﬂ,) la mot nghiém thuc cta phuong trinh:

X(1+Inx)= 2. Chitng minh rang: lﬂ%: :

3.49. Hay chiang minh céc bat ding thire sau:
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a) (e+x)" >(e—x)" ,xe(0e)
b) Ex+é(7r2—4x2)£sinx ,X€|:O;£:|.
2

T T
§ 2011 y K X ) .
c) e —§m<m(e -1) , xe(0;+).

2011
1

d) [Ta, < (§j oot (a, 20, k=12011).
k=1 €

€) 3,(k~2011x)" Clypx* (1 %)™ s%ﬂ.
2 2
f)Lm \/— b— a a+b /a +b a4 b>0 azb.
InE 2 2
a

3.50.Chtrng minh rang néu cac dao ham f(x) , f"(x) ton tai thi
) 1:,,(X):”mf(x+Ax)—2f(x2)+f(x—Ax).
Ax—0 (AX)
b) 1:,,(X):"mf(x+2Ax)—2f(>§+Ax)+f(x).
Ax—0 (AX)
9 £ (x)= I.mf(x+3Ax)—3f(x+2Ax2+3f(x+Ax)—f(x).
Ax—0 (AX)
3.51. Cho f:R — R kha vi dén cap n+ 1 trén R. Chiing minh ring v4i moi
x e R ton tai ce(0,1) sao cho :

a) f(x)= f(0)+xf’(x)—x72f”(x)+...+

H(1"EE () (" )
2 1)

b) f(“Xj—f(x)— ()t (1)

1+ X (1+x)" n!

2
f (n+1) X+ CX
el X2n+2 1+ X

1+x)"™"  (n+1)!

+(-1)

, X#=-1.
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6.52. Cho Q(x) la mot da thirc bac n. Chirng minh rang:

. Q(I)(O) i+1 . iQ(i)(X) i+1
= Iy oY (—1) =
2 2V
6.53. Cho I, J Ia hai khoangmo va f:J >R, f:1 — J lacac ham kha vi vo

han trén J, . Ching minh rang:

caro-zg o (55

Trong d6 k = Zl:kj va lay tong trén cac gid tri k; sao cho: > jk, =n.
j=

=1

6.54. Cho f :R — R kha vi dén cdp 2n+1 trén R. Ching minh ring véi moi
xeR, ton tai 6 €(0,1) sao cho:

2 ([ XYX 2., X)X :
e kil e[y ST
(2n—1)! 2 )\ 2 (2n+1)! 2

6.55. Gia st f :[-t,t] >R kha vi cap hai trén [t,t] va dit
K, = sup f(i)(x) , 1=0,1,2. Chirng minh rﬁng:

xe[-t,t]

f’(x)‘ S%+(X2 +t2)}2<—é vxe[-tt].

b) K, <2K,K, Véi t> /%
2

6.56. Cho f kha vi dén cap hai trén R , dit K, = sup f(X)<+o

xe(0,+0)

a)

voi k=12,..., ] (j > 2). Chung minh ring:
id) o, tob
Ki<2 2 K, 'K} ,i=12,..,j-1.
6.57. Gia str fkha vi lién tuc dén cdp n trén R, x, € R. Ching minh rang:
M (v Y it N1\ K
£ (%) =5 kz(( 1) Cf (% +kn)).

6.58. Chirng minh rang néu f eC([a,b]) va f' ton tai trén (a,b) thi
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inf f'(x)< f(b)—f(a)s sup f'(x).

xe(a,b) b-a xe(a,b)
6.59. Gia sir rang ham f 18m va tang thuc su trén (a,b) voi a, beR u{ioo} :
Chtng minh rang néu f (X) ¢ (a, X) Vo1 X € (a,b) va lim f+’(x) =1 thi

x—a*

10 1)
VX, ,b) ta cé: | =lodayf"=f f..f.
X ye(a ) aco n!;pofml(y)_fn(y) Y ay 000

6.60. Giasu f eC*([a,b]), f(a)f(b)<0 va f’, f" dbi ddu trén [a,b].

n

N u 14
Chung minh rang: u_, =u, — f’(( i ) neN trong do dat u,=b néu f’, f"
un
clng dau ; u, =a néu f’, f” trai diu s& hoi tu vé nghiém duy nhat ctia phuwong
trinh: f(x)=0 trén (a,b).
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CHUONG 4 TICH PHAN

A. TOM TAT LY THUYET
I. TICH PHAN KHONG XAC PINH
1. Dinh nghia
Gia sir f(x) 12 ham s6 xac dinh va lién tyuc trong (a,b). Khi d6 ham F(x)
xac dinh trong khoang (a,b)dugc goi 1a nguyén ham cta ham f(x) trong
khoang d6 néu F'(x)=f(x) véimoi x e(a,b).

Tap hop moi nguyén ham ctia ham f(x) trong khoang (a,b) duoc goi la
tich phan khong xac dinh cua ham f(x) trong khoang d6 va duogc ky hiéu Ia:
[f(x)dx

Néu F(x ) la mot nguyén ham cua f(x) trong (a,b) thi
[f(x)dx=F(x)+C wvsiC la mot hing s6 bat ky.

2. Cac quy tac co ban dé tinh tich phan.
2.1. Phu’O’ng phap dwa vao bién méi.

Néu [f(x)dx=F(x)+C thi [f(u)du=F(u)+C véi u=n(x).
2.2. Quy tac ddi bién.

Trong viéc tinh tich phan j f dX ta c6 thé thyc hién phép d6i bién
X =¢(t), trong d6 ¢(t) 1a ham kha vi lién tuc va ¢ ham nguge t =y (x)
trong khoang (a, ) nao do.

Khido: [f(e(t))e'(t)dt=G(t)+C= [f(x)dx=G(w(x))+C.
2.3. Quy tac tich phan tirng phan

Cho u(x), v(x) la cac ham s6 kha vi. Khi d6 ta c6: [udv =uv - [vdu.

3.Cactinhchat
3.1. Néu f(x) la ham so c6 nguyén ham thi

(J’f(x)dx),:f(x) ; (J'f ) x)dx..
3.2. Néu F(x) co dao ham thi : jd( )_ ( )+C.
3.3. Phép cong Néu f(x) va g(x) c6 nguyén ham thi

[[f(x)+g ]dx [f(x)dx+[g(x)
3.4. Phép trur: Neu f(x) va g(x) cé nguyén hém thi:

[[f(x)=g(x)]dx=[f(x)dx - [g(x)

3.5. Phép nhan véi mot hang sé thyuc khéac 0: ka X)dx = kjf
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II. TICH PHAN XAC PINH
1. Dinh nghia va di€u ki¢n kha tich
1.1. Dinh nghia
Cho ham s6 f(x) x4c dinh trén doan [a,b]. Chia doan [a,b] thanh cac
doan con [x, %] (i=12,..,n) béi cac diém chia tuy y:
a=X, <X <X,<..<X =b (¥

Khi d6 tong o (f,&)= Zf( )AX; trong d6 X, , <& <X, AX, =X, —X,,

dugc goi 1a tong tich phan cua ham f(x) trén [a,b] tng véi cach chia nhu & (*)
Va cach chon céc diém & .

Néu ton tai gi6i han hituhan _lim o(f,&)= lim Zf( ) Ax, thita

max|Ax;|—0 max|AXx; \—>0

n6i f(x) kha tich trén doan [a,b] va gisi han d6 dugce ky hiéu 1a:

jf x)dx = lim zf( ) AX

max|Ax; \—>0

1 2. Dleu kién kha tich
Vi mbi cach chia doan [a [ b] boi cac diém chia (*) ta ky hiéu:

m, = inf f(x) , M,= sup f(x)

vaditS, =Y mAx, , S =Y MAx,
i=1 i=1
o, =M -m, (i=12,..,n).

Khi do:

f kha tich trén doan [a,b] lim Za)AX =0< Ilim S, = lim S.
max|Ax;| >0 4= max|Ax;| -0 max|Ax;|—>0

1.3. Luuy

Cac ham lién tyc trén doan [a,b], cac ham bi chin, c6 mot s6 hitu han
diém gian doan trén doan [a,b] va cac ham don diéu bi chdn trén doan [a, b]
déu kha tich trén doan do.
2. COng thire tinh tich phan xac dinh
2.1. Cong thirc Newton- Leibniz

Néu ham f(x) x4c dinh va lién tuc trén doan [a, b], F(x) la mot nguyén

ham cua f(x) trén doan do thi: jf dX F( )‘ = F(b)— F(a) :

2.2. COng thire tich phan tu’ng phan
Néu f(x), g(x) 1a cac ham lién tuc va c6 dao ham lién tyc trén [a, b] thi
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b

[(x)g'(x)ex = (x)a(x). - Ja()F (x)ox

2.3. Quy tgc ddi bién sb
Gia thict rang:
(i)  Hamso f(x) xac dinh va lién tuc trén doan [a,b].
(i) Ham ¢(t) x4c dinh va lién tuc trén doan [c,d], c6 dao ham ¢'(t)
lién tuc trén doan d6 sao cho a=¢(c) , b= ¢(d).
(i) Ham hop f(o(t)) xac dinh va lién tyc trén doan [a,d].
Khi do: jf x)dx = jf( t))e'(t)dt.
2.4, T|ch phan véi can trén bién thién
Gia str f(x) la ham xac dinh trén [a, b].
Ky hiéu F(x jf ,a< x<b.
a) Néu f(x) kha tich trén doan [a, b] thi F(x) 1a ham lién tuc trén [a, b].
b) Néu f(x) 1a ham lién tuc trén doan [a, b] thi F(x) kha vi trén doan do va
F(x)=f(x), xe[a,b].
3. Méi lién hé giira nguyén ham va tich phin xac dinh
Gia st £'1a mot ham kha tich trén [a,b]. Khi d6 véi mdi x €[a,b] ta xac
dinh dugc ham sé: F:[a,b] >R
x> [f(t)dt

Néu f 1a ham s6 lién tuc trén [a,b] thi f kha tich trén [a,b] va khi do F 1a
Mot nguyén ham cua f trén [a,b], nghia 1a véi moi x €[a,b], ta co:

Qf (t)dtj, =

Néu f 1 ham lién tyc trén [a,b] , o(x), w(x ) la nhitng ham kha vi trén
[a,b] va nhan gié tri thudc doan [a,b]. Khi d6 véi mdi x €[a,b], ta co:

o(x) ,
T <to) (- 009
4. Mot so tinh chat quan trong.
4.1. H¢ thirc Chasles
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Ham f(x) kha tich trén [a b] khi va chi khi n6 kha tich trén mdi doan con
bat ky. Khi d6 Vce[a,b], ta co: jf x)dx = jf dx+jf

Chung ta c6 thé mé rong van dé nay nhw sau: ChO a€R,i=012,.,n
va f(X) la ham kha tich trén doan 16n nhat voi cac dau mat trén. Khi do ta

co: jf X )dx = ij

4.2. Tinh Chat dai sb.
Gia su f(x), g(x) la cAc ham kha tich trén [a, b],con A, ueR. Khi dé

Af (x)+ pg(x) cling kha tich trén [a, b]

f(zf( X)+ ug(x))dx = Ajf dx+ng

4.3. Tlnh kha tich cia ham hop

Cho f:[a,b]—>[a,d], g:[c,d] > R la cac ham kha tich. Khi d6
g,f :[a,b] > R ciing 1a ham kha tich.
4.4. H¢ qua

Néu f(x), g(x) 1a cac ham kha tich trén [a,b] thi cac ham sau day:

h(x)=f(x)g(x) , ‘f (x)‘ ciing kha tich trén [a,b].
5. Pinh ly gia tri trung binh cia tich phan
5.1. Dinh nghla

U= —jf x)dx e R dugc goi 1a gié tri trung binh cua ham f trén doan [a,b].

5.2. Mgnh daé
Néu fkha tich trén doan [a b] va m<f (X) <M Vxe [a, b] thi ton tai

mot sd pe[m,M] sao cho jf x)dx = u(b-a).

5.3. H¢ qua
Néu f1a mot ham sd lién tuc trén [ b] thi ton tai it nhat mot diém

ce[a,b] sao cho jf x)dx=f(c)(b-a).
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5.4. Pinh ly trung binh thir I
Néu cac ham s6 f(x) , g(x) kha tich trén doan [a,b], g(x) khong doi

dau trong khoang (a,b). Ky hi¢u m = inf f(x) , M= maxf (x) thi ton tai
ue[m,M] sao cho [f(x)g(x)dx = ] g(x)dx
Hon nita, néu ;“(x) lién tuc trong iioan [a,b] thi ton tai c e[a,b] sao cho
j f(x)g(x)dx=f(c j g(x

5.5. Pinh ly trung blnh tha 11
a) Néu cac ham sé f(x) , g(x) kha tich trén doan [a,b] va g(x) 1a ham

don diéu trong khoang (a,b) thi:
jf x)dx =g(a+0) jf )dx +g(b- ojf x)dx trong dé a<é&<b.
b) Hon nita, néu g(X) 1a ham don diéu giam, khong am trong khoang
(a,b)thi if(x) (x)dx=g(a+0) J’f x)dx (a<&<b)
c) Iiléu g(x) 1a ham don d1e_:u tang , khong 4m trong khoang (a,b)thi
f(x)g(x)dx=g(b- ojf x)dx (a<&<b).

6. Cac dinh ly va cac tlnh chit vé bat ding thirc
6.1. Ménh dé 1
Néu f1a mot ham s lién tuc trén [a,b] va f(x)>0 vx €[a,b] thi

D ey T

if(x)dxzo.

6.2. Ménh dé 2
Néu f, g 1a cac ham sé lién tuc trén [a,b] va f(x)<g(x) vx e[a,b] thi

jf dx<jg

6 3. Ménh de 3
Néu f1a ham s6 lién tuc trén [a,b], f(x)>0 ¥x [a,b] va f(x) khong

d6ng nhat bang 0 trén [a,b] thi jf x)dx >0.
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6.4. Ménh dé 4
Néu f, g 1a cac ham sé 1ién tuc trén [a,b] va f(x)<g(x) vXe[a b] va

o

f(x), g(x) khong d6ng nhat v&i nhau trén [a,b] thi jf <Ig

I

6.5. Ménh dé 5
Néu f, g 1a cac ham sé 1ién tuc trén [a,b], m <f( )<M vxe[a,b] vaf(x)

khong dong nhat vdi m hodc M thi m(b-a) jf x)dx <M(b-a).
6.6. Ménh dé 6

shf(x)‘dx

a

Néu f1a ham s6 lién tuc trén [a, b]thi

jf(x)dx

6.7. Ménh dé 7

b
Néu f, g 1a cac ham sé lién tuc trén [a,b] thi

x)dxsi‘f(x)g(x)‘dx.

6.8. Ménh dé 8 ( Bat dang thirc Cauchy-Schwarz)
Cho f, g 1a cac ham so lién tuc trén [a,b].Khi do:

b
(J’f x)dxj <J'f )dx [g?(x)dx
6.9. Ménh dé 9 ( Bat ding thirc Minkowski)
Chop>1va f, g lacac ham s lién tuc trén [a,b]. Khi do:

(0 ate o) < f a7 o) +(fotor e

6.10. Ménh dé 10 ( Bat diang thirc Holder)

Cho p, g > 1 thoa 1+l:1 va f, g 1a cac ham sb lién tuc trén [a,b].
P qQ

1

b b H 2
kniao: it (pa(x)ex=(Jir o) | +{ foo)
I11. TICH PHAN SUY RONG TREN KHOANG VO HAN
1. Pinh nghia
Cho ham sé f :[a,+oo) — R kha tich trén moi doan [a, A] (A>a).
+00 A

Biéu thirc: j f(x)dx:AIim f(x)dx (1) duge goi la tich phan suy rong

(loai 1) cua ham f(x) trong khoang [a,+).
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Néu gi6i han (1) tn tai va hitu han thi tich phan I dX dugc goi la

hoi tu. Néu giéi han (1) khong ton tai hodc bang oo thi tich phan J f (X)dx
dugc goi 1a phan k}‘l
Tich phan J dX dwoc dinh nghia twong tu.

Néu f .(—oo,+oo) — R la ham kha tich trén moi doan hitu han

+00 A

[B, A] < (—o0,+0) thi biéu thirc :[Of(x)dx:éLr?wa(x)dx 2)

duoc goi 1a tich phan suy rong cua ham  f (x) trong khoang (—oo;+00).
Néu gi6i han (2) ton tai hitu han thi tich phan J dX duogc goi 1a hoi

tu; trong truong hop nguoc lai ta ndi tich phan nay phan Ky.

Cho a la s6 thuc bat ky. Néu ca hai tich phan I x)dx J x)dx cting

hoi tu thi j dx_if(x)dx+Tf X ) dx

Néu tich phan suy rong trén cac khoang (—oo,a] , [a,+oo), (—oo,+oo) cua
ham f(x) hoi tu thi ta noi f(x) kha tich trén cac khoang tuong tng.

2. Tiéu chuin hdi tu Cauchy
A"
J X) dx
A
3. C4c déu hlgu so sanh
a) Gia su f(x) , g(x) 1a cdc ham kha tich trén moi doan httu han
[a,A] (A>a) saocho: 0< f(x)<g(x) v&imoi xe[a,+x).

Tich phén j x)dx hditu < Ve >0, 3A, , VA, A> A <g.

Khi d6 : néu j dx hoi tu thi j dx hoi tu. Néu j dx phén ky thi

J g (X)dx cling phan ky.
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b) Gia st f{x) va g(x) xac dinh va khong &m trong khoang [a,+w), kha
tich trong moi doan hitu han [a, A] (A>a) sao cho ton tai gi¢i han :

Iimm:k , 0 <k < +o0.
X—>+oog()

Khi d6 cac tich phan J f dX va J X dX cung hoi tu hay cung phén ky.

c) Gia st f(x) cédang: f (X):@ (a >0)
Khi dé :
Néu a >1 va ¢(x) la ham khéng am va bi chan trén :
0<@(x)<M Vxe[a,+oo) thitich phan j x)dx hi ty.
Néu a <1, con ¢(x) la ham khong am va b1 chin dudi

0<m<g(x) Vxe[a,+o0) thi tich phan j x)dx phén ky.

4. Cac dinh ly Abel va Dirichlet
4.1. Dinh ly Abel

Gia st f(x) va g(x) xac dinh trong khoang [a,+oo). Gia sir rang :
Tich phan j dx hoi ty ;

Ham g(x) don diéu va bi chin trong [a,+x): ‘g (X)‘ <L Vxel[at+x), Lla
hang sb.

Khi d6 : j f (x)g(x) hoi tu.

4.2. Pinh ly Dirichlet
Cho cac ham sé f(x) va g(x) xac dinh trong khoang [a,+oo). Gia sir rang :
a) f(x) kha tich trén doan hitu han [a, A] (A > a) sao cho :

A

jf(x)dx

a

<K VA>a,K lahingsd.

b) Ham g(x) don diéu dan vé 0 khi x — +oo : lim g(x)=0.

X—>+0
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Khidé : [ f(x)g(x) hoi tu.
5. Sw hdi tu tuyét doi va ban hdi tu
Cho ham f(x) xc dinh trong khoang [a,+o0).

Néu J ‘f ‘dx hdi tu thi tich phén J dX cling hoi tu. Khi do tich

phan J dX duogc goi 1a hoi tu tuyét doi.

Néu tich phan J f (X)dx hoi tu nhung tich phan J ‘ f (X)‘dx phan ky thi

a

tich phan J dX duogc goi 1a ban hoi tu hay hoi tu khong tuyét dbi.

B. CAC DANG BAI TAP

BAI TAP VE PINH NGHIA TiCH PHAN XAC PINH

O dang bai tdp nay dic gid can chii y nhiéu hon dén cdc bai toan vin
dung tich phin xdc dinh dé tinh giéi han ciia d3y sé. Thuec té c6 rit nhiéu bai
toan day sé ma chi sir dung nhiing klén thirc trong ngi by day sé thi khong
thé gidi quyét dwoc hodc néu gidi quyét dwoc thi ton kém nhiéu thoi gian va
cdng siec. Vi vdy chiing ta can linh hoat trong cong vigc l1am xudt hién “tong
tich phan” trong bai todn gidi han day sé. Pday 13 mgt trong nhitng dang
todn hay thwong xuyén c6 mit trong cdc dé thi Olympic todn sinh vién toan
quéc 6 cdu vé gidi han day Sé.

