PHAN B. BAI TAP TU LUAN

NHAC LAILY THUYET
. 1.H¢ truc toa do Oxyz:
 Hé truc gdm ba truc 9% 9% O 45i mot vudng goc nhau.
k=(0;0;1) = Truc Ox: truc hoanh, c6 vecto don vi 1 =(L0; 0]
= Truc Oy . : truc tung, c6 vecto don vi J =(0:L0)
O. ,,,,,,, - i = (1:0:0 o Truc Oz truc cao, c6 vecto don vi ke =(0;0:1).
v - Piém 2(%:0:0) 13 o6 toa do.
Y,/ 7= (0:1:0) . u=xi+yj+zk e u=(xy:.z)
2.Toa dg vecto: Vecto
Cho =la;1a,:a;). b :[b"jbf'jh-‘}. Ta co:
a xh =(a, £b; a, £h,. a, =h )
e . < a=kb (KkER)
ka = (ka; kay: k) e ¢ cung phuong b |
= - ﬂl :kbl
- 4a, :bl = 14, :,f;,f): = %:ﬂ—: :;—3._ “J‘I._ |'IJ‘:._ fJ‘_.\ #=0).
a=be {a, =h, a, =kb, | :
\a; =b,
TE
EEﬂ.l"J =a.b +a,b, +a.b, . |al ZJaf +a, +a; _ a’ =|a‘_ =a; +a; +a;
N ab. ab +ab, +ab,
albe ab=0e ab+ab, +ab, =0 cosla, b) = — e
e S a| ||";r| Jﬂ|'+ﬂ;+ﬂ;.-J|'rJ‘l'+|ﬁ:'+|ﬁ_.:
2 M x '.':ﬁ;}‘#} z c oyt o . C1y e
3.Toa do diem: (%75 2) =(xy: ]I.Cho‘ﬁif-l-f"JL 520 BlXg yyi 24) 5 Cl3 *"'*1*""1'},tacc'):
EE AB =(xz=- x V5= ¥,325- Z,) AE J x4 (- v ) #z - 2)
. Toa do trung diém M cta doan thang AB: EEToa do6 trong tdm G cua tam giac ABC:
-‘w‘. X, 4x, v, *y, z,+z, | | x, bx, bx. y vy, vy, Iz +I +z, ‘
L2 2 7 2 3 3 3
QUY TAC CHIEU PAC BIET

Chiéu di€m trén truc toa do

Chiéu diém trén mit phing toa do

Xy Y2 ) VEEELEOM  (x,,:00)

= Diém
EEBiérnM Vo Zy ) VEIESEO M, (0, ,:0)
pitm M iuiZ) HIELLO M (0:0:2,)

M (3 Y20 ) T TAITEA @M, (%, 510 :0)
M{XMJYMJEMP%W@M (G y,:z,)
_ piém M i Yuri 2 ) VTR M 5(%,,0.2,,)

= Di1ém

”
*A

== Diém

Péi xirng diém qua truc toa do

Péi xirng diém qua mit phang toa d

Voo Sy WM (X5~ Viyim 2

M(x,:¥y:2,)

M {XMJHMJEH H’E‘,@%’iﬁf&%%@ Mz{_ X1 ¥pi~ £

X,y Yori 2y V a2 S BOARAT 1 SO M (- X, - }fm:ziul

M

M

M(x,.¥:Z,

I'.-ri}f’rr.-ri ngfmﬁ M { Y £y
X i Y1 2 ) VB TERYL B M, (X5 Vi3 2y)

HUALABLTOM, X,35,2,)

4.Tich c6 huéng ciia hai vecto: KIEN THUC BO SUNG




0 Pinh nghia: Cho “ =(a, @, ﬂ"‘}, b=(b, by, b)

, tich c6 hudng cua ¢ va b 1a:

[ﬂ.h] = @2 s : @ : R :(ﬂﬁh.\ -abab -abab - ﬂﬁhl)
\ hl h."- h."- III-J‘I III-'}I hﬁ ! o o . - - i
0 Tinh chét: [a,b] La [a,b] Lb [a.61| =lal.lp.sin(a,5)
- Diéu kién ciing phwong cua hai vecto a&b 1y - Didu kién ddng phing cia ba vecto % byscia
|a.b] =0 i 0=(0:0:0). [a, b].c =0.
- Dién tich hinh binh hanh ABCD: == Dién tich tam gidc ABC:
: T, 1 000 000
S. 50 = 4B, 4D. S, :;‘[AB. AC] ‘
T 1, UU0 OO0 [
e Vs sscs =|[[AB. AD].A41. Ve :—HAB.ACI .AD‘
= Thé tich khoi hop: ~ - Thé tich tit dién: 0 :

DANG 1. HE TRUC TQA PQ TRONG KHONG GIAN
Cho hinh 1ap phuong ABCD -ABCD ¢4 3o dai mdi canh béng 1. Co thé 1ap mot hé toa do

UL Ju LIl

BA,BC.BR

Cau 1.
Oxyz o4 gbc O trang voi dinh B va cac vecto '/ K 1an lugt 1a cac vecto
khong? Giai thich vi sao.

Cc

Loi giai

Hinh 1ap phuong ABCD “ABCD ¢4 caccanh B4-BC yi BB di mot vudng goc véi nhau.

ULy oy g

BABC,BE

Vi hinh 1ap phuong c6 do dai mdi canh bang 1 nén cic vecto cung co diém dau la

B va ddu c6 d¢ dai bang 1.

Tur cac di€u trén, suy ra c6 thé 1ap mot hé toa do Oxyz c6 goc o trung voi dinh B va cic vecto

Hluud dady g

i,j.k lan luot 1a céac vecto BA.BC,B B.

Cau2. Cho hinh hop chir nhat FGABC -OABC  Hg toa d6 Ox¥z dyoc chon sao cho céc tia
Ox, 09,02 13 1yot chira cac diém €O (Hinh).
TZ
o) C
A 5
Oi..... JC .y
Al
B
X
a) Mat bén OCCO pim trong mit phang toa d6 nao?




Cau 3.

Cau 4.

b) OX ¢6 vudng goc voi mat bén occo khong?

