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thong qua két hop phwong phap ham sé véi phwong phap khac

I. LY DO CHON PE TAI:

Hé phuong trinh 12 mot chi dé rit quan trong trong cac chu dé toan hoc & truong phd thong.
Dic biét, trong ky thi THPT Qudc gia nhirg bai toan hé phuwong trinh thuong xuit hién & nhimg
goc d6 khac nhau va do kho ciing ngay cang duoc nang 1én nén dbi lic cach giai quyét dbi voi nhiéu
hoc sinh con gip nhiéu kho khan.

Mot trong nhiing loai hé phuong trinh hay gép trong cac ky thi va gdy cho hoc sinh kho6 khan
khi tiép can 1a hé phuong trinh trong d6 c6 st dung phwong phap ham sé. Vi mong mudn gitip cac
em hoc sinh c6 ky nang t6t, khong con bd ngd khi gip cac hé phuong trinh dang nay, t6i suy nghi
réng, can phai h¢ théng lai kién thirc, phan dang bai tap cu thé va can co phéan tich dbi em hoc sinh
vé cac bai toan d6 dé hoc sinh hiéu, van dung va cé tu duy logic nhitng bai tip c6 dang tuong ty.

II. THUC TRANG

Phuong trinh, bit phuong trinh, hé phuong trinh dugc danh gia 1a mot trong ba cu phan loai
hoc sinh (cting véi bai toan vé hinh giai tich trong mat phang Oxy va bat déng thirc) trong cac dé thi
thpt Qudc gia. Cho nén khi gap hé phuong trinh néi chung, hé phuong trinh c¢6 thé giai duoc bang
phuong phép ham sb noi riéng, da s6 hoc sinh déu danh gia day 1a cau kho nén thudng c6 chung tim
1y 14 khong 1am cau nay, do do6 trong qua trinh 6n tip cling khong ch trong 6n luyén dang toan nay.

S6 lugng hoc sinh lam dugc tron ven cau hé phuong trinh c6 thé giai dugc bang phuong
phap ham s khong nhiéu, thuong chi c6 nhitng em kha giéi vé mon Toan méi lam duoc, diéu nay
duoc thé hién qua két qua cta cac ky thi cip truong va cp so. Ly do 1a cac em khong biét bat dau tir
phuong trinh nao cua h¢, khong biét cach bién doi dé dua vé viéc xét ham dic trung, hodc quén cac
phuong phép giai co ban cua phuong trinh. ..

III. CAC GIAI PHAP
A. CAC KIEN THUC CO BAN VE UNG DUNG CUA HAM SO
1. Cac dinh ly

e Chohamsé ¥ =f (x) c6 dao ham trén khoing (a;b).

a) Néu f'(x) >0 véi moi X€E (a;b), dau «=> xdy ra tai hiru han diém thi ham sb f(X)
dong bién trén (a;0).

b) Néu f'(x) <0 v¢i moi x€(a;b), dhu “= xay ra tai hitu han diém thi ham sé f (x)
nghich bién trén (a;b).

e Néu ham sb lién tuc trén doan [a;b} (hodc nira khoang) va co dao ham f'(x) >0 trén
khoang (a;b), ddu “=" x4y ra tai hiru han diém thi ham sé f () ddng bién trén doan [a;b}
(hodc ntra khoang tuong ung).

e Néu ham sb lién tuc trén doan [a;b} (hodc nira khodng) va co dao ham f'(x) <0 trén
khoang (Cl;b), ddu “=" xay ra tai hiru han diém thi ham s§ [ () nghich bién trén doan
[a;b] (hodc nira khoang tuwong (ng).

2. Céc tinh chét

® Tinh chat 1: Gia st ham s6 y =f (x) ddng bién (nghich bién) trén khoang (a;b) va

u;v € (a;b), khi do
Ff@W=rG)e u=v
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 Tinh chét 2: Néuham sé ¥ =f (x) déng bién tren (a;6) va y =g(x) 13 ham hing hoic
1a mot ham sé mghich bién trén (a;b) thi phuong trinh f (x) =g (x) ¢6 nhidu nhit mot
nghiém thudc khoang (a;0).
Néu o X, €(a;6) sao cho f(x,) =g (x,) thi phuong trinh f (x) =g (x) c6 nghiem duy
nhit Xy trén (a;b)_

Chuy:
e Khoang (a;b) néu trong tinh chét c6 thé thay boi cac mién
(-cosa), (- s [ s, (s [ a:0), (Bs 40 [ 40, (- 03 420,
&) =r0G) )

e Khi gap hé phuong trinh ¢6 dang g(x; ) =0 ()

Xéthamsbd ¥y =f (¢ ), ta thuong gip truong hop ham sé lién tuc trong tap xac dinh cua né.
Néu ham s6 ¥ =f (¢) don diéu, thi tir (1) suy ra X =Y. Khi do bai toan dua vé& giai phuong
trinh (2) theo an x (hoic y).
Néu ham s6 ¥ =f(t) c6 mot cuc tri tai  =a thi né thay ddi chidu bién thién mot 1an khi
qua a. Tir (1) suy ra X =) hodc *>Y nam vé hai phia cta a.
® Vian dung linh hoat cac dinh li, tinh chat trén, tir mdt phuong trinh an ¥, ta s€ dua hai vé vé

dang f[h(x)] :f[g(X)] (chéng han nhu f(\/X+5)=f(X)@ Vx+5 =x) voi f(lf)

