Ham sinh

Ham sinh 12 mot trong nhiing sang tao than tinh, bt ngo, nhiéu tmg dung cua toan
roi rac. N6i mot cach ndm na, ham sinh chuyén nhiing bai toan vé ddy s¢ thanh
nhitng bai todn vé ham sé. Piéu nay 4 rat tuyét voi vi chling ta d4 co trong tay ca
mot ¢d may 16n dé 1am viéc v6i cac ham s6. Nho vao ham sinh, chdng ta c6 thé ap
dung ¢b may ndy vao cac bai toan day sb. Bang cach ndy, chiing ta c6 thé sir dung
ham sinh trong viéc giai tit ca cac dang toan vé phép dém. C6 ca mot nganh toan
hoc 16n nghién ciru vé ham sinh, vi thé, trong bai nay, chdng ta chi tim hiéu nhimng
van dé cin ban nhat vé chu dé nay.

Trong bai viét ndy, cac day sb s& duoc dé trong ngodc < > dé phan biét v6i cac ddi
tuong toan hoc khac.

1. Ham sinh

Ham sinh thwong cta day s6 vo hang <go, g1, Gz, s,...> & chudi luy thira hinh
thure

G(X) = Go + GiX + goX° + GaX ...
Ta goi 1am sinh la chubi hinh thirc boi vi thong thuong ta s& chi coi x 1a mot ky
hiéu thay thé thay vi mot s0. Chi trong mdt vai truong hop ta sé cho x nhan cac gia
tri thuc, vi thé ta gin nhu ciing khong dé y dén sy hoi tu cia cac chudi. C6 mot sb
loai ham sinh khac nhung trong bai ndy, ta s& chi xét dén ham sinh thuong.

Trong bai ndy, ta s& ky hiéu su tuong Gng giita mot ddy s6 va ham sinh bang dau
mii tén hai chiéu nhu sau
2 3
<Qo, 01, 92, 93, ---> <> Qo T g1X + go2X" + ga3X™ +...

Vi du, duéi day 1a mot s6 ddy s va ham sinh cua ching

<0,0,0,0,..>¢>0+0x+0x*+0x*+...=0
<1,0,0,0,..><1+0x+0X2+0x+...=1
<3,2,1,0, .53 +2X+xX2+0x3+ ... =x*+2x+3

Quy téc & day rat don gian: S6 hang thir i cia day s (danh sb tir 0) 12 hé sé cua x'
trong ham sinh.

Nhéc lai cong thirc tinh tong cta cac s6 nhan 10i vO han 12

1
1+z+2°+23+..=——.
1-z

Dang thirc ndy khong dung véi |z| > 1, nhung mot 1an nita ta khong quan tam dén
van dé hoi tu. Cong thire nay cho chung ta cong thuc tuong minh cho ham sinh
cua hang loat cac day sb

<1,1,1,1, .5 1+x+ X+ X+ ... = 1/(1-X)



<1,-1,1,-1, ..> 1-x+ X - +. —1/(1+x)
<1,a,a%a, ..>ol+ax+ax® +ax + ... = 1/(1-ax)

<1,0,1,0,1,0,..> <> 1+x*+x' + ... —1/(1-x2)
Céc phép toan trén ham sinh

Phép mau ciia ham sinh nam & chd ta ¢ thé chuyén cac phép toan thuc hién trén
ddy so thanh cac phép toan thyc hién trén cac ham sinh tuwong Ung cta ching.
Ching ta cung xem xét cac phép toan va cac tac dong cua chiung trong thuat ngir
day so.

2.1. Nhan véi hing so
Khi nhan ham sinh vi mot hang sb thi trong day sé tuong mg, cac s6 hang s&
duoc nhan véi héng s6 d6. Vi du
<1,0,1,0,1,0,..> &> 1+ X +x' + ... = 1/(1-x%)
Nhan ham sinh vaéi 2, ta duoc
21-x%) =2+ 23+ 2x* + ...
la ham sinh caa day s6
<2,0,2,0,20,...>
Quy tic 1. (Quy tic nhan véi hang s6)
Néu <fy, fy, f, fs, ...> <> F(X) thi <cfo, cfy, cf,, cfs, ...> <> CF(X)
Ching minh.
<cfy, cfy, cfy, Cfs, ...> <> cfy + (Cf)X + (cH)X* + (cfa)x® + ...
= o(fg + Fox+x° + £33 + ...)
= cF(x).

2.2. Cong

Cong hai ham sinh tuong (mg véi viée cong cac sd hang cua day sb theo ding chi
s6. Vi dy, ta cong hai dy s6 trudc d6
<1,1,1,1,..> < 11X
+ <1,-1,1,-1, ...> & 1/(1+x)

<2,0,2,0,...> & 1/(1-x) + 1/(1+x)
Bay gio ta thu duoc hai biéu thirc khac nhau cing sinh ra day (2, 0, 2, 0, ...).
Nhung diéu ndy khong c6 gi ngac nhién vi thyc ra chung bang nhau:

1/(1-x) + 1/(1+x) = [(1+x) + (1-3)]/(1-X)(1+x) = 2/(1-x%)
Quy tic 2. (Quy tic cong)

Néu <f0, fl, fz, S F(X), <do, 91, 92, ...~ <> G(X)

thi <f0+g0, f1+g1, f2+g2, e F(X) + G(X)
Ching minh.

<fo+go, F1+01, F2+0y, ...> < forgo+ (Fi+gn)x + (40X + ...

= (fo+ fix + X7 + ) + (Qo + GuX + GoX° + ...)



