¢) Vi H la tryc tam cua A MAC nén AH L MC tai E,CH L MA tai F . Theo tinh chat
tiép tuyén ta c6 OA L AM ,0C L CM nén AH/i,OC va OA/:CH. Do d6 AHCO la hinh
binh hanh. Twr d6 suy ra AH OC =R khéng dbi, ma A cb dinh. Vay H ludn thudc duong
tron (A ;R).

Bai 6. (h.19)

a) Ta c6 ACB=ADB=90" (gbc ndi tiép chén nira duong tron), do d6 MCH = MDH =90".
Suy ra A CMH vudng tai C va A DMH vudng tai D nén bon diém M,C, H, D thudc
duong tron duong kinh MH hay MCHD la tir gidc ndi ti€p.

b) Vi AD L MB,BC 1L MA nén H la truc tam cua A MAB nén MH L AB tai B\, Do,d6
ABC = AME (cung phu véi CAB ).

M
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Xét ACMH va A CBA ¢6 MCH=BCA=90", ABC=CMH.



Do do ACMH « ACBA(g.g). suy ra ‘= - hay CM - CA=CH - CB.

¢) Vi A EMA vuéng tai E nén EMA + EAM =90".
Vi K 14 tim duong tron ngoai tiép tir giac MCHD nén K 1a trung diém ciia MH . Co
CKZKMZ%MH nén A KCM cén tai K . Suy ra KCM = KMC. Xét A OCA ¢6

OA=0CZ( nén A OCA can tai O, suy ra OAC=0CA. Do d6
OCA+KCM =0AC +KMC.

Tir (1) va (2) suy ra OCA+KCM =90°, ma A,C, M thing hang nén OCK
$180°—90°=90°". Suy ra OC L KC.

Bai 7. (h.20)
a) Ta co BDK=90",CEK =90° (goc ndi tiép chin nira dudng, trén);do 4o

ADK = AEK=90". Suy ra A DAK vuéng tai D va A EAK wuong tai E . Do d6 bon diém
A,D, K, E thugc duong tron duong kinh AK hay ADKE la,tthgidc ndi tiép.

e AW N SN

A
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b) Vi hai dudng tron tiép xtic ngoai tai K nén O, K ,0 ' thiang hang.

C6 AK L BC tai K (tinh chit tiép tuyén) nén KCE=AKE (cing phu v6i CKE ). Ma
ADKE la tir gi4c ndi tiép nén ADE = AKE (cung chan AE ). Lai c6 ADE=QDB (ddi



dinh), suy ra ECK =QDB. Xét A QDB va A QCE ¢6 BQD chung, ECQ=QDB nén

QD _QB
AQDB C AQCE (g.g), suy ra —— QC QE hay QD -QE=QB"-QC.
c) T g1ac BDMK ndi tiép duong tron (O) nén MKB= B/DTQ ma ]ﬁ)?QZE/CT( nén
ECK = MKB, hai goc nay & vi tri dong vi nén KM/ AC.

Tuong tu c6 tir gide CKNE ndi tiép duong tron (O] nén NKC = AED. Do

A QDB x A QCE nén QBD=QEC, do d6 DBK = AED nén NKC=DBK. Suy ra

KN/{ AB. Lai c6 BMK =90°,CNK =90° (goc ndi tiép chan nira duong tron). Nén

BM 1 KM ,CN L KN suy ra BM 1L AC,CN L AB. Lai ¢c6 AK L BC (ching minhytrén).
Suy ra AK,BM ,CN dong quy tai mot diém (tinh chat ba dudng cao cua tam gide). Do d6
A,H,K thang hang.

Bai 8. (h.21)

a) Theo gia thiét A DAB vudng tai D va A EAB vudng tai Bnénf giacsABDE noi tiép
duong tron duong kinh AB; A DAC vudng tai D va A FAGwuéng'tai’F nén tir giac
ACFD ndi tiép duong tron duong kinh AC .

b) Vi tir giac ACFD ndi tiép nén CDF = CAF (cing ¢hin CF+). Ma CBK =CAK (cung
chin CK ) nén CDF =CBK (hai goc dong vi), doxdo



Hinh 21 DF//BK.