1a mot ham don diéu dic trung trén mién D dang xét. Thong thuong cé thé du doan duoc
h(x) va bac cia g(x), tir 46 ddng nhat hé sé dé tim g (x).
B. NOI DUNG PHUONG PHAP
1. Sir dung dong thoi phwong phap ham sé giai hé phwong trinh
Déi véi hé phwong trinh hai an X>Y | ta thuong phdi xudt phdt tie mét phwong trinh ciia hé dé
tim méi lién hé don gian hon giita X va Y, mot trong nhitng cdch dé la sir dung phirong phdp ham
6. Khi tim dwoc méi lién hé gitta X va Y don gidn hon ta thé vao phwong trinh con lai, thirong ta
sé thu dwoc phirong trinh mét an (theo dn x hodc an y). Nhweng phwong trinh thu dwoc lai phire tap
(chita bdc cao, chita can,...) hodc chita nhitng biéu thirc twong dong nhau vé mdt hinh thire, khi dé ta
6 thé tiép tuc sir dung phwong phdp ham sé dé giai phirong trinh mét an nay.
Bai 1.(Pai hoc khdi A nim 2010) Giai hé phuong trinh:

(4x> +D)x+(G-3)5-2y =0 (1)
4x% + 7 +24/3- 4x =7 ()

Phén tich: Ta nhdn thdy khé c6 thé bat dau véi phwong trinh (2), dé y dén phwong trinh (1), 4x* +1
la biéu thirc bédc hai ciia X va y-3 ¢6 thé coi la biéu thirc bdc hai cua \J5-2y. Néu dat

t =\5-2y thi
2
(y- 3)«/5- 2y :[S-Tt_ 3]1‘ :-71(t2 +1)t
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Biéu thirc (f2 "'l)l‘ c6 hinh thirc giong véi (4X2 +1)2X, do viy ta sé bién doi (1 vé dang
f(u) :f(V). Pé duwa vé dang nay ta thuwong “cé ldp” bién, do vy sé chuyén (y - 3)y/5- 2y
sang vé phdi ciia .
Giai

A1 3
bicukién x <—;y <—

4 2

Khido ()= (4> +1).2x =(5- 2y +1)5- 2y 3)
Xéthamsé £ () =(* +1)r =2 +1, vsi 1€ R

Taco f'(t) =3 +1>0,Vt€R suyra f(¢) ddngbiéntrén R Do d6

x =0
B)e2x={5-2y = 5- 42
y =
2
_ 2
Thay y = vao phuong trinh (2) ta duogc:
5 2
4x* + 3 2x7 | +24/3- 4x-7 =0 4)

Phén tich: Phuong trinh (4) trong kha “phurc tap” nén ta dinh huong sur dung phwong phadp
ham s6 dé gidi quyét

. 3
Nhén thady x =0 va x :Z khong 1a nghiém cia phuong trinh (4)

2
. 3
Xét ham so g(x) =4x° + %- 2x% | +2+/3- 4x -7 véi x€ O;Z] , ta co:
5 ) 4 5 4 3
g'(x) =8x- 8x| =- 2x" |- =4x(4x“ - 3)- <0, Vxe 0;—]
2 \N3- 4x N3- 4x 4
. 3 1 .
Do d6 g(x) nghich bién trén O;Z .Ma g 5] =0 nén phuong trinh (4) c6 nghiém duy nhat

1
X =— :2_
7 suyra )Y

_ 1
Vay hé da cho c6 nghiém (x;y) = 5;2 .

Jx+l+¥x-1-y*+2 =y (D)
Bai 146. (PH-A2013) Giai h¢ phuong trinh

X +2x(y-D+y - 6y+1=0 (2)
Giai
Piéu kién x >1.
Coi (2) 1a phuong trinh bac hai an x, diéu kién dé ton tai x 13

A=(y-1Y- 2 +6y-1=4y >0 y =0
biat u =¥x- 1, suy ra u >0. Phuong trinh (1) tr& thanh:
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Vut +2+u=y*+2+y (3)
28
Vit 42

Do d6 phuong trinh (3) twong dwong véi ¥ =% nghiala x =y* +1.

Xét £(¢)=\t* +2 +1¢, v6i 1 20. Taco ' ()= +1>0, Vs =0

Thay vao phuong trinh (2) ta dugc: J/(y7 +2y" +y- 4) =0 4)
Ham g(3) =y +2y* +y- 4 ¢6 g'(y) =7y° +8)° +1>0 voi ¥y =0,
Ma g(l) =0, nén (4) c6 hai nghiém khong am la y =0 va y =1
Véi ¥ =0 ta duoc nghiém (x;») =(1;0): voi ¥ =1 ta duoc nghiém (x;v)=(2;1)
Vay nghiém (XQJ/) cua hé da cho la (1;0) va (2;1).
Nhan xét: Phuong trinh f W) =f )< u=v chi khi ham s6 £ ) don diéu trén D va
u,vE€D. Néu ham dic trung ) c6 dao ham ['(t) chiea xdc dinh mét déu (luén diong hodc

luén ém) trén R thi ta phai tim cach chan bién Xy @é u,v€D va f(t) don diéu trén D. Dé
chan bién X>Y ta ¢ thé dwa vao diéu kién xdc dinh cia hé phuwong trinh, diéu kién dé phuong trinh
béc hai én X tham s6 ¥ (hoac an YV tham sé X)) co nghiém, hodc nhan xét diéu kién ciia biéu thirc
de hé co nghiém (chang han: A+B =0,B=0=> 4=<0;

AVB =c<0= A4<0; A2+B> =1= -1<4,B <l,..)

xll + xle :y22 + y12 (1)
Bai 147. Giai h¢ phuong trinh

7y* +13x +8 =2y4.{/x(3x2 +3y° - 1) (2)

Giai
Xét y =0,(1)= x =0 thay vao (2) thi khong thod man.
11
Xét y #0, chia 2 vé cua (1) cho »'' ta duge: | = + X =yl +y 3)
y Y