=F(x) + G(x)
2.3. Dich chuyén sang phai

Ta bat dau tir mot day sé don gian va ham sinh cia nd
<1,1,1,1,..>< 1/(1-Xx)
Bay gio ta dich chuyén ddy sb sang phdi bang cach thém k s6 0 vao dau
<0,0,...,0,1,1,1, ...> X+ Xt + x2 +
= XX(1+x+x2 + ...)
= X/(1-x)
Nhu Vay, thém k s6 0 vao dau day sb twong ung véi viéc nhan ham sinh voi X%,
Didu nay cling dung trong truong hop tong quat.
Quy tic 3. (Quy tic dich chuyén phai)
Néu <f0, fl, fz, e F(X)
thi <0, ..., 0, fo, f1, fo, ...> > X“F(X) (c6 k sb 0)
Ching minh.
<O, ...,O, fo, fl, fz, ...>(—)f0Xk+f1X +f2X
= XK(fo + Fix + fx2 + ...)
= X*F(x)

k+1 k+2

2.4. Pao ham

Diédu gi s& xay ra néu ta lay dao ham ciia ham sinh? Ching ta hdy bat dau tir viéc
lay dao ham ctia mot ham sinh da tré nén quen thudc ctua dady so toan 1:
1
i(1+x+x +x°+x* + . )—i(—)
dx dx 1-x

1

1+ 2x+3x° +4x3 +..=———
(1 X)*?

<1 23, 4,..>

1
1-x)?
Ta tim duoc ham sinh cho day sé <1, 2, 3, 4, ...> !

Tong quat, viéc 1dy dao ham caa ham sinh c6 hai tic dong 1én day sb twong Gng:
cac s6 hang duoc nhan voi chi sé va toan bo ddy sé dugc dich chuyén trai sang 1
Vi tri.
Quy tic 4. (Quy tic dao ham)
Néu <f0, fl, fz, e F(X)
thi <f,, 2f,, 3f;, ..> <> dF(X)/dx
Ching minh.
<f1, 2f2, 3f3, e fl + 2f2X + 3f3X2 + ...
= (dldx)(fy + fox + F2 + fx3 + ...)
= dF(x)/dx



Quy tic dao ham 1a mot quy tic rat hitu hiéu. Trong thuc té, ta thudng xuyén can
dén mot trong hai tac dong cua phép dao ham, nhan s6 hang véi chi s6 va dich
chuyén sang trai. Mot cach dién hinh, ta chi mudn c6 mot tac dong va tim céch
“vO hiéu hod” tac dong con lai. Vi dy, ta thir tim ham sinh cho day s6 <0, 1, 4, 9,
16, ...>. Néu ta co thé bat dau tir ddy <1, 1, 1, 1, ...> thi bang cach nhan véi chi sb
2 lan, ta s& duoc két qua mong mudn
<0.0,1.1,2.2,33,...>=<0,1,4,9,...>

Van dé 12 & chd phép dao ham khéng chi nhan s6 hang day sb voi chi sé ma con
dich chuyén sang trai 1 vi tri. Thé nhung, quy tac 3 dich chuyén phai cho ching ta
cach dé vo hiéu hoa tac dong nay: nhan ham sinh thu dugc cho x.

Nhu vay cach 1am cua chiing ta 12 bat dau tir ddy s6 <1, 1, 1, 1, ...>, lay dao ham,
nhén véi x, lay dao ham roi lai nhan vai x.

<1,1,1,1,...> < 1/(1-x)

<1,2,3,4,..> < (ddx)(1/(1-x)) = 1/(1-x)*
<0,1,2 3,4,..> x/(1-x)°

<1, 4,9, 16, ...> <> (d/dx)( x/(1-x)*) = (1+x)/(1-x)*
<0, 1, 4,9, 16, ...> < x(1+x)/(1-x)*

Nhu vay ham sinh cho day céc binh phuong 13 x(1+x)/(1-X)°.
3. Day s6 Fibonacci

Doi khi chiing ta c6 thé tim dugc ham sinh cho cac day sb phirc tap hon. Chang
han dudi day 1a ham sinh cho day sé Fibonacci:

<0,1,1,2,3,58,13, ...> <> x/(1-x-x%)
Chung ta thay day sb Fibonacci bién d6i kha kho chiu, nhung ham sinh cta no thi
rat don gian.

Chung ta s& thiét 1ap cong thirc tinh ham sinh ndy va qua d6, tim dugc cong thire
tuong minh tinh cac s6 hang tong quét ciia ddy s6 Fibonacci. Di nhién, ching ta ¢4
biét cong thirc tinh s6 hang tong quéat ctia ddy Fibonacci trong phan phuong phap
giai cac phuong trinh sai phan tuyén tinh hé sé hang. Nhung diéu nay khong ngin
can ching ta mot lan nita tim cach giai thich sy xut hién ctia phuong trinh dic
trung, cach xir ly truong hgp nghiém kép thong qua cong cu ham sinh. Hon nita,
phuong phap ham sinh con gilp ching ta giai quyét hang loat cac bai toan vé day
s6 dé quy khac nita, trong d6 c6 nhitng phuong trinh ma chiing ta hoan toan bo tay
V&i cac phuong phéap khac.

