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daing tam giauc lag moat vaan nea khoang moui, chu
uc sauch trean tho trééegng voui nhieau tauc giad kha




chuung toai thaay cauc tagi lieau nagy trinh bagy chda chaét ched vag khaui quaut,
choéa fi saau vago phodng phaup thieat ladap fea toaun.

VOui bagi tiedu luaan nagy chuling ta mong raeng sed fioung goup moat soa
kiedn thouc fied giali bagi toaun nhaan daing tam gialic vag ph66ng phaup ra fiea
cho daing nagy.

Bagi tieau luaan culla chuung toai goam:

Choébéng 1: Nhaan daing tam giauc caan
Ch66ng 2: Nhaan daing tam giauc vuoang
Choong 3: Nhaan daing tam giauc fAeau
Ch6ong 4: Nhaan daing tam giauc khauc.

Trong moai choéng chuung toadi fieau fida ra moat sod vi dui Aiean hinh cho
phodng phaup giali, Acoang thoégi cou mbél roang vag nhaan xeut, cuodi moai
choong lag phténg phaup ra fiea cho daing toaun fou.

Chuung toai xin Aiddic tol 16gi caum 6n chaan thagnh fiean thaay giauo D66ng
Thanh Vyd cugng moat soa bain |6up s6 phaim Toaun K29 Tr66eng Naii hoic Quy
Nhon.

Vi thégi gian vag khall naéng cou hain nean bagi tiedu luadn nagy chaéc chaén
cou nhieau sai xout vag hain ched. Chuung toai raat mong nd6ic s6i Aoung goup yu
kiedn xaay doing vag phea binh cula fAoac gial.

Nhoum thoic hiean
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Moat soa hea thouc 100ing trong tam
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| |
giauc
. . . 4 A C
sin 4 +sin B +sin C =4 cos —cos—cos—
2 2 2
sin2A4 +sin2B +sin 2C =4sin A.sin B.sin C
rg1£+tg2£+ralg— tgérgé— tgérgg— tggraé =0
) 2 2 T 2 2° 2 2° 2 2° 2

cos A+cosB +cosC :1+4sin§sin§sin%

tan 4 + tan B + tan C =tan 4.tan B.tanC (AABC khoang lag tam giauc vuoang)
cot anA.cot anB + cot anB.cot anC + cot anC.cot and =1

A B B C C A
tan —.tan — + tan —.tan — + tan —.tan — =1
2 2 2 2 2 2
Co tané + Co tanE +Co tang =Co tané.Co tanE.C’o tang
2 2 2 2 2 2

2 2 - 2 ~ Ve .\ A . .
Cotan 4 :bJ';:—S“ (Naung théuc hagm Coasin suy roang)

Moat sod baat fadng théuc 166ing trong tam giauc:

1.

2.

8.
0.

cos A+ cosB +cosC S%

. A. B . C 1
Sin —sin —sin — <—
2 8

1
cos A.cos B.cosC <—

8
.2 .2 .2 9
sin® A+sin” B +sin CSZ

343

. sin4d+sinB+sinC ST

C 33

A B
. COS—+CcoS—+Ccos— <——
2 2

2 2
. A . B . C 3
Sin — +Sin — + sIn — <—
2 2 2
tan£+tan§+tang 2\/5
2 2 2

cotanA + cotanB + cot anC 2«/5

Daau baeng xaly ra trong cauc baat fAaldng thouc trean < AABC feau.
Vieac chéung minh cauc bAt nagy xin dagnh cho bain fioic.

CHOONG 1: NHAAN DAING TAM GIAUC
CAAN



- Cauc bagi toaun thuoac loaii nagy cou cauc daing nho sau: cho tam giauc AABC
thoall madn moat Aieau kiedn nago fiou, thodeng lag cho dodui daing hea thouc.
Hady chéung minh AABC caan.

- Phadi 16u yu tinh fiodi x6ung culia bagi toaun fiea Aonh hodung cauc phelp
biedn fiodi. Chaling hain caén taii C thi tadp trung vago chéung minh A=B.

- Cauc bagi toaun vea nhaan daing tam gialic caan cou thed chia thagnh 2 loaii
chinh nho sau:

LOAII I: SOU DUING CAUC PHEUP BIEAN NOAI NAUNG THOUC
Tog gial thieat Ai Aedn kedt luaan baeng cauch vaan duing cauc hea thouc
166ing trong tam giauic, calic codng thoéuc biedn fiodi 166ing gialc.
VD1:
A S1

Cho 4ABC thoada — g=2cosA (1)

sin
CM AABC caan
(1) = sin C =25sin Bcos 4

< sin C =sin(B + A) +sin(B - A)

< sinC =sinC +sin(B - A)

o sin(B- A)=0< A=B (vi[A-B|<x)

e AABC caan taii C.

NX: Tog (1) neau thay gouc C baeng gouc B thi ta fiédic 2 bagi toaun:

s%nB =2cos 4

Sln ~ N A -
[ sin B Aeau cho AABC caan tali

- =2cosC B

sin 4

T66ng toi neadu thay gouc C baéng gouc A thi ta nddic 2 bagi toaun:

sin 4

_ =2cosC .
S}ni fieau cho AABC caan taii
s?n =2cos B A

sin C

Nhé vady trong bagi toaun CM AABC caédn, nedu ta hoaun fiodi vo tri calic gouc
thi ta seb thu rnédic AABC caan taii cauc vo tri khauc nhau.
l+cosB _ 2a+c

VD2: Cho 4ABC cou sin B _m (1)

CM AABC caan )
Ta thady trong (1) chéua cal 2 yedu toa gouc vag cainh. Noai voui bagi toaun
nagy ta coll thed CM AABC caéan theo 2 calch
1. A=B
2. a=b
Tuy@ vago biedu thouc culia bagi toaun mag ta choin bieadn fiodi vea gouc hay
vea cainh sao cho thuaan I6ii hon.

Cauch 1:
(1) o (1+cosB )Z _(2a+c)2 - (+cosB ) _2a+c
sin’ B 4a* - ¢ 1- cos’B  2a-c

Aup duing Aonh lyu hagm Sin ta AG0GIC:

l+cosB _2sinA+sinC

1-cosB 2sinA-sinC

< 2s8inA- sinC+2sin Acos B - sinCcosB =2sin A+sinC - 2sin Acos B - sin Ccos B




< 4sin Acos B =2sinC

= Z{Sin(A + B) +sin(A4 - B)J =2sinC
& 2|sin C +sin(4- B)| =2sinC

< sin(4- B)=0= 4 =B

© AABC caan taii C

Cauch 2:
B
2cos’
(1) = 2 _ (2a +c)’
. B B 4a* - ¢*
2sin—cos —
2 2
1 /2a+c
& — =
2a- ¢
1g—

2B _2a- c . (p-c)p-a) :2a-c

S

2 2a+c p(p-b) 2a+c
2 _ _ 2 _ 2 _ _ 2 _
@b (c-a) :2(1 c@b (c- a) +1:2a € il
(c+a)y’ -b> 2a+c (c+a)’ - b’ 2a+c
o M= M o Qare)=(eray - b
(c+a) -b 2a+c
o 2ac+c’ =c*+a’ +2ca- b= b’ =a’
©®a=b < AABCcaantaii C
NN . S B
Chuu yu: Ta cou 73 :ﬁ :P-fgg
@tgﬁz S :Jp(p-a)(P'b)(P-C): (p-a)p-c)
2 p(p-b) p(p-b) p(p-b)

VD3: Cho AABC thoai singcos3§:sin§cos3§ (1)

CM AABC caan.

siné s.inE
2 2 A 5 A B . B

1)< = stg—(A+tg”—) =g—+tg”—) (*
ey A B gz( gz) gz( gz)()

COS — CcOos™ —

2

A B , A . B
= (tge—-te—)+teg” —- tg” —=0
(g2 gz) g 5ig 3

A B A A B B
= (tg=—-tg—)l+tg” = +tg—tgc—+1g”> =) =0
(g2 gz)( g S Higig S g2)

Vi 0<£,£<E:> tgﬁ,tg£>0
2°2 2 2 2
A A B A B
Nean ig—_—-1g— =0 _—=—
gz gz 2 2

< A =B < AABC caan taii C
NX: T62 (1) ta cou thea biedn fioai nhé sau
sinécosg(l - sin” E) :singcosé(l - sin” é)
2 2 2 2 2 2
Tiedp tuic chuyean vea vag fiaét théga soa chung ta fidoic:
A- B
=0
2
Cauch khauc:

sin




Tog (*) ta xeut f(x) =x(1+x*),x>0
f'(x) =14+3x*>0,Vx >0
= f lag hagm taéng trean (0,+x)

s 0 e o8

2 2
Chuu yU: Trong bawgi toaun CM tam giatic cadn ta thééeong gaép 2 vea culia bieau théuc
fiodi xéung. Trong tré66eng héip nagy ta cou thea s6d duing phé6ng phatp hagm soa
Tinh chadt: Nedu hagm f taéng (hoaéc gialim) trong khoaling (a,b)
Thi: fw) =fW)< u=v,Yu,ve(a,b)
VD4: Cho AABC thoiia: sin(B +C) +sin(C + A) - cos(A4 + B) :% (1)
Tam giauc ABC lag tam giauc gi ?