¢) Mit bén OAA0 ¢ vudng goc voi mit phing toa do (Oxy) khong?
Loi giai
a) Mat bén OCCO pim trong mit phang toa do (Oyz)

b) Ox L(Oyz) pan Ox —(OCCO )

¢) Mat bén 0440 nam trong mat phéng toa do (Oxz) . Cac mat ph'flng toa do d61 mot vudng goc
. . (0440) L(0xy)
vO1 nhau nén .

Cho hinh hop chir nhat OABC OABC ¢4 canh 04 =4.0C =000 :3. Chon hé truc toa do

Oxyz o gbc toa dd O cac diém 4.€.0 13, luot ndm trén cac tia @97 Xac dinh toa do
cac diém 188
Loi gidi

T()’ (@

Sdd

Ta g OA =4 +0j+0k A(4:0:0). OB =OA+0C =4i +6 + 0k B(4:6,0);

L UL ILLL L

(OB =0A+0C +00 =4i +6 ) +3k

, Suy ra , Suy ra

, suy ra B (4:6;3)

Trong kPS_n%L jan 0%z , cho hinh hop chit nhat ABCD A B CD ¢4 dinh 4 trang véi goc O, ca

uuu

cvecto 4B AD- A4 s thar tu cung hudng voi VR vaco 4B =8, 4D :G, A4 =4 Tim toa
LU Lud duuu oL

d6 cac vect AB-AC.AC 3 AM v4i M 13 trung didm cia canh €D
Loi giai



Cau 5.

Bv

uuuy [N]N]N}

Dé tim toa do cua vecto 4B | ta can biéu dién 4B theo ba vecto /> k .

Do 4B cung huéng voi I va | AB|=AB =8 =8| | nén 4B =8i hay AB =8i +0/ +0k .

mjuin}

L _ _ _ _
Tuong tu, ta ciing cb: AD =0i +6j +0k, 44 =0i +0; +4k .
Trong hinh binh hanh 4BCD |t ¢p; AC =AB+AD =8i +0j+0k
NSRRI T

Trong hinh binh hanh AA’C’C, ta co; A€ =AC+AA =8i +0j +4k .

UL | L
Suy ra AB =(8:(0,0); AC =(8;6:0); AC Z{S;f].f4}‘
oo g U Uy g AN gm o L
ViAM :;(AC +4D ):?(fif +AD+AA)
:I;{Sf' +0/+4k +0/+4k)=4i +06) +4k
AM =(4:6:4)

nén
Hinh minh hoa mét hé toa d6 Oxyz trong khong gian cung véi cac hinh vudng c6 canh bang 1 don
vi. Tim toa do caa diém M .

z
B C
A if{' M
Gl b
i~ ¥
El” E

Loi giai

Trong Hinh ABCM.FODE 13 hinh hop chit nhat. Ap dung quy tic hinh hop suy ra

Sddd Sdd NN <l

OM =0F + OD + OB =3i +4 +3k.



Cau 6.

Cau 7.

Vi vay, toa do cua diém M 13 (3:4:3)

Trong khong gian @7 cho hinh hop chit nhat OBCDOBCD ¢4 B (2:0:0), D(0:1,0)

0 (0:0:1) . Tim toa d6 cac dinh con lai.
Loi gidi

Z
o) D
5]
BJ :
C 1 Y
R —
0] D
2.

X B C

Ta can tim toa d6 cac dinh 0.C.B,C,D

- Toa d6 dinh O 13 (0:0:0)

LI H[H[H] L

co 1t A p =2i = =F
- Theo gia thiét, ta co OB =2i,0D =j,00 ‘i‘.Suy ra:

OC =0B+0D.=2i +:
O o ooo ="~
OR. =0B + =2i+k:
[moa ]ﬁ ?]‘;]? jom -~ -
O% =OB+0D+00 =2i + j+k;
mof md 0md - -
OD =0D+00 =j +k.

vay C(2:1:0),B (2:0:1),C (2 11), D (0:1:1)

Trong khong gian Oxyz , cho hinh lang tru tam giac
A(L0:2), B(3:2:5),C(T:-3:9) s 4(50,1)

B(3; 2; 5)
A(1; 0; 2)/\(;(7; -3;9)
1
'
B',!:
A'(5; 0; 1) c’
uuy

a) Tim toa do cua A4
b) Tim toa d0 cia cac diém 8.C )
Loi giai

a) Ta cé: A =(x - xpy - vz, 2 ) =(4:0;- )

b) Goi toa do cua didm B 1a (%3:2) gy BB =(x-3iy-2:2-35) v 4ABC -ABC 13 hinh lang

uud uuu

tru nén 4BB A 13 hinh binh hanh, suy ra 44 =BB

ABC.ABC

co



Cau 8.

Cau 9.

Cau 10.

x-3=4

B (7;2;4)

z-5=-1 =2z=

Do d6 hay * =T,y =2 4. Vay

Lap luan tuwong tu suy ra CaL- 3:8)
Oxyz

a) Tim toa do ctia 4B .

(2:-1:4), B(3:5:-1).C(- L1:2)

Trong khong gian , cho ba diém khong thang hang A

b) Tim toa do diém D sao cho 4BCD 13 hinh binh hanh.
Loi giai
a) vi A2 14) g3 B35 1) pay AB=(3-2:5- (- ;- 1- 4)

b) 4 5-C khong thing hang nén dé ABCD 13 hinh binh hanh thi diém D phai thoa man didu

[NINIE) [N{N}E)

kién 48 =DC
D . C

=7

(.1‘” s ¥p:Zp )

Goi 1a toa d6 diém D . Ta c6

L
DC =(-1- x,: 0= y,:2- 2, ).

— — (- 1- x = .
0 o =x, =1 jxp =2
AB=DC & {1- y, =6 & |y, =-5
2-z_ ==5 z, =7
Vay D(-2;-5:7)
Trong khong gian véi hé toa do Oxyz , cho céc diém AQ; 0;3), B(2:3:- 4), cC- 3;1;2). Tim toa

do diém D sao cho 4BCD 13 hinh binh hanh.