3.1. Tim ham sinh

Ta bat dau bang cach nhéc lai dinh nghia ctua ddy Fibonacci:
fo =0



fl =1

fn = fn_l + fn_2 Véi n 2 2
Ta c6 thé khai trién dang thirc cudi cling thanh day vé han céc dang thic. Nhu thé
day s6 Fibonacci xac dinh boi

f():O
f]_:l
f2:f1+f0
f3:f2+f1
f4:f3+f2

Bay glor cach 1am tong quat cta ching ta la: dinh nghia F(x) la ham sinh cua day
SO O bén tréi cua cac dang thirc, chinh 1a céc So Fibonacci. Sau d6 chung ta tim
drge ham sinh cho day s6 & vé phai. Cho hai vé bang nhau va ta giai ra duoc ham
sinh F(x). Ta hdy cing lam diéu nay. Pau tién ta dinh nghia

F(X) = fo + fix + £x° + 3 + X" + ..
Bay gio, ta cAn tim ham sinh cho day s6

<0, 1, fi+fy, frtfy, fa+f, ...>
Mot trong nhing cach tiép can 1a tach cac day sé ciia chung ta thanh céch day ma
chung ta d4 biét ham sinh, sau d6 ap dung Quy tic cong

<0,1,0,0,0,...> <« X

<O, fo, f]_, fz, f3, D R XF(X)
+ <0, 0, fy, fy, f2, ..> <> X°F(X)

<0, 1+f,, f+f,, +fy, fa+fy, ...> X + XF(X) + X°F(X)

Déy so nay gan nhur 1a ddy $6 nam & vé phai cua ddy Fibonacci, chi ¢6 1 khac biét
duy nhat 1a 1+fy ¢ vi tri thir hai. Nhung do fy = 0 nén diéu nay khéng c6 y nghia gi.

Nhu véy, ta co F(x) =x + xF(x) + XZF(X) va tir d6 F(x) = x/(1-x-x%), d6 chinh 1a
cong thirc ma chung ta ¢4 ndi dén ¢ phan dau.

3.2. Tim cdng thirc twong minh

Tai sao chung ta lai phai tim ham sinh ciia mot day s6? Co mot vai cau tra 101 cho
cau hoi ndy, nhung dudi day 14 mot trong nhitng ciu tra 10i d6: néu ta tim duoc
ham sinh cho mot day s6, trong nhiéu truong hop, ta ¢ thé tim duge cong thire
tudng minh cho cac sé hang cua day s6 do, va day 1a diéu rt can thiét. Vi du cong
thirc tudng minh cho hé s cua x" trong khai trién cua x/(1-x-x%) chinh 1a cong
thirc tudng minh cho s6 hang thi n ciia ddy sé Fibonacci.

Nhu vay cong viéc tiép theo ctia ching ta 1a tim cac hé sé tir ham sinh. C6 mot vai
cach tiép can cho bai toan nay. Poi voi cac ham phén thac, 1a ty so ctua cac da
thire, chung ta c6 thé st dung phuong phap phan tich thanh cac phéan thic so cap



ma chiing ta d4 biét & phan tich phan cac ham hiru ty. Ta c6 thé tim duoc dé dang
cac hé so cho cac phan thirc so cap, tir do tim duogc cac hé so can tim.

Ta s& thir 1am cho ham sinh ciia ddy s6 Fibonacci. Dau tién, ta phan tich mau s6 ra
thtra so
X/(1-x-x) = x/(1-01X) (1-0,2X)

trong 46 «, =$, a, = # Tiép theo, ta tim cac hang s6 A;, A, sao cho
X A N A,

1-x-x* 1l-oyX l-—a,X
Ta c6 thé 1am diéu ndy bang phuong phap hé s6 bat dinh hodc thay x cac gia tri
khac nhau dé thu duoc cac phuong trinh tuyén tinh ddi véi Aq, A,. Ta co thé tim
dugc Ay, A, tir cac phuong trinh nay. Thuyc hién diéu nay, ta dugc

1 1 -1 -1

A o, —Q, \/§1A1 a,—a, 5
Thay vao dang thirc noi trén, ta dugc khai trién cua F(x) thanh cac phan thic so
cap

x _1( 1 1
1-x-x* 5ll-ax 1-a,x
Mdi mot s6 hang trong khai trién c6 chudi luy thira don gian cho bdi cong thirc

1
=1+aX+al X +...
1-a;x
1 _ 2,2
=1+ a,X+o, X" +..
1-a,x

Thay cac cong thirc nay vao, ta duoc chudi luy thira cho ham sinh

1 1 1
F) :E(l—alx _1—a2Xj

=— L (Q+ax+alx? +.)— L+ a,x+asx* +..))

NG

T do suy ra

g {9

bay chinh 1a cong thirc ma ta cling da tim dugc trong phan giai cac phuong trinh
sai phan tuyén tinh hé sb hang Cach tiép can moéi nay lam sang t6 thém mot sO
van ctia phuong phap da dé cap toi. Noi riéng, quy tac tim nghiém ciia phuong
trinh sai phan trong truong hop phuong trinh dac trung c6 nghiém kép 1a hé qua
clia quy tac tim khai trién phén thic so cap!

4. Pém bang ham sinh



Ham sinh c6 thé duoc 4p dung trong cac bai toan dém. Noi riéng, cac bai toan
chon cac phan tir tir mot tap hop thong thuong sé dan dén cac ham sinh. Khi ham
sinh dugc 4p dung theo cach nay, hé so cua x" chinh la so cach chon n phan ti.

4.1. Chon cac phin tir khiac nhau

Ham sinh cho day cac hé sé nhi thic dugc suy ra truc tiép tir dinh 1y nhj thirc
<Cl,Ci,C2,...,C500,..> C)+Cix+...+ C X = L+ x)"

Nhu vay hé s6 cua x" trong (1+x) bang s6 cach chon n phan tr phan biét tir mot
tap hop gom k phan tir. Vi duy, hé sé cua xz la C%, sb cach chon 2 phén tir tir tap
hop k phan tir. Tuong tw, hé sb cia x**! 1a s6 cach chon k+1 phén tir tir tap hop k
phan tir va nhu thé, bang 0.