(1) < sinA+sinB+cosC _-3

< ZsinA+BcosA_ B+cosC:ﬁ
2 2 2

C
< 2c0S—CoS

+

2c0s? £ .- 1} _23
2 2

= 200522- 2cos£cosA_ 5,1

+—=0 (%)
2
2 A_ B 2 A_ B .2 A_ B
< CcOS”— - COS—cCOS + —cos + —sin =0
2 2
2
A- B 1. ,A-B
< | cos—- —cos + —sin =0
2 4
[ 1 A - B
<|COS2 -3 <o {COSC =1 < =120°
- =1 2 2 — { o o o
i - B o a4 =8B =30
S11m 2 A :B

NX: Ta cou thea dugng tinh chaat tam théuc baédc hai fiea nhaén daing fia giatc
nagy. Thaat vaay:

Naét ¢ :cos% €(0,1)

(*)= 2t - 2cos

1 A \ .
i+ =0 [uoan cou nghieam.

A =cos? 4- B

- 1= sin ﬂSO
2

Neén: A =0< sin - B =0<= A =B

A- B

Khi Aou: t =lcos =_— s cosg :l
2 2
< C =120°

VD5: Cho AABC thola maon hea théuc
atgB + btgA =(a +b)tg A+ vao C+ 90°(1)

CM AABC lapg tam giauc caan.




A+ B A+ B

< a(tgB- tg 3 )=b(tg - tg4)
. B-4 . B- 4
sin 5 sin
< 2Rsin A4 =2Rsin B.
(1) cosB.cosA+B cosA+BcosA
< sin 5- 4 (sinAcosA- sinBcosB) =0
o sin 2= A(sinZA- sin2B) =0

Cou 2 kha( naéng sau:

1)Nedu sin =0= B =4

2)Nedu sin2A - sin2B =0 = sin24 =sin2B (2)
Do C#90° > A+B #90° = 2A+2B # 180° vag hiedn nhiedn
0<2A+2B <360°% neantog (2) suyra 2A=2BhayA =B
Vaay trong cad hai tro6ang hdip ta feau cou AABC caan taii C
NX: Gial thieat C # 90° lag caan thieat vi nedu khodng cou nou thi tég (2) cou
thedm khal naéng 2A+2B=180° « C=90°, téuc tam giauc fiaé cho cou thea khoéng
caan mag chae vuoang taii C. Noui cauch khauc, nedau chae thoda madn fAieau kiean
A+ B
2
nhiedn AABC cou thea lag tam giauc vuoédng cadn taii C.

atgB +btgd =(a+b)tg

thi AABC hoaéc lag caan taii C, hoaéc lag vuoang taii C. D6

LOAII II: SOU DUING BAAT NAUNG THOUC
_- Khauc véui tam giauc fieau cou voa soa hea théuc “fieip” th6beang s60 duing

BNT fied chéung minh, nhédng heé thouc fieip culia tam giauc caan raat it.

- Cho AABC cou cauc cainh vag cauc gouc thoGa madn moat hea thouc:

F(A,B,C,a,b,c)=0

CM AABC caan taii C baeng BNT nho sau:

e Dugng BNT chéung minh F(A,B,C,a,b,c)= 0

e Dadu baeng xaly ra khi vag chae khi a=b (hoaéc A=B)

e Vaay F(A,B,C,a,b,c)=0 & a=b < AABC caan taii C

VD1: Cho a,b,c, lag hoa dagi 3 cainh cuila moat tam giauc

Bieat raéng 4p—a—b=\/cz+bc+ac+ab (1)

CM tam giauc trean lap tam giauc caan

M) o a2rb*C b =2 e aye+b)

< 2c+a+b =2\/(c+a)(c+Db)

= (c+a)+(c+b) =2 /(c+a)c+Db)

(2)

Aup duing BNT Cauchy cho 2 sod . c+b ta cou
(c+a)+(c+b)=2\/(c+a)c+b) (3)
Dadu “="xalyrae c+a=c+b - u=b

Ned (2) xally ra thi trong (3) xaly ra dadu falng théuc.

Touc lag a=b hay tam giauc fad cho lag tam giauc caan.

NX: Tég (2) ta hoagn toagn cou thea giadi theo catich thodng thééeng baéng
cauch lady binh phééng 2 vea, ta nodic:



[(a+c)- (c+b)]2 =0 c+a=c+b

* Calich ra fiea cho bawi toatin nhadn daing tam giatic baéng BNT Cauchy:
Too [ a=b
A=B

Ta biean fiodi 2 vea fiea fibéic moéat fiating théuc tééng riééng
Naét VT=a, VP=p. Aup duing BNT Cauchy cho 2 sod «, j
Taii vo tri daau “=" xaly ra ta néoic bagi toaun chéung minh AABC caan taii C
Téo bawi toaln fiolu ta col thea tiedp tuic biedn fiodi fiea fiddic 1 bawi toaun
phéuc taip hén dbéia vago calc phelp biedn rfiodi tééng fi6éng hay biedn fiodi
166ing giauc.
VD2: Cho AABC thoai maon hea thouc:

h, =\ p(p- a) (1)

CM AABC lapg tam giauc caan
25 _2{p(p- a)(p- D)(p- ©)

Tacou: &, =
a a
Do nou:
(1) - 2\/P(P' a)(:- b)(p- o) :m
= 2/(p- b)(p- o) =a (2)

Aup duing BNT Cauchy cho 2 soé: p-b, p-c

= 2(p-b)p-c) =(p-b)+(p- o)

= 2\(p- b)(p-c) =a (3)

Dadu “="xalyra ® p-b=p-ceb=c

Vaay tog (2) suy ra trong (3) xady ra dadu faung thouc, téuc lagtacoub =c <

AABC caan taii A.

NX: Nedu khodng atip duing BNT thi tée (2) < 4(p-b)(p-c)=a>

a+c-blla+b-c)

2 2

e (c-b)Y =0 c=b

VD3: Cho AABC thoai maon hea thouc:
4(sin B +2sinC) +3(cos B+2cosC) =15 (1)
CM AABC caan.

)= (@sin B +3cos B)+®sin C +6cosC) =15

Aup duing BNT Bunhiacopxki, ta cou:

4sin B +3cos B 5\/(42 +3?)(sin’ B + cos® B) =5

8sin C + 6.cos C <4/(8% +62)(sin> C + cos®> C) =10

Do Aou: (4sinB +3cosB) +(8sinC +6¢cosC) <15

=d’ o a’*(c- b)* =a’

=4

Z w__n A ] 6sin Z#+3cos B =S
Daau - Xauy ra <= |l 8sinC+6cosC =10
—4 — 3 sin B :i 4
sin 2B cos B cos B 3 —_ —_
g b . S = sinC __ 8 7i@th _th _5
sinC = cosC cosC 6 3

n :
Toa AABC caan taii A => B=C . Lady tg hoaéc cotg 2 vea
o [sinB _sinC™q

Gs tgB=tg C vOui b #0

— ’

cosB  cosC



>~ <°2% (a,b) cou thead thay baéng (A,B) sao cho

a
sin C = cos C b

<z _ H
- sin B  cos B :é
B

Aup duing BNT Bunhiacopxki cho calic sod  a,b, sinB, cosB

) vag A,B, sinC, cosC
Coang 2 BNT laii voui nhau, taii vo tri daau “=" xaly ra ta n66ic bagi toaun.
VD4: Cho AABC thoal maén hieau kiean.

