PHAN B. BAI TAP TU LUAN
Dang 1. Tim cic dwong tiém cin ciia do thi ham sé
Phwong phap.

1. Tim tiém cin ngang,tiém can ding ctia do thi ham
Thuc hién theo cac budc sau

7(x)

B1. Tim tap x4c dinh ctia ham s
\ ;e , f (x) . A s g 1ea 5 A T 9 3 . &

B2. Tim céac giéi han cua khi * dan téi cac bién cua mién xac dinh va dua vao dinh nghia

cua cac duong tiém can dé ket luan

2. Tim tiém c4n xién ciia @6 thi ham

Thuc hién theo cac budc sau

B1. Tim tap xac dinh ctia ham $b (d5 thi ham s6 / chi ¢6 thé cé tiém cdn xién néu tdp xdc dinh

cua no la la mot khoang vo han hay mot nwa khoang vé han)

B2. Sur dung dinh nghia

Hoac st dung dinh li:

£(x)

. lim——=a#0  |lim[f(x)- ax]=h lim
Néu =7« va o

flx)
S __li_l_n[_f”f.-‘*']" ax] =b

hoac " ¥ va thi

duong thang y=ax+b la tiém can xién cua d6 thi ham so /

() =2
CHU Y: Déi v6i ham phan thic: O() trong do ¥ (.00 1 i da thiie cia * ta
thuong dung phuong phap sau dé tim cac duong tiém can ctia do thi ham sd

i) Tiém can dirng.

P(x,) =0
Néu (%) #0 thi duong thang: * ~ 014 tiém can dung ctia dd thi ham sb

ii) Tiém can ngang

P(x) 0(x)

thi do thi ctia ham s6 c6 tiém can ngang 1a truc hoanh do

y
0(x)

. , Y=z
ihi 4 thi ham c6 tiém can ngang la duong thang: B ¢

P (x)vé 0(x)

Neéu bac cua bé hon bac cua

P(x)

Neéu bac cua bang bac cua

rong do 4,8 lan lugt 1a he¢ sO cta s6 hang c6 s6 mil 16n nhat ctua

0(x)

Px X s AA 1 o \ e ~ roa A
(x) thi do thi ciia ham s6 khong c6 tiém can ngang

Neéu bac cua 16n hon bac cua

iii) Tiém cén xién

P(x) 0(x) 0(x)

Néu bac cua bé hon hay béng bac cua hodc 16n hon bac cua tir hai bac tro 1€n thi

do6 thi ham s6 khong c6 tiém céan xién



Cau 1.

Cau 2.

Cau 3.

Néu bac cua P 16n hon bac cua Q(x)mét bac va JP(x)khéng chia hét cho Q(x)thi dd thi ham

cO tiém can xién va ta tim tiém can xién bang cach chia P (x)cho Q(x)vé &
f(x)=ax+b+ R(x) lim R(x) —0. lim R(x) —0
O(x) ,trong d6 © O(x) s=-= (N x)

Suy ra duong thang: ¥ ~% +b 13 tiém can xién ctia do thi ham sd.

. 2-4x
Y= x) = .
Cho ham s 4- & ¢6 dd thi 1a duong cong nhu Hinh.

f y '

h 6 1
5
4
3
2
J

-5 -4-3-2 .10 23 4 5 x

H -1 H
-2
-3
-4
-5
-6

Céc duong thing X =2 va ¥ == 2 ¢6 phai 1a cac dudng tiém can ding cua do thi ham sb da cho
hay khong? Vi sao?

Loi giai

Ta co:
T Ay o A
lim f(x) =lim = 4': =+ lim f(x) =lim = _h =- o q
=l =T 4-x hodc “* =¥ 4-x nén dudng thing * =2 1a dudong

tiém can dung cua dd thi ham sb =/ (x) .
Tuong tu:
2-4x 2-4x

Iim_f{x)=lm — =+ lim f(x)=lim ——=-w i
e 4 x hoac ** el 4.y nén dudng thing X =-2 1a

duong tiém can dung cua dd thi ¥ =f(x) da cho.

