Chuong 01 :
HS & PHUONG TRINH LUONG GE

HAM SO LUONG GIAC

Ly thuyét

1. Pinh nghia ham sé luong giac

Zgbinh nghia:

«  Ham so sin la quy tac dat twong ing moi so thuc X vdi sé thuc
SINX, ky hiéu Y =sinx
«  Ham so cos la quy tac dat twong img moi s6 thuc X véi so thuc
COSX | ky hiéu Yy =00sXx.
« Ham so tan la ham s6 duoc xac dinh bdi cong thitc:
_sinx p
Y= 05X vsi kao(keﬂ, ky higu Y =X,
« Ham so6 cotan la ham s6 duoc xac dinh bdi cong thirc:

y_OOSX (k )
sinx yoi XM (KEE) 1o pigy Y=00tx,

(1) TAp x4c dinh ctia ham s§ Y =X vy Y =00SX 15

_ D=i\
y=tanx iy

Pk (kee )}
(2) TAp x4c dinh ctia ham sé |2

D=i‘x{k0(k5¢1-

L (3) Tap xéc dinh ctia ham s6 Y =X 13 )

2. Ham so chan, ham sé Ié, ham s6 tuan hoan

ZgHém s6 chan - ham sé 1é:
y=r()

Ham so6 duoc goi la

« Ham sé chdan néu YX€D ta co -XED vy f(-x):f(xj.
- “en e MeeT ;e . XY= F(X)
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ZgHém s6 tuan hoan:

L~ v=fKx)

Ham so6
YXED ta ¢6:
1) x+TeD yy x-T€D

@ T =),

duwoc goi 1a ham s6 tuan hoan néu tén tai s6 T #0 sao cho

S6 T duwong nho nhat théa méan céc diéu kién trén (néu co) duoc goi la chu

ki cia ham so6 tuan hoan do.

(1) Ham s¢ ¥ =SI0X
y =tanx

(2) Ham so

va Y =X 14 cdc ham s6 tuan hoan véi chu ki 2P.
va Y=OUX 15 cac ham s6 tudn hoan véi chu ki P.

3. Do thi & tinh chat ham sé y=sinx va y=cosx

Ham sé Y =Sinx Ham s Y =X
Quy tac dat twong Gmg moi soé thuc | Quy tac dat twong irng moi sé
. X v6i SN chia géc luong giac c6 s6 | thuc X voi Cosxcua goc luong
1. Dinh do X radian duoc goi 1a ham s¢ sin | J14€ €9 59 do * radian duoc goi
nghia: la ham s6 €0S,
 pia. Y =00SX
» Ki higu ¥ =SIDX > Kihigu ¥ '
2. Tap xac _. _.
dinh: D =i D =i
3..Tgp gia [_ 1;1] [- 1;1]
tri:
4. Tinh chat La ham so 18é. La ham so chan.
5. Chu ky Chu ki 2p. Chu ki 2p.
Ham so6 i Ham so )
+ Dong bién trén moi khoang + Dong bién trén moi khoang
_§+1{2p;g+kﬁp‘ (-p+k’3p;k’3p}. .
6. Pon diéu | - = I, + Nghich bién trén mo6i khoang
+ Nghich bién trén moéi khoang (kep;p+k2p)
P 3p | '
I5+k‘zp,?+k‘zp |
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x
7. D6 thi z
Y = cosx
?c
Yy = sinT
cosX =-1= x=p+k2
sinx:—lmx:—gﬂap T XEPEER
2 P
P : osXx=0= X ="+
8.lea' Atn sinx =0 < x =kp o > kp
dac biet ' cosx =l = x =k2
sinx:lmx:gﬂap - —Iep.
4. Do thi & tinh chat ham sé y=tanx va y=cotx
Ham sé Y =@Anx Ham sé Y =0
Ham s6 tan la ham so duoc xac Ham s6 cotan la ham s6 dwoc xac
) dinh bdi cong thic dinh bdi c6ng thic
L. Dinh —Siﬂ(msx =0) =X (sinx 20)
nghia: y_CDSX y_sinx
» Ki hiéu y =tanx, » Ki hiéu y =cotx,
2. Tap xac I, | _ |
dinh: D=\ E+RD;RE¢J D =j 1".|li‘;10;li‘1€":t|
3.'T(_'ip gia [_ 1;1] [_ 1;1]
tri:
o Tinh chat La ham s6 18. La ham s6 18.
am
5. Chu ky Chuki P. Chu ki p.
6. Don dieu | Ham so6 dong bién trén moi khoang | Ham s6 nghich bién trén moi
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egCéc dang bai tap