4.1. Cho f la ham lién tuc, duong trén doan [0,1]. Chirng minh rang:

lInf(x)dx
|im§/f (ij.f (Ej...f (ﬂj =e£
n—+o0 n n n

www.MATHVN.com 97



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAI\MATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

7z.nf( ) la tong tich phan ciia ham g(x)=Inf(x) trén doan [0,1] ung v&i cach
chia doan [0,1] thanh n phan bang nhau va chon

E =X :ie[xl %] (i=12,..n).
n
Vi f la ham lién tuc, duong trén doan [0 1] nén g(x) la ham xac dinh, lién tuc

trén doan do. Do do: jlnf dx—llm ZInf( j
n

n—)+oon
_ 1 2 n jlnf(x)dx
Vay limp f(—].f (—j...f (—j =e°
n—+o0 n n n
4 .27 . Nrm
. SIN——  SIn—— SIn——
4.2. Chirng minh rang gidi han lim T“Ll + 2+1 +o.+—N*l 50
n—oo n

Giai
sinx
. — ,Xe€(0,
Xéthamso f(x)=1 x < ﬂ].
1 , X=0
R& rang f(x) [a mot ham lién tyc trén [0, 7] va duong trén [0,7). Nhung vay

f(x) kha tich Riemann va j f dX >0.

Ta co:
. .2 . Nm .
sin——  sin—— sin—— o oo Sin——
lim| — 0+l nely o aliogin By Lo (x)dx >0
n—>o 1 2 n e 41793 I 0
n+1
, ) 1 1 1
4.3. Tinh r!l_ﬂl 2+ 8+...+W .
nN+-— N+-— n+
3
Giai
1 1 1 12 1
Dit + +ot ===y ——
n+g n+§ n+6n_4 2n‘=11+6|_4
3 3n
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Xét ham so f(x)= 1 lién tuc trén [0,2]nén kha tich trén doan nay.

1+X
Chia [0,2] béi cac diém chia X, =% (i=0,12,..,n)
Chon & =2x,,+2x, = 22 c[x,,.x]
ST 3T 3T
D& thiy
lim L + L +..+ L
N0 6n -4
n+—- n+— n+
3 3 3
1% dx
=lim=>'f =—|——=InvV3
fim 2 3 (£)(x,=x.0) =5 [ 7= B

4.4.Chtrng minh rang néu f kha vi lién tuc trén [0,1] thi

(8- Jroom - 51

Trudc hét, ching ta co:

{E8r{3)-froom ool 383 S frene

n
Hon nira, f' 1a mot ham lién tuc nén

Inimn(n._l ( j J'f x)dx]_—if’(x)dx:w.
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BAI TAP VE SU KHA TiCH CUA HAM SO

2011
4.5. Ching minh rang f(x)=[x] kha tich trén [0,2011] va tinh j [x]dx
0
R6 rang f(x)=[x] bi chan trén [0,2011] va 2011 diém gin doan: 1,2,...,2011

2011 2011i+1

Tacs: | [xJax=3 [[x] X=3.i=2021055.

i=0 j

4.6. Gia su f(x) kha tich trén doan 0 1] va j f(x)dx > 0. Ching minh rang ton

tai doan [a,b] =[0,1] ma trong doan d6 f(x ) >0.
Giai

Chia du doan [0,1] béi n diém chia x, =0 , X, =—
n

(i=12

Chon & €[X,,,X,], ta lap duoc tong tich phan o, (f,&) = Zn:f( )

i=1

.n).
L

Vi f(x) kha tich trén doan [0,1] nén lim o, (f, )_nmzf( —:jf(x)dx

Gia sir trén mdi doan con [a,b] =[0,1], ham f(x) c6 chira nhitng diém x 1am cho
f(x )<0 Khi d6 ta dé dang suy ra duoc f (& )<0. Do do:
limo, j f dX <0. Piéu ndy mau thuan véi gia thiét. Vay ta co duoc
diéu phai chung minh cho bai todn nay.
4.7. Cho ham f(x) xac dinh trén [a.b] :

a) Néu [f(x)| la ham kha tich trén doan [a,b] thi ham f(x) c6 kha tich
trén doan do6 hay khong?

b) Néu £2%(x) la ham kha tich trén doan [a,b] thi ham f(x) c6 kha tich
trén doan do6 hay khong?

Giai
Chua hin 13 f(X) kha tich trén [a, b] I Xét vi du sau day:
1, xeQ i A .
Cho f(x)= . Ham nay khéng kha tich trén moi doan
-1, xeR\Q

[a, b]. Thé nhung ‘f (X)‘ , fzm(x) kha tich trén doan [a, b].
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Ta co:
b b
a) [[f(x)[dx=[1dx=b-a

b) ifm(x)dx = ildx =b-a.

PY xR RH) oo
4.8.Cho f(x)= (nj ’Xe[n’ n j,p on 1;X€[0,1] vaneN.

1
Ching minh rang f(x) kha tich trén [0,1] va tinh jf (x)dx
0
Giai
Ham f(x) bi chin va gidn doan tai cac diém x, =

d6 f(x) kha tich trén [0,1].

o
+
N

n-1

Taco: [f(x)dx =

p=0

3\'0'-—.3‘
—h
/—\
\_/
M?
IR
7\
|'o
N N
| —
.
[l
| =
=)
IR
g®]
N
[l
o
—~
>
|
H
N—
—
N
>
|
[N
N—

BAI TAP XOAY QUANH CAC PINH LY GIA TRI TRUNG BINH

4.9. Cho f 1a mot ham lién tyc trén [a;b] va j f (x)dx =0. Chirng minh rang

tontal Ce ab jf

Xétham: g(x)=e™| f (t)dt

D Sy <

g lién tyc trén [a;b], kha vi trén (a;b)
g(a)=g(b)=0.
Theo dinh 1y Rolle ton tai ¢ €(a;b):g’(c)=0.

Ma g'(x) ( jf jwthef jf dt_J'f

4.10. Giastf, ge C([a,b]). Chirg minh ring tn tai ¢ € (a,b) sao cho

c)i £ (x)dx = f(c)i £ (x)dx
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Gidi
X

Xét F(x jf t)dt, G(x)=[g(t)dt

a

Suy ra: /()= 1 (x) , /(%) =g ()

Ap dung dinh ly Cauhy ta c6:

—-F(a (c i
3 ce(a;b): F(b)=F( )Zg()QHCE(a;b)I } =

< Jce(ab): cif(x)dx_f ifxdx

4.11. Giasirf, ge C(ia,b ]). Chimg minh réng ton tai ¢ € (a;b) sao cho
c)jf (x)dx=f(c if(x

Gidi a C

Xét ham: F( j f(t dtig(t)dt

F lién tuc trén [a;b], kha vi trén (a;b) va F(a)=F(b).
Vi thé theo dinh 1y Rolle ta c6: Ice(a;b): F'(c)=0

Ma F'( jg t)dt—g X)Jx'f(t)dt

c b
Do d6: 3ce(a;b): g(c)[ f(x)dx=f(c)[ f(x)dx

4.12. Cho f eC? ([0,1]). Ching minh ring ton tai C e (0;1) sao cho:
1

~§"(c).
217

1
f —f +=f'(0
[1(x)dk=1(0)+2 10
Glal

Ta c6: lf X dx:if(x)d(x—l):(x—l)f(x)‘z—i(x—l)f’(x)dx
- 10U v +[C

dx

Ap dung dinh 1y gia tri trung binh cua tich phan:
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ton tai C e(O;l):J'(X_l) f"(X)dXZ% f”(c)j(x—l)z dx :% f ”(C)'

Do dé tén tai ¢ < (0;1) sa0 cho: | f (x)dx = f(0)+% f’(0)+% £(c).
b
4.13. Cho f lién tyc trén [a;b] .bat c :ﬁj f (X)dx. Chung minh ring:

hf(x)—C\deSﬂf(x)—t\zdx VteR.

Xét g(t)= Hx t dt=(b-a)t (jf dx]t+jf
b

g(t) 1a tam thire bac hai theo t, g(t) dat cuc tiéu tai t = bi'[ f (X)dX =C.
—-as

Vay hf(x)—c‘2 dxsj"f(x)—t‘2 dx VteR.

BAI TAP VE BAT PANG THUC TiCH PHAN

4.14. Chung minh ring néu fkha tich Riemann trén [a;b] thi

(J’f smxdxj Uf cosxdszs(b—a)ifz(x)dx

Giai
Ap dung bit dang thirc Schwarz, ta duoc:

(J'f smxdxj Uf cosxdxj <
b b b b
sj fz(x)dxjs.inzxdxqtjfz(x)dxjcos2 xdx:(b—a)jfz(x)dx
4.15. Chung minh rang néu f duong va kha tich Riemann trén [a;b] thi

_a) s:[f(x)dxi foé);)'
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b b
Hon nita néu 0<m < f(X)<M thi If(x)dxj fcz);)ﬁ(

+ Ap dung bat ding thirc Cauchy Schwarz, ta co:

(baf{im-f ] <10 75

f
+Vi0<m< f(x)<M nén (f( )~ )(f( )~ ) <0,a<x<b

q

Ta co:

o [HdemM [P <(mam)(b-a)emM |- <(miM)(b-a)-[f(x)dx
: 2 (%) » F(x) d
Do do: mMif(x)dxi fcé);) <(m+ I\/I)(b—a)i f (x)dx—@ f (x)dxj2

Xét ham sé: y=g(t)=-t*+kt.
. oL kK . ., .. . kP
Ham so dat cuc daitai t = E V&1 gia tri cuc dai la a1

b
Véi k=(m+M)(b t=[f(x)dx taco:
" ? m%—l\/l)z(b—a)2
M )(b— ( |
(m+M)(b-a)] f (x @ o (1)
b b
Do dé:mMjf(x)dxj f‘t() g(m+M)4(b a)
b 2 . 2
@If dxj (m+M)(b a) |
2 f(x) AmM
4.16. Cho f: R—>[0,+oo) la mot ham lién tuc kha vi. Chirng minh rang

jf X)dx— £2(0)[  (x)d

()t gex]
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x<[0.1] ,(X)"
Khi d6 |f (x) <M V¥xe[0;1]< -M < f(x)<M V¥xe[0;1]. Nhan f(x)=0
VA0 tirng vé cua bat dang thire nay ta duoc :
M (x)< T (x) () < M (x ) xe[0]

Suy ra: —Mjf dt<jf dt<|\/Ij'f

< - Mjf dt<§f (x )—Ef <I\/IIf t)dt. Dén day ta tiép tuc nhan
f(x )>0 Va0 tirng vé cua bat ding thuc nay dé duoc:
—Mf ( jf dt<—f )—%fZ(o X) < Mf ( jf t)dt, xe[0;1].

Ly tich phan 2 vé trén [0;1] clia bat ddng thirc nay:

_M@f(x j [(x)dx- 12(0)] ()dx<|v|@f(x)dxj2
M@f )
oo [ £ ()ex].

4.17. Tim K :rpei@pj(lqL xz)fz(x)dx , & day p:{f eC([O,l]):jf(x)dx:l}.

Giai Ap dung bat dang thirc Schwarz ta c6:
1 2 1 1 2

1=| [ f(x)dx | =| |VX*+1f(x dx | <[(1+x? x)dx
(Jro00] [ [sir 0 2—a] <faec) o

Suyra: K = rpifnj(lqL x*)f 2(x)dxzi.
co ) -

i
1+ X2 4

4.18. Cho M ={f eC([0:1]):

O ey

f (x)sinxdx = jf X)cos xdx = 1}

Tim min f2(x)dx.

O e
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Giai

Cho fo(x):g(sinx+cosx).
T

+ ROrang f,eM.

+ Déivoi ham bitky feM, [[f(x)-f,(x)] dx>0.

Suy ra: jf dx>2jf V() — £2(x)dx=2— 2 =2 _F ez (x)ax.
0 wTTT T D
Vay cuc tiéu dat duoc khi f=f,.
4.19. Ching minh X xdx <
rng minh rang; j 2012 \/20_1

Giai

Ta co: Jl'\/x2011 .\/x2011 (1-x)dx < sz‘mdsz Uxm (1- x)dxj2 =

1

2 1 1 )2 1
— XZOlldX XZOlZdX _ _ — .
~ /2012 U I j \/201 (2012 2013) 2012+/2013
f(x)dxj

|
4.20. Tim gia tri 16n nhat ciia S =-~2 voi f lién tuc, duong trén
|

0;1f.
ia o
Ap dung bat dang thirc Holder ta co6:

| |
e

®

‘|

2010

f (X).ldX < (.2” f (X)‘ZO11 dszon (jligiédxj o 2013/22010 (j-‘ f (X)‘zon dszoll

Q’f()dj <2°°[ £2(x)d s_i

O Ly N

0

Véay max S =27,
4.21. Chl'mg minh rang néu feC([a,b]) la duong va 16m trén [a,b] thi

jf dx> (b —a)maxf (x).

xela,b]
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Giai

flién tuc trén [0;1] nén 3ce[a,b]:f(c)= En[%f( ).
b c b

Taco: [f(x)dx =[f(x)dx+ [f(x)dx

a

= (c—a)jf[(l—x)a+xc]dx+ b—c)Jl'f[(l—x )c+xb ]dx

0 0

>(c—a)l[(1—x)f( )+xf(c)]dx+(b- cjf[l x)f(c)+xf(b)]dx =

- (c—a)—f(a);f( )+(b—c)—f(b);f( )>§(b—a)f(c).
Do d6 chiing ta c6 diéu phai ching minh.

4.22, Chop:{fe%(01)jf x)dx =3, jxf x)dx = 2}

Tim mlnjf x)dx . Cho vi du vé mot ham sé thoa man nhitng y8u cau nhu thé.

Giai
Ap dung bit dang thirc Cauchy-Schwarz ta co:

(2+3t)’ (J’f x+tdxj J'f x)dxjx+t

3(2 +3t)°
T3t2+3t+1
Khao sat ham ¢(t), dwa vao bang blen thién ta dé dang suy ta duoc

:>£f2(x) :>J'f )dx = maxe(t).

max ¢(t)=12. Vay mlnjf x)dx =12.

Chding han ta xét ham f (x ( )=6X.
4.23. Cho f, g:[0,+%)—[0,+00) la hai ham lién tuc, khong 4m . Gia st
f(x)<2011+ 'X[f (t)g(t)dt vx>0. Ching minh rang
Xg(t)dt
f(x)<201le®  Vx>O0.
Giai

g(t)dt

Ta sé chimg minh 2011+ [f (t)g(t)dt < 20116’
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That vay!
jg (t)dt
2011+ j f(t)g(t)dt < 2011e’
|n[2011+jf dt} In2011< [g(t)dt
o | f(u)g(u) dqug(u)du.Diéunély hoan toan ding vi no
’ 2011+jf tydt  °

duogc suy ra tir gia thiét ctia bai toan.

BAI TAP VE GIOI HAN CUA TiCH PHAN

4.24. Gia st f e C([0,+oo)) vadit x, = [f(n+x)dx , (n=0,12,...). Hay tim

Ilmjf nx)dx biét limx, =2011.

n—oo n—oo

Glal
1 ptkid
T | f d = f dx =lim=—
a co: nlﬁgj nx ) dx X'I‘an x) X Xrgn;{ (x)dx
1y . > X,
:IlmHZf(x+k)dx:I|m"=°n =2011 (Vilimx_ =2011).
n—o0 K=0 n—oo n—oo

b

4.25. Cho f liéntyc trén R. Tim Ihim%a(f(x+h)— f(x))dx.

Ta co:

b b+h b

[(f(x+h)—f(x))dx= [ f(x) dx—jf X ) dx

a a+h

- g dx+bj'hf dx—Tf ()~ | £(
a+h a+h

a b+h

= [ ( dx+jf Jdx=-hf (a+6h)+hf (b+0h) g o cf01].
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b

= nmia(f(xm)_ f(x))dx= f (b)- T (a).

h—0 h
2n
4.26. Tinh Iim(nsj xax ]
el n X0 +1

Giai
dx 20 xdx 20dx

Ta c¢6 danh gia sau: n j( 1) SIXS 1<n3 R
X+ n X+ n

n—oo

2n 2n
Dé& dang chirng minh duoc: Iim(nsj ax 4]:Iim (nsjd_xj _

2 (X +1)

) 2 xdx 7
Theo dinh 1y kep suy ra: IIm n® =—,
LY HEP SUY ( !x%l] 24

4.27. Cho f 1a mot ham lién tuc trén [0;1]. Tim . Tim I|mj f( )

n—oo

Gidi
Cho 0< g <1. Khi d6 ta co: jf(x”)dx:lff(x”)dxqtj' f(x”)dx

+ Theo dinh 1y gia tri trung binh cua tich phan ton tai

Ce[O;l—g]:ljgf(x”)dx:f( ¢)(1- g):>||mj'f( ax= £ (0)(1-&).

n—oo

JIkC

+ Pat M _sup‘ X)|, ta co:

xe[0,1]

Vay Ilmjf( ")dx = f (0).

n—oo

jf dx

T

2
4.28. Tinh Limj'e*"s‘”tdt.
0
Gii , :
Bang phuong phap ham so, chung ta dé dang chirng minh duoc:

sint> 2t ,te[O,E]
T 2

E
T

7
Khi do taco: 0< e ™dt < I
0

o'——.v\z\tu

( %)—)0 (k > ).

e
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lT

Vay lim [e*ndt = 0.

k—o0

2010

4.29. Tinh lim—_ jsmmfdt

x—0" X
C}iéi ,
Ap dung quy tac L’Hospital , ta co:

g 1 2010,
lim——=_ in 29/t = lim -2 fsm \/Edt_" 2010x*" sinx _2010 . sinx _,
x-0" 209 I > o0 X _HO 2011x* 20110 X
, . 1 % 2010

4.30. Tinh lim dt |.

x—m(mxz[zma/tzon_*_zoj_z ]
C}iéi ,
Ap dung quy tac L’Hospital , ta co:

JX- 2010 dt
fim| [ 220 gt | < jim e N 42002 iy 000X _ 5
X—>+00 Inx 0201 t2011+2012 X—>+00 Inx X—>+00 201 X2011+2012 )
—2nX

4.31. Tinh lim —ax

no+o] 4 @

e—2nx e—an e—an
Tacé: e” 21Vxe[01]=2e* 21+ 22= < — <
28" 1+e™ 2
1 —2nx 1 A—2NX 1 1 -2n-2 1 2nx 1 1_ —2nx
:—zdxjezdxsje—dxc.e j L
5 287" s 1+e” 5 2 n+1 ol 4 n

Pén day ta sir dung dinh 1y kep va d& dang suy ra dugc lim 1
n—+oo + e

4.32. Tinh lim2" jcos X cos nxdXx .

n—oo

Giai

bat | = ]cos” X cosnxdx .
Taco: | = i]cos" xd (sin nx) = cos" xsin nx|’ —%ij'sin nxd(cos" x)
0 0

= jsin NXsinxcos" ™" xdx = %j’[cos(n —1)x —cos(n +1)x Jcos"" xdx
0
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1 1 .
:EIM—ECOS x[cosnx cosx —sinnxsin x]dx
1. 1 1,1, 1, =z

== —=(l -1 )==1 . == =—I| =—.
2 n-1 2( n n) 2 n-1 22 n-2 2n 0 2n

Suyra lim2" jcos xcosnxdx = .

n—oo

MOT SO BAI TAP TINH TOAN CAC DANG TiCH PHAN

4.33.Tinh I, = | X dx  (neN).
1+x+—+ A+ —
2! n!

2 n n-1

Dt fn(x):1+x+X—+...+X—:>f’(x):1+x+...+
2!

nt =" (n-1)1

(f (x)—f :
Ta co: In:jn(”(x) n(X))dx:n!j 1—M dx=n!x—n!nf (x)+C
f,(x) f,(x)
=n!x— nlln(1+x+x—+ +X—n]+C
2! n!
x b
b na _ Aax
4.34. Tinh 1= [S—"_dx.
X
Giai
Dt t=2 = dt=— Py = dx =—@dt
X X

Poicin x=a=t=Db ,X=b:>t=

x b bt tob
X

b na _ ant __pna __ bpa At
Tacs: I=[5—dx === tfbdtz—je S dt=-1=21=0=1=0.
a X it a
t

i )
\/In9 x \/In x+3

4.35. Tinh tich phan | = dx.
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j JIn(t+3) it
z\/ln(t+3)+\/ln(9—t) '

bat x=6-1t, ta thu duoc: | =

Suy ra: 21 =[dx = I=1.

