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THAY LOI NOI DAU

Nam 1996 Nhi xuit bidn Gido duc di xuft ban qu_vén Toan hoc cao cdp tap 1,
Dai s va Hinh hoc gidi tich. tU nay s& viét tit 1a Thee/l- Quyén Bai tap Toan hoc
cao cdp 1ap 1 nay. viét 1it 13 BTThee/l 1a tiép ndi quyén Thec/l, nhim trinh bay
IV chi 1a 6n t3p céc kién thdc da hoc 8 trusng phd thong, nén khong trinh bay &
quyén<nay. déc gid cd thé xem ‘cic dap s6 o quyén Thee/1.

Ching t6i mudn IMu y doc gid vé cich danh s& cac tiéu dé dé tién viéc tra ciiy,

o) quyén Thee/1 chuong dinh s6 bing mot s, thi du chuong II 1a chuong thi
hai. tiét danh s6 bing hai s6, thi du tiét 3.2 |a tiét 2 & chuong 3. doc gid tim ng
& chuong 3 tiét thd 2, muc danh s& bing 3 s6, thi du muc 3.2.1 1a muc 1 & tié1 2
cla chuong 3, doc gia tim né & chuong 3 ti€ 2 muc 1. Cac dinh nghia, dinh 1i, thi
du va chu y ciing danh s6 bang ba s6 nhu vay. Riéng cac hinh vé chi c6 mot sd.

O quyén BTThce/1 cach danh s6 lam tyong 1. Chuong ¢6 mot s6, tiét co haj
s6. Riéng bai tap cd hai sd. s& dau chi chuong. s& thd hai chi s6 thd ty cla bjj
14p trong chuong, ching han bai tap 4.3 la bai tap thil 3 & chuong IV, doc gia tim
n6 & chudng 4 bai tap thit 3. Hinh vé& danh s6 biing mot sd.

Vi tai lieu nay viét 1dn dau nén khong tranh khdi thiéu sét. ching 16i mong
nhan dugc ciac y kién cia doc gid. chung t6i rdt cam on.

Ha Noi, thang 5/1997
Tac gia

TA VAN DINH



Chuong 1
TAP HOP VA ANH XA

> N

A. DE BAI

1.0. MO DAU
1.1. Dung cac ki hiéu da hoc 4 tiét 1.0 hay viét cac ménh
dé sau :

Dinh nghia - Tam giac ABC goi la tam giac cidn néu nd cé
hai gdc bang nhau.

Dinh li - Né&u tam gidc ABC cd hai canh bang nhau thi nd
14 tam giac can.

Dinh li - Diéu kién can va du dé tam gidac ABC can la nd
¢é hai canh bang nhau.

1.1. TAP HOP VA PHAN TU
1.2. Tim tap cdc nghiém cua phuong trinh hay b4t phuong
trinh dudi day va bi€u dién chung trén truc sé :
a)xf -4 +3 =0 b) x? - 4x +3 > 0
)x?-4x+3<0 dDx’-x+1=0
e)xl-x+1>0 Hat-x+1<0




1.3. Tim tap cac nghiém cta hé phuong trinh hay bat phuong
trinh dusi day va bi€u dién ching trén mat phang toa dg :

B lax -y =1
d)3x-y>0

p [Ty =2
—6x +2 = —4 e)3x -y <0

1.4. Trong cac trudng hgp sau hoi c6 A = B khong ?

a) A la tap cac s6 thuc = 0, B 1a t4p moi s6 thuc = tri

tuyét doi cta chinh nd ;

b) A la tap cic s& thuc = 0, B la tap moi s6 thuc < tri
tuyét d6i cua chinh nd ;

c) A la tap moi s6 nguyén khong am va < 100 cd tam thua
la mot s6 186 khong chia hé&t cho 3, B la tap ciac sd nguyén
khong am va < 100 cé binh phuong trit 1 chia hét cho 24.

1.2. CAC PHEP TOAN VE TAP HOP

1.5. A, B, C la tap con cta E. Ching minh rang néu
AUCCAUBvwvMAANCCANBLthiCCB.

1.6. A la tap con cua E. Hay xac dinh cac tap sau E,

ANA AUA G E

1.7. A, B la cac tap con cia E. Ching minh

a) Néu A C B thi B C A.

b) Néu A va B rdi nhau thi moi phdn td cta E sé thuoc
hoac thuéce B.

0)ACB<AUB=B<AUB=E
HACB<ANB=A<=ANB=0

e) AUB =AN
HANB=AU
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1.3. TICH DE CAC
1.8. Cho A = {1, 2, 38}, B = {2, 3, 4}.
Hay viét ra tdt ca cac phdn td cia A x B va bi€u dién
ching thanh cac diém trén mat phang toa do. '
1.9. Cho A [1, 2] = {x | 1 = x < 2}
B=1[23:=1{x]2<x<3}
Hay bi€u dién hinh hoc tap tich A X B trén mat phang toa do.

1.4. QUAN HE TUONG DUONG VA QUAN HE THU TU

1.10. Trong R, quan hé a R 6 xac dinh bai
na3 _b3 =q - bn
¢6 phai la quan hé tuong duong khong ? Tim lép tuong dudng
Cla, R).

1.11. Trong tap cdc s tu nhién, cdc quan hé sau cd phai la
quan hé tuong duong khéng ?

a) a chia hét cho b ;

b) a khong nguyén té véi b.

1.12. a) Trong khong gian hinh hoc théng thudng dugc coi
nhu tap cac di€ém M, M’, .., ching minh rang quan hé "M va M’
& trén mot dudng thing cing phuong véi dudng thang D cho
trude” 12 mot quan hé tuong duong. Néu dac di€m cta cic 16p
tuong duong.

b) Cung cau hoi d6 trong méat phang véi quan hé "M’ la anh
cla M trong moét phép quay quanh tdm O cho trude.”

1.13. Trong tap cac dudng thing trong khong gian quan hé
D 1 D’ cd phai 1a quan hé tuong duong khong ?

1.14. Trong R?, hay ching minh quan hé

x, ) < x,y)e=xsx,y<y
12 quan hé thi tu. NG ¢d phai quan hé thud tu toan phan khong ?
Néu khong, hay xac dinh hai cap (x, y) va (x’, y*) cu thé khong
théa man ca (x, y) < (x, y) lan (', ¥y) < (x, ¥).



1.15. Mot ki thi cd hai mon thi, diém cho td O dén 20
Méi thi sinh ¢6 hai di€m, x 12 di€m cta mon thi thd nhat, y
1a diém cua moén thi thd hai. Trong tap cac thi sinh, ngudi ta
xét tap cac cap di€m s6 (x, y) va xdc dinh quan hé hai ngoi
‘R nhu sau

hoac x; < x,
(x;, y)) Rxy y,) =

hoacx, = x, va y, <y,

Ching minh ring ‘R 12 mét quan hé thyd tu toan phan trén
tap cac thi sinh.

1.5. ANH XA

1.16. Ciac anh xa f : A — B sau la don anh, toan anh, song
anh ? Xdc dinh danh xa nguoc néu co :

DA =R B=R,fx) =x+7;

2) A =R,B =R, fx) = x*+2x - 3;

3) A = [4, 9], B = [21, 96], flx) = x% + 2x - 3 ;
4) A =R, B =R, fx) = 3x - 2|x| ;

5 A = R, B = (0, +»), f(x) = &1 ;

6) A =N, B =N, flx) = x(x + 1)

1.17. Cac 4nh xa sau day la loai 4nh xa gi ? Xac dinh anh
xa ngudc néu cd :

1) béi xitng d6i véi mot di€m O
2) Tinh tién theo vecto a_);
3) Quay quanh tam O mdt gdc 6 trong mat phang ;
4) Vi tu tam O véi ti s6 & = 0.
1.18. a) Cho anh xa f : R — R xac dinh bdi
2x
1 +x?

flx) =

NG cd 1a don anh ? 1a toan anh ?
Tim anh AAR).

IaC [R50

b)

Cho anh xa g : R - R, R" = R - {0}

1 .
xac dinh bdi x — e Tim anh fog.

1.19. Xét hai anh xa

f:

g

R — R xac dinh bdi fx) = |x|

:R+—>R,R+:={x|x€R,x>O}xécdinhbéi

x — Vx. So sanh fug va gof.
1.20. Cho 4 tap hgp A, B, C, D va ba anh xa

f:A—-B;g:B—-»C;h:C—D.

Ching minh rang

ho(gnf) = (hng)nf

1.21. 1) Cho 2 tap E va F va anh xa f : E —» F.
A va B la hai tap con cia E. Ching minh

a) A C B <= f(A) C fAB) ;

b) /A N B) C ffA) N fiB) ;

c) flA U B) = f(A) U f(B).

2)

Ching minh riang né&u f la don anh thi

flA N B) = flfA) N f(B).

1.22. Cho 2 tap E va F va anh xa f : E = F.

A va B la 2 tap con cua F, ching minh
a) A CB=f 1A crld;

by A N B = A n B,

123. Chof: E -F;g. F—G

Chuing minh rang :

D

2)

Né&u f va g 1a toan anh thi gof la toan anh ;

Néu f va g la don dnh thi gof 1a don anh ;

Néu f va g la song anh thi gof la song anh.

Néu gof 1a song anh va f 1a toan anh thi f va g la song anh.
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!.24. Véi mbi bo 4 s6 nguyén a, b, ¢, d sao cho ad — bc
ta cho anh xa f : Z° — Z? xac dinh bdi

il
—_

f:(x, y)— (ax + by, cx + dy)
va goi F la tap cac anh xa nhu thé.
a) Ching minh rang f la song anh va f~! € F.
b) Chdng minh ring néu f va g € F thi fog € F.

1.6. TAP HUU HAN - TAP DEM DUGC -
TAP KHONG DEM DUGC

1.25. 1) Ching minh rang hgp cua hai tap hitu han la mét
tap hiu han.

2) Ching minh rang hgp cia mot s6 dém dugc cac tap hiu
han la mét tap dém dugc.

1.26. Cho tap E, goi P(E) la tap tdt cd cdc tap con cta E.
Ching minh rang 9E) khong cung luc lugng véi E.
1.7. DAI SO TO HOP

1.27. Cho A = {a, b}. C6 thé lap dugc bao nhiéu bang khac
nhau c¢é dang

a b
a a I3}
¥ 6]

trong do a. 3, y. 6 € A ?
1.28. a) Cdé bac nhiéu s6 ¢d 5 chit s6 ?
b) Co bao nhiéu s6 c¢d 5 chit s6 ma cac chit s6 déu khac nhau ?

1.29. Tim s6 tdt cad cdc tap con cia mot tdp gébm n phan
tu, k€ ca tap réng.

1.30. Cho cac hoan vi P va @ cua {1 2 3 4} :
P=1{3412, = {241 3} ma ta ki hiéu nhu sau :

10

(1234 (1234
P = 3412 Q@=19413
Tim PoQ, QoP, P~' va @ L

1.31. Cho n diém khac nhau trong mat phang sao cho ba
diém bat ki khong thing hang. Xét cic doan thang néi tiing
cap hai di€m khac nhau.

a) Tinh s6 cac doan thing dd.

b) Tinh s6 cdc tam gidc dugc tao nén.

¢) Ung dung cho cac truong hgp riéng :
n=3n=4n=25.

1.32. Ching minh

a) 1 -Cl+C2— 4+ (-1)PCP = (-1yCP_,

n

o) > (-1C =o0.

=0
1.33. Tim s6 hang 16n nhdt trong khai tri€n cua nhi thidc
(37 +19)3!

B. BAI GIAI VA HUONG DAN

1.1. Tam gidc can := tam giac cé hai goc bang nhau.
Tam giac c6 hai canh bang nhau = tam giac can.
Tam gidc ¢6 hai canh bang nhau <>tam gidc can.

1.2. Bang cach giai cic phuong trinh va bat phuong trinh
ta thu duge : a) {1, 3} ; b) (-, 1) U (3, +=) ; c) [1, 3] ;
d) @ ; e) (mo, +w) ; f) &

11
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1.3. Bang cach giai cac hé phuong trinh va bdt phuong trinh
suy ra :
a) {(2, D} ;

b) {(x, y) | x tuy ¥, ¥ 3x - 2} dudng thang v = 3x - 2.

¢) {(x, y) | x tuy ¥y, y = 3x} duong thang y = 3x.
d) {(x, y) | x tuy y, y < 3x}.

Cac diém (x, y) nam dudi dudng thang y = 3x.
e) {(x, y)'| x tuy y, y > 3x}.
Cdc diém (x, y) nam trén dudng thang y = 3x.
1.4. a) Ta nhan thay
Dx€A=>x=20=x=]x|] =>x & Bnghialax € A =

x € B, vay A C B.

A,

N xeEB=>x=|x|] 20=x€ A nghialax € B=2x €
vay B C A.

Do d6d A = B.
b) Xét x < 0. Khi d6 vi x < 0 nén x ¢ A. Nhung cing vi

x < 0 nén x < lx|, do d6 x € B. Vay A = B.

12

¢) Gia st n € N. Chia n cho 12 ta dugc n = 12p + r
peE€N resS:=1{01 2 84,5 6,7 8 9 10, 11}.
Do do ’
n® = (12p)° + 3(12p)%r + 3(12pr + 1% = 12k + r. k € N.
Vi 12k 12 mot s6 nguyén chin va chia hét cho 3 nén
ne€AereA
Nhung bang cach tha truc tiép véi moi r € S ta thdy
re A<sreT:={l1,5 7 11},
Viycon € A=reT
Mat khac n? = (12p)? + 2(12p)ir + r
Vi 24h chia hét cho 24 nén
n € Ber € B.

5

= 24h + r’. h € N.

Nhung bing cdch thu truc ti€p v6i moi-r € S ta thay
reBereT

Vaiy cd n € Be=r e T

Tom lai n € A<=r € T<n € B, tic lan € A &n € B,
nén A = B.

Chiti y. Theo cach giai trén thi khéng can han ché n < 100.
Nhung né&u han ché n < 100 thi cd thé giai bai todn bang cach
liet ké cac phdan ti cua hai tap A va B. Tuy nhién cach lam
nay dai.

15, xr e C=>2x€ AUCCAUB=>x AUB

= x € A hayx € B.

Néux €e Athix € ANCCANB=x € B.

Vay co

x € C =x € B, nghia la C C B.

1.6. Dung biu d6 Ven (hinh 1),
ta thay ngay

@ =A;ANA=0; A
AUA-=E
E
Ngoai ra
— Hinh 1

& =E, E = .

17.a) x e B=>x € Avindux ¢ A tic la x € A, do d6
theo gia thiét A C B ta ¢d x € B, diéu nay trai voi gia thiét
x € B. Vay dung la x € B = x € A, nghia 1a B C A

b) Xét x € E. Khi d6 x € A hoac x € A (vi A U A = E).
Neux € Athix &€ B(viANB = @), tic la x € B. Vay :

xEE:xEZ-hoachEkhiAﬂB=®.

c) Dé giai bai toan nay ta ching minh ba ménh dé sau :
()ACB=AUB=B
() AUB=B=AUB=E

13



(jiii) AU B =E=AC B. NéuxéAthix%B:xEE:xEKUE.
AUB

Két qua (i) r6 rang nhd bi€u d6 Ven. Néux €EBthhr A= x€ A=>zx € U

D& ching minh két luan cua (i), trudc hét ta cha y rang Néux € Avaix ¢ Bthixe€ Avax € B=>x € AUB
ViACE, BCEnén Vay :x € ANB=1x € AU B.

A BCE
Y. _ _ Tom lai :

Sau dd, xét x € E thi x € B hoac x € B ; néu x € B thi — — -
x¢B=AUBnnx ¢ A Dodix €A VayE C A U B AUB=ANB
va ti do suy ra két qua (ii). HxeANB=>xc€ Avax € B

Dé ching minh két luan cda (iii), ta xét x € A. Ta cd xEA=>x ¢ A

x € E =AU B Nhung vi x € A nén x &€ A Vay x € B, —
nghia 1a : x € A= x € B. Do d6 A C B. rEB=x¢&B

d) D& giai bai toan nay ta chdng minh ba ménh dé sau : Vay x ¢ AU B Dodsx €AUB,

G)ACB=ANB=A ANBCAUB.
() ANB=A=ANB=y Nguge lai
(i)ANB=g=A=B8B xrEAUB=>x¢AUB=>x¢&Avax & B.

Két qua (i) ro rang nho so d6 Ven. —
X xEA=>xE A
D€ ching minh két luan cha (ii), trudc hét ta xét x € A.

Ta cd x ¢ B=x € B.
xEA=ANB=>xe€B=x¢& B. Vay
Vay AN B = &. ‘ xEAUB=>x€Avax€EB
 DEehine minh Lt cin ) i st < € A i 08 i 1 x < 05 o 45
~nghia 14 A C B. UBCANRB
e)x € AUB=x€ A hoac x € B. Vay cé két luan cua f).
Néux € Athix ¢ A= x¢&ANB 1.8. {(1, 2), (2, 2), (3, 2), (1, 3), (2, 3), (2, 4), (3, 2), (3, 3),
Néux € Bthix ¢ B=x & A N B. 3, H}.
Vay ' Cac di€m cé toa do nhu trén.
xEAUB=>x¢ANB=>x€EANB 1.9. Hinh chit nhat cd 4 dinh 1a (1, 2), (1, 3), (2, 2), (2, 3).
Ngugce lai 1.10. Theo d4au bai, vé6i a € R, b € R ta ¢d quan hé
xEANB=>x&ANB a@b@a3—b3=a—b (1.1)

14 15



Quan hé nay cé tinh phan xa @ Ra vi ta luén co
(L:;_(13=(1_a
Quan hé nay cd tinh d6i xing vi tit @ R b tuc la
a?-b3=a-b
ta suy ra b3 -a’=b-aticlab Ra.
Quan hé nay cd tinh bac cau vi tu
a Rb ticlaa’-b3=a-b,
bRecticlabd -3 =b-g¢
ta suy ra
a’> - ¢’ =a~-cticlaa Rec.
Vay quan hé (1.1) 1d quan hé tuong duong.
Bay gio xét 16p tuong duong €(a, . N6 géom nhing 6 € R
sao cho b R a, tuc la
b3-a*=b-a
" hay
(b - afp?+ab+a*-1] =0
Vay 16p tuong duong €(a, ‘R) truéc hét géom phan ti b = a,
sau dJ la cac phan ti b sao cho
b2 +ab +a*-1=0.
D6 1a mét phuong trinh, bac hai d6i véi b.
Do dé quan hé cho & dau bai la quan hé tuong duong va
16p tuong duong €(a, R) xdc dinh béi :
Néu la| < 2N3 va la| = IN3 thi €(a, R) = {a va hai
nghiém cta phuong trinh x* +ax +a’ -1 = 0).
Néu |a|l = 23 thi €(a, R) = {a va nghiém kép cta phuong
trinh trén}.
Néu |a| > 2/43 thi €@, R) = {a}.
Néu |a| = IN3 thi €(a, R) = {a, -2a}.
1.11. a) Quan hé nay khong déi xting vi khi a chia hét cho
b thi ndi chung & khéng chia hét cho a, vy quan hé nay khong
phai 12 quan hé tuong duong.

16

b) Quan hé nay khéng bac cdu vi khi a khéng nguyén té véi
b, b khong nguyén té vdi ¢ thi chua hdn 1a ¢ khong nguyén tg
voi ¢. Thi du :
a =5b6=15¢c=3.
Vay quan hé nay khéng phai l1a quan hé tuong duong.

1.12. a) Quan hé nay ré rang cd tinh phan xa, d6i xdng va
bic cdu, cho nén nd 12 mot quan hé tuong duogng. Méi 16p tuong
duong 12 mét dudng thidng cung phuong véi D. Tap cac lép
tuong duong gdém tdt ca cac dudng thing cung phuong véi D.

b) Quan hé nay ré rang cd tinh phan xa, d6i xdng va bac
cau, cho nén nd 12 mat quan hé tuong duong. Méi lop tuong
duong la moét dudng tron tam O. Tap cac 16p tuong duong la
tat cA cac dudng tron tam O.

1.13. Quan hé nay khéng phan xa vi D khéng L D, khong
bac cdu vi D 1 D’, D’ 1 D” thi chua chdc D L D”. Vay quan
hé nay khéng phai 12 quan hé tudng duong.

1.14. Xét cac cap (x, y), (x’, ¥), (x”, y’) cua R.

Vix =x, y =y nén

(x, y) = (x, y)
nghia 1a quan hé c6 tinh phan xa.
Néu (x, y) < (x), y) tdclax s x’, y <y’
@, y) s (@, y)tdiclax’ < x,y <y

thi x = x2”, y = y’ tidc la
(x, y) = (&, y?
nghia 12 quan hé c¢d tinh phan d6i xdng.

1 i3] >

<zx”y

]

Néu (x, y) < (), y) ticlax < x, y <y’
(x, y) € 7, y) tdc la x <y
¢thi
tic la
(x’ y) < (xn’ y)))

nghia Ia quan hé c6 tinh béc ciu.

17



Vay quan hé dang xét la mot quan hé thd tu.

Nhung né khong phai 12 quan hé thi tu toan phan trén R?
vi chang han hai cap (1, 2) va (2, 1) khong so sanh duoc :
khoéng cé (1, 2) < (2, 1) cing khong ¢ (2, 1) < (1, 2).

1.15. Xét ba thi sinh c¢d ba cap diém (x, y)), (x;, ¥,), (x3, y3)-

Vix, =x,y =y nén (x, y) R (), y). Vay quan hé R
cd tinh phan xa.

Bay gis d€ ching minh tinh phan d6i xung ta gid su :
(x;, ¥ R (x, y,) va (x;, y,) R (xy, ).

(x;, yp R (x,, y,) <=hoac x; < x,, hodc x; = x5, y; < ¥,
(x,, ¥;) R (x}, y) «=>hodc x, < x;, hoac x, = x,, y, <y,
Nhu vay, x; < x, va x, < x|, do d6 x; = x,.

Khi d6 lai ¢6 y, < y, va y, < y;, do d6 y; = ¥,

Vay ti (x, y) R (xp y)) va (xy y,) R (x, ¥, ta suy ra
(x;, y;) = (x5, y,). D6 la tinh phan déi xing cua r.

Bay gio dén tinh bic cau.

Gia st (x;, y) R (xp, y,) va (x5, y,) R (a3, y3).

(x;, y) R (x,, y,) cé nghia la x; < x,, va néu x; = x, thi
Y1 S Yy

(x5, ¥,) R (x5, y3) c6 nghia la x, < x5 va néu x, = x4 thi
Y, € Y3

Nhu vay, tit (), y) R (x,, y5) va (xy, ¥,) R (x4, y;) ta suy ra:

XS Xy Xy S X3 DX S Ay

va néu x; = x, thi x; = x, = x; nén ta via ¢d y, < y, vita
c6 y, < ¥ vay co (x, y;) R (x5, y4). Do do

(xpp ¥ R (xy y,) va (x5, y,) R (x5, y3) = (x), y) R (x5, v3).

D6 1a tinh bic cdu cua R

Vay R 1a moét quan hé thd tu trong tap cac thi sinh.
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Bay gio muén biét no c¢d phai la mét quan hé thd tu toan
phan hay khong ta xét hai thi sinh bat ki v&i cic cap diém
(X, Y) va (X,, Y,).

Trudée hét ta so sanh X, va X,

Neéu X, < X, thi (X, ¥) R (X,, Y,)
Néu X, > X, thi (X, ¥,) R (X, Y)
Néu X, = X, thi ta so sanh tiép Y, véi Y,
Néu Y, < Y, thi (X;, Y) R (X,, Y,)
Néu Y, > Y, thi (X,, Y,) R(X,, Y}

Vay hai thi sinh bit ki bao gio cling so sanh dugc. Do do
quan hé thd tu dang xét 13 m6t quan hé thd tu toan phan.

1.16. 1) Xét phuong trinh f(x) = y € B tic la
x+7T=y, x€A

V6i y € B cho trudc né cé khong quid moét nghiém, vay f la
don anh.

Véi moi y € B nd luén cd nghiém, vay f la toan anh.
Do do f la song anh.
Anh xa nguge la x = f—l(y) =y - T
2) Xét phuong trinh fix) = y € B tic la
x2+2x-3=y, x€EA
Day 1a mot phuong trinh bac hai d6i véi x
2 +2x-B3+y) =0
Cd biét s6
AN =1+E3+y)=4+y.

Néu 4 + y > 0 tic 12 néu y > -4 thi phuong trinh ¢6 hai
nghiém khac nhau. Vay f khéng phai don anh.

Néu 4 + y < 0 tic la néu y < -4 thi phuong trinh khong
c6 nghiém thuc. Vay f khdéng phai toan &anh.

Do dé f khong phai song anh, khéng c¢d anh xa nguoc.
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3) Xét ham s6y = flx) = x* + 2x - 3. NG c6 bang bién thién

1 "

’ oo 0 - o -4 o

y —— 2 - ,ﬁir/ ,7+m
\ ) _4 — ,1 - g

Khi x tang tit 4 dén 9 thi y tang lién tuc ti 21 dén 96. Vay
phuong trinh
2 +2x-3=y€[21,96] =B
¢6 moét va chi mot nghiém
x=-1+V4 +y €49 = A
Do do anh xa via la toan anh, via la don anh, nén 1a song
anh va cé anh xa ngudc la
flo) = -1+Vd4 +y
4) Xét ham s6y = f(x) = 3x - 2|x|. NG co thé bi€u dién bdi
3% - 2x =x khix =20
y={3x+2x 5x khix < 0

va c6 bang bién thién

X -0 0 too

Yy - // 0 /,/-//’/, +c0

] y = 5x y =2
Khi- x ting tit — dén +o thi y tang lién tuc ti -« dén +w.
Vay phuong trinh
f(x) =y € (—oo, +») = B

c6 moét va chi mot nghiém x € (-», +x) = A
Do dd f vita la toan &anh, vita 1a don 4anh nén la song 4anh

va ¢6 anh xa ngugc

y y=0
-y = {1
v 5y,y<0
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5) Xét ham s6 y = flx) = &1 = ee.
NG c¢d bang bién thién
x —c0 +0o0
y ’ L te
0+

Khi x tang ti -o dén +w thi y tang lién tuc td 0" dén +ow.

Vay phuong trinh
flx) =y € (0, +) = B
c6 mot va chi mot nghiém x € (-», +) = A.

Do do f vua la toan dnh, viia la don dnh, nén la song anh
va c¢d anh xa nguge thu duge bang cach giai phuong trinh
=)
tuc la

fly) = Iny - 1.
6) Phuong trinh flx) = y viét
x(x+1) =y €B = N.

Xem x 14 mot dn s6 thuc thi khi A = 1 + 4y = 0 phuong
trinh c¢d nghiém thuc

o TlEVT+gy
* = 2
Khi 1 + 4y 1a mét binh phuong cta modt s6 nguyén 1é nhu
khi y = 6, 12, v.v... thi chi c6 mét gia tri x = (-1 +

+ V1 + 4y)/2 1a s6 nguyén > 0. Khi 1 + 4y khong phai la binh
phuong cta mot s6 nguyén 18 nhu khi y = 3, 5 v.v... thi x
khéng phai la s6 nguyén = 0.

Vay f la don anh, khong phdai 13 toan anh, nén khong phai
la song 4nh, khong cd anh xa ngugc.

1.17. Tat ca déu la song anh.

1) Anh xa ngugc tring véi nd.

. —>
2) Anh xa nguge la tinh tién theo vecto —a.



3) Anh xa ngudc la quay quanh tam O moét géc -6.

., , 1
4) Anh xa ngudc la vi tu tam O véi ti sé e
1.18. a) Xét ham sé

y = flx) =

1 +x2
¢d dao ham
, 21 -x)
T (1492
va ¢d bang bién thién
X | - -1 +1 +oo
Ty — 0+ 0 -
|
1 0 1 -
i . =1 -0

Dua vao bang bién thién ta thdy phuong trinh

o
f(x):thcla1+2=yER

¢ t6i hai nghiém khac nhau khi -1 < y < 1 va khong co
nghiém nao khi y < ~1 hay y > 1.

Vay f khong phai don anh, khong phai toan anh, déng thoi

fIR) = [-1, 1].
b) Ta cd x € R" = 1/x € R va
1 2/x
(fog)x) = flew] = f () = 1 ()
pu— 2x —
- 1+x7 f(x)
Vay fog =f.
1.19. Néu x € R, thi
(fog)(x) = flgo] = flx) = [Vx| = Vx
(gof)x) = glfl = gtlxp = Vla] = Vx

22

nghia la khi x € R,
(fog)(x) = (gofilx)
Nhung khi x < O thi
(goNx) = VIxf
cdon (fog) khong xac dinh.
Vay fog # gof.
1.20. Xét x € A ta cd
[ho(goN1x) = hlgoN(x)] = hlglflx)]]
[(hog)of1(x) = (hog)[flx)] = hlglflx)]}
Vay hol(gof) = (hog)of.
1.21. 1) a) Ta phai ching minh

1) A C B=f(A) C f(B),
2) ff[A) C fiB) = A C B.

Chitng mink 1) : y € f(A) thi t6n tai x € A dé flx) = y
x €EA=>x€ B (M A C B); vay tén taix € B dé flx) = y
do d6 y € f(B). Vay flA) C f(B).

Chitng minh 2) : Xét x € A thi fx) = y € f(A) ; nhung
flA) C f(B) nén f(x) = y € f(B), ta suy rax € B. Vay A = B.

b) Gia st y € LA N B) thi 3x € A N B dé flx) = y.
Khi do :
vix € Anénflx) =y € flA)

dong thoi
vix € Bnén flx) =y € f(B)..
Do do
fix) =y € ffA) N f(B).
Vay

LA N B) C flA) N f(B).
c) Xét y € LA U B) khi d6 3x € A U B d€ flx) = y.
Khi do, néu x € A thi flx) = y € flA);
néux € B thi flx) = y € flB);
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nghia 1a ta luén co 1.22. a) Xét x € f 1A). Khi d6 x € E va fix) = y € A,
nhung A C B, do dd flx) = y € B = x € f'l(B), vay cd
f Y%A) c £ 4B) va cau a) dude ching mink.

b) Xét x € fFllA N B) tic lax € E va flxy =y € A N B.

fix) =y € flfA) U f(B).
Vay
flA U B) C ffA) U fIB).

Khi d¢
Ngugc lai, xét y € ffA) U f(B). Khi do flx) =y € A=x € fHA),
néuy € flfA) thi 3x € Adé€ flx) = y dong thoi
— -1
néuy € f(B) thi 3x € B dé flx) = y ; fy =y € B=x €[ (B
nghia la ta luén cd Vay
-1 -1
3x € AUBdEflu =y x € f{A) N B,
. tuc la
Vay A nB) i n s
fx) =y € f(A U B). Nguoc lai, xét x € £ 1A) N £ Y(B) nghia la
Do do x€f A = fx) =y €A,
flA) U f(B) C f(A U B). déng thai
Két qua la r€f B =fix)=y€EB
f(A U B) = flA) U fiB) Vay
2) O cau 1. b) ta da ching minh fo =y&eAns
Do do
flA N B) C f(A) N f(B). x € f"YA n B).
Bay gio gia st f la don anh. Vay
-1 -1 -1
Xét y € flA) N A(B). Khi d6 fHA) O fB) Cf AN B).
y € flA) tic la 3x, € A d6 flx)) = y, Két qua la cdu b) dugc ching minh.
dong thoi 1.23. 1) Gia thiét f va g la toan anh :
y € f(B) tic la 3x, € B 6 flx,) = y. fE) = F, g(F) = G
Vi f la don anh nén ta suy ra X, = x, Ta suy ra
Vf_iy Jx = x = x, € AN B dE fx) = v. (g E) = g[f(E)] = gF; = G.
Vay gof 1a toan anh.

Do do y € flTA N B), nghia la

flLA) N fIiB) C flA N B).
Két qua la : khi f don anh ta c¢

fTA N By = flA) N fiB).

Bay gio gia thiét f va g la don dnh. Xét x| va x, € K. Ta co

—_ Y
(  EF gy =2, €06

X, € E flxy) =y, € Fogv,) =2z, G

x, €EE fix) =y

[\
o1l

24




va (goN(x)) = glftxP] = gly) = 2, ;
goN(xy) = glflx)] = gly,) = 2,.
Gia st z; = 2z,
Vi g la don 4nh nén y, = y,. Tit dd, vi f la don anh nén

X = X, Vay ti (gof)(x)) = (gof)(x,) ta suy ra x; = x, Do dd
gof la don anh.

Tu hai két qua trén ta suy ra :

Néu f va g la song anh thi gof ciing la song anh.

2) Ching minh f la don 4nh.

Gid su f khong phai don 4nh ; tdc la ton tai x; va x, € E
sao cho x; # x,, dong thoi f(x;) = flx,). Ta suy ra

(goN(x)) = glflx )] = glf(x,)] = (gof)x,),

tuc la
(gof)(x)) = (gof)(x,).

Vi (gof) theo gia thiét 1a don 4nh nén ti¥ dang thudc trén ta
thu duge x; = x, ; diéu nay trai véi gia dinh x, # x, § trén. Vay
f 1a don anh.

Theo gia thiét f da la toan anh, vay f la song anh.

Ching minh g la toan 4nh.

Vi f la toan anh nén f(E) = F.

Vi gof 12 toan anh nén (gof)(E) = G.

Ta suy ra

G = (o )(E) = glf(E)] = g(F),
nghia la gF) = G
Viy g la toan anh.
Ching minh g la don anh.

Gia st g khong phai don anh, tdc la ton tai y, va y, € F
sao cho y, # y,, gly) = glyy).
Vi f la toan anh nén
Ix, € E dé flx) =y, ;
Ix, € E d€ f(x,) = y,.
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Ta co
gy = glflx)] = goNx)
gy, = glftxy)] = (golx,).
Vi gly;) = g(y,) nén
(gofitax)) = (gof)lx,).
Vi gof 1a don anh nén tu dang thidc trén ta thu dude x; = x,.
Nhung
x, =x, = flx) = flx,),
tic la y, = y,, diéu nay trai gia dinh y, # ¥, 6 trén. Vay g
la don dnh.
Ta da ching minh dugc g 1a toan anh. Do dé g la song anh.
1.24. Anh xa f ¢6 thé mo ta nhu sau :
flx, y) = X, )

véi
ax + by = X
1.2
cx+dy:Y} (12)
va
a b
A= c d’ = ad — be = 1.

a) Vi A =1 # 0, nén khi X va Y xem la da biét thi hé
(1.2) ludon ¢ mot va chi moét nghiem (x, y). Do ddé f vua la
toan anh (vi hé (1.2) luén c¢d nghiém) via la don anh (vi hé
(1.2) ¢6 khong qua mot nghiém). Vay f la mot song anh.

Muon c6 f~! ta giai he (1.2) déi véi x, y -

JXj
" d
x = z - = dX - bY;

- A
LGX
cY ,
y = A = —cX + aY
Vay
X Y o= x,



vai
dX - bY = x
-cX+aY =y
va
d -b]
l I =ad — bc = 1.
|—c a
Do do fterF.

b) Bay gio gia st fva g € F :
fix, y)) = (ax + by, cx +dy), ad — bc = 1
gllx, y)) = (ax + By, yx +3dy), ad - By = 1.
Ta phai ching minh fog € F. Ta cd
(fog)((x, y)) = flg((x, y))].
Do do
(fog)((x, y))

i

fllax + By, yx + 3y)) =
(alax + By) + blyx + 8y)), clax + By) + d(yx + Sy))
((a + bynx + (af + bd)y, (ca + dy)x + (¢ + dd)y)

il

=, y)
vai
x’ = (aa + by)x + (aff + b3d)y ;
y’ = (ca + dy)x + (¢ + dd)y.
Xét dinh thuc

aff + bd
¢ + do

ac + by
ca + dy

D = [aa + 8y)cf + ddD) — (@ + bS)ca + dy)
= awcf + aadS + byeff + bydd — afea - afdd — bdca - bddy
= aadd - afdd + bycp - boca
= adlad - fy) + betyff ~ «wd)
=ad — be = 1.
Vay fog € F.
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1.25. 1) Gia st A ¢6 n phan tu, B ¢ m phan tu
A = A{x, x5 - x,}
B ={y, ¥y = I}
Khi d6 A U B cé nhidu nhdt n + m phan td, nén nd la mot
tap hiru han.
2) Gia su

ALA, LA, -
la cac tap hiu han, A, c6 n, phédn tu :
Ap = {xy, 2y 0 xlnl}
A, = {x,y, Xy x2n2}
Am = {xml’ 2 » Xmn }

Xét tap B nhu sau

B = {z, z, ..., zn], znlﬂ, z"1+2’ - zn1+nz, ey zn1+n2+v__+nm, ...}
Khi d6 gita hop cua cdc A,
AJUA,U.LUA U ..
va B c¢6 mét tuong dng moét déi mot.
Vay hop cua cac A; cung luc luong vai B.
Nhung B cung luc lugng véi N.
Vay hop cia mot s6 dém dugce cac tap httu han la mot tap
dém dugc.
1.26. Gia st ¢ la mot anh xa nao d6 tiu E t6i P(E). Khi do
x € E thi p(x) la tap anh cta x nén p(x) € P(E) ;
x ¢S thé thudce ¢(x), cé thé khong. Ta xét
A={x €E x & px}.
Nhu vay A € P(E). Hoi ¢ tén tai ¢ € E dé A = ¢a)
khong ? Gia st cd mét phan ti @ nhu thé Khi do
Néu a € pla) thi @ € A = pla) = mau thuan.
Néu a & ¢(a) thi @ € A = pla) = mau thuan.
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Vay khong c6 phén td a nao cia E dé A = p(a). Do dé anh
xa ¢ khong phai toan anh, nén khong phai song anh. Vi ¢ la
bat ki nén ta suy ra : khong thé tén tai mot song anh gitta E
va (P(E). Vay E va P(E) khong cung luc lugng.

1.27. Méi bang thanh lap t¥ mot bo (afyd). Mbi bo (afyd)
la mét chinh hgp lap chap 4 caa cac phan td cta A = {a, b}
gom 2 phan t&. Vay s6 bang thanh lap duge bang s6 chinh hgp
lap chap 4 cua 2 phan td, nghia la bang 24 = 16.

D6 ciing 1a s6 anh xa tit A2 téi A.

1.28. a) Méi s6 ¢6 5 chit s6 c¢6 thé tach thanh 2 phan : phan
dau la 1 chi& s6 khac khong ldy tit {1, 2, 3, 4, 5, 6, 7, 8, 9}
phan sau gém 4 chit s6 bat ki, cs thé trung nhau, 14y t 10 chit
s6 {0, 1, 2, 3, 4,5,6, 7, 8, 9}. Vay s6 cac s6 ¢ 5 chil s bang
9 lan s6 cac chinh hop lap chap 4 cdia 10 phan ti. S6 d6 la

9.10% = 90000

b) M6i s6 ¢ 5 chit s6 khdc nhau ¢ hai phan : phan ddu la
moét chit s6 khac khong lay tw {1, 2, 3, 4, 5, 6, 7, 8, 9}, phan
sau la 4 cht s§ bdt ki khdc nhau lay tit 9 chit s6 con lai cia
{0, 1, 2, 3,4, 5,6, 7, 8 9}. Viy s6 cac s6 c6 5 chit s6 khdac nhau
bang 9 14n s6 chinh hgp khong 1ap chap 4 cta 9 phan ta. S6 d6 la

9.9.8.7 = 27216.
1.29. Goi E la tap cd n phén ta. Nhitng tap con cua E la :
- Nhing tap- con chia 0 phan tu, d6 1a tap réng ; ¢ Co =1 tap.
~ Nhiing tap con chia 1 phan td, cd téng s6 C} tap.

— Nhitng tap con chda p phan td (p < n), c6 CF tap.
- Nhilng tap con chda n phéan tt, do 1a E, co C7 =1 tap.
Vay t6ng s6 cic tap con cia E la

CR+tC+Ci+ . +C+ .. +C=1+1)"=2n
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1.30. Ta di biét (xem dinh nghia 1.7.1, Thce/1) moét }10én .vi
cua tap A = {a  a, .. a_} la anh ctia mo6t song anh ti A lén
A. Mot ki hiéu song &nh d6 bang chit P thi anh dd la

{P(a,) P(a,) ... Pla )}

NG 1a mé6t hodn vi cia A ; ngudi ta cling goi hodn vi nay la
hoian vi P. D& cho dé thdy ngudi ta con viét hoan vi dd nhu sau :
a a; R a,

b= P(a)) Py ... P(a,)

trong dé hang trén la cdc phdn td @, cia A, hang dudi la cac
anh P(a;,) tuong ung.
Nhu vay, hodn vi {3 4 1 2} cua tap {1 2 3 4} cd thé viét
(1 2 3 4)
3 4 1 2

Xét thém hoan vi @ cua A :

a a .. 9
Q= [Q(al) Qay - Q@)
Khi d6 tich PoQ la tich ciua hai anh xa P va @, no tao ra
hoan vi tich
a

1 aZ an
Po@ = | (Po@)(a,) (PoQ)(@,) - -. (POQ)(an)]

xac dinh béi
(PoQ)(a,) = PIQ(a)].
V6i P va @ cho ¢ dau bai :

1 2 3 4
P=13 4 1 2
1 2 3 4
Q=19 4 1 3

ta cd
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vi (Po@)(i) = P[Q(1)] = P(2) = 4
(Po@)(2) = PIQ(2)] = P(4) = 2
(PoQ)(3) = PIQ(3)] = P(1) = 3
(Po@)(4) = PIQ(4)] = P(3) = 1
Mot cach tuong tu ta cd
2 3 4
QoP = (i 3 2 4)
vi (QuP)(1) = QIP(1] = Q(3) = 1
(QoP)(2) = QIP(2)] = Q4) = 3
(QoP)(3) = QIP(3)] = Q(1) = 2
(QaP)(4) = Q[P(4)] = Q(2) = 4
Bay gio xét P! va @ L. Ta c6
o J 1 2 3 4
P PT'@ P P
(1 2 3 4)
i3 41 2
o 1 2 3 4
© T e e e Q‘1(4)J
_ (1 2 3 4)
131 4 2

1.31. a) Cd hai di€m cho moét doan thidng. Vay d biang sé
cac t8 hgp cua n di€m chap 2, do dé
n(n —1)
— 5

b) Cd ba di€ém cho mot tam gidc. Vay ¢ bang sé cdc t8 hop
cia n di€m chap 3. Do d¢

nn —1)(n —2)
3!

d =
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c)V8i n=3tacod=23¢t=1
n=4taccd =6,¢t =14

S5tacdd =10,¢ =10

1.32. a) Truéc hét ta ki€m tra lai cong thic

ad_, +C = F

-1 n—1 n

n

That vay, ta c6
n-1..(n-1-p+1 + -1 (n=-1-(p-1)+1)

p! @~
_ (n—l);!(n —p) (n—l)-~~;r!t —p+1)p _
_ (n-—l)...}()r!L-—p+1)((n oy +p) =
_n(n —1).‘..p(!n ~p+1) _ o

Sau dd, thay trong
S=1-Cl+C2 + .. + (-1)rc?
C? boi cong thic trén ta duge
S =1-(Cy_; +Cl) +(CL, +C2 )+ ..
PO oy =
(-1¥C,

b Y=+ =2

M=

0

4

o > (¢ =01=-1"=0

i=0

1.33. Dat s6 hang thd p + 1 trong khai trién (37 + 19)3!

31
u, = 04 871719
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19 19 32-p

"37 37

37

19

“p _ 31! @ — D32 -p)!
Up— T op!i(81 =p)! 31!
Yp 31! @ + (30 —p)!
Uy ~ pl@Bl=-p)’ 31!
Up 4y 19 31 —p
Ta suy ra
“p
” > 1 <608 > 56p <=p < 10, p nguyén ;
p—1
“p
> 1<50p > 570 <=p > 10, p nguyén.
Upty
Vay co

Uo

<u,1 < ...

<u9<u

10

Do d6 u,, la s6 hang 16n nhat :
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u,, = C}937211910

> u11 > .

> u

Chuong 11

CAu TRUC PAI SO - SO PHUC -
PA THUC VA PHAN THUC HUU Ti

2.1. LUAT HOP THANH TRONG TREN MOT TAP

2.2. CAU TRUC NHOM

2.1. Cho E = {1, 2, 3}, P, P, Py, P, P, P, la cac hodn
vi cia E. :

1) Ching minh rdng véi luat hop thanh la tich cdc hodn vi
thi tap hgp cdc hodn vi ndi trén tao thanh mét nhém, ki hiéu
la S,

2) Hoéi nhom dd cd giao hoan khéng ?

2.2. Goi R* := R - {0}. Xét cac anh xa f, : R® = R" nhu sau

filx) = x, [, = 1/

f3(x) = —=x, fyx) = -1/x
Véi luat hgp thanh * xac dinh bdi
0= e

hay ching minh ring ciac 4nh xa trén tao thanh mét nhom.
Nhém dé co giao hoan khong ?
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2.3. Ciing cau héi nhu & bai tap 2.2 véi R = R - {0, 1}
va f, : R*® — R" nhu sau :

2.5. O PHUC
2.8. Ching minh ring
' z = (1 +2)(2 - 3i)(2+i)(3 - 2)

la mét s6 thue.

filx) = x, flx) = —= [f3(x)

1 —x

1
falx) = o fs =1 -z, fo(x)

2.9. Tim x va y thuc théa man
(1+2)x+@B-56)y=1-3;
2.10. Cho @, b € R, hay xac dinh x, y € R sao cho
(x +ai)b +yi) = 4 + 3i

Bién luan theo a va b.

2.3. CAU TRUC VANH
2.4. Hoi mbi tap s6 sau day voi phép cong sé va phép nhan
s6 cé phai 1a moét vanh khong ?
1) Tap céc s6 nguyén ;

) 2.11. Hay thyc hién cac phép tinh sau
2) Tap cac s6 nguyén chén ;

1 +itga a +bi
3) Cac s hitu ti ; T—itga’ R
4) Cac s6 thuc ; (1+2i)2 -1 —i)3
5) Cac s6 phic ; CBrap @+
6) Cac s6 cé dang a + bV2, a va b nguyén ; (1-i)s -1 (1 +0)°
7) Céc s6 cd dang a + 6Y3, a va b hiu ti ; m; ¢ (1 -i)?

8) Cac s6 phic c¢d dang a + bi, a va b nguyén ; 2.12. Hay tinh

D (2 reP) w ()

9) Cac s6 phic cé dang a + bi, a va b hiu ti.

2.4. CAU TRUC TRUONG

2.13. Hay tinh cdc can bac hai cta cac s6 phic :
2.5. Hoi méi tap s6 & bai tap 2.4 trén cd phai la mét trudng’ 3 . )
: - 4; - - .
khong ? a) L b) -15 + 8 ;
c) -3 - 4i; d) -8 + 6:.

2.6. Ching minh ring phuong trinh x> + x - 1 = 0 khong

¢ nghiém hitu ti. 2.14. Giai phuong trinh
a) x% +6x3 +9x2 +100 =0

b) x¥ +2x2 - 24x + 72 = 0

2.7. Cho a, b, ¢, d 1a cac s6 hitu ti, A 1a mot s6 vo ti, ching
minh rang :

(a+ib =c+Ad)=(a=cvab=d 2.15. Viét cac s6 phic sau & dang lugng giac

Ij'ng dung : Viét s6 V192 + 96V3 & dang a) l; b) -1 ; c)i; d) -i;
x + yV3 véi x, y hitu ti. e) 1 +i,; H-1+i; g -1-1i; hy1-i;
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va
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)1+iV3 ;. ) -1 +iV3 ; k) -1 - V3 ;
D1-iV3; m) 2i; n) -3 ;
o) V3 -i; p2+V3+i
2.16. Tim dang lugng giac cua
_1+iV3
R
Tinh 2!,

2.17. Cho a = cosf + isinf. Tinh }l theo 4.
1 +a

2.18. Xét hai sd phic z; va z,. Tim diéu kién vé z, va z, d&€

a) z,/z, 1a thyc ;

b) z,/z, 14 4o thuan tudy.

2.19. Hay tim bi€u dién hinh hoc ctia cac s6 phdc z thdéa man

a)lzl <2 b lz-1 <1;
e)lz-1-i} < 1.
2.20. Giai phuong trinh
a) lzl —z =1+ 2i ;
b) |z| +z = 2+ 1.
2.21. Chdng minh hang ding thic
lx + 312+ [x - yI 2 = 2dx]? + |5

cho biét y nghia hinh hoc cua nd.
2.22. Tinh
e 1+iV3 | 20
25 . =
a) (1 +i)%; b (5 ) ;
3—i > ~1+B)S  (—1 —iV3)!S
c) <1 _ B Z>“4; d)( l?[j') +( ”’[j) .
2 _ (1 —1)20 (1 +0)°
2.23. Tinh

(1 + cosa + isina)™

2.24. Ching minh rang néu z + — = 2cosf, (z € C), thi

N | =

1
2"+ ; = 2cosmb

2.25. Ching minh
< 1 —itga) T 1 —itgna
2.26. Tinh cac can :

1-: 1+ i—1
; b) bac 8 caa ; ¢) bac 6 caa

a) bac 6 cua

2.27. Hay biéu dién theo cosx va sinx :

+i V3 —i 1+iV3

a) cosbx ; b) cos8x ; ¢) sin6x ; d) sinx.

2.28. Hay bi€u dién tgbx theo tgx
2.29. Ching minh

N — onl2 n_Jt n_Jt
(1+)" =2 (cos4 +zsm4>

2.30. Hay bi€u dién cos’@ va sin’6 theo cos va sin cua céac

gdc boi cua 6.

2.31. Viét nghiém cta phuong trinh
?+x¥3 +1 =0

6 dang lugng giac

2.32. Giai phuong trinh
z2-(14+i¥38) -1 +i3 =0
2.33. Giai phuong trinh
xt -t -8=0

2.6. DA THUC

2.34. Hay chia
a) 220 - 3x% + 4x? - 5x + 6 cho 2% - 3x + 1 ;
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b) x3 - 3x2 - x - 1 cho 3x% - 2x + 1 ;

c) x* + ix® - ix?2 + x + 1 cho x% - ix + 1.

2.35. Tim diéu kién dé x> + px + ¢ chia hét cho x*> + mx — 1.
2.36. Tim diéu kién dé x* + px? + ¢ chia hét cho x? + mx + 1.
2.37. Hay phan tich thanh tich cdc thua s6 bac nhat

a) x4 - 2x%cosp +1; b)x3 -6x2+1lx - 6;

c)x*+4; d) x% - 1022 + 1.

2.7. PHAN THUC HUU Ti

2.38. Hay phan tich cdc phan thdc sau thanh téng cac phan
- thic don gian :

(x—1)3 2x(x2 + 1)
a) ———; S a2

x? -4 (x% —1)?

1 2+1

0 —— d) ad ;

x(x —1)3 (- DEZ+x+1)
) x*+4 1
e ; ;

xt—4 2 +1

1

g)

2+ 1)2@2+x+1)

B. BAI GIAI VA HUONG DAN

2.1. Ta sé diung cach ki hiéu cta hoan vi va tich cac hoan
vi & bai giai cua bai tap 1.30.
Tap E = {1, 2, 3} c¢6 ba phdn tit nén ¢6 3 ! = 6 hoan vi.

D6 la
123 123
P1=-(123) P2=(231)
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123 123
P3‘(312) P4={(132)
123 123
P5=(321) P6=(213)

1) Goi Pla tap cac hoan vi cta E :
P= (P, P, P, P, P, P}
vGi luat tich cac hodn vi.

Ta cd, chidng han

por = (130 0 (123 - (23] -
Pars= 353 0 (31 - (153 -
v.v...
Ta thu duge bang nhan sau
P, P, P, P, Py P
P, P, P, P, P, Py P,
P, P, P, P, P, P, P,
P3 P3 Pl P2 PS P() P4
P4 P4 PS P() Pl PZ P3
PS PS P6 P4 P3 Pl PZ
P, P, P, Py P, P, P,

1) Dua vao bang trén ta thdy P = @& va
PoP eP Vij=12 .6

!

Vay luat nhan ki hiéu bdi o 1a mot luat hgp thanh trong
trén P

Co thé ki€m tra lai dé thdy rang luat o cd ba tinh chat :
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a) Tinh k&t hop, chdng han
P,o (P oPy) = PyoP, = P
(P2 e P4) o P3 = P() o P3 = P5
nghia la
P,o(P,oPy = (PyoP)oPy
b) Tén tai phdn td trung hoa la P, :
P oP =P oP =P, Vi
¢) Moi P, déu c¢6 phéan t& d6i, chang han
P,oP,=P,P,0P; =P,

nén P, cd phdn ti déi la P, va P, cé phan ti d6i la P;.

Vay tap P véi luat o 12 mot nhom.
2) Nhung nhom nay khong giao hodn vi cd
P40P3 =P() ¢P30P4 =—‘P5.

2.2. Ta lam tuong tu bai tap trén, chidng han :

1 1
(fl * fz)(x) = (fl ofz)(x) = fl[fg(x)] = fl <;> = ; = fz(x)

tdc la hxhh =1

1
(fy = (@ = fIf00] = 0 = — = f®)

tuc 1a fo 5 f3=fa;
v.v. Ta thu dugc bang

fi f2 f3 T4

1 fi > f3 fa

L | h | h | fa | s

f3 13 f4 fi 1,

14 4 f3 f> fi

Goi F la tap cac anh xa
F= {fly f27 f}: f4}
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Giéng nhu trén ta nhan thay F # & va luat * la luat hop
thanh trong trén F, déng thdi nd cd ba tinh chat :

a) tinh ké&t hogp ;

b) tén tai phan t& trung hoa la f, ;

c) moi f; déu cd phan tu déi.

Do d6 tap F vai luat * 1a mot nhom.

Day la mét nhém giao hoan vi ¢d
ity = e Vi

2.3. Cach lam giong nhu & hai bai tap trén.

Bang nhan thu dugc nhu sau :

o fa s T
fi fi | f f3 f4 fs fs
£ > f3 fi fe 14 fs
f3 f3 fi f2 fs fe 1
f4 14 fs fe fi H f3
fs fs fo f4 13 fi f
fo \ fo | fa | s | 2 | f3 1A

Dap s6 : Tap {f, fo [ f4r fs, [} vOi luat nhan * la mot
nhom khéng giao hoan.

2.4. 1) Xét tap Z cac s6 nguyén vdi phép cong (+) sd nguyén
va phép nhan () s6 nguyén thong thuong. Truéc hét Z =
va luat cong cung vdi luat nhan la hai luat hgp thanh trong
cua Z. That vay,

Va, b € Z, a + b hoan toan xac dinh va a + 6 € Z.

Va, b € Z, a.b hoan toan xac dinh va a.b € Z.

Bay gio ta phai kiém tra lai cac tién dé ti Al dén A4 vé
vanh (xem 2.3.1 trong Thee/l).

a) Vé tien dé& Al. Ta phai xem (Z, +) ¢6 phai 12 mét phdm
giao hoan khong Ta duyét lai cic tién dé vé nhom (xem 2.2.1
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trong Thee/1). Ta thdy Z = & va phép céng (+) la mot luat
hop thanh trong cta Z v&i cac tinh chéat sau :

«) Phép cong cd tinh két hop vi
a+®b+c¢)=(a+b)+c Va b c€Z

B) Phép cong cé phan tli trung hoa la 0

a+0=a, 0+a=aqa,Va €lZ
y) Moi a € Z déu cd phan tu déi la -a € Z.

a+(-a) =0 (-a) +a = 0.
Vay (Z, +) théa man ba tién dé G1, G2, G3 cia nhém, nén

(Z, +) 13 mét nhom.
Ngoai ra
a+b=b+a Va bel

Cho nén (Z, +) 12 moét nhom giao hodn. Do dd tién dé Al
théa man.

b) Vé tién dé A2. Ta cd
a.(b.c) = (ab)c, Va, b, c € Z
nghia la phép nhan cd tinh k&t hop. Do dd tién dé A2 théa man.

c) Vé tién dé A3. Ta cd, Va, b, c € Z

a(b+c)=ab+ac

b +c¢)a =batca
Do do tién dé A3 théa mén.
Vay, (Z, +, .) 1a mét vanh.
Hon nua

ab = ba
Cho nén vanh (Z, +, ) la moét vanh giao hoan.
Ngoai ra ta cdon cd
al=a,la=a

nghia 12 phép nhan cd phéan ti trung hoa la 1. Vay vanh (Z, +, )
l]a moét vanh giao hoan cdé don vi (la 1).
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Mot cach tuong tu, vdi cdc cau hdi sau ta ching minh dugce :

2) Tap cac s6 nguyén chén véi phép cong s6 nguyén va phép
nhan s6 nguyén thong thudng la mét vanh giao hodn, phdn tu
trung hoa cta phép cong la s6 khoéng.

Phan ti d6i cta a 1a -a. Vanh nay ¢é don vi la 1.

3) Tap cac s6 hitu ti Q v6i phép cong s6 hiu ti va phép
nhan s6 hitu ti thong thudng 14 moét vanh giao hodn, phan tu
trung hoa caa phép cong la s6 khong. Phan tu ddi cia ¢ € Q
la -a € Q. Vanh nay cd don vi 1a 1.

4) Tap cac s6 thuc R vdi phép cong s6 thuc va phép nhan
s6 thuc thong thudng 12 mét vanh giao hoan, phdn ti trung
hoa cta phép cong la s6 khong. Phin tu déi cia ¢ € R la
-a € R. Vanh nay ¢d don vi la 1.

5) Tap cac s6 phic C cd dang (a, b) § 2.5.2 Thee/l v6i phép
cong s6 phic va phép nhan s6 phuc dinh nghia ¢ 2.5.2 14 mot
vanh giao hoan, phdn tt trung hoda cua phép cong la (0, 0).
Phéan tk d6i cta (a, b) € C 1a (-q, -b) € C. Vanh nay cé don
vi la (1, 0).

6) Tap céc s6 ¢ dang @ + bV2, a, b € Z. V6i phép cong sb
va nhan s6 thong thudng 12 mét vanh giao hodn, phan ti trung
hoa cta phép cong la 0 + OV2 = 0. Phan tt déi cua
a +bV2,a,b € Z la —a —by2. Vanh nay cd don vi la
1+ 0W2 = 1.

7) Tap cédc s6 ¢S dang a + bV3, @, b € Q v6i phép cong s6 -
va nhan s théng thudng 12 mot vanh giao hodn. Phén tit trung
hda cta phép cong la 0 + OV3 = 0. Phdn tit d6i caa a + bV3,
a, b € Qla —a — bY3. Vanh nay cd don vi la 1+ 03 = 1.

8) Tap cac s6 phic cé dang a + bi, a, b € Z vo6i phép cong
va nhan s phic thong thudng 12 moét vanh giao hodn, phén tu
trung hoda ctia phép cong la 0 + 0i = O, phén ti déi cia a +bi,
a, b € Z1a -a - bi. Vanh nay cd don vi 1a 1 + 0i = 1.

9) Tap cdc s6 phic c¢é dang a + bi, a, b € Q v8i phép cong
va nhan sé phic théng thudng 12 mét vanh giao hoan, phan tu
trung hoa cta phép cong la 0 + 0 = 0, phén ti d6i cta a +bz,
a, b € Q la —a - bi. Vanh nay cé don vi la 1 + 0i = 1.
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2.5. Muén chdng minh cdc tap s6 da cho ¢ dau bai cd phai
la mot truong hay khéng, ta phai ki€m tra lai hai tién dé K1
va K2 cuia trudng. Céac tap sé da cho ¢ bai tap 2.4, nhu ta da
thay, déu la nhiing vanh giao hoan cd don vi, nghia la déi véi
méi tap s6 dé tién dé Kl duge théa man roi.

Bay gio xét tién dé K2 d6i voi tap s6 nguyén Z & cau 1.
Don vi ciia tap d6 la 1. Phan td trung hoa cta phép cong la 0.
Muén ching minh tién dé K2 théa man ta phai ching minh
rang moi s6 a nguyén = 0 (a € Z, a = 0) déu cd nghich dao

1
nguyén (tdc la € Z). Nhung 5 khong nguyén khi a # 1. Vay
tap s6 nguyén & cau 1) khong phai la mot truong.

Mot cach tuong tu, ta sé thay

2) Tap s6 nguyén chin & cau 2) khong phai la mot truong

. : < 11 .
vi v6i ¢ = 2 1a mot s6 nguyén chan ta thiy 2 -3 khéng phai

la mét s6 nguyén chén.

3) Tap cac s6 hitu ti Q la mot trudng vi véi moi s6 a € Q,
a¢0tadéuc0’i—€Q.

4) Tap cac s6 thuc R la mot trudng vi v6i moi s6 a € R,
a¢0tadéuéo’%ER.

5) Tap cac s6 phic C voi phép cong va phép nhan dinh
nghia ¢ 2.5.2 Thee/l 12 mot truong vi khi d¢ : ta da biét phan
td trung hoa cua phép cong la (0, 0), phan ti trung hoa cla
phép nhan la (1, 0), (do la don vi cua vanh) cho nén v6i moi
s6 phic (a, b) € C, (a, b) = (0, 0) ta c6 a® + b* = 0 va nghich
dao cua (a, b) la

a b
(e ap

)eC

6) Tap cac sd cd dang a + bV2, a, b € Z khong phai la mot
truong vi voi @ + 6¥2 = 0. Tuy cé
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1 3 a—bl2 3 a . —b /s
a+bV2 g2 -2  a2-202 ql-22

a =b
nhung o va o chua chac da thude Z.

Chang han khia = 1, b = 2 thi

a 11
a?—2p2  1-8 -7

& Z

7) Tap cac s6 ¢ dang a + 6V3, a, b € Q 1a mot truong vi
voi moi @ + bV3 = 0, a, b € Q ta co

1 _a-08 o . 3
a+bﬁ - a2_3b2 - a2_3b2 a2_3b2 3’
a cq —b
e , _ 0 e
a? — 3b? 2o © 9

nghia la @ + 6V3 # 0 cd nghich dao thuoc tap s6 da cho.
8) Tap cac sd phdc cd dang a + bi, a, b € Z khong phai la
mot trudng vi véi @ + bi = 0 + 0i, tuy rang
1 a —bi

— 2 2
a +bi a2 + b2’ at+bc%#0

a

Tapl va Py chua chac da thudc Z.

nhung
9) Tap cdc s6 phiuc c6 dang a + bi, a, b € Q 1la moét trudsng
vi v6i moi s6 phdc a + bi = 0 + 0i ta cé a® + b? = 0 va
1 a —bi a cq —b
" a? + b2

- = )
a +bi a2 +b2 a2 +p2

€ Q.

2.6. Giai phuong trinh
x2+x-1=0

trong trudng sd thuc ta dudc

1
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Néu x € Q thi V5 € Q, diéu nay vo li. Thuc vy, néu nhu
V5 € Q thi cg

\/_=‘;l,'p6N,qu,q¢0.

Bang cdch gian udc néu cén, ta'cd thé xem p va g 1a nguyén
t6 cung nhau. Ta cd

V5 = %’: p* = 5¢*
tic la p? chia hét cho 5, ta suy ra p chia hét cho 5, ta dat
p = 5p’, p> € N. Ti dg.
(5p’)2 = 5q2 = q2 - 5p:2
tic 1a g2 chia hét cho 5, ta suy ra q chia hét cho 5, ta dat
q = 5q¢°, ¢ € N.
Vay tu gia thiét V56 € Q, V5 = % trong dé p va g nguyén

t6 cung nhau ta suy ra p va g cung chia hét cho 5. Mau thuin
dd ching té V5 khong phai 12 mot s6 hitu ti. Do dé phuong
trinh da cho khong c¢6 nghiém hitu ti.

2.7. Ta cd
a+lb =c+id<=(a-c) =Ad-b)
Néu d - b # 0 thi
1=
la moét s6 hiru ti : vo li. Vay phai co
d-b=0ticlad = d.

Ta suy ra
a-c=0ticlaa = c.

Ngugce lai, néu a = ¢, b = d thi r6 rang
a+Ab =c+Ad.
Ap dung. Dat
V192 + 96V3 = x + /3,

v8i x va y hitu ti.
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Binh phuong 2 v& khi vé& phai x + yV3 > 0
192 + 96V3 = x2 + 3y? + 2W3.
Vi V3 la mot s6 vo ti nén 4p dung két qua trén ta suy ra
x? + 3y? = 192
2xy = 96.
Hé nay cd hai nghiém
x=12,y =4 vax = ~12,y = —-4.
Nghiém thd hai cho
x+ywW3 = —-12 —4y3 < 0
khong thich hgp. Chi c6 nghiém thd nhédt 1a thich hop vi lic d6
x+yW3 =12 + 43 > 0

Két qua : V192 + 96V3 = 12 + 4V3.
2.8. Thuc hién cdc phép nhan véi cha y rang it = -1, = -,

i* = 1 ta duge z = 65
2.9. Phuong trinh cho ¢ dau bai viét thanh
x+3y+i(2x - 5y) =1~ 3i.
Hai s6 phidc bang nhau khi phan thuc cia ching bang nhau
vA phédn 4o cda ching bang nhau. Ta suy ra

x +3y =1
2x — by = —3.
Giai hé nay ta duogc
s 5

2.10. Phuong trinh cho & d&u bai viét thanh
bx — ay +ifab + xy) = 4 + 3i.
Do d6 x va y 1a nghiém ctia hé

bx — ay = 4
ab + xy = 3. @D

Trudng hgp ¢ = 0, b = 0 : v6 nghiém.
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. 4 3b

'I‘I‘UOngthazO,b,fO:x:g,y:I
3a

Trubnghc_lpa:tO,b:O:x:—T,y__

Trudng hgp ab # 0, khu y thi hé (2.1) con
bx? — 4x + a’b - 3a = 0.
Ta co :
A = -a’h’ + 3ab + 4

A’ = 0 khi ab = -1 hay 4

A >0Kkhi-1<ab<4,ab =0

A’ < 0 khi ab < -1 hay ab > 4
Vay khi ab < -1 hay ab > 4 thi v6 nghiém.
Khi @b = -1 hay ab = 4 thi ¢ mot nghiem

=2 -2
x= g y = .

a
Khi -1 < ab < 4 thi c¢d hai nghiém
2+ VA
b

bx — 4

y =G

X =

1+itge cosa + isina

2.11.

a - = —
1 —itga cosa — isinx

cosa + isina

= ——— = cos(a — (—a)) + isinfla — (—a))

cosa + isin(—a)
= cos2a + isin2a.

a+bi  (a+bi)(a +bi)
a—bi  (a-bi)a +bi)

b)

a? — b2 + 2abi
a? +b2‘

(1 +20)2 = (1 —i)3
c)
(3 +2i)3 — (2 +1)?

(1 —4+4i) — (1 —3i +3i2 =%
T (27 +54i + 362+ 85) — (4 — 1 +4i)
| -3+4i—(1-3i -3 +i)
27 ¥ 54i —36 -8 — (3 + 4)
1460 (—1 +6i)(~12 - 42i)

T 124420 T (=12 +42i)(-12 - 42i)
_ 264-30i 44 -5i

1908 ~ 318
d) Xét
s - (1—-iy -1
(1+i)y +1
Ta co
(1+i)° = -4 - 4i
(1 -0)5 = -4+ 4;
Do do
1-i-1 —5+4 5-4
(1+i)5+1 T —8—-4i  3+4i
_(G-4)3-4) -1-3%
T (8+4i)(3-4i)) 25
(1 +i)? 1+i7 _
= V(1 + 0)?
AT (T=3) @+
Ta co
1+i  (A+)d+y 26
1-i - (1-pa+y 2 ~°
(1+9)? = 2i.
Vay
(1 +1)?

=il2 = 2% = 2.
(1 -0y
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L, B 18,8
2.12. a) <—§+z?> =g 2% =
X 1 V3.3 _ 1.3 1,2.V3
b (mg*+ig ) = (73) *3(3)"%
1 VERW V3
——— —_— + = -
+3< 2) z2> <12
1+'———3‘[§+g—13‘[§
=78 7' 8 8 8
Chii thich. C6 thé chu y rang
1 V3
2.13. a) Dat

V3 —4i = x +yi,x,y €R.
Binh phuong hai vé€ ta dugc
3 - 4i = x2 - y2 + 2xyi

Do dg
x2_y2=3
2xy = —4
V6i diéu kién x # 0 ta cd
__2
y_ x7
4
2-—-=3
x =
x2

¥ -32-4=0
Dat X = x> = 0

il
[

X*-38X-4
Phuong trinh nay cé hai nghiém
X = -1 < 0= loai

X=4=>x?=4=>x=22=0

2
Khi x=2,y=_§ -1

_2_,
V3 —4i = + (2 —i)
b) Dat
V=15 + & =« +yi;x,y ER
Binh phuong hai v& ta duge
-15 + 81 = x2 - y2 + 2xyi

Do dé
x2—y2 = —-15
2xy = 8
Véi diéu kién x # 0 ta cd
_4
Y =3
16
2
x¢ - — = —15
xZ
¥+ 1522 - 16 = 0
Dat X = 2 = 0
X2+15X-16 =0

Phuong trinh nay c6 hai nghiém
X = ~16 < 0 = loai
X=1=>x2=1=2>x=%1%0

4
x=i1=>y=;=i4.
Vay
V-156 +8 = +(1 + 4i).
Bay gio, bang cach lam tuong tu trén ta thu dugdc
V-3 —4i = £ (1 - 2)

d) V=8 +6i = + (1 + 3i)
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2.14. a) Phuong trinh
x4+ 6x3 +9x2+100 =0
viét thanh
(x?2 + 3x)? - (10))2 = 0

hay
(x? + 3x - 10i)(x% + 3x + 10i) = 0.

Ta suy ra hai phuong trinh : phuong trinh thd nhat
x2+3x - 10 = 0 2.2)
cd biét s6 A = 9 + 40:.
Ap dung phuong phap & bai 2.13, ta thu dugc
YA = £ (5 + 4i)
Do dé phuong trinh (2.2) c6 2 nghiém
-3x(5+4) (1 + 2
TETT2 T T -4 -
Phuong trinh thd hai
2 +3x+10i =0 (2.3)
cG biét s6 A = 9 - 40i. '
Ap dung phuong phap & bai 2.13, ta thu dugc
VA = £ (5 - 4i)
Do d6 phuong trinh (2.3) c¢é hai nghiém

-3+ (5-4) [1 -2
T=E T T -4+ 2

Vay phuong trinh da cho c¢6 4 nghiém phuc lién hgp ting cap :

1+ 2i va -4 + 2i.
b) Phuong trinh
P+ 2% -24x+72 =0

viét thanh )
xt+2x-6)?% =0
hay
x4 - (V2i)’(x — 6)? = 0
(x2 + V2i(x — 6)][x*> — V2i(x — 6)] = 0
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Do d6 ¢6 hai phuong trinh

x2 +V2i(x — 6) = 0 (2.4)

x? - V2i(x — 6) = 0 (2.5)
Phuong trinh (2.4) co biét s6

A = -2+ 24V2i
Ap dung phuong phap & bai 2.13 ta thu dugc
VA = + (4 + 3V2i)

Do d6 phuong trinh (2.4) ¢ 2 nghiém

.- V20 + (4 +3V2i) (2 + V2i

2 T )-2 - 22
Phuong trinh (2.5) cé biét s6
A= -2 - 24V2i.
Ap dung phuong phap & bai 2.13, ta thu duge
VA = = (4 - 3V2i)

Do d6 phuong trinh (2.5) ¢é hai nghiém
V2i + (4 — 3V2i) 2 —V2i
x = = .
2 -2 + 2V2i
Vay phuong trinh da cho c¢6 4 nghiém phuc lién hgp ting cap :
2 + V2i va -2 + 2V2i

2.15. a) S6 phic 1 co agumen ‘
bing 0 va moédun bang 1 (hink 2). -1+ / I+i
Do do

1 = cos0 + isin0

b) S6 phic -1 ¢ mdé dun biang
1 va agumen bing 7 (hinh 2). Do d¢ -7 ]

-1 = cosn + isinm.

c) S6 phiic i ¢d mé dun bang 1

vid agumen bang % (hinh 2). Do do <14 -i =i
i = cosZ + isinZ i
= cos2 1 n2. Hinh 2
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. 3t .
d) S6 phitc —i ¢c6 mdé dun bang 1 va agumen bang 5 (hinh 2).
Do do

. 3o + s 3
I = cos isin - .
e) Sé phic 1 +i ¢ mé dun bang V12 + 12 = V2 va agumen
bing % (hinh 2). Do do

1+i=V2 <cos% + isin%)

f) S6 phic -1 + i ¢6 mo dun bang V(1) + 12 = VZ va
3t .
agumen bang e (hinh 2). Do d¢
“-1+i=1V2 <cosT + zs1n~4—>
g) S6 phic -1 - i ¢ mod dun bang \j(—l)2 + (—l)2 = V2 va
5% SN
agumen bang e (hinh 2). Do d¢
-1 -3 =\f§<cos—4-+zs1n4>
h) S6 phic 1 - i c6 mo dun bang V12 + (-1)2 = V2 va
7 .
agumen bé‘mg'Tn (hinh 2). Do d6

7 7
1-i=yV2 <cosTn + isin—f)

i) 86 phic 1 + iV3 cd mo6 dun bang V12 + ¥3)% = 2 va
agumen bing % (hinh 3). Do d6

. JT .. T
14+iV3 = 2 <cos§ +zsm3>
i) S6 phic -1 + iV3 c6 mod dun bang V(-1) + (V3)? = 2

2 .
va agumen bang 3 (hinh 3) do do6
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2
-1+1V3 VA 1mV3

-3 -1 1 2
-1-V3 1-i'V3
Hinh 3
o ~ 2n .. 2m:
-1 +Y8 = 2 <cos—§— + Lsm?>,

k) S6 phic -1 - iV3 cd moé dun bang \’(—1)2 + (-V3)? =
47 \
2 va agumen bang »3_5 (hinh 3). Do d¢

-1-iN3 =2 <cos%I +isin%>.

1) S6 phic 1 - iV3 ¢d mod dun bang Vit + (-V3)? = 2 va
agumen bang %E (hinh 3). Do do

5 57
1 -3 = 2<cos§ + isin%)-

m) S6 phic 2i ¢c6 md dun bang 2 va agumen béng % (hinh 3).

Do do

20 = 2 <cosz2[— + isin%}.

n) S6 phuc -3 ¢d mo6 dun bang 3 va agumen bang x (hinh 3).
Do do

-3 = 3(cosia + isinn).



0) S6 phic V3 — i ¢ mé dun bing \[(\[g)z + (—1)2

X 11z .
agumen bang -—61 (hinh 3). Do do

11z . 1=

+ isin

\/@—i:Z(cos

p) S6 phic 2 + V3 + i ¢6 md6 dun P bing

p=V2+V3)2 +12 =V8 + 43 = V2 + V6

va agumen 6 xdc dinh bdi

1
tgf = ,0 <6 < 2n.
& 2+V3
Ta suy ra
te20 = 2tgt 1
g 1-tg°6 V3
Do do
29=%+kn
7 7T
8_ﬁ+k§

Ta chon k = 0, 6 =
4o cua s6 phuc 2 + V3 + i. Vay
2+\[§~I—i-—_(\[_.+\[—)<cosjr

6 ~6>'

+ Lsm—

2 va

12 dé sinf = blnﬁ cung diu voi phan

'2.16. Nhan ti va miu vd&i sé phdc lién hgp cia mau, ta duge

(1+iV3H(V3 —i) 1 .
= = — (V3 z
N3 +i)(V3 —i) g (V3 70

1
Sé phuc E(\f§+i) cé moé dun bang \/ <‘j2'>

va agumen bang %, do do

T ..
z = cos-—; + isin—

6 6
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thi

Ta suy ra
100z 100n
100 _— + isi
z cos —¢ isin 3
B 4n + isi 4
= cos 5 + zsmF
.. 27 1 V3
= I— + — = - ] —
cos zs_ln3 2+L2.

2.17. Nhan td va mau vgi s6 phuc lién hgp cia miu

1—-a

2 =

1 —cosf — isinf

1+a ~

1 +cos6 + ising

(1 —cosf — isinf)(1 + cosf) — isinb)

~ (1 +cosf +isinf)(1 + cosf) — isinf)

—2isinf —2isinf

(1 + cosh)? + sin%

Vay :

z

Py
22 = jo—z(cos(GI

= 2(1 + cosh)

—itgg.

. Viét z, va z, & dang lugng giac :

2y = Pi(cosd; + isinf))

2y = pP,(costl, + isinb,)

6,) + isin(@, — 6,)).

1 . R
a) Mudn o la s6 thuc thi diéu kién la
2

tic la 6, - 6

Zz

2

2

sin(01 - 62) =0

= kn, k € N, nghia 1a phai cé anh cta 2z, va

thdng hang vai goc O.

59



2.21. Ta co6

b) Muébn Z—; la s6 ao thuan tuay thi diéu kién la x 4912 = (x + y)(f—*!»_y) - pE +)
cos(8, - 6,) = 0, =X tay +yx by = lxl? tay +yx + [y]7
tic 1a 6, - 0, = (2k + 1)%, k € N, nghia la phai cd : anh lx - y]% = ("i "y)_(x_?) =@ - -y
clia z, va z, tao voi goc O mot géc vudng. Do ds =X -2y —yx +yy = x| -xy - yx + |yl2
2.19. a) Anh cta cdc s8 phic z théa mén |z]| < 2 nam & | x +y|2 +|x ‘y|2 — 2(|x|2 + ,‘}’lz\)

trong hinh tron tam tai géc O va ban kinh bang 2. . o . ]
Y nghia hinh hoc : T6ng ciac binh phuong cta hai dudng

b) A{lh CAﬁa cac §6 Ph\icﬁ z th(':)a m:ZmA |2 - 1} hs 1 rién_l i’ chéo ctia mot hinh binh hanh bang hai lan téng cac binh phuong
trong va trep chu‘ vi caa hinh trop co tam t‘e_u aAn cu\a z = céia cac canh céa hinh binh hanh do.
va c¢6 ban kinh bang 1, tdc la phan trong va trén dudng tron
tam (1, 0) ban kinh 1. 2.22. a) Truéc hét ta viét 1 + i ¢ dang lugng gidc
¢) Anh cta cac s6 phic z théa man |z - 1 - i < 1 n§111 1+i=1y2 <cos%— + isin5->,
& trong hinh tron cd tam tai anh cua z = 1 + i va cd ban kinh T4 4
bang 1, tdc & phén trong cta hinh tron tam (1, 1) ban kinh 1. u do o5 o5
2.20. a) Ta tim z & dang z = x + iy thi cd (1+i)% = (2) <cosT + isinT>
\[Sc_z-*-yz—x—iy=1+2i. _
- = 25 {cos X + igin =
Ta suy ra = (V2) (cosy + Ls1n4>
2 2 —
Vot +y x—; = 212(1 + ).
Ty = 3 A [PN3 Y N s 2
; 5 b) Trudc hé&t ta viét t& va mau & dang lugng giac
Dodocoy=2,x=§vacoz=§—2z. 1+i\[§=2<cosg—+isin%>
8| 0 = + iy thi co .
b)'I‘atlmzodangz— x + iy thi co 1—l=\f§<cos<—%> +isin<—%>>,
\}3c2+y2 +x +iy =2 + 1
Ta suy ra Do do
V2 + 32 +x = T .. I
. = +isin=
{ v =1 1+l‘[§_ 2<c053 zsm3>
Do d6 ¢o 1—i 3 TN g (T
1 ; \[_<cos( 4> zsm( 4>>
y=1x = Z 2 JT JT Jr T
= cos (= + =) +isin (% + =
. 7z (s (g *rg) *ein(5+7))
3 T n
= — 2 — + — )
z 4+z \[_<coslz ls1n12),
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va
(FTE0) = (0 (oo gt a5
= 210 <cos <—%> + isin <—%> >

= 210 <cos <—%> + isin <-—

il

29(1 - V3i).
V3 —i
2

¢) Trudc hét ta dua s6 1 -

nhu & bai 2.15, p, ta thu dugc

))

Wl

vé dang lugng giac. Lam

V3 —i —— T T
1 — 5 =‘[_2—\[§<c0512+ts1n12>
Do dg
V3 —i, 24 24w . 2471
(1— 5 > =(2—\[_3_)12<cos 5 T isin 12)
- @ - VB
d) Dat
(-1 +iV3)1’
FT T a -y
va s6 can tinh 1a A, ta co
A=z+z
Do do
A = 2 Re (2),
dong thoi

(-1 +iV3) = 2 (cos— + Lsm~3—>

3

27

T

1-i=vV2 (cos?Tn + isinT>.

62

Ta suy ra

30 30x
15 - QT e
B (-1 +i\/§)15 B 2 <cos 3 +isin 3 >
(1 -2 - 10 1400 . 140x
2 <cos 1 + isin 1 )
_ o5 (cos10m +isinlOn) Y
(cos3br + isin35m) '
Do do
A = 2Re(z) = -2.2° = -20 = 64,
2.23. Ta co
: 'si = 22 1 9sin € cos &
(1 + cosa + isina) = 2cos 5 + i2sin 5 COS 5
(04 (o4 .. a
= 2005—2— [cosE + zsmg].

Vay

.. a na .. na
(1 + cosa + isina)" = 2cod? = [cos— + isin —

2 2

1
2.24. Tu z + S = 2cos6, ta suy ra

z2~2cosez+1=0,z¢0_

Do do

z = cosf =+ isin@

1 . -

7 = cos(—6) * isin(—8)

2" = cosmf * isinm8

1

— = cos(—mb) *+ isin(—m0).

i = Cos(—mb) & isin(~mb)
Ta suy ra

1
2" + — = 2cosmé.
"

2

] .



1 +itga \n cosa +isinx | n _ cosna +isinna
2.25. <T--Lt’ga_> - < cosa — isina > cosna — isinna
1 +itgna
“1-itgna
T T\

226.a)1 -1 = V2 <cosT + isin—4-—}
' N/
V3 +i =2 (co_s% + LSll’lg)

1 -t ﬁ_<cos<17£—£> +isin<?§—%>>

= ﬁ__{: = 9 4 6
= vlz- (\cos 1192 + isinllig>
Do do
?[E = 1%}5 <coslg—;-—2&4—k-n + isin%)

k=20,1,2 34,5
b) Ta nhan thay

u = 13+—i_zT = 7 (xem cau a))

Do dé _
5%/4
1 19z isi }-92 = L cos— t isinT5 )
u=v§-<cos 5~ isin 12> \[5( 12 12)
va
1 5+ 24k . 5+2:4_k;
% = cos 6 — o + 1sin 96 n)
1(‘7§ ( 9
k=012 .,7

c) Ta c6

i_1=—1+i=\[§<cos—4'+lsm'4—>’

.. T
1+iV3 = 2 <cos% + zsmg)-
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Do do

3t .
cos —— +isin ——

i-1  y3 %72 4

cos z +isin z
3 3

Il
o1~
S

]

o]
n
—

1 5+ 24k 5 +24%
%= iz <cos 7o T + isin 75 n),
V2

k=012, .,5.

2.27. a) Ta cd theo cong thiic Moivre

(cosx + isinx)® = coshx + isinbx.
Mat khac theo c¢ong thidc nhi thdc Newton thi
(cosx + isinx)> = cos®x + Cleos*x isinx + CZcos3x(isinx)? +

+ Clcos™x(isinx)® + Cleos x(isinx)* + (isinx)’.
Vay v6i chu y rang i = -1, i® = ~, i* = 1, 5 = i, ta c6
cosbx + isinbx = cos’x + i5costxsinx — 10cos3xsinZx

- i.10cosZxsin3x + 5cosxsinx + isin’x =

= cos’x - 10cos3rsin2x + 5cosxsindx +

+ i(5cos*xsinx - 10cos?xsin3x + sin’x).

Hai s6 phdc bang nhau khi ching cé phan thuc bing nhau

vd phan 4o bing nhau. Ta suy ra

4.

cosbx = cos’x - 10cos3xsinx + Scosxsin
Néu muén ta ciling co
sinbx = 5cos*xsinx - 10cos2xsin3x + sinx.
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b) M6t cach tuong tu, ta cd

(cosx + isinx)® = cos8x + isin8x.
(cosx + isinx)8 = cos®x + Cleos’x(isinx) +
+ Ceosfx(isinx)? + C3cosdx(isinx)? +
- . .. 5
+ Cicos’x(isinx)* + Cjcosx(isinx)® +
+ Ceosx(isinx)® + Cleosx(isinx)? + (isinx),
voi i2 = -1, i3 = -i,i* = 1,4 =1i,i® = -1,i’ = ~i, tasuy ra
cos8x = cos®x — 28costxsin’x + 7Ocos*xsin*x -
— 28cos%xsin®x + sin®x.
c) Mét cach tuong tu, tiu
(cosx + isinx)® = cos6x + isin6x
(cosx + isinx)® = cos®x + Cleos’x(isinx) +
+ Cleos’x(isinx)? + Clcos’x(isinx)® +
+ Cleos(isinx)* + Ceosx(isinx)® + (isinx)5,
ta suy ra

sin6x = 6cosdxsinx — 20cos xsindx + 6cosxsin®

X.

d) M6t cach tuong tu, tu

(cosx + isinx)’ = cos7x + isin7x.

(cosx + isinx)” = cos’x + Clcos®x(isinx) +
+ C2cos’x(isinx)? + Clcosx(isinx)® +
+ Cleos’x(isinx)* + C3cosx(isinx)® +
+ CScosx(isinx)® + (isinx)’

ta suy ra

sin7Tx = 7cosbxsinx - 35cos‘xsin3x + 21cosxsin’x - sin’

X.
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2.28. Ta c¢6 theo bai 2.27, ¢ :
(cosx + isinx)® = cos6x + isin6x
cosbx + isin'6x = cos% - 15cos*xsin?x
+ 15cosZxsin®x - sin®x +
+ i[6cosSxsinx — 20cos3xsin3x + 6cosxsindx].
T d6 ta suy ra bi€u thdc cha cosbx va sin6x theo cosx va
sinx. Sau dd

sinbx 6cos xsinx — 20cos xsindx + Gcosrsindy

tgbxr = =
cosbx  cogfx — 15costxsin®x + 15cos2xsin®y — sinfx

Chia ti vad mau cho cos®x :

2(3tgx — 10tg> + 3tg’x)

tgbx = .
1—15tg2x+1§tg‘x—tg6x
2.29. Ta c¢
. T L T
1+ = ﬁ(cos4 +zsm4>.
Do dg-

1 + )b = 9on/2 nr .. T
( ) 2 <cos4 +zsm4>‘

+
2.30. cos™ = cosi(cos*0) = cosf (1*20—82%2

cosf
= [1 + 2co0s26 + cos?26]

cosg
= — [1 + 2cos26 +

’ 1 +COS46]

2

3 1 1
= gcose + -2—003900326 + gcos()cos46

3 1 1
= gcose + 1 [cos38 + cos9] + 16 [cosBf + cos36] ;

cosS(;—i s59+5 s36+5 9
—1600 TgCO §CO .
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1 — cos26

2
sin%0 = sind(sin'6) = sing (5 )

sin%@ =

inf
- 5—14— [1 — 2c0s20 + cos?26]

sinf 1 + cos46
- — —_ 4+ —

7 [1 2cos26 2 ]

sinf 1 . 1 .
= 3T - EsmecosZG + §s1necos48
—§'6—l['30—'0]+-£—['50—'36]
= g sin 1 sin sin {g [sin sin

. 5 . 5 .
sinb0 — ﬁsm30 + gsmﬁ

LS

2.31. Biét s6 cua phuong trinh da cho la

A=3-4=-1=i?

Do do
-V8 +i -V3 —i
n= Ty 0 WM T T g
Vay
54 B v 4
x, = cos? + zsm—é—
T . St . bm
x, = cos—6— + Lsm? = cos? - lsm—é—

2.32. Biét s6 cua phudng trinh di cho la

A = (1 +iV3)2 — 4(—1 + iV3)
57 57
=21 - iV3) = 22 (cos—3- + isin?)
57
VA =2<cos?+isin%) =—V§+§.
Do do
(1+iV3)-V3+i 1-Vy3  V3+1
2 = 2 =g TiTg i

2 2 = ) + i 3

_(A+iW3)+V3-i 1+V3 Y3 -1

2.33. Xét phuong trinh

x6—7x3—8=0
Pat 2 = z, ta cd

22-72-8=0
Do do

Ta suy ra cdc nghiém

%: = {8 =2 (cos2lir + isin2ﬂ>, k=01, 2

3 3

%[% = V-1 = cosn+32kn + isi Jr+32kn

sin
k=012
2.6. DA THUC
2.34. a) 2x* - 323 + 4x2 - 5x + 6 22 -8+ 1
2x4 — 6x3 + 2¢2 2x2 + 8x + 11

B3 + 22 — B + 6
33 — 9? + 3

1122 - 8 + 6
1122 — 33 + 11
- 2z -5

~

Vay
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x3——23;x2+%x | %x—%
—%x2+%x—1
7, 14 71
—§x +?x 9
2 2
9% T 9
Vay
3 -3%2-x+1 1 7 2x +2
22 -2c+1 3 9 9@i-2w+l)
o) xt+ixd -ix?+x+1 | 22 -ix+1
x4 - ix3 +x2 L x2 + 2ix - (3 +1)
2ix3 -G+ 1x?+x+1
2ix3 + 2x2 + 2ix
-B+ixZ-(1-2)x+1
~B+Dx2+ @i -1x -3+
(-5i +2x +4 +i
Vay

(2 =5 +4 +1i
+ (2 —5i)x .

x4+ix3—ix2+x+1=x2+2ix_3_i 5
x2 —ix +1 xc—ix+1
2.35. Truéc hét ta lam phép chia
x3 +px+q 1x2+mx—1
x3 + mx? - x wrxi— ;; -
T Cmal+(p+Dxtg
- ma?-mi+m

ptl+mdx +q-m
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Do do
B +pxtqg = (x2+mx—1)(x—m)+(p+l+mz)x+q—m.

3 2

Vay mudn cho x
kién can va du la

g-m=0,p+1+m?=0

+ px + g chia hét cho x“ + mx - 1, diéu

2.36. x*+pxt+gqg | x2+mx+1
xt + ma + a2 ’7‘;2 - mx +}) —1+m?
- mad+ (@ - Dx? +-(;
- mx3 - m%x? - mx

P-1+mHx?+mx+gq
Pp-1+m?x?+mp-1+mdx+p-1+m?

-mp-2+mix+q-p+1-m?
Vay muén cho x* + px* + g chia hét cho x% + mx + 1 didu
kién cdn va dua la s6 du bang 0, nghia la

4 2

Dm=0,qg~-p+1=20
2) m - +V2 - p,q = 1.
2.37. a) Xét phuong trinh
x* - 2x%cosp +1 = 0
Dat x? = 2
2% - 2zcosp+1 =0

A’ = cos?p - 1 = i%(1 - cos?p) = i*sin%p

Do do
z, = cosp + isingp
z, = cosp - ising
va
= coc ‘ain B = —opsl _ isind
X, = cos 9 + isin 9> X, = c,os2 1sin 9
x3=cosg —zsing, x4=—cos§ +zsing
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Vay
x* — 2x%cosp + 1 = <x—cos £ —isin%) <x +cos£+isin§>

5

2
+isinz2a> (x +cos“;——isin§>

NS N

x(x—cos

b) Ta cd
B -6x2+11x-6 B-1-62-1D)+11x-1) =
=@x-Dx?+x+1-6x+1)+11] =

(x - D{x? - 5x + 6).

Nén
23 -6x2 +1lx -~ 6 =(x - D(x - 2)(x - 3).

c¢c) Ta co
xt+4 = x2)? - 222 = (x? - 2))(x% + 2i0)

= (x - V2 Vidx + V2 Vi)(x — V2 iVi)x + V2iVil.

T N 1 1 1
Vi Vi =cosz+zsmz=—ﬁ+z—ﬁ.
nén .
B td=(x-1-Dx+1+Dx+1-dkx-1+i).
d) Xét phuong trinh
x4 - 10x2+1 = 0.

Xem x2 = z ta cg

22-10z+1=0
A'=25-1=24

Do dé
21=5+\I—2—4>0
22=5-—\}24>0
Ta viét

vz, = V5 + V24 = Va + Vb.
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Binh phuong 2 v& ta dugc
5+V24 = a +b + 2Vab

Do do
a+b=5,ab=6
6 6
b =— a+—=25
a a
a2—5a+6=0
a=2 b=3
a =3 b=2
Vay

x,=3Vz = +(V2 + V3).
M6t cach tuong tu

X34 = % ‘Ez

£ (V2 - V3).

Ta suy ra
- 102 +1 = (x - )& = x)(@ - x3)(x - x,) =

(= V2 ~V8)(x +V2 +V3)(x - VZ +V3)(x + V2 - V3).

2.7. PHAN THUC HUOU Ti
2.38. a) Xét phan thdc hitu ti
@13 2 -32+3-1
x? —4 x2 -4

Béc cda td 16n hon biac cta mAiu. Phan thic nay chua phai
phan thic thuc sy. Ta lam phép chia ti cho miu.

R =

R =x_3+79c—13
12 -4
Sau dg
7x—13_ Tx — 13 A B

P-4 (@-2)@+2) 1-2 Txi+2

Quy dong miu s6 va bé miu sé chung
Tx - 13 = A(x + 2) + B(x - 2).
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Thay x = 2 ta dugce

Thay x = -2 ta dugc

97 = -4B = B = 2/
- = = = 4
Vay co
(G2l VA 1, 2T
2-4 "X T3V a2 Taaryy
b) Xét phan thdc hitu ti
_ (@t +1)
@ -1)7?

Bac cta ti la 3, bé thua bac cia mau la 4. Phan thdc nay
phan thdec thuc su. Do do

2x(x2+1)
R:————-————:
(x — 1)3(x + 1)?
A N B N c D
x-1  @-12 @+ @+1)?

Quy déng mAu s6 va bé miu s6 chung
2(x2 +1) = Alx - D + 1?2 +Bx + 1)? +
+ Cx + Di(x - )2 + D(x - 1)%

1

Thay x
| 21+ 1) =B1+1%=B=1.
Thay x = -1
-2(1 4+ 1) = D(-1 ~ 1)>= D = -1.
Thay x = ¢
0=AG - DG+ 1D2+BG+1D2+CG + DG - D? + DG - 1)
= AG2 - DG + 1) + B@2) + CG* - DG - 1) + D)(-2i)
AG-2)(i + 1) + B(2i) + C(-2)(i - 1) + D)(-2i)
= -24 + 2C + i(-2A + 2B - 2C - 2D).

0
0
0

S6 phic bang 0 khi phan thuc bang 0, phan ao bang 0. Ta

suy ra
-2A+2C =0, -2A+2B-2C-2D =0
Do do
A=C=1
Vay
2x(x2 + 1) 1 1 1 1

(x—1)x+1)2 x-1 * (x — 1)? HEES (x+ 12

c) Xét phan thuc

1
B x(x — 1)3
12 mét phan thdc hitu ti thuc su.
Ta viét
R = é + B + ¢ + D
x x—-1 (x — 1)? (x —1)>

Quy déng mau s6 va béo mau s6 chung
1 =A(x - 1>+ Bx(x - 1) + Cx(x - 1) + Dx
Thay x = 0
1=-A=A=-1.
Thay x = 1
l1=D=D-=1
Thay x = ¢
1=A(G-13+Bii - ) +Cii - 1) +Di
1 2A + 2B - C+i(2A - C + D).

Ta suy ra
2A-C+D =0=C=2A+D =-2+1
1+C—-2A
2A + 2B - C =1:B—~—é——=1
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Vay
1 1 1 1 1

_— = —— + - + .

x(x = 1)3 x o x=1  (x-1)2 (x-1)°
d) Xét phan thic

x?+1 e 1
1a phan thic hitu ti thuc su.

(x2 = )x? +x +1)

Ta co
2+ 1 _ 22+ 1
@ -DE2+x+1)  @-DE+DHE?+x+1)

__A B, Ca+D
Tx-1 x+1 2 +x+1

Quy déng miu sé va bé mau s6 chung

241 =Ax+DeZ+x+1)+Bx-DEF+x+1)+
+ (Cx + D)(x - D(x +1).
Thay x = 1
2 = A2)(8) = A= —13:
Thay x = -1
2 =B(-2) =B-=-L
Do do

x2+1 A B

@2-1)2+x+1) *-1 x+l

241 -A@x+ D@t +x+1) -Bax-Da*+x+1)
o2 -1 +x+1) -

2x + 1
32 +x +1)
Tam thdc x2 + x + 1 khong cé nghiém thuc. Vay co
22 +1 B 1 1 N 2 +1
@-t+x+1)  Ba-1)  x+l o 3alex4ly

e) Xét phan thic khéng thuc su (x* + 4)/x? - 4). Ta c6

*+4  Af-4+8 8
xt -4 -4 -4

Ta co
8 8

-4 @2-2a2+2)

1 1
[x2—2 —x2+2]’

_ 262 +2) - (2 -2)]
@ -2)x2 +2)

Ta c6
- : - L r@t+yp) ~x-v2)
22 ENpE D - N e-VDe VD)
2V2 [x—ﬁ x+\[§]'
Vay
I 2 1 1 1
x4—4_1+m[x—2_m]—2;2_+—2
- 1 1 2
=1 _
VeV TVIE VD) 2ig

f) Xét phan thiuc
x+1
Ta co
x6+1 = @3 +1=02+1Da*-22+1)
-2 41 = (2 +1)2 - 32 =

= &2 = V8x + )@? + V3x + 1).

Do dd
1 1
x0+1 (x2+1)(x2_v'§x+1)(x2 +V§x+1)
_ Ax +B + Cx+D Mx+N

2+1  x2-VY3x+1 2+V3x+1
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Quy déng miu s6 va bo miu s6 chung

1 = (Ax + B)x® - V3x + 1)@ + V3x + 1) +

+ (Cx + D) + D(x? +V3x +1) + (Mx + N)(x2 + % — V3x +1).

Thay x = ¢ 14 nghiém cua x2+1=20:
= (Ai + B) = 3B + 3Ai

ol —

=A=0  383=1=B-=

2

1
Thay x = 5(\[3 + i) 12 nghiém cta x° - V3x + 1, ta dugc

V3 +i

):

L= (0B ) (B 1) 2 (5

Can bing phdn thuc va phédn o 3 hai vé& :
1 V3

D=3  C=7%"

-Vv3 +i
Thay x = —‘[%—l— la nghiém cua %2 + ¥3x + 1 ta dugc

L= (e (P ) (S

Can bang phdn thuc va phédn o & hai v&€ ta dugc

1 V3
=5 M=F.

Vay
1 1 _ Bx+2 V3x +2

©+1  3@2+1) T e VBx+1) 6 +VBz+1)
g) Ta c6
1 _Ax+B  Cx¥D _ Mz+N
(x2+1)2(x2+x4-1) w2 +1 (3cz+1)2 2ZHx+1l

Quy déng mAu s8 va bo mau s chung

= [(Ax + B)x? + 1) + (Cx + Dz +x+ 1)+ (Mx + N2 + 1)2
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\f_+z
).

Thay x = i la nghiém cia x> + 1 = 0 :
= (Ci + D)i = -C + Di,
l=-C=»C=-1;D=0.
-1 +V3i

Thay x =—2—1a nghiém cta x> +x + 1 = 0 :

-1+V3i - ‘
1= (M 1+\[§l 2
(M= M) ((—= ) )"
Can bang phdn thuc va phdn 40 ¢ hai vé&

M=1, N = 0.
Thay x

Il
o

1=B+D+N=B=B=1.
Thay x = 1
=[(A+B)2+(C+D)I3+M+N)4=>A = -1.
Vay cd

> = - . ,
E+DH? x4+l @+ @+ 1) ' 2+x+1
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" Chuong HI
DINH THUC - MA TRAN -

HE PHUONG TRINH TUYEN TiNH

A. PE BAI

3.1. MA TRAN
3.1. Cho
1 3 0 1 2 -3
A=|-1 2/;B-= 3 2f;C=11 2
3 4 -2 3 4 -1
Tinh
DA+B+C 2A+B+0); 3) 3A.
4) Tim A', B, C'.
3.2. DINH THUC
3.2. Tinh cac dinh thidc cdp hai
2 3 2 1 sina cosa
a) 1 4| Y -1 2| c) —cosa sina
a ¢ +di} tga —1
4 c ~ di by’ e) 1 tga
3.3. Tinh cac dinh thdc cdp ba
1 1 1 0 1 1
a) |—1 0 1 by {1 0 1
-1 -1 0 1 1 0

1 1 1
c) |1 2 3 d) —i
1 3 6 1 -
3.4. Cho
a b c
a b | = A
a” b” c’,

Hoéi cac dinh thdc sau

a’ b’ C’ a” b’,
a) an bn Cn b) a; b;
a b ¢ a b

bing bao nhiéu ?

3.5. Cho
a a c d
a, b, c’ d’
a” b77 c’) d” A
a’)? b”’ C)” d”)
Hoi cac dinh thdc sau bang bao nhiéu :
b c d a d
b ¢ 4 a d
a) b’) C” d” a” b b) d”
b’!’ c’)’ d”’ a”’ d”)
3.6. Giai phuong trinh
1 x x2 3
1 2 4 8| _ 0
1 3 9 27
1 4 16 64

3.7. Biét rang cac s6 204, 527, 255 chia hé&t cho 17.

ching minh

DN Ot b
o
O ~3

chia hét cho 17.

—

81



3.8. Ching minh

b + ¢ c + a
b+ o +a

b” + c’l C” + a”

3.9. Tinh dinh thuc

1

0

a

-1

-1

-1

a +b
a +b| =2
a’ + b’
o -1 -1
-1 1
b c d
1 0

a b c
a’ b7 C’
a?Y b)? 23

bang cach khai tri€n nd theo cidc phdn tu cta hang ba.

3.10. Tinh dinh thdc :

2
1
1

1

— e DD

— N ==

N e R

bang cach khai tri€n nd theo cdc phan ti cla cO6t bon.

3.11. Tinh cac dinh thidc sau

. [13547 13647
) |2g493 28523

3)

— = = GO
i M
i I i

5)

= 0 N
DN = W W
W~ W =

7)

— et O N
RO -
OO e ~
[« TR TR I
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4)

8)

246

427 327
543 443
721 621

1 1
3 4
10
20

1 1
3 4
9 16
7 64

3.12. Chung minh

H

lel—l xlé_l JLJz—l

= (o, —x Py xp) o () -

I
—
=
|
=

3.3. PHEP NHAN MA TRAN VA1 MA TRAN -
MA TRAN NGHICH DAO
Hay nhan cdc ma tran :

o b w a2

3 11 1 1 -1 3
¢y |2 12 .2 -1 1 d) [g (1) ﬂ 12
1 23 1 0 1

o ’321} ;
012 3

3.13.

g)[123]. 14

3.14. thuc hién cdc phép tinh sau

2 1 1]° 3 5

2 14 3 2|
a) |3 1 0| ; b){ };C)|:_ __}
l\lz 1 3 4 2
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n . n
Q) 1 1 o) cosp —sing
0o 1| ° sing cosp

3.15. Hay tinh AB - BA néu

1 -2 -1 4 1 1
a)A =2 1 2|, B=|-4 2 0

1 2 3 1 2 1

2 1 0 3 1 -2
HA=| 11 2. B=| 3 -2 4

-1 2 1 -3 5 -1

3.16. Ching minh rang néu AB = BA thi
a) (A + B)? = A2 + 2AB + B?
b) A* - B> = (A + B)(A - B)

3.17. Hay tim tdt cd cac ma trAn B giao hodn vdi ma tran
A, nghia 12 AB = BA, duéi day :

1 2 11
A= —1}; b“‘:{o 1]
1 0 o
gA=1010
31 2

3.18. Hay tim flA) véi

1 -1
b o= 42 — 3 =
flix) = x 5x +3va A = {_3 3]

3.19. Hay tim tdt cad cdc ma tran cdp hai ¢ binh phuong
bang ma tran khong.

3.20. Hay tim t&t cd cAc ma tridn cdp hai cd binh phuong
bang ma tran don vi.

3.21. Cho

-1 1 2 2 2 .
A={ 2 0 3,B=1—2,C=[ }
-2 -1 1 3 0
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Hay kiém tra lai tinh két hop
(AB)C = A(BC)
cia phép nhan ma tréan.

3.22. Cho

2 -1 -1 2
Hay tinh
1) A'; 2) B'; 3) A'B' ; 4) B'A"

5) (AB)' ; 6) (BAY ; T) (A + BY.
3.23. Giai phuong trinh AX = B ddi vdi 4n 12 ma tran X, véi

1 -1 1 1 1 1 -1
A={-1 2 1|, B=1|1 0 2 2
-2 3 1 1 -2 2 0

3.24. Dung phuong phap Gauss - Jordan tinh ma tran nghich
dao cta cac ma tran sau

- 1 2 -3
a)A:éf; bA=|[0 1 2|,

L 0 0 1

1 3 -5 7

0 1 2 -3
DA=15 o 1 2

0 0 0 1

3.25. Dung phuong phdap Gauss - Jordan tinh ma tran nghich
dao cua ciac ma tran sau

1 -1 2
-1
1)A=B IJ; DA=|-1 2 1|,
2 -3 2
1 1 2 -
A=|2 3 2|, 4)A=;Z]
1 3 -1 L
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[ -1 -1 2 1 1
HA=—-1 -1 HA=11 2 1};
2 0 1 1 2
T R
9 A= |2 1 3t; 100A =
4 —9 1 2 0 1 3
L -2 6 5
2 -1 0 3
1 1 2 -1
1) A = 1 9 3 1
0 1 2 1
3.26. Cho ma tran chéo
a, 0 0 .0
a 0
A = 0 22 0 |
0 0 0 all’l

trong d6 a; a,, ... q,, = 0. Ching minh ridng A kha dao va
tim A™ L

3.27. Ching minh ring néu A la ma tran vudéng théa man
A2 - BA+ 1 =0thi A =3-A

3.28. Cho hai ma tran vuéng A va B sao cho AB = 0. Ching
minh rang A khong thé kha dao tri khi B = 0.

3.29. Ching minh ring néu A kha dao va AB = AC thi
B =C.

3.30. A l1a mot ma tran vudng cdp n.

1) Cho det(A) = 3, hay tinh det(A%) va det(A?).

2) Cho biét A kha dao va det(4) = 4, tinh det(A™").

3) Cho det(A) = 5 va B? = A, tinh det(B).

4) Cho det(A)

10, tinh det(A’A).
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3.31. Hoi cac ma tran sau cd kha dao khéng, néu cd. hay
N - . hd X . 9 ’ : (V/
tim ma tran nghich dao bang phu dai s6 :

2 -1
Dig gl
(2 1 -1
3) [0 1 3| :
2 1 1
1 4 2
5 |—1 0 1
2 2 3

2)

r

1
4)
0

—1 2

3 -6
-1 2

205
1

3.4. HE PHUONG TRINH TUYEN TINH

3.32. Ap dung dinh li Cramer giai cdc hé sau

1)

5)

i)

X

12r+5y:1

]4r+5y=—-5

2y = 2y —z = —1
ytz = 1

-ty +z = —1

21’1 —x, —x, =4
3x, + 41‘: — Zr} = 11
3x, — 2¢, + 41"g = 11

1

+ 2r2 + 3,1“‘ — 2x

J 4
20, —x, — 2, — 3,
B A TR A
2e, - v, + 20y + x

3.33. Hoi cac ménh dé sau
1) Theo dinh Ii Cramer. néu detiA)
nghiém.

4)

o

-8

1a ding

x —y +z=1
2 +y +z =2
3x +y +2: =0

le + 2(2 +x, =5

le + 3.vc2 +x, =1

21'1 +x, + 3‘1:3 = 11
x, = 3ry +4dx, = -5
X - ‘_1'3 + 3_7c4 = -4

31'1 + 2x, = 5x, = 12
4y, + 3x, — Oxy = 5

X o
R

hay sai
= 0 thi hé AX = B v0

o 4]
-1



2) Theo dinh li Cramer, néu AN = 0 cd nghiém khong tam

thuong thi det (A) = 0.
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3.34. Tim ma tran X thoa man phuong trinh

2 5] . [4 -6
al fy gl X =19

1 -1 1 -1 3
by X |2 1 0| = |4 3 2
1 ~1 1 1 -2 5
3.35. Hay giai cac hé sau bang cach tinh ma tran nghich dao
[Bv + 4y = 2 [=8x+2y = 1
Ve + 5y = 37 P2+ ay = -6
3x +4y = 3 =3 + 2y = —6
3){47(4-53/:2’ Doy 4y = 1
2¢x + 3y = 4
3.36. Giai 1) |20 T
12}/ 4
20, +x, — 4y + 20 = 2
3x, + Xy +ox, = 6
2) B 2‘ . -
xy + 3y, =

X = -1

3.37. Ap dung phuong phap Gauss giai cac hé sau :

. [ 1.2x = 0,8y = 20
’ |- 15x + 025y = —4,0
x + v+ z=
2) dx + 2y + 3y = —1
x +4y + 92 = -9
X -, toxy - ox, = 2
3) x, - xy t 2y = 0
—x; 20, - 20, 4+ Txy = -0
2x, =X, — Xy = 3.

xl—x2+2x3+2x4+x5=3
p txy F0xy +2x, + 26 =6
4) ¢ —x; t4x, —6x, +x; = -3

—2x1—4x2—4x3—x4+x5=—3
1+47c2+4x3+73c4-—3c5=9

3.38. VGi cac gia tri nao cua a thi hé sau day khéng cd
nghiém duy nhat!:

- = x—-— y+22=23
1){; +2y __51 2 |2 +ay + 3 = 1
A @ = 3t +3y + z =4
3.39. Tim nhing gia tri cia a dé hai hé sau tuong duong
x+2y =1 x tay = 4
2c + 5y = 1 x + 2y = =5
3.40. Viét nghiém cta cac hé sau theo a, b, ¢
x+ y— z=a
+ =
1){2’;+;’y_g 2){x +2 —2 =b
Y = 2c — y +22 =¢

3.41. Xac dinh @ d€ hé sau c6 nghiém khong tdm thuong

Sx +2 — 22 =0 [ ( o=

3.5. HANG CUA MA TRAN -
HE PHUONG TRINH TUYEN TINH TONG QUAT
3.42. Trong cac hé sau day, hé nao c¢d nghiém khéng tam
thuong, hé nao khéng co :
x, +3ac2+5x3+ x, =0
1) {4x; — Tx;, — 3x; — x, =0
3, + 2, + Txy + 8, = 0
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2)

(x, + 2, + 33 = 0
x, +4x, =0

3.43. Tim hang cua cac ma tran sau :

2 -1 3 -2 4
aA)A=14 -2 5 1 7

2 -1 1 8 2

1 3 5 -1

2 -1 -3 4
byA=15 1 1 ¢

7 7 9 1

(4 3 -5 2 3

8 6 -7 4 2
A =14 3 -8 2 7

4 3 1 2 -5

8 6 -1 4 -6

3.44. Xac dinh hang cua cac ma tran sau tuy theo 4 (1 thuc) :

3 1 1 2
1 4 7 2
A =1, 10 17 4
4.1 3 3
1y 92 1 -1 1
A o1 1 -1 -1
A=) 9 1 0o 1 1
1 2 2 -1 1

3.45. Giai cac hé sau va bién luan theo cdac tham s6 :

1)

A+ y+ z =1
x + Ay + z A
lx+y+/lz=,12

il

Jx +ay + o'z = o}
x + by + ()Zy = b3

Xty +c¢z = o

2)

X +)/ + =1
3) Jax + by + ez =
ax + 6% + ¢ = d°

B. BAI GIAI VA HUONG DAN

3.1. MA TRAN
3.1. 1)
1 3 0 1 1+0 3+1 1 4
A+ B= (-1 2/+] 3 2|=]|-1+3 2+2| =12 4
3 4 -2 3 3-2 4+3 1 7
4 2 -3 1+2 4-3 31
(A+B +C =12 4| +[1 20=12+1 442/ =13 6
7 4 -1 1+4 7-1 5 6
2)
0 1 2 - [ 0o+2 1-3 2 -2
B+( = 3 20 +]1 20 =] 3+1 2+2| =14 4
-2 3 4 - -244 3-1 2 2
1 3 2 -2 1+2 3-2 3
A+iB+C)=1|-1 2| +i4 4 =1-1+4 2+4 3
3 4 2 92 342 4+2 5
Ta suy ra
A+B 4+ =A+B+C
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(9]
S’
U]
>
Il
w
|
GO = =
W
Il

3.2. a)

b)

c)

d)

e)

3.3.

a)

b)

92

3(1)  3(3)] 3 9
3(-1) 3(2)| = |3 6
3(3)  3(4) 9 12

-1 3

2 4

3 -2

2 3

3.2. DINH THUC

3}:2_4—3.1=8—3=5

1 4
2 1 =
2 2' 29 - 1.-1)
sina C?Sa = sina.sina + cosa.cosa = 1
—cosx  sina
o« e *tdil ¢+ die - di)
¢ — di b
=ab—cz—d2
tga —1 = tgla + 1
1 tga
111 0 1 11
-1 0 1l =1]_y ol =121 o
-1 -1 0
=1-1+1=1
0 1 1 1
0 1 1 1
_ +
101—0‘1 0‘ 1l10 1|1
1 1 0
=0+1+1=2

-1

0

3.4.

