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Dé thi chinh thitc VMEO II1

Dé thi thang 10 danh cho THCS

Bai 1. Cho tam giac ABC (AB # AC). Lay mot diém P trong mit phang tam gidc sao cho
néu goi cac hinh chiéu cia P trén AB, AC lan lugt 1a C) va By thi:
PB _PC, AB PB _PB, AB

pr— pr— h 3
PC ~ PB,  AC 0%

PC  PC, AC’

Chting minh rang vé6i cach xac dinh d6 ta luon c6 dong nhat thitc LPBC+ /PCB = /BAC.

Bai 2. Chitng minh ring trong 39 s6 tu nhién lien tiép luon c6 mot s6 cé tong céac chit
s6 chia hét cho 12. Khing dinh con ding khong néu thay 39 béi 38 ? Giai thich cau tra 1i !

Bai 3. Ching minh bat ding thic sau véi cac s6 thuc khong am a, b, ¢ tuy §

A+ 4+ <V —be+ AN —ca+a +

+ Ve —ca+ a2 Va®—ab+ b2+ Va2 —ab+ b2V —be+ 2.

Bai 4. Tim s6 thuc o nhd nhat sao cho ton tai s6 thuc 3 dé véi moi bo ba sé thuc a, b, ¢ thoa
man 2006a + 10b+ ¢ = 0, phuong trinh az? + bz + ¢ = 0 luoén c¢6 nghiém trong doan [3, 8+ a].

Dé thi thang 10 danh cho THPT
Bai 1. Cho tam gidac ABC noi tiép trong duong tron tam O. Lay A; 1a mot diém trén
cung BC khong chita A sao cho dudng thing vuong goc véi OA tai A; cét cac duong thang
AB, AC tai hai diém va doan thing néi hai diém dé nhan A; lam trung diém. Cac diém
By, C; dugc xac dinh tuong tu. Ching minh rang céc duong thing AA,, BB, CC; dong quy.
Bai 2. Tim tat cd cic bo ba s6 nguyén (z,v, z) thoa man x? + 5y? = 2%,

Bai 3. Tim tat cd cac ham s6 f : R — R théa man f(z* + f(y) —y) = (f(2))%

Bai 4. Ching minh ring trong tap tat ci cic dinh ctia mot da giac 16i bat ky luon ton
tai ba dinh ma tam gidc duge tao thanh tit ba dinh nay ¢6 chu vi 16n hon 70% chu vi da giéc.
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Dé thi chinh thitc VMEO II1

Dé thi thang 11 danh cho THCS

Bai 1. Cho da thic P(x) = z* + 23 + 322 — 6z + 1. Tinh gia tri P(a? + o + 1) trong

do:
3/1—|—\/_ 31—

Bai 2. Cho tam giac ABC c6 duong tron noi tiép 1a (I) lan lugt tiép xic véi cac canh
BC,CA,AB ¢ D.E;F. Lay M 13 mot diém ndm trong tam gidc. Chiing minh ring diém M
nam trén duong tron (I) khi va chi khi trong ba s6 \/AE.S(BMC),\/BF.S(CMA) va
\VCD.S(AMB) c6 mot s6 bing tong hai s6 kia (S(XY Z) chi dién tich ctia tam gidgc XYZ).

Bai 3. Cho p 1a mot s6 nguyeén t6 c6 dang 4m + 1 (m € Z). Chiing minh réng s6 216p®
khong thé biéu dién dudi dang x> + y> + 2% véi z,y, 2 € Z.

Bai 4. Trén luéi nguyén vo han, 6 vuong don vi véi bon dinh c6 toa do (m,n),(m — 1,n),
(m—1,n—1),(m,n—1) (m,n € Z) dugc goi 1a 6 (m,n). Bay gio ta lan lugt thyc hién cac
bude "dich chuyén bi" theo mot trong hai quy tic sau day:

(i) Lay di mot vien bi 6 6 (m, n) (néu c6), sau dé bé vao cac 6 (m—1,n—2) vd (m—2,n—1)
moi 6 mot vién

(ii) LAy di hai vien bi 6 6 (m,n) (néu c6), sau d6 bé vao cac 6 (m+1,n—2) va (m—2,n+1)
moi 6 mot vién

Gia stt ban dau c¢6 n vien bi § cac 6 (1,n), (2,n —1),...,(n,1) (mdi 6 c6 mot vien). Hoi rang
c6 thé hay khong thé thiyc hién hitu han cac bude "dich chuyén bi" dé cho hai 6 (n+1,n) va
(n,n + 1) déu c6 bi.

Pé thi thang 11 danh cho THPT

Bai 1. Trong mot cudce thi ¢6 11 thi sinh tham gia gidi 9 bai toan. Sau khi két thiic cudc thi
ngudi ta thay rang cit hai thi sinh bat k¥ thi gidi chung v6i nhau khong qua 1 bai toan. Hay
tim s6 nguyén duong k 16n nhat sao cho mdi bai toan déu c6 it nhat k thi sinh giai dugc.