¢) Tir gidc ABDE ni tiépién BAE=EDC (cung bu véi BDE ). Ma BAK = BCK (cung
chin BK ) nén EDC=BCK, suy raCK//DE. Ma ACK =90° (goc ndi tiép chin ntra dudng
tron), do d6 DE L AC\Goil 1a teang diém BC, M 1a trung diém AB thi MI 1a duong
trung binh ctia A ABG,, sty rayMI/{ AC. Do d6 MI L DE. Mit khac A DAB vudng tai

) 1 .
D, A EAB vuong'tai E nén DM =EM=§ AB, do 36 A MDE céan tai M suy ra MI la trung

tryc cua PEnén ID=TE. Goi N 1a trung diém AC , chimg minh trong tu dugc IN 1a
trung true cuia DF suy ra ID=IF. Vay ID=IE=1IF nén I 1a tdim dudng tron ngoai tiep
A Z%é. Do BC ¢d dinh nén I ¢6 dinh.

Bai 97(h.22)

a)Vi M thudc duong tron dudng kinh AB nén AMB=90", N thudc duong tron dudng
kinh AC nén ANC=90". Do d6 BM/{ NC, suy ra BMNC 1a hinh thang.



B k-
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b) Vi A MAB vuéng tai M nén MAB+ABM =90°.ma BAG=90" nén MAB+NAC=90".
Do d6 ABM =NAC, lai c6 AMB=CNA=90" néh A MABC ANCA(g.g). Do d6
AM _ MB

ﬁzmhayAM'AN:MB'NC.
) Vi A MAB & ANCA nén 222 4B INC WS s (voi k=B
c c Svon | AG » SUY I Oppp= nea (V' AC

khong d6ii). S pyne=S asc¥Suss+ e =S asc+ K2+1)* Syuc. Ma S asc khong déi nén Sgyme
16n nhit khi Sy,c 16n nHat, KEWH L AC, vi AC khong doi nén Sy,c 16n nhét khi NH 16n
nhit. Ma NH < NK_nén‘ddu=" x4y ra khi H = K. Do d6 Sgync 16n nhit khi H tring K .
Khi d6 A NAC vuong ¢antai N nén NAC=45" suy ra MAB=45". Vi tri can tim ctia M 1a
MI L AB.

Bai 10. (h.23)

N : = 1 == . .
a) Theo gia thict A EPB vudng tai E ma APB= 5 AOB=45 nén A EPB vudng can tai

— . . . L 1 —= A
E ,'suy ra MBP=45". Tuong tu A FMB vudng tai F c6 AMBZEAOB=45 nén A FMB

vudng can tai F suy ra MBQ=45".

Do d6 MBP+MBQ=90" hay PBQ=90".
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Ma PBQ Z%P/OTQ (tifih chéf goe,ndi tiép), suy ra POQ=180" hay ba diém P,0,Q thing
hang.

b) Ta c6 PAQ=PBQ=90" (goc ndi tiép chin nira dudng tron), ma APB=45" nén A APS
1 .

vudng can tai A , do'd6 SA=AP (1). Co AQBZEAOB=45 nén A AQH vudng cén tai

Amén AQ=AH (2). Lai c6 SAH=PAQ=90" (3). Ttr (1), (2), (3) suy ra A SAH=A PAQ

(c.g.c)s,do do SH=PQ.

C)VI*PA L SQ,QB L SP nén H la tryc tam cua A SPQ, suy ra SH L PQ tai . Do d6
ATQH vudng tai I A AQH Vuong tai A nén tr giac AHIQ noi tiép duong tron duong
kinh QH Do d6 AIH = AQH 45°. Tuong ty, t giac BPIH ndi tiép nén

BIH =BPH =45". Do d6 AIB=90" nén I thudc dudng tron dudng kinh AB cd dinh.