4.2. Xay dung cac ham sinh dé dém

Thong thuong ta c6 thé dich mo ta cta bai toan dém thang sang ngdén ngit ham
sinh dé giai. Vi dy, ta c6 thé chimg t6 rang (1+x)* s& sinh ra sb cac cach chon n
phan tir phan biét tir tap hop k phan tir ma khong can dung dén dinh 1y nhi thirc
hay cac hé sb nhj thirc!

Ta lam nhu sau. Dau tién, ta hdy xét tap hop c6 mot phan tir {a;}. Ham sinh cho s6
cach chon n phan tir tir tip hop nay don gian 12 1 + x. Ta ¢6 1 cach chon khong
phan tir nd0, 1 cach chon 1 phan tir va 0 cach chon hai phan tir trd 1én. Tuong tu,
s6 cach chon n phan tir tir tap hop {a,} ciing cho bai ham sinh 1 + x. Su khac biét
Clia cac phan tir trong hai trudng hop trén 1a khéng quan trong.

Va bay gio 1a y tuong chinh: ham sinh cho s6 cdch chon cdc phan tiv tu hop cua
hai tap hop bang tich cdc ham sinh cho sé cdch chon cdc phan tir tir méi tdp hop.
Chung ta sé& giai thich chit ch& diéu nay, nhung trudc hét, hdy xem xét mot vi du.
Theo nguyén ly nay, ham sinh cho sb cach chon cac phan ti tir tap hop {as, a,} 1a

(1+%). (1+x) = (1+x)? =1 + 2x + X*

C6 thé kiém chimg rang d6i véi tap hop {a;, a,} ta 6 1 cach chon 0 phan ti, 2
cach chon 1 phan tir, 1 cach chon 2 phan tir va 0 c&ch chon 3 phan tir trg 1€n.

Tiép tuc ap dung quy tac nay, ta s& duge ham sinh cho s6 cach chon n phan tir tir
tap hop k phan tr

(1+x).(1+X)...(1+x) = (1+x)~

Pay chinh la cong thirc ham sinh ma ta d& nhan dugc bang cach sir dung dinh 1y
nhi thire. Nhung lan nay, chung ta dd di thang tir bai toan dém dén ham sinh.



Chung ta c6 thé mo rong diéu ndy thanh mot nguyén 1y tong quat.

Quy tic 5 (Quy tic xoan). Goi A(x) 1 ham sinh cho céch chon cac phan tir tir tap
hop A va B(x) Ia ham sinh cho cach chon cac phan tir tir tdp hop B. Néu A va B la
roi nhau thi ham sinh cho céch chon cac phan tir tir A U B 12 A(X).B(X).

Quy tic nay 1a kha da nghia, vi can hiéu chinh xac cach chon cac phan tir tir mot
tap hop c6 nghia la thé ndo? Rat dang chu y 1a Quy tic xoan van ding cho nhiéu
cach hiéu khac nhau cua tir cach chon. Vi dy, ta co thé doi hoi chon cac phan tir
phan biét, cling co thé cho phép dugc chon mot sb 1an co gidi han nao do, hodc
cho chon 1ap lai tuy y. Mot cach ndm na, gidi han duy nhat 13 (1) tht tu chon céac
phan tir khong quan trong (2) nhing gidi han ap dung cho viéc chon cac phan tir
ctia A va B ciing 4p dung cho viéc chon céc phan tir cia A U B (Chit ché hon, can
c6 mot song anh giita cac cach chon n phan tir tir A U B vé6i bo sap thir tu cac cach
chon tir A va B chira tong thé n phan tir)

Chung minh. Pinh nghia
A(X) =Y ax", B(X)=>bx", C(X)=A(X).B(X)=) c,x"
n=0 n=0 n=0

Dau tién ta hay tinh tich A(x).B(x) va biéu dién h¢ s6 ¢, thong qua cac h¢ sb a va
b. Ta cd thé sap x€p cac so hang nay thanh dang bang

2 3

bo b1X bzX b3X
do aobo aoblx aob2X2 a.()b:.’,X?J
aix arhox athy X’ aihx’
ax’ asbox’ ah
agx’ ashox’

Chuy rang cac sd hang c6 cung luy thira cua x xep trén cac duong chéo /. Nhom
tat ca cac s6 hang nay lai, ta thdy rang hé sb cua x” trong tich bang
= aob + albn-]_ + ...+ anbo

Bay gic‘y ta ching minh rang day ciing chinh 1a s cach chon n phan tir tr A U B.
Mot cach tong quat, ta c6 thé chon n phan tir tir A U B bang cach chon j phan tir tir
A VA n-j phan tir tir B, trong d6 j 14 mét s tir 0 dén n. Didu ndy c6 thé duoc thuc
hién bang ajb,; cach. LAy tong tir 0 dén n, ta co

aobn + albn-]_ + ...+ anbo
céch chon n phan tir tir A U B. D6 chinh xac 1a gia tri ¢, dd dugc tinh & trén.

Biéu thirc ¢, = aghy, + a3y + ... + a,by dd duoc biét dén trong mén xir 1y tin hiéu
s0; day <Co, C1, C, Cs, ...> la xoan (convolution) cta hai day <ap, aj, ay, as, ...> va
<b0! bl! b2’ b3, L




4.3. Chon céc phén tir c6 lip

Xeét bai todn: Co6 bao nhiéu cach chon 12 cay keo tir 5 loai keo? Bai todn nay co
thé tong quat hoa nhu sau: C6 bao nhiéu cach chon ra k phan tir tir tdp hop c6 n
phan tir, trong d6 ta cho phép mot phan tir c6 thé duge chon nhiéu 1an? Trong
thuat ngir ndy, bai toan chon keo co thé phat biéu ¢ bao nhiéu cach chon 12 cay
keo tur tap hop
{keo sira, keo s6-cO-la, keo chanh, keo dau, keo ca-phé}

néu ta cho phép lay nhiéu vién keo cling loai. Ta sé tiép can 10i giai bai toan nay tur
goc nhin cua ham sinh.