3.5.

c)

d)

a)

b)

a)

b)

b”
bn’

b’
bn
bn’

dn

QK A e

—
W N —

W

O =

s 3

3 6

'13
- +

1 6

1 2
1 3

=(12-9-6-3)+B-2) =1,

i+1

1

-

I

I

SEESIES )

Q

d’:
dn’

—i

0
1-: 1

L 0,—1’ +(i+1)'1__il. é'

01

1—i(=) + G+ DG - 1)
1-1+i2-1=-2

a b a b ¢
a b ¢ =la b | =A
a” b)’ c” a?’ b)? c”
a b c
a b o= —A.
a” b’, 3
b c a d
b’ c’ a’ d’
= b” C” a’7 d))
b”’ C”’ a’7’ d”’
a b c d
a’ b’ c) d’
= - an bn C” dn = _A
a”’ b”’ c!’) d”’
a c b d
a c o
= - an C” bn dn =
a’77 C”’ b”’ d”!
= A
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1 x x2 x° b a ¢ a ¢ b
1 2 4 8| _ =-1 o | -lad ¢ b=
3.6. 1 3 9 27 - 0 b” a” C”. a” 39 bn
1 4 16 64
. ! , s a b ¢ a b ¢ a b
12 mot phuong trinh bac ba d6i v8i 4n x. Thay x = 2, v€ trai —le b el s+l & | =2l v
]2 mot dinh thic co hai hang giéng nhau, nén bang khéng. Do b e 2 b o a, 5
dé x = 2 12 moét nghiém cta phuong trinh trén. Mot cach tuong -
ty ta thdy x = 3 va x = 4 cing la nghiém. Vay phuong trinh 1 0 -1 -1 o
da cho cé ba nghiém : 2, 3, 4. Vi nd la mot phuong trinh bac 3.9. 0 -1 -1 1 PO -1 -1
ba, nén khong thé cd qua ba nghiém. Vay do la tdt ca cac a b c d| (=)™ _1 bi 1
nghiém cua phuong trinh. -1 -1 1 0 0
bs : 2 3, 4 1 -1 -1 10
2 0 4 2 0 4 + 10(0) + 100(2) +(-1)3*2% | 0 -1 1| + (=133 | 0 -1
37 15 2 7| = |5 2 7+ 102) + 100(5) -1 1 0 1 1
2 5 5 9 5 5 + 10(5) + 100(2)
1 0 -1
2 0 204 +(-1)3d | 0 -1 -1| =3¢ —b + 2 +d.
= |5 2 527 -1 -1 1
2 5 255
2 1 1 x L 2 1
Cac phan t¥ ¢ cot 3 chia hét cho 17, vay dinh thidc chia hét 3.10. } ? ; y| _ )t |11 2] 4
cho 17. z
11 1 ¢ 11
b +ec cta a+tb
38 |b+c c+a d+Fb| = 2 1 1 2 1 1
bn +C” C” +an a "+ b + (__1)2+4y 1 1 2 + (_1)3+_4z 1 9 1 +
b cta a+b c c+a a+tb 111 1 1
Iy c+a ad+b |+ <+ o a+b | = 2 1 1
ba’ C” +an an +b7, Cn CH +an a +b + (_1)4+4t 1 2 1 - —x — y . + 4t
b ¢ a+b b o© a+b c a a+b ! 11 |
o R L I GO O Il A B gqp |18547 13647 _ 113547 13547 + 100
b < a” +b b7 a” a”+b ¢’ @’ a’ b 7 28423 28523) T |28423 28423 + 100
b a ¢c a b _|13547 100| _
— b, 3 a, + C’ a, by — e !28423 100 -_ 100(13547 - 28423)
b,’ c’, a” c’, a’/ b’, — _1487600.
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2)

246 427 327
1014 543 443} =

_342 721 621
046 427 327 — 427
_ | 1014 543 443 -543| =
_342 721 621 -721
946 427 —100
_ | 1014 543 -100| =
_342 721 -100
046 427 1
- —100| 1014 543 1| =
_342 721 1
246 497 1
— _100|1014—246 543-427 0
_3492-946 721 -427 0
768 116
= —100| _5g¢ 294‘
768 116
= —100.294\ %

= —29400(768 + 232) = - 29400000

31 1 1 4 4
131 1] |13
113 1] =11
111 3 11

11 0 1

131 1
=417 1 3 1| =4

111 3
- 4232 = 48

0
1
3
1

O O+

4
1
1
3

O O N =

— W= o

N o -

4)

5)

6)

i

e e e N Y

W N =

— e e et

10

10

[’ BN R

— = =

— R W

W N =

1 1 1
3 4| o
6 10| ~ |o
10 20 0
2 3 1
3 6| = |0
4 10 0
3 4 10
4 1| |10
1 20~ (10
2 3 10
1 2 3 4
1 3 4 1
1 4 1 2{ 7
1 1 2 3
11 -
1 -3 1
-3 1 1
-1 1 -3
0 —4 4
0 0 4
1 1 1
3 4 |0
9 16| ~ o
27 64 0
2 3 1
3 6] =410
9 24 0
3
1ol =12

L

— R W N

—

10

W N
O W

w

N o— W S

O DN = N

SO O
—

= 160

>N = -
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o 1 1 1 0 1 1 1 1 1 1
1 0 a b _ 0 —b a—¢ b X x> Xy
0 |0 a-b < ¢ 2 2 2
} Z C CO 1 b c 0 3.12. X xz Xy, = A”.
Lo S
= — — a—¢ =
a—b —C c Xem AL la moét da thic bac n - 1 d6i vai x, ta thidy nd cd
. o n - 1 nghiém Xy Xy oy X Vay
1 _ _ _ _ _ . N -
I w—ctb 9% A, = kx| x M xn_z) (Jcn ch)(xn x,). So sdnh hé s6
- a—-b —c—a+b c—a+b cua xg"l ¢ vé phai v6i hé s6 cua xg"l ¢ dinh thdc A , ta suy ra
a—c+b 2 | 7 k=t
T T l=<-a+b c—a+b| Ta suy ra
An = An—l(xn - xn—l)(xn - xn—Z) (xn - JCl)
=a? + b2 +c = 2ab +be + ca) Ay = B — X D0 X ) o (xy — X))
A, = A x, —x)(x, —x))
. y Xty 3 12 31 2/ X3 1
y xty x| = e P
x+y x y R
Vay
2x +y) 2 +y) 2x+ty) A = X — x).
[P e o I
xt+y x Y
1 1 1 3.3. PHEP NHAN MA TRAN VOI MA TRAN -
_owty)| y xty x MA TRAN NGHICH DAO
x ty x Y 3.13. a) Ma tran ¢8 2 X 2 nhan v6i ma tran cd 2 x 2 cho
ma trdn cd 2 X 2 :
1 0 0 2 1 I -1y _ |21 + 11 2(-1) + 1.1| _ |3 -1
—ox 4y | ¥ X x—y 3 2| |1 1| T |31 +21 3-1)+21| 7 |5 -1
rty v o [8 81 [2 1] 32458 31+52] _
"6 -1] |-3 2| T |62 - 1(-3) 61 -12| "
T XTIV - _om3 443 -9 13
= 2(x + ) 2(x° +y°) _
v “ 115 4
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¢) Ma tran ¢ 3 x 3 nhan véi ma tran cd 3 X 3 cho ma
tran ¢d 3 x 3 :

31111 1 -1
2 1 2| {2 -1 1] =
L123101

'31+12+11 B31+1(-1)+10 3(-1)+L1+11
_ 21412421 21+1(-1)+20 2(-1)+1.1+21
(11+22+81  11+2(-1)+3.0 1.(-1) +2.1+3.1

6 2 -1
=16 1 1
LS -1 4

d) Ma tran cd 2 X 3 nhan v6i ma tran c¢8 3 X 2 cho ma
tran co 2 X 2 :

3 0 1 33+02+1.1 31+01+10

- o 3]

e) Ma tran cd 2 x 3 nhan v6i ma tran c0 3 x 1 cho ma
tran ¢d 2 x 1 :

3 21 ; _ [81+22+13] _ (10
01 2|3 ~ [o1+12+28 " |8

f) Ma tran ¢ 3 x 1 nhan v6i ma tran cd 1 x 3 cho ma
tran cd 3 x 3 :

[2 1 1] g } 3 [2.3+1.2+1.1 2.1+1.1+1.0] _
1 0

2 21 22 23 2 4 6
1lp 2 81=411 12 13/ =1 2 3
3 31 32 33 3 6 9
g) Ma tran cd 1 X 3 nhan védi ma tran ¢ 3 X 1 cho ma

tran co 1 x 1 :

2
[1 2 3] (4] = [1.2+ 24 + 311 = [13].
1

100

2 1 1 2 1 1] [2 1 1
01 2 01 2/ ]01 2

(22413410 21+1.1+1.1 21+1.0+1.2
= (32+13+00 31+1.1+01 31+1.0+02} =
02+13+20 01+1.1+21 01+1.0+22

il
4 1T
W O

b)

f 1
— N
W =
[

(V8]
I
||
s DN
O —
| S

(]
—
- BN
L) =
[ |

2 117 2 1] [2 1
13 T |1 3 |13
22411 21+13 5 5

T l12+31 1.1+33| - |5 10

5 5] [2 1
15 10| |1 3

52+51 51+53 15 20
52+10.1 51+103| - |20 35

Sl S R g g
I

3+2(-4) 32+2(-2) 1 2
3-2(-4) -42-2(-2)| " |-4 —4}

RS M

|
'i oW
W
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BB
NN

Tu dé ta du dodan quy luat

{1 IT _ [t ”} (3.1)
0 1 0 1

n
d) Muén tinh {(1) 1} trudc hét ta tinh tha

Ta ching minh cong thic nay bang phuong phap quy nap
toan hoc.

Gia sU nd dang véi n = m tdc la
1 1" (1 m
0 1 101
ta sé ching minh né van con dung v6i n = m + 1. That vay,

BT
BB

Vi ré6 rang cobng thic (3.1) dung v6i n = 1

1 1]t 11
o1 T o1

102

nén nd sé ding véi

n=2+1=
V.V...

nghia la cong thic (3.1) sé dung véi n (nguyén duong) bat ki.
e) Ta lam tuong tu trén. Ta tinh thd

cosp —singp 2 _ |cosp —sinp| [cosp —sinp] _
sinp  cosp ~ |sing  cosp| |[sing  cosp| T

_ |cos?p —sin?p  —2sinpcosp
2singpcosp  cos’p —sinp

sin2p  cos2p
Do dé ta du doan quy luat

[cosgo —simpJn _ ’:cosup —sinmpJ

_ ,:cos2<p —sin2<p:,

sing  cosp sinng  cosng (3.2)
Ta ching minh céng

ding véi n = m tic la

[cosgo —simpJm _ [cosmgo —sinmgp:,

thic nay bang quy nap. Gia st né da

sinp  cosp sinme  cosmep

ta sé ching minh né vin con ding véi n = m + 1. That vay, ta co

cosp —sing mrl _ |cosp —sinp ” cosp —sing
sing  cosp "~ |sing  cosp sinp  cosp
_ |cosmp —sinme| |cosp —singp
~ [sinmp  cosme| |sing  cosp

cosmepcosp — sinmepsing
sinmpcosp + cosmepsing

- —cosnpsing — sinmpcosyp
- —sinmgpsing + cosmepcosp
_ (cos(m + l)p —sin(m + l)p

sinfm + l)p  cos(m + l)p|
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Ta da biét cong thic (3.2) dang v6i n = 1

cosp —sing ! __ |cosp —sing
sinp cosp|  |sinp  cosp

nén ndé sé ding voi

n=1+4+1=2
n=2+1=3
V.V...
nghia 12 cong thuc (3.2) dung v6i n (nguyén duong) bat ki
3.15.
1 -2 -1 4 1 1 11 -5 0
a) AB=12 1 2|/ |-4 20 =| 6 84
1 2 3 1 21 -1 11 4
4 1 11 [1 -2 -1 7 -5 1
BA= |-4 2 o] |2 1 = {0 10 8
1 11T 2 3 6 2 6
Vay
4 0 -1
AB-BA=| 6 -2 -4
-7 9 -2
[ 1 0 3 1 -2] 9 0 o
BAB=| 1 1 2 3 —2 4|l =] 0 9 0
-1 2 1| |-3 5 -1 -4 0 9
L J
[ 3 1 -2 2 1 0] 9 0 0}
BA=| 38 -2 4 11 20 =1] 09 0
-3 5 -1 -1 2 1 L_409
Vay L |
0 0 0
AB-BA =10 0 0
0 0 O
3.16.2) A+B)? = (A+BA+B)

= (A+BA+(A+B)B
= AA + BA + AB + BB

104

Vi AB = BA nén
(A + B)? = A’ + 2AB + B2
b) (A+B)A-B) = (A+B)A+ (A+ B)~-B)
= AA + BA - AB - BB
Vi AB = BA nén
(A+B)A - B) = A’ - B2
3.17. a) Gid st ma tran phai tim cd dang

=[]

Ta dua vao diéu kien AX = XA dé tim x, y, z, ¢

Ta co
AX — 1 2] |x =z _ x+2y z+2¢
-1 -1 y t X -y -z —t
x 2 1 2 x—z 2x-—

biéu kién AX = XA tuong duong véi
x+2y =x —2z
z + 2t =2x — 2z
X —y =y =t
-z —t =2y -t
Phuong trinh ddu va phuong trinh cudi trang nhau, ta c6
tt phuong trinh thd 1 va thyd ba :
z = 2y
t=x+2
Thay z va ¢t nay vao phuong trinh thu hai thi né théa man.
Vay, xem x va y thy ¥ thi z = -2y, t = x + 2y. Két qua la

| =2y
X_[y x+2y:l

x=[ 7

b) Cing dat
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ta co

AX

Il
—
—

IR
S N E R e

Diéu kién AX = XA tuong duong vdi

x +y=x
z+t=x+2z
y =Y
t =y +t¢
Do do
y=0,x=¢ ztuyy
va
x z
c) Dat
[x y z
X:_—_ u 12) w
m n t
ta co ) )
1 0 0 z
AX =10 -1 O u v w| =
3 1 2 m n t
x y
= u 12
I +tut+2m 3ytuv+2n 3Jztw+2¢
[x y =z 1 0 O
XA = |u v w 01 0
m n t 3 1 2
[x + 32z y tz 2z
= |u + 3w v+w 2w
m + 3t n+t 2t
106

Diéu kién AX = XA tuong duong véi

x =x + 3z

y =y tz

z = 2z

u =u + 3w

v =uvtuw

w = 2w

I +tu +2m=m + 3¢
3y +uv +2n =n +¢
3z +w + 2t = 2

Phuong trinh thd ba ching té z = 0.

T dé phuong trinh thu

1 va 2 chding to x va y tuy y.

Phuong trinh thd 6 ching t6 w = 0. Ti dé phuong trinh
thd 4 va 5 ching té u va v tuy y.

Tt z = 0, w = 0, phuong trinh thd 9 ching té ¢ tuy y.

Sau d6 phuong trinh thd 7 va 8 cho phép biéu dién m va

n theo x, y, u, v :

m =
n =
Vay
X
X = u
3t — 3x.
3.18. Véi flx) = x% - 5x
flA) =

3t -3x —u
t -3y -v.
y 0
v 0
—u t—3y-v t
+ 3 thi
A% - 5A + 3]

trong dé I 1a ma tran don vi cung cdp véi ma tran A. O day

=[]

va
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Ta co
9 1 9 1 7 Tit hai phuong trinh dédu suy ra a® = d2.
A? = [_3 3:| [_3 3] = [_ 15 12} Do dd c¢ hai truong hop d = a vad = -a.

Néu d = a # 0 thi hai phuong trinh cudi ching t6 b = 0,

54 = -5 [ 2 - 1:| = [_ 10 5] ¢ = 0, ti d6 hai phuong trinh diu lai ching td a = 0, d = 0.
-3 3 15 -15 Vay khong cd kha ndng d = a # 0.
37 = 3 1 0 (30 Né&u d = -a thi phuong trinh thd 3 va 4 ching td b va ¢
~ 710t T (o 3 tiy y. Muén cho phuong trinh thd 1 va 2 théa mian cdn thém
Vay diéu kién
at+bc =0

7 -5 ~10 5 3 0 0 0
fla) = [—15 12} +[ 15 —15J + {o 3J = [o 0}

3.19. Dat
a b

Vay A cd dang

A=l:a b},a2+bc=0.
c —a

3.20. Nhu & bai tap 3.19 ta phai tim a, b, ¢, d dé&

Ta phai tim cac s a, b, ¢, d dé A2 = 1 0}
2 _|a b |a b 0 0 01
AT=0 4l e 4l T lo o Diéu kién cdn va di dé A2 = I la
Vi a? +bec =1
_ @+ dp =0
a bl |la b _ 2 4+ pe ab + bd (@ +d)e =0
c d| |c d| - lac +ed be + d? d* + be = 1
nén diéu kién cdn va du dé A?2 = 0 la Hai phuong trinh 1 va 4 chding té a? = d2
a2 +be = 0 Né&u d = e # 0 thi hai phuong trinh 2 va 3 ching té6 b = 0
ab +b6d = 0 va ¢ = 0. Sau dd hai phuong trinh 1 va 4 ching té d = a =1
ac +cd = 0 hay d = a = -1. Vay
be +d> =0 1 0 -1 o0
viét lai la {0 1} ay { 0 —1}
aZ +bc =0 Né&u d = -a thi hai phuong trinh thd 2 va 3 ching t6 b va
d2 4+ be = 0 ¢ tuy y. Sau dé mudn cho phuong trinh 1 va 4 théa man cén
(@ +dp =0 théem didu kién a® + bc = 1. Vay cé
a +d)c =0 .
( ) A = [a b}, a?+bc = 1.
c -a
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I

—y

LW >

8]
J

4 14
-4 (BA)‘——-[, }
4 3 3
-2

S R A R v
wemr- [
3.23. Xét phuong trinh ma tran AX = B véi A 12 ma tran
vudng. Néu A ¢ ma tran nghich dao A™! thi
A lAX) = A™!B
(A"lA)X =A"'B
X=A'B

D& xét sy tén tai cia A”! ta tinh dinh thdc cia ma tran A
dia cho :

1 -1 1
det(A) = |—1 2 1l =1=0
-2 3 1
Vay A cd nghich dao
1 1 -1 4 -3
Rl

Do do

[—1 4 -3 [1 1 1 -1
X=A11B=|-1 3 -2/t o0 2 2
1 -1 it -2 2 o

0o 51 9
- 31 7
1 -1 1 -3
324.20 1 2 . 1 0 hang 1 (h1)
1 0 , 1 -2 hl-2h2—hl
1 | 0 1  h2-h

111




b)

™

— N W

hl
h2
h3

O O O =

- Nl O = N

o~ Ol OO

hl + 3h3 — hl
h2 - 2h3 — h2
h3 — h3

Ta dugc

c)

(=)

|
N O

—_—0 O = O O
S
__'_. OO OO OO
|

w =3

O = N

o O -

ht - 2h2 — hl
h2 — h2
h3 — h3

hl
h2
h3
h4

g o

o~ OO OO O

hl - 7h4 — hl
h2 + 3h4 — h2
h3 - 2h4 — h3

h4 — h4

corRro|loorol o0 —O

N Ot

1

hl + 5h2 — hl
h2 - 2h2 — h2
h3 - h3
h4 — h4

coom oocoorRrlooo~ OO0 O
co—~Ool OO0 =W OO W OO W
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O~ OO O OO &N

—_ o 00| MO0 MO OO n
coo~mloocor|laoor|ocoo

|
w

o O =

i

—
—_— N = O

o

hl - 3h2 — hl
h2 — h2
h3 — h3
h4 — h4

1 -3 11 -38
0 1 -2 7
4 -1 o
Vay AT=1y o0 1 -2
0 0 0 1
3.25. 1)
2 -1 1 0 hl
3 1 0 1 h2
1 -0,5 0,5 0 h1/2 — hl
3 1 0 1 h2 — h2
1 -05 05 0 hl — hl
2,5 -1,5 1 h2 — 3h1 — h2
1 -0,5 0,5 0 hl — hl
1 -0,6 04 h2/2,5 — h2
1 0 0,2 0,2 hl + 0,5h2 — hl
1 -0,6 04 h2 — h2
02 02
, —1 — bl b
Do do AT = l:_ 0,6 0’4]
2)
1 -1 2 1 0 0 h1
-1 2 1 0 1 0 h2
2 -3 2 0 0 1 h3
1 -1 2 1 0 0 hl — hl
0 1 3 1 1 0 h2 + hl — h2
0 -1 -2 -2 o0 1 h3 - 2h1 — h3
1 -1 2 1 0 0 hl — hl1
1 3 1 1 0 h2 — h2
1 -1 1 1 h3 + h2 — h3
1 -1 o0 3 -2 -2 hl - 2h3 — hl
1 0 4 -2 -3 h2 - 3h8 — h3
1 -1 1 1 hl — hl
1 0 0 7 -4 -5 hl + h2 — hl
1 0 4 -2 -3 h2 — h2
1 -1 1 1 h3 — h3
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Do do

7 -4 -5
Al=] 4 -2 =3
-1 1 1
3)
1 1 2 1 0 0 hl
2 3 2 0 1 0 h2
1 3 -1 0 0 1 h3
1 1 2 1 0 0 hl — hl
0 1 2 -2 1 0 h2 - 2hl — h2
o 2 -3 -1 0 1 h3 - hl — h3
1 1 2 1 0 0 hl — hl
1 -2 -2 1 0 h2 — h2
1 3 -2 1 h3 - 2h2 — h3
1 1 0 -5 4 -2 hl - 2h3 — hl
1 0 4 -3 2 h2 + 2h3 — h2
1 3 -2 1 h3 — h3
1 0 0 -9 7 -4 hl - h2 — hl
1 0 4 -3 h2 — h2
1 3 -2 1 h3 — h3
Do dé
-9 7 —4
Al=1|4 -3 2|
3 -2 1
1 2
o a-l )

det(A) = 0, A khong cé nghich dao.
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5)
2 3 1 0 h1
1 4 0 1 h2
1 32 12 o0 h1/2 — hl
1 4 0 1 h2 — h2
1 %2 12 o0 hl — hl
0 52 -1/2 1 h2 - hl — h2
1 32 12 0 hl — hl
1 -1/5 2/5 h2/(5/2) — h2
1 0 4/5 -3/5  hl-3/2h2—hl
1 -1/5. 2/5 h2 — h2
Do do
- 4/5 -3/5
1 —
A7 = [—1/5 2/5J
2 —
6 =
) A [—6 9}
Ta co
2 -3 _
det(A) = '_6 9' =0
Do d6 ma tran A khéng cd .nghich dao
7)
1 -1 -1 1 0 0 h1l
-1 +1 -1 0 1 o0 h2
2 2 0 0 0 1 h3
1 -1 -1 1 0 o0 hl -» hl
0 0 -2 1 1 o0 h2 + hl — h2
0 4 2 -2 0 1 h3 - 2h1 — h3
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1 -1 -1 1 0 0 hl — hl
4 2 -2 0 1 h3 — h2
-2 1 1 0 h2 — h3
1 -1 -1 1 0 0 hl — hl
1 0,5 -0,5 0 0,25 h2/4 — h2
1 -0,6 -05 O h3/(-2) — h3
1 -1 0 0,5 -0,5 O hl + h3 — h3
1 0 -025 025 0,25 h2 - 0,5hl — h2
1 -05 -05 O h3 — h3
1 0 0 0,25 -0,25 0,25 hl + h2 — hl
1 0 -025 025 0,25 h2 — h2
1 -05 -0,5 O h3 — h3
114 —1/4 1/4
Do do Al =1—-1/4 1/4 1/4
-12 -1/2 0
8)
2 1 1 1 0 0 hl
1 2 1 0 1 0 h2
1 1 2 0 0 1 h3
1 1/2 1/2 1/2 0 0 h1/2 — hl
1 2 1 0 1 0 h2 — h2
1 1 2 0 0 1 h3 — h3
1 1/2 1/2 1/2 0 0 hl — hl
0 3/2 1/2 -1/2 1 0 h2 - hl — h2
1/2 32 -1/2 0 1 h3 - hl — h3
1 1/2 1/2 1/2 0 0 hl — hl
1 1/3 -1/3 2/3 0 h2/(3/2) — h2
1 3 -1 0 2 h3/(1/2) — h3
1 1/2 1/2 /2 0 0 hl — hl
1 /3 -1/3 2/3 0 h2 — h2
8/3 -2/3 -2/3 2 h3 - h2 — h3
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1 Y2 12 12 0 0 hl — hl
1 13 -13 23 0 h2 — h2
1 ~1/4 -1/4 3/4 h3/(8/3) — h3
1 /2 0 5/8 1/8 -3/8 hl - 0,5h3 — hl
1 0 -1/4 34 -1/4 h2 - 1/3h3 — h2
1 -1/4 -1/4 384 h3 — h3
1 0 0 3/4 -1/4 -1/4 hl - 1/2h2 — hl
1 0 -1/4 3/4 -1/4 h2 — h2
1 -1/4 -1/4 3/4 h3 — h3
Do dé
3/4 —1/4 -1/4
Al=|-14 34 -1/4
~1/4 -1/4 3/4
9)
3 2 0 1 0 0 hi
2 1 3 o 1 0 h2
4 -2 -1 0 0 i h3
1 2/3 0 1/3 0 0 h1/3 — hl
2 1 3 0 1 0 "h2 — h2
4 -2 -1 0 0 1 h3 — h3
1 2/3 0 13 0 0 hl — hl
0o -1/3 3 -2/3 1 0 h2 - 2h1 — h2
0 -14/3 -1 -4/3 0 1 h3 - 4h1 — h3
1 2/3 0 /3 0 0 hl — hl
1 -9 2 -3 0 h2(-3) — h2
0 129/14 -12/7 3  -3/14  h3 - 14h2 — h3
1 2/3 0 1/3 0 0 hl — hl
1 -9 2 3 0 h2 — h2
h3 (o
1 -8/43 14/43 -1/43 (129) — b3
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1 2/3 0 1/3 0 0 hl — hl
1 0 14/43 -3/43 -9/43 h2 - 9h3 — h3
1 -8/43 14/43 -1/43 h3 — h3
1 0 0 5/43 2/43  6/43 hl - 2/3h2 — hl
1 0 14/43 -3/43 -9/43 h2 — h2
1 -8/43 14/43 -1/43 h3 — h3
5/43  2/43  6/43
Do d6 A"l = | 14/43 -3/43 -9/43
—8/43 14/43 -1/43
10)
-2 1 -1 1 0 0 0 hl
-1 4 -2 3 0 1 0 0 h2
2 0 1 3 0 0 1 0 h3
-2 6 0 50 0 0 1 h4
1 -2 1 -1 1 0 0 0 hl — hi
0 2 -1 2 1 1 0 0 h2 + hl — h2
0 4 -1 5 -2 0 1 0 h3 - 2h1 — h3
0 2 2 3 2 0 0 1 h4 + 2hl — h4
1 -2 1 -1 1 0 0 0 hl — hl
1 -1/72 1 1/2 12 0 0 h2/2 — h2
4 -1 5 -2 0 1 0 h3 — h3
2 2 3 2 0 0 1 h4 — h4
1 -2 1 -1 1 0 0 0 hl — hl
1 -1/2 1 12 12 0 0 h2 — h2
0 1 1 -4 -2 1 0 h3 - 4h2 — h3
0 3 1 1 -1 0 1 h4 - 2h2 — h4
1 -2 1 -1 1 0 0 0 hl — hi
1 -1/2 1 1/2 12 o0 0 h2 — h2
1 1 -4 -2 1 0 h3 — h3
0 -2 18 5 -3 1 h4 - 3h3 — h4
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1 =2 1 -1 1 0 0 0 hl-oht
1 -1/2 1 12 12 0 0 h2—h2
1 1 -4 -2 1 0 h3 —- h3
1 -13/2 -5/2 3/2 -1/2 h4/(-2) — h4
1 22 10 -11)2 =52 32 -1/2 hl + b4 — h1
1 -12 0 7 3 =32 1/2 h2 - hd4 —h2
1 0 452 1/2 -1/2 1/2 h3 - h4 — h3
1 -13/2 -52 32 -1/2 h4 — hd
1 2 0 0 -8 -3 2 -1 hl-bh2—>ni
1 0 0 334 134 -7/4 3/4 h2+1/2h3— h2
1 0 5/2 1/2 -1/2 1/2 h3 — h3
1 -13/2 -5/2 3/2 -1/2 h4 — hd
] 0 0 172 72 -32 1/2 hl+2h2 — hl
0 0 334 134 -7/4 3/4 h2 — h2
1 0 52 1/2 -1/2 1/2 h3 — h3
1 -13/2 -52 3/2 -1/2 h4 — h4
172 72 -3/2 12
3 334 134 —-74 34
. 1 _
Dods A 52 12 -12 12
“132 -52 32 -1/2
11)
2 -1 0 3 1 0 0 o0 i
1 1 2 -1 0 1 0 0 h2
1 2 3 1 0 0 1 0 n3
o 1 2 1 0 0 0 1 n4
1 1 2 -1 0 1 0 0 h2—>ht
1 2 3 1 0 0 1 0  h3-—h2
0o 1 2 1 0 0 0 1  h4d—h3
2 -1 0 3 1 0 0 _ 0 hl — h4
1 1 2 -1 0 1 0 0  hl—>nhl
0O 3 5 0 0 1 1 0  h2+hl-—h2
o 1 2 1 0 0 0 1  h3->h3
0O -3 -4 5 1 -2 0 0  hd-2hl — h4
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1 1 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2/3 — h2
1 2 1 0 0 0 1 h3 —» h3
-3 -4 5 1 -2 0 0 h4 — h4
1 1 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3 /73 0 h2 — h2 _
0 1/3 1 0 -1/3 -1/3 1 h3 - h2 — h2
0 1 5 1 -1 1 0 h4 + 3h2 — h4
11 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 3h3 — h3
1 5 1 -1 1 0 h4 — h4
1 1 2 -1 0 1 .0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 h3 — h3
0 2 1 0 2 -3 h4 -~ h3 — h4
1 2 -1 0 1 0 0 hl — hl
5/3 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 h3 — h3
1 172 0 1 -3/2 h4/2 — h4
1 1 2 0 1/2 1 1 -3/2 hl + h4 - hl
1 63 0 0 173  1/3 0 h2 — h2 ‘
1 0 -32 -1 -4 15/2 h3 - 3h4 — h3
1 172 0 1 -3/2 h4 — h4
1 1 0 0 7/2 3 9 -33/2 hl - 2h3 — hl
1 0 0 5/2 2 7 -25/2 h2-5/3h3— h2
1 0 =32 -1 -4 15/2 h3 — h3
1 1/2 0 1 =32 h4 — h4
1 0 O 0 1 1 2 -4 hl - h2 — hl
1 0 0 5/2 2 7 -25/2 h2 — h2
1 0 -32 -1 -4 15/2 h3 ~ h3
1 1/2 0 1 -3/2 h4 — h4
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Do do

3.26. Vi @110y - a, # 0 néna, # 0 Vi

Ma tran

nn

BA =1 AB =1

Vay - B =A1

3.27. T A2 -3A+1 =0 ta suy ra

I=3A-A%=ABI-A) = (3 - A)A

Vay 81 - A = A™ L.

3.28. Ta phai ching minh ridng néu B = 0 thi A khong thé
kha dao. That vay, gid st B # 0 ma t6n tai A"\ Nhan A™!
v0i 2 v€ cda AB = 0 ta suy ra

A"lAB) = A7 10
(A"lA)B =0
B=0
Diéu nay trai gia thiét B = 0.
3.29. Nhan A™' véi 2 v& cta ding thic AB = AC

¢d dac tinh :

A1(AB) = A"1(AC)
(A71A)B = (A"1A)C
B=cC

3.30. 1) det(A?) = det(AA)
det(A3) = det(A24)

det(A)det(A) = 33 = 9 ;
det(A%)det(4) =

I
©
w
Il
N
~

121



Day 1a mot hé thudn nhat cé 3 phuong trinh 3 4n vai dinh thic

5 3 8
4 3 1 =0
3 2 3

nén hé cd nghiém khong tAm thudng.
Vay ho vectd di cho phu thudc tuyé&n tinh.
5.15. a) Xét
a4, - 5,2, 6) +52, -2, 1, 3) +y(6, -3, 3,9 +

+6 (4, -1, 5,6) = (0,0, 0, 0
tdce 1a
(4a +28 +6y +45, ~ba - 28 - 3y - 4,

20+ 3+ 3y + 55, 6a + 38 + 9y + 6J)
=(0,0,0,0)
Do d6 a, B, y, 6 1a nghiém cua hé

da + 28 + 6y + 45 =0

~Sa ~286-3y - 6=0

2¢ + B+ 3y +55 =0

6ac + 36 +9% +65 =0
Hé nay cé dinh thdc

4 2 6 4

-5 -2 -3 -1 _ o

2 1 3 5
6 3 9 6

nén cd nghiém khong tadm thuong.
Vay ho vecto da cho 1a phu thudc tuyén tinh
b) Xét
a(1, 0, 0, 2, 5) +5(0, 1, 0, 3, 4) +y\(0, 0,1,4, 7+
+d (2, -3, 4, 11, 12) = (0, 0, 0, 0, 0)

tdc la
(a+25, -3,y +45, 2a + 36 +4y + 118, ba + 48 + Ty + 128)
= (0, 0, 0, 0, 0).
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Do d6 «, B, v, & la nghiém cta hé

a + 26 =0
B -3 =0
y + 46 =0

2 +36+4y +116 = 0
Ba +48 +Ty +125 = 0
Nhan phuong trinh thd 1 véi -2
2 véi -3
3 véi -4

r6i cong cac phuong trinh thu dugc véi phuong trinh thd 4 ta
duge 0 = 0.
Nhan phuong trinh thd 1 véi -5
" 2 véi -4
" 3 véi -7
rdi cong cdc phuong trinh thu dudc véi phuong trinh thy 5 ta
dugce 146 = 0.
Vay hé trén tuong duong véi hé
B - 36
y + 48
146 =

i
oo oo

Do ddé nd c6 nghiém duy nhit
=0, y=0, =0, a=0
la nghiém t4m thuong. Vay ho vecto da cho 1a déc lap tuyén tinh.
5.16. a) Xét

a(2-x+4x%) +B (3 +6x +2x2) +p(1 + 10x — 422) =
=0+0x+ 2 € P,,
tic l1a
20+ 38+y+(—a+68+100x + (4a + 28 - 4y) x2 =
=0+ Ox + 0x?
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Do dé a, B, y la nghiém cia hé
[ 20 +38+ y=0
-a+68+ 10y =0
da +28 - 4y =0
Hé nay cd dinh thuc

2 3 1
-1 6 10| =-6=0
4 2 -4

nén chi ¢ nghiém tim thudnga = 8 =y = 0.

Vay ho vects da cho doc lap tuyén tinh.

b) Xét

aB+x+x?)+P2-x+5x) +y(4 - 3xY) = 0+ 0x + 0x2
tic la

8a + 28+ 4y +(a - Bx + (@ + 58 - 3y)x? = 0+ 0x + 0x2

Do d6 a, 8, y 1a nghiém cta hé

Ba+28+4y =0

a~- B =0
a+5-3y =0
Hé nay cd ba phuong trinh ba 4n, thuin nh4t v6i dinh thic
3 2 4
1 -1 0| =89 =0
1 5 -3

nén chi ¢ nghiém tdm thudnga = B.= y = 0.
Vay ho vecto da cho la doc lap tuyén tinh.
c) Xét ' V
a6 -x%) +B (1 +x+4x?) = 0+ Ox + 0x2,
tic la

6a + B + px + (~a + 48)x%* = 0 + 0x + Ox?
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Do d6 «a, § la nghiém cua hé

6a+ B =0
B =0
-a+4f =90
Hé nay chi c6 nghiém tdm thudng
B=0 a=0.
Vay ho vecto da cho la doc lap tuyén tinh.

d) Xét
a(l +3x +3x2) + 3 (x + 4x2) + y(5 + 6x + 3x2) +

+6(7T+2x - x%) = 0+ 0x + 0x2,
tic la .
a+5f'/+76+(3a+/3+6y+26)x+

+ Ba+48+ 3y - 8Hx? = 0+ 0x + 0x2.

Do dd «, B, ¥, & 1a nghiém cta hé
a +5 +7 =0
S3a+ B+6y+25 0
3a+48+ 3y -6 0

Day 1a mo6t hé thudn nhdt ma s6 phuong trinh it hon s§ 4n,

nén cé nghiém khong tdm thudng. Vay ho vecto da cho la phu
thudéc tuyén tinh.

5.17. a) Vi 1 = sin®x + cos’x

: 1
nén co 2 = §(4sm2 x) + 2cos’x

1
hay 2 - 5(4sin2x) ~ 2cos’x = 0.

Vay ho {2, 4 sin’x, cos’ } la phu thudc tuyén tinh.
b) Xét
ax + f cosx = 0
Thay x = 0 ta duoc § = 0.
7

Thay x = ta dugec «

s
2 2
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Vay ho
c) Xét

Thay x
Thay x
Thay x

Vay ho
d) Xét
tdc la

Thay x
Thay x

Ta suy ra
Vay c6 nghiém khong tdm thudng a = 1,8 =1, y = -1
Do d6 ho {cos2x, sinzx, coszx} la phu thuéc tuyén tinh.

e) Xét
tac la

hay

{x , cosx} 1a doc lap tuyén tinh.

a+ f sinx +y sin2x = 0
= 0 ta dugc a = 0

=Z[—taduqcﬂ=0

= %taduqcy = 0.

{1, sinx, sin2x} doc lap tuyén tinh.
acos2x + Bsin’x + ycos?x = 0

a(cosx - sin?x) + Bsin?x + ycosZx = 0
(a +y) cos?x + (B - a) sin?x = 0

= 0 ta dugc a +y = 0.

=72—[tadU()c,8—a=O.

a(l +x)2+B(x%+2x) +y3 =10
a(l +2x +x2) + B(2x +x2) + 3y = 0

a+3y+ Q2a+28)x+ (a+pBx? = 0+ 0x + 0x2.

Do d6 «a, B, y 1a nghiém cua hé

a+3y =0
200 +28 =0
at+f =0
Hé nay tuong duong véi
at+f =0
a+3y =0

cé nghiém khong tam thudngy = 1,8 = 3, a =

Vay ho {(1 + x)?, (x%2 + 2x), 3} la phu thudc tuyén tinh.
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chang han a« = 1, y = -1, 8 = 1 thoéa man.

f) Ta thdy

1.0+ 0x+0x2 =0

Vay ho {0, x, x°} 1a phu thuse tuyén tinh.

av, + v, + yvy = (0, 0, 0)

1 1

“(h 3 73) *A(mphog) *r (3o pi) =000

5.18 Xét
tuc 1a
1 1
hay
e =g =y

1 1 1 1
_§a+lﬁ_§y,—§a—-§ﬂ+},y>=(0,0,0)

Do d6 «, B, y la nghiém cta hé

1 1
AG—EIB—E‘}/:O
1 1
e lpian 2o
2% " 2Pt =

Hé nay l1a mét hé thudn nhit cd ba phuong trinh ba 4n va
phu thuéc tham sé A.

Dinh thuc cua hé 1a

Ta thay

Ao N —

1
2
1
2
A

DN~ N =

DN | b=

A = i(/l — 124 + 1)?
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Vay
1 \ , .
Néu A = 1 va # — 5 thi A # 0, hé chi ¢d nghiém tam
thuong, do d6 ho {v,, v,, vy} 1a doc lap tuyén tinh.

| .
Néud =1 hay 4 = 3 thi A = 0, hé ¢6 nghiém khéng tam
thudng, do do ho {v,, v,, vy} la phu thude tuyén tinh.

5.19. Mudn cho mot ho vecto 1a co sd cho mot khong gian hiu
han chiéu thi mot diéu kién can la s6 vecto cida ho phai bing so
chiéu cua khong gian. Do dd néu mot ho vectd co s& vectd khac
s6 chiéu cta khong gian thi nd khong thé 1a mot co sd duge.

a) S6 vectd ctua ho {u;, u,, u;} la 8 trong khi s6 chiéu cua
khong gian R* 1a 2 (# 3).

b) S6 vects cua ho {u, u,} la 2 trong khi s8 chiéu cua
khong gian R* 1a 3 (= 2).

¢) S6 vects cua ho vects {p,, p,} la 2 trong khi s6 chiéu
cua khong gian P, la 3 (& 2).

d) S6 vecto cua ho {A, B, C, D, E} 1a 5 trong khi s6 chiéu
cta khong gian M, 1a 4 (= 3).

5.20. Mudn cho mét ho gém n vects cia khong gian R" la
mot co s6 cua R", diéu kién cdn va du la nd doc lap tuyén
tinh. Muén cho mot ho gém n vecto cia R" la doc lap tuyén
tinh, diéu kién cdn va du la dinh thidc cia ma tran cd ciac hang
(hay cot) tao bdi cac vecto ctua ho viét thanh hang (hay cot)
phai khéc 0.

a) 3 (1){ = -3 =z 0,
Vay ho {(2, 1), (3, 0)} 1a mot co s& cia R%.
b) _‘; _;l=—32+7=—25¢o,
Vay ho {(4, 1), (-7, -8)} la mot co s& cia R
¢) 00 ’ =0
I I .

Vay ho {(0, 0), (1, 3)} khong phai la co s cia R?.
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3 9
4 -12
Vay ho {(3, 9), (-4, - 12)} khong phai la co sé cua R2.
5.21.

d)l_ ‘:0

1 0 0
3 3 38
1

Vay ho {(1, 0, 0), (2, 2, 0), (3, 3, 3)} la co s& ctia khong
gian R>.
3 1 -4
b) {2 5 61 =26=0
1 4 3
Vay ho {(3, 1, -4), (2, 5, 6), (1, 4, 8)} la mét co s& cua R>.
2 -3 1
0 -7 1

Vay ho {(2, -3, 1),‘(4, 1, 1), (0, -7, 1)} khéng phai 1a co
sé¢ cia R3.

1 6 4
d) 2 4 -1|=0
-1 2 5

Vay ho {(1, 6, 4), (2, 4, -1), (-1, 2, 5)} khong phai la co
s& ctia khong gian R>.

5.22. P, la khong gian ba chiéu. Mudn cho 3 vecto
p=a,tax +a27c2
q=0b,+bx+bx?
r=c,tex+cx?

tao thanh mét co sd cho PZ, diéu kién can va du la ching déc
lap tuyén tinh, tdc la phuong trinh

ap + B¢ +yr =0

chi c6 nghiém tdm thudnga = g =y = 0.
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Phuong trinh trén viét .
ala, +apx + azxz) + B, +bx + bzxz) +
+y(c, tex +c2x2) = 0 + Ox + 0x?,

hay
aa+bpf +cy+laa+bdbf+eyx+

+ (a,a +b,8 + czy)x2 = 0+ Ox + 0xZ.
Do do «, B, y 12 nghiém cda hé
aa+bpf+cy =0
aa+b,B+cy=0
a,a + b, +cy =0
Day 12 mot hé thudn nhit ba phuong trinh ba 8n «, f, y.
Dinh thic cia hé la
0 o o
A=ap b ¢
a, b, o
Néu A # 0 thi hé chi ¢cd nghiém tdm thudnga = 8 = y = 0.
Néu A = 0 thi hé ¢d nghiém khong tam thuong.

Vay muén cho ho {p, ¢, r} 12 mét co s6 cia P, diéu kién
cin va da la A = O :

A = 0 thi ho {p, q, r} l1a mét co sd ;
A = 0 thi ho {p, g, r} khong phai 14 mot co s& cho P,.

1 1 1
a) -3 1 =7 =0
2 4 0

Vay ho {1 - 3x + 2x%, 1 + x + 4x%, 1 - 7x} khong phai la
mot co sd cua P,

|4 -1 5
b) |6 4 21 =0
'1 2 -1

Vay ho {4 + 6x + x%, - 1 + 4x + 2x%, 5 + 2x - x°} khong
phai la mét co sd chda P,.
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1 0 0
c) |1 1 =1=0
1 1 1
Vay ho {1 + x + 2%, x + x?, %) la moét co sd cua P,
-4 6 8
d) 1 &5 4| =-26#0
3 2 1

Vay ho {4 -~ x + 3x%, 6 + 5x + 2x° 8 + 4x + x%} 1a mot co
80 rua P,.
5.23. M, 1a khong gian 4 chiéu.

Mot ho 4 ma tran cdp hai {A, B, C, D} 1a co s6 cua M,
néu { A, B, C, D} doéc lap tuyén tinh tic la néu phuong trinh

GA + B +yC + 6D = 0 (3.3)
chi ¢d nghiém tam thuénga = =y =8 = 0.
a) Phuong trinh (3.3) viét thanh

3 6 0 -1 0 -8 1 0] [oo
a{3 —6} +ﬁ[—1 0}+7[—12‘~4}+6[—1 2}= [o 0]’

tdc la

{ 3a +4

8a —ff — 12 = oo - /j_SyJ :{0 0]'

-6 —4y +25 0 0
Vay «a, 8, v, & la nghiém cia hé

3a+d =0

6 - -8 =0

S =B - 12y =8 = 0

-6 — 4y + 20 = 0.
Hé nay cé dinh thic

3 0 1]
6 - - 8 0

A=lg _] _q9 _1|=-4=20
6 -4 2
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Do d6 hé chi co nghiém tam thudng :
a=p=y=45=0

Vay ho {A, B, C, D} da cho la mét co sd cua MZ'

b) Phuong trinh (3.3) viét '

[1 o]w[o 1} [0 0]+6[o o]_[o o}
“lo o 00%10 o 1] =10 o0

tuc la
a B} _ |0 0]
P -
Ta suy ra
a=0=0y=0356=0.
Vay ho

o o) oo [ g o )
00’00’10’01J
1a mot co s& cua M. »
5.24. Xét hé thudn nhit cé n &n s6 Ax = 0.
Nghiém cua hé 1la mot b n s0
x = Ax), Xy o x) € R".
‘Goi W la tap cic nghiém cua hé.

Néu x vay € W thi Ax = 0 va Ay = 0.

Do do :
Alx+y) =Ax+Ay=0+0=0
Alkx) = kAx = k 0 =

Vay x+y € Wvakx € W,

nghia 12 W khép kin d6i voi phép cong vectd va phép nhan vecto

v6i mot s6 cia R". Do dé W la mot khong gian con cua R™
Muén tim s6 chiéu va co sd ctia W ta tim s6 vecto doc lap

tuyén tinh sinh ra W. D& lam viéc do ta phai tim nghiém cua

hé thudn nhit da cho.
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1) Xét heé
x, + 2x, =0
[N x2+ x3 =0

Hé nay c¢6 3 phuong trinh 3 4n véi dinh thdc

2 1 3
A=1 2 0| =620
0 1 1

Vay hé da cho chi cé nghiém tim thuong (0, 0, 0)
W = {(0, 0, 0)}
Do d6 dim(W) = 0 va W khong cé co sd.
2) Ta c6 he
{3%1 ta,+txy+x, =0
Sy X taz;-x, =0
Xét dinh thdc cia ma tran cac hé s6 clia x

3 1
5 -1

l,le

A= = -8z 0

D . N s .
N c? df) t.a.xerAn x§ va x, 1a cdc &4n tu do cg thé lay gia tri
uy y va gidi hé trén d6i v6i cac 4n chinh X, %, : ta duge -

£ = -+ 1
1~ 4x3; x2=—zx3—x4.

Vay nghiém cia hé cd dang

. 1 1
x = —
(Zpp % 23 %) = (=g 23 — g%y~ %y 23, 7,) =

o 1
= <_Z Ty —3 x3,x3,0> +(0, - x,, 0,x,) =

= x, <—i, —i—, 1,0) +x, (0, -1, 0, 1)
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Vay hai vecto
1 1
u = (—Z, -1 1,0>,u_(o,-1,0, 1)
sinh ra W (tap cdc nghiém cta hé thuidn nhdt da cho). Hon
nita ching lai doc lap tuy&n tinh vi tu
1 1

au + Bv =a(—Z, -7 1,0> +p00, -1,0, 1) =
= (0,0, 0, 0)
suy ra
1 1
—Za=0,~za—,3=0,a=0,ﬂ=0,

tdc la diéu kién éu + v = (0, 0, 0, 0) chi théa man khi
a=p8=0.
Vay W cd s6 chiéu biang 2 va nhan {u, v} lam mot co s6.
3) Xét he
3x, + x,+2x;, =0
4x, +5xy =0
x; —3x, +4x3 =0
Day 12 mo6t hé thuan nh4t ba phuong trinh ba &n, cd dinh thic

3 1 2
A= |4 0 5| =10 = 0.
1 -3 4
Do d6 hé chi c6 nghiém tdm thudng (0, 0, 0) :
W = {(0, 0, 0)}

Vay khong gian cdc nghiém cia hé d4 cho c¢d s6 chiéu biang
0 va khong cd co sd.

4) Xét hé
x1—3x2+ X =0
2x; - 6x, + 20, = 0
3x1—9x2+3x3=0

206

Ba phudng trinh nay tuong duong vei 1 phuong trinh diu
x = 3x, +xy =0
Vay nghiém cua hé c6 dang
X, vax; tuy y, x; = 3x, - X3
Do do
W= {x = ( Xy, X, x3) = (3x2 — Xy, Xy, Xq), x5, x4 tuy y}.

Ta nhan thay

i

(3x, - X3y Xy, X3) (3x5, x5, 0) + (- x3, 0, x3) =

x(3, 1, 0) + x5 (-1, 0, 1).
Vay hai vecto u = (3, 1, 0) va v = (-1, 0, 1) sinh ra W
Ching lai doc lap tuyén tinh vi tu
au+pv =a(3,1,0) +p(-1,0, 1) = (0, 0, 0)
ta suy ra
3a~pf=0,a=0p8=0,
nghia 12 td au + Bv = (0, 0, 0) suyra a = f = 0.

Vi {u, v} sinh ra W va déc lap tuyén tinh nén W la khong
gian hai chiéu va {u, v} la mot co s6.

5) Xét he

le - 4x2 + Xy + Xy =

X, = 5x2 + 2x3 =
- sz - 2x3 —x, =

x +33c2 tx, =

© ©c o o o

xl-2x2—x3 +x4 =

bPay 14 mot hé thuin nhit cd 5 phuong trinh 4 &n. Ta giai
nd bang bi€n déi so cdp.
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1 -5 2 0 h,
0 -9 -2 -1 0 hy
1 3 0 1 0 h4
1 -2 -1 1 0*474-}15' e
s e o 0 men
-2 -2 -1 0 hy—h
1 3 0 1 0  hy—hy
1 2 -l 1 0  hs—h,
9 -4 1 1 0  h; —hs -
B
-2 -2 -1 0 hy—h
8 -2 1 0 hy-h; —hy
3 -3 1 0 hy —h —h,
-3 1 0 hs-2h —hy
S S S R S Y
-9 -2 -1 0 h2 - hz
-10 -3 0 h3 + 41’12 i h3
3
-6 -1/2 1) h4+-§h2—>h4
-9 -2 0 hy+3h, —hs
r,€l 5 2 ? 0
-2 -2 -1 0
-10 -3 0 5
13
e 0 h, - = hy = h,
10 4 59 >
7 i —-h
—1—6 0 hg 10 ?3 5

~ Vay hé chi c6 nghiémwar; thuong
Xy = 0,x3=0,x2= 0, x, = 0.
Do dd

W = {0, 0, 0, 0)}
Vay dim (W) = 0, W khéng cd co s0.
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6) Xét he

X+ x, + x3=0
3x1+2x2— X3 =0
2x1—4x2+ x; =0
4x1+8x2— Xy =0
2x1+ x2—2x3=0

Day la moét hé thudn nhét cd 5 phuong trinh ba &n. Ta giai

né bang bién d8i so cdp :
1 1 1 0
3 2 -1 0 h,
2 -4 1 0 |k
4 8 -3 0 h
2 1 -2 0
1 1 0 h —h
-1 -4 0  h, - 3h —h,
-6 -1 0  hy-—2h —h,
4 -7 0 h, -4h —h,
-1 -4 0  hy—2h —h,
1 1 1 0 h—h
-1 -4 0 h,—h,
23 0 hy-6h,—>h,
-23 0 h; +4h, —h,

Vay hé chi c6 nghiém tdm thuong

Do ds

5.25. a) Xét ph

x3=0,x2=0,x1=0

W = {(0, 0, 0)}
dim (W) = 0

W khéng cd co sa.
uong trinh :

3x -2y +5z2 =0
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Xem y va z tuy ¥y ta cd

1

Vay
W = {(x,y,z) = (gy —gz,y,Z),y, z tﬁy};}
Ta c6
(57 =52 7%) = (57.9.0) * (~52.0.2)
=y<§-, 1, 0) +z<—g,0,l>

Vay hai vecto
u = (%, 1,0> vauv = <——g—,0, 1)

sinh ra W. Ching doc 14p tuyén tinh vi tu
2 5
au + fv = a (5,1,0> +ﬂ(—§,0,1) = (0,0,0)

ta suy ra

%a_gﬂ=0,a=0,ﬂ=0-

ticlatt au + Bv = (0,0,0)chisuyrac =8 = 0.

Vay dim W= 2 va {u, v} la mot co sa.
b) Xét phuong trinh x—y =20
Ta cd tap

W={@ y,2lx -y =0,z thy y}
Vay (x, 3, 2) € Wes(x, 5,2 = (y, 5, 2), y va z tuy y.
Nhung

x, 5,2 =@, 52 =1y 0 +0,0, 2

= y(1, 1, 0) + 2(0, 0, 1).
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Vay hai vecto
u=(1,1,0vav = (0,0, 1)
sinh ra W. Hon nia ti
au +fv = «(1, 1, 0) + B0, 0, 1) = (0, 0, 0)
ta suy ra a = 0, 8 = 0, nén {u, v} doc lap tuyén tinh.
Vay W la khéng gian 2 chiéu nhan {z, v} lam mot co sa.
c) Ta thay
W= {x y 2) = (2, ¢, 4z), t tuy y}.
Nhung
(2t, t, 4) = 12, 1, 4}.
Vay W la khéng gian moét chiéu nhan u = (2, 1, 4) lam co s4.
d) Xét tap
W= {(a b c)eR}b=aqa+ec}
Nhu vay
(@, b,c) € Wes(a, b, ¢) = {a, a + ¢, o).
Nhung

(@, a +c¢ ¢)

(@, a, 0) +(0, ¢, ¢)
a(1,1,0) +¢(0, 1, 1).

Vay hai vecto u = (1, 1, 0) va v = (0, 1, 1) sinh ra W.
Ching déc lap tuyén tinh vi td

au + Bu = a(l, 1, 0) +B(0, 1, 1) = (0, 0, 0)

ta suy ra

a 0

a g =0
B 0

ticla tit au +fv = O chisuyraa = 8 = 0.

<+

Vay dim (W) = 2 va {u, v} la mét co sd.
9.26. a) Xét tap

W = {(a,b,c,0) € RY
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Ta co
(a, b, ¢, 0) = a(1, 0, 0, 0) +56(0, 1, O, 0) +¢(0, 0, 1, 0).

Vay 3 vecto
u=(1,000,v =010 0,w=1(001, 0
sinh ra W. Ching doc lap tuyén tinh vi tu
au +pv +yw =.a(l, 0,0, 0) +p(0, 1,0, 0) +
+(0,0,1,0) = (0,0,0,0
ta suy ra
a=0 pB=0 y=0
Vay dim (W) = 3 va {u, v, w} 1a mo6t co s6 cia nd.
b) Xét tap

= {(@ b c,d €R,d=a+bc=a-b}

nghia la
W = {{a, b, ¢, d) = (a, b, a - b, a+b)}

Ta nhan thdy
(@, b,a—b,a+b)

(a, 0, a, a) + (0, b, -b, b) =
a(1, 0,1, 1) +5(0, 1, -1, 1).

Vay hai vecto
=(1,0,1,1), v=20(0,1-11

sinh ra W. Ching doc lap tuyén tinh vi ti
au + pv = a(1, 0, 1, 1) + B0, 1, -1, 1) = (0, 0, 0, 0)

ta suy ra
a =0
B 0
a-p=0
a+pf =0
tdc 1a air + Pv chi bing 0 khia = g = 0.
Vay dim(W) = 2 va {u, v} 1a mot co sé cla nd.
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c) Xét tap
W = {(a, a, a, a) € R%}

Vi(a, a, a, @) = a(l, 1, 1, 1) nén vectd u = (1, 1, 1, 1)
sinh ra W va doc lap tuyén tinh. Vay W la khéng gian 1 chiéu
vaiu = (1, 1, 1, 1) 1a co 6.

5.27. Xét tap
={plp=0 tax +a2x2 +a3x3 EP3}
W sinh bdi ba vectg

Py =% p,=x% p,=a3.

Ba vecto nay déc lap tuyén tinh vi :
Gia thiét
apy +pp, +ypy =0
tiuce Ja
ax + Bx? + yx3 = 0 ;
khi thay x = 1 ta duge |
a+pf+y =0;
khi thay x = -1 ta duge
atf-y=0;
tasuy ra f = 0.
Bay gio thay x = 2 ta duge
20 + 8y =0 ;
két hop véia +y = O khix = 1 ta suy ra
a =7y =0,
Vay tit ap +thp, typy; =0tasuyraa ==y = 0.

Do d6 {p,, p,, Pyt = {x, 2% x') 1a ba vects déc lap tuyén
tinh cda P,. Chung tao nen mot khong gian con cia P; co s6
chiéu bang 3 va nhan {x, 22, 3} lam 1 co sd.
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5.28. a) Ta tinh hang ciia ho ba vecto da cho. Ta ¢ dinh thic

2
3] =10 = 0,

1
2
-1 0

[ B

nén hang cta chung bing 3, ba vecto do déc lap tuyén tinh.
Vay ching sinh ra ca khong gian R3 va ching tao thanh mét
co s6 cia R3. )

b) Ta tinh hang cta ba vecto da cho. Ta cd dinh thic

2 4 1
3 6 -2 =28 =0
-1 2 -12

Vay hang cta ching biang 3. Ba vecto d6 déc lap tuyén tinh.
Do dé ching sinh ra ca R> va tao thanh mot co sé caa R>.

D.29. a) Xét hang cia 4 vecto da cho. Ta c6

1 1 -4 -3
2 2 -2
2 -1 3 2
1 1 -4 -3
-2 10 4

-3 11 8

1 1 -4 -3
-2 10 4

-4 2

Vay hang cta ching bang 3. Ba vecto d6 doc lap tuyén tinh.
Ching sinh ra khong gian con cua R*. Khoéng gian con dd cg
s6 chiéu bang 3 va nhan ba vectd da cho l1am méot co sd.

b) Xét hang cta ba vects di cho.
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Ta c¢d

-1 1 -2 0 hl
3 3 6 0 h2
9 0 0 3  n3
1 -1 2 0 (=1)h1 — hl
6 0 0  h2+3h1 —h2
9 -18 3  h3 + 9hl — h3
1T -1 e 0 hl—h1
6 0 0 h2 — h2

-18 3 h3 - (1,56)h2 — h3

Vay hang cua ching bang 3. Ba vecto nay doc lap tuyén tinh,
ching sinh ra moét khong gian con cia R* Khong gian con nay
c6 s6 chiéu bang 3 va nhan ba vecto da cho lam moét cd sd.

c) Xét hang cua 4 vecto da cho. Ta c6

1 1 0 0 ki
0 0 1 1 h2
-2 0 9 2 h3
0 -3 0 3 h4
1 1 0 0 hl-hl
0 0 1 1 h2 —h2
2 2 2 h3 + 2hl —h3
-3 0 3  h4 — h4 ‘
1 1 0 0 hI —hl
0 2 2 2 h3 —h2
0 0 1 1  h2 ->h3
0 0 3 6  h4+ 1,5h3 — hd
Vay
1 1 0 0
0 0 1 1 11
-2 0 2 2 = 2 ’3 6’ =6z 0.
0 -3 0 3
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Do do hang cta ho 4 vecto da cho bang 4 = s6 chiéu cua R*.
Vay 4 vecto dd doc lap tuyén tinh, chung sinh ra ca R? va lap
nén moét co sd caa RY.

d) Xét hang cta 4 vecto da cho. Ta cg

1 0 1 -2 hi
1 1 3 -2 h2
2 1 5 -1 h3
1 -1 1 4 h4
1 0 1 -2 hl —hl
1 2 0 h2-hl—>h2
1 3 3 h3 - 2hl —>h3
-1 0 6 h4 - hl—>h4
1 0 1 -2 hl —hl
1 2 0 h2—-h2
1 3 h3-h2-—>h3
2 6 h4 +h2—h4
1 0 1 -2 hl —hl
1 2 0 h2—h2
1 3 h3—h3
0 0 h4 - 2h3 —h4

Bang s6 cudi cung nay cd ba hang khac khong.

Vay hang cia 4 vects da cho bang 3. Bén vecto nay sinh ra
mot khéng gian con cia R* ¢6 s6 chiéu bing 3 va nhan ba vecto
(1,0,1,-2), (0,1,2,0), (0,0 1,3

lam co sd.
5.30. Goi W la tap cac ham f € Cl[a, b] kha vi trén [a, b]
va théa man phuong trinh vi phan

f+4f = 0.
R6 rang W C Cla,b] : gia s
fewgew
tuc la
f7+4f =0, g+4g = 0.
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Khi do
F+ey +4Ff+8) =f +4 +g +4g=0+0 =0
(BfY + 4(kf) = k(f + 4f) = k0 = 0 |
Vay
f+g e W, kfe W
Do d6 W la khéong gian con caa Cla,b].
Nghiém tdng quat cta phuong trinh vi phan f’ + 4f = 0 1a
f = ce ¥, c = Hé‘mg tuy y.
nghia la
W= {f] f=rce®, ¢ tuyy)
sinh ra W va déc lap tuyén tinh. Cho nén

khoéng gian con W ¢6 s6 chiéu bang 1 va nhan u = ¢ % lam
cd sd.

Vay u = e %

5.31. Néu ¢ = (@, uy, .., u) € R"
v= (U, Uy, o, v,) € R"

thi tich vo6 huong Euclid cia u, v trong R" la

<u,v> = U, + u,U, + ...+ uv,
va chuin Euclid cta u la
Hull :=V<u, u> = u? + uZ + ..+ uzyl?

Vay

1) a) <y, v> = 2(-1) + (-1)3 = -2 - 3 = -5
b) <u,u> =0.7+02 =0

2 a) llull =V22 + (=1)2 = V5

lloll = V(=1 + 87 = V1o
Ta suy ra

llell- ko]l = V5 V10 = V50

| <uul = |-5] < V50
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Vay dung la

b)

Do do

Vay ding la

5.32. 1) Ta phai kiém tra 5 tién dé cua tich vo hudng.

| <wv>| < [lull fivll.
full = VOZ + 04 = 0
loll = V77 + 27 = ¥53°
el ol =0

| <uv>] =0

f<uo>] < |lull vl

Xét cac phdn tu bat ki cia M, -

(1)

<u,v>i= ugv + uyU, + usu, + uuy

la moét s6 hoan toan xac dinh ;

vi

vi

vi
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(ii)

(iii)

(iv)

<u,v > = <v,u>

<v,u> = v, + Usl, + Ul o + Uty -

<u twuv> = <uuv> + <w,uv>

<u twu> = (U rw)u, + (u, + wyv, +
+ (uy + w}) Uy + (uy + wy) v,
= (u v tuw, +uw, t ugpy) t
+(wy, +ww, +wu, +wey)

<kuyuv> = k<u,v>, k € R

<kuu> = kuw, + kuw, + kups + kup,

= k(uu, + uu, tuvy Fupy).

(v) <u,u> = 0
vi

<wu> = uy +ud +ud o+ us

t
W

Hon nita néu

\"

thi
<uu> = 02+ 02+ 0% +02 =
Ngugce lai, néfu <u,u> = 0 tdc la néu
2 2 2 2
up tus tug tu; =0
thi
2 2
/ up =0, u3 =0 uj=0 ul=0,
tue la
u, =0, u, =0, uy; =0 u 0
va
0 o
u = .
0 0
Vay <uv> = upy, + up, + ujvy + uw, 1a moét tich vo huong
trong M,

2) Ap dung

<u, v>=(-1)1+2(00+63+13 =20

3) Ki€m tra lai bt ddng thdic C-S

| ul|

vl

Ta suy ra

V(=1)? +27 + 62 + 12 = V42.
V12 + 02 + 32 + 32 = V19

[l [Jv]] = V42 V19 = V790 > 28

|<uwv>| = 20 < 28.
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Vay ding la

| <w,v>] < llull llvll.
5.33. 1) Ta phai ki€m tra 5 tién dé cta tich v6 hudng.
Xét cdc phin ti bat ki cia P, :

p=a,+ ax + azxz,

q br) + blx + b2 xz’

_ 2
r=c, tcx +cx~

o
() <p,g> :=ap, +ab; + ab,
1a mot s6 hoan toan xac dinh.
(ii) <q, p> = bya, + bja, + b,
Do do
<p,q> = <¢,p>-
(iii)
<p+r g>=(a, +c)b, + (a, +c)b, + (a, + )b, =
= (a0, + ab; + ab,y) + (c,p, +cby + chy) =
= <p,g> + <r,g>-
(iv) <kp,g> = kap, + kab, + kap, =
= k(ab, + ab; + ah,) =

k@, q)

(v) <pp> = a2 +a} + a}.

Do d6 <p,p> = 0

Vay <p,g> =ab, + ab, + ab,la mot tich vé hudng trong P,.

2) Ap dung
<p,g> = (-1).2 + 2.(0) + 1.(-4) = -6.
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3) Ki€m tra lai bit ding thdc C-§ -

ipll = V(=12 + 22 + 12 = y§
llqll = V22 + 02+ (=32 = y2o
lpll ligll = V6 V20 = vizo
l<p, g>| = |-6] = 6 < V120

Ding la
I <p.g>| < lipll llqll.

)a(z) +paa)

[SSTS

O <pa>=p0) q0) +p (

12 mét s6 hoan toan xdc dinh

@ <ap> =0 pO) + g (5)p(3) +abpa) =
=240 +p(3)a(3) +paq) =
= <p,g>

(iii)

PFrg> =@ +r(0)q0) + @ +r (%)q(%) +
t +1r)1)qed)

= P90 +p(5)a(3) +ra) +
)

Fr0q(0) + (3 q(%) +r(1)q(l) =

= <p,q> + <r,qg>.
(iv)

<kp,q>

k(0090 + p(5) a(3) + k() (1)

ko) a0) +p(3) a(3) +pM)aq))

=k<p,qg>.
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- ‘ 1 2 v
v) <pp>= @O+ (p(3)) + GO 6) lIpll = \[(_1)2 + <1>2 + 92 < g

4
nén
<pp> = 0, llgll = V22 + 17+ (=27 = 3
1
Pz = 0<pO) =0 p(5) =0 p) lplllall =3 3= 7
p0) = 0e=a, +a,.0 +a,0° =0 ! I 3
<p,g>| = — .
L = 0« +al+a l\2-—0 . ‘
p<2> h i 172 2<2/' B Vay dung la
p(l) =0 e=a, +a,.1 +a,. 12 = 0 l<p, g>| < llpll.llqll
Vay 5.34. a) <u, 0> = uw, + ug,

khong th€ la mét tich vo hudng trong R> vi chang han, tién
dé (5) khoéng théa man. Thuc vay,

1 1 <uu> =u? +u =0
ao=0, §a1+za2=0, 1 3
nhung néu
a + a, =0
u% + u% =0
«=a, =0,a, =0,a, =0s=p =0 ‘ '
i ‘ . thi chi suy ra u, = 0, u, = 0, con u, tuy y.
Ta thay cad 5 tién dé cua tich v6 hudéng déu théa man. Do d6 '
b) <u,v> = ul? + uv? + w2
1¥1 272 373

1 1
<p,g> :=p0)q(0) +p({5)qg(5) + p(l)qg) . . .
pa P <2) <2> khong th€ la mot tich vo huéng trong R> vi chang han, tién

ciing 1a mdt tich vo hudng trong P,. dé (4) khéng théa man. Thuc vay

5) Ap dung : v6i p va q cho & dau bai ta c6 <ku, v> = (ku1)2 U% + (ku,)? v + (kuz)? v}

1 ) " .
p(0) = -1 r(3) =1 p(1) = 2 = B2 (v} + udvd + u2vd)
1 = k% <u,v>.
0) =2 =) =1 (= -2
9(0 q<2> ? c) <u,v> = 2u1u1 touw, + 4uq,
Do d6 cd thé 1a mot tich vé huéng trong R vi né théa man 5 tién
1 23 < L o a . - . .2 .\'
<p,g> = (-1).2 + Z.l +2(-2) = e dé cha tich vé hudng (dé nghi ban doc ki€m tra lai)

d) <uU> = wwp <o, +oug,
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khong thé 1a mot tich v6 hudng trong R® vi chang han, tién |
dé (5) khong thoa man. That vay, (3) <f+h g> = f (F@) + h(x)g(r) dx =

<uu> = uj — u3 +u3 <0

I 1
néu u, =0, u, = -1, uy; =0. =ff(x)g(x)dx+fh(x)g(x)dx=
5.35. Xét 'lf ‘< !
= <f,g> + <hg>.
u = {a,b}, v = {cosf, sinf} & &=
1
khi do @) <kf,g> = [ kfx) g(x) dx =
<u,uv> = acosfl + bsinb -1
| <u,u>] = |acosf + bsinb| !
=k [ flx) g®) dx = & <f,g>.
lull = VaZ + b? -1
1
T winlh =
llvll = Vcos®™ + sin®d = 1. (5) Ta c6 <tf > = [ [fa)? dx.
Vay bdt ding thic C-S -1
| <wo>] < flull ol Vay
cho 1 ) 1
, )] = 0 2
acost + being] < VT T [fix) = _f1 [f@))? dx > 0.
5.36. Xét Do dd luén c6 <ff> = 0.
f=f) € Py g =gx) €Py h=h@€EP; 2) f£) = 0+ 0x + 02 + 13 € P
3
Ta nhan thi H
: y thi [f(x)]* = 0 tai moi x

1
(1) <f, g> = [ fx) gx) dx

1
5 =fV(x)]2dxf0=<ﬁf>=0,

-1

12 mot s6 hoan toan xac dinh. 3) Néu <ff> = 0, tic Ia

1

: ‘
(2 <gf> = X x) dx

) gf _fl gx) f(x) I Fa)1? dx = o, J

-1

1 3 3 - -~ : -, a~ - .
_ f ) ) dx = <fog> :?(:hwh]i(x) la} m(_)f da thuF nén nd lién tuc trén [-1,1], do do

. p ’a‘n trén bang 0 budc flx) = 0 tai moi x € [-1,1], tic la

f(x) phai c6 dang fix) = 0 + Ox + 0x2 + Ox>.
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Xem X, la tham s6 ta cd

6
.’X.'3 = —ﬁx4
x, = 4x,
34
X = —x, + Zx3 + 2.7c4 = —ﬁx4
Do d6 diéu kién chusn héa |[|x|| = 1 viét
34 .2 6
2 2 2 2 — - 2 - —
x1+x2+x3+x4—[< 11) + 4 +< 1
= 3249x§ =1
yéu ciu
1 1

X

4 T V3249 57

Vay hai vecto phai tim la

5.41.

Do do

Do do

1
x = % (—34, 44, -6, 11)
lz +v|]? = <u+v, u+v>
= |lu]]2 + 2<u,v> + ||v]]?
lu-v|? =<u-v u-v>

Hull? - 2<u,o> + [|v]|?

2(l1ullZ + vl

e +oll2 - [lu - vll? = 4<u,v>

Nl +oll2 + [l - o2

1 1
—— 2 .- _ 2
<wu> = 7 | & + vl 7y Il — ol

5.42. Xét £ = l. Ta c6
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Ja
<fphHh> = f coskx coslxdx =
0

>2 + 12] xZ

T 1 .
= [ 5 leos(k + Ox + cos(k — Dxlda'=
0

l sin(k +1)x ’f, + 1 sink—Dx 5 - 0.

2 k+T o 2 k=1 o
Vay néu k& # [ thi fy truc giao véi f, theo tich vo6 huéng
dinh nghia bing tich phan & trén.
5.43. Theo tich vd huéng
<u,v> := 3uw, + 2u202

ta co

1

<x,y>=3ii+2<——i> = 0.
V5 V30 5 V20
Con theo tich vo hudng Euclid thi
<x,y>=ii—~1—i=~;¢0.
V5 V30 V5 V30 V150

Vay hai vectd x vay € R? da cho truc giao theo tich v6 hudng,
mdi dinh nghia ma khong truc giao theo tich vé huéng Euclid.

5.44. Két luan 6 ddu bai suy ti cdc két qua sau :

<up,u,>=1(-1)+00+02+11 = 0,
<up,uz> = 12+03+02+1(-2) = 0,
<up,ug> = 1(-1) +02+0.(-1) + 1.1 = 0,
<uy,uz> = -12+03+22+ 1.(-2) = 0,
<uy,up> = (D=1 + 02 +2.(-1) + 1.1 = 0,
<uz,uy> = 2(-1) +32+2.(-1) + (-2).1 = 0.

5.45. a) Cho trong R?
u = (1, =3), u, = 2, 2).

Ta thdy :
-
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Vay {u,, u,} doc lap tuyén tinh, do d6 la mét co sd cua RZ

Ap dung qua trinh truc chuin hda G-S dé dugc mot co sd
truc chudn cta R? Ta c6

Hu,l = VI +9 = VI0,

1 L1, -3 = |yl =1
—u, = ——= , ™ = v =
vio ! V10 1

Tiép tuc dat

w=au1+u2,aER.

va xac dinh a d€ <w, v;> = 0
<w,v> = <av; tu,,v> =

= <auv;,v,> + <u,, z_)1> =

=a t+ <u,,v;>

Vay diéu kién <uw, v,> = 0 thoa man khi

a = —<u, v;>

=—[2.L+2._3} -

V10 V10 V10
Do do
w = m UI uz
4 1

=70 yio b+ 22

24 8 8 4
(ﬁ" ﬁ') =10 3, 1) = 5 3, .

4 S 4
lholl = £V +1 = 2 V10
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Dat
w 5 45 1o
U = = — . — s = y
2" Tall™ wio 58 @Y = ym0 & D
thi v, truc giao v6i v, va cd chudn || v,|| = 1.

Ho { v, v,} 12 1 co s§ truc chudn caa RZ

Chi y. Néu ddu bai khdong yéu cdu dap dung qud trinh
Gram-Smidt thi tu u, = (1, —=3) ta thdy ngay v = (3, 1) truc

giao v6i u  vi

<uj, u> =13 -31=0.

Sau dd, chudn hda u

1vélu
_ _u
1T el "2 T Tl

ta dugc ngay
1 . 1
1= m (1, "3) va U2 = m (3, 1)

Ching tryc giao vi

v

<u,, u>
<v Ua> = 777 0 = 0
72 el 1 wll
va chudn hda vi
Il I ull
ol = 57— |

=1 1] = =1
T~ b el =g

Hai vecto v, va v, doc lap tuyén tinh vi ching truc giao,
nén ching tao nén mot co sd truc chudn trong RZ

b) Cho u, = (1, 0), u, = (3, -5) € R~

Ta thay dinh thde :

1 0

3 _5 = -5 = 0.

Vay { u;, u,} doc lap tuyén tinh va do d6 12 mot co s§ cua R2.
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Ap dung qué trinh truc chu&n héa G-S dé dugc mot co sd
truc chudn cua R?. Ta c6

lull =ViZ +07 = 1.
Vay u, da chudn hda. Ta dat v, = u;. Sau dJ dat
w = u, + tu1
va tim ¢ d€ w tryc giao v6i v,. Ta cd
0 = <w, v,> = <u,, v;> + <ty vy>
= <uy, Up> + t<uy, v>
= <u,, U> + £
Diéu kién <w, v,> = 0 yéu cdu

t = —<u, v,> = -[31 - 5.0] = -3,

Do do

w = u, — 3u1

w = (3, -5) - 3(1, 0) = (0, -5).
Bay gio

| wil = V02 + (=5)2 = 5ta dat

w 1
U2 = W”= —5— (0, —5) = (0, _1)
Vay hai vecto
vy = (1,0, v, =0, -1)
la 2 vecto truc giao va chu#n hda, chﬁhg tao thanh mot co s6
truc chuin cua RZ.

Chu y. N&u ddu bai khong yéu cdu 4p dung quéa trinh
Gram-Smidt thi tit », = (1, 0) ta thdy ngay u = (0, 1) la vecto
thu hai truc giao véi u, va da chudn hda réi. Vi u; va u trdc
giao nén doc lap tuyén tinh va chding tao nén moét co sd truc
chusn cua RZ.
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Nhu viay co s¢ { v, Uz} va cd sd { u, u} hoi khac nhau

moét chiut ¢ ché u = v,
5.46. a) Ta co
Tudl = V12 + 17 +712 = y3.
Ta dat
oozt oL
1 I u1” V§ > L, -
Ta lai co
1
<u,, v;> = el (L(-1) + 1.1 +1.0) = 0,

tuc 12 u, da truc giao véi v, r6i. Ta dat

Uy 1
v, = = (-1. 1
2wyl (-1)2 + 12 -1, 1,0
1

Nhu vay ta da c6 v, va v, truc giao va chudn hda. Bay gio
ta tim vecto thd ba truc giao véi U, Uy va chudn hoa. Ta dat
w=u; t+ttv +su, tseR

va xac dinh £ va s. Tu
0 = <uw, V> = <ug, 0> +E<v, u> +s <v,, U;>
= <ug, v;> t 4

ta suy ra

4
t = —<u3, U1> = *ﬁ'

Tu
0 = <w, Up> = <uy, U,> + E<v, 0> + 8 <, >

= <ugy, U,> + s,
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Y. k0T

Sau dé ta lai nhan thay

ta suy ra
1 <v, uy> =10+04+01=0
s = —<u3, UZ> = ——‘2—
tuc la u, da truc giao vdi U;, nén ta dat luén
Do dd
Us Uz 1
w=u3+tU1+SU2— Us = = ——— = .
2 = T~ Voreaze - vz @4 D
1 1,1 A o : . . os R
=(1,2,1 ﬁ(—3>(1’ 1, 1) v—2-<—2>( 1,1, 0) = Bay git ta tim vecto thd ba tryc giao véi v, va v,
Ta dat
1 1 1 1
= (65 "3) =™ L2 w=u, +tv +s0, 4sER
Ta co Tu
1 0 = <w, v,> = <u, + tv, + sv,, v,>
||w|| =é‘[12+12+(_2)z=‘[_€_. 1 2 1 2 "1
= <uy v> + t<v, v;> +s <uv,, U>
Ta dat
a da = <uy v;> +t
vy = fv—ﬂz 6 6 1, 1, -2) ta suy ra
1w t = —<u, v;> = -3
Cu6i cung ta dugc ba vecto 0= <wv> = <up ¥ty + 0y 0y>
= <U,, U5> + ¢ <v,, v,> + s <v,, U,>
o = 5 @G LD, v v v
= <uy, U,> t o8
1 t
= _1’ 1’ 0)’ a suy ra
v = ¥z ¢ X . § 26
= —<u, v = - ="
1 2 72 "17
g £ = +
truc giao va chuén hda, tao thanh mét co so truc chudn cua R>. w Uy * vy + sy,
26 1

b) Ta c6 u, = (1, 0, 0) da chudn hda vi
ludl = V12 +02 + 02 =1

Ta dat v, = u = (1, 0, 0).

= (37 77 _2) - 3(1; 07 0) - m W‘ (07 47 1)

1
=17 (0, 15, -60).
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Il wll =1—17—V152+6W=@

17
nén ta dat
w 17 1
= = — (0, 15, -60)
Us = Twll = V3898 17"

= V3505 (0, 15, -60).

Cudi cung ta dugc ba vecto

v, = (1, 0, 0),

= — (0, 4, 1),
v, m(, )

<
|

= —— (0, 15, -60
3 V3825 ( )

truc giao va chuidn hda, tao thanh mét co sd truc chuidn cua R3.

Chi y. Né&u st dung tuan tu u, roi u, r6i méi dén u, trong

qua trinh truc giao héa Gram-Smidt thi s& ducc ba vectd truc
chuén khong nhat thiét tring v6i ba vecto trén. DG la

7 9 30 105
(1, 0, 0), (0, Ves ﬁ> (0’ V11925’ \/11925>'

5.47 Dat u, = (0, 1, 2), u, = (-1, 0, 1).

Ta phai xay dung hai vecto truc chu&n la té hgp tuyén tinh
cia u; va u,.

Ta co
ludl = VT F T2+ 2 = V5
Ta dat
Uy 1
STl T O
Bay gio ta tim t dé
w = u, ttu.
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truc giao véi v,. Tu

0= <u, v

» V> = <uy, + oty v, >
= <u,, v;> +t<Ul,U1>=<u2,U1> + i
ta suy ra
t - <u v>——2
2: 7 V5
Do do
_ 2
w—uz—Tsul
=(-1,0,1 - LV(O 1, 2
2 » ng’g b H )
- Ls 22y
\15( ; » 1)
Vi
1 1
[l wll =z \25+4+1 =§‘I30
nén ta dat

b= e = 2L 5 g gy
2"|w_mA5(’ 7)"

1
=5 -2,

Tom lai hai vecto

1 . 1
v, = E(O, 1,2)vav, = ‘[—3‘0—(—5, -2,

tao thanh mét co sd truc chufn cua khong gian con cua R?
sinh bdi hai vecto v, va u..

1 2
5.48. Ta c6 theo tich vé6 hudng dinh nghia ¢ dau bai

” u1” = V<u1) u >

=VI.1 +21.1) +3(1.1) = V6-
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Ta dat

Bay gio tim
w=u2+tvl,t€R
truc giao véi v,. Tu
0 = <w, V> = <u, + tul, vl>-
= <u,, v,> tt<v, v>

= <u2, U1> + ¢

ta suy ra
1 -3
= - = - +2.1.1+3.0.1) = —
¢ <uy, U;> VE(l'l 2.1.1 ) s
va co
3 11 1 1
w=w-wa= (33 "z) @D
vi
1 1
lwl| = sVT.T+2. 1.1 +3(D) (-1 = 5V6

nén ta dat

w 2 1 1
= = = 11,—'1 = 1717—1
%2 = Tl = V6 2 ( )= V6 ¢ )
Bay git tim v,. Ta dat
w=u,; +t, +sv, tseR

va xdc dinh ¢ va s d€ w truc giao vé4i v, va v,.

Tu
0 = <w, v;> = <uy + + sv,, U >
= <uy, Uy> T E<U, U> F S <Uy, Uy>
= <u3’ U1> + t,
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ta suy ra
_ _ 1
= = <uy, v,;> = — Ve [1.1+20.1 +3.0.(-1)]
__ L1
Ve
Tu
0 = <w,v,> = <uz + tu) + sv,, v,>
= <ug, Uy> + t <y, U> + 8 <V, Uy>
= <u,, Uy> + s
ta suy ra
1
§ = —<u3, 1)2> = —W'
Vay
w =u; + + su,
1 1 1 1
= (1,0, 0) - - (1,1 - = -
VEVE(”I) ngg‘(lyly 1)
1 1
= g (47 _2y 0) = § (27 —1) 0)
Vi
1 V6
lwll =3 V22 +2(=1)7 = 3
nén ta dat,

- w _3

1 1
U3 - ” w”— 6 3 (2, _1, 0) = V'6- (2, —1, 0)

Cubi cung, ta dugc ba vecto

<
—
I

1

vg (1: 1: 1)7
1

Ul = VE (1: 17 _1)7

1
U3 = VE (2, _1, O),

tao thanh mét co sd truc chudn cta R3.
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: 3
5.49. Ta cha y rang v6i tich vo hudéng Euclid trong R~ ta

5 ia 13 2 iao.
c6 <u, u,> = 0, nghia la u, va u, truc gi

Theo dinh li 5.6.6 trong Thee/l ta co

w=w1+w2

trong do
w, = <w, u;>uy + <w, U> Uy
w2 = w - wl.
Vi
<w, u1> E —1, <w, u2> = 2
nén 4 3
u}1 = _ul +2u2 = <_—5—’ 2’ 5)
9 12
w2=w—w1= (5107—5‘)
5.50. Dat
u1=1’ u2=x, u3=x2
Ta co _
1
luli = '\,flzdx =2
-1
nén dat
Y11
“1TV2 V2
Ta lai c6
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va dat
u

_ 2 3
2 N u,ll™ sz'

v

Ta da duge hai vecto v, va v, tryc giao va chusdn hda. Bay

giv ta tim vecto thd ba. Ta xdc dinh ¢, s € R sao cho
W = u, +)fu1 +su2

truc giao véi v, va v, Tu

0 = <w, V> = <uy, > +i<v, u> +s <vy, Uy>

= <ug, v> t ¢

ta suy ra
‘ 1 2
t = —<u u>=—fx2.-—dx=——-
3
1 % 2 3V§
Tu
0 = <w, Up> = <uy, Up> + E<v), v,> + s <u,, vy>
ta suy ra
p {3
s=—<u3,z)2>=—f3c2 Exdx=0
-1
Vay
2 1 1
w=uy bty =x - - — =2 — .
3 v, = x Nz V2 x 3
Vi
1
8 1 V8 1
||w||2=\/ 2 _ 12 =\/—._=——_
_f1<x g) o 9'5 " V5 3
nén ta dat

w 3V5
= Twi= vs (27 3)
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Vay tit co sd { 1, x, xz} cua P:’ ap dung qua trinh truc giao

héa Gram-Smidt ta da suy ra 1 co sd truc chudn cua P, la

eV 5 - ol

5.51. (a) (3, -7 = (3, 0) +(0, =7) = 3(1, 0) + (=7) (0, 1)

Vay

(b) Ta viét

(1, 1

Do dd¢

Ta suy ra

Do do

(c) (a, b)

Vay cd

Do do

Vay co

s = (35 12) W=

= 3ul - 7u2'

w), = 3, -7, [wlg = {“7] .

w = au; + fu,
= a(2, -4) + B(3, 8)
= 2a + 38, —4a + 8f).
{ 20 + 33 =1

5 3 : [5/2 8jl

a(l, 1) + B0, 2)
(a, a + 20).

{Z

a=af=0b-a2

+ 1l

a
98 = b.

(W) = (a, (b — a)2), [wly = 1:(b —aa)/Q}‘
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$5.52.a0 (2, -1 3 =], 0,00+ 32,2, 0) + 53, 3. 3)

= (a + 2/f + 3y, 2/5 + 3}/, 3;/‘).

Do d¢
Ja +28 +3 = 2
28 + 3y = —1
l 3y = 3.

Vay co

y=18=-2, ¢ =3

Cho nén co

w = 311l - 2112 + ouy
3
(w)S = (3? _27 1), [w]s = '—2 .
1

b) (5, 12, 3) = (1, 2, 3) + (-4, 5, 6) + (7, -8, 9)

Do do
a — 48 + Ty = 5
20 + 58 — 8 = —-12
3a + 68 + 9 = 3
Ta suy ra
a=-2, =0 y=1,
nghia la
w = —2ul +ou,y
Vay co
-2
(w)y = (=2,0, 1), [wl = 0}
1
5.53.

(a = 4f + Ty, 2a + 56 - 8y, 3a + 68 + 9y)

20 -1 1 11 00 00
A R R A PR R T
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Ta suy ra
—a +f = 2
a+p = 0
vy - 1
e} = 3
Do do
d=3,y=-1,=1,a = -1
Vay co
-1
‘ 1
Ay =(1,1,-1,3), I[Al; = 1
’ 3
5.54.
4 -3 +x% =4 - 3p, + Ip,
Vay cd
4
(p)B = (47 ..37 1)y [p]B = -3
1
9.55. (a) Ta c6 : u; va u, truc giao va da chudn hda, va
3 7 4
S .
ST TN TR T TN
3 7 10 _
<w,u2>:—2+ﬁ=ﬁ=5\[2

Theo dinh li 5.6.5 trong Thee/l ta c6 :

(w)g = (—2V2, 5V2), wlg = |:_ gg}

v6i S = {u, u,}.

(b) Ba vectd u,, u,, u; cho 6 dau bai truc giao va chuidn hda va

<w, u> =0
<w, uy> = —2
<w, u,> =1

3
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Vay theo dinh 1li 5.6.5 trong Thee/l ta c6

w = <w, uyy>u + <w, Upy>u, + <w, Uy> Uy
w=—2uz+u3
Vay c¢o
0
(w)e = (0, -2, 1), [wlg = -2
1
5.56.
(@) < >—§é—é3—0
Yr%” =55 755"
_ 3.2 4,2
o I -\/(5> t(5) =1
_ 4. 5 3.3
bl =Y (32 (3) =

Vay S = { w,, w,} 1a mét co s& truc chudn cta RZ.

(b) Do d6 (u); = (1, 1) va ()¢ = (-1, 4) cJ nghia la

u = w, +w,, u=—wl+4w2.
Ta suy ra
lall? =flwllz2 +lwllz2 =1+1=2
Il ull = v2

u—v=(w ot wy) - (—w, + 4wy = 2w, - 3w, ;
e =oll?2 = 4l wllZ2 + 9] w,l||2

dw vy =lu-vl =VI13;

<u, v > = <w, +w2, —w

i

13 ;

, Tt 4w2>

= T<w), w> + 3<w, w,> + 4 <w,, w,>;

<u, v> = 3.
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Nhu vay la tién dé 5 cing théa man.

Ca 5 tién dé vé tich vd huéng déu thoa man. Vay

1
<fg> = [ flx) gx) dx
-1

la mot tich vo hudng trong P, .

Ap dung :

a) <f,g>

b) <f,g>

1

JAQ-x+22+5Ya - 3Hde = -5 .

-1
1

-1

5.37. a) Ta muén cd
<u,v>=2.14+1.7+3.k =0,
Vay k = -3.

b) Ta muén cd

tic la
Vay k = -2
5.38. Ta c6

Vay p va q truc giao theo tich vd huéng trong P, da dinh

f‘(x ~ 528 (2 + &P)dx =

68
3

<u,v> = kk+k5+16 =0,

k2 + 5k + 6
va k = -3.

= 0

<p,g>=10-12+21=0.

nghia & bai tap 5.33.1.

5.39.

a) <{_

Vay {

226

O W S W

.1 -

(2):| truc giao véi A.

-6+0~-0+6 =0

1 1 2
b)<’:o —1]’[—1

1
3

1
Vay [O _ 1] truc giao véi A.

[0 o 2
° <lo ol [-1

1
3

}>=2+1+0—3=0.

:l)» =0+0+0+0 =0

Vay ma tran "khéng" truc giao véi A.

2 1 2
) <5 2J’{—1

1
3

:|> =4 +1-5+4+6=63=0.

2 1
Vay ma tran [5 2] khong truc giac véi A.

5.40. Ta phai tim vects x = (), x5, 23, x,) cla R* thoa

méan cac diéu kién sau :

= Va2 + 2
lxll = Va? + x3

] 2
+x3+x4

=1

<xu> = 2 +x, — 4x, +0.x, =0

<x,v>=—x1—x2+2x3+2x4=0

<x,w>:8x1+2x2+5x3+4x4=0‘

Trudc hét ta giai hé thudn nhdt gém ba phuong trinh cuéi :

2 1 -4 0 0 ki
-1 -1 2 2 0 h2
3 2 5 4 0  h3
1 1 -2 -2 0  -h2 —-hl
0 -1 0 4 0  hl+2h2-h?
0 -1 11 10 0  h3+3h2 —h3
1 1 2 -2 0
-1 0 4 0
11 6 0

h3 - h2 — h3
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(b) Trong co s& chinh tdc § = {1, x} da thic p = -4 +x

¢6 ma tran toa do :
_ -4
[p] = 1

Trong co s B nd viét p = ap, + fip, thi « va 8 la nghiém

cua hé
6 10| |[a} |—4
3 2|1 - 1
Giai hé nay ta dugc a = +1, 8 = -1
Vay
+11
[p]B= -1l

Trong co sd B’ ta co
34 7/2] [+1] _ [-11/4
Ply = PPls = 13 1) |-1] T |+ 12

(c) Tinh truc ti€p [plg. Ta viét

p=cq tn

thi ¢, va ¢, la nghiém caa hé :
2¢, + 3¢, = -4
2c,

Ta suy ra

-11/4

)
I

Vay
—-11/4
Py = [ 1/2]
trung véi két qua trén.
(d) Ma tran chuyén co s& @ ti B sang B’ la
Q=r!
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Vi
3/4 772 9
d@t(P) = '3/2 1 , = —5 = 0
nén
Pl 2 I =72  1-2/9 79|
T 9 |-32 34| T 1/3 —-1/6

5.62. Xét khong gian sinh bai f, = sinx va f, = cosx :

V = {flf = asinx + bcosx, Va € R, Vb € R}

Tu af, + pf, = asinx + feosx = 0, Vx, ta rit ra « = 0 khi
thay x = 7/2 va § = 0 khi thay x = 0. Vay B = {f,, f,} via
sinh ra V, vita déc lap tuyén tinh nén B la moét co sd caa V.

Trong co s B 4y cac ham s6 f; = sinx, f, = cosx,

&, = 2sinx + cosx va &, = 3cosx cd ma tran toa do

1 0 2 0
N

(a) Ta ching minh g, va g, cing sinh ra V va doc lap tuyén
tinh.

Vifev =I[fly = [Z] nén g, va g, sinh ra V néu hé

ag, +ﬁg2 =f

i o - ]

¢0 nghiém Va, Vb. Hé nay viét

tue la

J2a =aqa
| @ + 38 =05
luén  e¢6 nghiem (vi c¢6 dinh thic = 6 = 0) Vvay

B = {g,, &,} sinh ra v.
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Bay gio xét hé ag, + fg, = 0 tuc la
2a =0
a + 38 =

Hé nay chi ¢6 nghiém a = 0, 8 = 0. Do dd g, va g, doc
lap tuyén tinh.

|
(=]

Vay B’ = {g,, g,} cing la mét co sd cia V.

(b) Ap dung nhan xét & bai tap 5.59 (a) ta xét he

2 ol |21 Bl 1o
1 3| |a, 8, 0 1
Giai ra ta dugce

P =

a Bl [ 12 o
a, B T |-16 13

la ma tran chuyén co sd tit B’ sang B.

2
wo = [
Do do

12 o][ 2 1
hlg = Plhlp = [— 1/6 1/3] [— 5} = [—2]

(d) Tinh truc tiép [Alg. Viét

(c) Ta thdy ngay

[hlg = 18 + 8,

thi ¢, va c, 1a nghiém cta hé

1 3||e -5
Giai ra ta dugec ¢, = 1, ¢, = 2.

Vay
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trung voi két qua trén.

(e) Ma tran chuyén co sé tU B’ sang B la
Q = P L

Vi det(P) = 1/6 # 0 nén

1/73 0 2 0

-1 _ _

P =6 {1/6 1/2} = {1 3}

5.63. Goi (x, y) la toa d0 cia moét diém M cua mat phang

trong hé truc xy va (x’, y’) la toa do cing cia M trong hé truc
x’y’. Cong thuc déi truc (xem Thee/l, 4.14.5) 1a

x = x’ cosf - y’ sind
y = x’ sinf + y’ cosf

’

x’ = x cosf + y sinb

’

y’ = —x sinf + y cosf.
Do dd, ¢ day 8 = 3n/4, ta cé

(a) (x, y) = (-2, 6) >
3 3
x = —2005—]I + 6sin— = 4V2
4 4
31 3
y = 2sin—/ + ycos—n = —2V2
4 4
{(b) x’,y)=1(52)=
3 3
x = 5cosr71E - ZSin—i— = —3,5{2

3 3
y = 53in—4— + ZCOST = 1,52

5.64. Ma tran vudng A goi la truc giao néu
AA = AA' = T

I la ma tran don vi cung tdp véi A.

Néu ma tran A truc giao thi A' = A™L
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NGUYEN DINH TRI ( Chti bién )
TA VAN DINH - NGUYEN HO QUYNH

CAP
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4 3 do dg
(c)u:wl+wz=<g,—§> +<55> o dd

[]_143[3_—3/11
Wep T 11 (-1 2 |-5) = |-13m1

_ i1
N <5’ 5) ’ (¢) Tinh [wl, truc tiép
4 ( 3 4> <16 12> 5 ) 3
voo= -w w,={— %, = TE -
13 16
= <‘5“7 _5'> ; Do dé « va § 1a nghiém cua hé
s 7.5 1.2 50 2¢ — 33 = 3
Hull?=(5)" + (5) =35 = 2; {a+4ﬂ=—5
lull = V2 ; Giai hé nay ta duge o = -3/11, 8 = -13/11.
7 1 13 16, , 6 17 Vay
v-v={(5"3) (5 35)= ("5 "35) e

— 311
[wlp. = [~13/11J

@ O cau (b) ta da tim ra ma tran chuyén co sé td B’ sang

B. bs la
1 4 3
-1 _
P o1l [—1 2}

Ta co th€ tinh truc ti€p ma tran chuyén co s6 d6 bing cach

d w v)y=|lu-v] =V13;
7 13 1 16

<u, v> = - . — —-.— = 3

"5 5 55
5.57. Xem Thee/l trang 280 - 281.

a) O day B 1a co s§ chinh tiac. Do dé ma tran chuyén cd sd bi€u dién u, va u, theo co s6 B’ = { vy, Uy b
tu B sang B’ la Ta
2 -3
P = [1 4] 1 _ [2], . [-3
o]l =« 1] *F| 4
3
b) [w][; = |:_ 5] 20 — 3,8 =1
a + 4ﬂ =0
Mat khac . 1
[wly = P~ [wly Giai hé nay ta dugc a = 11 - B = - 11
Vi dettP) = 11 nén Vay

4/11
[e\g = [— 1/1 1]

7
246 24




Mat khac

ol =< o [

20 =33 =0
{a+4ﬂ=1

Giai hé nay ta duge a = 3/11, 8 = 2/11. Vay

IELS
[lp = 1911

Do d6 ma tran chuyén co s ti B’ sang B la

[ a1 31
Q= |_111 211
trung véi P~L.

5.58. Xem Thec/1 trang 280 - 281.

o< [ ] o[

Do dg
2 + 43 =1
20 — B =3
Giai hé nay ta dugc
13 2
a = —1'6, ﬂ = - g
Vay
13/10
o)l 2/5
Ta lai viét
-1 2
s [a] =l +o |-
Do dg
2a + 48 = -1
2 = = -1
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Giai hé nay ta dugc
a=-1/28=0

(1310 -112
P = [—2/5 oJ

(b) Bay gio ta tinh [wlg va [w],. Ta co

NERTRE

Vay

Ta thu dugc

Do dg

Giai hé nay ta dugc
a = -17/10, B = 8/5

Vay co
W], = |~ 17/10
B~ 8/5
Mat khac
[LU]B, = pl [IU]B
Ta thay
det(P) = — 1 0
= 5 ¢ s
ta suy ra
_ 0 1/2
| S
P = -5 {2/5 13/10]'
Do d¢

. o 121[~-1710
wlg = P wly = -5 [2/5 13/10” 8/5J

|

-1
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(¢) Tinh [w]B, truc tiép

-4
o -4

() O cau (b) ta da tim ra ma tran chuyén co sé td B’ sang
B. DS la P71 Ban doc c6 thé tinh truc ti€p ma tran chuyén
co s¢ do nhu & cau (d) bai tap 5.57.

5.59. Xem Thce/1 trang 280 — 281

(a) Tim ma tran chuyén co sd P tit B’ sang B. Ta c¢é nhan

xét chung sau :

P = [u g [u,ly luslg]

Dat
4 /31 "1
e = |22, Wlp = |B2|, Ly = |72
3 3 73

thi ¢d

a o)) + aylu)) + aylv;] =[]
(3.4) 1B + B, Iv,] + Bylv,] = [u,]
nlod + v logl + oy lugl = lug]
¢ day ki hiéu [w] chi ma tran c6t cia w € R3, chdng han
nhu néu w = (3, -1, 2) thi

3
[w] = |—-1
2
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Hé (3.4) co thé viét
ay By v
(3.4 llv] I, [wyll %2 B 72| = (M) [wy] [uy])
as B3 73
Nhu Vﬁy (als az: CC3), (/317 1327 :33)7 (71’ 727 73) la nhﬁng nghlém
cia ba hé tuyén tinh ¢d cing ma tran hé s6 la
[[v] [v,] [,
v6i ba vé& phai la [u]], [u,] va [u3].
Ta co thé gidiba hé d6 bang phuong phiap Gauss ciung mot
lic trong cung moét bang.

Ta cing cd thé xem hé (34)ddang (3.4°) la phuong trinh
ma tran

v)] )] 0] P o= [[u,] [u,] [uy)]-
Gidi phuong trinh ma tran nay ta dudc ma tran P.
Bay gio ta dp dung vao bai tap 5.59. a).
Ta phai giai hé

-6 -2 -2 -3 -3 1
-6 -6 -3|P= 0 2 6
0 4 7 -3 1 -1

Ta gidi bang phuong phip Gauss-Jordan. D& tranh nhiéu
ddu -, ta d8i ddu hai vé&

6 2 2| 3 3 -1 h1
6 6 3|0 -2 -8 h2
0 -4 -7 38 -1 1 h3 ‘
6 2 2 3 3 -1 hl — hl !
4 1| -3 -5 -5 h2 - hl — h2 |
-4 -7 3 -1 1 h3 — h3 |
6 2 2| 3 3 -1. hl — hl |
4 1| -3 -5 -5 h2 — h2
-6 0 -6 -4 h3 + h2 — h3
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6 2 0 3 1 -7/3 hl + 1/3h3 — h1l
4 0 -3 -6 -17/3 h2 + 1/6h3 — h2
-6 0 -6 -4 h3 — h3
6 0 0 9/2 4 1/2 hl - 1/2h2 — hl
4 0 -3 -6 -17/3 h2 — h2
-6 0 -6 -4 h3 — h3
1 0 0 3/4 2/3  1/12 1/6h1 — hl
1 0 -3/4 =82 -17/1 1/4h2 — h2
1 0 1 2/3 -1/6h3 — h3
Ta thu dudgc
3/4 2/3 1/12
P=1-34 -32 -1712].
0 1 2/3

(b) Ta viét
w = 61“1 + 52112 + 63113

thi 8, &,, 5 la nghiém cua hé

-3 -3 1]]% -5
0 2 6|9, = 8
-3 1 —1{{d, -5

Giai hé nay ta duoc

5, =31/21, &,=4/7T, &, = 81

Vay
31/21
[U)]B = 4/7
8/7
Tu do
[wl, = Plw], =
3/4 2/3 1/121 131/21
= |-34 =32 -17/12 4/7
0 1 2/3 8/7
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19/12
= _4 3,’/1 2 .
4/3

(c) Tinh truc tiép [w]p. Ta viét
w = cyu, + C,yU, + CaUs

thic,, ¢,, ¢4 la nghiém cua he

-6 -2 -2][% -5
-6 -6 -3|lc,] = | 8
0 4 7 03J - 5

Giai hé nay ta duge
¢, = 19/12, ¢, = - 43/12, ¢y = 4/3
Vay co
19/12

wlp = |-43/12
4/3

trung voi két qua trén.
5.60. (a) Ap dung cich lam & bai 5.59.
Ta phai giai he

3 1 -1]|a A7 2 2 1
1 1 0ffey By vl =11 -1 2

Khi giai mot hé ta c6 thé thay d&i vi tri ctia hai phuong trinh

3 1 -1 2 2 1 hl
1 1 0 1 -1 2 k2
-5 -3 2 1 1 1 13
3 1 -1 2 2 1 hl-hl
1
2 1 1 -5 5 3k, - gh)—>h2
-4 1 13 13 8  3(h, + gm) —h3
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3 1 -1 2 2 1 hl — hl
1 -5 5 h2 — h2

1
1 5 1 6 5(h3 +2h2) —>h3

hl + h3 — hl

3 1 0 7 3
0 -4 -6 -1 h2-hl-—->h2
1 5 1 h3 — h3
N 1
3 0 0 9 6 15/2 hl — ah2 —hl
2 0 -4 -6 -1  h2 - h2
1 5 1 6 h3 —h3
1 0 0 3 2 5/2 hl/3 —hl
1 0 -2 -3 -1/2 h2/2 —>h2
1 5 1 6 h3 —h3
Vay
3 2 5/2
P=|-2 -3 -1/2

5 1 6
(b) Tinh [wl,. Ta viét '

w = élul + 62u2 + 63u3.

thi 8, 05, 04 la nghiém cua

2 2 1] /% -5
1 -1 2| |9 = 8
1 1 1 L53 -5

Vay

g
o

I

|
R © O
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Tu do

3 2 572 9] - 72
[wly = Plwl, = |-2 -3 -12{|-9| = | 232
5 1 6ll-5 6

tc) Tinh truc tiép [wl,. Ta viét

wo o= ¢, + C5U, + cyU

1 3

thi ¢, ¢y, ¢y la nghiém cda hé

3 1 -1] |4 -5
1 ol || = | s
-5 -3 2| |. -5

Gi4i hé nay ta duge

¢, =-"12, ¢, = 2372, ¢y = 6.
Vay
—-7/2
(wl, = | 232
6

trung voi két qua trén.

5.61. Trong cdg s6 chinh tiac S = {1, x} cua P, ta cd

6 10
[pl] {3} ) [p‘z] = [ 2] '
2 3

(a) Ap dung nhin xét & bai tap 559 (a).

fl

Ta phaj -giai heé
2 3] |« Pl e 10]
0 2| |« B, ~ |3 ZJ
Giai hé nay bang bién ddi sg cdp ta duoc
« Bl (34 72
a | T |32 1

P =
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(a) Xét ma tran don vi cdp hai

oy

I'=1 I'I =1II'=1].

Ta co

Vay ma tran I truc giao va
r‘t=r-=r1

(b) Xét ma tran cdp hai

A =

S-S
R

Ta cdé

1

At

Sl =] =
S~ -

Ta suy ra
A'A =], AA' =
Vay A truc giao va A™1 = AL

~

(c) Xét ma tran

oS
I
(=]

Ta c6

SI--°

At

o O =

S]!P-‘OO
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Do do

1

o 1 —](0 1 O
2/ 11 o o

AAf=1001 1

1|l |-= 0 —

0O 0 —

_ | 2 V2

3 0 1

2 2

=0 0 0] 1
1 1
2 0 2

Vay ma tran A né;r khoéng truc giao.
(d) Xét ma tran cip ba

1

b
V2 V6 V3
V6 V3
1 11
Yz V6 V3
Ta co
1 5 1]
V2 V2
A= L _2 1
V6 Ve Ve
N .
. V3 V3 V3]
Do d¢
AA' =T A'A =1
Ma tran A nay truc giao va A"l =AY

Chu y. Chi cdn ki€m tra mot diéu kién
AA' = T hoac A' A = I
That vay, gia su
AA' = I
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Ta suy ra
det (AA!) = det () = 1
det (A) det (A" = 1.

Do dc det (A) # 0 va tén tai ma tran nghich dao A~ L.

Nhan 2 v& cia AA' = I v6i A™! ta dugc
Al (Aah) = A 11 =41
(A71A) At = A7

Al = AL
Sau d6, vi A"'A = I nén thay 47! = Al, ta thdy
AlA =7
Tom lai, td AA' = I ta suy ra A'A = I.
Bay gio gia su AA =17
Ta cing lap luan nhu trén va suy ra
AAl = ]
5.65. (a) Xét
[cos —sinf|
A = sinf cosf
Ta c6
Al = [ cos®  sind]
—sinf  codh
Do dd
AAF = cosf —sinf cosd sinf
sinf cosf| | —sinf cosf
cos26 + sin?6@ cosfsinf — sinfcosd
sinfcosf) — cofsing sin26 + cos?0
Vay
[1 o]
r —
AA' = [0 ]J I
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Theo chi y & trén A 12 ma tran truc giao

. VI cosf  sinf
va AT = A= [— sinf  cosf
(b) Xét
cosf —sinf 0
A = [sind cos® O
0 0 1
Ta co6
cosh sinf O
A = |—-sinf codf O
0 0 1
Do do
[cost —sinf O cos  sinf 0
AA! = |[sinf codd O|]—sinf cosf O
L 0 0 1 0 0 1
[ cos29 +sinZ cosfsinf — sinfcos
= |sinfcosf — cosfsing sin%@ + cos%d
0 0
1 0 0
=0 1 0] =1
(N 1

Theo chi y & trén A 12 ma tran truc giao

cosy sinf O
va A7l = A = |-si®¥ cosh O
0 0 1

5.66. (1) Phép bién d8i toa d6 di cho cd ma tran
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la phép bién ddi truc giao vi ma tran A la ma tran truc giao. Vay cac diém cd toa do (x, y) 1la (2, -1), (4, 2), (-7, =8), (0, 0)

Thyc vay, ta c6 4 22
5 4 sé ¢S toa do (x’, y') la (-2, -1), <— =) - g)’ (- 11/5, 52/5), (0, 0).
A = f g 5.67. Phép bién d8i so cdp cho
5 T 5 5 7 2 -3 1 hl
va do dg 2 3 4 -6 h2
) ) -11 -15 2 -3 1 h3
[ 3 417 3 4 B—
“5 "Bl "3 £ 5 7 2 -3 1 hl
T I z
3.4 _3 01 1 16 -24 8 5(h2-zhl) —h2
5 5 5 5 5
L JL | 11
2 32 -48 16 5<h3 +—5—h1> — h3
3 ][ 8 4] 5 7 2 3 1 hl
5 5 5 5 1 0 R
4 — — —_ .
i _3l 4 _E_[O 1} o o % 0 Eg 2h2 — h3
5 5/ 5 5 o 0 0 0 - 2h2 —
2) Ta cg ) o ; Vay hé da cho tuong duong v6i hé
i 4 B, + Tx, + 2, — 3, =1
Al = A = 5 5 x, + 16x; — 24x, = 8
_4 3
5 5 Xem x; va x, la tuy y ta cé
va x, = 8 - 16x; + 24x,
#] _ 5x, = 1 - Tx, - 20, + 3x,
y y =1-17(8 - 16x; + 24x,) - 2x, + 3x,
Do do = -55 + 110x, - 1651,
A—l [ 2- _ —_2 A¥1 4— _ - 4/5 xl =-11+ 22x3 - 33364
- IJ -1y 2 -22/5)° Vay cd vo s0 nghiém :
x, = -11 + 22, - 33x,
A7 ’—11/5} A [0] _ [0 x, = 8 - 16x, + 24x,
- 8] | 525 0 0 Xy, 2, thy ¥,
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5.68. Phép bién

déi so cap cho

3 -5 2 4 2 hl
7 4 1 3 5  h2
5 7 -4 -6 3  h3
3 -5 2 4 2 hil
23 11 9 1 3(h2 - In1 h2
- -1 ( 3 > -
5

46 -22 =38 -1 3 (h3-3hl)—>h3
3 -5 4 2 hl
23 -11  -19 1 h2

0 0 0 -3 h3-2h2—h3,

Vay hé da cho tuong duong véi

3x, — 5x, + 22, + 4xg
23, — 1lx; — 19
Ox

Heé nay khong tuong thich tidc la vo6 nghiem. Do d6 he da

cho cing vo nghiém.

5.69. Xét he

Hé nay c6 4 phuong trinh 3 &n. Ta giai nd bing bién

d6i so cap.

— DN N
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2xl+5x2—8x
4x1+3\x2—9x
2x1+3x2—5x

xl+8x2—7x

5 -8 8
3 -9 9
3 -5 7
8 -7 12

hl
h2
h3
h4

I
(V)

= —3.

12

2 5 -8 8
-7 7 =T
-2 3 -1

11 -6 16

1 -1 1

-2 3 -1

11 -6 16

2 5 -8 8
1 -1 1

1 1

5 5

2 5 -8 8
1 -1 1

1

0 0

hl

( h2 —2h12]—>h2

h3 — h1 —h3
2h4 — hl) — h4

hl
h2/(-7) — h2
h3
h4

hi
h2
h3 + 2h2 — h3

h4 - 11h2 — h4

hl
h2
h3
h4 - 5h3 — h4

Vay he da

Hé nay co

Vay hé da

cho tuong duong vai

2¢, + 5x, — 8x;

xz—

nghiém duy nhat
x; =1

x2=x3+1=2

1
= 3(8 — bx, + 8y =

cho ¢6 nghiém duy nhit

x, = 3,

= 8
x3=1
x3=1_

16—-10_

3 =
x3=1

3.
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Chuong VI
ANH XA TUYEN TiNH

A - DE BAI
6.1. KHAT NIEM ANH XA TUYEN TINH
6.1. Anh xa f = R®* — R* dudi day ¢S phai la tuyén tinh khong :

1) fitx, y)) = (2x, y) 2) fltx, y)) = (x*, y)

3) fliix, yj) = (y, x) 4) flix, y)) = (0, y)

5 fitx, y)j = (x, y + 1) 6) fllx, y)) = Cx +y, x — y))
7 fitx, y) = (y, y) 8) fltx, y) = (Vx, Vy).

