BAI 3. PUONG TIEM CAN
PHAN A. KIEN THUC CAN NAM
1. PUONG TIEM CAN PUNG

Puong thang * =% duoc goi 1a mot dwong tiém can dirng (hay tiém cin ding) ctia d6 thi ham sé

y=fG)

néu it nhat mot trong cac diéu kién sau thoa mén:
lim () =+, _1i|11_;"(.r) =+, _1im_;”(x) e _1im_;"(.r] =
Tung trudng hop dugc minh hoa trong hinh dudi day:

J | i} y4 s X=da /

| | v = fix) — X .
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2. PUONG TIEM CAN NGANG

y=m

Puong thang duogc goi 1a mot dwdng tiém cin ngang (hay tiém cin ngang) ctia d6 thi ham s6

y=f() | lim £ (x) =m lim £ (x) =m
néy |

u hoac ~™

cv=f(x)

N 2 —m .. .. N , A N 4 . .
Puong thang Y la tiém can ngang cua d6 thi ham so duoc minh hoa nhu Hinh 5 .
u y
\
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1] Flx) \ r
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a) _]'l]t] flx)=m b _]im fixz) =m
Hinh 3

3. PUONG TIEM CAN XIEN

y =ax +b,a #0

Pinh nghia: Puong thing - , duoc goi 1a dwong tiém can xién (hay ti€ém can xién) cia d thi
vy =f() , lim [_}"(1‘)— (ax + h)] =0 lim [_;"(x]— (ax + h)] =0
ham so ~ néu * 7 hoac =™ :
o ., y=ax+b(a=0) , . cyv=fx) ,
Nhan xét: Gia s duong thang la tiém can xién ctua do thi ham so . Lay diém

y=f&) =

A aA s 1x £ v a:R A \ 2 y=ax+b , | R N C 4
M thudc do thi ham so va diém N thugc duong thang - c6 cung hoanh do Y Khi do,

d6 dai MV tién t6i 0 khi * ~ ¥ (Hinh 16a) hay khi * ~ ~ % (Hinh 16b).



Hinkh 16Ga Himb 16k

7 , )= . v =f() 7
*Chii y: Dé xéic dinh hé s6 “ ciia duomg tiem can xien © =% *? cuia d thi ham s6 ° / , ta co thé
ap dung cong thure sau:
) (x)
a=lim——vab=lim|f(x)- a] a = lim ALl = lim [ £ (x)- ax]
X— & T K= & hoéc K= - x K= -

(Khi ¢ =0 thi ta c6 ti€ém cén ngang y=b ).
PHAN B. CAU TAP AP DUNG

Céu 1. Mot cong ty san xuat may tinh da xac dinh duoc rang, tinh trung binh mot nhan vién ¢ thé lap rap duoc

50x
N ('I.) = A (.T :_’D) . ¥ :JM(I) )
x+4 bd phan mbi ngay sau * ngay dao tao. Xem la mot ham s6 xéac dinh
[0; +00) L . a2 ‘.
trén , khi s0 ngay dao tao tdng 1én, hady tinh s6 by phdn mot nhan vién lap rap toi da khong

vuot qua bao nhiéu?
Loi giai

11|n N (‘r)—hm 30x = lim —— =50
x—t #t .T+4 Xt I+4

Ta co
Vay mot nhan vién lap rap téi da khong vuot qua 50 b phan may tinh.

Cau 2. Mot bé chira 1 000 lit nudc tinh khiét. Nguoi ta bom vao bé d6 nude mudi c6 ndong do 20 gam mudi cho
moi lit nude véi toc do 30 lit/pht.

a) Sau 20 phiit, ndng d6 mudi trong bé bang bao nhiéu (gam/l1it)? Lam tron dén hang phan tram.

b) Sau ! phut, ndng d6 mudi trong bé bing bao nhiéu (gam/lit)? Tinh theo ’

¢) Néu ctr bom lién tuc thi ndng @ mudi trong bé nhu thé nao?

i < ".w :

!F""

Hinh anh mang tinh chat minh hﬁ;l
(Wguan: fnternet)

Loi giai

2030 %20 =12000

a) Sau 20 phiit, s gam mudi trong bé 1a: (gam).



