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Nguyén 1y Dirichlet (thudt ngft tiéng Anh: the pigeonhole principle, ciing co noi goi la rhe drawer principle) - ¢ dang don gian nhat - duoc
phat biéu dau tién béi G. Lejeune Dirichlet (1805-1859), mot nha todn hoe Pike goc Phép, nhw sau:

“Néu nhot y +1 con thé vio » cdi chuong Ifﬁ € N*J] thi luon c6 (it nhat 13) hai con thé bi nhot trong ciing mét chuong™.
Mot cdch tong quét, ta ¢6 nguvén I¥ Dirichlet mé réng:

m—1

: : : . : : o B
“Néu nhét s con thd vio p cdi chudng (m, ne N *) thi luén ton tai mot chudng chita it nhat 13 { n ] con tho™.
G day, ky hiéu [H] duogc ding dé chi phan nguyén cia so thue a, tic 1a so nguyén 16n nhat khong vieot qua 4.

Dung phuong phap phan ching, ta co thé dua ra mot cdch ching minh khd Hg{m gon cho nguy én 1y Dirichlet (ngay ca dwdi dang ma mng]
hoc sinh THPT ciing c6 thé lam dugce viée nay; va diéu do khong hé lam giam di gia tri cua ban ’fhari nguyen ly. Nguyén ly Dirichlet co rat
nhiéu g dung (higu qua deén bat ngr:r] S dung no, ta co thé chimg minh duge nhiéu két qua sau sac cia toan hn::u: Chinh vi vay, tai cac cudc
thi hoc sinh gioi toan (quoc gia va quoc té), nguyén 11, Dirichlet thirdong xuyén dugc khai thic. Dé minh hoa, dwdi day, ta xét mot so bai todn cu
thé.

Bii 1 (Putnam 1993): Cho mot diy S0 gmm 19 s0 nguyén drong khong virot qua 93 va mot day s0 gom 93 so nguyén duong khong virot qua
19. Chirng minh ring tir hai diy so d6 ta co thé lin Izt trich ra hai diy con c6 tong cdc so hang 13 bang nhau.

Giai:

Ta xét bai todn tong quat:

Cho hai day (hiru han) cdc s6 nguyén dwong:
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Khi d6, ton tai cdc “chiséd” 1£4, i, <m, 1< j, £ j, <n saocho iz = /=

Giai bai todn tong qut:
F

a, =Y x (peZ1<p<m) EJ,;I=Z y;lgeZ,1<g<n)

3 " va 3 Thay doi vai tro cia cde “ky tw” x, a, m, i, p twong tmg voi céc ky te v, b, n,

—

j. g néu can, ta co thé xem rang 4, <b,. Khi do, véi moéi pe Zn [lj. m], ton tai f(p)i=qeZ r“"[l_l H] 1a chi sb bé nhat ma @, =8,. Xét m
hiéu:
booy — a1 Dy — @y -5 Bppwy — Ay (1)
Trede hét, ta co nhin xét réllg moi hidu déu bé hon m. That Vay, néu cé6 mot chi s6 peZn [l.j FH] nio dé sao cho M= Ei';.__p;. —4a,, thi
(m<by, nén flp)>1, vi)
MEDppy + Viip) = = 05 M =Yy Sbpp0 — 4,
a,<b, ol e
mAau thun véi dinh nghia cia f1 |f | Mau thudn d6 ching t6 rang: qua thiye, moi hidu & (1) 13 bé hon m.
Bay gid, néu mot trong cac hiéu do triét tidu: by, —a, =0, thi 1 rang ta c6 ngay dpem véi cach chon i =1=:j,.1, = p, j, = flp) Trong
triromg hop con lai, theo nhan xét trén, toan bo m higu o (1) déu thude Z m [Lj m —1]: mot tap hop chico m—1 ph-én fir, nén theo nguyeén ly
Dirichlet, co hai hiéu hﬁng nhau; tiec 13, ton tai r.5Z m [1; m],r >3, dé
boty =@ = by —a,
= by~ by =a, —a;

vitacing codpem,véi § =5+l i, =r, j; = f':_S:]-l- Lj= f[i":l

Bai 2 (V6 dich Cong hoa Czech 1998): Cho x 13 mot tip hop gom 14 s6 nguyén dirong phan biét. Chitng minh rang cé6 mot s6 nguyén duong
Jk < 7 vaco hai tap con Ji’c_phér.t tE:

ro1 nhau cua ¥ sao cho

1
= :
1000

Giai: Xét Cj;, =3432 tip con 7 —phén ti cia X Tong (c4c) nghich ddo cia cac phin ti trong mdi thp con niy rd rang 1a khéng vuot qua
1 1