Xéthamsd f () =" +1,tER tacs f'(t) =11¢" +1>0,V2€R nén f(¢) 1a ham sé ddng bién
trén IR. Do do,

3)e f[ﬁ] =f(Me Z=yex=)’,
y ¥

Thé x :y2 vao (2) ta duoc: 7x* +13x+8 =2x2.{/x(3x2 +3x- 1) 4)

Xét x =0 khong la nghiém phuong trinh, chia 2 vé cho x* ta dugc:

(4)@ Z+£+£ :23/34.3- L
X )C2 X3 X )C2

1
bat ¢t =—, phuong trinh trén trd thanh
x

8 +13¢% + 7t =233 +3¢- £

o 2 +1) +2@+D)=233+3- 2 +(B3+34-12)  (5)
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Xét ham sb g(u) =u’ +2u,u€R ta co g'(u) =3u’> +2>0,Vu€R nén ham sé g(u) dong

bién trén R.
Do do,

() g+ =g(B+3- 1)

o (2+1) =3+3t- 2 = (+DB2 +5t+2) =0 1 =- 1

Suyra x =- 1= y* =-1, h¢ di cho v6 nghiém.

Bai tap tuong tu:

(2 +D)x+(y-4)S3- y =0
1. Giai hé phuong trinh
22x> +9y° +18y4- 3x =76
pap s6: (x; ) =(1;2)
2 2 > 4x2 +1
2x° +3 :(4x - 2x y)\/3- 2y + (1)

2. Giai h¢ phuong trinh X

Qx+1)42- 3- 2y =x+2+2x> +x° (2)
J5 - 1_3+\/§

2 4

Dip so: (p) =

2. Két hop phwong phap ham sé véi phwong phap bién ddi twong dwong
2.1. Két hop phwong phap ham sb véi phwong phap néng lity thira khir cin hoiic phwong phap
giai nhirng phwong trinh da thirc bac cao.

Ngodi phirong phdp ham sé dd néu ¢ phan trueée, gido vién can nhdc lai cho hoc sinh mét sé
phép bién doi twong diong co ban cia phwong trinh dé bién doi phwong trinh ban dau vé phwong

trinh da biét cdch gidi sau:
(x)=0 (f(x)) >0
176 =g = {°
7@ = { £ =)

2n+\l/f(_x) :2ﬂ+\1/g(x) = f(X) :g(x)
_ g(x) >0
/() =2 () { F) =g ()

wilf(x)=g(x) e fF(x)=g""(x)
Bai 1. (Pai hoc khdi A nim 2012) Giai hé phuong trinh:
¥ - 3x7-9x+22 =y +3y*- 9y
1

2 2
XTHy - x+y=—
Y Y 5

Phén tich: Hai vé ciia phirong trinh dau déu c6 dang bdc 3 (véi hai bién x, y), nén ta dinh

hwong dwa phwong trinh dau vé dang f () = f (V) tuy nhién ham ddac trung luc do

f (&)=t - 12t khong don diéu trén R do d6 ta phai chén bién. Nhin vao phuong trinh thir 2 ta
2
+

2

. . 1
thay dwa dwoc vé x-% y+% =1 suyra |x- 5 <l;|ly- > <I.
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Giai
G- -12G-D =G+ - 12(Gy+1) Q)

2 2

H¢ da cho tuong duong voi: 1 1
x-=| +|y+=| =1 (2)

2 2
-1<x—%§1 —%Sx—lﬁ%
Tur (2), suy ra ) Aad ) 3
-l1<y+—<1 -—<y+l=<=
a 27T

. 33
Xét ham s6 £ (£) =£ - 12¢ wen |- 5;5} ctaco f(@)=3( - 4)<0, suy ra £ () nghich

bién.
Dodé Do x-1=y+le y=x-2 ()
Thay vao (2), ta dugc

1
2 2 XZE
x-=| +|x-Z| =le 4’ -8x+3 =0

2 2 3
X ==
2

, 1 3 301

Thay vio (3), ta dugc nghiém cta hé 1a (x;y) =[—;- =1; G;y) :[—;- —]
2" 2 27 2
3 3 2
X -y —3(x- Vv )+2 )

Bai 148. Giai h¢ phuong trinh
- A - 3\/2)/- y+2=0 (2)

Giai
Pidukién - 1 <x <1;0 <y <2
Taco Do x*-3x=(y-1)’-3(-1) 3)
Do0<y<2=-1<y-1x<l1
Xét ham sé f ()= - 3t voi - 1<t <1, c6 f'()=3¢"- 3 <0,V¢€[- ;1] nén ham s6 /(1)
ddng bién trén [- 1;1].
Dods B e f()=f(y-1)e x=y-1hay y =x+1
Thé vao (2) ta dugc
x? +\/1- x? - 3\/1- X2 +2=0

o +2=24/1- ¥ & x* +8x* =0 & x =0
V6i x =0= y =1 (thoa mén diéu kién).
Vay hé di cho c6 nghiém duy nhit (x;y) =(0;1).
In(I+x)- n(+y)=x-y @)
2x% - 5xy+y* =0 )

Bai 149. Giai h¢ phuong trinh:

Giai.
Piéu kién: x >- 1Ly >-1.
Phuong trinh (1) ctia hé dugc viét lai duéi dang
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In(1+x)- x =n(+y)-y ()

Xéthamsé f () =In(+1)- ¢ voi t€(-1;+0) ¢ £'(¢) = L=t
1+¢ 1+¢
Ta thay f'(t)=0=1t=0,
Bang bién thién
t |-1 0 +00

AL 0 -

0 / O \

Taco B f()=, ().
e Néu XY thudc cing mdt mién don diéu ciia ham s& f (¢) thi
f)=fG)e x=y.