1 Dang 1. Tap xac dinh

— ’;# P!u,ro'ng )

Tap xac dinh ham sé lwong giac co ban:
y =sinx;y =0osx

» Ham sO c6 tap xac dinh la i .
P |
_— | lll'- _+’L;D.rkE¢
» Ham s6 Y =X o4 tap xac dinh la 2 [ .
i \|ko.keg

» Ham s6 Y =X ¢4 tap xac dinh la
Ngoai ra con c6 cac dang:

y=f(0 LW
N QM) 1., g Q(x) =0

L, Y =f(x) =3QiQ(X) ey Y =f(x) 6 1ot Q(x) =0

P(x)
y=Ff(x)=
A0(x) . . 0(x)>0
_ &
{ Vi du 1.1
" Tim tap xac dinh cua cidc ham so sau:
_Sm3x+1
(1) ¥ =sinax @7 Xl
2025
=C0S
(3) Y =00SVX+2 @’ 3- X

o Loi giai
(1) Y =Sin4x
Ham s6 x4c dinh v6i moi s6 thuc X nén ham sé cé tap xac dinh D =i .

=Sin4x
2) _V

Ham s6 x4c dinh khi X - 1#0= x#H
— v |l
Tap xéc dinh D=i \'-il-'.
I3x+1
@ Y "X

Ham sé xac dinh khi X+2=0s x=-1
:[-2;+0C)

Tap xac dinh D
=(0SyX+2
@) y

Ham s6 x4c dinh khi 3- X>0= x<3
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Tap xac dinh D =(- m"3).
4 Vidu1.2.
Tim tap xac dinh cua cac ham s6 sau:
y =tan x+p‘ y:mt[x—g‘
(1) @) L3
o Loi gidi
y =tan x+p‘

(1)

005
Ham s6 xac dinh khi

' p'| p p p
X+= | #0e x+=#—+kpe x == +kplke
4. ;75 the n ko(ke ¢)

D =j
Do d6 ham so6 c6 tap xac dinh

P, 1

@) y:mt[ N g‘

sm[ P ‘ £0e X- —;tﬂ«;Om x=2 +.i4;o(ke¢)
Ham s6 x4c dinh khi 3)
D =;
Do d6 ham so c6 tap xac dinh

P, |
\ E kp(kEft)J-

“4Vidy1.3.

Tim tap xac dinh cua cac ham s6 sau:
y= tan2x +mtl 3x+ ‘
)y =/3+2c0sX ©) snx+1
y= tan 5x V= sin x
2) sin4x- cos3x (4) sin’ x- cos’ x

o Loi gidi

(1) y =+J3+2C0O5X

3
] 3+2008X 20 = COSX2- = '
Ham so6 xac dinh khi = (dang YXE€i ), vi
-1=cosx =l, ¥xei