1
b BRI e s omve o : ; -
A 7 ° nénphai thudc vao mot trong s6 2600 nira khoang:
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1000 1000 { L1000 1000 L1000 1000
Theo nguy én Iy Dirichlet, ton tai hai tip con khdc nhau co tong nghmh dao cac phan hr thudc vao cung mot nira khoang. Loai bo khoi hai tap
con do cac phan tir chung (hai tp con 7 —phan t khdc nhau thi co toi da sdu phan ti chung), ta sé thu dwoc hai tip con k — phan t& (véi &

nguyén duong, k =7) thoa yéu ciu cia bai todn: hidu cia hai tong nghich ddo cdc phan i trong hai tip con niy sé& sai khdc nhau it hon
1/1000.

Bai 3 (Iberoamerica 1998): Cdc dai dién ciia n quoc gia (1€ N*\{1}) ngdi quanh mét ban tron theo cdch sao cho hai ngwdi ngdi sat bén pha
hai dai dién bat ky v&i cting quoc tich thi phai c6 quoc tich khdc nhau. Hiy xdc dinh (theo 1) s0 1én nhat c6 thé c6 cde dai dién ngdi quanh ban
tron do.

Giai: Ta sé ding X . X, ... X, dé ky hidu n quoc gia c6 dai dién ngdi tai ban tron; cdc dai dién cé quoe tich X, (N*3i<n) s duge danh
il [ T oA o

1/ Trude tién, néu ¢ nhidu hon »* dai dién ngdi tai ban tron, thi theo nguyén 1y Dirichlet tdn tai i (N*3i<n) dé quéc gia X; c6 it nhit 1a
n+1 dai dién, ma ta ky hiéu la 55 I e nhung chi ¢6 n quoc tich, nén van theo nguyén 1y Dirichlet, trong s6 » +1 ngudi ngoi sat bén

1+l

phai cac dai dién 5 5ol G £ phai ¢6 hai nguwdi 6 ciing quoc tich; méu thuin véi yéu cau cia bai todn. Mau thuan d6 ching to ring co
khéng qua »® dai dién ngdi tai ban tron.
2/ Tiép theo, gia s& moi quoc gia co dung » dai dién: cdc dai dién cia X, IfN*a 1= H] L o : ta s& chi ra bang quy nap theo # rang
co mot cach sﬁp :-:ép toan b p* dai dién d6 vao ban tron sao cho moi véu cau cia bai toan déu dlrc;rc thoa méan.
Moi cach sap xép toan b 5> dai dién vao ban tron thyc chat 1a mot hodn vi
{.ﬂl:ﬂ::---:ﬂnﬂ-wﬂﬁj (1)
cua tap hop {1’" | L jeN*i = H}_- v&i quy wdce rang trong cdch sap xép nay:
o @, 13daidiénnpdi sit bén phai @, (véi moi k nguyén duong ma k<n’)
* @ ngoisdt bén phai 4@,
(ta dong nhat cac hoan vi co thé thu dugce tir nhau qua mét phep hoan vi vong quanh).
Khi p=2 dé 'rh-ri}' cach sfip :-:ép [1’11 ; -151'1’ ,Ii Yﬂ thoa mén moi yéu cau cia bai toan. Gia st véi ne N*¥\ {1} ndo d6 da c6 modt cach sﬁp xép; ma
ta van gitk kv higu (1), thoa mén moi véu cau cia bai toan. Khi do, co the chiing minh ring:
V&imoi ie Nm [l; H], ton tai duy nhat je N [Lj H] sao cho ngudi ngdi sit bén phai . ciing c6 quoc tich X
(2)
That vay, néu TELFCH ngﬁi sat bén phai cac dai dién Yl‘f‘ x; déucod qu:f:c tich khde X; (chico 5 —1 quf:c tich nhw thé), thi theo nguyen
Iy Dirichlet, it nhat hai ngu’rl"ri trong s6 ho phai co cing quoc tich; mau thuin véi véu cau cia bai toan. Mau thuan nay chimg to s ton tai cua
J = J:- Hon nita, néu N [1 F’E] 3k = j;. thi - theo yéu cau cia bai todn - ngudi ngoi sit bén phai X; 58 khong cling quoc tich X, véi npudi
ngoi sat bén phai x}. Didu d6 cho thay tinh duy nhat cia J;. va (2) d4 duge chitng minh.
Do (2), bang cdch hodn vi vong quanh néu can, trong (1) ta ¢6 thé xem @ v @, c6 cing quoc tich; tir d6, @ khdc quéc tichvdi 4,:; vay, vin
theo (2), véi moi iENr"‘*[l; H]_. ton tai duy nhat £, € N llé n’ —1J sao cho 9:, va 9: .1 co cing quoc tich X,
Bay gid, gia st mdi quéc gia X; (N*31<n)co thém dai dién the »+11a X™: ngodi ra, co thém qudc gia X,., v6i n+1 dai dién 14