Asin A ++/sinB =2 cos%

CM AABC caan
Aup duing BNT Bunhiacopxki ta cou:

(\/sinA +\/sinB)z <Y 2(sin 4 +cos 4) =4sin A;B COSA- B

2
© \Wsin 4 +\/sinB)2 §4cos%cosA;B

. C N
Vi cos sl,cos5>0nean

C A-B C .
4 cos S cos—— < 4cosE \Vaay +/sin 4 ++/sin B S2,/cos%

sin A =sin B
A- B -
2

Dadu “=" xaly ra = = A=B

CoOS
© AABC caan taii C 3
NX: Bagi nagy aup duing BNT Bunhiacopxki seb fibn giain hén lag cauch
biedn fioai fialiing théuc.
Cauch ra fiea to6ng toi : té6a 2 gouc baéng nhau, biedn foai fied fiddic 1

Ralng thouc tddng A6O6Ng. Naét VT = a

, VP = ¢
Aup duing BNT Bunhiacopxki cho 4 soa a,¢,b,#véui a,b lag cauc hea soa tuyg
yu tréduc ¢vag 4. Taii vo tri daau “=" xaly ra ta Ao0ic bagi toaun.

VD5: CM fhieau kiedn caan vao Auid nea AABC caén lao.
cos§+cosg =2cos15°, bieat C = 120°

Xeut f(x) = cosx trean (O,%), ta cou;

f (x) =-sinx, f "(x) = - cosx<0, Vx&(0,7/2)
Theo BNT Jensen ta cou:
22| A3l
2 2 ~ ~
f 2 >#
2

© CoS §+cos§ <2cos15°

4 u ” A A B
Daau “=" xauy ra < 25 A=B=30°

© AABC caan.
NX: Cauch ra nea:



TOw 2 golc baeng nhau, biedn fiodi fied A66ic 1 Aalng thouc t66ng AGONG.

Naét VT = a VP = 5.

Aup duing BNT Jensen cho 2 soé

@B @SB (1)

2 2
f(a;/ﬂ’)zf(a);f(ﬁ) (2)

e VOui (1) ta choin hagmf (x) sao cho cou Aaio hagm caap 2: f (x)>0, VxeD
e VOUi (2) ta choin hagm f (x) sao cho cou faio hagm caap 2: f (x)<0, VxeD
Sau fAiou thay hagm f vago (1) hoaéc (2) tddng dung
Taii vo tri dadu “=" xaly ra ta A606ic bagi toaun.
VD6: Cho tam giauc ABC cou I,= I.. CMR A ABC caan.
Aup duing coang thouc tinh A66@ng phaan giauc trong, ta cou:

2ac cos E 2abcos g
2 2

Ib= |c e —
a+c a+b
e a+tc 1 _a+b 1
ac B ab C
COS— Ccos—
2 2
1 1 1 1 1 1
. —B(;+;) _—C(_+Z) ‘ (1)
cos— cos—
2 2

Gial soU b # c, khi fnou ta cou
thed cho lag b>c. Tég fiou suy ra:

B>C => 90°>£>£>O=> O<cos£<cos£
2 2 2 2

1 1
—3 ¢ @2
COS— COS—
2 2

Do b>c=> 1+l 5 | (3)

1.1
a c a b

Tog (2) vag (3) suy ra:

1 1 1 1 1 1
—(—+)>——(—+—

B(a C) C(a b)
cos — cos—

- maau thuaan voui (1)

Vaay b=c = A ABC caan taiiA.
Chuu yu:76g [,= I.ta doi noaun b=c

Ta chéung minh baéeng phéong phaup phadn chéung




Déia vago BNT quan hed gibéa calic golc vag cainh.
as<b=<ce=A<B=<C

sin A4 =sin B =sin C cos A4 =cos B =cos

Zxzr A —rxz!3 —rxzC” —— < 7 | cot =z =cot @/ =cot e’

CHOONG 2: NHAAN DAING TAM GIAUC
VUOANG

So vOui nhédng loaii tam giauc khauc tam giauc vuoang cou moat soa tinh
chaat flaéc bieat nhd toang binh phédéng culia 2 cainh gouc vuoang baéng binh
phdong cainh huyean. Soa fio culla gouc vuoang baeng soa fio culia hai gouc cogn
laii. Tog xa x6a Pitago flad phaut hiedn moat dadu hieadu fied nhaan daing tam gialic
vuoang lag Aonh lyu Pitago. Trong phaan nagy chuung toai xin cung cadap moat soa
dadu hiedu fied nhaan bieat tam giauc vuoanag.

Ned nhadn daing tam gialc vuoang ta thééeng fida ved moat sod dadu hieiu

i

sau naay:
1.sinA=1 2.cosA=0 3.sin2A=0
4, cos2A = -1 5. tang =1 6. tanA = cotanB

7. sinA=Sin(B-C) 8. a2 = b? + ¢?

LOAII 1:SOU DUING PHOONG PHAUP BIEAN NOAI TOONG NOONG

Vi dui: Chéung minh raéeng trong AABC thoai maodn: sin’2A + sin’2B
+sin’2C = 2 (1) thi AABC vuoang.

Ta cou: sin?A + sin?B +sin?C =2+2cosA.cosB.cosC

cos A =0

To@ (1) suy ra cosA.cosB.cosC =0 < |cosB =0 < A4BC vuoang
cosC =0

Nhaan xeut: Nedu sin®A + sin’?B + sin’C =m,
Voui m = 2 thi AABC vuoang,

m < 2 thi A ABC tug,

m >2 thi A ABC nhoin.

Thaat vaay voui m<2.Tog (1) suy ra cosA.cosB.cosC < 0 = toan taii moat soa
trong 3 sod cosA, cosB, cosC beu hon 0. Suy ra, moat gouc phadi [6un hén 90° hay
AABC tug

VOui m>2 = cosA.cosB.cosC>0. Suy ra trong 3 soa cosA, cosB, cosC phadi cou
moat soa dodng hoaéc 3 sod feau dodng

- = O

. A - A cos
G|au sol o= s — O - BOC — s — 1 =mOO
- - —o

=< =

0 0
(Cosc <0 90" <C<I80"  _B4+(C>180° voa Iyl

Do fiou CosA, CosB, CosC fieau do«
Vi dui 2: Cho tam giauc ABC thoaé maon hea thouc



re=r+r,+ r, (2) voui r, lag baun kinh h66eong troon baeong tieap.
Choung minh raeng AABC vuoang.

. S
TacouS=pr:>r=;

)
S = (p-a) rs =

-a
Ca s A Av: S S S S
=— +
Khi nou (2) tobng N66ng voui a=P b poe

1 1 1 1
_— = +

p-a p p-b p-c
@p(p-a):p-c+p—b© a _ a

pp-a) (p-b)p-¢o) plp-a) (p-b)(p-o

< (a+b+c)(b+c-a)=(a+c-b)a+b- c)

= (b+c)’' -a’=a’- (b-c)’ & (b+c)’ & (b-¢)’ =2a° = a’ =b* +¢*
=>AABC vuoang.
Nedu aup duing hea thouc c6 baln trong tam giauc, ta cou

r- = pt gr—( —c)tgr—tér—btE
c—pgz, p gz’a ng’b g2

Tow (2) ta ABSIC ptgg ~(p- c)tg§+ ptg§+ ptgg

C 4 B ,
= clg— =plg—+1g—
g =P8 g (2°)

Maét khauc p = R(sinA+ sinB + sinC)=4Rcos§cos§cos%

. A+B
Sin

.. N . C A B
TO@ (2) ta cou 2RS|nC.th :4R'COSE'COSE'COSE'

C
COS—COS—
2 2

o sin? < =cos? E 5 tng =1
2 2 2

Do e >0 16 € =1 € —as° . ¢ =00°
> > > .

=AABC vuoang.

Chuu yu: Khi gaép 1 bawi toaun cou chbéua cauc yeau toa khauc cainh vag
gouc ta nedn chuyean vea bawi toaln col chéua gouc hoaéc cainh fiea giadi, khi
Aol cotl nhieau codng cui fiea giali hén.

LOAIL II: SOU DUING BAAT NAUNG THOUC

Vi dui 1:

Cho AABC cou A, B nhoin vag thoali maon hea thouc sin’A + sin’B =
YsinC. (1)

Choéung minh raéng AABC vuoang.

Vio<sinC<1=> MZsinzC.



cho.

TO@ (1) = sin® A+sin’ B =sin’ C = a’ +b* =¢7
© a’+b° 2a’ +b* - 2abcosC = CosC >0
= C <90°.
Nedu C = 90° = A+ B = 90°
= sinA+sin’B= sin’A+cos’A = 1.