1000430 20 =10600

Sau 20 phut, s6 lit nude trong bé la: (1it).
12000 :E 75
, A ~ As 21+, 1600 2 ,
Sau 20 phut, nong d§ mudi trong be 1a: (gam/lit).
b) Sau ! phiit, s6 gam mudi trong bé 1a: 20 >30r =000z (gam).
Sau ! phut, s lit nudc trong bé 1a: 1000+307 5y
. 000¢ 00¢
\ e 2 -; (Ir ) = =
Sau ! phut, ndng do0 muoi trong bé la: 1000+30¢  100+3¢ (gam/lit).
- 00¢
ft)= >0
¢) Xét ham sb 100431 vi ¢ o don vi la phat va £ =0,

60t _ li 60

_ lim f(t)=lim = lim =20
Taco: ¢+ to+0 10043t (.40 100
—+3
t
. @) =
Nén ti€ém cén ngang cua do thi ham so / la y =20 .

Vay ndng d6 mubi trong bé ludn nhé hon va ngay cang gan 20 (gam/lit).
Céu 3. Chi phi (don vi: nghin dong) dé san xuat * san pham ctia mot cong ty dugc xac dinh boi ham s6

F(x)=60000+250x  F(x) o , N
. Goi la ham s biéu thi chi phi trung binh (don vi: nghin dong) dé san

(x =0)

xuat * sanpham ki d6, hay tinh chi phi trung binh téi da dé san xuat mot san pham.
Loi gii

Ly
F('l,) _ 0000 + 250x

Chi phi trung binh dé san xuat * san pham la * (nghin dong).
Tacé lim F(x)= lim 90000+250x _ ;160000 55455,
X - +00 X - +00 X X > +00 X

Vay chi phi trung binh tdi da dé san xut mot san pham 1a khong qua 250000 dong.
Cau 4. S6 dan cua mot thi trin sau ! nam ké tr nam 1970 dugc udc tinh bdi cong thuc

_f'(r)zzm +!D:j ()

t+5

dugc tinh bang nghin ngudi (Nguon: Gidi tich 12 néang cao, NXBGD Viet

Nam, 2020). Khi do, s6 dan toi da cua thi trin khong vuot qué bao nhiéu?
Loi giai
-
lim #(¢) =lim 200 +10 =26
ak I

Ta co:
Viy s6 dan ti da ciia thi trin khéng vurot qua 26 nghin ngudi.

Cau 5. Mot cong ty chuyén san xuit dd gia dung wdc tinh chi phi dé san xuit * (san pham) la:

G (o) :C(.{)

0 \ : . x. . ) )
(triéu dong), khi do6 ¥ la chi phi san xuét cho mdi san phdm. Khi d6, chi
phi san xuit tdi da cho mdi san pham khéng vuot qué bao nhiéu?

C(x)=2x+5

Loi giai
lim G(r)=2 o A s £
Ta co: x>+ . Nén s dudng tiém can ngang cua do thi ham so
xuat ti da cho mdi san pham khong vuot qua 2 triéu dong.

G 142 Vay chi phi sin



Céu 6. Mot nha may san xuét linh kién dién tir théng ké duogc rang trung binh mot to san xuét voi * nguoi thi sd

san pham san xuat dugc trong mot thoi gian ¢d dinh dugc tinh bang cong thirc dr+25 Hay
tim sb san pham san xuat duoc t6i da khi s6 nguoi tham gia 1a rat 16n?
5000:
P)=222025 06 veso P =" -

Ta co: (4x+25) , suy ra ham so 40+ 25 13 ham sb dong bién trén
(0;+00)

lim P(x) = lim —200% _ jimy 9000 950,

X— o0 x—+0 4x +25 x—>+oo4+§
Ta lai co: X

Suy ra tiém can ngang ctia d6 thi ham s6 1a =1250

Vay s6 san pham san xuat dugc t6i da khi s6 nguoi tham gia 13 rat 16n khong vuot qua 1250 .
Cau 7. SO luwong san pham cua cong ty ban duoc trong * (thang) duoc tinh bdi cong thirc
. 4 ‘
x4+ ]

2+

§(x)=300

o x =1 y:S(x)‘ A1 Lo g n [;+ao C i 1w
voi & 7. Xem la mot ham so6 xac dinh trén . Khi do, hay

tinh xem s6 luong san pham cua cong ty ban dugc trong thoi gian dai khong thé thap hon bao nhiéu

san pham?
Loi giai
1200
lim S (x) =1im 300| 2 + =lim| 600 + —X— | =600
X— +00 X— +00 X+ 2 X— +00 2
1+=
Ta co: X
y =600 '

Suy ra, ti€ém can ngang cua dd thi ham sd 1a
Viy sb luong san phiam cua cong ty ban dugc trong thoi gian dai khong thé thap hon 600 san
pham.