. 2x-1
. Cy=flx)=

Tim ti¢m can ngang cua do thi ham so x+2
Loi giai

Ham s da cho c6 tap xéc dinh 13 R\V25

L, . 2x-1
lim f{x)=1lim =2
Taco: e x+d ,
3 - =
: =2.

__li_l_n filx) = __li_l_n

i+ 2

Vay duong thing =2 13 tiém can ngang cua do thi ham sb da cho.

Giai thich vi sao duong thang * =1 1a tiém can démg cua dd thi hams§ = x=1 79
Loi giai



. . \ 1

Ham s6 da cho ¢6 tap xac dinh 1a IR\
lilq Fix) =+ , —1 . . .

Vi =1 nén duong thang * —! 1a tiém can ding cia do thi ham so6 da cho.

. x+]

‘ =A==

Cau4. Tim tiém can dung va ti¢ém can ngang cua do thi ham so x- e

Loi gidi

R\ {2}

Ham so6 da cho c6 tap xac dinh la
Ta co:

X+ x+1

.I} =1 hm f(x) =ulim

11IH f(x)=lim e

- Ak IF
9

Vay dudng thang ¥ =l tiém can ngang cua do thi ham s6 da cho.

== Q0

lim f(x) =lim

+1 .
:11m‘|+
x=2 =2

x=2]

lim f{x) :lim&i_-LI =lim | 1+ ‘ =+

r x=2 =1 r=2

Vay duong thing ¥ =2 1a tiém can ding cua do thi ham s da cho.

Cau 5. Tim tiém can dung cua d6 thi cac ham so sau:

Loi giai

=R" f- ]+ 1 lim =- o lim — o

a) Téap xac dinh: D ‘.Taco "~ x -1 =1 7= B Suy ra duong thang

x =-1 13 mot tiém cén ding cia do thi ham so.

lim — =- ooy lim ——— =+ 7 ‘
Taco ' x -1 == . Suy ra duong thang X =1 13 mot tiém cén dtg cta do thi
ham sb.

)
lim —— =+=

b) Téap xéac dinh: £ =(L+2) vy == -1 nén dudng thing ¥ =1 1a mot tiém can dimg

ctia @6 thi ham sd.

-2x+1

Céau 6. Tim tiém cén ngang cta do thi ham s x+l
Loi giai

Tap xac dinh: D=R\{- H'.



Taco * *

. - 5x+7
. © =A==
Cau 7. Duong cong ¢ Hinh 1a d6 thi cua ham so x=3
i
4_.
ik
ik
ik X
:2-‘1_?“ IR O S g
24
1-3

A =Y-2 13 dudng tiém can xién cia dd thi ham sb

().

Chung minh rang dudng thing
Y =/(¥) vg A lén cing hé truc toa do v6i
Loi gidi

y

- N W A W
<

A

)

/20 3FHAE S HH6 !

A

x - 5x+7
x=3

N Lo

- {x-2)

__li_m[_f'f_r}— (x- 2)]=lim

K= &

= _lim

X—

-

Ta cod L x=-3

Suy ra duong thang ¥ ~*~ 2 1a tiém can xién ctia d6 thi ham s6 =f(x) .

Hinh anh cua duong thang A:¥=X-2 jhy Hinh.

Ciau8. Chimg minh ring dudng thing =2x-1 44 tiém can xién cta d6 thi ham s
. 1
y=flx) =2x- 1- —
o+l

Loi giai
lim[f(x)- (2x-1)] =lim —— =0 oy =2e-1 ‘
Do ey 4] nén duong thing » ~<*~ ' 1a tiém cén xién cta do thi
ham s da cho.

Chu ¥: Pé xac dinh hé sb a0 ya dudng tiém can xién Y = +b cia db thi ham s6 ¥ =/ (%) ,
ta co thé ap dung cong thirc sau:

@ =lim Jx)

A— +X Y

L i S () L
_b=lim[f(x)- ax] a =lim _b=lim[f(x)- ax]
va e ¥ - )

hoac T va



(Khi @ =0 thi ta c6 tiém can ngang ¥ =?).