Vaay neau ABC lag tam giauc vuoang taii C thi thoad madn hea théuc nad

Nedu C < 90° Tog gial thieat ta cou

1- c;sZA N 1- cc2)52B :m

< 1 -cos (A+B).cos(A-B) = ¥sinC < 1+cosC.cos(4- B) =3/sinC (3).
Ta cou sinC < 1. Maét khauc do A, B, C nhoin nean cosC > 0, cos(A-B) > 0,

vaay tog (3) ta suy ra nieau voa lyu. Do fiou trédang hdip C < 90° khoang xaly ra.
Vady ABC lag tam giauc vuoang taii C.

Nhaan xeut:
* Nedu C = 90° ta khodng thod laii mag ket luadn AABC vuoédng lag khodng

chaét cheo. Vi AABC chéa chaéc thoal madn (1).

* Nedu xeut troéeng héip C < 90° ta Ai Aedn keat luadn loaii tr66eng héip

nawgy. Tow fiady ta phadi cou C = 90° khoang caan théad laii.

* Niedm quan troing cula bawi tadp nagy lag 60 chod véui a €RR, 0 <a <I thi ta

cotua >a",1<n<m nm Q. T6@ Aady bawgi toaun (1) col thed mbd rodng nedu sin’A
+ sin’B = #/sinC, Vn =1 thi AABC vuoéng.

Vi dui 2: Chéung minh raeng neau tam giauc ABC thoai
sin’A + 2sin*B+ 2sin*C = 2sin?A (sin’B + sin?C) (1).
Choung minh AABC vuoang caan.

AY - 7 ~ 7 LIRS N . 7 - A 1 . . AY
e Aup duing baat faung thouc coasi cho 2 soa dodng Esm“A vag 2sin“B ta cou:

%sin4 A+2sin® B 22.\/;sin4 A2sin* B =2sin” A.sin’ B

TooNng toi %sin4 A+2sin* C >2sin” A.sin> C

= sin* 4+ 2sin* B+ 2sin* C =2sin* A(sin” B +sin’ C). (2)
(1) Auung < (2) xaly ra daau “=" khi vag chae khi
ésirn" A =2sin® 2 .4 . 4 . .
T ity s i (3) =sin*B=sin*C=sinB=sinC= B=C.
2
Top (3) = {ZnioTointl — o 025002 s sintA=sin® B+sinC

Aup duing Aonh lyu hagm Sin ta AG0iIC
a’? = b? + ¢ = AABC vuoang caan.
Nhaan xeut:



Neau fiea bawgi cho nhaan daing tam giauc ABC thoall maén fAieau kiean (1) thi
raat nhieau bain chae giadi nean B = C voui keat luaan AABC caan lag chéba nAudq,
mag caan phadi xelt fiedn cauc tinh chaat khatc cuda tam gialc fied keat luaén
chinh xauc.

Bagi toaun trean ta coll thed biedn fioai nho sau:

sin*A + 2sin*B + sin*C = 2sin?A (sin’B + sin?C)

o 2sin*A + 4 sin“B + 4sin*C = 4sin®A.sin’B + 4sin?A.sin?C

< (sin*A - 4sin®A.sin’B + 4sin*B) + (sin®A - 4 sin?A.sin?C + 4sin*C) = 0

& (sin?A - 2sin?B)? + (sin%A - 2sin?C)?=0

= ‘{::' R = sin’ 4 =sin’ B +sin’ C Va@ sin’> B =sin’ C

— {27 =27 <7 = ABC vuoang caan.

Sau fady chuung todi féa ra 1 soad bagi taap fea cauc bain regn
luyean kyo naéng giaai toaun.

Choéung minh raeng AABC lag tam giauc vuoang neau thoal moat trong cauc
Aieau kiean sau

Bagi 1: cos2A + cos2B + cos2C = -1.

Bagi 2: a) sinA + sinB + sinC = 1 + cosA + cosB + cosC

HO66ung daan: Chéung minh tam giauc nagy vuoang taii 1 trong 3 gouc.

b) sinA + sinB + sinC = 1- cosA + cosB + cosC.

H66uNng daan: Chéung minh vuoang taii C.

b c a

Bagi 3: +

cosB cosc sinB-sinC

H66ung daan: A up duing Aonh lyu hagm sin
A- B

2
H66uNng daan: Ta s6d duing hea théuc c6 baln

Bagi 4: r(sinA + sinB)= \/E.c.singcos

r = 4Rsin£.sin£.sin£ vag=2RsinC
2 2 2
Bagi5: r+ra+rnn+rc=a+b+c

Aup duing coang thouc 166ing c6 baln r =ptg§, r, =(p- a)tgg

A B C ~ :
p = 4Rcos—cos5cosE vag honh hagm sin.

2
Hay col thea aup duing codng thouc S = r.(p-c), S=rp.
Bagi 6: 3cosB + 4sinB + 6sinC +8cosC =15 (6)

HD: Aup duing BNT Schwartz cho cauc caép (3,4), (cosB,sinB) vag (6,8),
(sinC,cosC).



Cauch khauc: Bagi 6 cou thea vaan duing phelp biedn fioai t66ng A66Nng vas
tinh chadt bo chaén cula hagm sinx, cosx.

(6) = 5(%sinB+%cosB)+10(§sinC+%cosC) =15. (6')

c . 4 3. em o
Naét 3 =cosg, = =sing, 0 <¢ <90°.Thi tog (6') ta suy ra

5sin(B+%) + 10cos(C-¢) = 15

- [ s pec == a5 YUOANG.

Bagi 7: sin3A + sin2B = 4sinAsinB. (7)

HD: Dugng coédng tholuc biedn fodi toang thagnh tich cho vea traui vag tich
thagnh toang, ruut goin ta A6dic cos(A-B).(sinC-1) = cosC

= c0s?(A-B).(sin’C-1) = 1 - sin°C.

= (1-sinC)[cos?(A-B)(1-sinC) - 1- sinC] = 0.

Naunh gial cos?(A-B)(1-sinC)- 1 - sinC < 0 Tdg fiol suy ra sinC = 1

> C=90°

Bagi 8: Cho AABC cou Adé6gng cao AH, p.p,.p, lag néla chu vi culia AABC,
AABH, AACH, bieat p? = p12 + p2? (1). Chéung minh AABC vuoang.

GOii yu: Nhaan xeut vo tri cula H vag vaan duing tee sod 166ing giauc cuda
AABC fied fida bagi toaun thagnh biedu théuc theo gouc.

Bagi 9: AABC cou flaéc fieam gi nedu

cosA (1 - sinB) = cosB.

TN : NN B . B
GOli yu: 1 - sinB vag cosB cugng choua nhaan tol chung lag cos - sin .,
Bagi 10: AABC cou flaéc liieam gi nedu

2sin2A - sin2B = sinC +

sinC
HD: Dugng phé6ng phaup fiaunh giau fied gia(i.

u.! Ud PIIOOINY pPpiiadu g nicd adp) DAy DA Ul

1. Phodng phaup biean fhoai todng R6dng tés tinh chaat cuda tam
giauc hoaéc tog nhoong daau hieau nhao cou.
Gial s6G AABC vuoang taii A = a2 = b? + ¢?

> 2bc = % (b+c)?-a? ebc = %[(b+0)2- a*1=\2p(p- a)

She =S\3p(p=a) < NP a)(:o- b)(p- o) zzpﬁ\/(p— Cc)'Ezp_ a)\/(p— a;;p- b)

5 c Cou
= h, =2p/2sin=sin—.
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thed moG roang moat sod dadu hieau iad col nho:
Tog@ bagi toaun AABC thoUasin® 4 +sin® B =3/sinC thi AABC vuoang.



Ta suy ra ABOIC sin® 4 +sin> B =%/sinC , m > 1 thi AABC vuoang.

2. Dugng baat naung thouc doia vago tinh chaat bo chaén cuta hasm
sinx, cosx hoaéc nhéong baat naung thouc khauc
Vi duil: Ta cou

n .
mcos B +nsin B ={m’ +n° (————cos B+ ———sin B) <ym” +n’

Nm* +n? Nm? +n?
thoal madn cosB + nsinB + kmsinC + kncosC = (k+1) m?+» thi AABC vuoang

taii A.

Vi dui 2: Tég sin® A;B+%> /zm#. Daau “=" xa(y ra khi vag chee khi

inA+B zﬁ,co 2£+l 21/2cosg
2 2 2 2 2

S

S

Daau “=" xaly ra khi vag cheae khi cos% ‘/7

Coang vead theo ved 2 baat fnadng thouc trean ta sed cou
c +sin2£+1:\/2sinA+B +\/200$£
2 2 2

thi AABC vuoanag.

sin?