6.2. Anh xa f : R®> — R? dudi day c6 phai la tuyén tinh khong :
D filtx, y, z) = (x, x +y +2) 2) flix, v, 2)) = (0, 0)

3) filx, y, z)) = (1, 1)
6.3. Anh xa f : M, — R duéi day cd phai la tuyén tinh khong :

) reee ) -l

3) f([z SD =2 +3b+c—d 4)f([? ZD a + b2,

6.4. Anh xa f : P, — P, dudi day cd phai la tuyén tinh khong :

2 4 Iy Z
Ui fla, +ax +ax”) =a, + (@ +a)x + (2a, = 3a
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4) fitx, v, z)) = (2x +y, 3y — 42). -

2) fla, + apx +ax’) = a, + ax + 1) +a,(x + 1)°

3) fla, + ax + azxz) =0

4) fla, t ax + ax?) = (a, + 1) + ax + a.x’.

"

6.5. Cho f : R° — R? 1a anh xa bién méi diém cta mat
phing thanh diém d6i xdng cta nd d6i v6i truc y. Hay tim
cong thic cho f va ching té rang nd la mét todn td tuyén
tinh trong R-.

6.6. Goi M, ., la tap cac ma tran ¢ m X n. Cho B 1la

mot ma trdn c¢d 2 x 3 hoan toan xac dinh. Chung minh riang
anh xa T : M, , , = M, , ; dinh nghia bsi T(A) = AB la dnh

xa tuyén tinh.

67.Cho T : R? > R? 1a mot anh xa nhan véi ma tran va

gia su
1 0 0
7 |lo]| - MT || - [g}T o | = {_‘;}
0 0 1
(a) Tim ma tran caa T
1
(b) Tim T | |3
8
(x
(¢) Tim T ||y
z

6.8. Cho 4nh xa T : R® — W la mot phép chifu truc giao
cac diém caa R’ léen mat phang xy.

(a) Tim coéng thuc cua 7.
(b) Tim T(2, 7, -1)).
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6.9. S ]a mot co SO trong khéong gian n chiéu V.

a) Chiyng minh rang néu Up Uy ooy la moét ho doc lap
tuyén tinh trong V thi ciac vecto toa do (u) (v, ) N (Lr),

cing tao thanh mot ho doc lap tuyén tinh trong R" va nguqc lai.

b) Né&u {U -, U} sinh ra V thi {v Do o (w)} clng sinh
ra R" va nguac lai.

6.2. CAC TINH CHAT CUA ANH XA TUYEN TINH -
HAT NHAN VA ANH

6.10. Cho T : R® — R? 1a anh xa nhan v6i ma tran

S
-8 4
1) Héi vecto nao dusi day € Im(T) ?
(a) (1, -4), (b) (5, 0), (¢) (-3, 12).
2) Vecto nao dudi day € Ker(T) ?
(a) (5, 10),  (b) (3, 2), (c) (1, 1).

6.11. 1) Cho anh xa tuyén tinh T = P, - P, xac dinh bdi
T(p(x)) = xp(x) . Héi phan tu nao duéi day thuoc Ker(T) :

(a) x? ; () 0, )1 +x?
2) Héi phan tit nao dusi day thuée Im(7T) :
(@x+x%; (b)1+ux, (c) 3 -x27?

6.12. V 12 mét khong gian vecto, cho T : V — V xac dinh
béi T(v) =

(a) Tim Ker(T).

(b) Tim Im/(T).

6.13. Tim s6 chiéu caa Ker/7T) va Im/T) voi
(a) T cho & bai tap 6.10.

(b) T cho & bai tap 6.11.
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6.14. V la khong gian n chiéu. Tim hang cta anh xa tuyén
tinh T : V — V x4ac dinh bdi

(a) T(x) = x ; (b) T(x) = 6 ; (c) Ttx) = 3x.
6.15. Xét ca s§ S = {v,, v,, v,} trong R? trong dd

v, =(1,238), v,=1(253), uv;=(1,0, 10).

Tim cong thic biéu dién anh xa tuyén tinh : T : R® — R?
xac dinh bdi T(v)) = (1, 0), T(v,) = (1, 0), T(Uz;) = (0, 1). Tinh
71, 1, -1), trong cac cd s chinh tic cua R®, RZ.

6.16. Tim anh xa tuyén tinh T : P, — P, xac dmh bai
(1) = 1 +x T(x) = 3 - x2, T(xz) ="4 + 2% - 3x’ Tinh
T(2 - 2x + 32%).

6.17. Tinh dim(Ker(T)) trong d¢

(a T : R> - R’ ¢é hang 3

(b)) T : P4 —->P3 c¢d hang 1

(¢) Im caa T : R® - R® 1a R

(d T : M, - M, c hang 3.

6.18. A la ma trén ¢8 5 X 7 ¢d hang bang 4.

(a) Hay tim s6 chiéu ctia khéng gian nghiém cua Ax = 6.
(b) Héi Ax = b cd tuong thich véi moi b € R’ khong ? Li do.
6.19. T la mot anh xa ma tran xdc dinh nhu duéi day.
Hay tim: (a) moét co s6 cho Im(T) ;

{(b) moét co so cho Ker(T) ;

(¢) s chiéu ctia Im(T) va Ker(T).

1 -1 3 (2 0 -1
1) |5 6 —4 2) |4 0 -2
7 4 2 0 0 0
[ 1 4 0
4 1 5 2 -2 0 -
3)1230] Vig 0 -1 0 -1
- 2 38 5 1 8
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6.20. Goi D : P , =P , la anh xa dao ham Dip) = p’. Hay
mo ta Ker(D).

6.21. Goi J :P, — R la anh xa tich phan
1

J(p) = fp(x)dx.

-1
Hay mo ta Ker(J).

6.3. MA TRAN CUA ANH XA TUYEN TINH

6.22. Hay tim ma tran chinh tdc (xem dinh nghia 6.3.2) caa
méi toan ti tuyén tinh sau :

(@) T((x,, xy)) = (2, —xy, x + x,)

(b) T((xl: xz)) = (xl ; xz)

(@ T(x,, xy, xy)) = (x; + 20, + x5, 1 + 51y, x3)

(d T((x;, x5 x3)) = (4x,, Tx,, —8x)

6.23. Tim ma tran chinh tidc cta méi anh xa tuyén tinh sau

(@ T(@y, 1)) = (x;, =X, % + ey, X~ xy)

(b) T(x,, x,, X3, x,)) = (Ix, —2x, —x, tx,, X, txg, —x,)

(©) T((x,, x,, x3)) = (0, 0, 0, 0, 0).

(d) T((x,, x5, X3, x,)) = (Xg> Xp5 Xy, Xyy X — x5).

6.24. Tim ma tran chinh tdc cla todn tu tuyé’p ti'r.xh T :
R? — R? bién v = (x, y) thanh d6i xing cua n¢ doi vai

(a) Truc «x.

(b) Dudng phan giac y = x.

(c) Goc toa do.

Hay tinh T((2, 1)) trong médi trudng hop.
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tran cta anh xa T : R> - R? d6i v6i co s6 B = {v,

6.25. Tim ma tran cta anh xa tuyén tinh T - P, — P| xac
dinh bdi
T(@, + ax + azxz) =(a, ta) - (2¢ + 3a,)x
d6i v6i cac co s chinh tic trong P, va P,
6.26. Cho T : R* — R® xdc dinh bgi
T(x,, X)) = (x; + 2x,, —=x

10 9)

(a) Tim ma tran ciua T d6i véi cac co s B = {u], uz} trong
R’ va B’ = Uy, Uy, 1)3} trong R3 -
u, = (1, 3), u, = (-2, 4)

b= (L, L1, v,=1220), uv,=3 0, 0).
(b) Dung ma tran thu duge & (a) d€ tinh T((8, 3)).
6.27. Cho T : R® — R? xdc dinh bai
T((x), x5, x3)) = (y —x,, x, — X, Xy~ x)
(a) Tim ma tran cia 7' d6i véi co s§ B = {v), vy, vs)
vy = (1,01, v,=(0,1,1), wv,=(,]1,0).
(b) Dung ma tran thu dugc § (a) d€ tinh T((2, 0, 0)).

6.28. Cho T : P, - P, la anh xa tuyén tinh xac dinh beai
T(p(x) = x* p(x).

(a) Tim ma tran cta T d6i véi cdc co s6 B = {py, Py, P3)

trong P, va co s§ chinh tic B’ trong P, :

p1=1+x2,p2=1+2x+3x2,p3=4+5x+x2
(b) Ding ma tran thu duge & (a) hay tinh T(—3 +5¢ —2x2).
6.29. Cho v, = (1, 3), v, = (-1, 4) va A = _; g} la ma

v,}.
(a) Tim [T(v )]y va [T(v)ly.

(b Tim T(v,) va Tfv,).

(¢) Tim T((1, 1)).
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3 -2 1
6.30. Cho A = 1 6 2 1
-3 0 7 1

1) T : R* — R° xac dinh bi
T((xy, x,) = (x; — 2%, — X,)
4 3 4 . B={”17u2}’B’={U17U2}
la ma trdn cia anh xa T : R* — R’ d6i v8i cac co sé
B = {v, v, vy, U} trong R*vaB ={ w,, w,, w;} trong R3: up =(1,0), u; =0, 1), v, = (2, Dy, = (-3, 4).

2) T : R®* - R? xic dinh bai

v, = (0, 1, 1, 1), v, = (2, 1, -1, -1),

! (1, 4, -1, 2) LZ 6, 9, 4. 2) T((xl, x?_)) = (xl + 7x2, 3x1 - 4x2)
Uy = s ¥y T L, ) a = y I I . ,

3 4— L B:{ul’u2}7B ={UI’U2}

w, = (0, 8, 8), w, = (-7, 8, 1), wy = (-6, 9, 1).

up = (2,3, u,= (4, -1),
v, = (1, 8), v, = (-1, -D.
3) T : R - R? xac dinh bai

() Tim [T0)lg, [T, [T0ly, [T
(b) Tim T((w), T((v,)), T((vs)), T((v,)).
(¢) Tim T((2, 2, 0, 0)).

1 3 -1 T((x), xp, x3)) = () + 2x) —x3, —x,, x; + Tx,)
6.31. Cho A = |2 0 5| la ma tran cla &nh xa B la co s& chuin tic trong R3, B = {Ul’ vy, 03}
6 -2 4

v; = (1,0,0),0,=(1,1,0),v, = (1, 1, 1),

4) T : R® - R® la phép chicu truc giao lén mat phang xy,
B va B’ cho & bai tap 3).

5) T : R* - R? x4c dinh bsi Tk = 5x, B va B’ cho & bai
tap 2).

6) T : P, — P, xic dinh bai

o tax) =a, +a@x+1)
B ={p;,p},B ={q, q,}
6 +3x,p, =10 + 2%

T:P, > P, dsi v6i co s6 B = {v,, v,, v;} véi
vy =3 + %%, v, = -1 +3x + 2%, v, = 3 + Tx + 22
(@) Tim [Tw)lg, [Tw)ly, [T,lg;
(b) Tim T(,), T(v,), T(v,).
(¢) Tim T(1 + x?).
6.32. Cho D : P, — P, 1a toan ti dao ham D(p) = p’.

Tim ma tran cia D d6i v6i méi co s§ B = {p,, Py, P3)

=
I

dudi day :
(@) p; = 1, p, = x, py = %
® p, =2, p,=2-3x,p;, =2 - 3x + 8

(c) Dung ma tran thu duge & (a) d€ tinh D(6 - 6x + 24x2).

9, =2,q9, = 3 + 2x.

6.4. SU DONG DANG

(d) Lam lai phan (c) d6i véi ma tran & (b). 6.34 Chuing minh rdng néu A va B déng dang thi A% va

N R . 2 45
6.33. Trong cac bai tap duéi day hay tim ma tran cta 7T d6i B® dong dang.
v6i co s6 B réi suy ra ma tran cia T d6i v6i co s B’. 6.35. Chiing minh rang hai ma tran dong dang co cung hang.
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B. BAI GIAI VA HUONG DAN

6.1. 1) Theo dau bai
fltx.y))

(2x, y)

fllx, y) + (x°, y)) = fllx +x”, y +y7)
QCx+x), y+y))
Cx, y) + (2x°, ¥°)
flxy)) + fx’, y)) ;
fk (x, y) = flkx, ky))

(2kx, ky) = k (2x, y}

kf (x, y)).

Cho nén anh xa di cho la tuyén tinh.

2) Theo d4du bai

fltx, y)) := (x4, ).
Do do
fllx, )+ x°, y) =fllx+x,y+y))
= ((x + x’)z, yty)
= @2, y)+@E%y) =
= fllx, y)) + fix’, ¥°)
Vay anh xa da cho khong phai la tuyén tinh.
3) Theo dau bai
flx, y) := (y, x)
Do do
fl, y) + &, y)) = flx +x, y +y7)
=@t+ty,x+x)
=@, x)+y, x)
= fllx, y)) + fl(x’, ).
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flk (x, y)) = f ((kx, ky))
= (ky, kx) = k(y, x)
= kf ((x, y)).
Vay danh xa da cho la tuyén, tinh.
4) Theo d4du bai
fllx, y) := (0, y)
Do dg
fltx, y) + (', y)

flix +x’, y +y))
={0,y+y)

(0, y) + (0, ¥’

fltx, y)) + flx’, y°)) ;
flk (x, y)) = fllkx, ky)

0, ky) = k(0, y)

kf((x, y))

Viy 4anh xa da cho la tuyén tinh.

5) Theo ddu bai

fllx, y)) := (x, y + 1).

1
'

Do dg
fltx, y) + (x’, y°) = fllx +x’, y + y°).
=(x+x,y+y +1)
#2x,y+D+x,y +1)
=fllx, y)) + flx’, y°))
Vay anh xa da cho khong phai la tuyén tinh.
6) Theo dau bai
fllx, y) .= 2x +y, x~y).
Do do
fllx, y) + (x, y) = fllx +x’, y +y)

flx, y)) + fix’, y))

Qx+x)+@y+y)x+x - (y+y))
2c+y, x-y)+2x +y, x - y)
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flk (x, y)) flkx, ky))
(2kx + Ry, kx — ky)
(R(2x +y), k(x ~ y))

=k(2x +y, x -y = kf ((x, y)).
Vay 4anh xa da cho la tuyén tinh.
7) Theo d4du bai

fllx, y)) := (y, y)
Do do

fllx +x°, y +y)
y+y,y+y)
G,y + ', y)
[(x, y) + flx’, ¥'))

flkix, ¥)) = fltkx, ky)) = (ky, ky)

= k(y, y) = kf ((x, y)).

Vay anh xa da cho la tuyén tinh.
8) Theo dau bai

fllx, y) + (x’, y°))

fitx, ) = (Yx, 1y).
Do do
flk(x, y)) = flkx, ky)
= (V&x, &)
= k(Vx, ) = ki, ),
trau khi 2 = + 1.
Vay anh xa da cho khéng tuyén tinh.
6.2. 1) Theo d4au bai
f(lx, y,2) ;= (x, x +y + 2)
Do do
i, y, ) +(x, y,2)) =flx+x,y+y, z+2"))
' =t x, xtx)+(y+y)+(z+2)
x,x+y+2z2)+x, x+y +2)
fllx, y, 2) + flix’, ¥, 2°)) ;
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ftkix, y, zj) = fltkx, ky, kz);

(kx, kx + ky + kz)
(kx, kix +y + z))
ktx, x +y + z)
kftix, y, z)).

Il

Vay anh xa da cho la tuyén tinh.
2) Theo dau bai
flix, y, 2/) := (0, 0).

Do d¢

fllx, y, 2) + (2", ¥, 2)) =fllx+x,y+y, z+2")
(0, 0) = (0, 0) + (0, O
fllx, y, 2)) + flix’, y°, 2°)) ;
flkix, y, z)) = flkx, ky, kz) = (0, 0) =
kflix, y, z)).
Vay anh xa da cho 1a tuyén tinh.
3) Theo dau bai

fllx, y, z)) = (1, 1).
Do dg
flkix, vy, 2)) = fllkx, ky, kz})

(1, 1) s#kfl(x, y, 2))

trt khi 2 = + 1.

Vay anh xa da cho la khong tuyén tinh.
4) Theo dau bai
flix, vy, 2)) © = (2x +y, 3y -~ 42).
Do do
flix. y, z) +(x’, v, 2’} flix +x’, y+y'. z+2"))

2 +x+ vty 3w +y)—4iz+2z)

(20 +y, 3y — 42) + (2x’ +y, 3y’ - 42))

flix, y, z) + fitx’, y’, 2'4).
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flk(x, y, 2))

= fl(kx, Ry, kz))

= (2(kx) + ky, 3ky - 4kz)

Vay anh xa di cho la
6.3. 1) Theo dau bai

(k(2x + y), k(3y - 42))
kB (2x+y, 3y - 42)

= kfl(x, y, z)).

tuyén tinh.

2o

Do do

-2 -

a+a b+¥b _
f c+c d+d -

(a+a’)+d+d’)=(@@+d +(a’ +d’)

(% |c o) —:k(akik;) =;f([:‘ ZD

Vay anh xa di cho la tuyén tinh.

2) Theo dau bai

) = o)) -

Do dé

(+[z8))

trit khi 2 = 1.
Vay anh xa dia cho k
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ab
cd
_ ka kb _ ka kb
= Fllke kd|] = |ke kd
_ 2ab ab _ ab
=k cd ¢k’cd kf cdl|]’

héng tuyén tinh.

3) Theo dau bai

f({(clcﬂ) =2 +3b +c - d

Do do

Al 2]+ = 2])) - oAl 2]

2@ +a’) +30b +8) +(c +) ~(d+d)

=(2¢ +3b +c—d)+ (2 +30 +¢ —d)

a b} a b
Ale ) Al )
r)
f<k|:(cZ 3:') = f([;: ,IZJ) = 2ka + 3kb + kc - kd

k2a + 36 +c¢ - d) = /ef({g 3}).

Vay anh xa da cho la tuyén tinh.
4) Theo dau bai

) -oev

Do d¢
b ka kb , s
f(k [g d}) = f({k(cl I:dD = (ka)” + (kb)"
= ki(a® + b)) # k(a®? + b = kf( {‘: SD

tru khi 2 = 1.
Vay anh xa da cho khong tuyén tinh.
6.4.
(1) Theo dau bai
fla, + ax +ax’) = a, + (a, +a)x + (2a, = 3a,)c"

2]

281



Do do
flla, + ax + ax? + (b, + bx + bx?)) =
= fl(a, +b,) + (a; +b)x + (a, + b)x?) =
=a, +b, + ((a; +b) + (a, + bk
+(2(a, +b,) — 3(a, +b)u? =
=a, + (a; +ax + (22, — 3a1)x2
+b, + (b, +by)x + (26, — 3b)x? =
= fla, + ax + ax?) + flb, +bx + byx?);
flk(a, + ax + ax?)) = flka, + kax + kax?) =
kay + (ka; + kayx + (2ka, — 3ka,)x?
k(a, + (a, + ay))x + (22, — 3a )x?)

kfla, + ax + azxz).
Vay anh xa da cho 1a tuyén tinh.
2) Theo dau bai
fla, + ax + azxz) =a, tax +1) +a,x + 1)?
Do dg
fk(a, + ax + azxz) flka, + kax + kazxz)

= ka, + ka;(x + 1) + kay(x + 1)%

= k(a, + aj(x + 1) + a)x + 1)?

= kf(a, + apx + azxz) ;

fla, + ax + ax?) + (b, + bx + ba?))
= fla, +b,) + (a; +b)x + (a, + b,)x?)
=a, +b, + (@, *b)x + 1) + (a, + bY@ + 1)?
=a, +ax +1) +ayx +1)°+
+b, + by + 1) + by + 1)2 =
= fla, + ax + ax?) + f(b, + bx + by?)

Vay 4anh xa da cho la tuyén tinh.
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3) Theo dau bai
fla, + ax + azxz) = 0,
Do do
flk(a, + ax + azxz)) = flka, + kax + kazxz) =0
= k0 = kfla, + apx + ax®);
fl(a, + ax + azrz) + (b, + blx + bez)) =
= fl(a, + b)) + (a; +b)x + (a, +b)x%) =0
=0+0 =fla, +ax +ax’) + fib, +bx + bx?)
Vay anh xa da cho la 4nh xa tuyén tinh.
4) Theo dau hai
fla, + ax + azxz) = (q, + 1) tax + azxz.

Do do
flk(a, + ax + ayx?) = flka, + kayx + kax?)

(ka, + 1) + kax + kayx?

k((a, + 1) + ax + ax?)

H*

kf(an + alx + aZ'x‘-)'

trd khi 2 = = 1.
Vay anh xa dia cho khong tuyén tinh.
6.5. Néu (x, y) € R’ thi diém d6i xing cia né déi véi truc
y la (-x, y). Do dJ ¢ anh xa
f((x, ¥)) = (=x, y).

Do do
fltx, y)+(x', y')) = fllx +x’, y +y')

=(-x+x), y+y)
= (=x y) + (%", y)
= fix, y» + fux’, y'N ;




flRix, y)) = filkx, ky)) = (—kx, ky)
= ki-x, y) = kf (/x, y)).
Vay anh xa da cho la tuyén tinh.
6.6. Gia su
AeM,, ,c6ci2x2

BEM2x3cdc(32><3.
Vay A nhan véi B duogc va AB ¢6 ¢ 2 x 3. Anh xa T(A) := AB

la mot anh xa tu 9\/[2 < o toi ﬂ/[z % 3
Theo tinh chdt cia phép nhan ma tran va phép nhan ma
tran vai mot s6, ta cd
A, A € :’MZX2=>T(A + A) = (A +A)B
= AB + AB = T(A) + T(A")
AeM, ., ke R=TkA) = (RAB
= k(AB) = kT(A).
Vay anh xa da cho la tuyén tinh.

6.7. a) Cac vecto

1 0 0
0 1 0
0 0 1

la cac vectd cd s ctia co sd chinh tidc E cua R?. Vay theo dinh
li 6.3.1 Thee/l, ta ¢d ma tran cda anh xa T la

1 3 4
A_|:1 0—7]

1 1
br|(3]| =a 3] = [ 42|
8 8 *v\)OJ

X
1 3 4 x + 3y + 4z
c) T / = = o= -
Y A I:l 0 —7] YI = { x = 7z :|

w =
N e =
——e
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Ta co thé viét
T(x,y, 2) = (x + 3y + 4z, x = Tz).

6.8. (a) Né&u (x, y, z) 12 toa do cua mot di€ém ctia khong gian
xyz thuoc hinh chidu cia né lén mit phang xy sé cd toa do
(x, y, 0). Vay cd

T((x, v, 2)) := (x, y, 0)
(b) Ap dung cong thic dé ta cé
T2, 17, -1) = (2,17, 0).
6.9. Theo ddu bai ta xét hai tap
E={Ul,u2,...,ur} v, €V
F = {(v)s, s> > ®)s}, W)s € R

Ta phai ching minh :

1) Néu E doc lap tuyén tinh trong V thi F doc lap tuyén
tinh trong R, va ngugc lai :

2) Né&u F doc lap tuyén tinh trong R" thi E doc lap tuyén
tinh trong V.

Trudc hét ta néu hai nhan xét

w=06¢€ Ve = (0,0, 0) € R" (6.1)

g+ o) = (e + .o F s, v EV (6.2)

D& ching minh phdn 1) ta gia sd E doc lap tuyén tinh trong
V va xét

e, (vg + - F v)g = (0,0, 0 (6.3)

Ti d6 v6i nhan xét (6.2) ta suy ra

(cp; + - T ep)s = (0,0, 0) (6.4)

Véi nhan xét (6.1) thi (6.4) cho
cuy + oo, o tcv, =0€V (6.5)

Nhung ta da gia st E doc lap tuyén tinh trong V nén phuong

trinh (6.5) buoc
=.=c¢ =0 (6.6)
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Vay (6.3) = (6.6). Diéu do ching t6 F déc lap tuyén tinh.
va phan 1) chding minh xong.

D& chung minh phin 2, ta gia st F doc lap tuyén tinh trong
R" va xét
cu teu, + ey, =6 €V (6.7)
Theo nhin xét (6.1) ta cé
vy +eu, + . Fep)g = (B) = (0, 0,..., 0).
Ap dung nhan xét (6.2) ta dugc
c(vps T e(vy))g + .0 e lv,)g = (0, 0,..., 0).
Nhung ta da gia st F doc lap tuyén tinh trong R™ Cho nén
déng thdc trén budc cé (6.6). -

Vay (6.7) = (6.6) nghia 1a E doc lap tuyén tinh trong V, va
phin 2) ching minh xong.

R

cd nghiém (x, y) thi (a, b) 12 4nh caa (x, y) va do d6 (a, b) € Im(T) ;
néu hé trén v6 nghiém tl’l‘i (a, b) khong phai 1a 4nh cta (x, y)
nao, nénfe, b) ¢ Im(T). O day

B e

cd nghiém : y tay y, x = (1 + y)/2, nén (1, -4) € Im (7).

-

khéng cd nghiém nén (5, 0) & Im(T).

(c) He
2 —-1] (x| _|-3
-8 4| ly| T | 12
c6 nghiém : y tuy ¥y, x = (-3 + y)/2 nén (-3, 12) € Im (T)
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2) Néu

2 ~1|[«] o
-8 4 ﬂJ o
thi (&, ) cd anh la (0, 0), nén (a, f) € Ker(T) ; néu khong

c6 dang thic trén thi («, §) c6 anh = (0, 0) nén (a, §) & Ker(T).
o] day

[ 2 -1][5] _[o

(@) —8 4|{10] = |0
nén (5, 10) € Ker/T).

[ 2 —1]3

b) 2 4} M

nén (3, 2) € Ker(T)

2 —1)[1] [ 1 0
() 8 4all1| = |-4| * |o
nén (1, 1) ¢ Ker (T).
6.11. 1) Ker (T) = {p € P,, T(p) = 0 € P,}.

O day T(p) := xp. Vay néu xp = 0 thi p € Ker(T)
néu axp = 0 thi p & Ker (T). Vay c6

(a) p =x3=>xp = x3 2 0=>xZQEKer(T);

b)) p=0=>xp =x0=0=0¢€ Ker/T) ;

e@p=l+x=2xp=x1+2)=0=1+x¢& Ker(T).

2) Im(T) = {q € P; sao cho 3 p € P, d& Tip) = q}

Vi T(p) : = xp cho nén : néu phuong trinh xp = ¢ c¢d nghiém
p € P, thi ¢ € Im(T), néu phuong trinh nay vé nghiém thi
g & Im(T). Vay co

(a) xq = x + x? ¢o nghiém ¢ = 1 + x €P,, nén

x +x? € Im (7).

1 + x khong c6 nghiém ¢ € P,, nén
(1 +x) & Im (T) ;

(b) xq
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(¢) xg = 3 — x* khéng cd nghiém g € P,, nén
3 -x2¢& Im (T).
6.12. Ta cd T(v) = v
(a) Ker (T) = {v € V, Tv) = 6 € V}
{v eV 3 =60V}
Phuong trinh 3v = 6 chi cd nghiém 6. Vay Ker (T) = {6},
®) Im (T) ={w € V,3vEVIE T = uj
={weV,3veVde 3v = u}

Phuong trinh 3 v = u bao gid cing c6 nghiém v = u/3 € V.
Vay Im(T) = V.

6.13. (a) D& xét dim (Ker(T)) ta gidi hé
& b= 1
-8 4| |y| — OJ'
He nay tuong duong v6i mot phuong trinh
2c -y =0

nén né cd nghiém phu thuoc 1 tham s6 :

i

I

xtuy ¥, y = 2x

-+l

dim(Ker (T)) = 1.
Do d6 (xem dinh li 6.2.3 trong Thce/l)
dim(Im(7)) = dim(R?) - dim(Ker (7))
=2-1=1.
(b) Phuong trinh T(p) = 0 €P; viét
ap =0 € Py

tdce la

Vay

c6 nghiém duy nhat la p = 0 € P,. Vay
dim(Ker(T)) = 0.
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Do d¢
dim (Im(7T)) = dim (Pz) - dim (Ker (7))

3-0=3
6.14. Hang cta 4nh xa tuyén tinh dugc xdc dinh bai
rank (T) = dim (Im(T))

Vay, vi V la khéng gian n chiéu nén
(a) T(x) = x thi rank(T) = n
(b) T(x) = 0 thi rank(T) = 0
(c) T(x) = 3x thi rank(T) = n.
6.15. Trudc hét ta tim bi€u dién cta(x, y, 20 € R3 trong co
s6 S
(x,y,2) =cp +eu, +egu,
=c(1,2,3) +c,2, 5, 3) +¢l, 0, 10)

Nhu vay €, Cys Cy la nghiém cta hé

c, + 202 + g =x

201 + 502

3c1 + 3c2 + 10c3 =z

1

Ldy phuong trinh cudi trd 10 14n phuong trinh diu ta dugc
—Tc; — 17c, = z — 10x
Vay hé trén thu vé
2, + B¢, =y
—Tc;, = 17c, = z — 10x

Ti do ta tinh duoce

¢, = 50 — 17y - 52

¢ = 200 + Ty + 22
Sau dg¢

¢ = —9x +3y +2
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Bay gio, vi (x, y, 2) = ¢, tew, t Uy nén

{b) dim(Ker/T}) 5-1=4;
(¢c) dimKerT)) = 6 - 3 = 3 ;
(d) dimKerTy) = 4 - 3 = 1.

6.18. (a) S6 chiéu cua khong gian nghiém cia Ax = 0 la
7 -4 = 3 (xem dinh li 6.2.4, Thee/l).

(b) Khong. Mudn cho Ax = b tuong thich V 6 € R’, phai

T((x, y, 2) = ClT(Ul) + CZT(Uz) + C3T(U3)
= ¢,(1,0) + ¢,(1,0) + c4(0,1).
Nhd cac bi€u thdc vé ¢

s €3y €y dE tim ra ta cd

T((x, y,2) = B0 — 10y — 3z, —9x + 3y + 2).

Ap dung co Im(T) = RS, nhung vi rank(T) = 4 nén dim(Im(7)) = 4 = 5,
. S
T(1,1,1) = (30.1 - 10.1 - 3.1, -9.1 + 3.1 + 1) nén ImfT) = R”.
_ ('17 -5). 6.19. Chu y riang (xem Thce/l, 6.2.3 trang 326) :
6.16. Im(T) = khong gian sinh béi cdc vecto cdt cia ma tran A
caa T.
pEP,=p =a, +ax + ax?
1 -1 3
Tp) = a,T(1) + a,T(x) + a,T(x?) 1) A=15 6 -4
7 4 2
=a,(1 +x) +a,(8 —x2) +a,(4 + 20 — X?)
i c6 cdp 3. Bién d8i so cdp theo cot ta dugc
Do dg
Tp) = (ao + 30,1 + 4a2) + (ao + 2a2)x - (al + 3a2)x2. 1 -1 3 1 0 0 10 0
¢ 5 6 -4 - |5 11 —-193| « |5 1 O
Ap d
b cune 7 4 2 7 11 -193] |7 1 0

T2 — 2x + 3x%) = (2 + 3(-2) + 43) + (2 + 23)x - (-2 +
3.3)x?

= 8 + & - Tx%

6.17. V va W la 2 khong gian hitu han chiéu
T :V — W Ila mot anh xa tuyén tinh

thi rank(7) = dim(Im(7)) va

Ta thdy chi ¢ 2 cot doc lap tuyén tinh. Vay
dim(Im (7)) = 2.
dim(Ker (T)) = 3-2 = 1.

Mét co sd cua Im(T) la hai vecto

1 0

dim (Ker(T)) + dim(Im(7T)) = dim(V). 5 1

Vay c6 71
dim(Ker(T)) = dim(V) - rank(7). DE tim co sd cho Ker(T) ta xét hé thudn nhit :

Do do Ax = 6.

(a) dim(Ken(T)) = 6 - 3

2; Ta giai né biang bién d6i so cidp
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1 -1 3 0
5 6 -4 0
7 4 2 0
1 -1 3 0
11 -19 0
11 -19 0
1 -1 3 0o
11 -19 0
0 0 0
Heé c6 ﬁghiém :
. .19 14
X,y tuy ¥, x, = Hx3, x = - ﬁx_,,.
Vay.
14 19
Ker(T) = { (x,, x,, x3)} =x3<——1—f’1_1’ 1)

cho nén moét co sd caa Ker(T) la
{(-14, 19, 11)}.

2 0 -1
2) A=14 0 -2
0 0 0

Ma tran nay chi cé mot cot déc lap tuyén tinh 1a cot thd
nh4t chang han, hai co6t kia ti 1& véi no. Vay

dim(Im(7T)) = 1
dim(Xer(T)) =3 -1 =2
Mot vecto co sd caa Im(T) la (1, 2, 0).
DE tim co sd cho Ker(7T) ta xét hé thuan nhat
Ax = 6.

Ta giai nd bang bién d8i so cdp
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Hé co ngh{ém
x, tuy y, x, tuyy, x5 = 2x,
Vay
Ker(T)) = { (x, x,, x3) = (), x,, &)}
(xl, Xy, 2x1) = (%, 0, le) + (0, x5, 0)
=x,(1,0,2) +x, (0, 1, 0).

Dé thdy hai vects (1, 0, 2) = u va (0, 1, 0) = v la déc lap
tuyén tinh.

Vi & trén ta da bist dim(Ker(T)) = 2 nén hai vecto déc lap
tuyén tinh nay la moét co sd cia Ker(T).

415 2
3) A=[1230]

thuc hién mot anh xa tuyén tinh ti¥ R* — RZ

Hang cta cdc vecto cdt cia A = hang caa A.

Dinh thuc
4 1
{1 2] =70

nén hang cia A = 2. Vay
dim(Im(T)) = 2
dimKer(T)) =4 -2 = 2.
Hai c6t ddu ctia ma tran A doc lap tuyén-tinh (vi dinh thic
llli ; # 0). Vay mo6t co s6 cia Im(7T) 1a {(4, 1), (1, 2)}.
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D€ tim c¢o s6 cho Ker /T) ta xét hé thuan nhat

Ax = 0
va giai né bang bién d6i so cép
4 1 5 2 0
1 2 3 0 0
4 1 5 2 0
7 7 -2 0

x3t1‘1yy;x4t1‘1yy;

X, = X, +7x4;
4
X = X3 T ogX,

Ker(T) = {(xl,xz, Xgy Xy) = < — Xy —%xm — X3 +7x4, X3, x4>}

4

2
<—x3 T ¥y, T + 7xg5 X35 x4> =

4

1
=x3(_1, _1, 1’ 0) +',7x4(—4, 2,»0’ 7)

Dé thdy 2 vecto (-1, -1, 1, 0) va (-4, 2, 0, 7) la doc lap
tuyén tinh trong R* Vay ching tao thanh moét co s cho Ker(7).

1 4 5 0
3 -2 1 0
-1 0 -1 0
2 3 5 1

4) A =

thuc hién mét anh xa tuyén tinh : R° — R*.

Cac cot doc lap tuyén tinh cua A 1a cdc hang doc lap tuyén
tinh cia A'. Ta 4p dung cdc phép bién ddi so cidp vé hang cta

ma tran Al
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2

(—%3, —x3, 23, 0) + <—-7x4, =%, 0, x4> =

2

1 2
4 -2 0 3
5 1 -1 5
0 0 0 1
9 -1 -1 8
1 3 -1 2
0 -14 4 -5
0 -14 4 -5
0 0 0 1
0 -28 8 -10
1 3 -1 2
0 -14 4 -5
0 0 0 1
0 0 0 0
0 0 0 0

dim(Im(T)) = 3

Mé6t co sé cta Im(T) la

2

0
- 14
4
-5

dim(Ker(T)) = dim (R%) - 3

b

hl
h2
h3
h4
hb

h1
h2 - 4h1 — h2
h3 - 5h1 — h3
h4
h5 ~ 9h1 — h5

hl

h2

h4 — h3

h3 - h2 —h4
h5 - 2h2 — h5

Vay s6 cot doc lap tuyén tinh la 3. Ta co

=5-3=2

o OO

Dé& tim mot co s& cho Ker(T); ta xét hé thuadn nhat
Ax = 6

va giai no bang bién déi so cdp :

1 4 5

-2 1
-1 0 -1
2 3 5

(o]

- O

oS © O C
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1 4 5 0 9 0 Tich phan bén trai bang
-14 -14 0 -28 0 1 5
4 4 0 8 0 (a +aac)al3c=(ax«i—ai—)1 = 2a_,
5 -5 1 -10 0 _fl °o 0 2 |- ¢
1 4 5 0 9 0 khéng phu thuéc a, vay chi can diéu kién ¢, = 0 la cd
-14 -14 0 -28 0 .
= 0. d
0 0 0 0 J(p) 0. Do do¢
o0 1 0 0 Ker(J) = {apx}

Hé ¢6 nghiém ax la da thic bac 1 khuyét s5 hang hang.

x, = 0, x5 thy §, x5 tuy y. 6.22. Nhan xét md ddu (xem Thee/l, 6.3)

X, = —xy — 2%, X} = —Xy — X T 12 m6t 4anh xa tuyén tinh R" - R™

Do dg | B = {e, e, .., ¢} la co sé chinh tic cia R"
Ker(T) = {(x}, 2y X3 Xy, X5) = (— 23 —Xg, — Xy~ 2%, X3, 0, xs)} e, =1(0,.,1,.,0 €R"
(—x3 — x5 —xX3 — 2%5, X3, 0, x5) = i

= (%3 —X3 X3, 0, 0) + (—x5, —2x5, 0, 0, xs) n

= 2,1, -1, 1, 0, 0) +x5(-1, 2, 0, 0, 1) B ={¢, ¢, .., €,] la co sé chinh tic cia R™
D& thdy hai vecto | ¢;=(0,.,1,.,0 R

u=(1-1,1,0 0 vav = (-1, -2, 0, 0, 1) 7
doc lap tuyén tinh trong R>, cho nén ching tao thanh 1 co s& —wm

caa Ker(T).
6.20 Phuong trinh D(p) = 0, p € P, viét p’ = 0, p € P,
Do d6 p = ¢ = hang s6. Vay Ker(D) = {c}, ¢ = da thdc hing.
6.21. Phuong trinh J() = 0, p € P, viét

1

fpdx =0
-1

Ma tran cua anh xa T xac dinh bdi
A = [(T(e)ly [T(ey)lp - [T(e)lp]
V6i ma tran d6 ta cd’
Alxly = [T(x)lg, x € R™.
Ap dung nhan xét trén ta cd :
(a) Theo ddu bai T : R* — R? xac dinh bsi
Vip € P, nén p cé dang p = a, + a;x nén phai cé T(@, 1)) = (@2, — 1y %, + %),

1
f (@, + ax)dx =0
-1

Do d¢ T((1, 0))
T ((0, 1))

2, 1
(-1, 1).
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Vay ma tran cta 4nh xa nay la

2 -1
Chii y : d6 chinh 1a ma tran hé sé cta hé

20 —x, =y

“

X tx, =y,

(¢) Theo dau bai T : R* — R? xac dinh bai

T((xl, xz)) = (xl, x2)~
Do do

U1, 0)) = (1, 0
70, 1)) = (0, 1)

Vay ma tran cda anh xa nay la

Chu y : dS6 la ma tran don vi va 1a ma tran hé s6 cua he.
=N
x,, = yz

1
(c)A = 0
1

O =
S O o

(d) Theo dau bai T : R® — R? xdc dinh bdi
T((x), xy x3)) = (4x, Tx,, — 8x3)

Do dg T ((1, 0, 0)) = (4, 0, 0)
T ((0,1,0)) = (0, 7, 0)
T((0, 0, 1)) = (0, 0, -8).

Vay ma tran cua anh xa nay la

4
A= 7

Chu y. D6 chinh ]la ma tran hé s6 cua

&,

=y1

'73c2 =Y

6.23. Ap dung nhan xét & bai tap 6.22, ta cd

(a) Theo ddu bai T : R?
T((x}, %)) = (xy,

Do dd
T((1, 0))
T((0, 1))

Vay ma tran cla 4nh xa

A =

i

—8x3 Ty,

— R* xdc dinh bdi

Xy X

0,-1,1, D
(1, 0,3, -1
nay la
0 1
-1 0
1 3
1 -1

Chii y. D6 chinh 12 ma tran hé s6 cha hé :

X2
~x,
x, + 3x2
X, - Xy

=y,
=y,
—
= ¥,

(b) Theo dau bai T : R* — R3 xac dinh bai

+ 3x2, X, = xy)

T((x), x5 X4 X)) = (Tx, - 2, —x; + Xy X, + 25 X))

Do dg¢
T((1, 0,0, 0)) = (7,0, -1) ;
T(0,1,0,0) = (-2, 1, 0) ;
T((0, 0, 1, 0)) = (-1, 1, 0) ;
T((0, 0, 0, 1)) = (1, 0, 0).
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Vay ma trdn cua anh xa nay la Viay ma tran cta anh xa nay la
7 -2 -1 1 ; 0 0 0 1
A= 0 1 1 0 1 0 0 0
-1 0 0o O | A =10 0 1 0
. ! 0 1 0 0
Chi y. DS chinh la ma tran hé s6 cta hé 1 0 -1 0
Txp — 2% —x3 T x4 =) Chi y. DS chinh 12 ma tran hé sé cia hé
Xy T =Y Xy =
_xl = y3 xl = y2
(c) Theo-ddu bai T : R*> — R’ xac dinh bdi 2y = s
T((xp X x3)) = (01 0, 0, 0: 0) ‘ Xy = Y4
Do dé ' * X =Js
T((1, 0, 0)) = (0,0, 0, O, 0) 6.24. Ap dung nhan xét & bai tap 6.22 ta cd :
T((0, 1, 0)) = (0, 0, 0, 0, 0) (a) Theo dau bai
T((0, 0, 1)) = (0,0, 0, 0, O ' T(x, v)) == (& —v)
Vay ma tran ctia anh xa nay la ma tran khong : Do d¢
T((1, 0) = (1, 0)
0O 0 O
0 0 O ; 70, 1)) = (0, -1)
A=1l0o 0o o Vay ma tran cua anh xa nay la
o 0 O 1 0
0 06 0 A= {0 _1}

(d) Theo dau bai T : R* — R’ xdc dinh béi Do do

Ty xp 2y %) = (g Xy %y X %1 = ) (T(@ D))y = A m ) [3) —(1)} m ) {‘ﬂ

Do do Nghia la
T(1, 0,0, 0) =(0,1,0,0, 1) ;
T(0, 1, 0, 0)) = (0, 0,0, 1, 0) ;
T((0,0,1,0) =(0,0,1,0, -1);

T(0, 0,0, 1)) = (1,0, 0, 0, 0).

T((2, 1)) = (2, -1
ding nhu theo dinh nghia cua T.
(b) Theo diu bai ta cd
T(x, ) == O, %)
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Do dg
T((1, 0)) = (0, 1) ;
7O, D) = (1, 0) ;

Vay dnh xa nay cé ma tran
0 1
S
2] Jo 1]]2 1
- - £ 9]

T2, 1)) = (1, 2)
ding nhu theo dinh nghia cta 7.

Do dg
nghia la

(c) Theo d4du bai ta co

T((x, y)) 1= (—x , -y)
Do ds

T((1, 0)) = (-1, 0),
7«0, 1)) = (0, -1).

Vay ma tran ctéa anh xa nay la

-1 0
Do do

me o =afi] = 75 ][ - ]
nghia la
T2, 1)) = (-2, -1)
ding nhu theo dinh nghia cua T.
6.25. Theo didu bai T : P, — P, xic dinh béi
T(@, + ax + ax’) := (g, + @) — (20, + 3a)x
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Co s3 chinh tac cia P, 1a 1, x, x°

cia P/ la: 1, x

Do do
T(1) =1
Tx) =1-2x
T(x%) = -3x

Viy ma tran cua anh xa T la

1 1 0
Azo—z—s}

6.26. Theo dau bai T : R? = R> x4c dinh bai
T((xl, xz)) = (x1 + sz, X, 0)
a) Do do
T(u,) = T((1, 3)) = (1+23, -1, 0) = (7, -1, 0)
T(uy) = T((-2, 8)) = (-2+24,2,0) = (6,2, 0)
Ta tinh [T(u))]lg va [T(uy)lg
bsi véi [T(u,))lg ta phai co
(7, -1, 0) = cp

1 + CyUy + CaUs

Nhu vay, ¢, ¢,, ¢4 12 nghiém cda hé
[c1+2c2+3c3 =17
¢, + 2c, = -1
¢, =0
Ta suy ra
1 8
¢, = 0,c2 = —§,c3 =3

b6i v6i [T(u,)]p ta phai cd

[6, 2, 0] = by, + by, + by,
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Nhu vay bl, b,, b, la nghiém cta hé.

b, + 2b, + 3b,
b, + 2b,
bl

Ta suy ra

Vay co

[T(ul)]B, =

wloo N — o

Do d6 ma trdn cta anh xa
B’ trong R3 1a

b) V6i ma tran d6 ta cd
[T((8, 3)lp
D€ tinh [(8, 3))p ta viét

=6

il
DO

’ [T(u 2) ]B’ =

W~ O

T d6i véi co s¢ B trong R? va

0 0
1

2

8 4
3 3
= A[(8, 3,

(8,3) = au; + Bu,,

nghia la
(8, 3) = a(l, 3) + B(-2, 4).
Nhu vay o va 8 1a nghiém cua hé
[ a—-28 =8
TBa + 43 = 3.
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fnosuv ra
=19 __2
“= 5 T T 10

Do do

0 0 19
- l 1 5
(7(®, 3y = |~ 2 >
8 4|1 - —
3 3| 10

Ta suy ra
T8, 3) = 0v, — 4, + 53

-4
22
3

=0(1,1,1) -4 2 0 + % 3,0,0

= (14, -8, 0).

Chu y. Tinh truc tiép theo dinh nghia thi

T((8, 3)) = (8+23, -8,0) = (14, -

6.27. Cho T : R? — R3? xac dinh bsi

a) Ma tran cta anh xa T trong co s6 B = {”1’ Uy 03} trong

R3 1a

Ta c6

Bay git ta bi€u dién T(v,) trong co s§ B. Mudn th& ta viét

T((x), x5 x3)) = (x; — x,, X, X, x;

A = [[T(U])]B [T(Uz)]B [T(U3)]B]

Tv) =T (1,0, 1)) = (1, -1, 0)

T(UZ) = T((O) 17 l)) = ("1, 1,
Ty = T((1, 1, 0)) = (0, 0, 1)

T(Ul) = a, + ayu, + aqU,

-1)

8, 0).

- x3).
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tuc la
(1, -1, 0 = a,(1, 0, 1) + a,(0, 1, 1) + a,(l, 1, 0).

Do d6 «,, @,, a; la nghiém cua hé

1 0 1]|* 1
0 1 1}{a) =|-1
1 1 0f|a 0

Mot cach tuong tu ta viét
T(v,) 131”1 + /32')2 + ﬂ3v3

T(uy) = yivp + vvy + 7903

thi (8, By B3) va (v}, 7, 7) 13 nghiém cuia hai hé

1 0 114 -1 1 o 11" 0
0 1 1|8 =] 1[,]0 1 1f|r2] =10
11 0|5 —1110y3J 1

Ba hé nay cé cung ma tran hé s6 ta giai ching bang cac
phép bién ddi so cdp viét trong cung mot bang

1 0 1 1 -1 0
1 1 -1 1 0
1 1 0 0o -1 1
1 0 1 1 -1 0
1 -1 1 0
1 -1 -1 0 1

1 0 1 1 -1 0
1 1| -1 1 0

-2 0o -1 1
1 0 1 -3/2 1/2
1 0 -1 1/2 1/2
1 0o 1/2 -1/2
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Ta suy ra

A = [(Twlg [TElg [T(vy)lgE]

ap By ¥ 1 -32 1/2
=|a By vl =1]-1 1/2 1/2
ay By v L 0 172 -1/2

Sau dé ta co
[T(w)lg = Alwly, w € R3

b) Nhu vay muén tinh T((2, 0, 0)), trudc hét ta phai tinh
(2, 0, O)];. Ta co

(2, 0,0) =cy, + cu, + ey,

(2, 0, 0)

cl(l, 0, 1) + c2(0, 1, 1) + 03(1, 1, 0)

vi ¢y, ¢, ¢5 12 nghiém cda heé.

1 o 1]]9 2
0 1 1||¢]| =|0
1 1 0 ey 0
Giai hé nay ta dugce
c1-=1,cz=—1,03=1
Ta suy ra
1 3
[T(2, 0, )]z =A |-1] = |-1
1 -1

Dé la [T((2, 0, 0]y (trong co sé B). Mudn cd T((2, 0, 0))
trong co s6 chinh tdc ta phai viét

3 i 0 1 3 -1
~1| =3 o] — [1] - |1} =|-1 —-1| =
1 1 1 0 3 -1

T2, 0,0)) = (2, -2, 2)




Tinh truc tiép ta dugc
T(2,0,0) =(2-0,0-2,2-0 = (2, -2, 2)
trung vai két qua trén.

6.28 Cho T : P, — P, xac dinh bai
T(p(x)) = x°p(x).

(a) Ta co
Tp,) = T(1 + x%) = x¥1 + x2) = x2 + x*
Tp,) = T(1 + 2x + 3x2) = x%(1 + 2x + 3?)

=x2 + 23 + 3t
Tp;) = T(4 + 5x + x?) = x2(4 + 5¢ + x2)
= 4x? + 53 + x4

Do d6 danh xa T ¢ ma tran

A = [ITE)l, [TEY, [Tl =

-0 = O
LWN—OO
= Ok © O

va sau dd
(T@)lp = Alplg,p € P,

(b) Muén tinh T(-3 + 5x — 2x%) nhd céng thdc trén trudc hét
ta phai bi6u dién da thic -3 + 5x — 2 trong co s§ B cua P,

Ta c6
-3 + 5 — =ap, + fp, + vp,

Do dd, a, B, v 1a nghiém cua hé
a+f +4 = -3
28 +5y =25
a+3+y = -2
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a(l +x%) + B(1 +2x + 3x2) + y(4 + 5x +22)

Giai hé nay ta dudge

Lo 5L
A A R
Ta suy ra
_25/1
(-3 + 5x — 2.,1'3JB = 5/4
1/2
Vay
0
—25/4 0
[T(-3 + bx — 207)], = A| 54| = |[-3
1/2 5
-2

Vi B’ 1a co s& chinh tac cuaa

T(—-3 + bx — 2x7)
Tinh truc tié€p ta dudge

T(=3 + 5x — 2x7)

trung vai két qua trén.

6.29. Ki hieu B = {v, v,}.

I

P, nén ta suy ra :

-3x° + ¥ — ut

x7(=3 + 5y — 27

~3x7 + 5 - 207,

1 0
oy = {O]’ vl = li]}

I 3110
[T((v‘_v)]/; - [__2 S:I |t]

|

.l

- Ty =113 - 20-1.h = (1 +2.3-8)
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T(vy) = 3(1, ) + 5(-1, 4)

(83-5,9+20 = (-2, 29)
(c) Bay gio tinh T(1, 1).
Truéc hét ta tinh [(1, 1)]; . Ta viét
(1, 1) = a(l, 3) +B(-1, 4) = (a - B, 3a +48)

Do d6 a va 8 la nghiém cia hé

a-f=1
{Sa -48 =1
Ta suy ra
5 2
«=7.F="7
Vay
5/7
[, Dlp = [— 2/7}
Do do
1 3
[T1, Dl = [_2 5][(1, Dlg =
_ 1 3 5 | -7
-2 s5f|-2/7f T |-2017
Ta suy ra '
1 20 1
T(1, 1) = - —7—(1, 3) - ~7—(—1, 4) = 7 (19, —83).

6.30. (a) Ta co

vlg =

O OO -

[T(Ul)]B' = A[UI]B = 1
3
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1
i

0 _
1 —2
[UZ]B = 0 [T(UZ)]B' = A[UZ]B = 6
0 0
:
[U3]B =11 [T(U3)]B‘ = A[U3]B = |2
0 7
o
;
lvelg = | [Ty = Alvglg = |1
1 1
(b) Tw,) = 30,8, 8 +(-7,8,1)-3(-6,9, 1)
= (11, 5, 22)
T, = -2(0, 8, 8 +6(-7, 8, 1) = (-42, 32, -10)
T,) =1(0,8 8+2(-7,8 1D+7(-69, 1
= (-56, 87, 17)
T, = (7,8 1)+(-6,9,1) =(1317 2)

(c) Dé tinh T((2, 2, 0, 0)), truéc hét ta phai bi€u dién
(2, 2, 0, 0) trong co sd B cua R* :

(2,2,0,0) =cpy, +cu, eyt
=¢ (0,1, 1, 1) +¢, (2, 1, -1, -1) +
+ey(1,4,-1,2) te 6, 9, 4, 2)
Do d6 ¢}, ¢,, ¢35, ¢4 la nghiém cta hé .

2c2+c3+6c4 =2
c1+cz+4c3+904=2
(.'1—02—c3+4¢s4 =0

¢, — 0 +203 +2c4=0
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Giai hé nay ta dugc

¢, =1le¢, =1, ¢ = 0,¢, = 0.
Cho nén
1
9 1
(2, 2, o, Mg = 0
0
Do dg
1
[TZ, 2, 0, 0)lg = Al2, 2, 0, 0l = 7
-3
Ta suy ra
T(2,2,0,00 =(0,8 8 +17-78,1) - 3(-6, 9, 1)
= (=31, 37, 12)
6.31. (a) Ta c6
1] [1
s = |0], (Tl = Alv)ly = |2
OJ 6
0] [ 3]
v,lg = |1 [T(,))lg = Alv,l; = 0
0] _ [—1]
luslg = |0 [Tl = Alvslg = | 5
IJ 4J

b)  T) = v, + 20, + 6v,
= (Bx+3x%) + 2(—1+3x+2x%) + 6(3 +Tx + 209
= 16 + 5lx + 13?2 ;
T(v)) = 3v; + Ov, — 20,
= 33 + 3x?) — 23 + Tx + 22
= -6 - 51 + 5x2

T(y) = —v, + 5uv, + dv,
= — (3 +3x%) + 5(—1+3 +22) + 4(3 +Tx +2x?)
=7+ 40x + 152
(c) Truéc hét ta bi€u dién p = 1 + x° trong co s& B. Ta viét
1 +x2 = ey t e, +ocgu,
= (3 + 3c?) + (-1 + 3x + 2 +
+ey(3 + Tx + 22
(¢; + 3c3) + (B¢, + 3¢, + Tegx
+ (3¢ + 2c, + 2c)x?

Do d¢ €}, €y €4 12 nghiém cda he
—~, +3¢; =1
3c; + 3c, + Te; = 0
3c, t 2, + 25 =1

Giai hé nay ta dugc

¢, =1l¢, = -1, ¢y = 0.
Vay co
1
(1 +x9), = | -1
0
Do do
-2
(T +xDly = Al +xD)], = | 2
8
Ta suy ra
T(1 +x%) = 20, + 20, + 8,

—2(3x + 3x%) + 2(-1 + 3x + 2x9)
+ 83 + Tx + 247
22 + 56x + 14x2.

313




6.32. (a) Ta c6
Dp)=D() =1 =0=0+ 0x + Ox*

D(p,) =D(x) =x =1=1+ 0x + 0x?
D(p;) = D(x?) = (x?) = 2x = 0 + 2x + Ox?

Ta suy ra, vi B la co s3 chinh tac cia P, :

Do do
o [ 236
D), = H = [—16/3
7 0
Ta suy ra

0 -372 23/6
A= |0 0 -16/3

0 1 0 0 0 0
4 8 g é (c) Vi trong cau (a), B la o sd chinh téc cia P, nén
(b) Dip;) = D(2) =2 =0=0p +0py + Opy; 0 1 o] 6 -6
5 [D(6 — 6x + 24x))], = [0 0 2||-6] = | 48
D(p,) =D(2—3x)=(2—3x)’=—3=—§.2 0 0 0| 24 0

Do ds

D6 — 6x + 24x%) = —6.1 + 48x + %2 = —6 + 4&
trung vdi két qua tinh truc tiép :

3
= _§p1 + Opg + 0p3}

Dppy) =D(2 - 3x+ &%) = (2 3x+ &%) = -3+ 16

0 —3/2} [
) (d) Trong cau (b) B khéng phai co sd chinh tdc cua p. cho nén
(DE)l; = (0], (D) = 0 g gp P,
0 0 J trude hét ta phai biu dién p = 6 — 6x + 24x% trong co sd B.
. Ta c6
DéE tinh [D{py], ta viét
) 6 — 6x + 24x2 = ap, + fp, + yp,

-3 + 16x = ap, + fp, + ypy =

a(2) + B2 — %) + (2 — 3 + 82)
= (2a + 28 + 2y) — (38 + 3y)x + 8yx?

Vay «, B, y la nghiém cta hé

= a.2 + B2 - 3) + 2 - 3 + &)
thi thdy «, 5, y 1a hghiém cua hé

% + 2 + 2 _ -3
=33 -3, = 16 22¢ +28 +2 _ 6

8 = 0. =38 - 3y = —6

& = 24

Giai hé nay ta dugc

: Giai hé nay ta dugc
y=0,p=~16/3, ¢

IS
i
[\
&
2]




Do dd )
1
[(6 — 6x + 24x)], = |— 1],
3
Cho nén
0 -32 236][ 1 13
[D(6 — 6x + 24r2)]n =10 0 —-1633(|-1] = |—-16].
0 0 0 3 0
L L
Ta suy ra : )
D6 — 6x + 24x°) = 13p, — 16p, + Op,

132 — 16(2 — 3v) = - 6 + 48,

cing trung véi két qua tinh dao ham truc tiép.

6.33. 1) Chu ¥ rang B la ¢o sd chinh tic. Do d6 anh xa cua

T trong cd s0 B ¢d ma tran :

1 -2
A = [0 _I:I

Ma tran chuyén co sd tit B sang B’

N

1 4 3
N
Bo= 11 l——l z}

Ma tran cua T trong co 36 B’ :

1 4 311 =2]]2 -3
A - 2 —
A= PUAP = oy {1 2} [o »—1“1 1J

1 -3 56
a1 | -2 3

2y Bay gi¢ co sd B khong phai chinh tac naa

Ta suy ra

Ta co

T ) = T2 30 = 24+ T332 - 4.3 = 23, -6)
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T(u,) = T4, -1) = (4+7(-1), 34 - 4-1) = (-3, 16).
Ta viét bifu dién cua T(u)) va T(u,) trong co s6 B :

T(u)) = (23, -6) = cu + Call 5
= ¢,(2, 3) + c,(4, —1)
= (2¢) *+ 4y, 3 =)

Tw,) = (-3, 16)= b + bu,
= b(2, 3) + b,(4, 1)

(26, + 4b,, 3b, — b,).

Nhu vay, (¢}, ¢;) va (b), b)) la nghiém cua hai heé

lzcl + 4c, = 23 {21;1 +4b, = -3 .
3, —¢c, = —6 3, — b, =16
Giai hai hé nay ta dugc
¢, = —-1/14 ¢, = 81/14 b, = 61/14 b, = —41/14.
Vay
my = [244] me, - [_502]
Do d6 ma tran cda anh xa T trong co sd B la
A - [— 1/14 61/14] _ 1 [—1 61]
81/14 —-41/14 14 | 81 -—41J'
Bay gio ta tim ma tran chuyén co sé tit B sang B’ :
P = [[v,l [v,l4]
vy T ey +oayuy
(1,3 = a(2, 3) + a,(4, -1).
a; va a, la nghiém cua hé
2 + 4a, = 1
3a; —a, = 3
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vy = By + Py
(-1, -1) = (2, 3) + B,(4, —1).
B, va 3, la nghiém cua hé
Fﬂx +48, = -
[3181 - ﬂz = -

Giai hai hé nay (cé chung ma tran hé s6) ta dugc

= 13/14, a, = -3/14, B, = -5/14, B, = -1/14.
Do do
=] L [18n4 _[B]  T[-8n4
[UlJB = az = _3/44]7 [UZ]B - ﬂz = - 1/14
L
va ¢o i
p . | 114 514l 1113 5]
T 1-314 -1/14| " 14 |-3 -1}’
p1 - _L[-1 5
- 2| 38 13
1 [-1 5] 1[-1 61
] — -1 _ - _
A =PTAP = 2[313}4{ —41]
129 —19] 1 1
T T2 |75 —-25| 14
__1[31 -9] 1[-31 9]
- T 32|75 -25 ‘2 -5 25|
12 ma tran cta anh xa T trong co sd B’.
Chu y. Lam truc tiép, ta co
Tv,) = T((1, 3)) = (1 +17.3,3 - 43) = (22, -9) ;
T(,) = T((-1, -1)) = (-1 + 7(-1), 3(-1) - 4(-1)) =
T, = ap, +ay,;
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ks
Il
=

(-8, 1).

T, = by, + by

1 Y25

@2, -9) = a (1, 3) + ay(-1, -1 ;
(_8 1) b /17 3) + bz(_la -1) ;

thi (a;, a,), (b, b,) la nghiém cta hai hé cung ma tran hé s6

a —a, = 22
3a; —a, = -9 !
b, —b, = -8
3, —b, =1

Giai hai hé nay ta dugc

a, = =312, 0, = =752, b, = 9/2, b, = 25/2. |
Do dg ;
[—31/2] 9/2
(T)lp = |- 752 [T@)lp = [25/2 :
Ta suy ra ma trdn cia anh xa 7T d8i véi co sé B’ la
, 1[-31 9
A=351_15 25]

trung v6i két qua trén.
3) Vi B la co sd chinh tic trong R® nén ma tran cta anh
xa T trong co s B la :

1 2 -1
A= (0 -1 0].
1 0 7

Ma tran chuyén co sd ti-B sang B’ 1a

1 1 1
P=1]0 1 1
0 0 1




Ma tran nghich dao cua P la

1 -1 0
pl=10 1 -1,
0 0 1
Do d6 ma tran cua anh xa T trong cd sd B’ la
1 4 3
A= PlApP = |-1 -2 -9
1 1 8

4) Mot diém cd toa do (x, y, z) trong khong gian xyz chiéu
truc giao lén mat phidng xy thanh diém (x, y, 0). Vay cd cong
thic xac dinh anh xa T :

T((x, y, 2)) == (x, 5, 0),
hay déi ki hiéu :
T((x|, x5 x3)) = (x;, x,, 0).
V6i chi y B la co sd chinh tac cua R?.

Do do ma tran cta anh xa T trong co sd B la :

1
A = 1
0
Ma tran chuyén co s¢ ti B sang B’ la
I 1 1
p=1{0 1 1
o 0 1
Do dg
1 -1 0
Pl = |0 1 -1
0 0 1
Vay ma tran cia anh xa T trong co sd B' la
1 0 0
A =PlaAp =10 1 1
0O 0 O
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5) Theo dau bai
T(u,) = 5u,

Suy; + Ou, ;
T(uy) = Suy, = Ou; + Su,.
Vay ma tran cta T trong cd sd B la
A = [[T(u))g [T(u,)lg) = [g gJ

Ma tran chuyén co s6 tit B sang B’ theo cau 2 bai nay la

1 [18 -
P=ﬁ[—3 —1}

va

_ 11-1 5
1 = -

P o= 2[3 13}

Do d6 ma tréan :
5 0

> — p-l —

A =P AP—[0 5}.

Chii y. Tinh truc ti€p (khong qua co sé B) ta ciing dugc két
quad nhu vay.

6) Theo d&u bai
T(p,) T6 + 3x) =6 +3(x +1) =9 + 3 ;
T, = T(10 + 2x) = 10 + 2(x + 1) = 12 + 2x.

Ta bi€u dién T(p,) va T(p,) trong co s& B. V&i T(p,) ta cd
9+ 3 =ap, +fp,=a6 + ) + (10 + 2x).

Do dé a va B la nghiém cda

6a + 108 = 9
3a +238 =3
Ta suy ra
2 1
“=3f=3




Bay gio vai T(p,).
12 + 2x = yp; + dp, = y(6 +:3x) + (10 + 2x).
Do dé y va J 12 nghiém caa

{Gy + 108 12

2

3y + 28

Ta suy ra
y = -2/9, & = 4/3.
Vay ma trian cua anh xa T trong co s B la

2/3 —2/9
A = [Tl [Tyl = {1;2 4/3}

Bay gio ta tim ma trin chuyén co sé tu B sang B’ :

P = [lq,1; {g,]51
Ta viét
q, = ap; + pp,
2 = o6 + 3x) + S(10 + ).
Do dé « va g la nghiém caa

6a + 108 =
Sa + 28 =

I
=l N

Ta suy ra
a=-2/9,8=1/3
Ta lai viét
g, =y, tdp,
3+ 2 =y(6 + %) +5(10 + ).
Do d6 y va § 1a nghiém cua hé

6y + 106 = 3
3y +26 = 2

Ta suy ra

e

y=179, B =~
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Vay

-2/9 7/9
l9))p = { 1/3}’ 955 = {— 1/6]‘

Do d6 ma tran chuyén co sé tu B sang B’ la
P —-2/9 79 1 |-4 14
N 13 —-1/6] 18| 6 -3
P_lz_E -3 -—-14 =l3 14
72 |—-6 - 4 416 4
Do d6 ma tran cha T déi véi co s6 B’ la

A = PlAP = {1 1}

nén co

0 1

Chi y. Néu tinh truc ti€p A’ khéong qua trung gian 1a co so
B thi cing duge két qua nhu vay.

6.34. Gia st ma tradn B déng dang vdi ma tran A. Khi do
tén tai ma tran P khéng suy bién cung cdp véi A va B d€ co

B = PlAP.
Ta suy ra
B? = (P71 AP)?
(P"LAP) (P71 AP)
P LA(PPY) AP
= PTLAAP = PT1A%P.

Do d6 B? déng dang voi A,
6.35. Gia st A va B la hai ma tran cdp n déng dang. Khi
dd tén tai ma tridn P cdp n khong suy bién dé€
B = PlAP.
Ta suy ra
AP = PB.




Truéc hét ta xét mot ménh dé ma ta goi 1a mot bs dé.
Bé dé. Gid si P khéng suy bién. Khi dé
D) Néuw E = {u, uy .., u},u; € R" la doc lap tuyén tinh thi
F = {Pu,, Pu,, .., Pu]
cang déc lap tuyén tinh.
2) Néu F déc lap tuyén tinh thi E cang déc lgp tuyén tinh.
Chitng minh. 1) Giad st E d6c lap tuyén tinh. Xét diéu kién
c¢Pu; + cyPu, + ... +cPu; =6 (6.9)
Ta suy ra
Pleu; +cuy, + .0 +cu) = 6.
Vi P khong suy bién nén ton tai P! va
ey togu, + ... +cu, = P1lg =9,
tuc 1a co
cuy tou, v teu =6 (6.10)
Nhung ta da gia st E doc lap tuyén tinh.
Cho nén tu (6.9) ta cd
¢ =¢ =..=¢=0 (6.11)
Nhu vay 1a tu (6.9) ta suy ra (6.11).
Do dé F doc lap tuyén tinh.
Bay gio gia st F doc lap tuyén tinh.
Xét didu kién (6.10). Ta suy ra

Peju, + cuy + ... +cu) = P6 = 6.
hay
¢Pu, +cPu, + .. +cPu =6
Ti d6 suy ra (6.9).
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Nhung ta dia gid st F d6c lap tuyén tinh.

Cho nén ti d6 ta cd (6.11).

Nhu vay la tu (6.10) ta suy ra (6.11)

Do d6 E do6c lap tuyén tinh.

B3 dé ching minh xong.

Bay gid gia st A va B la hai ma tradn cdp n déng dang,

nghia la tén tai ma tran P cdp n khoéng suy bién d€ cd

B = pP7lAP
Ta suy ra
PB = AP (6.12)
Goi v, i = 1, n la cac vecto co6t cia B. Khi do
Pu, i = 1, n la cac vecto cot cia PB. Ta co

PB) = r{v}), PPB) = r({Pv})
Vi P khong suy bién nén theo bd dé trén
r({vh)y = r{ Pv})
Do do
P(B) = PPB)
Nhung theo (6.12), PB = AP nén cd
P(B) = P(AP) = P((AFP)Y) = p(P'A))
Vi P khong suy bién nén P ciing khong suy bién,
Do d6 theo b3 dé trén
PPAY = pAY) = P(A).
Tém lai, ta cd

PB) = PA).




Chuong VII

TRI RIENG VA VECTO RIENG -
DANG TOAN PHUONG

A. PE BAI

7.1. TRI RIENG VA VECTO RIENG CUA MA TRAN

7.1. Tim cac tri riéng va co sd cda khéng gian riéng cua

cdc ma tran sau :

ER [10 -9 0 3
D g —1] 2 |y —2} 3) [4 0]
-2 — [0 0 1 0
E N 2} 5 1 0} 6) [0 1]
(2 -1 2 [ 0 1 o 4 -5 2
7) 5 -3 3| 8 |-4 4 0 9|5 -7 3
-1 0 -2 -2 1 2 6 -9 4
1 -3 3 1 -3 7 —-12
100 |-2 -6 183 11) |4 -7 12) [10 —-19
-1 —4 8 6 —7 17 12 —24
[1 0 0 0 1 00
4 -5 1T
0 00O 0 0 0
13)_}132 14)000015)100
1 00 1 0 0 0
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16)

W= W
O =

w oo
|

-~ Wwo o

7.2. TRI RIENG VA VECTO RIENG CUA TOAN TU TUYEN

TINH TRONG KHONG GIAN HUU HAN CHIEU

7.2. Cho T : P, — P, xéc dinh bdi T(a, + ax + apx?) =

(5a, + 6a; + 2ay) — (a; + 8a)x + (a, — 2a,1?
(a) Tim cac tri riéng cua T.

(b) Tim co s8 cua khong gian riéng caa T.

7.3. Ching minh rdang A = 0 1a tri riéng clla ma tran A khi

va chi khi A suy bién.

7.3. VAN DE CHEO HOA MA TRAN

7.4. Ching minh ridng cdc ma tran sau khéng chéo héa dugce.

[2 0 2 -3
Dy 2| S

3 0 0 [-1 0 1
3) 10 2 0 4 |-1 3 0

01 2 -4 13 -1

7.5. Tim ma tran P lam chéo hda A va xiac dinh P~ AP

—14 12 1 0
DA =|_y 17] 2)A = |g ,1]
1 00 2 0 -2
HA=|0 11 4)A=10 3 0
0 11 00 3
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7.6. Hoi ma tran A dudi diy c6 chéo hoa duge khéng. Néu
duge thi tim ma tran P lam chéo héa A va xac dinh P 'AP.

(19 -9 -8 -1 4 -2]
DA = |25 —11 -9 2 1-3 4 0
17 -9 -4 -3 1 3
5 0 0 [0 0 0]
YA =11 50 HA =10 00
01 5 3 01
-2 0 0 0 -2 0 0 0]
0 -2 0 0 0 -2 5 -5
DA=19 03 0 BA=19 o903 o
0 01 3 0 0 0 3

7.7. Cho T : R? — R? la todn t& tuyén tinh

T(xl, x,) = (37;l + 4x2, le + x,)
Hay tim mét co sd clia R? trong dé ma tran cta T ¢d dang chéo.
7.8. Cho T : R?® - R3 1a toan t& tuyén tinh

T(x), x5, x3) = (2x; — %, — 23, % — X3, —x; +x, + 2x3)

1

Hay tim mot co s& cua R? trong dd ma tran cia T ¢d dang chéo.
1 0

7.9. Cho A = l:_ 1 2]

Hay tinh A0,

7.10. Cho A = {“ b]
c d

Ching minh :

(a) A chéo héa dugc néu (@ — d)? + 4bc > 0.

b) A khong chéo hda dugc néu (a — d)? + 4be < 0.
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T o) Bt + 4ey + 5\/2 = 9.

7.4. VAN DE CHEO HOA TRUC GIAO

7.11. Tim ma tran P lam chéo hda truc giao A va xdc dinh

P lAP .

3 1 [ 5  3V3
\ == —_
DA | 3 2) A aE -1
. -2 0 -36
r_
3) A = 2Z Zé 4) A = 0 -3 0
L | -3 0 —23
(1 1 0] [ 2 -1 -1
5)A =1 1 0 6)A = |—1 2 -1
0 0 0 -1 -1 2
31 0 0 [ 5 -2 0 9
1 30 0 -2 2 0 0f.
PA=1o 0600 ®4=] 0 o 5 -2
00 0 0 0 0 -2 2

7.12. Tim ma tran !am chéo hda truc giao
fa b
A = r b = 0
b a
7.5. DANG TOAN PHUONG
7.13. Nhan dang va vé cac dudng bac hai sau :

a) 2x° — 4xy — yz + 8 = 0.

b) x° + 2xy + yz + 8 +y =0

d TIx® + 2dxy + 447 - 15 = 0.

el 207 + 4y + 5\r3 = 24

.

frx= + xy + ,\'3 = 18
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g) X - 8xv + 7}/2 = 36.

h) 5x° — 4xy + 8y = 36.

7.14. Nhan dang va vé cac mat bac hai sau :
a) fo - 2xpxy F 21'% - 20,10y 4+ 31% = 16.

b) 2xy + 2xz + 2yz ~Gx — 6y — 4z = 0.

o) Txt + 7)'2 +10z° - 2xy —4dxz +4yz — 12x + 12y + 60z = 24

d) 2xy — 6x + 10y + 2z — 31 = 0.
e) 2x2+2y2+522—4r~y—2xz+2yz +10x —-26y -2z = 0O

B - BAI GIAI VA HUONG DAN

7.1. 1} Cho ma tran cdp hai

te e

Phuong trinh dac trung cua A :

[3; —10-1} =0e=B-N-1-1)=0
A cd 2 gia tri rieng + 4, = 3. 4, = -1
Vécto riéng ung tri riéng 1 la x = (x}, x,) théa man
3 -Jx, =0
8, — (1 +Ax, =0

1
Truong hgp 4 = 4, = 3 ta cd he
[0, =0
l~ 8x, — 4x, = 0.
Ta suy ra
X, tuy yox, = 2x,
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x “ I x ! h (1, 2)
= = = ayx 5 .
x, 2x, 12 1
Vay ung tri riéng A; = 3 ¢ mét véctd riéng doc lap tuyén

tinh la (1, 2). Khéng gian riéng tuong ung la khéng gian con
cia R? cd s6 chiéu bang 1 va nhan vécto (1, 2) lam co sé

Trudng hgp 4 = A, = -1 ta cd hé
4, =0
{ 8, +0x, =0
Ta suy ra
x =0, x, tuy y
x = 2 = FC)Z} = xz[(l)] hay x, (0, 1).
Vay udng tri riéng 12 = -1 ¢6 1 vécto riéng doc lap tuyén

tinh 1a (0, 1). Khong gian riéng la khéong gian con cua R? c¢6
s6 chiéu bang 1 va cd co sé la (0, 1).

2) Cho ma tran cdp hai

it

Phuong trinh dic trung cta A :

10 -2 -9

- —~ 4)2 —
4 Lyl =0=G-9%=0

A c6 tri riéng : }‘1 = 12 = 4 1a tri riéng boi 2.

Vécto riéng ung tri riéng 4 la x = (x;, x,) théa man

(10 —4)x; — 9, =0
o, + (2 —4)x, =0

hay
[le -9, = 0

4, — 6x, = 0
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3
Ta suy ra x, tuy y, X = 5%,
3 3
x “x °
= | ' = |27 =42
)
x, 1

Vay dng tri riéng boi hai 4, = 1, = 4 cd mot vécto riéng
doc lap tuyén tinh la (3/2,1). Khong gian riéng la khéng gian con
ctia R? c6 s6 chibu bang 1 va nhan vécto (3/2, 1) lam co sd.

0 3
) a2y
12 ma tran cdp hai ¢6 phuong trinh dac trung
4 —A = l -12 =0

A c6 hai tri riéng : Tri riéng thd nhdt 4| = Vi2 c6 mot
véctg riéng doc iap tuyén tinh 1a (3W12, 1) ; khéng gian riéng
tuong ung la khong gian con cta R? c¢6 sé chiéu bang 1 va
nhan vécto (3N12, 1) lam co sd. Tri riéng thd hai
A, = -V12 c6 1 vécto riéng doc lap tuyén tinh la (-3412, 1);
khdong gian riéng tuong ung la kh_(‘)_ng gian con cua R? c6 s6
chidu bang 1 va nhan vécts (-3N12, 1) l1am co sd.

4) Xét ma tran cdp hai
-2 -7
Phuong trinh dac trung cfha A :

-2-1 -1

— 32 —
) 2_1}_1+3_0

khong co nghiém thuc. Do d6 A khoéng cd tri riéng thuc. Né&u
xét cac tri rieng phdc thi A c¢d haj tri riéng

A, = V3,1, = —iV3.
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Vécto riéng tuong ung :
Trudng hop 4 = 4, = iV3 ta co

J(‘2 - iV3)x, ~ Tx, = 0
l x + (2 - iV3)x, = 0.
Ta suy ra :
x, tay y, x; = ~(2 — iV3)«x,
X, Xy 2 1 J
Vay ung tri riéng 4, = iV3 ¢6 mot vécto riéng doc lap tuyén

tinh 1a (-2 + iV3, 1) ; khéng gian riéng tuong idng la khong
gian con cia C? ¢6 s6 chiéu biang 1 va nhan vécto
(=2 + iV3, 1) lam co sé.

Trudng hop A = 4, = -iV3 ta cing lam nhu trén sé duge
mot vécto riéng doc lap tuyén tinh 1a (-2 — V3, 1) ; khong
gian riéng tuong ung 1a khéng gian con cia C? ¢6 s5 chidu
bing 1 va nhan vécto (-2 — iV3, 1) lam co sé.

5) Xét ma tran cdp hai

Ly

Phuong trinh dac trung cta A :

0 -1

A cd tri riéng bodi hai A, =

I
R
]
=2

Vécto riéng tuong dng la x = (x;, x,) théa man

Ox] + 0x, =0
Oocl +0x2 = 0.




Do do x| tuy y, x, tuy y :

X x{‘ + 0 _ 1 4 0
x = x2 = OJ xz = xl 0 x2 1l
Hai vecto (1, 0) va (0, 1) la doc lap tuyén tinh vi

0 a+0=0
o) o [ o= ra
ticlaa =8 = 0.

Vay tng tri rieng A, = 4, = 0 cd hai vécto riéng doc lap
tuyén tinh la (1, 0) va (0, 1) khéong gian riéng la khéng gian
con cia R? cé s6 chiéu = 2 tidc la trung véi R? nhan (1, 0)
va (0, 1) lam co sd.

6) Cho ma tran cédp hai

A= o]

Phuong trinh dic trung cua A :

;1—/1 0

0 il =@ -n%=o0

Do d6 A ¢é moét tri riéng boi 2 1a 4, = i, = 1.
Heé phuong trinh x4c dinh vécto riéng x : (x,, x,) tuong ung la

Ox, + O0x, = 0
‘0:’61 +0x, =0
Hé nay trung v6i hé & cau 5). Do dd ta cling cé két qua
nhu & cau 5) :
Ung tri riéng A, = A4, = 1 cd hai vécto riéng doc lap tuyén
tinh 1a (1, 0) va (0, 1).

Khong gian riéng 1a khéng gian con cia R’ ¢6 s6 chiéu bang
2 téc la trung voi R? va nhan (1, 0) va (0, 1) lam co sd.
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7) Cho ma tran cdp ba

2 -1 2
A = 5 -3 3
-1 0 -2

Phuong trinh dac trung cta A

‘2—/1 -1 2
5 -3-1 3 =-@A+13=0
(—1 0 ~2-2
Do d6 A ¢6 mét tri rieng boi ba 1 = -1

Vécta riéng tuong dng x = (x}, x,, x;) théa mén
2 -(Dp —x, +2¢, =0
o, + (=3 = (=, + 38x; =0

=, + (2 — (-)w,

Hé nay cé nghiém

x, =0, Xy = Xy X, tuy ¥.

Do do
x, 0 0
x = |%| = X0 = Xy 1},
x3 —x2 -1
Vay dng tri riéng boi ba 1 = -1 c6 moét vécto rieng doc lap

tuyén tinh 1a (0, 1, -1).

Khong gian riéng la khong gian con cta R>, ¢6 s6 chiéu bang

1 va nhén vécto (0, 1, -1) lam co s3.

8) Cho ma tran cdp ba

0 1 0
A=1{-4 4 0
-2 1 2
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Phuong trinh dac trung cta A la

\—A 1 0
-4 4-2 0 | =-¢ —2° =0,
‘—2 1 2-1

Do d6 A c6 mét tri rieng boi ba 4 = 2.

Vécto riéng tuong ung x = (x;, X, X;) thoéa man
—2x, + x, 0
—4x, + 2, =0
-2, + x, =0

Hé nay cd nghiém

X, va x3 tuy ¥, X, = 2x. ;

x xl-‘ X, 0 1 0]
x = |%| = |2¢] = 2c | + 0l = x, 2] +x, Cl.
%, x3J 0 Xq 0 1

Hai vécto (1, 2, 0) va (0, 0, 1) doc lap tuyén tinh (ban doc
tu ki€m tra). Vay ¢ng tri riéng boi ba 4 = 2 cd hai vécto riéng
doc lap tuyén tinh (1, 2, 0) va (0, 0, 1).

Khong gian riéng 1a khéng gian con cda R3, c6 s6 chiéu bang
2 va nhan 2 vécto (1, 2, 0) va (0, 0, 1) lam co sé.

9) Cho ma tran cép ba

4 -5 2

6 -9 4_1
Phuong trinh dac trung cioa A la
(4 -2 -5 2 |
5 ~7-1 3 | =A(=1+1)=0
6 -9 4 -2

c6 hai tri riéng 4, = 4, = 0 boi hai va 1; = 1 don. Vécto riéng
tuong dng tri riéng A 1la x = (x;, x5 %3) nhy sau :
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Truong hop 4, = 4, = 0 nd théa man

4, — Bx, + 2, = 0
S, — Tx, + 3¢, =0
6x, — 9, + 4x, = 0
Hé thuin nhdt nay cd nghiém khong tim thudng :
x, tuy ¥, x, = 2x), 23 = 3.
Do dg
X = (X, Xy X)) = (x, 20, 3x)) = x,(1, 2, 3).

Vay tdng tri riéng boi hai A = A = /12 = 0 c6 mot vécto
riégng déc lap tuyén tinh la (1, 2, 3) ; khong gian riéng tuong
ting la khéng gian con cia R> c6 s6 chiéu bing 1 va nhan
véctg (1, 2, 3) lam co sd.

Truong hop 4 = 4; = 1 ta cd
e, — bx, + 22, =0
S, — 8x, + 3,
6r, — 9, + 3x; =

!
(=]

Hé thuin nhdt nay cd nghiém
Xy tuy ¥, x, = x5, X, = x4
Vay dng tri riéng A3 = 1 c6 1 vécto riéng doc lap tuyén tinh

la (1, 1, 1). Khong gian riéng tuong dng la khong gian con cda
R> ¢6 s6 chiéu bing 1 va nhan vécto (1, 1, 1) lam co sd.

10) Cho

1 -3 3
A= |-2 -6 13
-1 -4 8
la ma tran cdp ba cd phuong trinh dac trung
1-2 -3 3
-2 —-6-1 13| =@1-1*=0
-1 -4 8-1
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Vay A ¢ mdt tri rieng boi ba 1 = 1.
Vévctd riéng tuong ung x = (x, x, x3) théa man
(1 = Dx; = 3x, + 3x,

—2x; + (=6 - Dx, + 13x,

cmxp = 4x, + (8 = Dxg

i

1

Hé thuan nhédt nay cd nghiém

xytuy ¥, x, = x5, %, = 3y
Do do
x = (X, X, X3) = x3(3, 1, 1.
Vay dng tri riéng béi ba 4 = 1 ¢d 1 vécto riéng doc lap

tuyén tinh la (3, 1, 1). Khong gian riéng tuong ung la khong
gian con cuda R? ¢6 s6 chiéu bang 1 va nhan vécta (3, 1, 1)
lam co sd.

11) Cho
1 -3 4
A=|4 -7 8
6 -7 7
la ma tran cdp ba c6 phuong trinh diac trung
1-4 -3 4
4 -7-12 8 A+ 1A -3 =0
6 -7 7-2
Vay A cd hai tri riéng khac nhau : 1, = 3, 1, = 4; = - L.

Vécta riéng tuong dng tri riéng 4 1a x = (x|, x,, x3) nhu sau :
Trudng hgp A = A = 3 ¢d 1 vécto riéng doc lap tuyén tinh

la (1, 2, 2).
Trudéng hgp 4 = 4, = 4; = -1. Ta co
(1 + I, — 8, + 4,
e, + (=T + x, + 8y
6x, — Tx, + (7 + 1),

I

Il
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Hé nay cd nghiém : Xy tuy y, x, = 2x;, x;, = x, Dodg

3 M 3
X = (X3 2%y, x3) = x5(1, 2, 1), nén chi c6 mét vécto rieng doc lap
tuyén tinh la (1, 2, 1). Vay khong gian riéng ung 1, = 1; = -11a

khong gian con ctia R? ¢6 s6 chiéu bang 1 va nhan vecto (1,2, 1)
lam co s6. Con khéng gian riéng ung A = A, = 3 la khéng gian
con cia R3 c6 s6 chiéu bing 1 va nhan vectd (1, 2, 2) lam co sd.

12) Cho

T —12 6
A= 1[10 —-19 10
12 -24 13

la ma tran cdp ba ¢ phuong trinh dac trung

7-1 -12 6
10 -19-1 10 | = —(4 - 124 + 1) =
12 -24  13-1

Vay A cd hai tri riéng khac nhau A4, = 4, = 1 bdi hai va
Ay = -1 don.

Vécto riéng tng 4, = 4, = 1 lax = (x), x,, x;) théa man
(T = 1x) — 12, + 6x, = 0
10x, — 20x, + 10x; = 0
12x, — 24x, + 12¢; = 0

Hé nay cd nghiém

Xy Xz tuy y x; = 2x, - X3

X 2x; — x5

2 X3
x = x2 = xz = x2 -+ 0 =
*3 X3 0 X3
-1
=x, |1} + X4 (1) )
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Hai vécto (2, 1, 0) va (=1, 0, 1) doc lap tuyén tinh (ban doc
tu ki€m tra). Vay dng tri riéng boi hai A, = 4, = 1 co 2 vécto
riéeng doc lap tuyén tinh (2, 1, 0) va (-1, 0, 1). Khong gian
riéng la khong gian con cua R? ¢6 s6 chiéu bang 2 va nhan
(2, 1, 0) va (-1, 0, 1) lam co sd.

Vécto riéng tng 1y = -1 1a x = (x, xy, X,) théa méan

(7 + Dx, — 12, + 6xy = 0
10x, — (19 — D, + 10, = 0
0

126, — 24x, + (13 + 1y, =

Heé nay cd nghiém

_ 5 1
x, tuy y, x, = 6 Xqy Xy = §x3
x 1/2x, 3
- 1
x = x2 = 5/bxg = g x3 5.
X3 %3 6
Vay dng tri riéng don 4, = -1 c6 mét vécto riéng doc lap

tuyén tinh la (3, 5, 6). Vay
Khong gian riéng 1a khéng gian con cua R’ ¢6 s6 chiéu
bang 1 va nhan vécto (3, 5, 6) lam co sd.

13) Cho
4 -57
A = 1 -49
-4 05

la ma tran cdp ba, c6 phuong trinh dac trung

4 -1 -5 7 |
1 -4-21 9 = (1 - H(A* — 4 +13) = 0.
-4 0 5 -2
Do d6 A ¢6 mot tri riéng thuc A, = 1 va hai tri riéng phuc
A, = 2+ 3i valdy =2 - 3i
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Vécto riéng tudng dng x

:il:

1 thoa man

(4 = x| — 5x, + Ty
X, (=4 — Dx, + 9%, =0

(X;; X, Xy) trong trugng hop

| R

l —4x, + (5 - 1xy; =0

Hé nay cd nghiém

Do do

x} t]:ly yy
Xy
X = xz
X3

Xy = 2y, % = ay
S
2x3 = x; 2
: 1
.(3

Vay dng tri riéng thuc 4,

Trong truong hop 1 =
(2 = 3i)x, — 5x, + Tx, =

X

4
A5
P

= 1 cd mbdt vécto riéng doc

lap tuyén tinh 1a (1, 2, 1). Khong gian riéng tuong dng la khéng
gian con cia C? c¢é s6 chiéu bang 1 va nhan vécta (1, 2, 1)

lam co sd.

2 + 3i ta co

0
+ (=6 - 3i)x, + 9x; = 0
0

—4dx, + (3 = 3ixy =

Hé nay cé nghiém

Do do

o . 1, :
x,tuy y, x, = 1 (5 - 3i)xy, x) = 1 (3 — 3,

g -ain,]

—(3 - 3i)x

4 oy, [3-3i x

1 =05 -3i| = 2 (3-3i,5-3i4)
1 (5 =30, 4 4 4 '
X3

L
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Vay ung tri riéng 4 = 1, = 2 + 3i ¢6 mot vécto riéng doc
lap tuyén tinh la (3 - 3i, 5 - 3i, 4). Khong gian riéng tuong
ing la khong gian con cia C> ¢6 s6 chidu bang 1 va nhan vécto
(3 - 3i, 5 - 3i, 4) lam co sd.

Trudng hgp A = 4; = 2 - 3i, ta lam nhu trén sé dugc moét
vécto riéng doc lap tuyén tinh la (3 + 3i, 5 + 3i, 4).

Khéng gian riéng tuong tung la khong gian con caa C? co
s6 chiéu bang 1 va nhan vécto (3 + 3i, 5 + 3i, 4) lam co sd.

14) Cho

1 0 0 0
0 0 0 0
A=10 0 0 0
1 0 0 1

12 ma tran cdp 4 cd phuong trinh dac trung

1-4 0 0 0

o - 0 o0l .
0 o -1 o |=ra-n=0
0 0 0 1-4i

Do do A c¢6 hai tri riéng khac nhau
Ay =24, =0Dbdi 2;
Ay =4, = 1 bai 2
Vécto riéng x = (x}, x,, x5, x;) Ung tri riéng 1, = 1, = 0
théa man
x, =

0
0x, =0
0
0

X +x4 =

Hé ¢d nghiém

x, =0, x,tay y, x; tuy y, x, = 0.
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Do do
x, 0 0 0 0
x, X, x5 1 0
* = x4 = Xy = lo * Xy =% o MR 1
x4 0 0 0 0 0

Hai vécto (0, 1, 0, 0) va (0, 0, 1, 0) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng bdi hai A, =4, = 0co 2
véctd riéng doc lap tuyén tinh la

(0,1,0,0)va (0,0, 1,0

Khéng gian riéng 1a khong gian con cta R*, ¢6 sé chiéu bing

2 va nhan hai véctg trén lam co sd.

Vécto riéng uUng tri riéng 43, = 1, = 1 1a x= (X}, X9, X3, X,4)
théa man
(I = Dx, =0
- x, =0
- 2 =0
T +(1-1x, =0

Hé nay c¢d nghiém

x =0,x, =0,x; =0, x, tuy y.

Do do
X 0 0
x, 0 0
= Xy T o T *4 0
x, x, 1
Vay dng tri riéng bdi hai 4; = 1, = 1 ¢6 mot vécto riéng

la doc lap tuyén tinh la (0, 0, 0, 1).

Khéng gian riéng tuong dng la khéong gian con cua R*, c6
s6 chiéu bang 1 va c6 co sd 1a (0, 0, 0, 1)
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15) Cho

1 0O 0 o
6 0 0 O
A=11 0 0 o
0O 0 o0 1
la ma tran cdp 4 c¢d phuong trinh dac trung

1-4 0 0 ol

0 -1 0 0 _ 242
1 0 -1 0 =(1 -4 =0
0 0 0 1-4

= c6 2 tri riéng A, = A, = 0 boi hai va 4, = 1, = 1 boi hai.

Vécto riéng dng 1, = 4,

Ox, =

0
x + Ox =0
x, =0

Hé nay cd nghiém

x, = 0, x, tuy y, x5 tay y, x, = 0.

Do do
x, 0 0 0 0 0
x x x 0 1 0
x = 2 = 2 = 2 + =X + x
Xy Xy 0 Xy 210 301
x, 0 0 0 0 0

Hai vécto (0, 1, 0, 0) va (0, 0, 1, 0) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng A, = A, = 0 cd hai vécto
riéng doc lap tuyén tinh 1a (0, 1, 0, 0) va (0, 0, 1, 0).

Khong gian riéng tuong dng la khong gian con cia R* co
s6 chiéu bidng 2 va nhan hai vécto (0, 1, 0, 0) va (0, 0, 1, 0)
lam co sé.
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0lax = (x, x5, %5, x;) théa man

Vécto rieng x = (x}, x,, X3, x,) Ung tri rieng A, = 4, = 1

théa man
(I = I)x, =0
- x, =0
x, - X =0
(r-1x, =0

Hé nay c6 nghiém

x tay ¥, x, = 0, 2y = x, x, tuy y.

Do dg
"xl x]1 [o] 1] 0
1
0 0 0 0 0
x = x| T x tlo| =% 1| T % |of
x 0 0 1

4 J X4

Hai vécto (1, 0, 1, 0) va (0, 0, 0, 1) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng A; = 1, = 1 cd hai vécto
riéng doc lap tuyén tinh la (1, 0, 1, 0) va (0, 0, 0, 1).

Khong gian riéng tuong ung la khong gian con cua R4, ¢6
s6 chiéu bang 2 va nhan 2 vécto (1, 0, 1, 0) va (0, 0, 0, 1)
lam co so.

16) Cho ma tran cédp 4

3 -1 0 0
1 1 0 0
A=13 o 5 -3
4 -1 3 -1
Phuong trinh dac trung la
3-2 -1 0 0
1 1-1 0 0 .
3 0 5-1 -3 @-2
4 -1 3 -1-1
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Do d6 A c6 mét tri riéng boi 4 : 4 = 2.

Vécto rieng x = (x, x,, x5, x,) € R? tng tri rieng A = 2
thoa méan
(3 -2, -x, =0
X + (1 = 2)x, =0
3x, +(5-2)x;-3x, =0
4x, - x, +3x, + (-1 -2)x, =0

Hé nay cd nghiém

X4 tay v, Xy tuy vy, Xy = TXq + Xgp X = X3 + Xy

Do dg
x —x; tx, — X Xyl +1 1
x, —x; tx, — X N X4 . +1 ‘x 1
x = = = = -
3 — 4
x3 x3 x3 0 1 0
x4 x4 0 x4 0 1

Hai vécto (1, 1, -1, 0) va (1, 1, 0, 1) dbéc lap tuyén tinh
(ban doc kiém tra lai). Vay ung tri riéng boi 4 : 1 = 2 cd hai
vécto riéng doc lap tuyén tinh la (1, 1, -1, 0) va (1, 1, 0, 1).

Khoéng gian riéng tuong dng la khong gian con cda R?, co
s8 chiéu bang 2 va nhan hai vécto (1, 1, -1, 0) va (1, 1, 0, 1)
lam co sd.

7.2. Muén tim tri riéng cta anh xa T, trudc hét ta tim ma
tran cda anh xa T, réi tim tri riéng ctia ma trian do, dé la tri
riéng caa T.

Co sd 3 day la co sd chinh tdc trong P, : B = {1, x, xz}.
Ta co

5 +x2=5+ 0x + x2

6 —x=6—x + 02

T(1)
T(x)
T(x?) = 2 — 8x — 2x?
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Vay ma tran cta anh xa 7 la

5 6 2
A= 10 -1 -8
1 0 -2

Phuong trinh dac trung la

5—2 6 2
0 -1-12 -8 = (A = 3)-4% -1 + 12
1 0 -2-]
=@ -3¢ +4) =0,
do d6 cd hai tri rieng A, = -4 (don) va A, = 3 (boi hai).

D& tim cac vécto riéng cta anh xa 7T, ta chu y mot vai diéu.
Ta da biét phuong trinh xdc dinh tri riéng cta ma tran A la
Ax = Ax.

Phuong trinh xac dinh tri riéng clia toan td tuyén tinh
T : P, = P, la (xem dinh nghia 7.2.1, Thee/l) :

T() = dp, p € P,.
Nhung sau khi xay dung dugec ma tran caa T thi ¢ :
[T(p)]lg = A[P];; »
do doé phuong trinh T(p) = Ap viét
[Tp))y = Alply
tuc la
Alpl, = Alply,

d}i lai 1a phuong trinh xac dinh tri riéng cia ma tran A. Chinh
vi thé ta da ldy tri riéng cia ma tran A lam tri riéng cia toan
tt T nhu & trén.

Viay véctog riéng cia T sé 1a vécto [p]; thoa man

(A =D [pl, = 0O




3 b 2 5 4
Tim p € P, 6 dang p = a, + ax + a,x° ta sé ¢

o

va do dd phuong trinh xdac dinh vécta riéng sé la

[all 0-
(A - Ah) 14| = |0
tuc la i
[5—21 6 2 a. 0
0 -1-1 -8 a | = |0
1 0 -2 —AJ a, 0
V6i 1 = -4 ta c6 i
9a, + 6a, + 2a, =0
3a;, - 8 =0
a + 2a, =0

Hé nay c¢6 nghiém khac khong

¢ 8 .
a, = —2, a =3 a, = 1.
Vay ung tri riéeng 4, = -1 co mot vécto riéng doc lap tuyén tinh
-2
[pl, = |83] = -2 + 83x + x?
1

Khong gian riéng tuong ung la khong gian con cua P, co s6
- . N 5 - P 3 o 2 1y B
chiéu bang 1 va nhan véctu -2 + (83)x + x~ lam co s0.

Vsi A = 3 ta ¢d hé

5-3 6 2 @, 0
0 -1-3 -8 [l = |o|
1 0 -2 -3 |q. 0

Hé nay cé nghiém khac khéng

‘ a, = l,a, = -2 a, = 5

5 Vay ung tri riéng boi hai 4, = 3 ¢6 mot vécto riéng déc lap
| tuyén tinh

’ 5

Pl = |2 =5 -2 + x%

/ 1

Khong gian riéng tuong tng la khéng gian con cua P, ¢ sd
chiéu bang 1 va nhan vécto 5 — 2x + x% lam co sd.
7.3. Gia st A = 0 14 tri riéng clla ma tran A ; lic do phuong
trinh dac trung
det(A — AI) = 0.
cé nghiém 1 = 0. Do do

det(A) = 0.
Vay A suy bién.
Nguge lai, gia st ma tran A suy bién thi cd
det(A) = 0.
Vay 0 la nghiém cua phuong trinh dac trung
det(A — AI) = 0.

Do d6 A = 0 la tri riéng cua ma tran A.

7.4. Diéu kién cidn va da dé ma tran vuong A cdp n chéo
hda dugc 13 nd cd n vécto riéng doc lap tuyén tinh (xem dinh
Ii 7.3.1, Thee/1).

Nhu vay néu ma tran A cdp n khoéng ¢ du n vécts riéng
doc lap tuyén tinh thi né khong chéo hda duge.

1) Cho ma tran cédp 2
20

= (2 - )¢ =1 =2 boi2

Tri riéng :
2-2 0
1 2 -4
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Vécto riéng :
‘ @ -2x + 0x, =0
X+ (2-2x, =0
x, = 0, x, tuy y
(), %) = (0, x;) = x,(0, 1).

Vay chi ¢6 mét vécto riéng doc lap tuyén tinh cho nén A
khéng chéo héa duge

2) Cho ma tran cdp 2

Tri riéng :

2-2 -3
1 -1-12

:|=2.2—/1+1=0

= Khong co tri riéng thyc. Cho nén ma tran A nay khéng
chéo hoa duge trong trudng s6 thuc.

3) Cho ma tran cdp ba

3 0 0
A=10 2 0
0 1 2
Tri riéng :
3 -4 0 0
0 2-1 0 | =3B3-HD2-1H2=0
0 1 2-1

= cd hai tri riéng /11 = 3, /12 = 2 boi 2. Vecto riéng :
,11 = 3 c60 mét vécto riéng tuong ung la (1, 0, 0) ;
A, = 2 c6 mot vécto riéng tuong ung la (0, 0, 1).

Hai vecto riéng nay déc lap tuyén tinh. Nhung A 1a ma tran
cdp 3 ma chi ¢6 2 vécto riéng doc lap tuyén tinh nén A khéng
chéo hdéa duoc.
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4) Cho ma tran cap 3

-1 0 1
A= -1 3 0
-1 13 -1
Tri riéng
~-1-1 0 1
-1 3-1 0 = - —2)A* +2 +1)=0,
~1 13 -1-2
c6 moét tri riéng thuc 4 = 2 va hai tri riéng phdc (lién hgp)

12 nghiém cuaa
P +i1+1=0.
Vecto riéng : Ung méi tri riéng phic ta sé c¢d vecto riéng phtec.
Con ng v6i tri riéng thuc 1 = 2 thi vectd rieng x = (x|, x,,x,)
théa méan

—3x1 + ox o= 0
+x2 =

+ 133c2 - 3363 = 0.

- x

- x
Hé nay chi c¢6 nghiém (0, 0, x3), x5 tluy ¥.

Vay ma tran A cdp 3 chi ¢d mot vecto riéng thuc déc lap
tuyén tinh, nén A khong chéo hda dugc trong trudng s6 thuc.

7.5. 1)
-14 12
A= {—20 17}'
Tri riéng :
-14 =2 12 a
— 20 17_l‘=/1—3/1+2—0.
Cd hai tri rieng 4, = 1 va 4, = 2.

Vecto riéng :
[—15x1 +12x, = 0

- Ungd, =1 |=20%, + 16,

Il
o

351




Ta suy ra mét vects riéng (4/5, 1) = v
-16x%, + 12x, = 0
—20x, + 15x, = 0

1
-Ungid, =2: k

Ta suy ra moét vecto riéng (3/4, 1) = v,. Hai vecto v,

doc lap tuyén tinh (ban doc tu ki€ém tra). Viy ma tran P lam

chéo hda A la

4/5  3/4
pofio )
Doéng thaoi
1 0
-1 =
P AP = {0 2}
1 0
2) A= {6 —1}
Tri riéng :
1-2 0

6 -1-2
Cé hai tri riéng 4, = 1, 4, = -1

|=—(1~,1)(1+,1)=0

Vecto riéng :
- [’Tng /11 = 1 c6 mét vectd riéng v, = 1/3 ; 1) ;

- Ij'ng /12 = -1 ¢d modt vecto riéng v, = (0, 1.

Hai vecto v, v, doc lap tuyén tinh (ban doc tu ki€m tra)

Viay ma tran P lam chéo hoa A la

.
1/3 0
P
Déng thoi
1 0]
-1 _
P AP,—[0 _lJ
1 0 01
3) A=]0 1 ll
0 1 1
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Tri riéng :

1-4 0 0
0 1-4 1 |=a(1-HA-2=0
0 1 1-2

C6 3 tri riéng khdc nhau .
A=0, 4, =1, Ay = 2
Vecto riéng :
=0 v, = (0,1, -1
iy =1 v, = (1, 0, 0)
Ay =2 vy = (0,1, 1)

V4y ma tran P lam chéo hda A la
0 1 0]
P = 1 0 1
-1 0 1
déng thai )
00 0]
PlAP=1010
00 ZJ
4)
20 -2
A=103 0
00 3
Tri riéng :
2-1 0 -2
0 3-1 0 |=2-)B-1*=0
0 0 3-1
Co hai tri rieng 1, = 2, 1, = 3 (bdi hai)

Vecto riéng :
(1, 0, 0)
0,1, 0) vavy = (-2, 0, ).

=2 Yy

12—3 v,
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Viy c6 du 3 vecto riéng, ching doc lap tuyén tinh vi

1 0 -2
0 1 0l =1=%0
0O O 1

Vay A chéo hoad dugc va ma tran P lam chéo hda A la

1 0 -2
P=|0 1 0
0 o 1
Déng thoi
2 00
PlAP=10 83 O
0 0 3
7.6. 1)
19 -9 -6
A= 125 -11 -9
17 -9 -4
Tri riéng :
29 -1 -9 -6
25 -11-2 -9 | =@ -D¥2-1)=0
17 -9 -4-4i

C6 hai tri riéng 1, = 1 (b6i 2) va 4, = 2.
Vecto riéng :
=1 v, = (4/3, 2, 1)
A, =2 v, = (3/4, 3/4, 1)

Vay ma tran A khéng chéo hda duge vi khong cé da 3 vecto
rieng déc lap tuyén tinh.

2)
-1 4 -2
A=|[-3 4 0
-3 1 3
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Tri riéng :
-1-1 4 -2
-3 4-1 0 =A-1DA-2A-3)=0
-3 1 3—-1

CS ba tri ridng khdc nhau

A =1, Ay =2, A3 =3
Vecto riéng :

1, =1 v, =(1,1,1)

Ay =2 v, = (2,3, 3)

Ay =3 vy = (1,3, 4)

Viay A chéo hda dugec va ma tran P lam chéo hoa A la

1 21
P=|(1 3 3|
1 3 4
déng thai
1
Plap=| 2 |
3
5 0 0
3) A=1|1 50
015
Tri riéng :
5—1 0 0
1 5—14 0 |=06B-13=0
0 1 5—1

Cé mot tri riéng boi ba 4 = 5.

Vecto riéng :

4 = 8 chi c¢6 mst vecto riéng déc lap tuyén tinh la (0, 0, 1)

Vay ma tran A khéng cé di ba vecto riéng doc lap tuyén
tinh nén khéng chéo hda duogc.
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0
4) A=1]0
3
Tri riéng :
-4 0 0
0 -2 0
3 0 1

Co hai tri riéng 4, =

Vectg riéng :

S OO

— o O

= A%(1 — 1) = 0.

-2
0 boi 2 vai, =1

qoir
Tri riéng :
-2-2 0
0 -2-12
0 0
0 0

Vecto riéng :

A =

Cd hai tri riéng A=

-2 v, =
A, =3 Uz =
Ma tran A khoéng co

(1, 0, 0, 0),
(0,0,0, 1)

da 4 vecto riéng doc lap tuyén tinh,

=2 +1)B -1H:=0

-2 (boi 2), 4, = 3 (boi 2).

U2 = (Oa 1, 07 O)

A,=0 v, =(-1/30,1),0, = (0, 1, 0) ;
=1 vy=1(0,0,1).
Ba vectos {v,, v,, vy} doc lap tuyén tinh vi c¢d dinh thic
-1/3 0 0O
0 1 0| =-1/3 =0.
1 0 1

Vay ma tran A c¢é du ba vectd riéng déc lap tuyén tinh, nén
né chéo hda duge va ma tran P lam chéo hoa A la

nén no khéng chéo hda dugc

-1/3
P = 0
1
déng thoi
Pl AP =
5)
-2
0
A=,
0
356

o = O

oS O

0

=W o o

W o oo

Cé hai tri riéng : A

Vecto riéng :

SO O

A=3 vy =

-2 0 0 0
0O -2 5 -5
6) 4=l 9 0 3 o
0 0 O 3
Tri riéng :
—2-1 0 0 0
0 -2-4 5 -5 ) )
0 o 3.1 o0 |=@+VB-p2=0
0 0 0 3-1

= -2 (boi 2) va 4, = 3 (boi 2).

Bon vecta Uy, Uy Ug, U, dbc lap tuyén

=(1,0,0,0, v,=1(0100
0, 1,1, 0), v, = (0, -1, 0, 1)
tinh vi
0O o0 0
)i
0 O 1
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Vay ma tran A c¢d du 4 vecto riéng doc lap tuyén tinh nén
no chéo hda dudc va ma tran P lam chéo hoa A la

1 0 0 0

0 1 1 -1

P=1o 0 1 o

0 0 0 1

Doéng thoi
-9
—9
—1 _
Pl AP = g

3

7.7. Ma tran cia 4nh xa tuyén tinh T cho trong ddu bai d6i
v6i co s& chinh tic B cia R? la

Tri riéng :
3-1 4
2 1-1
Cé 2 tri riéng khac nhau
A, =5, A, = -1

Vecto riéng :
A, =5 v, =(2, D
A, = -1 v, = (1, -1)

Hai vecto v, va v, doc lap tuyén tinh (ban doc tuy kifm tra).
Do dé néu dat
2 1

thi P71 AP 1a ma tran chéo.
Bay gio ta xét co s& méi B’ = {v,, v,}. Ma tran chuyén co
sd tt B sang B’ la

(v,lp [v,]gl trung véi P.
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Ma tran cta anh xa T d&i v6i co sd méi B’ la A’ = P lap.
Theo 7.3, Thee/l thi P7!AP 1a ma tran chéo. Vay B’ chinh la
co s6 mdi trong déd ma tran cta anh xa T c¢d dang chéo. Lic
dd ta ndéi T cd dang chéo.

7.8. Ma tran cta anh xa tuyén tinh T cho trong dau bai déi
v6i cd s chinh tic B cua R> la

2 -1 -1
A=|1 0 -1
-1 1 2
Tri riéng :
2-4 -1 -1
1 -2 -1| =@ - - 1)?
-1 1 2-1

C6 hai tri rieng 4, = 2, 4, = 1.
Vecto riéng :
A, =2 vy =(1,1,-1
A, =1 v, = (1, 0, 1), vy = (1, 1, 0)

Ba vecto v, v, va vy doc lap tuyén tinh (ban doc tu kiém
tra). Do do véi

1 11
P = 1 01
-1 1 0
thi P! AP la ma tran chéo.
Xét co s6 méi B’ = {v,, v,, v3}. Ma tran chuyén co sé. tu

B sang B’ la

v lg, [,lg, [vslgl
trung v6i P. Ma tran cta todn td T d6i v6i co s méi B’ la
A’ = P7lAP. Theo 7.3 Thee/l thi P7IAP 1a ma tran chéo. Vay B’
chinh 12 co sé méi trong dé ma tran cta toan t& T cé dang chéo.

1 0
7.9. Cho A = [_1 2]
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Muén tinh Al% trudc hét ta dua A vé dang chéo.

Tri riéng cua A :

1__1’1 281’ =1-HE2-)=0
C6 hai tri riéng. A, =14, =2
Vecto riéng :
A =1 v, = (1, 1)

=2 v, =0 1)

Hai vecto vy, U, doc lap tuyén tinh (ban doc tu ki€m tra).

Do dé véi
1 0
ta co
1 0
-1 _ _
pran- [y -
Ta suy ra
A = PDPL,
Dé thdy

A™ = PD™P" 1 m nguyén duong
That vay, cong thdc nay da ding véi m = 1. Gia st nd da
ding v6i m ta chdng minh né con ding v6i m + 1 :

A™L = Am A = (PD"P-Y)(PDP))
PD™.(P~\P)DP™! = ppmHip-l,
Do do cong thic ding v4i m nguyén duong bat ki.

Thay m = 10 ta co
Al0 — pplop-1i

_ |11 0 . - _ 1 0
P—_[l 1] nén P —l:_l 1].

Vi
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_1() . 0 _ 110 0 _10
D‘[oz]“enD _{0 20| = |o glof

~ 1 0
Al0 — pplop—t _ {1 — 910 21({'

1 0
10 _
AT = {— 1023 1024] :

7.10. Cho

Ta tim cac tri riéng cia A :

a-1 d
c d—2

l=,12—(a +dA +ad —bc=0

Biét s6 cua phuong trinh biac hai nay la
A = (@ + d)? — 4(ad - bc)
= (@ — d)? + 4be.

Vay :

(a) Néu (@ — d)* + 4bc > O thi ma tran A cd hai tri riéng
thuc khac nhau nén né chéo hda dugc.

(b) Néu (@ — d)* + 4bc < O thi ma tran A khong cd tri riéng
thuc nén nd khong chéo héa dugc trong trudong s6 thuc. Nhung
néu xét trong trudng s6 phic C thi A cd hai tri riéng phuc
khac nhau, nén A chéo hda dugc trong C.

7.11. Cac ma tran trong cadc cau hoi 1) - 8) la cdc ma tran
déi xdng nén theo 7.4, Thce/l thi ching chéo hda truc giao
dugc. Ma tran P lam chéo hda truc giao méi ma tran déi xdng
A 12 ma trian cd cdc cot 1a cde vecto riéng cua A da truc giao
héa va chudn hda.

361



la

3 1
D A={1 3}

Tri riéng :

3-1 1

1 3-2
C6 hai tri riéng 4, = 4, 4, = 2.

Vecto riéng :
=4 w; = (1, 1);
Ay = 2 w, = (-1, 1.

Vecto riéng da truc chuidn hoa la

w
1
A =4 o= Tl = (IN2, IN2);
Wy
wr
Ay = 2 v, = = (-1IN2, 1N2)
1| w,ll
Vay
p_ |INZ —IN2
T {INZ N2
ma tran lam chéo hda truc giao ma tran A va

0 2
5 3V3
Tri riéng :
5-4 3V3 2
lsﬁ —1-2 =1 -4 - 32 =0.

A cd hai tri rieng 4, = 8, 4, = 4.

