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A–1 A rectangle,
�������

, hassides
������	
	

and
������

. A triangle 
���� has
�

astheintersectionof theal-
titudes,

�
thecenterof thecircumscribedcircle,

�
the

midpointof ��� , and
�

thefoot of thealtitudefrom 
 .
Whatis thelengthof ��� ?

A–2 Players
	��������������������

are seatedarounda table, and
eachhasa single penny. Player1 passesa penny to
player 2, who then passestwo penniesto player 3.
Player3 thenpassesonepenny to Player4, whopasses
two penniesto Player5, andsoon, playersalternately
passingonepenny or two to the next playerwho still
hassomepennies. A playerwho runsout of pennies
dropsout of thegameandleavesthetable.Find anin-
finite setof numbers

�
for which someplayerendsup

with all
�

pennies.

A–3 Evaluate "!# $�%'& %)(�+* %),�.-0/ & %)1�.-0/�-�23* -�-�-�4
$ 	 * %)5� 5 * %)6� 5 -�/ 5 * %)7� 5 -�/ 5 -�2 5 * -�-�-84:9 % �

A–4 Let ; be a groupwith identity < and =?>@;BAC; a
functionsuchthat=EDGFIH�J�=EDGF 5 J�=EDGF ( J � =KDMLNH�J�=EDML 5 J�=EDOL ( J
whenever F H F 5 F ( � < � L H L 5 L ( . Prove that there
exists an element PRQS; such that T�D % J � P�=ED % J
is a homomorphism(i.e. T�D %�U J � T.D % J8T�D U J for all% � U QV; ).

A–5 Let W�X denotethenumberof ordered
�

-tuplesof posi-
tive integers DYP H � P 5 �������Z� P[X\J suchthat

	^] P H * 	_] P 5 *����� * 	^] P X �`	
. DeterminewhetherWaH # is evenor odd.

A–6 For a positive integer
�

andany real number b , define%Nc recursively by % # �ed , % H ��	
, andfor fhg d ,% cji 5 � b %�cji H & D � & f\J %�cf * 	 �

Fix
�

andthentake b to be the largestvaluefor which% X i H �kd . Find % c in termsof
�

and f , 	�l f lm� .

B–1 Let n %po denotethe distancebetweenthe real number% andthe nearestinteger. For eachpositive integer
�

,
evaluate � X � 7 X�q Hrsut HKvxwzy D{n}|2~� o � n�|��� o J �
(Here vxw�y DOP ��� J denotestheminimumof P and

�
.)

B–2 Let � bea twice-differentiablereal-valuedfunctionsat-
isfying ��D % J * ��� ��D % J � &@% F�D % J�����D % J �
where F�D % J"g d

for all real % . Prove that � ��D % J�� is
bounded.

B–3 For eachpositive integer
�

, write thesum � Xsut H 	_] |in theform � X ]~� X , where� X and
� X arerelativelyprime

positive integers.Determineall
�

suchthat5 doesnot
divide

� X .
B–4 Let P s�� X denotethecoefficient of % X in theexpansion

of D 	 * % * %)5 J s . Provethatfor all [integers] fhg d ,dal+���M����r � t # D & 	 J
� P c q � � � lk	
�

B–5 Provethatfor
� g � ,�

terms� �j� �� 50� � � ��� � & 	 terms� �0� �� 5�� � � � D vx��� � J �
B–6 Thedissectionof the3–4–5triangleshown below (into

fourcongruentright trianglessimilarto theoriginal)has
diameter

� ]~�
. Find theleastdiameterof a dissectionof

this triangleinto four parts. (Thediameterof a dissec-
tion is the leastupperboundof the distancesbetween
pairsof pointsbelongingto thesamepart.)