1 X el : . H 3 % i
X1 X e ---2 Xppp - Khi do, tir b0 (1), bing cach:

S 1 n+l n+l -
o thay cip {ﬂ.t._ 18t 41 J bai bd nam (.‘I.t._: e e '53.&._,1,]

n+l

o thaedn % ) noibebea B X

ta s& thu dugc mot cach sap xép thoa min moi yéu cau ciia bai toan cho truomg hop 5 +1 quoc gia. Vay 2/ da duoge chitng minh theo nguyén 1y

Ay )vc’ri moi i€ Nm [}'.'; H]

quy nap.
Tl 1/va 2/, ta thay: s6 1én nhat cé thé o cde dai dién ngdi quanh ban tron di cho 13 »?.

Bii 4 (trich d& chon dbi tuyén Vidt Nam du thi Olympic Todn quéc t& nim 1999): Cho <= {@;ay; a;;..} C N* thoi man didu kién
l=a,,—a, <1999 v§imoi pe N*. Chitng minh rang ton tai cdp chisé p, g véi p<g saocho @,|4a,.

Giai: Dat AL j )= a; + j—1 véi moi j nguyén dwong ma j <1999, va bang quy nap, ta dinh nghia:
lg'grg h h [N
B, =[[Ali-1k), 4z j)=B, + 4li -1 j)

bml

v&i moi i, j nguyén dueong ma =2, j £1999. Tir cich xay dung trén, dé dang chitng minh Afm ﬂciﬁlfﬁ ﬂ. A(m JT ]| Alf ]ﬂ:ﬂ moi bo ba 50

nguyén duong m, n, j ma j <1999 va < » Tir cach xdy dung trén, ciing d& thiy (véi mdi ie N¥): Ali:1), A(5:2) _, A(7;1999) 14 1999 s6
nguyén durong lién tiép (khong bé hon @;); do d6, theo gia thiét ciia bai todn vé tip hop £, thi ton tai j; € Z |z 1999] gé Ali j et

Baw ol Vi Jis J2s--->Ja00 €L [l 1999] nen theo nguyeén Iy Dirichlet, ¢d hai s0 nguyén deong m <n <2000 ma J, = J, =-J; voi chung, ta
tim dwgc cdp chi s&6 p<q sao cho

a,=A(m; j, )= A40m; j)| A(m; j)= Al j, )= a, (dpem).

Bai 5 (V6 dich Trung Quoc 2000): Co6 2000 hoc sinh tham gia mot cudce thi tric nghlem gom 5 cau hoi; moi cau hoi co 4 phlrr:mg an tra 1o,
va moi hoc sinh chi dugce phep chon 1 ‘rmng s0 4 phurong dn twong tng dé tra 1o cho cau hoi. Tim SOt nhién 7 bé nhit sao cho cac hoc sinh
c6 thé 1am bai thi theo cdch ndo d6 ma cit n hoc sinh thi tim dwge bon hoe sinh (trong s6 7 hoc sinh nay) dé hai hoc sinh nao trong s6 bon hoc
sinh d6 ciing c6 bai 1am khdc nhau & it nhat 13 hai cau héi.