Vecto riéng da truc chuidn hda la
A, =8 v =32, 12);
A, =-4 v,=(-12,V3/2).
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e 9% Aohg

Vay
V3/2
P = [ 1/2
la ma tradn lam chéo hda truc giao ma tran A, va
8
-1 —
PTAP = [0
-7
3) A = [24
Tri riéng :
-7-2 24
24 7-2

| 2, = -25
Vay

4/5

cd hai tri rieng 4, = 25, 4, = -25.

-1/2

V3 /2}

K

24
7

Vecto riéng da truc chuidn hda la
A, =25 v, =

(3/5, 4/5) ;

v, = (—4/5, 3/5).

35 —4/5
P = [ 3/5]

l4 ma tran lam chéo hda truc giao A va

25 0
-1 —
Pl AP = [0 _25].
-2 0 -36
4) A= 0 -3 0
-3 0 -23
Tri riéng :
¥ -2-1 0 - 36
0 -3-1 0 = —(3 + (A2 + 251 - 1250) = 0.
’ - 36 0 -23-1
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R
Co ba tri riéng Vay ma tran
: N2 IN2 0
A, =25 A, =-3 1, = -50
‘ ? ’ P=|INZ -1NZ O
Vecto riéng da truc chuin héa 1a : 0 0 1
4, =25 v, = (-4/5, 0, 3/5) ; 1a ma tran lam chéo hda truc giao ma trdn A
A, = -8 v, = (0,1, 0); 2
: : P71 AP = 0
Ay = =50 vy = (3/5, 0, 4/5). 0
Vay
45 0 35 2 -1 -1
- - |-1 2 -1
P=|0 1 o0 6) A Lo,
3/5 0 4/5j
l2 ma tran lam chéo hda truc giao A va ‘ Tri riéng :
25 T 2-12 -1 -1 ,
- —-A =1|=-21(4 -3
P"IAP=[ -3 | _i 2_1 - @ =3
-50 j a .
: c6 cac tri rieng 4, = 0, 4, = A; = 3 ; cdc vecto riéng la
1 1 0 11=0 w1=(1, 1, D;
5) A=1(1 10
0 00 A =3 w, (1, -1, 0) ;
rPI‘i riéng : 13 =3 Wy = (1) O, _1)
1-24 1 0 ] . . .
1 1-1 0| =42@-1=0 Hai vecto w, va w, chua truc giao vi 1
0 0 -1 <w, wy> = 1.1+ (D.0+0(-1) = 1.

Vectd riéng da truc chusn héa la
A =2 v, = (IN2, INZ, 0);
=0  v,=(NZ, —1INZ, 0);
Ay =0 vy = (0, 0, 1).

Ta truc giao hda hai vecto dd bang cich gid w,; va tim t dé
w = w, +tw,

truc giao v6i w,, tuc la

<w, wy> <w, ttwy, wy> =0

<w,, wy> + t<wy, wy> =0
That vay hai vecto Uy, U3 Ung cung tri riéng 0 da truc giao vi

1

1 1 = 14+22%=0=>¢t= ——.
==.0+(-—=).0+0.1=0. 2
<2 =50t (C) 1=0
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Ta thu dugc Tri riéng :
1 1 3 -4 1 0 0
w=w, —gw; =(1, -1,0) — 51,0, -1 :
z 273 2 | 3-1 0 0_12[3_1)_,_]]_‘0
1 ) 0 o -1 o MU =
= (3 -1, 3) 0 0 0 -1

truc giao véi w,. ¢6 cac tri riéng A, = 1, = 0, 4; = 4, 4, = 2.

Bay gis ta dat Cac vecto riéeng da truc chudn hda la : !

wy 1 1 1 A, =21,=0 v, = (0,0, 1,0 ;
Tl T (V30 TR v, = (0,0,0,1);
: !
w1 g Ay =4 vy = (IN2, INZ, 0, 0);
2= Tyl = (V6 ~V6° V6) 5 i, =2 vy = (INZ, ~1NZ, 0, 0,
I ERS SRS § Vay
%= Tul = (320 % ~V3) 0 0 T INZ
. 0 0 1N2Z -IN2
D6 1a ba vecto riéng da truc chudn hda tuong dng véi cic P = 1 o 0 0 |
tri riéng 4,, 1,, A, 0 1 0 0 |
Vay ( 1 ] . la ma tran lam chéo hda truc giaoc ma tran A va
1
= = = 0
V3 V6 - V3 0
p=|L _2 0 | Pl AP = 4
V3 V6
1 1 1 2 ‘
_ﬁ {g EJ
N A 1a . . . A X 5 -2 0 0
la ma tran lam chéo hda truc giao ma tran A va S 9 0 0
0 8 A=l 9 o 5 -2
Pl AP = 3 0 0 -2 2
3 Tri riéng :
3 1 0 o 5-1 -2 0 0
1 3 0 O -2 2 -1 0 : _ o2 +62 =0
7 A = 0 0 0 o 0 0 5 _o| = A 7A ) .
0O 0 0 O 0 0 -2 2 -1
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Co cac tri riéng

Lo=ly=1, iy=14,=6

1
Cac vecto riéng da truc chudn hda la
A, =2,=1 v, = (IN5, 205, 0, 0) ;
v, = (0, 0, IN5, 2A5) ;
Ay = A, =6 vy=(=2N5, 1N5, 0, 0);
vy, = (0, 0, —2N5, IN5).

That vay, hai vecto riéng v, v, dng cung tri riéng A =1
da truc giao vi

1 2 1 2
<v,v,>=17—.0+-=.0+0.—=+0.~==0.
LA AR V5 5
Hai vecto riéng v,, v, dng cung tri riéng 1 = 6 cing da
truc giao vi
2 1 2 1
<l)3, U4>=——E.O+—-5—.O+O.(—ﬁ)+0.ﬁ=0.

Vay
IN5 0 - 2N5 0
p_ |2N5 0 IN5 0
“ | o ING 0 -2N5
0 ING 0 ING

l1a ma tran lam chéo hda truc giao ma tran A va

7.12. Cho
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Phuong trinh dac trung cta A

a—A b

5 a_1‘=(a—1)2—b2=0.

A c6 tri riéng
Ay=a +b,4,=a-0b

Cac vecto riéng da truc chudn hoa la

1 1
A, =a+b = (=, =
1Tethv= (g yg)
1 1
=t u= (")
Vay
o1
—— +_
V2 V2
12 ma tran lam chéo héa truc giao A :

-1 _ a+b 0
P AP—[0 a-b

7.13. Nhan xét md dau
Xét phuong trinh bac hai téng quat déi véi x, y :

ax? + 2bxy + cy? +dx +tey = f (7.1)
D€ nhan dang dudng cong bi€u dién béi phuong nay ta tim

cach d8i bién dé dua phuong trinh vé dang don gian hon. Cach
lam xem & Thee/l, 7.3.

Trudc hét ta nhan dinh rang v€ trdai cua (7.1) gém hai bd

phan : b6 phan bac hai

Qx, y) = ax* + 2bxy + cy?

la mét dang toan phuong x4dc dinh bdi ma tran d6i xidng

a b
A = {b c] (7.2)
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va bo phan tuyén tinh dx + ey xdc dinh bdi ma tran

K = id e]. (7.3)
Phuong trinh (7.1) cé dang ma tran
x x

A + K = 7.4)

[x y] [y] [y] f (7.4)

Sau d6 ta lam nhu & Thec/l,

1) Tim cac tri riéng 1, va 12 va céac vecto riéng truc chudn
tuong dng v, va v, cua ma tran A. Vi A d6i xing nén néu 1,
# Ay thi duoug nhién v, tryc giao véi v,, con néu 4, = 1, th1
Ung v6i né sé cé hai vecto riéng doc lap tuyén tmh u, va Uy,
bang bién phap truc chudn héa Gram-Smidt chang han ta sé
dugc hai vecto riéng truc chudn v, v, dng 4, = 4,.

2) Dat B = {ul, 2} va ldy B lam co sd mdi cda RZ. Ma
tran chuyén cd sd ti co sd cl sang cd s6 mdi B va cong thiic
déi bién la

P =[] [v]l, [ul = Pluly (7.5)

3) Ki hisu toa do trong co s méi B la (x’, y’) thi phuong
trinh (7.1) trd thanh

, a M x i
[x y][ 12} [y] + KP[y,] =f (7.6)

/11x’2 + }.2},:2 + d’x + eyy’ = f, [d’, ey] -

hay

4) Ta viét lai phuong trinh nay & dang

d’ 2 e, 2 d’z e,Z
Afx - +A(y -V =f+ 5+ o (7.7)
(% =) *h(Y o) o, T
bat
o xy- oy (7.8)
* 2;[1 i 22'2 - .
er 22
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Phuong trinh (7.7) viét
AX? + LY =F (7.10)
Tuy theo déu cua A, 4, va F ta sé suy tu (7.10) ra dang

cta duong bac hai (7. 1) Neu mudén, dua vao cac cong thic ddi
bién (7.5) va (7.8) ta c6 th€ vé dugc dudng cong (7.10).

Chi y : Né&u trong phuong trinh (7.1) khéng cé bo phan bac
nhiat tdc 1a d = 0, e = 0, thi ma tran K ¢ (7.3) 1a ma tran
khong nén ma tran KP & (7.6) cing la ma tran khéng v& do
dé phuong trinh (7.7) sé don gian la

Ax? + Ay? =7 (7.11)
cé dang trung v6i (7.10), vay khong cdn phép ddi bién (7.8) nita.
Bay gio ta ap dung nhén xét trén.
a) Xét phuong trinh
202 —4xy —y* + 8 = 0.

Ta suy ra ma tran cta bd phan toan phuong la

a=[3 2]

N6 d6i xing va cd phuong trinh dic trung

2-2 -2
=32 _ 1 — 6 =
9 _1_'1' =1 A —-6=0.
Do d6 A cd hai tri rieng 4, = -2, A, = 3 la hai tri riéng

khic nhau v6i hai vecto riéng truc chudn

1 1
vl=—‘[?(1,2), U2=‘[—g—(—2,+1)

Liy B = {v, v,} lam co sé mdi va ki hiéu toa d6 trong co
sé& mdi la (x°, ¥”), thi ma tran chuyén co sd tit co sd ci sang

cd s6 méi B la
11 -2
P—ﬁb H}
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va phuong trinh ctia dudng cong dang xét trong toa do mdi la

-2(x)? + 3(y)* +8 =0,

tic la
2(x’)? - 3(»’)? = 8
hay
@)’ 0 _
22 (@3—)2

D6 12 mot duong hypebol cé ban truc thyc 1a 2 ndm trén
Ox’, ban truc 4o la V83 nam trén Oy’. Mudn vé nd, trudc hét
ta dung cac vecto v, v, , tu d6 suy ra hé truc méi Ox’y’, r6i
vé dudng cong dua vao phuong trinh cia nd trong hé truc mdi
(hinh 4).

Hinh 4
b) Cho phuong trinh
2 + 2y +y2 +8& +y =0.

a- 1]

Ta suy ra
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A d6i xding va cé phuong trinh dac trung

Il—z 1

1 1—A‘=(1"1)2'1

=A(d —2) =
Do d6 A c¢6 hai tri riéng
A =2 1,=0
vOi hai vecto riéng truc chuin

1 1
Lay B’ = {v,, v,}] 1am co s¢ moi va ki hiéu toa do trong
co s méi 1a (x’, y’) thi ma tran chuyén co s6 sang cd s6 mdi la
1 [1 -1
P=1z [1 + 1}

va phuong trinh da cho trd thanh
b > x’
LE? +4,0) +[811P [y] =0
tuc l1a
32 1 ’ ’
2’ + yZ 9 - Ty’) =

hay
2 \i_

2
x +—x
7

D6 1a mot dudng parabol cd truc song song véi Oy’ (hinh 5).

y = “—(Z‘I—(x)z +9x) = +——
¢) Cho phuong trinh

522 + 4xy + 5y = 9
Ta suy ra
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“os2le

Hinh 5
A d6i xing va c6 phucong trinh dac trung
5—-1 2
2 5-14

Do d6 A c6 hai tri riéng 4, = 7, 1, = 3 v6i hai vecto riéng
truc chuidn

=(B5-1)?-4=0.

1 1
vl:ﬁ(l,l)’ U2=v§(—'1,+1)
Ldy B = {v,, vy} 1am co sé méi va ki hiéu toa do médi la
(x", ¥°) thi ma tran chuyén co sé tif co s6 ci sang cd sé mdi B la
11 -1l
P = VE[I +1J
va phuong trinh da cho tré thanh

% + 3y? = 9,
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hay

G BN ¢ S v
BNT? (V3 y
D6 1a. mot duong elip ' o
¢6 ban truc nhdé trén Ox’ Vi a4
bang 3/V7 va ban truc lén
trén Oy bang VY3 (hinh 6),
X

d) Cho phuong trinh

11x% + 24xy + 4y2 = 24 .

Ta suy ra /
11 12
A = [12 4] Hinh 6
A d6i xing va cé phuong trinh dac trung
11-2 12

=12 - 151 — 100 = 0.

12 4-1
Do d6 A c¢d hai tri riéng
A, =20, 4,=-5

v6i hai vecto riéng truc chuén

v, = %(4,3), v, = %(3, —4) .
Liy B = {v, v,} 1am co s& mdi va ki hiéu toa do méi la
(x’, ¥') thi ma tran chuyén co sd tit co sé ci sang cd sd mdi Bla
-l
va phuong trinh di cho trd thanh
2002 — 5y’2 = 15
tic la

4x’2 _y;z — 3
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hay

(V3/2)2  (V38)?

Do 1a mot hypebol c¢é ban truc thuc bing V3/2 dat trén truc
Ox’ va ban truc 4o bang V3 dat trén truc Oy’

e) Cho phuong trinh
222 + 4xy + 5y = 24 .

2 2
A d6i xing va cdé phuong trinh dic trung

2-1 2
2 5—4

Ta suy ra

=2 -7 +6=0.

Do d6é A cd6 hai tri riéng
4, =1 i, =6,

v6i hai vecto riéng truc chuin

1 1
= 2, —1), = 1, 2).
v, vg( » — 1), v, vg( )
Lay B = {v,, vy} lam co s§ méi va ki hiéu toa do méi la

(x’, ) thi ma tran chuyén co sd tit co s8 cl sang cd s mdi B la

1 2 1
b= Vg[—l z}

va phuong trinh da cho trd thanh
2 + 6y% = 24,

hay
22 92
x Y0
(@)2 22

D6 1a moét elip ¢ ban truc 16n biang V24 dat trén truc Ox’
va ban truc nhé bang 2 dat trén truc Oy’.
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s ATTCC -1

f) Cho phuong trinh
2 +xy +y2 = 18.

Ta suy ra o
1 1/2
4= [1/2 1}

A d6i xing va cd phuong trinh ddc trung

1-2 1/2
1/2 1-2

Do d6 A cd hai tri riéng )
A= 172, 1, = 3/2,
Va hai vecto riéng truc chudn

1
ul=v1§-(1,—1), v2=v-2-(1,1).

}=<1—A)2—1

Liy B = {ul, vz} lam co s& méi va ki hiéu toa d6 méi la

(’, y’) thi ma tran chuyén co sd ti co s6 cl sang co sd méi Bla

1[ 1 1
D‘ﬁ[—l 1]

va phuong trinh da cho trd thanh

1 >2 3 2

Ex + 2y = 18,
hay

2 y2

@ T eNEe

DG 1a moét elip ¢d ban truc 14n bing 6 dat trén truc Ox’ va

ban truc nhé bang 6/N3 dat trén truc Oy’
g) Cho phuong trinh
x2 — 8y + Ty? =.36.

Ta suy ra
1 -4y
SIS
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A d6i xing c6 phuong trinh dac trung

1-2 -4
-4 7-2

v6i hai vectd riéng truc chudn

. 1 1 .
=12 -8-9=0. u1=v3(2,—1), u2=v3(1,2)

Do d6 A cd hai tri riéng Liy B = {vl, Uz} lam co s6 méi va ki hiéu toa d6 mdéi la
A =9, A, =-1

vdi hai vecto riéng truc chuén

(x’, ¥’) thi ma tran chuyén co sd ti co sd ci sang co s mdi B la

1 2 1
P = vg[q 2]

va phuong trinh da cho tré thanh
42 + 992 = 36,

1 1
vl;vg(l,—Z), v2=v3(2,1)
Ldy B = {v,, v,} lam co s méi va ki hiéu toa d6 mdi la

(*’, ¥°) thi ma tran chuy&n co'sé ti co sd ci sang co sd mdi la tdc 1a

1] 1 2
P=V§[—2 1]’

va phuong trinh da cho tré thanh

22 2
LI A
32 92

DJ 1a mét elip ¢d ban truc 16n bing 3 dat trén truc Ox’ va

92 — y2 = 36, ban truc nho biang 2 dat trén truc Oy’

hay 7.14. Cach lam gi6éng nhu cach giai bai tap 7.13, chi khéc
x'2 _}ﬁ - & ché ta lam viéc trong R>® cd 3 toa d6, ma tran A cta dang
92 g toan phuong sé 12 ma tran cdp 3.

(a) Xét phuong trinh

D6 1a mot hypebol cé ban truc thuc bing 2 dat trén truc
2 _ 2 _ 2 _
2x1 2x1x3 + sz 2x2x3 + 3x3.— 16 .

Ox’ va ban truc 4o bang 6 dat trén truc Oy’

h) Cho phuong trinh V& trédi 12 mét dang todn phuong trén R3 ¢ ma trén

2 _ 2 _
5x 4xy + 8y- = 36. 2 0 -1
Ta suy ra A= 0 2 -1
(-2 8| A d6i xing va cd phuong trinh dac trung
A d6i xing va cd phuong trinh dac trung 2-1 0 -1
5-1 —2 5 : 0 2-1 -1} =@2-)@A-51+4=0.

Do d6 A c¢6 ba tri rieng khac nhau
=1 A =2 i;=4

Do d6 A c6 hai tri riéng
A, =4, A, =9
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v6i ba vecto riéng truc chudn

1 1
UI=T3'(13171): UZ:ﬁ-(l’—l’O)’
) .
U = ﬁ(ly 1, -2).

Liy B = {vl, vy, v3] lam co s6 mdi va ki hiéu toa do mdi
1a vy ¥55 ¥3) thi ma tran chuyén co s6 ti co s6 cl sang cd
sd mdi B la

IN3  IN2  1IN6

P = |IN3 —-1INZ 1IN6
INS 0 -2N6

va phuong trinh da cho tré thanh
y% + Zy% + 4y§ = 16,
tdc la

R, n %
42 (2{')2 922 -

D6 1a mot mit elipxéit cd 3 ban truc 1a 4, 2\[_ 2, dat lan
lugt trén cac truc Oy;, Oy,, Oy, .

Chu y. Vi & day phUdng trinh dia cho khong chua s6 hang
bac nhdt nén néu chi nhian dang mat bac hai, khong can hé
truc méi va cong thdc ddi bign thi chi cdn tinh cdc tri riéng
cia ma tran A la cé thé viét dugc phuong trinh cia mat bac
hai trong toa d6 méi va tit dé ma nhan ra dang cia mat bic
hai da cho.

b) Xét phuong trinh

2y + 2z + 2yz — 6x — 6y — 4z = 0 .
Bo phan toan phuong 2xy + 2xz +°2yz cd ma tran
0 1

1
CA=|101
110
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Eadi-l o

Ma tran nay déi xding cé phuong trinh dac trung

-2 1 1
1 -1 1 —A+ 1)@ -2 =
1 1 -2
Do dé A ¢S mét tri riéng bsi hai A = A, = -1 va mot tri
riéng don 4, = 2 v@i cdc vecto riéng

&
|

= (-1, 1, 0) va w, = (-1, 0, 1) dUng tri riéng -1 ;

&
w
Il

(1, 1, 1) dng tri riéng 2.

Hai vecto w, va w, chua truc giao vi

<w;, w,>=11+0.(-1)+(-1).0 = 1 # 0.

Ta thay hai vecto dd bédi hai vecto truc chudn bing cach 4p
dung qud trinh Gram-Smidt vao hai vecto {w,, w,}

\I(_l)z + 1% + 02 = V2 nén ta dat
vy = w /|l wyll d€ o v, ll = 1.

Trudc hét, vi |lw,|l =

Sau d6 ta dit w = w, + tv, va xac dinh ¢z € R dé€ w truc

2
giao v6i v,. Ta c6

<w, v,> = <w

1 +tv1,u>=<w v.> +t.

2 1 22 Y1
Muén cho w truc giao véi v, ta phai c6 <w, v;> = 0 tic la
1 1 1
t=—<w,,v,>=-[(-1). (-——=)+0.=+1.0] = ——.
20> = -[CD (—yg) *oF L] = -

Do dd

1 1 1 1 1
= (-1,0,1) — —— =, 1) = (-5, -=
v (=1,0, 1) Uz( 2’ 2’1> < 2’ 2’1>
co
1 1 v
Hw” = Z+z+1=‘§6—.
Ta dat
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thi dugc v, U, la hai vecto truc giao va chudn hda va la céac
vectd riéng Ung tri riéng boi hai A, = A,, nghia la cd

”U1” = 1: ”U2|| = 17 <Up U2> =0
Av, = ﬂblul , Av, = Az”z , }‘1 = 4,

(ban doc c6 thé kiém tra lai. Tuy nhién viéc kiém tra 4y khong
cdn thiét vi d6 la nhitng két luan tu nhién do cdch lam cta
ta, xem Thece/l, chuong 7, 7.3, 7.4 va 7.5),

Vecto riéng wf = (1, 1, 1) dng tri riéng A; = 2 chudn hda

thanh v, = w, /|| w,;ll = (1/3, IN3 . IN3) . Vi ma tran A déi
xing nén B’ = {v,, v,, v3} tao thanh moét co sd truc chuén

caa R>. Ki hiéu toa do trong co s¢ B’ la (x’, y°, ') thi ma
tran chuyén co sd tit co sd ci sang co sé B’ la

[-IN2Z -1NG  INS|
P= |-IN2 —1N6 1IN3
0 2N6  IN3
va phuong trinh d4d cho trd thanh
x’-'
-x2 - y2 + 22 + [-6 —6 -4) P l’y’ = 0
L?d
hay
4 16
_;2_;2+2272+___7___’_0
hay
2 .2 4 -
2 _ P + s T =
X% = (y 5) t2(z ¥5) =10
bat
2 4
=Xy ==+Y,2 = — +Z
g Y T Ve E
ta dugc

-X2 - Y2 +222 = 10

Do 1a phuong trinh cia mét hypebolsit 2 tdng trong hé truc
méi XYZ.

c) Xét phuong trinh
T2 + Ty + 1022 — 2ry — 4dxz + 4yz —12x + 12y -+ 60z = 24 .
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7 -1 =2
Ta suyra A = |—1 7 2
-2 2 10
A dé6i xdng va cé phuong trinh dac trung
7T-1 -1 -2
-1 7-2 2 = —13 + 2412 — 1801 + 432 =

-2 2 10 -4
=-A—-621—-12) =0
A c6 cac tri riegng A, = 4, = 6 va 1; = 12
Ung tri riéng A, = A, = 6 cd hai vecto riéng doc lap tuyén tinh
w, = (1,1,0), 1, = (2,0, 1)

Hai vecto nay chua truc giao. Ap dung qua trinh truc chudn hda
Gram-Smit ta duge : v, = %(1 ,1,0), v, = % (1,-1,1)
La hai vecto riéng ung tri riéng A, = 1, = 6 da truc chudn.

Ung tri riéng Ay = 12 cé vecto riéng chudn hda

v, = 0%5(—-1, 1,2)

Vi A d6i xing nén B = {Ul, Uy, v3} tao thanh mot co sd truc

chusin caa R?. Ma tran chuyé&n co sd tit co s& ci sang co <8 B la
N2 IN8  —1N6
P = [lv]] [v,] [vsl] = IN2Z  —1N3 ING
0 IN3 206

Ta co : pPl=0p

Ki hiéu toa do trong co s6 B la (x’, y’, 2’) thi phuong trinh
da cho trd thanh

3

X
6x'2 + 6y’? + 1222 + [-12 12 6] P|y’| = 24
Z?
36 144
hay . 6wl + 6y + 1227 + —y + —2 = 24
o T IEMIT
6 24
hay - 2yt 42277y = =4
ay . X y Z ng V'-GZ
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hay :  x?% + (y’+%>2+2<2’+%>2= 19 .

3 6
Dat : x = X, o= - 4+ }’, P e + Z
' ) V3 T Ve
ta duge : X2+ Y2+ 272 = 21

Do la phuong trinh ctia mat elipxéit trong hé truc méi XYZ.

d) Xét phuong trinh : 2xy — 6x + 10y + z — 31 = 0.

0O 1 0
Tasuyra:A = {1 0 0f
0 0 O
A d6i xding va co phuong frinh dac trung
-4 1 0
1 - 0 = =22 +21 =0
0 0 -
Do d6 A cd ba tri riéng khac nhau : 21 =1, )‘z = -1, 13 =90
véi ba vectu riéng truc chuin
1 1 1 1
Ul= (ﬁ,*ﬁ,()), U2= <“‘[.2:,"E,0>, U3=(0,0,1)‘
Lay B’ = {Ul s Uss 03} lam co s6 méi va ki hiéu toa d6 méi

la (x’,y,2’) thi ma tran chuyén co s§ ti co sd ci sang co sd

méi B’ la
IN2 IN2 0
P = |IN2 —-1N2 0
0 0 1
va phuong trinh da cho tré thanh
X
A +Ay? + 422 + [-6 10 11P|Y'| -~ 381 = 0

’

2z

h e L R S
ay : xc - =X — =Y FARE = .
Yy Yy Vo ﬁ)
Phuong trinh nay cd thé viat

& +V2)» -2 — (v +42)2 +32+2 -31 =0
Pat : 2 +V2 =X,y + 42 =Y .2 -1=2,
tacd: X< -Y2+Z=0.
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D6 1a phuong trinh cia mat parab6loit hypebolic trong heé
truc méi XYZ.

e) Xét phuong trinh

2% + 2y% + 522 — dxy — 2xz + 2yz + 10x — 26y — 22 = 0.

2 -2 -1
Ta suy ra A = |—2 2 1},
-1 1 5
A d&i xing va cd phuong trinh dac trung
2~ -2 -1
-2 2-1 1 = -2 -9 +18 = 0.
-1 1 5-21

Ma tran A cd ba tri riéng khac nhau : /11 = 6, 12 = 3, /13 =0,
1 1 2
vGi ba vecto riéng truc chudn : v, = <\[:6—’ —T_g, _ﬁ> ;

1 1 1
= (5 =5 )+ = ONE. 42,0

Liay B = {Ul’ vy, v,} lam co s¢ méi va ki hidu toa d6 méi la
(*’,y ,2’) thi ma tran chuyén cd s3 tit co s6 cl sang cd s¢ B la

IN6 IN3  IN2
P=|-IN6 -IN3 IN2
2N6 IN3 0

va phuong trinh da cho trd thanh )

x
Mx? + A,y + 4,22 +[10 -26 =21 P [¥| =0
hay : 6 + 32 + 20 +ﬁy’ L z
v YTV TV T
20,2 17 2 ,
hay : 6({x + —\"+3(y + — - 822 =0
W e g el )
20 17 ,
Pat: X + — =X,y + — =Y,2 = Z,
' 6V6 3V3
tacé :  6X° + 3Y* — 82Z = 0.
D6 1a phuong trinh ctia mat parabolsit eliptic trong hé truc
mdi XYZ.
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MUC LUC

Thay 16i noi dau

Chuong I. TAP HOP VA ANH XA

A. Dé
1.0
1.1.
1.2
1.3.
1.4.
1.5.

B. Bai

Chuong II.

A. Dé
2.1
2.2
2.3.
2.4.
2.5.
2.6.
2.7.

B. Bai

Chuong 1L

386

A. Dé
3.1.
3.2.
3.3.
3.4,
3.5.

B. Bai

bai
Md dau
Tap hop va phin td

Céc phép toan vé tap hop

Tinh Dé Cic

Quan hé tuang duong va quan hé tha ty
Anh xa

gidi va Hudng din

CAU TRUC DAl s6 - s6 PHUC - DA THUC
VA PHAN THUC HUOU Ti

bai

Luat hop thanh trong trén mét tap

Cau truc nhém

Cau tric vanh

Cdu tric trudng

Sa phic

Da thic

Phan thic hiu ti

gidi va Hudng din

DINH THUC - MA TRAN -

HE PHUONG TRINH TUYEN TiNH

bai

Ma tran

Dinh thiic

Phép nhan ma tran véi ma tran -~ Ma tran nghich dao
Hé phudng trinh tuyén tinh

Hang cua ma tran ~ Hé,.phuong trinh tuyén tfnh téng quat

gidi va Hudng din

80
80
80
80
83
87
89
91

Chicng IV, DAL SO VECTO VA HINIL HOC GIAI TICIH
(ON TAP VA BO SUNG)
Bun doc ty giai.
Chuong V. KHONG GIAN VECTO - KHONG GIAN EUCLID
A. Dé bai
3.1. Khong gian vecto - Dinh nghia va thi du
5.2. Khéng gian con va hé sinh
5.3. Ho vectd doc lap tuyén tinh vi phu thude tuyén tinh
5.4. Khong gian hitu han chiéu va co sd cla no
5.5. S6 chiu vi cd s3 clia khong gian con sinh bdi mot ho vecto
5.6. Tich vo hudng va khong gian cd tich vo hudng
5.7. Toa d6 trong khéng gian n chiéu
5.8. Bai toan ddi co sd

B. Bai giai va HHudng dén

Chuong VI. ANH XA TUYEN TINH
A. Dé bai
6.1. Khai niem 4nhk xa tuyén tinh
6.2. Cac tinh chit cta anh xa tuyén tinh — Hat nhan va anh
6.3. Ma tran cua anh xa tuyén tinh
6.4. Su dong dang
B. Bai giai va Hudng dan

Chuang VIIL ‘TR] RIENG VA VECTO RIENG
A. Dé bai
7.1. Tri riéng va vectd riéng cua ma trdn
7.2. Tri riéng va vectd riéng cua toan w tuyén tinh
trong khong gian hitu han chiéu
7.3. Van dé chéo hoa ma trin
7.4. Vin dé chéo hoa tryc giao
7.5. Dang toan phuong
B. Bai giai va Hudng din

326
326
326

327
327
329
329
330
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2) ‘ AA"l =T
det(AA™]D) = det(l) = 1
det(A)det(A™1) =1

det(A")) = —— = &
et(d™) = ga@ay T 1

3) det(B?) = det(A)
det(BB) = det(A)
det(B)det(B) = det(A) ,
 det(B) = + Vdet(A) = = V5,
tuc 1a
det(B) = V5 hay-V5
4) det(A'A) det(A")det(A)
det(A)det(A) = 10% = 100.

2 =
331.1) A= |3 4

2 -1 .
,det(A)=‘3 3'=6+3—9¢0
Vay A kha dao :
Al = _1_ |V 8 1
9 |_—3 2
-1 2
2) A= 3 —6
-1 2
det(4) = ‘ 3 gl = 0.
Ma tran A khong cé nghich dao.
2 1 -1
3) A=|0 1 3
2 1 1
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det(A) = 4 # 0. Ma tran A cd nghich dao

1 -2 -2 4
Al = i 6 4 -6
-2 0 2
1 -1 2
4) A=10 1 2
0 0 1
det(A) = 1 = 0. Ma tran A co nghich dao
11 -4
Al=10 1 -2
0 0 1
1 4 2
5) A=1|-1 0 1
2 2 3

det(A) = 14 = 0.

Ma tran

3.32.

1)A‘=’

A c6 nghich dao
1 -2 -8 4
Al = T4 5 -1 -3
-2 6 4

3.4. HE PHUONG TRINH TUYEN TINH

2 5
5 5) =25-45=-10% 0
=> hé cd nghiém duy nhat :
1 5
_ =5 5] _5+25
TETTATOT T T T
2 1
4 -5 —10—- 4
S s



1 2
2)A=’2 1 = -3 =0
= hé cd nghiém duy nhét :
4 2
31 -2
14
23 -5
y=—px =—3 =58
2 -2 -1
3) A = 0 1 1l =1=20
-1 1 1
= hé cd nghiém duy nhit :
-1 -2 -1
1 1 1
-1 1 1 9
x:————A———=T=2
2 -1 -1
0 1 1
-1 -1 4
2 -2 -1
0 1 1
-1 1 -1 -3
zZ = A =—1-=
1 -1 1
4) A = |2 1 1| =1=0
3 1 2
= hé cd nghiém duy nhat :
1 -11
2 11
0 12
=17
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111
221
302 -3
y:— A =T=—3
1 -11
2 12
3 10 -9
z:——A——.—_—l—:—
2 -1 -1
5) A = (3 4 -2 =60 2 0
3 2 4
= hé c¢é nghiém duy nhit :
4 -1 -1
11 4 -2
11 2 4 180
2 4 -1
3 11 -2
3 11 4 60
2 -1 4
3 4 11
3 -2 11 60
2 = A =€6=
3 2 1
6) A =12 3 1] =12 # 0
2 1 3
= hé c¢d nghiém duy nhdt :
521
131
1113 24
x = =——=2
A 12
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3 561 01 -3 4/
2 11 a=| 272 B39
2113 —94 3 2 0 5
y = A 7 = 2 4 3 -5 0
39 5 = hé co nghiém duy nhat :
23 1 -5 1 -3 ¢4
2111 36 -4 0 -2 3
2z = A = *15 =3 12 2 0 -5
5 3 -5 0 924
1 2 3 -2 xl = A = 9_4 =1
2 -1 -2 -3 -
7)A=3 2 1 _2=324¢O 0 5 -3 4
2 -3 2 1 1 -4 -2 3
.. o < 3 12 0 -5
= hé& c6 nghiém duy 6nhat2 . s 4 5 -5 0 48 ,
- xz = = — =
8§ -1 -2 -3 A 24
$2-1 2 04 3
-8-3 2 1 -
x = X = g;; =1 3 2 12 -5
4 3 5 0 24
1 6 3 -2 X, = % =55 = 1
2 8 -2 -3
2 -8 2 1| 92394 P0m2 i
y = . -T2 3 2 0 12
4 3 -5 5 - 94 :
1 2 6 -2 X, = X =55 = -1
2 -1 8-3 . . ; . N
3 9 4 9 3.33. 1) Khong diing vi dinh li Cramer chi khidng dinh ring
29 -3 -8 1 _ 394 né"u det(A) = 0 thi ‘hé Ax = b cd nghiém duy nhit, khong ndi
2 = N = =51 = -1 dén truong hgp det(A) = 0. Mat khac hé
{2x-—3y = 8
1 2 3 6
2 -1 -2 8 4r - 6y = 16
3 2 -1 4 c6 dinh thuc
2 -3 2 -8 _2324 0 2 -3
t = A ST T2 T T ‘4 ‘6‘=0
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nhung lai ¢d v6 s6 nghiém :
y tuy y
x = (8 + 3y)/2.

2) Ding vi néu det(A) # O thi theo dinh li Cramer hé¢ AX =0
c6 nghiém duy nhét ; nd da cé nghiém tdm thudng nén khong
thé cd nghiém khong tdm thudng. Do dd det(A) phai bang khong.

3.34. a) Dat

X = X )N
X X2
thi hé
4 —6|
AX = [2 1

tach thanh 2 hé

2 5
Ta c6 thé ap dung phuong phap Gauss d€ gidi hai hé do
doéng thoi

2 5 4 -6
1 3 2 1
1 5/2 2 -3
1 3 2 1
1 5/2 2 -3
0 1/2 0 4
1 5/2 2 -3
1 0 8
1 0 2 . -23
1 0 8 -
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Do do
il |2 Yip [—28
x| {o) vl 8
nghia la
2 23
X= {0 8
b) Tim X d€
1 1 -1 1 -1 3
X2 1 =14 3 2
1 -1 1 1 -2 5
tdc la XA =B
Ta co (XA = Bt
AXt = B!
Pat X' = Y ta ¢6 A'Y = B!, tic la
1 2 1 1 4 1
1 1 -1y =|-1 3 -2
-1 0 1 3 2 5
Ap dung cach lam & bai a) ta duge
1 2 1 1 4 1
1 1 -1 -1 3 -2
-1 0 1 3 2 5
1 2 1 1 4 1
0 1 -2 -2 -1 -3
0 2 2 4 6 6
1 2 1 1 4 1
1 2 2 1 3
1 1 2 3 3
1 2 1 1 4 1
1 2 2 1 3
-1 0 2 0
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Do do

3.35.1) 4 = [3 4}

2)
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1 2 1 1 4 1
1 2 2 1 3
1 0 -2 0
1 2 0 1 6 1
1 0 2 5 3
1 0 -2 0
1 0 -3 4 -5
1 0 2 5 3
1 0 -2 0
-3 -4 -5
Y = 2 5 3
0 -2 o0
-3 2 0
X=Y'=|-4 5 -2
-5 3 0
4 5
3 4
det(4) = '4 5‘ =-1=#0

1 5 -
-1 _ =
A= -1 [—4 3:'

|2 -5 4] |2

R R
-3 2 -3
A=l:24:l=det(A)=[2

1 4 -2
-1 _
el

N~
< ®
{

o a-fid

4) A=[

det(A) =

h S

-5 S0

1[22]  [22/8
=81 9] 7| 98

=2

. |
1=y -3 =54 -6 =1

1 1 -
=5(-1 -8, =5(-1+3 =1
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2-2+4+2 =3

1 ' 1
3.37. 1)
1,2 -0,8 2 h1
-1,6 0,25 -4 h2
1,2 -0,8 2 hl — hl
-0,75 | -1,6 h2 + 1,56h1 — h2

Do d6 hé da cho tuong duong véi
{ 12 -08y = 2

Vay hé da cho tuong duong véi
x+y+tz = 1
y+2z =-2
2z = -4
Ta suy ra
—4
z =77 = -2
y=-2-2z2=-2+4=2
x=1-y-2=1-2+2=1
Vay x=1y=22z=-2
3)
1 -1 1 -1 2 hl
1 0 -1 2 0 h2
-1 2 -2 7 -7 h3
2 -1 -1 0 3 h4
1 -1 1 -1 2 hl — hl
0 1 -2 3 -2 h2 - hl — h2
0 1 -1 6 -5 h3 + h1 — h3
0 1 -3 2 -1 h4 - 2h1 — h4
1 -1 1 -1 2 hl — hl
1 -2 3 -2 h2 — h2
0 1 3 -3 h3 - h2 — h3
0 -1 -1 1 h4 - h2 — h4
1 -1 1 -1 2 hl — hl
1 -2 3 -2 h2 — h2
1 3 -3  h3 - h3
0 2 -2 h4 + h3 — h4

- 0,75y = -1,5
Ta suy ra
-5 5
Y =075 "
x = i[z +0
=12 ]
1 3,6
= ﬁ[z +0,82] = T2~ 3
x=3 y=2
2).
1 1 1 1 hil
1 2 3 -1 h2
1 4 9 -9  h3
1 1 1 1 hl — hl
1 2 | -2 ° h2 - hl — h2
3 8 | -10 h3 - hl — h3
1 1 1 1 hl —hl
1 2 -2  h2 - h2
2 -4 h3 - 3h2 — h3

132

Hé da cho tuong duong vdi

xl—

X, txy3-x, = 2
X, = 204 + 3x, = -2
x3+3x4=—3
2, = -2
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Ta suy ra
-2
x4 = ‘—2- = -1
Xy =-3-3x,=-3+3=0
Xy, = -2+ 2x; - 3x, =1
X, =2+x, —x3+x, =2
4)
1 -1 2 2 1 3 h1
2 1 5 2 2 6 h2
-1 4 0 -6 1 -3 h3
-2 -4 -4 -1 1 -3 h4
2 4 4 7 -1 9 h5
1 -1 2 2 1 3 hl - hl
0 3 1 -2 0 0 h2 - 2hl — h2
0 3 2 -4 2 0 h3 + h1 — h3
0 -6 0 3 3 3 h4 + 2h1 — h4
0 6 0 3 -3 3 h5 - 2hl — h5
1 -1 2 2 1 3 hl — hl
3 1 -2 0 0 h2 — h2
0 1 -2 2 0 h3 - h2 — h3
0 2 -1 3 3 h4 + 2h2 — h4
0 -2 7 -3 3 h5 - 2h2 — h5
1 -1 2 2 1 3 hl — hl
3 1 -2 0 0 h2 — h2
1 -2 2 0 h3 — h3
0 3 -1 3 h4 - 2h3 — h4
0 3 1 3 h5 + 2h3 — hb
1 -1 2 2 1 3 hl — hi
3 1 -2 0 0 h2 — h2
1 -2 2 0 - h8 - h3-
3 -1 3 h4 — h4
2 0 h5 - h4 — hb
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Vay hé da cho tuong duong vdi

3
Hé khong cd nghiém duy nhét khi
det(A) = a +6 = 0,
tuc l1a khi a = -6
2) Hé khong c¢é nghiém duy nhat khi

X~ xy, ¥ 2205 + 220, + x4 3
3x2+ Xy~ 2x, =0
x3—2x4+2x5 =0
3x4- X =3
2, =0
Ta suy ra
x5—0
x4=1
Xy =2
x2=0
x1=—3
1 -2
3.38. 1) A={3 a}
det(A)=’1 _2|=a+6.

1 -1 2
2 a 3/ =0
3 3 1

tic la khi ¢ = -4/5.
3.39. Hai hé tuong duong khi nghiém cua ching trung nhau.
Ta gidl hé thu nhat :
1 2‘
15

nd cd nghiém duy nhit :
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Nghiém nay thoa man phuong trinh thd hai cua hé thi hai :
-3 +2(-1) = -5

Muén cho hai hé tuong duong ta cho nghiém trén théa man
phuong trinh thd nhdt cta hé thd hai d€ tim a :

3+a(-1) =4
Ta suy ra a = -1
1 3
3.40.1)A=l2 2!=—4¢0

= hé c¢6 nghiém duy nhat phu thudéc a va b :

b 2 20 —3b 1

Xt =y = =——a+Zb-

a3‘

1 1 -1
2) A =11 2 2| =1=0
2 -1 2

a 1 -1
b 2 2
c -1 2
X = - A =2a — b
la -1
16 -2
2c¢ 2
y = - A = —6g + 4b + ¢
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1 1la
1 259
2 -1c
z2 = A = —ba +3b + ¢
a -3 1
3.41. 1) A= |2 1 1| = -4a - 20
3 2 =2

biéu kién ci4n va du dé hé thuan nhdt d4a cho c¢d nghiém
khéng tdm thuong la A = 0, tdc la

-4a - 20 = 0 =>a = -5

1 —«a 2

2) A=’2 4 —a

= (1 -a)4-a) -4 =a’- 5a.
Diéu kién can va du dé hé thuan nhiat da cho cd nghiém
khéng tam thuong la A = 0, tuc la
a? -5z =0

haya = 0O vaa =

3.5. HANG CUA MA TRAN -
HE TUYEN TINH TONG QUAT

3.42. 1) He da cho la mdt hé thudn nhit cd sé 4n (4) nhiéu
hon s6 phuong trinh (3) nén ¢S vd s6 nghiém va do dd cd
nghiém khong tdm thuong.

2) Hé da cho la mot hé thudn nh4dt cd ba phuong trinh ba
4n vdi dinh thdc ‘
1 2

1 =5=0

T W

Do d6 nd chi c6 nghiém tdm thudng.

3.43. Dé tim hang ctia ma tran ta 4p dung cac phép bién
d6i so cdp vé hang
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a) c)
2 -1 3 -2 4 hi 4 .3 -6 2 3 hl
4 -2 5 1 7 h2 8 6 -7 4 2 h2
2 -1 1 8 2 h3 4 3 -8 2 7 h3
0 0 -1 5 -1 h2- 2l —h2 8 6 -1 4 -6 b5
0 0 -2 10 -2 h3 - hl -» h3 4 3 -5 2 3 hl — hl
2 -1 3 -2 4 hl — hi 0 0 3 0 -4 h2 - 2hl1 — h2
-1 5 -1 h2 — h2 0O 0 -3 0 4 h3 - hl ——>‘h3
0 0 h3 - 242 — h3 0 0 6 0 -8 h4 - hl — h4
0 © 9 0 -12 h5 - 2hl — hb
Dang bac thang nay cd hai hang khdc khong, ta suy ra 4 3 -5 9 3 hl — hl
PA) = 2 0 0 3 0 -4 h2 — h2
b) 0 0 0 O 0 h3 + h2 -» h3
0 0 0 O 0 h4 - 2h2 — h4
1 3 5 -1 hl © 0 0O o0 0 h5 - 3h2 — hb
2 -1 -3 4 h2
5 1 -1 7 h3 n R S hai ha héc kho Do dd
7 v 9 1 ha Dang bac thang nay cé hai hang khac khong. Do .do
(A) = 2.
1 3 5 -1 hl — hl P& 2
-7 -13 6 h2 - 2hl — h2
-14 -26 12 h3 - 5hl1 — h3 3.44. Ta van 4p dung cdc .phép bién ddi so cdp. Nhung trude
-14 -26 8 h4 - 7hl — h4 hét ta d6i chéd cot 2 véi cot 4, réi hang 1 vai hang 4 dé dua
1 3 5 -1 hl — hl A dén vi tri hang 4 cot 4, diéu d6 khong anh hudng dén hang
-7 -13 6 h2 — h2 cia ma tran, vi né khong thay déi tinh khac khong hay bang
0 0 0 h3 - 2h2 — h3 khong cta cac dinh thdc con cha ma tran.
0 0 -4 h4 - 2h2 — h4 Ta duge
1 3 5 -1 1 7 2 4
-7 -13 6 1 17 4 10
0 o0 -4 A=B=14 3 3
0 o0 0 3 1 -2 2

Dang bac thang nay c6 ba hang khac khoéng.

Ta suy ra p(A)
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3.

Bay git ta ap dung cac bién ddi so cdp vé hang cua B.
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Bay gio ta ap dung cédc bién d6i so cdp vé hang cua B.

1 7 2 4 h1l
1 17 4 10 h2 -1 1 1 -1 2 h1
4 3 3 1 h3 -1 1 2 1 2 h2
3 1 2 A h4 -1 -1 1 A -1 h3
1 7 2 4 hl — hl 1 1o 1A h4
0 10 2 6 h2 - hl — h2 -1 1 1 -1 2 hl — hl
0 -25 -5 -15 h3 - 4h1 — h3 0 0 1 2 0 h2 - hl — h2
1 7 2 4 hl — hl 0 2 1 0 A+2 h4+hl—hd
10 2 6 h2 — h2 -1 1 1 -1 2 h1 — hi
0 0 0 h3 + 2,5h2 — h3 0 1 2 0 h2 — h2
0 0 A h4 + 2h2 — h4 0 -2 0 A+1 -3 h3 — h3
1 7 2 4 hl — hl 0 1 A2+14A-1 h4+h3—h4
10 2 6 h2 — h2 -1 1 1 -1 2 hl — hl
0 0 ?) h4—>iﬁ -2 0 iA+1 -3 h3 — h2
0 0 h3 — 1 2 0 h2 — h3
Vay néul = 0 thi p(B) = 2 do d6 P(A) = P(B) = 2 P Av1A-1 hd—hd
néu A = 0 thi P(B) = 3 do d6 P(A) = p(B) = 3. 1 (1) ; -1 2 hl—hl
-2 +1 -3 h2 — h2
b) Trudc hét ta d8i chdé hang hay cot dé dua tham sé 1 vao 1 9 0 h3 — h3
géc thdp bén phai 0 A-142-1 h4-h3 —>h4

-1 2 1 -1 1
A -1 1 -1 -1 . . . .
A=t 1 1 o0 1 Vay néu A = 1 thi p(A) = 3 ; néu 4 = 1 thi pA) = 4.
1 2 2 -1 1 3.45.
-1 2 1 -1 17 x +y +z=1
s 1 2 2 -1 1 1) x+1y +2z =1
i -1 1 -1 - x +y +2z =2
1 2 0 1 1
- - Dinh thic cuaa hé la
-1 1 1 -1 9 L1
-1 1 2 1 2
Zlc1 1 01 a4 _4| 7B A=1{12 1|=@G-1D20+2
1 1 0 1 2 11 2
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Néuad # 1 va = -2 thi A # 0 vAd hé ¢6 nghiém duy nhat

111

VRES|

21 ~(A -1+ A+1
x = A - A —1)XA +2) A +2

A1

111

132 4 a-nHr 1
YTTTAT T a-pa+e)  At2

A1l

124

1152 A-1D2A+1D? (1 +1)?
TR T a-nia+2) Atz

Néu A = 1 thi ¢ hé
x+y+z=1
x+y+z=1
x+y+tz=1

Heé nay cd vo sé nghiém phu thuéc hai tham s0

y va z tuy y

x=1-y —z
Néu A = -2 thi cé he

—2x +y +tz =1

x -2y tz= -2

x ty —22=4.
Cong 3 phuong trinh lai ta duge

Ox + 0y + 0z =3
= 3.

Ox +y +2) =
Vay hé vo nghiém.
2) x+ay+azz=a3
x +by +b%2 = b°
3

x+cy+czz=c
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Dinh thudc cua hé la

1 a a?

A =11 b b2 =0 -ac-a)c - b).

1 ¢ ¢?

Néua = b # c thi A # 0 va hé ¢6 nghiém duy nhat :

a® a a?
b3 p b2

3 2
¢ cc abc.A

X = A =
1 a3 a?
1 53 b2

13 ¢2 —A.(ab +bc + ca)

<
Il

x =

-(ab + bc + ca) ;

1 a a3
1 6 b3

A

Le @l Aa+bte)

2 = A =

A =a +b + c.

Néu trong ba s6 a, b, ¢ ¢ hai s6 bing nhau ching han
a = b # ¢ thi ba phudgng trinh ctia hé chi con hai

3

x +ay +a% = ad
x +cy +c2z = A

tuc la

x +ay = —a%z + a3
x tey = =% +c3

Dinh thdc cua hé nay la :

1 a

A=lc

=c¢c —a =# 0.
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Vay hé c6 vo s6 nghiém phu thudc 1 tham sd {11
| . a d c
ztuy y ~ al d? ¢2 B (d —a)(c —a)(c —d) 3
—a2z+ad3 a Y A (b —a)(c —a)(c ~b)
25 403 c ) )
x = —cz’c = ac(z —¢c —a); =w
©e (a —b)(c —b)
\1 —a’z +a3{ L1
1 —ez+e3 0 b
= - = z(@®> — ¢c?) +a? tac +c o
y = c—a 2( ) . a bA d _ (b -a)d-a)d -b) _
‘ ¢ chi con m¢ b -a)e~a)e ~b)
¥ i inh ctia hé chi con mot (
Néu a = b = ¢ thi ba phuong trin : o0
x+ay +a% = a = @-o6 -0

Né’ua=b,a¢c,d=ahayd=cthihécdvés6nghiém

Vay hé cé vo s nghiém phu thudc 2 tham s6 :
| | phu thuéc moét tham sé.

y, z tay ¥
x=—ay-azz+113 Néu b =c, a # b d = a hay d = b thi hé cing cd vo sé
) nghiém phu thuéc mét tham sé.

x +y tz=

ax + by +cz =d

aXx + by + c¢%z = d?

Néua =c¢ a # b, d = a hay d = b thi hé cing ¢6 v6 s6

3) nghiém phu thuéc:mot tham sé.

Néu a = b = ¢ = d thi hé c¢6 vd s6 nghiém phu thuoc hai

Dinh thdc cua hé 1a tham s6.
1 1 1 Trong t4t ca cac trudng hop con lai, hé v6 nghiém.
A= |a b c = (b - a)(c - a)(C - b)
a? b2 ¢

Néu @, b, ¢ khac nhau thi A # 0 va hé c6 nghiém duy nhit

b —d)c —d)c —b) _
T (0 —a)c —a)c ~b)

¢ -d)=d)
(b —a)c—a)
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Chuong V

KHONG GIAN VECTO -
KHONG GIAN EUCLID

A. DE BAI
5.1. KHONG GIAN VECTO - DINH NGHIA VA THI DU
5.1. Trong cdc bai tap dudi day ngusi ta cho mot tap cdc
phan t& goi 1a vecto, hai phép tinh céng vecto va nhan vecto
v6i mot s6. Hay xac dinh tap nao la khong gian Yectd va néu
c6 tap nao khong phai la khong gian vecto thi chi ra cac tién
dé ma tap d6 khong théa mén.
1) Tap tdt ca cdc bo ba s6 thuc (x, y, 2) v6i cac phép tinh
(x,y,2)+(x’, y, 2):=(x+x,y+y,z+2")
k(x, y, 2) := (kx, y, 2).
2) Tap cac bd ba s6 thuc (x, y, z2) v3i cac phép tinh
(,y,2)+(,y,2):=@x+x,y+y,z+2)
k(x, y, 2) = (0, 0, 0).
3) Tap céc cap s6 thuc (x, y) v6i cac phép tinh
(x, y) +(x’, y): =(x+x,y+ty)
k(x, y) : = (2kx, 2ky).
4) Tap cac s6 thucx véi cac phép tinh cong va nhan thong thuong.

5) Tap cdc cap s6 thuc cé dang (x, y) trong d6 x = 0 véi
cic phép tinh théng thudng trong R2.
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6) Tap cac cap sG thuc (x, y) v6i cdc phép tinh
o, y)+ix’, yi:=(x+x"+1, y+y + 1)
kix, y) : = (kx, ky).

5.2. KHONG GIAN CON VA HE SINH
5.2. Hoi méi tap dudi day 1a khong gian con cua R? hay khong :
(a) Cac vecto cd dang (a, 0, 0) ?
(b) Cac vectos ¢ dang (a, 1, 1) ?
(c) Cac vecto cd dang (a,b, ¢) v6i b =a +c¢ ?
(dy Cdc vecto cd dang (a, b, ¢) v8ib = a +c +1 ?

5.3. Goi fMZ la tap cac ma tran vudng cdp hai v8i phép cong
ma tran va nhan ma tran vdi moét s6 thuc théng thuosng. Ching
minh ring .‘fM 12 moét khong gian vecto. Hoéi méi tap dudi day
cd la khong gian con cia M, khong :

{a) Cac ma trdn c6 dang

L

trong dd a, b, ¢, d 14 nguyén ?
(b) Cac ma tran cd dang

=

(¢) Cac ma tran cdp hai sao cho A = A' ?

trong dd a +d = 0 ?

(d) Cidc ma tran cdp hai sac cho det(A) = 0 ?

5.4. Hoi méi tap duéi day cd 1a khéng gian con cua C[0, 1]
khong :

(a) Cac f € C[0, 1] sao cho fix) < 0, Vx € [0, 11 ?
(b) Cac f € C[0, 1] sao cho ffl0) = 0 ?

(¢) Cac f € C[0, 1] sao cho ff0) 27

(d) Cac f 1a hang ?
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(e) Cac f € C [0,1] c6 dang Ii:1 + k, sinx, trong do k, va k,
la cac sé thuec.

5.5. Héi médi tap dudi day cd phai la khong gian con cua P,
khong (xem thi du 5. 1. 5 trong Thee/l) :

5.9. Ma tran nao dudi day la t6 hgp tuyén tinh cua ba
ma tran

= 12 _ 10 1 4 -
A—[_l 3J, B—{z 4J, c=[0 _2]?
6 3 -1 7
S S
0 0 6 -1
o I

5.10. Méi ho vecto dudi day c6 sinh ra R3 khéng ?
(@ vy, =(,1,1), uz—(2 2,0 ,vy=2(300

(a) Céac da thitc @ +ax + ax? + ax> trong d6 ¢ = 0 ?
o 1 Zx 3x 8 [¢]
(b) Cac da thic a_ + ax + ax? + ax’ trong dd
] 1 Zx 3x g
ao+a1+a2+a3=0?

(c) Céc da thic a, +ax + azx2 + (13x3 trong d6 a_, a,, a,

la cdac s6 nguyén?

5.6. Hay bi€u dién vecto x thanh t8 hop tuyén tinh cta u, v, w: (b) vy =(2,-1,3), = (4, 1, 2) vy = (8, -1, 8)
a)x =(7,-2,18) ;u=(2,8,5,v=(3,7,8;w=(1, -6 1) © v, =G 1,4),0v, = (2, -3,5),v;=(5-20),
bx = (0,00 ; u v, w nhed a) =40

Dx=(,4-7T);u =@ 1,3, -2),v=(1,2 -3 2), (d) 5;253;2?;”2“(134)”3‘“43)

w = (16, 9, 1, - 3)
dx =1(00,0,0,0;u v, wnhu 6 c).

5.7. Hay xdc dinh A sao cho x la t6 hgp tuyén tinh cua
u, v, w:

5.11. Hoi ham nao dudi day thuse khong gian sinh boi
f = cos’x va g = sin’x :
(a) cos2x ? (b)) 3 +x2?

au=1(2305,v =3,7,8), w=(1,-61;x=(7-2 1) € 17 (d) sinx ?

b) u = (4, 4, 3), v = (7,2, ), w= (4,1, 6) ;x = (5 9, 1) 5.12. Hoéi cac da thdc dudi day co6 sinh ra P2 khong
u=103,42,v=2(628"T7; x =(9 12, 1) p=1+20-22; p,=3+22;
Du=1325,v=(24T7,w=(5621;x=/(,35) Py=5+4x-22;  p,=-2+2x -22?

5.8. Hay bi6u dién cac da thdc sau thanh t6 hop tuyén
tinh cta :

p1=2+x+4.x2;p2=1—x—3x2;p3=3+2x+5x2

5.3. HO VECTO DOC LAP TUYEN TINH
VA PHU THUOC TUYEN TINH

5.13. Cac tap sau day la doc lap tuyén tinh hay phu thuéc

(a) 5 + 9x + 5x2 tuyén tinh :

(b) 2 + 6x2 (@) uy = (1, 2) va u, = (-3, - 6) trong R® ?

(c) 0 (b) u; = (2, 3), u, = (-5, 8) ; u; = (6, 1) trong R* ?

(d) 2 + 2x + 3«2 (© p, =2+3x-x"vap, =6+ 9 - 3 trong P, ?
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1 3| . 4-1 -3
d A = [2 0] va B = [_2 OJ trong J6, ?

5.14. Cac tap dudi day la doc lap tuyén tinh hay phu thudc
tuyén tinh :

a) (1, 2, 3, (3, 6, 7) trong R®> ?

b) (4, -2, 6), (6, - 3, 9) trong R ?

¢ (2, -3 1), (3 -1,5), (1, - 4, 3) trong R®?
d) (5, 4, 3), (3, 3, 2), (8, 1, 3) trong R® ?

5.15. Cac tap dudi day la doc lap tuyén tinh hay phu thude
tuyén tinh :

a) (4, _57 2, 6), (27 - 27 1) 3)7 (61_ 37 37 9)7 (47 _1: 5: 6)
trong R* ?

b) (1, 0, 0, 2, 5), (0, 1, 0, 3, 4), (0,0, 1, 4, D, (2,-3, 4, 11, 12)
trong R’ ?

5.16. Tap nao trong P, dudi day la phu thude tuyén tinh :
(a)2—x+4x2,3+6x+2x2,1+10x—4x2?

M 3 +x+x% 2 -x+52%,4- 3?7

(¢) 6 — x%, 1 +x + 4x* ?

(@ 1 +3x + 822, x +4x?,5+6x +3x% T+2x -x>?
5.17. Tap nao trong C(-w, ») dudi day 1a phu thudc tuyén tinh :

(a) 2,4 sin?x, cos?x ; (b) x, cosx ?
(c) 1, sinx, sin2x ; (d) cos2x , sinZx, cos®x
e (1+x2%x2+2x,3;  (H0,x x2?

5.18. Tim A thuc lam cho cac vecto sau day phu thudc tuyén
tinh trong R>.

1 1
vo= (- T g) v = (54 " g)
= (—5 "3 4)
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5.4. KHONG GIAN HUU HAN CHIEU
VA CO SO CUA NO
5.19. Hay giai thich tai sao cac tap sau khong phai la co so
cua khong gian tuong dng :
(@ u, = (1, 2), u, = (0. 3), uy = (2, T déi véi R%.
(b) u, = (- 1, 3, 2), u, = (6, 1, 1) déi véi R’
(c)p]=1+x+ﬁc,p2 x -1 do6i véi P,.

o el o[ e g
D.;[i ;],E=[2 ]dmvdlfM

5.20. Ho nao dudi day la co s& trong R? :

(@ (2, 1),3,0; ® @, -7-8
(c) (0, 0y, (1,3) ; (@) (3, 9), (-4,-12).

5.21. Ho nao dudi day la co s& trong R>

(a) (1, 0, 0), (2, 2, 0), (3, 3, 3) ;

(b) (3, 1, - 4, (2, 5, 6), (1, 4, 8) ;

() (2, -3, 1), (4,1, ), (0, -7, 1) ;

(d) (1, 6, 4), (2, 4, - 1), (-1, 2, 5) ;

5.22. Ho nao dudi day la co sd trong P,

(@ 1 -3x +2x%, 1 +x + 4x> 1 - Tx

(b) 4 + 6x + x2, —1+4x+23c2,5+23c—3c2
(c) 1+3c-!-x2,3c+xz,x2

(d - 4 + x + 3x, 6 + Bx + 2x2, § + 4x + x2
5.23. Ching minh rang ho sau day la co sd trong M,

o ) e Y
ol oo [ [0
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5.5. S0 CHIEU VA CO SO CUA KHONG GIAN CON
SINH BOI MOT HO VECTO

5.24. Xac dinh s6 chiéu va mét co sd caa khoéng gian nghiém
clua cdc hé sau. :

2 + x, + 8%y = 0

)| % + 2, =0
x, + x3 =0
3x1+x2+x3+x4=0
2) 5x1—x2+x3—x4=0
3x1+ x2+2x3=0
3) l4x, + 5, =0
x1—3x2+4x3=0
rJc1—30c2+ 23 =0
4) {2¢; — 6x, + 2x; = 0
3x1—9x2+3x3=0
[20) - 4x, + x, +x, = 0
Jc1—5.7c2+23c3 0
5) —2x2—2x3—-x4=0
x1+3x2 +x4_0
x1—2x2— x; tx, =0
x+y+2z=20
3x +2 —2 =0
6) { 2x — 4y + 2z =0
4 + 8y — 32 =0
2 +y — 22 =0

5.25. Xdc dinh co sé cta cac khéng gian con cta R3
(a) Mat phing 3x - 2y + 5z = 0
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(b) Mat phangx -y = 0

x = 2t
(c) Dudng thdng |y = ¢, —o < ¢t < +
z = 4

(d) Cac vecto cé dang (a, b, c). trong d6 b = a + c.

5.26. Xdc dinh s6 chiéu cta cdc khéong gian con cia R* -

(a) Cac vecto cd dang (a, b ¢, 0) ;

(b) Cac vecto cd dang (a, b, ¢, d) trong dé6 d = a +b va
c=a-b;

(c) Céc vecto cd dang (a, b, ¢, d) trong d6 a = b = ¢ = d.

5.27. Xéc dinh s6 chiéu cda khéng gian con cua P, gom cac
da thuc.

a, +ax +ax? +axdvéia, =0

5.28. Tim mét co s va s6 chidu cia khong gian con cda RS>

sinh bdi cdc vects sau.

a) (1, -1, 2),(2, 1,3, (-1, 5 0)
b) (2, 4, 1), (3,6,—2)(—1,2,—%).

5.29. Tim mét co s6 va s6 chiéu ctia khong gian con cia R*
sinh bdi cac vecto sau.

a) (1,1, - 4, -3), 2,0, 2, -2),(2, -1, 3,2

b) (-1, 1,- 2, 0), (3, 3, 6, 0), (9, 0, 0, 3)

c) (1, 1, 0, 0) , (0, 0, 1, 1), (-2, 0, 2, 2), (0,-3, 0, 3)

d) (1,0, 1, -2), (1, 1, 3, - 2), (2, 1, 5, - 1), (1, - 1,1, 4).

5.30. a) Chung minh rang tap cac ham kha vi trén [a, b]
va théa man

f7+4f =0

tao thanh mét khéng gian con cia C [a, b].

b) Tim s6 chiéu va mét co sd clia nd.

153



5.6. TICH VO HUONG VA KHONG GIAN
cO TicH vO HUONG
5.31. 1) Tinh tich vé6 huéng Euclid trong R? cta
a)u =2, -1),v=(0-13
b)u =(0,0 ,v=(7,2)

2) Tinh chudn Euclid ctia u va v va kiém tra lai bat ding C - S.

5.32. 1) Véi hai ma tran trong G,
U, u, v, Uz‘l
u = uy u,|’ v =
Hay ching minh riang bi€u thic
<u, v > 1= u, + Uy Uy + UaUs 4 UyUy,
12 mot tich vé huéng
2) Ap dung dé tinh tich vo hudng cia
-1 2 1 0
LN
3) Kiém tra lai bat ding thuc C - S.
5.33. Véi p va g € P, :
p=a, tax +a2x2,q =b, +bx +b2x2
1) Ching minh rang
<p, qg>:=apb tabd tab,
132 mot tich vé huéng trong P,
2) Ap dung dé€ tinh tich v6 hudng cua
p=-1+2x+x%q=2-4x°
3) Kiém tra lai bat ding thdic C - S.
4) Ching minh rang

<p.q> : = pa) +p(3)a(3) +PMac)

cing 1a mét tich vé6 huéng trong P,.
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5) Lam lai phan 2) véi tich vé6 huéng méi.
6) Lam lai phan 3) vdi tich vé6 huéng méi.
5.34. Xét u = (uy, uy, uy ), v = (U, vy, v; ) € R3

Héi bi€u thdc nao dudi day cd thé la mét tich vé hudng
trong R?, néu khong duge thi néu li do :

a) <u, v>: = wu, + uy;

b) <u, v> : = u%v% + u%u% + u%v% ;
c) <u, v> : = 2uv, + Uiy + duguy
d) <u, v> : = Upup = umuy + uqug.

5.35. Trong R’ ta xét tich vo huéng Euclid. Hay dp dung
b4t dang thuc C - S dé€ ching minh

lacos + bsinf| < Va? + b2

9.36. V6i f = f(x), g = glx) € P,. Ching minh ring

i
<f,g> : = [ fgx)dx
—1

la mo6t tich vé hudng.
Hay tinh tich v6 huéng cta
a) f = 1-x+x2+5x3,g = x - 3x*;
b) f =x -5x% g = 2 + &* .

5.37. Véi tich vo hudng Euclid trong R3, hay xac dinh & dé
u va v truc giao.

a)u = (2,1, 3),v =1(1,7, k) ;
b) u = (k k 1, v = (k, 5 6).

5.38. V6i tich vo hudng trong P, & bai tap 5331 chung
minh rang

p=1-x+2x"vaq=2r+x°

truc giao.
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) 2 1 ,
5.39. Cho ma tran A = | _| 3| € M,. Véi tich vo hudng

& bai tap 5.32. hdi trong cac ma tran dudi day ma tran nao
truc giao vdi A

-3 0 1 1
a) [ 0 2] i b) |:0 _1] ?
0 O 2 1
c) Iio 0} ; d) li5 2} ?

5.40. V&i tich vo hudng Euclid trong R hay tim hai vecto

¢6 chudn bang 1 va truc giao vdi cac vectd sau
u=(21,-40,v =(-1,-1,22), w= (3 2 5,4
5.41. V la khong gian co tich vo hudng. Ching minh

Dl + ol + e - ol = 2lkl? + 20k]P

<u,

1 5 1
v> = glhu +oll2 =g llu = oll?

d6i véi moi u, v € V.
5.42. Xét thong gian C [0, n ] v6i tich vo6 hudng

<f, g>: = | fwgw)dx
0

va xét cac ham s6 f (x) = cosnx, n = 0,1, 2, ...

Ching minh rang f, va f; truc giao néu k # L

1 1 2 3
543. Chox = (=, — =) vVay = (=) 7= }-
(5 " %) Y= (I 75 )

Ching minh rang x va y truc chudin trong R? theo tich vo
huéng <u, v > : = 3uw, + 2u,v, nhung khong truc chudn theo
tich vé hudng Euclid trong do :

u:). vo= (v, v,

F4

u = 1'ul,
5.44. Ching minh rang

w, = (1,00, 1), u, = (-1, 0,2, 1),
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uy, = (2, 3, 2, - 2), u, = (-1, 2, - 1, 1).

la mét ho truc giao trong R* d6i véi tich vo huéng Euclid.

_ 5.45. Trong R? c6 tich vo hudng Euclid. Hay ap dung qué
tinh Gram - Smidt d€ bién co sd {u,, u,} dudi day thanh co
s$6 truc chuén.

(@) u;, = (1, -3), u, = (2, 2),
® u; = (1,0, u,=(3,-5).

\.5.46. Trong R> xét tich v6 huéng Euclid. Hay ap dung qua
trinh Gram-Smidt dé€ bién co sd { u,, uy uz} dudi day thanh
cd sd truc chudn.

(@) u; = (1, 1, 1), uy, = (-1, 1, 0), us = (1,2,
(b) u; = (1, 0, 0), u, = (3, 7, -2), uy = (0, 4, 1).

_ 5.47. Trong R? xét tich v6 huéng Euclid. Hay tim mét co
s¢ truc chuin trong khéng gian con sinh bdi cdc vecto (0, 1, 2)
va (-1, 0, 1).

5.48. Trong R> xét tich v6 huéng <u, v > : = uw, + 2uyv, +
+ 3uqv,. Hay 4p dung qui trinh Gram - Smidt dé bién

uy=(,1,1,u,=1(1,1,0) u, = (1,0, 0)
thanh mét co sd truc chuén.
5.49. Khog gian con cua R? sinh bdi u, = <é, 0, - §> va
5 ’ 5
u, = (0, 1, 0) la mét mat phing di qua gbc. Hay bi€u dién
w = (1, 2, 3) thanh w = w, + w, trong d6 w, nim trong mait
phang con w, truc giao véi mat phang.

5.50. Trong P, xét tich v6 huéng

1
<P, ¢> : = [ p@)qx)dx
-1

) Hay ap gung qua trinh Gram - Smidt dé bién co sd chudn
tac {1, x, x°} thanh mét co s& truc chuén.
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5.7. TOA DO TRONG KHONG GIAN »n CHIEU

5.51. Hay tim ma trdan tea d6 va vecto toa do cua w déi véi

co sd S = {u,, u,} cua R?, trong d¢
(@) u; = (1, 0), u, =, ), w=@ -7;
b)u, =(2,-4), u,=1(@38, w=I({,1),;
() u; = (1, 1), u, = (0,2), w=(ab).

5.52. Hay tim ma tran toa d¢ va vecto toa do cua w d6i véi
co s& 8 = {u, u,, u,} cia R* trong do.
@) w=1(2,-1,3,u;,=(1,0,0,u, =(2,20),

uy = (3,38, 3);
(b) w=(5-12,3),u; = (1,2, 3),u, = (-4, 5, 6),
Uy = (7; _87 9).
5.53. Hay tim vecto toa d6 vaA ma tran toa d6 cia A déi véi
co sd B = {A, A,, 4, A,} cua X6, trong d¢
2 0 -1 1 R
A={—1 3} Alz[o o]’ 42 =lo o
(I B [0 0
A3=[1 0]’ 4=lo 1]

5.54. Hay tim vecto toa dd va ma trdn toa do cia da thic
p déi véi co s6 B = {p,, p,, py} cua P, trong dd

p=4—3x+3c2,p1 = 1,p2=x,p3=xz.

5.55. Trong R? va R? xét tich vo huéng Euclid va mot co
sd truc chudn . Hay tim vecto toa d6 vA ma tran toa dd cla w

1 1 1 1
(a) w (3, D, up = (Tz, - 7—2—), Uy, = (T—Z—’ _\I_E) ;

b)) w

2 2 1
(—1, 0, 2), u1= g, _gag’

21 2 _ (1 <
u2= §,§,_.3) u’3— 37 ’3‘

—
2]

wl b

5.56. Trong R? xét tich v6 huéng Buclid . Xét S = {w,, w,}
5w o= (2 _4 _ (2 3
voli wy = 1%, 5wy = 5,5J.
(a) Ching minh S 1a mét co s§ truc chudn cua R2

(b) Cho u va v € R® véi W), = (1, 1), (), = ( - 1, 4).
Hay tinh u , d(u, v) va <u, v >.

() Tim u va v véi tinh w |, dlu, v) va <u, v > mdt cach
truc tiép.

5.8. BAI TOAN DOI €O SG

5.57. Xét cdc co 5§ B = {u}, u,} va B’ = {v,, v,} ctia R?
trong do

T T S R b

(a) Hay tim ma tran chuyén co s6 tu B sang B’ .

(b) Hay tinh ma tran toa dé [wly trong d6 w = (3, -5) va
tinh [wlg.

(c) Tinh [w]y, truc tiép va ki€m tra lai két qua traén
(d) Tim ma tran chuyén co sd tu B’ sang B.

5.58. Lam lai bai tap 5.57 véi

u, = (2, 2), u, = (4, -D, v, = (1, 3), vy, = (-1, -1).
5.59. Xét trong R> hai co sd B = {uy, u,, uy },

B® = {v}, v, , v5}, trong d¢

wp = (=3,0,-98) ,u, = (32 Dyuy, = (1, 6 -1 ;
vy = (-6, -6, 0 , v, = (-2, -6, 4), v, = (-2, -3, 7).
(a) Hay tim ma tran chuyén co sé ti B’ sang B,

(b) Tinh ma tran toa do [wly cua w = (-5, 8, —5) va tinh [wly,
(c) Tinh tryuc tiép ], va ki€m tra lai két qua trén.
5.60. Lam lai bai tap 5.59 voi

up =2 LD, u, =2 -1, D, 0y = (1,2 1)

v, = 3, L, -5, v, = (1, 1, =3, vy = (-1, 0, 2).
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5.61. Trong P, xét cac co s¢ B = {p, p,}, B = {q,, 95}

véip, =6+ 3x, p, = 10 + 2x,q, = 2, g, = 3 + 2«

(a) Tim ma tran chuyén co sd ti B’ sang B.

(b) Tinh ma tran toa do [plg v6ip = ~-4 + x rdi suy ra [ply.
(c) Tinh truc tiép [plg. va kiém tra lai két qua trén.

(d) Tim ma tran chuyén co sé t¥ B sang B’

5.62. Goi V la khong gian sinh bdi f; = sinx va f, = cosx.

(a) Ching minh rang g, = 2sinx + cosx va g, = 3cosx tao

thanh moét co s caa V.

di

(b) Tim ma tran chuyén cosd tit B’ = {g, g,} sang B = {f, f,}.
(c) Tinh ma tran toa do [A] g vOi h = 2sinx — Scosx va suy ra [Alg. -
(d) Tinh truc ti&p [hlg va ki€m tra lai két qua trén.

() Tim ma tran chuyén co sé tit B’ sang B.

5.63. Trong mat phang xét hé truc vuéng gdc xy, va quay nd
mot gdc 6 = 37/4 quanh gbc ta dugc hé truc vudng goc x’y

(a) Tim toa d6 trong hé mdi cia di€m (-2, 6) trong hé cd.
(b) Tim toa d6 trong hé ci cia diém (5, 2) trong hé mdi.

5.64. Hoi trong cdc ma tran duéi day ma tran nao la truc giao ?

1 1
10 Z Wz
@ |o 1}, ® ¢
V2 V2
i . 11 1
0 i
(c) 0 at (d) -5 5
0 0 11 1
: V2 z T B

Tinh ma tran nghich d4o cua cdc ma tran truc giao dd.
5.65. Ching minh ring hai ma tran dudi day la truc giao

vOi moi gia tri cha 8 :
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cosy  —sind Cf)SH —sing 0
sinf cost b) |sinf cosf 0
0 0 1

Tinh nghich dao cua ching.
5.66. Xét bi€n déi toa do trong mat phang.

-8 8

1) Chung minh ring nd la truc giao.

G > 1w

2) Tim (x’, y’) cta nhitng diém ma (x, y) la
a) (2, - 1) ; b) (4, 2) ; ¢) (-7, -8) ; d) (0, 0)
5.67. Giai hé

5x1+ 7x2+2x3—3x
2x, + 3x2+4x3-—6x4—
—1111—15x2+2x3-—3x =1.

4

|
N

4
5.68. Giai hé
3Jc1 —5x2+2x3+4x4=2
'7:)c1 —4x2+ x3+3x4=5
5x1+7x2—4x3—6x4=3.
5.69. Giai hé

2x1+5x2—-8x3=8
4x1+3x2—9x3=9
2xl+3x2—5x3=7

x, -f8x2—7x3= 12.

B. BAI GIAI VA HUONG DAN

Muén ching minh tap vecto V trong dé ¢ dinh nghia phép

cong vectd va phép nhan vecto vdi mét s6 thuc (trong tai liéu
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nay chi xét khong gian vectd trén truong soé thuc) la moét

khong gian vecto ta phai kiém tra lai 10 tién dé cua khong gian
vectd (xem dinh nghia 5. 1.1, Thee/l), trong d6 cach dinh nghia
phép cong hai vecto ctia V va phép nhan mot vectd cua V vdi
mot s cé thuc sy dung dan khong.

5.1. 1) Khong, vi tién dé 8 khong thoa man.

That vay, theo dau bai ta cé

k(x,y 2) = (kx, y, 2); Ux, y, 2) 1= (Ix, y, 2)

(k + Ux, y, 2) 1= ((k + Ux, y, 2).

Do dg

k(x: y: Z) + l(x, y; Z) (kx' Y, Z) + (lx’ y’ Z)

(kx +lx,y+y, z+2)
= ((k + Ux, 2y, 22)
2 ((k+Ux,y, 2 =k+D)xYy 2

khi y hoac z # 0. Vay ndi chung
kix, y, 2) ¥ U(x, y, 2) = (k + 1) (%, ¥, 2),
nghia la tién dé 8 khong théa man.
2) Khong, vi tién dé 10 khong théa mén.
That vay, ta cd theo dau bai
1(x, y, z) := (0, 0, 0) # (x, 5, 2)
z) = (0, 0, 0), nghia la tién dé 10 khong thoéa mén.

tru khi (x, y,
héa min. That

3) Khong, vi tién dé 9 va tién dé 10 khéng t
vay, theo ddu bai thi
kE (x, y) := (2kx, 2ky)

I(x, y) = (2lx, 21y)

Do da
k (U(x, y) = k (2lx, 2ly) = (4klx, 4kly)

(k) (x, y) = (2kix, 2kly).
Vay, néu (x, y) = (0, 0) va B # 0,1 = 0 thi
k(l(x, y)) # (kD) (x, ¥),

nghia la tién dé 9 khong théa man.
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1x, y) = (2x, 2y) # (x, y), (x, y) = (0, 0).

nghia la tién dé 10 khoéng théa man.

4) Tap céc s6 thuc v6i phép tinh cong va nhan thong thﬁ(‘mg ki

hiéu 14 R, 12 mét khong gian vecto vi ca 10 tién dé déu thoa man -

I)x,y ER=>x+y R
2)x+y=y+x,x,y €ER
Dx+ly+z)=x+y +tz,xy 2z€R
4) Phan td trung hoa la s6 khéng :
0+x=x+0=x VxeR
5) Phan ta d6i cta x € R 1a —x vi
(x)+x=x+(=x) =0

6)xeR k€ Rthikx € R
Nkix+y =kx+ky, keER 2,y €R
) k+lx =kx+ix,k, lER, x € R
9) k(lx) = (kD)x, ., L€ R, x € R

10) Ix = x,x € R

5) Khong, vi tién dé 5 va tién dé 6 khong théa man. That vay
Phdn td trung hoa la (0, 0) vi -

(x, y) + (0, 0) = (x, y)
0, 0)+(x, y) = (x, y)

Khi (x, y) € R? thi (~x, -y) € R? va
(x, y) + (=x, =y) = (~x, -y) + (x, y) = 0.
Nhung néu x > 0 thi (x, y) thudc tap da cho con (-x, -y)

khong thudc tdp da cho. Cho nén tién dé 5 khong théa man.

Hon nita, (x, y) thuoéc tap da cho, ©® € R, £ < 0 thi

k(x, y) = (kx, ky) ¢c6 kx < 0 nén
: , k k(x, y) khong thudc ta 4
cho, nghia la tién dé 6 khéng thoa mérﬁ " thuge tp

6) Khong, vi tién dé 7 va tién dé 8 khong théa man. That

vay, ta cd

kix, y) = (kx, ky)
R(x’, y') = (kx’, ky’)
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kix, y) + k(x’, y')
k(x, y) + (x’, y)

(kx +kx'+ 1, ky +ky' + 1)
kix +x’+1,y+y +1)
(kix +x’ + 1), Ry +y + 1))

i

{a, b, ¢) +(a’” b’ ¢) = lat+a’,b+b ¢c+c)

b+b’ (ata)+(c+e)
nén (a, b, ¢c) +(a’, b’ ¢’) € W -

Il
i

nghia la
kia, b, ¢} = (ka, kb, kc)

k((x, y) + (x’, y) # kix, y) + k(x’, ')
kb = ka + ke

khi 2 # 1. Do d6 tién dé 7 khong théa man.

nén
Hon niia
kia, b, c) € W.
(k+1) (x,y) = ((k +Dx, (k +1y) Vay W la khong gian con caa R3
: ua R°.
kix, y) + Ux, y) = (kx, ky) + (ix, ly) d) Goi W la tap cdc vects cta R3 cg da
=(kx+ilx+1, ky+ly+1), (a, b, ¢) v6i b = a + L
nghia la ) ] = qQa ¢ + 1

Gia st (a, b, ¢) € W nohia 13
. T b = + .
(k1) (x,y) # kix, y) + lx, y). g a a+c+1,;

(@’, b, ¢’) € W nghia la b’ =g’ + ¢’
Do d6 tién dé 8 khong théa man. & @ te 1l

Khi do¢

Muén chdng minh mot tdp con W cda khong gian vecto \%4
12 mot khong gian con cuia V ta phai ching minh W khép kin
déi v6i phép cong vecto va nhan vecto véi mot s6 da dinh nghia
trong V.

(a’ b’ C‘) +(a’y b’) C’) = ((Z +a,y b +b’, C +C’)

b+b'=(@+a)+c+e)+2
nén (a, b, c) +(a’, b’ ¢’) & W.

5.2. a) Goi W la tap cdc vects cia R® cé dang (a, 0, 0),
e € R. Ta thiy (a, 0, 0) € W, (@', 0, 0) € W =

(@, 0,0)+ @, 0,0)=(a+a’, 0,00 W
k(a, 0, 0) = (ka, 0, 0) € W.
Vay W la khong gian con cua R3.

Vay W khong phai la khong gian con caa R3.
9.3. Trudc hét ta ching minh M,
Muo6n thé ta phai kiém tra lai 10 tie

Gia su

ab a b »
= a bn
{C dJ MZ) {C’ d;} e -{M‘?y [C” d:aJ E MZ

1) Ta phai ching minh

ab + a b’
cd o’ € MZ'

Diéu do ro rang vi v& trai bang

a t+ta b +b
c+e d+a| €M

la mét khong gian vecto.
n dé.

b) Goi W la tap con cia R® gém cac vecto cd dang (a, 1, 1).
Ta thdy : (a, 1, 1) va (a’, 1, 1) thugc W thi

(@ 1, HY+@,,)=(a+a’22) W

Vay W khéong 1a khong gian con cta R*.

c) Goi W la tap cdc vecto (a, b, ¢) v6i b = a +c. Ta thay
(@, b,c) e W thi b=a+c
(@, b, c)€EW thi b =a +c
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2) Ta phai ching minh

b b b4 b b
ab a b)) e b + a
[c d:\ + [c’ d’] - [c’ d’] \:c d

Diéu dd ro rang vi vé& trai bang :

a+a b+¥
c+c d+d|

a +a b +b
c+c d+d
va trong tap cac sé thuc R co

a+a =a +a, b+b ' =b"+b
vc+c’=c’+c, d+d =d +d.

Con vé& phai bang

3) Ta phai ching minh

32 -

Diéu nay rd rang vi

Q, o

-a b a, +a” b) +b7’ _
ve trai = c d Yo +e” & +d”

—a + (a’ +a”)’ b.+ (b’ +b77)
Tlet@Heny  dr@+dn)

o . (@ +a” b +b + a’ b”’ _
v€ phai = B v d+d o d

—(a +a1) +an (b +br) +'bn
h | (c +c’) +c” (d+d)+d

va trong tap R ta co ’ )
a+ (@ +a’) = (a+a’)+a”,b+(b’+b”) =(b +b)+5b

c+(c+e?)=(c+c)+e’,d+d+ d’) =(d+d)+d"
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ay b) a” bn
] + [c7 d’]) + [cn d”}.

4) Phan tu trung hoa (d6i véi phép +) la [8 8}

abl {00/ fa+0 6+0] _[a

cd 00| ~ [c+0 d+0| T |

00/ fab] _Tfo+a 0+b] _

00 c d _L0+c 0+d| T

5) Phan tit d6i cia [" bJ I [—a —b]
¢ ¢

Vi a b + —a -b _ a—a b—b B 00 .
c d -¢ = T le—c d-d|l =~ lo ol

me —bf e b| _[-ata -b+b] _Jo o

—c —-d ¢c d| T {—c+c —-d+d| T lo ol

6) & [ab] _ [kakb} cMreR

vi

¢ d ke kd
ab a b at+a b+¥
nE ([@ d} * [ d’D =k [c +¢ d+d’}
_ k(@ +a) k(b +b)
T ket k(d +d)
ab|  |ka kb
c di = ke kd|
a0’y ka kY
¢ d'| T ke kd

ab +h a b’ _|ka kb + ka’ kb’
cd c d “ ke kd ke’ kd’

B [ka + ka' kb + kb’}

&

bl

P

ke + ke kd + kd



Vay 5 2 b
' b’ a )
(D)
0 b (k+Da (k+1)b
k +10) o d Tlk+he (ktDhd
[ka +la kb + lb}

ke +lc kd +1ld

e w

b a b _ ka kb +
k[jd]+l\:cd:\_\:k0kd lc ld
ka+la kb+1ib

la Ib k(la) k(lb)
{lc ld] T |k(e) k(D)

ok ()

2 b (kha (kDb
(kD) {c d] = |kDhe (kD]

Trong R
k(la) = (kla ; k(lb) = (kb ;
k(lc) = (kl)c ; k(ld) = (kld.
Vay
ab ab
= {
<l {c d]) (kD) [c d}
10) )
b la 16| _|a ’
: I[Z d} = [lc ld] = [c d:\
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Bay gis ta xét xem cac tap con caa M, cho § aj, b), c). d
¢S phai la khong gian con cua M, khong. Ta phai kiém tra lai
tinh khép kin cda cac tap con d6 déi voi phép cong ma tran

va nhan ma tran véi mot sé.

a) Goi W 1a tap cdc ma tran

c

ab ka kb i
k [c d} = ’jkc kd} & W

b
[a d;]’ a, b, ¢, d nguyén.
Ta thay

néu % khong nguyén. Vay w khong phai la khéong gian con cua M,.

b) Goi W la tap cac ma tran
[" bJ, a+d =0

Gia su
b b 3
[a JEW, [a’ ’J EW
c d
nghia la
a+d=0a +d = 0.
Khi dg
ab +a’b’ e tab + ¥
c d c d ct+c¢ d+d
(at+a)+(d+d) ={a+d)+@@ +d) =0
. ab a b
vay ,:C d:’ + ,:C, d,J e w.
Hon ntia
i ab _ |ka kb
cd| T ke kd
ka v+ kd = kla+d) = 0.
Vay
ab
k lic dJ e W

Do do W la khéng gian con cua M,.



c) Gia st W la tap cac ma tran cdp hai A sao cho A = A’
(cac ma tran cip hai doi xdng).

Gia su
AeW BeWw
nghia la
A = Al, B = B
Khi do
A+B=A +B = (A+B),
nen _ A+BeW.
Hon nta
kA = kA" = (RAY
nén RA € W,

Vay W la mot khéng gian con cia M,.
d) Goi W 1a tap cac ma tran cdp hai A c¢d dinh thyc det(4) = 0.
Gia su
AeW BeWw
nghia la
dettd) = 0, det(B) = 0
Khi do
det(kA) = k° det(A) = 0
nén kA € W.
Nhung det(A + B) c¢6 thé khac 0, ching han vgi

12 6 2 _[714
o B e

det(A) = 0. det(B) = 0, detiA + B) = .
Do do A+B¢& W
Vay W khong phai la 1 khong gian con cua 9\/[:-

ta thay
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x € [0, 1]. Gia st g € C

la khong gian con cta C [0, 1].

st fva g € W, nghia la f0) = 0, g(0) = 0.

Khi do (f+g)(0)=f(0)+g(0)=0+0=0;
f+g € Clo, 1]
nén [tg e W
Hon nia
(R)(0) = kf(0) = k.0 = 0
kf € C [0, 1],
b nén Rf € W.

Vay W la khong gian con caa C (0, 1].

¢ Goi W = {f| feclo 1}, £0) = 2}

Khi do

kf € C [0, 1] ;
nhung
(R)(0) = kf(0) = k2 # 2.

néu k= 1.

Vay W khéng phai la khéng gian con caa C [0, 1].

d) Goi W = {f] F = hing}.

Khi d6 f € C [0, 1]

Gia st f va g € W. Khi d¢

f+g = hang
nén [tg e W
Hon nita
kf = hang
nén kf e W

Vay W la khong gian con cua C [0, 1].

5.4. a) Goi W la tap cac f € C [0, 1] sao cho flx)

< 0 tai

[0, 11 v6i gix) < 0O tai x € [0, 1].
Khi d6 g € w, nhung kg & W néu k& < 0. Vay W khén

g phai

b) Goi W I tap cac ham f € C [0, 1] sao cho f(0) = 0. Gia
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e) Goi
W= /{flfeciollf=k +k,sin},

k, va k, € R.

Gia su f va g € W. Khi dé6
f=Fk t+Ek, sinx, k, k, € R.

g = ky + k, siny, ky ky € R.
Do do
ftg=(k +ky) + (k, + k,) sinx,
k, +k, €ER, ky + & € R, nén f + g € W.
Hon nta
kf = kk, + kk, sinx,
kk, € R, kk, € R, nén kf € W.
Vay W la khong gian con ctia C [0, 1]
5.5. a) Goi W la tap cdc da thic ndi trong diau bai.
Gia st p va ¢ € W nghia la
p =agx + a:,xz + a3x3,
qg =bx + bzx2 + bfx’z,
Khi do
p +q=(a tb)x+(a,t byx? + (ay + b,
nén p +q €W '
Hon nia
kp = kapx + kazr2 + ka;r;,
nén kp € W.
Vay W la khong gian con cua P

b) Goi W 1a tap cac da thuc ndi trong dau bai.
P, ¢ € W, nghia la

Gia sy

p=a, tax +ax?+anda, ta +a, +ay =0,

q =0, +bx +bx? +bx% b, +b +b, +b, =0
Khi d¢
P g = (a, ) + (@ +b)x + (a, + by + (a; + by
=(a, tb) + (e, + b, + (a, + by + (a3 + by) =
=(ay +a; +a, tay + (b, + b +b, +by) =

=0+0=0,

nénp +q € W.

Hon niia

kp = ka, + kax + kazx2 + ka37c3

ka, + ka1 + ka, + ka; = k(a, + a; +a, +ay) =0,

nén kp € W.

Vay W ]la khéng gian con cua P,

c) Goi W la tap cdc da thic ndi trong ddu bai. Gia sy
P, 9 € W nghia la

P =8, +agx +az? +ax’, o nguyen

g=2"5, +bx + bfz + b3x3, b, nguyén
Khi dg
Pt = (@ Fby) + (@ + b+ (@ + b + (ay + by
=¢, tex +ch2 +c3x3
¢ = a; + b; nguyén

nénp +q € W.
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Nhung Gidi hé nay nhu & bai a) b duge
kp = ka, + kax + kazx‘: + ka3x3 c =ttuyy
ka, chi nguyén khi k nguyén, nén kp & W b =3t
a = - bt.

Vay W khong phai la khong gian con cia P, Do ds
: o dg :

5.6. a) Ta phai tim a, b, ¢ d€ c6

x = au + bv + cw,

0, 0, 0) = ¢ (=bu + 3v + w), ¢t tuy y.

Chu y - Bai b) c6 thé suy tu bai a) bang cach thay cac
tie la co thanh phan cua x truéc la 7, -2, 15 bsi 0, 0, 0.
(7, =2, 15) = a(2, 3, 5) + b(3, 7, 8) + (1, -6, 1)

(7, =2, 15) = (2a, 3a, ba) + (3b, Tb, 8b) + (¢, —bc, ¢)

(7, -2, 15) = (2a + 3b + ¢, 3a + Tb - 6¢, ba + 8 + ¢)

c) Ta phai tim a, b, ¢ d&€ c6
x =au +bv + cw,
tuc la
(1,4, -7, =a (4, 1,3, -2)+b(1,2,~-3,2)+c (16,9, 1,-3)
(1,4, -7,7) = (4a+b+16c, a +26+9c, 3a-3b+c¢, -2a+2b ~ 3¢)

Vay a, b, ¢ théa man hé phuong trinh tuyén tinh

[Za +3 +c¢c =17
13{1 + 7 — 6c = -2 Vay a, b, ¢ 12 nghiém ctia hé

Bba + 8 + ¢ = 15

da + b+ 16c =

Giai he nay d6i v6i cdc 8n ¢, b, ¢ ta dugc a+ 26 + 9¢ - 4

c =ttuyy 3a -3b+c = -7

b =3-5 -2a +2b - 3¢ = 7

a = 11 - 5¢. Day 1a moét hé tuyén tinh 4 phuong trinh 3 &n.
Vay Ta giai nd bang bién ddi so cdp dude
x=(7,-2,15 =11 -5 u+@t -5 v+iw,ttuyy c=-1, b =5 a=3.
b) Ta phai xdac dinh a, b, ¢ d€ cd Do do
(0,0,0) =a (2,3 5 +b(3,7 8 +c (1,-6, 1) (1,4,-7,7) = 3u + 5v - w

d) Ta Juén co

0, 0, 0) = (2a + 3b + ¢, 83a + Tb - 6¢, 5a + 8b + ¢)
(0, 0,0,0 = 0u + 0v + 0w,

5.7. Ta phai xdc dinh tham s6 A d& cho x c¢d thé bidu dién

Vay a, b, ¢ 1a nghiém cua hé.

2(1+3b+ C:O . . !
thanh té uvén i

3¢ + T — 6 = 0 anh to hgp tuyén tinh

56 + 8 4+ ¢ =0 x = au + bv + cw
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a) (7, -2, )
7, -2,

il

a (2,3 5 +b (3,1, 8) +c(l,-6 1)
(2a+3b+c,3a+7b—6c,5a+8b+c)

il

20 + 3 + ¢ = 7
3¢ + 76 — 6¢c = —2
50 + 8 + ¢ = 4

Ap dung cic phép bién ddi so cdp ta thu dugc.

2
3
5

2
0
0
2

3 1 7
7 -6 -2
8 1 A

9 3 1 1
5/2 -15/2  -25/2
1/2 -3/2  1-352
3 1 7
52  -152  -25/2
0 0 A-15

Vay néu A

néu 4

20 +3 +c¢c = 17
56 — 15¢c = -25
Oc = 4A-15

# 15 thi hé vo6 nghiém

= 15 thi hé cé vo s6 nghiém

b) Ta mudn cd

(5, 9, A)
5, 9, 1) =

Ta suy ra
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a4, 4, 3) + b6(7, 2, 1) +c(4, 1, 6)
(4a + Tb + 4c, 4a + 2b + ¢, 3a + b + 6¢)

4a + b + 4c = 5
4a + 20 + ¢ =9
3¢ + b +6¢c =4

Ta co

A = = —-111 # 0

W A
— N
Y

Do do hé c6 nghiém duy nhat véi 1 bat ki
¢) Ta muén co
(9,12,1) =a (3,4,2)+b (6,8 7
Ta suy ra
3a + 66 =9

4a + 8b 12
2a + 7 = 2

Giai hé nay bang bién ddi so cdp
3 9
12

A-6
9

3 A~-6
Hé trén tuong duong véi hé

3a + 66 =9
3 =1-6

WO O W N BN
W O BN o »
el

nén c6 nghiém véi A bat ki.

d) Ta mudn cd

(1,3,5) =a (3,2,5)+b (2,47 +c (5, 6,1)

Ta suy ra

3a + 26 + B
2a + 4b + 6¢
56 + 7b + Ac =

1
3
5
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Giai he nay bang bién d8i so cdp ta thu duge Giai hé nay bang bién d6i so cép ta duge

3 2 5 1 e 1 3 s
2 4 6 3 1 -1 2 9
5 71 A___ 5 4 3 5 5
2 4 6 3 1 P
3 2 5 1 s s s -
5 71 A5 2 1 3 5
2 4 6 3 1 i
0 -4 -4 ~7/2 1 -1 2 9
0 -3 A-15 -52 0 1 -3 -31
2 4 5 3 o 3 -1 -13
1 1 7/8 i g s
0 A-12  1/8 L -3 _31
- 0 8 80

Hé da cho tuong duong voi

20 + 46 + 6¢c = 3
b+ ¢ =18

Vay hé da cho tuong duong véi

~b + 2 =
(A = 12)c = 1/8 ’ b—§2=—3£1)
Vay néu 1 = 12 thi hé vo6 nghiém ; 8& = 80

4 # 12 thi hé cé nghiém duy nhat. Ta suy ra
5.8. Ta mudn cd c=10, b=-1, a =-12.
a) 5 + 9x + 5x2 = ap, + bp, + cp, Do do

5+9r+5x2 =a (2+x+4x?) +b(1-x-3)+

+c¢ (34 2x + 5x9) :

b) Ta muén cd
2+ 6x% =ap, +bp, +cp,y
2+627 =a@+x+4x?)+b (1 -x-32)+
+c¢ (3 + 2x + 5x2)

Viay a, b, ¢ théoa man hé

Ta suy ra
5+9x +5x2 =2a+b+3c+(@-b+2)x+
+(4(1—3(5+5c)3c2

Vay a, b, ¢ théa man hé

2a+2:2cig 2 +b + 3 = 2
a—3b+5z:5 a —b+2c =0
4 - B 4a — 3b + B5c = 6
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Giai hé nay bang bién déi so cdp ta dugdc

2 1 3 2
1 -1 2 0
4 -3 5 6
11 2 0
4 -3 5 6
2 1 3 2
1 -1 2 0
0 1 -3 6
0 3 -1 2
1 a1 2 o
1 -3 6
0 8 -16
Hé da cho tuong duong véi
a —b + 2 = 0
b — 3 = 6
8& = —16
Ta suy ra
c=-2, b=0, a=4
Do do

2 + 6x? = 4p, — 2py.

¢) Bao gid ta cang cd
0= 0p, + 0p, + Op;,

nghia la da thdic 0 la t6 hop tuyén tinh cta p,, p,, Ps

d) Ta mudén co
2 +.‘Z.7c+3)c2=apl + bp, + cpy.

Tuong tu bai a) va b) ta cd
2qq + b + 3¢ =
a - b+ 2 =
4a — 3b + 5c = 3

|1
(N
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Giai hé nay bang bién d6i so cdp ta dugc.

2 1 3 2
1 -1 2 2
74777 7—3 5 3
1 -1 2 2
4 -3 5 3
2 1 3 2
1 -1 2 2
1 -3 -5
3 -1 -2
1 -1 2 2
1 -3 -5
8 13
¢ =13/8 b =-1/8, a=-11/8
Do do
11 1 13
2 _ _
2 + 2x + 3x° = § P —8~p2+§p3

5.9. a) Ta muén cd

6 3
0 8 = aA + bB + ¢cC =

|
Q
| —
okt
w N
[
+
o
—
N O
=
—
+
o
—
[N

SEE RN

—a+2b 3(1+4b—20

Vay a, b, ¢ théa man hé

_li a+4c 2a+ b—zc}

a + 4¢ =
20 + b 2c
—a + 2b
3a + 4 — 2¢ =

It
o N =-JNVE RN )
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Giai hé nay bing bién d6i so cédp ta dugc

1 0 4 6
2 1 -2 3
-1 2 0 0
3 4 -2 8
1 0 4 6
0 1 -10 -9
0 2 4 6
0 4 -14 —197
1 0 4 6
1 -10 -9
0 24 24
0 26 26
1T o0 4 6
1 -10 -9
24 24
0 07

- a + 4¢c = 6

b —10c = -9

c = 1

Ta suy ra
c = 1’ b = 1, a = 2
Do do

6 3
= + B + C.

Vay ma tran da cho la t8 hgp tuyén tinh cia A, B, C .

b) Ta muén co

-1 7
= + + ¢C
[ 5 1} aA bB ¢

Tuong tu bai a) ta co

a + 4 = -1
%20 + b — 2¢ = 7
- + 26 = 5
3a + 46 — 2c = 1
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Bién déi so ciap cho

1 0 4 -1
2 1 -2 7
-1 2 0 5
3 4 -2 1
1 0 4 -1
0 1 -10 9
0 2 4 4
0 4 -14 4
1 0 4 -1
1 -10 9
0 24 -14
0 26 -32
Vay hé trén tuong duong véi hé
a + 4 = -1
b — 10c = 9
24c = — 14
26c = —32

Hai phuong trinh cusi khong

tuong thich, hé vé nghiém va

ma tran da cho khong 1a t6 hop tuyén tinh cta 4, B, C.

¢) Bao gig cang co

0 0
{0 ()J = 04

+ 0B + 0C

Vay ma tran "khong" 1a t6 hogp tuyén tinh cua A, B, C.

d) Ta mudn cd

6 -1] _
-8 -8/ =1

Tuong tu bai a) ta cd

A+ bB + ¢C

a + 4c¢ = 6
20 tb - 2c = -1
—a + 26 = ~-8
3a +4b — 2¢ = -8



Bién déi so cdp cho

1 0 4 6
2 1 -2 -1
-1 2 0 -8
3 4 -2 -8
1 0 4 6
1 -10 -13
2 4 -2
4 -14 -26
1 0 4 6
1 -10 -13
24 24
26 26
Vay hé trén tuong duong véi
a + 4c = 6
b — 10c = —13
24c = 24
Hé nay cd nghiém ¢ = 1,6 = - 3, a = 2.

Do dd

Vay ma tran da cho la t6 hgp tuyén tinh cta A, B, C.

5.10. Muén ching minh moét ho vecta S cua khong gian vecto
V nao do sinh ra ca khong gian V ta phai ching minh :
vectg cia V déu la t8 hgp tuyén tinh cua cac vects thuoc S.

6 -1
R

a) Ta phai ching minh : phuong trinh vecto

luén co nghiém a, b, ¢ véi bat ki X, X, x;) € R?. Phuong trinh

av, + bu2 toevy = (), x,, xs)

vectd trén viét lai la.

hay
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a(l, 1, 1) +b(2, 2 0 +c¢(3, 0 0 = (x

(a +2()+3c,a+20.0)=(x1, 5

]7

X5, xz)

Xy, X3)

Ta suy ra
a+2b+3 =1x
a+2b=x2

3
Hé nay co dinh thuc
1 2 3
1 2 = -6 =0
1
nén ludn cd nghiém véi bat ki (x, x5

Vay ho {v|, v,, vy } sinh ra R>.

b) Tuong tu trén ta mudn cd

a(2,-1,3)+b4,1,2)+c (8, -1, 8 = (xl, Xoy Xg).

Ta suy ra
2a+4(>+8é=3cl
—-a + b—c=x2
3a + 2b + 8 = x4
Hé nay co dinh thdc
2 4 8
-1 1 -1 =0
3 2

nén khong cd nghiém véi bat ki (x, , x,, x,) ER3.

Vay ho {v, , v,, vy } khong sinh ra. R>.

c¢) Tuong tu trén ta mudn cd

av, +bv, +cuy +du, = (x, Xy Xy )
hay
a(3,1,4) +b (2, -3,5) +c(b -2 9 +
+d (1,4, -D = (x, X5, X5)
hay
(3a + 26 +5¢c +d,a—3b - 2c +4d, 4a + 56 + 9¢ -d) = (x,, X5, X3).

Xy ) € R3.
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Ta suy ra
JSa + 2 +5c + d =x
(1—3()—213+4d=x2
k4a+5b+90—d=x3
Dat
3 2 5 1]
A=]|1 -3 -2 4]
4 5 9 —IJ
3 2 5 1 X
A=11 -3 -2 4 =x,
L4 5 9 -1 Xy
Bién d6i so cdp cho
3 2 5 1
1 -3 -2
4 5 9 -1
1 -3 -2
3 2 5 1
4 5 9 -1
1 -3 -2 4
11 11 -11
17 17 -17
1 -3 -2 4
11 11 -11
0 0 0
Vay

P A) =2

trong khi P(A) cé thé bing 3, khi d6 hé vd nghiém.

Do do ho {v|, v, v;, v, } khong sinh ra R>.

d) Tuong ty bai ¢) ta mudn cd

av, +bv, + cv, + dv, = (x}, x,, x3)
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hay

a(l,33)+6(1,3 40 +c(1,4,3+d 62 1= (x,1,x)

2

Ta suy ra
a +b +c¢ + 6d
3a + 3 +4c + 2d =
3a + 46 + 3¢ +d
bat
1 1 1 6
A=13 3 4 2
3 4 3 1
1 1 6
A =13 3 2
3 3
Bing bién d6i so cdp ta cd
1 1 1
3 3 4
3 4 3
11 1
0 0 1
0 1 0
111 ¢
1 0
1
Do dé pP(A) = 3 )
PA) = 3
Vay hé luén cé nghiém,
Va ho {v,, Uy Uy U} sinh ra R?.
5.11. a) Ta cd
cos2x = cos’x - sin

X.
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Vay cos2x thuéc khong gian sinh bai {cos"x, sin‘x }.
b) Gia su
3+ x° = a cos® x + b sinx
tai moi x. Khi do :
thay x = 0 ta dugc a = 3
thay x = 7 ta duge 3 + 7° = q ;
tic 1a 7° = 0 vi @ = 3. Diéu do khong chdp nhan duge. Vay
3 + x° khong thuoc khong gian sinh béi cos®x va sin‘x
¢) Ta c6
1 = cos®x + sin®x.
Vay 1 thudoc khong gian sinh bdi cos’x va sin’x.
d) Gia su tai moi x co.

L. 2 . )
sinx = a cos<x + b sin“x.

Thay x = %, ta duge

Thay x = 3x/2, ta dugc
-1=0+b6=>b6=-1

Khong thé ¢ b vita = 1 vta = - 1.

Vay sinx khong thuoe khéong gian sinh bdi cos®x va sin’x.

5.12. Xét p = a, +t ax + a:,xz € P,

Gia su
p =oap *fp, +ipy t+op,

nghia la

a, +ax + a:pcz = a(l + 2x = x%) + (3 + x7)
+y(5 + 4x —x) + 5 =2 + 2 - A7)
=a + 33 + 5 — 20 + (2« + 4y + 20 +
+(—a +f -y — 20)x°

Nhu vay «, 8, v, o phai la nghiém cda hé
a + 33 + 5y —2 = a,
2c + 4y + 20 = q
—a +f —y - 25 = a,.

’

Hé nay cd ma tran hé s6 la

1 3 5 =2

A = 2 0 4 2

-1 1 -1 -2

va ma tran bo sung la

1 3 5 -2 a,
Z = 0 4 2 a
1 -1 -2 a,

<

[N]

o

Diéu kién cdn va dua dé hé ¢ nghiém la hang cua A bang
hang cua A.

Ta tinh hang cta A va A bang bién d8i sg cép.

1 3 5 -2 a, h
2 0 4 2 a, h,
-1 1 -1 -2  a, h,
1 3 5 -2 o h, —h,
0 -6 -6 6 a; - 2a, h, - 2h, = h,
0 4 -4 a, +a, hy +hy —h,
1 5 -2 a, h, = h,
-6 -6 6 a;— 2a_ h, = h,
i 2
0 0 0 aq+331—§a” hz+§h2—>h3

Tasuyra pA) =2
o J 3 néua, +
LAY = l

Wity Wl

2 néu a, + a = 0.

Vay cédc da thdc p, p,, py, p, da cho khong sinh ra P,.
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5.13. Ho vecta {v,, v,, .., v } ctia khong gian vects V Ia
doc lap tuyén tinh néu phuong trinh

cu toeu, t ot u =0 3.2)

171 mom
déi véi cac dn c, chi c¢6 nghiém tam thuong ¢, = 0.
Ho tren la phu thuodc tuyén tinh néu phuong trinh (3.2) cd
nghiém khong tam thuong, tuc la nghiém (¢}, ¢, .., c,,) voi it
nhiat mot ¢, # 0.

a) Xét
au, + pu, = (0, 0),
tuc la
a(l,2) + 43, -6)=1(0,0)
hay

(@ — 36, 2a - 68) = (0, 0).
Do dé « va 8 la nghiém cua hé
[ a — 33 0
12(: - 68 =0
Hé nay l1a mot hé thudn nhdt cd nghiém khong tidm thudng
a =3, = 1. Vay ho {u, u, } da cho la phu thuoéc tuyén tinh.

au, + fu, +yuy = (0, 0)
a (2,3) + (-5, 8) +y (6, 1) = (0, 0)

(2a -~ B + 6y, 3a + 84 + ) = (0, 0),
Do d6 «, p 1a nghiém cua hé

2a — B + 6y 0
3a + 8 + y = 0.

Day 1a mot hé thuan nhdt ¢ s6 phuong trinh it hon s6 dn
nén ¢é vo s6 nghiém chang han xem y la tuy y ta tinh dugc
a va f# theo y. Do d6 né ¢ nghiém khong tdm thuong.

Vay ho {u,, u,, u;} da cho la phu thudc tuyén tinh.
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c) Xét
ap, + ﬂpz =04+ 0x + 0x? P,
tuc la
a2 +3x —xP + 56 + 9% - 36D = 0 + Ox + Ox2
hay

(2

)

T 66) + B +96) x + (—a —38) x2 = 0 + Ox + 02

Do dé « va 8 14 nghiém cua hé

200 + 66 = 0
3a + 96 =0
—a — 38 =0,
Ba phuong trinh trén tuong duong véi mot phuong trinh cudi
a+38 =0,
N6 cd nghiém khéng tdm thudng =1 a =~ 3.
Vay ho {p,, p,} 1a phu thudc tuyén tinh
d) Xét
) 0 o0
A + BB =
a BB (0 0)
Tac la
1 3) -1 -3 0 0
+ p—
b o) el - (0 0]
hay

(a—/j 3a - 3B 0 0
2a — 24 O.a—O,/j): 0 0

Do d6 «,  la nghiém cua he

a - =20
3(! - Bﬂ = O
20— Z/j =0
O = 0 = 0

191 ji



B6n phuong trinh nay tuong duong vdi mot phuong trinh dau
a-p=0.

N6 c¢6 nghiém khong tdm thuong a = 1, § = 1.

Vay ho {A, B } da cho la phu thuoc tuyén tinh.

5.14. a) Xét

a (1,2, 3) +(3 6 7 = (0,0, 0)
tuc 1a
(a + 3, 2a + 6B, 3a + 78) = (0, 0, 0).

Do d6 a va B la nghiém caa hé

a+33 =0

2 + 68 =0

3¢ + 78 = 0

Hé nay tuong duong vdi hé hai phuong trinh cuéi

2a + 68 =0

3¢ + 7 = 0.
Hé nay ¢ dinh thuc
2 6

A = *3 7‘ =14 — 18 = —4 = 0,

nén chi cd nghiém tdm thudng « = 0, 8§ = 0.
Vay ho vecto {(1, 2, 3), (3, 6, 7)} la doc lap tuyén tinh trong R3.
b) Xét
a(4,-2,6)+p(6,-3,9 =(0,0,0 €R>
tuc la
(4a + 66, - 2a - 36, 6a + 98) = (0, 0, 0)

Do dé «a, # la nghiém cta hé

4a + 68 =0
—2a — 338 =0
6a + 98 =0
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Ba phudng trinh nay tuong duong v6i mét phuong trinh
2 + 38 = 0.

N6 c6 nghiém khong tdm thudng o = 3, g = -2

Vay ho {(4, -2, 6), (6, ~ 3, 9)} 1a phu thuéc tuyén tinh.
c) Xét

a (2, -3, 1) + B(8, -1, 5) + y(1, -4, 3) = (0, 0, 0),
tuc la
(2a +368+y, ~3a - -4y, a + 58+ 3y) = 0,0,0)

Do d6 «a, f, y 1a nghiém cta hé

2a+3/$+y=0
-3a —f —4y =0
a+58 +3 =0,
Hé nay cd dinh thuc
2 3 1
A=|-3 -1 —-4]| =35 =0,
1 5 3 ’

nén chi ¢ nghiém tdm thuong a = g =y = 0.
Vay ho vecto da cho la doc lap tuyén tinh.
d) Xeét

a (5,4, 3) + (3, 3, 2) +y(8, 1, 3) = (0, 0, 0),

tuc la

(ba + 38 + 8y, 4da + 38 + 9, Ba + 28 + 3y) = (0, 0, 0),

Do d6 a, B, y la nghiém cia hé

5a + 38 + 8 =0
4a + 38+ y =0
3a + 28 + 3y =0,
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THAY LOI NOI DAU

Nam 1996 Nhi xuit bidn Gido duc di xuft ban qu_vén Toan hoc cao cdp tap 1,
Dai s va Hinh hoc gidi tich. tU nay s& viét tit 1a Thee/l- Quyén Bai tap Toan hoc
cao cdp 1ap 1 nay. viét 1it 13 BTThee/l 1a tiép ndi quyén Thec/l, nhim trinh bay
IV chi 1a 6n t3p céc kién thdc da hoc 8 trusng phd thong, nén khong trinh bay &
quyén<nay. déc gid cd thé xem ‘cic dap s6 o quyén Thee/1.