Gia str ta chon n phan tir (co lap) tir tp hop chi ¢ duy nhat mot phan tir. Khi d6
c6 1 céch chon 0 phan tir, 1 cach chon 1 phan tir, 1 cach chon 2 phan tir ... Nhu
thé, ham sinh cua cach chon co 1ap tir tap hop c¢6 1 phan tir bang

<1,1,1,1, .5 1+x+ X+ X+ ... = 1/(1-X)

Quy tic xqa‘in n6i rang ham sinh cua cach chon cac phan tw tir hop cua cac tap hop
roi nhau bang tich ctia cac ham sinh cta cach chon cac phan tir tir moi tap hop:
1 1 1 1
1-x1-x"1-x (1-x)"
Nhu thé, ham sinh cua cach chon cic phan tir tir tdp hop n phan tir c¢6 lap 1a
1/(1-x)".

Bay gio ta can tinh cac hé sd ciia ham sinh nay. Dé lam diéu ndy, ta st dung cong
thie Taylor:

Dinh ly 1 (Dinh ly Taylor)
" i (k)
u 2! 3! Kk
Pinh 1y nay néi rang hé sé cua x* trong 1/(1-x)" bang dao ham bac k cua no tai
diém 0 chia cho k!. Tinh dao ham bac k ctia ham s6 nay khong kho. Pat

g(x) = 1/(1-x)" = (1-x)™

Taco

g’(x) =n(L-x)""
g”(x) = n(n+1)(1-x)"™*
g’ (x) = n(n+1)(n+2)(1-x) "

Mm—mmn (n+k-1)(1-x) ™
Tir d6, hé sb cua x* trong ham sinh bing
g“0) nn+1)..n+k-1) (n+k-1)! c
ki k! ©oki(n-pr M
Nhu vay s6 cach chon k phan tir ¢6 lap tir n phan tir bang CF,, .




5. Mot bai toan dém “bat kha thi”

Tir dau bai dén gio ta d& thiy nhimg img dung cua ham sinh. Tuy nhién, nhimg
diéu nay ta cling co thé 1am duoc bang nhing cach khac. Bay gio ta xét mot bai
toan dém rat kho chiu. C6 bao nhiéu nhiéu cach sip mot gio n trai cdy thoa méan
cac diéu kién rang budc sau:

e S tao phai chin

e S6 chudi phai chia hét cho 5

e Chi c6 thé c6 nhiéu nhat 4 qua cam

e Chi c6 thé c6 nhiéu nhat 1 qua dao

Vi du, ta c6 7 cach sap gio trai cay cd 6 trai:

Tao 6 4 4 2 2 0 0
Chudi 0 0 0 0 0 5 5
Cam 0 2 1 4 3 1 0
Pao 0 0 1 0 1 0 1

Céc diéu kién rang budc ndy qua phtic tap va ¢ cam giac nhu viéc di tim 101 giai
la vd vong. Nhung ta hdy xem ham sinh sé xtr 1y bai toan nay thé nao.

Trudc hét, ta di tim ham sinh cho s6 cach chon téao. C6 1 cach chon 0 qua tao, c6 0
cach chon 1 qua tao (vi s6 tao phai chin), co 1 cach chon 2 qua tao, 6 0 cach chon
3 qua tdo ...Nhu thé ta co

AX)=1+x+x'+ ... = 1/(1-x°)
Tuong tu, ham sinh cho sé cach chon chudi 1a

B(x)=1+x>+x2+ ... =1/(1-x°)
Bay gid, ta c6 thé chon 0 qua cam bang 1 cach, 1 qua cam bang 1 cach, ... Nhung
ta khong thé chon hon 4 qua cam, vi thé ta co

C(X)=1+x+x* +x +x*" = (1-x°)/(1-x)
Va twong ty, ham sinh cho s6 cach chon dao la

D(x) =1 +x = (1-x*)/(1-x)
Theo quy tac xoan, ham sinh cho cach chon tir ca 4 loai trai cay bang
A(X).B(x).C(x).D(x) = 1 1L 1-x1-x_ 1 =1+2x+3x2 +4x° +

R 1-x1-x° 1-x 1-x  (1-x)°

Gan nhu tat ca dugc gian wéc v6i nhau! Chi con lai 1/(1-x)2 ma ta d4 tim duoc
chudi luy thira tir truée d6. Nhu thé s cach sip gio trai cdy gom n trai cdy don
gian bang n+1. Piéu nay phi hop véi két qua ma ta dd tim ra trudc do, vi co 7
cach sap cho gio 6 trai cay. Thdr Ia thl v;!

6. Cac ham sinh thuwong gap

6.1. Dinh ly nhi thirc mé rong.



Véi u 1a mot s6 thyue va k 1a s6 nguyén khong am. Lic d6 hé sé nhi thic mé rong
u . ~
(kj dugc dinh nghia nhu sau

uj juu-1)..u-k+2)/k!, k>0
k) |1, k=0
Pinh ly 2. Cho x 14 56 thyuc véi [x| < 1 va u la mét s6 thyuc. Luc d6
= (4

1+ x)" = xX.

o) z(kj
Dinh 1y ndy c6 thé dugc chimg minh kha dé dang bang cach s dung dinh Iy
Taylor.