CHOONG 3:NHAAN DAING TAM GIAUC
NEAU
Tam giauc fAeau lag moat tam giauc feip, Aou lag tam giauc cou 3 cainh baeng
nhau vag ba gouc baeng nhau. Bagi toaun nhaan daing tam giauc feau lag I6up

bagi toaun quan troing nhaat vag cudng lag |6Up bagi toaun Aa daing nhaat trong
chuyean muic “nhaan daing tam giauc”.

Trong muic nagy, moat sod phé6ng phaup hay sol duing fied nhaan daing
tam giauc Aeau nho

Loaii 1:S60 duing phodng phaup biean fioai todng i6dng

1/ Phoong phaup s6G duing 9 bagi toaun nhaan daing tam giauc feau.

2/ Phé6ng phalp s60 duing mednh fiea. {7 — o7, o™ 7° o A=A = ...
=An - 0

3/ Nhaan daing tam giauc feau tég moat hea Aieau kiean.
Loaii 11:S60 duing baat Aadng thouc.

Sau fiady chuling toai fii vago tégng ph66ng phaup cui thea.



LOAII 1:SOU DUING PHOONG PHAUP BIEAN NOAI TOONG NOONG

* A ABC thoad madn cauc hea thouc sau thi A ABC lag tam giauc feau.

a) cos A + cosB + cosC =% f) cotgA + cotgB + cotgC =3
in? sin? sin& = 1 i i inc = 33
b) sm2 sm2 sm2 =3 g) SinA + sinB + sinC = -
c) cosA cosB cosC =y h) cosé + cosé + cosg = ﬁ
8 2 2 2 2
. o 2~ 9 N cin A B L C_3
d)smA+smB+smC—4 |)sm2+sm2+sm2—2

e)tgg +tg§ +tg% =

Choéung minh:
O0 Rady chuling toadi chae chéung minh vagi hea théuc, catic hinh théuc cogn
laii Aoac gial tdéi chéung minh
3
a) cos A + cosB + cosC =7

A+ B A- B
< 2CO0S ; coSs 3 -cos(A+B):%

o 2cosA;BcosA'zB- ZCosz(A+B)+1:%

1

s —+
4

COS Ccos COoS

A+B_ A+B A- B
2 2

A == IF

. B _
s 2 =0 A == IF A —_—
< A+B _1 A-B e [ e =% e < ===

=—cos

2 2 2

Vaay A ABC feau.
b) sinﬁ sinE sing =1
2 2 2 8

. A . B .
< 8sin—sin—sin— =1
2 2 2



- A+ B A+ B
< 4| cos - CcOoS S =1
2 2
A A- B A+ B
o 4cos? - 4cos cos +1=0
2 2
2
A- ) - B
< | 2cos - cos +sin? =0
sind* 8 g _ —
= k <A2+371 A- B And ‘{"““Z‘:é A {(" ;%
CcOs > 7ECOS >

Vaay A ABC Aeau.

A B C
e) th + tgz + tgz = .3
= [tg£+tg£+tg£]2 =3

2 2

2

S tg2§+tg2§+tg2§+2

t ét §+t Ez £+t Er A =3 (¥
E5185 T8RS T8I,

Mag tét £+t Et g+t gt é—l
gzgz g2g2 g2g2

Tog (*) suv ra ¢ 2é+f 2£+t 2£-f él‘ é-l‘ Et g-f Ef é—o
Yy g2 g2 g2 ngz g2g2 g282
o [wd wB) i[wB- 0wl il ] =
g2 g2 g2 g2 g2 g2
o {:Z:U/i: == =35 o A=B=C
= = — = 2= —— <>

Vaay A ABC feau.
f) cotgA + cotgB + cotgC =.3.
Baeng cauch aup duing hea thouc c6 badn.

cotgA cotgB + cotgB cotgC + cotgCcotgA = 1 roai biedn fiodi giodng phaan
(e)
Tacou: (cotgA - cotgB )? + (cotgB - cotgC)? + (cotgC - cotgA)? =

——— == —x — e = — — <>

=> e - = — e e = —— <> => A=B=(
s —

Vaay AABC fieau.

Vi duil: Giaii s6U A ABC thoaii maén hieau kiedn: 2(acosA + bcosB +
ccosC) = a + b + c. Chéung minh A ABC feau.

Aup duing Aonh lyu Sin ta cou a=2RsinA , b = 2RsinB, ¢ = 2RsinC ( voui R lag baun
kinh A66@ng trogn ngoaii tieap A ABC), hea théuc fad cho td6ng A66ng voui:

2sinA cosA + 2sinB cosB + 2sinCcosC = sinA + sinB + sinC
< Sin2A + sin2B + sin2C = sinA + sinB + sinC  (*)



Tacou sin2A + sin2B + sin2C = 2sin(A + B)cos( A-B ) - 2sin( A + B)cos( A + B)
= 2sin (A + B)(cos(A + B) - cos (A + B)) = 4sinAsinBsinC.

A+ B A- B C A+ B
cos +2Ccos—cos
2 2 2

Tacou sinA + sinB + sinC = 2sin

A- B A+ B
+ cos

C A B
=2cos—| cos =4¢c0S —CO0S—COS —.

2 2 2 2
(%) < sin Asin Bsin C =cos§cos§cos%

. A . B . C A B & A B &
< 8sin —sin — sin — COS — COS — COS — =CO0S — COS — COS —
2 2 2 2 2 2 2

. A . B . 1
< sin —Ssin —SsIin — =—
272 8
(daing bagi toaun c6 baln.)
Vaay A ABC feau.
Vidui 2 : CMR neau A,B,C lag ba gouc cuia moat tam giauc thoaii maén

3A 3B 3C 3 3
COS” —+CcoS”" —+cCcoS™ — =—+—
3 3 3 4

A B C \ .. (o a
COS -+ 008+ COS thi tam giauc aay neau

Hea thoéuc fad cho t66ng dung voui

C

,C 3 A B
COS— +COS—+COS—
3 3 3

4cos’ é+4cos3 E+4cos — ==+3
3 3 3 2

3A

< |4cos’ —- 3cosé 3
3 3

+ +

2

4cos3§- 3cosE 4cos3£- 3cos£
3 3 3 3

< cosA+cosB +cosC :%.

( daing bagi toaun c6 baln)
Vaay A ABC feau.
Vi dui3 : Cho A ABC neau thoai maon haeng théuc:
a*+b +c? =43 S+(a- b +(b- ) +(c- a)’
Choung minh A ABC lap tam giauc neau.
Biedn foai gial thieat fad cho vea daing sau
2ab + 2ac + 2bc =a?+ b? + c? + 43S (1)

Aup duing Aonh Ii hagm soa Coasin suy roang, ta cou a? + b? + ¢ = (cotgA + cotgB
+ cotgC)4S

S A R 28 28 28
Keat hoip coang thouc ab = = , bc = ,Ca =
P 9 sinC sin A

sin B



Khi nou PO N B =cot gd +cot gB + cot gC ++/3

/1 sinC sinB sinA
1
= - cotgd |+ - cotgB |+ -COtCZ\E
sin A4 & sin B & sinC &
1 cos A 1-cosB l-cosC \/— C
—3ewdiwliC =J3. (%
sin A sin B sin C g2 g2 g2 (*)

(daing bagi toaun c6 baln)
Vaay A ABC feau.
Chuu yu: nedu A ABC thoal madn haéng théuc «* +b* +¢* =443 S thi A ABC cudng lag
tam giauc neau.
Thaat vaay (*) & cotgA + cotgB + cotgC = 3 (daing bagi toaun c6 baln)
Vaay A ABC feau.

Nhaan xeut: Qua moéat soa vi dui tredn, ta cou thea taio ra modt sod bawi toatn
nhaén daing tam giauc fieau baéng phé6ng phalp nagy nhé sau: Ta col thea xuaat
phaut tég cauc bagi toaun cb badn, keat hdip voui cauc hea théuc 166ing trong tam
giauc, Aonh Ii sin, cosin, biedn fiodi vag fiéa ra modt bagi toatun méui.

A +A, +...+ A4, =0

2) Phédng phaup s6a duing meédnh fea ||, " =4 -s -1 -0
Vi duil: Chéung minh AABC cou h,+h,+h. = 9r thi A ABC heau

\ 28 28 28 1 1 1

Tacouh, +hy,+hc=9re —+—+—=9r< 25|—+—+—|=9r.
a b c a b ¢

< 2pr —+i+i =9r <=>2p l+i+l :gﬁ(ai_b_'_c{l_'_l_'_l -9

a b ¢ a b ¢ a b ¢
= E+é-2+é+£_2+£+g_2 :Oﬁ(ﬂ-b)'_'_(b-c)'_'_(c-a)‘:o

b a c b a c ab be ca

= a=bh=c

Vaay A ABC feau.

acosA+bcosB+ccosC _2p
asinB+bsinC +csind  9r

Vi dui 2: CMR neau trong A ABC ta cou

( p: néda chu vi, R lag baun kinh h66eng troon ngoaii tieap A ABC) thi A
ABC lag tam giauc neau.