Loi giai

. D(.r;y;z)
o1

G . Dé ABCD |3 hinh binh hanh

od ol e
= AB=DC = (1:3- 7)=(-3- x:1- w2- z)e y=-2< D(-4:- 2:9)

Trong khong gian v6i hé toa do O0X)2  ¢ho 2 didm B(2;- 3), C(7:4- 2). Tim diém £ thoa
nam ding thuc CE =2EB

Loi giai



Cau 11.

Cau 12.

. E(x;y;z)
o1

G
Tacs: CE =(x- 7;y- 4z +2) 2EB =(2- 2x;4- 2y;-6- 2z)
. [x-7=2-2 x =3
g s .
CE=2EB = |y-4=4-2y = |, =
z+2=-6-2z

Trong khong gian Oxyz , cho hinh hop ABCD.ABCD’
C(4:5;- ﬁ) Tinh toa d¢ dinh A’ ciia hinh hop.
Loi gidi

Theo quy tic hinh hop ta co: 48 +AD+ A4 =AC"

W NN} mIN| N} M| N]N}

Suyra A4 =AC'- AB- AD

4C =(3:5:- 6) AB =(1:1:1) 4D =(0:- 1:0)

Lai co:
b _(7 5.

Do d6: A4"=(2:5; ?).
A(35:- 6)

Suy ra .

DANG 2. BIEU THUC TQA PQ CUA CAC PHEP TOAN VECTO

— —_—

)

v =|3:-
va vecto

3.
4'.

3
. -
Oryz u i +3j+-k

Trong khong gian , cho vecto

a) Tim toa d0 cta ¥ .

b) Biéu dién v theo cac vecto donvi **/> k.
- 1
a =2u+—v

¢) Tim toa d6 cua 3

Loi giai

- - - - 3]

U :—2{'+3_‘.f'+§}!,_' i :‘-2*3*1‘
a) Vi 4 npén |

- (5 ) L -

v=[3-22 v=ai- 2 ek
bvi % lnen 4

¢) Biéu dién ¢ qua cac vecto don vi:

5 A4(;0;1) B(2:1;2) D(:-131)

b



- —_———

2 +3j+2 A‘ —‘3 -3_,{""}}!;‘

a=2u+—v =2

-

67 . 13
=-3i+—j+—k
12 / 0

= a _‘ 3 E E
12 06|

——

|
d =2a- —bh+3c
2:-1:5).b =(0:3:- 3), ¢ =(1:4; _3]'. Tim toa do cua vecto 3

Loi giai

Cau13. Cho @ =

2a =(4- 2:10); - < g_é_;_i‘;?,f —(3:12-6)
Ta co 5 L5 5]
. | ﬁ
d= 4—D+3;-3—E+|2;I[}—‘—3 ,;3,],‘ _‘? '? 23]
Do d6 3 hay
CAu 14. Trong khong gian @7 cho @ =(25-2) v b =(2:3-2)

a) Tim 4 b

b) Tim (@-0)
Loi gidi

a) Ta c6 ¢ b =2 (-2)+1-3+(-2) '('2]',hay ab =3

cns(;.’:}— gD _ 3 :
b) lal 1] 22 41+ (-2) of(- 27 +3 +( J_
Suy ra (@:0) =75.96

Oxyz a=(1;4;2) va b :(-4;1;01.

Cau 15. Trong khong gian , cho hai vecto

a) Tinh @ b va cho biét hai vecto @ va b ¢o vudng goc voi nhau hay khong.
b) Tinh d¢ dai cta vecto 4.
Loi giai

ab=1{-4)+41+20=0 1, 46 hai vecto @ va b vudng goc véi nhau.

la|=\ +47 +2* =21

a =(2;1;5) va b

a) Ta co:

b) B0 dai cua vecto ¢ la

Oxyz

Cau 16. Trong khong gian , cho hai vecto =(Z21) . Tim toa do cuia mdi vecto sau:

a) d- b;
b) 3a+2b
Loi giai

2y Vi @ =(2LS) 3 b =B o a- b =(2- 21- 254 1) =(0:- L4).



b) Ta c6 30 =(3 23 L35) =(a:3:15) |3 26 =(2 222:21) =(442)

Do d6 Ja+2b =(0+4:3+4:15+2) :{ID;?;I?}.

OxXyZ cho ba vecto P =37 2i1)q =(00-4:2),r =(2:1:-3)

c=2p-3g+r

Cau 17. Trong khong gian

a) Tim toa do cua vecto

b) Tim hai vecto cung phuong trong cac vecto da cho.
Loi giai

a) Ta co: 2P =(0:-42).- 3¢ =(- 1812:-0),r =(ZL- 3)

Suy ra c =2p-3g+r =(- ID;Q;—?}.

b) Ta co 2p=(6:-42) =¢ , suy ra hai vecto 7°9 cung phuong.

3 -2
Z
Do 2 1 nén 7" khong cing phuong. Tuong tu, hai vecto 9°” khong cing phuong.
Ciu 18. Cho ba vecto @ =(30:1):b =(L-1-2).c =(ZL-1)
a) Tinh @ 0.0

b) Tinh |al,[b] cos(a,b)

¢) Cho ¢ =1:7:°3) Chimg minh @ La.
Loi gidi
abh=31+0{(-1)+1{-2)=1.

a) Ta co:

boe=l24(-1).14(-2) (- 1) =3,
N N I e

l:crsf_a._h}: @ b = : :Jﬁ.
lal{b] J10~f6 30

da=13+70+(-3)1=0

¢) Taco ,suyra d La.

Céu19. Cho ba diém A(%0:2).B(1:2:3).C(ZL:2)

{1 1 1 I 1 T

AB.BC.CA

a) Tim toa do cua cac vecto

b) Tinh cac d¢ dai 4B8-BC.C4

Loi giai
a) Ta co: AB =(1- 2:2- 83-2) =(- 12:1),
%:(z-l;l-z;z-m:u-l -1)
CA=(2- 2:0- 1:2- 2) =(0;- 1:0)



Cau 20.

Cau 21.

Cau 22.

Céu 23. Cho tam giac 48 C ¢o

UL
b) Ta co: AB S AB|=4[(- 1) +27 41 :JE;
BC#B’:"\I' -1+ (- 1) =43

CA :}CA|—.,,‘D +(-1)°+0° =L

Cho tam giagc 4BC ¢o
a) Trung diém M cua 4B ;

b) Trong tam G cuatam giac 4B C.