Giai:

1/ Trudce tién, ta ching minh rang néu » < 24 thi trong moi tredng hop (cia bai 1dm cde hoc sinh) yéu cau cia bai toan déu khong dugc thoa

man.
Xét I:= {l; 2;3;4}. Bai 1am ciia moi hoc sinh c6 thé dugc dit trong g véi mot bd x:= [351;-1?;;-1?3;174; X; :]E I trong d6, X; 1a so thit ti clia
phuong an ma hoc sinh di chon dé tra 14 cho céu hoi thi 1 {I’E Z,liiiﬂ;]. Ngoai ra, néu x I°, ta ciing s& chap nhan cich viét x = [Il; I';]
Ve X'= [I;,_l X3aX,0X: ;]E I* E§11g cach nlnr vay, dé Ihﬁ}' 1% dugc phin hoach thanh 4* =256 tip con (r&i nhau); moi tap con gﬁm dung 4 bo
chi khac nhau & thanh phan thir nhat, tiec la tap con co dang

ot ={Lx (22 (3 xk (4 )} <1 (1)
vai x'eI*. Vi 2000 > 7x 256 nén theo nguyén Iy Dirichlet c6 tam hoc sinh (khdc nhau) 4. 4, ---, 4;. ma bai lam cua ho thi tng véi cac bd
thuéc cing mot tip con o nao do (trong sé 256 tip con noi trén). Nhung 2000— 8=1992> 7« 256, nén - lai theo nguyén ly Dirichlet - ton
tai tam hoc sinh (khac nhau, trong s6 1992 hoc sinh con lai), 1a B,. B,, .-, By, c6 bai lam ung vol cac bo thude cung mot tap con B nao do
(trong s0 256 tip con néi trén). Cudi cling, van co 1992—8=1984 > 7x 256, nén ding nguyén 1§ Dirichlet mot lan nita, tir 1984 hoc sinh con
lai, ta tiép tuc tim ra tdm hoc sinh (khdc nhau), 1a C,.C,.....Cy, ma bai 1dm cia ho Gng véi cdc bd trong cing mot tip con € ndo d6. Tir bon

hoc sinh bat ki trong s6 24 hoc sinh
Al B B O

ta luon chon ra duege hai hoc sinh co bai lam g vdi cac bo thude cing mot tap con (mot trong ba tip con <2, B, hodc €); gia sir, chéng han, do
1a cdc hoc sinh A4; va 4; [f:jE L:1<i<j ES;I ma bai lam ng vdi hai bo trong 2. Theo cach xay dung cac tip con (1), bai lam cua hai hoc
sinh nay chi c6 thé khdc nhau & toi da 1a mot céu hoi (chinh 13 céu hoi thik nhat, néu hai bai 1dm khong hoan todn giong nhau); yéu cau cia bai
toan da khong dugc thoa mén! 1
2/ Bay gi0, ta chi ra mot tinh huéng ma » = 25 thoa véu cau cua bai todn.
Mubn vay, xet
,i’:f::{Jr:EIi ‘Zi_lxizﬂ[mmdd:]} 2)

Rorang § g:;f:m dung 4 x4 x4x4x1=256 bo; hon nira, (2) cho thﬁy: khi x, y €S, thi

xzy=>3di, JEN I<JE5x,2Y),X; =), (3)
Lay @ 1a mot tip con 250 —phan ti¥ cia S va xét tinh hudng ma: véi moi x €@, ton tai dung & hoc sinh c6 bai 1am cling (ng véi bd x (tinh
hubng nay hoan toan cé thé xay ravi 2000=8x250). Khi ay (do 25> 8x3), theo nguyén 1y Dirichlet. ctt 25 hoc sinh thi tim duoc bén hoe
sinh (trong 36 25 hoc sinh nay) co bai lam g voi bon bd x, v, z.t €D < S d6i modt khdc nhau; va theo (3), hai hoe sinh nao trong s6 bon

hoc sinh dm ctng co bai lam khac nhau o it nhat 1a hai cau hoi, ding nhw yéu cau cia bai todn.
Tir 1/va 2/, ta thay: S0 tir nhién be nhat phai tim 1a =25,