Ching t6i mudn IMu y doc gid vé cich danh s& cac tiéu dé dé tién viéc tra ciiy,

o) quyén Thee/1 chuong dinh s6 bing mot s, thi du chuong II 1a chuong thi
hai. tiét danh s6 bing hai s6, thi du tiét 3.2 |a tiét 2 & chuong 3. doc gid tim ng
& chuong 3 tiét thd 2, muc danh s& bing 3 s6, thi du muc 3.2.1 1a muc 1 & tié1 2
cla chuong 3, doc gia tim né & chuong 3 ti€ 2 muc 1. Cac dinh nghia, dinh 1i, thi
du va chu y ciing danh s6 bang ba s6 nhu vay. Riéng cac hinh vé chi c6 mot sd.

O quyén BTThce/1 cach danh s6 lam tyong 1. Chuong ¢6 mot s6, tiét co haj
s6. Riéng bai tap cd hai sd. s& dau chi chuong. s& thd hai chi s6 thd ty cla bjj
14p trong chuong, ching han bai tap 4.3 la bai tap thil 3 & chuong IV, doc gia tim
n6 & chudng 4 bai tap thit 3. Hinh vé& danh s6 biing mot sd.

Vi tai lieu nay viét 1dn dau nén khong tranh khdi thiéu sét. ching 16i mong
nhan dugc ciac y kién cia doc gid. chung t6i rdt cam on.

Ha Noi, thang 5/1997
Tac gia

TA VAN DINH



Chuong 1
TAP HOP VA ANH XA

> N

A. DE BAI

1.0. MO DAU
1.1. Dung cac ki hiéu da hoc 4 tiét 1.0 hay viét cac ménh
dé sau :

Dinh nghia - Tam giac ABC goi la tam giac cidn néu nd cé
hai gdc bang nhau.

Dinh li - Né&u tam gidc ABC cd hai canh bang nhau thi nd
14 tam giac can.

Dinh li - Diéu kién can va du dé tam gidac ABC can la nd
¢é hai canh bang nhau.

1.1. TAP HOP VA PHAN TU
1.2. Tim tap cdc nghiém cua phuong trinh hay b4t phuong
trinh dudi day va bi€u dién chung trén truc sé :
a)xf -4 +3 =0 b) x? - 4x +3 > 0
)x?-4x+3<0 dDx’-x+1=0
e)xl-x+1>0 Hat-x+1<0




1.3. Tim tap cac nghiém cta hé phuong trinh hay bat phuong
trinh dusi day va bi€u dién ching trén mat phang toa dg :

B lax -y =1
d)3x-y>0

p [Ty =2
—6x +2 = —4 e)3x -y <0

1.4. Trong cac trudng hgp sau hoi c6 A = B khong ?

a) A la tap cac s6 thuc = 0, B 1a t4p moi s6 thuc = tri

tuyét doi cta chinh nd ;

b) A la tap cic s& thuc = 0, B la tap moi s6 thuc < tri
tuyét d6i cua chinh nd ;

c) A la tap moi s6 nguyén khong am va < 100 cd tam thua
la mot s6 186 khong chia hé&t cho 3, B la tap ciac sd nguyén
khong am va < 100 cé binh phuong trit 1 chia hét cho 24.

1.2. CAC PHEP TOAN VE TAP HOP

1.5. A, B, C la tap con cta E. Ching minh rang néu
AUCCAUBvwvMAANCCANBLthiCCB.

1.6. A la tap con cua E. Hay xac dinh cac tap sau E,

ANA AUA G E

1.7. A, B la cac tap con cia E. Ching minh

a) Néu A C B thi B C A.

b) Néu A va B rdi nhau thi moi phdn td cta E sé thuoc
hoac thuéce B.

0)ACB<AUB=B<AUB=E
HACB<ANB=A<=ANB=0

e) AUB =AN
HANB=AU

2|

|
|

CUIU:J

BT) i

1.3. TICH DE CAC
1.8. Cho A = {1, 2, 38}, B = {2, 3, 4}.
Hay viét ra tdt ca cac phdn td cia A x B va bi€u dién
ching thanh cac diém trén mat phang toa do. '
1.9. Cho A [1, 2] = {x | 1 = x < 2}
B=1[23:=1{x]2<x<3}
Hay bi€u dién hinh hoc tap tich A X B trén mat phang toa do.

1.4. QUAN HE TUONG DUONG VA QUAN HE THU TU

1.10. Trong R, quan hé a R 6 xac dinh bai
na3 _b3 =q - bn
¢6 phai la quan hé tuong duong khong ? Tim lép tuong dudng
Cla, R).

1.11. Trong tap cdc s tu nhién, cdc quan hé sau cd phai la
quan hé tuong duong khéng ?

a) a chia hét cho b ;

b) a khong nguyén té véi b.

1.12. a) Trong khong gian hinh hoc théng thudng dugc coi
nhu tap cac di€ém M, M’, .., ching minh rang quan hé "M va M’
& trén mot dudng thing cing phuong véi dudng thang D cho
trude” 12 mot quan hé tuong duong. Néu dac di€m cta cic 16p
tuong duong.

b) Cung cau hoi d6 trong méat phang véi quan hé "M’ la anh
cla M trong moét phép quay quanh tdm O cho trude.”

1.13. Trong tap cac dudng thing trong khong gian quan hé
D 1 D’ cd phai 1a quan hé tuong duong khong ?

1.14. Trong R?, hay ching minh quan hé

x, ) < x,y)e=xsx,y<y
12 quan hé thi tu. NG ¢d phai quan hé thud tu toan phan khong ?
Néu khong, hay xac dinh hai cap (x, y) va (x’, y*) cu thé khong
théa man ca (x, y) < (x, y) lan (', ¥y) < (x, ¥).



1.15. Mot ki thi cd hai mon thi, diém cho td O dén 20
Méi thi sinh ¢6 hai di€m, x 12 di€m cta mon thi thd nhat, y
1a diém cua moén thi thd hai. Trong tap cac thi sinh, ngudi ta
xét tap cac cap di€m s6 (x, y) va xdc dinh quan hé hai ngoi
‘R nhu sau

hoac x; < x,
(x;, y)) Rxy y,) =

hoacx, = x, va y, <y,

Ching minh ring ‘R 12 mét quan hé thyd tu toan phan trén
tap cac thi sinh.

1.5. ANH XA

1.16. Ciac anh xa f : A — B sau la don anh, toan anh, song
anh ? Xdc dinh danh xa nguoc néu co :

DA =R B=R,fx) =x+7;

2) A =R,B =R, fx) = x*+2x - 3;

3) A = [4, 9], B = [21, 96], flx) = x% + 2x - 3 ;
4) A =R, B =R, fx) = 3x - 2|x| ;

5 A = R, B = (0, +»), f(x) = &1 ;

6) A =N, B =N, flx) = x(x + 1)

1.17. Cac 4nh xa sau day la loai 4nh xa gi ? Xac dinh anh
xa ngudc néu cd :

1) béi xitng d6i véi mot di€m O
2) Tinh tién theo vecto a_);
3) Quay quanh tam O mdt gdc 6 trong mat phang ;
4) Vi tu tam O véi ti s6 & = 0.
1.18. a) Cho anh xa f : R — R xac dinh bdi
2x
1 +x?

flx) =

NG cd 1a don anh ? 1a toan anh ?
Tim anh AAR).

IaC [R50

b)

Cho anh xa g : R - R, R" = R - {0}

1 .
xac dinh bdi x — e Tim anh fog.

1.19. Xét hai anh xa

f:

g

R — R xac dinh bdi fx) = |x|

:R+—>R,R+:={x|x€R,x>O}xécdinhbéi

x — Vx. So sanh fug va gof.
1.20. Cho 4 tap hgp A, B, C, D va ba anh xa

f:A—-B;g:B—-»C;h:C—D.

Ching minh rang

ho(gnf) = (hng)nf

1.21. 1) Cho 2 tap E va F va anh xa f : E —» F.
A va B la hai tap con cia E. Ching minh

a) A C B <= f(A) C fAB) ;

b) /A N B) C ffA) N fiB) ;

c) flA U B) = f(A) U f(B).

2)

Ching minh riang né&u f la don anh thi

flA N B) = flfA) N f(B).

1.22. Cho 2 tap E va F va anh xa f : E = F.

A va B la 2 tap con cua F, ching minh
a) A CB=f 1A crld;

by A N B = A n B,

123. Chof: E -F;g. F—G

Chuing minh rang :

D

2)

Né&u f va g 1a toan anh thi gof la toan anh ;

Néu f va g la don dnh thi gof 1a don anh ;

Néu f va g la song anh thi gof la song anh.

Néu gof 1a song anh va f 1a toan anh thi f va g la song anh.
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!.24. Véi mbi bo 4 s6 nguyén a, b, ¢, d sao cho ad — bc
ta cho anh xa f : Z° — Z? xac dinh bdi

il
—_

f:(x, y)— (ax + by, cx + dy)
va goi F la tap cac anh xa nhu thé.
a) Ching minh rang f la song anh va f~! € F.
b) Chdng minh ring néu f va g € F thi fog € F.

1.6. TAP HUU HAN - TAP DEM DUGC -
TAP KHONG DEM DUGC

1.25. 1) Ching minh rang hgp cua hai tap hitu han la mét
tap hiu han.

2) Ching minh rang hgp cia mot s6 dém dugc cac tap hiu
han la mét tap dém dugc.

1.26. Cho tap E, goi P(E) la tap tdt cd cdc tap con cta E.
Ching minh rang 9E) khong cung luc lugng véi E.
1.7. DAI SO TO HOP

1.27. Cho A = {a, b}. C6 thé lap dugc bao nhiéu bang khac
nhau c¢é dang

a b
a a I3}
¥ 6]

trong do a. 3, y. 6 € A ?
1.28. a) Cdé bac nhiéu s6 ¢d 5 chit s6 ?
b) Co bao nhiéu s6 c¢d 5 chit s6 ma cac chit s6 déu khac nhau ?

1.29. Tim s6 tdt cad cdc tap con cia mot tdp gébm n phan
tu, k€ ca tap réng.

1.30. Cho cac hoan vi P va @ cua {1 2 3 4} :
P=1{3412, = {241 3} ma ta ki hiéu nhu sau :

10

(1234 (1234
P = 3412 Q@=19413
Tim PoQ, QoP, P~' va @ L

1.31. Cho n diém khac nhau trong mat phang sao cho ba
diém bat ki khong thing hang. Xét cic doan thang néi tiing
cap hai di€m khac nhau.

a) Tinh s6 cac doan thing dd.

b) Tinh s6 cdc tam gidc dugc tao nén.

¢) Ung dung cho cac truong hgp riéng :
n=3n=4n=25.

1.32. Ching minh

a) 1 -Cl+C2— 4+ (-1)PCP = (-1yCP_,

n

o) > (-1C =o0.

=0
1.33. Tim s6 hang 16n nhdt trong khai tri€n cua nhi thidc
(37 +19)3!

B. BAI GIAI VA HUONG DAN

1.1. Tam gidc can := tam giac cé hai goc bang nhau.
Tam giac c6 hai canh bang nhau = tam giac can.
Tam gidc ¢6 hai canh bang nhau <>tam gidc can.

1.2. Bang cach giai cic phuong trinh va bat phuong trinh
ta thu duge : a) {1, 3} ; b) (-, 1) U (3, +=) ; c) [1, 3] ;
d) @ ; e) (mo, +w) ; f) &

11



ta

1.3. Bang cach giai cac hé phuong trinh va bdt phuong trinh
suy ra :
a) {(2, D} ;

b) {(x, y) | x tuy ¥, ¥ 3x - 2} dudng thang v = 3x - 2.

¢) {(x, y) | x tuy ¥y, y = 3x} duong thang y = 3x.
d) {(x, y) | x tuy y, y < 3x}.

Cac diém (x, y) nam dudi dudng thang y = 3x.
e) {(x, y)'| x tuy y, y > 3x}.
Cdc diém (x, y) nam trén dudng thang y = 3x.
1.4. a) Ta nhan thay
Dx€A=>x=20=x=]x|] =>x & Bnghialax € A =

x € B, vay A C B.

A,

N xeEB=>x=|x|] 20=x€ A nghialax € B=2x €
vay B C A.

Do d6d A = B.
b) Xét x < 0. Khi d6 vi x < 0 nén x ¢ A. Nhung cing vi

x < 0 nén x < lx|, do d6 x € B. Vay A = B.

12

¢) Gia st n € N. Chia n cho 12 ta dugc n = 12p + r
peE€N resS:=1{01 2 84,5 6,7 8 9 10, 11}.
Do do ’
n® = (12p)° + 3(12p)%r + 3(12pr + 1% = 12k + r. k € N.
Vi 12k 12 mot s6 nguyén chin va chia hét cho 3 nén
ne€AereA
Nhung bang cach tha truc tiép véi moi r € S ta thdy
re A<sreT:={l1,5 7 11},
Viycon € A=reT
Mat khac n? = (12p)? + 2(12p)ir + r
Vi 24h chia hét cho 24 nén
n € Ber € B.

5

= 24h + r’. h € N.

Nhung bing cdch thu truc ti€p v6i moi-r € S ta thay
reBereT

Vaiy cd n € Be=r e T

Tom lai n € A<=r € T<n € B, tic lan € A &n € B,
nén A = B.

Chiti y. Theo cach giai trén thi khéng can han ché n < 100.
Nhung né&u han ché n < 100 thi cd thé giai bai todn bang cach
liet ké cac phdan ti cua hai tap A va B. Tuy nhién cach lam
nay dai.

15, xr e C=>2x€ AUCCAUB=>x AUB

= x € A hayx € B.

Néux €e Athix € ANCCANB=x € B.

Vay co

x € C =x € B, nghia la C C B.

1.6. Dung biu d6 Ven (hinh 1),
ta thay ngay

@ =A;ANA=0; A
AUA-=E
E
Ngoai ra
— Hinh 1

& =E, E = .

17.a) x e B=>x € Avindux ¢ A tic la x € A, do d6
theo gia thiét A C B ta ¢d x € B, diéu nay trai voi gia thiét
x € B. Vay dung la x € B = x € A, nghia 1a B C A

b) Xét x € E. Khi d6 x € A hoac x € A (vi A U A = E).
Neux € Athix &€ B(viANB = @), tic la x € B. Vay :

xEE:xEZ-hoachEkhiAﬂB=®.

c) Dé giai bai toan nay ta ching minh ba ménh dé sau :
()ACB=AUB=B
() AUB=B=AUB=E

13



(jiii) AU B =E=AC B. NéuxéAthix%B:xEE:xEKUE.
AUB

Két qua (i) r6 rang nhd bi€u d6 Ven. Néux €EBthhr A= x€ A=>zx € U

D& ching minh két luan cua (i), trudc hét ta cha y rang Néux € Avaix ¢ Bthixe€ Avax € B=>x € AUB
ViACE, BCEnén Vay :x € ANB=1x € AU B.

A BCE
Y. _ _ Tom lai :

Sau dd, xét x € E thi x € B hoac x € B ; néu x € B thi — — -
x¢B=AUBnnx ¢ A Dodix €A VayE C A U B AUB=ANB
va ti do suy ra két qua (ii). HxeANB=>xc€ Avax € B

Dé ching minh két luan cda (iii), ta xét x € A. Ta cd xEA=>x ¢ A

x € E =AU B Nhung vi x € A nén x &€ A Vay x € B, —
nghia 1a : x € A= x € B. Do d6 A C B. rEB=x¢&B

d) D& giai bai toan nay ta chdng minh ba ménh dé sau : Vay x ¢ AU B Dodsx €AUB,

G)ACB=ANB=A ANBCAUB.
() ANB=A=ANB=y Nguge lai
(i)ANB=g=A=B8B xrEAUB=>x¢AUB=>x¢&Avax & B.

Két qua (i) ro rang nho so d6 Ven. —
X xEA=>xE A
D€ ching minh két luan cha (ii), trudc hét ta xét x € A.

Ta cd x ¢ B=x € B.
xEA=ANB=>xe€B=x¢& B. Vay
Vay AN B = &. ‘ xEAUB=>x€Avax€EB
 DEehine minh Lt cin ) i st < € A i 08 i 1 x < 05 o 45
~nghia 14 A C B. UBCANRB
e)x € AUB=x€ A hoac x € B. Vay cé két luan cua f).
Néux € Athix ¢ A= x¢&ANB 1.8. {(1, 2), (2, 2), (3, 2), (1, 3), (2, 3), (2, 4), (3, 2), (3, 3),
Néux € Bthix ¢ B=x & A N B. 3, H}.
Vay ' Cac di€m cé toa do nhu trén.
xEAUB=>x¢ANB=>x€EANB 1.9. Hinh chit nhat cd 4 dinh 1a (1, 2), (1, 3), (2, 2), (2, 3).
Ngugce lai 1.10. Theo d4au bai, vé6i a € R, b € R ta ¢d quan hé
xEANB=>x&ANB a@b@a3—b3=a—b (1.1)
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Quan hé nay cé tinh phan xa @ Ra vi ta luén co
(L:;_(13=(1_a
Quan hé nay cd tinh d6i xing vi tit @ R b tuc la
a?-b3=a-b
ta suy ra b3 -a’=b-aticlab Ra.
Quan hé nay cd tinh bac cau vi tu
a Rb ticlaa’-b3=a-b,
bRecticlabd -3 =b-g¢
ta suy ra
a’> - ¢’ =a~-cticlaa Rec.
Vay quan hé (1.1) 1d quan hé tuong duong.
Bay gio xét 16p tuong duong €(a, . N6 géom nhing 6 € R
sao cho b R a, tuc la
b3-a*=b-a
" hay
(b - afp?+ab+a*-1] =0
Vay 16p tuong duong €(a, ‘R) truéc hét géom phan ti b = a,
sau dJ la cac phan ti b sao cho
b2 +ab +a*-1=0.
D6 1a mét phuong trinh, bac hai d6i véi b.
Do dé quan hé cho & dau bai la quan hé tuong duong va
16p tuong duong €(a, R) xdc dinh béi :
Néu la| < 2N3 va la| = IN3 thi €(a, R) = {a va hai
nghiém cta phuong trinh x* +ax +a’ -1 = 0).
Néu |a|l = 23 thi €(a, R) = {a va nghiém kép cta phuong
trinh trén}.
Néu |a| > 2/43 thi €@, R) = {a}.
Néu |a| = IN3 thi €(a, R) = {a, -2a}.
1.11. a) Quan hé nay khong déi xting vi khi a chia hét cho
b thi ndi chung & khéng chia hét cho a, vy quan hé nay khong
phai 12 quan hé tuong duong.
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b) Quan hé nay khéng bac cdu vi khi a khéng nguyén té véi
b, b khong nguyén té vdi ¢ thi chua hdn 1a ¢ khong nguyén tg
voi ¢. Thi du :
a =5b6=15¢c=3.
Vay quan hé nay khéng phai l1a quan hé tuong duong.

1.12. a) Quan hé nay ré rang cd tinh phan xa, d6i xdng va
bic cdu, cho nén nd 12 mot quan hé tuong duogng. Méi 16p tuong
duong 12 mét dudng thidng cung phuong véi D. Tap cac lép
tuong duong gdém tdt ca cac dudng thing cung phuong véi D.

b) Quan hé nay ré rang cd tinh phan xa, d6i xdng va bac
cau, cho nén nd 12 mat quan hé tuong duong. Méi lop tuong
duong la moét dudng tron tam O. Tap cac 16p tuong duong la
tat cA cac dudng tron tam O.

1.13. Quan hé nay khéng phan xa vi D khéng L D, khong
bac cdu vi D 1 D’, D’ 1 D” thi chua chdc D L D”. Vay quan
hé nay khéng phai 12 quan hé tudng duong.

1.14. Xét cac cap (x, y), (x’, ¥), (x”, y’) cua R.

Vix =x, y =y nén

(x, y) = (x, y)
nghia 1a quan hé c6 tinh phan xa.
Néu (x, y) < (x), y) tdclax s x’, y <y’
@, y) s (@, y)tdiclax’ < x,y <y

thi x = x2”, y = y’ tidc la
(x, y) = (&, y?
nghia 12 quan hé c¢d tinh phan d6i xdng.

1 i3] >

<zx”y

]

Néu (x, y) < (), y) ticlax < x, y <y’
(x, y) € 7, y) tdc la x <y
¢thi
tic la
(x’ y) < (xn’ y)))

nghia Ia quan hé c6 tinh béc ciu.
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Vay quan hé dang xét la mot quan hé thd tu.

Nhung né khong phai 12 quan hé thi tu toan phan trén R?
vi chang han hai cap (1, 2) va (2, 1) khong so sanh duoc :
khoéng cé (1, 2) < (2, 1) cing khong ¢ (2, 1) < (1, 2).

1.15. Xét ba thi sinh c¢d ba cap diém (x, y)), (x;, ¥,), (x3, y3)-

Vix, =x,y =y nén (x, y) R (), y). Vay quan hé R
cd tinh phan xa.

Bay gis d€ ching minh tinh phan d6i xung ta gid su :
(x;, ¥ R (x, y,) va (x;, y,) R (xy, ).

(x;, yp R (x,, y,) <=hoac x; < x,, hodc x; = x5, y; < ¥,
(x,, ¥;) R (x}, y) «=>hodc x, < x;, hoac x, = x,, y, <y,
Nhu vay, x; < x, va x, < x|, do d6 x; = x,.

Khi d6 lai ¢6 y, < y, va y, < y;, do d6 y; = ¥,

Vay ti (x, y) R (xp y)) va (xy y,) R (x, ¥, ta suy ra
(x;, y;) = (x5, y,). D6 la tinh phan déi xing cua r.

Bay gio dén tinh bic cau.

Gia st (x;, y) R (xp, y,) va (x5, y,) R (a3, y3).

(x;, y) R (x,, y,) cé nghia la x; < x,, va néu x; = x, thi
Y1 S Yy

(x5, ¥,) R (x5, y3) c6 nghia la x, < x5 va néu x, = x4 thi
Y, € Y3

Nhu vay, tit (), y) R (x,, y5) va (xy, ¥,) R (x4, y;) ta suy ra:

XS Xy Xy S X3 DX S Ay

va néu x; = x, thi x; = x, = x; nén ta via ¢d y, < y, vita
c6 y, < ¥ vay co (x, y;) R (x5, y4). Do do

(xpp ¥ R (xy y,) va (x5, y,) R (x5, y3) = (x), y) R (x5, v3).

D6 1a tinh bic cdu cua R

Vay R 1a moét quan hé thd tu trong tap cac thi sinh.
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Bay gio muén biét no c¢d phai la mét quan hé thd tu toan
phan hay khong ta xét hai thi sinh bat ki v&i cic cap diém
(X, Y) va (X,, Y,).

Trudée hét ta so sanh X, va X,

Neéu X, < X, thi (X, ¥) R (X,, Y,)
Néu X, > X, thi (X, ¥,) R (X, Y)
Néu X, = X, thi ta so sanh tiép Y, véi Y,
Néu Y, < Y, thi (X;, Y) R (X,, Y,)
Néu Y, > Y, thi (X,, Y,) R(X,, Y}

Vay hai thi sinh bit ki bao gio cling so sanh dugc. Do do
quan hé thd tu dang xét 13 m6t quan hé thd tu toan phan.

1.16. 1) Xét phuong trinh f(x) = y € B tic la
x+7T=y, x€A

V6i y € B cho trudc né cé khong quid moét nghiém, vay f la
don anh.

Véi moi y € B nd luén cd nghiém, vay f la toan anh.
Do do f la song anh.
Anh xa nguge la x = f—l(y) =y - T
2) Xét phuong trinh fix) = y € B tic la
x2+2x-3=y, x€EA
Day 1a mot phuong trinh bac hai d6i véi x
2 +2x-B3+y) =0
Cd biét s6
AN =1+E3+y)=4+y.

Néu 4 + y > 0 tic 12 néu y > -4 thi phuong trinh ¢6 hai
nghiém khac nhau. Vay f khéng phai don anh.

Néu 4 + y < 0 tic la néu y < -4 thi phuong trinh khong
c6 nghiém thuc. Vay f khdéng phai toan &anh.

Do dé f khong phai song anh, khéng c¢d anh xa nguoc.
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3) Xét ham s6y = flx) = x* + 2x - 3. NG c6 bang bién thién

1 "

’ oo 0 - o -4 o

y —— 2 - ,ﬁir/ ,7+m
\ ) _4 — ,1 - g

Khi x tang tit 4 dén 9 thi y tang lién tuc ti 21 dén 96. Vay
phuong trinh
2 +2x-3=y€[21,96] =B
¢6 moét va chi mot nghiém
x=-1+V4 +y €49 = A
Do do anh xa via la toan anh, via la don anh, nén 1a song
anh va cé anh xa ngudc la
flo) = -1+Vd4 +y
4) Xét ham s6y = f(x) = 3x - 2|x|. NG co thé bi€u dién bdi
3% - 2x =x khix =20
y={3x+2x 5x khix < 0

va c6 bang bién thién

X -0 0 too

Yy - // 0 /,/-//’/, +c0

] y = 5x y =2
Khi- x ting tit — dén +o thi y tang lién tuc ti -« dén +w.
Vay phuong trinh
f(x) =y € (—oo, +») = B

c6 moét va chi mot nghiém x € (-», +x) = A
Do dd f vita la toan &anh, vita 1a don 4anh nén la song 4anh

va ¢6 anh xa ngugc

y y=0
-y = {1
v 5y,y<0
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5) Xét ham s6 y = flx) = &1 = ee.
NG c¢d bang bién thién
x —c0 +0o0
y ’ L te
0+

Khi x tang ti -o dén +w thi y tang lién tuc td 0" dén +ow.

Vay phuong trinh
flx) =y € (0, +) = B
c6 mot va chi mot nghiém x € (-», +) = A.

Do do f vua la toan dnh, viia la don dnh, nén la song anh
va c¢d anh xa nguge thu duge bang cach giai phuong trinh
=)
tuc la

fly) = Iny - 1.
6) Phuong trinh flx) = y viét
x(x+1) =y €B = N.

Xem x 14 mot dn s6 thuc thi khi A = 1 + 4y = 0 phuong
trinh c¢d nghiém thuc

o TlEVT+gy
* = 2
Khi 1 + 4y 1a mét binh phuong cta modt s6 nguyén 1é nhu
khi y = 6, 12, v.v... thi chi c6 mét gia tri x = (-1 +

+ V1 + 4y)/2 1a s6 nguyén > 0. Khi 1 + 4y khong phai la binh
phuong cta mot s6 nguyén 18 nhu khi y = 3, 5 v.v... thi x
khéng phai la s6 nguyén = 0.

Vay f la don anh, khong phdai 13 toan anh, nén khong phai
la song 4nh, khong cd anh xa ngugc.

1.17. Tat ca déu la song anh.

1) Anh xa ngugc tring véi nd.

. —>
2) Anh xa nguge la tinh tién theo vecto —a.



3) Anh xa ngudc la quay quanh tam O moét géc -6.

., , 1
4) Anh xa ngudc la vi tu tam O véi ti sé e
1.18. a) Xét ham sé

y = flx) =

1 +x2
¢d dao ham
, 21 -x)
T (1492
va ¢d bang bién thién
X | - -1 +1 +oo
Ty — 0+ 0 -
|
1 0 1 -
i . =1 -0

Dua vao bang bién thién ta thdy phuong trinh

o
f(x):thcla1+2=yER

¢ t6i hai nghiém khac nhau khi -1 < y < 1 va khong co
nghiém nao khi y < ~1 hay y > 1.

Vay f khong phai don anh, khong phai toan anh, déng thoi

fIR) = [-1, 1].
b) Ta cd x € R" = 1/x € R va
1 2/x
(fog)x) = flew] = f () = 1 ()
pu— 2x —
- 1+x7 f(x)
Vay fog =f.
1.19. Néu x € R, thi
(fog)(x) = flgo] = flx) = [Vx| = Vx
(gof)x) = glfl = gtlxp = Vla] = Vx
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nghia la khi x € R,
(fog)(x) = (gofilx)
Nhung khi x < O thi
(goNx) = VIxf
cdon (fog) khong xac dinh.
Vay fog # gof.
1.20. Xét x € A ta cd
[ho(goN1x) = hlgoN(x)] = hlglflx)]]
[(hog)of1(x) = (hog)[flx)] = hlglflx)]}
Vay hol(gof) = (hog)of.
1.21. 1) a) Ta phai ching minh

1) A C B=f(A) C f(B),
2) ff[A) C fiB) = A C B.

Chitng mink 1) : y € f(A) thi t6n tai x € A dé flx) = y
x €EA=>x€ B (M A C B); vay tén taix € B dé flx) = y
do d6 y € f(B). Vay flA) C f(B).

Chitng minh 2) : Xét x € A thi fx) = y € f(A) ; nhung
flA) C f(B) nén f(x) = y € f(B), ta suy rax € B. Vay A = B.

b) Gia st y € LA N B) thi 3x € A N B dé flx) = y.
Khi do :
vix € Anénflx) =y € flA)

dong thoi
vix € Bnén flx) =y € f(B)..
Do do
fix) =y € ffA) N f(B).
Vay

LA N B) C flA) N f(B).
c) Xét y € LA U B) khi d6 3x € A U B d€ flx) = y.
Khi do, néu x € A thi flx) = y € flA);
néux € B thi flx) = y € flB);
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nghia 1a ta luén co 1.22. a) Xét x € f 1A). Khi d6 x € E va fix) = y € A,
nhung A C B, do dd flx) = y € B = x € f'l(B), vay cd
f Y%A) c £ 4B) va cau a) dude ching mink.

b) Xét x € fFllA N B) tic lax € E va flxy =y € A N B.

fix) =y € flfA) U f(B).
Vay
flA U B) C ffA) U fIB).

Khi d¢
Ngugc lai, xét y € ffA) U f(B). Khi do flx) =y € A=x € fHA),
néuy € flfA) thi 3x € Adé€ flx) = y dong thoi
— -1
néuy € f(B) thi 3x € B dé flx) = y ; fy =y € B=x €[ (B
nghia la ta luén cd Vay
-1 -1
3x € AUBdEflu =y x € f{A) N B,
. tuc la
Vay A nB) i n s
fx) =y € f(A U B). Nguoc lai, xét x € £ 1A) N £ Y(B) nghia la
Do do x€f A = fx) =y €A,
flA) U f(B) C f(A U B). déng thai
Két qua la r€f B =fix)=y€EB
f(A U B) = flA) U fiB) Vay
2) O cau 1. b) ta da ching minh fo =y&eAns
Do do
flA N B) C f(A) N f(B). x € f"YA n B).
Bay gio gia st f la don anh. Vay
-1 -1 -1
Xét y € flA) N A(B). Khi d6 fHA) O fB) Cf AN B).
y € flA) tic la 3x, € A d6 flx)) = y, Két qua la cdu b) dugc ching minh.
dong thoi 1.23. 1) Gia thiét f va g la toan anh :
y € f(B) tic la 3x, € B 6 flx,) = y. fE) = F, g(F) = G
Vi f la don anh nén ta suy ra X, = x, Ta suy ra
Vf_iy Jx = x = x, € AN B dE fx) = v. (g E) = g[f(E)] = gF; = G.
Vay gof 1a toan anh.

Do do y € flTA N B), nghia la

flLA) N fIiB) C flA N B).
Két qua la : khi f don anh ta c¢

fTA N By = flA) N fiB).

Bay gio gia thiét f va g la don dnh. Xét x| va x, € K. Ta co

—_ Y
(  EF gy =2, €06

X, € E flxy) =y, € Fogv,) =2z, G

x, €EE fix) =y

[\
o1l
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va (goN(x)) = glftxP] = gly) = 2, ;
goN(xy) = glflx)] = gly,) = 2,.
Gia st z; = 2z,
Vi g la don 4nh nén y, = y,. Tit dd, vi f la don anh nén

X = X, Vay ti (gof)(x)) = (gof)(x,) ta suy ra x; = x, Do dd
gof la don anh.

Tu hai két qua trén ta suy ra :

Néu f va g la song anh thi gof ciing la song anh.

2) Ching minh f la don 4nh.

Gid su f khong phai don 4nh ; tdc la ton tai x; va x, € E
sao cho x; # x,, dong thoi f(x;) = flx,). Ta suy ra

(goN(x)) = glflx )] = glf(x,)] = (gof)x,),

tuc la
(gof)(x)) = (gof)(x,).

Vi (gof) theo gia thiét 1a don 4nh nén ti¥ dang thudc trén ta
thu duge x; = x, ; diéu nay trai véi gia dinh x, # x, § trén. Vay
f 1a don anh.

Theo gia thiét f da la toan anh, vay f la song anh.

Ching minh g la toan 4nh.

Vi f la toan anh nén f(E) = F.

Vi gof 12 toan anh nén (gof)(E) = G.

Ta suy ra

G = (o )(E) = glf(E)] = g(F),
nghia la gF) = G
Viy g la toan anh.
Ching minh g la don anh.

Gia st g khong phai don anh, tdc la ton tai y, va y, € F
sao cho y, # y,, gly) = glyy).
Vi f la toan anh nén
Ix, € E dé flx) =y, ;
Ix, € E d€ f(x,) = y,.
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Ta co
gy = glflx)] = goNx)
gy, = glftxy)] = (golx,).
Vi gly;) = g(y,) nén
(gofitax)) = (gof)lx,).
Vi gof 1a don anh nén tu dang thidc trén ta thu dude x; = x,.
Nhung
x, =x, = flx) = flx,),
tic la y, = y,, diéu nay trai gia dinh y, # ¥, 6 trén. Vay g
la don dnh.
Ta da ching minh dugc g 1a toan anh. Do dé g la song anh.
1.24. Anh xa f ¢6 thé mo ta nhu sau :
flx, y) = X, )

véi
ax + by = X
1.2
cx+dy:Y} (12)
va
a b
A= c d’ = ad — be = 1.

a) Vi A =1 # 0, nén khi X va Y xem la da biét thi hé
(1.2) ludon ¢ mot va chi moét nghiem (x, y). Do ddé f vua la
toan anh (vi hé (1.2) luén c¢d nghiém) via la don anh (vi hé
(1.2) ¢6 khong qua mot nghiém). Vay f la mot song anh.

Muon c6 f~! ta giai he (1.2) déi véi x, y -

JXj
" d
x = z - = dX - bY;

- A
LGX
cY ,
y = A = —cX + aY
Vay
X Y o= x,



vai
dX - bY = x
-cX+aY =y
va
d -b]
l I =ad — bc = 1.
|—c a
Do do fterF.

b) Bay gio gia st fva g € F :
fix, y)) = (ax + by, cx +dy), ad — bc = 1
gllx, y)) = (ax + By, yx +3dy), ad - By = 1.
Ta phai ching minh fog € F. Ta cd
(fog)((x, y)) = flg((x, y))].
Do do
(fog)((x, y))

i

fllax + By, yx + 3y)) =
(alax + By) + blyx + 8y)), clax + By) + d(yx + Sy))
((a + bynx + (af + bd)y, (ca + dy)x + (¢ + dd)y)

il

=, y)
vai
x’ = (aa + by)x + (aff + b3d)y ;
y’ = (ca + dy)x + (¢ + dd)y.
Xét dinh thuc

aff + bd
¢ + do

ac + by
ca + dy

D = [aa + 8y)cf + ddD) — (@ + bS)ca + dy)
= awcf + aadS + byeff + bydd — afea - afdd — bdca - bddy
= aadd - afdd + bycp - boca
= adlad - fy) + betyff ~ «wd)
=ad — be = 1.
Vay fog € F.
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1.25. 1) Gia st A ¢6 n phan tu, B ¢ m phan tu
A = A{x, x5 - x,}
B ={y, ¥y = I}
Khi d6 A U B cé nhidu nhdt n + m phan td, nén nd la mot
tap hiru han.
2) Gia su

ALA, LA, -
la cac tap hiu han, A, c6 n, phédn tu :
Ap = {xy, 2y 0 xlnl}
A, = {x,y, Xy x2n2}
Am = {xml’ 2 » Xmn }

Xét tap B nhu sau

B = {z, z, ..., zn], znlﬂ, z"1+2’ - zn1+nz, ey zn1+n2+v__+nm, ...}
Khi d6 gita hop cua cdc A,
AJUA,U.LUA U ..
va B c¢6 mét tuong dng moét déi mot.
Vay hop cua cac A; cung luc luong vai B.
Nhung B cung luc lugng véi N.
Vay hop cia mot s6 dém dugce cac tap httu han la mot tap
dém dugc.
1.26. Gia st ¢ la mot anh xa nao d6 tiu E t6i P(E). Khi do
x € E thi p(x) la tap anh cta x nén p(x) € P(E) ;
x ¢S thé thudce ¢(x), cé thé khong. Ta xét
A={x €E x & px}.
Nhu vay A € P(E). Hoi ¢ tén tai ¢ € E dé A = ¢a)
khong ? Gia st cd mét phan ti @ nhu thé Khi do
Néu a € pla) thi @ € A = pla) = mau thuan.
Néu a & ¢(a) thi @ € A = pla) = mau thuan.
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Vay khong c6 phén td a nao cia E dé A = p(a). Do dé anh
xa ¢ khong phai toan anh, nén khong phai song anh. Vi ¢ la
bat ki nén ta suy ra : khong thé tén tai mot song anh gitta E
va (P(E). Vay E va P(E) khong cung luc lugng.

1.27. Méi bang thanh lap t¥ mot bo (afyd). Mbi bo (afyd)
la mét chinh hgp lap chap 4 caa cac phan td cta A = {a, b}
gom 2 phan t&. Vay s6 bang thanh lap duge bang s6 chinh hgp
lap chap 4 cua 2 phan td, nghia la bang 24 = 16.

D6 ciing 1a s6 anh xa tit A2 téi A.

1.28. a) Méi s6 ¢6 5 chit s6 c¢6 thé tach thanh 2 phan : phan
dau la 1 chi& s6 khac khong ldy tit {1, 2, 3, 4, 5, 6, 7, 8, 9}
phan sau gém 4 chit s6 bat ki, cs thé trung nhau, 14y t 10 chit
s6 {0, 1, 2, 3, 4,5,6, 7, 8, 9}. Vay s6 cac s6 ¢ 5 chil s bang
9 lan s6 cac chinh hop lap chap 4 cdia 10 phan ti. S6 d6 la

9.10% = 90000

b) M6i s6 ¢ 5 chit s6 khdc nhau ¢ hai phan : phan ddu la
moét chit s6 khac khong lay tw {1, 2, 3, 4, 5, 6, 7, 8, 9}, phan
sau la 4 cht s§ bdt ki khdc nhau lay tit 9 chit s6 con lai cia
{0, 1, 2, 3,4, 5,6, 7, 8 9}. Viy s6 cac s6 c6 5 chit s6 khdac nhau
bang 9 14n s6 chinh hgp khong 1ap chap 4 cta 9 phan ta. S6 d6 la

9.9.8.7 = 27216.
1.29. Goi E la tap cd n phén ta. Nhitng tap con cua E la :
- Nhing tap- con chia 0 phan tu, d6 1a tap réng ; ¢ Co =1 tap.
~ Nhiing tap con chia 1 phan td, cd téng s6 C} tap.

— Nhitng tap con chda p phan td (p < n), c6 CF tap.
- Nhilng tap con chda n phéan tt, do 1a E, co C7 =1 tap.
Vay t6ng s6 cic tap con cia E la

CR+tC+Ci+ . +C+ .. +C=1+1)"=2n
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1.30. Ta di biét (xem dinh nghia 1.7.1, Thce/1) moét }10én .vi
cua tap A = {a  a, .. a_} la anh ctia mo6t song anh ti A lén
A. Mot ki hiéu song &nh d6 bang chit P thi anh dd la

{P(a,) P(a,) ... Pla )}

NG 1a mé6t hodn vi cia A ; ngudi ta cling goi hodn vi nay la
hoian vi P. D& cho dé thdy ngudi ta con viét hoan vi dd nhu sau :
a a; R a,

b= P(a)) Py ... P(a,)

trong dé hang trén la cdc phdn td @, cia A, hang dudi la cac
anh P(a;,) tuong ung.
Nhu vay, hodn vi {3 4 1 2} cua tap {1 2 3 4} cd thé viét
(1 2 3 4)
3 4 1 2

Xét thém hoan vi @ cua A :

a a .. 9
Q= [Q(al) Qay - Q@)
Khi d6 tich PoQ la tich ciua hai anh xa P va @, no tao ra
hoan vi tich
a

1 aZ an
Po@ = | (Po@)(a,) (PoQ)(@,) - -. (POQ)(an)]

xac dinh béi
(PoQ)(a,) = PIQ(a)].
V6i P va @ cho ¢ dau bai :

1 2 3 4
P=13 4 1 2
1 2 3 4
Q=19 4 1 3

ta cd
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vi (Po@)(i) = P[Q(1)] = P(2) = 4
(Po@)(2) = PIQ(2)] = P(4) = 2
(PoQ)(3) = PIQ(3)] = P(1) = 3
(Po@)(4) = PIQ(4)] = P(3) = 1
Mot cach tuong tu ta cd
2 3 4
QoP = (i 3 2 4)
vi (QuP)(1) = QIP(1] = Q(3) = 1
(QoP)(2) = QIP(2)] = Q4) = 3
(QoP)(3) = QIP(3)] = Q(1) = 2
(QaP)(4) = Q[P(4)] = Q(2) = 4
Bay gio xét P! va @ L. Ta c6
o J 1 2 3 4
P PT'@ P P
(1 2 3 4)
i3 41 2
o 1 2 3 4
© T e e e Q‘1(4)J
_ (1 2 3 4)
131 4 2

1.31. a) Cd hai di€m cho moét doan thidng. Vay d biang sé
cac t8 hgp cua n di€m chap 2, do dé
n(n —1)
— 5

b) Cd ba di€ém cho mot tam gidc. Vay ¢ bang sé cdc t8 hop
cia n di€m chap 3. Do d¢

nn —1)(n —2)
3!

d =

32

c)V8i n=3tacod=23¢t=1
n=4taccd =6,¢t =14

S5tacdd =10,¢ =10

1.32. a) Truéc hét ta ki€m tra lai cong thic

ad_, +C = F

-1 n—1 n

n

That vay, ta c6
n-1..(n-1-p+1 + -1 (n=-1-(p-1)+1)

p! @~
_ (n—l);!(n —p) (n—l)-~~;r!t —p+1)p _
_ (n-—l)...}()r!L-—p+1)((n oy +p) =
_n(n —1).‘..p(!n ~p+1) _ o

Sau dd, thay trong
S=1-Cl+C2 + .. + (-1)rc?
C? boi cong thic trén ta duge
S =1-(Cy_; +Cl) +(CL, +C2 )+ ..
PO oy =
(-1¥C,

b Y=+ =2

M=

0

4

o > (¢ =01=-1"=0

i=0

1.33. Dat s6 hang thd p + 1 trong khai trién (37 + 19)3!

31
u, = 04 871719
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19 19 32-p

"37 37

37

19

“p _ 31! @ — D32 -p)!
Up— T op!i(81 =p)! 31!
Yp 31! @ + (30 —p)!
Uy ~ pl@Bl=-p)’ 31!
Up 4y 19 31 —p
Ta suy ra
“p
” > 1 <608 > 56p <=p < 10, p nguyén ;
p—1
“p
> 1<50p > 570 <=p > 10, p nguyén.
Upty
Vay co

Uo

<u,1 < ...

<u9<u

10

Do d6 u,, la s6 hang 16n nhat :
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u,, = C}937211910

> u11 > .

> u

Chuong 11

CAu TRUC PAI SO - SO PHUC -
PA THUC VA PHAN THUC HUU Ti

2.1. LUAT HOP THANH TRONG TREN MOT TAP

2.2. CAU TRUC NHOM

2.1. Cho E = {1, 2, 3}, P, P, Py, P, P, P, la cac hodn
vi cia E. :

1) Ching minh rdng véi luat hop thanh la tich cdc hodn vi
thi tap hgp cdc hodn vi ndi trén tao thanh mét nhém, ki hiéu
la S,

2) Hoéi nhom dd cd giao hoan khéng ?

2.2. Goi R* := R - {0}. Xét cac anh xa f, : R® = R" nhu sau

filx) = x, [, = 1/

f3(x) = —=x, fyx) = -1/x
Véi luat hgp thanh * xac dinh bdi
0= e

hay ching minh ring ciac 4nh xa trén tao thanh mét nhom.
Nhém dé co giao hoan khong ?

35



2.3. Ciing cau héi nhu & bai tap 2.2 véi R = R - {0, 1}
va f, : R*® — R" nhu sau :

2.5. O PHUC
2.8. Ching minh ring
' z = (1 +2)(2 - 3i)(2+i)(3 - 2)

la mét s6 thue.

filx) = x, flx) = —= [f3(x)

1 —x

1
falx) = o fs =1 -z, fo(x)

2.9. Tim x va y thuc théa man
(1+2)x+@B-56)y=1-3;
2.10. Cho @, b € R, hay xac dinh x, y € R sao cho
(x +ai)b +yi) = 4 + 3i

Bién luan theo a va b.

2.3. CAU TRUC VANH
2.4. Hoi mbi tap s6 sau day voi phép cong sé va phép nhan
s6 cé phai 1a moét vanh khong ?
1) Tap céc s6 nguyén ;

) 2.11. Hay thyc hién cac phép tinh sau
2) Tap cac s6 nguyén chén ;

1 +itga a +bi
3) Cac s hitu ti ; T—itga’ R
4) Cac s6 thuc ; (1+2i)2 -1 —i)3
5) Cac s6 phic ; CBrap @+
6) Cac s6 cé dang a + bV2, a va b nguyén ; (1-i)s -1 (1 +0)°
7) Céc s6 cd dang a + 6Y3, a va b hiu ti ; m; ¢ (1 -i)?

8) Cac s6 phic c¢d dang a + bi, a va b nguyén ; 2.12. Hay tinh

D (2 reP) w ()

9) Cac s6 phic cé dang a + bi, a va b hiu ti.

2.4. CAU TRUC TRUONG

2.13. Hay tinh cdc can bac hai cta cac s6 phic :
2.5. Hoi méi tap s6 & bai tap 2.4 trén cd phai la mét trudng’ 3 . )
: - 4; - - .
khong ? a) L b) -15 + 8 ;
c) -3 - 4i; d) -8 + 6:.

2.6. Ching minh ring phuong trinh x> + x - 1 = 0 khong

¢ nghiém hitu ti. 2.14. Giai phuong trinh
a) x% +6x3 +9x2 +100 =0

b) x¥ +2x2 - 24x + 72 = 0

2.7. Cho a, b, ¢, d 1a cac s6 hitu ti, A 1a mot s6 vo ti, ching
minh rang :

(a+ib =c+Ad)=(a=cvab=d 2.15. Viét cac s6 phic sau & dang lugng giac

Ij'ng dung : Viét s6 V192 + 96V3 & dang a) l; b) -1 ; c)i; d) -i;
x + yV3 véi x, y hitu ti. e) 1 +i,; H-1+i; g -1-1i; hy1-i;
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va
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)1+iV3 ;. ) -1 +iV3 ; k) -1 - V3 ;
D1-iV3; m) 2i; n) -3 ;
o) V3 -i; p2+V3+i
2.16. Tim dang lugng giac cua
_1+iV3
R
Tinh 2!,

2.17. Cho a = cosf + isinf. Tinh }l theo 4.
1 +a

2.18. Xét hai sd phic z; va z,. Tim diéu kién vé z, va z, d&€

a) z,/z, 1a thyc ;

b) z,/z, 14 4o thuan tudy.

2.19. Hay tim bi€u dién hinh hoc ctia cac s6 phdc z thdéa man

a)lzl <2 b lz-1 <1;
e)lz-1-i} < 1.
2.20. Giai phuong trinh
a) lzl —z =1+ 2i ;
b) |z| +z = 2+ 1.
2.21. Chdng minh hang ding thic
lx + 312+ [x - yI 2 = 2dx]? + |5

cho biét y nghia hinh hoc cua nd.
2.22. Tinh
e 1+iV3 | 20
25 . =
a) (1 +i)%; b (5 ) ;
3—i > ~1+B)S  (—1 —iV3)!S
c) <1 _ B Z>“4; d)( l?[j') +( ”’[j) .
2 _ (1 —1)20 (1 +0)°
2.23. Tinh

(1 + cosa + isina)™

2.24. Ching minh rang néu z + — = 2cosf, (z € C), thi

N | =

1
2"+ ; = 2cosmb

2.25. Ching minh
< 1 —itga) T 1 —itgna
2.26. Tinh cac can :

1-: 1+ i—1
; b) bac 8 caa ; ¢) bac 6 caa

a) bac 6 cua

2.27. Hay biéu dién theo cosx va sinx :

+i V3 —i 1+iV3

a) cosbx ; b) cos8x ; ¢) sin6x ; d) sinx.

2.28. Hay bi€u dién tgbx theo tgx
2.29. Ching minh

N — onl2 n_Jt n_Jt
(1+)" =2 (cos4 +zsm4>

2.30. Hay bi€u dién cos’@ va sin’6 theo cos va sin cua céac

gdc boi cua 6.

2.31. Viét nghiém cta phuong trinh
?+x¥3 +1 =0

6 dang lugng giac

2.32. Giai phuong trinh
z2-(14+i¥38) -1 +i3 =0
2.33. Giai phuong trinh
xt -t -8=0

2.6. DA THUC

2.34. Hay chia
a) 220 - 3x% + 4x? - 5x + 6 cho 2% - 3x + 1 ;
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b) x3 - 3x2 - x - 1 cho 3x% - 2x + 1 ;

c) x* + ix® - ix?2 + x + 1 cho x% - ix + 1.

2.35. Tim diéu kién dé x> + px + ¢ chia hét cho x*> + mx — 1.
2.36. Tim diéu kién dé x* + px? + ¢ chia hét cho x? + mx + 1.
2.37. Hay phan tich thanh tich cdc thua s6 bac nhat

a) x4 - 2x%cosp +1; b)x3 -6x2+1lx - 6;

c)x*+4; d) x% - 1022 + 1.

2.7. PHAN THUC HUU Ti

2.38. Hay phan tich cdc phan thdc sau thanh téng cac phan
- thic don gian :

(x—1)3 2x(x2 + 1)
a) ———; S a2

x? -4 (x% —1)?

1 2+1

0 —— d) ad ;

x(x —1)3 (- DEZ+x+1)
) x*+4 1
e ; ;

xt—4 2 +1

1

g)

2+ 1)2@2+x+1)

B. BAI GIAI VA HUONG DAN

2.1. Ta sé diung cach ki hiéu cta hoan vi va tich cac hoan
vi & bai giai cua bai tap 1.30.
Tap E = {1, 2, 3} c¢6 ba phdn tit nén ¢6 3 ! = 6 hoan vi.

D6 la
123 123
P1=-(123) P2=(231)
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123 123
P3‘(312) P4={(132)
123 123
P5=(321) P6=(213)

1) Goi Pla tap cac hoan vi cta E :
P= (P, P, P, P, P, P}
vGi luat tich cac hodn vi.

Ta cd, chidng han

por = (130 0 (123 - (23] -
Pars= 353 0 (31 - (153 -
v.v...
Ta thu duge bang nhan sau
P, P, P, P, Py P
P, P, P, P, P, Py P,
P, P, P, P, P, P, P,
P3 P3 Pl P2 PS P() P4
P4 P4 PS P() Pl PZ P3
PS PS P6 P4 P3 Pl PZ
P, P, P, Py P, P, P,

1) Dua vao bang trén ta thdy P = @& va
PoP eP Vij=12 .6

!

Vay luat nhan ki hiéu bdi o 1a mot luat hgp thanh trong
trén P

Co thé ki€m tra lai dé thdy rang luat o cd ba tinh chat :
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a) Tinh k&t hop, chdng han
P,o (P oPy) = PyoP, = P
(P2 e P4) o P3 = P() o P3 = P5
nghia la
P,o(P,oPy = (PyoP)oPy
b) Tén tai phdn td trung hoa la P, :
P oP =P oP =P, Vi
¢) Moi P, déu c¢6 phéan t& d6i, chang han
P,oP,=P,P,0P; =P,

nén P, cd phdn ti déi la P, va P, cé phan ti d6i la P;.

Vay tap P véi luat o 12 mot nhom.
2) Nhung nhom nay khong giao hodn vi cd
P40P3 =P() ¢P30P4 =—‘P5.

2.2. Ta lam tuong tu bai tap trén, chidng han :

1 1
(fl * fz)(x) = (fl ofz)(x) = fl[fg(x)] = fl <;> = ; = fz(x)

tdc la hxhh =1

1
(fy = (@ = fIf00] = 0 = — = f®)

tuc 1a fo 5 f3=fa;
v.v. Ta thu dugc bang

fi f2 f3 T4

1 fi > f3 fa

L | h | h | fa | s

f3 13 f4 fi 1,

14 4 f3 f> fi

Goi F la tap cac anh xa
F= {fly f27 f}: f4}
42

Giéng nhu trén ta nhan thay F # & va luat * la luat hop
thanh trong trén F, déng thdi nd cd ba tinh chat :

a) tinh ké&t hogp ;

b) tén tai phan t& trung hoa la f, ;

c) moi f; déu cd phan tu déi.

Do d6 tap F vai luat * 1a mot nhom.

Day la mét nhém giao hoan vi ¢d
ity = e Vi

2.3. Cach lam giong nhu & hai bai tap trén.

Bang nhan thu dugc nhu sau :

o fa s T
fi fi | f f3 f4 fs fs
£ > f3 fi fe 14 fs
f3 f3 fi f2 fs fe 1
f4 14 fs fe fi H f3
fs fs fo f4 13 fi f
fo \ fo | fa | s | 2 | f3 1A

Dap s6 : Tap {f, fo [ f4r fs, [} vOi luat nhan * la mot
nhom khéng giao hoan.

2.4. 1) Xét tap Z cac s6 nguyén vdi phép cong (+) sd nguyén
va phép nhan () s6 nguyén thong thuong. Truéc hét Z =
va luat cong cung vdi luat nhan la hai luat hgp thanh trong
cua Z. That vay,

Va, b € Z, a + b hoan toan xac dinh va a + 6 € Z.

Va, b € Z, a.b hoan toan xac dinh va a.b € Z.

Bay gio ta phai kiém tra lai cac tién dé ti Al dén A4 vé
vanh (xem 2.3.1 trong Thee/l).

a) Vé tien dé& Al. Ta phai xem (Z, +) ¢6 phai 12 mét phdm
giao hoan khong Ta duyét lai cic tién dé vé nhom (xem 2.2.1

43



trong Thee/1). Ta thdy Z = & va phép céng (+) la mot luat
hop thanh trong cta Z v&i cac tinh chéat sau :

«) Phép cong cd tinh két hop vi
a+®b+c¢)=(a+b)+c Va b c€Z

B) Phép cong cé phan tli trung hoa la 0

a+0=a, 0+a=aqa,Va €lZ
y) Moi a € Z déu cd phan tu déi la -a € Z.

a+(-a) =0 (-a) +a = 0.
Vay (Z, +) théa man ba tién dé G1, G2, G3 cia nhém, nén

(Z, +) 13 mét nhom.
Ngoai ra
a+b=b+a Va bel

Cho nén (Z, +) 12 moét nhom giao hodn. Do dd tién dé Al
théa man.

b) Vé tién dé A2. Ta cd
a.(b.c) = (ab)c, Va, b, c € Z
nghia la phép nhan cd tinh k&t hop. Do dd tién dé A2 théa man.

c) Vé tién dé A3. Ta cd, Va, b, c € Z

a(b+c)=ab+ac

b +c¢)a =batca
Do do tién dé A3 théa mén.
Vay, (Z, +, .) 1a mét vanh.
Hon nua

ab = ba
Cho nén vanh (Z, +, ) la moét vanh giao hoan.
Ngoai ra ta cdon cd
al=a,la=a

nghia 12 phép nhan cd phéan ti trung hoa la 1. Vay vanh (Z, +, )
l]a moét vanh giao hoan cdé don vi (la 1).
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Mot cach tuong tu, vdi cdc cau hdi sau ta ching minh dugce :

2) Tap cac s6 nguyén chén véi phép cong s6 nguyén va phép
nhan s6 nguyén thong thudng la mét vanh giao hodn, phdn tu
trung hoa cta phép cong la s6 khoéng.

Phan ti d6i cta a 1a -a. Vanh nay ¢é don vi la 1.

3) Tap cac s6 hitu ti Q v6i phép cong s6 hiu ti va phép
nhan s6 hitu ti thong thudng 14 moét vanh giao hodn, phan tu
trung hoa caa phép cong la s6 khong. Phan tu ddi cia ¢ € Q
la -a € Q. Vanh nay cd don vi 1a 1.

4) Tap cac s6 thuc R vdi phép cong s6 thuc va phép nhan
s6 thuc thong thudng 12 mét vanh giao hoan, phdn ti trung
hoa cta phép cong la s6 khong. Phin tu déi cia ¢ € R la
-a € R. Vanh nay ¢d don vi la 1.

5) Tap cac s6 phic C cd dang (a, b) § 2.5.2 Thee/l v6i phép
cong s6 phic va phép nhan s6 phuc dinh nghia ¢ 2.5.2 14 mot
vanh giao hoan, phdn tt trung hoda cua phép cong la (0, 0).
Phéan tk d6i cta (a, b) € C 1a (-q, -b) € C. Vanh nay cé don
vi la (1, 0).

6) Tap céc s6 ¢ dang @ + bV2, a, b € Z. V6i phép cong sb
va nhan s6 thong thudng 12 mét vanh giao hodn, phan ti trung
hoa cta phép cong la 0 + OV2 = 0. Phan tt déi cua
a +bV2,a,b € Z la —a —by2. Vanh nay cd don vi la
1+ 0W2 = 1.

7) Tap cédc s6 ¢S dang a + bV3, @, b € Q v6i phép cong s6 -
va nhan s théng thudng 12 mot vanh giao hodn. Phén tit trung
hda cta phép cong la 0 + OV3 = 0. Phdn tit d6i caa a + bV3,
a, b € Qla —a — bY3. Vanh nay cd don vi la 1+ 03 = 1.

8) Tap cac s6 phic cé dang a + bi, a, b € Z vo6i phép cong
va nhan s phic thong thudng 12 moét vanh giao hodn, phén tu
trung hoda ctia phép cong la 0 + 0i = O, phén ti déi cia a +bi,
a, b € Z1a -a - bi. Vanh nay cd don vi 1a 1 + 0i = 1.

9) Tap cdc s6 phic c¢é dang a + bi, a, b € Q v8i phép cong
va nhan sé phic théng thudng 12 mét vanh giao hoan, phan tu
trung hoa cta phép cong la 0 + 0 = 0, phén ti d6i cta a +bz,
a, b € Q la —a - bi. Vanh nay cé don vi la 1 + 0i = 1.
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2.5. Muén chdng minh cdc tap s6 da cho ¢ dau bai cd phai
la mot truong hay khéng, ta phai ki€m tra lai hai tién dé K1
va K2 cuia trudng. Céac tap sé da cho ¢ bai tap 2.4, nhu ta da
thay, déu la nhiing vanh giao hoan cd don vi, nghia la déi véi
méi tap s6 dé tién dé Kl duge théa man roi.

Bay gio xét tién dé K2 d6i voi tap s6 nguyén Z & cau 1.
Don vi ciia tap d6 la 1. Phan td trung hoa cta phép cong la 0.
Muén ching minh tién dé K2 théa man ta phai ching minh
rang moi s6 a nguyén = 0 (a € Z, a = 0) déu cd nghich dao

1
nguyén (tdc la € Z). Nhung 5 khong nguyén khi a # 1. Vay
tap s6 nguyén & cau 1) khong phai la mot truong.

Mot cach tuong tu, ta sé thay

2) Tap s6 nguyén chin & cau 2) khong phai la mot truong

. : < 11 .
vi v6i ¢ = 2 1a mot s6 nguyén chan ta thiy 2 -3 khéng phai

la mét s6 nguyén chén.

3) Tap cac s6 hitu ti Q la mot trudng vi véi moi s6 a € Q,
a¢0tadéuc0’i—€Q.

4) Tap cac s6 thuc R la mot trudng vi v6i moi s6 a € R,
a¢0tadéuéo’%ER.

5) Tap cac s6 phic C voi phép cong va phép nhan dinh
nghia ¢ 2.5.2 Thee/l 12 mot truong vi khi d¢ : ta da biét phan
td trung hoa cua phép cong la (0, 0), phan ti trung hoa cla
phép nhan la (1, 0), (do la don vi cua vanh) cho nén v6i moi
s6 phic (a, b) € C, (a, b) = (0, 0) ta c6 a® + b* = 0 va nghich
dao cua (a, b) la

a b
(e ap

)eC

6) Tap cac sd cd dang a + bV2, a, b € Z khong phai la mot
truong vi voi @ + 6¥2 = 0. Tuy cé
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1 3 a—bl2 3 a . —b /s
a+bV2 g2 -2  a2-202 ql-22

a =b
nhung o va o chua chac da thude Z.

Chang han khia = 1, b = 2 thi

a 11
a?—2p2  1-8 -7

& Z

7) Tap cac s6 ¢ dang a + 6V3, a, b € Q 1a mot truong vi
voi moi @ + bV3 = 0, a, b € Q ta co

1 _a-08 o . 3
a+bﬁ - a2_3b2 - a2_3b2 a2_3b2 3’
a cq —b
e , _ 0 e
a? — 3b? 2o © 9

nghia la @ + 6V3 # 0 cd nghich dao thuoc tap s6 da cho.
8) Tap cac sd phdc cd dang a + bi, a, b € Z khong phai la
mot trudng vi véi @ + bi = 0 + 0i, tuy rang
1 a —bi

— 2 2
a +bi a2 + b2’ at+bc%#0

a

Tapl va Py chua chac da thudc Z.

nhung
9) Tap cdc s6 phiuc c6 dang a + bi, a, b € Q 1la moét trudsng
vi v6i moi s6 phdc a + bi = 0 + 0i ta cé a® + b? = 0 va
1 a —bi a cq —b
" a? + b2

- = )
a +bi a2 +b2 a2 +p2

€ Q.

2.6. Giai phuong trinh
x2+x-1=0

trong trudng sd thuc ta dudc

1
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Néu x € Q thi V5 € Q, diéu nay vo li. Thuc vy, néu nhu
V5 € Q thi cg

\/_=‘;l,'p6N,qu,q¢0.

Bang cdch gian udc néu cén, ta'cd thé xem p va g 1a nguyén
t6 cung nhau. Ta cd

V5 = %’: p* = 5¢*
tic la p? chia hét cho 5, ta suy ra p chia hét cho 5, ta dat
p = 5p’, p> € N. Ti dg.
(5p’)2 = 5q2 = q2 - 5p:2
tic 1a g2 chia hét cho 5, ta suy ra q chia hét cho 5, ta dat
q = 5q¢°, ¢ € N.
Vay tu gia thiét V56 € Q, V5 = % trong dé p va g nguyén

t6 cung nhau ta suy ra p va g cung chia hét cho 5. Mau thuin
dd ching té V5 khong phai 12 mot s6 hitu ti. Do dé phuong
trinh da cho khong c¢6 nghiém hitu ti.

2.7. Ta cd
a+lb =c+id<=(a-c) =Ad-b)
Néu d - b # 0 thi
1=
la moét s6 hiru ti : vo li. Vay phai co
d-b=0ticlad = d.

Ta suy ra
a-c=0ticlaa = c.

Ngugce lai, néu a = ¢, b = d thi r6 rang
a+Ab =c+Ad.
Ap dung. Dat
V192 + 96V3 = x + /3,

v8i x va y hitu ti.
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Binh phuong 2 v& khi vé& phai x + yV3 > 0
192 + 96V3 = x2 + 3y? + 2W3.
Vi V3 la mot s6 vo ti nén 4p dung két qua trén ta suy ra
x? + 3y? = 192
2xy = 96.
Hé nay cd hai nghiém
x=12,y =4 vax = ~12,y = —-4.
Nghiém thd hai cho
x+ywW3 = —-12 —4y3 < 0
khong thich hgp. Chi c6 nghiém thd nhédt 1a thich hop vi lic d6
x+yW3 =12 + 43 > 0

Két qua : V192 + 96V3 = 12 + 4V3.
2.8. Thuc hién cdc phép nhan véi cha y rang it = -1, = -,

i* = 1 ta duge z = 65
2.9. Phuong trinh cho ¢ dau bai viét thanh
x+3y+i(2x - 5y) =1~ 3i.
Hai s6 phidc bang nhau khi phan thuc cia ching bang nhau
vA phédn 4o cda ching bang nhau. Ta suy ra

x +3y =1
2x — by = —3.
Giai hé nay ta duogc
s 5

2.10. Phuong trinh cho & d&u bai viét thanh
bx — ay +ifab + xy) = 4 + 3i.
Do d6 x va y 1a nghiém ctia hé

bx — ay = 4
ab + xy = 3. @D

Trudng hgp ¢ = 0, b = 0 : v6 nghiém.
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. 4 3b

'I‘I‘UOngthazO,b,fO:x:g,y:I
3a

Trubnghc_lpa:tO,b:O:x:—T,y__

Trudng hgp ab # 0, khu y thi hé (2.1) con
bx? — 4x + a’b - 3a = 0.
Ta co :
A = -a’h’ + 3ab + 4

A’ = 0 khi ab = -1 hay 4

A >0Kkhi-1<ab<4,ab =0

A’ < 0 khi ab < -1 hay ab > 4
Vay khi ab < -1 hay ab > 4 thi v6 nghiém.
Khi @b = -1 hay ab = 4 thi ¢ mot nghiem

=2 -2
x= g y = .

a
Khi -1 < ab < 4 thi c¢d hai nghiém
2+ VA
b

bx — 4

y =G

X =

1+itge cosa + isina

2.11.

a - = —
1 —itga cosa — isinx

cosa + isina

= ——— = cos(a — (—a)) + isinfla — (—a))

cosa + isin(—a)
= cos2a + isin2a.

a+bi  (a+bi)(a +bi)
a—bi  (a-bi)a +bi)

b)

a? — b2 + 2abi
a? +b2‘

(1 +20)2 = (1 —i)3
c)
(3 +2i)3 — (2 +1)?

(1 —4+4i) — (1 —3i +3i2 =%
T (27 +54i + 362+ 85) — (4 — 1 +4i)
| -3+4i—(1-3i -3 +i)
27 ¥ 54i —36 -8 — (3 + 4)
1460 (—1 +6i)(~12 - 42i)

T 124420 T (=12 +42i)(-12 - 42i)
_ 264-30i 44 -5i

1908 ~ 318
d) Xét
s - (1—-iy -1
(1+i)y +1
Ta co
(1+i)° = -4 - 4i
(1 -0)5 = -4+ 4;
Do do
1-i-1 —5+4 5-4
(1+i)5+1 T —8—-4i  3+4i
_(G-4)3-4) -1-3%
T (8+4i)(3-4i)) 25
(1 +i)? 1+i7 _
= V(1 + 0)?
AT (T=3) @+
Ta co
1+i  (A+)d+y 26
1-i - (1-pa+y 2 ~°
(1+9)? = 2i.
Vay
(1 +1)?

=il2 = 2% = 2.
(1 -0y
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L, B 18,8
2.12. a) <—§+z?> =g 2% =
X 1 V3.3 _ 1.3 1,2.V3
b (mg*+ig ) = (73) *3(3)"%
1 VERW V3
——— —_— + = -
+3< 2) z2> <12
1+'———3‘[§+g—13‘[§
=78 7' 8 8 8
Chii thich. C6 thé chu y rang
1 V3
2.13. a) Dat

V3 —4i = x +yi,x,y €R.
Binh phuong hai vé€ ta dugc
3 - 4i = x2 - y2 + 2xyi

Do dg
x2_y2=3
2xy = —4
V6i diéu kién x # 0 ta cd
__2
y_ x7
4
2-—-=3
x =
x2

¥ -32-4=0
Dat X = x> = 0

il
[

X*-38X-4
Phuong trinh nay cé hai nghiém
X = -1 < 0= loai

X=4=>x?=4=>x=22=0

2
Khi x=2,y=_§ -1

_2_,
V3 —4i = + (2 —i)
b) Dat
V=15 + & =« +yi;x,y ER
Binh phuong hai v& ta duge
-15 + 81 = x2 - y2 + 2xyi

Do dé
x2—y2 = —-15
2xy = 8
Véi diéu kién x # 0 ta cd
_4
Y =3
16
2
x¢ - — = —15
xZ
¥+ 1522 - 16 = 0
Dat X = 2 = 0
X2+15X-16 =0

Phuong trinh nay c6 hai nghiém
X = ~16 < 0 = loai
X=1=>x2=1=2>x=%1%0

4
x=i1=>y=;=i4.
Vay
V-156 +8 = +(1 + 4i).
Bay gio, bang cach lam tuong tu trén ta thu dugdc
V-3 —4i = £ (1 - 2)

d) V=8 +6i = + (1 + 3i)
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2.14. a) Phuong trinh
x4+ 6x3 +9x2+100 =0
viét thanh
(x?2 + 3x)? - (10))2 = 0

hay
(x? + 3x - 10i)(x% + 3x + 10i) = 0.

Ta suy ra hai phuong trinh : phuong trinh thd nhat
x2+3x - 10 = 0 2.2)
cd biét s6 A = 9 + 40:.
Ap dung phuong phap & bai 2.13, ta thu dugc
YA = £ (5 + 4i)
Do dé phuong trinh (2.2) c6 2 nghiém
-3x(5+4) (1 + 2
TETT2 T T -4 -
Phuong trinh thd hai
2 +3x+10i =0 (2.3)
cG biét s6 A = 9 - 40i. '
Ap dung phuong phap & bai 2.13, ta thu dugc
VA = £ (5 - 4i)
Do d6 phuong trinh (2.3) c¢é hai nghiém

-3+ (5-4) [1 -2
T=E T T -4+ 2

Vay phuong trinh da cho c¢6 4 nghiém phuc lién hgp ting cap :

1+ 2i va -4 + 2i.
b) Phuong trinh
P+ 2% -24x+72 =0

viét thanh )
xt+2x-6)?% =0
hay
x4 - (V2i)’(x — 6)? = 0
(x2 + V2i(x — 6)][x*> — V2i(x — 6)] = 0
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Do d6 ¢6 hai phuong trinh

x2 +V2i(x — 6) = 0 (2.4)

x? - V2i(x — 6) = 0 (2.5)
Phuong trinh (2.4) co biét s6

A = -2+ 24V2i
Ap dung phuong phap & bai 2.13 ta thu dugc
VA = + (4 + 3V2i)

Do d6 phuong trinh (2.4) ¢ 2 nghiém

.- V20 + (4 +3V2i) (2 + V2i

2 T )-2 - 22
Phuong trinh (2.5) cé biét s6
A= -2 - 24V2i.
Ap dung phuong phap & bai 2.13, ta thu duge
VA = = (4 - 3V2i)

Do d6 phuong trinh (2.5) ¢é hai nghiém
V2i + (4 — 3V2i) 2 —V2i
x = = .
2 -2 + 2V2i
Vay phuong trinh da cho c¢6 4 nghiém phuc lién hgp ting cap :
2 + V2i va -2 + 2V2i

2.15. a) S6 phic 1 co agumen ‘
bing 0 va moédun bang 1 (hink 2). -1+ / I+i
Do do

1 = cos0 + isin0

b) S6 phic -1 ¢ mdé dun biang
1 va agumen bing 7 (hinh 2). Do d¢ -7 ]

-1 = cosn + isinm.

c) S6 phiic i ¢d mé dun bang 1

vid agumen bang % (hinh 2). Do do <14 -i =i
i = cosZ + isinZ i
= cos2 1 n2. Hinh 2
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. 3t .
d) S6 phitc —i ¢c6 mdé dun bang 1 va agumen bang 5 (hinh 2).
Do do

. 3o + s 3
I = cos isin - .
e) Sé phic 1 +i ¢ mé dun bang V12 + 12 = V2 va agumen
bing % (hinh 2). Do do

1+i=V2 <cos% + isin%)

f) S6 phic -1 + i ¢6 mo dun bang V(1) + 12 = VZ va
3t .
agumen bang e (hinh 2). Do d¢
“-1+i=1V2 <cosT + zs1n~4—>
g) S6 phic -1 - i ¢ mod dun bang \j(—l)2 + (—l)2 = V2 va
5% SN
agumen bang e (hinh 2). Do d¢
-1 -3 =\f§<cos—4-+zs1n4>
h) S6 phic 1 - i c6 mo dun bang V12 + (-1)2 = V2 va
7 .
agumen bé‘mg'Tn (hinh 2). Do d6

7 7
1-i=yV2 <cosTn + isin—f)

i) 86 phic 1 + iV3 cd mo6 dun bang V12 + ¥3)% = 2 va
agumen bing % (hinh 3). Do d6

. JT .. T
14+iV3 = 2 <cos§ +zsm3>
i) S6 phic -1 + iV3 c6 mod dun bang V(-1) + (V3)? = 2

2 .
va agumen bang 3 (hinh 3) do do6
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2
-1+1V3 VA 1mV3

-3 -1 1 2
-1-V3 1-i'V3
Hinh 3
o ~ 2n .. 2m:
-1 +Y8 = 2 <cos—§— + Lsm?>,

k) S6 phic -1 - iV3 cd moé dun bang \’(—1)2 + (-V3)? =
47 \
2 va agumen bang »3_5 (hinh 3). Do d¢

-1-iN3 =2 <cos%I +isin%>.

1) S6 phic 1 - iV3 ¢d mod dun bang Vit + (-V3)? = 2 va
agumen bang %E (hinh 3). Do do

5 57
1 -3 = 2<cos§ + isin%)-

m) S6 phic 2i ¢c6 md dun bang 2 va agumen béng % (hinh 3).

Do do

20 = 2 <cosz2[— + isin%}.

n) S6 phuc -3 ¢d mo6 dun bang 3 va agumen bang x (hinh 3).
Do do

-3 = 3(cosia + isinn).



0) S6 phic V3 — i ¢ mé dun bing \[(\[g)z + (—1)2

X 11z .
agumen bang -—61 (hinh 3). Do do

11z . 1=

+ isin

\/@—i:Z(cos

p) S6 phic 2 + V3 + i ¢6 md6 dun P bing

p=V2+V3)2 +12 =V8 + 43 = V2 + V6

va agumen 6 xdc dinh bdi

1
tgf = ,0 <6 < 2n.
& 2+V3
Ta suy ra
te20 = 2tgt 1
g 1-tg°6 V3
Do do
29=%+kn
7 7T
8_ﬁ+k§

Ta chon k = 0, 6 =
4o cua s6 phuc 2 + V3 + i. Vay
2+\[§~I—i-—_(\[_.+\[—)<cosjr

6 ~6>'

+ Lsm—

2 va

12 dé sinf = blnﬁ cung diu voi phan

'2.16. Nhan ti va miu vd&i sé phdc lién hgp cia mau, ta duge

(1+iV3H(V3 —i) 1 .
= = — (V3 z
N3 +i)(V3 —i) g (V3 70

1
Sé phuc E(\f§+i) cé moé dun bang \/ <‘j2'>

va agumen bang %, do do

T ..
z = cos-—; + isin—

6 6
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thi

Ta suy ra
100z 100n
100 _— + isi
z cos —¢ isin 3
B 4n + isi 4
= cos 5 + zsmF
.. 27 1 V3
= I— + — = - ] —
cos zs_ln3 2+L2.

2.17. Nhan td va mau vgi s6 phuc lién hgp cia miu

1—-a

2 =

1 —cosf — isinf

1+a ~

1 +cos6 + ising

(1 —cosf — isinf)(1 + cosf) — isinb)

~ (1 +cosf +isinf)(1 + cosf) — isinf)

—2isinf —2isinf

(1 + cosh)? + sin%

Vay :

z

Py
22 = jo—z(cos(GI

= 2(1 + cosh)

—itgg.

. Viét z, va z, & dang lugng giac :

2y = Pi(cosd; + isinf))

2y = pP,(costl, + isinb,)

6,) + isin(@, — 6,)).

1 . R
a) Mudn o la s6 thuc thi diéu kién la
2

tic la 6, - 6

Zz

2

2

sin(01 - 62) =0

= kn, k € N, nghia 1a phai cé anh cta 2z, va

thdng hang vai goc O.
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2.21. Ta co6

b) Muébn Z—; la s6 ao thuan tuay thi diéu kién la x 4912 = (x + y)(f—*!»_y) - pE +)
cos(8, - 6,) = 0, =X tay +yx by = lxl? tay +yx + [y]7
tic 1a 6, - 0, = (2k + 1)%, k € N, nghia la phai cd : anh lx - y]% = ("i "y)_(x_?) =@ - -y
clia z, va z, tao voi goc O mot géc vudng. Do ds =X -2y —yx +yy = x| -xy - yx + |yl2
2.19. a) Anh cta cdc s8 phic z théa mén |z]| < 2 nam & | x +y|2 +|x ‘y|2 — 2(|x|2 + ,‘}’lz\)

trong hinh tron tam tai géc O va ban kinh bang 2. . o . ]
Y nghia hinh hoc : T6ng ciac binh phuong cta hai dudng

b) A{lh CAﬁa cac §6 Ph\icﬁ z th(':)a m:ZmA |2 - 1} hs 1 rién_l i’ chéo ctia mot hinh binh hanh bang hai lan téng cac binh phuong
trong va trep chu‘ vi caa hinh trop co tam t‘e_u aAn cu\a z = céia cac canh céa hinh binh hanh do.
va c¢6 ban kinh bang 1, tdc la phan trong va trén dudng tron
tam (1, 0) ban kinh 1. 2.22. a) Truéc hét ta viét 1 + i ¢ dang lugng gidc
¢) Anh cta cac s6 phic z théa man |z - 1 - i < 1 n§111 1+i=1y2 <cos%— + isin5->,
& trong hinh tron cd tam tai anh cua z = 1 + i va cd ban kinh T4 4
bang 1, tdc & phén trong cta hinh tron tam (1, 1) ban kinh 1. u do o5 o5
2.20. a) Ta tim z & dang z = x + iy thi cd (1+i)% = (2) <cosT + isinT>
\[Sc_z-*-yz—x—iy=1+2i. _
- = 25 {cos X + igin =
Ta suy ra = (V2) (cosy + Ls1n4>
2 2 —
Vot +y x—; = 212(1 + ).
Ty = 3 A [PN3 Y N s 2
; 5 b) Trudc hé&t ta viét t& va mau & dang lugng giac
Dodocoy=2,x=§vacoz=§—2z. 1+i\[§=2<cosg—+isin%>
8| 0 = + iy thi co .
b)'I‘atlmzodangz— x + iy thi co 1—l=\f§<cos<—%> +isin<—%>>,
\}3c2+y2 +x +iy =2 + 1
Ta suy ra Do do
V2 + 32 +x = T .. I
. = +isin=
{ v =1 1+l‘[§_ 2<c053 zsm3>
Do d6 ¢o 1—i 3 TN g (T
1 ; \[_<cos( 4> zsm( 4>>
y=1x = Z 2 JT JT Jr T
= cos (= + =) +isin (% + =
. 7z (s (g *rg) *ein(5+7))
3 T n
= — 2 — + — )
z 4+z \[_<coslz ls1n12),
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va
(FTE0) = (0 (oo gt a5
= 210 <cos <—%> + isin <—%> >

= 210 <cos <—%> + isin <-—

il

29(1 - V3i).
V3 —i
2

¢) Trudc hét ta dua s6 1 -

nhu & bai 2.15, p, ta thu dugc

))

Wl

vé dang lugng giac. Lam

V3 —i —— T T
1 — 5 =‘[_2—\[§<c0512+ts1n12>
Do dg
V3 —i, 24 24w . 2471
(1— 5 > =(2—\[_3_)12<cos 5 T isin 12)
- @ - VB
d) Dat
(-1 +iV3)1’
FT T a -y
va s6 can tinh 1a A, ta co
A=z+z
Do do
A = 2 Re (2),
dong thoi

(-1 +iV3) = 2 (cos— + Lsm~3—>

3

27

T

1-i=vV2 (cos?Tn + isinT>.
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Ta suy ra

30 30x
15 - QT e
B (-1 +i\/§)15 B 2 <cos 3 +isin 3 >
(1 -2 - 10 1400 . 140x
2 <cos 1 + isin 1 )
_ o5 (cos10m +isinlOn) Y
(cos3br + isin35m) '
Do do
A = 2Re(z) = -2.2° = -20 = 64,
2.23. Ta co
: 'si = 22 1 9sin € cos &
(1 + cosa + isina) = 2cos 5 + i2sin 5 COS 5
(04 (o4 .. a
= 2005—2— [cosE + zsmg].

Vay

.. a na .. na
(1 + cosa + isina)" = 2cod? = [cos— + isin —

2 2

1
2.24. Tu z + S = 2cos6, ta suy ra

z2~2cosez+1=0,z¢0_

Do do

z = cosf =+ isin@

1 . -

7 = cos(—6) * isin(—8)

2" = cosmf * isinm8

1

— = cos(—mb) *+ isin(—m0).

i = Cos(—mb) & isin(~mb)
Ta suy ra

1
2" + — = 2cosmé.
"

2
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1 +itga \n cosa +isinx | n _ cosna +isinna
2.25. <T--Lt’ga_> - < cosa — isina > cosna — isinna
1 +itgna
“1-itgna
T T\

226.a)1 -1 = V2 <cosT + isin—4-—}
' N/
V3 +i =2 (co_s% + LSll’lg)

1 -t ﬁ_<cos<17£—£> +isin<?§—%>>

= ﬁ__{: = 9 4 6
= vlz- (\cos 1192 + isinllig>
Do do
?[E = 1%}5 <coslg—;-—2&4—k-n + isin%)

k=20,1,2 34,5
b) Ta nhan thay

u = 13+—i_zT = 7 (xem cau a))

Do dé _
5%/4
1 19z isi }-92 = L cos— t isinT5 )
u=v§-<cos 5~ isin 12> \[5( 12 12)
va
1 5+ 24k . 5+2:4_k;
% = cos 6 — o + 1sin 96 n)
1(‘7§ ( 9
k=012 .,7

c) Ta c6

i_1=—1+i=\[§<cos—4'+lsm'4—>’

.. T
1+iV3 = 2 <cos% + zsmg)-
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Do do

3t .
cos —— +isin ——

i-1  y3 %72 4

cos z +isin z
3 3

Il
o1~
S

]

o]
n
—

1 5+ 24k 5 +24%
%= iz <cos 7o T + isin 75 n),
V2

k=012, .,5.

2.27. a) Ta cd theo cong thiic Moivre

(cosx + isinx)® = coshx + isinbx.
Mat khac theo c¢ong thidc nhi thdc Newton thi
(cosx + isinx)> = cos®x + Cleos*x isinx + CZcos3x(isinx)? +

+ Clcos™x(isinx)® + Cleos x(isinx)* + (isinx)’.
Vay v6i chu y rang i = -1, i® = ~, i* = 1, 5 = i, ta c6
cosbx + isinbx = cos’x + i5costxsinx — 10cos3xsinZx

- i.10cosZxsin3x + 5cosxsinx + isin’x =

= cos’x - 10cos3rsin2x + 5cosxsindx +

+ i(5cos*xsinx - 10cos?xsin3x + sin’x).

Hai s6 phdc bang nhau khi ching cé phan thuc bing nhau

vd phan 4o bing nhau. Ta suy ra

4.

cosbx = cos’x - 10cos3xsinx + Scosxsin
Néu muén ta ciling co
sinbx = 5cos*xsinx - 10cos2xsin3x + sinx.
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b) M6t cach tuong tu, ta cd

(cosx + isinx)® = cos8x + isin8x.
(cosx + isinx)8 = cos®x + Cleos’x(isinx) +
+ Ceosfx(isinx)? + C3cosdx(isinx)? +
- . .. 5
+ Cicos’x(isinx)* + Cjcosx(isinx)® +
+ Ceosx(isinx)® + Cleosx(isinx)? + (isinx),
voi i2 = -1, i3 = -i,i* = 1,4 =1i,i® = -1,i’ = ~i, tasuy ra
cos8x = cos®x — 28costxsin’x + 7Ocos*xsin*x -
— 28cos%xsin®x + sin®x.
c) Mét cach tuong tu, tiu
(cosx + isinx)® = cos6x + isin6x
(cosx + isinx)® = cos®x + Cleos’x(isinx) +
+ Cleos’x(isinx)? + Clcos’x(isinx)® +
+ Cleos(isinx)* + Ceosx(isinx)® + (isinx)5,
ta suy ra

sin6x = 6cosdxsinx — 20cos xsindx + 6cosxsin®

X.

d) M6t cach tuong tu, tu

(cosx + isinx)’ = cos7x + isin7x.

(cosx + isinx)” = cos’x + Clcos®x(isinx) +
+ C2cos’x(isinx)? + Clcosx(isinx)® +
+ Cleos’x(isinx)* + C3cosx(isinx)® +
+ CScosx(isinx)® + (isinx)’

ta suy ra

sin7Tx = 7cosbxsinx - 35cos‘xsin3x + 21cosxsin’x - sin’

X.
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2.28. Ta c¢6 theo bai 2.27, ¢ :
(cosx + isinx)® = cos6x + isin6x
cosbx + isin'6x = cos% - 15cos*xsin?x
+ 15cosZxsin®x - sin®x +
+ i[6cosSxsinx — 20cos3xsin3x + 6cosxsindx].
T d6 ta suy ra bi€u thdc cha cosbx va sin6x theo cosx va
sinx. Sau dd

sinbx 6cos xsinx — 20cos xsindx + Gcosrsindy

tgbxr = =
cosbx  cogfx — 15costxsin®x + 15cos2xsin®y — sinfx

Chia ti vad mau cho cos®x :

2(3tgx — 10tg> + 3tg’x)

tgbx = .
1—15tg2x+1§tg‘x—tg6x
2.29. Ta c¢
. T L T
1+ = ﬁ(cos4 +zsm4>.
Do dg-

1 + )b = 9on/2 nr .. T
( ) 2 <cos4 +zsm4>‘

+
2.30. cos™ = cosi(cos*0) = cosf (1*20—82%2

cosf
= [1 + 2co0s26 + cos?26]

cosg
= — [1 + 2cos26 +

’ 1 +COS46]

2

3 1 1
= gcose + -2—003900326 + gcos()cos46

3 1 1
= gcose + 1 [cos38 + cos9] + 16 [cosBf + cos36] ;

cosS(;—i s59+5 s36+5 9
—1600 TgCO §CO .
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1 — cos26

2
sin%0 = sind(sin'6) = sing (5 )

sin%@ =

inf
- 5—14— [1 — 2c0s20 + cos?26]

sinf 1 + cos46
- — —_ 4+ —

7 [1 2cos26 2 ]

sinf 1 . 1 .
= 3T - EsmecosZG + §s1necos48
—§'6—l['30—'0]+-£—['50—'36]
= g sin 1 sin sin {g [sin sin

. 5 . 5 .
sinb0 — ﬁsm30 + gsmﬁ

LS

2.31. Biét s6 cua phuong trinh da cho la

A=3-4=-1=i?

Do do
-V8 +i -V3 —i
n= Ty 0 WM T T g
Vay
54 B v 4
x, = cos? + zsm—é—
T . St . bm
x, = cos—6— + Lsm? = cos? - lsm—é—

2.32. Biét s6 cua phudng trinh di cho la

A = (1 +iV3)2 — 4(—1 + iV3)
57 57
=21 - iV3) = 22 (cos—3- + isin?)
57
VA =2<cos?+isin%) =—V§+§.
Do do
(1+iV3)-V3+i 1-Vy3  V3+1
2 = 2 =g TiTg i

2 2 = ) + i 3

_(A+iW3)+V3-i 1+V3 Y3 -1

2.33. Xét phuong trinh

x6—7x3—8=0
Pat 2 = z, ta cd

22-72-8=0
Do do

Ta suy ra cdc nghiém

%: = {8 =2 (cos2lir + isin2ﬂ>, k=01, 2

3 3

%[% = V-1 = cosn+32kn + isi Jr+32kn

sin
k=012
2.6. DA THUC
2.34. a) 2x* - 323 + 4x2 - 5x + 6 22 -8+ 1
2x4 — 6x3 + 2¢2 2x2 + 8x + 11

B3 + 22 — B + 6
33 — 9? + 3

1122 - 8 + 6
1122 — 33 + 11
- 2z -5

~

Vay
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x3——23;x2+%x | %x—%
—%x2+%x—1
7, 14 71
—§x +?x 9
2 2
9% T 9
Vay
3 -3%2-x+1 1 7 2x +2
22 -2c+1 3 9 9@i-2w+l)
o) xt+ixd -ix?+x+1 | 22 -ix+1
x4 - ix3 +x2 L x2 + 2ix - (3 +1)
2ix3 -G+ 1x?+x+1
2ix3 + 2x2 + 2ix
-B+ixZ-(1-2)x+1
~B+Dx2+ @i -1x -3+
(-5i +2x +4 +i
Vay

(2 =5 +4 +1i
+ (2 —5i)x .

x4+ix3—ix2+x+1=x2+2ix_3_i 5
x2 —ix +1 xc—ix+1
2.35. Truéc hét ta lam phép chia
x3 +px+q 1x2+mx—1
x3 + mx? - x wrxi— ;; -
T Cmal+(p+Dxtg
- ma?-mi+m

ptl+mdx +q-m
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Do do
B +pxtqg = (x2+mx—1)(x—m)+(p+l+mz)x+q—m.

3 2

Vay mudn cho x
kién can va du la

g-m=0,p+1+m?=0

+ px + g chia hét cho x“ + mx - 1, diéu

2.36. x*+pxt+gqg | x2+mx+1
xt + ma + a2 ’7‘;2 - mx +}) —1+m?
- mad+ (@ - Dx? +-(;
- mx3 - m%x? - mx

P-1+mHx?+mx+gq
Pp-1+m?x?+mp-1+mdx+p-1+m?

-mp-2+mix+q-p+1-m?
Vay muén cho x* + px* + g chia hét cho x% + mx + 1 didu
kién cdn va dua la s6 du bang 0, nghia la

4 2

Dm=0,qg~-p+1=20
2) m - +V2 - p,q = 1.
2.37. a) Xét phuong trinh
x* - 2x%cosp +1 = 0
Dat x? = 2
2% - 2zcosp+1 =0

A’ = cos?p - 1 = i%(1 - cos?p) = i*sin%p

Do do
z, = cosp + isingp
z, = cosp - ising
va
= coc ‘ain B = —opsl _ isind
X, = cos 9 + isin 9> X, = c,os2 1sin 9
x3=cosg —zsing, x4=—cos§ +zsing
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Vay
x* — 2x%cosp + 1 = <x—cos £ —isin%) <x +cos£+isin§>

5

2
+isinz2a> (x +cos“;——isin§>

NS N

x(x—cos

b) Ta cd
B -6x2+11x-6 B-1-62-1D)+11x-1) =
=@x-Dx?+x+1-6x+1)+11] =

(x - D{x? - 5x + 6).

Nén
23 -6x2 +1lx -~ 6 =(x - D(x - 2)(x - 3).

c¢c) Ta co
xt+4 = x2)? - 222 = (x? - 2))(x% + 2i0)

= (x - V2 Vidx + V2 Vi)(x — V2 iVi)x + V2iVil.

T N 1 1 1
Vi Vi =cosz+zsmz=—ﬁ+z—ﬁ.
nén .
B td=(x-1-Dx+1+Dx+1-dkx-1+i).
d) Xét phuong trinh
x4 - 10x2+1 = 0.

Xem x2 = z ta cg

22-10z+1=0
A'=25-1=24

Do dé
21=5+\I—2—4>0
22=5-—\}24>0
Ta viét

vz, = V5 + V24 = Va + Vb.
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Binh phuong 2 v& ta dugc
5+V24 = a +b + 2Vab

Do do
a+b=5,ab=6
6 6
b =— a+—=25
a a
a2—5a+6=0
a=2 b=3
a =3 b=2
Vay

x,=3Vz = +(V2 + V3).
M6t cach tuong tu

X34 = % ‘Ez

£ (V2 - V3).

Ta suy ra
- 102 +1 = (x - )& = x)(@ - x3)(x - x,) =

(= V2 ~V8)(x +V2 +V3)(x - VZ +V3)(x + V2 - V3).

2.7. PHAN THUC HUOU Ti
2.38. a) Xét phan thdc hitu ti
@13 2 -32+3-1
x? —4 x2 -4

Béc cda td 16n hon biac cta mAiu. Phan thic nay chua phai
phan thic thuc sy. Ta lam phép chia ti cho miu.

R =

R =x_3+79c—13
12 -4
Sau dg
7x—13_ Tx — 13 A B

P-4 (@-2)@+2) 1-2 Txi+2

Quy dong miu s6 va bé miu sé chung
Tx - 13 = A(x + 2) + B(x - 2).
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Thay x = 2 ta dugce

Thay x = -2 ta dugc

97 = -4B = B = 2/
- = = = 4
Vay co
(G2l VA 1, 2T
2-4 "X T3V a2 Taaryy
b) Xét phan thdc hitu ti
_ (@t +1)
@ -1)7?

Bac cta ti la 3, bé thua bac cia mau la 4. Phan thdc nay
phan thdec thuc su. Do do

2x(x2+1)
R:————-————:
(x — 1)3(x + 1)?
A N B N c D
x-1  @-12 @+ @+1)?

Quy déng mAu s6 va bé miu s6 chung
2(x2 +1) = Alx - D + 1?2 +Bx + 1)? +
+ Cx + Di(x - )2 + D(x - 1)%

1

Thay x
| 21+ 1) =B1+1%=B=1.
Thay x = -1
-2(1 4+ 1) = D(-1 ~ 1)>= D = -1.
Thay x = ¢
0=AG - DG+ 1D2+BG+1D2+CG + DG - D? + DG - 1)
= AG2 - DG + 1) + B@2) + CG* - DG - 1) + D)(-2i)
AG-2)(i + 1) + B(2i) + C(-2)(i - 1) + D)(-2i)
= -24 + 2C + i(-2A + 2B - 2C - 2D).

0
0
0

S6 phic bang 0 khi phan thuc bang 0, phan ao bang 0. Ta

suy ra
-2A+2C =0, -2A+2B-2C-2D =0
Do do
A=C=1
Vay
2x(x2 + 1) 1 1 1 1

(x—1)x+1)2 x-1 * (x — 1)? HEES (x+ 12

c) Xét phan thuc

1
B x(x — 1)3
12 mét phan thdc hitu ti thuc su.
Ta viét
R = é + B + ¢ + D
x x—-1 (x — 1)? (x —1)>

Quy déng mau s6 va béo mau s6 chung
1 =A(x - 1>+ Bx(x - 1) + Cx(x - 1) + Dx
Thay x = 0
1=-A=A=-1.
Thay x = 1
l1=D=D-=1
Thay x = ¢
1=A(G-13+Bii - ) +Cii - 1) +Di
1 2A + 2B - C+i(2A - C + D).

Ta suy ra
2A-C+D =0=C=2A+D =-2+1
1+C—-2A
2A + 2B - C =1:B—~—é——=1
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Vay
1 1 1 1 1

_— = —— + - + .

x(x = 1)3 x o x=1  (x-1)2 (x-1)°
d) Xét phan thic

x?+1 e 1
1a phan thic hitu ti thuc su.

(x2 = )x? +x +1)

Ta co
2+ 1 _ 22+ 1
@ -DE2+x+1)  @-DE+DHE?+x+1)

__A B, Ca+D
Tx-1 x+1 2 +x+1

Quy déng miu sé va bé mau s6 chung

241 =Ax+DeZ+x+1)+Bx-DEF+x+1)+
+ (Cx + D)(x - D(x +1).
Thay x = 1
2 = A2)(8) = A= —13:
Thay x = -1
2 =B(-2) =B-=-L
Do do

x2+1 A B

@2-1)2+x+1) *-1 x+l

241 -A@x+ D@t +x+1) -Bax-Da*+x+1)
o2 -1 +x+1) -

2x + 1
32 +x +1)
Tam thdc x2 + x + 1 khong cé nghiém thuc. Vay co
22 +1 B 1 1 N 2 +1
@-t+x+1)  Ba-1)  x+l o 3alex4ly

e) Xét phan thic khéng thuc su (x* + 4)/x? - 4). Ta c6

*+4  Af-4+8 8
xt -4 -4 -4

Ta co
8 8

-4 @2-2a2+2)

1 1
[x2—2 —x2+2]’

_ 262 +2) - (2 -2)]
@ -2)x2 +2)

Ta c6
- : - L r@t+yp) ~x-v2)
22 ENpE D - N e-VDe VD)
2V2 [x—ﬁ x+\[§]'
Vay
I 2 1 1 1
x4—4_1+m[x—2_m]—2;2_+—2
- 1 1 2
=1 _
VeV TVIE VD) 2ig

f) Xét phan thiuc
x+1
Ta co
x6+1 = @3 +1=02+1Da*-22+1)
-2 41 = (2 +1)2 - 32 =

= &2 = V8x + )@? + V3x + 1).

Do dd
1 1
x0+1 (x2+1)(x2_v'§x+1)(x2 +V§x+1)
_ Ax +B + Cx+D Mx+N

2+1  x2-VY3x+1 2+V3x+1
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Quy déng miu s6 va bo miu s6 chung

1 = (Ax + B)x® - V3x + 1)@ + V3x + 1) +

+ (Cx + D) + D(x? +V3x +1) + (Mx + N)(x2 + % — V3x +1).

Thay x = ¢ 14 nghiém cua x2+1=20:
= (Ai + B) = 3B + 3Ai

ol —

=A=0  383=1=B-=

2

1
Thay x = 5(\[3 + i) 12 nghiém cta x° - V3x + 1, ta dugc

V3 +i

):

L= (0B ) (B 1) 2 (5

Can bing phdn thuc va phédn o 3 hai vé& :
1 V3

D=3  C=7%"

-Vv3 +i
Thay x = —‘[%—l— la nghiém cua %2 + ¥3x + 1 ta dugc

L= (e (P ) (S

Can bang phdn thuc va phédn o & hai v&€ ta dugc

1 V3
=5 M=F.

Vay
1 1 _ Bx+2 V3x +2

©+1  3@2+1) T e VBx+1) 6 +VBz+1)
g) Ta c6
1 _Ax+B  Cx¥D _ Mz+N
(x2+1)2(x2+x4-1) w2 +1 (3cz+1)2 2ZHx+1l

Quy déng mAu s8 va bo mau s chung

= [(Ax + B)x? + 1) + (Cx + Dz +x+ 1)+ (Mx + N2 + 1)2
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\f_+z
).

Thay x = i la nghiém cia x> + 1 = 0 :
= (Ci + D)i = -C + Di,
l=-C=»C=-1;D=0.
-1 +V3i

Thay x =—2—1a nghiém cta x> +x + 1 = 0 :

-1+V3i - ‘
1= (M 1+\[§l 2
(M= M) ((—= ) )"
Can bang phdn thuc va phdn 40 ¢ hai vé&

M=1, N = 0.
Thay x

Il
o

1=B+D+N=B=B=1.
Thay x = 1
=[(A+B)2+(C+D)I3+M+N)4=>A = -1.
Vay cd

> = - . ,
E+DH? x4+l @+ @+ 1) ' 2+x+1
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" Chuong HI
DINH THUC - MA TRAN -

HE PHUONG TRINH TUYEN TiNH

A. PE BAI

3.1. MA TRAN
3.1. Cho
1 3 0 1 2 -3
A=|-1 2/;B-= 3 2f;C=11 2
3 4 -2 3 4 -1
Tinh
DA+B+C 2A+B+0); 3) 3A.
4) Tim A', B, C'.
3.2. DINH THUC
3.2. Tinh cac dinh thidc cdp hai
2 3 2 1 sina cosa
a) 1 4| Y -1 2| c) —cosa sina
a ¢ +di} tga —1
4 c ~ di by’ e) 1 tga
3.3. Tinh cac dinh thdc cdp ba
1 1 1 0 1 1
a) |—1 0 1 by {1 0 1
-1 -1 0 1 1 0

1 1 1
c) |1 2 3 d) —i
1 3 6 1 -
3.4. Cho
a b c
a b | = A
a” b” c’,

Hoéi cac dinh thdc sau

a’ b’ C’ a” b’,
a) an bn Cn b) a; b;
a b ¢ a b

bing bao nhiéu ?

3.5. Cho
a a c d
a, b, c’ d’
a” b77 c’) d” A
a’)? b”’ C)” d”)
Hoi cac dinh thdc sau bang bao nhiéu :
b c d a d
b ¢ 4 a d
a) b’) C” d” a” b b) d”
b’!’ c’)’ d”’ a”’ d”)
3.6. Giai phuong trinh
1 x x2 3
1 2 4 8| _ 0
1 3 9 27
1 4 16 64

3.7. Biét rang cac s6 204, 527, 255 chia hé&t cho 17.

ching minh

DN Ot b
o
O ~3

chia hét cho 17.

—
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3.8. Ching minh

b + ¢ c + a
b+ o +a

b” + c’l C” + a”

3.9. Tinh dinh thuc

1

0

a

-1

-1

-1

a +b
a +b| =2
a’ + b’
o -1 -1
-1 1
b c d
1 0

a b c
a’ b7 C’
a?Y b)? 23

bang cach khai tri€n nd theo cidc phdn tu cta hang ba.

3.10. Tinh dinh thdc :

2
1
1

1

— e DD

— N ==

N e R

bang cach khai tri€n nd theo cdc phan ti cla cO6t bon.

3.11. Tinh cac dinh thidc sau

. [13547 13647
) |2g493 28523

3)

— = = GO
i M
i I i

5)

= 0 N
DN = W W
W~ W =

7)

— et O N
RO -
OO e ~
[« TR TR I
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4)

8)

246

427 327
543 443
721 621

1 1
3 4
10
20

1 1
3 4
9 16
7 64

3.12. Chung minh

H

lel—l xlé_l JLJz—l

= (o, —x Py xp) o () -

I
—
=
|
=

3.3. PHEP NHAN MA TRAN VA1 MA TRAN -
MA TRAN NGHICH DAO
Hay nhan cdc ma tran :

o b w a2

3 11 1 1 -1 3
¢y |2 12 .2 -1 1 d) [g (1) ﬂ 12
1 23 1 0 1

o ’321} ;
012 3

3.13.

g)[123]. 14

3.14. thuc hién cdc phép tinh sau

2 1 1]° 3 5

2 14 3 2|
a) |3 1 0| ; b){ };C)|:_ __}
l\lz 1 3 4 2
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n . n
Q) 1 1 o) cosp —sing
0o 1| ° sing cosp

3.15. Hay tinh AB - BA néu

1 -2 -1 4 1 1
a)A =2 1 2|, B=|-4 2 0

1 2 3 1 2 1

2 1 0 3 1 -2
HA=| 11 2. B=| 3 -2 4

-1 2 1 -3 5 -1

3.16. Ching minh rang néu AB = BA thi
a) (A + B)? = A2 + 2AB + B?
b) A* - B> = (A + B)(A - B)

3.17. Hay tim tdt cd cac ma trAn B giao hodn vdi ma tran
A, nghia 12 AB = BA, duéi day :

1 2 11
A= —1}; b“‘:{o 1]
1 0 o
gA=1010
31 2

3.18. Hay tim flA) véi

1 -1
b o= 42 — 3 =
flix) = x 5x +3va A = {_3 3]

3.19. Hay tim tdt cad cdc ma tran cdp hai ¢ binh phuong
bang ma tran khong.

3.20. Hay tim t&t cd cAc ma tridn cdp hai cd binh phuong
bang ma tran don vi.

3.21. Cho

-1 1 2 2 2 .
A={ 2 0 3,B=1—2,C=[ }
-2 -1 1 3 0
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Hay kiém tra lai tinh két hop
(AB)C = A(BC)
cia phép nhan ma tréan.

3.22. Cho

2 -1 -1 2
Hay tinh
1) A'; 2) B'; 3) A'B' ; 4) B'A"

5) (AB)' ; 6) (BAY ; T) (A + BY.
3.23. Giai phuong trinh AX = B ddi vdi 4n 12 ma tran X, véi

1 -1 1 1 1 1 -1
A={-1 2 1|, B=1|1 0 2 2
-2 3 1 1 -2 2 0

3.24. Dung phuong phap Gauss - Jordan tinh ma tran nghich
dao cta cac ma tran sau

- 1 2 -3
a)A:éf; bA=|[0 1 2|,

L 0 0 1

1 3 -5 7

0 1 2 -3
DA=15 o 1 2

0 0 0 1

3.25. Dung phuong phdap Gauss - Jordan tinh ma tran nghich
dao cua ciac ma tran sau

1 -1 2
-1
1)A=B IJ; DA=|-1 2 1|,
2 -3 2
1 1 2 -
A=|2 3 2|, 4)A=;Z]
1 3 -1 L
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[ -1 -1 2 1 1
HA=—-1 -1 HA=11 2 1};
2 0 1 1 2
T R
9 A= |2 1 3t; 100A =
4 —9 1 2 0 1 3
L -2 6 5
2 -1 0 3
1 1 2 -1
1) A = 1 9 3 1
0 1 2 1
3.26. Cho ma tran chéo
a, 0 0 .0
a 0
A = 0 22 0 |
0 0 0 all’l

trong d6 a; a,, ... q,, = 0. Ching minh ridng A kha dao va
tim A™ L

3.27. Ching minh ring néu A la ma tran vudéng théa man
A2 - BA+ 1 =0thi A =3-A

3.28. Cho hai ma tran vuéng A va B sao cho AB = 0. Ching
minh rang A khong thé kha dao tri khi B = 0.

3.29. Ching minh ring néu A kha dao va AB = AC thi
B =C.

3.30. A l1a mot ma tran vudng cdp n.

1) Cho det(A) = 3, hay tinh det(A%) va det(A?).

2) Cho biét A kha dao va det(4) = 4, tinh det(A™").

3) Cho det(A) = 5 va B? = A, tinh det(B).

4) Cho det(A)

10, tinh det(A’A).

86

3.31. Hoi cac ma tran sau cd kha dao khéng, néu cd. hay
N - . hd X . 9 ’ : (V/
tim ma tran nghich dao bang phu dai s6 :

2 -1
Dig gl
(2 1 -1
3) [0 1 3| :
2 1 1
1 4 2
5 |—1 0 1
2 2 3

2)

r

1
4)
0

—1 2

3 -6
-1 2

205
1

3.4. HE PHUONG TRINH TUYEN TINH

3.32. Ap dung dinh li Cramer giai cdc hé sau

1)

5)

i)

X

12r+5y:1

]4r+5y=—-5

2y = 2y —z = —1
ytz = 1

-ty +z = —1

21’1 —x, —x, =4
3x, + 41‘: — Zr} = 11
3x, — 2¢, + 41"g = 11

1

+ 2r2 + 3,1“‘ — 2x

J 4
20, —x, — 2, — 3,
B A TR A
2e, - v, + 20y + x

3.33. Hoi cac ménh dé sau
1) Theo dinh Ii Cramer. néu detiA)
nghiém.

4)

o

-8

1a ding

x —y +z=1
2 +y +z =2
3x +y +2: =0

le + 2(2 +x, =5

le + 3.vc2 +x, =1

21'1 +x, + 3‘1:3 = 11
x, = 3ry +4dx, = -5
X - ‘_1'3 + 3_7c4 = -4

31'1 + 2x, = 5x, = 12
4y, + 3x, — Oxy = 5

X o
R

hay sai
= 0 thi hé AX = B v0

o 4]
-1



2) Theo dinh li Cramer, néu AN = 0 cd nghiém khong tam

thuong thi det (A) = 0.
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3.34. Tim ma tran X thoa man phuong trinh

2 5] . [4 -6
al fy gl X =19

1 -1 1 -1 3
by X |2 1 0| = |4 3 2
1 ~1 1 1 -2 5
3.35. Hay giai cac hé sau bang cach tinh ma tran nghich dao
[Bv + 4y = 2 [=8x+2y = 1
Ve + 5y = 37 P2+ ay = -6
3x +4y = 3 =3 + 2y = —6
3){47(4-53/:2’ Doy 4y = 1
2¢x + 3y = 4
3.36. Giai 1) |20 T
12}/ 4
20, +x, — 4y + 20 = 2
3x, + Xy +ox, = 6
2) B 2‘ . -
xy + 3y, =

X = -1

3.37. Ap dung phuong phap Gauss giai cac hé sau :

. [ 1.2x = 0,8y = 20
’ |- 15x + 025y = —4,0
x + v+ z=
2) dx + 2y + 3y = —1
x +4y + 92 = -9
X -, toxy - ox, = 2
3) x, - xy t 2y = 0
—x; 20, - 20, 4+ Txy = -0
2x, =X, — Xy = 3.

xl—x2+2x3+2x4+x5=3
p txy F0xy +2x, + 26 =6
4) ¢ —x; t4x, —6x, +x; = -3

—2x1—4x2—4x3—x4+x5=—3
1+47c2+4x3+73c4-—3c5=9

3.38. VGi cac gia tri nao cua a thi hé sau day khéng cd
nghiém duy nhat!:

- = x—-— y+22=23
1){; +2y __51 2 |2 +ay + 3 = 1
A @ = 3t +3y + z =4
3.39. Tim nhing gia tri cia a dé hai hé sau tuong duong
x+2y =1 x tay = 4
2c + 5y = 1 x + 2y = =5
3.40. Viét nghiém cta cac hé sau theo a, b, ¢
x+ y— z=a
+ =
1){2’;+;’y_g 2){x +2 —2 =b
Y = 2c — y +22 =¢

3.41. Xac dinh @ d€ hé sau c6 nghiém khong tdm thuong

Sx +2 — 22 =0 [ ( o=

3.5. HANG CUA MA TRAN -
HE PHUONG TRINH TUYEN TINH TONG QUAT
3.42. Trong cac hé sau day, hé nao c¢d nghiém khéng tam
thuong, hé nao khéng co :
x, +3ac2+5x3+ x, =0
1) {4x; — Tx;, — 3x; — x, =0
3, + 2, + Txy + 8, = 0
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2)

(x, + 2, + 33 = 0
x, +4x, =0

3.43. Tim hang cua cac ma tran sau :

2 -1 3 -2 4
aA)A=14 -2 5 1 7

2 -1 1 8 2

1 3 5 -1

2 -1 -3 4
byA=15 1 1 ¢

7 7 9 1

(4 3 -5 2 3

8 6 -7 4 2
A =14 3 -8 2 7

4 3 1 2 -5

8 6 -1 4 -6

3.44. Xac dinh hang cua cac ma tran sau tuy theo 4 (1 thuc) :

3 1 1 2
1 4 7 2
A =1, 10 17 4
4.1 3 3
1y 92 1 -1 1
A o1 1 -1 -1
A=) 9 1 0o 1 1
1 2 2 -1 1

3.45. Giai cac hé sau va bién luan theo cdac tham s6 :

1)

A+ y+ z =1
x + Ay + z A
lx+y+/lz=,12

il

Jx +ay + o'z = o}
x + by + ()Zy = b3

Xty +c¢z = o

2)

X +)/ + =1
3) Jax + by + ez =
ax + 6% + ¢ = d°

B. BAI GIAI VA HUONG DAN

3.1. MA TRAN
3.1. 1)
1 3 0 1 1+0 3+1 1 4
A+ B= (-1 2/+] 3 2|=]|-1+3 2+2| =12 4
3 4 -2 3 3-2 4+3 1 7
4 2 -3 1+2 4-3 31
(A+B +C =12 4| +[1 20=12+1 442/ =13 6
7 4 -1 1+4 7-1 5 6
2)
0 1 2 - [ 0o+2 1-3 2 -2
B+( = 3 20 +]1 20 =] 3+1 2+2| =14 4
-2 3 4 - -244 3-1 2 2
1 3 2 -2 1+2 3-2 3
A+iB+C)=1|-1 2| +i4 4 =1-1+4 2+4 3
3 4 2 92 342 4+2 5
Ta suy ra
A+B 4+ =A+B+C
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3.2. a)

b)

c)

d)

e)

3.3.

a)

b)

92

3(1)  3(3)] 3 9
3(-1) 3(2)| = |3 6
3(3)  3(4) 9 12

-1 3

2 4

3 -2

2 3

3.2. DINH THUC

3}:2_4—3.1=8—3=5

1 4
2 1 =
2 2' 29 - 1.-1)
sina C?Sa = sina.sina + cosa.cosa = 1
—cosx  sina
o« e *tdil ¢+ die - di)
¢ — di b
=ab—cz—d2
tga —1 = tgla + 1
1 tga
111 0 1 11
-1 0 1l =1]_y ol =121 o
-1 -1 0
=1-1+1=1
0 1 1 1
0 1 1 1
_ +
101—0‘1 0‘ 1l10 1|1
1 1 0
=0+1+1=2

-1

0

3.4.