Bai 11. (h.24)



a) Theo tinh chét tiép tuyén ta co MA=MB, lai c6 OA=0B nén OM” 1a trung tryc cia AB
,suy ra OM L AB tai H va HA=HB. Ta ¢c6 BK L AC, do d6 bon diém B, H,O, K thudc
duong tron duong kinh OB .

S Hinh 24

b) C6 AEC =90 (gbc ndi tiép chansnira dudng tron). Theo tinh chat tiép tuyén ta co
OA L AM. Xét A MACwva AMEA c¢6 M chung, MEA=MAC=90" nén

MA 5
hay ME - MC =MA".

ME _
AMEAC AMAC( g.g), suy ra VA= MG

MO

Y . _ 2
VI = A 18y MH - MO=MA®.

Tuong tu A MAO x80,A'MHA nén

Tu (1) va'@) suy ra MH - MO=ME - MC.

¢) Pudng thing BC cit AM tai S . Ta cd ABC=90" (g6c ndi tiép chin nira duong tron)
suysra OM/{ CS. Ma OA=0OC =R nén MA=MS. Ta c6 BK/{SA (cung vudng goc voi
IB_CI . IK _CI

MS CM " MA~ CM’

ACy) nén A CIBx A CMS va A\ CKI « A\ CAM, do d6 suy ra

1B _ K
MS MA i i
duong trung binh ctia A BCK. Suy ra IH/{ AC va IQ/{ AC nén ba diém H,I,Q thiang
hang.

ma MA=MS nén IK=1B. Do d6 HI 1a duong trung binh ciia A BAK, IQ la



Bai 12. (h.25)

a) Ta c6 ABD=ACD=90" (g6c ndi tiép chin nira duong tron) nén AC va DB 1 hai
duong cao ciia A KAD, suy ra H 1a tryc tdm cua A KAD. Do d6 KE L AD. Céc tam giac
BAH va EAH vuodng tai B va E nén tr gidc ABHE n0i ti€ép duong tron duong kinh AH .

b) Co6 A BKH vuéng tai B, A CKH vuéng tai C (chimg minh trén), suy ra tir gidc BHCK
ndi tiép duong tron duong kinh KH.

Do d6 CKH =CBH (cung chin CH ), ma CBD=CAD (cung chin CD ) nén CADECKH.

) —_ o A EA _EH
Lai c6 HEA=KED=90" nén A EAH « A\ EKD (g.g), suy ra EK _ED hay

EA-ED=EK:-EH.

Hinh 25



¢) Ta c6 CBD =CAD, tir giac ABHE ni tiép nén EBH = EAH (ciing chin HE ), suy ra
HBC=HBE. Ma MN/{ BC nén HBC = HNE (hai goc so le trong), do 46 ANE = HBE.
Suy ra A EBN can tai E nén EN =EB.

Co A BMN Vuong tai B nén ENB+EMB=90" vi EBN + EBM =90°. Ma EBN = ENB nén
EMB=EBM, suy ra A EMB can tai E , do d6 EM =EB.

T (1) va (2) suy ra EM =EN.
Bai 13. (h.26)

a) Theo tinh chét tiép tuyén ta c6 OA L MA,OB L MB, nén A AMO vubng tai
A, A BMO vudng tai B . Do d6 tor gidc MAOB ndi tiép duong tron dudong kinh M.
b) Ta c6 ANC=90" (gbc ndi tiép chan nira duong tron). Xét A CNAwa A CAMCO

CN, ~CA
CNA=CAM =90", ACM chung nén A CNA co A CAM (g.g), Suyyra™=—

Cal cm hay

CM -CN =CA”.
Ma CA=2R nén CM -CN=4R>.

¢) Theo tinh chat tiép tuyén ta c6 MA=MB, lai 60 OAS OB=R nén OM la trung truc cia
AB , suy ra OM L AB tai H . Puong thang/CB cat'AM fai S .
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C6. ABC=90" (gbc ndi tiép chan nira duong tron) nén OM /i CS. Xét A ACS ¢o
OA=0C=R,0OM/iCS nén MA=MS. Ta c6 BK/{SA (cung vuong goc voi AC ) nén
ACIK «x ACMA va ACIB— A CMS.