Suy ra tap xadc dinh 1la D =

_ tan2x +Dcnt[ 3x+—‘
) Cginx+l
(sinx #=- 1 x;e_i_).g.k;}p
sin(3x+%];&£}ﬁ - p+E

Piéu kién: 18 3

»> TOAN TU TAM m



Chuong 01
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Vay TXD: - 3 J
_ tansx
@) Y = dnax- cosix
sin4x- cos3x =sin4x- sin| P - 3x‘ =2 008 E+E‘SIII[T—-E‘
Ta co: | 2 . 2 4 4
)
cos5x =0 X;EE""!{_
1 cos §+E‘ =0 m-x;&‘:—hhﬂp
2 o
P X;t—£+—
o 5111[—4- ‘ | a7
biéu kién:
D=\ £+E:E +k2p,- £+@]
Vay TXD: 10 52 14 7 |
y= sin x
(4) ~ sin’ x- cos’ x
_ sinx _ sinx _  sinx
©§in’x- c0SX - 00S2X  00S2X

o Ex;&EH«;ocr X#=T 4+ —
2 4 2

i

Ham s6 xac dinh = cos2x #0

—+$|RE ¢}

Tap xac dinh cua ham so
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0 Dang 2. Tinh chan - 1é

- P

» Pinh nghia: Cho ham s6 ¥ :f(X)XéC dinh trén D
Ham sé chdn néu YX€D ta c6 -X€D va Vxe D .

»

» Ham s6 16 néu YXE€D taco -X€D vy ~ X E D

» D€ x4c dinh tinh chan Ié ctia ham s6 ta thuc hién theo cac buéc sau:
» Bwoc 1: Tim tap xac dinh D cta ham s6, khi dé:

+ Néu D 1a tap déi xing (tic la XD = -XeD) ta thuc hién tiép budc 2.
+ Néu D khong la tap déi xing (tic la XED 1y -xgD ), ta két ludn ham so
khong chan cling khong 1é.
» Buéc 2: Xac dinh 1, khi d6:
+ Néu fex)=f(x) két luan ham sé la ham chan.

o N6 FE9= 0 1t 1uan ham s6 13 ham 16,

+ Ngoai ra két ludn ham sé khéng chan cting khéng 1é.
» Chu y:
® Véi cac ham so lugng giac co ban, ta co:

1. Ham s6 Y =5X 13 ham s6 18. 2. Ham s6 Y 5% 134 ham s6 chan
3. Ham s6 Y =X 13 ham s6 18. 4. Ham s6 Y =P 13 ham s6 18.
@ CoOng thirc lién quan dén viéc xu li ddu “ -

[sin(- x)=- sinx
f.

f cos(- x) =cosx
‘»ﬂ tan (- x) =- tan x

: \ -x) =-
1. Cong thirc hai cung doéi nhau: “-mt( X) =- cobx

» [x khinm
(-x)' = ,
- ¥l =l vl lrhi m K
\

4 Vidu 2.1.
Xét tinh chan 1é cia cdc ham so sau:
_1+sin®2x
(1) _}?:3DJSX+51I1' X (2) V= 1+ DS 3y
o Loi giadi
(1) Y =3cosx +5in” x
Ham s6 c6 tap xac dinh D =i .
Liy X€i tacé “XEi va y(- x) =300s(- x)+sin’ (- x) =3 cosx+ sin’ x :y(x).
Do d6 ham so la ham chan .
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_l+sin®2x
2) | +00s3X

, 0S3Xx #- 1 = 3Xip+k’lp~=rXi + (kect)
Ham s6 xac dinh khi 3
( k2
D=j\ E+—p(ke¢)}
Tap xac dinh (3 3

Ta thdy néu X€D = cos3x#-1 ma cos(- 3x) =c0s3x= oos(-3x) #-1= -x€D

I+sin® (-2x) 1+sin®2x
(—X = = = (X}
l+cos(-3x) 1+cos3x

Khi d6 !
Do d6 ham sé la ham chan .
"
¢ AVidu 2.2.
' Xét tinh chan 1é cua céc ham sé sau:
(1) y=2xsinx ©) y =00SX + Sin 2x.
_ 0s2X
3) V= x @ y =tan’ 2x.sin5x.
o Loi giai

() y=2xsInx

Tap xéac dinh: D =i 1a tap d6i xing do d6 vxeD = -xeD (1).