4.36. Tinh tich phan 1= (1+x—£jex+de.
X

N | 1 ey N

Gidi

2 1 X+1 1 1 X+1 2 1 X‘F1
Ta co: I:J'(1+x——je XdX:j(l'FX——je xdx +j(1+x——je xdx

1 X 1 X 1 X

2 2

= J+K.
+/t° —

f)ajtt:x+£:>x:w

X 2

+ Dé tinh J, ta d6i bién x =

t-vt' -4 \’t—“:dle(l_ t ]dt_
2 Jtr -4

2
Thay vao va bién doi don gian cho dén khi dugc két qua nhu sau:

5
1 t
J==|] -1+ —t++/t? =4 |e'dt.
z!( NEvEla ]
t+t° -4

+ Pé tinh K, ta d6i bién x =———— va thuc hién tinh toan nhu da tinh toan

dé tim J, ta thu duogc két qua

5
1z t
K==[|1+ +t+/t° =4 |e'dt.
z!( ot ]
5

2
+ Tur d6 suy ra: I:J+K:.[( t +\/t2—4]etdt.
2

" —4
+ Pén day thi bai todn hét sirc don gian, ta str dung tich phan tirng phan va tinh

; PR S 3
toan, thu gon dugc két qua cudi cling | = Eezx/g :

4.37. Tinh tich phan: | =

O [ Y

[cos2 (ZOM) +sin? (ZOM)de .
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bat x = % — 1, ta thu dugc tich phan sau day:

[cos (ZOIG/SW) +5sin’ (ZOM)J dt =

o'—,m\:u
o'-—.m\:u

[cos (ZOM)'FS"]Z(ZOM)JCIX.

Suy ra: 2I:2J'dx:> =5

-X) (x—a
4.38. Cho m, n la c4c sb nguyén duong va a < b, hdy tlnhj ) ( n') dx.

Van dyng cong thirc vira tinh dé tinh I(l— Xz) dx.

Dung cong thire tich phan tirng phan ta duoc:

-T(b—x) (x-a)', _ Jb x) d[(xa)“”]

m ol (n+1)!

a

_(b=x)" (x~ n”
m! n+1 \+J n+1 J n+1)!

n+1 )n+1

Dung cong thuc tich phan tirng phan nhiéu lan ta duo’c.

(b_a)n+m+l
(n+m+1)!

'T(b—x)m(x—a)n X:T(x—a)mm OIX_(x—a)'”m”b

m! n! S (n+m) T (n+m41)

a

a
Ap dung vao bai toan cy thé nhu sau:
1

f(l—xz)ndx:lj(l—x)“(x_(_l))“dle 2" 246..2n

a 27, 2(n') (2n+1)! 1.35.(2n+1)

MOQT SO BAI TAP LIEN HE GIUA PAO HAM VA TiCH PHAN

4.38. Tbn tai hay khdng ham kha vi lién tuc f théa mén diéu kién
‘f (x)‘<2 F(X)F'(x)>sinx VxeR?
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Giai
Khéng ton tai.

Taco: f7( j[f (t)] dt=[2f (t) f'(t)dt > 2[sintdt = 2(1cos x)
Suy ra: f*(z )_f (0)+2(1 COS7T)204. 0

4.39. Cho sé thuc ae [0;1]. X4c dinh tat ca cac ham lién tuc khong 4m trén [0;1]

sao cho cac diéu kién sau day duogc théa man:
1

a)jf X)dx =1 b)jxf X)dx =a c) [x*f(x)dx=a’.

0

Glal
Ap dung bat dang thirc Bunhiacovski ta co:

(J:'xf (x)dxj2 :U:'x\/f (%) f (x)dxj2 sl’xzf (x)dx.j}’ f (x)dx
Ma theo gia thiét: Uxf(x)dxj2 :Jl'xzf X dxjf X ) dx

Do f lién tyc trén [0;1] nén x,/f (x) =4,/ (x) 120, vx €[0;1]

Suy ra: f(x)=0 V¥x e[0;1]. Diéu ndy mau thuan voi gia thiét: j f(x)dx=1.

Vay khong ton tai ham f thoa méan bai toan.
4.40. Cho f 1a ham lién tyc trén [0;+0) va thoa man 0<3xf (x)<1
VX e (0;+oo) .

Chimg minh rang ham s6 g(x)= j t*f (t)dt - B(Itf dtj la ham s dong bién

trén (0;+o0).
Gii

Taco: g'(x)=x’ —9xf ( (jtf j = xf ( {xz—UBtf (t)dt]z_

Laicé:0<JX'3tf dt<j1dt_x:>(j3tf dtj <xX*=>X —U3tf t)dt | >0

Két hop v6i xf (x)>0 Vx e (0;+:), tasuy ra: g'(x)>0 Vx € (0;+0).
Vay g(x) 1a ham s6 dong bién trén (0;+00).
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4.41. Cho f :[0;+00) — R kha vi va thoda man f(1)=1, f’(x):ﬁz(x).

Chutng minh ring ton tai gidi han hiru han lim f (x) va bé thua 1+%.

Giai

f'(X)=———
(%) x*+ f2(x)

f(x) dongbién= f( )> f( )—1 Vx> 1.

X

>0 VX [0;+00)

Tu d6 ta co: f 1+jf

1

Vay ton tai gi¢i han hiru han lim f (x ) va bé thua 1+Z

X—>+00

4.42.Cho f la mot ham lién tyc trén [0;+o0) thoa man leﬂg(f(x)+j f (t)dtj
0

c0 gi6i han hiru han. Chimg minh lim f (x)=0.

Giai

bat F(x)=

f(t)dt=F'(x)=f(x).

Khi do gia st m(f(x)+jf(t)dt]:|X@(F'(x)+ F(x))=L
0
Ap dung quy tic Lopitan ta co:

limF (x)= IimeXF—(X): Iimm: Iimex(l:,(x)jL F(x)) =lim(F'(x)+F(x))=L

X—o0 X—o0 eX X—00 ( « 4 X—>00 ex X—>o0
e')

O Ty <

Suy ra: lim f (x)= lim F'(x)=0.

4.43. Ham f xéc dinh, kha vi trén (0;+0), 1 € R. Chimg minh rang ham
f'(x)+ A f(x) khdng giam khi va chi khi f’(x)e™ khdng giam.

Gii

bt h(x)= f( )+Af(x) ;o g(x)=f'(x)e”
Suy ra: e”h(x)=(e™f(x ) e g (x)=f'(x).
Khi do:

9(x)=e™f'(x)=h(x)-2e"f (x) = h(x)—li(e“f (t)) dt-Af (0)
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—h(x)-A[e*h(t)dt—1f (0).

h(x)= f'(x)+ A (x)=e g (x)+A] F'(t)dt+ 2 (0)
= e g(x +ije *g(t)dt+Af(0).
(=)Gia str h( ) khdng giam
Khi do6 vo1 b >ataco:
g(b)-g(a)=(e”h(b)-e*h(a))- ije“h
Theo dinh Iy trung binh cua tlch phan ton tai

b
ce(ab) 'je“h t)dt=h j’e“dt—zh( )(e® —e*)
Thay (2) vao (1) ta dugec:
g(b)-g(a)=e"h(b)-e“h(a)-e”h(c)+en(c)
=e”(h(b)-h(c))+e*(h(c)-h(a))>0 wvéib>c>a.
Do do6 g(x) khong giam.
(<) Gia st g(x) khong giam
Khi d6 v61b > a ta co:
h(b)-h(a)=(e"g(b)-e"g(a )+ije“g t)dt
Theo dinh ly trung binh cua tlch phan ton tai
ce(a;b) je“g t)dt=g j’e“dt———g( J(e*—e™)
Thay (4) vao (3) ta dugc:
h(b)-h(a)=e"g(b)-e™ () g
—=e”(g(b)-g(c))+e™(g(c)-g(a))

Do do6 h(x) khong giam.
Vay bai toan da chirng minh xong.

—la

(c)+e™g(c)

4.44. Chirng minh rang néu ham f(x) kha vi vo han 1an trén R thi ham

0 v6ib>c>a.

(1)

(2)

(3)

(4)

f(x)—f(0 . .
( ) ( ) duogc dinh nghia thém dé lién tuc tai x = 0 cling kha vi v6 han lan.

X
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V61 x#0 ta co:

jf dt_jf (ux xdu:f(x);f(o) jf’(ux)du

1

Vi [ f'(ux)du kha vi vo han 1an v6i moi X e R.

0
f(x)=f(0)
X
4.45. Timham s f (x) c6 dao ham lién tuc trén R sao cho

F2(x)=[(F2(t)+ £2(t))dt+2011 (1),

Viay duoc dinh nghia thém dé lién tuc tai x =0 kha vi vo han lan.

Giai

Vihamsé f(x) c6 dao ham lién tuc trén R nén f*(x) c6 dao ham lién tuc
trén R.

Lay dao ham 2 vé cua (1), ta dugc:

2f(x)f’(x):fz(x)+f’z(x):>(f'(x)—f(x))2:0:> f'(x)=f(x)
= f(x)=Ce’ 2).

Tur (1) suyra: f?(0)=2011= f(0)=++2011.

Cho x=0, tr (2)= f(0)=C =++/2011.

Vay f(x)=+v2011e".

MOQT SO BAI TAP VE TiCH PHAN SUY RONG

+00 _—ax —bx
4.46. Cho a, b >0 . Chimg minh: [ ~— " —dx=In=.
0 X b
Gidi
400 __ax +oo b b +oo
A e— — xt —xt — | = — _ hd
Taco._[ » dx = ”e dtdx = _He dxdt = j =Injt|=Inb—Ina= Inb

0

4.47. Cho ham sé f khong am va lién tuc trén [0 +oo va jf dx < +00.

Chung minh rang: lim= j xf(x)dx=0.

n—o n
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F(x)=f(x)>0
F(0)=0

F'(x)20= F(x) 1a ham tang.

Béng phuong phép tich phan tirng phan, ta dugc:
—jxf dx_—jxd( x))=F n)—%jF(x)dx

Ta da biét: limF(n) :jf (X)dx < +oo.

n—oo
0

DatF jf dX:>{

Bay gi0, ta s& chirng minh lim= IF Jdx =limF(n).

n—oo n n—oo
Ta c6 danh g1a sau day:

—ZF )<= IF dXSEiF(i) ( Ching minh hét strc don gian)
N i-o

Ap dung dinh 1y Kep, ta ¢4 chimg minh dugc lim= IF dX =lim F(n) :

n—oo n n—ow

Vay lim= jxf x)dx=0.
"N Y

4.48. Gia su f, g 1a cac ham s6 duong trén [a,+o0) va +jmg(x)dx phan ky.

Ching minh ring mot trong céc tich phan sau day phan ky.

Giai

Ap dung bat dang thitc Cauchy, ta co: (t)+ ; (t)

Tir d6 suy ra: f(t)g(t)+ g(t )>2g :>jf t)g(t dt+j t ZIg(t)dt
F(t) t) :

Cho X — +oo ta c6 diéu can phai chimg minh.

+00

“e'dt

4.49. Tinh lim=

x—0"

In=
X

Giai

x—0"

Tich phan jt 'e'dt hoi tu voi a >0 cd dinh bat ky , con Ilm(ln 1) +00
X
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J' te'dt
Do d6 lim2+———=0.
x—0" 1
In=
X

Ap dung quy tic L’Hospital, ta co:

+Jzotletdt j’tletdt 1

lim*— = lim*>—— = lim—
x—0" 1 x—0" 1 x—0"
In= In= X
X X

=lime™ =1.

x—0*

1= \ha tich

4.50. Chirng minh rang: cac anhxa f:x—>-e*Inx ; g:x—

1 1 —X
trén (0,1] va I—e‘x In xdx:Jl_Tedx.
0 0

Giai
Céac anh xa £, g lién tuc, khong am va /x f (x)= —e~*/xIn x——=0 ,

1-¢e™
9(x)=—

Véi € e (0,1] , thuc hién tich phan timg phan:

——1 suy ra né kha tich trén (0,1].

—x 1
1-e dx — ox
X X

&

1 1 _—x 1
_ _ 1 e _
I—e “Inxdx =e XInx‘o—_[—dx:—e 5Ing+_[
X
& &

&

:(1—e‘5)lng +j1_;_x dx.

Suy ra:

1 1

[~ n xdx = lim [~ Indx = lim ((l—eg)lne +j1_e_x dx]:jl_ex dx.
& 0

5 e—0" a e—0" X X

+00

451. Tim lim

dx
e XWX -1
Giai

Véi ne N, xét anh xa ®, :[2,+oo) — R xac dinh boi:

1 : 1
X) =———= lién tuc, khong am va ¢, (X) ~— (X —=>+o) , do dé ¢,
@0 (%) NN u gamva ¢, (x) NS ( ) P

kha tich trén [2, +oo) .
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V6in>2,anh xa x —

kha tich trén [2,+oo) va:

1
x"\/3
1
VXel|2,+x0),0<
[ ) X X2 -1

<dx 1

dx
X"x2 -1 ! X'\3  J3(n-1)2m "

1

Suy ra: OST

. dx
Vay lim | —— =0.

N ‘! x"Vx® -1
4.52. Tim lime* [e*ds.
Giai
Hamsé f :[0,4%0) = R xé4c dinh boi: f(s)=e " lién tuc khong 4m
Va s*f (s)———=—0, do d6 fkhd tich tré n[O ).
Vx>0, ta co:

0<eXzTe‘szds:Texz‘szds = _[e‘“‘ “dt < _[e‘mdt 2X—>0

t=5—x X—>+0

+00

. 2 2
Vay lime* | e®ds =0.
X—>+00
X

+00

4.53. Vi céc gia tri nao cua n, tich phan | = J hoi tu? Tim lim 1,

o 1+ X" n—
Giai
+ RO rang n <0, tich phéan 1 phan ky.
. 1
+Voin> 0, ta co: —~— (n—>+x).
1+x" X
Tu day, ta thay rang |, hoitu véi n>1.
+Tim liml_?
1 +00
) X X
Ta co: In:_[ d n+_[ d -
o l+x" 1 1+X
Codx Fdx 1 .7 odx
0<J d - d—n: ——0=lim d —=0.
" 1+x7 ¢ x n-1 e 14X
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1 1 n
Laicé:j dxnzl—_[ X —dx
o1+ X o1+ X
1 n 1 n
0<I X ndx<_[x”dx: L ——0=lim X —dx=0.
o1+ X 5 n+1 n—od 14+ X
1
—lim [~ —1,
oo 1+ X
Vay lim [ —2 1.
e o 1+ X

4.54. Ching minh ring véi moi s >0, ta déu cé: [ e dx < ( | © dx] .

Giai
. . yd — — 2
Véimoi Xx>s,taco: sx<x’=e > >e (1)
. _ —_x2 g - s K qen A A .,
Vi xt— e, x> e™ lahai ham so lién tuc, duong trén [0,+00) nén hai tich

+00 +00

N _x? _ A A .

phan _[e “dx , _[e *dx déu ton tai.
S S

Tu (1) suy ra: Te‘xzdx < Te_sxdx = % :U 2 dX] :

4.55. Gia str ¢ la mot ham s6 lién tuc trén [0,+00) va tich phan

I(a)= I@dx hoi tu Va >0 va hai s6 duong b, ¢ sao cho b < c.

. to(bx)—g@(cx e g
a) Chung minhréngtichphﬁnj'q)( ) (0( )dx hoi tu va tinh gia tri
X
0
cua no.

b) Chirng minh rﬁng tich phan J qo(bx) ; (p(cx)

. h)O e o(9)
no bang In (E] + J—ds . Tur d6 suy ra su hoi tu va gié tri cua tich phan
S

dx hoitu va gia tri cua

ca

T’(p(bx) —p(cx) d.
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d bd
bat t =bx, Vd >a ta co: _[de:_[@ds
> X S

Do do: I@dx = (pTS)ds =1(ba).
a ba

Tuong tu nhur trén, ta ciing ching minh duoc : I q)(x ) dx=1(ca).

a

Vay j.(p(bx);(p(cx) dx=1(ba)-I(ca)= T@ds ( dpcm).

b) bat u=bx , u=cx. Vi moi a)e(O a)ta cé ;

ooy [ 1 [ e F2g

X

bw

Ap dung dinh 1y gia tri trung binh cua t1ch phan ton tai c_f (bco,Ca)) sao cho

co ¢(0)
26— p(e)int o0 E=(2]

be

a . »(0) ba
Do d6 J(p(bx)x(p(cx) dx:ln(gj +J@ds.
0 ca

+00 . (0)
Suyra: [ ?(bx) (p(cx)dx=ln(3j |
0 X b

C-MOQT SO BAI TAP PE NGHI

4.56. Cho f 1a mot ham s6 c6 dao ham cap hai trén [0,1] va f” bi chin va kha
tich Riemann. Chirng minh rang:

limn? (J’f dx——Zf( n w

n—o n iz
j "f (x)dx

4.57. Cho f 1a mot ham lién tuc trén [0,1]. Tinh lim 2
jx e’ dx
0

n—oo
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n—oo

4.58.Cho f 1a mot ham lién tuc trén [0,1]. Tinh Ilm(\/_jf S|n2”(27rx)dxj

1

jf (x)sin® (2zx)dx

4.59. Cho f 1a mot ham lién tuc trén [0,1]. Tinh lim<;
[e sin® (27x)dx
0

4.60. Gia st f va g la hai ham s6 dwong, lién tyc trén a;b]. Ching minh rang

ton tai ¢ €(a;b) sao cho fle) _ g(c) =1.

C

jf X) dx jg
461.Cho f e Cl([O;l]). Ching minh rang ton tai Ce(O;l) sao cho:
1
f d = f =f'(c).
[ (x)d=1(0)+2 1)

462. Giasu f eC([a;b]) a>0va jf dX 0. Chirng minh tdn tai

(ab)saochojf x)dx =cf (c).

X 2 4022
4.63. Chitng minh rang phuong trinh: J'e 1+— t +t— +..+ t
o i 21 4022!

]dt =2011

ludn cé nghiém trong trong khoang (2011;4022).

1
2012 _y 2011

4.64. Ching minh e{ 2018
2012

4.65. CO ton tai hay khong mot ham s6 fkhd vi lién tyc trén [0, 2] va thoa man

£(0)=f(2)=1, <17

f’(x)‘ <1vxe[0,2] Ef(x)dx

4.66. Cho ham s f( ) lién tuc trén [a,b] vaco f"(x)>0 vxe(a,b).
Chtng minh ring Jf x)dx > (b - a)[f (c)+ &z_ch'(c)} vce(a,b)

4.67. Gia sir ham s6 f(x) cung dao ham f'(x) lién tuc trén [0,1].

j}’f(x)dx; if’(x)‘dx}.
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4.68. Cho o ={f eC*([0,1]):f(0)=f(1)=0,'(0)=a}.Tim mmj( x)) dx.
4.69. Gia st f eC'([0;1]) va f'(0)=0. Véi xe(0;1], cho 6(x )thOa man

jf )dt=f(6(x))x. Tim im 20,

x—0" X

4.70. Cho ham sé f(x) kha vi hai lan trén [0,+). Biét rang f(x)>0, f'(x)>0

va MS 2 VX €[0,+00). Chirmg minh Xlinl—f (X)Z =0.
(f'(x) (f(x))
4.71. Ching minh ring: szonezxdx > Lﬂzm RS
0 2013 1007
<2,
n

4.72. Cho n e N. Ching minh rang:

j e sin nxdx
0

4.73. Gid st rang: m+n=14 v6i m, ne N va I(m,n)=[x"(1-x)"dx.

O'—.b—\

Hay tim gia tri 16n nhat, gia tri nho nhat cta I(m,n).
4.74. Cho f 1a ham s6 lién tuc trén [0,1] thoa man:

L 0, k=1,2,...,2010
J’x"f (x)dx =

0 1 ) k =2011

cho: [f(c)|>1006.2*.