Loi gidi
a) Toa do trung diém M cua doan thang 48 13
1+0 - I+I 1+2)

':r"':r

.-w‘ h »w‘_mi‘

b) Toa do trong tam G cia tam giac ABC 13

. ) - . .
‘ I+U+I; I+I+D;I+H+I ‘ hayG| :;D;i‘.
3 3 '3 3
Trong khong gian Z%YZ | cho ba didm ALZ3).B(320) oy C2-L5) iy t0a do trung diém
M cua doan thing 4B va toa do trong tim C cua tam giac 48C .
Loi gidi
(1+3 242 3+1] ‘
Vi M 1a trung diém cta doan thang 4B nén toa d6 cua diém M 1a ' 2 2 , Suy ra

M(Z;Z;Z).

vi G 1 trong tdm cua tam gidc ABC  pen toa do coa diém G 1a
(1+3+2 242+(-1) 3+1+5]

i 3 3 -,suyraG(z;l;z’).

Oxyz M(3:7.2), N(51:- 1) va P(4;-4;-2

Trong khong gian , cho tam giac MNP ¢ 2) Tim toa
do:

a) Trung diém / cua doan thang MN ;
b) Trong tam G cuatam giac MNP
Loi gidi

a) Ap dung cong thuc tinh toa d6 trung diém cho hai diém M@G3:7:2) 3 N(SL-1) , ta co

f2ac o 1Y
I‘3+,I?+IIH I‘ I4;4;l]

2727 2 2

, hay

b) Ap dung cong thirc tinh toa do trong tim theo toa do cac dinh cua tam giac MNP 3 ¢4
G"3+5+4|?+I-4.2-I-2 1|

: : ‘ Cr'| 4;1;-—
3 3 3 ', hay 3]

A(7;3;3),B(1;2;4),C(2:3;5)

10



Cau 24.

Cau 25.

a) Tim toa do diém 7 1a chan dudng cao ké tir 4 cua tam giac 48C .
b) Tim d6 dai canh 4B va AC
¢) Tinh goc 4.

Loi giai
[N N[N}

BC =(LL1)

a) Taco

Goi H(x;¥:2) 13 chan duodng cao cia tam giac 4BC ke tir 4.

4

Suy ra BH =(x-1;y-2;z- 4}.

uuy uuu
x-1=t,y-2=t,z- 4 =t

BH cung phuong véi BC,dod()- Hf_l+f;2+;;4+;}_

, suy ra

SN N

Ta c6 AH =(x, - x 1y, - y,iz, -z, )=(t- 6:t- Lt +1)

g SN N} SN N} uuu

AH 1L BC = AH -BC =0 - 0+t-1+t+1 =0« 3t =06t =2

Suy ra H(3;4;6}.
b) Ta ¢6 AB =(- 6;- 1;1); jé:(-u;ﬂ;ﬁ}’suyra
AB = J(-6) +(- 1y +1* =38;4C :m =J29.
oo g _ABAC 304042 _ 32
0 AB -AC 38 29 3§ 29 suyra U ~15,43"
Trong khong gian Oxyz’ cho bén didm A0 L-2). B(2:- 13),C(L:3:- 2), D(5:- L§)

a) Ba diém 4.B,C 4 thing hang khong?
b) Chiing minh ring hai dudng thing 4B va CD song song véi nhau.
Loi giai

LILLl | N]N] ?£

a) Tir toa do ciia ba diém da cho, ta tinh duge 48 =(2-23)AC=(LZ0) ; 2

Uy ooy

vecto AB,4C khong cung phuong.
Suy ra ba diém 4,B,C khong thang hang.

LLIL oy uuuy

CD =(%-%10) g toa do cua hai vecto AB,CD

bed | e

-4 10
250

b) Ta co , ta thay:

LUy uuu

Céc dang thuc trén chimg to 4B va CD 13 hai vecto cung phuong. Suy ra 4B va CD song song
hodc tring nhau. Nhung hai duong thang nay khong thé tring nhau (do 4.8,C khong thang
hang). Vay 48 /1CD

Trong khong gian Oxyz , cho tir dién ABCD i ALl:3:-2), B(3:2:-4),C(2:1.0) , DE3;5:- 1)

a) Chimg minh rang 48 L CD |

11



Cau 26.

b) Chimg minh ring BCD 13 tam giac déu.

¢) Tinh sb do cta HMD vei M 1 trung diém cua BC (lam tron két qua dén hang don vi).

Loi giai
P - a1 by
a) T gia thiet, ta tim duoc AB =(2;- 1:-2),CD =(L4- 1)

AB -CD =2 1+(-1) 4+(-2) {- 1) =0

Suy ra:
. Déng thirc nay ching to 48 L CD |

b) Tinh ba canh cta tam giac BCD
N} L
=il 4 - = z 2 -1V = = ¥
vi €D =(4-1) o CDHCD| JE+4 4 (- 1) =18 BJ:‘
Dé tinh hai canh BC va BD | ta ap dung cong thuc tinh khoang cach gitra hai diém va co:

BC :}Efﬂ:,f{z- 3P +(1- 27 +(0- (-4))* =18 =342
oad
BD = BD|=yJ(3- 31 +(5- 2)" +(- 1- (-4))* =18 =342,

Tir ba déng thirc trén suy ra BCD 13 tam giac déu.

g g ugu
¢) Ta co MD =(MA,MD) .
(53
q M|2:2:-2
Vi M 13 trung diém coa BC nén ' < £/
md oM
MA ‘ EEU‘ va MD = I—;1;|‘
775 )
Suy ra: = = L& -
T d6 ta tinh duoc:
ood oodd 21,3,
cos(MA, MD) = 22 2 :'_

?
2
[ 3]
)
ooi - oo

= (MA,MD) =54,74 , hay me ~55.

