PHAN B. BAI TAP TU LUAN

Dang 1. Tim nguyén ham ciia mdt s6 ham sé so cap
Bdng nguyén ham ciia mgt s6 ham thuong gap (voi C la hang so tuy y)

+1
E)x”dx=:n+l+f.‘. b%dx=|n|x|+(’.‘.
Osinxdx =- cosx +C. O cosxdx = sinx +C.
. gn];xd;-::- cotx +C. Ejﬁdx:tanx +C.
5axdx=i+c. O€‘dx =€ +C.
Ina

Mt sé nguyén tic tinh co bén

Q Tich ciia da thiee hodc liy thira Y% %@ khai trién.

9 Tich cdc ham mii /- 2298 khai trién theo cong thirc mil.

J Bdc chan cia sin va cosin P Ha bdc:

1

9 Chita tich céc cdin thirc ciia X Y- 290 chuyén vé liy thira.

sinza=}— ~cos2a, cnsza=}+}m525.
2 2 2
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JT.T+3}(—2— x)dx 67 19) .[x dx; 20) .rx3 :
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x
-2 [3 o ' 4
J'— —dx FL o ! dx I—
oy Y 3N J’ x4 —x " |dy J‘_ _ 24) “1lx
) ; 2 23) -x
J~T3 - ldr 1 l J'Ld_x
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25) 26 | 27) N7 ; 28) V¥’
C 1) v _ .
ﬂ x-—| dx J(de JI 3x° - i (2x+5)dx
29) ! X 30) X 31) ) X |




Cau 2. Tim:
ccvs.‘x e JII+35in:i e J‘?ms:ﬂ‘gdr " J'(Ssmx— fjcr:rs.r}t?’.r;
1) “1-sinx 2) " 2) 3) ¢ cos x
S)

J'sin: 2xdy + J'l:r:rs: 2xdx

J'sin2 id;r:
6) 2

X x|
_ﬂ Slll;*i-l:DS;‘ dax
7) = <

J'l:crsj édx - J'sin : %dx
g ) 2 2

9) J'tanzxdx

10) J'(- cos X)dx

;
- COos™ X
——dx

11) -[J

=
cos™ X

12) J'(?n sin x - 4cos x dx ;

13)

J(? +Scot® x):?’x

14) Psinxdx

15) J(EDS X+x }fx

- 3cosxy

4
=X
2

dx

J'(sin X+ Cosx ki

dx

_” | |
| sin x cos’x

16)

: _ . - - :

J’ 2cos _r+i dx 18) _ﬂxﬂilf x) 20) J'(H tan x +cot x) dx
17) Vx| JTBJ_ 4sinx jdx 19) ! 2 |
21y Peos 22) 23) 24) [+ tan® e

R X
F sin —cos —dx
2 2

25)
Cau3. Tim:
4x+l 4x+3 1 o £
0 fe dx 2 JZ dx J'ﬁdx " J(c +3° M
3) 77
x 3x X X Sx
5 f4 dx 6 fe dx 7 P 3dx 8) J'e dx
m— oy J& Ky T [
x X _ -0,5x x-1 glxsl | ) l |
13) J(s +1)(5° - 1)dx 14) [ 15) [t s dx JIEL’""T i
16" 3
i 2 +2° M ¢ P ¥ e 2
17) “I-(-'E }]‘x 18) J(?. +3 ]—ﬂr'-{ 19) J(If“' e )_dT

Cau4. Tim:
1 w1 X 2
J.Zsmde JJ . 3 _"2 lnzdx; " J‘lrcr:rs(r )dx
n 3 2) Y2
)| x 2 _ 3
s Jcns 7| dx J.r +7x +I2dx £(x) =3cosx- i 8) g(x) =(2x +1) )
) 6) © x+3 trén | 7) x
(O;+oo).
6x dx vsl - 2 12
9) f 10) f4 dx 1) J‘G(I+ED[ .r)a’.r. )

J(?nx: - EDS.‘r)a’x_




13) i | 2

; . ﬁ 2 5l 15) J"r(r - 2)dr J‘ZHIdr

Ji?ssun—?__dx 14) JlcosTx ’ 16) ¥ 1 .