IK _CI IB_CI . IK _IB

MA _CM’'MS _CM nén MA:MS ma MA=MS nén IB=1IK.

Do do



Ta c6 OM Ia trung truc cua AB nén H 1a trung diém ctia AB . Theo gia thiét E 1a trung
diém BC , suy ra HI 1a duong trung binh tam giac BAK, IE 1a dudng trung binh tam giac
BKC . Do d6 HI/, AC,IE/{ AC nén ba diém H, I, E thang hang.

Bai 14. (h.27)

a) Theo gia thiét BE L AC,CF L AB nén A EBC vubng tai E, A FBC vuong tai F , do
do tir giac BCEF néi tiép duong tron duong kinh BC .

b) Tir ciu a suy ra ACB=MFB (cling bii BFE ). C6 CME chung nén A MBF x A(MMEC
MB _ ME - MC=ME -
(2.2), suy ra 3 == = hay MB- MC=ME - MF.

Hinh 27

o). Vi tirgide BCEF noi tiép nén FBE = FCE. Cac tir giac BDHF va CDHE noi tiép nén

EBH.=FDH va HDE=HCE. Do &6 HDF = HDE, suy ra DI 1 phan giac trong ctia

ADFE. Ma MD L DI nén DM 1a phén gic ngoai cia A DFE. Theo tinh chat phén giac
, IF_ MF _DF

“IET ME DE

F_MF

, s NE
Vi NF //AE nén A MNF « A MAE suy ra AE_ ME



FK _IF
Vi FK//AE nén A IFK « A IEA suy ra — AE 1B

NF _ FK
Tu (1), (2), 3) suy ra -~ == Edodo NF=FK.

Chu dé 7
BAl TOAN CU*“C TR! VA UNG DUNG TRONG CUQC SONG

1. Kién thirc cin nhé

Bét dang thirc Cauchy: Cho céc sb thuc khong 4m a , b khi d6 ta c6 a4 b 32+ ab,\déu "="
xdy ra khi va chi khi a=b.

Mot s6 két qua duoc suy ra tir bat dang thirc Cauchy:

2
e Véia,b>0tira+b>2absuyra a+b >ab hay4.ab<(la+b)’.

1.1 1 \/—<_ 1 l> 4
e Véia, b>0ma+b>2 abva SR Suyta ey +bhay

1 111

atb 4\a b/

2. Bai tip minh hoa

Bai 1. Cho a,b,c 1a cac séthyc khbng 4m thoa man a+b+c=3. Tim gia tri 1én nhat cia
biéu thuec:

P=y/12a+(b—c *+V12b+(c—a)+V12c+(a—b )
Gidi. Ta co:
12a+(b%c)V=4a(t+b+c)+(b+c)*—4bc=(2a+b+c)—4bc<(2a+b+c).
Suy'ra \/ims2a+b+c.
Chitng.minh tuong tu ta co WSZ b+c+ava \/m£20+a+b.

Do d6 P<4(a+b+c)=12. Vay P dat gia tri 16n nhét 13 12 khi (a; b; c) 1a cac hoan vi
cua (3;0;0).

Bai 2. Cho a,b,c 1a cac sd thyc khong 4m thoa man a+b+c=3. Tim gia tri I6n nhat va
gi4 tri nho nhat ciia biéu thirc P=a*+b*+c*—3abc.



Giai.

- Tim gia tri nhé nhit:
Ap dung bat dang thirc X+ y*+2°> xy+yz+zx.
Tacod: a’*+b*+c*>a’b*+b’c*+c’a’>abc(a+b+c)=3abc.
Do d6 P dat gi4 tri nho nhat 12 0, khi a=b=c=1.
e Tim gié tri 16n nhat:
Tacé P<(a+b)*+c*<(a+b+c)'=81.
Do d6 P dat gi tri 16n nhit 1a 81 , dat dwoc khi a=b=0,c=3.
Bai 3. Mot tam bia hinh chit nhat ¢6 chu vi khong doi 1a 8 cm { Tam'bia &6 dién tich 16n
nhat vadi chiéu dai va chiéu rong bang bao nhiéu?
Giai.
Goi chiéu dai va chiéu rong cua tam bia hinh chi nhat 14h [t 1a a, b ( cm ) (a>b>0 )
Vi tim bia c6 chu vi khong ddi 1a 8 cm nén'ta c6 2(a+b)=8 hay a+b=4.