Cho hinh chop S.ABCD ¢4 day ABCD 13 hinh chit nhat va S4 vudng goc v6i mit phiang
(ABCD)  Gig sip SA=2AB=3  AD =4 X¢t hé toa do P97 véi O tring 4 va céc tia
Ox,0y, 0z AB.AD, AS

lan luot trung voi cac tia

S.A.B.C.D

a) Xac dinh toa do cua cac diem

12



Cau 27.

b) Tinh BD va SC
¢) Tinh (BD-SC)

Loi giai
a) Vi 4 tring gbc toa d6 nén A0:0:0) vi B thuoe tia Ox va 4B =3 pan B(30:0) v; D
thuoe tia @Y va AD =4 nen D(O:40) i S thyse tia 0z va 4S =2 nen S(%0:2) vi hinh
chiéu ciia C 16n céc truc P97 1an luot 1a B>D- 4 pen G4 0).

or LI —
b) Ta co B0 =(0- 3:4- 0:0- 0) :('344;0]',suyra BD = BD|=(-3) +4" +0° =5

o L = = =
Taco SC =(3- 0:4-0:0- 2) =(34-2) (0, SC S5C =3+ 47 +(-2) :Jﬁ.

cns{zggi.]sjcj’?} —ofP S (-3 3+44+04(-2)_ 7 N
¢) Ta c6 | BD| {5C| 5429 V29 G4y ra (BD.SC) =749

Trong khong gian vGi hé toa d6 Oxyz’ cho hinh hop ABCD.ABCD ¢ A4(0; 0; 0),

B(3,0,0) D(0;3;0) DO 3;-3) 1y 145 44 trong tim tam gide 4BC

Loi giai

Cach 1: Taco 4B =(3; 0; U). Goi C('T':*ll'j z)= DC =(x; ye- 3 z)

ABCD 13 hinh binh hanh = A48 =P€= (i y;:2)=(3;3;0)= €(3:3:0)

SNN N

, :ﬂ‘i =(0; 3, 0) Ay )= AD =(-x53- y5-3-27)
Ta co . Goi

LU

ADD'A’ 13 hinh binh hanh = A2 =AD"= (1 y72)=(0; 0; - 3)= 4°(0; 0;- 3)

LU

Goi B (x:v0z,)= AB =0 y,: 2,

SN N W|N]N N}

I::D+3+3:2
L 3
0+0+3
= 1Y = 3 =1 = G(E.f l: - 2)
a0
G 14 trong tm tam giac 4BC - 3

13



(3.3 3‘
Céch 2: Goi / 14 trung diém ciia doan thing BD Taco '2 2 2) Goi Glabie) 1a trong tAm
tam giac ABC
3 :3‘ a- 2
2 . 2]
a=2
.-]:n' Y
DI:%;—%;—% -%:3‘.&-5‘-1' b =1
- — - ! - ! ¥ __-I}
]-j- ) C—a
UL uu G = ﬂ'%;b'%f""% —%:3‘{'4-?
Ta co: DI =31G ygi | - - “'.Dodo: - ~ ' =
Viy G(2:L-2)
Cau 28. Trong khong gian v6i hé toa do Oxyz’ cho ba diém A2 1), B(2:- 1;3), C(-4;7;5). Tim toa

d6 chan duong phan giac trong goc B cuia tam giac ABC
Loi giai
N[H[H]

BC —'*J_

BA (I—34)=?‘EA‘ J36:BC =(-6:8:2) =

Ta co:

Goi D 1a chan duong phan giac trong ké tr B 1én 4C ciia tam giac 4BC

DA _BA :,D"_E_
33

Cau 29. Trong khong gian véi hé toa do Oxyz , cho ba diém A 2;3;1), 8(2;1;0), C(-3- ];1). Tim tat
ca cac diém D sao cho ABCD [ hinh thang c6 day 4D va Sisen =3Swsc
Loi giai
1 28, s
S e = (AD+BC)d(A BC) & S ., =—(4D +BC). =240
Taco 2 BC
AD+BCLS, .-
< 35, .- :( S
' BC & 3BC =AD+BC < AD =2BC
Mé ABCD 13 hinh thang c6 day AD nén AD =2BC (1).
BC =(-5:- 2:1) AD—(x +2y, -3:1—|)
(x, +2=-10 [15 =-12
= 1y, - 1=-4 = Vn =-1
() lz,- 1=2 L’.:, =3
171
Viy D(-12-1:3)
=(1:1:-2 =10 .
Cau 30. Trong khong gian véi hé toa do Oxyz , cho véc to u=(13-2), v =(10; m}_ Tim tat ca gia tri cua

m dé goc giira 4, V bang 45
Loi giai

14



Cau 31.

Cau 32.

Cau 33.

—_———

(u._r):ilSJ = CDS(H._]-') =
+

w 2

- 1-2m
5

|u|.|1'| 4 J—m _J_ = ,f?;(m +I =l-2m

s
0

(1- 2m =20 = 1M EE
= > ) 3
3m” +3 =1- dm+4m” m™=4m-2=0 o p=2- JE
A . , a=(5:3:-2)  b=lm-1lim+3 , A g
Trong khong gian @7 | cho cac vec to ( ) va G - 1;m ). C6 bao nhiéu gia tri

nguyén duong cta 7 dé goc giita hai vec to @ va b 1a goc tu?
Loi giai

cus(a .'5)

Ta co

im-9

| ||h| _-J_uhm +m::+|0

. N .EDS(GQh){ﬂﬁ?ﬂ}!-g{ﬂﬁm{?&
Goc gitra hai vec to ¢ va ? 1a goc tu khi va chi khi .

eli2

. ~ A M [ A . s ) ~ ~ X s
Vi "M nguyén duong nén . Vay c6 2 gia tri " thoa man yéu cau bai toan.

, cho hai vecto _(4 % 1), n =(0:0:1) . Goi p la vecto
]

Trong khong gian véi hé toa do Oxyz
u

u

cung hudng voi [ (tich c6 hudng cua hai vecto 7 va 7). Biét
[}
p

, tim toa do vecto

Loi giai
1]
Ta cé [m.jn] =(3:-4:0)
aco:

u u
u

m;n =k|m;n
Do 7 1a vecto cing huéng véi [ } nén P [ ] , k>0

u U .
] —15 —(g- .
Mit khic: P .[n:,n” 15 o k5=15 k=3.V£1y P =(9:- IE._U).
Trong khongu gian Oxyz , cho hai véc to m=(4:3:1) va "l =(0:0: 1). Goi 7 1a véc to cung
] s
uong voli . Tim toa d0 cua véc to
Loi gidi
U

. [m._nl =(3:-4:0)

Ta co: .

u U
u

U
m, n =k.\m,n| =k;- 4k;0), k>0
Vi P 1a véc to cung hudng véi [ } nén r [ ' I ' - .