4.75.Cho feC,, i X, ela,b] ;4 >0 (k=1,2,.,2011) . Ching minh

. Chtrng minh rang ton tai c € [0,1] sao

2011 X

ring ton tai ¢ €[a,b] sao cho: Y u [ f(x)dx =0.
k=0 %

0

1 +00
4.76. Ch =y —— | R. Haytinh | F(t)dt
0 ¢(x) ;xun“ X e Ay tin _([

4.77. Tim m dé tich phan sau hoi tu: | = I(\/\/x+ m — /X —\/\/;—\/x—l)dx
1

4.78. Cho f :[0,+00)—> R la ham khd vi va thoa man hai diéu kién:
a) f'(x)=3(2f(2x)-f(x)) ,x>0  b) |f(x)|<e™™ ,x>0.Hdy biéu dién

X—00

u, = _[ x"f (x)dx ,neN qua u, va chimg minh day Ilm[u %)<+oo

www.MATHVN.com 124



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

CHUONG5 DA THUC VOI MQT SO
YEU TO GIAI TiCH

A. TOM TAT LY THUYET
I. GIOI HAN VA LIEN TUC
Cho f eR[x], f(x)=a,x"+ax"" +..+a, X+a,
1. Gio6i han
a) limf(x)=

X—>+00

+oo khia,>0
~o0 khia, <0
{4—00 khi (a,>0,n=2k, keN) hay(a,<0,n=2k+l,keN)

b) Iimf(x)=
) (x) —oo khi(a,>0,n=2k+1, keN) hay(a,< 0,n=2k, keN)

2. Lién tuc
a) Rd rang f (x) lién tuc trén R

b) Néu cé haisé a, be R thoda mén f(a).f(b)<0 thi da thirc f(x) c6 it nhét
mot nghiém X =X, € R nam giita hai s6 nay.

II. PAO HAM

Cho f eR[x], f(x)=a,x"+ax"" +..+a, X+a,.

a) D& dang chimg minh bang quy nap f'(x)=a,n!.

b)degf =n thi degf"(x)=n-k (k=12,..,n)

c) X, duoc goi 1a nghiém boi k cua f e R[x] khi:

f(%,)=F"(%,)=-..=F Y (x,)
f®(x,)=0
Hé qua: Néu f(x) c6 nghiém béi k> 1 thi f(x) c6 nghiém bgi k—1.
d) Xeét da thuc bac 3
(i) Néu f'(x) >0 Vx e R hogc f'(x)<0 VxeR thif(x) = 0 c6 duy nhat
nghiém.
(ii) Néu phuong trinh f'(x)=0 cd hai nghiém phan biét thi do thi ham
sb ¢6 hai cuc tri.
+ V6i yep.Yer > 0 thi phuong trinh f(x) = 0 chi ¢6 1 nghiém
+ V6i yep.Yer = 0 thi phuong trinh f(x) = 0 ¢06 2 nghiém
( 1 nghiém don, 1 nghiém kép)
+ V6i yep.Yer < 0 thi phuong trinh f(x) = 0 c6 nghiém phan biét
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e) Cac dinh ly gia tri trung binh, khai trién Taylor, Quy tac L’Hospital déu c6
thé st dyng dugc d6i voi da thire (ban doc xem lai van dé ndy trong ly thuyét vé

DAO HAM).
I11. NGUYEN HAM
Cho f e R[x], f(x):a X" +ax"" +...+an71x+an
c6 nguyén ham la: F(x)=[f(x) dx— 1 ”*1+ﬁx”+...+anx+c
n

( C 1a hang s6 tuy v).

B. BAl TAP AP DUNG
5.1. Liéu c6 ton tai hay khong hai da thirc f(x) va g(x) thoa:
f .
ﬁ:1+£+1+...+i , NeN .
g(x) 2 3 n
Dé thay: Iim(l+£+l+...+lj:+oo.
2 3 n

n—oo

: T . A x s oo F(X
Gia st ton tai hai da thie f(x) va g(x) thoa yéu cau bai toan thi Ilm% = +00,
X—0 g X

Suy ra: degf >degg. Khi do Iimmz a,
()|

0

(a,,b, lan lugt 12 hé¢ so cua an x bac cao nhat cua f(x) , g(x) )

(*)

Chtirng minh Iim£(1+ % + % +..+ ij =0 (**) hoan toan khong khé khan.
N n
(*) va (*%) mau thuan nhau. ‘
Vay khong ton tai hai da thirc f(x) va g(x) thoa man yéu cau cua bai ;oé[\.
5.2. Vi f(x) 1a da thirc bac n va c&c s6 a <b nao d6 thoa mén cac bat dang
thie: f(a)<0,-f'(a)<0, f"(a)<0,..,(-1)"f"(a)<0
f(b)>0,-f'(b)=0, f"(b)>0,..(-1)"f"”(b)>0.
Chutng minh ring tat ca cac nghiém thuc cta da thire f(x) déu thudc khoang
(a, b).
Gidi 9
Ap dung khai trién Taylor, ta co:
f'(2) f'(2) ., f"(a)
f(x):f(a)+T(x—a)+T(x—a) ot —

(x-a)

www.MATHVN.com 126



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

= f(a)+ ()(a—x)+f”(a)(a—x)2+...+M(a—x)”

2!
Néu x <a thi f(x)<0. Suy ra f(x) khong c6 nghiém x <a.
f'(b f"(b ’ £ (b '
f(x):f(b)+%(x—b)+#(x—b) +...+#(x—b)
Néu x>b thi f(x)>0. Suy ra f(x) khdng c6 nghiém x>b.
Vay ta co dicu phéu chung minh.
5.3.Cho a,, a,,a e R va thoa mén diéu kién sau day:

21" ’ 2011

a, +i+£+...+m=a0 +a, + 2,2 +o Lzm_
2 3 2012 3 2012
Ching minh phuong trinh: a, +2a,X +...+ 2011a,,, x*° =0 ¢0 it nhat mot
nghiém thudc khoang (0, 2) :
Giai

Xét da thie: f(x)=a,x +%a1x2 +%a2x3 + ...+ﬁamx2012

R0 rang f(x) lién tuc trén R.

Dua vao gia thiét bai todn ta d& dang chiing minh dugc: f(0)=f(1)=
Ap dung dinh 1y Rolle ton tai a€(0,1) , be(1,2) sao cho f'(a)=f'
Lai 4p dung dinh 1y rolle : ton tai c (a,b) =(0,2) sao cho f"(c)
Ma f"(x)=a, +2a,X +...+ 2011a,,, x*".

£(2)=0.
(b)=0.
0.

2011
Vay ta c6 diéu phai chimg minh.
5.4. Cho da thirc f(x) c6 3 nghiém a<b<c va x*> +mx+n=0 c6 nghiém.
Chimng minh ring phuong trinh: f"(x)+mP’(x)+nP(x)=0 ¢6 nghi¢m thudc
khoang (a,c).
Giai
Goit, s la nghiém cua phuong trinh x* + mx +n =0 cé nghiém.
t+S=-m
ts=n
Taco: f"(x)+mP'(x)+nP(x)=f"(x)- (t+s) "(x )+tsP( )

= (x) |=s[f'(x)—tf(x)].
()=

t(x)
;) e(b,c) saocho g'(a)=9g'(B)=0.
)=0.

Theo dinh 1y Viet ta co: {

Xét g(x)=e"f(x) co g(a)=g(b)

Theo dinh Iy Rolle thi ton tai a € (

Suy ra: f'(a)-tf(a)=F'(B)-tf (B
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Xét h(x)=e>[f'(x)-tf(x)] c6 h(a)=h(B)=0.

Theo dinh 1y Rolle ton tai y € (, 8) =(a,c) sao cho h'(y)
Vay f"(x)+mP’(x)+nP(x)=0 cé nghiém thuc (a,c).
5.5. Chitng minh rang da thic f(x)=nx"*—(n+2)x"" +(n+2)x—n chia hét

0.

cho da thire (x—1) véimoi neN".

Tacoé: f'(x)=n(n+2)x" —(n+1)(n+2)x"+n+2
f'(x)=n(n+1)(n+2)(x"—x"").
f(x)=n(n+1)(n+2)(nx"* —(n-1)x"?)

Dé thay f(1)=f'(1)=f"(1)=0 va f”(1)=n(n+1)(n+2)=0.

Vay X, =1 la nghiém bdi 3 cta da thuc f(x).

Vay da thie f(x)=nx"?-(n+2)x""+(n+2)x—-n chia hét cho da thuc

(x-1)" véimoi neN".

5.6. Tim gia tri nho nht ctia m sao cho v&i mdi da thic bac hai f(x) thoa mén
diéu kién: | (x)| <1 vx €[0,1] nghiém duing bét dang thic f'(0)<m.

Giai

Gia su f(x)=ax*+bx+c (a=0) la mot da thirc bac hai tuy .

Duya vao giai thiét ta co:

F0)-le<1: (4

Tir cac bat dang thirc ndy ta suy ra: 4(% L c] <4

a b
—4+—4+cC
4 2

<1 ; ‘f(l)‘:\a+b+c\31.

-3c<3

—(a+b+c)<1

Cong vé theo vé cac bit dang thirc nay ta duoc:
f’(O):b:—30+4(%+g+cj—(a+b+c)§3+4+1:8.

Vay 8 1a mot trong cac gia trj c6 thé c6 ctia m. Chirng minh m = 8 14 gid tri nho

nhat ctia m.

That vay! Da thire f(x)=-8x*+8x -1 thoa man diéu kién [f (x)| <1 ¥x<[0,1]

Bai vi:

f(x)—1:—2(2x—1)2 <0 Vvxe[01] va f(x)+1=8x(1-x)=0 vxe[01].
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Suy ra: f'(0)=8. Vay gi4 tri nho nhét ctia m bing 8.

5.7, Tin imL- U 5 day P(x) 1a da thire véi e s

A , y P(x) 1a da thirc v6i hé s6 duong.
X—>00 P([X])

Giai

Vi P la da thtc voi hé sé duong , voi x > 1 ta co:

POO-1 _[POY] . PO\ i POO=T iy POy g
P(x) ~ P([x]) P(x-1) = = P(x) ="P(x-1)
Iimmzl.

 P([x))

5.8. Cho da thirc Q(X)=2x"+4x° +3x" +5x* +3x* + 4x + 2.

+00 +00 XZ +00 X3
bat | = dx , J= dx, K= dx.
larg™ o™ “law
Ching minh rang: 1=K >J.

Giai ’

+ Pa thic Q(x) dugce viét lai nhu sau:
Q(X)=2(x* +1)+4(x" +x)+3(x* +x*)+5x".
+ RO rang céc tich phan trén hoi tu.

. . Lot
+ Pat X =— taduoc:lzj' t
‘ t’ ' (1 1 1 1 1 1
2| —+1|+4) o+ |+3] ,+, [+5
t ot t" ot t

+ Ta thu gon biéu thirc dudi ddu tich phan | s& thu duoc | =K .

— | =

FLaico: 2(1-3) =14 K —23= [ X 22X XL g oy,
o Q%) o Q(x)
Vay 1=K >J.

5.9. Cho f(x)=x"+2010x> + 2011x* + 2012x + 2013 va biét rang f(x) >0
v&i moi X € R. Chirng minh rang;
g(x)=F(x)+f'(x)+f"(x)+f"(x)+f(x)>0 VxeR.

Vi g(x) la da thirc bac 4 nén limg(x)=-+w0. Do d6 ton tai

X—>to0

X, € R:g(X,)=ming(x). Tir day suy ra: g'(x,)=0.
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Vi g'(x)=g(x)—f(x) nén g'(x,)=0<g(x,)=Ff(x,)>0.
Ma g(x)=g(x,) nén g(x)>0 vxeR.
5.10.Cho P(x) la mot da thirc co bacn >3 va X, <X, <X, <...<X , <X, la cac

sb thue. Chtrng minh rﬁng: P'( X ; X j P’( X”-12+ Xy j £0.

P'(x
Ta co: (): ! + 1 +...+ X #EX,1=1, 2,0,
P(x) x-Xx Xx-X X=X
+ Néu P'(X“XZj:om.
0= 1 + 1 +...+;<0+0+...+0:0.
X +X, X +X, X X
2 3 2 ) 2 "
(Vo ly)
+ Néu P’(XHH( j:o thi:
0= 1 + 1 +...+ 1 >0+0+...+0=0.
Xn—1+xn_x Xn—1+xn_ Xn—1+Xn_
1 2 n-2
2 2 2
(Vo ly)

5.11. Cho P(x) la da thtc khac 0, degP < 2010 va khéng c6 thira sé chung véi
3
X* —X.

P(X) 2010 (X)
Gia sur ( 5 ] = R(X) , trong d6 Q(x), R(x) la nhirng da thirc nao do.

X* — X
Chutng minh ring deg Q(X) > 4020.
Giai
Do P(x) va x° — x khong c6 thira s6 chung nén: P(x)=(x*-x)q(x)+r(x)
trong do q(x), r(x) 1a cac da thirc vo1 degq(x) <2007, deg r(x) < 3.

Ta co: w:q(x)qtﬂ.

x3 — x3 —x

r(x) A B, C
X*—-x  x-1 x x+1
Do P(x) va x*—x khdng c6 thira s6 chung khac hing s nén suy ra r(x) va
x> —x ciing vdy. Do d6 ABC #0.

Bao gid cling chon dugc cac s6 A, B, C sao cho
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I‘(X) (2010) A B C
Ta co: [ ) = 2010!{( + +

XS _— X 1)2011 X2011 (X n 1)2011
Suy ra:
r(x) 2010 AX2011(X + 1)2011 + B(X _1)2011()( + 1)2011 +C (X _1)2011 ¥ 2011
- =2010! 5 SOTT
X =X (x - x)

Khai trién tir s6, ta nhan dugc biéu thire dang

Q(x)=(A+B+C)x“*+2011(A-C)x™ +

2011(1005A— B +1005C ) x*** + ...
A+B+C=0

Gia str degQ(x) <4022. Khid6: {A-C=0 < A=B=C=0
1005A-B+1005C =0

Piéu nady mau thudn voi ABC# 0. Vay ta c¢6 diéu phai ching minh.

5.12. Cho da thuc P(x)=(x—-a)(x—b)(x-c) véia<b<c.

P'(a)  P"(b) P(c)_

P(a) P(b) Pl(c)

Ching minh rang:

1 1 1

Taco: P'(x)=P(x + + 1
(x)=P( )(x—a X—b x—c] @

Do P(a) = P(b) = P(c) = 0 nén theo dinh 1y Rolle ton tai d, e sao cho
a<d, <b<d,<cvaP(d)=P'(d,)=0 (2)

1 1

Laico: P"(x)=P’'(x + 3
ai c6: P"(x)=P'( )(X_dl X_dZ] (3)

111
P'(d,) = P(d _0
(d)=P( 1)(dl—a+dl—b+dl—cj

11 1
P'(d,)=P(d -0
(da)=P( 2)(d2a+d2b+d2c]

Do P(d,)#0,P(d,)0 nén ta co dugc:

Tu (1) va (2), ta suy ra:
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1 1 1
+ + =0
d-a d—-b d -c
1 + L + L =0
d,-a d,-b d,-c
Suy ra:
Pn(a) Pn(b) P”(C) 1 1 1 1 1 1

+ + = + + + + + =0.
P'(a) P'(b) P'(c) d-a d,-a d-b d,-b d-c d,-c
5.13. Chimg minh rang mdi da thirc bat ky déu c6 thé bicu dién dugc dudi dang
hi¢u cua hai da thirc dong bién.
Gia str P(x) 1a da thirc bat ky. Khi do P'(x) ciing 1a mot da thirc.
Ta c6 phan tich sau day:

1

P(x)=5[P(5)+ P(5)+1] -3 [P(5)-P'(s)+1].

Vi P’2( )£ P'(x )+1>o vx eR nén:

H

—'([ P’2 +1]ds+2P(0)

I\.)

1X

[P (s)-P(s )+1]ds—%P(0)

R(x)= O

1a hai da thire dong bién. Hon nita P(x)=R(x)-Q(x).
Vay ta dd hoan thanh viéc chirmg minh két luan nay.
5.14. Tim da thirc P(x) thoa man diéu kién: P(0)=0, P(x* +1)=P?(x)+1.

Giai

@dung day sb (x,) nhusau: X, =1, %, =1 X,,, =X +1 (neN)

Chtng minh quy nap: (Xn) tang thuc sy va ¢ vO so s6 hang phan biét.

Taco: P(x:+1)=P*(x,)+1=>P(x,)=%, VneN.

Xét da thire Q(x)=P(x)—Xx.

Q(x,)=P(x,)—x,=0 VneN.

Do d6 Q(X)=0=>P(x)=x. Thir lai thiy da thitc P(x) = x théa mén diéu kién.
Vay P(x) = x 1a da thtrc can tim.
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o . P s
5.15. Cho P va Q 1a hai da thtrc duong trén R*. Tim lim L j

X—0 X 2011 . Q S
Giai
Ap dung quy tic L’Hospital ta co:
P(x)
1 ER(s) ") . InP(x)-InQ(x)
MQ o _([@ds - !(I_m 201 1% - !(I_[Q 2011x%%% -

5.16. Cho P(x) 1a mot da thire bac n>1 véi hé sb thue va co n nghiém thye.
Ching minh rang: (n-1)P?(x)=nP(x)P"(x) , ¥xeR.

+ Néun = 1 thi khang dinh trén lu6n dung.

+Neéu n>2,goi 4,...,4, la cac nghiém cua da thirc P(x).

Khi d6 véi x=4, , k= 1,...,n thi khang dinh trén hién nhién dung.

Bay gio, gia st x# 4, ,k=1,...n taco:

P’(x)_Z“: 1 P'(x)_ 5y 2

P(x)_k:lx—&i COP(X) T (x=A)(x=4)
Do do :

(nl)(':((xx)]zn F:((XX)) =(”1)(§xlzk T”%m(xﬂk)z(xm

)
S e RE o ) b= e

2

. n-1 1
kl(wy“(””(ﬁn(xzk)(xm]”%m(xm(w)

" n-1 2 1 1
=-\y_ - _ = — >0.
kZ_;‘(x—lk)Z 1g§sn()(—lk)(x_ﬂ1) l<§<n(xj’k X}W] )

! 2 ”
Viy (nl)(%] —n%zoa(n—l)w(x)znP(x)P”(x).
5.17. Cho P(x) la da thtrc bac n v61 hé s6 thyc ¢6 n nghiém thuc phan biét khac
0. Chirng minh rang cac nghiém ctia da thic X’P"(x)+3xP’(x)+ P(x) la thuc
va phan biét.

Giai
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bat Q(x)=xP(x).

Vi cac nghiém cua P(x) la thuc phan biét khac 0 nén cac nghiém cua Q(x) cling
la thuc phan biét. Theo dinh 1y Rolle suy ra cac nghiém cua Q'(X) la thuc phan
biét.

bat R(x)=xQ'(x) , suy ra cac nghiém cuia R(x) 1& nghiém thuc phan biét.

Do d6 cac nghiém cua da thirc R'(x)=x"P"(x)+3xP'(x)+ P(x) la thyc phan
biét.

5.18. Cho P(x) la da thirc v6i hé s6 thuc c6 n nghi¢m thyc phan bi¢t 16n hon 1.
Xét da thirc Q(x)= (x2 +1) P(x)P'(x)+ X[Pz(x) + P’z(x)] :

Chutng minh riang da thirc Q(x) ¢6 2n—1 nghiém thuc phan biét.

Giai

Taco: Q(x)=[ P'(x)+xP(x)][ xP'(x)+P(x)].

Nhan xét :

XP'(x)+ P (x)=(xP(x))

Goi cac nghiém cua P(x) l1a: 1< X, <X, <...< X, . Theo dinh ly Rolle,
P'(x)+xP(x) c6 n—1 nghiém y, , k=1.2,...,n-1 thoa:

1<X <Y, <X, <..< Y,y <X, V@ XP'(x)+P(x) ¢ nnghiém t, thoa :
O<t <X <t, <X, <..<t <X.

Néu y, #t ., VK thitacé ngay diéu phai chirng minh.

Gia sir ton tai k sao cho y, =t, ., =(.

Khidé : P'(q)+9P(q)=0=qP'(q)+P(q)= P'(q)=—qP(q), thay vao ding
thire thi hai ta duoc : (q2 —1)P(q):0. Mat khac p=y,>1suyra: P(q)=0
nhung lai ¢6 : X, < < X,,,. Diéu ndy mau thuin.

5.19. Tim tat ca cac da thirc P(x) hé s6 thuc théa man diéu kién :
P(e*)=P(x*™) voimoi xeR.

Tir gid thiét suy ra : P(e™) =P (x) vx>0.

Pat u,=1,u, =e™ n>1,
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Khi d6 (u,) 1aday tang va P(u,)=P(u,,) YneN.Suyra P(x)=C.

5.20. Cho da thirc lugng gidc P(x)=>(acoskx+b, sinkx) théa man dicu kién

k=0
‘P(X)‘Sl Vx € R. Chirng minh rang : ‘P'(X)‘Sn vxeR.
Gidi

Cho acR batky.

Dé thay : Q(x)= P(a+ X); P(a-x) :Zn:cksinkx
k=1

P'(a+x)-P'(a—x)
2

Suyra: Q'(x)=

va Q'(0)=P'(a).