2

a+b —4

Dién tich cta tim bia hinh chit nhardé la S=ab<

Vay dién tich 16n nhét cua tAm bia d6 144" cm® khi a=b=2 cm.

Bai 4. Mot nguoi tho drge ddthang 1am mot bé ca hai ngin khong c6 ndp véi thé tich 1a
1,296 m’. Nguoi tho do.cat'eac tam kinh va ghép lai duge mot bé ca c6 dang hinh hop
chir nhat véi ba kichithéea, b, ¢ (nhu Hinh 28) c¢6 vach ngédn & chinh gitra.

Hoi nguoi tho phaicitedc tim kinh co kich thudce a, b, c bang bao nhiéu dé tiét kiém
kinh nhat? Gia thietrang do day ctua kinh khong dang ké.

Giai.

Ta co abc=1,296.



Hinh 28 1‘3
Dién tich cac tdm kinh ding dé lam bé cé 1a %%

S (ab+2ac+3bc=(ab+2ac)+(3 % 6

i 22\/2«5-2x/3-2,16-x/ab-ac-bc% 8l m?.
Vay dién tich kinh it nhit can dung 12 6,48 mzac=3 bc.

b=2c
Suy ra a=3c

Luu ¥: Hoc sinh c6 thé st dung bét'(iﬁn {rc Cauchy cho 3 s6 khong 4m:

bia c6 dang hinh chﬁ nhat vdi kich thude 60 X 20 cm nhu
at xung quanh cua mot chiéc hgp c6 dang hinh hop chir nhét
61 dugc cat tir miéng bia khac d¢ ghép vao). Tinh dién tich toan



20

-

s =

*
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Giai.
Theo gia thiét ta co 2x+2 y=60 hay y=30—x. Diéu kién: 0<x=30%Th8 tich cia hop 1a:

(x+30—x)2

V=20xy=20x(30—x)<20" =5-302=4500((ch’ .

Dau " ¢ " xay ra khi x=30—x hay x=15, suy ra y=15.

Vay dién tich toan phn ciia hop 13 S, =220 x+2: 20 y#2 xy=1650{ cm’.

3. Bai tap tu luyén

Bai 1. Véi cac sb thuc duong a,b thoaman'g V2—b*+by2—a*=2, tim gia tri nho nhét
.2 , 2 2
cua biéu thuc P=a+b+—+—,
aslb
Bai 2. Cho céc s thué khéng am a, b, c thoia man a+b+2c=1. Tim gia tri 1on nhit va
gia tri nho nhat cuaybiéuthac\P=ab+ac—4bc.

Bai 3. V6i x, y Id*hai sb.thuc khong am thoa man x+ y =3, tim gia tri nho nhét cua biéu
thure T:\/5x—x2+\/gy—y2.

Bai 47Vidia, b ¢ 1a cac s6 thyc khong am thoa min a+b+c=3, ching minh
a+ab+abc <%

Bai 5. Vi a,b 1a hai sb thuc duong thoa man a+b+3ab=5, tim gia tri nho nhét cua biéu
thac T=a’+b’.

Bai 6. Cho mot tam nhom c6 dang hinh vuoéng canh 18 cm . Nguoi ta cit & bon goc cua
tam nhom d6 bdn hinh Vuong bang nhau, mdi hinh vuéng co canh bang x( cm), ri gap
tAm nhom lai nhu Hinh 30 dé dwoc mot chiée hop khong nap. Tim gia trj ctua x dé chiée
hop c6 thé tich 16n nhat.



Bai 7. Mot gla dinh can xay mot hé ga khong nip (nhu Hinh 31) c6 dang hinh hop chir
nhat voi thé tich 3 m®. Ti b glua chiéu cao h ctia hd va chiéu rong y cua day bang 4 .
Tim chiéu dai x cua day dé tiét kiém vat liéu xay hd ga nhat.