o F.‘r(l+3.‘r”)d‘r J‘l rxel 19) J,Bx -1
18) x ' ﬁ.1'+ 2)(x7 - 2x+4)dx 20) X

3r+]
dx X = '}
21) J;H Jssm x

Dang 2. Nguyén ham c6 diéu kién
a
‘ F(x) =3 +==(x>0)
Cau5. Timhamsé ¥ =/ () pibt Jx va SO =1
Cau 6. Tim ham s J(x) biét rang f(x) =2x- 0e™ va f(0)=-2

Cau7. Tim ham sd J(x) , biét rang:
a) f(x)=2x"- 4x+1, f(1) =0

f (x)=5cosx- sin .r.__f'. T o
b) 12

Cau 8. Biét rang dd thi ciia ham s6 =f(x) di qua diém (L2) vaco hé s6 goc cua tiép tuyén tai mdi
l- x
didm /) 3 X vsi x>0 Tim ham sé /%)
1

x) =In(y/¥ +4- x N
A =+ J.Tfrdé,timj-‘f'*“

Flx)=2x+3x°

dx
Cau 9. Tim dao ham ctia ham so

F(x) F(0) =1

Cau 10. Tim nguyén ham ctia ham sb , biét

S == _
Cau 11. Cho ham so X voi ¥ #0 . Tim nguyén ham F(x) cua J() thoa man £(-2) =0

Cau12. Cho ™) 13 nguyén ham cia ham & &) =€ thoa man G(0) =3 1jpn 6O
F(x) fx) =30 = 20 s F(1) =5

F(x) Fla) =443 a F(1)- f (1) =-10

Cau 13. Tim nguyén ham ctia ham s6

Cau 14. Tim nguyén ham ctia ham sb

J(I +tan’ x )dx

F(x)

Cau 15. a) Tim
b) Tim nguyén ham ctia ham sb f(x) =sinx . biét F(2r) =0

F(x) f(x)=2" F(0)=1

thod man

F'(x)=3-5sinx . () =10

Cau 16. Tim nguyén ham ctia ham sb

Ciu 17. (M3 123 2017) Xac dinh ham s / () thoa man

_"} ,
Cau 18. (Sé¢ Bic Ninh 2019) Cho ham s6 S &) =2t . Tim mgt nguyén ham F) cua ham so

—
7 (x) héa man F(0) 2019



Dang 3. I'J’ng dung
1. BAI TOAN VE VAN TOC

Phwong phap giai

. s(t) = |v(t)dt.
- Nguyén ham cua van toc la quang duong: () ﬁ (£)dt

- Rit ra két luan bai toan.
Vi du 1. Vén toc ciia mot vién dan duge ban 1én theo phuong thang dung tai thoi diém 7 1a

v(t) =100- 9,8(m/ sy i t =0 13 thei didm vién dan duoc bén 1én). Tinh quang duong di duoc ciia
vién dan ké tir khi ban 1én cho dén thoi diém 7?2

Bai giai
s(6) = [i(r)de = 160 - 9,8¢)de =160t - 9.8 +C.
Quang duong di dugc cua vién dan la : ' 2
2. BAI TOAN VE GIA TOC
Phuong phép giai

7 } = fl .
- Nguyén ham cua van toc 1a quang duong: ve) ﬁ?f." e

- Rt ra két luan bai toan.
Vi du 2. Mot vién dan dugc bén 18n troi (phuong thing dung) voi vén toe 1a 72m /S bt dau tir 2m Hay
xéac dinh chiéu cao cta vién dan sau thoi gian 55 ké tir luc ban.

Bai giai

s A e a e e vty = |F9.8dt =-9.8t+C.
Ta c6 van toc cta vién dan tai thoi diém 7 1a r !