P (a+x)|+|P(a—x)

Ta chirng minh ’(0)‘ <n. That vay ‘Q(x)‘ < <1.

Qx)
SInX
( nhén xét nay t6i danh cho ban doc tir kiém tra).
Q(x)-Q(0) x

X—0  sinx|

Nhan xét : <n ‘v’X;t{...,—271,—%,0,%,2%,...}

Hon nita Q(0)=0 va

Khi x — 0 ta thu dugc ‘Q’(O)‘s n hay ‘P(a)‘s n. Vi a dugc liy bat ky nén ta
suyra: |P(x)<n vxeR.

C-MOQT SO BAI TAP PE NGHI

5.21. Cho P la mot da thire bac n thoa man: IXP dX 0,k=1.2,..,n.

2
Ching minh rang: JP dX n+1 UP ] :

5.22. Tim mot da thuc bac nho nhét, dat gia tri cuc tiéu 1 2 tai diém X, =3 va

dat gia tri cuc dai 12 6 tai diém x, =1.

2 3 k 2n
X

5.23. Cho da thirc P(X)=1— X+%—%+---+(_l)kﬁ+"'+ (2n)!

(neN)

cO gia tri khong Am vdi moi x.
5.24. Cho da thie P(x) véi degP =n va P(x)20 VxeR. Chirng minh ring :
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(k)
kZ_;P
5.25. Cho da thirc: P(X)=X"+ax" " +a,X"* +...+a, ,X+a, théa min diéu
kien: n(n—-1)P(x)=(x-x)(x=X,)P"(x) V¥xeR vacé cac nghiém thyc trén
X+ %
S

[X,,%,] thi cac nghiém 4y c6 thé xép thanh cap doi xtimg nhau qua X, =

5.26. Gia sir Q(x) la da thirc voi hé sO thuc va ¢6 bac 16n hon va bang 1. Chung
minh rang chi c6 mot sd hitu han cac gia tri ciia m sao cho

_[Q smxdx _[Q cosxdx 0.

5.27. Gia str Q(x) 1a da thtrc khong c6 nghiém thyc. Chimg minh rang da thirc

Q"(x) QW(x) (%), . Q*"(x)
Q(x)+ ) + 2 + 5 ot (2n)
thuc.

5.28. Cho da thie P(x) =a,Xx" +aXx" " +...+a ,Xx+a, ,a,=0 c6nnghiém
thyc phan biét. Ching minh rang :
a) 2011P(x)—2012P'(x)=0 c6 n nghi¢m thuc phan biét.

+.... cling khong c6 nghiém

n-1
b) —=a’>aja,.
) Sar>a,
5.29. Cho da thuc P(x) bac n ¢6 n nghi€ém thuc phan biét. Chirng minh tap hop
P'(x)—2011P(x)

P(x)

nghiém cua bat phuong trinh : >0 1a mot s6 khoang co tong

do6 dai bang ZL

011
5.30. Cho da thtrc P(x) bac n> 1 c6 n nghiém thuc phan bi¢t 4, , k=1,2,...,n
Chung minh rang : 1 + L +..+ 1 =0.

P'(4) P(%)  P(4)
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CHUONG 6 ‘

BAI TAP NANG CAO VA NHUNG GOQI Y VE
PHUONG PHAP GIAI

6.1. Choham s f :R — R thoa man diéu ki¢n: f(x+19)< f

f (x+94)> f(x)+94 véi moi x. Ching minh rang: f(x+1)

xelR.

Budce 1: Chung minh bang quy nap véi moi ne N

f(x+19n)< f(x)+19n , f(x+94n)> f(x)+94n

f(x-19n)> f(x)-19n , f(x—-94n)< f(x)—94n.

Budc 2: Chung minh f (X)+1S f (X+1)S f (X)+1.

6.2. Cho f lién tuc trén doan [a;b], kha vi trong khodng (a;b) va

f (a)= f(b)=0. Ching minh ring ton tai ¢ €(a;b) sao cho: f'(c)= f**(c).

Goiy

(x)+19 va
= ( )VO’I moi

B , O £2010(t)dt
Ap dung dinh 1y Rolle cho ham so: g(x)=e J f(x).

6.3.C6 hay khdng mot ham s6 f : R — R thoa mén:

| (x+y)+sinx+siny|<2véix,y eR ?

Goiy , ,

Budc 1: Chon céc gia tri thich hop cua x, y thay vao diéu kién bai toan dé thu
duoc: | f(7)+2|<2 ; |f(7)-2|<2.

Budc 2: St dung ,bérlt dang thirc tam giac dé dan dé:n mot diéu mau thu?lp vo1 gia
thiet. Khi do ta két luan dugc khong ton tai ham so nao thoa man yéu cau bai
toan.

6.4.Timhamsd f(x) c6 dao ham lién tuc trén R sao cho

X

f2(x)=[(f?(t)+ f*(t))dt+2011

0
Lay dao ham hai ve.

6.5.Cho f :R—R saocho |f(a)- f(b)/<[a—b| Va=b.Ching minh ring
néu f(f(f(0)))=0thi f(0)=0.

Goi ¥
Bude 1: Viét lai diéu kién dbi véi ham f(x) : | f (a)- f (b)/<|a—b|
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Budgc 2: bat x=f(0), y=f(x).Khido f(y)=0.
Ap dung bit dang thirc trén lién tiép ta thu dugc x=y=0. Suyra f (0) =0.
6.6. Cho f xac dinh trén [0;1] thoa man: f(0)=f(1)=0 va

f (X; yjs f(x)+f(y) vx, ye[01].

Chung minh ring: phuong trinh f (x)=0 co vd s6 nghiém trén doan [0,1].
Goiy

Chtng quy quy nap f (%) =0 VneN.

6.7. Cho ham s f (x) lién tuc trén R thoa man diéu kién:

f(f(x))f(x)=1vx va f(1000)=999. Hay tinh f(500).

Goiy

Xét ham s6: g(x)= f(x)—500 va sir dung dinh ly gid tri trung gian dé di dén

1

f(500)=——.
( ) 500 ,

6.8. Ton tai hay khong ham s6 f : IR — R sao cho v&i moi x, y thuoc R ta co:

f(x;t): max{ f (x),y}+min(f(y),x)?

Thay x =y = 1 vao diéu kién bai toan sé xay ra mot dieu vo ly.

X2

6.9. Ching minh rang ham sé: g (X) = hc’il_i (X > 1) la don diéu va tim tap
gia tri cua no.
Goi y:
+ Chtrng minh don di¢u thi hoan toan don gian
+ Pé tim tap gia tri ciia ham g(x) ta lam nhu sau:
Bugce 1: Ching minh lim g(x)=+o0.

Budc 2: Poi bién s=e" cho tich phan trén, tim cach dwa vé dang toan tim
giéi han ham s6 bang dinh 1y kep dé chimg minh duoc limg (X) =In2.

x—1"

Tir 6, ta c6 thp gié tri cia ham so trén la: T =(In2,+0).

6.10. Gia sir f(x) 1a ham lién tuc trén [oﬂ sao cho ton tai Cc € (o%) dé

f(x)>0 vxe(0,) va f(x)<0 vXe(c,%j.
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Ching minh rang:
2 2

O | Y
O =y [N

f (x)cosxdx | +| | f(x)sinxdx | >0.

Goi y: Chirng minh phan chirng.

6.11. Cho f :R —[-11] kha vi dén cap hai va f(0)+ f'*(0)>2. Chiing
minh rang ton tai X, e R de f(x,)+ f"(%,)=0.

Goiy

Budce 1: Xét ham g (X) = f? (X) + £ (X) ching minh g(x) dat cuc tri tai diém
X=X,.

Bugce 2: Ching minh f'(X,)#0.

t
6.12. Cho f(x) lién tuc trén [2011,+c0) vathoa [ f*(x)dx< %(ts —2011°) véi
2011

moi t > 2011. Ching minh rang: J f (X)dx < %(S2 — 20112) voi s> 2011.

2011

@
|§.

dung bat dang thirc Cauchy-Schwarz.

13. Cho f(x) la ham kha vi lién tyc hai 1in tren R va thoa mén
0

X

(0)=2,f(0 ): —2,f(1)=1. Chimg minh ring ton tai X, €(0,1) sao cho

St
6.
f
f ( ) ( o)+ (%) =0. Thtr tim m¢t ham s6 thoa man yéu cau bai toan.

Su dung dinh 1y Rolle déi véi ham g (x) :% £2(x)+ £(x).
6.14. Cho ham s f(x) xac dinh va kha vi lién tuc trén [0,1],

1
f(0)=0,0<f'(x)<1. Chung minh rang: (J f (X)dX] >
0

O'—;l—‘
—
w

@
g

S 2 S
Xét ham so g(x)= U f (x)dx} —_[ f*(x)dx va s dung “khéo 1é0” tinh don
0 0

diéu ctia ham sb.
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6.15. Chirng minh rﬁng voi n=2,3,4,... ham s6 (p(x) = % + COSX+ZakCOSkX

k=2
V&1 \ao\ <1 nhan gia tri duong cling nhu gia tri am trong chu ky [0, 27r) :
Goiy:
2z
Hay tim cach chirng minh j @(x)(1+cosx)dx = (@, +1). Khi d6 ban dd gan
0
dén “dich”.
6.16. Cho a, b la cac s duong sao cho a+ ff<1lva f :[0,+oo) - [0,+oo) la
X axX PX
ham khong giam va _[ f(s)ds= _[ f(s)ds+ _[ f(s)ds ¥x=0.Ching minh
0 0 0

rang: f(X):O Vx>0,
Budc 1: Doi bién cho hai tich phan & vé phai ctia dang thirc da cho dé quy ve
dang nhu sau: I[ f(s)—af(as)-pf (ﬁs)}ds =0 Vx20.

0

Budc 2: Sir dung tinh chat don diéu, lién tuc caa ham sé dé di dén két luan.
6.17. Gia sir hé sb cua x**2 trong chudi liy thira (1+ x)" =1+ Ax+... 1a 9(2).
1 2010
Hay tinh tich phan sau: | = I(@(—s —l)zi]ds.
0 ~t+k

Goiy
Buéc 1: Khai trién Maulaurin cho (1+ X)_H.
2010

Budc 2: Thay vao ¢(—s—1) Zﬁ. Lay dao ham cua ham tich rdi 1ay tich
k=1 L+

phan ta thu dugc | =2012.
6.18. Cho ¢:[0,1] > [0,+00) 1a ham lién tuc, don diéu giam.

1 1 1 1
Chitrng minh: I@(x)dxjxwz(x)dx = _[Xgo(x)dx_[goz(x)dx.
0 0 0 0

6.19. Cho ¢, v :[a,b] >[a,b] 1a cac anh xa 1&n ; ham sb ¢(x)—y () lién tuc
trén [a,b] va (p(t//(x)):l//(qo(x)) vx €[a,b]. Chung minh rang phuong trinh
@(X)—w (x)=0 c6 nghiém x, €[a,b].

www.MATHVN.com 140



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

K&t luan bai toan co thé chuyén doi ngén nglt nhu sau: “Chirng minh rang ton
tai X, €[a,b] sao cho (%) =w (%)

Bude 1: Phan ching ( Gia st (X) =y (x) Vxe[ab]).

Xét ham so: n(x)=@(x)—y(x). Khido co thé gia thiét rang:

n(x)>0 vxe[ab].

Buoc 2: Lay mét diém A bat ky thudc [a,b], hdy tim cach ching minh:

n"(2) =w(l) >n.min n(x).

xe[a,b]

Budc 3: Panh gia dé dua dén diéu mau thuin sau day:
b-a>n"(1)=n.minzn(x) dé hoan thanh chimg minh. Thé nhung van d¢ 1a

xe[a,b]

ching ta hdy chi ra duoc tai sao “b—a=n"(1)=n.minn(x)” [a mot dieu mau

N xe[a,b]
thuan?
6.20. Tim tit ca cac ham lientuc f :R* > R" thoa man

f(x)= f(x2+%j vxeR.

Goiy ,
Can chuyén doi qua ngdn ngir ddy $6. Xem xét hai truong hop sau day:

+ u=b (Osbs%j U, =Uu’+1,neN".

+ u=b (b>%),um:‘/un—%, neN".

Qua hai truong hop ndy can lap luan dé ching minh f(x) 12 mot ham hing.
6.21. Tim tat ca cac ham lién tyc f : R — R thoa mén dieu kién:

f(f(x))= e

Goiy

Chi can chimg minh f ( f (X)) 1a ham d6ng bién 14 ta nhan duoc sy mau thuin
Vi gia thiét bai toan. Vay khong ton tai ham s6 f(x) nao ca.

6.22. Cho aeR vahamso f:R — R thoa man diéu kién:

f(x+a):%+\/f (x)— f2(x) VxeR.
Chutng minh f1a ham tudn hoan. Trong truong hop a = 1, hiy cho vi du minh

hoa vé mot ham s nhu vay.
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Goiy
Tim cach ching minh f (x+2a)= f ().

6.23. Timham f :R — R thoa man: f(x+y)> f(x)f(y)>e* ).

Goi y
Cho X, y cé4c gia tri thich hop dé chirng minh duoc '™ < f (x)< e,

6.24. Tim tt c4 cac s6 d €[0,1] cd tinh chat: Néu f (x) 1a ham s lién tuc tly
¥, xéc dinh v6i x €[0,1], ngoai ra f(0)= f (1) thi ton tai so X, €[0,1—d] sao
cho f(x,)="f(x +d).
Goiy
Hay tim cach ching minh rang d :% , k e N" thoa man yéu cau bai toan.
Nhitng gia tri con lai ciia d khong théa mén.
Bude 1: Xét d :%  keN".

+ Trudng hop k =1 1a hién nhién

+ Truong hop k >1 , ta xét ham s sau: g(x): f (X+%)— f (X) trén doan

k _1 N . . 4 A \
[O’T} roi chiing minh c¢6 mot so x, thudc doan nay sao cho

f(x)= f(xo+%].

Budc 2: Cac trudng hop con lai ciia d, ta chimg minh dé dan dén diéu vo 1y
rang: f(x)= f(x+d) vxe[0,1-d].

6.25. Chirng minh phuong trinh:

2013 5 inx+92°K/2 sin 3x = 2524/3sin5x + 49°%/2sin 7x ¢6 it nhat 7 nghiém trén
doan [0,27].

Goiy

Xét ham s6 sau: f (x)=2%3sinx+2X/2sin3x — 2/3sin5x — “§2sin 7x.

Pé y rang f (0) = f (%) = f (n) = f (37”] = f (27r) =0. biéu ndy goi y chung

ta str dung 2 lan dinh Rolle dé di dén dich cua bai toan.
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|

6.26. Cho ham so f(x) xac dinh trén Rva f (x+2011)= ]: 8_ 1
+

xac dinh cua f (X) Chang minh f(x) 12 ham tuan hoan.
Goiy
Ching minh: f (X + 4022) =—

tai moi diém

f(lx).Tt‘Idé suy ra: f (x+8044) = f(x).
Vay f(x) 1& ham tuan hoan véi chu ky 8044.

6.27. Tim tit ca cac ham sb f :[—é;%} — R thoa man diéu kién:

2010f(x)—2011f( X j:2013x2°14 vXe[—i,E]
2012 ' | 2013 12'6

Goiy

2014
Xét ham so: g(x) = f (x) 2010.2012.2013 x>

, ©2010.2012.2013%% _ 2011
Str dung cac tinh chat ctia gigi han va ham lién tuc dé chirng minh

11
=0 Vxe|l-—,~|.
g(x) X€|: o 6}
6.28. Timham f :R" - R" thea f(f(x))+ f(x)=2011.2012x VxeR".
(R"={x:x>0})

Goiy
Xay dung day s6 Uy =x, u; = f(X) ..., Uy, =TF(u,).

6.29. Cho ham s6 f :Rf — R} théa man diéu kién

f(f(x))+2011f (x)=2012.4023x. Hay tim lim f ( f [f ( - }D

X—00

2011
Goiy ,
Phuong phap gidi giong nhu 6.28 , ta tim dwoc ham f(x). Khi da c6 ham f(x)
mot cach cu thé thi viéc tim gidi han khong c6 gi kho khan.,
6.30. Cho ham sb f :[0,1] - [0,1] , f’(X) >0 Vxe [0,1]. Hay chirng minh rﬁng
0<u, <U, <...<Uy, <1
ton tai ddy (u, ) , k=1,2,...,2011 thoa mén: < 204

Hf’(uk)zl
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Goiy
Tur gia thiét bai toan, chling ta thay f tang va lién tuc trén [0,1],

f(0)=0,f(1)=1.
Buoc 1: f:[0,1] —[0,1] lién tuc nén ton tai (v, ) sao cho:

0=V, <V, <V, <..<V,,=1va f(WFﬁ ,k=0,1,...,2011.

Buéc 2: Ap dung dinh ly Lagrange trén céc doan [V,_,,V, | rdi cong vé theo vé

2011
, X s 1
cua 2011 dang thirc ta dan dén diéu nhu sau: E Y ( ) =2011 (*)
k=x T Uy

Budc 3: Ap dung bit dang thirc Cauchy cho 2011 sé duong ta dugc:
| 2011
Z > (**).
=l f’(uk) 2011
204 H f'(u)
k=1
Tir (*) va (**) ta suy ra diéu phai ching minh. ‘
6.31. Cho f(x) la mot ham thuc lién tuc thoa mén dicu kién:
f (2X2 —1) = 2xf (X)dx Vx € R. Chimg minh rang: f (X) =0 trén doan [—1,1].
Goiy ‘
Lugc gidc hoa bai toan ( bang cach dat x =cost).
6.32. Goi X 1a tap cac so thuc khong am. Cho f : X — X la ham bi chan trén
doan [0,1] va thoa méan bat déng thirc

f(x)f(y)ﬁx2f(lj+y2f(§j Vx,yeR. Ching minh rang: f(x)<x’.

2
Goiy
, _— x), (%)
Budc 1: Cho x =y =0, ta chirng minh duoc: f 2 > SV
X

bt f(x)=k lap lai vai lan ta duoc:

x)_ k* x) 2k® x ) 128k
Pl A2 [ 2o [ X o .
(2) 2x° (8) X (16) x>

Budc 2: Ching minh néu k > x? thi f (Z—an >2"x* véi m=2"-2n-1.

Tir d6 ta c6 duoc diéu phai chirmg minh.
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6.33. Cho I la mt khoang cua R, f:1 - R 1, (a,b,c)e 1’ saocho a<b<c.

a f(a) 1
Xétmatran A=|b f(b) 1|.Chéngminh rang det A>0.
c f(c) 1

Goiy ‘ q
detA>0<«< ... f 16i. Nhu vay khang dinh trén ludn dung.

6.34. Cho ham s6 f :[-1,1] - R kha visao cho lim f(x)=Ilim f (x)=-+o.

x—>-1" x—1"
Chumng minh rang ton tai ¢ € [-1,1] sao cho f'(c)=0.
Goiy
Tim cach chung minh f(c)= _inf ] f(x) A, ue(01].

Xe[~1+2 L+ u
Vi 0e[-1+ 4,1+ u] nén f(c)< f(0). Pidu nau ching t6 ring VX € [-11]
f c6 mot cuc tieu dia phuong tai c. Vay f'(c)=0.
6.35. Cho ham s fkha vi trén [0,2010], f(0) =0va f(x)>0 voi mdi
f'(x) 2012 f'(1-x)

x<(0,2010). Chitng minh réng phuong trinh — (x) 2011 f(1-x)

nghiém thuc (0,2010).

Goi y
Ap dung dinh ly Rolle cho ham g(x)= f**(x).f**(2010-x).

6.36. Cho ham f lién tuc trén [a,b] (0 <a< b), kha vi trén (a,b). Chtng minh
rang ton tai céc s6 ¢, C,, C; €(a,b) sao cho

12f'(c,)=3(ath) f gCZ) + 2(a2 +ab +b2)%§3).
2 3

Goiy
Budc 1: St dung dinh 1y Lagrange cho ham f trén [a,b].