] - =-
[p| =15 < JokT +108% =155 [!‘ =
Ta co: k=3

\ . = s 17 -
So sanh véi didu kign k >0= k=3 p=(93-12:0)
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N’§8-4-8
M(2:2:1) B 37373

B1O

Oxyz

Cau 34. Trong khong gian , cho hai diém . Tim toa d0 tam duong tron nodi

tiép tam giac OMN
Loi giai

Ta co6 bai toan bai todn sau

Trong tam giac 4BC | I 1a tam duong tron not tiép DABC ta co: IA+b.IB+cIC=0 .
vGi BC=ua, AC=b. AB =c

That vay:

A

A’

Goi A41a chan duong phén giac trong ké tir 4 .

L 1 T T O T T
p BA¢=EA¢TU bBAG+ cCA¢=0(1)

00 I L 1L
M= 4g=_° 44=""4q
A'B ac i . Ly L
b+c U aid +(b+c)14¢=0

. Uy uu uu LI T -~ N alN] u|N) .
O ald +bIB+cIC +bBAG+cCAG=0 Y ald +DIB +eIC=0 (do(1))
Ap dung cong thiic trong tam giac OMN

SN N} mu}

ta duoc OM IN +ON.IM + MN.IO =10

_ OMx, +ON.x, +MN.x,

 OM+ON+MN

. OM.y,+ON.y, + MN.y,
- OM + ON + MN

. OM.z, +ON.z, +MN.z,

T OM +ON+MN

=0

X,

vay diém 7(OED 13 ¢iém can tim.

Cau 35. Cho 3 didm A(1:0:0). B(0:0:1).C(ZLT)
a) Chung minh: 4.8.C 13 3 dinh ciia mot tam giac
b) Tinh chu vi va dién tich tam giac 4B C

16



Cau 36.

¢) Tinh d6 dai dudng cao cua tam giac 4BC ké tir 4.
d) Tinh cac goc cua tam giac 4BC .
Loi gidi
a. Tinh [4B.ACT=(- LZ1) #0 ching t6 2 vécto 4B, 4C khong cung phuwong nén 3 diém
4,8,C khong thang hang. Vay 4.8.C 13 3 dinh ciia mat tam giac

b. Chu vi ctia tam giac 4B5C 2P =2 +3+5

i ol

ABC:S5 =—|[4B,AC]|=
Dién tich ctia tam giac 2 2 (dvdt)

AABC =§ ZI—ILB

]

c. Dién tich ha 1a do dai duong cao ké tr 4 cua AABC vay

".S'J_

“BC 5 (Pon vi d6 dai)

h

a

[NN] [N]NN]

d. Vi AB -4C =0 nén A :goa.

VG 5y e I

cos fi = =arccos ——
Vay B.C nhon nén 3
J_ J1s
cosCc =" & =arceos ——
Trong khong gian véi hé tryc toa do Oxyz cho didm A(10:0) , B(0:1:0), C(C:0:1), D(- 2:1:- 1)

1) Chiing minh rang A.B.C.D 13 4 dinh cua mot khoi tir dién.

2) Tinh thé tich cua khéi tt dién

3) Tinh d6 dai dudng cao ha tir 4 cua khéi tir dien 48CD
Loi giai

1) Ta c6 AB:[—I;I;D},AC:[—I;D;I},AD:{_—B.{I;—I}‘
i ol (1 oollo 1)1 1]
[HB’AC]:|U Fl1 caffor of) TEEY

Ta duoc \ I R -

i S| EIN] NN

Vay [4B -AC]-AD =-3#0 nén 4 diém 4:8.C.D khéng dong phang nén A,B.C.D 13 4 dinh
ctia mot khdi tir dién.
2) Thé tich cua khéi tir dién ABCD

1 000 0000 OO

Vs =—|AB -AC|.AD _—| 3| _—rd»m
6

3) Do dai duong cao cta khéi tr dién 4BCD k¢ tir 4 bang . Ta c6

17



Cau 37.

Cau 38.

k1

asco Tinh dién tich tam giac BCD

uuu [S]N N} (S]]

BC =(0;- 1;1),BD =(-2:0;- 1) nén [BC, BD] =(1:- 2;-2)

vy [[BC.BD]|=\T+4+4 =3

oo mo |, ;3
ABCD ——|[BC BD]| ==
Vay dién tich 2

h===1h=1

b | |t | L

Do do
DANG 3. UNG DUNG THUC TE

Hinh a mo td mot san cau 16ng véi kich thudce theo tiéu chuan quoc té. Ta chon hé truc cho
san d6 nhu & Hinh b (don vi trén mdi truc 12 mét). Gia su 4B 1a mot tru cau 1ong dé cing ludi.
uuu

(don vi d6 dai)
Oxyz

Hay xéc dinh toa do ciia vecto 4B .

Loi gii

- Goi toa d0 diém 4 1a Coiyiz,) Vi chiéu rong cua san la 6,1m nén 4 =6,1 . Do mot nira
chiéu dai cua san 1a 6’7’" n V4 =6 . biém 4 thudc mit phang (Oxy) nén “4 O. Vi vay,
diém 4 c6 toa dd la (6‘1’6‘7’0).

1,55m {6._1;6._?;1._55}‘

- Po dai doan thang 4B 1a nén diém B ¢6 toa do la

Vay ta co: AB =(0.1- 6,1:0,7- 6,:1.55- 0) 1 AB =(0:0:1,55)

Mot chiéc may quay phim & dai truyén hinh dugc dit trén mot gia d& ba chan véi diém dat

P(0;0;4) s cac diém tidp xtc véi mat dit cia ba chan Iin lwot la (% L0

.Il ‘ [T%;D.‘

" (Hinh). Biét rang trong luong ctia may quay 1a 360N

18



Cau 39.