Do MO)=72 o (0)=-9,8 0+C, =72 C, =72= W(1) =-9,8( +72.
D6 cao cta vién dan tai thoi diém  1a

s(t) = |'1-f_.r}a'.r = |'(_— 9,8t +72)dr =- 4,9t + 72t +C,.
vi SO =2 o s(0)=-4.9 0 +7204C, =2 €, =2= s(1) =- 4,96 +72 +2

Vay sau khoang thoi gian 55 ké tir luc ban, vién dan & do cao
5(5) =-4,9 5 +72-542=239,5(m).

3. BAI TOAN VE KINH TE

Phuong phap giai

z 7 ..._ i-:F.. +C.
- Néu biét /) 13 ham gid trf bien, thi ham muc ticu s& fa &/ =0

- Rut ra két luan bai toan.
Vi du 3. Mot cong ti cho bit ham chi phi bién cua viéc san xuat san pham A 1a MC =3x" +2x+3.

Hoi1 ham tong chi phi cua viéc san xuat san pham A 1a gi?



Bai giai
() = ! = LR, P p—— 2 }
Ham tdng chi phi Ia TC(x) = f( MC )dx ‘I'(Bm +2x+3 My =x"+x7 +3x+C,.

Khi X =0 thi Ic(x) =% Gia tri nay goi la dinh phi ctia cong ti (FC nghia Ia fix cost) khong phu thude

vao san lugng san xuat. Do d6 ta co TC(x)=x" +x" +3x+FC.

Cau 19. Van tdc ciia mot vién dan duoc bin 1én theo phuong thing dung tai thoi diém ! 1a
v(t) =180 - 9,8t(m/ *) (coi t =0 13 thoi diém vién dan duoc bén 1én). Tinh quang duong di dugc cua

vién dan ké tir khi ban 1én cho dén thoi diém ?.

Cau 20. Khi duoc tha tir d6 cao 207 mot vat roi véi gia tc khong ddi @ =10m /5™ Sau khi roi duoc
! gidy thi vat c6 téc d6 bao nhiéu va di duoc quing dudng bao nhiéu?

Cau 21. Mot 6 t6 dang chay véi tbe do 19 m/'s thi him phanh va chuyén dong cham dan voi toc do
() =19 - Y {m / . . ) . . .
v(t) =19 - 2t(m. $) K& tir khi ham phanh, quang dudng 6 t6 di dugc sau 1 gidy, 2 gidy, 3 gidy la bao
nhiéu?
Céu 22. Mot qua bong duge ném 1én tir do cao 24,5 m vai van tdc dugc tinh boi cong thire
vit) =-9.8t+19,6(m/ 5)
a) Viét cong thirc tinh d6 cao cia qua bong theo thoi gian .
b) Sau bao nhiéu 1au ké tir khi ném 1én thi qua bong cham dat?

Céu 23. MOt vuon wom cdy canh ban mot cay sau 6 nim trong va ubn tao dang. Toc do ting trudong

h(t) =15t +5

trong sudt 6 ndm duoc tinh xap xi bai cong thirc , trong do h(z)(cm) 1a chiéu cao ciia cy

khi két thac ¢ (ndm). Cay con khi dugc trong cao 12em
a) Tim cong thirc chi chiéu cao cta cdy sau ! nam.
b) Khi dugc ban, cay cao bao nhi€u centimét?

Cau 24. Tai mot 18 hoi dan gian, toe d6 thay doi lwong khach tham du duoc biéu dién bang ham sb
B (1) =20" - 3006% +1000¢ (oo 46 ¢ tinh bing gio (O =1 =158 (1) tinh bing khach/gio.

Sau mdt gio, 500 nguoi da cd mat tai 18 hoi.

a) Viét cong thirc ciia ham sb B(") pidu didn sb luong khach tham dy 18 hoi vai 0 =t <15,
b) Sau 3 gi¢ s€ c6 bao nhiéu khach tham du 18 hoi?
¢) S6 luong khach tham dur 18 hoi 16n nhét 13 bao nhiéu?
d) Tai thoi diém nao thi tbc do thay d6i lwong khach tham du 18 hoi 1a 16n nhat?
Cau 25. Mot con lac 16 xo dao dong diéu hoa theo phurong ngang trén mit phang khong ma sat nhu

W) =4cost

Hinh, c6 van tdc tic thoi cho boi , trong d6 ! tinh bang gidy va v(?) tinh bang centimét/giay.