Cau 8. Dinh luat van vat hép dan cua Newton dugc cho boi cong thirc . Trong do s Iuc hép

X Ar A T Ae 13 - A A oqx ML, g [ A \ IR
dan gitra 2 vat thé bat ki, G lahiang s6 hap dan, ' * 1a khoi luong cac vat, ” 1a khodng cach giira

chiing. P thi ctia cong thirc nay c6 tiém can ding 1a " =0 , diéu nay c6 nghia 1a khi " dan vé 0 thi
luc hap dan tién dén bao nhiéu?
Loi giai



lim F =lim G 222 =+o0

Taco —° 0 r . Vay diéu nay c6 nghia 1a khi 7 dan vé 0 thi lyc hap dan tién dén
+o0

Céu 9. Mot tng dung ciia ham sé trong vat 1y 13 hé sé twong ddi tinh Lorentz dugc cho boi cong thirc

y(v)=

1.2
- —
“ ,v6i Y 1a van tée tuong dbi gitra cac hé quy chiéu quan tinh, € 13 tdc d¢ anh sang
trong chan khong. Ham nay duogc sir dung trong thuyét tuong dbi dic biét ciia Einstein dé mo ta cac
hiéu (mg twong d6 tinh c¢6 dd thi trong nhu hinh bén.

¥ 4
10

HNWABUOUOL OO

O cS2 c v
Dua vao dd thi ham sé dé cho, hiy cho biét khi hé sb trong ddi dan v& T thi van tdc gan bang bao nhiéu?
Loi giai

=+o0

limy(v) =lim

Vo e v—oc

1- —

2 —_ A n , ) Ay - n 1A K
Ta co: ¢ nén X =¢ ]a ti¢m can dung cua do thi. Vay khi h¢ s6 tuong

dbi dan vé +oo thi van tbc gan bang €.
Cau 10. Mot chiée xe 6 t6 mdi mua c6 gia 30 000 USD. Sau thoi gian ! (ndm), ngudi ta xac dinh gia tri cua xe 6
. 30000 + 2000¢
f(@)=——"—"-(USD)
t6 d6 1a f
a) Sau 15 nim, gia tri ctia xe 6 t6 d6 bang bao nhiéu (USD)?

b) Khi thoi gian tang 1én, hoi gia tri cta xe 6 t6 d6 ngay cang bang bao nhiéu?

30000

3000
2000
1000

Y

Loi giai
30000 + 2000t
f@)=—"——"

a) Ta co:

705) :30000 +125000 X15 —4000

Sau 15 nam thi =15 Nén
Vay sau 15 nam, gia tri cua xe 6 to d6 bang 4000 (USD).



lim /() =lim 30000 +2000¢ _ hm[ 30?00

— 400 t— +0 t t— +0

+2000] =2000
b) Ta co:

Suy ra, tiém c4n ngang cua dd thi ham sb /@) la ¥ =2000
Vay khi thoi gian tang 1én, gia tri ciia xe 6 t6 6 ngay cang giam vé va gan bang 2000 USD.

15%

Céau 11. Trong 200 gam dung dich mubi néng d6 , gia str thém vao dung dich * (gam) mubi tinh khiét va

, . ()%

duoc dung dich c6 nong do .
S )

a) Xac dinh ham s6 ! .

b) Khi thém cang nhiéu gam mudi tinh khiét thi ndng do phan trim cang ting va khong vuot qua bao nhiéu

%.

Loi giai
1
o . 200 15 =30 ) )
a) Trong 200 gam dung dich mudi ndng do 157 ¢6 100 (gam) mudi tinh khiét. Khi thém *
(gam) mubi tinh khiét vao 200 gam dung dich mudi nong do 15% thi co (x+30) (gam) mubi tinh khiét. Khi
100(x +30)
SO =
dé, ta c6 ham s0 1a x+200
f(x) :L()Oz >0, Vx € (0; +0)
b) Ta c6 (x +200) )
Vi f (x) déng bién trén khoang (O’ +0) nén khi ¥ tang thi J (x) tang. Nghia 13 khi thém cang nhiéu gam
muoi tinh khiét thi dung dich c6 nong d phan trdm cang tang.
+30 100 (x +30)
xe(0: +0) o <1 f(x)=——--<100
vi X+30<x+200 g moi ’ nén X +200 dan dén x+200

Nghia 13 ndng d6 phan trim khong vuot qua 100% khi cho thém nhiéu gam mudi tinh khiét vao.