Bai 6 (Dé d@é nghj, Toan 11, k¥ thi Olympic 30/4 nam 2006; ching t6i di dua theo ¥ cia mét dé thi Vo dich Romania 1997): Goi o2 13 tap
hop tat ca cdc bo ba I=(I1;I1; X, .] ma X, X, X3 E[D: T]r“‘*E. Bo x= Ifxli.‘f:ﬁ.t N]E-:E duege goi la tréi hom bo y= Lrvl: oz Y N]E-:E néu
X#yva X;2);, vdimoi i€ {1. 2 3} khi d6, ta viét x > y. Tim s0 ti nhién n bé nhat sao cho moi tip con ; —phan tir cia o déu chira it nhat
lahai bo x, yma X = ).
Giai:
1/ Trude hét, xét tip hop B= {‘5 €t |-"51 TX X5 =11}- Co thé kiém tra trize tiép rang B 12 mot tip con 48 —phan ti cia o# (B gom ding: 4
phin tir c6 dang x=(0;2,;11-x; ) véi 4< X, <7; 5 phin tir c6 dang X =(L x,;10—x,) v6i 3£ x, < 7; 6 phén ti c6 dang x = (2 2,9 x, |
véi 2<x,<7; 7 phén ti c6 dang x=(3;x,;8—x, ) véi 1=x, <7; § phién t c6 dang x=(4;2,;7— X, ) véi 0<x, <7; 7 phén tr c6 dang
=[5;IJ; 5—:{1;] vdi 05 x, £6; 5ph£fmh}mﬁ dang x=[5; 11;5—_‘{1;] vidi 02 x, < 5; yﬁﬂphénh}mﬁ dang _::=I:?; 11;4—_7::?]1;&1 0<x, <4).
R rang B khong chira hai bo x, y nao ma x = y.
2/ Tiép theo, cho N 372> 49, vi® 1a mot tip con ; —phan ti bat ki ciia £ Ta sé& chitng minh ring B chira it nhat hai bo x, y ma x > y.

Mumnva};:-:e‘f cac tdp con sau day cua o#:
@, =jxe |'.r:1_ﬂv?:1—f} é I==IE-:E (x5, =1 x, ﬂﬁ]vlfrll:*lmn—ﬁ]}
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€, =X et If_xl=2m::1{5] If
(x,
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D=cd'\@=\xcHt |Jr:13~1f~~1::J £3};
e =lxce |x,=j} (i, jeZ;1<i<4£0<j<7)
D,,= {.‘{'E"ﬂ |Jr:1 =P =g} {P;QEE;ﬁIEpET;DEg 313:1
va chi can khao sat hai trueomg hop: %

(i) Néu B ~ @ 12 mot tap hop c6 nhidu hon 32 phin ti, thi do chi c6 32 tap con €, ; (I, € Z;12i<40< j<7) tao thanh mét “phén
hoach” cia €, nén theo nguyén Iy Dirichlet, @ phii chita it nhit 1 hai phin t& x va ¥ (x# ) cia cing mét tip con €.; nio dé
(i_.j eZ:;1=1=4:0= ET;]; tir cau tric coa €, ta Thé}’_&:vé}' co thé so sanh dwoc véi nhau theo quan hé “trdi”, ma ta co thé oid sirla x = .

(1) Néeu ®B~e@ co khong quda 32 phan t¢, thi B~ chita it nhit x—-32=17 phan t¥ nhung chi co 16 tip con
D,, (P.geZ;4< p=< 7,02 ¢= 3), ta0 thanh mét “phan hoach” ctiaD; nén vén theo nguvén Iy Dirichlet, B phai chira it nhét 13 hai phin tir x
Va ¥ If‘s: = }';] cia cung moét tip con P, ; nao 4o If_p,q el:4=<p<T:0=¢g 53}, tir cau tric cia @, , ta thﬁj.,’ X Vi y CO thé so sanh duoc véi
nhau theo quan hé “tr1”, ma ta ciling co the gia sirla x > ¥ (dpcm).

Tir 1/va 2/, ta thay: sO tir nhién bé nhat can tim 1a 5 = 49,