. X+ 3x
. Cy=flx)= 5
Cau 9. Tim tiém can xién cua do thi ham so X-a
Loi giai
. filx) . xT+3x
a = lim ——= =lim ——— =1l
Ta cé: r—4n Y s=+n x{x=2)

Vay duong thang ¥ =¥ S 1a tiém cén xién ctia do thi ham sé dé cho (khi ¥ = %),

. (x) ,
lim / : =] hm[_ff_x}— x]=5 ) y=x+5
Tuong tu, do * & va o nén duong thang -~ —

cling 1a tiém cén
xién cua do thi ham so di cho (khix — -0)

R x - 3x+]
Cau 10. Tim tiém can xién cua do thi ham so X- s
Loi gidi

Tap xac dinh: D =R ""'{2}.

. flx . x - 3x+1
a = lim ACY =lim ‘tﬂ—mzl;
Ta co: X e xT- 2x
. . | xT- 3x ] . -x+l
b _._._lyﬂ[_;‘[.x}— ax] —}EI‘{IJ | 5 | = _lyﬂ 5 =-1
. {x . .
lim S1x) =I; lim [ f(x)- x]=-1
Taclingcd " ¥ o
Do d6, do thi ham s6 ¢6 tiém can xién la dudng thang ¥ =~ I
Cau 11. Tim tiém c4n cua ham sb:
2x+1
1.‘ =
a) x+1
2-4x
J,‘ =
b) I-x
y=2x+1-
) x+2
.\?2
y=
d) 1-x
Loi giai.
2x+1
‘L, =
a) x+1
Gi6i han, tiém can.
limy=2, limy=2 . . = .
S Foe , suy ra duong thang ¥ ~< 1a duong tiém cin ngang cua do thi (C).



Cau 12.

lim y ==, lim y =+ , _ ‘ L
-1 -1 , suy ra duong thing ¥ =1 1 duong tiém can dung cia dd thi (C).
2-4x

b) T T 1-x

Gidi han, tiém can.

limy=4, limy=4 , —4 ‘ L

o b x—i-a , suy ra duong thang Y="1a duong tiém can ngang cua do thi (C).

lim y ==, lim y =+ , _ . .
--1 -1 , suy ra duong thing * =1 1a dudng tiém cén ding cta dd thi (C).

y=2x+l-

c) i+2
Gi6i han, tiém can.

lim y =+ , lim y =-mw= , D s A n i
¥=-27 Puong thang: ¥ == < 1a tiém can dang cua (C).
lim y =-oc | lim y=+m
lim[y-(2x+1)]=0 , lim[y-(2x+1)]=0= , _
Amfy- ] Amy= o ] Puong thing ¥ =2% *1 13 tiém can xién cia (C).

y=-x-1+
d) - x
Gi6i han, tiém can.
lil'ﬂ Y =4, lil‘ﬂ Y == o=
x—=1" x—=1*"

Puong thiang: X =1 1a tiém can dtng cua (C).
lim y =+ ulim y == m

_;I.j._lzﬂ[_'l" (— - I}] :|:| . ]']LIEI[I_ f_‘ xX-= I}] :U =

Puong thing ¥ =¥~ 1 1a tiém can xién cua (C).
Tim tiém can cia ham so:

X +1

y =

Loi giai.

& s . D=R\[0|
a) Ham so da cho xéc dinh va lién tuc trén S

-x, |1+

: . X’ : 1
limy =lim ———— =- lim ’I +—=-1= y=-1
o e X ""’ A la tiém cén ngang ctia d6 thi ham so6 khi

X— -0

a1+

: : ~.,-- . 1

lim y =lim 4/———— =lim ’I +—=l= y=l
o o x o x la tiém can ngang cia do thi ham so6 khi
X = 40

St +1 Jr +1

=-c, lim y =lim =+ = x =0 . )
X e e X la tiém can ding ctuia d6 thi ham s6

lim y =lim

khi *—= 07 y3 x— 0"



.V . i+ .
lim — =lim ——— =lim - =0= )
T X X o ham sé 7 khong c6 tiém can xién khi X = =@
1

'\ I
- +I '