Thé vao phuong trinh (2) ta duge: x =y =0.

e Néu X,Y nam trén hai mién don diéu khac nhau cua f (¢) thi xy <0, Khi d6 vé trai cua (2)
luén duong, phuong trinh khong thda man.

Vay hé da cho c6 nghiém (x;y) =(0;0).

Bai tap tuong tu

xz-y2+1=2(\/;-\/xT-x)

1. Giai h¢ phuong trinh
Nx+1+,y-3+x-y=2

pap sé: (x;) =(3;4),

Jx-2- \/3- y =y*- x> +4x- 6y +5
V2x+3 + 4y +1 =6

Pap s6: (x; ) =(3;2),(x; ) =(- 1;6).
3. Giai h¢ phuong trinh

{\/x+1+\/x+3 +Vx+5 =y 1+y-3+y-5

x+y+x°+y° =80

2. Giai h¢ phuong trinh 1

5J5-7 55 +5

2 2

Dip so: (e p) =

2.2. Két hop phwong phip ham sé véi phwong phap giai phwong trinh ding cap
Trong phwong phap nay, ngoai viéc nam dwoc ung dung ham so vao giai phuong trinh, ta
can phai nam dwoc cach giai mot so dang phwong trinh dang cap sau:
+) Phirong trinh: ax® +bxy +cy® =0
Xét y =0= x=0.
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2
x
+b| —

Xét ¥y #0, chia hai vé cho y* duwoc phuwong trinh a +c=0 la

. X
phuwong trinh bdc hai an —.
Y

+) Phurong trinh ax® +bx*y +cxy® +dy® =0.
Xét y=0= x =0
3

+b

2
X

y

X

Xét ¥y #0, chia hai vé cho y3 duoc a| — +c|—|+d =0 la phuong

. X
trinh bdc ba an —.
y

+) Phwong trinh dang: a.x + By =\ mx* +ny’ , binh phwong hai vé ciia phiong trinh ta

dwoc phwong trinh dang cdp bdc hai doi véi hai an x; y.

¥ +2xy-2x%y - 1207 +8y +1=0 (1)
Bai 1. Giai hé phuong trinh 2
P 8 y4+(x3+y) =1+x® +4/1- 2x°y (2)

Phén tich: Ta dwa dwoc phuwong trinh (2) vé dang f(y2)=f(\/1- 2x3y) VOi

f(t) =t* +¢ do”‘ng bién trén [0;+0), do dé ta cé y2 =41- 2x3y = y4 =1- 2x3y (*).

Pé y dén phwong trinh (1) ta thdy cdc biéu thire chira bién déu cé bdc 4, néu chiv s6 1 c6 thé
chuyén vé thanh biéu thire bic 4 thi ta dwgc phuong trinh dang cap bdc 4, diéu nay gidi quyét dwoc
do phuwong trinh (*) ta viea thu duoc. Ta co loi giai sau:

Giai

Piéu kién: 1- 2x°y >0

Taco: 2) = y* +)° =1- 2x°y +4/1- 2x°y )

Xétham sb: f(¢) =t* +t voi t =0, c6 f(t) =2t +1>0 véimoi ¢ >0
Nén ham s6 f (1) ddng bién trén [0; +00)

Ma y*;41- 2x°y E[O;+oo) nén:
B)e f(yz):f(\/l- 2X3J’)@ yi=l- 2y eyt 42Xy =1 (4
Thay 1 =y* +2x*y vao (1) ta duge:

x+4x7y- 2x7y* - 12x1° +9y" =0 (5)
Do ¥ =0 khong thoa man nén chia hai vé phuong trinh (5) cho y* ta dugc:
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Tlowal | 22| 2] -12] 2| +9=0
y y y
2 2
e[ Z-1] | 2+3] =0
y y
o
=
x =-3y
Véi X =V, thay vao (4) ta co: 3x* =l < x =t
B
Véi X =- 3y, ciing tir (4) ta co: - 53y* =1 (v6 nghiém)
Vay hé da cho ¢6 nghiém (x;7) 13 [ . '1"1]
a € da Ccho CO ngniem B A | s~ || = —>—F7—| -
ay he ghic % (1/3 (‘/§ (‘/§
y 43y =(x +5)Vx +2 )
Bai 150. Giai hé phuong trinh:
 PREOE 22 +16 =3(2) + )/ - 24 +4)(2)

Giai

Diéu kién X =-2,y€R,

M ey +3y =(x+2) +3Jx+2

Xéthamsé f (1) = +3t, t€R

£'@)=3>+3>0, Vi€ R, suyra f(¢) ddng bién trén R.
Phuong trinh (1) c6 dang: f(y) Zf(\/xTZ)@ y :\/xT2

Thay vao (2) ta duge 2x° +16 :3(2(x+2)+\/m\/x2 - 2x+4)
o 2x’ - 6x+4 ZSM\/m

e 2(x- 2x+4)- 2(x+2) =3x+ 2432 - 2x+4

biat u :x/m,v :m, (u=0,v>0)

Phuong trinh tré thanh 22 - 3uv - 2u? =0 (3)

Do v >0, chia hai vé phuong trinh (3) cho v ta dugc:
2

ol X w3 #2200 X =L pose L=-2.
v v v 2 v
Douzo,v>0nén£:l©v:2u
\%

Suyra /x> - 2x+4 =2Jx+2 © x> - 6x- 4 =0 x =3 J_r\/ﬁ(théamﬁn diéukién)

Vay h¢ phuong trinh c6 nghiém (x; y) la:

(33135413, (5- Vi3:5- V13).
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Bai tap twong tw
x® +9x* +10+3)° =)’ +12y
1. Giai hé phuong trinh 2y-6x-6+\/m20
9++/161 153+9/161 |( 9- /161 153- 94161
s 32 s 3
1 1

YT
2. Giai h¢ phuong trinh xo+Loy 4

217+ +y =(x> +6y+6)[y +1

Pap sb: (x;»)=(3;3)

Pip sb: ()=

2.3. Két hop phwong phap ham sé véi phwong phap nhén lién hop

Trong muc nay ta xét dén I6p bdi todn cé thé sir dung phirong phdp ham sé dé don gian mét
phirong trinh trong hé, sau dé thé vao phirong trinh con lai sir dung phwong phdp nhin leong lién
hop.