Tai thoi diém ! =0, con ldc d6 & vi tri can bing.



Cau 26.

vl in
can bing

l

1
L

) ) A

Phuong trinh chuyén dong ctia con lic d6 dugc xac dinh bang cach nao?

Mot xe 6 t6 dang chay véi toc do 72km/ h thi ngudi 1ai xe bat ngd phat hién chudng ngai vat

trén duong cach do 80m Nguoi 1ai xe phan tng mot gidy sau d6 bang cach dap phanh khan cép. Ké tir

thoi di€m nay, 6 t6 chuyén dong cham dan déu vai toc d¢

o vIt) == 10¢ + 30(m/ ‘E}, trong d6 7 1a thoi gian

tinh bang gidy ké tir luc dap phanh. Goi * @ 13 quang duong xe 6 t6 di duoc trong ! (gidy) ké tir lac dap

phanh.

Cau 27.

a) Lap cong thic biéu dién ham s 5 (1)
b) Thoi gian ké tir lic dap phanh dén khi xe 6 t6 ding hén 1a bao nhiéu giay?

¢) Quing dudng xe 6 t6 da di chuyén ké tir lac nguoi 1ai xe phat hién chudng ngai vat trén duong
dén khi xe 6 t6 dirng han 1a bao nhiéu mét? Xe 6 t6 li¢u c6 gap tai nan do va cham véi chuong ngai
vat trén duong hay khong?

Murc nude trong hd chira ciia nha may dién thuy tridu thay ddi trong subt mot ngay do nudc

chay ra (khi thuy triéu xudng) va nudc chay vao (khi thuy triéu 1én).

Cau 28.

Mdy
phdt dign
rrr'ﬁn;n:

Toéc do thay doi cia muc nugc trong hd chita dugc cho bdi ham  so

h(t) =1 (5¢- 120¢ +480),
216

(0 <t <24),h (

trong d6 ! tinh bang gio ) tinh bing mét/gio. Tai thoi diém ¢ =0, muc nudc trong

hé chira 14 6 m.
e A ’ I . A A h(l)
a) Viét cong thirc xac dinh ham so .

b) Muc nude trong hd chira cao nhat va thap nhét bang bao nhiéu (lam tron két qua dén hang phan
mudi cua mét)?

¢) Muc nudc trong hd chira thay d6i nhanh nht khi nao? Téc d6 thay ddi cia myuc nude trong hd
chtra khi d6 1a bao nhiéu?

Cay ca chua khi trong c6 chiéu cao Sem Tée do tang chi€u cao cua cdy ca chua sau khi trong

duoc cho bdi ham so



v(t) =- 01" +17, trong d6 ! tinh theo tuan, (1) tinh bang centimét/tuan. Goi ht) (tinh bang

centimét) 1a do cao ctia cdy ca chua & tuan thir 7.

a) Viét cong thirc xac dinh ham s h(e)(t =0)

b) Giai doan tang trudng cua cay ca chua do kéo dai bao lau?
¢) Chiéu cao tdi da ciia cdy ca chua d6 13 bao nhiéu?

d) Vao thoi diém cdy ca chua d6 phat trién nhanh nhét thi ciy ca chua s& cao bao nhiéu?

Cau29. Chohamsd ¥ =/ (%) ¢6 dd thi1a (©). Xét didm M 3/ () thay déi tren (©) . Biét ring, hé

ky =(x- 1y

s6 goc cua tiép tuyén cua do thi (©) tai M 1la va diém M trang véi gbe toa do khi nd nam

trén truc tung. Tim bidu thic / (*).

Cau 30. Mot vién dan duge ban thang dimg 1én trén tir mat dat. Gia st tai thoi diém ? gidy (coi / =0 1a

thoi diém vién dan dugc bin 1én), van tde ciia nd duge cho boi v(t) =160~ 9,8t(m [ 5) . Tim d0 cao cua
vién dan (tinh tir mat dat):

a) Sau ! =3 giay;
b) Khi né dat d6 cao 16n nhat (1am tron két qua dén chir s6 thap phan tht nhat).