I:ﬂ

,0;

[ N [ NN}

Lam thé nao dé tim duoc toa do cta cac luc B, b, F tac dung 1én gia d6?

Loi giai

| ) A
P(0;0:4),0,(0; -|O}Q‘£;;}‘ Q-‘*"i;?”‘}‘
Theo gia thiét, ta c6 cac diém o A S A
Suy ra; £ =(0-0:-1-0:0-4) o PO, =(0:-L:-4).
PO, —i I;-D[} 4 hayPszg;% _4‘;
qmi mod | _
e :‘—i— —=-0:0- 4| hay PO, ‘ £é4‘
L AH[uN] HINTHIN] uu
P :P - :P L = I F :F-\. :f"__
Suy ra QI| 0:|=|Por| =417 . Do do| | : | |

Vi vdy, tn tai hing s6 ¢ #0 sao cho:

j":l_l :C‘FSI =(0; - ;- 4c);
M mod
F, =cPQ, ‘ﬁc 8" -dc|:
0 oo |
F, =cPQ, :‘ - Ecglcg—ih: .
' ' 2 2
Suy ra F+F+F =(0;0- |2C‘}.

Mat khac, ta co: F+F+F =F , trong do £ =(0:0:- 300) 1a trong luc tac dung 1én may quay.

Suy ra - 12¢ =-360 ¢ 13 ¢ =30,

)

vay Fi =(0:-30:- 120); F, =(1543:15;- 120); F, =(- 1543;15;- 120)

Mot chéu cay dugc dat trén mot gid do co bdn chan véi diém dat 5(0;0,20) va cc diém cham
miat dit cia bén chan 1an luot 1a A(20:0:0), B(0:20:0) ,C{_ 20:0:0), D(0:- 20:0) (don vi cm).

Cho biét trong luc tac dung 1én chau cay co6 do 16n 40N vy dugc phan bd thanh bdn luc

[ |y W W W )

F.F..F.F,

+ ¢0 d6 lon bang nhau nhu Hinh. Tim toa d0 cta céc lyc noi trén (moi centimét bicu
dién I1NV),

19



& !
\
]
[ov]
- A

Loi giai

Tir giac ABCD ¢ hai dudong chéo bang nhau va vudng goc voi nhau tai trung diém cua mdi
dudng nén 1a hinh vudng.

54 =(20;0;- 20), SB =(0;20;- 20),SC =(-20;0;-20), 5D =(0;- 20;- 20)

Ta c¢o6 , Ssuy ra
SA =SB =SC =SD =202 Do d6 S-ABCD 13 hinh chop tir gidc déu.
Cac vecto FLELELE, 6 diém dau tai S va diém cudi 1an luot 1a 4,8.C.D .
Taco S4 =SB =SC =8D pgyn S ABCD ciing 12 hinh chop tir giac déu.
Goi I 1a trong luc tac dung 1én chau ciy va o la tdm cua hinh vuéng AB 'C'D'.
11| Uy 1| L Ly by L uuy by
Tace: ¥ =hH+H+F +F, =S4 +5B +SC +5D =450
a co: S .
(NN}
— SO | =50 =10
Tac()|F‘_4O,suyra .
: 1
. 54 =502 =1042 =—54
Do tam giac S04 vudng can nén = , suy ra
M w00

F, =54 :;EA =(10; ;- 10)

Chirng minh tuong tu, ta cling c6:

m g (iRl m g0
F, =—SB =(0;10;- 10), F; =—5C =(- 10;0;- 10), F, =—5D =(0;- 10;- 10).

Cau 40. Trong Vatli, ta biét ri‘mg néu luc F tac dong vao mdt vat va lam vat dich chuyén theo doan théng

tir M @én N | thi cong 4 sinh béi luc F duge tinh bang cong thirc 4 =F -MN |

20



Oxyz F =(2:3:-1)

Trong khong gian , mot nguoi tac dong mot luc khong doi vao mot vat dang &
gbc toa do O va 1am cho vat dich chuyén thang tir O dén didm M (L2 1). Biét luc tinh bang
newton (N) va don vi trén mdi truc toa do 13 mét, lam thé nao dé tinh cong 4 (don vi: J) sinh ra

boi lyc F trong tinh hubng nay?
Loi giai

Oxyz

Theo bai toan néu & phan Khéi dong thi trong khong gian , mOt nguoi da tdc dong mot luc

khong doi F=2:3-1) gy mot vat dang & gbe toa dd O va lam cho vat dich chuyén thing tir
O dén diém M(EZD),

[SINIEIN]

OM =(1:2:1)

Ta co . Ttr d6 ta tinh dugc cong sinh ra boi luc £ 1a:

S|N] NN

A=F OM =2.1+3.2+(-1).1 =7.

Nhu vay cong sinh ra boi luc F trong tinh hubng nay 1a 4=7 ).

Cau 41. Trong khong gian v6i mot h¢ truc toa do cho trudce (don vi do léy theo kilomét), ra da phat hién
mot chiéc may bay di chuyén véi van toc va huéng khong doi tir diém A(800; 500; 7) dén diém

B(940;550;8) trong 10 pht. Néu méy bay tiép tuc giit nguyén van tdc va hudng bay thi toa do
cua may bay sau 5 phut ti€p theo la gi?

Loi giai

Goi Clx:yi2) 3 vi tri cia may bay sau 5 phut tiép theo. Vi hudng ciia may bay khong doi nén

AB va BC cung hudéng. Do vén tdc cua may bay khong ddi va thoi gian bay tir 4 dén B gap doi
thoi gian bay tir B dén C nén 4B =2BC

LI JAJJ _[940- 800 550- 500 8- 7]

BC =_AB = 5 5 S ‘ =(70:25:0,5)
Do d6 - \ < < “
[.\'- 040 =70
r- 550 =25
Mit khac, B€ =(x- 940;y- 550:z- 8) . |Z- 8 =0,5.
x =1010
y =575
Tirdo 2 =5 vavi viy C(1010;575;8,5)
(1010:575:8,5)

Viy toa do ctia may bay sau 5 phit tiép theo 1a

Cau 42. Nhitng cin nha gd trong Hinh a dugc phic thio dudi dang mot hinh ling tru ding tam giac
OABOAB phy trong Hinh  b. Vi h¢ truc toa do Oxyz thé hién nhu Hinh b (don vi do léy theo
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Cau 43.

centimét), hai diéqu' va B ¢o toa do 1an lugt 12 (240:450:0) |5 {IID;~4SD;SDD} . T nhiing
thong tin trén, c¢o thé tinh dugc kich thude moi chiéu ciia nhitng can nha go hay khong?