Muc dich cia phirong phdp nhdn leong lién hop la dwa phuong trinh thu dwgc vé phwong
trinh tich s6. Mot s6 dang nhén heong lién hop can chit y sau:

- Nhdn lwong lién hop bang cdich nhém cdc sé hang trong phiong trinh: Quan sdt cac sé
hang cé trong phirong trinh dé tim moi lién hé giita chiing, sau dé nhém lai réi nhdn leong lién hop
dé lam xudt hién nhan tir chung.

- Nhén lwong lién hop bang cach thém bot hang sé: Podn nghiém X, ciia phwong trinh, sau
dé thém bt hang s6 roi nhan heong lién hop dé xudt hién nhan tie X = X,. Cdach dodn nghiém X, ta
c6 thé ding chirc nang SOLVE cia mdy tinh cam tay hodc chon sé6 X, sao cho | f (xo) la s
nguyén (hodc hitu ti).

28y + 3 =x° +2x" )

G+2)fy+1=Gc+1) ()

Bai 1. Giai hé phuong trinh

Giai
Diéu kién y =- 1.

Do x =0 khéng théa man hé di cho nén chia hai vé cta phuong trinh (1) cho x* ta dugc:

3
Mo | 2| 22 =43 +2x (3)
X X
Xétham sé f(¢) = +2¢, teER.

Ta co: f'(t) =3¢* +2 >0, ¥/ €R nén ham sb f(l‘) ddng bién trén R

Dods (3) = f[Z
x

:f(x)@xzxﬁy:xz
X

Thé y =x* vao (2) ta dugc:

(x+2)Vx? +1 =x? +2x +1
< ()c+2)(\/x2 +1- x) =1
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Ta c6 m +x> |x| +x >0 nén nhan hai vé ciia phuong trinh trén véi m +x ta
duoc:
x+2 :\/ﬁ +Xx
ox+l=4o x=1/3
Vay hé c6 nghiem: (6») =(-/3;3), () =(13;3).

(Va2 +1+ 1)1 +1 +y) =1 (1)

Bai 151. Giai h¢ phuong trinh
Ax+2 +4/22-3x =)* +8 (2)

Giai
U 22
Diéukién: -2 <x <—
Do \1+y> - y>y* -y :-y+|y| >0, V%yeR
Nén nhan hai vé cta phuong trinh (1) véi /1 + y* - y ta dugc
D e x+V1+x? =G p)+, /(- ») +1 3)
Xéthamsd h(t) =t +t* +1 ,t€R

R S C N
NE+L P+l A+

Suy ra ham s 7 ) ddng bién trén R

Taco h'(t) =1+ = >0, VreR

Dodé B) e x=-y.
Thay V ==X vao phuong trinh (2) ta duoc
Ax+2 ++/22- 3x =x* +8

Nham duoc nghiém x =2, thyc hién nhén lién hop ta thu dugc nghiém x =2 va phuong trinh:

4 3

- =x+2 (¥
Nx+2+2 J22-3x+4

dat VT =f(x);VP =g(x)
Tacs: £ ()= - : ’ <0

@ o Wx+2.2+x+2) 222-3x.2+422-3x)
g'(x) =1>0 v4i Vxe -2;23—2 ,

) » \ 2 22

Suy ra f'(x) nghich bién, g(x) dong bien trén | - 2;?]

Ma f(-1) =g(- 1) =1 suy ra phuong trinh (*) c6 nghiém duy nhit x =- 1
Vay nghiém (x;») cua hé di cho: (2;-2),(-1;2)

2(x- 2)Jx+6 =6- y (1)
Bai 152. Giai hé phuong trinh:

(x- 2)Jy+2 =y +1Jx* - 4x+5 (2)
Giai
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Piéu kién: x =-6;y >-1.

Phuong trinh (2) twong duong véi

x-2 IRV

Jx? - 4x+5 _\/y+2
ST S T ©
VG2 s (1) 41

Xét ham sb f(l‘)_\/i1 JER cof(t)_(t +1)\/—>0 VieR nén ham sb f(t)dong
t +

bién trén IR.

Dods, B)e f(x-2)= («/y+ )@x 2=Jy+l e

Thay vao (1) ta dugc

2(x-2)Vx+6 =-x* +4x+3
o 20e- 2)(Vx+6-3)=-x*- 2x+15

=x’-4x+3

-3
o 2(x-2)— 2 = (x-3)(x+5)
JXx+6+3
2x-4
o (x-3) —=————+x+5|=0
Jx+6+3
2x-4

Do x =2 nén ﬁ + X +5 =7 nén phuong trinh trén chi c6 nghiém x =3, suyra y =0,
x+6+

Vay hé di cho c6 nghiem (x;) =(3;0).