Bai 2. Cho hinh thang can ABCD, c6 day l6n CD, day nhé AB. Xét M la mot diém bat ky
tren canh AB va (d) 1a duong thing qua M va vudng goc véi AB. Hai tia Mx va My goi la
thod méan diéu kien (T) néu nhu ching déi xing véi nhau qua (d) va lan lugt cat hai tia AD
va BC tai E va F. Tim quy tich trung diém doan EF khi hai tia Mx va My thay doi va thoa
man diéu kién (T).



Bai 3. Cho z,y, 2 la cac s6 thuc khong am c¢6 tong bang 1. Chiing minh ring:

Ve —y+2+y—z24+a34+Yz—z+y3< 1.

Bai 4. Cho trudc s6 nguyén a 16n hon 1. Goi p1 < pa < ... < py 1a tat cd cac ude sd nguyen

td clia a. V6i moi s6 nguyen duong n ta dinh nghia:

( a2n

Coln) =, Crlm) =5 ., Culo) =
1

ar

i
A=a’>+1

T(n) = A%M 1

M(n) = BSCNN (a?2, AC1(W) — 1, A% 1)
_ T(n)

- M(n)

N

Chtng minh rang diy sd A;, As, ... thod man tinh chat:
(i) Mdi s6 trong day déu la sd nguyen 16n hon 1 va chi c6 cac wée nguyen t6 dang am + 1.

(ii) Hai s6 khac nhau bat ky trong diy déu nguyén t6 cling nhau.
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Dé thi chinh thitc VMEO II1

Dé thi thang 12 danh cho THCS

Bai 1. Cho tam giac ABC va mot diém K bat ky. Cac duong thang AK,BK,CK cit cac
canh déi dién ciia tam giac lan lugt tai D,E,F. Duyng ra phia ngoai tam giac ABC ba cap tam
gidc dong dang: hai tam gidc BDM,DCN trén hai canh BD,DC, hai tam giac CEP va EAQ
trén hai canh CE,EA, cudi cling 13 hai tam gidc AFR va FBS trén hai canh AF,FB. Cac duong
thang MN,PQ,RS cit nhau tao thanh tam gidc XYZ. Chitng minh ring AX,BY,CZ dong quy.

Bai 2. Tim tat ca cac bo s6 nguyén duong (m, n) théa man m? = \/n + /2n + 1.

Bai 3..Ching minh ring véi moi sé nguyen duong n ta c6 ddng thiic phan nguyén sau:

2 3

il : [_ 1+/8¢+(2p—1)?2] _ n(n+1)(n+2)

Bai 4. Day nhi phan A = aya,...a;, dudc goi 1a ddi xting néu a; = apy_; véimoii = 1,2, ..., k.
Khi d6 k dugc goi 1a do dai cia A. Néu A = 11...11 hoac A = 00..00 thi A dude goi la dic
biét. Tim tat ci cic s6 nguyén duong m,n sao cho ton tai cac diy ddi xing khong dic biét
A (do dai m) va B (do dai n) ma khi xép ching canh nhau ta dugc diy nhi phan AB ciing
doi xiing.

Dé thi thang 12 danh cho THPT

Bai 1. Cho dudng tron (O) va mot diem P nam ngoai duong tron d6. M la mot diém
chay trén duong tron (O). Duong tron tam I duong kinh PM cat duong tron (O) lan nita tai
N. Tiép tuyén ctia (I) tai P cdt MN tai Q. Duong thang qua Q vuong goc véi PO cit PM tai
A. AN cit (O) lan nita tai B. BM cit PO tai C. Chitng minh rang AC vuong géc véi OQ.

Bai 2. Do thi day da n dinh 1a mot tap hop gom n dinh va cadc dinh d6 duge ndi véi
nhau doi mot bdi cac canh. Gia sit do thi c6 n dinh Ay, As, ..., A,,, chu trinh 13 mot tap hop
cac canh c6 dang A; A;,, Ai, Ay, ooy Ai, Aiy VO Gy, 00, .y iy € {1,2,...,n} d6i mot khéc nhau.
Ta goi m 1a do dai ctia chu trinh nay. Tim s6 nguyén duong n nhé nhat sao cho véi moi cach
to mau tat cd cic canh ctia mot do thi day dt n dinh, mdi canh t6 bdi mot trong ba mau
khac nhau thi luon ton tai mot chu trinh c6 do dai chin cling mau.

Bai 3. Cho bon 6 thuc duong a, b, ¢, d thoa man (a+b+c+d)(1/a+1/b+1/c+1/d) = 20.
Chiing minh rang:

2 bQ 2 d2 1 1 1 1 > 36

(@ +b0"+c + )¥+b_2+c_2+ﬁ > 36.

Bai 4. V6i mdi s6 nguyen duong n ky hiéu a, /b, 12 dang t5i gidn cltia phan s6 1+1/2+...+1/n.
Chitng minh réng v6i moi cip s6 nguyen duong (M, N) ta luon tim duge s6 nguyén duong m
ma (a,, N) =1véimoin=m,m+1,...m+ M.

Han nhan bai 20/1/07