Dt y=f(x) =2xsinx.

o, XD f- x) =2(- x)sin (- x) =2xsinx = f(x) (2).
T Dy @

(o) Y =00SX+ sn2x.

ta két ludn ham so da cho la ham so chan.

Tap xac dinh: D =i la tap déi ximg do dé ¥xeD= -xeD.
= = in 2
Dit y = f(x) =cosx +sin2x.
x=Pep=-x=-Pep
Xét 3 3

+sin

2p J_f[p‘ ms[p

f{ p ‘ —msP +smT _—+_

5
Ta thay /

E‘; _E"

"p" 1 B
3|

2

bt |

nén ham s6 da cho khong la ham s6 chan

Va 3] nén ham s6 da cho khéng 1a ham sé 18.
_ 00S2X
(¢ X
—. v Inl
Tap xac dinh: D=i\jo 14 tap d6i xtng do d6 WweD=-xeD.
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() :cos(— 2x) __cos (2x)

, WxeD. -X
Ta co :

Do dé ham s6 da cho 1a ham so 1é.
WYy =tan’ 2x.sin5x.

=- f(x).

Tap xac dinh: - 1a tap ddi xtmg do d6 "XEDP = ~X€D.

y =f(x) =tan’ 2x.sin 5x.

weD, f-x)=tan’ (-2x)sin(- $x) =tan’ (2x)sin(x) = f (x).

bat

Ta co
Do d6 ham so6 da cho la ham s6 chan.

gk <y | )
Do6i khi nguoi ta con phéat biéu bai toan dudi dang:
e A =2x5i
» Vé6i cau (1) ¥ ==XSIX,
. . A ope s ~ Y=2Xsinx _, . ; P
Chung minh do thi ham so nhan truc tung lam truc doi xung.
 00S2X
» Voi cau (3) X
_ 00S2X
Chirmng minh doé thi ham sé X nhdn géc toa do lam tam doi xing.
» DO thi cia ham s6 1& nhan nhén géc tea dé lam tam doéi ximg.
L » DO thi ciia ham s6 chan nhén nhén truc Oy lam truc doéi xirng. )
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0 Dang 3. Tinh tuan hoan

(1)
(2)

\

1‘7 \
i Pong ) ~
» Tinh tuan hoan ham sé luong gidc co ban:
Ham s6 Y 73X 3 Y =C0SX 15 c4c ham s6 tudn hoan véi chu ki 2.
Ham s6 Y =@0X gy V=00UX 15 46 ham s6 tudn hoan véi chu ki P.
» Cac két qua co thé ap dung:
T=2P
. . y=Asin(ax+b)(Aa=0) . . . . ld
Ham so6 y ( ) ( ) la mot ham s6 tuan hoan véi chu ki M
T =2P
. . y=A.coslax+b) (Aa=0). . .. .. .. . .. . ld
Ham so y ( ) ( ) la mot ham s6 tuan hoan véi chu ki ‘[‘1
(ax+b) (Aa=0) T
. cy=A.tan(ax+b) (Aa=0) . . .. . . . N
Ham so6 y la mot ham s6 tuan hoan véi chu ki M
(ax+b) (A.a=0) T
. . V=A.ocot(ex+b) (A.a=0) . . .. e A . N
Ham so6 y la mot ham s6 tuan hoan véi chu ki M
Néu ham s6 ¥ =) chi chtra cdc ham s6 lwong gidc c6 chu ki 1an luot la
ToT.wT, thiham s6 [ cochuki T 1a boi chung nhoé nhat cua ToT,T,
Néu ham s6 7 =) tuan hoan véi chu ki T thi ham s6 ¥ :f(ﬂ+c(c la hang

pham:

Ham so

SR < | )

~y=f(x)

Mot so6 ddu hiéu nhan biét ham so khoéng phai la ham tuan hoan

y:f(x)

khong phai la ham tuan hoan khi mot trong cac diéu kién sau bi vi

(1) Tap xac dinh cua ham s6 la tap hitu han.
(2) Ton tai s6 a sao cho ham sé khong xac dinh véi X>4d hoac X<4a,
)

f(x) =k

(3) Phwong trinh c6 nghiém nhung s6 nghiém hitu han.