T 1
Ciu 31. Trong dugc hoc, chu ki ban thai 2 cua thube duge co thé hép thu la thoi gian dé luong thube
giam di mot nira so voi ban dau nho qua trinh hap thu va va chuyén hoa. Gia sur toc do chuyén hoa thuoc

VA8 == AN ong do Vo 12 luong thude ban ddu tai £ =0 va 4 >0 13 hing s6 (hing

Tl
s6 hap thy). Tim chu ki ban thai 2.

duoc cho boi

Cau 32. Mot khinh khi cau bay véi do cao (so v6i muc nudc bién) tai thoi diém ? 1a h(?) , trong do !
tinh bang phut, h() tinh bang mét. Toc do bay cua khinh khi cau duoc cho bai ham sd

V() == 0,126+ 1,21, v6i T tinh bang phit, v(?) tinh bang mét/phut. Tai thoi diém xuat phat ( =0) ,
khinh khi cdu & d6 cao 3207 v3 5 phut sau khi xuét phat, khinh khi cau da & do cao 3307 (Ngudn: A.
Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

, , .
a) Viét cong thire xéc dinh ham s (0 =0 <29)

b) o cao t6i da ctia khinh khi cau khi bay 1a bao nhiéu?

¢) Khi nao khinh khi cau sé trd lai d6 cao khi xuét phat?
Dang 4. Str dung tinh chit dao ham ciia ham hop dé tim nguyén ham ham 4n
Dang 1. Bai toan tich phan lién quan dén ding thurc u(x)f (x)+u(x)f(x) =h(x)

Phwong phap:

D& dang thy ring u(x)f (x)+u (x)f (x) =[ul(x)f(x)]

Do db ul(x)f (x)+u (x)f(x) =h(x) = [u(x)f(x)] =h(x)

Suy ra ulx)f(x) = ,I‘M-'T )dx



Tir dy ta d& dang tinh duoc /()

S (x)+plx)-f(x) =0

Dang 2. Bai toan tich phan lién quan dén biéu thiic

Phwong phap:
| -f_['l-}-i-p[r}:'ﬂﬁ _f_f_.'f]' —
Chia hai vé véi ) 3 dyoc f&) A
_,f'_f_.r} e =- J'pf_.‘r]ld‘r e In| f(x)|=- J'pf_.x‘]lm.
Suy ra f(x)

Tur day ta dé dang tinh dugc f(x)
f(x)+ f(x) =h(x)

Dang 3. Bai toan tich phan lién quan dén biéu thirc

Phwong phap:

Nhin hai vé véi € tadugee & 7 (€ S =€ h(@) = [ f ()] =" h(x)

" f(x)= IE -hi x)dx

e
Suy ra
Tur day ta dé dang tinh dugc f(x)

Céu 33. (THPT Chuyén Lé Hong Phong Nam Pinh 2019) Cho ham s y=/x) lién tyc trén
1
. e fE Y A f(]):_
(O, +00) théa ma 2xf (.1)+_,f (+) =3x u""l._ 2 Tinh f(4)?

man . Biét
. . ...-._ 2 ..._....-.-._ :2._:_._ ]
Ciu34. (Chn Tho 2018) Cho ham s6 7 ) thoa man [/ Q)+ fG)S () =207 - x  VXER v3
. = b = ~ l 2
=100 3.Tinh gia tri cia [j( )]
fx)

Céu 35. (Chuyén Lé Hong Phong - 2018) Cho ham s c6 dao ham trén R théa man

1
(x+2) )+ G+ (o) =e va f(O) _E. Tinh f(2)
o o -1l
y=/() lién tyc trén R0 thoa man
_;"(2):(} +hIn3 ’ Véia,bE‘D

Céu 36. (Lién Trudng - Nghé An - 2018) Cho ham sb

f@=-21n2  xCG+D).f ()4 ()= +x - Tinh

diéu kién . Gia tri
a’+b’ )
Cau37. Chohamss? =/ &)

Tinh S ) .

lién tuc trén R thoa méan S+ f ()= , XER va 1(0) =0.