Vi du. Tim khai trién luy thira ctia cac ham sinh (1+x)™ va (1-x)™
Giai: Theo dinh ly nhi thirc mé rdng, co6 thé suy ra

A+x)" = i(; njxk.

k=0

Theo dinh nghia

(_ nj _(mEn=D)..(-n-k+1)

_ (1) n(n+1)....n+k-1)
) =

k! k!

=(-)"Cys
Tu dé

@+x)" Z( D CpyaX
Thay X bang —x, ta duoc

@-x)" zcmk 4

Vi du. Tim khai trlen luy thtra cta (1-X)
Giai: Theo dinh ly nhi thirc mé rdng, ta ¢

L+x) V2 = i(;ll ijk'

k=0
Theo dinh nghia

(;1/ 2} _ [_zlj(_zl ‘@[}1 ~k +1j ) (—nk@@..{zg—lj

k! k!

-1/2

k
CZk

=(-D)"
Tur do
L+x) 7 Z( "

Thay x bang X, ta duqc
o k

(1_ X)71/2 — zc_zkkxk
oo 4

k
CZk k



6.2. Bang cac ham sinh thudong gap

Ham s6 Khai trién luy thira Ay
1/(1-X) T+X+X+X+ ... 1
1/(1+x) I-X+X =X+ ..., (-1)*
1/(1-ax) IT+ax+a X +ax’ + ... a

(1-X"D/(1-x) [1+x+x+..+X"

1 néuk<n, 0néuk>
n

(1+x)" 1+Clx+C2x* +..+Cx" Ck

1/(1-x)" Lo n(n+1) 2y n(n +l?))l(n +2) O 4 Cl.s

1/(1-x)° 1+2X+3X°+4X + ... k+1

1/(1-ax)° 1+ 2ax +3a°x° + 4> + ... (k+1)a"

1/(1-x") T+X +x+x7+ ... 1 néur | k va 0 trong
truong hop nguoc lai

1/(1+x") 1-X+x - X+ ... (-1)° néu k=sr va 0
trong  truong  hop
nguoc lai

In(1+x) X —X12+ X33 - x4 + .. 0 khi k = 0 va (-1)“/k

In(1-x) -X= X2 =X 13- x4 - ... 0 khi k = 0 va -1/k

arctgx X+XA3+x/5+ ... 0 v6i k chan va

1k voi k 1€

7. Céac vi du c6 loi giai

7.1. Cap s6 nhan cong

Ta thar tim lai cong thirc tinh s hang tong quét cho cp s6 nhan cong, tirc 1a day sd

xac dinh béi ag=a, ap,=aX,q +dvéimoin=1,2,3, ...

Dit F(x) =ag + a;X + &’ + agX° + ...
Tacd F(X)=ag+aX + ax +asX’ + ...

= ag + (qag + d)x + (qag+d)x? + (qay+d)x® + ...
= ag + qx(Aptaix+ax’+...) + dx(1+x+x°+...)

=a + gxF(x) + dx/(1-x)
T do suy ra
F(x) = a+(d-a)x
1-x)1-ax)
Ta tim phén tich dang
a+(d-a)x A N B
@-x)@-gx) C1-x 1 gx




Quy dong miu sb chung, ta duoc a + (d-a)x = A + B — (B+gA)X. Tir do
A+B=a,B+gA=a-d

Suy ra A=d/(1-g) vaB =a-d/(1-q).

Cubi cling, &p dung cac cong thirc khai trién quen thudc, ta duoc

(s
a, =|a- q"+ :
1-q 1-q

7.2. Phwong trinh sai phan khong thuan nhat

Tiép theo, ta xem ham sinh “Iam viéc” thé nao d6i véi cac phuong trinh sai phan
khong thuan nhat.

Xét bai toan: Tim cong thirc tong quat ctia ddy s6 cho boi ag = 1, a, = 2a,, + 3"
voin=1,2,3,..

Theo ding so d0 trén, ta xét F(X) = ag + a;X + a,X° + agX° + ...
Va thyc hién viéc khai trién vé phai:
F(X) = ap + ;X + aX° + agx° + ...
= 3y + (280+3)X + (28, +3%)x° + (28°+3°)x° + ...
= (1 +3x+ (3x)* + (3x)° + ...) + 2x(ag+arx+aXy*+...)
= 1/(1-3x) + 2xF(x)
T do suy ra

F(x) = 1 3 2

1-30)(1-2x) 1-3x 1-2x
Ap dung cong thirc khai trién luy thira cho cac ham sé thuong gip, ta tim dugc
an = 3n+1 - 2n+1.

Ta xem xét mot vi du khac: Tim cong thire tong quat ctia ddy sé cho bdi ag = 1, a,
= 2a,, +Nn.3".

Dit F(X) = ag + a;X + aX° + agx® + ... Xét
F(X) = ap + ;X + aX* + agx° + ...
= ag + (2a0+1.3)x + (22,+2.39)%° + (2a°+3.35x° + ...
=1+ 3x(1 +2.(3x) + 3(3x)* + ...) + 2x(agtax+aXy+...)
=1 + 3x/(1-3x)* + 2xF(x)
T do suy ra
2
F(x) = 9x —23x +1
@1-3x)"(1-2x)
Dung phuong phap hé sb bat dinh, ta tim dwoc phén tich
-9 7 3
F(x) = + +
1-3x 1-2x (1-3x)°
Va tur d6




an = 3(n+1)3"-9.3"+ 7.2" = (n-2)3" + 7.2".