Bai tap tuwong tw
(c+ )l pr o) =t O
X HV3-x =2y - 42-y+5  (2)
Pap s6: (1) =(- 1;1),(x; 1) =(2;-2).
(17-3x)\/5- x +By-14)J4- y =0

2\2x+y+5+33x+2y+11 =x* +6x +13

1. Giai hé phuong trinh

2. Giai hé phuong trinh

Huwéng din
Pua phuong trinh diu cua hé vé dang: f(\/5 - X) :f(\/4' y), voi f(f) :(2 +3¢ )l‘, ham sb

£ () ddng bién trén R nén ta thu duge
S-x=4-yeo y=x-1

Thé vao phuong trinh thir hai ciia hé, dén day giai don gian.

3. Két hop phwong phap ham s véi phwong phap dit an sé phu
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Mot s6 phép ddt dn phu co ban gidi phwong trinh:
+ Néu phuong trinh chira 3| f (x) va £ wadar t =2/ 1 (x)
+ Néu phwong trinh chira \/f(x) i\/g (x) va f(x).g(X), ta dat t :\/f(x) i\/g (x)

Ngoai ra can chii ¥y mot $6 cdch bién doi dé lam xudt hién an phu: Chia hai vé cho mét biéu thirc
khdc 0 hodc thuc hién bién doi hang dang thirc.

P Hy=x*+3x2 +4x+2 (1)

VI- 22 -y =\2-y-1 ()

Bai 1. Giai hé phuong trinh
Giai
Pidu kién - 1 <x <;0 <y <2
(1)@(x+1)3+x+1=y3+y (3)
Xéthamsé f () = +1,t€R ¢o ['(t) =31* +1>0,V:€R nén ham sé f (t) ddng bién trén R

Dods, B e fGx+)=f() e y=x+1
Thé vao (2) ta dugc:

V- X2 +1 =l +x ++/1- x “4)
2_
patt =1+x +V1- x (1 20) = 2 =2+ 241- ¥ = 1- 2 =1 . 2

Phuong trinh (4) tr¢ thanh

Vé6i t =0, tacod

J+x+J1- x =0 = 2+24/1- x* =0 (v0 nghiém)
Vi t =2 tach

Jrx+l-x =20 2+2/1- & =4 o JI- ¥ =l & x =0
Véi x =0= y =1 (théa man diéu kién).

Vay hé di cho c6 nghiém (x;y) =(0;1).

e+ P o)==t

Bai 153. Giai hé phuong trinh 35
y+ Y = (2)

x* -1 12
Giai
Piéu kién x? >1.

Do w/y2+1-y>\/72-y20,nén
OE (x+\/x2 +1)(y+\/y2+1)(\/y2 +1- y) :q/y2 +1-y

o x+x" + :(-y)+m €)

Xét ham sb f(t) =+ +1,r€R,taco
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_NE +1+i o] +¢
>
\/t 1 NP+ t*+1
Nén ham s6 f () dong bién trén R. Do do,
BRe f()=fCy)e x=-y

7)) =1+ >0, V€ R

LY 35
Thay vao (2) ta duge: V N 1 4)
) y>0
Ta thay phuong trinh (4) c6 nghiém thi { | | = y>1.Khi do,
y? >

2y’ + y> 1125

ey + =
d y -1 yi-1 144

y! 2y° 1125

= + - =0

vi-lo fy2aq 144

2

I
Pt ! _ﬁ (> 0), phuong trinh trén tr¢ thanh:
y -

— 49
2t-—1125 =0 12
144 _é
12
Do ¢t>0nént =—,vataco
12
PO
2 == =+
J 2—5 = 144y* - 62517 +625 =0 = 16 4
-1 12 , 25 5
yo=— y=*=
9 3
5 5
Déi chiéu diéu kién ¥ >1 ta duoc y _Z % :g

Vay hé da cho c6 nghiém (x;y)= - ,— ;(x;y): i,é .
A ’ 4 4 3°3
Bai tap tuong tu
x - y3 :3(x- y2)+2

x> +1- x7 - 3y2y-y* +2=0

pap s6: (x; ) =(0;1)

1. Giai hé phuong trinh

x* -y +x7- 9y - 30 =28y
2. Giai hé phuong trinh
» PREORE (y+4) =5- x 2y +10

Pap so6: (x;y) = (- \/5;- 1),(\/\/5- 1;2+\/§)
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4. Str dung phwong phap thé sau d6 két hop véi phwong phap ham sé
Trong phwong phdp nay, ta thiee hién bién doi mét phwong trinh cia hé vé dang tich so, thic
hién rit mét an theo an kia (trong mét sé truong hop ta phdi rit xz,yz,xy,....) va thé vao phiong

trinh con lai ciia hé va sir dung phwong phdp ham so.
y- x+1+/2 =x+1+/2-x

Bai 1. Giai hé phuong trinh 5 - y3 +x2y2 2y 3 3y
Phan tich: Nhin vao hé ta thdy khé c6 thé bat dau ¢ phirong trinh thie nhdt ciia hé. Pé y dén
phirong trinh thir hai, ta thdy c¢é nhing cdp hé so giong nhau: hé s6 2 (trong 2x3;2xy ), hé 56 3
(trong 3x2,3y ), hé 56 1 (trong y3,x2y2) do d6 ta sé nghi dén ghép timg cap biéu thirc cé hé s6
giong nhau lai dé lam xudt hién nhdn tir chung.
Giai
Diéu kién: - 1 <x <2
Taco (2)e 2x(x* - y)+y> (x> - p)+3(x* - ) =0
e (2x+y" +3)(x* - ) =0
o y=x"(vi2x+y>+3>0,voimei - 1 <x <2)
Thay y =x? vao (1) ta duoc: x? - x +1+\/E :\/m +m (3)
Xétham sé f(x) =x" - x - Jx+1- m+1+\5,xe[—1;2]
1 1