7 (x)

o fG)+ () =e, ¥reR
0a man va

Céu 38. (Chuyén Pai hoc Vinh - 2019) Cho ham s th

f)=2 . Tim tat ca cac nguyén ham cua Y (x)e*
Ciu 39. (Chuyén KHTN - 2021) Cho ham s6 /&) lién tuc trén R va thoa man
af )+ (Ge+1) fx) =" (0)

voi moi X . Tinh /



fx)= XCOSx- Sinx

L , 4 7 Coax c v=F1;
Cau 40. Biet F (x) la nguyén ham cua ham s6 x . Hé1 d6 thi cua ham so6 ) ( ¥)

(0;47) )
A A A 4 A *A A Y /’\ _,l'r =f ('r)
Cau 41. (Chuyén Lé Quy Don — Dién Bién 2019) Cho ham so

y=f" ('r)trén [- 5; 3]

c06 bao nhiéu diém cuyc tri trén khoang
. Do thi cia ham so6

nhu hinh v& (phan cong ctia do thi 1a mot phan ciia parabol y=ax +br+ ':'),

Ay

2F(-5)+37(2)

7, giatri cua bang

f)
(0:+ ) £+ =4x” +3x
c6 dao ham lién tuc trén thdéa man x va

=1 (x)

Ciu42. Chohamsé ? =/ ()

=2

- A . - A J4 , X 11 %) STy . \ A —
. Viét phuong trinh ti€p tuyen ctia do thi ham so - tai diém c6 hoanh do ¥ =2

v =1 . . . T+
Cau 43. (Sé Lang Son 2022) Gid st ham s6 * AR tuc, nhan gi4 tri duong trén (0:40) 4 thoa

man j (1) —e , -;..(I) :-;-' (_\I')."\l 3.".' + I , le mo] x> 0 . Tinh f(5)
X 1
/@) f=5
Cau 44. (Sé Hau Giang 2022) Cho ham sb thoa man 2 va
_;..,(I)_ _5’:(.1') _ X e (0: +x) f(7)
X +x x+1 . Tinh glé trl
Cau 45. (M4 102-2023) Cho ham s6 f () nhan gié tri duong trén khoang (O’.ﬂO), c6 dao ham trén

khoang do6 va théa man

1(2)

FOIn F(x) =x(f (x)- f’(ﬂ)ﬁxe{ﬂ:ﬂ-).Biét A= (@)

, tim gia tri

Cau 46. (Ma 103 -2023) Cho ham ) J(x) nhan gia tri duong trén khoang 0+ OO), c6 dao ham trén
£ () =x (3_,""(1‘)- j’(m)) e (0;+ o) Bit f()=r0)

khoang do6 va thda man

Q@)

Cau 47. (Sé Vinh Phic 2023) Cho ham s6 ' =/ (%) ¢6 dao ham lién tuc trén (% +%) théa man
(x+2) f(x) =xf (x)- x°, Vx e (0;+2) va () =¢ Tim gid tri cua f(2)

, tim gia tri

Cau 48. (S& Quang Tri 2023) Cho ham s ' =/ (%) ¢6 dao ham lién tuc trén R, thoa man
o = T
13 e 0T

N ) "Jf' inx - £(x) =2sin x 3 xXe
4 4y COsx S x)+siny < f(x) =28 x Cos x Tinh

v

3

v61 moi



Céu 49. (Chuyén KHTN 2023) Cho ham s6 /%) thoa man ¥/ (¥) =/ (x)= 3 *(x) {65 moi

¥ & (0:+2) pig J =1 Tinh gia tri cua (@

Cau 50. (Dai hoc Québc Gia Ha Ngi 2023) Cho ham s6 /() c6 dao ham cAp hai lién tuc trén R va
thoa man / (0) =0./(0) =L f7(x) =/ (x) +(3x+4)e™ (5 1oi xER  Hoi gid tri cia /D bing bao
nhiéu?
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