(4) Phuong trinh )=k c6 vO s0 nghiém sap thi tu:
\_ =¥ ¥ < Cx-x I=o0. Y,
sl
4 Vidu 3.1.
Tim chu ki (néu c0) cua cac ham sé sau:
(1) y =I- sin5x ©) y =cos® x- |
2] (2 |
- FZSIHEX.‘ .mslgx.‘ @ y =cosx+cos(v3.x)
_ o Loi giai
(1) ¥ =]- sin5x
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. T =2P
Ham s6 ¥ =1~ 510X {441 hoan va c6 chu ky 5.,
©) y=cos x- |
o0s2x- |
y=008"X- | =———— T
Ham sO < tuan hoan va c6 chu ky 2 =P,
5 )
y =sin ‘ .C0S x‘
3 3
P P o
y =sin ix‘,ms ix| :és'm[ ix‘ T, _3p
Ham s6 L5 ) 5 2 15 "tudn hoanvacéchuky -~ 2.
@ y :msx+ms(ﬁ.x)
cosx +oos 3 x . .
Ham s6 V= ( ) khoéng tuan hoan
y= , \ =cos(V3.x) \
Vi ta ¢6 ham s6 Y =X ¢ chu ky =2P v ham s6 y= ( ) co chu ky
_p

2p
T = T, =
\/_ nhung khong ton tai boi sé6 chung nhd nhat ctia 11 =2Pyy V3

4 Vi du 3.2.
Xét tinh tuan hoan va tim chu ki (néu cé) Cﬁa hém sO sau:

—cos? x- 1 y =sin ‘ .00S —x‘
(1) ¥ =905 X ) 3
. - J )
3 y:ani};_ 11 @ y—IIIS X+.
o Loi giadi
(1) y =cos” x- |
2 1+ 00s82X 1 1
y =008’ X- | =————- 1 =-00S2x- .

Ta bién déi:
. . ~v=A.coslax+b) (A.a=0) . . .. v A . . .
Ap dung: Ham so y ( ) ( ) la mot ham so6 tuan hoan voi chu ki

T :‘2;
2
f T :_'D :p
Do dé ’ 13 ham so tuan hoan véi chu ki 2
y =sin —x‘ .COS Ex‘

)

,
y =sin |n::|:-s5

Ta bién doi:
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. y=A.sin(ax+b) (A.a=0)

Ap dung: Ham sé la mét ham sé tudan hoan voi chu ki
T :‘%’?
T=-2P _5P
_[4, =3
H

Do dé f la ham s6 tuan hoan vdéi chu ki

) VY =C0SX+ ms(-ﬁ.x)

Gid str ham s6 da cho tuan hoan= co6 s6 thuc dwong T thda :
flx+T)=f(x) = cos(x+T)+cosy3(x+T) =cosx+cos3x

cosT =l T =2
x=0= cosT +cos+f3T =2 = = P =3 =
cosA3T =l BT =2np n ..
vo i,
mned¢ = EI ]
Do N la sé hiru ti.