3.5.

c)

d)

a)

b)

a)

b)

b”
bn’

b’
bn
bn’

dn

QK A e

—
W N —

W

O =

s 3

3 6

'13
- +

1 6

1 2
1 3

=(12-9-6-3)+B-2) =1,

i+1

1

-

I

I

SEESIES )

Q

d’:
dn’

—i

0
1-: 1

L 0,—1’ +(i+1)'1__il. é'

01

1—i(=) + G+ DG - 1)
1-1+i2-1=-2

a b a b ¢
a b ¢ =la b | =A
a” b)’ c” a?’ b)? c”
a b c
a b o= —A.
a” b’, 3
b c a d
b’ c’ a’ d’
= b” C” a’7 d))
b”’ C”’ a’7’ d”’
a b c d
a’ b’ c) d’
= - an bn C” dn = _A
a”’ b”’ c!’) d”’
a c b d
a c o
= - an C” bn dn =
a’77 C”’ b”’ d”!
= A
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1 x x2 x° b a ¢ a ¢ b
1 2 4 8| _ =-1 o | -lad ¢ b=
3.6. 1 3 9 27 - 0 b” a” C”. a” 39 bn
1 4 16 64
. ! , s a b ¢ a b ¢ a b
12 mot phuong trinh bac ba d6i v8i 4n x. Thay x = 2, v€ trai —le b el s+l & | =2l v
]2 mot dinh thic co hai hang giéng nhau, nén bang khéng. Do b e 2 b o a, 5
dé x = 2 12 moét nghiém cta phuong trinh trén. Mot cach tuong -
ty ta thdy x = 3 va x = 4 cing la nghiém. Vay phuong trinh 1 0 -1 -1 o
da cho cé ba nghiém : 2, 3, 4. Vi nd la mot phuong trinh bac 3.9. 0 -1 -1 1 PO -1 -1
ba, nén khong thé cd qua ba nghiém. Vay do la tdt ca cac a b c d| (=)™ _1 bi 1
nghiém cua phuong trinh. -1 -1 1 0 0
bs : 2 3, 4 1 -1 -1 10
2 0 4 2 0 4 + 10(0) + 100(2) +(-1)3*2% | 0 -1 1| + (=133 | 0 -1
37 15 2 7| = |5 2 7+ 102) + 100(5) -1 1 0 1 1
2 5 5 9 5 5 + 10(5) + 100(2)
1 0 -1
2 0 204 +(-1)3d | 0 -1 -1| =3¢ —b + 2 +d.
= |5 2 527 -1 -1 1
2 5 255
2 1 1 x L 2 1
Cac phan t¥ ¢ cot 3 chia hét cho 17, vay dinh thidc chia hét 3.10. } ? ; y| _ )t |11 2] 4
cho 17. z
11 1 ¢ 11
b +ec cta a+tb
38 |b+c c+a d+Fb| = 2 1 1 2 1 1
bn +C” C” +an a "+ b + (__1)2+4y 1 1 2 + (_1)3+_4z 1 9 1 +
b cta a+b c c+a a+tb 111 1 1
Iy c+a ad+b |+ <+ o a+b | = 2 1 1
ba’ C” +an an +b7, Cn CH +an a +b + (_1)4+4t 1 2 1 - —x — y . + 4t
b ¢ a+b b o© a+b c a a+b ! 11 |
o R L I GO O Il A B gqp |18547 13647 _ 113547 13547 + 100
b < a” +b b7 a” a”+b ¢’ @’ a’ b 7 28423 28523) T |28423 28423 + 100
b a ¢c a b _|13547 100| _
— b, 3 a, + C’ a, by — e !28423 100 -_ 100(13547 - 28423)
b,’ c’, a” c’, a’/ b’, — _1487600.
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2)

246 427 327
1014 543 443} =

_342 721 621
046 427 327 — 427
_ | 1014 543 443 -543| =
_342 721 621 -721
946 427 —100
_ | 1014 543 -100| =
_342 721 -100
046 427 1
- —100| 1014 543 1| =
_342 721 1
246 497 1
— _100|1014—246 543-427 0
_3492-946 721 -427 0
768 116
= —100| _5g¢ 294‘
768 116
= —100.294\ %

= —29400(768 + 232) = - 29400000

31 1 1 4 4
131 1] |13
113 1] =11
111 3 11

11 0 1

131 1
=417 1 3 1| =4

111 3
- 4232 = 48

0
1
3
1

O O+

4
1
1
3

O O N =

— W= o

N o -

4)

5)

6)

i

e e e N Y

W N =

— e e et

10

10

[’ BN R

— = =

— R W

W N =

1 1 1
3 4| o
6 10| ~ |o
10 20 0
2 3 1
3 6| = |0
4 10 0
3 4 10
4 1| |10
1 20~ (10
2 3 10
1 2 3 4
1 3 4 1
1 4 1 2{ 7
1 1 2 3
11 -
1 -3 1
-3 1 1
-1 1 -3
0 —4 4
0 0 4
1 1 1
3 4 |0
9 16| ~ o
27 64 0
2 3 1
3 6] =410
9 24 0
3
1ol =12

L

— R W N

—

10

W N
O W

w

N o— W S

O DN = N

SO O
—

= 160

>N = -
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o 1 1 1 0 1 1 1 1 1 1
1 0 a b _ 0 —b a—¢ b X x> Xy
0 |0 a-b < ¢ 2 2 2
} Z C CO 1 b c 0 3.12. X xz Xy, = A”.
Lo S
= — — a—¢ =
a—b —C c Xem AL la moét da thic bac n - 1 d6i vai x, ta thidy nd cd
. o n - 1 nghiém Xy Xy oy X Vay
1 _ _ _ _ _ . N -
I w—ctb 9% A, = kx| x M xn_z) (Jcn ch)(xn x,). So sdnh hé s6
- a—-b —c—a+b c—a+b cua xg"l ¢ vé phai v6i hé s6 cua xg"l ¢ dinh thdc A , ta suy ra
a—c+b 2 | 7 k=t
T T l=<-a+b c—a+b| Ta suy ra
An = An—l(xn - xn—l)(xn - xn—Z) (xn - JCl)
=a? + b2 +c = 2ab +be + ca) Ay = B — X D0 X ) o (xy — X))
A, = A x, —x)(x, —x))
. y Xty 3 12 31 2/ X3 1
y xty x| = e P
x+y x y R
Vay
2x +y) 2 +y) 2x+ty) A = X — x).
[P e o I
xt+y x Y
1 1 1 3.3. PHEP NHAN MA TRAN VOI MA TRAN -
_owty)| y xty x MA TRAN NGHICH DAO
x ty x Y 3.13. a) Ma tran ¢8 2 X 2 nhan v6i ma tran cd 2 x 2 cho
ma trdn cd 2 X 2 :
1 0 0 2 1 I -1y _ |21 + 11 2(-1) + 1.1| _ |3 -1
—ox 4y | ¥ X x—y 3 2| |1 1| T |31 +21 3-1)+21| 7 |5 -1
rty v o [8 81 [2 1] 32458 31+52] _
"6 -1] |-3 2| T |62 - 1(-3) 61 -12| "
T XTIV - _om3 443 -9 13
= 2(x + ) 2(x° +y°) _
v “ 115 4
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¢) Ma tran ¢ 3 x 3 nhan véi ma tran cd 3 X 3 cho ma
tran ¢d 3 x 3 :

31111 1 -1
2 1 2| {2 -1 1] =
L123101

'31+12+11 B31+1(-1)+10 3(-1)+L1+11
_ 21412421 21+1(-1)+20 2(-1)+1.1+21
(11+22+81  11+2(-1)+3.0 1.(-1) +2.1+3.1

6 2 -1
=16 1 1
LS -1 4

d) Ma tran cd 2 X 3 nhan v6i ma tran c¢8 3 X 2 cho ma
tran co 2 X 2 :

3 0 1 33+02+1.1 31+01+10

- o 3]

e) Ma tran cd 2 x 3 nhan v6i ma tran c0 3 x 1 cho ma
tran ¢d 2 x 1 :

3 21 ; _ [81+22+13] _ (10
01 2|3 ~ [o1+12+28 " |8

f) Ma tran ¢ 3 x 1 nhan v6i ma tran cd 1 x 3 cho ma
tran cd 3 x 3 :

[2 1 1] g } 3 [2.3+1.2+1.1 2.1+1.1+1.0] _
1 0

2 21 22 23 2 4 6
1lp 2 81=411 12 13/ =1 2 3
3 31 32 33 3 6 9
g) Ma tran cd 1 X 3 nhan védi ma tran ¢ 3 X 1 cho ma

tran co 1 x 1 :

2
[1 2 3] (4] = [1.2+ 24 + 311 = [13].
1

100

2 1 1 2 1 1] [2 1 1
01 2 01 2/ ]01 2

(22413410 21+1.1+1.1 21+1.0+1.2
= (32+13+00 31+1.1+01 31+1.0+02} =
02+13+20 01+1.1+21 01+1.0+22

il
4 1T
W O

b)

f 1
— N
W =
[

(V8]
I
||
s DN
O —
| S

(]
—
- BN
L) =
[ |

2 117 2 1] [2 1
13 T |1 3 |13
22411 21+13 5 5

T l12+31 1.1+33| - |5 10

5 5] [2 1
15 10| |1 3

52+51 51+53 15 20
52+10.1 51+103| - |20 35

Sl S R g g
I

3+2(-4) 32+2(-2) 1 2
3-2(-4) -42-2(-2)| " |-4 —4}

RS M

|
'i oW
W
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BB
NN

Tu dé ta du dodan quy luat

{1 IT _ [t ”} (3.1)
0 1 0 1

n
d) Muén tinh {(1) 1} trudc hét ta tinh tha

Ta ching minh cong thic nay bang phuong phap quy nap
toan hoc.

Gia sU nd dang véi n = m tdc la
1 1" (1 m
0 1 101
ta sé ching minh né van con dung v6i n = m + 1. That vay,

BT
BB

Vi ré6 rang cobng thic (3.1) dung v6i n = 1

1 1]t 11
o1 T o1

102

nén nd sé ding véi

n=2+1=
V.V...

nghia la cong thic (3.1) sé dung véi n (nguyén duong) bat ki.
e) Ta lam tuong tu trén. Ta tinh thd

cosp —singp 2 _ |cosp —sinp| [cosp —sinp] _
sinp  cosp ~ |sing  cosp| |[sing  cosp| T

_ |cos?p —sin?p  —2sinpcosp
2singpcosp  cos’p —sinp

sin2p  cos2p
Do dé ta du doan quy luat

[cosgo —simpJn _ ’:cosup —sinmpJ

_ ,:cos2<p —sin2<p:,

sing  cosp sinng  cosng (3.2)
Ta ching minh céng

ding véi n = m tic la

[cosgo —simpJm _ [cosmgo —sinmgp:,

thic nay bang quy nap. Gia st né da

sinp  cosp sinme  cosmep

ta sé ching minh né vin con ding véi n = m + 1. That vay, ta co

cosp —sing mrl _ |cosp —sinp ” cosp —sing
sing  cosp "~ |sing  cosp sinp  cosp
_ |cosmp —sinme| |cosp —singp
~ [sinmp  cosme| |sing  cosp

cosmepcosp — sinmepsing
sinmpcosp + cosmepsing

- —cosnpsing — sinmpcosyp
- —sinmgpsing + cosmepcosp
_ (cos(m + l)p —sin(m + l)p

sinfm + l)p  cos(m + l)p|
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Ta da biét cong thic (3.2) dang v6i n = 1

cosp —sing ! __ |cosp —sing
sinp cosp|  |sinp  cosp

nén ndé sé ding voi

n=1+4+1=2
n=2+1=3
V.V...
nghia 12 cong thuc (3.2) dung v6i n (nguyén duong) bat ki
3.15.
1 -2 -1 4 1 1 11 -5 0
a) AB=12 1 2|/ |-4 20 =| 6 84
1 2 3 1 21 -1 11 4
4 1 11 [1 -2 -1 7 -5 1
BA= |-4 2 o] |2 1 = {0 10 8
1 11T 2 3 6 2 6
Vay
4 0 -1
AB-BA=| 6 -2 -4
-7 9 -2
[ 1 0 3 1 -2] 9 0 o
BAB=| 1 1 2 3 —2 4|l =] 0 9 0
-1 2 1| |-3 5 -1 -4 0 9
L J
[ 3 1 -2 2 1 0] 9 0 0}
BA=| 38 -2 4 11 20 =1] 09 0
-3 5 -1 -1 2 1 L_409
Vay L |
0 0 0
AB-BA =10 0 0
0 0 O
3.16.2) A+B)? = (A+BA+B)

= (A+BA+(A+B)B
= AA + BA + AB + BB

104

Vi AB = BA nén
(A + B)? = A’ + 2AB + B2
b) (A+B)A-B) = (A+B)A+ (A+ B)~-B)
= AA + BA - AB - BB
Vi AB = BA nén
(A+B)A - B) = A’ - B2
3.17. a) Gid st ma tran phai tim cd dang

=[]

Ta dua vao diéu kien AX = XA dé tim x, y, z, ¢

Ta co
AX — 1 2] |x =z _ x+2y z+2¢
-1 -1 y t X -y -z —t
x 2 1 2 x—z 2x-—

biéu kién AX = XA tuong duong véi
x+2y =x —2z
z + 2t =2x — 2z
X —y =y =t
-z —t =2y -t
Phuong trinh ddu va phuong trinh cudi trang nhau, ta c6
tt phuong trinh thd 1 va thyd ba :
z = 2y
t=x+2
Thay z va ¢t nay vao phuong trinh thu hai thi né théa man.
Vay, xem x va y thy ¥ thi z = -2y, t = x + 2y. Két qua la

| =2y
X_[y x+2y:l

x=[ 7

b) Cing dat
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ta co

AX

Il
—
—

IR
S N E R e

Diéu kién AX = XA tuong duong vdi

x +y=x
z+t=x+2z
y =Y
t =y +t¢
Do do
y=0,x=¢ ztuyy
va
x z
c) Dat
[x y z
X:_—_ u 12) w
m n t
ta co ) )
1 0 0 z
AX =10 -1 O u v w| =
3 1 2 m n t
x y
= u 12
I +tut+2m 3ytuv+2n 3Jztw+2¢
[x y =z 1 0 O
XA = |u v w 01 0
m n t 3 1 2
[x + 32z y tz 2z
= |u + 3w v+w 2w
m + 3t n+t 2t
106

Diéu kién AX = XA tuong duong véi

x =x + 3z

y =y tz

z = 2z

u =u + 3w

v =uvtuw

w = 2w

I +tu +2m=m + 3¢
3y +uv +2n =n +¢
3z +w + 2t = 2

Phuong trinh thd ba ching té z = 0.

T dé phuong trinh thu

1 va 2 chding to x va y tuy y.

Phuong trinh thd 6 ching t6 w = 0. Ti dé phuong trinh
thd 4 va 5 ching té u va v tuy y.

Tt z = 0, w = 0, phuong trinh thd 9 ching té ¢ tuy y.

Sau d6 phuong trinh thd 7 va 8 cho phép biéu dién m va

n theo x, y, u, v :

m =
n =
Vay
X
X = u
3t — 3x.
3.18. Véi flx) = x% - 5x
flA) =

3t -3x —u
t -3y -v.
y 0
v 0
—u t—3y-v t
+ 3 thi
A% - 5A + 3]

trong dé I 1a ma tran don vi cung cdp véi ma tran A. O day

=[]

va
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Ta co
9 1 9 1 7 Tit hai phuong trinh dédu suy ra a® = d2.
A? = [_3 3:| [_3 3] = [_ 15 12} Do dd c¢ hai truong hop d = a vad = -a.

Néu d = a # 0 thi hai phuong trinh cudi ching t6 b = 0,

54 = -5 [ 2 - 1:| = [_ 10 5] ¢ = 0, ti d6 hai phuong trinh diu lai ching td a = 0, d = 0.
-3 3 15 -15 Vay khong cd kha ndng d = a # 0.
37 = 3 1 0 (30 Né&u d = -a thi phuong trinh thd 3 va 4 ching td b va ¢
~ 710t T (o 3 tiy y. Muén cho phuong trinh thd 1 va 2 théa mian cdn thém
Vay diéu kién
at+bc =0

7 -5 ~10 5 3 0 0 0
fla) = [—15 12} +[ 15 —15J + {o 3J = [o 0}

3.19. Dat
a b

Vay A cd dang

A=l:a b},a2+bc=0.
c —a

3.20. Nhu & bai tap 3.19 ta phai tim a, b, ¢, d dé&

Ta phai tim cac s a, b, ¢, d dé A2 = 1 0}
2 _|a b |a b 0 0 01
AT=0 4l e 4l T lo o Diéu kién cdn va di dé A2 = I la
Vi a? +bec =1
_ @+ dp =0
a bl |la b _ 2 4+ pe ab + bd (@ +d)e =0
c d| |c d| - lac +ed be + d? d* + be = 1
nén diéu kién cdn va du dé A?2 = 0 la Hai phuong trinh 1 va 4 chding té a? = d2
a2 +be = 0 Né&u d = e # 0 thi hai phuong trinh 2 va 3 ching té6 b = 0
ab +b6d = 0 va ¢ = 0. Sau dd hai phuong trinh 1 va 4 ching té d = a =1
ac +cd = 0 hay d = a = -1. Vay
be +d> =0 1 0 -1 o0
viét lai la {0 1} ay { 0 —1}
aZ +bc =0 Né&u d = -a thi hai phuong trinh thd 2 va 3 ching t6 b va
d2 4+ be = 0 ¢ tuy y. Sau dé mudn cho phuong trinh 1 va 4 théa man cén
(@ +dp =0 théem didu kién a® + bc = 1. Vay cé
a +d)c =0 .
( ) A = [a b}, a?+bc = 1.
c -a
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I

—y

LW >

8]
J

4 14
-4 (BA)‘——-[, }
4 3 3
-2

S R A R v
wemr- [
3.23. Xét phuong trinh ma tran AX = B véi A 12 ma tran
vudng. Néu A ¢ ma tran nghich dao A™! thi
A lAX) = A™!B
(A"lA)X =A"'B
X=A'B

D& xét sy tén tai cia A”! ta tinh dinh thdc cia ma tran A
dia cho :

1 -1 1
det(A) = |—1 2 1l =1=0
-2 3 1
Vay A cd nghich dao
1 1 -1 4 -3
Rl

Do do

[—1 4 -3 [1 1 1 -1
X=A11B=|-1 3 -2/t o0 2 2
1 -1 it -2 2 o

0o 51 9
- 31 7
1 -1 1 -3
324.20 1 2 . 1 0 hang 1 (h1)
1 0 , 1 -2 hl-2h2—hl
1 | 0 1  h2-h
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b)

™

— N W

hl
h2
h3

O O O =

- Nl O = N

o~ Ol OO

hl + 3h3 — hl
h2 - 2h3 — h2
h3 — h3

Ta dugc

c)

(=)

|
N O

—_—0 O = O O
S
__'_. OO OO OO
|

w =3

O = N

o O -

ht - 2h2 — hl
h2 — h2
h3 — h3

hl
h2
h3
h4

g o

o~ OO OO O

hl - 7h4 — hl
h2 + 3h4 — h2
h3 - 2h4 — h3

h4 — h4

corRro|loorol o0 —O

N Ot

1

hl + 5h2 — hl
h2 - 2h2 — h2
h3 - h3
h4 — h4

coom oocoorRrlooo~ OO0 O
co—~Ool OO0 =W OO W OO W

112

O~ OO O OO &N

—_ o 00| MO0 MO OO n
coo~mloocor|laoor|ocoo

|
w

o O =

i

—
—_— N = O

o

hl - 3h2 — hl
h2 — h2
h3 — h3
h4 — h4

1 -3 11 -38
0 1 -2 7
4 -1 o
Vay AT=1y o0 1 -2
0 0 0 1
3.25. 1)
2 -1 1 0 hl
3 1 0 1 h2
1 -0,5 0,5 0 h1/2 — hl
3 1 0 1 h2 — h2
1 -05 05 0 hl — hl
2,5 -1,5 1 h2 — 3h1 — h2
1 -0,5 0,5 0 hl — hl
1 -0,6 04 h2/2,5 — h2
1 0 0,2 0,2 hl + 0,5h2 — hl
1 -0,6 04 h2 — h2
02 02
, —1 — bl b
Do do AT = l:_ 0,6 0’4]
2)
1 -1 2 1 0 0 h1
-1 2 1 0 1 0 h2
2 -3 2 0 0 1 h3
1 -1 2 1 0 0 hl — hl
0 1 3 1 1 0 h2 + hl — h2
0 -1 -2 -2 o0 1 h3 - 2h1 — h3
1 -1 2 1 0 0 hl — hl1
1 3 1 1 0 h2 — h2
1 -1 1 1 h3 + h2 — h3
1 -1 o0 3 -2 -2 hl - 2h3 — hl
1 0 4 -2 -3 h2 - 3h8 — h3
1 -1 1 1 hl — hl
1 0 0 7 -4 -5 hl + h2 — hl
1 0 4 -2 -3 h2 — h2
1 -1 1 1 h3 — h3
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Do do

7 -4 -5
Al=] 4 -2 =3
-1 1 1
3)
1 1 2 1 0 0 hl
2 3 2 0 1 0 h2
1 3 -1 0 0 1 h3
1 1 2 1 0 0 hl — hl
0 1 2 -2 1 0 h2 - 2hl — h2
o 2 -3 -1 0 1 h3 - hl — h3
1 1 2 1 0 0 hl — hl
1 -2 -2 1 0 h2 — h2
1 3 -2 1 h3 - 2h2 — h3
1 1 0 -5 4 -2 hl - 2h3 — hl
1 0 4 -3 2 h2 + 2h3 — h2
1 3 -2 1 h3 — h3
1 0 0 -9 7 -4 hl - h2 — hl
1 0 4 -3 h2 — h2
1 3 -2 1 h3 — h3
Do dé
-9 7 —4
Al=1|4 -3 2|
3 -2 1
1 2
o a-l )

det(A) = 0, A khong cé nghich dao.
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5)
2 3 1 0 h1
1 4 0 1 h2
1 32 12 o0 h1/2 — hl
1 4 0 1 h2 — h2
1 %2 12 o0 hl — hl
0 52 -1/2 1 h2 - hl — h2
1 32 12 0 hl — hl
1 -1/5 2/5 h2/(5/2) — h2
1 0 4/5 -3/5  hl-3/2h2—hl
1 -1/5. 2/5 h2 — h2
Do do
- 4/5 -3/5
1 —
A7 = [—1/5 2/5J
2 —
6 =
) A [—6 9}
Ta co
2 -3 _
det(A) = '_6 9' =0
Do d6 ma tran A khéng cd .nghich dao
7)
1 -1 -1 1 0 0 h1l
-1 +1 -1 0 1 o0 h2
2 2 0 0 0 1 h3
1 -1 -1 1 0 o0 hl -» hl
0 0 -2 1 1 o0 h2 + hl — h2
0 4 2 -2 0 1 h3 - 2h1 — h3
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1 -1 -1 1 0 0 hl — hl
4 2 -2 0 1 h3 — h2
-2 1 1 0 h2 — h3
1 -1 -1 1 0 0 hl — hl
1 0,5 -0,5 0 0,25 h2/4 — h2
1 -0,6 -05 O h3/(-2) — h3
1 -1 0 0,5 -0,5 O hl + h3 — h3
1 0 -025 025 0,25 h2 - 0,5hl — h2
1 -05 -05 O h3 — h3
1 0 0 0,25 -0,25 0,25 hl + h2 — hl
1 0 -025 025 0,25 h2 — h2
1 -05 -0,5 O h3 — h3
114 —1/4 1/4
Do do Al =1—-1/4 1/4 1/4
-12 -1/2 0
8)
2 1 1 1 0 0 hl
1 2 1 0 1 0 h2
1 1 2 0 0 1 h3
1 1/2 1/2 1/2 0 0 h1/2 — hl
1 2 1 0 1 0 h2 — h2
1 1 2 0 0 1 h3 — h3
1 1/2 1/2 1/2 0 0 hl — hl
0 3/2 1/2 -1/2 1 0 h2 - hl — h2
1/2 32 -1/2 0 1 h3 - hl — h3
1 1/2 1/2 1/2 0 0 hl — hl
1 1/3 -1/3 2/3 0 h2/(3/2) — h2
1 3 -1 0 2 h3/(1/2) — h3
1 1/2 1/2 /2 0 0 hl — hl
1 /3 -1/3 2/3 0 h2 — h2
8/3 -2/3 -2/3 2 h3 - h2 — h3
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1 Y2 12 12 0 0 hl — hl
1 13 -13 23 0 h2 — h2
1 ~1/4 -1/4 3/4 h3/(8/3) — h3
1 /2 0 5/8 1/8 -3/8 hl - 0,5h3 — hl
1 0 -1/4 34 -1/4 h2 - 1/3h3 — h2
1 -1/4 -1/4 384 h3 — h3
1 0 0 3/4 -1/4 -1/4 hl - 1/2h2 — hl
1 0 -1/4 3/4 -1/4 h2 — h2
1 -1/4 -1/4 3/4 h3 — h3
Do dé
3/4 —1/4 -1/4
Al=|-14 34 -1/4
~1/4 -1/4 3/4
9)
3 2 0 1 0 0 hi
2 1 3 o 1 0 h2
4 -2 -1 0 0 i h3
1 2/3 0 1/3 0 0 h1/3 — hl
2 1 3 0 1 0 "h2 — h2
4 -2 -1 0 0 1 h3 — h3
1 2/3 0 13 0 0 hl — hl
0o -1/3 3 -2/3 1 0 h2 - 2h1 — h2
0 -14/3 -1 -4/3 0 1 h3 - 4h1 — h3
1 2/3 0 /3 0 0 hl — hl
1 -9 2 -3 0 h2(-3) — h2
0 129/14 -12/7 3  -3/14  h3 - 14h2 — h3
1 2/3 0 1/3 0 0 hl — hl
1 -9 2 3 0 h2 — h2
h3 (o
1 -8/43 14/43 -1/43 (129) — b3
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1 2/3 0 1/3 0 0 hl — hl
1 0 14/43 -3/43 -9/43 h2 - 9h3 — h3
1 -8/43 14/43 -1/43 h3 — h3
1 0 0 5/43 2/43  6/43 hl - 2/3h2 — hl
1 0 14/43 -3/43 -9/43 h2 — h2
1 -8/43 14/43 -1/43 h3 — h3
5/43  2/43  6/43
Do d6 A"l = | 14/43 -3/43 -9/43
—8/43 14/43 -1/43
10)
-2 1 -1 1 0 0 0 hl
-1 4 -2 3 0 1 0 0 h2
2 0 1 3 0 0 1 0 h3
-2 6 0 50 0 0 1 h4
1 -2 1 -1 1 0 0 0 hl — hi
0 2 -1 2 1 1 0 0 h2 + hl — h2
0 4 -1 5 -2 0 1 0 h3 - 2h1 — h3
0 2 2 3 2 0 0 1 h4 + 2hl — h4
1 -2 1 -1 1 0 0 0 hl — hl
1 -1/72 1 1/2 12 0 0 h2/2 — h2
4 -1 5 -2 0 1 0 h3 — h3
2 2 3 2 0 0 1 h4 — h4
1 -2 1 -1 1 0 0 0 hl — hl
1 -1/2 1 12 12 0 0 h2 — h2
0 1 1 -4 -2 1 0 h3 - 4h2 — h3
0 3 1 1 -1 0 1 h4 - 2h2 — h4
1 -2 1 -1 1 0 0 0 hl — hi
1 -1/2 1 1/2 12 o0 0 h2 — h2
1 1 -4 -2 1 0 h3 — h3
0 -2 18 5 -3 1 h4 - 3h3 — h4
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1 =2 1 -1 1 0 0 0 hl-oht
1 -1/2 1 12 12 0 0 h2—h2
1 1 -4 -2 1 0 h3 —- h3
1 -13/2 -5/2 3/2 -1/2 h4/(-2) — h4
1 22 10 -11)2 =52 32 -1/2 hl + b4 — h1
1 -12 0 7 3 =32 1/2 h2 - hd4 —h2
1 0 452 1/2 -1/2 1/2 h3 - h4 — h3
1 -13/2 -52 32 -1/2 h4 — hd
1 2 0 0 -8 -3 2 -1 hl-bh2—>ni
1 0 0 334 134 -7/4 3/4 h2+1/2h3— h2
1 0 5/2 1/2 -1/2 1/2 h3 — h3
1 -13/2 -5/2 3/2 -1/2 h4 — hd
] 0 0 172 72 -32 1/2 hl+2h2 — hl
0 0 334 134 -7/4 3/4 h2 — h2
1 0 52 1/2 -1/2 1/2 h3 — h3
1 -13/2 -52 3/2 -1/2 h4 — h4
172 72 -3/2 12
3 334 134 —-74 34
. 1 _
Dods A 52 12 -12 12
“132 -52 32 -1/2
11)
2 -1 0 3 1 0 0 o0 i
1 1 2 -1 0 1 0 0 h2
1 2 3 1 0 0 1 0 n3
o 1 2 1 0 0 0 1 n4
1 1 2 -1 0 1 0 0 h2—>ht
1 2 3 1 0 0 1 0  h3-—h2
0o 1 2 1 0 0 0 1  h4d—h3
2 -1 0 3 1 0 0 _ 0 hl — h4
1 1 2 -1 0 1 0 0  hl—>nhl
0O 3 5 0 0 1 1 0  h2+hl-—h2
o 1 2 1 0 0 0 1  h3->h3
0O -3 -4 5 1 -2 0 0  hd-2hl — h4
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1 1 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2/3 — h2
1 2 1 0 0 0 1 h3 —» h3
-3 -4 5 1 -2 0 0 h4 — h4
1 1 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3 /73 0 h2 — h2 _
0 1/3 1 0 -1/3 -1/3 1 h3 - h2 — h2
0 1 5 1 -1 1 0 h4 + 3h2 — h4
11 2 -1 0 1 0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 3h3 — h3
1 5 1 -1 1 0 h4 — h4
1 1 2 -1 0 1 .0 0 hl — hl
1 53 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 h3 — h3
0 2 1 0 2 -3 h4 -~ h3 — h4
1 2 -1 0 1 0 0 hl — hl
5/3 0 0 1/3  1/3 0 h2 — h2
1 3 0 -1 -1 3 h3 — h3
1 172 0 1 -3/2 h4/2 — h4
1 1 2 0 1/2 1 1 -3/2 hl + h4 - hl
1 63 0 0 173  1/3 0 h2 — h2 ‘
1 0 -32 -1 -4 15/2 h3 - 3h4 — h3
1 172 0 1 -3/2 h4 — h4
1 1 0 0 7/2 3 9 -33/2 hl - 2h3 — hl
1 0 0 5/2 2 7 -25/2 h2-5/3h3— h2
1 0 =32 -1 -4 15/2 h3 — h3
1 1/2 0 1 =32 h4 — h4
1 0 O 0 1 1 2 -4 hl - h2 — hl
1 0 0 5/2 2 7 -25/2 h2 — h2
1 0 -32 -1 -4 15/2 h3 ~ h3
1 1/2 0 1 -3/2 h4 — h4
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Do do

3.26. Vi @110y - a, # 0 néna, # 0 Vi

Ma tran

nn

BA =1 AB =1

Vay - B =A1

3.27. T A2 -3A+1 =0 ta suy ra

I=3A-A%=ABI-A) = (3 - A)A

Vay 81 - A = A™ L.

3.28. Ta phai ching minh ridng néu B = 0 thi A khong thé
kha dao. That vay, gid st B # 0 ma t6n tai A"\ Nhan A™!
v0i 2 v€ cda AB = 0 ta suy ra

A"lAB) = A7 10
(A"lA)B =0
B=0
Diéu nay trai gia thiét B = 0.
3.29. Nhan A™' véi 2 v& cta ding thic AB = AC

¢d dac tinh :

A1(AB) = A"1(AC)
(A71A)B = (A"1A)C
B=cC

3.30. 1) det(A?) = det(AA)
det(A3) = det(A24)

det(A)det(A) = 33 = 9 ;
det(A%)det(4) =

I
©
w
Il
N
~
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Day 1a mot hé thudn nhat cé 3 phuong trinh 3 4n vai dinh thic

5 3 8
4 3 1 =0
3 2 3

nén hé cd nghiém khong tAm thudng.
Vay ho vectd di cho phu thudc tuyé&n tinh.
5.15. a) Xét
a4, - 5,2, 6) +52, -2, 1, 3) +y(6, -3, 3,9 +

+6 (4, -1, 5,6) = (0,0, 0, 0
tdce 1a
(4a +28 +6y +45, ~ba - 28 - 3y - 4,

20+ 3+ 3y + 55, 6a + 38 + 9y + 6J)
=(0,0,0,0)
Do d6 a, B, y, 6 1a nghiém cua hé

da + 28 + 6y + 45 =0

~Sa ~286-3y - 6=0

2¢ + B+ 3y +55 =0

6ac + 36 +9% +65 =0
Hé nay cé dinh thdc

4 2 6 4

-5 -2 -3 -1 _ o

2 1 3 5
6 3 9 6

nén cd nghiém khong tadm thuong.
Vay ho vecto da cho 1a phu thudc tuyén tinh
b) Xét
a(1, 0, 0, 2, 5) +5(0, 1, 0, 3, 4) +y\(0, 0,1,4, 7+
+d (2, -3, 4, 11, 12) = (0, 0, 0, 0, 0)

tdc la
(a+25, -3,y +45, 2a + 36 +4y + 118, ba + 48 + Ty + 128)
= (0, 0, 0, 0, 0).
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Do d6 «, B, v, & la nghiém cta hé

a + 26 =0
B -3 =0
y + 46 =0

2 +36+4y +116 = 0
Ba +48 +Ty +125 = 0
Nhan phuong trinh thd 1 véi -2
2 véi -3
3 véi -4

r6i cong cac phuong trinh thu dugc véi phuong trinh thd 4 ta
duge 0 = 0.
Nhan phuong trinh thd 1 véi -5
" 2 véi -4
" 3 véi -7
rdi cong cdc phuong trinh thu dudc véi phuong trinh thy 5 ta
dugce 146 = 0.
Vay hé trén tuong duong véi hé
B - 36
y + 48
146 =

i
oo oo

Do ddé nd c6 nghiém duy nhit
=0, y=0, =0, a=0
la nghiém t4m thuong. Vay ho vecto da cho 1a déc lap tuyén tinh.
5.16. a) Xét

a(2-x+4x%) +B (3 +6x +2x2) +p(1 + 10x — 422) =
=0+0x+ 2 € P,,
tic l1a
20+ 38+y+(—a+68+100x + (4a + 28 - 4y) x2 =
=0+ Ox + 0x?
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Do dé a, B, y la nghiém cia hé
[ 20 +38+ y=0
-a+68+ 10y =0
da +28 - 4y =0
Hé nay cd dinh thuc

2 3 1
-1 6 10| =-6=0
4 2 -4

nén chi ¢ nghiém tim thudnga = 8 =y = 0.

Vay ho vects da cho doc lap tuyén tinh.

b) Xét

aB+x+x?)+P2-x+5x) +y(4 - 3xY) = 0+ 0x + 0x2
tic la

8a + 28+ 4y +(a - Bx + (@ + 58 - 3y)x? = 0+ 0x + 0x2

Do d6 a, 8, y 1a nghiém cta hé

Ba+28+4y =0

a~- B =0
a+5-3y =0
Hé nay cd ba phuong trinh ba 4n, thuin nh4t v6i dinh thic
3 2 4
1 -1 0| =89 =0
1 5 -3

nén chi ¢ nghiém tdm thudnga = B.= y = 0.
Vay ho vecto da cho la doc lap tuyén tinh.
c) Xét ' V
a6 -x%) +B (1 +x+4x?) = 0+ Ox + 0x2,
tic la

6a + B + px + (~a + 48)x%* = 0 + 0x + Ox?
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Do d6 «a, § la nghiém cua hé

6a+ B =0
B =0
-a+4f =90
Hé nay chi c6 nghiém tdm thudng
B=0 a=0.
Vay ho vecto da cho la doc lap tuyén tinh.

d) Xét
a(l +3x +3x2) + 3 (x + 4x2) + y(5 + 6x + 3x2) +

+6(7T+2x - x%) = 0+ 0x + 0x2,
tic la .
a+5f'/+76+(3a+/3+6y+26)x+

+ Ba+48+ 3y - 8Hx? = 0+ 0x + 0x2.

Do dd «, B, ¥, & 1a nghiém cta hé
a +5 +7 =0
S3a+ B+6y+25 0
3a+48+ 3y -6 0

Day 1a mo6t hé thudn nhdt ma s6 phuong trinh it hon s§ 4n,

nén cé nghiém khong tdm thudng. Vay ho vecto da cho la phu
thudéc tuyén tinh.

5.17. a) Vi 1 = sin®x + cos’x

: 1
nén co 2 = §(4sm2 x) + 2cos’x

1
hay 2 - 5(4sin2x) ~ 2cos’x = 0.

Vay ho {2, 4 sin’x, cos’ } la phu thudc tuyén tinh.
b) Xét
ax + f cosx = 0
Thay x = 0 ta duoc § = 0.
7

Thay x = ta dugec «

s
2 2
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Vay ho
c) Xét

Thay x
Thay x
Thay x

Vay ho
d) Xét
tdc la

Thay x
Thay x

Ta suy ra
Vay c6 nghiém khong tdm thudng a = 1,8 =1, y = -1
Do d6 ho {cos2x, sinzx, coszx} la phu thuéc tuyén tinh.

e) Xét
tac la

hay

{x , cosx} 1a doc lap tuyén tinh.

a+ f sinx +y sin2x = 0
= 0 ta dugc a = 0

=Z[—taduqcﬂ=0

= %taduqcy = 0.

{1, sinx, sin2x} doc lap tuyén tinh.
acos2x + Bsin’x + ycos?x = 0

a(cosx - sin?x) + Bsin?x + ycosZx = 0
(a +y) cos?x + (B - a) sin?x = 0

= 0 ta dugc a +y = 0.

=72—[tadU()c,8—a=O.

a(l +x)2+B(x%+2x) +y3 =10
a(l +2x +x2) + B(2x +x2) + 3y = 0

a+3y+ Q2a+28)x+ (a+pBx? = 0+ 0x + 0x2.

Do d6 «a, B, y 1a nghiém cua hé

a+3y =0
200 +28 =0
at+f =0
Hé nay tuong duong véi
at+f =0
a+3y =0

cé nghiém khong tam thudngy = 1,8 = 3, a =

Vay ho {(1 + x)?, (x%2 + 2x), 3} la phu thudc tuyén tinh.
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chang han a« = 1, y = -1, 8 = 1 thoéa man.

f) Ta thdy

1.0+ 0x+0x2 =0

Vay ho {0, x, x°} 1a phu thuse tuyén tinh.

av, + v, + yvy = (0, 0, 0)

1 1

“(h 3 73) *A(mphog) *r (3o pi) =000

5.18 Xét
tuc 1a
1 1
hay
e =g =y

1 1 1 1
_§a+lﬁ_§y,—§a—-§ﬂ+},y>=(0,0,0)

Do d6 «, B, y la nghiém cta hé

1 1
AG—EIB—E‘}/:O
1 1
e lpian 2o
2% " 2Pt =

Hé nay l1a mét hé thudn nhit cd ba phuong trinh ba 4n va
phu thuéc tham sé A.

Dinh thuc cua hé 1a

Ta thay

Ao N —

1
2
1
2
A

DN~ N =

DN | b=

A = i(/l — 124 + 1)?
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Vay
1 \ , .
Néu A = 1 va # — 5 thi A # 0, hé chi ¢d nghiém tam
thuong, do d6 ho {v,, v,, vy} 1a doc lap tuyén tinh.

| .
Néud =1 hay 4 = 3 thi A = 0, hé ¢6 nghiém khéng tam
thudng, do do ho {v,, v,, vy} la phu thude tuyén tinh.

5.19. Mudn cho mot ho vecto 1a co sd cho mot khong gian hiu
han chiéu thi mot diéu kién can la s6 vecto cida ho phai bing so
chiéu cua khong gian. Do dd néu mot ho vectd co s& vectd khac
s6 chiéu cta khong gian thi nd khong thé 1a mot co sd duge.

a) S6 vectd ctua ho {u;, u,, u;} la 8 trong khi s6 chiéu cua
khong gian R* 1a 2 (# 3).

b) S6 vects cua ho {u, u,} la 2 trong khi s8 chiéu cua
khong gian R* 1a 3 (= 2).

¢) S6 vects cua ho vects {p,, p,} la 2 trong khi s6 chiéu
cua khong gian P, la 3 (& 2).

d) S6 vecto cua ho {A, B, C, D, E} 1a 5 trong khi s6 chiéu
cta khong gian M, 1a 4 (= 3).

5.20. Mudn cho mét ho gém n vects cia khong gian R" la
mot co s6 cua R", diéu kién cdn va du la nd doc lap tuyén
tinh. Muén cho mot ho gém n vecto cia R" la doc lap tuyén
tinh, diéu kién cdn va du la dinh thidc cia ma tran cd ciac hang
(hay cot) tao bdi cac vecto ctua ho viét thanh hang (hay cot)
phai khéc 0.

a) 3 (1){ = -3 =z 0,
Vay ho {(2, 1), (3, 0)} 1a mot co s& cia R%.
b) _‘; _;l=—32+7=—25¢o,
Vay ho {(4, 1), (-7, -8)} la mot co s& cia R
¢) 00 ’ =0
I I .

Vay ho {(0, 0), (1, 3)} khong phai la co s cia R?.
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3 9
4 -12
Vay ho {(3, 9), (-4, - 12)} khong phai la co sé cua R2.
5.21.

d)l_ ‘:0

1 0 0
3 3 38
1

Vay ho {(1, 0, 0), (2, 2, 0), (3, 3, 3)} la co s& ctia khong
gian R>.
3 1 -4
b) {2 5 61 =26=0
1 4 3
Vay ho {(3, 1, -4), (2, 5, 6), (1, 4, 8)} la mét co s& cua R>.
2 -3 1
0 -7 1

Vay ho {(2, -3, 1),‘(4, 1, 1), (0, -7, 1)} khéng phai 1a co
sé¢ cia R3.

1 6 4
d) 2 4 -1|=0
-1 2 5

Vay ho {(1, 6, 4), (2, 4, -1), (-1, 2, 5)} khong phai la co
s& ctia khong gian R>.

5.22. P, la khong gian ba chiéu. Mudn cho 3 vecto
p=a,tax +a27c2
q=0b,+bx+bx?
r=c,tex+cx?

tao thanh mét co sd cho PZ, diéu kién can va du la ching déc
lap tuyén tinh, tdc la phuong trinh

ap + B¢ +yr =0

chi c6 nghiém tdm thudnga = g =y = 0.
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Phuong trinh trén viét .
ala, +apx + azxz) + B, +bx + bzxz) +
+y(c, tex +c2x2) = 0 + Ox + 0x?,

hay
aa+bpf +cy+laa+bdbf+eyx+

+ (a,a +b,8 + czy)x2 = 0+ Ox + 0xZ.
Do do «, B, y 12 nghiém cda hé
aa+bpf+cy =0
aa+b,B+cy=0
a,a + b, +cy =0
Day 12 mot hé thudn nhit ba phuong trinh ba 8n «, f, y.
Dinh thic cia hé la
0 o o
A=ap b ¢
a, b, o
Néu A # 0 thi hé chi ¢cd nghiém tdm thudnga = 8 = y = 0.
Néu A = 0 thi hé ¢d nghiém khong tam thuong.

Vay muén cho ho {p, ¢, r} 12 mét co s6 cia P, diéu kién
cin va da la A = O :

A = 0 thi ho {p, q, r} l1a mét co sd ;
A = 0 thi ho {p, g, r} khong phai 14 mot co s& cho P,.

1 1 1
a) -3 1 =7 =0
2 4 0

Vay ho {1 - 3x + 2x%, 1 + x + 4x%, 1 - 7x} khong phai la
mot co sd cua P,

|4 -1 5
b) |6 4 21 =0
'1 2 -1

Vay ho {4 + 6x + x%, - 1 + 4x + 2x%, 5 + 2x - x°} khong
phai la mét co sd chda P,.

202

Ul.78\l'

1 0 0
c) |1 1 =1=0
1 1 1
Vay ho {1 + x + 2%, x + x?, %) la moét co sd cua P,
-4 6 8
d) 1 &5 4| =-26#0
3 2 1

Vay ho {4 -~ x + 3x%, 6 + 5x + 2x° 8 + 4x + x%} 1a mot co
80 rua P,.
5.23. M, 1a khong gian 4 chiéu.

Mot ho 4 ma tran cdp hai {A, B, C, D} 1a co s6 cua M,
néu { A, B, C, D} doéc lap tuyén tinh tic la néu phuong trinh

GA + B +yC + 6D = 0 (3.3)
chi ¢d nghiém tam thuénga = =y =8 = 0.
a) Phuong trinh (3.3) viét thanh

3 6 0 -1 0 -8 1 0] [oo
a{3 —6} +ﬁ[—1 0}+7[—12‘~4}+6[—1 2}= [o 0]’

tdc la

{ 3a +4

8a —ff — 12 = oo - /j_SyJ :{0 0]'

-6 —4y +25 0 0
Vay «a, 8, v, & la nghiém cia hé

3a+d =0

6 - -8 =0

S =B - 12y =8 = 0

-6 — 4y + 20 = 0.
Hé nay cé dinh thic

3 0 1]
6 - - 8 0

A=lg _] _q9 _1|=-4=20
6 -4 2
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Do d6 hé chi co nghiém tam thudng :
a=p=y=45=0

Vay ho {A, B, C, D} da cho la mét co sd cua MZ'

b) Phuong trinh (3.3) viét '

[1 o]w[o 1} [0 0]+6[o o]_[o o}
“lo o 00%10 o 1] =10 o0

tuc la
a B} _ |0 0]
P -
Ta suy ra
a=0=0y=0356=0.
Vay ho

o o) oo [ g o )
00’00’10’01J
1a mot co s& cua M. »
5.24. Xét hé thudn nhit cé n &n s6 Ax = 0.
Nghiém cua hé 1la mot b n s0
x = Ax), Xy o x) € R".
‘Goi W la tap cic nghiém cua hé.

Néu x vay € W thi Ax = 0 va Ay = 0.

Do do :
Alx+y) =Ax+Ay=0+0=0
Alkx) = kAx = k 0 =

Vay x+y € Wvakx € W,

nghia 12 W khép kin d6i voi phép cong vectd va phép nhan vecto

v6i mot s6 cia R". Do dé W la mot khong gian con cua R™
Muén tim s6 chiéu va co sd ctia W ta tim s6 vecto doc lap

tuyén tinh sinh ra W. D& lam viéc do ta phai tim nghiém cua

hé thudn nhit da cho.
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1) Xét heé
x, + 2x, =0
[N x2+ x3 =0

Hé nay c¢6 3 phuong trinh 3 4n véi dinh thdc

2 1 3
A=1 2 0| =620
0 1 1

Vay hé da cho chi cé nghiém tim thuong (0, 0, 0)
W = {(0, 0, 0)}
Do d6 dim(W) = 0 va W khong cé co sd.
2) Ta c6 he
{3%1 ta,+txy+x, =0
Sy X taz;-x, =0
Xét dinh thdc cia ma tran cac hé s6 clia x

3 1
5 -1

l,le

A= = -8z 0

D . N s .
N c? df) t.a.xerAn x§ va x, 1a cdc &4n tu do cg thé lay gia tri
uy y va gidi hé trén d6i v6i cac 4n chinh X, %, : ta duge -

£ = -+ 1
1~ 4x3; x2=—zx3—x4.

Vay nghiém cia hé cd dang

. 1 1
x = —
(Zpp % 23 %) = (=g 23 — g%y~ %y 23, 7,) =

o 1
= <_Z Ty —3 x3,x3,0> +(0, - x,, 0,x,) =

= x, <—i, —i—, 1,0) +x, (0, -1, 0, 1)
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Vay hai vecto
1 1
u = (—Z, -1 1,0>,u_(o,-1,0, 1)
sinh ra W (tap cdc nghiém cta hé thuidn nhdt da cho). Hon
nita ching lai doc lap tuy&n tinh vi tu
1 1

au + Bv =a(—Z, -7 1,0> +p00, -1,0, 1) =
= (0,0, 0, 0)
suy ra
1 1
—Za=0,~za—,3=0,a=0,ﬂ=0,

tdc la diéu kién éu + v = (0, 0, 0, 0) chi théa man khi
a=p8=0.
Vay W cd s6 chiéu biang 2 va nhan {u, v} lam mot co s6.
3) Xét he
3x, + x,+2x;, =0
4x, +5xy =0
x; —3x, +4x3 =0
Day 12 mo6t hé thuan nh4t ba phuong trinh ba &n, cd dinh thic

3 1 2
A= |4 0 5| =10 = 0.
1 -3 4
Do d6 hé chi c6 nghiém tdm thudng (0, 0, 0) :
W = {(0, 0, 0)}

Vay khong gian cdc nghiém cia hé d4 cho c¢d s6 chiéu biang
0 va khong cd co sd.

4) Xét hé
x1—3x2+ X =0
2x; - 6x, + 20, = 0
3x1—9x2+3x3=0
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Ba phudng trinh nay tuong duong vei 1 phuong trinh diu
x = 3x, +xy =0
Vay nghiém cua hé c6 dang
X, vax; tuy y, x; = 3x, - X3
Do do
W= {x = ( Xy, X, x3) = (3x2 — Xy, Xy, Xq), x5, x4 tuy y}.

Ta nhan thay

i

(3x, - X3y Xy, X3) (3x5, x5, 0) + (- x3, 0, x3) =

x(3, 1, 0) + x5 (-1, 0, 1).
Vay hai vecto u = (3, 1, 0) va v = (-1, 0, 1) sinh ra W
Ching lai doc lap tuyén tinh vi tu
au+pv =a(3,1,0) +p(-1,0, 1) = (0, 0, 0)
ta suy ra
3a~pf=0,a=0p8=0,
nghia 12 td au + Bv = (0, 0, 0) suyra a = f = 0.

Vi {u, v} sinh ra W va déc lap tuyén tinh nén W la khong
gian hai chiéu va {u, v} la mot co s6.

5) Xét he

le - 4x2 + Xy + Xy =

X, = 5x2 + 2x3 =
- sz - 2x3 —x, =

x +33c2 tx, =

© ©c o o o

xl-2x2—x3 +x4 =

bPay 14 mot hé thuin nhit cd 5 phuong trinh 4 &n. Ta giai
nd bang bi€n déi so cdp.
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1 -5 2 0 h,
0 -9 -2 -1 0 hy
1 3 0 1 0 h4
1 -2 -1 1 0*474-}15' e
s e o 0 men
-2 -2 -1 0 hy—h
1 3 0 1 0  hy—hy
1 2 -l 1 0  hs—h,
9 -4 1 1 0  h; —hs -
B
-2 -2 -1 0 hy—h
8 -2 1 0 hy-h; —hy
3 -3 1 0 hy —h —h,
-3 1 0 hs-2h —hy
S S S R S Y
-9 -2 -1 0 h2 - hz
-10 -3 0 h3 + 41’12 i h3
3
-6 -1/2 1) h4+-§h2—>h4
-9 -2 0 hy+3h, —hs
r,€l 5 2 ? 0
-2 -2 -1 0
-10 -3 0 5
13
e 0 h, - = hy = h,
10 4 59 >
7 i —-h
—1—6 0 hg 10 ?3 5

~ Vay hé chi c6 nghiémwar; thuong
Xy = 0,x3=0,x2= 0, x, = 0.
Do dd

W = {0, 0, 0, 0)}
Vay dim (W) = 0, W khéng cd co s0.
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6) Xét he

X+ x, + x3=0
3x1+2x2— X3 =0
2x1—4x2+ x; =0
4x1+8x2— Xy =0
2x1+ x2—2x3=0

Day la moét hé thudn nhét cd 5 phuong trinh ba &n. Ta giai

né bang bién d8i so cdp :
1 1 1 0
3 2 -1 0 h,
2 -4 1 0 |k
4 8 -3 0 h
2 1 -2 0
1 1 0 h —h
-1 -4 0  h, - 3h —h,
-6 -1 0  hy-—2h —h,
4 -7 0 h, -4h —h,
-1 -4 0  hy—2h —h,
1 1 1 0 h—h
-1 -4 0 h,—h,
23 0 hy-6h,—>h,
-23 0 h; +4h, —h,

Vay hé chi c6 nghiém tdm thuong

Do ds

5.25. a) Xét ph

x3=0,x2=0,x1=0

W = {(0, 0, 0)}
dim (W) = 0

W khéng cd co sa.
uong trinh :

3x -2y +5z2 =0
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Xem y va z tuy ¥y ta cd

1

Vay
W = {(x,y,z) = (gy —gz,y,Z),y, z tﬁy};}
Ta c6
(57 =52 7%) = (57.9.0) * (~52.0.2)
=y<§-, 1, 0) +z<—g,0,l>

Vay hai vecto
u = (%, 1,0> vauv = <——g—,0, 1)

sinh ra W. Ching doc 14p tuyén tinh vi tu
2 5
au + fv = a (5,1,0> +ﬂ(—§,0,1) = (0,0,0)

ta suy ra

%a_gﬂ=0,a=0,ﬂ=0-

ticlatt au + Bv = (0,0,0)chisuyrac =8 = 0.

Vay dim W= 2 va {u, v} la mot co sa.
b) Xét phuong trinh x—y =20
Ta cd tap

W={@ y,2lx -y =0,z thy y}
Vay (x, 3, 2) € Wes(x, 5,2 = (y, 5, 2), y va z tuy y.
Nhung

x, 5,2 =@, 52 =1y 0 +0,0, 2

= y(1, 1, 0) + 2(0, 0, 1).
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Vay hai vecto
u=(1,1,0vav = (0,0, 1)
sinh ra W. Hon nia ti
au +fv = «(1, 1, 0) + B0, 0, 1) = (0, 0, 0)
ta suy ra a = 0, 8 = 0, nén {u, v} doc lap tuyén tinh.
Vay W la khéng gian 2 chiéu nhan {z, v} lam mot co sa.
c) Ta thay
W= {x y 2) = (2, ¢, 4z), t tuy y}.
Nhung
(2t, t, 4) = 12, 1, 4}.
Vay W la khéng gian moét chiéu nhan u = (2, 1, 4) lam co s4.
d) Xét tap
W= {(a b c)eR}b=aqa+ec}
Nhu vay
(@, b,c) € Wes(a, b, ¢) = {a, a + ¢, o).
Nhung

(@, a +c¢ ¢)

(@, a, 0) +(0, ¢, ¢)
a(1,1,0) +¢(0, 1, 1).

Vay hai vecto u = (1, 1, 0) va v = (0, 1, 1) sinh ra W.
Ching déc lap tuyén tinh vi td

au + Bu = a(l, 1, 0) +B(0, 1, 1) = (0, 0, 0)

ta suy ra

a 0

a g =0
B 0

ticla tit au +fv = O chisuyraa = 8 = 0.

<+

Vay dim (W) = 2 va {u, v} la mét co sd.
9.26. a) Xét tap

W = {(a,b,c,0) € RY
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Ta co
(a, b, ¢, 0) = a(1, 0, 0, 0) +56(0, 1, O, 0) +¢(0, 0, 1, 0).

Vay 3 vecto
u=(1,000,v =010 0,w=1(001, 0
sinh ra W. Ching doc lap tuyén tinh vi tu
au +pv +yw =.a(l, 0,0, 0) +p(0, 1,0, 0) +
+(0,0,1,0) = (0,0,0,0
ta suy ra
a=0 pB=0 y=0
Vay dim (W) = 3 va {u, v, w} 1a mo6t co s6 cia nd.
b) Xét tap

= {(@ b c,d €R,d=a+bc=a-b}

nghia la
W = {{a, b, ¢, d) = (a, b, a - b, a+b)}

Ta nhan thdy
(@, b,a—b,a+b)

(a, 0, a, a) + (0, b, -b, b) =
a(1, 0,1, 1) +5(0, 1, -1, 1).

Vay hai vecto
=(1,0,1,1), v=20(0,1-11

sinh ra W. Ching doc lap tuyén tinh vi ti
au + pv = a(1, 0, 1, 1) + B0, 1, -1, 1) = (0, 0, 0, 0)

ta suy ra
a =0
B 0
a-p=0
a+pf =0
tdc 1a air + Pv chi bing 0 khia = g = 0.
Vay dim(W) = 2 va {u, v} 1a mot co sé cla nd.
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c) Xét tap
W = {(a, a, a, a) € R%}

Vi(a, a, a, @) = a(l, 1, 1, 1) nén vectd u = (1, 1, 1, 1)
sinh ra W va doc lap tuyén tinh. Vay W la khéng gian 1 chiéu
vaiu = (1, 1, 1, 1) 1a co 6.

5.27. Xét tap
={plp=0 tax +a2x2 +a3x3 EP3}
W sinh bdi ba vectg

Py =% p,=x% p,=a3.

Ba vecto nay déc lap tuyén tinh vi :
Gia thiét
apy +pp, +ypy =0
tiuce Ja
ax + Bx? + yx3 = 0 ;
khi thay x = 1 ta duge |
a+pf+y =0;
khi thay x = -1 ta duge
atf-y=0;
tasuy ra f = 0.
Bay gio thay x = 2 ta duge
20 + 8y =0 ;
két hop véia +y = O khix = 1 ta suy ra
a =7y =0,
Vay tit ap +thp, typy; =0tasuyraa ==y = 0.

Do d6 {p,, p,, Pyt = {x, 2% x') 1a ba vects déc lap tuyén
tinh cda P,. Chung tao nen mot khong gian con cia P; co s6
chiéu bang 3 va nhan {x, 22, 3} lam 1 co sd.
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5.28. a) Ta tinh hang ciia ho ba vecto da cho. Ta ¢ dinh thic

2
3] =10 = 0,

1
2
-1 0

[ B

nén hang cta chung bing 3, ba vecto do déc lap tuyén tinh.
Vay ching sinh ra ca khong gian R3 va ching tao thanh mét
co s6 cia R3. )

b) Ta tinh hang cta ba vecto da cho. Ta cd dinh thic

2 4 1
3 6 -2 =28 =0
-1 2 -12

Vay hang cta ching biang 3. Ba vecto d6 déc lap tuyén tinh.
Do dé ching sinh ra ca R> va tao thanh mot co sé caa R>.

D.29. a) Xét hang cia 4 vecto da cho. Ta c6

1 1 -4 -3
2 2 -2
2 -1 3 2
1 1 -4 -3
-2 10 4

-3 11 8

1 1 -4 -3
-2 10 4

-4 2

Vay hang cta ching bang 3. Ba vecto d6 doc lap tuyén tinh.
Ching sinh ra khong gian con cua R*. Khoéng gian con dd cg
s6 chiéu bang 3 va nhan ba vectd da cho l1am méot co sd.

b) Xét hang cta ba vects di cho.
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Ta c¢d

-1 1 -2 0 hl
3 3 6 0 h2
9 0 0 3  n3
1 -1 2 0 (=1)h1 — hl
6 0 0  h2+3h1 —h2
9 -18 3  h3 + 9hl — h3
1T -1 e 0 hl—h1
6 0 0 h2 — h2

-18 3 h3 - (1,56)h2 — h3

Vay hang cua ching bang 3. Ba vecto nay doc lap tuyén tinh,
ching sinh ra moét khong gian con cia R* Khong gian con nay
c6 s6 chiéu bang 3 va nhan ba vecto da cho lam moét cd sd.

c) Xét hang cua 4 vecto da cho. Ta c6

1 1 0 0 ki
0 0 1 1 h2
-2 0 9 2 h3
0 -3 0 3 h4
1 1 0 0 hl-hl
0 0 1 1 h2 —h2
2 2 2 h3 + 2hl —h3
-3 0 3  h4 — h4 ‘
1 1 0 0 hI —hl
0 2 2 2 h3 —h2
0 0 1 1  h2 ->h3
0 0 3 6  h4+ 1,5h3 — hd
Vay
1 1 0 0
0 0 1 1 11
-2 0 2 2 = 2 ’3 6’ =6z 0.
0 -3 0 3
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Do do hang cta ho 4 vecto da cho bang 4 = s6 chiéu cua R*.
Vay 4 vecto dd doc lap tuyén tinh, chung sinh ra ca R? va lap
nén moét co sd caa RY.

d) Xét hang cta 4 vecto da cho. Ta cg

1 0 1 -2 hi
1 1 3 -2 h2
2 1 5 -1 h3
1 -1 1 4 h4
1 0 1 -2 hl —hl
1 2 0 h2-hl—>h2
1 3 3 h3 - 2hl —>h3
-1 0 6 h4 - hl—>h4
1 0 1 -2 hl —hl
1 2 0 h2—-h2
1 3 h3-h2-—>h3
2 6 h4 +h2—h4
1 0 1 -2 hl —hl
1 2 0 h2—h2
1 3 h3—h3
0 0 h4 - 2h3 —h4

Bang s6 cudi cung nay cd ba hang khac khong.

Vay hang cia 4 vects da cho bang 3. Bén vecto nay sinh ra
mot khéng gian con cia R* ¢6 s6 chiéu bing 3 va nhan ba vecto
(1,0,1,-2), (0,1,2,0), (0,0 1,3

lam co sd.
5.30. Goi W la tap cac ham f € Cl[a, b] kha vi trén [a, b]
va théa man phuong trinh vi phan

f+4f = 0.
R6 rang W C Cla,b] : gia s
fewgew
tuc la
f7+4f =0, g+4g = 0.
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Khi do
F+ey +4Ff+8) =f +4 +g +4g=0+0 =0
(BfY + 4(kf) = k(f + 4f) = k0 = 0 |
Vay
f+g e W, kfe W
Do d6 W la khéong gian con caa Cla,b].
Nghiém tdng quat cta phuong trinh vi phan f’ + 4f = 0 1a
f = ce ¥, c = Hé‘mg tuy y.
nghia la
W= {f] f=rce®, ¢ tuyy)
sinh ra W va déc lap tuyén tinh. Cho nén

khoéng gian con W ¢6 s6 chiéu bang 1 va nhan u = ¢ % lam
cd sd.

Vay u = e %

5.31. Néu ¢ = (@, uy, .., u) € R"
v= (U, Uy, o, v,) € R"

thi tich vo6 huong Euclid cia u, v trong R" la

<u,v> = U, + u,U, + ...+ uv,
va chuin Euclid cta u la
Hull :=V<u, u> = u? + uZ + ..+ uzyl?

Vay

1) a) <y, v> = 2(-1) + (-1)3 = -2 - 3 = -5
b) <u,u> =0.7+02 =0

2 a) llull =V22 + (=1)2 = V5

lloll = V(=1 + 87 = V1o
Ta suy ra

llell- ko]l = V5 V10 = V50

| <uul = |-5] < V50
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Vay dung la

b)

Do do

Vay ding la

5.32. 1) Ta phai kiém tra 5 tién dé cua tich vo hudng.

| <wv>| < [lull fivll.
full = VOZ + 04 = 0
loll = V77 + 27 = ¥53°
el ol =0

| <uv>] =0

f<uo>] < |lull vl

Xét cac phdn tu bat ki cia M, -

(1)

<u,v>i= ugv + uyU, + usu, + uuy

la moét s6 hoan toan xac dinh ;

vi

vi

vi
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(ii)

(iii)

(iv)

<u,v > = <v,u>

<v,u> = v, + Usl, + Ul o + Uty -

<u twuv> = <uuv> + <w,uv>

<u twu> = (U rw)u, + (u, + wyv, +
+ (uy + w}) Uy + (uy + wy) v,
= (u v tuw, +uw, t ugpy) t
+(wy, +ww, +wu, +wey)

<kuyuv> = k<u,v>, k € R

<kuu> = kuw, + kuw, + kups + kup,

= k(uu, + uu, tuvy Fupy).

(v) <u,u> = 0
vi

<wu> = uy +ud +ud o+ us

t
W

Hon nita néu

\"

thi
<uu> = 02+ 02+ 0% +02 =
Ngugce lai, néfu <u,u> = 0 tdc la néu
2 2 2 2
up tus tug tu; =0
thi
2 2
/ up =0, u3 =0 uj=0 ul=0,
tue la
u, =0, u, =0, uy; =0 u 0
va
0 o
u = .
0 0
Vay <uv> = upy, + up, + ujvy + uw, 1a moét tich vo huong
trong M,

2) Ap dung

<u, v>=(-1)1+2(00+63+13 =20

3) Ki€m tra lai bt ddng thdic C-S

| ul|

vl

Ta suy ra

V(=1)? +27 + 62 + 12 = V42.
V12 + 02 + 32 + 32 = V19

[l [Jv]] = V42 V19 = V790 > 28

|<uwv>| = 20 < 28.
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Vay ding la

| <w,v>] < llull llvll.
5.33. 1) Ta phai ki€m tra 5 tién dé cta tich v6 hudng.
Xét cdc phin ti bat ki cia P, :

p=a,+ ax + azxz,

q br) + blx + b2 xz’

_ 2
r=c, tcx +cx~

o
() <p,g> :=ap, +ab; + ab,
1a mot s6 hoan toan xac dinh.
(ii) <q, p> = bya, + bja, + b,
Do do
<p,q> = <¢,p>-
(iii)
<p+r g>=(a, +c)b, + (a, +c)b, + (a, + )b, =
= (a0, + ab; + ab,y) + (c,p, +cby + chy) =
= <p,g> + <r,g>-
(iv) <kp,g> = kap, + kab, + kap, =
= k(ab, + ab; + ah,) =

k@, q)

(v) <pp> = a2 +a} + a}.

Do d6 <p,p> = 0

Vay <p,g> =ab, + ab, + ab,la mot tich vé hudng trong P,.

2) Ap dung
<p,g> = (-1).2 + 2.(0) + 1.(-4) = -6.
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3) Ki€m tra lai bit ding thdc C-§ -

ipll = V(=12 + 22 + 12 = y§
llqll = V22 + 02+ (=32 = y2o
lpll ligll = V6 V20 = vizo
l<p, g>| = |-6] = 6 < V120

Ding la
I <p.g>| < lipll llqll.

)a(z) +paa)

[SSTS

O <pa>=p0) q0) +p (

12 mét s6 hoan toan xdc dinh

@ <ap> =0 pO) + g (5)p(3) +abpa) =
=240 +p(3)a(3) +paq) =
= <p,g>

(iii)

PFrg> =@ +r(0)q0) + @ +r (%)q(%) +
t +1r)1)qed)

= P90 +p(5)a(3) +ra) +
)

Fr0q(0) + (3 q(%) +r(1)q(l) =

= <p,q> + <r,qg>.
(iv)

<kp,q>

k(0090 + p(5) a(3) + k() (1)

ko) a0) +p(3) a(3) +pM)aq))

=k<p,qg>.
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- ‘ 1 2 v
v) <pp>= @O+ (p(3)) + GO 6) lIpll = \[(_1)2 + <1>2 + 92 < g

4
nén
<pp> = 0, llgll = V22 + 17+ (=27 = 3
1
Pz = 0<pO) =0 p(5) =0 p) lplllall =3 3= 7
p0) = 0e=a, +a,.0 +a,0° =0 ! I 3
<p,g>| = — .
L = 0« +al+a l\2-—0 . ‘
p<2> h i 172 2<2/' B Vay dung la
p(l) =0 e=a, +a,.1 +a,. 12 = 0 l<p, g>| < llpll.llqll
Vay 5.34. a) <u, 0> = uw, + ug,

khong th€ la mét tich vo hudng trong R> vi chang han, tién
dé (5) khoéng théa man. Thuc vay,

1 1 <uu> =u? +u =0
ao=0, §a1+za2=0, 1 3
nhung néu
a + a, =0
u% + u% =0
«=a, =0,a, =0,a, =0s=p =0 ‘ '
i ‘ . thi chi suy ra u, = 0, u, = 0, con u, tuy y.
Ta thay cad 5 tién dé cua tich v6 hudéng déu théa man. Do d6 '
b) <u,v> = ul? + uv? + w2
1¥1 272 373

1 1
<p,g> :=p0)q(0) +p({5)qg(5) + p(l)qg) . . .
pa P <2) <2> khong th€ la mot tich vo huéng trong R> vi chang han, tién

ciing 1a mdt tich vo hudng trong P,. dé (4) khéng théa man. Thuc vay

5) Ap dung : v6i p va q cho & dau bai ta c6 <ku, v> = (ku1)2 U% + (ku,)? v + (kuz)? v}

1 ) " .
p(0) = -1 r(3) =1 p(1) = 2 = B2 (v} + udvd + u2vd)
1 = k% <u,v>.
0) =2 =) =1 (= -2
9(0 q<2> ? c) <u,v> = 2u1u1 touw, + 4uq,
Do d6 cd thé 1a mot tich vé huéng trong R vi né théa man 5 tién
1 23 < L o a . - . .2 .\'
<p,g> = (-1).2 + Z.l +2(-2) = e dé cha tich vé hudng (dé nghi ban doc ki€m tra lai)

d) <uU> = wwp <o, +oug,
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khong thé 1a mot tich v6 hudng trong R® vi chang han, tién |
dé (5) khong thoa man. That vay, (3) <f+h g> = f (F@) + h(x)g(r) dx =

<uu> = uj — u3 +u3 <0

I 1
néu u, =0, u, = -1, uy; =0. =ff(x)g(x)dx+fh(x)g(x)dx=
5.35. Xét 'lf ‘< !
= <f,g> + <hg>.
u = {a,b}, v = {cosf, sinf} & &=
1
khi do @) <kf,g> = [ kfx) g(x) dx =
<u,uv> = acosfl + bsinb -1
| <u,u>] = |acosf + bsinb| !
=k [ flx) g®) dx = & <f,g>.
lull = VaZ + b? -1
1
T winlh =
llvll = Vcos®™ + sin®d = 1. (5) Ta c6 <tf > = [ [fa)? dx.
Vay bdt ding thic C-S -1
| <wo>] < flull ol Vay
cho 1 ) 1
, )] = 0 2
acost + being] < VT T [fix) = _f1 [f@))? dx > 0.
5.36. Xét Do dd luén c6 <ff> = 0.
f=f) € Py g =gx) €Py h=h@€EP; 2) f£) = 0+ 0x + 02 + 13 € P
3
Ta nhan thi H
: y thi [f(x)]* = 0 tai moi x

1
(1) <f, g> = [ fx) gx) dx

1
5 =fV(x)]2dxf0=<ﬁf>=0,

-1

12 mot s6 hoan toan xac dinh. 3) Néu <ff> = 0, tic Ia

1

: ‘
(2 <gf> = X x) dx

) gf _fl gx) f(x) I Fa)1? dx = o, J

-1

1 3 3 - -~ : -, a~ - .
_ f ) ) dx = <fog> :?(:hwh]i(x) la} m(_)f da thuF nén nd lién tuc trén [-1,1], do do

. p ’a‘n trén bang 0 budc flx) = 0 tai moi x € [-1,1], tic la

f(x) phai c6 dang fix) = 0 + Ox + 0x2 + Ox>.
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Xem X, la tham s6 ta cd

6
.’X.'3 = —ﬁx4
x, = 4x,
34
X = —x, + Zx3 + 2.7c4 = —ﬁx4
Do d6 diéu kién chusn héa |[|x|| = 1 viét
34 .2 6
2 2 2 2 — - 2 - —
x1+x2+x3+x4—[< 11) + 4 +< 1
= 3249x§ =1
yéu ciu
1 1

X

4 T V3249 57

Vay hai vecto phai tim la

5.41.

Do do

Do do

1
x = % (—34, 44, -6, 11)
lz +v|]? = <u+v, u+v>
= |lu]]2 + 2<u,v> + ||v]]?
lu-v|? =<u-v u-v>

Hull? - 2<u,o> + [|v]|?

2(l1ullZ + vl

e +oll2 - [lu - vll? = 4<u,v>

Nl +oll2 + [l - o2

1 1
—— 2 .- _ 2
<wu> = 7 | & + vl 7y Il — ol

5.42. Xét £ = l. Ta c6
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Ja
<fphHh> = f coskx coslxdx =
0

>2 + 12] xZ

T 1 .
= [ 5 leos(k + Ox + cos(k — Dxlda'=
0

l sin(k +1)x ’f, + 1 sink—Dx 5 - 0.

2 k+T o 2 k=1 o
Vay néu k& # [ thi fy truc giao véi f, theo tich vo6 huéng
dinh nghia bing tich phan & trén.
5.43. Theo tich vd huéng
<u,v> := 3uw, + 2u202

ta co

1

<x,y>=3ii+2<——i> = 0.
V5 V30 5 V20
Con theo tich vo hudng Euclid thi
<x,y>=ii—~1—i=~;¢0.
V5 V30 V5 V30 V150

Vay hai vectd x vay € R? da cho truc giao theo tich v6 hudng,
mdi dinh nghia ma khong truc giao theo tich vé huéng Euclid.

5.44. Két luan 6 ddu bai suy ti cdc két qua sau :

<up,u,>=1(-1)+00+02+11 = 0,
<up,uz> = 12+03+02+1(-2) = 0,
<up,ug> = 1(-1) +02+0.(-1) + 1.1 = 0,
<uy,uz> = -12+03+22+ 1.(-2) = 0,
<uy,up> = (D=1 + 02 +2.(-1) + 1.1 = 0,
<uz,uy> = 2(-1) +32+2.(-1) + (-2).1 = 0.

5.45. a) Cho trong R?
u = (1, =3), u, = 2, 2).

Ta thdy :
-
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Vay {u,, u,} doc lap tuyén tinh, do d6 la mét co sd cua RZ

Ap dung qua trinh truc chuin hda G-S dé dugc mot co sd
truc chudn cta R? Ta c6

Hu,l = VI +9 = VI0,

1 L1, -3 = |yl =1
—u, = ——= , ™ = v =
vio ! V10 1

Tiép tuc dat

w=au1+u2,aER.

va xac dinh a d€ <w, v;> = 0
<w,v> = <av; tu,,v> =

= <auv;,v,> + <u,, z_)1> =

=a t+ <u,,v;>

Vay diéu kién <uw, v,> = 0 thoa man khi

a = —<u, v;>

=—[2.L+2._3} -

V10 V10 V10
Do do
w = m UI uz
4 1

=70 yio b+ 22

24 8 8 4
(ﬁ" ﬁ') =10 3, 1) = 5 3, .

4 S 4
lholl = £V +1 = 2 V10
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Dat
w 5 45 1o
U = = — . — s = y
2" Tall™ wio 58 @Y = ym0 & D
thi v, truc giao v6i v, va cd chudn || v,|| = 1.

Ho { v, v,} 12 1 co s§ truc chudn caa RZ

Chi y. Néu ddu bai khdong yéu cdu dap dung qud trinh
Gram-Smidt thi tu u, = (1, —=3) ta thdy ngay v = (3, 1) truc

giao v6i u  vi

<uj, u> =13 -31=0.

Sau dd, chudn hda u

1vélu
_ _u
1T el "2 T Tl

ta dugc ngay
1 . 1
1= m (1, "3) va U2 = m (3, 1)

Ching tryc giao vi

v

<u,, u>
<v Ua> = 777 0 = 0
72 el 1 wll
va chudn hda vi
Il I ull
ol = 57— |

=1 1] = =1
T~ b el =g

Hai vecto v, va v, doc lap tuyén tinh vi ching truc giao,
nén ching tao nén mot co sd truc chudn trong RZ

b) Cho u, = (1, 0), u, = (3, -5) € R~

Ta thay dinh thde :

1 0

3 _5 = -5 = 0.

Vay { u;, u,} doc lap tuyén tinh va do d6 12 mot co s§ cua R2.
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Ap dung qué trinh truc chu&n héa G-S dé dugc mot co sd
truc chudn cua R?. Ta c6

lull =ViZ +07 = 1.
Vay u, da chudn hda. Ta dat v, = u;. Sau dJ dat
w = u, + tu1
va tim ¢ d€ w tryc giao v6i v,. Ta cd
0 = <w, v,> = <u,, v;> + <ty vy>
= <uy, Up> + t<uy, v>
= <u,, U> + £
Diéu kién <w, v,> = 0 yéu cdu

t = —<u, v,> = -[31 - 5.0] = -3,

Do do

w = u, — 3u1

w = (3, -5) - 3(1, 0) = (0, -5).
Bay gio

| wil = V02 + (=5)2 = 5ta dat

w 1
U2 = W”= —5— (0, —5) = (0, _1)
Vay hai vecto
vy = (1,0, v, =0, -1)
la 2 vecto truc giao va chu#n hda, chﬁhg tao thanh mot co s6
truc chuin cua RZ.

Chu y. N&u ddu bai khong yéu cdu 4p dung quéa trinh
Gram-Smidt thi tit », = (1, 0) ta thdy ngay u = (0, 1) la vecto
thu hai truc giao véi u, va da chudn hda réi. Vi u; va u trdc
giao nén doc lap tuyén tinh va chding tao nén moét co sd truc
chusn cua RZ.
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Nhu viay co s¢ { v, Uz} va cd sd { u, u} hoi khac nhau

moét chiut ¢ ché u = v,
5.46. a) Ta co
Tudl = V12 + 17 +712 = y3.
Ta dat
oozt oL
1 I u1” V§ > L, -
Ta lai co
1
<u,, v;> = el (L(-1) + 1.1 +1.0) = 0,

tuc 12 u, da truc giao véi v, r6i. Ta dat

Uy 1
v, = = (-1. 1
2wyl (-1)2 + 12 -1, 1,0
1

Nhu vay ta da c6 v, va v, truc giao va chudn hda. Bay gio
ta tim vecto thd ba truc giao véi U, Uy va chudn hoa. Ta dat
w=u; t+ttv +su, tseR

va xac dinh £ va s. Tu
0 = <uw, V> = <ug, 0> +E<v, u> +s <v,, U;>
= <ug, v;> t 4

ta suy ra

4
t = —<u3, U1> = *ﬁ'

Tu
0 = <w, Up> = <uy, U,> + E<v, 0> + 8 <, >

= <ugy, U,> + s,
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Y. k0T

Sau dé ta lai nhan thay

ta suy ra
1 <v, uy> =10+04+01=0
s = —<u3, UZ> = ——‘2—
tuc la u, da truc giao vdi U;, nén ta dat luén
Do dd
Us Uz 1
w=u3+tU1+SU2— Us = = ——— = .
2 = T~ Voreaze - vz @4 D
1 1,1 A o : . . os R
=(1,2,1 ﬁ(—3>(1’ 1, 1) v—2-<—2>( 1,1, 0) = Bay git ta tim vecto thd ba tryc giao véi v, va v,
Ta dat
1 1 1 1
= (65 "3) =™ L2 w=u, +tv +s0, 4sER
Ta co Tu
1 0 = <w, v,> = <u, + tv, + sv,, v,>
||w|| =é‘[12+12+(_2)z=‘[_€_. 1 2 1 2 "1
= <uy v> + t<v, v;> +s <uv,, U>
Ta dat
a da = <uy v;> +t
vy = fv—ﬂz 6 6 1, 1, -2) ta suy ra
1w t = —<u, v;> = -3
Cu6i cung ta dugc ba vecto 0= <wv> = <up ¥ty + 0y 0y>
= <U,, U5> + ¢ <v,, v,> + s <v,, U,>
o = 5 @G LD, v v v
= <uy, U,> t o8
1 t
= _1’ 1’ 0)’ a suy ra
v = ¥z ¢ X . § 26
= —<u, v = - ="
1 2 72 "17
g £ = +
truc giao va chuén hda, tao thanh mét co so truc chudn cua R>. w Uy * vy + sy,
26 1

b) Ta c6 u, = (1, 0, 0) da chudn hda vi
ludl = V12 +02 + 02 =1

Ta dat v, = u = (1, 0, 0).

= (37 77 _2) - 3(1; 07 0) - m W‘ (07 47 1)

1
=17 (0, 15, -60).
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Il wll =1—17—V152+6W=@

17
nén ta dat
w 17 1
= = — (0, 15, -60)
Us = Twll = V3898 17"

= V3505 (0, 15, -60).

Cudi cung ta dugc ba vecto

v, = (1, 0, 0),

= — (0, 4, 1),
v, m(, )

<
|

= —— (0, 15, -60
3 V3825 ( )

truc giao va chuidn hda, tao thanh mét co sd truc chuidn cua R3.

Chi y. Né&u st dung tuan tu u, roi u, r6i méi dén u, trong

qua trinh truc giao héa Gram-Smidt thi s& ducc ba vectd truc
chuén khong nhat thiét tring v6i ba vecto trén. DG la

7 9 30 105
(1, 0, 0), (0, Ves ﬁ> (0’ V11925’ \/11925>'

5.47 Dat u, = (0, 1, 2), u, = (-1, 0, 1).

Ta phai xay dung hai vecto truc chu&n la té hgp tuyén tinh
cia u; va u,.

Ta co
ludl = VT F T2+ 2 = V5
Ta dat
Uy 1
STl T O
Bay gio ta tim t dé
w = u, ttu.
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truc giao véi v,. Tu

0= <u, v

» V> = <uy, + oty v, >
= <u,, v;> +t<Ul,U1>=<u2,U1> + i
ta suy ra
t - <u v>——2
2: 7 V5
Do do
_ 2
w—uz—Tsul
=(-1,0,1 - LV(O 1, 2
2 » ng’g b H )
- Ls 22y
\15( ; » 1)
Vi
1 1
[l wll =z \25+4+1 =§‘I30
nén ta dat

b= e = 2L 5 g gy
2"|w_mA5(’ 7)"

1
=5 -2,

Tom lai hai vecto

1 . 1
v, = E(O, 1,2)vav, = ‘[—3‘0—(—5, -2,

tao thanh mét co sd truc chufn cua khong gian con cua R?
sinh bdi hai vecto v, va u..

1 2
5.48. Ta c6 theo tich vé6 hudng dinh nghia ¢ dau bai

” u1” = V<u1) u >

=VI.1 +21.1) +3(1.1) = V6-
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Ta dat

Bay gio tim
w=u2+tvl,t€R
truc giao véi v,. Tu
0 = <w, V> = <u, + tul, vl>-
= <u,, v,> tt<v, v>

= <u2, U1> + ¢

ta suy ra
1 -3
= - = - +2.1.1+3.0.1) = —
¢ <uy, U;> VE(l'l 2.1.1 ) s
va co
3 11 1 1
w=w-wa= (33 "z) @D
vi
1 1
lwl| = sVT.T+2. 1.1 +3(D) (-1 = 5V6

nén ta dat

w 2 1 1
= = = 11,—'1 = 1717—1
%2 = Tl = V6 2 ( )= V6 ¢ )
Bay git tim v,. Ta dat
w=u,; +t, +sv, tseR

va xdc dinh ¢ va s d€ w truc giao vé4i v, va v,.

Tu
0 = <w, v;> = <uy + + sv,, U >
= <uy, Uy> T E<U, U> F S <Uy, Uy>
= <u3’ U1> + t,
238

ta suy ra
_ _ 1
= = <uy, v,;> = — Ve [1.1+20.1 +3.0.(-1)]
__ L1
Ve
Tu
0 = <w,v,> = <uz + tu) + sv,, v,>
= <ug, Uy> + t <y, U> + 8 <V, Uy>
= <u,, Uy> + s
ta suy ra
1
§ = —<u3, 1)2> = —W'
Vay
w =u; + + su,
1 1 1 1
= (1,0, 0) - - (1,1 - = -
VEVE(”I) ngg‘(lyly 1)
1 1
= g (47 _2y 0) = § (27 —1) 0)
Vi
1 V6
lwll =3 V22 +2(=1)7 = 3
nén ta dat,

- w _3

1 1
U3 - ” w”— 6 3 (2, _1, 0) = V'6- (2, —1, 0)

Cubi cung, ta dugc ba vecto

<
—
I

1

vg (1: 1: 1)7
1

Ul = VE (1: 17 _1)7

1
U3 = VE (2, _1, O),

tao thanh mét co sd truc chudn cta R3.
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: 3
5.49. Ta cha y rang v6i tich vo hudéng Euclid trong R~ ta

5 ia 13 2 iao.
c6 <u, u,> = 0, nghia la u, va u, truc gi

Theo dinh li 5.6.6 trong Thee/l ta co

w=w1+w2

trong do
w, = <w, u;>uy + <w, U> Uy
w2 = w - wl.
Vi
<w, u1> E —1, <w, u2> = 2
nén 4 3
u}1 = _ul +2u2 = <_—5—’ 2’ 5)
9 12
w2=w—w1= (5107—5‘)
5.50. Dat
u1=1’ u2=x, u3=x2
Ta co _
1
luli = '\,flzdx =2
-1
nén dat
Y11
“1TV2 V2
Ta lai c6
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va dat
u

_ 2 3
2 N u,ll™ sz'

v

Ta da duge hai vecto v, va v, tryc giao va chusdn hda. Bay

giv ta tim vecto thd ba. Ta xdc dinh ¢, s € R sao cho
W = u, +)fu1 +su2

truc giao véi v, va v, Tu

0 = <w, V> = <uy, > +i<v, u> +s <vy, Uy>

= <ug, v> t ¢

ta suy ra
‘ 1 2
t = —<u u>=—fx2.-—dx=——-
3
1 % 2 3V§
Tu
0 = <w, Up> = <uy, Up> + E<v), v,> + s <u,, vy>
ta suy ra
p {3
s=—<u3,z)2>=—f3c2 Exdx=0
-1
Vay
2 1 1
w=uy bty =x - - — =2 — .
3 v, = x Nz V2 x 3
Vi
1
8 1 V8 1
||w||2=\/ 2 _ 12 =\/—._=——_
_f1<x g) o 9'5 " V5 3
nén ta dat

w 3V5
= Twi= vs (27 3)
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Vay tit co sd { 1, x, xz} cua P:’ ap dung qua trinh truc giao

héa Gram-Smidt ta da suy ra 1 co sd truc chudn cua P, la

eV 5 - ol

5.51. (a) (3, -7 = (3, 0) +(0, =7) = 3(1, 0) + (=7) (0, 1)

Vay

(b) Ta viét

(1, 1

Do dd¢

Ta suy ra

Do do

(c) (a, b)

Vay cd

Do do

Vay co

s = (35 12) W=

= 3ul - 7u2'

w), = 3, -7, [wlg = {“7] .

w = au; + fu,
= a(2, -4) + B(3, 8)
= 2a + 38, —4a + 8f).
{ 20 + 33 =1

5 3 : [5/2 8jl

a(l, 1) + B0, 2)
(a, a + 20).

{Z

a=af=0b-a2

+ 1l

a
98 = b.

(W) = (a, (b — a)2), [wly = 1:(b —aa)/Q}‘
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$5.52.a0 (2, -1 3 =], 0,00+ 32,2, 0) + 53, 3. 3)

= (a + 2/f + 3y, 2/5 + 3}/, 3;/‘).

Do d¢
Ja +28 +3 = 2
28 + 3y = —1
l 3y = 3.

Vay co

y=18=-2, ¢ =3

Cho nén co

w = 311l - 2112 + ouy
3
(w)S = (3? _27 1), [w]s = '—2 .
1

b) (5, 12, 3) = (1, 2, 3) + (-4, 5, 6) + (7, -8, 9)

Do do
a — 48 + Ty = 5
20 + 58 — 8 = —-12
3a + 68 + 9 = 3
Ta suy ra
a=-2, =0 y=1,
nghia la
w = —2ul +ou,y
Vay co
-2
(w)y = (=2,0, 1), [wl = 0}
1
5.53.

(a = 4f + Ty, 2a + 56 - 8y, 3a + 68 + 9y)

20 -1 1 11 00 00
A R R A PR R T
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Ta suy ra
—a +f = 2
a+p = 0
vy - 1
e} = 3
Do do
d=3,y=-1,=1,a = -1
Vay co
-1
‘ 1
Ay =(1,1,-1,3), I[Al; = 1
’ 3
5.54.
4 -3 +x% =4 - 3p, + Ip,
Vay cd
4
(p)B = (47 ..37 1)y [p]B = -3
1
9.55. (a) Ta c6 : u; va u, truc giao va da chudn hda, va
3 7 4
S .
ST TN TR T TN
3 7 10 _
<w,u2>:—2+ﬁ=ﬁ=5\[2

Theo dinh li 5.6.5 trong Thee/l ta c6 :

(w)g = (—2V2, 5V2), wlg = |:_ gg}

v6i S = {u, u,}.

(b) Ba vectd u,, u,, u; cho 6 dau bai truc giao va chuidn hda va

<w, u> =0
<w, uy> = —2
<w, u,> =1

3
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Vay theo dinh 1li 5.6.5 trong Thee/l ta c6

w = <w, uyy>u + <w, Upy>u, + <w, Uy> Uy
w=—2uz+u3
Vay c¢o
0
(w)e = (0, -2, 1), [wlg = -2
1
5.56.
(@) < >—§é—é3—0
Yr%” =55 755"
_ 3.2 4,2
o I -\/(5> t(5) =1
_ 4. 5 3.3
bl =Y (32 (3) =

Vay S = { w,, w,} 1a mét co s& truc chudn cta RZ.

(b) Do d6 (u); = (1, 1) va ()¢ = (-1, 4) cJ nghia la

u = w, +w,, u=—wl+4w2.
Ta suy ra
lall? =flwllz2 +lwllz2 =1+1=2
Il ull = v2

u—v=(w ot wy) - (—w, + 4wy = 2w, - 3w, ;
e =oll?2 = 4l wllZ2 + 9] w,l||2

dw vy =lu-vl =VI13;

<u, v > = <w, +w2, —w

i

13 ;

, Tt 4w2>

= T<w), w> + 3<w, w,> + 4 <w,, w,>;

<u, v> = 3.

245



Nhu vay la tién dé 5 cing théa man.

Ca 5 tién dé vé tich vd huéng déu thoa man. Vay

1
<fg> = [ flx) gx) dx
-1

la mot tich vo hudng trong P, .

Ap dung :

a) <f,g>

b) <f,g>

1

JAQ-x+22+5Ya - 3Hde = -5 .

-1
1

-1

5.37. a) Ta muén cd
<u,v>=2.14+1.7+3.k =0,
Vay k = -3.

b) Ta muén cd

tic la
Vay k = -2
5.38. Ta c6

Vay p va q truc giao theo tich vd huéng trong P, da dinh

f‘(x ~ 528 (2 + &P)dx =

68
3

<u,v> = kk+k5+16 =0,

k2 + 5k + 6
va k = -3.

= 0

<p,g>=10-12+21=0.

nghia & bai tap 5.33.1.

5.39.

a) <{_

Vay {

226

O W S W

.1 -

(2):| truc giao véi A.

-6+0~-0+6 =0

1 1 2
b)<’:o —1]’[—1

1
3

1
Vay [O _ 1] truc giao véi A.

[0 o 2
° <lo ol [-1

1
3

}>=2+1+0—3=0.

:l)» =0+0+0+0 =0

Vay ma tran "khéng" truc giao véi A.

2 1 2
) <5 2J’{—1

1
3

:|> =4 +1-5+4+6=63=0.

2 1
Vay ma tran [5 2] khong truc giac véi A.

5.40. Ta phai tim vects x = (), x5, 23, x,) cla R* thoa

méan cac diéu kién sau :

= Va2 + 2
lxll = Va? + x3

] 2
+x3+x4

=1

<xu> = 2 +x, — 4x, +0.x, =0

<x,v>=—x1—x2+2x3+2x4=0

<x,w>:8x1+2x2+5x3+4x4=0‘

Trudc hét ta giai hé thudn nhdt gém ba phuong trinh cuéi :

2 1 -4 0 0 ki
-1 -1 2 2 0 h2
3 2 5 4 0  h3
1 1 -2 -2 0  -h2 —-hl
0 -1 0 4 0  hl+2h2-h?
0 -1 11 10 0  h3+3h2 —h3
1 1 2 -2 0
-1 0 4 0
11 6 0

h3 - h2 — h3
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(b) Trong co s& chinh tdc § = {1, x} da thic p = -4 +x

¢6 ma tran toa do :
_ -4
[p] = 1

Trong co s B nd viét p = ap, + fip, thi « va 8 la nghiém

cua hé
6 10| |[a} |—4
3 2|1 - 1
Giai hé nay ta dugc a = +1, 8 = -1
Vay
+11
[p]B= -1l

Trong co sd B’ ta co
34 7/2] [+1] _ [-11/4
Ply = PPls = 13 1) |-1] T |+ 12

(c) Tinh truc ti€p [plg. Ta viét

p=cq tn

thi ¢, va ¢, la nghiém caa hé :
2¢, + 3¢, = -4
2c,

Ta suy ra

-11/4

)
I

Vay
—-11/4
Py = [ 1/2]
trung véi két qua trén.
(d) Ma tran chuyén co s& @ ti B sang B’ la
Q=r!
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Vi
3/4 772 9
d@t(P) = '3/2 1 , = —5 = 0
nén
Pl 2 I =72  1-2/9 79|
T 9 |-32 34| T 1/3 —-1/6

5.62. Xét khong gian sinh bai f, = sinx va f, = cosx :

V = {flf = asinx + bcosx, Va € R, Vb € R}

Tu af, + pf, = asinx + feosx = 0, Vx, ta rit ra « = 0 khi
thay x = 7/2 va § = 0 khi thay x = 0. Vay B = {f,, f,} via
sinh ra V, vita déc lap tuyén tinh nén B la moét co sd caa V.

Trong co s B 4y cac ham s6 f; = sinx, f, = cosx,

&, = 2sinx + cosx va &, = 3cosx cd ma tran toa do

1 0 2 0
N

(a) Ta ching minh g, va g, cing sinh ra V va doc lap tuyén
tinh.

Vifev =I[fly = [Z] nén g, va g, sinh ra V néu hé

ag, +ﬁg2 =f

i o - ]

¢0 nghiém Va, Vb. Hé nay viét

tue la

J2a =aqa
| @ + 38 =05
luén  e¢6 nghiem (vi c¢6 dinh thic = 6 = 0) Vvay

B = {g,, &,} sinh ra v.
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Bay gio xét hé ag, + fg, = 0 tuc la
2a =0
a + 38 =

Hé nay chi ¢6 nghiém a = 0, 8 = 0. Do dd g, va g, doc
lap tuyén tinh.

|
(=]

Vay B’ = {g,, g,} cing la mét co sd cia V.

(b) Ap dung nhan xét & bai tap 5.59 (a) ta xét he

2 ol |21 Bl 1o
1 3| |a, 8, 0 1
Giai ra ta dugce

P =

a Bl [ 12 o
a, B T |-16 13

la ma tran chuyén co sd tit B’ sang B.

2
wo = [
Do do

12 o][ 2 1
hlg = Plhlp = [— 1/6 1/3] [— 5} = [—2]

(d) Tinh truc tiép [Alg. Viét

(c) Ta thdy ngay

[hlg = 18 + 8,

thi ¢, va c, 1a nghiém cta hé

1 3||e -5
Giai ra ta dugec ¢, = 1, ¢, = 2.

Vay
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trung voi két qua trén.

(e) Ma tran chuyén co sé tU B’ sang B la
Q = P L

Vi det(P) = 1/6 # 0 nén

1/73 0 2 0

-1 _ _

P =6 {1/6 1/2} = {1 3}

5.63. Goi (x, y) la toa d0 cia moét diém M cua mat phang

trong hé truc xy va (x’, y’) la toa do cing cia M trong hé truc
x’y’. Cong thuc déi truc (xem Thee/l, 4.14.5) 1a

x = x’ cosf - y’ sind
y = x’ sinf + y’ cosf

’

x’ = x cosf + y sinb

’

y’ = —x sinf + y cosf.
Do dd, ¢ day 8 = 3n/4, ta cé

(a) (x, y) = (-2, 6) >
3 3
x = —2005—]I + 6sin— = 4V2
4 4
31 3
y = 2sin—/ + ycos—n = —2V2
4 4
{(b) x’,y)=1(52)=
3 3
x = 5cosr71E - ZSin—i— = —3,5{2

3 3
y = 53in—4— + ZCOST = 1,52

5.64. Ma tran vudng A goi la truc giao néu
AA = AA' = T

I la ma tran don vi cung tdp véi A.

Néu ma tran A truc giao thi A' = A™L
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4 3 do dg
(c)u:wl+wz=<g,—§> +<55> o dd

[]_143[3_—3/11
Wep T 11 (-1 2 |-5) = |-13m1

_ i1
N <5’ 5) ’ (¢) Tinh [wl, truc tiép
4 ( 3 4> <16 12> 5 ) 3
voo= -w w,={— %, = TE -
13 16
= <‘5“7 _5'> ; Do dé « va § 1a nghiém cua hé
s 7.5 1.2 50 2¢ — 33 = 3
Hull?=(5)" + (5) =35 = 2; {a+4ﬂ=—5
lull = V2 ; Giai hé nay ta duge o = -3/11, 8 = -13/11.
7 1 13 16, , 6 17 Vay
v-v={(5"3) (5 35)= ("5 "35) e

— 311
[wlp. = [~13/11J

@ O cau (b) ta da tim ra ma tran chuyén co sé td B’ sang

B. bs la
1 4 3
-1 _
P o1l [—1 2}

Ta co th€ tinh truc ti€p ma tran chuyén co s6 d6 bing cach

d w v)y=|lu-v] =V13;
7 13 1 16

<u, v> = - . — —-.— = 3

"5 5 55
5.57. Xem Thee/l trang 280 - 281.

a) O day B 1a co s§ chinh tiac. Do dé ma tran chuyén cd sd bi€u dién u, va u, theo co s6 B’ = { vy, Uy b
tu B sang B’ la Ta
2 -3
P = [1 4] 1 _ [2], . [-3
o]l =« 1] *F| 4
3
b) [w][; = |:_ 5] 20 — 3,8 =1
a + 4ﬂ =0
Mat khac . 1
[wly = P~ [wly Giai hé nay ta dugc a = 11 - B = - 11
Vi dettP) = 11 nén Vay

4/11
[e\g = [— 1/1 1]

7
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Mat khac

ol =< o [

20 =33 =0
{a+4ﬂ=1

Giai hé nay ta duge a = 3/11, 8 = 2/11. Vay

IELS
[lp = 1911

Do d6 ma tran chuyén co s ti B’ sang B la

[ a1 31
Q= |_111 211
trung véi P~L.

5.58. Xem Thec/1 trang 280 - 281.

o< [ ] o[

Do dg
2 + 43 =1
20 — B =3
Giai hé nay ta dugc
13 2
a = —1'6, ﬂ = - g
Vay
13/10
o)l 2/5
Ta lai viét
-1 2
s [a] =l +o |-
Do dg
2a + 48 = -1
2 = = -1
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Giai hé nay ta dugc
a=-1/28=0

(1310 -112
P = [—2/5 oJ

(b) Bay gio ta tinh [wlg va [w],. Ta co

NERTRE

Vay

Ta thu dugc

Do dg

Giai hé nay ta dugc
a = -17/10, B = 8/5

Vay co
W], = |~ 17/10
B~ 8/5
Mat khac
[LU]B, = pl [IU]B
Ta thay
det(P) = — 1 0
= 5 ¢ s
ta suy ra
_ 0 1/2
| S
P = -5 {2/5 13/10]'
Do d¢

. o 121[~-1710
wlg = P wly = -5 [2/5 13/10” 8/5J

|

-1
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(¢) Tinh [w]B, truc tiép

-4
o -4

() O cau (b) ta da tim ra ma tran chuyén co sé td B’ sang
B. DS la P71 Ban doc c6 thé tinh truc ti€p ma tran chuyén
co s¢ do nhu & cau (d) bai tap 5.57.

5.59. Xem Thce/1 trang 280 — 281

(a) Tim ma tran chuyén co sd P tit B’ sang B. Ta c¢é nhan

xét chung sau :

P = [u g [u,ly luslg]

Dat
4 /31 "1
e = |22, Wlp = |B2|, Ly = |72
3 3 73

thi ¢d

a o)) + aylu)) + aylv;] =[]
(3.4) 1B + B, Iv,] + Bylv,] = [u,]
nlod + v logl + oy lugl = lug]
¢ day ki hiéu [w] chi ma tran c6t cia w € R3, chdng han
nhu néu w = (3, -1, 2) thi

3
[w] = |—-1
2
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Hé (3.4) co thé viét
ay By v
(3.4 llv] I, [wyll %2 B 72| = (M) [wy] [uy])
as B3 73
Nhu Vﬁy (als az: CC3), (/317 1327 :33)7 (71’ 727 73) la nhﬁng nghlém
cia ba hé tuyén tinh ¢d cing ma tran hé s6 la
[[v] [v,] [,
v6i ba vé& phai la [u]], [u,] va [u3].
Ta co thé gidiba hé d6 bang phuong phiap Gauss ciung mot
lic trong cung moét bang.

Ta cing cd thé xem hé (34)ddang (3.4°) la phuong trinh
ma tran

v)] )] 0] P o= [[u,] [u,] [uy)]-
Gidi phuong trinh ma tran nay ta dudc ma tran P.
Bay gio ta dp dung vao bai tap 5.59. a).
Ta phai giai hé

-6 -2 -2 -3 -3 1
-6 -6 -3|P= 0 2 6
0 4 7 -3 1 -1

Ta gidi bang phuong phip Gauss-Jordan. D& tranh nhiéu
ddu -, ta d8i ddu hai vé&

6 2 2| 3 3 -1 h1
6 6 3|0 -2 -8 h2
0 -4 -7 38 -1 1 h3 ‘
6 2 2 3 3 -1 hl — hl !
4 1| -3 -5 -5 h2 - hl — h2 |
-4 -7 3 -1 1 h3 — h3 |
6 2 2| 3 3 -1. hl — hl |
4 1| -3 -5 -5 h2 — h2
-6 0 -6 -4 h3 + h2 — h3
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6 2 0 3 1 -7/3 hl + 1/3h3 — h1l
4 0 -3 -6 -17/3 h2 + 1/6h3 — h2
-6 0 -6 -4 h3 — h3
6 0 0 9/2 4 1/2 hl - 1/2h2 — hl
4 0 -3 -6 -17/3 h2 — h2
-6 0 -6 -4 h3 — h3
1 0 0 3/4 2/3  1/12 1/6h1 — hl
1 0 -3/4 =82 -17/1 1/4h2 — h2
1 0 1 2/3 -1/6h3 — h3
Ta thu dudgc
3/4 2/3 1/12
P=1-34 -32 -1712].
0 1 2/3

(b) Ta viét
w = 61“1 + 52112 + 63113

thi 8, &,, 5 la nghiém cua hé

-3 -3 1]]% -5
0 2 6|9, = 8
-3 1 —1{{d, -5

Giai hé nay ta duoc

5, =31/21, &,=4/7T, &, = 81

Vay
31/21
[U)]B = 4/7
8/7
Tu do
[wl, = Plw], =
3/4 2/3 1/121 131/21
= |-34 =32 -17/12 4/7
0 1 2/3 8/7
252

19/12
= _4 3,’/1 2 .
4/3

(c) Tinh truc tiép [w]p. Ta viét
w = cyu, + C,yU, + CaUs

thic,, ¢,, ¢4 la nghiém cua he

-6 -2 -2][% -5
-6 -6 -3|lc,] = | 8
0 4 7 03J - 5

Giai hé nay ta duge
¢, = 19/12, ¢, = - 43/12, ¢y = 4/3
Vay co
19/12

wlp = |-43/12
4/3

trung voi két qua trén.
5.60. (a) Ap dung cich lam & bai 5.59.
Ta phai giai he

3 1 -1]|a A7 2 2 1
1 1 0ffey By vl =11 -1 2

Khi giai mot hé ta c6 thé thay d&i vi tri ctia hai phuong trinh

3 1 -1 2 2 1 hl
1 1 0 1 -1 2 k2
-5 -3 2 1 1 1 13
3 1 -1 2 2 1 hl-hl
1
2 1 1 -5 5 3k, - gh)—>h2
-4 1 13 13 8  3(h, + gm) —h3

253




3 1 -1 2 2 1 hl — hl
1 -5 5 h2 — h2

1
1 5 1 6 5(h3 +2h2) —>h3

hl + h3 — hl

3 1 0 7 3
0 -4 -6 -1 h2-hl-—->h2
1 5 1 h3 — h3
N 1
3 0 0 9 6 15/2 hl — ah2 —hl
2 0 -4 -6 -1  h2 - h2
1 5 1 6 h3 —h3
1 0 0 3 2 5/2 hl/3 —hl
1 0 -2 -3 -1/2 h2/2 —>h2
1 5 1 6 h3 —h3
Vay
3 2 5/2
P=|-2 -3 -1/2

5 1 6
(b) Tinh [wl,. Ta viét '

w = élul + 62u2 + 63u3.

thi 8, 05, 04 la nghiém cua

2 2 1] /% -5
1 -1 2| |9 = 8
1 1 1 L53 -5

Vay

g
o

I

|
R © O
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Tu do

3 2 572 9] - 72
[wly = Plwl, = |-2 -3 -12{|-9| = | 232
5 1 6ll-5 6

tc) Tinh truc tiép [wl,. Ta viét

wo o= ¢, + C5U, + cyU

1 3

thi ¢, ¢y, ¢y la nghiém cda hé

3 1 -1] |4 -5
1 ol || = | s
-5 -3 2| |. -5

Gi4i hé nay ta duge

¢, =-"12, ¢, = 2372, ¢y = 6.
Vay
—-7/2
(wl, = | 232
6

trung voi két qua trén.

5.61. Trong cdg s6 chinh tiac S = {1, x} cua P, ta cd

6 10
[pl] {3} ) [p‘z] = [ 2] '
2 3

(a) Ap dung nhin xét & bai tap 559 (a).

fl

Ta phaj -giai heé
2 3] |« Pl e 10]
0 2| |« B, ~ |3 ZJ
Giai hé nay bang bién ddi sg cdp ta duoc
« Bl (34 72
a | T |32 1

P =
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(a) Xét ma tran don vi cdp hai

oy

I'=1 I'I =1II'=1].

Ta co

Vay ma tran I truc giao va
r‘t=r-=r1

(b) Xét ma tran cdp hai

A =

S-S
R

Ta cdé

1

At

Sl =] =
S~ -

Ta suy ra
A'A =], AA' =
Vay A truc giao va A™1 = AL

~

(c) Xét ma tran

oS
I
(=]

Ta c6

SI--°

At

o O =

S]!P-‘OO

260

Do do

1

o 1 —](0 1 O
2/ 11 o o

AAf=1001 1

1|l |-= 0 —

0O 0 —

_ | 2 V2

3 0 1

2 2

=0 0 0] 1
1 1
2 0 2

Vay ma tran A né;r khoéng truc giao.
(d) Xét ma tran cip ba

1

b
V2 V6 V3
V6 V3
1 11
Yz V6 V3
Ta co
1 5 1]
V2 V2
A= L _2 1
V6 Ve Ve
N .
. V3 V3 V3]
Do d¢
AA' =T A'A =1
Ma tran A nay truc giao va A"l =AY

Chu y. Chi cdn ki€m tra mot diéu kién
AA' = T hoac A' A = I
That vay, gia su
AA' = I
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Ta suy ra
det (AA!) = det () = 1
det (A) det (A" = 1.

Do dc det (A) # 0 va tén tai ma tran nghich dao A~ L.

Nhan 2 v& cia AA' = I v6i A™! ta dugc
Al (Aah) = A 11 =41
(A71A) At = A7

Al = AL
Sau d6, vi A"'A = I nén thay 47! = Al, ta thdy
AlA =7
Tom lai, td AA' = I ta suy ra A'A = I.
Bay gio gia su AA =17
Ta cing lap luan nhu trén va suy ra
AAl = ]
5.65. (a) Xét
[cos —sinf|
A = sinf cosf
Ta c6
Al = [ cos®  sind]
—sinf  codh
Do dd
AAF = cosf —sinf cosd sinf
sinf cosf| | —sinf cosf
cos26 + sin?6@ cosfsinf — sinfcosd
sinfcosf) — cofsing sin26 + cos?0
Vay
[1 o]
r —
AA' = [0 ]J I
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Theo chi y & trén A 12 ma tran truc giao

. VI cosf  sinf
va AT = A= [— sinf  cosf
(b) Xét
cosf —sinf 0
A = [sind cos® O
0 0 1
Ta co6
cosh sinf O
A = |—-sinf codf O
0 0 1
Do do
[cost —sinf O cos  sinf 0
AA! = |[sinf codd O|]—sinf cosf O
L 0 0 1 0 0 1
[ cos29 +sinZ cosfsinf — sinfcos
= |sinfcosf — cosfsing sin%@ + cos%d
0 0
1 0 0
=0 1 0] =1
(N 1

Theo chi y & trén A 12 ma tran truc giao

cosy sinf O
va A7l = A = |-si®¥ cosh O
0 0 1

5.66. (1) Phép bién d8i toa d6 di cho cd ma tran
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la phép bién ddi truc giao vi ma tran A la ma tran truc giao. Vay cac diém cd toa do (x, y) 1la (2, -1), (4, 2), (-7, =8), (0, 0)

Thyc vay, ta c6 4 22
5 4 sé ¢S toa do (x’, y') la (-2, -1), <— =) - g)’ (- 11/5, 52/5), (0, 0).
A = f g 5.67. Phép bién d8i so cdp cho
5 T 5 5 7 2 -3 1 hl
va do dg 2 3 4 -6 h2
) ) -11 -15 2 -3 1 h3
[ 3 417 3 4 B—
“5 "Bl "3 £ 5 7 2 -3 1 hl
T I z
3.4 _3 01 1 16 -24 8 5(h2-zhl) —h2
5 5 5 5 5
L JL | 11
2 32 -48 16 5<h3 +—5—h1> — h3
3 ][ 8 4] 5 7 2 3 1 hl
5 5 5 5 1 0 R
4 — — —_ .
i _3l 4 _E_[O 1} o o % 0 Eg 2h2 — h3
5 5/ 5 5 o 0 0 0 - 2h2 —
2) Ta cg ) o ; Vay hé da cho tuong duong v6i hé
i 4 B, + Tx, + 2, — 3, =1
Al = A = 5 5 x, + 16x; — 24x, = 8
_4 3
5 5 Xem x; va x, la tuy y ta cé
va x, = 8 - 16x; + 24x,
#] _ 5x, = 1 - Tx, - 20, + 3x,
y y =1-17(8 - 16x; + 24x,) - 2x, + 3x,
Do do = -55 + 110x, - 1651,
A—l [ 2- _ —_2 A¥1 4— _ - 4/5 xl =-11+ 22x3 - 33364
- IJ -1y 2 -22/5)° Vay cd vo s0 nghiém :
x, = -11 + 22, - 33x,
A7 ’—11/5} A [0] _ [0 x, = 8 - 16x, + 24x,
- 8] | 525 0 0 Xy, 2, thy ¥,
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5.68. Phép bién

déi so cap cho

3 -5 2 4 2 hl
7 4 1 3 5  h2
5 7 -4 -6 3  h3
3 -5 2 4 2 hil
23 11 9 1 3(h2 - In1 h2
- -1 ( 3 > -
5

46 -22 =38 -1 3 (h3-3hl)—>h3
3 -5 4 2 hl
23 -11  -19 1 h2

0 0 0 -3 h3-2h2—h3,

Vay hé da cho tuong duong véi

3x, — 5x, + 22, + 4xg
23, — 1lx; — 19
Ox

Heé nay khong tuong thich tidc la vo6 nghiem. Do d6 he da

cho cing vo nghiém.

5.69. Xét he

Hé nay c6 4 phuong trinh 3 &n. Ta giai nd bing bién

d6i so cap.

— DN N
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2xl+5x2—8x
4x1+3\x2—9x
2x1+3x2—5x

xl+8x2—7x

5 -8 8
3 -9 9
3 -5 7
8 -7 12

hl
h2
h3
h4

I
(V)

= —3.

12

2 5 -8 8
-7 7 =T
-2 3 -1

11 -6 16

1 -1 1

-2 3 -1

11 -6 16

2 5 -8 8
1 -1 1

1 1

5 5

2 5 -8 8
1 -1 1

1

0 0

hl

( h2 —2h12]—>h2

h3 — h1 —h3
2h4 — hl) — h4

hl
h2/(-7) — h2
h3
h4

hi
h2
h3 + 2h2 — h3

h4 - 11h2 — h4

hl
h2
h3
h4 - 5h3 — h4

Vay he da

Hé nay co

Vay hé da

cho tuong duong vai

2¢, + 5x, — 8x;

xz—

nghiém duy nhat
x; =1

x2=x3+1=2

1
= 3(8 — bx, + 8y =

cho ¢6 nghiém duy nhit

x, = 3,

= 8
x3=1
x3=1_

16—-10_

3 =
x3=1

3.
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Chuong VI
ANH XA TUYEN TiNH

A - DE BAI
6.1. KHAT NIEM ANH XA TUYEN TINH
6.1. Anh xa f = R®* — R* dudi day ¢S phai la tuyén tinh khong :

1) fitx, y)) = (2x, y) 2) fltx, y)) = (x*, y)

3) fliix, yj) = (y, x) 4) flix, y)) = (0, y)

5 fitx, y)j = (x, y + 1) 6) fllx, y)) = Cx +y, x — y))
7 fitx, y) = (y, y) 8) fltx, y) = (Vx, Vy).