Budc 2: Sir dung dinh ly Cauchy cho cap ham fva g(x)=x" trén [a,b]
Budc 3: Sir dung dinh ly Cauchy cho cap ham fva h(x)=x’ trén [a,b].
Tir két qua trén chlng ta dé dang suy ra duoc diéu phai ching minh.
6.37. Cho ham s6 f :[0,1] > R thoa man:

(1) ftang trén [0,1]
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(ii) f kha vi trén (0,1] va f' giam trén (0,1]. Cho day s6 (u,) duoc xéc

dinh nhu sau: un—212f( j neN.
a k™ \k
Ching minh rang day s6 (u,) hoi tu.
Budc 1: Dya vao (i) dé ching minh (u,) ting.
Budc 2: Str dung dinh 1y Lagrange cho ham f trén doan [ﬁ,%} (keN).
_+_

Budc 3: Tim cach danh gia két qua thu duge ¢ bude 2 dé chimg minh (u,) bi
chn trén bai 2( f (1)- f(0)).
6.38. Tim a sao cho ton tai gidi han IIm X— 1 I—ds va khi d6 tinh gidi han

x—>1’
nay.
Goiy

n’s
6.39. Cho biét ham s6 (p(X) c6 dao ham tai moi cap trén khoang (—1, 2) va
0" (0)%0 Vk=12,... Giast 0<|x| <1 vavéi neN tacd cong thicc Taylor

(n-1) (n)
(p(x):(p(o)+(p'(o)x+...+"’—(°)xn-l+%xn 0<6<1.

(n-1)!

Hay tinh lim@.

x—0
Goiy
Khai trién ham f (x) dén s6 hang chira X"
6.40. Cho da thirc lugng giac:

2011
f(x)=a,+ ) (acoskx+h, sinkx) ; a,,a,,b, eR thoa

k=1

a,f +bk2 =1 (k = 1,2,...,2011). Chirng minh rﬁng: Néu f (X) >0 voimoi XeR

i f(x)-2011
a,

<1 véimoi XeR.

Goi ¥

Buée 1: Ap dung bét dang thirc Bunhiacovski dé chimg minh f (x)—2011<a,.
Budc 2: Chirng minh a, >0.
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6.41.Cho cac ham s f e :[0,+oo) — R lién tuc sao cho:
vxe[0,4+) ,g'(x)>0 va é la ham don diéu. Ta ky hiéu
@:[0,4+0) >R y :[0,40) > R

xn—>:[f(s)ds xn—>:[g(s)ds

Chirng minh P dgon diéu trén (0.+ ).

v
Goiy
X . X .
Chung minh ?(%) >0 néui la ham tang ; ?(%) <0 néui la ham
w(x) g w(x) g
giam.
b
Jeslnsds
6.42. Tim lim 2———
X—>+0 @ |nX
Goiy
_[eslnsds .
Chirng minh : 0 < |4 ~1<——>0 (x> +x).
e*In x In x
Jeslnsds
Khi do: Iimlx—:l.
X—>+0 @ |nX

X+1

6.43. Voi € e R ¢6 dinh, hdy tinh lim x** j sin(sz)ds.

X—>+00
X

Goiy
Budc 1: Doi bién y =t?.
Budc 2: Tich phan tirng phan rdi danh gia ¢é dung dinh 1y Kep.
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6.44. Hay khao sat su bién thién va vé dd thi cho ham s sau day:
f:R>R

2X 2

Goiy

Tuong tu v6i cach thire khao sat va vé db thi cho mot ham sé ¢ THPT.
Tuy nhién, d6i voi loai ham s6 co chira dau tich phan va biéu thie dudi dau tich
phan phtc tap nhu thé nay doi hoi chiing ta phai c6 kha ning phan tich, danh
gia va tong hop nhiéu kién thuc lién quan méi giai quyét tot dugc.
6.45. Cho ae R, I [a mot khoang md cia R saocho ael va f:1 - R la mot

f(a+h®™)-f(a+h)
anh xa kha vi tai a. Hay tim Ihlrrol ” :

Goiy ‘
Bai nay kha don gian, chi can str dung dinh nghia dao ham.

6.46.Xétphu0’ngtr‘|nh:i+ L + L +.+ 1 +..+ 1

, 2x  x=1 x-4 = x-k* X —n?
s0 nguyén duong. Chirng minh rang v&i moi s6 nguyén duong n , phuong trinh
nay c6 nghiém duy nhat thudc (0,1) Ky hiéu la (Un) . Chirng minh rang day s6
(un) hoi tu.

=0 véinla

Goiy
o LA A 1 1 1 1 1
Xéthamso: f (X)=—+—+——+..+ ~+ .t ~. Sau d6 su
2x x-1 x-4 X—K X—n

dung don diéu, cac dinh 1y gia tri trung gian, dinh ly gia tri trung binh...
6.47. Cho a,beR saochoa<b, neN", caic hamso f, (x):[a,b] > R x
k=1,2,...,n lién tuc va khdng cung bang 0. Chirng minh rang ton tai

gk(X):[a,b]—>R k=1,2,...,nlién tuc sao cho J(Zf ]dx 1
2 k=1
Goiy
bat h(x) = n fZ(x) k=12,...,n; h(x) liéntyc, h(x)>0. Vayjh x)dx >0.
k=1

Vay lay gk(x):M (k=1,2,...n

_Z[h(x)dx
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6.48. Cho ham s6 f :N* — N” thoa man cac diéu kién:

(i) f(1)=f(2)=1; (i) f(n)= f(BD+ f([”T”D n>3, trong do
[x] 1a phan nguyén I6n nhat khong vuot qué x.
Hay tinh: S = f (1)+ f (2)+...+ f(2011).

Goiy
» , (ot 27 +k , 0<k<2™ o
Chtrng minh quy nap: f(2 +k): " | Zt_lgkgzt.Saudo xét cac gia

tri cua f(n).

6.49. Xéthamsé f :R —R théaman f(0)=0 va f(x)=f(4—x) VxeR.
Hay tim s it nhat cac nghiém ctia phuong trinh f (x)=0 trong doan
[-1000;1000].

Goiy
Dua vao gia thiét bai toan, tinh vai gia tri dac biét, tir d6 ching ta rut ra quy luat

X, =10k , x, =10k +4 , ke Z ; la nghiém cua phuong trinh f (X) =0.
6.50. Cho hamsd f:R* - R* thoa mén

f (4x)+2011f (4x)=2012f (x) VxeR". Ching minh ring ton tai so thuc
k>1dé f(x)=f(kx) vxeR".

Goiy
Budc 1: V&i mdi xeR' , dat f(2"x)=u, ,neN. Saud6 chimg minh quy
nap: u, ., +2011u , —2012u =0.

Budc 2: Tim s6 hang tong quat ctia ddy sb (u,) thoa man cong thie trén. T
d6 bién luan dé suy ra duge: f (x)=f (2”X), n>1. Ttc laton tai k =2">1
thoa man yéu cau bai toan. ‘

6.51. Cho I Ia mét khoang va f :1 — 1 la mot ham lién tuc théa mén di€u kién:
f ( f ( f (X))) = X. Ching minh rang: f ( f (X)) =X.

n

Goiy

Budc 1: Chirng minh f(x) 1a mét ham don diéu ( Chirng minh phan chirng)
Budc 2: Chia ra hai truong hop ting, giam dé ching minh khang dinh bai toan.
Luu Y rang trong trudng hop hdm giam can phan chia truong hop n chin, n 1é.
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6.52.Chirng minh rang néu f(x) 1a mot ham lién tyc trong khoang [a,+), kha
vi trong khoang (a,+) sao cho: f(a)<0;f'(x)>k>0 véi x>a voikla

. . . . f(a
mot ham s6 nao d6 thi ton tai duy nhat mot so ¢ trong khoang [a, a-— %)
sao cho f(c)=0.
Goiy

. f ,
Budce 1: Ap dung dinh Iy Lagrange cho ham f (x) trén doan {a; a +@} dé

ching minh sy ton tai ctia s6 ¢ sao cho f(c)=0.

Bude 2: St dung dinh Iy Rolle dé chimg minh tinh duy nhat ciia s6 ¢ thoa mén
yéu cau bai toan.

6.53. Chirg minh rang f(x) kha vi trong doan [0,1] , f(0)=0va

X)‘ < k‘ f (X)‘ VX e [0,1] trong d6 k 12 mot hang s6 nao do thi f (X) =0
trong doan [0,1].

Goiy
Phan chia 2 truong hop 0<k <1; k>1 va st dung dinh Iy Lagrange. Tuy

nhién khéng chi ap dung truc tiép dinh Iy Lagrange ma Chung ta can co su danh
gi4, str dung tinh lién tuc va gidi han cta day sé-ham sb dé di dén két qua. Va

tat nhién day 1a mot bai toan kho.
_ f(x
6.54. Gia st f(x) 1a mot ham xac dinh trong (0;+c) va lim L

X—>+00 X

=+00. Ching

minh rang f(x) khong lién tuc déu trong khodng (0;+00).

Goiy
Chtng minh phan chimg. Luu Y rang : khi f(x) lién tuc déu trén [0,+oo) chdng

ta phai chi ra dugc ton tai cac hang s6 C, D sao cho ‘ f (X)‘ <C|x|+ D dé sy gia

thiét phan ching c6 hiéu qua hon lic ndo hét,
6.55. Cho ham f :R — R théa mén

f(2x)=f sin2 Y 7 |+ £l sin2=Y vx,yeR.
2 2

Hay tinh (x,) biét x, = 2011++/2011+ /2011 +...+ *°{/2011.
Goiy
Chtmg minh f (x)=0 ¥x € R. Khi d6 moi chuyén s& don gian véi ching ta.
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6.56. Cho f :R — R thoa mén:
f(x3+y3):(x+ y)[fz(x)— f(x)f(y)+ fz(y)] vx,yeR.
Chung minh ring véi moi x € R ta co: f (2011x) =2011f (x).

Goiy
Chting minh quy nap: f (nx) =nf (X) VneN, VxeR.Chon n=2011 la

xong.

5.57. Cho ham s6: f(x)=1- X3 .
9" +3
, 2011 k
Hay tinhtong S=) ——.
= 2012

Goiy
Pé y rang: f (X) + f (1— X) =1 (Bandoc tu kiém tra diéu ndy, khéng kho

khan 1am). Khi d6 sé& thiy viéc tinh tong ndy khdng qué phtic tap lam dau.
5.58. Tim tat ca cac ham f :[0,+0) —[0,+00) thoa:

f(x2 +xy+y2)+ f(M]: f(g(xz +y2)j VX, y e[0,+x).

2
Goiy
Chting minh: f (X+ y): f (X)+ f (y) VX, Yy e [0,+oo).
5.59.Cho f:R — R thoa mén

kz:zollk(f(mky)— f(x—ky))

la ham hang.
Goiy
Dua vao bat dang thirc trén dé chirng minh dugc:

a+b a-b
f ~f(x—ny)< Patx=202 y=2"2
|f (x+ny)—f(x—ny) itx="=y=

<1 VneN", ¥x,yeR. Ching minh rang f

2011"

Khi do: |f (a)- f(b)|< SoiT

.Cho n— +oo tasuyra f(a)= f(b) nghiala

f(x) 12 ham hang.
5.60. Cho ham sé duong f kha vi trén [0;1]. Ching minh rang bat phuong

trinh : 7 (f'(x)- f(x))< f(1)-£(0).
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Goi v
f(x) .

Ap dung dinh Iy Cauchy cho hai ham : ¢(x)= o (x) =arctanx.
+ X

5.61. Tim tit ca cac hamsé f (X) xac dinh va lién tuc trén R thoa :

C,?f(x)+C,1]f(x2)+...+C:f(xzn):o vneN, VxeR.

Goiy

Dit (pn(x):zn:C,'ff(XZK).
k=0

Taco:

() ¢,(x)=0VvxeR

(i) ¢, (x) =Y. Cl. f (x*)

k=0
(i) @, (x*) =Y Ci7 F (x*)
k=1

(iv) @, (X)+ (pn_l(xz) =..=¢,(x)=0 (diéu nay khong don gian can
phai chirng minh).
Dua vao tinh lién tuc ctia ham f trén R, ta xét cac truong hop :

Xx=0;0<x<1;x>1;x<0.
Cubi cling ching minh duoc f (x)=0 vxeR.
5.62. Cho ham s6 f (x) théa mén:
f(xy)+ f(x—y)+ f(x+y+1)=xy+2x+1Vx,yeR

va g(x)= 2011 Hay tinh S g (1005] g (1006]
20117 + /2011 2011 2011)°
Goiy

Budce 1: Chiing minh f(x) = x VxeR
Budc 2: Ta co: x+y =1 thi g(X)+ g(y):...:l ( Can phai tinh toan mot ti)
Vay S =1.

Goiy

Ap dung dinh Iy Cauchy cho hai ham ¢(x)= 1f ();2 ; w(x)=arctanx trén doan
+

[0;1].
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6.61. Cho f :(0,+oo) —)(0,+oo) sao cho e f (X) VX e R tang thuc su.

\ 5 - Inf(x) o
Tim m dé bat phuong trinh: ———=>m ¢0 nghiém véi moi x du 1on.
X

Goiy ,

Xét cac truong hgp m<1; m=1; m>1. Cuoicung tim dugc m<1.

6.62. Cho n=2k , k e N. Ching minh ring phuong trinh:
(n+1)x"?=3(n+2)x"" +2011"* =0.

Goiy
Xét sy bien thién cua ham f (x)=(n+1)x"?-3(n+2)x"* +2011™?, ta chimg

minh duoc f(X)>0 vxelR.

6.63. Gia str f(x) 1a mot ham lién tuc sao cho v6i m nguyén bat ky thi

1

J f (x+m)dx=0. Ching minh rang tim dugc ham lién tuc ¢(x) sao cho :
0

f(x)= U(p(s)sin nsdx] :
0

Goiy

Xét ham g(x)

:[f(s)ds

Ban doc suy nghi dé ching minh IimM:...:(p(n)ﬂ NeZ?
x>0 SN 77X n

6.64. Cho | la mot khoang cia R, f:1 - R va m,ne N sao cho uéc chung
l6n nhat (m,n)=1.Dat "= ff, ,f ; f"=ff f.Giasx f" " liéntuc
— —

m n

trén 1. Chimg minh rang f lién tuc trén |.

Goiy

UCLN(m,n) =1, c6 thé gia thiét p 1¢.

Vi f™ liéntyc nén f =g/ f" ciing lién tyc.

Mgt cdach 1am khéc 1a ching ta c6 thé sik dung ngon ngiv -6 .

6.65. Cho f :[0,1] —)[0,1] lién tuc. Chirng minh rﬁng ton tai Ce [0,1] sao cho

f *({c}) khong cé dung hai phén tr.
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Goiy

Chutng minh phan chimg : Gia sir ring moi phdn tir ctia [0,1] déu co ding hai
diém nguon.

6.66. Chirng minh rang y = arctanx kha vi v6 han trén R va véi moi

_ n-1 _ I
neN , xe(0,+0) taco: (arctanx)(n) :( ) (n . 1)'sin(narctanij.
X

(l+ x2)5
Goiy
Chtng minh quy nap.
6.67. Cho I Ia mdt khoang cia R; n,p,ge N saocho: 0<g<pva0<qg<n;
f 11 > R kha vin lan trén I. Gia st f ¢6 it nhat p khong diém trong I. Chiing
minh ring: ¥ c6 it nhat p - q khong diém trong L.

Goi y
Xo1 <Xgp <eee <X,

vie{l..,p} f,,=0
Ap dung dinh 1y Rolle trén céc doan con ciia cac diém néu trén.

6.68. Cho f(x) , g(x) Ia céc ham lién tyc trén [a,b], (x)#0 va m< 9(x)

Theo gia thiét thi ton tai X,; , X, + ..., X,, € | S0 cho: {

VX e [a b] Ching minh bat dang thire tich phan Diaz :
b
Ig dx+|\/|m_[f x)dx <(M +m)_[f(x)g(x)dx.

a

Goiy

Tir gia thiét suy ra duoc : 0< g(X) -mi|| M- g(X) f2(x) VX e[a,b].
f(x) f(x)

Tir day lay tich phan hai vé ta duoc diéu phai chirng minh.

6.69. Cho f(x) , g(x) 1a cac ham lién tuc trén [a,b] va

{0<as f(x)<A

O<b<g(x)<B

Vx € [a,b]. Ching minh bét déng thirc G.Polya

b
2
x)d
(ab+ AB)’ !g oI apas
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Goiy

Str dung bat ding thirc Diaz ¢ trén clng véi bat ding thirc Cauchy cho hai sd
khong am.

6.70. Cho (01( ),(DZ(X),...,(on(X) la cac ham s duong va lién tuc trén [0,1]. bat

I@k x)dx , k=1,2,...,n. Ching minh ton tai X, €[0,1] sao cho :

H(pk(xo)sll:!uk.

Goiy R :
Chtng minh phan chirng. ( Hay d¢ y dén bat dang thirc Cauchy cho n s6 khong
am).

6.71. Cho f Ia ham s6 khong 4m va tang trén [0,1]. Ching minh rang véi a, b

khc“mgémthi:(l (a+ +1) ]Ixzaf J f(x) dx>(_[xa*bf (x)dx T.

Ap dung bat dang thirc tich phan Schawarz.

6.72. Chimg minh rang néu f1a mot ham lién tuc kha vi trén [a,b] va
m< f'(x)<M (m<M) vxe[a,b]thi:

b

!f(x)dx— f(a)—; 1:(b)(b—a)
(1(6)~ f(2)-m(b-a))(M (b-a) 1 (b)+ f (2)

IA

2(M —m)
Goiy
) A, 2l . N f ,(X) —M
Str dung bat dang thie Steffensen cho ham g(x) = Mo

6.73. Gia st f € C*"([a,b]) thoa f(")( a)= f(")(b)—o voi k=01,2,..,n-1
(b— )2n+1

Ching minh: néu M = Xngg)b( ) thl ‘J X) {20+ 1)
Goiy
Pat P,(x)=(x-a)"(x-b)". Luuy: P¥(x)=P"(b)=0,k=0,1.2,...,n-1,

P(k) (a) f (2n—k-1) (a) _ P(k) (b) f (2n—k-1) (b) ~0.

n
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6.74. Cho day so (u,), (v, )Xéc dinh béi:
u, =2010; u, =2011; v,

u 5 = 201

n .
2010 ? = 204 2010
n+1 n+1

Ching minh rang ton tai cac gidi han hitu han sau va ton tai giéi han do:

limu,, , lim WUy s limv,, , lim v2n+1
nN—-+co n—+ N—-+c0 N—+
Goi y

Nhanxét u, ,v, >0 VneN.
Buéce 1: Bat w, =Inu, —Inv, ,neN.

u
Budc 2: Lap ti s6 —=2 ¢ tim cdng thic tong quat cta (W, ).

n+2
Buéce 3: Bat t, =Inu, +Inv,.
Budc 4: Lay tich u dé tim cdng thtre tong quat cua (t, ).
Hoan thanh dugc nhitng budc nhu trén xem nhu bai toan da dugc giai quyét.
6.75. Chirng minh rang khong ton tai da thirc f(x) bac 4 voi hé s6 hitu ti sao

cho: min f (x):\/E.

Xe[O,l]

n+2 n+2

Goiy
Gia sur ton tai da thirc f(x) bac 4 thoa mén yéu cau bai toan. Khi do6 ton tai

X, €R:f(x)=+2 va f'(x)=0.
Ta chung minh X, :a+b\/§ a,be@Q dé dan dén diéu mau thuin vai

min f(x):\/E...?

Xe[O,l]

6.76. Cho ham s6 f (x) lién tuc trén [0%} kha vi trén ( %) sao cho

£(0)= f(%jzo. Gia sit f2(x)+ f2(x)#0 VXG(O %)
Chutng minh ring ton tai ¢ e(O,Ej sao cho 1- coszc = f(c)+ f (C)
2 \'1+ cos2c f(c)-f'(c)

Goiy
Sir dung dinh 1y Rolle cho ham s6: g(x)= f (x)(sinx+cosx) trén [0%} :

6.77. Tim ham f(x) lién tuc trén R sao cho: f(4x)+ f(9x)=2f(6x) VxeR.
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Goi y
Budc 1 : Dt t = 6x, ta thu duoc: f(%tj+ f(gtj:Zf(t) vteR. (1)

Buge 2 : Bat g(t)=f(t)-f (gt] Duya vao (1) ta thiy duoc

g(t):g(gtj VteR.

Budc 3 : Ching minh quy nap : g(t) = g[(%j t] VteR,VneN.

va dya vao tinh lién tuc suy ra dugc: g(t)=0 VteR hay

f(t)= f(gt] VteR. Tac la: f(%x]: f(x) vxeR.

Bugc 4: Ching minh quy nap ta duge: f(x)=f [(%) X] vx eR

Va ciing dya vao tinh lién tuc cua ham fsuy ra: f (x)=C VxeR.
6.78. Gia sir (u,) la day so bi chin trén va thoa man:
1 2010
un+2 2 un+1 + un y N2
2011 2011
Chutng minh ring (Un) la day s hoi tu.