Taco f'(x)=2x-1- +
2Jx+1 242- x

va f"(x) =2+ >0, VxE(- 1;2)

1 1
4(x+DVx+1 * 42-x)\V2-x

Do d6 ham s6 f~ (x) dong bién trén khoang (-1; 2), nén phuong trinh f "(x) = 0 c6 nhidu nhat 1

1
nghiém. Mt khac f~ [ > = 0, tr d6 taco BBT cua f(x)

1
x |- 2 2
1t - 0 '
W~
3)

1 3 . ) .
Vi f(E) :Z + \/E - \/g < 0, nén tr bang bien thién suy ra phuong trinh f{x) = 0 c6 nhiéu nhat 2

nghi¢m, hon nira f{0) = f(1) = 0, do d6 phuong trinh (3) c6 2 nghiém x =0; x = 1.
Tom lai hé da cho c¢6 2 nghiém (0; 0) va (1;1)

Bai 154. Giai h¢ phuong trinh:
xpy+2 =pVx’ +2

P+ 2(x +DVx? +2x+3 =2x7 - 4.
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Phén tich: Ta thdy phwong trinh thir nhdt ciia hé la phwong trinh bdc nhdt an y nén ta sé rit
y theo x réi thé vao phwong trinh thir hai ciia hé.
Giai
PKXD: xER;y€ER.

Taco Xy +2 =y\/x2 +2 = y(\/x2 +2 - x) =2y :2;
o y=vJx*+2+x ().

X“+2-x
Thé vao phuong trinh th{r hai trong hé, ta 6 :

(\/x2 +2 +x)2 +2(x +DVx” +2x+3 =2x7 - 4x

o l+xVx? +2+2x+(x+DVx? +2x+3 =0.

T4 JGe+1Y +2 | =) 1+ x) +2

Xét ham s6 () :t(l+\/l2 +2) véi t€ER . Tacod
£ =1+ +2 +

= (x+1) (*)

2

>0,V1€lR= f(t) dong bién trén R.
+2

|
Mit khéac, phuong trinh (*) co dang f(x+1) =f(-x) © x+1 =-x & x =- 5
1 : _
Thay x =- 5 Vao (1) ta tim duogc y =1.

1
Vay h¢ da cho c6 nghiém la (x;y) 2[ - 5;1] )
Bai tap tuong tu
2x+3y+2y2 + 4.2x+4y :22x+3y + 4(y+1)2 (1)
1. Giai h¢ phuong trinh:

2 -
22x- 2y 3 =2 FITINY (o)
2y°+2y-3x+2

22- 410 1-+/10
9 7 3

Pap sé: (1;- 1),(8;6),

x’y-y* =28
X’y +2xy> +y° =182

Pap sb: (2\/5,\/5)

2. Giai hé phuong trinh: {

5. Két hop phwong phép cong dai s6 véi phwong phap ham sb
Trong dang ndy, ching ta chua s dung luén dwoc phwong phdp ham sé dé bién doi hé
phurong trinh ma muén sir dung dwoe, ching ta can phdi két hop cdc phwong trinh cia hé lai, khi dé
méi dp dung dwoc tinh chdt cia ham sé dé bién doi.
¥ (Q2+3y)=1

Bai 1. Giai hé phuong trinh
AY g x(y3 ) 2) -
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Phén tich: Poi véi hé nay, ta nghi dén c6 Idp bién roi sit dung phwong phdp ham sé. Chia

hai vé phwong trinh thit nhdt cho x°, chia hai vé phirong trinh thir hai cho X réi céng lai ta dwoc:
I 1 . .
y3 +3y =—+—, dén day ta co thé sit dung phiong phdp ham so.
X X
Giai
e Véix =0 dé thiy khong thoa man hé trén.
e Vi x #0,taco:

H¢ da cho tuong duong véi

Xét ham s6 £ () = +3t,t€R ¢6 f'(t) =3¢> +3>0 véi moi € IRR nén ham sé f () ddng

bién trén R.

1 1
Do dé, (1) ¢6 dang f () Zf[—] ey =,
X x
1
y== _1 x=-Ly=-1
. X Yy ==
Thé vao hé sé€ duoc: 3 = X = N )
| 2+=| =1 2x° +3x7-1=0 o V=
X
. 1
Vay hé da cho c6 nghiém (x;y) 1a: - 1;-1), 5;2] .
x* By +55) =64 )

Bai 155. Giai hé phuong trinh
P s xy(y2+3y+3)=12+51x )
Huwéng din:Tuwong tw bai 1, ta ¢é ldp cdc bién x, y; chia hai vé phwong trinh (1) cho x°,

phurong trinh (2) cho x réi céng lai véi nhau bién doi vé dang:
3

4 4
G+ +3(G+D=[ 2| +3.2
X X
Giai
Véi x = 0 hodc y = 0 thi h¢ khong dugc thdéa man.
64
Véi x #0,y #0, HPT & o "
Y +3y* +3y =—+51
X
P
Cong theo vé lai ta duoc: (y+1)3 +3(y+1) =—| +3.— 3)
X X

Xét ham sé £ (1) = +36,0€R c6 f'(t)=3r> +3>0 Vs€R nén ham s6 1 (t) ddng bién
trén R.

4 4

Phuong trinh (3) c6 dang f(y +1):f[—] o y+l=—o xp=4-x
X X

Két hop véi (1) ta dugc:
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3x7(4- x)+55x° =64
e 13x° +3x*- 16 =0
& (x- D(I3x* +16x+16) =0
o x=l = y=3
Vay hé di cho c6 nghiém (x;1) =(1;3).
Bai tap tuwong tuw
1. Giai h¢ phuong trinh:
12 +3)% +y+4xt - 22x+21 =Qx+D/2x- 1
{2x2-11x+9:2y '
Pap sb6: Nghiém caa he: (x;3) =(1;0),(5;2).