2Rsin Acos A+2Rsin Bcos B+2RsinCcosC _2p

Ta cou: (¥) & b oy € po @ 9R
“2RT72R 2R

2R 2(sin2A4 +sin 2B +sin 2C) a+b+c
ab +bc + ca

**).

a b ¢ _abc

Ta cou sin2A + sin2B + sin 2C = 4 sinAsinBsinC =4.—.—.— =—
2R 2R 2R 2R




abc _a+b+c
(™) = hrbereR ~ OR
< a’b + bc?+ ab? + ac?+ b2c+ a’c = 6abc
< b(a?+c?- 2ac) + a(b?+ c? - 2bc) + c(a? + b? - 2£)=0

< (ab + bc+ ca) (a + b + c)=9abc

eb@a-c)?+alb-c)?+cla-b)le {= - == —i= o a=b=c.
Vaay A ABC fieau.
Vi dui 3: CMR neau trong A ABC ta cou b+c =§+ha«5 thi A ABC neau

Ta coy h =25 —2abe _bc
a Cou 7, P 4aR 2R

Suy ra hea théluc fad cho tdAng BUNG »+e=2 -+ (¥)

Theo Aonh lyu hagm sin, ta cou
a= 2RsinA, b =2RsinB, c= 2RsinC

(*) & 2RsinB + 2RsinC = 2Rsind 4+3R? sin Bsin C

2R

< 2RsinB + 2RsinC = sinA + 2/3sinBsinC
< 2RsinB + 2RsinC = sin(B+C) + 2+/3sinBsinC
< 2RsinB + 2RsinC = sinBcosC+ sinCcosB + 2+/3sinBSinC
< (2RsinB - sinB cosC- /3sinBsinc) +(2sinC- sinCcosB - /3sin BsinC) =0

+ 2 sinC{l- (%COSB+§sinB) =0

< 2sinB [1- (%cosC+§sinC)

< 2sinB |1- cos(%- C)| +2sinC|1- cos(%- B)} =0
1 - cros(—,% - ")y —O 3 . ~ \
< { i < Vaay A ABC neau
1 - cos(C— - LB —O T
> B =7

Vi dui 4: Cho 4 ABC thoal
@« , b , ¢ 3 (1) CMR 4ABC fieau

b+c c+a a+b 2

yHz-x zHx-y x+y-z
2x 2y 2z

P (£+X- 2)+(Z+£- 2)+(£+£- 2) =0
y X z oy X z

o Gt -2 (-
xy vz zx

SzZ=yY=Xo2X =2y =22

®a=b=cC
Vaay A ABC fieau. ) S .

LOAII 11: SOU DUING BAAT NAUNG THOUC
- Tog hieau kiean cula bagi toaun (thobegng lag cauc hea thoéuc, cauc baat

flaling thoéuc)s6( duing calc pheup bieadn fiodi 166ing giauc fied daan fiedn moat
badt flaling thoéuc fidn gialin, col thed Aaunh giau A6dic fieau kiedn dadu baéng
xa(y ra.




- Thiedt laap moat hea phodng trinh xauc Aonh modi quan hea gidda cauc gouc,
cauc cainh cu(ia tam giauc, qua Aou nhaan daing A6dic tam giauc.

Vidui 1: Cho A4 ABC tholda nieau kiean cosAcosBcosC = singsingsin%
(*)

Choung minh AABC neau.

Tog gial thieadt suy ra AABC nhoin (cos A > 0, cos B > 0, cos C > 0)

N 1 1
Ta cou: cosA cosB = E[COS(A- B)+cos(A+B)] §5[1+cos(A+B)]
=l(1- cosC) =sin2£
2 2
.. . 2 C
Vaay 0 < cosA cosB <sin B
s A ~ N ., A . . B
Toong tol ta cuong cou 0 <cosBcosC <sin E;O =<cosCcos 4 <sin >

Suy ra cos AcosBcosC Ssinésinésing

2
cosA CosB = sinzg cos (A-B) =1 Hay
cosBcosC—sinzg & cos(BiC)=1 e A=B=C
cosC cosA = sinzg cos (C-A) =1

Vaay AABC fieau
Vi dui 2: Cho AABC thota k{52 27 cen- »
Xauc nonh daing cuia AABC ?
Tog Rieau kiean ¢ <B <4 <90°
= 0<C <B <90° = sinB >sinC >0, COSA =0,cosB>0
Maét khauc sin2A + Sin2B =2sin(A+B)cos(A-B)
:sin2A+sin2B :2sinAcosA+2sinBcosB

= cos(A- B) - .
2sin(A + B) 2sinC
ZS?HA cos A+ s‘mB cos B >cos A +cos B.
sinC sin
Daau “=" xa(y ra khi vag chee khi {77 Z5.. - hoaéc SinA = SinB = SinC

Vaay AABC vuoang caan taii A hoaéc feau.

% Hai vi dui trean s6d duing cauc bit 166ing giauc A6n gialn cuda tam
giauc fied nhaan daing tam giauc fieau. Ngoagi cauc bfit tredn ta cogn cou
thed s60 duing cauc bt cd baln trong faii sod nhoé bit Cosi, bt
Bunhiacopxki, Jesen,........ fied nhadn daing tam giauc.

Nhaan daing tam giauc fieau baéng cauch sd0 duing BNT Cosi



| 1 1 1 1 1

Ve s ~ ~ 74 + + = +
Vi dui 3: CMR AABC neau neau cosA cosB cosC siné sin?  sinS
2 2 2

Xeut AABC tug

Giall s60 A >%>BzC thi c%

Vaay tgC <1 vag O<sin%<sinC<cosC

1 1 COSiA- B
< .
> 1 . 1 :[ZcosA+B] 2
sin— <cosA cosB 2

=

<0
cosC cos Acos B

1 1 1 1 1 1 1 1
+ < < <

, + < <
Vaay cos4 cosB cosC cosC sing sini sinl; Sing

Xeut tré6gng hdip AABC nhoin. AUp duing bfit Cosi ta cou

1 1 2 4 4
+ > > = >
cosd cosB +JcosAcosB cosA+cosB A+B A-B
cos cos —
4 2
A+B . C’
2cos sin—
2
Daau “=" xaly ra khi vag chae khi 4=B
1 N 1 - 2
ToONg toT cosB  cosC . 4 Dadu “="xaly ra < B=C
1 N 1 - 2
cosC  cos A4 _siné Daau “=" xaly ra khi vag chae khi 4=C
2
1 1 1 1 1 2 2 2
+ + + > +

+ =
Suy ra cosd cosB cosB cosC cosd Sing siné sin =
2 2 2
1 1 1 1 1 1
+ + = +
hay cos4 cosB cosC

. A4 . B .
sin — Sin — Sin —
2 2 2
Daau “=" xaly ra khi vag chae khi AABC fieau.
Xeut vi dui 1: Phaan I,2. Ta cou thea chéung minh baéng cauch séi

duing baat naung thouc Cosi

. 28 28 28
Tacou —+—+—=9r
a b c
= 25 l+l+l =9r e 2pr l+l+l =9r
a b c a b c
<:>(a+b+c{l+l+l =9
a b c

AUp duing baat fiaing thdéuc Cosi ta Aoic



>33/abc 3 f ! =9
ab

(a+b+c{l+l+l
a b c

Daau “=" xaly ra khi vag chae khi AABC fieau.
Vi dui 2: Cho 4ABC, thoaii [3- brells. S “:b <t (1)

CMR AABC heau khi daau ”=" xaly ra.
Tacou (1)« Ga-b-cX3b- a- cX3c- a- b)<abe

Ta chae caan xeut khi VT(1) >0. Khi Aiou dea chéung minh Add6ic cal 3 thoga

sod culla nou Neau

l6un hén hoaéc baeng khoang.