Bai 8. Phan mau xam trong Hinh 32 chtra mot doan vin ban ¢ dién tich 384 cm?. Biét
rang trang gidy dugc can 1é trai 2 cm, 1é phai 2 cm, 1& trén 3 cm va 1é du6i 3 cm . Tim
chiéu dai va chiéu rong cta trang gidy dé trang gidy co dién tich nho nhat.

& X

Hinh 30
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Hinh 32 %b\’

Bai 9. Mot khach san c6 50 phong. Hién tai moi phongikh?
nghin ddng mot ngdy va toan bo phong di duoc &hét.\Biét cr mbi 1an khach san
ting gia thué phong thém 20 nghin déng mdi ngh 6 théin 2 phong tréng. Hoi khach
san nén ting gia phong thém bao nhiéu dé
nhat?

Bai 10. Mot miéng bia c6 dang hin
cit mot hinh chit nhat MNPQ tir mié
ngoai khod, véi M, N thudc canh BC, P.vaQ tuong g thudc canh AC va AB (nhu
Hinh 33). Héi dién tich 1onmhat céjhé clia hinh chit nhat MNPQ béng bao nhiéu?

o



B M N
Hinh 33

Huwéng din - Loi giai - Pap sé

Bai 1. Tir gia thiét, 4p dung bat dang thic Gatichy ta duoc:

2 2 2 2
2=a2%p’+b2—a*< +3 b b+2-a _,

2

Dau " { " xayra khitg?+ b= 2}
Mat khac 4:2(a2+b2)2(a+b)2 suy ra 0<a+b<2,

Ap dung'bat dang thirc Cauchy ta duoc:

P=2a+2+2 b+l—a—bzz\/2a-3+2\/2 b2 (a+bh)>8-2=6.
a b a b
Dau,"=" xay ra khi a=b=1.

Vay P dat gia tri nho nhét 1a 6 khi a=b=1.

Bai 2. - Tim gia trj 1on nhat:



Taco PSab+20c=a(b+2c):a(1_0):%_

Vay P dat gia tri 10n nhat 1a % khi a:%, bZ%,c:O.

e Tim gié tri nh6 nhat: Vi a+b+2c=1nén 0<b+2c<1.

‘ L, 42 , , ( b+2C)2 1
Ap dung bat dang thirc Cauchy ta c6 P>—4bc>—2- fz—?

NG

o 1
Vay P dat gia tri nho nhét 1a =~ khi a=0, b:%,c:

Bai 3. Do | Y20
x+y=3

nén 0<x,y<3.

Tir d6 x(x—3)<0 hay x’<3x. Tuong tw y°<3 y.

Khi do:
T=\/5x—x2+\/Sy—yZZ\/Sx—3x+\/5y—3y=\/§+v2yzv2x+2y=\/E-

Vay T dat gia tri nho nhét 1a v/6 khi (x; ) 1a%eac hedfivi cua (3;0).

2 2
Bai 4. Ta c6 a+ab+abc=a+ab(1+6)ﬁa+a'(b+i1+1) :‘”0(44_0) '

. . a(44a)
Ta s€ chung minh a+T£4.

4—a)

_ 2
Khi d6 #s4—& asuy ra G(Tgl (do a<3| hay (a—2)*>0 (luén ding).

DAau "=" xayra khi'\a=2, b=1,c=0.
Bai 5. Vi ayb>0nén a+b>2+ab.
Suy ra a+b%+3ab>=2vVab+3ab hay 5>2+ab+3ab.

Kehi, d6 2vab+3ab—5<0 hay (Vab—1)(3Vab+5)<0, suy ravab—1<0, do d6 Vab<1.
Vi vay ab<1.

C6 T=a’+b°=(a+b)’—2ab=(5—3ab)’—2ab=(3ab—3)’—~14ab+16>2.

Vay T dat gia tri nho nhat 14 2 khi a=b=1.