V2x+3+4-y =4 ()
J2y+3+4-x =4 (2)

2. Gidi hé phuong trinh: {

Pap s6: Nehiem (x; 1) cuahe 1a: (3;3),

1
9°9 )
IV. Hiéu qua do sang kién dem lai

Qua ap dung tai cac 16p 12A, 12B va 12C ¢ trudong THPT Mai Anh Tudn d3 mang lai nhimng
két qua thiét thuc, cu thé:
Trong dé thi khao sat chat lugng 8 tuan dau hoc ki I nam hoc 2015-2016 cua trudng THPT

THPT Mai Anh Tudn c6 cau:
xx - y\/;+\/5+y- 3\/;+3 =0

3x- y+5\/;+\/;- \/520

Day 1a mot cau khong qua kho, ta chi can cong theo vé cac phuong trinh ciia hé (muc dich 1a dé khu

Jxv) va bién déi vé dang £ (Vx +1)=({¥) véi £ () =¢ +2¢. Tuy nhién theo théng ke,

“Giai hé phuong trinh:

nhitng hoc sinh 1am duoc ciu nay khong nhidu, mic du ndi dung tng dung ham sé giai phuong
trinh, hé phuong trinh di duoc t6 chuyén mén théng nhat ngay tir du nim va cac thdy cd nghiém
tac thuc hién.

Lép 12A Lép 12B Lép 12C Tong s6 HS
S6 hoc sinh lam 12/42 17/43 13/45 42/130
duoc cau HPT
Ti lé 28,6% 39,5% 30,2% 32,2%

Sau khi 4p dung sang kién tai 3 16p 12A, 12B, 12C (véi thoi luong 20 tiét/lép), trong ky thi
thtr dai hoc 1an 2 cua truong THPT Mai Anh Tuén ¢6 cau:

x’ -y -3x"+6x-3y-4=0
VX +5+y+3 =x>+2y-1
ti 16 hoc sinh 1am duoc ciu nay di ting 1én 13 rét mic du cach giai quyét hé nay phirc tap hon (bién
d8i phuong trinh thir nhit vé dang f () =7 (x- 1) vei £ () = +3¢ tir day dwge ¥ =x- 1. Thé
vao phuong trinh tht 2 va dung tiép phuong phap nhan luong lién hop s& duoc:

“Giai hé phuong trinh:

SKKN nam hoc: 2015 - 2016 Trang 19



x =2

x+2 sau d6 dua vao danh gia ching minh phuong trinh (*) vo

1
+ =x+4(*
a2 +5+3 Nx+2+2 ®
nghiém.)
Lép 12A Lép 12B Lép 12C Tong s6 HS
S6 hoc sinh 1am 25/42 26/43 24/45 75/130
duoc cau HPT
Ti 16 59,5% 60,5% 53,3% 57,7%

- Cac em khong con tam 1y e ngai khi gip hé phuong trinh noi riéng va phuong trinh, bat
phuong trinh, hé phuong trinh néi chung vi qua sang kién cac em da nim duoc mot cach hé théng
cac phuong phap co ban giai phuong trinh con bat phuong trinh thi cac phuong phap giai ciing
tuong tur.

V. Dé xuit, khuyén nghi

Doi véi cdc nha quén Iy gido duc, cdc nha trwong: T6 chic cac chuong trinh tap hudn boi
dudng nghiép vu hang nim cho gido vién dic biét 1a cac chuyén dé 6n thi thpt Qudc gia, thi hoc sinh
gioi cap tinh. Cac chuyén dé khé nhu phuong trinh-bat phuong trinh-hé phuong trinh, phuong phap
toa do trong mat phéng, bat dfmg thire can duoc tap trung nhiéu hon dé gitp cho cac co s¢ gido duc,
céc thiy cb gido c6 thém tu lidu trong viéc dao tao, boi dudng nang cao ning lyc toan hoc ndi riéng
va phat trién tu duy cho hoc sinh néi chung.

Déi véi méi gido vién:

- Phai khong ngimg tu hoc, tu trau doi ban than dé nang cao trinh d6 chuyén mén, nghiép vu
cua minh.
con dudng tu duy logic dé giai toan, gitip cho cac em c6 cach hoc, tyr hoc hiéu qua.

- Nguoi thay can phai ting cuong kiém tra, sira chita sai sot cho hoc sinh, bén canh dé ciing
can dong vién kip thoi dé cac em ludn ¢ hing thi v6i bd mén cuia minh.

- Théy gido hudng dan cach tu doc sach cho hoc sinh, hudng din cac em tu tim toi qua sach
v, bao toan, cac trang web vé toan hoc. Str dung mang xa hoi dé trao d6i voi cac em vé cac van dé
lién quan dén mén hoc.

- Nguoi thay ting cudng luyén tip cho cac em céc dang chuyén dé va bo dé thi dé cac em co
nhiéu thoi gian tiép can va tap duot voi dang toan thi, tir d6 gitp cac em co duoc két qua hoc tap
ngay cang tot hon.

Trén day 1a bao cao sang kién cua t6i duoc diic rut trong qua trinh hoc tip va cong tac cua
minh tai truong thpt Mai Anh Tudn, chic chan s& c6 nhiéu thiéu sot. Rt mong nhan duoc sy dong
gop v kién cia quy vi va cac ban dong nghiép.

To1 xin chan thanh cdm on.
Nguoi viét SKKN

L& Thi Lién
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