Vi dui 3: Cho 4ABC thoda

Naét X = 3a-b-c>0
y = 3b-a-c>0
z = 3c-a-b=>0

Khi fiou a=%(2x+y+z)
b=%(x+2y+z)

C=%(x+y+2z)

(1) = 64xyz =Qx+y+ 2 x+2y + 2 s+ y +22) (2)
Theo baat Aaung thouc Cosi ta cou

2X+Y+2Z = X+X+Yy+zZ=44xyz (3)

X+2y+Z=43/xy’z (4)

X+Yy+22Z =44[xy=> (5)

Nhaan togng vea (3),(4) vag (5) = (2) iuung = Apcm

Daau “=" xaly ra khi vag chae khi fioang thégi cou dadu “=" trong (3),(4) vag

touc x=y=z=a=b=c Vaay AABC fieau.
acosA+bcosB+ccosC _a+b+c
asin A+bsin B+csinC 9R

(1)

CMR AABC heau.
Theo Adonh Ii hagm soa Sin ta cou

acosA + bcosB + ccosC = R (sin2A+sin2B+sin2C)

= 4Rsin2Asin2Bsin2C. (2)

Theo baat Aalng théuc Cosi, ta cou

acosA + bcosB + ccosC >6R¥sin? Asin® Bsin> C (3)
asinA + bsinB + ¢sinC >33/abcsin Asin Bsin C

Do vaay tog (2) vag (3) suy ra

acosA + bcosB + ccosC
asinA + bsinB + csinC
Daau “=" trong (4) xaly ra khi vag chae khi dadu “=" trong (3) xaly ra.

2
3 3/sin Asin Bsin C (4)



Khi Ao U aSinA = bSinB = cSinC
& Sin?A = Sin’B = SinC ¢ SinA = SinB = SinC
«A=B=C.

Laii theo baat fadng thouc Coasi ta cou

a+b+c _2(sinA4+sinB+sinC) 2

9R 9

Daau “=" trong (5) xaly ra khl vag chee khi A =B = C.

acosA + bcosB + ccosC a+b+c

asinA + bsinB + c¢sinC - 9R

S60 duing baat Aaung thouc Bunhiacopxki nhaan daing tam giauc feau

Vi dui 4: Cho AABC thoai tg"'§+ tg6§+ tg‘*%=é
CMR AABC ﬁeéu

\/smAsmBsmC (5)

Tog (5) vag (6) suy ra

Ta cou tg®— +tg +tg tg® tg +tg tg? +tg tg—

B=C.

Dadu “=" trong (1) xaly ra khi vag chae khi tg35 =tg35= tg35

Naét x = tggtgg, y = tggtg%, z = tg%tgg thi x+y+z=1.

AUp duing baat fiaing thouc Bunhiacopxki ta col (x+y+z)(x3+y3+2z3) >

(X2+y?+2z?%)
Daau “=" trong (2) xaly ra khi vag chee khix=y =z A =B + C.
Vidui 5: Cho A4ABC thoaiu 2(l, + 1, + 1)) =J3(a + b + c)

CMR AABC heau.

AUp duing coang thduc _2bccos* 2/be Jp(p- a)

l,=——=  b+c

b+c
AUp duing baat flaling théuc Cosi suy ra ., <J/p(p- @) (1)
Daau “=" trong (1) xady ra ¢ b=c
Tééng toi ta cou 1, <\/p(p- b) (2)

<Jp(p- o) (3)

Daau “=" trong (2) xaly ra ® a=c vag trong (3) ®a=b
Tog (1),(2) vag (3)suyral, + lpb + I <Jp(Jp-a+Jp-b+p-c) (4)
Daau “=" trong (4) xaly ra © Aoang thbégi cou dadu “=" trong (1),(2) vag (3)

Vaay AABC fieau.

Aup duing baat Aaung thdéuc Bunhiacopxki voui 2 dady - a.A/p- b.\/p- cvag 1,
1, 1,ta cou

3p-a+p-b+p- C)Z(\/p— a+\p-b+.p- ]

3p=p-a+/p-b+p-c(5

Daau “=" trong (5) xaly ra khivag chae khip-a=p-b=p-c

Vady A4BCfeau

Tow (4) vag (5) ta cou 2(, +1, +1) <3(a+b+c)




Daau “=" xaly ra khi vag chae khi hoang thbégi cou daau “=" trong (4) vag (5)
touc A4BC heau.

* Vi dui 1, phaan I, 2 cou thed séi duing BNT Bunhiacopxki

Ta cou hy + hy + hc=9r

25,25 25

a b c

= (a+b+c)(l+l+l) =9,
a b c

Dugng baat halng thouc Bunnhiacopxki ta cou

9_<IJ— ff+ff> <<a+b+c><—+—+:>

1 11
Dadu “=" xally ra khi vag chze khi Ja :z+£)z c@sbrolelil
a b e a b
111
Dadu “=" xaly ra khi vag chee khi +a _b _c ©®a=b=c
Ja b Ve
Vi dui 6: Cho 4 ABC thoaii tg(’§+tg(’§+lg(’% é CMR A ABC heau.
«B C A B B C A
Ta cou #%° 5 +tg 5+tg 5 tg}(;)th(E)+tg3(5)tg3(5)+tg3(5)tg3(5) (1)
Dadu “=" trong (1) xaly ra khi vag chae khi tg3§ =tg3§ =lg35 e A=B=C.
Gact x=te e =080 C s —aCr thi _
Naet x =zg Si85 ., YIS, =g Ig thi x+y+z=1.
Aup duing baat Aaldng thouc Bunhiacopxki voui hai dady +x.{/».v/z vag

Ta cou (x+y+z)(xX3+y3+23) > (x2+y?+2?) (2)
Dadu “=" trong (2) xaly ra khi vag chae khix =y =z © A=B=C

Tog (1) vag (2) suy ra tg(’§+tg(’§+tg(’%25
Dadu “=" xaly ra khi vag chee khi fioang thégi cou daau baeng trong (1) vag

(2).

Vaay A ABC Aeau

Viduil: CMR AABCthoad _ .4 _.B _.C =12 thi fieau
2 2

~ sin“— sin”—
2
\ . 1 .
Xeut hagm soa f(x)= ——, vOui O<x<7x
SiIn- x

Y f 2 " 2sin’ x + 6.cos>

Ta coll f(x) = - 258X, p(y) 228N X *0COs X,

s x sin® x

Vaay f(x) lag hagm loai trean (0, 71).



Daau baeng xaly ra khi vag chae khi A ABC fieau .
< Hoagn toagn todng toi ta coll thed cm Rddic cauc baat falng thouc

1)1+1+1=6

. A . B . C
sin— sin— sin—
2 2 2

1 1 1
2 + + =24/3
)sinA sinB sinC I
1 1 1
3) yi + = + c =2./3
COS— COS— COS—
2 2

nodic thoal maodn thi A ABC feau
Vi dui2: Cho 4 ABC nhoin thoali maon
(tgA +tgB +12C)(cot g4 + cot gB +cot gC) =

> (1 £+t £+t g)(cot £+cot £+cot g)
SUE S TS TR EOIE T TEOIE T, T8
Choung minh A ABC feau.

Xeut hagm sod f(x) = tgx vag g(x) = cotgx vouUi 0<x<%

N sin2x sin 2x
Ta cou f'(x) =—— vag g"(x) =—
COS X Sin X

= f'(x)>0 vag g (x)>0 Vxe

0’%] = f(x)vag g(x) lag hagm loai trean [0,%

. Theo

A+B

A+B
2

tinh chaat baat faldng thouc Jensen, ta cou %(f(A)+f(B))Zf

] o %(tgA+th)Ztg
C
< tgA+1gB 22cotg5 (1)
. A
Tobng toi, ta cou: B +1gC 22cotg3 (2)

tgC +tgA Z2cotg§ (3)

Coang trog toeng vea (1), (2) vag (3) suy ra tgA + tgB + tgC

>cot é+cot £+cot < (4)
g2 g2 gZ

Dadu baeng xaly ra trong (4) khi vag cheae khi Aaung théuc cou dadu “=" trong
(1), (2) vag (3) suyraA=B = C.
o,f]
2

TooNng toi g(x) = cotgx lag hagm loai khi x €




< CcotgA + cotgB + cotgC Ztg§+tg§+tg% (5)

Dadu “=" trong (5) xaly ra khi vag chee khi A=B =C

Nhaan tégng vea cula (4), (5). Suy ra Apcm. Dadu “=" xaly ra khi vag chae
khi Aalng théuc cou dadu baeng trong (4) (5) touc A ABC feau.

Nhadn xeut:

Té@ calc bawgi toatun nhadn daing tredn ta cou thea rfiéa ra nhééng bagi toaln
nhadn daing cho tam giauc neau baeng cauch tég nhééng baat fiaung théuc Aaii
so0d cou fieau kiedn (mag ta col thea rfiaunh giau fidéic fAieau kiedn dadu baéng
xaly ra) keat héip véui nhééng yeau toa 166ing giauc, cauc yedu toa gouc cainh
trong tam giauc fiea fii fiedn modét fialing théuc vea tam giadc.