Cau 12. SO dan cua mot thi trin sau ! nam k& t nam 1970 dugc udc tinh boi cong thic

_I"(r)zzm +10 (f ()

r+o

duogc tinh bang nghin ngudi) (Nguon: Gidi tich 12 ndng cao, NXBGD Viet

y :f(r) o L R i i [0;+oo)
Nam, 2020). Xem la mQt ham so6 xac dinh trén nira khoang .

a) Dan s6 cua thi trn d6 vao nim 2025 13 bao nhiéu?

b) Dén s cua thi trin d6 khong thé vuot qua bao nhiéu nghin ngudi?

Loi giai
’ , f(55)=26 55+10 —o4
a) Dan s0 cua thi tran d6 vao nam 2025 la +5 nghin nguoi.
, 120
(@) =—""5>0(vt #-5) (0: +00) o
b) Ta co (t+5) luén nhan gia tri duong trén khoang = . Nén ham s6 dong bién
trén [O;+OO).
lim £ (¢) =lim 260 +10 =26 . a0 vy
Ta lai co: ~* e 45 . Do d6 d6 thi ham so c6 duong tiém can ngang la ¥ =<0

Vi vay dén sb cua thi trdn d6 khong thé vuot qua 26 nghin nguoi.



Cau 13. S6 lugng xe may dién ban dugc ciia mot cira hang ban xe may dién trong dia ban thanh phd Vinh trong

f(x)=50- '}BD
thang thtr * dugc tinh theo cong thire =*¥ trong do
khang dinh sau:

>1 i ur , . ,
* =1 Xét tinh dung sai cua cac

a) S6 lugng xe may dién ctia cira hang duoc ban ra trong thang dau 13 bao nhiéu?
b) Mudn s6 lwong xe ban ra trong thang dat mirc tir 45 xe tré 1én trong mot thang thi can sau bao nhiéu
thang?
¢) Khi * cang 16n thi sé lugng xe ban ra cang tién gan dén muc bao nhiéu xe mot thang?
Loi giai
30

, o f@W=50- = =40
a) SO lugng xe may dién cua cira hang dugc ban ra trong thang dau la 2+1 (xe).

f(x)=45 0 5o 24x260 x24m 7 N
b) Ta co: 2+x dé ban dugc tir 45 xe trd 1én trong moi thang thi
phai tr thang thu tu tré di.
30
+x

=50=
Tiém cén ngang cua do thi ham so

y=f)

X— 00 X— +0o0|

limf(x):lim[SO- :

¢) Ta co: 1a duong thang

y =50
\ia A , A 10 1 ;y=f(x)‘ \ 2 y:SOA C X . v A
Vi tiém can ngang cua do thi ham so la duong thang nén khi ¥ cang 16n thi so lugng xe
ban ra cang tién gan dén mirc 50xe/ thang.
Cau 14. Mot tac gia mudn xuat ban mot cudn sach Toan hoc. Biét phi xuat ban 1a 7 triéu dong va gia tién in mdi

) ‘ t(t =1) , t ‘
cuodn sach 1a 50 000 dong. Goi 1a s6 cudn sach s€ in va (Pon vi nghin dong) 1a chi phi

trung binh ctia mdi cudn sach. Khi dé, chi phi trung binh ctia mdi cubn sach thap nhit cang gan
nhung khong thé nhé hon bao nhiéu ?

TOAN THUC TE

LOP 1 1

Loi giai

Téng sb tién can bo ra dé in ! cubn sach 1a: 7000 +50¢ (nghin ddng).
7000 +50¢
o f@)=———
Chi phi trung binh cia moi cuon séach la
lim £ (¢) =50
Taco =+ .

VAO)

Suyra ¥ =50 13 duong tiém cin ngang cua dd thi ham sb ! . Vay chi phi trung binh ctia moi

cudn sach thap nhit cang gan nhung khong thé thip hon 50000 dong.



Cau 15. Tai mot cong ty san xuat d choi an toan cho tré em, cong ty phai chi 40 000 USD dé thiét lap day

Cau 16.