7.3. Truwomg hep phuwong trinh dic trung ¢6 nghi¢m kép
Tiep theo, ta xem xét ham sinh “xu ly” truong hop phuong trinh dac trung co
nghiém kép nhu thén nao.

Xét bai toan: Tim cong thurc téng quat cua day sb xac dinh boi ag=1,a, =4, a, =
4(ap1-ano) VOIimoin=2, 3,4, ...

Theo so do chung, ta xét F(x) =ap + aX + axX® + agx’ + agxt + .
Bo6 qua hai s6 hang dau, cac sb hang tir a, tro di duoc tinh theo céc s hang trudc
do
F(X) = ap + arx + (4a;-4ap)x” + (4ap-4a,)x® + (4ag-4a)x* + ...
=1 + 4x + dx(a;x+aXe+agx’+...) — 4x3(agtax+ax’+...)
=1 + 4x + 4x(F(X)-1) — 4x*F(X)
Tu do
F(x) = 1/(1-2x)* = 1 + 2.2x + 3.2°* +
Suy ra a,=(n+1)2".

7.4. Mt img dung ciia quy tic xoin

Quy tic xoan cOn ¢ mot cach phat biéu khac: Néu <ay, aj, a,, as, ...> €6 ham sinh
1 F(X), <bg, by, by, bs, ...>cd ham sinh [a G(x) thi xoan cua chiang, day <cq, €y, C»,
Cs, ...> V01 ¢y = aghy + a1b,1 + ... + a,by €6 ham sinh la F(x).G(x).

Ta s& ding quy tic ndy dé giai mot day sé dé quy kha dic biét: Cho day sé {a,}
xac dinh boi ag =1, agd, + a1ap1 + ... * @@ =1 véimoin=1, 2, 3 ... Hiy tim
cong thic tong quat tinh a,.

Ta tinh thir cac s6 hang dau tién caa day sé: Vi n =1, ta co aga;+a;ap = 1 suy ra a,
=1/2, v6in = 2, apa, + a18; + @89 = 1 suy ra a, = 3/8. Tuong tu, az = 5/16, a4 =
35/128 ...Quy luat kha 1a phirc tap!

Ta thir dung phuong phap ham sinh. Moi viéc van bat dau tir cach dat F(x) = ag +
apxX + a® + ag + ...

Tuy nhién, néu ding phép thé thong thuong a, = (1 — (a18n1+as8n2+. .. +a,. -181))/@g
thi ching ta sé khong thu duorc phuong trinh dé tim F(x) nhu mong muén. Tuy
nhlen hé thac aoan + 1@n.1 t+ ...+ &ndy = 1 goi cho ching ta y nghi str dung quy tac
xoan. Cu thé néu <ay, ay, a,, a3 ..> 0 ham smh la F(x) thi theo quy tic xodn, F*(x)
sé la ham sinh cua day “binh phuorng x0dn” cua <ag, ai, &, 8 ...> tc 12 day <c,,
C1, Cp, C3, ...> VGi ¢y = @y + 818n4 + ... + 8,30. Nhung, theo nhu diéu kién dé bai
thic,=1véimoin=0, 1,2, 3, ... c6 nghia la



F2(x) < (1, L11,. Do lex+ X+ X+ ... = 1/(1-x)
Tir do F2(x) = (1-x)™, suy ra F(x) = (1-x)™2.

Ap dung cong thirc d4 tim duoc trong phan 6.1, ta tim dugc a, = —2-
8. Bai tap

1. Xac dinh ham sinh cho cé4c dy sé sau
a)<2,2,2,2,2,0,0,0,...>

b)<0,1,0,0,1,0,0,1,..>
€)<1,10,11,..>
d)<0,0,0,1,23,...>
e)<l,4,710,..>
f) <1, 8, 27, 64, ...>

2. Tim khai trién lu¥ thira cho cac ham s6 sau

1+x 1 1

a) b) c)

1-5x+6x° (1-x)1+x?) (1-x)*(L+X)

d) V1+x? e)l_— vi=4x f) In(1+ x?%)

2X

3. Gia s
1-2x—x° Z::;
Chung minh rang véi moi n > 0, tn tai s nguyén m sao cho

2 2 —
an+an+1—am.

3. Tim hé s6 cua x™ trong chudi luy thira cta cac ham sau ddy
Q) (L+x+x0+xP+...)°
b) (x*+x°+x%) OC+xX ) (L+x+HHC+xM+...)
C) (L0 0o+ ) (L ) (L0 E+x+ )
d) 1/(1+x)? e) x*/(1-3x)° f) x%/(1+4x)

4. Str dung ham sinh, giai cac hé thirc dé quy sau
aAa=1a,=3a,1+2
b) ap = 1, a, = 38, + 4™
C) ap =6, a; = 30, a, = 5a,; — 6a,.»
d)ag=4,a,=12, a,=an1 + 28,5 + 2"
e)ay=2,a, =5, a, = 4a.1 — 4a,., + n°
f) ap =20, a; = 60, a, = 2a,.1 + 3a,, +4n + 6.



5. Dung ham sinh dé xac dinh sd cach chia 10 qua bong bong gidng nhau cho bdn
dra tré @€ moi dira nhan dugc it nhat hai qua.

6. Hoi c6 bao nhiéu cach trao 25 phan thuéng gidng nhau cho bbn si quan canh sat
dé moi nguoi nhan dugc it nhat ba nhung khong qué bay phan thudng.