CHOONG 4:NHAAN DAING TAM GIAUC
KHAUC

Tieap theo chuung toai xin trinh bagy moat sod bagi toaun liean quan Aean giadi
tam giauc cou nhéong tinh chaat khauc.
Vi dui 1: Xauc nonh cauc gouc cuila A ABC neau:

sinA+sinB-cosC=% (1)

Cauch 1: (1) = 2sinA+BcosA_B- cosC :%
< cosC- 2cos£cosA_ B +i =0
2 2

©2cos2£- 2cos£cos _ +l=O (1)

2 2
_ ,C
Naétt = cos > te (0,1)
(1) ©2t2-2cosA-Bt+%=0
~ L A-B 1
Naét f(1) = 2¢*- 2tcos +-, tE(0,1)

Ta col: A’ = cos’ -1<0= f(1)=0, YVt € (0,1).

_ - b o 1 A4 - B
£(t) =0 ‘T 24 cOSS Tees T
= <> -—
./‘(_ I’) =0 cos A - 5 =1
2a
cos S L < _so o
_ 2 2 =3 . =
A - B A - B A =8B =30
cos =1 > —= O

Cauch 2: sind+sinB-sinC =



< | cos—- —co 2 ) =0
[ 1 A - B 1 A - B
COS — ———_——CoOs COSs — :?Cob
— =3 =3 2
1- cos”> A- 5 =0 sin -~ -z =1
2 2
A — =
> =0 -  =120°
— _ o
< _sO< A =8B =30

Vi dui 2: cos2A+\/§(cos28+cos2C)+% =0 (*)

tg24+tg2§+tg2£-tgézg—-tg—Zg—-zggtgézo
272 72 %2%2 C2%2 C2t

A =12(cos*(B- C)- 1) <0

(*) xaly ra khi vag chae khi |2 7500

Nedu cos(B-C) < 0

=B >90° hoaéc C > 90°

cos 4 Igcos(B -0O)<0

= A>90°
Do Aou cos(B8- C) =1,
SuyraB=C

Vag cos4 :@: A4 =30° = B=C=75"

Nhaan xeut: Tog cauch giadi hai vi dui' nagy ta thaay viedc nhaan xeut |cosa| <1
lag coic ki quan troing. Nhég nhadn xeut nagy mag ta giadi Nddic bawgi toaun.

Vi dui 3: Cho 4 ABC thoau b(a*-b?) = c(c?-a?). Nhaan daing tam giauc
naoy.

Ta cou b(a*- b*) =c(c® - a*) & ba’ - b® =c* - ca’

< (b+c)a’ =b’ +¢’ o a’(b+c) =(b+c)b” - be +c?)

o a’ =b* - bc+c?

< b? +¢? - 2bc.cos A =b* - be+c¢? = cos A :; = 4=60"

Bagi nagy ta cudng cou thea biedn fiodi nho sau:
b(@® - b*) =¢(c® - a*) & b(b* +c - 2be.cos A- b*) =clc? - (b* +c* - 2be.cos A)|
= b(c” - 2bccos A) =c(bc.cos A- b*) = bc® +b*c =(bc® +b*c)(2cos A)

< cosA:%=> A4=60°,

Nhaan xeut: Qua nhééng vi dui trean ta thaay vieac gialdi moat bagi toaun
nhaén daing tam giatc caan chut yu cauc fiieam sau:

+ Caan phaan bieat moat bawgi toaun nhaan daing vag moat bagi toaun chéung
minh. (Téuc lag phadi tim taat cald cauc tinh chaat culila tam giauc)

+ Khi giali bagi toaun nhadn daing th66eng hay dueng cauc phelp biedn fiodi
té6ng ri6éng vea daing ph6ééng trinh tich hoaéc toang cula nhééng soa haing
(khodng adm hoaéc khodng d66ng) fiea Aatnh giadl.

Moat soa bagi tadap nhea ngho:

Bagi 1: Tam giauc ABC cou falc fiiedam gi neau:

sinbA + sin6B + sin6C =0



HD: Dugng phelp biedn fiodi t66ng i66ng chuyean vea phodng trinh tich

Bagi 2: Nhaan danig tam giauc ABC neau thoal
sin A+sinB+sinC

=3
cosA+cosB+cosC \/_ (2)

HD:
(2) = [ﬁcosA— %sm/l

NG

+| —cosC- lsinC’ =0
2 2

| o]

—cosB- —sinB
2 2

Sau fiol chuyean vea daing:
— |sin

B #|. A4 &
—- —|sin| =-—| =0
6 2 6] [2 6]

= A ABC cou it nhadt moat gouc baeng 60°
Trong tré6ang hoip ved phali cula (2) thay baeng 2 thi keadt qual nho thea
nago?

sin| — -

Bagi 3: Cho tam giauc ABC cou cauc cainh thoa(:
a=x"+x+1, b=2x+1, ¢=x*+1, x€R. Hady nhaan daing tam giauc ABC.
HD: XeuUt fAieau kiedn culla x fied toan taii tam gialc

Bagi 4: Nhaan daing tam giauc ABC bieat: sin5A + sin5B + sin5C = 0
HD: Ta biedn foai td6ng fi6ONg fialing théuc tredn vea daing:
5C 54 5B
4cos—.cos—.cos— =0
2 2 2
Ta cou thea khaui quaut: Nhaan daing tam giauc ABC neau thoa(l
sin(mA) + sin(mB)+ sin(mC) =0
sin(mA) + sin(mB) + sin(mC) =0
mA mB mC
< -4cos—.cos—.cos— =0
2 2 2

mA mA T k -m-1 m-

cos? =0 "2 T iopgr e a="+ X 0n <k< keZ
2 2 2 m m

Bagi 5: Cho tam giauc ABC thoal madn fieau kiean:

A P (1)

(2)
Choéung minh A ABC cou it nhaat 1 gouc baéng 36°.

54 5B 5C
: = coS—.cos—.cos— =0
D: (1) 2 2 2

Gial sod cos% =0 = A=36 hoaéc A= 108°

To@ (2) = 1- 2cosA.cosB.cosC >1= cosA.cosB.cosC <0
cosA; cosB; cosC <0 (Voa lyu)
cosA, cosB, cosC cou it nhaat moat phaan tod < 0 (khi Aou sed toan taii
moat phaan toG >0)
Ned thoall madn (1) vag (2) thi A=36°



KEAT LUAAN

Trong khuoan khoa fiea tagi nagy chuting ta fiad lagm Roodic:

1. Toang hdip moat soa bagi toaln liedn quan fiedn nhaan daing tam giauc.

2. Sau moai laan bagi toaun, chuung toai ruut ra nh6dng nhaan xeut, nhééng I6u
yu culia bagi toaun vag moéU roang bagi toaun.

3. Sau moai chdbng chuling toai nedu ra nhodng phéong phaup fiea thieat laap
bagi toaln nhaan daing tam gialc fied cauc bain tham kha(o.

Chuung toai hy voing tiedu luadn nagy sed lag tagi liedu tham khalo cho nhééng
ngo66gi daiy vag hoic moan 166ing giauc noui chung vag nhaan daing tam giauc noui
rieang. Raat mong nhaan nG6ic sOi goup yu cula bain Aoic.

TAOI LIEAU THAM KHAUO
1.Nadu Thed Cadp (chull biedn):Toalun nadng cao 166ing giauc, NXB Naii hoic
Quoac Gia TP.HCM.
2. Nguyean Nouc Noang - Nguyean Vaén Vénh: 23 phdong phaup chuyean fea
badat Aaung thouc vag toaun codic tro 166ing giauc, NXB tred.



3. Vod Giang Giai: Chuyean fiead hed thouc 166ing trong tam gialic, NXB Naii hoic
Quoac Gia TP.HCM. )
4. Phan Huy Khadi - Nguyean Naio Phodng: Cauc phédng phaup giadi toaun sb
caap 166ing giauc, NXB Hag Noai - 2000.
5. Phan Huy Khadi: 10000 bagi toaun sé cadp baat fiadng thouc kinh fiiean, NXB
Hag Noai - 1998.
6. Trodng Quang Linh:140 bagi toaun hea théuc 166ing trong tam giauc.
7.103 trigonometry problems.
8.Taip chi toaun hoic vag tuoai tre(.
9.Cauc trang web:
-www.Thuvienbachkim.vn
-www.violet.vn

-www.math@.vn