Goiy
bat v, =min{u,,u,.,}. Chimg minh (v,) hdi ty va limv, =limv, <+o.

nN—oo nN—oo

6.79. Cho f(x) la ham kha vi lién tuc trén [0,2] va f(1)=0.

2 2 2
Ching minh rang: J f'2(x)dx > gD f (X)dx} :
0 0

Goiv ‘
Sur dung bat dang thic Schwarz veé tich phan.

6.80. Cho ham s6 f :R — R kha vi, théa man f(0)=0,
(1+x%) (x) 21+ £?(x) Vx e R. Chimg minh réng: fkhong c6 gi¢i han hit

han tai v6 cung.

Goiy
bat g(x)=arctanf (x)—arctanx.
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6.81. Cho ham sb f :[0,1] > R lién tuc. Chirng minh rang:

f( dxjx f( dx<—jf

O ey

@
|§.

Str dung bat ding thirc Schwarz vé tich phan.

1
6.82. Cho f :[0,1] > [0,1] lién tuc sao cho: [ f (x)dx = [ xf (x)dx.
0

Chtng minh ring ton tai ¢ € (0,1) sao cho: f (C) :J f (X)dx.
0

Goiy
Bugce 1: Xét ham F(x)= J f (s)ds va sir dung tich phan ting phan dé tim
0

duoc: IF x)dx=F(0)=0.
Budce 2: Sir dung dinh 1y Rolle cho ham: G(x)=e X_[ F(s)ds.
0
Budc 3: Lai sir dung dinh 1y Rolle cho ham: H (x) = F (x)- [ F (s)ds.
0

6.83. Cho ham s6 f : [0,1] > R kha tich sao cho: Ixf x)dx =0. Ching minh

ring: jf dx>4@f(x)dx].

Str dung bat dﬁng thirc Schwarz vé tich phan.
6k

6.84. Tim lim .

H@Z 9.3 —5.6" +4.2
Goiy

i 6k 3k . 2k 3k—1 _ 2k—1

Phan tich =6 - .

9.3 —5.6" +4.2¢ [3"” — 2k 3k _ 2k
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6.85. Tim ham sb flién tuc trén R théa man diéu kién:

f(x)dx:%+:[ fz(xz)dx.

O ey

@
g

2

1

Bién doi diéu ki¢n dé dua vé dang: [( f(x*)-x) dx=0.
0

6.86. Timhams6 f :[0,1] > R théa mén diéu kién:

f(x)(x— f(x))dx :é.

O ey

@
g

Tuong tu cach lam cua bai 6.86.
6.87.Cho n la s6 nguyén I¢ 16n hon 1. Tim tat ca cac ham so

1 l n—-k
f :[0,1] > R thoa mén I(f(xk]] dx:E  k=1,2,..,n-1.
n
0

Goiy
1
Buéc 1: D61 bién t = xX

Budc 2: Dua vao cac gia thiét bai toan da cho dé chirg minh
1

[(f(t)-t)" dt=0.

0

1
6.88. Cho f:[0,1] >R thoa man didu kign: [ f (x)dx = [xf (x)dx =1.
0

1
Ching minh rang: J f? (X)dx >4,
0

Goi ¥
Xét ham phu g(x)=6x—2 déu théa min nhing diéu kién giong hét v6i ham f.
1 1
Khi d6, ching ta c6 dugc: _[( f(x)- g(x))dx = _[X( f(x)-g (X))dx =0. Dya
0 0

vao diéu nay dé giai quyét bai toan.
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6.89. Cho f :[0, 1] — R xéc dinh béi:

1(f)= Ixzf X ;J fo x)dx .Hay tim gid tri 16n nhat cta
0
1(f)=3(f).
Goiy ,
Budc 1: Can thiy duogc sy phan tich sau day:

3 2

20T ()= VXE (0 -2| X

Budc 2: Lay tich phan hai vé cta (1) trén [0,1] va st dung bat ding thuc.
6.90. Tim tat ca cac ham so f :[0,1] >R thoa man diéu kién:

X 2 142 X —6yYx +1+10.
Goiy
Pit t =X +1.
6.91. Cho day s6 (u,) x4c dinh bsi: u, ="(n+1)!-¥n!, n>1. Ching minh
rang day so (u,) hoi tu va tim gioi han.

Goiy
N o
Chu ¥ dén cong thic Stirling : n!=+/27zn (Ej e voi 0<6, <1.
e

1

6.92. Chtrng minh rang: lim nZJXX”dX :%
0

Goiy
Str dung ngdn ngit -0 .
6.93. Tim tat ca cac gi tri nguyén khéac nhau ciia ham sé:
f (x)=[x]+[2x] + [ } [3x] + [4x] V61 tht ca céic sé thue x€[0:100].
Goiy
o9X

Xét ham g(x)=[x]+[2x]+[3x]+[4x] ta co: f(x):g(x)+[?]

Pén day sir dung cac tinh chat vé phan nguyén dé giai quyét bai toan.
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6.94. Cho f :R — R la ham lién tuc va giam sao cho v4i moi X, ye R" ta c6:
F(x+y)+ F(F(x)+F(y))=F(f(x+T(y))+f(y+f(x)).

Chung minh rang: f ( f (X)) = X.

Goiy

Budc 1: Thay y=X ta duoc: f(2x)+ f(2f(x))=f(2f (x+ f(x))) (1)
Budc 2: Thay x bang f(x) ta dugc:

f(2F(x))+ f(2F(F(x))=f(2F(f()+f(f(x))) 2)
Budc 3: Trir vé theo vé cta (2) cho (1) ta duwgc mot phuong trinh méi sau d6 xét
hai truong hop f ( f (X)) > X, f(f (X)) < x déu dan dén mot diéu mau thuan.
Vay f(f(x))=x.

6.95. Cho day s6 (u,) xéac dinh béi: U, =0 va

r+l
un_l+3 1 ni n=3"(3k+1)
U= 2
n r+1
T 2” khin=3'(3k +2)

voi k, r € N. Ching minh ring trong day ndy, mdi sé nguyén xuat hién ding
mét lan.

Goiy ‘
Chtng minh quy nap theo t >1 nhitng ménh dé nhu sau:

: 3-3 3-5 3-1
(I) {u01 ul""!u3t_2}:{_ 2 T 2 yurey 2 }

. 3-1
(i) x,  =- 5
Dua vai 2 ménh dé trén ta suy ra dugc diéu can phai chirng minh.
6.96. V6i 1<neN, cho ddy s6 (u,) xac dinh nhu sau:
u=1,u,=2,u,,=3u,,—U,.
2
Chtng minh: u,_,, +U, > 2+ ypeN.

n+2

un
Goiy
Budc 1: Chirng minh quy nap u U, =u’, +1vneN",
2
. u,,+1
Dou,>0,u., >0 taratradugc: u_,=—"1——>0.
u

n
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Budc 2: Sir dung bat dang thirc Cauchy cho 2 s6 duong.
6.97. Chimg minh rang néu: Zakcoskx =0Vxe [0,27r] thi phuong trinh:
k=1
ax"t+a x"?+..+a, =0 covd sd nghi¢m.
Goiy ,
Chung minh cac h¢ so a, =0 voi k=12,...,n
6.98. Gia sir f(x) 1a ham kha vi v6 han lan, f :[0,+0)—(0,1] va
(—1)k f(k)(x) >0VkeN, xe [0,+oo). Ching minh rang :
(k)
1-f(x
(1) (J] 20,
X
Goiy
1
Chu y phan tich (x)= f (0)+x[ f'(6x)d6.

0
6.99. Gia st f(x) 1& ham kha vi lién tuc duong trén khoang (0,+). Ching

minh rang : J “1+ flz

Goiy
DE thay tich phan trén phan ky. Gia st limf (x)=+o0 , tirc 3 ddy X, — +o0 sa0

X—00

cho f(x,)—>+w.
Danh gia tich phﬁn trén, ta dugc :

J “1+ flz dx>|n

6.100. Lle_:u c6 ton tai hay khong ham f(x) tang, dwong Vx>0 sao cho Vs >0

thi :[fZ(x)dxz(j f (x)de.

0

)) - |n( f (0)) —> +o0. Suy ra diéu phai chirg minh.

Goiy

X+1

e X+1

C6 ton tai mot ham nhu thé. Chang han : f (X) e e
Ban doc tu kiém tra dé thiy dugc nd 1a mot ham thoa mén dé toan.
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CHUONG 7 GIOI THIEU CAC PE THI OLYMPIC
TOAN SINH VIEN TOAN QUOC TU 1993-2011 CUA

HOI TOAN HQC VIET NAM PHAN GIAI TICH
7.1. NAM 1993 ( Chi gidi thiéu vé nhitng bai todn lién quan dén gidi tich)
Vvong 1 ( Ngay thir nhét)

Cau 2

a) Cho f(x)= max{Zaxarctan X,

2

} , X € R. Tim mdt nguyén ham
X +1

cua f(x) trén R.

dx

b) Tinhtichphan | =|———
1+(tanx)f

Il
O N[N

Cau 3

a) Cho ham sé f(x) x4c dinh va c6 dao ham bac hai lién tyc va khong dong
nhat biang khong trén bat ky doan nao cua R. Biét rang d6 thi ham sd y =f (x)
cit duong thang ax + by + ¢ =0 tai ba diém phan biét. Chirng minh rang ton tai
X, € R sao cho f”(x,)=0 va f"(x) d6i dau qua X =X,.
Vong 2 ( Ngay thir hai)
Cau 2

Cho OSXS% va 0<y < +o0. Ching minh ring:

y(arctany —x)=In (cos X1+ Y2 ) . Hoi khi ndo thi xay ra ddu dang thic.

Cau 3
Cho p(x) la da thirc (khac da thirc hing) voi hé sb thuc. Chimg minh
j p(t)sintdt =
rang néu hé phuong trinh : c6 nghiém thuc thi s6 nghiém
j p(t)costdt =

thuc chi co thé 12 hitu han.
7.2. NAM 1994
Cau 1. Cho n la s6 nguyén duong, a,,b, e R ( k=1,...,n). Ching minh rang

phuong trinh x + )" (a, sinkx + b, coskx) =0 ¢6 nghiém trong khoang (-7, 7).
k=1
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Cau 2. Cho ham s6 f(x) lin tuc va c6 dao ham cap mot trén (0;+00) va khong
phai 1a ham hang. Cho a, b 12 hai s6 thuc thoa min diéu kién 0<a <b. Ching
_af(b)—bf(a)
"~ b-a

minh rang phuong trinh xf'(x)—f(x) c6 it nhat mot nghiém

thuoc (a, b).
Céau 3.
a) Cho hamso f:[a,b]—[a,b] véia < b va thod mén diéu kién
[f(x)-f(y)<|x=Yy| . VX ye[a,b] va x=y. Ching minh ring
phuong trinh f(X) =X ¢6 duy nhit nghiém thudc doan [a; b].
b) Cho ham s6 f(x) kha vi trén [a;b] va véi moi X € [a;b] thi

f’(X)‘ <‘f(x)‘. Chtmg minh ring f(x)=0 véimoi X e [a,b].
Cau 4. Xéttichphan 1 =[x"v4-xdx (neN’).
a) Tinh 1.

: B
b) Ching minh rang I, <2°"*(2ne) 2.
Cau 5. Tim dao ham cip n ctia ham sd y =arctanx tai x=0.
Cau 6.

a) Chimg minh rang tich phan T (l+ Xz()jz(l+ - )
0

khdng phu thudc vao « .
b) Tinh 1= [— X

X+VX2+X+1

7.3. NAM 1995
Cau 1. Cho ham s f(x) lién tuc va nghich bién trén [0,b] va cho a[0,b].

a b
Chutng minh ring bjf(x)dXZajf(X)dX.
1 df
~ 2"ntdx’

da thitc bac m (m <n) thi [f(x)P,(x)dx =0.

Céau 2. Xét da thirc P, (x) [(X2 —l)nJ . Chtrng minh rang néu f(x) 1a
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1
Cau 3. Chirng minh rang ham s6 f(x) = {e © KhiX#0 hs vi v6 han tai
0 khix=0
x=0.
CAau 4. Cho ham s6 f(x) kha vi v6 han trén R va thoa mén céc dicu kién

1) 3M > 0 sao cho (”’(x)‘s M VxeR, VneN
2) f(ijzo VneN".
n
Ching minh rang khi do6 f (x)=0vxeR.
Cau 5. Cho ham sé f(x) lién tuc trén [0,1]. Ching minh rang
1
max‘f )= Ilm(ﬂf ‘pdxjp.
xe|0,1 p—>+o0

Cau 6. Tim f:R — R thoa man diéu kién
a) f(x+y)<f(x)+f(y) (vx, yeR)

) 1im ") _1
x—0 X
Cau 7. Tinh tich phan 1_ :ISI_n ax neN.
5 Sinx
7.4. NAM 1996
Cau 1. Khao sat tinh kha vi ctia ham sd: f ‘X 1HX 2‘ ‘X 1996‘
dx

Cau 2. Cho beR. Tinh JLTOI(1+X )(1+ebx)'

Cau 3. Chang minh rang ton tai ham h(x) thoa man hai diéu kién sau (i)

M+\/§:\/x+l+h(x+l)—; ,Vx>0; (i) minh(x)=>
JX+h(x) x20

Cau 4. Cho g(x) l1a mot da thirc bac 1996. Biét rang tmg véi moi X € R ta déu

c6 g(x+h)=g(x)+ g'(X +ho(x, h)), trong do , trong d6 6(x,h) bi chdn va

g"(x)=0. Tinh IhiLrOIH(x,h).

Cau 5. Cho M > 0 va ham sé f(x) xac dinh, lién tuc trén R sao cho

‘f (x+y)-f(x)-f (y)‘ <M. Chang minh rang Vx € R déu c6 gidi han

lim f(nx).

n—oo n
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7.5. NAM 1997
Cau 1. Cho A eR\{0}. Xét ham s6 f(x) x4c dinh, 1in tyuc trén [0;+o0) va thoa

X—>+%0 n—+oo

1
man di¢u kién limf(x)=A. Tinh lim [f(nx)dx.
0
Cau 2. Xac dinh tit ca cac s6 duong a sao cho a* >1+Xx VxeR.
Cau 3. Chiing minh rang vi moi t >0, phuong trinh x* +tx —8=0 ludn c6
nghiém duong duy nht, ky hiéu 1a x(t). Tinh tich phan [[x(t)] dt.
0

T
4

Cau 4. Tinh lim njtan”xdx .
0

nN—-+oo

CAu 5. Xac dinh cac da thirc P(x) voi hé s6 thuc thoa man diéu kién

P(0)=P(1)=0, [|P'(x)|dx =1. Chimg minh ring |P(X) s% vx €[0,1].
T

Cau 6. Chirng minh ring ton tai ddy so thuc (a,) Véi a, € [0; 2} sao cho

cosa, =a’. Tim gidi han cua day do.

7.6. NAM 1998
Cau 1. Cho f(x)eC'[0,1] va f(0)=0. Ching minh rang:

1 1

JIF(OF (0]t [(F(0) de

0 0
Cau 2. Cho f(x) 1a mot ham kha vi 1ién tuc va duong trén khoang (0;+0).
Chung minh ring néu mot trong hai ham so:

¢ dt © dt
F(X)=|——F—=,6(X)=|—=
() !f(t)+f’(t) () !f(t)

c6 gidi han hitu han khi X — +oo thi ham s6 con lai cling ¢6 giéi han hiru han
khi X — +o0
Cau 3. Gia str a, b 1a hai s6 duong va a <b. Ching minh rang ham s6

1

f(x)= a’+b 12 ham don diéu ting. Tim gidi han cua f(x) khi X — +oo.
2
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Cau 4. Cho f(x) lién tyc trén doan [0,1], f(0)>0 va [f(x)dx <@ Vx> 0.

Chimg minh ring phuong trinh x*" =f(x) 1udn ¢ it nhit mot nghiém thudc
(0, 1). , |

Cau 5. Cho ham so f(x) c6 cac tinh chat:

0<f(x)<1Vx>0 : f(x+h)[1—f(x)]2% vh>0.

Tinh lim f (x).

X—>+00

7.7. NAM 1999
Cau 1. , ‘
a) Xac dinh ham s6 f(x) thoa man diéu kién:
[f(x+h)—f(x-h)<h® vxeR, Vh>0
b) Xéc dinh ham p(x) thoa man diéu kién: 3g(x) sao cho:
P(X+Ax)—p(x)=g(Xx)Ax+a(X,Ax) VxeR
trong do ‘a(X,AX)

<c|Ax[, 0<c = const.

Cau 2. Cho ham s6 f(x) kha vi trén [0,1] va thoa mén diéu kién

f(O):O, f(l):l, OSf(X)Sl VX € R. Chirng minh rﬁng da,b 6(0,1), azb
sao cho f'(a).f'(b)=1.

Cau 3. Cho hamsé f : N — R thoa méan diéu kién:
a) f(1)=2 b) f(1)+f(2)+..+f(n)=n*f(n) , Vn>1.
Tinh limn?f(n).

n—+w

Cau 4. Gia sr q(x) 1a ham sé duong va don diéu ting trong (0;+0) sao cho

Iim—q(Zt) =1. Chtrng minh rang: Iim—q(ZOOOt) =1.
t—+o0 q(t) t—+o0 q(lgggt)
caus. Tinh lim [ £

"l+e"

7.8. NAM 2000
Cau 1. Tim tit ca cac ham s6 f(x) c6 dao ham lién tuc trén R va thoa mén diéu
kien f(x+y)=Ff(x)+f(y)+2xy;xyeR.

www.MATHVN.com 167



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

Cau 2. Cho ham s g(x) lién tyc trén [0,1] va kha vi trong khoang (0;1) va thoa
man cac diéu kién g(O) = g(l) =0. Chtrng minh rang ton tai C e (0,1) sao cho
g'(c)=g(c).

Céau 3.Cho ae (0,1). Gia str ham s f(x) lién tuc trén doan [0,1] thoa man diéu
Kién: f (0) =f (1) =0. Chirng minh rang ton tai b e [0,1] sao cho hoac
f(b)=f(b-a) hoic f(b)=f(b+a-1).

Cau 4. Gia str a 1a mdt sb thuc cho trude. Xét day so thuc (X, )cho béi h¢ thirc
X, =b, x,,=x%+(1-2a)x,+a*> nx1.

Xac dinh b dé (x,) hoi tu va hdy tinh gi¢i han cta ddy trong trudng hop do.
Cau 5. Cho ham sé f(x) xac dinh va lién tuc trén [0,1] va thoa man diéu kién

X, 33
[[f(x)] dx< ar 3 X voimoi x,, X, [1,2] sao cho x, <x,. Ching minh

rang: [ (x)dx < g

7.9. NAM 2001
Cau 1. Cho ham sé f(x) c6 f"(x)>0 véimoi x>0 va dd thi cua f(x) cé tiém
can xién y=ax+b khi x - +w.
a) Chimg minh ring ham s6 g(x)=f(x)—ax —b c6 dao ham g'(x) <0
VO1 moi x > 0.
b) Chirng minh rang d6 thi ham sb f (x) (voix>0)ludn nam phia trén
cua tiém can xién.

Cau 2. Chocacsb p>0,q>0, p+q<1vadiysod (a,) khdng am thoa dicu
kiéna, ,<pa,,+0a, ,n=12,.. Chimg minh ring ddy (a,) hoi tu va tim giéi
han cua day do.

Cau 3. Chang minh ring ton tai s6 thuc X € (0,1) sao cho
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h t*°%dt X2

!(l+ t)(1+t?).. (1+ tml) (14 %) (14 X7) (T4 x2)

CAu 4. Cho ham s6 f xac dinh va c6 dao hdm cép hai trén R va thoa mén diéu

kién f(x)+f"(x)>0 ¥xeR. Chimg minh rang: f(x)+f(x+7)>0VxeR.

Cau 5. Cho ham so f(x) x4c dinh trén [1;+o0) va thoa man cac diéu kién sau:
(i) f(1)=a , (i) f(x+1)=2001f*(x)+f(x) Vxe[L+oo).

Tim lim w+®+...+ f(n) :
el £(2) F(3) f(n+1)

Cau 6. Cho ham s6 f(x) kha vi trén doan [a,b] va thoa mén diéu kién:

[f (X):|2 + [f’(x)]2 >0 Vxe[a,b]. Chimg minh ring s6 cac nghiém cua
phuong trinh f (X) =0 trén doan [a, b] la hiru han.
7.10. NAM 2002

Cau 1. Tinh tich phan I = [sin(2002x +sinx)dx.