Cau 17. Déloaibo *

chuyén san xuat ban dau. Sau do, ctr san xuat du ¢ mot san pham d6 choi 4 , cong ty phai tra 6 USD

, ‘ cxlez) oy
cho nguyén li€u ban dau va nhan cong. Goi la s6 do choi

P(x)

ma cong ty da san xuat va

(don vi USD) 1 tong s6 tién bao gém ca chi phi ban dau ma cong ty phai chi tra khi san xuét
P(x)

X

F(x) =
X 48 choi 4., Nguoi ta xac dinh chi phi trung binh cho mdi san pham do choi 413

Fx) L 1;+20)
Xem la ham s6 theo ~ x&c dinh trén ntra khoang

. Khi d6, chi phi trung binh ctia mdi
6 choi 4 thap nhit cang gan nhung khong thé nho hon bao nhiéu ?
Loi giai
Mot dd choi 4 cong ty phai tra 6 USD nén ¥ db choi 4 cong ty phai tra 6% (USD) * > ki
d6 téng sb tién bao gém ca chi phi ban du ma cong ty phai chi tra khi san xuat X do choi 4 la:
P(x) _6x+40000
x X

P(x)=6x+40000= F(x)=

lim 7 (x) = lim

X— 400 X— 400

6x+40000] —6
X

Ta co

F () . Vay chi phi trung

Suyra Y =6 13 phuong trinh dudng tiém cin ngang cua do thi ham sb

binh ctia mdi do choi 4 thap nhat cang gan nhung khong thé nho hon 6 USD.

Gia st dan sd cua mot huyén sau ! him ké tr nam 2024 duoc md ta boi ham sb
- 20¢ +35

f)=

t+2

g =0
(nghin nguoi). Dan sb cua huyén d6 luén ting nhung khéng vugt qué bao
nhiéu nghin nguoi?

Loi giai
5
20+~
lim £ () = 1im 22> = fim—£ =20
t— +0 t— 4+ t + t— 40 2
1+=
Ta co t :
Vay dan s cua huyén d6 khong vuot qua 20 ( nghin nguoi).

% chit gay 6 nhiém khong khi tir khi thai ciia mot nha méy, ngud ta woce lugng chi phi can
(__,(.1._) :—'“:ID.".' +10

bdrala 100 - x (triéu dong), 0<x <100 pe dat dugc gan nhu loai bo

nhiém khong khi tir khi thai cia mot nha may thi can chi phi 1 bao nhiéu ?

100% chat gay 0
Loi giai

lim € ()= lim 220%+10 _
Ta co *~100 x»-100 100- x

Suy ra, duong thing * =100 1 dudng tiem can dimg cia db thi ham s6 ¥ =€),

Vay dé dat dugc gan nhu loai bo 100% chit gay 6 nhiém khong khi tir khi thai ciia mot nha may
thi can chi phi 1a v6 cing 16n va gan nhu 13 khéng thé thyc hién duoc.



L . ) , . , Clx)=2x"+x+25
Céu 18. Mot cong ty san xuat d6 choi wéc tinh chi phi dé san xuat * (san pham) 1a (nghin
; S . : % : : : \ g
dong). Goi la chi phi san xuat trung binh moi san pham. Tim duong tiém céan xién cua do thi

\ £ f(x) . -"E[O:."‘-'-U)
ham so , Col .
Loi giai

Chi phi dé san xut trung binh mot san pham 1a

2
f(_x) :M :2x+1+£ .
X X (nghin dong).
lim [ £ (x)- @x+1)] = lim 2> =0
Ta C(,) X— +o0 X— +0 X .

f(x).

Cau 19. Mot bé chira 6 000 lit nudc tinh khiét. Nguoi ta bom vao bé d6 nude mudi c6 ndong do 25 gam mudi cho

Vay duong thing =2x+1 4y dudng tiém cén xién cia do thi ham sb

mdi lit nude véi tée do 20 lit/phut. Gia sir sau ! phut, ti s6 gitta khdi lwong mudi trong bé va thé tich

. f(t) ] fE[0;+oc)

nudc trong bé (don vi gam/lit) la mQt ham ! . Hay xé4c dinh ham s6 , Col va xac
dinh nong d¢ mudi toi da c6 trong bé.
Loi giai
Sau ? phut khéi lugng mubi trong bé 1a 25.20.1 =500z (gam).
Thé tich ctia bé sau ¢ phut la 6000 +20.¢ (1),
5006 25t

(t): = am /
chids” " 6000+ 200 300047 E™ L)
25¢ 25
lim £ () =i =i =25
lim /(¢) = lim 0 =lim 00 -

t

Vay ndng d6 mudi tdi da co trong bé 1a 25 (gam/lit).