Vay ham s6 da cho khoéng tuan hoan.
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0 Dang 4. Gia tri I6n nhat - nhé nhat

)

7 LA .7 9 > N ~ =gj V= A N - 1,1 s N =
» Ta co tap gia tri cua ham so6 Y=smxy=008SX g4y 1a [ ] ,tac la !
Tl d6 ta c6 cac hé qua sau:

0 <|sinx| <l |D <gin? x <l 0 =ysinx <1
0 =|cosx| =1 :

() | | ©) 0 =cos” X =1 ) 0 =ycosx =I
I, t.,1
_ . ... a<P(xX)<b .. a" P(x)"h

4 Vidu 4.1.
Tim gid tri 16n nhat va gia tri nho nhat cta cidc ham sé sau:
=4 - 3s] =-2lsinx
(1) ¥ 4- 3sin5x @) ¥ jsinx|
- p P
=sinx,xe|- =;&
) y:ﬁ51n2x+m53x+l ) y 4 4‘

o Loi gidi
(1) y =4- 3sin5x
Ham sé cé tap xac dinh D =i .
Tacéd | =sinx=le -3 <-3sinx=3 e -3+4 =4-3snx <3+4 = 1<y =7

maxy =7 < sinx =- 1= X =- E+k‘zp(ke¢)
Do do: 2 .

min y =1 = sinx =1 = x :g+k2p(ke¢)

0 V= 2|sinx|
Tap xéc dinh: D =j .

Ta 6. 0 </sinx| <l = D::—2|sinx|:_=—2 =3zy=l

., s . N ginx|=0< sinx =0 = x=kp,ke

Vay gi4 tri 16n nhat ctia ham s 1a 3 [sinx =0 = x=kp,keg .
o = [sinX=l= cosx=0 X :§+kp;ke¢

Gia tri nho nhat cua ham soé 1a 1 2

@ Y =J2sin2x+ c0s2x +1

2

. . 1
y:1.1"551112%.+n:|:|52}:+|:«,J"E.T —Sin2x+—co0s2x| +1

3 3

sina :L;msa :£§(a c(0.p))

Dit 3 3

Ta c Y =3 (cosa sin2x+sina cos2x)+1 =3 sn(2x+a)+1

Ta co:
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-1=sin(2x+a) =l -3 =3sin(2x+a) =3 = -3 +1 =f3sin(2x+a)+1 =3 +1
/ = . . 2 =1
Do d6: MY |+‘E dat duoc khi sin(2x+a)
SR in(2 —-
miny =1- 3 dat duoc khi sin(2x+a) =-1 .
y =sinx,xe ey E‘
Ham so y:sinxdang bién trén khoang (-pip) nén
Xe E;E = sm p‘{ﬂnx ﬂsm‘g‘ﬁ - £€y{£
Véi T
bl
Do d6 2 dat dwoc khi = 4; 2 dat duoc khi 4
{ Vidu 4.2
' Tim gid tri 1é6n nhat va gia tri nho nhat cua cac ham so sau:
() y=-2sin’ x+3sinx- | ©) V=008 X + 2sinx+2

o Loi giai
(1) y=-2sin’ x+3sinx- |
. t| <1 ., —_ 22 -
bat smx=tq ‘ ) ham s6 c6 dang: ¥~ 26 +3t- 1

Xét ham s6 Y =28 +3t- 1 an [- 131] , ham s6 ¢6 BBT nhu sau:

3
t_ -1 1
1
8

Gi& tri nhé nhat ctia ham s6 bang -6 < t=-1 tic 13 sinx =-1

1 3 . 3
o . o — eot== o sinx=-—
Gié tri 16n nhat cia ham s6 bang 8 4 tic la 4

() ¥ =C0S X + 2sinx+2

Ham s6 duoc viét lai thanh V=" Sin’ x+28inx+2 =- sin” x+2sinx+3
t=dsinx ([t| =l Ly =-f A -1 ,
(| | ) xét ham s6 ¥ = L +2t+3 trén [ 1’1] c6 BBT nhu sau:

o —1 1 +oo

bat

Nhin vao BBT ta thay:
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5 Gia tri nho nhat ctia ham s6 bang 0 = t=-1 tc SInX=-1
® Gid tri 16n nhat cia ham s6 bang 4 = t=1 e 1a SInX =1,

Tai liéu duoc chia sé boi Website VnTeach.Com
https://www.vnteach.com
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