7. Tim ham sinh cho day {cy}, trong d6 ¢, 1a s6 cach dé doi k d6 1a ra cac to 18,
2%, 5% va 103.

8. a) Chung to rang 1/(1-x-x%-x3-x*-x°-x ) la ham sinh d01 v6i sb cach dé nhan
duogc tong s6 diém bang n khi gieo nhiéu 1an mét con stc sic va khong cha y dén
tha tu gieo.

b) Dung ham & phan a) tinh s cach dé dugc 8 diém khi gieo stc xdc nhiéu lan, va
khong chu ¥ dén thi tu gieo.

9. a) Goi a, la So cac xau tam phéan (xau gdm cac chir s6 0, 1 hodc 2) d6 dai n co
chta hai chir s6 lién tiép glong nhau, vi du a, = 3 vi ¢d 3 xau nhu vay 1a 00, 11,
22. Ngoai ra, a; = a; = 0 vi cac Xau nhu vay phai c6 do dai it nhat 1a 2. Hay tim
mot cong thire truy hoi cho an,.
b) Ching minh rang
—X 1

1-2x  (1-2x)(1-3x)
la ham sinh cho day <ay, ay, a,, a3, ...>
¢) Tim cac hang s6 r va s sao cho

1 I

(1-2X)(1-3x) 1-2x 1-3x

d) Tim cong thirc tong quat tinh a,.

10. Gia st ¢6 4 loai keo: s6-co-la, chanh, dau va sita. Tim ham sinh cho sb cach
chon n vién keo thoa mn céc diéu kién khac nhau sau day

a) Mdi mot loai keo xuét kién s6 1é 1an.

b) S6 mdi mot loai keo chia hét cho 3.

¢) Khéng c6 keo s6-co-la va c6 nhiéu nhat mot vién keo chanh.

d) C6 1, 3 hay 11 vién keo sb6-cb-la, 2, 4 hoac 5 vién keo chanh.

e) M&i mét loai keo xuat hién it nhat 10 lan.

11. Vé hanh phiic. Mot chiée vé xe buyt duoc danh sb tir 000000 dén 999999. Vé
xe buyt dugc goi 1a Vé hanh phuc néu tong ba chit sé dau cta sé dugc ghi trén vé
bang tong cua ba chit s6 cubi. Vi du 000000, 999999, 123006 1a nhiing vé hanh
phic. Bai todn cia chung ta 6 muc dich di tim sé nhiing chiéc vé hanh phuc trén
timg 106 vé (tir 000000 dén 999999).



a) Ching minh ring s6 nhiing chiéc vé hanh phuc bang sé nghiém cua
phuong trinh a; +a, + a3 =a, + as + as, trong do 0 <a; < 9.
b) Goi ¢, la s6 nghiém ciia phurong trinh
a1+a2+a3=k vol 0<a<09.

N\ 14 14 N\ 27
Chung minh rang s6 nhiing chiéc vé hanh phuc bang N = ZCf
k=0

c) Tim ham sinh cho day c.
d) Chtirng minh réng Ck = Co7 VO1 k=0, 1, ..., 27.
e) Ching minh rang s nghiém cuia phwong trinh
qtataz=autas+ag voi0<a <09
bang s6 nghiém cua phuong trinh
g tataztastag+ag=27 vo10<4a<9.
f) Tir 46 N 12 hé sb cua x°" trong khai trién cua (1+x+x°+...+x°)®. Suy ra gia
tri cia N.

12. S6 Catalan. S6 Catalan 1a s6 dugc xac dinh mot cach truy hdi nhu sau

Ci=1,C,=C,C,,. 1 +CiCo+ ...+ C1CovOoin= 1,2,3,...
S6 Catalan c6 nhiéu dinh nghia to hop khac nhau, chang han s6 Catalan lé\ sb cac
cach néi 2n diém trén duong tron bang n day cung khong cat nhau, 1a s6 cdy nhi
phan c6 gbc c6 n+1 14, 1a s6 duong di ngan nhat trén ludi nguyén tir diém (0, 0)
dén diém (n, n) khong vuot qua dudng thang y =x .

a) Goi F(x) 1a ham sinh cua ddy C,. Ching minh rang

F(x) = 1 + xF%(x)

T dosuyra F(x)= —1_\/2?
b) Str dung két qué bai tap 2e, suy ra cong thirc tong quat tinh C, 12

C, = n +1C2n”

13. Ham sinh xac suat. Cho X 1a mot dai lwong ngau nhién roi rac nhan gia tri
trong tap hop céac so tu nhién {0, 1, 2, ...}. Ham sinh x4c suat cuia X 1& ham so xac
dinh boi

Gy () = fx*
k=0
Trong d6 fi = Pr{X=k} — x&c suét cta su kién X = k.

Vi du véi X 1a s6 diém khi tung mot quén stc xac thi
Gx(X) = (XX +x+x%)/6
Néu X 12 téng s6 diém khi tung 2 quan xuc sac thi
Gx(X) = (¢ + 2x% + 3x* + 4x° + 5x° + 6x + 5x° + 4x° + 3x™% + 2xM!
x'%)/36
Chung minh cac cong thirc sau day



a) Pr{X=k} = G®(0)/k!;
b) E(X) = G*(1)
c) V(X) = E*(X) - E(X*) = G’(1) + G’(1) - (G’(1))°

14. Tim ham sinh xé4c sut cho cac dai lugng ngiu nhién sau

a) Thuc hién day n thi nghiém véi xac suét thanh cong 1a p. X 1a s6 lan
thanh cong.

b) Thuc hién ddy cac thi nghiém véi xac suat thanh coéng 1a p. X 12 s lan
thuc hién thi nghiém cho dén 1an dau tién thanh cong.

¢) Thuc hién ddy cac thi nghiém voi xac suat thanh cong 1a p. X 1 sé lan
thuc hién thi nghiém cho dén khi ¢6 k 1an thanh cong.
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