6.2. Anh xa f : R®> — R? dudi day c6 phai la tuyén tinh khong :
D filtx, y, z) = (x, x +y +2) 2) flix, v, 2)) = (0, 0)

3) filx, y, z)) = (1, 1)
6.3. Anh xa f : M, — R duéi day cd phai la tuyén tinh khong :

) reee ) -l

3) f([z SD =2 +3b+c—d 4)f([? ZD a + b2,

6.4. Anh xa f : P, — P, dudi day cd phai la tuyén tinh khong :

2 4 Iy Z
Ui fla, +ax +ax”) =a, + (@ +a)x + (2a, = 3a
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4) fitx, v, z)) = (2x +y, 3y — 42). -

2) fla, + apx +ax’) = a, + ax + 1) +a,(x + 1)°

3) fla, + ax + azxz) =0

4) fla, t ax + ax?) = (a, + 1) + ax + a.x’.

"

6.5. Cho f : R° — R? 1a anh xa bién méi diém cta mat
phing thanh diém d6i xdng cta nd d6i v6i truc y. Hay tim
cong thic cho f va ching té rang nd la mét todn td tuyén
tinh trong R-.

6.6. Goi M, ., la tap cac ma tran ¢ m X n. Cho B 1la

mot ma trdn c¢d 2 x 3 hoan toan xac dinh. Chung minh riang
anh xa T : M, , , = M, , ; dinh nghia bsi T(A) = AB la dnh

xa tuyén tinh.

67.Cho T : R? > R? 1a mot anh xa nhan véi ma tran va

gia su
1 0 0
7 |lo]| - MT || - [g}T o | = {_‘;}
0 0 1
(a) Tim ma tran caa T
1
(b) Tim T | |3
8
(x
(¢) Tim T ||y
z

6.8. Cho 4nh xa T : R® — W la mot phép chifu truc giao
cac diém caa R’ léen mat phang xy.

(a) Tim coéng thuc cua 7.
(b) Tim T(2, 7, -1)).
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6.9. S ]a mot co SO trong khéong gian n chiéu V.

a) Chiyng minh rang néu Up Uy ooy la moét ho doc lap
tuyén tinh trong V thi ciac vecto toa do (u) (v, ) N (Lr),

cing tao thanh mot ho doc lap tuyén tinh trong R" va nguqc lai.

b) Né&u {U -, U} sinh ra V thi {v Do o (w)} clng sinh
ra R" va nguac lai.

6.2. CAC TINH CHAT CUA ANH XA TUYEN TINH -
HAT NHAN VA ANH

6.10. Cho T : R® — R? 1a anh xa nhan v6i ma tran

S
-8 4
1) Héi vecto nao dusi day € Im(T) ?
(a) (1, -4), (b) (5, 0), (¢) (-3, 12).
2) Vecto nao dudi day € Ker(T) ?
(a) (5, 10),  (b) (3, 2), (c) (1, 1).

6.11. 1) Cho anh xa tuyén tinh T = P, - P, xac dinh bdi
T(p(x)) = xp(x) . Héi phan tu nao duéi day thuoc Ker(T) :

(a) x? ; () 0, )1 +x?
2) Héi phan tit nao dusi day thuée Im(7T) :
(@x+x%; (b)1+ux, (c) 3 -x27?

6.12. V 12 mét khong gian vecto, cho T : V — V xac dinh
béi T(v) =

(a) Tim Ker(T).

(b) Tim Im/(T).

6.13. Tim s6 chiéu caa Ker/7T) va Im/T) voi
(a) T cho & bai tap 6.10.

(b) T cho & bai tap 6.11.
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6.14. V la khong gian n chiéu. Tim hang cta anh xa tuyén
tinh T : V — V x4ac dinh bdi

(a) T(x) = x ; (b) T(x) = 6 ; (c) Ttx) = 3x.
6.15. Xét ca s§ S = {v,, v,, v,} trong R? trong dd

v, =(1,238), v,=1(253), uv;=(1,0, 10).

Tim cong thic biéu dién anh xa tuyén tinh : T : R® — R?
xac dinh bdi T(v)) = (1, 0), T(v,) = (1, 0), T(Uz;) = (0, 1). Tinh
71, 1, -1), trong cac cd s chinh tic cua R®, RZ.

6.16. Tim anh xa tuyén tinh T : P, — P, xac dmh bai
(1) = 1 +x T(x) = 3 - x2, T(xz) ="4 + 2% - 3x’ Tinh
T(2 - 2x + 32%).

6.17. Tinh dim(Ker(T)) trong d¢

(a T : R> - R’ ¢é hang 3

(b)) T : P4 —->P3 c¢d hang 1

(¢) Im caa T : R® - R® 1a R

(d T : M, - M, c hang 3.

6.18. A la ma trén ¢8 5 X 7 ¢d hang bang 4.

(a) Hay tim s6 chiéu ctia khéng gian nghiém cua Ax = 6.
(b) Héi Ax = b cd tuong thich véi moi b € R’ khong ? Li do.
6.19. T la mot anh xa ma tran xdc dinh nhu duéi day.
Hay tim: (a) moét co s6 cho Im(T) ;

{(b) moét co so cho Ker(T) ;

(¢) s chiéu ctia Im(T) va Ker(T).

1 -1 3 (2 0 -1
1) |5 6 —4 2) |4 0 -2
7 4 2 0 0 0
[ 1 4 0
4 1 5 2 -2 0 -
3)1230] Vig 0 -1 0 -1
- 2 38 5 1 8
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6.20. Goi D : P , =P , la anh xa dao ham Dip) = p’. Hay
mo ta Ker(D).

6.21. Goi J :P, — R la anh xa tich phan
1

J(p) = fp(x)dx.

-1
Hay mo ta Ker(J).

6.3. MA TRAN CUA ANH XA TUYEN TINH

6.22. Hay tim ma tran chinh tdc (xem dinh nghia 6.3.2) caa
méi toan ti tuyén tinh sau :

(@) T((x,, xy)) = (2, —xy, x + x,)

(b) T((xl: xz)) = (xl ; xz)

(@ T(x,, xy, xy)) = (x; + 20, + x5, 1 + 51y, x3)

(d T((x;, x5 x3)) = (4x,, Tx,, —8x)

6.23. Tim ma tran chinh tidc cta méi anh xa tuyén tinh sau

(@ T(@y, 1)) = (x;, =X, % + ey, X~ xy)

(b) T(x,, x,, X3, x,)) = (Ix, —2x, —x, tx,, X, txg, —x,)

(©) T((x,, x,, x3)) = (0, 0, 0, 0, 0).

(d) T((x,, x5, X3, x,)) = (Xg> Xp5 Xy, Xyy X — x5).

6.24. Tim ma tran chinh tdc cla todn tu tuyé’p ti'r.xh T :
R? — R? bién v = (x, y) thanh d6i xing cua n¢ doi vai

(a) Truc «x.

(b) Dudng phan giac y = x.

(c) Goc toa do.

Hay tinh T((2, 1)) trong médi trudng hop.
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tran cta anh xa T : R> - R? d6i v6i co s6 B = {v,

6.25. Tim ma tran cta anh xa tuyén tinh T - P, — P| xac
dinh bdi
T(@, + ax + azxz) =(a, ta) - (2¢ + 3a,)x
d6i v6i cac co s chinh tic trong P, va P,
6.26. Cho T : R* — R® xdc dinh bgi
T(x,, X)) = (x; + 2x,, —=x

10 9)

(a) Tim ma tran ciua T d6i véi cac co s B = {u], uz} trong
R’ va B’ = Uy, Uy, 1)3} trong R3 -
u, = (1, 3), u, = (-2, 4)

b= (L, L1, v,=1220), uv,=3 0, 0).
(b) Dung ma tran thu duge & (a) d€ tinh T((8, 3)).
6.27. Cho T : R® — R? xdc dinh bai
T((x), x5, x3)) = (y —x,, x, — X, Xy~ x)
(a) Tim ma tran cia 7' d6i véi co s§ B = {v), vy, vs)
vy = (1,01, v,=(0,1,1), wv,=(,]1,0).
(b) Dung ma tran thu dugc § (a) d€ tinh T((2, 0, 0)).

6.28. Cho T : P, - P, la anh xa tuyén tinh xac dinh beai
T(p(x) = x* p(x).

(a) Tim ma tran cta T d6i véi cdc co s6 B = {py, Py, P3)

trong P, va co s§ chinh tic B’ trong P, :

p1=1+x2,p2=1+2x+3x2,p3=4+5x+x2
(b) Ding ma tran thu duge & (a) hay tinh T(—3 +5¢ —2x2).
6.29. Cho v, = (1, 3), v, = (-1, 4) va A = _; g} la ma

v,}.
(a) Tim [T(v )]y va [T(v)ly.

(b Tim T(v,) va Tfv,).

(¢) Tim T((1, 1)).
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3 -2 1
6.30. Cho A = 1 6 2 1
-3 0 7 1

1) T : R* — R° xac dinh bi
T((xy, x,) = (x; — 2%, — X,)
4 3 4 . B={”17u2}’B’={U17U2}
la ma trdn cia anh xa T : R* — R’ d6i v8i cac co sé
B = {v, v, vy, U} trong R*vaB ={ w,, w,, w;} trong R3: up =(1,0), u; =0, 1), v, = (2, Dy, = (-3, 4).

2) T : R®* - R? xic dinh bai

v, = (0, 1, 1, 1), v, = (2, 1, -1, -1),

! (1, 4, -1, 2) LZ 6, 9, 4. 2) T((xl, x?_)) = (xl + 7x2, 3x1 - 4x2)
Uy = s ¥y T L, ) a = y I I . ,

3 4— L B:{ul’u2}7B ={UI’U2}

w, = (0, 8, 8), w, = (-7, 8, 1), wy = (-6, 9, 1).

up = (2,3, u,= (4, -1),
v, = (1, 8), v, = (-1, -D.
3) T : R - R? xac dinh bai

() Tim [T0)lg, [T, [T0ly, [T
(b) Tim T((w), T((v,)), T((vs)), T((v,)).
(¢) Tim T((2, 2, 0, 0)).

1 3 -1 T((x), xp, x3)) = () + 2x) —x3, —x,, x; + Tx,)
6.31. Cho A = |2 0 5| la ma tran cla &nh xa B la co s& chuin tic trong R3, B = {Ul’ vy, 03}
6 -2 4

v; = (1,0,0),0,=(1,1,0),v, = (1, 1, 1),

4) T : R® - R® la phép chicu truc giao lén mat phang xy,
B va B’ cho & bai tap 3).

5) T : R* - R? x4c dinh bsi Tk = 5x, B va B’ cho & bai
tap 2).

6) T : P, — P, xic dinh bai

o tax) =a, +a@x+1)
B ={p;,p},B ={q, q,}
6 +3x,p, =10 + 2%

T:P, > P, dsi v6i co s6 B = {v,, v,, v;} véi
vy =3 + %%, v, = -1 +3x + 2%, v, = 3 + Tx + 22
(@) Tim [Tw)lg, [Tw)ly, [T,lg;
(b) Tim T(,), T(v,), T(v,).
(¢) Tim T(1 + x?).
6.32. Cho D : P, — P, 1a toan ti dao ham D(p) = p’.

Tim ma tran cia D d6i v6i méi co s§ B = {p,, Py, P3)

=
I

dudi day :
(@) p; = 1, p, = x, py = %
® p, =2, p,=2-3x,p;, =2 - 3x + 8

(c) Dung ma tran thu duge & (a) d€ tinh D(6 - 6x + 24x2).

9, =2,q9, = 3 + 2x.

6.4. SU DONG DANG

(d) Lam lai phan (c) d6i véi ma tran & (b). 6.34 Chuing minh rdng néu A va B déng dang thi A% va

N R . 2 45
6.33. Trong cac bai tap duéi day hay tim ma tran cta 7T d6i B® dong dang.
v6i co s6 B réi suy ra ma tran cia T d6i v6i co s B’. 6.35. Chiing minh rang hai ma tran dong dang co cung hang.
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B. BAI GIAI VA HUONG DAN

6.1. 1) Theo dau bai
fltx.y))

(2x, y)

fllx, y) + (x°, y)) = fllx +x”, y +y7)
QCx+x), y+y))
Cx, y) + (2x°, ¥°)
flxy)) + fx’, y)) ;
fk (x, y) = flkx, ky))

(2kx, ky) = k (2x, y}

kf (x, y)).

Cho nén anh xa di cho la tuyén tinh.

2) Theo d4du bai

fltx, y)) := (x4, ).
Do do
fllx, )+ x°, y) =fllx+x,y+y))
= ((x + x’)z, yty)
= @2, y)+@E%y) =
= fllx, y)) + fix’, ¥°)
Vay anh xa da cho khong phai la tuyén tinh.
3) Theo dau bai
flx, y) := (y, x)
Do do
fl, y) + &, y)) = flx +x, y +y7)
=@t+ty,x+x)
=@, x)+y, x)
= fllx, y)) + fl(x’, ).

276

flk (x, y)) = f ((kx, ky))
= (ky, kx) = k(y, x)
= kf ((x, y)).
Vay danh xa da cho la tuyén, tinh.
4) Theo d4du bai
fllx, y) := (0, y)
Do dg
fltx, y) + (', y)

flix +x’, y +y))
={0,y+y)

(0, y) + (0, ¥’

fltx, y)) + flx’, y°)) ;
flk (x, y)) = fllkx, ky)

0, ky) = k(0, y)

kf((x, y))

Viy 4anh xa da cho la tuyén tinh.

5) Theo ddu bai

fllx, y)) := (x, y + 1).

1
'

Do dg
fltx, y) + (x’, y°) = fllx +x’, y + y°).
=(x+x,y+y +1)
#2x,y+D+x,y +1)
=fllx, y)) + flx’, y°))
Vay anh xa da cho khong phai la tuyén tinh.
6) Theo dau bai
fllx, y) .= 2x +y, x~y).
Do do
fllx, y) + (x, y) = fllx +x’, y +y)

flx, y)) + fix’, y))

Qx+x)+@y+y)x+x - (y+y))
2c+y, x-y)+2x +y, x - y)
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flk (x, y)) flkx, ky))
(2kx + Ry, kx — ky)
(R(2x +y), k(x ~ y))

=k(2x +y, x -y = kf ((x, y)).
Vay 4anh xa da cho la tuyén tinh.
7) Theo d4du bai

fllx, y)) := (y, y)
Do do

fllx +x°, y +y)
y+y,y+y)
G,y + ', y)
[(x, y) + flx’, ¥'))

flkix, ¥)) = fltkx, ky)) = (ky, ky)

= k(y, y) = kf ((x, y)).

Vay anh xa da cho la tuyén tinh.
8) Theo dau bai

fllx, y) + (x’, y°))

fitx, ) = (Yx, 1y).
Do do
flk(x, y)) = flkx, ky)
= (V&x, &)
= k(Vx, ) = ki, ),
trau khi 2 = + 1.
Vay anh xa da cho khéng tuyén tinh.
6.2. 1) Theo d4au bai
f(lx, y,2) ;= (x, x +y + 2)
Do do
i, y, ) +(x, y,2)) =flx+x,y+y, z+2"))
' =t x, xtx)+(y+y)+(z+2)
x,x+y+2z2)+x, x+y +2)
fllx, y, 2) + flix’, ¥, 2°)) ;
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ftkix, y, zj) = fltkx, ky, kz);

(kx, kx + ky + kz)
(kx, kix +y + z))
ktx, x +y + z)
kftix, y, z)).

Il

Vay anh xa da cho la tuyén tinh.
2) Theo dau bai
flix, y, 2/) := (0, 0).

Do d¢

fllx, y, 2) + (2", ¥, 2)) =fllx+x,y+y, z+2")
(0, 0) = (0, 0) + (0, O
fllx, y, 2)) + flix’, y°, 2°)) ;
flkix, y, z)) = flkx, ky, kz) = (0, 0) =
kflix, y, z)).
Vay anh xa da cho 1a tuyén tinh.
3) Theo dau bai

fllx, y, z)) = (1, 1).
Do dg
flkix, vy, 2)) = fllkx, ky, kz})

(1, 1) s#kfl(x, y, 2))

trt khi 2 = + 1.

Vay anh xa da cho la khong tuyén tinh.
4) Theo dau bai
flix, vy, 2)) © = (2x +y, 3y -~ 42).
Do do
flix. y, z) +(x’, v, 2’} flix +x’, y+y'. z+2"))

2 +x+ vty 3w +y)—4iz+2z)

(20 +y, 3y — 42) + (2x’ +y, 3y’ - 42))

flix, y, z) + fitx’, y’, 2'4).
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flk(x, y, 2))

= fl(kx, Ry, kz))

= (2(kx) + ky, 3ky - 4kz)

Vay anh xa di cho la
6.3. 1) Theo dau bai

(k(2x + y), k(3y - 42))
kB (2x+y, 3y - 42)

= kfl(x, y, z)).

tuyén tinh.

2o

Do do

-2 -

a+a b+¥b _
f c+c d+d -

(a+a’)+d+d’)=(@@+d +(a’ +d’)

(% |c o) —:k(akik;) =;f([:‘ ZD

Vay anh xa di cho la tuyén tinh.

2) Theo dau bai

) = o)) -

Do dé

(+[z8))

trit khi 2 = 1.
Vay anh xa dia cho k
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ab
cd
_ ka kb _ ka kb
= Fllke kd|] = |ke kd
_ 2ab ab _ ab
=k cd ¢k’cd kf cdl|]’

héng tuyén tinh.

3) Theo dau bai

f({(clcﬂ) =2 +3b +c - d

Do do

Al 2]+ = 2])) - oAl 2]

2@ +a’) +30b +8) +(c +) ~(d+d)

=(2¢ +3b +c—d)+ (2 +30 +¢ —d)

a b} a b
Ale ) Al )
r)
f<k|:(cZ 3:') = f([;: ,IZJ) = 2ka + 3kb + kc - kd

k2a + 36 +c¢ - d) = /ef({g 3}).

Vay anh xa da cho la tuyén tinh.
4) Theo dau bai

) -oev

Do d¢
b ka kb , s
f(k [g d}) = f({k(cl I:dD = (ka)” + (kb)"
= ki(a® + b)) # k(a®? + b = kf( {‘: SD

tru khi 2 = 1.
Vay anh xa da cho khong tuyén tinh.
6.4.
(1) Theo dau bai
fla, + ax +ax’) = a, + (a, +a)x + (2a, = 3a,)c"

2]
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Do do
flla, + ax + ax? + (b, + bx + bx?)) =
= fl(a, +b,) + (a; +b)x + (a, + b)x?) =
=a, +b, + ((a; +b) + (a, + bk
+(2(a, +b,) — 3(a, +b)u? =
=a, + (a; +ax + (22, — 3a1)x2
+b, + (b, +by)x + (26, — 3b)x? =
= fla, + ax + ax?) + flb, +bx + byx?);
flk(a, + ax + ax?)) = flka, + kax + kax?) =
kay + (ka; + kayx + (2ka, — 3ka,)x?
k(a, + (a, + ay))x + (22, — 3a )x?)

kfla, + ax + azxz).
Vay anh xa da cho 1a tuyén tinh.
2) Theo dau bai
fla, + ax + azxz) =a, tax +1) +a,x + 1)?
Do dg
fk(a, + ax + azxz) flka, + kax + kazxz)

= ka, + ka;(x + 1) + kay(x + 1)%

= k(a, + aj(x + 1) + a)x + 1)?

= kf(a, + apx + azxz) ;

fla, + ax + ax?) + (b, + bx + ba?))
= fla, +b,) + (a; +b)x + (a, + b,)x?)
=a, +b, + (@, *b)x + 1) + (a, + bY@ + 1)?
=a, +ax +1) +ayx +1)°+
+b, + by + 1) + by + 1)2 =
= fla, + ax + ax?) + f(b, + bx + by?)

Vay 4anh xa da cho la tuyén tinh.

282

3) Theo dau bai
fla, + ax + azxz) = 0,
Do do
flk(a, + ax + azxz)) = flka, + kax + kazxz) =0
= k0 = kfla, + apx + ax®);
fl(a, + ax + azrz) + (b, + blx + bez)) =
= fl(a, + b)) + (a; +b)x + (a, +b)x%) =0
=0+0 =fla, +ax +ax’) + fib, +bx + bx?)
Vay anh xa da cho la 4nh xa tuyén tinh.
4) Theo dau hai
fla, + ax + azxz) = (q, + 1) tax + azxz.

Do do
flk(a, + ax + ayx?) = flka, + kayx + kax?)

(ka, + 1) + kax + kayx?

k((a, + 1) + ax + ax?)

H*

kf(an + alx + aZ'x‘-)'

trd khi 2 = = 1.
Vay anh xa dia cho khong tuyén tinh.
6.5. Néu (x, y) € R’ thi diém d6i xing cia né déi véi truc
y la (-x, y). Do dJ ¢ anh xa
f((x, ¥)) = (=x, y).

Do do
fltx, y)+(x', y')) = fllx +x’, y +y')

=(-x+x), y+y)
= (=x y) + (%", y)
= fix, y» + fux’, y'N ;




flRix, y)) = filkx, ky)) = (—kx, ky)
= ki-x, y) = kf (/x, y)).
Vay anh xa da cho la tuyén tinh.
6.6. Gia su
AeM,, ,c6ci2x2

BEM2x3cdc(32><3.
Vay A nhan véi B duogc va AB ¢6 ¢ 2 x 3. Anh xa T(A) := AB

la mot anh xa tu 9\/[2 < o toi ﬂ/[z % 3
Theo tinh chdt cia phép nhan ma tran va phép nhan ma
tran vai mot s6, ta cd
A, A € :’MZX2=>T(A + A) = (A +A)B
= AB + AB = T(A) + T(A")
AeM, ., ke R=TkA) = (RAB
= k(AB) = kT(A).
Vay anh xa da cho la tuyén tinh.

6.7. a) Cac vecto

1 0 0
0 1 0
0 0 1

la cac vectd cd s ctia co sd chinh tidc E cua R?. Vay theo dinh
li 6.3.1 Thee/l, ta ¢d ma tran cda anh xa T la

1 3 4
A_|:1 0—7]

1 1
br|(3]| =a 3] = [ 42|
8 8 *v\)OJ

X
1 3 4 x + 3y + 4z
c) T / = = o= -
Y A I:l 0 —7] YI = { x = 7z :|

w =
N e =
——e
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Ta co thé viét
T(x,y, 2) = (x + 3y + 4z, x = Tz).

6.8. (a) Né&u (x, y, z) 12 toa do cua mot di€ém ctia khong gian
xyz thuoc hinh chidu cia né lén mit phang xy sé cd toa do
(x, y, 0). Vay cd

T((x, v, 2)) := (x, y, 0)
(b) Ap dung cong thic dé ta cé
T2, 17, -1) = (2,17, 0).
6.9. Theo ddu bai ta xét hai tap
E={Ul,u2,...,ur} v, €V
F = {(v)s, s> > ®)s}, W)s € R

Ta phai ching minh :

1) Néu E doc lap tuyén tinh trong V thi F doc lap tuyén
tinh trong R, va ngugc lai :

2) Né&u F doc lap tuyén tinh trong R" thi E doc lap tuyén
tinh trong V.

Trudc hét ta néu hai nhan xét

w=06¢€ Ve = (0,0, 0) € R" (6.1)

g+ o) = (e + .o F s, v EV (6.2)

D& ching minh phdn 1) ta gia sd E doc lap tuyén tinh trong
V va xét

e, (vg + - F v)g = (0,0, 0 (6.3)

Ti d6 v6i nhan xét (6.2) ta suy ra

(cp; + - T ep)s = (0,0, 0) (6.4)

Véi nhan xét (6.1) thi (6.4) cho
cuy + oo, o tcv, =0€V (6.5)

Nhung ta da gia st E doc lap tuyén tinh trong V nén phuong

trinh (6.5) buoc
=.=c¢ =0 (6.6)
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Vay (6.3) = (6.6). Diéu do ching t6 F déc lap tuyén tinh.
va phan 1) chding minh xong.

D& chung minh phin 2, ta gia st F doc lap tuyén tinh trong
R" va xét
cu teu, + ey, =6 €V (6.7)
Theo nhin xét (6.1) ta cé
vy +eu, + . Fep)g = (B) = (0, 0,..., 0).
Ap dung nhan xét (6.2) ta dugc
c(vps T e(vy))g + .0 e lv,)g = (0, 0,..., 0).
Nhung ta da gia st F doc lap tuyén tinh trong R™ Cho nén
déng thdc trén budc cé (6.6). -

Vay (6.7) = (6.6) nghia 1a E doc lap tuyén tinh trong V, va
phin 2) ching minh xong.

R

cd nghiém (x, y) thi (a, b) 12 4nh caa (x, y) va do d6 (a, b) € Im(T) ;
néu hé trén v6 nghiém tl’l‘i (a, b) khong phai 1a 4nh cta (x, y)
nao, nénfe, b) ¢ Im(T). O day

B e

cd nghiém : y tay y, x = (1 + y)/2, nén (1, -4) € Im (7).

-

khéng cd nghiém nén (5, 0) & Im(T).

(c) He
2 —-1] (x| _|-3
-8 4| ly| T | 12
c6 nghiém : y tuy ¥y, x = (-3 + y)/2 nén (-3, 12) € Im (T)

286

2) Néu

2 ~1|[«] o
-8 4 ﬂJ o
thi (&, ) cd anh la (0, 0), nén (a, f) € Ker(T) ; néu khong

c6 dang thic trén thi («, §) c6 anh = (0, 0) nén (a, §) & Ker(T).
o] day

[ 2 -1][5] _[o

(@) —8 4|{10] = |0
nén (5, 10) € Ker/T).

[ 2 —1]3

b) 2 4} M

nén (3, 2) € Ker(T)

2 —1)[1] [ 1 0
() 8 4all1| = |-4| * |o
nén (1, 1) ¢ Ker (T).
6.11. 1) Ker (T) = {p € P,, T(p) = 0 € P,}.

O day T(p) := xp. Vay néu xp = 0 thi p € Ker(T)
néu axp = 0 thi p & Ker (T). Vay c6

(a) p =x3=>xp = x3 2 0=>xZQEKer(T);

b)) p=0=>xp =x0=0=0¢€ Ker/T) ;

e@p=l+x=2xp=x1+2)=0=1+x¢& Ker(T).

2) Im(T) = {q € P; sao cho 3 p € P, d& Tip) = q}

Vi T(p) : = xp cho nén : néu phuong trinh xp = ¢ c¢d nghiém
p € P, thi ¢ € Im(T), néu phuong trinh nay vé nghiém thi
g & Im(T). Vay co

(a) xq = x + x? ¢o nghiém ¢ = 1 + x €P,, nén

x +x? € Im (7).

1 + x khong c6 nghiém ¢ € P,, nén
(1 +x) & Im (T) ;

(b) xq
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(¢) xg = 3 — x* khéng cd nghiém g € P,, nén
3 -x2¢& Im (T).
6.12. Ta cd T(v) = v
(a) Ker (T) = {v € V, Tv) = 6 € V}
{v eV 3 =60V}
Phuong trinh 3v = 6 chi cd nghiém 6. Vay Ker (T) = {6},
®) Im (T) ={w € V,3vEVIE T = uj
={weV,3veVde 3v = u}

Phuong trinh 3 v = u bao gid cing c6 nghiém v = u/3 € V.
Vay Im(T) = V.

6.13. (a) D& xét dim (Ker(T)) ta gidi hé
& b= 1
-8 4| |y| — OJ'
He nay tuong duong v6i mot phuong trinh
2c -y =0

nén né cd nghiém phu thuoc 1 tham s6 :

i

I

xtuy ¥, y = 2x

-+l

dim(Ker (T)) = 1.
Do d6 (xem dinh li 6.2.3 trong Thce/l)
dim(Im(7)) = dim(R?) - dim(Ker (7))
=2-1=1.
(b) Phuong trinh T(p) = 0 €P; viét
ap =0 € Py

tdce la

Vay

c6 nghiém duy nhat la p = 0 € P,. Vay
dim(Ker(T)) = 0.
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Do d¢
dim (Im(7T)) = dim (Pz) - dim (Ker (7))

3-0=3
6.14. Hang cta 4nh xa tuyén tinh dugc xdc dinh bai
rank (T) = dim (Im(T))

Vay, vi V la khéng gian n chiéu nén
(a) T(x) = x thi rank(T) = n
(b) T(x) = 0 thi rank(T) = 0
(c) T(x) = 3x thi rank(T) = n.
6.15. Trudc hét ta tim bi€u dién cta(x, y, 20 € R3 trong co
s6 S
(x,y,2) =cp +eu, +egu,
=c(1,2,3) +c,2, 5, 3) +¢l, 0, 10)

Nhu vay €, Cys Cy la nghiém cta hé

c, + 202 + g =x

201 + 502

3c1 + 3c2 + 10c3 =z

1

Ldy phuong trinh cudi trd 10 14n phuong trinh diu ta dugc
—Tc; — 17c, = z — 10x
Vay hé trén thu vé
2, + B¢, =y
—Tc;, = 17c, = z — 10x

Ti do ta tinh duoce

¢, = 50 — 17y - 52

¢ = 200 + Ty + 22
Sau dg¢

¢ = —9x +3y +2
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Bay gio, vi (x, y, 2) = ¢, tew, t Uy nén

{b) dim(Ker/T}) 5-1=4;
(¢c) dimKerT)) = 6 - 3 = 3 ;
(d) dimKerTy) = 4 - 3 = 1.

6.18. (a) S6 chiéu cua khong gian nghiém cia Ax = 0 la
7 -4 = 3 (xem dinh li 6.2.4, Thee/l).

(b) Khong. Mudn cho Ax = b tuong thich V 6 € R’, phai

T((x, y, 2) = ClT(Ul) + CZT(Uz) + C3T(U3)
= ¢,(1,0) + ¢,(1,0) + c4(0,1).
Nhd cac bi€u thdc vé ¢

s €3y €y dE tim ra ta cd

T((x, y,2) = B0 — 10y — 3z, —9x + 3y + 2).

Ap dung co Im(T) = RS, nhung vi rank(T) = 4 nén dim(Im(7)) = 4 = 5,
. S
T(1,1,1) = (30.1 - 10.1 - 3.1, -9.1 + 3.1 + 1) nén ImfT) = R”.
_ ('17 -5). 6.19. Chu y riang (xem Thce/l, 6.2.3 trang 326) :
6.16. Im(T) = khong gian sinh béi cdc vecto cdt cia ma tran A
caa T.
pEP,=p =a, +ax + ax?
1 -1 3
Tp) = a,T(1) + a,T(x) + a,T(x?) 1) A=15 6 -4
7 4 2
=a,(1 +x) +a,(8 —x2) +a,(4 + 20 — X?)
i c6 cdp 3. Bién d8i so cdp theo cot ta dugc
Do dg
Tp) = (ao + 30,1 + 4a2) + (ao + 2a2)x - (al + 3a2)x2. 1 -1 3 1 0 0 10 0
¢ 5 6 -4 - |5 11 —-193| « |5 1 O
Ap d
b cune 7 4 2 7 11 -193] |7 1 0

T2 — 2x + 3x%) = (2 + 3(-2) + 43) + (2 + 23)x - (-2 +
3.3)x?

= 8 + & - Tx%

6.17. V va W la 2 khong gian hitu han chiéu
T :V — W Ila mot anh xa tuyén tinh

thi rank(7) = dim(Im(7)) va

Ta thdy chi ¢ 2 cot doc lap tuyén tinh. Vay
dim(Im (7)) = 2.
dim(Ker (T)) = 3-2 = 1.

Mét co sd cua Im(T) la hai vecto

1 0

dim (Ker(T)) + dim(Im(7T)) = dim(V). 5 1

Vay c6 71
dim(Ker(T)) = dim(V) - rank(7). DE tim co sd cho Ker(T) ta xét hé thudn nhit :

Do do Ax = 6.

(a) dim(Ken(T)) = 6 - 3

2; Ta giai né biang bién d6i so cidp
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1 -1 3 0
5 6 -4 0
7 4 2 0
1 -1 3 0
11 -19 0
11 -19 0
1 -1 3 0o
11 -19 0
0 0 0
Heé c6 ﬁghiém :
. .19 14
X,y tuy ¥, x, = Hx3, x = - ﬁx_,,.
Vay.
14 19
Ker(T) = { (x,, x,, x3)} =x3<——1—f’1_1’ 1)

cho nén moét co sd caa Ker(T) la
{(-14, 19, 11)}.

2 0 -1
2) A=14 0 -2
0 0 0

Ma tran nay chi cé mot cot déc lap tuyén tinh 1a cot thd
nh4t chang han, hai co6t kia ti 1& véi no. Vay

dim(Im(7T)) = 1
dim(Xer(T)) =3 -1 =2
Mot vecto co sd caa Im(T) la (1, 2, 0).
DE tim co sd cho Ker(7T) ta xét hé thuan nhat
Ax = 6.

Ta giai nd bang bién d8i so cdp
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Hé co ngh{ém
x, tuy y, x, tuyy, x5 = 2x,
Vay
Ker(T)) = { (x, x,, x3) = (), x,, &)}
(xl, Xy, 2x1) = (%, 0, le) + (0, x5, 0)
=x,(1,0,2) +x, (0, 1, 0).

Dé thdy hai vects (1, 0, 2) = u va (0, 1, 0) = v la déc lap
tuyén tinh.

Vi & trén ta da bist dim(Ker(T)) = 2 nén hai vecto déc lap
tuyén tinh nay la moét co sd cia Ker(T).

415 2
3) A=[1230]

thuc hién mot anh xa tuyén tinh ti¥ R* — RZ

Hang cta cdc vecto cdt cia A = hang caa A.

Dinh thuc
4 1
{1 2] =70

nén hang cia A = 2. Vay
dim(Im(T)) = 2
dimKer(T)) =4 -2 = 2.
Hai c6t ddu ctia ma tran A doc lap tuyén-tinh (vi dinh thic
llli ; # 0). Vay mo6t co s6 cia Im(7T) 1a {(4, 1), (1, 2)}.
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D€ tim c¢o s6 cho Ker /T) ta xét hé thuan nhat

Ax = 0
va giai né bang bién d6i so cép
4 1 5 2 0
1 2 3 0 0
4 1 5 2 0
7 7 -2 0

x3t1‘1yy;x4t1‘1yy;

X, = X, +7x4;
4
X = X3 T ogX,

Ker(T) = {(xl,xz, Xgy Xy) = < — Xy —%xm — X3 +7x4, X3, x4>}

4

2
<—x3 T ¥y, T + 7xg5 X35 x4> =

4

1
=x3(_1, _1, 1’ 0) +',7x4(—4, 2,»0’ 7)

Dé thdy 2 vecto (-1, -1, 1, 0) va (-4, 2, 0, 7) la doc lap
tuyén tinh trong R* Vay ching tao thanh moét co s cho Ker(7).

1 4 5 0
3 -2 1 0
-1 0 -1 0
2 3 5 1

4) A =

thuc hién mét anh xa tuyén tinh : R° — R*.

Cac cot doc lap tuyén tinh cua A 1a cdc hang doc lap tuyén
tinh cia A'. Ta 4p dung cdc phép bién ddi so cidp vé hang cta

ma tran Al
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2

(—%3, —x3, 23, 0) + <—-7x4, =%, 0, x4> =

2

1 2
4 -2 0 3
5 1 -1 5
0 0 0 1
9 -1 -1 8
1 3 -1 2
0 -14 4 -5
0 -14 4 -5
0 0 0 1
0 -28 8 -10
1 3 -1 2
0 -14 4 -5
0 0 0 1
0 0 0 0
0 0 0 0

dim(Im(T)) = 3

Mé6t co sé cta Im(T) la

2

0
- 14
4
-5

dim(Ker(T)) = dim (R%) - 3

b

hl
h2
h3
h4
hb

h1
h2 - 4h1 — h2
h3 - 5h1 — h3
h4
h5 ~ 9h1 — h5

hl

h2

h4 — h3

h3 - h2 —h4
h5 - 2h2 — h5

Vay s6 cot doc lap tuyén tinh la 3. Ta co

=5-3=2

o OO

Dé& tim mot co s& cho Ker(T); ta xét hé thuadn nhat
Ax = 6

va giai no bang bién déi so cdp :

1 4 5

-2 1
-1 0 -1
2 3 5

(o]

- O

oS © O C
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1 4 5 0 9 0 Tich phan bén trai bang
-14 -14 0 -28 0 1 5
4 4 0 8 0 (a +aac)al3c=(ax«i—ai—)1 = 2a_,
5 -5 1 -10 0 _fl °o 0 2 |- ¢
1 4 5 0 9 0 khéng phu thuéc a, vay chi can diéu kién ¢, = 0 la cd
-14 -14 0 -28 0 .
= 0. d
0 0 0 0 J(p) 0. Do do¢
o0 1 0 0 Ker(J) = {apx}

Hé ¢6 nghiém ax la da thic bac 1 khuyét s5 hang hang.

x, = 0, x5 thy §, x5 tuy y. 6.22. Nhan xét md ddu (xem Thee/l, 6.3)

X, = —xy — 2%, X} = —Xy — X T 12 m6t 4anh xa tuyén tinh R" - R™

Do dg | B = {e, e, .., ¢} la co sé chinh tic cia R"
Ker(T) = {(x}, 2y X3 Xy, X5) = (— 23 —Xg, — Xy~ 2%, X3, 0, xs)} e, =1(0,.,1,.,0 €R"
(—x3 — x5 —xX3 — 2%5, X3, 0, x5) = i

= (%3 —X3 X3, 0, 0) + (—x5, —2x5, 0, 0, xs) n

= 2,1, -1, 1, 0, 0) +x5(-1, 2, 0, 0, 1) B ={¢, ¢, .., €,] la co sé chinh tic cia R™
D& thdy hai vecto | ¢;=(0,.,1,.,0 R

u=(1-1,1,0 0 vav = (-1, -2, 0, 0, 1) 7
doc lap tuyén tinh trong R>, cho nén ching tao thanh 1 co s& —wm

caa Ker(T).
6.20 Phuong trinh D(p) = 0, p € P, viét p’ = 0, p € P,
Do d6 p = ¢ = hang s6. Vay Ker(D) = {c}, ¢ = da thdc hing.
6.21. Phuong trinh J() = 0, p € P, viét

1

fpdx =0
-1

Ma tran cua anh xa T xac dinh bdi
A = [(T(e)ly [T(ey)lp - [T(e)lp]
V6i ma tran d6 ta cd’
Alxly = [T(x)lg, x € R™.
Ap dung nhan xét trén ta cd :
(a) Theo ddu bai T : R* — R? xac dinh bsi
Vip € P, nén p cé dang p = a, + a;x nén phai cé T(@, 1)) = (@2, — 1y %, + %),

1
f (@, + ax)dx =0
-1

Do d¢ T((1, 0))
T ((0, 1))

2, 1
(-1, 1).
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Vay ma tran cta 4nh xa nay la

2 -1
Chii y : d6 chinh 1a ma tran hé sé cta hé

20 —x, =y

“

X tx, =y,

(¢) Theo dau bai T : R* — R? xac dinh bai

T((xl, xz)) = (xl, x2)~
Do do

U1, 0)) = (1, 0
70, 1)) = (0, 1)

Vay ma tran cda anh xa nay la

Chu y : dS6 la ma tran don vi va 1a ma tran hé s6 cua he.
=N
x,, = yz

1
(c)A = 0
1

O =
S O o

(d) Theo dau bai T : R® — R? xdc dinh bdi
T((x), xy x3)) = (4x, Tx,, — 8x3)

Do dg T ((1, 0, 0)) = (4, 0, 0)
T ((0,1,0)) = (0, 7, 0)
T((0, 0, 1)) = (0, 0, -8).

Vay ma tran cua anh xa nay la

4
A= 7

Chu y. D6 chinh ]la ma tran hé s6 cua

&,

=y1

'73c2 =Y

6.23. Ap dung nhan xét & bai tap 6.22, ta cd

(a) Theo ddu bai T : R?
T((x}, %)) = (xy,

Do dd
T((1, 0))
T((0, 1))

Vay ma tran cla 4nh xa

A =

i

—8x3 Ty,

— R* xdc dinh bdi

Xy X

0,-1,1, D
(1, 0,3, -1
nay la
0 1
-1 0
1 3
1 -1

Chii y. D6 chinh 12 ma tran hé s6 cha hé :

X2
~x,
x, + 3x2
X, - Xy

=y,
=y,
—
= ¥,

(b) Theo dau bai T : R* — R3 xac dinh bai

+ 3x2, X, = xy)

T((x), x5 X4 X)) = (Tx, - 2, —x; + Xy X, + 25 X))

Do dg¢
T((1, 0,0, 0)) = (7,0, -1) ;
T(0,1,0,0) = (-2, 1, 0) ;
T((0, 0, 1, 0)) = (-1, 1, 0) ;
T((0, 0, 0, 1)) = (1, 0, 0).
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Vay ma trdn cua anh xa nay la Viay ma tran cta anh xa nay la
7 -2 -1 1 ; 0 0 0 1
A= 0 1 1 0 1 0 0 0
-1 0 0o O | A =10 0 1 0
. ! 0 1 0 0
Chi y. DS chinh la ma tran hé s6 cta hé 1 0 -1 0
Txp — 2% —x3 T x4 =) Chi y. DS chinh 12 ma tran hé sé cia hé
Xy T =Y Xy =
_xl = y3 xl = y2
(c) Theo-ddu bai T : R*> — R’ xac dinh bdi 2y = s
T((xp X x3)) = (01 0, 0, 0: 0) ‘ Xy = Y4
Do dé ' * X =Js
T((1, 0, 0)) = (0,0, 0, O, 0) 6.24. Ap dung nhan xét & bai tap 6.22 ta cd :
T((0, 1, 0)) = (0, 0, 0, 0, 0) (a) Theo dau bai
T((0, 0, 1)) = (0,0, 0, 0, O ' T(x, v)) == (& —v)
Vay ma tran ctia anh xa nay la ma tran khong : Do d¢
T((1, 0) = (1, 0)
0O 0 O
0 0 O ; 70, 1)) = (0, -1)
A=1l0o 0o o Vay ma tran cua anh xa nay la
o 0 O 1 0
0 06 0 A= {0 _1}

(d) Theo dau bai T : R* — R’ xdc dinh béi Do do

Ty xp 2y %) = (g Xy %y X %1 = ) (T(@ D))y = A m ) [3) —(1)} m ) {‘ﬂ

Do do Nghia la
T(1, 0,0, 0) =(0,1,0,0, 1) ;
T(0, 1, 0, 0)) = (0, 0,0, 1, 0) ;
T((0,0,1,0) =(0,0,1,0, -1);

T(0, 0,0, 1)) = (1,0, 0, 0, 0).

T((2, 1)) = (2, -1
ding nhu theo dinh nghia cua T.
(b) Theo diu bai ta cd
T(x, ) == O, %)
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Do dg
T((1, 0)) = (0, 1) ;
7O, D) = (1, 0) ;

Vay dnh xa nay cé ma tran
0 1
S
2] Jo 1]]2 1
- - £ 9]

T2, 1)) = (1, 2)
ding nhu theo dinh nghia cta 7.

Do dg
nghia la

(c) Theo d4du bai ta co

T((x, y)) 1= (—x , -y)
Do ds

T((1, 0)) = (-1, 0),
7«0, 1)) = (0, -1).

Vay ma tran ctéa anh xa nay la

-1 0
Do do

me o =afi] = 75 ][ - ]
nghia la
T2, 1)) = (-2, -1)
ding nhu theo dinh nghia cua T.
6.25. Theo didu bai T : P, — P, xic dinh béi
T(@, + ax + ax’) := (g, + @) — (20, + 3a)x
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ol

Co s3 chinh tac cia P, 1a 1, x, x°

cia P/ la: 1, x

Do do
T(1) =1
Tx) =1-2x
T(x%) = -3x

Viy ma tran cua anh xa T la

1 1 0
Azo—z—s}

6.26. Theo dau bai T : R? = R> x4c dinh bai
T((xl, xz)) = (x1 + sz, X, 0)
a) Do do
T(u,) = T((1, 3)) = (1+23, -1, 0) = (7, -1, 0)
T(uy) = T((-2, 8)) = (-2+24,2,0) = (6,2, 0)
Ta tinh [T(u))]lg va [T(uy)lg
bsi véi [T(u,))lg ta phai co
(7, -1, 0) = cp

1 + CyUy + CaUs

Nhu vay, ¢, ¢,, ¢4 12 nghiém cda hé
[c1+2c2+3c3 =17
¢, + 2c, = -1
¢, =0
Ta suy ra
1 8
¢, = 0,c2 = —§,c3 =3

b6i v6i [T(u,)]p ta phai cd

[6, 2, 0] = by, + by, + by,
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Nhu vay bl, b,, b, la nghiém cta hé.

b, + 2b, + 3b,
b, + 2b,
bl

Ta suy ra

Vay co

[T(ul)]B, =

wloo N — o

Do d6 ma trdn cta anh xa
B’ trong R3 1a

b) V6i ma tran d6 ta cd
[T((8, 3)lp
D€ tinh [(8, 3))p ta viét

=6

il
DO

’ [T(u 2) ]B’ =

W~ O

T d6i véi co s¢ B trong R? va

0 0
1

2

8 4
3 3
= A[(8, 3,

(8,3) = au; + Bu,,

nghia la
(8, 3) = a(l, 3) + B(-2, 4).
Nhu vay o va 8 1a nghiém cua hé
[ a—-28 =8
TBa + 43 = 3.
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fnosuv ra
=19 __2
“= 5 T T 10

Do do

0 0 19
- l 1 5
(7(®, 3y = |~ 2 >
8 4|1 - —
3 3| 10

Ta suy ra
T8, 3) = 0v, — 4, + 53

-4
22
3

=0(1,1,1) -4 2 0 + % 3,0,0

= (14, -8, 0).

Chu y. Tinh truc tiép theo dinh nghia thi

T((8, 3)) = (8+23, -8,0) = (14, -

6.27. Cho T : R? — R3? xac dinh bsi

a) Ma tran cta anh xa T trong co s6 B = {”1’ Uy 03} trong

R3 1a

Ta c6

Bay git ta bi€u dién T(v,) trong co s§ B. Mudn th& ta viét

T((x), x5 x3)) = (x; — x,, X, X, x;

A = [[T(U])]B [T(Uz)]B [T(U3)]B]

Tv) =T (1,0, 1)) = (1, -1, 0)

T(UZ) = T((O) 17 l)) = ("1, 1,
Ty = T((1, 1, 0)) = (0, 0, 1)

T(Ul) = a, + ayu, + aqU,

-1)

8, 0).

- x3).
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tuc la
(1, -1, 0 = a,(1, 0, 1) + a,(0, 1, 1) + a,(l, 1, 0).

Do d6 «,, @,, a; la nghiém cua hé

1 0 1]|* 1
0 1 1}{a) =|-1
1 1 0f|a 0

Mot cach tuong tu ta viét
T(v,) 131”1 + /32')2 + ﬂ3v3

T(uy) = yivp + vvy + 7903

thi (8, By B3) va (v}, 7, 7) 13 nghiém cuia hai hé

1 0 114 -1 1 o 11" 0
0 1 1|8 =] 1[,]0 1 1f|r2] =10
11 0|5 —1110y3J 1

Ba hé nay cé cung ma tran hé s6 ta giai ching bang cac
phép bién ddi so cdp viét trong cung mot bang

1 0 1 1 -1 0
1 1 -1 1 0
1 1 0 0o -1 1
1 0 1 1 -1 0
1 -1 1 0
1 -1 -1 0 1

1 0 1 1 -1 0
1 1| -1 1 0

-2 0o -1 1
1 0 1 -3/2 1/2
1 0 -1 1/2 1/2
1 0o 1/2 -1/2
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Ta suy ra

A = [(Twlg [TElg [T(vy)lgE]

ap By ¥ 1 -32 1/2
=|a By vl =1]-1 1/2 1/2
ay By v L 0 172 -1/2

Sau dé ta co
[T(w)lg = Alwly, w € R3

b) Nhu vay muén tinh T((2, 0, 0)), trudc hét ta phai tinh
(2, 0, O)];. Ta co

(2, 0,0) =cy, + cu, + ey,

(2, 0, 0)

cl(l, 0, 1) + c2(0, 1, 1) + 03(1, 1, 0)

vi ¢y, ¢, ¢5 12 nghiém cda heé.

1 o 1]]9 2
0 1 1||¢]| =|0
1 1 0 ey 0
Giai hé nay ta dugce
c1-=1,cz=—1,03=1
Ta suy ra
1 3
[T(2, 0, )]z =A |-1] = |-1
1 -1

Dé la [T((2, 0, 0]y (trong co sé B). Mudn cd T((2, 0, 0))
trong co s6 chinh tdc ta phai viét

3 i 0 1 3 -1
~1| =3 o] — [1] - |1} =|-1 —-1| =
1 1 1 0 3 -1

T2, 0,0)) = (2, -2, 2)




Tinh truc tiép ta dugc
T(2,0,0) =(2-0,0-2,2-0 = (2, -2, 2)
trung vai két qua trén.

6.28 Cho T : P, — P, xac dinh bai
T(p(x)) = x°p(x).

(a) Ta co
Tp,) = T(1 + x%) = x¥1 + x2) = x2 + x*
Tp,) = T(1 + 2x + 3x2) = x%(1 + 2x + 3?)

=x2 + 23 + 3t
Tp;) = T(4 + 5x + x?) = x2(4 + 5¢ + x2)
= 4x? + 53 + x4

Do d6 danh xa T ¢ ma tran

A = [ITE)l, [TEY, [Tl =

-0 = O
LWN—OO
= Ok © O

va sau dd
(T@)lp = Alplg,p € P,

(b) Muén tinh T(-3 + 5x — 2x%) nhd céng thdc trén trudc hét
ta phai bi6u dién da thic -3 + 5x — 2 trong co s§ B cua P,

Ta c6
-3 + 5 — =ap, + fp, + vp,

Do dd, a, B, v 1a nghiém cua hé
a+f +4 = -3
28 +5y =25
a+3+y = -2
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a(l +x%) + B(1 +2x + 3x2) + y(4 + 5x +22)

Giai hé nay ta dudge

Lo 5L
A A R
Ta suy ra
_25/1
(-3 + 5x — 2.,1'3JB = 5/4
1/2
Vay
0
—25/4 0
[T(-3 + bx — 207)], = A| 54| = |[-3
1/2 5
-2

Vi B’ 1a co s& chinh tac cuaa

T(—-3 + bx — 2x7)
Tinh truc tié€p ta dudge

T(=3 + 5x — 2x7)

trung vai két qua trén.

6.29. Ki hieu B = {v, v,}.

I

P, nén ta suy ra :

-3x° + ¥ — ut

x7(=3 + 5y — 27

~3x7 + 5 - 207,

1 0
oy = {O]’ vl = li]}

I 3110
[T((v‘_v)]/; - [__2 S:I |t]

|

.l

- Ty =113 - 20-1.h = (1 +2.3-8)
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T(vy) = 3(1, ) + 5(-1, 4)

(83-5,9+20 = (-2, 29)
(c) Bay gio tinh T(1, 1).
Truéc hét ta tinh [(1, 1)]; . Ta viét
(1, 1) = a(l, 3) +B(-1, 4) = (a - B, 3a +48)

Do d6 a va 8 la nghiém cia hé

a-f=1
{Sa -48 =1
Ta suy ra
5 2
«=7.F="7
Vay
5/7
[, Dlp = [— 2/7}
Do do
1 3
[T1, Dl = [_2 5][(1, Dlg =
_ 1 3 5 | -7
-2 s5f|-2/7f T |-2017
Ta suy ra '
1 20 1
T(1, 1) = - —7—(1, 3) - ~7—(—1, 4) = 7 (19, —83).

6.30. (a) Ta co

vlg =

O OO -

[T(Ul)]B' = A[UI]B = 1
3
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1
i

0 _
1 —2
[UZ]B = 0 [T(UZ)]B' = A[UZ]B = 6
0 0
:
[U3]B =11 [T(U3)]B‘ = A[U3]B = |2
0 7
o
;
lvelg = | [Ty = Alvglg = |1
1 1
(b) Tw,) = 30,8, 8 +(-7,8,1)-3(-6,9, 1)
= (11, 5, 22)
T, = -2(0, 8, 8 +6(-7, 8, 1) = (-42, 32, -10)
T,) =1(0,8 8+2(-7,8 1D+7(-69, 1
= (-56, 87, 17)
T, = (7,8 1)+(-6,9,1) =(1317 2)

(c) Dé tinh T((2, 2, 0, 0)), truéc hét ta phai bi€u dién
(2, 2, 0, 0) trong co sd B cua R* :

(2,2,0,0) =cpy, +cu, eyt
=¢ (0,1, 1, 1) +¢, (2, 1, -1, -1) +
+ey(1,4,-1,2) te 6, 9, 4, 2)
Do d6 ¢}, ¢,, ¢35, ¢4 la nghiém cta hé .

2c2+c3+6c4 =2
c1+cz+4c3+904=2
(.'1—02—c3+4¢s4 =0

¢, — 0 +203 +2c4=0
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Giai hé nay ta dugc

¢, =1le¢, =1, ¢ = 0,¢, = 0.
Cho nén
1
9 1
(2, 2, o, Mg = 0
0
Do dg
1
[TZ, 2, 0, 0)lg = Al2, 2, 0, 0l = 7
-3
Ta suy ra
T(2,2,0,00 =(0,8 8 +17-78,1) - 3(-6, 9, 1)
= (=31, 37, 12)
6.31. (a) Ta c6
1] [1
s = |0], (Tl = Alv)ly = |2
OJ 6
0] [ 3]
v,lg = |1 [T(,))lg = Alv,l; = 0
0] _ [—1]
luslg = |0 [Tl = Alvslg = | 5
IJ 4J

b)  T) = v, + 20, + 6v,
= (Bx+3x%) + 2(—1+3x+2x%) + 6(3 +Tx + 209
= 16 + 5lx + 13?2 ;
T(v)) = 3v; + Ov, — 20,
= 33 + 3x?) — 23 + Tx + 22
= -6 - 51 + 5x2

T(y) = —v, + 5uv, + dv,
= — (3 +3x%) + 5(—1+3 +22) + 4(3 +Tx +2x?)
=7+ 40x + 152
(c) Truéc hét ta bi€u dién p = 1 + x° trong co s& B. Ta viét
1 +x2 = ey t e, +ocgu,
= (3 + 3c?) + (-1 + 3x + 2 +
+ey(3 + Tx + 22
(¢; + 3c3) + (B¢, + 3¢, + Tegx
+ (3¢ + 2c, + 2c)x?

Do d¢ €}, €y €4 12 nghiém cda he
—~, +3¢; =1
3c; + 3c, + Te; = 0
3c, t 2, + 25 =1

Giai hé nay ta dugc

¢, =1l¢, = -1, ¢y = 0.
Vay co
1
(1 +x9), = | -1
0
Do do
-2
(T +xDly = Al +xD)], = | 2
8
Ta suy ra
T(1 +x%) = 20, + 20, + 8,

—2(3x + 3x%) + 2(-1 + 3x + 2x9)
+ 83 + Tx + 247
22 + 56x + 14x2.
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6.32. (a) Ta c6
Dp)=D() =1 =0=0+ 0x + Ox*

D(p,) =D(x) =x =1=1+ 0x + 0x?
D(p;) = D(x?) = (x?) = 2x = 0 + 2x + Ox?

Ta suy ra, vi B la co s3 chinh tac cia P, :

Do do
o [ 236
D), = H = [—16/3
7 0
Ta suy ra

0 -372 23/6
A= |0 0 -16/3

0 1 0 0 0 0
4 8 g é (c) Vi trong cau (a), B la o sd chinh téc cia P, nén
(b) Dip;) = D(2) =2 =0=0p +0py + Opy; 0 1 o] 6 -6
5 [D(6 — 6x + 24x))], = [0 0 2||-6] = | 48
D(p,) =D(2—3x)=(2—3x)’=—3=—§.2 0 0 0| 24 0

Do ds

D6 — 6x + 24x%) = —6.1 + 48x + %2 = —6 + 4&
trung vdi két qua tinh truc tiép :

3
= _§p1 + Opg + 0p3}

Dppy) =D(2 - 3x+ &%) = (2 3x+ &%) = -3+ 16

0 —3/2} [
) (d) Trong cau (b) B khéng phai co sd chinh tdc cua p. cho nén
(DE)l; = (0], (D) = 0 g gp P,
0 0 J trude hét ta phai biu dién p = 6 — 6x + 24x% trong co sd B.
. Ta c6
DéE tinh [D{py], ta viét
) 6 — 6x + 24x2 = ap, + fp, + yp,

-3 + 16x = ap, + fp, + ypy =

a(2) + B2 — %) + (2 — 3 + 82)
= (2a + 28 + 2y) — (38 + 3y)x + 8yx?

Vay «, B, y la nghiém cta hé

= a.2 + B2 - 3) + 2 - 3 + &)
thi thdy «, 5, y 1a hghiém cua hé

% + 2 + 2 _ -3
=33 -3, = 16 22¢ +28 +2 _ 6

8 = 0. =38 - 3y = —6

& = 24

Giai hé nay ta dugc

: Giai hé nay ta dugc
y=0,p=~16/3, ¢

IS
i
[\
&
2]




Do dd )
1
[(6 — 6x + 24x)], = |— 1],
3
Cho nén
0 -32 236][ 1 13
[D(6 — 6x + 24r2)]n =10 0 —-1633(|-1] = |—-16].
0 0 0 3 0
L L
Ta suy ra : )
D6 — 6x + 24x°) = 13p, — 16p, + Op,

132 — 16(2 — 3v) = - 6 + 48,

cing trung véi két qua tinh dao ham truc tiép.

6.33. 1) Chu ¥ rang B la ¢o sd chinh tic. Do d6 anh xa cua

T trong cd s0 B ¢d ma tran :

1 -2
A = [0 _I:I

Ma tran chuyén co sd tit B sang B’

N

1 4 3
N
Bo= 11 l——l z}

Ma tran cua T trong co 36 B’ :

1 4 311 =2]]2 -3
A - 2 —
A= PUAP = oy {1 2} [o »—1“1 1J

1 -3 56
a1 | -2 3

2y Bay gi¢ co sd B khong phai chinh tac naa

Ta suy ra

Ta co

T ) = T2 30 = 24+ T332 - 4.3 = 23, -6)
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T(u,) = T4, -1) = (4+7(-1), 34 - 4-1) = (-3, 16).
Ta viét bifu dién cua T(u)) va T(u,) trong co s6 B :

T(u)) = (23, -6) = cu + Call 5
= ¢,(2, 3) + c,(4, —1)
= (2¢) *+ 4y, 3 =)

Tw,) = (-3, 16)= b + bu,
= b(2, 3) + b,(4, 1)

(26, + 4b,, 3b, — b,).

Nhu vay, (¢}, ¢;) va (b), b)) la nghiém cua hai heé

lzcl + 4c, = 23 {21;1 +4b, = -3 .
3, —¢c, = —6 3, — b, =16
Giai hai hé nay ta dugc
¢, = —-1/14 ¢, = 81/14 b, = 61/14 b, = —41/14.
Vay
my = [244] me, - [_502]
Do d6 ma tran cda anh xa T trong co sd B la
A - [— 1/14 61/14] _ 1 [—1 61]
81/14 —-41/14 14 | 81 -—41J'
Bay gio ta tim ma tran chuyén co sé tit B sang B’ :
P = [[v,l [v,l4]
vy T ey +oayuy
(1,3 = a(2, 3) + a,(4, -1).
a; va a, la nghiém cua hé
2 + 4a, = 1
3a; —a, = 3
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vy = By + Py
(-1, -1) = (2, 3) + B,(4, —1).
B, va 3, la nghiém cua hé
Fﬂx +48, = -
[3181 - ﬂz = -

Giai hai hé nay (cé chung ma tran hé s6) ta dugc

= 13/14, a, = -3/14, B, = -5/14, B, = -1/14.
Do do
=] L [18n4 _[B]  T[-8n4
[UlJB = az = _3/44]7 [UZ]B - ﬂz = - 1/14
L
va ¢o i
p . | 114 514l 1113 5]
T 1-314 -1/14| " 14 |-3 -1}’
p1 - _L[-1 5
- 2| 38 13
1 [-1 5] 1[-1 61
] — -1 _ - _
A =PTAP = 2[313}4{ —41]
129 —19] 1 1
T T2 |75 —-25| 14
__1[31 -9] 1[-31 9]
- T 32|75 -25 ‘2 -5 25|
12 ma tran cta anh xa T trong co sd B’.
Chu y. Lam truc tiép, ta co
Tv,) = T((1, 3)) = (1 +17.3,3 - 43) = (22, -9) ;
T(,) = T((-1, -1)) = (-1 + 7(-1), 3(-1) - 4(-1)) =
T, = ap, +ay,;
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ks
Il
=

(-8, 1).

T, = by, + by

1 Y25

@2, -9) = a (1, 3) + ay(-1, -1 ;
(_8 1) b /17 3) + bz(_la -1) ;

thi (a;, a,), (b, b,) la nghiém cta hai hé cung ma tran hé s6

a —a, = 22
3a; —a, = -9 !
b, —b, = -8
3, —b, =1

Giai hai hé nay ta dugc

a, = =312, 0, = =752, b, = 9/2, b, = 25/2. |
Do dg ;
[—31/2] 9/2
(T)lp = |- 752 [T@)lp = [25/2 :
Ta suy ra ma trdn cia anh xa 7T d8i véi co sé B’ la
, 1[-31 9
A=351_15 25]

trung v6i két qua trén.
3) Vi B la co sd chinh tic trong R® nén ma tran cta anh
xa T trong co s B la :

1 2 -1
A= (0 -1 0].
1 0 7

Ma tran chuyén co sd ti-B sang B’ 1a

1 1 1
P=1]0 1 1
0 0 1




Ma tran nghich dao cua P la

1 -1 0
pl=10 1 -1,
0 0 1
Do d6 ma tran cua anh xa T trong cd sd B’ la
1 4 3
A= PlApP = |-1 -2 -9
1 1 8

4) Mot diém cd toa do (x, y, z) trong khong gian xyz chiéu
truc giao lén mat phidng xy thanh diém (x, y, 0). Vay cd cong
thic xac dinh anh xa T :

T((x, y, 2)) == (x, 5, 0),
hay déi ki hiéu :
T((x|, x5 x3)) = (x;, x,, 0).
V6i chi y B la co sd chinh tac cua R?.

Do do ma tran cta anh xa T trong co sd B la :

1
A = 1
0
Ma tran chuyén co s¢ ti B sang B’ la
I 1 1
p=1{0 1 1
o 0 1
Do dg
1 -1 0
Pl = |0 1 -1
0 0 1
Vay ma tran cia anh xa T trong co sd B' la
1 0 0
A =PlaAp =10 1 1
0O 0 O
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5) Theo dau bai
T(u,) = 5u,

Suy; + Ou, ;
T(uy) = Suy, = Ou; + Su,.
Vay ma tran cta T trong cd sd B la
A = [[T(u))g [T(u,)lg) = [g gJ

Ma tran chuyén co s6 tit B sang B’ theo cau 2 bai nay la

1 [18 -
P=ﬁ[—3 —1}

va

_ 11-1 5
1 = -

P o= 2[3 13}

Do d6 ma tréan :
5 0

> — p-l —

A =P AP—[0 5}.

Chii y. Tinh truc ti€p (khong qua co sé B) ta ciing dugc két
quad nhu vay.

6) Theo d&u bai
T(p,) T6 + 3x) =6 +3(x +1) =9 + 3 ;
T, = T(10 + 2x) = 10 + 2(x + 1) = 12 + 2x.

Ta bi€u dién T(p,) va T(p,) trong co s& B. V&i T(p,) ta cd
9+ 3 =ap, +fp,=a6 + ) + (10 + 2x).

Do dé a va B la nghiém cda

6a + 108 = 9
3a +238 =3
Ta suy ra
2 1
“=3f=3




Bay gio vai T(p,).
12 + 2x = yp; + dp, = y(6 +:3x) + (10 + 2x).
Do dé y va J 12 nghiém caa

{Gy + 108 12

2

3y + 28

Ta suy ra
y = -2/9, & = 4/3.
Vay ma trian cua anh xa T trong co s B la

2/3 —2/9
A = [Tl [Tyl = {1;2 4/3}

Bay gio ta tim ma trin chuyén co sé tu B sang B’ :

P = [lq,1; {g,]51
Ta viét
q, = ap; + pp,
2 = o6 + 3x) + S(10 + ).
Do dé « va g la nghiém caa

6a + 108 =
Sa + 28 =

I
=l N

Ta suy ra
a=-2/9,8=1/3
Ta lai viét
g, =y, tdp,
3+ 2 =y(6 + %) +5(10 + ).
Do d6 y va § 1a nghiém cua hé

6y + 106 = 3
3y +26 = 2

Ta suy ra

e

y=179, B =~
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Vay

-2/9 7/9
l9))p = { 1/3}’ 955 = {— 1/6]‘

Do d6 ma tran chuyén co sé tu B sang B’ la
P —-2/9 79 1 |-4 14
N 13 —-1/6] 18| 6 -3
P_lz_E -3 -—-14 =l3 14
72 |—-6 - 4 416 4
Do d6 ma tran cha T déi véi co s6 B’ la

A = PlAP = {1 1}

nén co

0 1

Chi y. Néu tinh truc ti€p A’ khéong qua trung gian 1a co so
B thi cing duge két qua nhu vay.

6.34. Gia st ma tradn B déng dang vdi ma tran A. Khi do
tén tai ma tran P khéng suy bién cung cdp véi A va B d€ co

B = PlAP.
Ta suy ra
B? = (P71 AP)?
(P"LAP) (P71 AP)
P LA(PPY) AP
= PTLAAP = PT1A%P.

Do d6 B? déng dang voi A,
6.35. Gia st A va B la hai ma tran cdp n déng dang. Khi
dd tén tai ma tridn P cdp n khong suy bién dé€
B = PlAP.
Ta suy ra
AP = PB.




Truéc hét ta xét mot ménh dé ma ta goi 1a mot bs dé.
Bé dé. Gid si P khéng suy bién. Khi dé
D) Néuw E = {u, uy .., u},u; € R" la doc lap tuyén tinh thi
F = {Pu,, Pu,, .., Pu]
cang déc lap tuyén tinh.
2) Néu F déc lap tuyén tinh thi E cang déc lgp tuyén tinh.
Chitng minh. 1) Giad st E d6c lap tuyén tinh. Xét diéu kién
c¢Pu; + cyPu, + ... +cPu; =6 (6.9)
Ta suy ra
Pleu; +cuy, + .0 +cu) = 6.
Vi P khong suy bién nén ton tai P! va
ey togu, + ... +cu, = P1lg =9,
tuc 1a co
cuy tou, v teu =6 (6.10)
Nhung ta da gia st E doc lap tuyén tinh.
Cho nén tu (6.9) ta cd
¢ =¢ =..=¢=0 (6.11)
Nhu vay 1a tu (6.9) ta suy ra (6.11).
Do dé F doc lap tuyén tinh.
Bay gio gia st F doc lap tuyén tinh.
Xét didu kién (6.10). Ta suy ra

Peju, + cuy + ... +cu) = P6 = 6.
hay
¢Pu, +cPu, + .. +cPu =6
Ti d6 suy ra (6.9).
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Nhung ta dia gid st F d6c lap tuyén tinh.

Cho nén ti d6 ta cd (6.11).

Nhu vay la tu (6.10) ta suy ra (6.11)

Do d6 E do6c lap tuyén tinh.

B3 dé ching minh xong.

Bay gid gia st A va B la hai ma tradn cdp n déng dang,

nghia la tén tai ma tran P cdp n khoéng suy bién d€ cd

B = pP7lAP
Ta suy ra
PB = AP (6.12)
Goi v, i = 1, n la cac vecto co6t cia B. Khi do
Pu, i = 1, n la cac vecto cot cia PB. Ta co

PB) = r{v}), PPB) = r({Pv})
Vi P khong suy bién nén theo bd dé trén
r({vh)y = r{ Pv})
Do do
P(B) = PPB)
Nhung theo (6.12), PB = AP nén cd
P(B) = P(AP) = P((AFP)Y) = p(P'A))
Vi P khong suy bién nén P ciing khong suy bién,
Do d6 theo b3 dé trén
PPAY = pAY) = P(A).
Tém lai, ta cd

PB) = PA).




Chuong VII

TRI RIENG VA VECTO RIENG -
DANG TOAN PHUONG

A. PE BAI

7.1. TRI RIENG VA VECTO RIENG CUA MA TRAN

7.1. Tim cac tri riéng va co sd cda khéng gian riéng cua

cdc ma tran sau :

ER [10 -9 0 3
D g —1] 2 |y —2} 3) [4 0]
-2 — [0 0 1 0
E N 2} 5 1 0} 6) [0 1]
(2 -1 2 [ 0 1 o 4 -5 2
7) 5 -3 3| 8 |-4 4 0 9|5 -7 3
-1 0 -2 -2 1 2 6 -9 4
1 -3 3 1 -3 7 —-12
100 |-2 -6 183 11) |4 -7 12) [10 —-19
-1 —4 8 6 —7 17 12 —24
[1 0 0 0 1 00
4 -5 1T
0 00O 0 0 0
13)_}132 14)000015)100
1 00 1 0 0 0
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16)

W= W
O =

w oo
|

-~ Wwo o

7.2. TRI RIENG VA VECTO RIENG CUA TOAN TU TUYEN

TINH TRONG KHONG GIAN HUU HAN CHIEU

7.2. Cho T : P, — P, xéc dinh bdi T(a, + ax + apx?) =

(5a, + 6a; + 2ay) — (a; + 8a)x + (a, — 2a,1?
(a) Tim cac tri riéng cua T.

(b) Tim co s8 cua khong gian riéng caa T.

7.3. Ching minh rdang A = 0 1a tri riéng clla ma tran A khi

va chi khi A suy bién.

7.3. VAN DE CHEO HOA MA TRAN

7.4. Ching minh ridng cdc ma tran sau khéng chéo héa dugce.

[2 0 2 -3
Dy 2| S

3 0 0 [-1 0 1
3) 10 2 0 4 |-1 3 0

01 2 -4 13 -1

7.5. Tim ma tran P lam chéo hda A va xiac dinh P~ AP

—14 12 1 0
DA =|_y 17] 2)A = |g ,1]
1 00 2 0 -2
HA=|0 11 4)A=10 3 0
0 11 00 3
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7.6. Hoi ma tran A dudi diy c6 chéo hoa duge khéng. Néu
duge thi tim ma tran P lam chéo héa A va xac dinh P 'AP.

(19 -9 -8 -1 4 -2]
DA = |25 —11 -9 2 1-3 4 0
17 -9 -4 -3 1 3
5 0 0 [0 0 0]
YA =11 50 HA =10 00
01 5 3 01
-2 0 0 0 -2 0 0 0]
0 -2 0 0 0 -2 5 -5
DA=19 03 0 BA=19 o903 o
0 01 3 0 0 0 3

7.7. Cho T : R? — R? la todn t& tuyén tinh

T(xl, x,) = (37;l + 4x2, le + x,)
Hay tim mét co sd clia R? trong dé ma tran cta T ¢d dang chéo.
7.8. Cho T : R?® - R3 1a toan t& tuyén tinh

T(x), x5, x3) = (2x; — %, — 23, % — X3, —x; +x, + 2x3)

1

Hay tim mot co s& cua R? trong dd ma tran cia T ¢d dang chéo.
1 0

7.9. Cho A = l:_ 1 2]

Hay tinh A0,

7.10. Cho A = {“ b]
c d

Ching minh :

(a) A chéo héa dugc néu (@ — d)? + 4bc > 0.

b) A khong chéo hda dugc néu (a — d)? + 4be < 0.
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T o) Bt + 4ey + 5\/2 = 9.

7.4. VAN DE CHEO HOA TRUC GIAO

7.11. Tim ma tran P lam chéo hda truc giao A va xdc dinh

P lAP .

3 1 [ 5  3V3
\ == —_
DA | 3 2) A aE -1
. -2 0 -36
r_
3) A = 2Z Zé 4) A = 0 -3 0
L | -3 0 —23
(1 1 0] [ 2 -1 -1
5)A =1 1 0 6)A = |—1 2 -1
0 0 0 -1 -1 2
31 0 0 [ 5 -2 0 9
1 30 0 -2 2 0 0f.
PA=1o 0600 ®4=] 0 o 5 -2
00 0 0 0 0 -2 2

7.12. Tim ma tran !am chéo hda truc giao
fa b
A = r b = 0
b a
7.5. DANG TOAN PHUONG
7.13. Nhan dang va vé cac dudng bac hai sau :

a) 2x° — 4xy — yz + 8 = 0.

b) x° + 2xy + yz + 8 +y =0

d TIx® + 2dxy + 447 - 15 = 0.

el 207 + 4y + 5\r3 = 24

.

frx= + xy + ,\'3 = 18
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g) X - 8xv + 7}/2 = 36.

h) 5x° — 4xy + 8y = 36.

7.14. Nhan dang va vé cac mat bac hai sau :
a) fo - 2xpxy F 21'% - 20,10y 4+ 31% = 16.

b) 2xy + 2xz + 2yz ~Gx — 6y — 4z = 0.

o) Txt + 7)'2 +10z° - 2xy —4dxz +4yz — 12x + 12y + 60z = 24

d) 2xy — 6x + 10y + 2z — 31 = 0.
e) 2x2+2y2+522—4r~y—2xz+2yz +10x —-26y -2z = 0O

B - BAI GIAI VA HUONG DAN

7.1. 1} Cho ma tran cdp hai

te e

Phuong trinh dac trung cua A :

[3; —10-1} =0e=B-N-1-1)=0
A cd 2 gia tri rieng + 4, = 3. 4, = -1
Vécto riéng ung tri riéng 1 la x = (x}, x,) théa man
3 -Jx, =0
8, — (1 +Ax, =0

1
Truong hgp 4 = 4, = 3 ta cd he
[0, =0
l~ 8x, — 4x, = 0.
Ta suy ra
X, tuy yox, = 2x,
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x “ I x ! h (1, 2)
= = = ayx 5 .
x, 2x, 12 1
Vay ung tri riéng A; = 3 ¢ mét véctd riéng doc lap tuyén

tinh la (1, 2). Khéng gian riéng tuong ung la khéng gian con
cia R? cd s6 chiéu bang 1 va nhan vécto (1, 2) lam co sé

Trudng hgp 4 = A, = -1 ta cd hé
4, =0
{ 8, +0x, =0
Ta suy ra
x =0, x, tuy y
x = 2 = FC)Z} = xz[(l)] hay x, (0, 1).
Vay udng tri riéng 12 = -1 ¢6 1 vécto riéng doc lap tuyén

tinh 1a (0, 1). Khong gian riéng la khéong gian con cua R? c¢6
s6 chiéu bang 1 va cd co sé la (0, 1).

2) Cho ma tran cdp hai

it

Phuong trinh dic trung cta A :

10 -2 -9

- —~ 4)2 —
4 Lyl =0=G-9%=0

A c6 tri riéng : }‘1 = 12 = 4 1a tri riéng boi 2.

Vécto riéng ung tri riéng 4 la x = (x;, x,) théa man

(10 —4)x; — 9, =0
o, + (2 —4)x, =0

hay
[le -9, = 0

4, — 6x, = 0
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3
Ta suy ra x, tuy y, X = 5%,
3 3
x “x °
= | ' = |27 =42
)
x, 1

Vay dng tri riéng boi hai 4, = 1, = 4 cd mot vécto riéng
doc lap tuyén tinh la (3/2,1). Khong gian riéng la khéng gian con
ctia R? c6 s6 chibu bang 1 va nhan vécto (3/2, 1) lam co sd.

0 3
) a2y
12 ma tran cdp hai ¢6 phuong trinh dac trung
4 —A = l -12 =0

A c6 hai tri riéng : Tri riéng thd nhdt 4| = Vi2 c6 mot
véctg riéng doc iap tuyén tinh 1a (3W12, 1) ; khéng gian riéng
tuong ung la khong gian con cta R? c¢6 sé chiéu bang 1 va
nhan vécto (3N12, 1) lam co sd. Tri riéng thd hai
A, = -V12 c6 1 vécto riéng doc lap tuyén tinh la (-3412, 1);
khdong gian riéng tuong ung la kh_(‘)_ng gian con cua R? c6 s6
chidu bang 1 va nhan vécts (-3N12, 1) l1am co sd.

4) Xét ma tran cdp hai
-2 -7
Phuong trinh dac trung cfha A :

-2-1 -1

— 32 —
) 2_1}_1+3_0

khong co nghiém thuc. Do d6 A khoéng cd tri riéng thuc. Né&u
xét cac tri rieng phdc thi A c¢d haj tri riéng

A, = V3,1, = —iV3.
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Vécto riéng tuong ung :
Trudng hop 4 = 4, = iV3 ta co

J(‘2 - iV3)x, ~ Tx, = 0
l x + (2 - iV3)x, = 0.
Ta suy ra :
x, tay y, x; = ~(2 — iV3)«x,
X, Xy 2 1 J
Vay ung tri riéng 4, = iV3 ¢6 mot vécto riéng doc lap tuyén

tinh 1a (-2 + iV3, 1) ; khéng gian riéng tuong idng la khong
gian con cia C? ¢6 s6 chiéu biang 1 va nhan vécto
(=2 + iV3, 1) lam co sé.

Trudng hop A = 4, = -iV3 ta cing lam nhu trén sé duge
mot vécto riéng doc lap tuyén tinh 1a (-2 — V3, 1) ; khong
gian riéng tuong ung 1a khéng gian con cia C? ¢6 s5 chidu
bing 1 va nhan vécto (-2 — iV3, 1) lam co sé.

5) Xét ma tran cdp hai

Ly

Phuong trinh dac trung cta A :

0 -1

A cd tri riéng bodi hai A, =

I
R
]
=2

Vécto riéng tuong dng la x = (x;, x,) théa man

Ox] + 0x, =0
Oocl +0x2 = 0.




Do do x| tuy y, x, tuy y :

X x{‘ + 0 _ 1 4 0
x = x2 = OJ xz = xl 0 x2 1l
Hai vecto (1, 0) va (0, 1) la doc lap tuyén tinh vi

0 a+0=0
o) o [ o= ra
ticlaa =8 = 0.

Vay tng tri rieng A, = 4, = 0 cd hai vécto riéng doc lap
tuyén tinh la (1, 0) va (0, 1) khéong gian riéng la khéng gian
con cia R? cé s6 chiéu = 2 tidc la trung véi R? nhan (1, 0)
va (0, 1) lam co sd.

6) Cho ma tran cédp hai

A= o]

Phuong trinh dic trung cua A :

;1—/1 0

0 il =@ -n%=o0

Do d6 A ¢é moét tri riéng boi 2 1a 4, = i, = 1.
Heé phuong trinh x4c dinh vécto riéng x : (x,, x,) tuong ung la

Ox, + O0x, = 0
‘0:’61 +0x, =0
Hé nay trung v6i hé & cau 5). Do dd ta cling cé két qua
nhu & cau 5) :
Ung tri riéng A, = A4, = 1 cd hai vécto riéng doc lap tuyén
tinh 1a (1, 0) va (0, 1).

Khong gian riéng 1a khéng gian con cia R’ ¢6 s6 chiéu bang
2 téc la trung voi R? va nhan (1, 0) va (0, 1) lam co sd.
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7) Cho ma tran cdp ba

2 -1 2
A = 5 -3 3
-1 0 -2

Phuong trinh dac trung cta A

‘2—/1 -1 2
5 -3-1 3 =-@A+13=0
(—1 0 ~2-2
Do d6 A ¢6 mét tri rieng boi ba 1 = -1

Vécta riéng tuong dng x = (x}, x,, x;) théa mén
2 -(Dp —x, +2¢, =0
o, + (=3 = (=, + 38x; =0

=, + (2 — (-)w,

Hé nay cé nghiém

x, =0, Xy = Xy X, tuy ¥.

Do do
x, 0 0
x = |%| = X0 = Xy 1},
x3 —x2 -1
Vay dng tri riéng boi ba 1 = -1 c6 moét vécto rieng doc lap

tuyén tinh 1a (0, 1, -1).

Khong gian riéng la khong gian con cta R>, ¢6 s6 chiéu bang

1 va nhén vécto (0, 1, -1) lam co s3.

8) Cho ma tran cdp ba

0 1 0
A=1{-4 4 0
-2 1 2
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Phuong trinh dac trung cta A la

\—A 1 0
-4 4-2 0 | =-¢ —2° =0,
‘—2 1 2-1

Do d6 A c6 mét tri rieng boi ba 4 = 2.

Vécto riéng tuong ung x = (x;, X, X;) thoéa man
—2x, + x, 0
—4x, + 2, =0
-2, + x, =0

Hé nay cd nghiém

X, va x3 tuy ¥, X, = 2x. ;

x xl-‘ X, 0 1 0]
x = |%| = |2¢] = 2c | + 0l = x, 2] +x, Cl.
%, x3J 0 Xq 0 1

Hai vécto (1, 2, 0) va (0, 0, 1) doc lap tuyén tinh (ban doc
tu ki€m tra). Vay ¢ng tri riéng boi ba 4 = 2 cd hai vécto riéng
doc lap tuyén tinh (1, 2, 0) va (0, 0, 1).

Khong gian riéng 1a khéng gian con cda R3, c6 s6 chiéu bang
2 va nhan 2 vécto (1, 2, 0) va (0, 0, 1) lam co sé.

9) Cho ma tran cép ba

4 -5 2

6 -9 4_1
Phuong trinh dac trung cioa A la
(4 -2 -5 2 |
5 ~7-1 3 | =A(=1+1)=0
6 -9 4 -2

c6 hai tri riéng 4, = 4, = 0 boi hai va 1; = 1 don. Vécto riéng
tuong dng tri riéng A 1la x = (x;, x5 %3) nhy sau :
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Truong hop 4, = 4, = 0 nd théa man

4, — Bx, + 2, = 0
S, — Tx, + 3¢, =0
6x, — 9, + 4x, = 0
Hé thuin nhdt nay cd nghiém khong tim thudng :
x, tuy ¥, x, = 2x), 23 = 3.
Do dg
X = (X, Xy X)) = (x, 20, 3x)) = x,(1, 2, 3).

Vay tdng tri riéng boi hai A = A = /12 = 0 c6 mot vécto
riégng déc lap tuyén tinh la (1, 2, 3) ; khong gian riéng tuong
ting la khéng gian con cia R> c6 s6 chiéu bing 1 va nhan
véctg (1, 2, 3) lam co sd.

Truong hop 4 = 4; = 1 ta cd
e, — bx, + 22, =0
S, — 8x, + 3,
6r, — 9, + 3x; =

!
(=]

Hé thuin nhdt nay cd nghiém
Xy tuy ¥, x, = x5, X, = x4
Vay dng tri riéng A3 = 1 c6 1 vécto riéng doc lap tuyén tinh

la (1, 1, 1). Khong gian riéng tuong dng la khong gian con cda
R> ¢6 s6 chiéu bing 1 va nhan vécto (1, 1, 1) lam co sd.

10) Cho

1 -3 3
A= |-2 -6 13
-1 -4 8
la ma tran cdp ba cd phuong trinh dac trung
1-2 -3 3
-2 —-6-1 13| =@1-1*=0
-1 -4 8-1
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Vay A ¢ mdt tri rieng boi ba 1 = 1.
Vévctd riéng tuong ung x = (x, x, x3) théa man
(1 = Dx; = 3x, + 3x,

—2x; + (=6 - Dx, + 13x,

cmxp = 4x, + (8 = Dxg

i

1

Hé thuan nhédt nay cd nghiém

xytuy ¥, x, = x5, %, = 3y
Do do
x = (X, X, X3) = x3(3, 1, 1.
Vay dng tri riéng béi ba 4 = 1 ¢d 1 vécto riéng doc lap

tuyén tinh la (3, 1, 1). Khong gian riéng tuong ung la khong
gian con cuda R? ¢6 s6 chiéu bang 1 va nhan vécta (3, 1, 1)
lam co sd.

11) Cho
1 -3 4
A=|4 -7 8
6 -7 7
la ma tran cdp ba c6 phuong trinh diac trung
1-4 -3 4
4 -7-12 8 A+ 1A -3 =0
6 -7 7-2
Vay A cd hai tri riéng khac nhau : 1, = 3, 1, = 4; = - L.

Vécta riéng tuong dng tri riéng 4 1a x = (x|, x,, x3) nhu sau :
Trudng hgp A = A = 3 ¢d 1 vécto riéng doc lap tuyén tinh

la (1, 2, 2).
Trudéng hgp 4 = 4, = 4; = -1. Ta co
(1 + I, — 8, + 4,
e, + (=T + x, + 8y
6x, — Tx, + (7 + 1),

I

Il

338

Hé nay cd nghiém : Xy tuy y, x, = 2x;, x;, = x, Dodg

3 M 3
X = (X3 2%y, x3) = x5(1, 2, 1), nén chi c6 mét vécto rieng doc lap
tuyén tinh la (1, 2, 1). Vay khong gian riéng ung 1, = 1; = -11a

khong gian con ctia R? ¢6 s6 chiéu bang 1 va nhan vecto (1,2, 1)
lam co s6. Con khéng gian riéng ung A = A, = 3 la khéng gian
con cia R3 c6 s6 chiéu bing 1 va nhan vectd (1, 2, 2) lam co sd.

12) Cho

T —12 6
A= 1[10 —-19 10
12 -24 13

la ma tran cdp ba ¢ phuong trinh dac trung

7-1 -12 6
10 -19-1 10 | = —(4 - 124 + 1) =
12 -24  13-1

Vay A cd hai tri riéng khac nhau A4, = 4, = 1 bdi hai va
Ay = -1 don.

Vécto riéng tng 4, = 4, = 1 lax = (x), x,, x;) théa man
(T = 1x) — 12, + 6x, = 0
10x, — 20x, + 10x; = 0
12x, — 24x, + 12¢; = 0

Hé nay cd nghiém

Xy Xz tuy y x; = 2x, - X3

X 2x; — x5

2 X3
x = x2 = xz = x2 -+ 0 =
*3 X3 0 X3
-1
=x, |1} + X4 (1) )
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Hai vécto (2, 1, 0) va (=1, 0, 1) doc lap tuyén tinh (ban doc
tu ki€m tra). Vay dng tri riéng boi hai A, = 4, = 1 co 2 vécto
riéeng doc lap tuyén tinh (2, 1, 0) va (-1, 0, 1). Khong gian
riéng la khong gian con cua R? ¢6 s6 chiéu bang 2 va nhan
(2, 1, 0) va (-1, 0, 1) lam co sd.

Vécto riéng tng 1y = -1 1a x = (x, xy, X,) théa méan

(7 + Dx, — 12, + 6xy = 0
10x, — (19 — D, + 10, = 0
0

126, — 24x, + (13 + 1y, =

Heé nay cd nghiém

_ 5 1
x, tuy y, x, = 6 Xqy Xy = §x3
x 1/2x, 3
- 1
x = x2 = 5/bxg = g x3 5.
X3 %3 6
Vay dng tri riéng don 4, = -1 c6 mét vécto riéng doc lap

tuyén tinh la (3, 5, 6). Vay
Khong gian riéng 1a khéng gian con cua R’ ¢6 s6 chiéu
bang 1 va nhan vécto (3, 5, 6) lam co sd.

13) Cho
4 -57
A = 1 -49
-4 05

la ma tran cdp ba, c6 phuong trinh dac trung

4 -1 -5 7 |
1 -4-21 9 = (1 - H(A* — 4 +13) = 0.
-4 0 5 -2
Do d6 A ¢6 mot tri riéng thuc A, = 1 va hai tri riéng phuc
A, = 2+ 3i valdy =2 - 3i
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Vécto riéng tudng dng x

:il:

1 thoa man

(4 = x| — 5x, + Ty
X, (=4 — Dx, + 9%, =0

(X;; X, Xy) trong trugng hop

| R

l —4x, + (5 - 1xy; =0

Hé nay cd nghiém

Do do

x} t]:ly yy
Xy
X = xz
X3

Xy = 2y, % = ay
S
2x3 = x; 2
: 1
.(3

Vay dng tri riéng thuc 4,

Trong truong hop 1 =
(2 = 3i)x, — 5x, + Tx, =

X

4
A5
P

= 1 cd mbdt vécto riéng doc

lap tuyén tinh 1a (1, 2, 1). Khong gian riéng tuong dng la khéng
gian con cia C? c¢é s6 chiéu bang 1 va nhan vécta (1, 2, 1)

lam co sd.

2 + 3i ta co

0
+ (=6 - 3i)x, + 9x; = 0
0

—4dx, + (3 = 3ixy =

Hé nay cé nghiém

Do do

o . 1, :
x,tuy y, x, = 1 (5 - 3i)xy, x) = 1 (3 — 3,

g -ain,]

—(3 - 3i)x

4 oy, [3-3i x

1 =05 -3i| = 2 (3-3i,5-3i4)
1 (5 =30, 4 4 4 '
X3

L
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Vay ung tri riéng 4 = 1, = 2 + 3i ¢6 mot vécto riéng doc
lap tuyén tinh la (3 - 3i, 5 - 3i, 4). Khong gian riéng tuong
ing la khong gian con cia C> ¢6 s6 chidu bang 1 va nhan vécto
(3 - 3i, 5 - 3i, 4) lam co sd.

Trudng hgp A = 4; = 2 - 3i, ta lam nhu trén sé dugc moét
vécto riéng doc lap tuyén tinh la (3 + 3i, 5 + 3i, 4).

Khéng gian riéng tuong tung la khong gian con caa C? co
s6 chiéu bang 1 va nhan vécto (3 + 3i, 5 + 3i, 4) lam co sd.

14) Cho

1 0 0 0
0 0 0 0
A=10 0 0 0
1 0 0 1

12 ma tran cdp 4 cd phuong trinh dac trung

1-4 0 0 0

o - 0 o0l .
0 o -1 o |=ra-n=0
0 0 0 1-4i

Do do A c¢6 hai tri riéng khac nhau
Ay =24, =0Dbdi 2;
Ay =4, = 1 bai 2
Vécto riéng x = (x}, x,, x5, x;) Ung tri riéng 1, = 1, = 0
théa man
x, =

0
0x, =0
0
0

X +x4 =

Hé ¢d nghiém

x, =0, x,tay y, x; tuy y, x, = 0.
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Do do
x, 0 0 0 0
x, X, x5 1 0
* = x4 = Xy = lo * Xy =% o MR 1
x4 0 0 0 0 0

Hai vécto (0, 1, 0, 0) va (0, 0, 1, 0) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng bdi hai A, =4, = 0co 2
véctd riéng doc lap tuyén tinh la

(0,1,0,0)va (0,0, 1,0

Khéng gian riéng 1a khong gian con cta R*, ¢6 sé chiéu bing

2 va nhan hai véctg trén lam co sd.

Vécto riéng uUng tri riéng 43, = 1, = 1 1a x= (X}, X9, X3, X,4)
théa man
(I = Dx, =0
- x, =0
- 2 =0
T +(1-1x, =0

Hé nay c¢d nghiém

x =0,x, =0,x; =0, x, tuy y.

Do do
X 0 0
x, 0 0
= Xy T o T *4 0
x, x, 1
Vay dng tri riéng bdi hai 4; = 1, = 1 ¢6 mot vécto riéng

la doc lap tuyén tinh la (0, 0, 0, 1).

Khéng gian riéng tuong dng la khéong gian con cua R*, c6
s6 chiéu bang 1 va c6 co sd 1a (0, 0, 0, 1)
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15) Cho

1 0O 0 o
6 0 0 O
A=11 0 0 o
0O 0 o0 1
la ma tran cdp 4 c¢d phuong trinh dac trung

1-4 0 0 ol

0 -1 0 0 _ 242
1 0 -1 0 =(1 -4 =0
0 0 0 1-4

= c6 2 tri riéng A, = A, = 0 boi hai va 4, = 1, = 1 boi hai.

Vécto riéng dng 1, = 4,

Ox, =

0
x + Ox =0
x, =0

Hé nay cd nghiém

x, = 0, x, tuy y, x5 tay y, x, = 0.

Do do
x, 0 0 0 0 0
x x x 0 1 0
x = 2 = 2 = 2 + =X + x
Xy Xy 0 Xy 210 301
x, 0 0 0 0 0

Hai vécto (0, 1, 0, 0) va (0, 0, 1, 0) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng A, = A, = 0 cd hai vécto
riéng doc lap tuyén tinh 1a (0, 1, 0, 0) va (0, 0, 1, 0).

Khong gian riéng tuong dng la khong gian con cia R* co
s6 chiéu bidng 2 va nhan hai vécto (0, 1, 0, 0) va (0, 0, 1, 0)
lam co sé.
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0lax = (x, x5, %5, x;) théa man

Vécto rieng x = (x}, x,, X3, x,) Ung tri rieng A, = 4, = 1

théa man
(I = I)x, =0
- x, =0
x, - X =0
(r-1x, =0

Hé nay c6 nghiém

x tay ¥, x, = 0, 2y = x, x, tuy y.

Do dg
"xl x]1 [o] 1] 0
1
0 0 0 0 0
x = x| T x tlo| =% 1| T % |of
x 0 0 1

4 J X4

Hai vécto (1, 0, 1, 0) va (0, 0, 0, 1) doc lap tuyén tinh (ban
doc tu ki€m tra). Vay dng tri riéng A; = 1, = 1 cd hai vécto
riéng doc lap tuyén tinh la (1, 0, 1, 0) va (0, 0, 0, 1).

Khong gian riéng tuong ung la khong gian con cua R4, ¢6
s6 chiéu bang 2 va nhan 2 vécto (1, 0, 1, 0) va (0, 0, 0, 1)
lam co so.

16) Cho ma tran cédp 4

3 -1 0 0
1 1 0 0
A=13 o 5 -3
4 -1 3 -1
Phuong trinh dac trung la
3-2 -1 0 0
1 1-1 0 0 .
3 0 5-1 -3 @-2
4 -1 3 -1-1

345




Do d6 A c6 mét tri riéng boi 4 : 4 = 2.

Vécto rieng x = (x, x,, x5, x,) € R? tng tri rieng A = 2
thoa méan
(3 -2, -x, =0
X + (1 = 2)x, =0
3x, +(5-2)x;-3x, =0
4x, - x, +3x, + (-1 -2)x, =0

Hé nay cd nghiém

X4 tay v, Xy tuy vy, Xy = TXq + Xgp X = X3 + Xy

Do dg
x —x; tx, — X Xyl +1 1
x, —x; tx, — X N X4 . +1 ‘x 1
x = = = = -
3 — 4
x3 x3 x3 0 1 0
x4 x4 0 x4 0 1

Hai vécto (1, 1, -1, 0) va (1, 1, 0, 1) dbéc lap tuyén tinh
(ban doc kiém tra lai). Vay ung tri riéng boi 4 : 1 = 2 cd hai
vécto riéng doc lap tuyén tinh la (1, 1, -1, 0) va (1, 1, 0, 1).

Khoéng gian riéng tuong dng la khong gian con cda R?, co
s8 chiéu bang 2 va nhan hai vécto (1, 1, -1, 0) va (1, 1, 0, 1)
lam co sd.

7.2. Muén tim tri riéng cta anh xa T, trudc hét ta tim ma
tran cda anh xa T, réi tim tri riéng ctia ma trian do, dé la tri
riéng caa T.

Co sd 3 day la co sd chinh tdc trong P, : B = {1, x, xz}.
Ta co

5 +x2=5+ 0x + x2

6 —x=6—x + 02

T(1)
T(x)
T(x?) = 2 — 8x — 2x?
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Vay ma tran cta anh xa 7 la

5 6 2
A= 10 -1 -8
1 0 -2

Phuong trinh dac trung la

5—2 6 2
0 -1-12 -8 = (A = 3)-4% -1 + 12
1 0 -2-]
=@ -3¢ +4) =0,
do d6 cd hai tri rieng A, = -4 (don) va A, = 3 (boi hai).

D& tim cac vécto riéng cta anh xa 7T, ta chu y mot vai diéu.
Ta da biét phuong trinh xdc dinh tri riéng cta ma tran A la
Ax = Ax.

Phuong trinh xac dinh tri riéng clia toan td tuyén tinh
T : P, = P, la (xem dinh nghia 7.2.1, Thee/l) :

T() = dp, p € P,.
Nhung sau khi xay dung dugec ma tran caa T thi ¢ :
[T(p)]lg = A[P];; »
do doé phuong trinh T(p) = Ap viét
[Tp))y = Alply
tuc la
Alpl, = Alply,

d}i lai 1a phuong trinh xac dinh tri riéng cia ma tran A. Chinh
vi thé ta da ldy tri riéng cia ma tran A lam tri riéng cia toan
tt T nhu & trén.

Viay véctog riéng cia T sé 1a vécto [p]; thoa man

(A =D [pl, = 0O




3 b 2 5 4
Tim p € P, 6 dang p = a, + ax + a,x° ta sé ¢

o

va do dd phuong trinh xdac dinh vécta riéng sé la

[all 0-
(A - Ah) 14| = |0
tuc la i
[5—21 6 2 a. 0
0 -1-1 -8 a | = |0
1 0 -2 —AJ a, 0
V6i 1 = -4 ta c6 i
9a, + 6a, + 2a, =0
3a;, - 8 =0
a + 2a, =0

Hé nay c¢6 nghiém khac khong

¢ 8 .
a, = —2, a =3 a, = 1.
Vay ung tri riéeng 4, = -1 co mot vécto riéng doc lap tuyén tinh
-2
[pl, = |83] = -2 + 83x + x?
1

Khong gian riéng tuong ung la khong gian con cua P, co s6
- . N 5 - P 3 o 2 1y B
chiéu bang 1 va nhan véctu -2 + (83)x + x~ lam co s0.

Vsi A = 3 ta ¢d hé

5-3 6 2 @, 0
0 -1-3 -8 [l = |o|
1 0 -2 -3 |q. 0

Hé nay cé nghiém khac khéng

‘ a, = l,a, = -2 a, = 5

5 Vay ung tri riéng boi hai 4, = 3 ¢6 mot vécto riéng déc lap
| tuyén tinh

’ 5

Pl = |2 =5 -2 + x%

/ 1

Khong gian riéng tuong tng la khéng gian con cua P, ¢ sd
chiéu bang 1 va nhan vécto 5 — 2x + x% lam co sd.
7.3. Gia st A = 0 14 tri riéng clla ma tran A ; lic do phuong
trinh dac trung
det(A — AI) = 0.
cé nghiém 1 = 0. Do do

det(A) = 0.
Vay A suy bién.
Nguge lai, gia st ma tran A suy bién thi cd
det(A) = 0.
Vay 0 la nghiém cua phuong trinh dac trung
det(A — AI) = 0.

Do d6 A = 0 la tri riéng cua ma tran A.

7.4. Diéu kién cidn va da dé ma tran vuong A cdp n chéo
hda dugc 13 nd cd n vécto riéng doc lap tuyén tinh (xem dinh
Ii 7.3.1, Thee/1).

Nhu vay néu ma tran A cdp n khoéng ¢ du n vécts riéng
doc lap tuyén tinh thi né khong chéo hda duge.

1) Cho ma tran cédp 2
20

= (2 - )¢ =1 =2 boi2

Tri riéng :
2-2 0
1 2 -4
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Vécto riéng :
‘ @ -2x + 0x, =0
X+ (2-2x, =0
x, = 0, x, tuy y
(), %) = (0, x;) = x,(0, 1).

Vay chi ¢6 mét vécto riéng doc lap tuyén tinh cho nén A
khéng chéo héa duge

2) Cho ma tran cdp 2

Tri riéng :

2-2 -3
1 -1-12

:|=2.2—/1+1=0

= Khong co tri riéng thyc. Cho nén ma tran A nay khéng
chéo hoa duge trong trudng s6 thuc.

3) Cho ma tran cdp ba

3 0 0
A=10 2 0
0 1 2
Tri riéng :
3 -4 0 0
0 2-1 0 | =3B3-HD2-1H2=0
0 1 2-1

= cd hai tri riéng /11 = 3, /12 = 2 boi 2. Vecto riéng :
,11 = 3 c60 mét vécto riéng tuong ung la (1, 0, 0) ;
A, = 2 c6 mot vécto riéng tuong ung la (0, 0, 1).

Hai vecto riéng nay déc lap tuyén tinh. Nhung A 1a ma tran
cdp 3 ma chi ¢6 2 vécto riéng doc lap tuyén tinh nén A khéng
chéo hdéa duoc.
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4) Cho ma tran cap 3

-1 0 1
A= -1 3 0
-1 13 -1
Tri riéng
~-1-1 0 1
-1 3-1 0 = - —2)A* +2 +1)=0,
~1 13 -1-2
c6 moét tri riéng thuc 4 = 2 va hai tri riéng phdc (lién hgp)

12 nghiém cuaa
P +i1+1=0.
Vecto riéng : Ung méi tri riéng phic ta sé c¢d vecto riéng phtec.
Con ng v6i tri riéng thuc 1 = 2 thi vectd rieng x = (x|, x,,x,)
théa méan

—3x1 + ox o= 0
+x2 =

+ 133c2 - 3363 = 0.

- x

- x
Hé nay chi c¢6 nghiém (0, 0, x3), x5 tluy ¥.

Vay ma tran A cdp 3 chi ¢d mot vecto riéng thuc déc lap
tuyén tinh, nén A khong chéo hda dugc trong trudng s6 thuc.

7.5. 1)
-14 12
A= {—20 17}'
Tri riéng :
-14 =2 12 a
— 20 17_l‘=/1—3/1+2—0.
Cd hai tri rieng 4, = 1 va 4, = 2.

Vecto riéng :
[—15x1 +12x, = 0

- Ungd, =1 |=20%, + 16,

Il
o

351




Ta suy ra mét vects riéng (4/5, 1) = v
-16x%, + 12x, = 0
—20x, + 15x, = 0

1
-Ungid, =2: k

Ta suy ra moét vecto riéng (3/4, 1) = v,. Hai vecto v,

doc lap tuyén tinh (ban doc tu ki€ém tra). Viy ma tran P lam

chéo hda A la

4/5  3/4
pofio )
Doéng thaoi
1 0
-1 =
P AP = {0 2}
1 0
2) A= {6 —1}
Tri riéng :
1-2 0

6 -1-2
Cé hai tri riéng 4, = 1, 4, = -1

|=—(1~,1)(1+,1)=0

Vecto riéng :
- [’Tng /11 = 1 c6 mét vectd riéng v, = 1/3 ; 1) ;

- Ij'ng /12 = -1 ¢d modt vecto riéng v, = (0, 1.

Hai vecto v, v, doc lap tuyén tinh (ban doc tu ki€m tra)

Viay ma tran P lam chéo hoa A la

.
1/3 0
P
Déng thoi
1 0]
-1 _
P AP,—[0 _lJ
1 0 01
3) A=]0 1 ll
0 1 1
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Tri riéng :

1-4 0 0
0 1-4 1 |=a(1-HA-2=0
0 1 1-2

C6 3 tri riéng khdc nhau .
A=0, 4, =1, Ay = 2
Vecto riéng :
=0 v, = (0,1, -1
iy =1 v, = (1, 0, 0)
Ay =2 vy = (0,1, 1)

V4y ma tran P lam chéo hda A la
0 1 0]
P = 1 0 1
-1 0 1
déng thai )
00 0]
PlAP=1010
00 ZJ
4)
20 -2
A=103 0
00 3
Tri riéng :
2-1 0 -2
0 3-1 0 |=2-)B-1*=0
0 0 3-1
Co hai tri rieng 1, = 2, 1, = 3 (bdi hai)

Vecto riéng :
(1, 0, 0)
0,1, 0) vavy = (-2, 0, ).

=2 Yy

12—3 v,
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Viy c6 du 3 vecto riéng, ching doc lap tuyén tinh vi

1 0 -2
0 1 0l =1=%0
0O O 1

Vay A chéo hoad dugc va ma tran P lam chéo hda A la

1 0 -2
P=|0 1 0
0 o 1
Déng thoi
2 00
PlAP=10 83 O
0 0 3
7.6. 1)
19 -9 -6
A= 125 -11 -9
17 -9 -4
Tri riéng :
29 -1 -9 -6
25 -11-2 -9 | =@ -D¥2-1)=0
17 -9 -4-4i

C6 hai tri riéng 1, = 1 (b6i 2) va 4, = 2.
Vecto riéng :
=1 v, = (4/3, 2, 1)
A, =2 v, = (3/4, 3/4, 1)

Vay ma tran A khéng chéo hda duge vi khong cé da 3 vecto
rieng déc lap tuyén tinh.

2)
-1 4 -2
A=|[-3 4 0
-3 1 3
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Tri riéng :
-1-1 4 -2
-3 4-1 0 =A-1DA-2A-3)=0
-3 1 3—-1

CS ba tri ridng khdc nhau

A =1, Ay =2, A3 =3
Vecto riéng :

1, =1 v, =(1,1,1)

Ay =2 v, = (2,3, 3)

Ay =3 vy = (1,3, 4)

Viay A chéo hda dugec va ma tran P lam chéo hoa A la

1 21
P=|(1 3 3|
1 3 4
déng thai
1
Plap=| 2 |
3
5 0 0
3) A=1|1 50
015
Tri riéng :
5—1 0 0
1 5—14 0 |=06B-13=0
0 1 5—1

Cé mot tri riéng boi ba 4 = 5.

Vecto riéng :

4 = 8 chi c¢6 mst vecto riéng déc lap tuyén tinh la (0, 0, 1)

Vay ma tran A khéng cé di ba vecto riéng doc lap tuyén
tinh nén khéng chéo hda duogc.
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0
4) A=1]0
3
Tri riéng :
-4 0 0
0 -2 0
3 0 1

Co hai tri riéng 4, =

Vectg riéng :

S OO

— o O

= A%(1 — 1) = 0.

-2
0 boi 2 vai, =1

qoir
Tri riéng :
-2-2 0
0 -2-12
0 0
0 0

Vecto riéng :

A =

Cd hai tri riéng A=

-2 v, =
A, =3 Uz =
Ma tran A khoéng co

(1, 0, 0, 0),
(0,0,0, 1)

da 4 vecto riéng doc lap tuyén tinh,

=2 +1)B -1H:=0

-2 (boi 2), 4, = 3 (boi 2).

U2 = (Oa 1, 07 O)

A,=0 v, =(-1/30,1),0, = (0, 1, 0) ;
=1 vy=1(0,0,1).
Ba vectos {v,, v,, vy} doc lap tuyén tinh vi c¢d dinh thic
-1/3 0 0O
0 1 0| =-1/3 =0.
1 0 1

Vay ma tran A c¢é du ba vectd riéng déc lap tuyén tinh, nén
né chéo hda duge va ma tran P lam chéo hoa A la

nén no khéng chéo hda dugc

-1/3
P = 0
1
déng thoi
Pl AP =
5)
-2
0
A=,
0
356

o = O

oS O

0

=W o o

W o oo

Cé hai tri riéng : A

Vecto riéng :

SO O

A=3 vy =

-2 0 0 0
0O -2 5 -5
6) 4=l 9 0 3 o
0 0 O 3
Tri riéng :
—2-1 0 0 0
0 -2-4 5 -5 ) )
0 o 3.1 o0 |=@+VB-p2=0
0 0 0 3-1

= -2 (boi 2) va 4, = 3 (boi 2).

Bon vecta Uy, Uy Ug, U, dbc lap tuyén

=(1,0,0,0, v,=1(0100
0, 1,1, 0), v, = (0, -1, 0, 1)
tinh vi
0O o0 0
)i
0 O 1

357




Vay ma tran A c¢d du 4 vecto riéng doc lap tuyén tinh nén
no chéo hda dudc va ma tran P lam chéo hoa A la

1 0 0 0

0 1 1 -1

P=1o 0 1 o

0 0 0 1

Doéng thoi
-9
—9
—1 _
Pl AP = g

3

7.7. Ma tran cia 4nh xa tuyén tinh T cho trong ddu bai d6i
v6i co s& chinh tic B cia R? la

Tri riéng :
3-1 4
2 1-1
Cé 2 tri riéng khac nhau
A, =5, A, = -1

Vecto riéng :
A, =5 v, =(2, D
A, = -1 v, = (1, -1)

Hai vecto v, va v, doc lap tuyén tinh (ban doc tuy kifm tra).
Do dé néu dat
2 1

thi P71 AP 1a ma tran chéo.
Bay gio ta xét co s& méi B’ = {v,, v,}. Ma tran chuyén co
sd tt B sang B’ la

(v,lp [v,]gl trung véi P.

358

Ma tran cta anh xa T d&i v6i co sd méi B’ la A’ = P lap.
Theo 7.3, Thee/l thi P7!AP 1a ma tran chéo. Vay B’ chinh la
co s6 mdi trong déd ma tran cta anh xa T c¢d dang chéo. Lic
dd ta ndéi T cd dang chéo.

7.8. Ma tran cta anh xa tuyén tinh T cho trong dau bai déi
v6i cd s chinh tic B cua R> la

2 -1 -1
A=|1 0 -1
-1 1 2
Tri riéng :
2-4 -1 -1
1 -2 -1| =@ - - 1)?
-1 1 2-1

C6 hai tri rieng 4, = 2, 4, = 1.
Vecto riéng :
A, =2 vy =(1,1,-1
A, =1 v, = (1, 0, 1), vy = (1, 1, 0)

Ba vecto v, v, va vy doc lap tuyén tinh (ban doc tu kiém
tra). Do do véi

1 11
P = 1 01
-1 1 0
thi P! AP la ma tran chéo.
Xét co s6 méi B’ = {v,, v,, v3}. Ma tran chuyén co sé. tu

B sang B’ la

v lg, [,lg, [vslgl
trung v6i P. Ma tran cta todn td T d6i v6i co s méi B’ la
A’ = P7lAP. Theo 7.3 Thee/l thi P7IAP 1a ma tran chéo. Vay B’
chinh 12 co sé méi trong dé ma tran cta toan t& T cé dang chéo.

1 0
7.9. Cho A = [_1 2]
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Muén tinh Al% trudc hét ta dua A vé dang chéo.

Tri riéng cua A :

1__1’1 281’ =1-HE2-)=0
C6 hai tri riéng. A, =14, =2
Vecto riéng :
A =1 v, = (1, 1)

=2 v, =0 1)

Hai vecto vy, U, doc lap tuyén tinh (ban doc tu ki€m tra).

Do dé véi
1 0
ta co
1 0
-1 _ _
pran- [y -
Ta suy ra
A = PDPL,
Dé thdy

A™ = PD™P" 1 m nguyén duong
That vay, cong thdc nay da ding véi m = 1. Gia st nd da
ding v6i m ta chdng minh né con ding v6i m + 1 :

A™L = Am A = (PD"P-Y)(PDP))
PD™.(P~\P)DP™! = ppmHip-l,
Do do cong thic ding v4i m nguyén duong bat ki.

Thay m = 10 ta co
Al0 — pplop-1i

_ |11 0 . - _ 1 0
P—_[l 1] nén P —l:_l 1].

Vi
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_1() . 0 _ 110 0 _10
D‘[oz]“enD _{0 20| = |o glof

~ 1 0
Al0 — pplop—t _ {1 — 910 21({'

1 0
10 _
AT = {— 1023 1024] :

7.10. Cho

Ta tim cac tri riéng cia A :

a-1 d
c d—2

l=,12—(a +dA +ad —bc=0

Biét s6 cua phuong trinh biac hai nay la
A = (@ + d)? — 4(ad - bc)
= (@ — d)? + 4be.

Vay :

(a) Néu (@ — d)* + 4bc > O thi ma tran A cd hai tri riéng
thuc khac nhau nén né chéo hda dugc.

(b) Néu (@ — d)* + 4bc < O thi ma tran A khong cd tri riéng
thuc nén nd khong chéo héa dugc trong trudong s6 thuc. Nhung
néu xét trong trudng s6 phic C thi A cd hai tri riéng phuc
khac nhau, nén A chéo hda dugc trong C.

7.11. Cac ma tran trong cadc cau hoi 1) - 8) la cdc ma tran
déi xdng nén theo 7.4, Thce/l thi ching chéo hda truc giao
dugc. Ma tran P lam chéo hda truc giao méi ma tran déi xdng
A 12 ma trian cd cdc cot 1a cde vecto riéng cua A da truc giao
héa va chudn hda.
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la

3 1
D A={1 3}

Tri riéng :

3-1 1

1 3-2
C6 hai tri riéng 4, = 4, 4, = 2.

Vecto riéng :
=4 w; = (1, 1);
Ay = 2 w, = (-1, 1.

Vecto riéng da truc chuidn hoa la

w
1
A =4 o= Tl = (IN2, IN2);
Wy
wr
Ay = 2 v, = = (-1IN2, 1N2)
1| w,ll
Vay
p_ |INZ —IN2
T {INZ N2
ma tran lam chéo hda truc giao ma tran A va

0 2
5 3V3
Tri riéng :
5-4 3V3 2
lsﬁ —1-2 =1 -4 - 32 =0.

A cd hai tri rieng 4, = 8, 4, = 4.