Cau 2. Ching minh rang véi moi a <3, ta déu co:

(_smxj >C0SX , VX e (O,EJ.
X 2

Cau 3. Cho ham s6 f(x) kha vi trén doan [a;b] va thod mén diéu kién
f(a)=f(b)=0,f(x)=0 Vxe(a;b).
Chimng minh rdng ton tai ddy (X, ), X, €(a,b) sao

cho: lim f (X”) =2002.

" (Q/E—l)f (x,)

Cau 4. Tim tat ca cac ham so xé4c dinh va lién tuc trén (—oo,+00) va thod mén

2X+y

diéu kién sau: f j f , VX, y e (—oo;+oo) .

X+2y

CAu 5. Cho day sb thuc (un) xac dinh nhu sau:
u=aeR, u_, :%In(l+ uﬁ)— 2002 , n >1. Ching minh rang day (u,) la mot

day hoi tu.
Cau 6. Cho ham s6 f(x) lién tuc trén [Le] va ddy sé (1,) x4c dinh nhu sau:
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1+l

| =n jnf(x”)dx ,n=1,2,... Tim gi6i han cta day.

7.11. NAM 2003

Cau 1. Chiing minh rang khong ton tai ham f(x) lién tuc trén R va thoa man
f(x+2002)(f (x) ++/2003) =-2004 Vx<eRR.

Cau 2. Tim tat ca cac ham f(x) x4c dinh trén [0,1], khd vi tré khodng (0,1) va
thoa mén diéu kién:

a) f(0)=f(1)=1  b) 2003f'(x)+ 2004f (x)> 2004 , Vx €(0,1).

Cau 3. Cho ham sé f(x) kha vi trén doan [a, b] va thoa man:

a) f(a):%(a—b) b) f(b):%(b—a) c) f(%j;to.
Chtrng minh rﬁng ton tai cac s6 d6i mot khac nhau C,C,,C, € (a, b) sao cho:
f'(c,)f'(c,)f'(c,)=1.

Céu4.Chodéysé(xk)vé’ixk:£+£+i+...+ K_
20731 4l T (k+1)!

Tim gidi han J = IimQ/x;1 +X) 4.+ X

n—oo

n
2003 *

CAu 5. Gia sir ham s f(x) lién tuc trén doan [0;%} va thoa man f(O) >0,

f(x)dx <1. Chirng minh rdng phuong trinh f(x)=sinx c6 it nhat mot

O ey [ N

nghiém trong khoang (0;%) :

Cau 6. Cho hai hamso f,g:[a,b] —[a,b] va thoa mén cac diéu kién:
a) f(g(x))=g(f(x)) vxe[a,b] b) f(x) don diéu
Chimg minh ring ton tai X, €[a,b] sao cho f(x,)=g(X,)=X
7.12. NAM 2004

Cau 1. Cho day sé (X, ) xac dinh nhu sau: X, =0, X, :ﬁnt(—l)n vnx>1.

0

Tinh limx_.

n—+w
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Cau 2. Cho ham s6 f(x) lién tuc va duong trén [0;+00). Chimg minh rang ham

Itf(t)dt
s0 F(x) =2

[f(t)dt
Cau 3. Ch00<a<b Tinh:
a) 1(1 j[bx+a1 x]dx

dong bién trén [0;+00).

b) lim[1(2) ]1

A—0
Cau 4. Xac dinh cac ham s f(x) thoa min dong thoi cac diéu kién sau:
(i) f(x)=e™ vxeR b) f(x+y)=f(x)f(y) vx,yeR.
Cau 5. Cho da thire P(x) thod mén diéu kién P(a)=P(b)=0 véi a<b.
Pit M = max P”( ).

as<x<b
Ching minh rang:

a) jP”(x —a)(x—b)dx = —ZJEP(x)dx.

a

b) (x)dx| < oM (b-a)

7.13. NAM 2005
Cau 1. Cho ddy s6 (x,) (n=1,2,...) dugc xac dinh boi cong thirc truy hoi sau:

X,
X ., =%X.—2,x,=5.Timgidi han: lim 2
n—)DOXX X

Cau 2. Cho ham s6 f(x) xac dinh va lién tuc trén doan [a,b] (a<b) va thod

man diéu kién j f(x)dx =0. Ching minh rang ton tai C € (a,b) sao cho

f(c) =2005jf x ) dx

Cau 3. Cho sb duong a va ham sb f(x) c6 dao ham lién tuc trén R sao cho

2
f'(x)=a voi moi x e R. Biét rang 0<J' x)sinxdx <a.
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Chutng minh riang khi d6 trén doan [0;%} , phuong trinh f(x)=0 c6 nghiém

duy nht.
Cau 4. Cho hém sb flién tuc trén doan [0,1] va thoa man diéu kién

jf t)dt Sl SRV [0,1]. Hay chung minh j[f (x)] dx > Jl'xf (x)dx

Cau 5. Gia sir f(x) 12 ham sb ¢6 dao ham cap hai lién tuc trén R thoa méan diéu
kién f(0)=f(1)=a. Ching minh rang: max {f"(x )} >8(a—b) voi
b =min{f (x);.

Cho mot mé rong két qua trén ddi vdi doan [a, o] ] cR
7.14. NAM 2006
Cau 1. Cho day sé (X, ) duoc xac dinh theo h¢ thirec:

X, =2,X,+X,+..+X, =n°X,,n=2,3, ...
Tinh X, -
Cau 2. Cho ham s f(x) kha vi trén R. Gid st ton tai céc s6 p>0 va qe(0,1)
'(x)|<q vxeR.
Chtrng minh rﬁng déy s6 (X, ) xac dinh bi h¢ thic:

X,..=f(x,), n=0,12,... laday hoi tu.

Cau 3. Tim tat ca cac da thirc P(x) thoa man diéu kién:
P(0)=0,0<P'(x)<P(x) v¥xe[01].
Cau 4. Cho ham s6 lién tuc f:[0,1] —[0;+00) thoa man dicu kién:

[F(x) <1+ ZIf (txit.

Chtng minh ring: .X[f (t)dt<x +X7 vx e[0,1].

sa0 cho: [f (x)| <

CAu 5. Ton tai hay ton tai ham s6 f:[0,1] —[0,1] lién tuc, dong bién va thoa
mén bat ding thitc [f (x)—f(y)|>[x—y| ¥x,ye[0,1], x=y?
Cau 6. Xac dinh cac day so (X, ) biét ring: X,,, =3x,+2,n=0,1,...
7.15. NAM 2007
Cau 1. Cho day sé (X, ) dugc xac dinh nhu sau
2007 2t

X, =2007 , X, :—TZxk ,n>1. Tinh tong S= 22”
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A 5 oA el A , uZ +bu o i
Cau 2. Day s6 (u,) xéac dinh boi cong thiee u,, =——" ,u,=a, ¢ daya, b,
C
“ L u
c la c4c sb thyc. Biétrang limu =, a#b-c.Tim lim) —— .
N—-+0 k—o0 = un+1_+_b_c

Cau 3. Cho gia thiét rang ham sé f :[0,+oo) — R lién tuc va tdn tai o € R sao
cho: 0<f <ajf dt Vo1 moi X >0.

Ching minh rang f (x)=0.

CAu 4. Tinh tich phan: | = j In(sin(2007x)+\/1+sin2(2007x))dx.

Cau 5. Tim ham s6 f(x) sao cho v&i moi X #1 thoa méan diéu kién:
f(x”j 2 (X) 4.

x-1 x-1
Cau 6. Cho ham s6 f(x) xac dinh va c6 dao ham trén [0,+). Biét ring
lim[ f(x)+f'(x)]=A. Chimg minh limf(x)=

Cau 7. Cho ham s6 x4c dinh trén R thoa médn f(0)=0, f'(x)<0 v&i moi
x € R. Chirng minh rang;

a

a) Néua >0 thi jf(x)dxj’xfz(x)dx < j’xf (x)dx[f*(x)dx

b) Néu a < 0 thi jf(x)dxj’xfz(x)dx > j’xf (x)dx[f*(x)dx

7.16. NAM 2008
Cau 1. Cho ddy s (a,) x4c dinh nhu sau:

a,=a,=1,a,,= =3 +a, ,n=1,2,... Tinha,,?
n+l
R ; ] 12008 +22008 +."+n2008
Cau 2. Tinh lim oo .
n—oo n

Cau 3. Gia sirham s6 f(x) lién tuc trén [0;z] voi f(0)=f(x)=0 vathoa
mén diéu kién [f'(x)/<1Vxe(0,7).

Ching minh rang:

a) 3ce(0,7) sao cho f'(c)=tanf(c).

b) [f (x)| <7 ¥xe(0.7).
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Cau 4. Cho ham s6 f(x) lién tuc trén [0,1] va thoa mén diéu kién:
xf (y)+yf(x)<1 VX, ye[0,1]. Chimg minh ring: jf dx<Z

Cau 5. Gia sir rang f(x) 1a ham so lién tuc trén [0,1] véi f(0)=0, f(1)=1 va
kha vi trong (0,1). Chirng minh rang véi moi a € (0,1), ludn ton tai
a 1-«a
X,, X, €(0,1) sao cho + =1.
S TERICY
Cau 6. Cho ham s g(x) c6 g"(x) >0 véimoi X e R. Gia sir rang f(x) 1a ham
sb xac dinh va lién tuc trén R va thoa man diéu kién:

jf )dx <g(0 @

Chutng minh ring ton tai diém c e [0, 77] sao cho f (C) = g(C).

7.17. NAM 2009
Cau 1. Gia su day (x,) duge xac dinh theo cong thirc:

X. =1 x,=1
Tinh X, ?
Cau 2. Cho hamso f:[0,1] - R c6 dao ham cap hai lién tuc va f"(x)> 0 trén

doan [0,1]. Chirng minh rang: 2'1“ (t)dt> 3.lff (tz)dt —f(0).

Cau 3. Tim tat ca cac ham f:R — R thoa min diéu kién:

f(x)<4+2009x vxeR

f(x+y)<f(x)+f(y)-4 Vx,yeR
Cau 4. Gia st fx), g(x) 1a cac ham lién tuc trén R va thoa mén diéu kién
f (g(x)) = g(f (X)) Vx € R. Chirng minh rang néu phuong trinh f (x)=g(x)
khdng c6 nghiém thuc thi phuong trinh f (f (X)) = g(g(x)) cling khong co
nghiém thyc.
Cau 5. Cho hai ddy sé (X, ), (Y, ) xé&c dinh theo cong thuc:

2 . y
X1: 1:\/§’Xn+lzxn+ 1+Xn’ n+1:—n'
Y y 1+1+y?

Chutng minh ring X,y, €(2;3), n=2,3,... va limy, =0.

n—oo

Cau 6. Thi sinh lam mot trong hai cau sau:
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a) Cho P(x) la da thirc bac n v6i hé s6 thyc . Chimg minh ring 2* =P(X)
c6 khéng qua n + 1 nghiém thuec.
b) Cho f(x)-x va f(x)—x® la nhitng ham s6 don diéu ting trén R.

Chimg minh rang ham f (x) - ?Xz cling 1a ham don diéu tang trén R
7.18. NAM 2010
Cau 1. Cho hamso f(x)=In(x +1).

a) Chtng minh rang v&i moi X >0 ton tai duy nhat s6 thyuc ¢ 1am thoa
man diéu kién f(x)=xf'(c).

b) Tim Ilron —@

Cau 2. Cho day s6 (x,) xac dinh boi: x, =1, X, =X, (1+x™) , n>1.

2010 2010 2010
.. [ X X X
Tim Ilm[—1 +—2 4 .40 ]

Cau 3. Cho ae R va ham f(x) kha vi trén [0,+) thoa mén cac diéu kién:
f(0)>0 va f'(x)+af (x)>0 Vx €(0;+w). Chimg minh ring f(x)>0 ¥x>0.
Cau 4. Cho ham s6 f(x) lién tuc kha vi trén [0,1]. Gia sir ring

jf X)dx = .[Xf x)dx =1. Chirng minh ring ton tai ¢ €(0;1) sao cho f'(c)=6.

Cau 5. Cho P(x) 14 da thtrc bac n véi hé sb thuc sao cho P(~1)#0 va

n , . X A Lz Je " A
< re Chtrng minh rang P(x) ludn c6 it nhat mot nghiém X, sao cho

X, =1.
Céau 6. Chon mdt trong hai cau sau:
6a. Tim tat ca cac ham sd duong f(x) kha vi lién tuc trén [0,1] thoa man

dicu kién f(1)=ef(0) va !(i((;())] dx <1.
6b. Tim tat ca cac ham f(x) lién tuc trén R va thoa mén cac diéu kién:
f(1)=2010, f(x +y)=2010"f (y)+2010"f (x) VX, yeR.

7.19. NAM 2011
CAau 1 Cho ham sé: f (x)=

X

(x+1)2
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(i) Ching minh rang phuong trinh f (x)=x c6 nghiém duy nhét trén [%;1} va

ham f’(x) dong bién.
(i) Chimg minh day (u,) véi u, =1, u,, = f(u,) cd cac phan tir déu thudc

doan [E;l]
2
Cau 2
Tinh tich phan: | = | ax
Al X+ X AU +3X +1
Cau3
2 2
Cho hai déy (x,), (y,) thoa: x, 2% Yo ,/Lzyn , Moi s6 tw nhién
n

(i) Chirng minh rang cac ddy X _+ Yy, Xy ting.
(ii) Néu cho trude ddy (X, ), (y,) bi chan. Ching minh rang hai ddy nay ciing
hoi tu vé mot diém.
Cau 4
q N . 5 , 1 n+a 1 n+p . X
Cho «, B thoa mén bat dang thuc: |1+—| <e<|1+—=]| , moinnguyén
n n
duong. Tim min‘a —ﬁ‘.
Cau 5
Doan [a, ﬁ] 1a doan t6t néu tng véi a, b, ¢ 1a céc s6 thuc thoa 2a+3b+6c=0
thi phuong trinh ax’ +bx+¢=0 c6 nghiém thudc [, B]. Tim doan t6t c6 do
dai nho nhat.
Cau 6 ’Thl' sinh chon mét trong hai cdau
(i) Tim tat ca cac ham f(x) thoa man:
(x=y) f(x+y)=(x+y)f(x=y)=dxy(x*-y*) Vx,yeR.
(i) Cho ham f(x) kha vi trén doan [-11] va xf (x) ey (Ej <2VXxe B 2]
X X
2
Chtng minh: I f (X)dx <2In2.
1

2

www.MATHVN.com 176



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

TAI LIEU THAM KHAO
[1] . Nguy&n Vin Nho, Tuyén tiap 200 bai thi vo dich Toan tip 3: Giai tich ,
Nha xuét bin Giso duc niim 2001.
[2] . Nguyén Quy Dy- Nguyén Sinh Nguyén-Nguyén Van Nho- Vii Van
Thoa-Vii Dwong Thuy, Tuyén tap 200 bai thi vé dich Toan tip 8: Phwong
trinh ham, Nha xuat ban Giao duc nam 2006.
[3] . Nguyén Vin Nho, Tuyén tap cac bai toan tir nhirng cudc thi tai Trung
Québc, Nha xuit ban gido duc nim 2003.
[4] . Vit Dwong Thuy- Nguyé&n Vin Nho, Tuyén tip cc bai toan tir nhirng
cude thi tai Mi va Canada, Nha xuit ban gidao duc nim 2002.
[5] . Nguyén Vin Nho, Tuyén chon cac bai toan tir nhirng cudc thi tai mot
s6 nwée Pong Au tap I, Nha xuét ban gido duc nim 2004.
[6]. Vii Duwong Thuy- Nguyén Vin Nho, 40 nim Olympic toian hoc Quoc té,
Nha xuét bin gido duc nim 2003.
[7] XV Conhiagin-G.A.Tonbian-IF.Sarwgin va cac d(“)ng nghiép, Cac dé thi
vo dich Toan 19 nuéc trong d6 ¢é Viét Nam tap I va Il , Nha xuat ban Tré
nam 2002.
[8]. Jean-Marie Monier, Gido trinh toan- tap 1, 2 Giai tich, Nha xuit ban
Giao duc nam 2001.
[9]. Lé Hai Chau, Tuyén chon nhirng bai toan hay nhat thé gioi tap I, 11 va
111, Nha xuét ban Tré niim 2004.
[10] . Nguy&n Trong Tuén- Bai todn ham sé qua cac ky thi Olympic, Nha
Xuit ban giao duc nam 2004.
[11] . Nguyén Vin Mau- Lé Ngoc Lang- Pham Thé Long- Nguyén Minh
Tuén, Cac dé thi Olympic toan sinh vién toan quéc, Nha xuat ban Gido duc
nam 2006.
[12] . Tran Luu Cudng, Toan Olympic cho sinh vién tap I, Nha xuét ban
Giao duc nam 2000.
[13] . To Van Ban, Giai tich nhirng bai tip nang cao, Nha XUt ban Giso
duc nam 2005.
[14]. Y.Y. Liasko, A.C. Bdiatruc, IA.G. Gai, C.P. Gdldbac, Giai tich toan
hoc cac vi du va cac bai toan, Nha xuit ban Pai hoc va Trung hoc chuyén
nghiép, Ha Ni-1978.
[15] . Phan Huy Khai, Chuyén dé boi dwéng hoc sinh giéi Toan Trung hoc
Pho thong-Céc bai toan vé day sé, Nha xuat ban Gido duc nim 2007.

www.MATHVN.com 177



Z BAI TAP GIAI TICH DANH CHO OLYMPIC TOAN'VIATHVN .COM VAN PHU QUOC- GV. TRUONG PAI HQC QUANG NAM

[16] . Phan Huy Khai, Chuyén dé boi dwéng hoc sinh giéi Toan Trung hoc
Pho thong-Céc bai toan vé ham sé, Nha xuat ban Gido duc, nim 2007.
[17]. Nguyén Vin M#u, Mt s6 bai toan chen lgc vé ddy s6, Nha xuat ban
Giao duc nam 2006.

[18]. Nguyén Vin M4u-Nguyén Thuy Thanh, Chuyén dé béi dudong hoc
sinh gi6éi Toan Trung hoc Pho thong- Giéi han dy sé va ham sb, Nha xuat
ban Gidao duc nam 2004.

[19] . Nguyén Van Mau- Ng uyén Van Tién, Mot $0 chuyén dé Giai tich boi
dudng hoc sinh giéi Trung hoc Pho thong, Nha xuat ban Gido duc Viét
Nam nam 20009.

[20] . Nguy&n Sinh Nguyén, Tuyén tip cac bai toan tir nhirng cudc thi tai
Hungari, Nha xuat ban Pa Ning nim 2002.

[21]. L& Hoanh Pho, Phwong phap Giai 234 bai toan khao sat nghi¢ém
phwong trinh, Nha xuit ban Pa Ning nim 2003.

[22]. L& Hoanh Pho, Bai giéng cho hoc sinh chuyén Toan- Khao sat
nghiém phwong trinh, Nha xuét ban Gido duc nim 2008.

[23]. L& Hoanh Pho, Chuyén khao Pa thirc, Nha xuit ban Dai hoc Qudc
gia TP. H6 Chi Minh nim...

[24]. Nguyén Hitu Pién, Pa thirc va wng dung, Nha xuit ban Gido duc
nam 2006.

[25]. Nguyén Vin Nho, Olympic Toan hgc chiu A- Thai Binh Dwong, Nha
xuat ban gido duc nim 2004.

[26] . Tran Phwong, Tuyén tap cac chuyén dé va Ky thuat tinh tich phan,
Nha xuét ban Tri thirc nim 2006.

[27]. Tran Pirc Long- Nguyén Pinh Sang- Hoang Quéc Toan, Bai tap giai
tich tap I va 11, Nha xuat ban Pai hoc Qudc gia Ha Ndi nim 2008.

[28]. Rizvan Gelca- Titu Andreescu, Putnam and Beyonhd, Springer ( Tai
ligu trén Internet).

[29]. Paulo Ney de Souza, Jorge-Nuno Silva, Berkeley Problems in
Mathematics, Springer ( Tai li¢u trén Internet)

[30]. W.J.Kaczor, M.T.Nowak, Problems in Mathematical Analysis I, I,
111 ( Tai liéu trén Internet).

[31]. W.Rudin, Principles of mathematical analysis, McGraw- Hill, New
York- 1964.

[32] . Tuyén tap cac dé thi Toan Qudc gia, Qudc té trén Internet.

www.MATHVN.com 178