Loi giai

Vi didm 4 ¢6 toa d6 1a (240:450:0) ;15 khoéang cach tir A dén cac truc 959 1an luot 1a

450cm vy 240cm | Quy ra A4 =450em 3 A0 =240em Ty gia thiét suy ra
L
=yJ(-120)* + 0% +300° =60429 ~323(cm)

AB =(-120:0:300) g 45 0 117

Vi 00 =44 =450cm y3 O nim trén truc OY neén toa d6 cua diém 0 1 (0:430:0)
W[ NIH]H]

OB

(S| HIN)

0B =(120:0:300) , 97 =

=\J120° + 07 +300° =6029 ~323(cm)
Do do .
Vay mdi cin nha gb c6 chiédu dai 1a 450¢m | chiéu rong 1a 240¢7  mdi canh bén cia mat tién co
do dai la 323cm
Hai chiéc khinh khi cAu bay 1én tir ciing mot dia diém. Chiéc thir nhat nam cach diém xuat phét
2km & phia nam va Lkm v& phia dong, dong thoi cach mat dt 0,5 krm . Chiéc thtr hai ndm cach

1, 5/m vé phia tay, dong thoi cach mit dat 0,8 km .

diém xudt phat Lkm vé phia bic va
Chon hé truc toa @6 @7 véi gbe O dit tai diém xuét phat ciia hai khinh khi cAu, mit phing
(Oxy) trung voi mat dat véi truc Ox hudng vé phia nam, truc Oy hudng vé phia dong va truc
Oz huéng thing ding 1én trdi, don vi do 1dy theo kilomét.

a) Tim toa do cua mdi chiéc khinh khi cau d6i véi hé toa do di chon.

b) Xac dinh khoang cach giita hai khinh khi cau (1am tron két qua dén chit s6 thap phan thir hai).

]
& :0,5 km y
\ P Doéng
v .27 2km
__________ -,
% 1 km

Loi gidi
a) Chic khinh khi cAu thir nhat va thtr hai ¢6 toa o 1an lugt 1a (231055 v (- L= 1.5:0.8).
b) Khoang cach giira hai chiéc khinh khi cau 1a

1= 27 +(- 1,5- 1) +(0,8- 0,5)° =,f15,34 ~3,92(km).
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Cau 44.

Cau 45.

Trong khong gian, xét hé toa do Oxyz o gbc O trung voi vi tri ciia mot gian khoan trén bién, mat
phing (Oxy) tring v6i mit bién (duoc coi 13 phing) véi truc OX hudng vé phia tay, truc Oy
hudng vé phia nam va truc O7 hudng thing dimg 18n trdi. Pon vi do trong khong gian P97 1y
theo kilomét. Mot chiée ra da dat tai gian khoan c6 pham vi theo ddi la 30km  Hoira da co thé

N5 185._ Lo yenn A e A
[- 515, ID) d61 vo1 hé toa do nodi trén hay

phat hién duoc mot chiée tau tham hiém c6 toa do 1a
khong? Hay giai thich vi sao.
TTTT————

Loi giai

N[N NH]
vi OM(25:15:-10) = oM =25 +157 +(- 10 =538>30

A R 1z 1A A A s . .2 . Aqs (25:15:- Ao g-
Do d6, ra da khong thé phat hién dugc mét chiée tau tham hiém cé toa do 1a (25:15:-10) doi voi
hé toa do noi trén.

Mot may bay dang cit canh tir phi truong. Véi hé toa do Oxyz duoc thiét 12p nhu Hinh, cho biét

M 13 vi tri ciia mdy bay, oM =14,NoB =32 boc =65 )

Tim duoc toa do diém M .

Loi giai
Xét tam giagc COM yuong tai C:

CO =0M <os065 =14 cos65 =592

CM =OM -sin65 =14 sin65 =12,69

Xét tam giac BON vuong tai B :

OB =ON -€0s32 =CM -cos32 =12,69 cos32 =10,76
Xét tam gidc 4OV vuong tai 4:

04 =0N -cos(90 - 32°) =12,69 -cos 58 =6,72
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Cau 46. O mot san bay, vi tri ciia may bay duoc xac dinh boi diém M trong khong gian OXYZ nhy Hinh,

Cau 47.

Goi H 1a hinh chiéu vuoéng goc cia M xudng mat phang (Oxy)
Cho biét OM =50,(i,OH) =064 ,(OH,OM) =48

Z
R
R M
k i
= 1
ol.j + B
= : P o
? \\‘ : ’/ J;
A o 8
H

Tim toa d6 cua diém M .

Loi giai
Ta cH:0C :.-WH]ﬁGjﬁjiﬁsin(S}f; 5;«;’} =50 sin48 =37.16
OH =OM cos(OH:OM) =50 c0s48 =50 cos48 =33,46
OA =0H -cos(i ;0H) =33,46 -cos64 =33,46 -cos64 =14,67

0B =0H <0s(90 - (i:0H)) =33,46 cos(00 - 64 ) =33,46 -cos26 ~30,07
_. M(14,67;30,07:37,16)

Trén phan mém mé phong viéc diéu khién drone giao hang trong khong gian

ba drone giao hang 4,8,C dang co toa do 1a
a) Cac khoang céch gilra moi cap drone giao hang.

b) Géc Bac

Loi giai
LI
a%_]_AB =(4:6;8)= 4B =J4> +6° +§° =229
0
AC =(8:10:3) = & +10° +3° =173
1] — -
BC =(4:4-5)= J# +4 +(-5) =57

LI

_4.5+0.10+8.3

cos Bac =oft® M - ~0,82= H4c =35.03
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