Vecto riéng da truc chuidn hda la
A, =8 v =32, 12);
A, =-4 v,=(-12,V3/2).
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e 9% Aohg

Vay
V3/2
P = [ 1/2
la ma tradn lam chéo hda truc giao ma tran A, va
8
-1 —
PTAP = [0
-7
3) A = [24
Tri riéng :
-7-2 24
24 7-2

| 2, = -25
Vay

4/5

cd hai tri rieng 4, = 25, 4, = -25.

-1/2

V3 /2}

K

24
7

Vecto riéng da truc chuidn hda la
A, =25 v, =

(3/5, 4/5) ;

v, = (—4/5, 3/5).

35 —4/5
P = [ 3/5]

l4 ma tran lam chéo hda truc giao A va

25 0
-1 —
Pl AP = [0 _25].
-2 0 -36
4) A= 0 -3 0
-3 0 -23
Tri riéng :
¥ -2-1 0 - 36
0 -3-1 0 = —(3 + (A2 + 251 - 1250) = 0.
’ - 36 0 -23-1
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R
Co ba tri riéng Vay ma tran
: N2 IN2 0
A, =25 A, =-3 1, = -50
‘ ? ’ P=|INZ -1NZ O
Vecto riéng da truc chuin héa 1a : 0 0 1
4, =25 v, = (-4/5, 0, 3/5) ; 1a ma tran lam chéo hda truc giao ma trdn A
A, = -8 v, = (0,1, 0); 2
: : P71 AP = 0
Ay = =50 vy = (3/5, 0, 4/5). 0
Vay
45 0 35 2 -1 -1
- - |-1 2 -1
P=|0 1 o0 6) A Lo,
3/5 0 4/5j
l2 ma tran lam chéo hda truc giao A va ‘ Tri riéng :
25 T 2-12 -1 -1 ,
- —-A =1|=-21(4 -3
P"IAP=[ -3 | _i 2_1 - @ =3
-50 j a .
: c6 cac tri rieng 4, = 0, 4, = A; = 3 ; cdc vecto riéng la
1 1 0 11=0 w1=(1, 1, D;
5) A=1(1 10
0 00 A =3 w, (1, -1, 0) ;
rPI‘i riéng : 13 =3 Wy = (1) O, _1)
1-24 1 0 ] . . .
1 1-1 0| =42@-1=0 Hai vecto w, va w, chua truc giao vi 1
0 0 -1 <w, wy> = 1.1+ (D.0+0(-1) = 1.

Vectd riéng da truc chusn héa la
A =2 v, = (IN2, INZ, 0);
=0  v,=(NZ, —1INZ, 0);
Ay =0 vy = (0, 0, 1).

Ta truc giao hda hai vecto dd bang cich gid w,; va tim t dé
w = w, +tw,

truc giao v6i w,, tuc la

<w, wy> <w, ttwy, wy> =0

<w,, wy> + t<wy, wy> =0
That vay hai vecto Uy, U3 Ung cung tri riéng 0 da truc giao vi

1

1 1 = 14+22%=0=>¢t= ——.
==.0+(-—=).0+0.1=0. 2
<2 =50t (C) 1=0
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Ta thu dugc Tri riéng :
1 1 3 -4 1 0 0
w=w, —gw; =(1, -1,0) — 51,0, -1 :
z 273 2 | 3-1 0 0_12[3_1)_,_]]_‘0
1 ) 0 o -1 o MU =
= (3 -1, 3) 0 0 0 -1

truc giao véi w,. ¢6 cac tri riéng A, = 1, = 0, 4; = 4, 4, = 2.

Bay gis ta dat Cac vecto riéeng da truc chudn hda la : !

wy 1 1 1 A, =21,=0 v, = (0,0, 1,0 ;
Tl T (V30 TR v, = (0,0,0,1);
: !
w1 g Ay =4 vy = (IN2, INZ, 0, 0);
2= Tyl = (V6 ~V6° V6) 5 i, =2 vy = (INZ, ~1NZ, 0, 0,
I ERS SRS § Vay
%= Tul = (320 % ~V3) 0 0 T INZ
. 0 0 1N2Z -IN2
D6 1a ba vecto riéng da truc chudn hda tuong dng véi cic P = 1 o 0 0 |
tri riéng 4,, 1,, A, 0 1 0 0 |
Vay ( 1 ] . la ma tran lam chéo hda truc giaoc ma tran A va
1
= = = 0
V3 V6 - V3 0
p=|L _2 0 | Pl AP = 4
V3 V6
1 1 1 2 ‘
_ﬁ {g EJ
N A 1a . . . A X 5 -2 0 0
la ma tran lam chéo hda truc giao ma tran A va S 9 0 0
0 8 A=l 9 o 5 -2
Pl AP = 3 0 0 -2 2
3 Tri riéng :
3 1 0 o 5-1 -2 0 0
1 3 0 O -2 2 -1 0 : _ o2 +62 =0
7 A = 0 0 0 o 0 0 5 _o| = A 7A ) .
0O 0 0 O 0 0 -2 2 -1
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Co cac tri riéng

Lo=ly=1, iy=14,=6

1
Cac vecto riéng da truc chudn hda la
A, =2,=1 v, = (IN5, 205, 0, 0) ;
v, = (0, 0, IN5, 2A5) ;
Ay = A, =6 vy=(=2N5, 1N5, 0, 0);
vy, = (0, 0, —2N5, IN5).

That vay, hai vecto riéng v, v, dng cung tri riéng A =1
da truc giao vi

1 2 1 2
<v,v,>=17—.0+-=.0+0.—=+0.~==0.
LA AR V5 5
Hai vecto riéng v,, v, dng cung tri riéng 1 = 6 cing da
truc giao vi
2 1 2 1
<l)3, U4>=——E.O+—-5—.O+O.(—ﬁ)+0.ﬁ=0.

Vay
IN5 0 - 2N5 0
p_ |2N5 0 IN5 0
“ | o ING 0 -2N5
0 ING 0 ING

l1a ma tran lam chéo hda truc giao ma tran A va

7.12. Cho
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Phuong trinh dac trung cta A

a—A b

5 a_1‘=(a—1)2—b2=0.

A c6 tri riéng
Ay=a +b,4,=a-0b

Cac vecto riéng da truc chudn hoa la

1 1
A, =a+b = (=, =
1Tethv= (g yg)
1 1
=t u= (")
Vay
o1
—— +_
V2 V2
12 ma tran lam chéo héa truc giao A :

-1 _ a+b 0
P AP—[0 a-b

7.13. Nhan xét md dau
Xét phuong trinh bac hai téng quat déi véi x, y :

ax? + 2bxy + cy? +dx +tey = f (7.1)
D€ nhan dang dudng cong bi€u dién béi phuong nay ta tim

cach d8i bién dé dua phuong trinh vé dang don gian hon. Cach
lam xem & Thee/l, 7.3.

Trudc hét ta nhan dinh rang v€ trdai cua (7.1) gém hai bd

phan : b6 phan bac hai

Qx, y) = ax* + 2bxy + cy?

la mét dang toan phuong x4dc dinh bdi ma tran d6i xidng

a b
A = {b c] (7.2)
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va bo phan tuyén tinh dx + ey xdc dinh bdi ma tran

K = id e]. (7.3)
Phuong trinh (7.1) cé dang ma tran
x x

A + K = 7.4)

[x y] [y] [y] f (7.4)

Sau d6 ta lam nhu & Thec/l,

1) Tim cac tri riéng 1, va 12 va céac vecto riéng truc chudn
tuong dng v, va v, cua ma tran A. Vi A d6i xing nén néu 1,
# Ay thi duoug nhién v, tryc giao véi v,, con néu 4, = 1, th1
Ung v6i né sé cé hai vecto riéng doc lap tuyén tmh u, va Uy,
bang bién phap truc chudn héa Gram-Smidt chang han ta sé
dugc hai vecto riéng truc chudn v, v, dng 4, = 4,.

2) Dat B = {ul, 2} va ldy B lam co sd mdi cda RZ. Ma
tran chuyén cd sd ti co sd cl sang cd s6 mdi B va cong thiic
déi bién la

P =[] [v]l, [ul = Pluly (7.5)

3) Ki hisu toa do trong co s méi B la (x’, y’) thi phuong
trinh (7.1) trd thanh

, a M x i
[x y][ 12} [y] + KP[y,] =f (7.6)

/11x’2 + }.2},:2 + d’x + eyy’ = f, [d’, ey] -

hay

4) Ta viét lai phuong trinh nay & dang

d’ 2 e, 2 d’z e,Z
Afx - +A(y -V =f+ 5+ o (7.7)
(% =) *h(Y o) o, T
bat
o xy- oy (7.8)
* 2;[1 i 22'2 - .
er 22
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Phuong trinh (7.7) viét
AX? + LY =F (7.10)
Tuy theo déu cua A, 4, va F ta sé suy tu (7.10) ra dang

cta duong bac hai (7. 1) Neu mudén, dua vao cac cong thic ddi
bién (7.5) va (7.8) ta c6 th€ vé dugc dudng cong (7.10).

Chi y : Né&u trong phuong trinh (7.1) khéng cé bo phan bac
nhiat tdc 1a d = 0, e = 0, thi ma tran K ¢ (7.3) 1a ma tran
khong nén ma tran KP & (7.6) cing la ma tran khéng v& do
dé phuong trinh (7.7) sé don gian la

Ax? + Ay? =7 (7.11)
cé dang trung v6i (7.10), vay khong cdn phép ddi bién (7.8) nita.
Bay gio ta ap dung nhén xét trén.
a) Xét phuong trinh
202 —4xy —y* + 8 = 0.

Ta suy ra ma tran cta bd phan toan phuong la

a=[3 2]

N6 d6i xing va cd phuong trinh dic trung

2-2 -2
=32 _ 1 — 6 =
9 _1_'1' =1 A —-6=0.
Do d6 A cd hai tri rieng 4, = -2, A, = 3 la hai tri riéng

khic nhau v6i hai vecto riéng truc chudn

1 1
vl=—‘[?(1,2), U2=‘[—g—(—2,+1)

Liy B = {v, v,} lam co sé mdi va ki hiéu toa d6 trong co
sé& mdi la (x°, ¥”), thi ma tran chuyén co sd tit co sd ci sang

cd s6 méi B la
11 -2
P—ﬁb H}
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va phuong trinh ctia dudng cong dang xét trong toa do mdi la

-2(x)? + 3(y)* +8 =0,

tic la
2(x’)? - 3(»’)? = 8
hay
@)’ 0 _
22 (@3—)2

D6 12 mot duong hypebol cé ban truc thyc 1a 2 ndm trén
Ox’, ban truc 4o la V83 nam trén Oy’. Mudn vé nd, trudc hét
ta dung cac vecto v, v, , tu d6 suy ra hé truc méi Ox’y’, r6i
vé dudng cong dua vao phuong trinh cia nd trong hé truc mdi
(hinh 4).

Hinh 4
b) Cho phuong trinh
2 + 2y +y2 +8& +y =0.

a- 1]

Ta suy ra
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A d6i xding va cé phuong trinh dac trung

Il—z 1

1 1—A‘=(1"1)2'1

=A(d —2) =
Do d6 A c¢6 hai tri riéng
A =2 1,=0
vOi hai vecto riéng truc chuin

1 1
Lay B’ = {v,, v,}] 1am co s¢ moi va ki hiéu toa do trong
co s méi 1a (x’, y’) thi ma tran chuyén co s6 sang cd s6 mdi la
1 [1 -1
P=1z [1 + 1}

va phuong trinh da cho trd thanh
b > x’
LE? +4,0) +[811P [y] =0
tuc l1a
32 1 ’ ’
2’ + yZ 9 - Ty’) =

hay
2 \i_

2
x +—x
7

D6 1a mot dudng parabol cd truc song song véi Oy’ (hinh 5).

y = “—(Z‘I—(x)z +9x) = +——
¢) Cho phuong trinh

522 + 4xy + 5y = 9
Ta suy ra
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“os2le

Hinh 5
A d6i xing va c6 phucong trinh dac trung
5—-1 2
2 5-14

Do d6 A c6 hai tri riéng 4, = 7, 1, = 3 v6i hai vecto riéng
truc chuidn

=(B5-1)?-4=0.

1 1
vl:ﬁ(l,l)’ U2=v§(—'1,+1)
Ldy B = {v,, vy} 1am co sé méi va ki hiéu toa do médi la
(x", ¥°) thi ma tran chuyén co sé tif co s6 ci sang cd sé mdi B la
11 -1l
P = VE[I +1J
va phuong trinh da cho tré thanh

% + 3y? = 9,
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hay

G BN ¢ S v
BNT? (V3 y
D6 1a. mot duong elip ' o
¢6 ban truc nhdé trén Ox’ Vi a4
bang 3/V7 va ban truc lén
trén Oy bang VY3 (hinh 6),
X

d) Cho phuong trinh

11x% + 24xy + 4y2 = 24 .

Ta suy ra /
11 12
A = [12 4] Hinh 6
A d6i xing va cé phuong trinh dac trung
11-2 12

=12 - 151 — 100 = 0.

12 4-1
Do d6 A c¢d hai tri riéng
A, =20, 4,=-5

v6i hai vecto riéng truc chuén

v, = %(4,3), v, = %(3, —4) .
Liy B = {v, v,} 1am co s& mdi va ki hiéu toa do méi la
(x’, ¥') thi ma tran chuyén co sd tit co sé ci sang cd sd mdi Bla
-l
va phuong trinh di cho trd thanh
2002 — 5y’2 = 15
tic la

4x’2 _y;z — 3
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hay

(V3/2)2  (V38)?

Do 1a mot hypebol c¢é ban truc thuc bing V3/2 dat trén truc
Ox’ va ban truc 4o bang V3 dat trén truc Oy’

e) Cho phuong trinh
222 + 4xy + 5y = 24 .

2 2
A d6i xing va cdé phuong trinh dic trung

2-1 2
2 5—4

Ta suy ra

=2 -7 +6=0.

Do d6é A cd6 hai tri riéng
4, =1 i, =6,

v6i hai vecto riéng truc chuin

1 1
= 2, —1), = 1, 2).
v, vg( » — 1), v, vg( )
Lay B = {v,, vy} lam co s§ méi va ki hiéu toa do méi la

(x’, ) thi ma tran chuyén co sd tit co s8 cl sang cd s mdi B la

1 2 1
b= Vg[—l z}

va phuong trinh da cho trd thanh
2 + 6y% = 24,

hay
22 92
x Y0
(@)2 22

D6 1a moét elip ¢ ban truc 16n biang V24 dat trén truc Ox’
va ban truc nhé bang 2 dat trén truc Oy’.
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s ATTCC -1

f) Cho phuong trinh
2 +xy +y2 = 18.

Ta suy ra o
1 1/2
4= [1/2 1}

A d6i xing va cd phuong trinh ddc trung

1-2 1/2
1/2 1-2

Do d6 A cd hai tri riéng )
A= 172, 1, = 3/2,
Va hai vecto riéng truc chudn

1
ul=v1§-(1,—1), v2=v-2-(1,1).

}=<1—A)2—1

Liy B = {ul, vz} lam co s& méi va ki hiéu toa d6 méi la

(’, y’) thi ma tran chuyén co sd ti co s6 cl sang co sd méi Bla

1[ 1 1
D‘ﬁ[—l 1]

va phuong trinh da cho trd thanh

1 >2 3 2

Ex + 2y = 18,
hay

2 y2

@ T eNEe

DG 1a moét elip ¢d ban truc 14n bing 6 dat trén truc Ox’ va

ban truc nhé bang 6/N3 dat trén truc Oy’
g) Cho phuong trinh
x2 — 8y + Ty? =.36.

Ta suy ra
1 -4y
SIS
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A d6i xing c6 phuong trinh dac trung

1-2 -4
-4 7-2

v6i hai vectd riéng truc chudn

. 1 1 .
=12 -8-9=0. u1=v3(2,—1), u2=v3(1,2)

Do d6 A cd hai tri riéng Liy B = {vl, Uz} lam co s6 méi va ki hiéu toa d6 mdéi la
A =9, A, =-1

vdi hai vecto riéng truc chuén

(x’, ¥’) thi ma tran chuyén co sd ti co sd ci sang co s mdi B la

1 2 1
P = vg[q 2]

va phuong trinh da cho tré thanh
42 + 992 = 36,

1 1
vl;vg(l,—Z), v2=v3(2,1)
Ldy B = {v,, v,} lam co s méi va ki hiéu toa d6 mdi la

(*’, ¥°) thi ma tran chuy&n co'sé ti co sd ci sang co sd mdi la tdc 1a

1] 1 2
P=V§[—2 1]’

va phuong trinh da cho tré thanh

22 2
LI A
32 92

DJ 1a mét elip ¢d ban truc 16n bing 3 dat trén truc Ox’ va

92 — y2 = 36, ban truc nho biang 2 dat trén truc Oy’

hay 7.14. Cach lam gi6éng nhu cach giai bai tap 7.13, chi khéc
x'2 _}ﬁ - & ché ta lam viéc trong R>® cd 3 toa d6, ma tran A cta dang
92 g toan phuong sé 12 ma tran cdp 3.

(a) Xét phuong trinh

D6 1a mot hypebol cé ban truc thuc bing 2 dat trén truc
2 _ 2 _ 2 _
2x1 2x1x3 + sz 2x2x3 + 3x3.— 16 .

Ox’ va ban truc 4o bang 6 dat trén truc Oy’

h) Cho phuong trinh V& trédi 12 mét dang todn phuong trén R3 ¢ ma trén

2 _ 2 _
5x 4xy + 8y- = 36. 2 0 -1
Ta suy ra A= 0 2 -1
(-2 8| A d6i xing va cd phuong trinh dac trung
A d6i xing va cd phuong trinh dac trung 2-1 0 -1
5-1 —2 5 : 0 2-1 -1} =@2-)@A-51+4=0.

Do d6 A c¢6 ba tri rieng khac nhau
=1 A =2 i;=4

Do d6 A c6 hai tri riéng
A, =4, A, =9
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v6i ba vecto riéng truc chudn

1 1
UI=T3'(13171): UZ:ﬁ-(l’—l’O)’
) .
U = ﬁ(ly 1, -2).

Liy B = {vl, vy, v3] lam co s6 mdi va ki hiéu toa do mdi
1a vy ¥55 ¥3) thi ma tran chuyén co s6 ti co s6 cl sang cd
sd mdi B la

IN3  IN2  1IN6

P = |IN3 —-1INZ 1IN6
INS 0 -2N6

va phuong trinh da cho tré thanh
y% + Zy% + 4y§ = 16,
tdc la

R, n %
42 (2{')2 922 -

D6 1a mot mit elipxéit cd 3 ban truc 1a 4, 2\[_ 2, dat lan
lugt trén cac truc Oy;, Oy,, Oy, .

Chu y. Vi & day phUdng trinh dia cho khong chua s6 hang
bac nhdt nén néu chi nhian dang mat bac hai, khong can hé
truc méi va cong thdc ddi bign thi chi cdn tinh cdc tri riéng
cia ma tran A la cé thé viét dugc phuong trinh cia mat bac
hai trong toa d6 méi va tit dé ma nhan ra dang cia mat bic
hai da cho.

b) Xét phuong trinh

2y + 2z + 2yz — 6x — 6y — 4z = 0 .
Bo phan toan phuong 2xy + 2xz +°2yz cd ma tran
0 1

1
CA=|101
110
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Ma tran nay déi xding cé phuong trinh dac trung

-2 1 1
1 -1 1 —A+ 1)@ -2 =
1 1 -2
Do dé A ¢S mét tri riéng bsi hai A = A, = -1 va mot tri
riéng don 4, = 2 v@i cdc vecto riéng

&
|

= (-1, 1, 0) va w, = (-1, 0, 1) dUng tri riéng -1 ;

&
w
Il

(1, 1, 1) dng tri riéng 2.

Hai vecto w, va w, chua truc giao vi

<w;, w,>=11+0.(-1)+(-1).0 = 1 # 0.

Ta thay hai vecto dd bédi hai vecto truc chudn bing cach 4p
dung qud trinh Gram-Smidt vao hai vecto {w,, w,}

\I(_l)z + 1% + 02 = V2 nén ta dat
vy = w /|l wyll d€ o v, ll = 1.

Trudc hét, vi |lw,|l =

Sau d6 ta dit w = w, + tv, va xac dinh ¢z € R dé€ w truc

2
giao v6i v,. Ta c6

<w, v,> = <w

1 +tv1,u>=<w v.> +t.

2 1 22 Y1
Muén cho w truc giao véi v, ta phai c6 <w, v;> = 0 tic la
1 1 1
t=—<w,,v,>=-[(-1). (-——=)+0.=+1.0] = ——.
20> = -[CD (—yg) *oF L] = -

Do dd

1 1 1 1 1
= (-1,0,1) — —— =, 1) = (-5, -=
v (=1,0, 1) Uz( 2’ 2’1> < 2’ 2’1>
co
1 1 v
Hw” = Z+z+1=‘§6—.
Ta dat
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thi dugc v, U, la hai vecto truc giao va chudn hda va la céac
vectd riéng Ung tri riéng boi hai A, = A,, nghia la cd

”U1” = 1: ”U2|| = 17 <Up U2> =0
Av, = ﬂblul , Av, = Az”z , }‘1 = 4,

(ban doc c6 thé kiém tra lai. Tuy nhién viéc kiém tra 4y khong
cdn thiét vi d6 la nhitng két luan tu nhién do cdch lam cta
ta, xem Thece/l, chuong 7, 7.3, 7.4 va 7.5),

Vecto riéng wf = (1, 1, 1) dng tri riéng A; = 2 chudn hda

thanh v, = w, /|| w,;ll = (1/3, IN3 . IN3) . Vi ma tran A déi
xing nén B’ = {v,, v,, v3} tao thanh moét co sd truc chuén

caa R>. Ki hiéu toa do trong co s¢ B’ la (x’, y°, ') thi ma
tran chuyén co sd tit co sd ci sang co sé B’ la

[-IN2Z -1NG  INS|
P= |-IN2 —1N6 1IN3
0 2N6  IN3
va phuong trinh d4d cho trd thanh
x’-'
-x2 - y2 + 22 + [-6 —6 -4) P l’y’ = 0
L?d
hay
4 16
_;2_;2+2272+___7___’_0
hay
2 .2 4 -
2 _ P + s T =
X% = (y 5) t2(z ¥5) =10
bat
2 4
=Xy ==+Y,2 = — +Z
g Y T Ve E
ta dugc

-X2 - Y2 +222 = 10

Do 1a phuong trinh cia mét hypebolsit 2 tdng trong hé truc
méi XYZ.

c) Xét phuong trinh
T2 + Ty + 1022 — 2ry — 4dxz + 4yz —12x + 12y -+ 60z = 24 .

382

7 -1 =2
Ta suyra A = |—1 7 2
-2 2 10
A dé6i xdng va cé phuong trinh dac trung
7T-1 -1 -2
-1 7-2 2 = —13 + 2412 — 1801 + 432 =

-2 2 10 -4
=-A—-621—-12) =0
A c6 cac tri riegng A, = 4, = 6 va 1; = 12
Ung tri riéng A, = A, = 6 cd hai vecto riéng doc lap tuyén tinh
w, = (1,1,0), 1, = (2,0, 1)

Hai vecto nay chua truc giao. Ap dung qua trinh truc chudn hda
Gram-Smit ta duge : v, = %(1 ,1,0), v, = % (1,-1,1)
La hai vecto riéng ung tri riéng A, = 1, = 6 da truc chudn.

Ung tri riéng Ay = 12 cé vecto riéng chudn hda

v, = 0%5(—-1, 1,2)

Vi A d6i xing nén B = {Ul, Uy, v3} tao thanh mot co sd truc

chusin caa R?. Ma tran chuyé&n co sd tit co s& ci sang co <8 B la
N2 IN8  —1N6
P = [lv]] [v,] [vsl] = IN2Z  —1N3 ING
0 IN3 206

Ta co : pPl=0p

Ki hiéu toa do trong co s6 B la (x’, y’, 2’) thi phuong trinh
da cho trd thanh

3

X
6x'2 + 6y’? + 1222 + [-12 12 6] P|y’| = 24
Z?
36 144
hay . 6wl + 6y + 1227 + —y + —2 = 24
o T IEMIT
6 24
hay - 2yt 42277y = =4
ay . X y Z ng V'-GZ
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hay :  x?% + (y’+%>2+2<2’+%>2= 19 .

3 6
Dat : x = X, o= - 4+ }’, P e + Z
' ) V3 T Ve
ta duge : X2+ Y2+ 272 = 21

Do la phuong trinh ctia mat elipxéit trong hé truc méi XYZ.

d) Xét phuong trinh : 2xy — 6x + 10y + z — 31 = 0.

0O 1 0
Tasuyra:A = {1 0 0f
0 0 O
A d6i xding va co phuong frinh dac trung
-4 1 0
1 - 0 = =22 +21 =0
0 0 -
Do d6 A cd ba tri riéng khac nhau : 21 =1, )‘z = -1, 13 =90
véi ba vectu riéng truc chuin
1 1 1 1
Ul= (ﬁ,*ﬁ,()), U2= <“‘[.2:,"E,0>, U3=(0,0,1)‘
Lay B’ = {Ul s Uss 03} lam co s6 méi va ki hiéu toa d6 méi

la (x’,y,2’) thi ma tran chuyén co s§ ti co sd ci sang co sd

méi B’ la
IN2 IN2 0
P = |IN2 —-1N2 0
0 0 1
va phuong trinh da cho tré thanh
X
A +Ay? + 422 + [-6 10 11P|Y'| -~ 381 = 0

’

2z

h e L R S
ay : xc - =X — =Y FARE = .
Yy Yy Vo ﬁ)
Phuong trinh nay cd thé viat

& +V2)» -2 — (v +42)2 +32+2 -31 =0
Pat : 2 +V2 =X,y + 42 =Y .2 -1=2,
tacd: X< -Y2+Z=0.
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D6 1a phuong trinh cia mat parab6loit hypebolic trong heé
truc méi XYZ.

e) Xét phuong trinh

2% + 2y% + 522 — dxy — 2xz + 2yz + 10x — 26y — 22 = 0.

2 -2 -1
Ta suy ra A = |—2 2 1},
-1 1 5
A d&i xing va cd phuong trinh dac trung
2~ -2 -1
-2 2-1 1 = -2 -9 +18 = 0.
-1 1 5-21

Ma tran A cd ba tri riéng khac nhau : /11 = 6, 12 = 3, /13 =0,
1 1 2
vGi ba vecto riéng truc chudn : v, = <\[:6—’ —T_g, _ﬁ> ;

1 1 1
= (5 =5 )+ = ONE. 42,0

Liay B = {Ul’ vy, v,} lam co s¢ méi va ki hidu toa d6 méi la
(*’,y ,2’) thi ma tran chuyén cd s3 tit co s6 cl sang cd s¢ B la

IN6 IN3  IN2
P=|-IN6 -IN3 IN2
2N6 IN3 0

va phuong trinh da cho trd thanh )

x
Mx? + A,y + 4,22 +[10 -26 =21 P [¥| =0
hay : 6 + 32 + 20 +ﬁy’ L z
v YTV TV T
20,2 17 2 ,
hay : 6({x + —\"+3(y + — - 822 =0
W e g el )
20 17 ,
Pat: X + — =X,y + — =Y,2 = Z,
' 6V6 3V3
tacé :  6X° + 3Y* — 82Z = 0.
D6 1a phuong trinh ctia mat parabolsit eliptic trong hé truc
mdi XYZ.
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MUC LUC

Thay 16i noi dau

Chuong I. TAP HOP VA ANH XA

A. Dé
1.0
1.1.
1.2
1.3.
1.4.
1.5.

B. Bai

Chuong II.

A. Dé
2.1
2.2
2.3.
2.4.
2.5.
2.6.
2.7.

B. Bai

Chuong 1L
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A. Dé
3.1.
3.2.
3.3.
3.4,
3.5.

B. Bai

bai
Md dau
Tap hop va phin td

Céc phép toan vé tap hop

Tinh Dé Cic

Quan hé tuang duong va quan hé tha ty
Anh xa

gidi va Hudng din

CAU TRUC DAl s6 - s6 PHUC - DA THUC
VA PHAN THUC HUOU Ti

bai

Luat hop thanh trong trén mét tap

Cau truc nhém

Cau tric vanh

Cdu tric trudng

Sa phic

Da thic

Phan thic hiu ti

gidi va Hudng din

DINH THUC - MA TRAN -

HE PHUONG TRINH TUYEN TiNH

bai

Ma tran

Dinh thiic

Phép nhan ma tran véi ma tran -~ Ma tran nghich dao
Hé phudng trinh tuyén tinh

Hang cua ma tran ~ Hé,.phuong trinh tuyén tfnh téng quat

gidi va Hudng din

80
80
80
80
83
87
89
91

Chicng IV, DAL SO VECTO VA HINIL HOC GIAI TICIH
(ON TAP VA BO SUNG)
Bun doc ty giai.
Chuong V. KHONG GIAN VECTO - KHONG GIAN EUCLID
A. Dé bai
3.1. Khong gian vecto - Dinh nghia va thi du
5.2. Khéng gian con va hé sinh
5.3. Ho vectd doc lap tuyén tinh vi phu thude tuyén tinh
5.4. Khong gian hitu han chiéu va co sd cla no
5.5. S6 chiu vi cd s3 clia khong gian con sinh bdi mot ho vecto
5.6. Tich vo hudng va khong gian cd tich vo hudng
5.7. Toa d6 trong khéng gian n chiéu
5.8. Bai toan ddi co sd

B. Bai giai va HHudng dén

Chuong VI. ANH XA TUYEN TINH
A. Dé bai
6.1. Khai niem 4nhk xa tuyén tinh
6.2. Cac tinh chit cta anh xa tuyén tinh — Hat nhan va anh
6.3. Ma tran cua anh xa tuyén tinh
6.4. Su dong dang
B. Bai giai va Hudng dan

Chuang VIIL ‘TR] RIENG VA VECTO RIENG
A. Dé bai
7.1. Tri riéng va vectd riéng cua ma trdn
7.2. Tri riéng va vectd riéng cua toan w tuyén tinh
trong khong gian hitu han chiéu
7.3. Van dé chéo hoa ma trin
7.4. Vin dé chéo hoa tryc giao
7.5. Dang toan phuong
B. Bai giai va Hudng din

326
326
326

327
327
329
329
330

387



2) ‘ AA"l =T
det(AA™]D) = det(l) = 1
det(A)det(A™1) =1

det(A")) = —— = &
et(d™) = ga@ay T 1

3) det(B?) = det(A)
det(BB) = det(A)
det(B)det(B) = det(A) ,
 det(B) = + Vdet(A) = = V5,
tuc 1a
det(B) = V5 hay-V5
4) det(A'A) det(A")det(A)
det(A)det(A) = 10% = 100.

2 =
331.1) A= |3 4

2 -1 .
,det(A)=‘3 3'=6+3—9¢0
Vay A kha dao :
Al = _1_ |V 8 1
9 |_—3 2
-1 2
2) A= 3 —6
-1 2
det(4) = ‘ 3 gl = 0.
Ma tran A khong cé nghich dao.
2 1 -1
3) A=|0 1 3
2 1 1

122

det(A) = 4 # 0. Ma tran A cd nghich dao

1 -2 -2 4
Al = i 6 4 -6
-2 0 2
1 -1 2
4) A=10 1 2
0 0 1
det(A) = 1 = 0. Ma tran A co nghich dao
11 -4
Al=10 1 -2
0 0 1
1 4 2
5) A=1|-1 0 1
2 2 3

det(A) = 14 = 0.

Ma tran

3.32.

1)A‘=’

A c6 nghich dao
1 -2 -8 4
Al = T4 5 -1 -3
-2 6 4

3.4. HE PHUONG TRINH TUYEN TINH

2 5
5 5) =25-45=-10% 0
=> hé cd nghiém duy nhat :
1 5
_ =5 5] _5+25
TETTATOT T T T
2 1
4 -5 —10—- 4
S s



1 2
2)A=’2 1 = -3 =0
= hé cd nghiém duy nhét :
4 2
31 -2
14
23 -5
y=—px =—3 =58
2 -2 -1
3) A = 0 1 1l =1=20
-1 1 1
= hé cd nghiém duy nhit :
-1 -2 -1
1 1 1
-1 1 1 9
x:————A———=T=2
2 -1 -1
0 1 1
-1 -1 4
2 -2 -1
0 1 1
-1 1 -1 -3
zZ = A =—1-=
1 -1 1
4) A = |2 1 1| =1=0
3 1 2
= hé cd nghiém duy nhat :
1 -11
2 11
0 12
=17

124

111
221
302 -3
y:— A =T=—3
1 -11
2 12
3 10 -9
z:——A——.—_—l—:—
2 -1 -1
5) A = (3 4 -2 =60 2 0
3 2 4
= hé c¢é nghiém duy nhit :
4 -1 -1
11 4 -2
11 2 4 180
2 4 -1
3 11 -2
3 11 4 60
2 -1 4
3 4 11
3 -2 11 60
2 = A =€6=
3 2 1
6) A =12 3 1] =12 # 0
2 1 3
= hé c¢d nghiém duy nhdt :
521
131
1113 24
x = =——=2
A 12
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3 561 01 -3 4/
2 11 a=| 272 B39
2113 —94 3 2 0 5
y = A 7 = 2 4 3 -5 0
39 5 = hé co nghiém duy nhat :
23 1 -5 1 -3 ¢4
2111 36 -4 0 -2 3
2z = A = *15 =3 12 2 0 -5
5 3 -5 0 924
1 2 3 -2 xl = A = 9_4 =1
2 -1 -2 -3 -
7)A=3 2 1 _2=324¢O 0 5 -3 4
2 -3 2 1 1 -4 -2 3
.. o < 3 12 0 -5
= hé& c6 nghiém duy 6nhat2 . s 4 5 -5 0 48 ,
- xz = = — =
8§ -1 -2 -3 A 24
$2-1 2 04 3
-8-3 2 1 -
x = X = g;; =1 3 2 12 -5
4 3 5 0 24
1 6 3 -2 X, = % =55 = 1
2 8 -2 -3
2 -8 2 1| 92394 P0m2 i
y = . -T2 3 2 0 12
4 3 -5 5 - 94 :
1 2 6 -2 X, = X =55 = -1
2 -1 8-3 . . ; . N
3 9 4 9 3.33. 1) Khong diing vi dinh li Cramer chi khidng dinh ring
29 -3 -8 1 _ 394 né"u det(A) = 0 thi ‘hé Ax = b cd nghiém duy nhit, khong ndi
2 = N = =51 = -1 dén truong hgp det(A) = 0. Mat khac hé
{2x-—3y = 8
1 2 3 6
2 -1 -2 8 4r - 6y = 16
3 2 -1 4 c6 dinh thuc
2 -3 2 -8 _2324 0 2 -3
t = A ST T2 T T ‘4 ‘6‘=0
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nhung lai ¢d v6 s6 nghiém :
y tuy y
x = (8 + 3y)/2.

2) Ding vi néu det(A) # O thi theo dinh li Cramer hé¢ AX =0
c6 nghiém duy nhét ; nd da cé nghiém tdm thudng nén khong
thé cd nghiém khong tdm thudng. Do dd det(A) phai bang khong.

3.34. a) Dat

X = X )N
X X2
thi hé
4 —6|
AX = [2 1

tach thanh 2 hé

2 5
Ta c6 thé ap dung phuong phap Gauss d€ gidi hai hé do
doéng thoi

2 5 4 -6
1 3 2 1
1 5/2 2 -3
1 3 2 1
1 5/2 2 -3
0 1/2 0 4
1 5/2 2 -3
1 0 8
1 0 2 . -23
1 0 8 -

128

Do do
il |2 Yip [—28
x| {o) vl 8
nghia la
2 23
X= {0 8
b) Tim X d€
1 1 -1 1 -1 3
X2 1 =14 3 2
1 -1 1 1 -2 5
tdc la XA =B
Ta co (XA = Bt
AXt = B!
Pat X' = Y ta ¢6 A'Y = B!, tic la
1 2 1 1 4 1
1 1 -1y =|-1 3 -2
-1 0 1 3 2 5
Ap dung cach lam & bai a) ta duge
1 2 1 1 4 1
1 1 -1 -1 3 -2
-1 0 1 3 2 5
1 2 1 1 4 1
0 1 -2 -2 -1 -3
0 2 2 4 6 6
1 2 1 1 4 1
1 2 2 1 3
1 1 2 3 3
1 2 1 1 4 1
1 2 2 1 3
-1 0 2 0
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Do do

3.35.1) 4 = [3 4}

2)

130

1 2 1 1 4 1
1 2 2 1 3
1 0 -2 0
1 2 0 1 6 1
1 0 2 5 3
1 0 -2 0
1 0 -3 4 -5
1 0 2 5 3
1 0 -2 0
-3 -4 -5
Y = 2 5 3
0 -2 o0
-3 2 0
X=Y'=|-4 5 -2
-5 3 0
4 5
3 4
det(4) = '4 5‘ =-1=#0

1 5 -
-1 _ =
A= -1 [—4 3:'

|2 -5 4] |2

R R
-3 2 -3
A=l:24:l=det(A)=[2

1 4 -2
-1 _
el

N~
< ®
{

o a-fid

4) A=[

det(A) =

h S

-5 S0

1[22]  [22/8
=81 9] 7| 98

=2

. |
1=y -3 =54 -6 =1

1 1 -
=5(-1 -8, =5(-1+3 =1
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2-2+4+2 =3

1 ' 1
3.37. 1)
1,2 -0,8 2 h1
-1,6 0,25 -4 h2
1,2 -0,8 2 hl — hl
-0,75 | -1,6 h2 + 1,56h1 — h2

Do d6 hé da cho tuong duong véi
{ 12 -08y = 2

Vay hé da cho tuong duong véi
x+y+tz = 1
y+2z =-2
2z = -4
Ta suy ra
—4
z =77 = -2
y=-2-2z2=-2+4=2
x=1-y-2=1-2+2=1
Vay x=1y=22z=-2
3)
1 -1 1 -1 2 hl
1 0 -1 2 0 h2
-1 2 -2 7 -7 h3
2 -1 -1 0 3 h4
1 -1 1 -1 2 hl — hl
0 1 -2 3 -2 h2 - hl — h2
0 1 -1 6 -5 h3 + h1 — h3
0 1 -3 2 -1 h4 - 2h1 — h4
1 -1 1 -1 2 hl — hl
1 -2 3 -2 h2 — h2
0 1 3 -3 h3 - h2 — h3
0 -1 -1 1 h4 - h2 — h4
1 -1 1 -1 2 hl — hl
1 -2 3 -2 h2 — h2
1 3 -3  h3 - h3
0 2 -2 h4 + h3 — h4

- 0,75y = -1,5
Ta suy ra
-5 5
Y =075 "
x = i[z +0
=12 ]
1 3,6
= ﬁ[z +0,82] = T2~ 3
x=3 y=2
2).
1 1 1 1 hil
1 2 3 -1 h2
1 4 9 -9  h3
1 1 1 1 hl — hl
1 2 | -2 ° h2 - hl — h2
3 8 | -10 h3 - hl — h3
1 1 1 1 hl —hl
1 2 -2  h2 - h2
2 -4 h3 - 3h2 — h3
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Hé da cho tuong duong vdi

xl—

X, txy3-x, = 2
X, = 204 + 3x, = -2
x3+3x4=—3
2, = -2
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Ta suy ra
-2
x4 = ‘—2- = -1
Xy =-3-3x,=-3+3=0
Xy, = -2+ 2x; - 3x, =1
X, =2+x, —x3+x, =2
4)
1 -1 2 2 1 3 h1
2 1 5 2 2 6 h2
-1 4 0 -6 1 -3 h3
-2 -4 -4 -1 1 -3 h4
2 4 4 7 -1 9 h5
1 -1 2 2 1 3 hl - hl
0 3 1 -2 0 0 h2 - 2hl — h2
0 3 2 -4 2 0 h3 + h1 — h3
0 -6 0 3 3 3 h4 + 2h1 — h4
0 6 0 3 -3 3 h5 - 2hl — h5
1 -1 2 2 1 3 hl — hl
3 1 -2 0 0 h2 — h2
0 1 -2 2 0 h3 - h2 — h3
0 2 -1 3 3 h4 + 2h2 — h4
0 -2 7 -3 3 h5 - 2h2 — h5
1 -1 2 2 1 3 hl — hl
3 1 -2 0 0 h2 — h2
1 -2 2 0 h3 — h3
0 3 -1 3 h4 - 2h3 — h4
0 3 1 3 h5 + 2h3 — hb
1 -1 2 2 1 3 hl — hi
3 1 -2 0 0 h2 — h2
1 -2 2 0 - h8 - h3-
3 -1 3 h4 — h4
2 0 h5 - h4 — hb
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Vay hé da cho tuong duong vdi

3
Hé khong cd nghiém duy nhét khi
det(A) = a +6 = 0,
tuc l1a khi a = -6
2) Hé khong c¢é nghiém duy nhat khi

X~ xy, ¥ 2205 + 220, + x4 3
3x2+ Xy~ 2x, =0
x3—2x4+2x5 =0
3x4- X =3
2, =0
Ta suy ra
x5—0
x4=1
Xy =2
x2=0
x1=—3
1 -2
3.38. 1) A={3 a}
det(A)=’1 _2|=a+6.

1 -1 2
2 a 3/ =0
3 3 1

tic la khi ¢ = -4/5.
3.39. Hai hé tuong duong khi nghiém cua ching trung nhau.
Ta gidl hé thu nhat :
1 2‘
15

nd cd nghiém duy nhit :
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Nghiém nay thoa man phuong trinh thd hai cua hé thi hai :
-3 +2(-1) = -5

Muén cho hai hé tuong duong ta cho nghiém trén théa man
phuong trinh thd nhdt cta hé thd hai d€ tim a :

3+a(-1) =4
Ta suy ra a = -1
1 3
3.40.1)A=l2 2!=—4¢0

= hé c¢6 nghiém duy nhat phu thudéc a va b :

b 2 20 —3b 1

Xt =y = =——a+Zb-

a3‘

1 1 -1
2) A =11 2 2| =1=0
2 -1 2

a 1 -1
b 2 2
c -1 2
X = - A =2a — b
la -1
16 -2
2c¢ 2
y = - A = —6g + 4b + ¢
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1 1la
1 259
2 -1c
z2 = A = —ba +3b + ¢
a -3 1
3.41. 1) A= |2 1 1| = -4a - 20
3 2 =2

biéu kién ci4n va du dé hé thuan nhdt d4a cho c¢d nghiém
khéng tdm thuong la A = 0, tdc la

-4a - 20 = 0 =>a = -5

1 —«a 2

2) A=’2 4 —a

= (1 -a)4-a) -4 =a’- 5a.
Diéu kién can va du dé hé thuan nhiat da cho cd nghiém
khéng tam thuong la A = 0, tuc la
a? -5z =0

haya = 0O vaa =

3.5. HANG CUA MA TRAN -
HE TUYEN TINH TONG QUAT

3.42. 1) He da cho la mdt hé thudn nhit cd sé 4n (4) nhiéu
hon s6 phuong trinh (3) nén ¢S vd s6 nghiém va do dd cd
nghiém khong tdm thuong.

2) Hé da cho la mot hé thudn nh4dt cd ba phuong trinh ba
4n vdi dinh thdc ‘
1 2

1 =5=0

T W

Do d6 nd chi c6 nghiém tdm thudng.

3.43. Dé tim hang ctia ma tran ta 4p dung cac phép bién
d6i so cdp vé hang
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a) c)
2 -1 3 -2 4 hi 4 .3 -6 2 3 hl
4 -2 5 1 7 h2 8 6 -7 4 2 h2
2 -1 1 8 2 h3 4 3 -8 2 7 h3
0 0 -1 5 -1 h2- 2l —h2 8 6 -1 4 -6 b5
0 0 -2 10 -2 h3 - hl -» h3 4 3 -5 2 3 hl — hl
2 -1 3 -2 4 hl — hi 0 0 3 0 -4 h2 - 2hl1 — h2
-1 5 -1 h2 — h2 0O 0 -3 0 4 h3 - hl ——>‘h3
0 0 h3 - 242 — h3 0 0 6 0 -8 h4 - hl — h4
0 © 9 0 -12 h5 - 2hl — hb
Dang bac thang nay cd hai hang khdc khong, ta suy ra 4 3 -5 9 3 hl — hl
PA) = 2 0 0 3 0 -4 h2 — h2
b) 0 0 0 O 0 h3 + h2 -» h3
0 0 0 O 0 h4 - 2h2 — h4
1 3 5 -1 hl © 0 0O o0 0 h5 - 3h2 — hb
2 -1 -3 4 h2
5 1 -1 7 h3 n R S hai ha héc kho Do dd
7 v 9 1 ha Dang bac thang nay cé hai hang khac khong. Do .do
(A) = 2.
1 3 5 -1 hl — hl P& 2
-7 -13 6 h2 - 2hl — h2
-14 -26 12 h3 - 5hl1 — h3 3.44. Ta van 4p dung cdc .phép bién ddi so cdp. Nhung trude
-14 -26 8 h4 - 7hl — h4 hét ta d6i chéd cot 2 véi cot 4, réi hang 1 vai hang 4 dé dua
1 3 5 -1 hl — hl A dén vi tri hang 4 cot 4, diéu d6 khong anh hudng dén hang
-7 -13 6 h2 — h2 cia ma tran, vi né khong thay déi tinh khac khong hay bang
0 0 0 h3 - 2h2 — h3 khong cta cac dinh thdc con cha ma tran.
0 0 -4 h4 - 2h2 — h4 Ta duge
1 3 5 -1 1 7 2 4
-7 -13 6 1 17 4 10
0 o0 -4 A=B=14 3 3
0 o0 0 3 1 -2 2

Dang bac thang nay c6 ba hang khac khoéng.

Ta suy ra p(A)
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3.

Bay git ta ap dung cac bién ddi so cdp vé hang cua B.
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Bay gio ta ap dung cédc bién d6i so cdp vé hang cua B.

1 7 2 4 h1l
1 17 4 10 h2 -1 1 1 -1 2 h1
4 3 3 1 h3 -1 1 2 1 2 h2
3 1 2 A h4 -1 -1 1 A -1 h3
1 7 2 4 hl — hl 1 1o 1A h4
0 10 2 6 h2 - hl — h2 -1 1 1 -1 2 hl — hl
0 -25 -5 -15 h3 - 4h1 — h3 0 0 1 2 0 h2 - hl — h2
1 7 2 4 hl — hl 0 2 1 0 A+2 h4+hl—hd
10 2 6 h2 — h2 -1 1 1 -1 2 h1 — hi
0 0 0 h3 + 2,5h2 — h3 0 1 2 0 h2 — h2
0 0 A h4 + 2h2 — h4 0 -2 0 A+1 -3 h3 — h3
1 7 2 4 hl — hl 0 1 A2+14A-1 h4+h3—h4
10 2 6 h2 — h2 -1 1 1 -1 2 hl — hl
0 0 ?) h4—>iﬁ -2 0 iA+1 -3 h3 — h2
0 0 h3 — 1 2 0 h2 — h3
Vay néul = 0 thi p(B) = 2 do d6 P(A) = P(B) = 2 P Av1A-1 hd—hd
néu A = 0 thi P(B) = 3 do d6 P(A) = p(B) = 3. 1 (1) ; -1 2 hl—hl
-2 +1 -3 h2 — h2
b) Trudc hét ta d8i chdé hang hay cot dé dua tham sé 1 vao 1 9 0 h3 — h3
géc thdp bén phai 0 A-142-1 h4-h3 —>h4

-1 2 1 -1 1
A -1 1 -1 -1 . . . .
A=t 1 1 o0 1 Vay néu A = 1 thi p(A) = 3 ; néu 4 = 1 thi pA) = 4.
1 2 2 -1 1 3.45.
-1 2 1 -1 17 x +y +z=1
s 1 2 2 -1 1 1) x+1y +2z =1
i -1 1 -1 - x +y +2z =2
1 2 0 1 1
- - Dinh thic cuaa hé la
-1 1 1 -1 9 L1
-1 1 2 1 2
Zlc1 1 01 a4 _4| 7B A=1{12 1|=@G-1D20+2
1 1 0 1 2 11 2

41
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Néuad # 1 va = -2 thi A # 0 vAd hé ¢6 nghiém duy nhat

111

VRES|

21 ~(A -1+ A+1
x = A - A —1)XA +2) A +2

A1

111

132 4 a-nHr 1
YTTTAT T a-pa+e)  At2

A1l

124

1152 A-1D2A+1D? (1 +1)?
TR T a-nia+2) Atz

Néu A = 1 thi ¢ hé
x+y+z=1
x+y+z=1
x+y+tz=1

Heé nay cd vo sé nghiém phu thuéc hai tham s0

y va z tuy y

x=1-y —z
Néu A = -2 thi cé he

—2x +y +tz =1

x -2y tz= -2

x ty —22=4.
Cong 3 phuong trinh lai ta duge

Ox + 0y + 0z =3
= 3.

Ox +y +2) =
Vay hé vo nghiém.
2) x+ay+azz=a3
x +by +b%2 = b°
3

x+cy+czz=c

142

Dinh thudc cua hé la

1 a a?

A =11 b b2 =0 -ac-a)c - b).

1 ¢ ¢?

Néua = b # c thi A # 0 va hé ¢6 nghiém duy nhat :

a® a a?
b3 p b2

3 2
¢ cc abc.A

X = A =
1 a3 a?
1 53 b2

13 ¢2 —A.(ab +bc + ca)

<
Il

x =

-(ab + bc + ca) ;

1 a a3
1 6 b3

A

Le @l Aa+bte)

2 = A =

A =a +b + c.

Néu trong ba s6 a, b, ¢ ¢ hai s6 bing nhau ching han
a = b # ¢ thi ba phudgng trinh ctia hé chi con hai

3

x +ay +a% = ad
x +cy +c2z = A

tuc la

x +ay = —a%z + a3
x tey = =% +c3

Dinh thdc cua hé nay la :

1 a

A=lc

=c¢c —a =# 0.
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Vay hé c6 vo s6 nghiém phu thudc 1 tham sd {11
| . a d c
ztuy y ~ al d? ¢2 B (d —a)(c —a)(c —d) 3
—a2z+ad3 a Y A (b —a)(c —a)(c ~b)
25 403 c ) )
x = —cz’c = ac(z —¢c —a); =w
©e (a —b)(c —b)
\1 —a’z +a3{ L1
1 —ez+e3 0 b
= - = z(@®> — ¢c?) +a? tac +c o
y = c—a 2( ) . a bA d _ (b -a)d-a)d -b) _
‘ ¢ chi con m¢ b -a)e~a)e ~b)
¥ i inh ctia hé chi con mot (
Néu a = b = ¢ thi ba phuong trin : o0
x+ay +a% = a = @-o6 -0

Né’ua=b,a¢c,d=ahayd=cthihécdvés6nghiém

Vay hé cé vo s nghiém phu thudc 2 tham s6 :
| | phu thuéc moét tham sé.

y, z tay ¥
x=—ay-azz+113 Néu b =c, a # b d = a hay d = b thi hé cing cd vo sé
) nghiém phu thuéc mét tham sé.

x +y tz=

ax + by +cz =d

aXx + by + c¢%z = d?

Néua =c¢ a # b, d = a hay d = b thi hé cing ¢6 v6 s6

3) nghiém phu thuéc:mot tham sé.

Néu a = b = ¢ = d thi hé c¢6 vd s6 nghiém phu thuoc hai

Dinh thdc cua hé 1a tham s6.
1 1 1 Trong t4t ca cac trudng hop con lai, hé v6 nghiém.
A= |a b c = (b - a)(c - a)(C - b)
a? b2 ¢

Néu @, b, ¢ khac nhau thi A # 0 va hé c6 nghiém duy nhit

b —d)c —d)c —b) _
T (0 —a)c —a)c ~b)

¢ -d)=d)
(b —a)c—a)
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Chuong V

KHONG GIAN VECTO -
KHONG GIAN EUCLID

A. DE BAI
5.1. KHONG GIAN VECTO - DINH NGHIA VA THI DU
5.1. Trong cdc bai tap dudi day ngusi ta cho mot tap cdc
phan t& goi 1a vecto, hai phép tinh céng vecto va nhan vecto
v6i mot s6. Hay xac dinh tap nao la khong gian Yectd va néu
c6 tap nao khong phai la khong gian vecto thi chi ra cac tién
dé ma tap d6 khong théa mén.
1) Tap tdt ca cdc bo ba s6 thuc (x, y, 2) v6i cac phép tinh
(x,y,2)+(x’, y, 2):=(x+x,y+y,z+2")
k(x, y, 2) := (kx, y, 2).
2) Tap cac bd ba s6 thuc (x, y, z2) v3i cac phép tinh
(,y,2)+(,y,2):=@x+x,y+y,z+2)
k(x, y, 2) = (0, 0, 0).
3) Tap céc cap s6 thuc (x, y) v6i cac phép tinh
(x, y) +(x’, y): =(x+x,y+ty)
k(x, y) : = (2kx, 2ky).
4) Tap cac s6 thucx véi cac phép tinh cong va nhan thong thuong.

5) Tap cdc cap s6 thuc cé dang (x, y) trong d6 x = 0 véi
cic phép tinh théng thudng trong R2.
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6) Tap cac cap sG thuc (x, y) v6i cdc phép tinh
o, y)+ix’, yi:=(x+x"+1, y+y + 1)
kix, y) : = (kx, ky).

5.2. KHONG GIAN CON VA HE SINH
5.2. Hoi méi tap dudi day 1a khong gian con cua R? hay khong :
(a) Cac vecto cd dang (a, 0, 0) ?
(b) Cac vectos ¢ dang (a, 1, 1) ?
(c) Cac vecto cd dang (a,b, ¢) v6i b =a +c¢ ?
(dy Cdc vecto cd dang (a, b, ¢) v8ib = a +c +1 ?

5.3. Goi fMZ la tap cac ma tran vudng cdp hai v8i phép cong
ma tran va nhan ma tran vdi moét s6 thuc théng thuosng. Ching
minh ring .‘fM 12 moét khong gian vecto. Hoéi méi tap dudi day
cd la khong gian con cia M, khong :

{a) Cac ma trdn c6 dang

L

trong dd a, b, ¢, d 14 nguyén ?
(b) Cac ma tran cd dang

=

(¢) Cac ma tran cdp hai sao cho A = A' ?

trong dd a +d = 0 ?

(d) Cidc ma tran cdp hai sac cho det(A) = 0 ?

5.4. Hoi méi tap duéi day cd 1a khéng gian con cua C[0, 1]
khong :

(a) Cac f € C[0, 1] sao cho fix) < 0, Vx € [0, 11 ?
(b) Cac f € C[0, 1] sao cho ffl0) = 0 ?

(¢) Cac f € C[0, 1] sao cho ff0) 27

(d) Cac f 1a hang ?
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(e) Cac f € C [0,1] c6 dang Ii:1 + k, sinx, trong do k, va k,
la cac sé thuec.

5.5. Héi médi tap dudi day cd phai la khong gian con cua P,
khong (xem thi du 5. 1. 5 trong Thee/l) :

5.9. Ma tran nao dudi day la t6 hgp tuyén tinh cua ba
ma tran

= 12 _ 10 1 4 -
A—[_l 3J, B—{z 4J, c=[0 _2]?
6 3 -1 7
S S
0 0 6 -1
o I

5.10. Méi ho vecto dudi day c6 sinh ra R3 khéng ?
(@ vy, =(,1,1), uz—(2 2,0 ,vy=2(300

(a) Céac da thitc @ +ax + ax? + ax> trong d6 ¢ = 0 ?
o 1 Zx 3x 8 [¢]
(b) Cac da thic a_ + ax + ax? + ax’ trong dd
] 1 Zx 3x g
ao+a1+a2+a3=0?

(c) Céc da thic a, +ax + azx2 + (13x3 trong d6 a_, a,, a,

la cdac s6 nguyén?

5.6. Hay bi€u dién vecto x thanh t8 hop tuyén tinh cta u, v, w: (b) vy =(2,-1,3), = (4, 1, 2) vy = (8, -1, 8)
a)x =(7,-2,18) ;u=(2,8,5,v=(3,7,8;w=(1, -6 1) © v, =G 1,4),0v, = (2, -3,5),v;=(5-20),
bx = (0,00 ; u v, w nhed a) =40

Dx=(,4-7T);u =@ 1,3, -2),v=(1,2 -3 2), (d) 5;253;2?;”2“(134)”3‘“43)

w = (16, 9, 1, - 3)
dx =1(00,0,0,0;u v, wnhu 6 c).

5.7. Hay xdc dinh A sao cho x la t6 hgp tuyén tinh cua
u, v, w:

5.11. Hoi ham nao dudi day thuse khong gian sinh boi
f = cos’x va g = sin’x :
(a) cos2x ? (b)) 3 +x2?

au=1(2305,v =3,7,8), w=(1,-61;x=(7-2 1) € 17 (d) sinx ?

b) u = (4, 4, 3), v = (7,2, ), w= (4,1, 6) ;x = (5 9, 1) 5.12. Hoéi cac da thdc dudi day co6 sinh ra P2 khong
u=103,42,v=2(628"T7; x =(9 12, 1) p=1+20-22; p,=3+22;
Du=1325,v=(24T7,w=(5621;x=/(,35) Py=5+4x-22;  p,=-2+2x -22?

5.8. Hay bi6u dién cac da thdc sau thanh t6 hop tuyén
tinh cta :

p1=2+x+4.x2;p2=1—x—3x2;p3=3+2x+5x2

5.3. HO VECTO DOC LAP TUYEN TINH
VA PHU THUOC TUYEN TINH

5.13. Cac tap sau day la doc lap tuyén tinh hay phu thuéc

(a) 5 + 9x + 5x2 tuyén tinh :

(b) 2 + 6x2 (@) uy = (1, 2) va u, = (-3, - 6) trong R® ?

(c) 0 (b) u; = (2, 3), u, = (-5, 8) ; u; = (6, 1) trong R* ?

(d) 2 + 2x + 3«2 (© p, =2+3x-x"vap, =6+ 9 - 3 trong P, ?
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1 3| . 4-1 -3
d A = [2 0] va B = [_2 OJ trong J6, ?

5.14. Cac tap dudi day la doc lap tuyén tinh hay phu thudc
tuyén tinh :

a) (1, 2, 3, (3, 6, 7) trong R®> ?

b) (4, -2, 6), (6, - 3, 9) trong R ?

¢ (2, -3 1), (3 -1,5), (1, - 4, 3) trong R®?
d) (5, 4, 3), (3, 3, 2), (8, 1, 3) trong R® ?

5.15. Cac tap dudi day la doc lap tuyén tinh hay phu thude
tuyén tinh :

a) (4, _57 2, 6), (27 - 27 1) 3)7 (61_ 37 37 9)7 (47 _1: 5: 6)
trong R* ?

b) (1, 0, 0, 2, 5), (0, 1, 0, 3, 4), (0,0, 1, 4, D, (2,-3, 4, 11, 12)
trong R’ ?

5.16. Tap nao trong P, dudi day la phu thude tuyén tinh :
(a)2—x+4x2,3+6x+2x2,1+10x—4x2?

M 3 +x+x% 2 -x+52%,4- 3?7

(¢) 6 — x%, 1 +x + 4x* ?

(@ 1 +3x + 822, x +4x?,5+6x +3x% T+2x -x>?
5.17. Tap nao trong C(-w, ») dudi day 1a phu thudc tuyén tinh :

(a) 2,4 sin?x, cos?x ; (b) x, cosx ?
(c) 1, sinx, sin2x ; (d) cos2x , sinZx, cos®x
e (1+x2%x2+2x,3;  (H0,x x2?

5.18. Tim A thuc lam cho cac vecto sau day phu thudc tuyén
tinh trong R>.

1 1
vo= (- T g) v = (54 " g)
= (—5 "3 4)
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5.4. KHONG GIAN HUU HAN CHIEU
VA CO SO CUA NO
5.19. Hay giai thich tai sao cac tap sau khong phai la co so
cua khong gian tuong dng :
(@ u, = (1, 2), u, = (0. 3), uy = (2, T déi véi R%.
(b) u, = (- 1, 3, 2), u, = (6, 1, 1) déi véi R’
(c)p]=1+x+ﬁc,p2 x -1 do6i véi P,.

o el o[ e g
D.;[i ;],E=[2 ]dmvdlfM

5.20. Ho nao dudi day la co s& trong R? :

(@ (2, 1),3,0; ® @, -7-8
(c) (0, 0y, (1,3) ; (@) (3, 9), (-4,-12).

5.21. Ho nao dudi day la co s& trong R>

(a) (1, 0, 0), (2, 2, 0), (3, 3, 3) ;

(b) (3, 1, - 4, (2, 5, 6), (1, 4, 8) ;

() (2, -3, 1), (4,1, ), (0, -7, 1) ;

(d) (1, 6, 4), (2, 4, - 1), (-1, 2, 5) ;

5.22. Ho nao dudi day la co sd trong P,

(@ 1 -3x +2x%, 1 +x + 4x> 1 - Tx

(b) 4 + 6x + x2, —1+4x+23c2,5+23c—3c2
(c) 1+3c-!-x2,3c+xz,x2

(d - 4 + x + 3x, 6 + Bx + 2x2, § + 4x + x2
5.23. Ching minh rang ho sau day la co sd trong M,

o ) e Y
ol oo [ [0
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5.5. S0 CHIEU VA CO SO CUA KHONG GIAN CON
SINH BOI MOT HO VECTO

5.24. Xac dinh s6 chiéu va mét co sd caa khoéng gian nghiém
clua cdc hé sau. :

2 + x, + 8%y = 0

)| % + 2, =0
x, + x3 =0
3x1+x2+x3+x4=0
2) 5x1—x2+x3—x4=0
3x1+ x2+2x3=0
3) l4x, + 5, =0
x1—3x2+4x3=0
rJc1—30c2+ 23 =0
4) {2¢; — 6x, + 2x; = 0
3x1—9x2+3x3=0
[20) - 4x, + x, +x, = 0
Jc1—5.7c2+23c3 0
5) —2x2—2x3—-x4=0
x1+3x2 +x4_0
x1—2x2— x; tx, =0
x+y+2z=20
3x +2 —2 =0
6) { 2x — 4y + 2z =0
4 + 8y — 32 =0
2 +y — 22 =0

5.25. Xdc dinh co sé cta cac khéng gian con cta R3
(a) Mat phing 3x - 2y + 5z = 0
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(b) Mat phangx -y = 0

x = 2t
(c) Dudng thdng |y = ¢, —o < ¢t < +
z = 4

(d) Cac vecto cé dang (a, b, c). trong d6 b = a + c.

5.26. Xdc dinh s6 chiéu cta cdc khéong gian con cia R* -

(a) Cac vecto cd dang (a, b ¢, 0) ;

(b) Cac vecto cd dang (a, b, ¢, d) trong dé6 d = a +b va
c=a-b;

(c) Céc vecto cd dang (a, b, ¢, d) trong d6 a = b = ¢ = d.

5.27. Xéc dinh s6 chiéu cda khéng gian con cua P, gom cac
da thuc.

a, +ax +ax? +axdvéia, =0

5.28. Tim mét co s va s6 chidu cia khong gian con cda RS>

sinh bdi cdc vects sau.

a) (1, -1, 2),(2, 1,3, (-1, 5 0)
b) (2, 4, 1), (3,6,—2)(—1,2,—%).

5.29. Tim mét co s6 va s6 chiéu ctia khong gian con cia R*
sinh bdi cac vecto sau.

a) (1,1, - 4, -3), 2,0, 2, -2),(2, -1, 3,2

b) (-1, 1,- 2, 0), (3, 3, 6, 0), (9, 0, 0, 3)

c) (1, 1, 0, 0) , (0, 0, 1, 1), (-2, 0, 2, 2), (0,-3, 0, 3)

d) (1,0, 1, -2), (1, 1, 3, - 2), (2, 1, 5, - 1), (1, - 1,1, 4).

5.30. a) Chung minh rang tap cac ham kha vi trén [a, b]
va théa man

f7+4f =0

tao thanh mét khéng gian con cia C [a, b].

b) Tim s6 chiéu va mét co sd clia nd.
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5.6. TICH VO HUONG VA KHONG GIAN
cO TicH vO HUONG
5.31. 1) Tinh tich vé6 huéng Euclid trong R? cta
a)u =2, -1),v=(0-13
b)u =(0,0 ,v=(7,2)

2) Tinh chudn Euclid ctia u va v va kiém tra lai bat ding C - S.

5.32. 1) Véi hai ma tran trong G,
U, u, v, Uz‘l
u = uy u,|’ v =
Hay ching minh riang bi€u thic
<u, v > 1= u, + Uy Uy + UaUs 4 UyUy,
12 mot tich vé huéng
2) Ap dung dé tinh tich vo hudng cia
-1 2 1 0
LN
3) Kiém tra lai bat ding thuc C - S.
5.33. Véi p va g € P, :
p=a, tax +a2x2,q =b, +bx +b2x2
1) Ching minh rang
<p, qg>:=apb tabd tab,
132 mot tich vé huéng trong P,
2) Ap dung dé€ tinh tich v6 hudng cua
p=-1+2x+x%q=2-4x°
3) Kiém tra lai bat ding thdic C - S.
4) Ching minh rang

<p.q> : = pa) +p(3)a(3) +PMac)

cing 1a mét tich vé6 huéng trong P,.
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5) Lam lai phan 2) véi tich vé6 huéng méi.
6) Lam lai phan 3) vdi tich vé6 huéng méi.
5.34. Xét u = (uy, uy, uy ), v = (U, vy, v; ) € R3

Héi bi€u thdc nao dudi day cd thé la mét tich vé hudng
trong R?, néu khong duge thi néu li do :

a) <u, v>: = wu, + uy;

b) <u, v> : = u%v% + u%u% + u%v% ;
c) <u, v> : = 2uv, + Uiy + duguy
d) <u, v> : = Upup = umuy + uqug.

5.35. Trong R’ ta xét tich vo huéng Euclid. Hay dp dung
b4t dang thuc C - S dé€ ching minh

lacos + bsinf| < Va? + b2

9.36. V6i f = f(x), g = glx) € P,. Ching minh ring

i
<f,g> : = [ fgx)dx
—1

la mo6t tich vé hudng.
Hay tinh tich v6 huéng cta
a) f = 1-x+x2+5x3,g = x - 3x*;
b) f =x -5x% g = 2 + &* .

5.37. Véi tich vo hudng Euclid trong R3, hay xac dinh & dé
u va v truc giao.

a)u = (2,1, 3),v =1(1,7, k) ;
b) u = (k k 1, v = (k, 5 6).

5.38. V6i tich vo hudng trong P, & bai tap 5331 chung
minh rang

p=1-x+2x"vaq=2r+x°

truc giao.
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) 2 1 ,
5.39. Cho ma tran A = | _| 3| € M,. Véi tich vo hudng

& bai tap 5.32. hdi trong cac ma tran dudi day ma tran nao
truc giao vdi A

-3 0 1 1
a) [ 0 2] i b) |:0 _1] ?
0 O 2 1
c) Iio 0} ; d) li5 2} ?

5.40. V&i tich vo hudng Euclid trong R hay tim hai vecto

¢6 chudn bang 1 va truc giao vdi cac vectd sau
u=(21,-40,v =(-1,-1,22), w= (3 2 5,4
5.41. V la khong gian co tich vo hudng. Ching minh

Dl + ol + e - ol = 2lkl? + 20k]P

<u,

1 5 1
v> = glhu +oll2 =g llu = oll?

d6i véi moi u, v € V.
5.42. Xét thong gian C [0, n ] v6i tich vo6 hudng

<f, g>: = | fwgw)dx
0

va xét cac ham s6 f (x) = cosnx, n = 0,1, 2, ...

Ching minh rang f, va f; truc giao néu k # L

1 1 2 3
543. Chox = (=, — =) vVay = (=) 7= }-
(5 " %) Y= (I 75 )

Ching minh rang x va y truc chudin trong R? theo tich vo
huéng <u, v > : = 3uw, + 2u,v, nhung khong truc chudn theo
tich vé hudng Euclid trong do :

u:). vo= (v, v,

F4

u = 1'ul,
5.44. Ching minh rang

w, = (1,00, 1), u, = (-1, 0,2, 1),
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uy, = (2, 3, 2, - 2), u, = (-1, 2, - 1, 1).

la mét ho truc giao trong R* d6i véi tich vo huéng Euclid.

_ 5.45. Trong R? c6 tich vo hudng Euclid. Hay ap dung qué
tinh Gram - Smidt d€ bién co sd {u,, u,} dudi day thanh co
s$6 truc chuén.

(@) u;, = (1, -3), u, = (2, 2),
® u; = (1,0, u,=(3,-5).

\.5.46. Trong R> xét tich v6 huéng Euclid. Hay ap dung qua
trinh Gram-Smidt dé€ bién co sd { u,, uy uz} dudi day thanh
cd sd truc chudn.

(@) u; = (1, 1, 1), uy, = (-1, 1, 0), us = (1,2,
(b) u; = (1, 0, 0), u, = (3, 7, -2), uy = (0, 4, 1).

_ 5.47. Trong R? xét tich v6 huéng Euclid. Hay tim mét co
s¢ truc chuin trong khéng gian con sinh bdi cdc vecto (0, 1, 2)
va (-1, 0, 1).

5.48. Trong R> xét tich v6 huéng <u, v > : = uw, + 2uyv, +
+ 3uqv,. Hay 4p dung qui trinh Gram - Smidt dé bién

uy=(,1,1,u,=1(1,1,0) u, = (1,0, 0)
thanh mét co sd truc chuén.
5.49. Khog gian con cua R? sinh bdi u, = <é, 0, - §> va
5 ’ 5
u, = (0, 1, 0) la mét mat phing di qua gbc. Hay bi€u dién
w = (1, 2, 3) thanh w = w, + w, trong d6 w, nim trong mait
phang con w, truc giao véi mat phang.

5.50. Trong P, xét tich v6 huéng

1
<P, ¢> : = [ p@)qx)dx
-1

) Hay ap gung qua trinh Gram - Smidt dé bién co sd chudn
tac {1, x, x°} thanh mét co s& truc chuén.
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5.7. TOA DO TRONG KHONG GIAN »n CHIEU

5.51. Hay tim ma trdan tea d6 va vecto toa do cua w déi véi

co sd S = {u,, u,} cua R?, trong d¢
(@) u; = (1, 0), u, =, ), w=@ -7;
b)u, =(2,-4), u,=1(@38, w=I({,1),;
() u; = (1, 1), u, = (0,2), w=(ab).

5.52. Hay tim ma tran toa d¢ va vecto toa do cua w d6i véi
co s& 8 = {u, u,, u,} cia R* trong do.
@) w=1(2,-1,3,u;,=(1,0,0,u, =(2,20),

uy = (3,38, 3);
(b) w=(5-12,3),u; = (1,2, 3),u, = (-4, 5, 6),
Uy = (7; _87 9).
5.53. Hay tim vecto toa d6 vaA ma tran toa d6 cia A déi véi
co sd B = {A, A,, 4, A,} cua X6, trong d¢
2 0 -1 1 R
A={—1 3} Alz[o o]’ 42 =lo o
(I B [0 0
A3=[1 0]’ 4=lo 1]

5.54. Hay tim vecto toa dd va ma trdn toa do cia da thic
p déi véi co s6 B = {p,, p,, py} cua P, trong dd

p=4—3x+3c2,p1 = 1,p2=x,p3=xz.

5.55. Trong R? va R? xét tich vo huéng Euclid va mot co
sd truc chudn . Hay tim vecto toa d6 vA ma tran toa dd cla w

1 1 1 1
(a) w (3, D, up = (Tz, - 7—2—), Uy, = (T—Z—’ _\I_E) ;

b)) w

2 2 1
(—1, 0, 2), u1= g, _gag’

21 2 _ (1 <
u2= §,§,_.3) u’3— 37 ’3‘

—
2]

wl b

5.56. Trong R? xét tich v6 huéng Buclid . Xét S = {w,, w,}
5w o= (2 _4 _ (2 3
voli wy = 1%, 5wy = 5,5J.
(a) Ching minh S 1a mét co s§ truc chudn cua R2

(b) Cho u va v € R® véi W), = (1, 1), (), = ( - 1, 4).
Hay tinh u , d(u, v) va <u, v >.

() Tim u va v véi tinh w |, dlu, v) va <u, v > mdt cach
truc tiép.

5.8. BAI TOAN DOI €O SG

5.57. Xét cdc co 5§ B = {u}, u,} va B’ = {v,, v,} ctia R?
trong do

T T S R b

(a) Hay tim ma tran chuyén co s6 tu B sang B’ .

(b) Hay tinh ma tran toa dé [wly trong d6 w = (3, -5) va
tinh [wlg.

(c) Tinh [w]y, truc tiép va ki€m tra lai két qua traén
(d) Tim ma tran chuyén co sd tu B’ sang B.

5.58. Lam lai bai tap 5.57 véi

u, = (2, 2), u, = (4, -D, v, = (1, 3), vy, = (-1, -1).
5.59. Xét trong R> hai co sd B = {uy, u,, uy },

B® = {v}, v, , v5}, trong d¢

wp = (=3,0,-98) ,u, = (32 Dyuy, = (1, 6 -1 ;
vy = (-6, -6, 0 , v, = (-2, -6, 4), v, = (-2, -3, 7).
(a) Hay tim ma tran chuyén co sé ti B’ sang B,

(b) Tinh ma tran toa do [wly cua w = (-5, 8, —5) va tinh [wly,
(c) Tinh tryuc tiép ], va ki€m tra lai két qua trén.
5.60. Lam lai bai tap 5.59 voi

up =2 LD, u, =2 -1, D, 0y = (1,2 1)

v, = 3, L, -5, v, = (1, 1, =3, vy = (-1, 0, 2).
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5.61. Trong P, xét cac co s¢ B = {p, p,}, B = {q,, 95}

véip, =6+ 3x, p, = 10 + 2x,q, = 2, g, = 3 + 2«

(a) Tim ma tran chuyén co sd ti B’ sang B.

(b) Tinh ma tran toa do [plg v6ip = ~-4 + x rdi suy ra [ply.
(c) Tinh truc tiép [plg. va kiém tra lai két qua trén.

(d) Tim ma tran chuyén co sé t¥ B sang B’

5.62. Goi V la khong gian sinh bdi f; = sinx va f, = cosx.

(a) Ching minh rang g, = 2sinx + cosx va g, = 3cosx tao

thanh moét co s caa V.

di

(b) Tim ma tran chuyén cosd tit B’ = {g, g,} sang B = {f, f,}.
(c) Tinh ma tran toa do [A] g vOi h = 2sinx — Scosx va suy ra [Alg. -
(d) Tinh truc ti&p [hlg va ki€m tra lai két qua trén.

() Tim ma tran chuyén co sé tit B’ sang B.

5.63. Trong mat phang xét hé truc vuéng gdc xy, va quay nd
mot gdc 6 = 37/4 quanh gbc ta dugc hé truc vudng goc x’y

(a) Tim toa d6 trong hé mdi cia di€m (-2, 6) trong hé cd.
(b) Tim toa d6 trong hé ci cia diém (5, 2) trong hé mdi.

5.64. Hoi trong cdc ma tran duéi day ma tran nao la truc giao ?

1 1
10 Z Wz
@ |o 1}, ® ¢
V2 V2
i . 11 1
0 i
(c) 0 at (d) -5 5
0 0 11 1
: V2 z T B

Tinh ma tran nghich d4o cua cdc ma tran truc giao dd.
5.65. Ching minh ring hai ma tran dudi day la truc giao

vOi moi gia tri cha 8 :
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cosy  —sind Cf)SH —sing 0
sinf cost b) |sinf cosf 0
0 0 1

Tinh nghich dao cua ching.
5.66. Xét bi€n déi toa do trong mat phang.

-8 8

1) Chung minh ring nd la truc giao.

G > 1w

2) Tim (x’, y’) cta nhitng diém ma (x, y) la
a) (2, - 1) ; b) (4, 2) ; ¢) (-7, -8) ; d) (0, 0)
5.67. Giai hé

5x1+ 7x2+2x3—3x
2x, + 3x2+4x3-—6x4—
—1111—15x2+2x3-—3x =1.

4

|
N

4
5.68. Giai hé
3Jc1 —5x2+2x3+4x4=2
'7:)c1 —4x2+ x3+3x4=5
5x1+7x2—4x3—6x4=3.
5.69. Giai hé

2x1+5x2—-8x3=8
4x1+3x2—9x3=9
2xl+3x2—5x3=7

x, -f8x2—7x3= 12.

B. BAI GIAI VA HUONG DAN

Muén ching minh tap vecto V trong dé ¢ dinh nghia phép

cong vectd va phép nhan vecto vdi mét s6 thuc (trong tai liéu
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nay chi xét khong gian vectd trén truong soé thuc) la moét

khong gian vecto ta phai kiém tra lai 10 tién dé cua khong gian
vectd (xem dinh nghia 5. 1.1, Thee/l), trong d6 cach dinh nghia
phép cong hai vecto ctia V va phép nhan mot vectd cua V vdi
mot s cé thuc sy dung dan khong.

5.1. 1) Khong, vi tién dé 8 khong thoa man.

That vay, theo dau bai ta cé

k(x,y 2) = (kx, y, 2); Ux, y, 2) 1= (Ix, y, 2)

(k + Ux, y, 2) 1= ((k + Ux, y, 2).

Do dg

k(x: y: Z) + l(x, y; Z) (kx' Y, Z) + (lx’ y’ Z)

(kx +lx,y+y, z+2)
= ((k + Ux, 2y, 22)
2 ((k+Ux,y, 2 =k+D)xYy 2

khi y hoac z # 0. Vay ndi chung
kix, y, 2) ¥ U(x, y, 2) = (k + 1) (%, ¥, 2),
nghia la tién dé 8 khong théa man.
2) Khong, vi tién dé 10 khong théa mén.
That vay, ta cd theo dau bai
1(x, y, z) := (0, 0, 0) # (x, 5, 2)
z) = (0, 0, 0), nghia la tién dé 10 khong thoéa mén.

tru khi (x, y,
héa min. That

3) Khong, vi tién dé 9 va tién dé 10 khéng t
vay, theo ddu bai thi
kE (x, y) := (2kx, 2ky)

I(x, y) = (2lx, 21y)

Do da
k (U(x, y) = k (2lx, 2ly) = (4klx, 4kly)

(k) (x, y) = (2kix, 2kly).
Vay, néu (x, y) = (0, 0) va B # 0,1 = 0 thi
k(l(x, y)) # (kD) (x, ¥),

nghia la tién dé 9 khong théa man.
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1x, y) = (2x, 2y) # (x, y), (x, y) = (0, 0).

nghia la tién dé 10 khoéng théa man.

4) Tap céc s6 thuc v6i phép tinh cong va nhan thong thﬁ(‘mg ki

hiéu 14 R, 12 mét khong gian vecto vi ca 10 tién dé déu thoa man -

I)x,y ER=>x+y R
2)x+y=y+x,x,y €ER
Dx+ly+z)=x+y +tz,xy 2z€R
4) Phan td trung hoa la s6 khéng :
0+x=x+0=x VxeR
5) Phan ta d6i cta x € R 1a —x vi
(x)+x=x+(=x) =0

6)xeR k€ Rthikx € R
Nkix+y =kx+ky, keER 2,y €R
) k+lx =kx+ix,k, lER, x € R
9) k(lx) = (kD)x, ., L€ R, x € R

10) Ix = x,x € R

5) Khong, vi tién dé 5 va tién dé 6 khong théa man. That vay
Phdn td trung hoa la (0, 0) vi -

(x, y) + (0, 0) = (x, y)
0, 0)+(x, y) = (x, y)

Khi (x, y) € R? thi (~x, -y) € R? va
(x, y) + (=x, =y) = (~x, -y) + (x, y) = 0.
Nhung néu x > 0 thi (x, y) thudc tap da cho con (-x, -y)

khong thudc tdp da cho. Cho nén tién dé 5 khong théa man.

Hon nita, (x, y) thuoéc tap da cho, ©® € R, £ < 0 thi

k(x, y) = (kx, ky) ¢c6 kx < 0 nén
: , k k(x, y) khong thudc ta 4
cho, nghia la tién dé 6 khéng thoa mérﬁ " thuge tp

6) Khong, vi tién dé 7 va tién dé 8 khong théa man. That

vay, ta cd

kix, y) = (kx, ky)
R(x’, y') = (kx’, ky’)
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kix, y) + k(x’, y')
k(x, y) + (x’, y)

(kx +kx'+ 1, ky +ky' + 1)
kix +x’+1,y+y +1)
(kix +x’ + 1), Ry +y + 1))

i

{a, b, ¢) +(a’” b’ ¢) = lat+a’,b+b ¢c+c)

b+b’ (ata)+(c+e)
nén (a, b, ¢c) +(a’, b’ ¢’) € W -

Il
i

nghia la
kia, b, ¢} = (ka, kb, kc)

k((x, y) + (x’, y) # kix, y) + k(x’, ')
kb = ka + ke

khi 2 # 1. Do d6 tién dé 7 khong théa man.

nén
Hon niia
kia, b, c) € W.
(k+1) (x,y) = ((k +Dx, (k +1y) Vay W la khong gian con caa R3
: ua R°.
kix, y) + Ux, y) = (kx, ky) + (ix, ly) d) Goi W la tap cdc vects cta R3 cg da
=(kx+ilx+1, ky+ly+1), (a, b, ¢) v6i b = a + L
nghia la ) ] = qQa ¢ + 1

Gia st (a, b, ¢) € W nohia 13
. T b = + .
(k1) (x,y) # kix, y) + lx, y). g a a+c+1,;

(@’, b, ¢’) € W nghia la b’ =g’ + ¢’
Do d6 tién dé 8 khong théa man. & @ te 1l

Khi do¢

Muén chdng minh mot tdp con W cda khong gian vecto \%4
12 mot khong gian con cuia V ta phai ching minh W khép kin
déi v6i phép cong vecto va nhan vecto véi mot s6 da dinh nghia
trong V.

(a’ b’ C‘) +(a’y b’) C’) = ((Z +a,y b +b’, C +C’)

b+b'=(@+a)+c+e)+2
nén (a, b, c) +(a’, b’ ¢’) & W.

5.2. a) Goi W la tap cdc vects cia R® cé dang (a, 0, 0),
e € R. Ta thiy (a, 0, 0) € W, (@', 0, 0) € W =

(@, 0,0)+ @, 0,0)=(a+a’, 0,00 W
k(a, 0, 0) = (ka, 0, 0) € W.
Vay W la khong gian con cua R3.

Vay W khong phai la khong gian con caa R3.
9.3. Trudc hét ta ching minh M,
Muo6n thé ta phai kiém tra lai 10 tie

Gia su

ab a b »
= a bn
{C dJ MZ) {C’ d;} e -{M‘?y [C” d:aJ E MZ

1) Ta phai ching minh

ab + a b’
cd o’ € MZ'

Diéu do ro rang vi v& trai bang

a t+ta b +b
c+e d+a| €M

la mét khong gian vecto.
n dé.

b) Goi W la tap con cia R® gém cac vecto cd dang (a, 1, 1).
Ta thdy : (a, 1, 1) va (a’, 1, 1) thugc W thi

(@ 1, HY+@,,)=(a+a’22) W

Vay W khéong 1a khong gian con cta R*.

c) Goi W la tap cdc vecto (a, b, ¢) v6i b = a +c. Ta thay
(@, b,c) e W thi b=a+c
(@, b, c)€EW thi b =a +c
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2) Ta phai ching minh

b b b4 b b
ab a b)) e b + a
[c d:\ + [c’ d’] - [c’ d’] \:c d

Diéu dd ro rang vi vé& trai bang :

a+a b+¥
c+c d+d|

a +a b +b
c+c d+d
va trong tap cac sé thuc R co

a+a =a +a, b+b ' =b"+b
vc+c’=c’+c, d+d =d +d.

Con vé& phai bang

3) Ta phai ching minh

32 -

Diéu nay rd rang vi

Q, o

-a b a, +a” b) +b7’ _
ve trai = c d Yo +e” & +d”

—a + (a’ +a”)’ b.+ (b’ +b77)
Tlet@Heny  dr@+dn)

o . (@ +a” b +b + a’ b”’ _
v€ phai = B v d+d o d

—(a +a1) +an (b +br) +'bn
h | (c +c’) +c” (d+d)+d

va trong tap R ta co ’ )
a+ (@ +a’) = (a+a’)+a”,b+(b’+b”) =(b +b)+5b

c+(c+e?)=(c+c)+e’,d+d+ d’) =(d+d)+d"
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ay b) a” bn
] + [c7 d’]) + [cn d”}.

4) Phan tu trung hoa (d6i véi phép +) la [8 8}

abl {00/ fa+0 6+0] _[a

cd 00| ~ [c+0 d+0| T |

00/ fab] _Tfo+a 0+b] _

00 c d _L0+c 0+d| T

5) Phan tit d6i cia [" bJ I [—a —b]
¢ ¢

Vi a b + —a -b _ a—a b—b B 00 .
c d -¢ = T le—c d-d|l =~ lo ol

me —bf e b| _[-ata -b+b] _Jo o

—c —-d ¢c d| T {—c+c —-d+d| T lo ol

6) & [ab] _ [kakb} cMreR

vi

¢ d ke kd
ab a b at+a b+¥
nE ([@ d} * [ d’D =k [c +¢ d+d’}
_ k(@ +a) k(b +b)
T ket k(d +d)
ab|  |ka kb
c di = ke kd|
a0’y ka kY
¢ d'| T ke kd

ab +h a b’ _|ka kb + ka’ kb’
cd c d “ ke kd ke’ kd’

B [ka + ka' kb + kb’}

&

bl

P

ke + ke kd + kd



Vay 5 2 b
' b’ a )
(D)
0 b (k+Da (k+1)b
k +10) o d Tlk+he (ktDhd
[ka +la kb + lb}

ke +lc kd +1ld

e w

b a b _ ka kb +
k[jd]+l\:cd:\_\:k0kd lc ld
ka+la kb+1ib

la Ib k(la) k(lb)
{lc ld] T |k(e) k(D)

ok ()

2 b (kha (kDb
(kD) {c d] = |kDhe (kD]

Trong R
k(la) = (kla ; k(lb) = (kb ;
k(lc) = (kl)c ; k(ld) = (kld.
Vay
ab ab
= {
<l {c d]) (kD) [c d}
10) )
b la 16| _|a ’
: I[Z d} = [lc ld] = [c d:\
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Bay gis ta xét xem cac tap con caa M, cho § aj, b), c). d
¢S phai la khong gian con cua M, khong. Ta phai kiém tra lai
tinh khép kin cda cac tap con d6 déi voi phép cong ma tran

va nhan ma tran véi mot sé.

a) Goi W 1a tap cdc ma tran

c

ab ka kb i
k [c d} = ’jkc kd} & W

b
[a d;]’ a, b, ¢, d nguyén.
Ta thay

néu % khong nguyén. Vay w khong phai la khéong gian con cua M,.

b) Goi W la tap cac ma tran
[" bJ, a+d =0

Gia su
b b 3
[a JEW, [a’ ’J EW
c d
nghia la
a+d=0a +d = 0.
Khi dg
ab +a’b’ e tab + ¥
c d c d ct+c¢ d+d
(at+a)+(d+d) ={a+d)+@@ +d) =0
. ab a b
vay ,:C d:’ + ,:C, d,J e w.
Hon ntia
i ab _ |ka kb
cd| T ke kd
ka v+ kd = kla+d) = 0.
Vay
ab
k lic dJ e W

Do do W la khéng gian con cua M,.



c) Gia st W la tap cac ma tran cdp hai A sao cho A = A’
(cac ma tran cip hai doi xdng).

Gia su
AeW BeWw
nghia la
A = Al, B = B
Khi do
A+B=A +B = (A+B),
nen _ A+BeW.
Hon nta
kA = kA" = (RAY
nén RA € W,

Vay W la mot khéng gian con cia M,.
d) Goi W 1a tap cac ma tran cdp hai A c¢d dinh thyc det(4) = 0.
Gia su
AeW BeWw
nghia la
dettd) = 0, det(B) = 0
Khi do
det(kA) = k° det(A) = 0
nén kA € W.
Nhung det(A + B) c¢6 thé khac 0, ching han vgi

12 6 2 _[714
o B e

det(A) = 0. det(B) = 0, detiA + B) = .
Do do A+B¢& W
Vay W khong phai la 1 khong gian con cua 9\/[:-

ta thay
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x € [0, 1]. Gia st g € C

la khong gian con cta C [0, 1].

st fva g € W, nghia la f0) = 0, g(0) = 0.

Khi do (f+g)(0)=f(0)+g(0)=0+0=0;
f+g € Clo, 1]
nén [tg e W
Hon nia
(R)(0) = kf(0) = k.0 = 0
kf € C [0, 1],
b nén Rf € W.

Vay W la khong gian con caa C (0, 1].

¢ Goi W = {f| feclo 1}, £0) = 2}

Khi do

kf € C [0, 1] ;
nhung
(R)(0) = kf(0) = k2 # 2.

néu k= 1.

Vay W khéng phai la khéng gian con caa C [0, 1].

d) Goi W = {f] F = hing}.

Khi d6 f € C [0, 1]

Gia st f va g € W. Khi d¢

f+g = hang
nén [tg e W
Hon nita
kf = hang
nén kf e W

Vay W la khong gian con cua C [0, 1].

5.4. a) Goi W la tap cac f € C [0, 1] sao cho flx)

< 0 tai

[0, 11 v6i gix) < 0O tai x € [0, 1].
Khi d6 g € w, nhung kg & W néu k& < 0. Vay W khén

g phai

b) Goi W I tap cac ham f € C [0, 1] sao cho f(0) = 0. Gia
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e) Goi
W= /{flfeciollf=k +k,sin},

k, va k, € R.

Gia su f va g € W. Khi dé6
f=Fk t+Ek, sinx, k, k, € R.

g = ky + k, siny, ky ky € R.
Do do
ftg=(k +ky) + (k, + k,) sinx,
k, +k, €ER, ky + & € R, nén f + g € W.
Hon nta
kf = kk, + kk, sinx,
kk, € R, kk, € R, nén kf € W.
Vay W la khong gian con ctia C [0, 1]
5.5. a) Goi W la tap cdc da thic ndi trong diau bai.
Gia st p va ¢ € W nghia la
p =agx + a:,xz + a3x3,
qg =bx + bzx2 + bfx’z,
Khi do
p +q=(a tb)x+(a,t byx? + (ay + b,
nén p +q €W '
Hon nia
kp = kapx + kazr2 + ka;r;,
nén kp € W.
Vay W la khong gian con cua P

b) Goi W 1a tap cac da thuc ndi trong dau bai.
P, ¢ € W, nghia la

Gia sy

p=a, tax +ax?+anda, ta +a, +ay =0,

q =0, +bx +bx? +bx% b, +b +b, +b, =0
Khi d¢
P g = (a, ) + (@ +b)x + (a, + by + (a; + by
=(a, tb) + (e, + b, + (a, + by + (a3 + by) =
=(ay +a; +a, tay + (b, + b +b, +by) =

=0+0=0,

nénp +q € W.

Hon niia

kp = ka, + kax + kazx2 + ka37c3

ka, + ka1 + ka, + ka; = k(a, + a; +a, +ay) =0,

nén kp € W.

Vay W ]la khéng gian con cua P,

c) Goi W la tap cdc da thic ndi trong ddu bai. Gia sy
P, 9 € W nghia la

P =8, +agx +az? +ax’, o nguyen

g=2"5, +bx + bfz + b3x3, b, nguyén
Khi dg
Pt = (@ Fby) + (@ + b+ (@ + b + (ay + by
=¢, tex +ch2 +c3x3
¢ = a; + b; nguyén

nénp +q € W.
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Nhung Gidi hé nay nhu & bai a) b duge
kp = ka, + kax + kazx‘: + ka3x3 c =ttuyy
ka, chi nguyén khi k nguyén, nén kp & W b =3t
a = - bt.

Vay W khong phai la khong gian con cia P, Do ds
: o dg :

5.6. a) Ta phai tim a, b, ¢ d€ c6

x = au + bv + cw,

0, 0, 0) = ¢ (=bu + 3v + w), ¢t tuy y.

Chu y - Bai b) c6 thé suy tu bai a) bang cach thay cac
tie la co thanh phan cua x truéc la 7, -2, 15 bsi 0, 0, 0.
(7, =2, 15) = a(2, 3, 5) + b(3, 7, 8) + (1, -6, 1)

(7, =2, 15) = (2a, 3a, ba) + (3b, Tb, 8b) + (¢, —bc, ¢)

(7, -2, 15) = (2a + 3b + ¢, 3a + Tb - 6¢, ba + 8 + ¢)

c) Ta phai tim a, b, ¢ d&€ c6
x =au +bv + cw,
tuc la
(1,4, -7, =a (4, 1,3, -2)+b(1,2,~-3,2)+c (16,9, 1,-3)
(1,4, -7,7) = (4a+b+16c, a +26+9c, 3a-3b+c¢, -2a+2b ~ 3¢)

Vay a, b, ¢ théa man hé phuong trinh tuyén tinh

[Za +3 +c¢c =17
13{1 + 7 — 6c = -2 Vay a, b, ¢ 12 nghiém ctia hé

Bba + 8 + ¢ = 15

da + b+ 16c =

Giai he nay d6i v6i cdc 8n ¢, b, ¢ ta dugc a+ 26 + 9¢ - 4

c =ttuyy 3a -3b+c = -7

b =3-5 -2a +2b - 3¢ = 7

a = 11 - 5¢. Day 1a moét hé tuyén tinh 4 phuong trinh 3 &n.
Vay Ta giai nd bang bién ddi so cdp dude
x=(7,-2,15 =11 -5 u+@t -5 v+iw,ttuyy c=-1, b =5 a=3.
b) Ta phai xdac dinh a, b, ¢ d€ cd Do do
(0,0,0) =a (2,3 5 +b(3,7 8 +c (1,-6, 1) (1,4,-7,7) = 3u + 5v - w

d) Ta Juén co

0, 0, 0) = (2a + 3b + ¢, 83a + Tb - 6¢, 5a + 8b + ¢)
(0, 0,0,0 = 0u + 0v + 0w,

5.7. Ta phai xdc dinh tham s6 A d& cho x c¢d thé bidu dién

Vay a, b, ¢ 1a nghiém cua hé.

2(1+3b+ C:O . . !
thanh té uvén i

3¢ + T — 6 = 0 anh to hgp tuyén tinh

56 + 8 4+ ¢ =0 x = au + bv + cw
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a) (7, -2, )
7, -2,

il

a (2,3 5 +b (3,1, 8) +c(l,-6 1)
(2a+3b+c,3a+7b—6c,5a+8b+c)

il

20 + 3 + ¢ = 7
3¢ + 76 — 6¢c = —2
50 + 8 + ¢ = 4

Ap dung cic phép bién ddi so cdp ta thu dugc.

2
3
5

2
0
0
2

3 1 7
7 -6 -2
8 1 A

9 3 1 1
5/2 -15/2  -25/2
1/2 -3/2  1-352
3 1 7
52  -152  -25/2
0 0 A-15

Vay néu A

néu 4

20 +3 +c¢c = 17
56 — 15¢c = -25
Oc = 4A-15

# 15 thi hé vo6 nghiém

= 15 thi hé cé vo s6 nghiém

b) Ta mudn cd

(5, 9, A)
5, 9, 1) =

Ta suy ra
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a4, 4, 3) + b6(7, 2, 1) +c(4, 1, 6)
(4a + Tb + 4c, 4a + 2b + ¢, 3a + b + 6¢)

4a + b + 4c = 5
4a + 20 + ¢ =9
3¢ + b +6¢c =4

Ta co

A = = —-111 # 0

W A
— N
Y

Do do hé c6 nghiém duy nhat véi 1 bat ki
¢) Ta muén co
(9,12,1) =a (3,4,2)+b (6,8 7
Ta suy ra
3a + 66 =9

4a + 8b 12
2a + 7 = 2

Giai hé nay bang bién ddi so cdp
3 9
12

A-6
9

3 A~-6
Hé trén tuong duong véi hé

3a + 66 =9
3 =1-6

WO O W N BN
W O BN o »
el

nén c6 nghiém véi A bat ki.

d) Ta mudn cd

(1,3,5) =a (3,2,5)+b (2,47 +c (5, 6,1)

Ta suy ra

3a + 26 + B
2a + 4b + 6¢
56 + 7b + Ac =

1
3
5
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Giai he nay bang bién d8i so cdp ta thu duge Giai hé nay bang bién d6i so cép ta duge

3 2 5 1 e 1 3 s
2 4 6 3 1 -1 2 9
5 71 A___ 5 4 3 5 5
2 4 6 3 1 P
3 2 5 1 s s s -
5 71 A5 2 1 3 5
2 4 6 3 1 i
0 -4 -4 ~7/2 1 -1 2 9
0 -3 A-15 -52 0 1 -3 -31
2 4 5 3 o 3 -1 -13
1 1 7/8 i g s
0 A-12  1/8 L -3 _31
- 0 8 80

Hé da cho tuong duong voi

20 + 46 + 6¢c = 3
b+ ¢ =18

Vay hé da cho tuong duong véi

~b + 2 =
(A = 12)c = 1/8 ’ b—§2=—3£1)
Vay néu 1 = 12 thi hé vo6 nghiém ; 8& = 80

4 # 12 thi hé cé nghiém duy nhat. Ta suy ra
5.8. Ta mudn cd c=10, b=-1, a =-12.
a) 5 + 9x + 5x2 = ap, + bp, + cp, Do do

5+9r+5x2 =a (2+x+4x?) +b(1-x-3)+

+c¢ (34 2x + 5x9) :

b) Ta muén cd
2+ 6x% =ap, +bp, +cp,y
2+627 =a@+x+4x?)+b (1 -x-32)+
+c¢ (3 + 2x + 5x2)

Viay a, b, ¢ théoa man hé

Ta suy ra
5+9x +5x2 =2a+b+3c+(@-b+2)x+
+(4(1—3(5+5c)3c2

Vay a, b, ¢ théa man hé

2a+2:2cig 2 +b + 3 = 2
a—3b+5z:5 a —b+2c =0
4 - B 4a — 3b + B5c = 6
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Giai hé nay bang bién déi so cdp ta dugdc

2 1 3 2
1 -1 2 0
4 -3 5 6
11 2 0
4 -3 5 6
2 1 3 2
1 -1 2 0
0 1 -3 6
0 3 -1 2
1 a1 2 o
1 -3 6
0 8 -16
Hé da cho tuong duong véi
a —b + 2 = 0
b — 3 = 6
8& = —16
Ta suy ra
c=-2, b=0, a=4
Do do

2 + 6x? = 4p, — 2py.

¢) Bao gid ta cang cd
0= 0p, + 0p, + Op;,

nghia la da thdic 0 la t6 hop tuyén tinh cta p,, p,, Ps

d) Ta mudén co
2 +.‘Z.7c+3)c2=apl + bp, + cpy.

Tuong tu bai a) va b) ta cd
2qq + b + 3¢ =
a - b+ 2 =
4a — 3b + 5c = 3

|1
(N

180

Giai hé nay bang bién d6i so cdp ta dugc.

2 1 3 2
1 -1 2 2
74777 7—3 5 3
1 -1 2 2
4 -3 5 3
2 1 3 2
1 -1 2 2
1 -3 -5
3 -1 -2
1 -1 2 2
1 -3 -5
8 13
¢ =13/8 b =-1/8, a=-11/8
Do do
11 1 13
2 _ _
2 + 2x + 3x° = § P —8~p2+§p3

5.9. a) Ta muén cd

6 3
0 8 = aA + bB + ¢cC =

|
Q
| —
okt
w N
[
+
o
—
N O
=
—
+
o
—
[N

SEE RN

—a+2b 3(1+4b—20

Vay a, b, ¢ théa man hé

_li a+4c 2a+ b—zc}

a + 4¢ =
20 + b 2c
—a + 2b
3a + 4 — 2¢ =

It
o N =-JNVE RN )
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Giai hé nay bing bién d6i so cédp ta dugc

1 0 4 6
2 1 -2 3
-1 2 0 0
3 4 -2 8
1 0 4 6
0 1 -10 -9
0 2 4 6
0 4 -14 —197
1 0 4 6
1 -10 -9
0 24 24
0 26 26
1T o0 4 6
1 -10 -9
24 24
0 07

- a + 4¢c = 6

b —10c = -9

c = 1

Ta suy ra
c = 1’ b = 1, a = 2
Do do

6 3
= + B + C.

Vay ma tran da cho la t8 hgp tuyén tinh cia A, B, C .

b) Ta muén co

-1 7
= + + ¢C
[ 5 1} aA bB ¢

Tuong tu bai a) ta co

a + 4 = -1
%20 + b — 2¢ = 7
- + 26 = 5
3a + 46 — 2c = 1
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Bién déi so ciap cho

1 0 4 -1
2 1 -2 7
-1 2 0 5
3 4 -2 1
1 0 4 -1
0 1 -10 9
0 2 4 4
0 4 -14 4
1 0 4 -1
1 -10 9
0 24 -14
0 26 -32
Vay hé trén tuong duong véi hé
a + 4 = -1
b — 10c = 9
24c = — 14
26c = —32

Hai phuong trinh cusi khong

tuong thich, hé vé nghiém va

ma tran da cho khong 1a t6 hop tuyén tinh cta 4, B, C.

¢) Bao gig cang co

0 0
{0 ()J = 04

+ 0B + 0C

Vay ma tran "khong" 1a t6 hogp tuyén tinh cua A, B, C.

d) Ta mudn cd

6 -1] _
-8 -8/ =1

Tuong tu bai a) ta cd

A+ bB + ¢C

a + 4c¢ = 6
20 tb - 2c = -1
—a + 26 = ~-8
3a +4b — 2¢ = -8



Bién déi so cdp cho

1 0 4 6
2 1 -2 -1
-1 2 0 -8
3 4 -2 -8
1 0 4 6
1 -10 -13
2 4 -2
4 -14 -26
1 0 4 6
1 -10 -13
24 24
26 26
Vay hé trén tuong duong véi
a + 4c = 6
b — 10c = —13
24c = 24
Hé nay cd nghiém ¢ = 1,6 = - 3, a = 2.

Do dd

Vay ma tran da cho la t6 hgp tuyén tinh cta A, B, C.

5.10. Muén ching minh moét ho vecta S cua khong gian vecto
V nao do sinh ra ca khong gian V ta phai ching minh :
vectg cia V déu la t8 hgp tuyén tinh cua cac vects thuoc S.

6 -1
R

a) Ta phai ching minh : phuong trinh vecto

luén co nghiém a, b, ¢ véi bat ki X, X, x;) € R?. Phuong trinh

av, + bu2 toevy = (), x,, xs)

vectd trén viét lai la.

hay
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a(l, 1, 1) +b(2, 2 0 +c¢(3, 0 0 = (x

(a +2()+3c,a+20.0)=(x1, 5

]7

X5, xz)

Xy, X3)

Ta suy ra
a+2b+3 =1x
a+2b=x2

3
Hé nay co dinh thuc
1 2 3
1 2 = -6 =0
1
nén ludn cd nghiém véi bat ki (x, x5

Vay ho {v|, v,, vy } sinh ra R>.

b) Tuong tu trén ta mudn cd

a(2,-1,3)+b4,1,2)+c (8, -1, 8 = (xl, Xoy Xg).

Ta suy ra
2a+4(>+8é=3cl
—-a + b—c=x2
3a + 2b + 8 = x4
Hé nay co dinh thdc
2 4 8
-1 1 -1 =0
3 2

nén khong cd nghiém véi bat ki (x, , x,, x,) ER3.

Vay ho {v, , v,, vy } khong sinh ra. R>.

c¢) Tuong tu trén ta mudn cd

av, +bv, +cuy +du, = (x, Xy Xy )
hay
a(3,1,4) +b (2, -3,5) +c(b -2 9 +
+d (1,4, -D = (x, X5, X5)
hay
(3a + 26 +5¢c +d,a—3b - 2c +4d, 4a + 56 + 9¢ -d) = (x,, X5, X3).

Xy ) € R3.
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Ta suy ra
JSa + 2 +5c + d =x
(1—3()—213+4d=x2
k4a+5b+90—d=x3
Dat
3 2 5 1]
A=]|1 -3 -2 4]
4 5 9 —IJ
3 2 5 1 X
A=11 -3 -2 4 =x,
L4 5 9 -1 Xy
Bién d6i so cdp cho
3 2 5 1
1 -3 -2
4 5 9 -1
1 -3 -2
3 2 5 1
4 5 9 -1
1 -3 -2 4
11 11 -11
17 17 -17
1 -3 -2 4
11 11 -11
0 0 0
Vay

P A) =2

trong khi P(A) cé thé bing 3, khi d6 hé vd nghiém.

Do do ho {v|, v, v;, v, } khong sinh ra R>.

d) Tuong ty bai ¢) ta mudn cd

av, +bv, + cv, + dv, = (x}, x,, x3)
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hay

a(l,33)+6(1,3 40 +c(1,4,3+d 62 1= (x,1,x)

2

Ta suy ra
a +b +c¢ + 6d
3a + 3 +4c + 2d =
3a + 46 + 3¢ +d
bat
1 1 1 6
A=13 3 4 2
3 4 3 1
1 1 6
A =13 3 2
3 3
Bing bién d6i so cdp ta cd
1 1 1
3 3 4
3 4 3
11 1
0 0 1
0 1 0
111 ¢
1 0
1
Do dé pP(A) = 3 )
PA) = 3
Vay hé luén cé nghiém,
Va ho {v,, Uy Uy U} sinh ra R?.
5.11. a) Ta cd
cos2x = cos’x - sin

X.
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Vay cos2x thuéc khong gian sinh bai {cos"x, sin‘x }.
b) Gia su
3+ x° = a cos® x + b sinx
tai moi x. Khi do :
thay x = 0 ta dugc a = 3
thay x = 7 ta duge 3 + 7° = q ;
tic 1a 7° = 0 vi @ = 3. Diéu do khong chdp nhan duge. Vay
3 + x° khong thuoc khong gian sinh béi cos®x va sin‘x
¢) Ta c6
1 = cos®x + sin®x.
Vay 1 thudoc khong gian sinh bdi cos’x va sin’x.
d) Gia su tai moi x co.

L. 2 . )
sinx = a cos<x + b sin“x.

Thay x = %, ta duge

Thay x = 3x/2, ta dugc
-1=0+b6=>b6=-1

Khong thé ¢ b vita = 1 vta = - 1.

Vay sinx khong thuoe khéong gian sinh bdi cos®x va sin’x.

5.12. Xét p = a, +t ax + a:,xz € P,

Gia su
p =oap *fp, +ipy t+op,

nghia la

a, +ax + a:pcz = a(l + 2x = x%) + (3 + x7)
+y(5 + 4x —x) + 5 =2 + 2 - A7)
=a + 33 + 5 — 20 + (2« + 4y + 20 +
+(—a +f -y — 20)x°

Nhu vay «, 8, v, o phai la nghiém cda hé
a + 33 + 5y —2 = a,
2c + 4y + 20 = q
—a +f —y - 25 = a,.

’

Hé nay cd ma tran hé s6 la

1 3 5 =2

A = 2 0 4 2

-1 1 -1 -2

va ma tran bo sung la

1 3 5 -2 a,
Z = 0 4 2 a
1 -1 -2 a,

<

[N]

o

Diéu kién cdn va dua dé hé ¢ nghiém la hang cua A bang
hang cua A.

Ta tinh hang cta A va A bang bién d8i sg cép.

1 3 5 -2 a, h
2 0 4 2 a, h,
-1 1 -1 -2  a, h,
1 3 5 -2 o h, —h,
0 -6 -6 6 a; - 2a, h, - 2h, = h,
0 4 -4 a, +a, hy +hy —h,
1 5 -2 a, h, = h,
-6 -6 6 a;— 2a_ h, = h,
i 2
0 0 0 aq+331—§a” hz+§h2—>h3

Tasuyra pA) =2
o J 3 néua, +
LAY = l

Wity Wl

2 néu a, + a = 0.

Vay cédc da thdc p, p,, py, p, da cho khong sinh ra P,.
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5.13. Ho vecta {v,, v,, .., v } ctia khong gian vects V Ia
doc lap tuyén tinh néu phuong trinh

cu toeu, t ot u =0 3.2)

171 mom
déi véi cac dn c, chi c¢6 nghiém tam thuong ¢, = 0.
Ho tren la phu thuodc tuyén tinh néu phuong trinh (3.2) cd
nghiém khong tam thuong, tuc la nghiém (¢}, ¢, .., c,,) voi it
nhiat mot ¢, # 0.

a) Xét
au, + pu, = (0, 0),
tuc la
a(l,2) + 43, -6)=1(0,0)
hay

(@ — 36, 2a - 68) = (0, 0).
Do dé « va 8 la nghiém cua hé
[ a — 33 0
12(: - 68 =0
Hé nay l1a mot hé thudn nhdt cd nghiém khong tidm thudng
a =3, = 1. Vay ho {u, u, } da cho la phu thuoéc tuyén tinh.

au, + fu, +yuy = (0, 0)
a (2,3) + (-5, 8) +y (6, 1) = (0, 0)

(2a -~ B + 6y, 3a + 84 + ) = (0, 0),
Do d6 «, p 1a nghiém cua hé

2a — B + 6y 0
3a + 8 + y = 0.

Day 1a mot hé thuan nhdt ¢ s6 phuong trinh it hon s6 dn
nén ¢é vo s6 nghiém chang han xem y la tuy y ta tinh dugc
a va f# theo y. Do d6 né ¢ nghiém khong tdm thuong.

Vay ho {u,, u,, u;} da cho la phu thudc tuyén tinh.
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c) Xét
ap, + ﬂpz =04+ 0x + 0x? P,
tuc la
a2 +3x —xP + 56 + 9% - 36D = 0 + Ox + Ox2
hay

(2

)

T 66) + B +96) x + (—a —38) x2 = 0 + Ox + 02

Do dé « va 8 14 nghiém cua hé

200 + 66 = 0
3a + 96 =0
—a — 38 =0,
Ba phuong trinh trén tuong duong véi mot phuong trinh cudi
a+38 =0,
N6 cd nghiém khéng tdm thudng =1 a =~ 3.
Vay ho {p,, p,} 1a phu thudc tuyén tinh
d) Xét
) 0 o0
A + BB =
a BB (0 0)
Tac la
1 3) -1 -3 0 0
+ p—
b o) el - (0 0]
hay

(a—/j 3a - 3B 0 0
2a — 24 O.a—O,/j): 0 0

Do d6 «,  la nghiém cua he

a - =20
3(! - Bﬂ = O
20— Z/j =0
O = 0 = 0
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B6n phuong trinh nay tuong duong vdi mot phuong trinh dau
a-p=0.

N6 c¢6 nghiém khong tdm thuong a = 1, § = 1.

Vay ho {A, B } da cho la phu thuoc tuyén tinh.

5.14. a) Xét

a (1,2, 3) +(3 6 7 = (0,0, 0)
tuc 1a
(a + 3, 2a + 6B, 3a + 78) = (0, 0, 0).

Do d6 a va B la nghiém caa hé

a+33 =0

2 + 68 =0

3¢ + 78 = 0

Hé nay tuong duong vdi hé hai phuong trinh cuéi

2a + 68 =0

3¢ + 7 = 0.
Hé nay ¢ dinh thuc
2 6

A = *3 7‘ =14 — 18 = —4 = 0,

nén chi cd nghiém tdm thudng « = 0, 8§ = 0.
Vay ho vecto {(1, 2, 3), (3, 6, 7)} la doc lap tuyén tinh trong R3.
b) Xét
a(4,-2,6)+p(6,-3,9 =(0,0,0 €R>
tuc la
(4a + 66, - 2a - 36, 6a + 98) = (0, 0, 0)

Do dé «a, # la nghiém cta hé

4a + 68 =0
—2a — 338 =0
6a + 98 =0
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Ba phudng trinh nay tuong duong v6i mét phuong trinh
2 + 38 = 0.

N6 c6 nghiém khong tdm thudng o = 3, g = -2

Vay ho {(4, -2, 6), (6, ~ 3, 9)} 1a phu thuéc tuyén tinh.
c) Xét

a (2, -3, 1) + B(8, -1, 5) + y(1, -4, 3) = (0, 0, 0),
tuc la
(2a +368+y, ~3a - -4y, a + 58+ 3y) = 0,0,0)

Do d6 «a, f, y 1a nghiém cta hé

2a+3/$+y=0
-3a —f —4y =0
a+58 +3 =0,
Hé nay cd dinh thuc
2 3 1
A=|-3 -1 —-4]| =35 =0,
1 5 3 ’

nén chi ¢ nghiém tdm thuong a = g =y = 0.
Vay ho vecto da cho la doc lap tuyén tinh.
d) Xeét

a (5,4, 3) + (3, 3, 2) +y(8, 1, 3) = (0, 0, 0),

tuc la

(ba + 38 + 8y, 4da + 38 + 9, Ba + 28 + 3y) = (0, 0, 0),

Do d6 a, B, y la nghiém cia hé

5a + 38 + 8 =0
4a + 38+ y =0
3a + 28 + 3y =0,
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