11m — =lim—= 11|n =0=

K— T kY r— T — &

ham s6 ¥ khong c6 tiém can xién khi ¥ = +®

b) Ham sb da cho xac dinh va lién tuc trén R

. ¥ .
a = lim — =lim

Taco: = 7% 7 x
Ty 47
. . 2 . T+
b =lim (y- ax) =lim ( X' - 2x+2- .r): lim
fped fupet o o 2t tx

=-1
= =X - N LA A A B A . \ A . ¢
¥ =113 tiém can xién ciia d thi ham s6 khi ¥ = +%_
. ¥ xT-2x+2 .
a=Im=—=lm — " = |im
ameo=am N am

. ' 2 - 2-+3
b =lim (y- ax) =lim («Jm - 2x+2 +_r) = lim .

S o T '\,"'.‘l.': = 2x+2-x

— T 2 2
T Ll e sl S 1 . i
X X Y =7X71 13 tiém can xién cua d6 thi ham s6 khi X = -~ %,

4 . < qe A A === *
¢) Ham s6 da cho xac dinh va lién tuc trén D =(-ox; I]U[I' )

a=lim < =lim: M |—11|n I+’ ‘

-ty xm e v R
: : > : -1
b =lim (y- ax) =lim (ul'm -1- .r) =lim ——=0 )
K— & N— & K— & 2 _ . = y = < L en n A R A .
Va© - L +a Y ==Y 13 tiém can xién cua db thi

ham so khi X = +9%

a=lim 2 =lim 2 Y* " " MR LI _11|n
: : 2 : - 1
b=lim y =lim (~.-‘1 - 1 +r) =lim ——=0

F—-m oy K—s T X K— &
K= 2 - = ] = N A A K2 A 1 ‘
NESE B y=0 la tiém can ngang cua do thi ham

sO khi ¥ = =%,

Cau 13. Tim céc duong tiém can cua do thi cac ham so sau:



Cau 14.

Cau 15.

a) x-5
_2x7 - Ox+]
b) 3x+1

Loi giai.
a) X =5 13 tiém can dtng ctia dd thi ham (khi ¥~ 5" vakhi X~ 5')
d6 thi ham khong c6 tiém can ngang

Y =x+1 13 tiem can xién ciia d thi ham (khi ¥ = +% va khi X = - ),

1 17 1
X =-= X— - — X— - —
b) 3 1a tiém can dung cta dd thi ham (khi 3 vakhi 3)
d thi ham khéng c6 tiém can ngang.
2 20
y=—x-— .
39 latiém can xién cua d0 thi ham (khi ¥ = % vakhi X = - %)

Tim céac duong tiém can cia do thi cac ham so sau:

; _2x+3

a) X -4
4x

b) X’ +8

Loi giai.
a) ¥ =2 a tiém can dimg ciia d thi ham (khi ¥~ 2" vakhi ¥~ 27)
X =-2 13 tiém can dtmg ctia dd thi ham (khi * —~ = 2" vakhi X~ -2),
¥ =013 tism can ngang cua db thi ham (khi ¥ = +© va khi X = - %)
dd thi khong c6 tiém can xién.
b) ¥ =0 13 tiém can ngang ciia dd thi ham (khi X = *% va khi ¥ = - ®)

do6 thi khong c6 tiém can xién.

Tim cac duong tiém can ctuia do thi cac ham so sau:
L TV
2x-4
y=——=+2x-3
a) x +1
X +2
Y =—
b) x - 2x

Loi giai.
a) * == 1 |a tidm can dting ctia @ thi ham (khi ¥~ - 1" vakhi x— -1")

d6 thi ham khéng c6 tiém can ngang.



Cau 16.

Cau 17.

¥ =2x=3 13 tiém can xién cua dd thi ham (khi ¥ — +%© va khi X = - %),
b) x = 0 14 tiém can dtng ctia dd thi ham (khi * ~ 0" vakhi * = 07),

X =2 13 tiém can dtng ctia dd thi ham (khi ¥ = 2" vakhi ¥ = 27),

d6 thi ham khong c6 tiém cén ngang.

Y =X+2 13 tidm cén xién cta dd thi ham (khi ¥ = % va khi X = =),
Tim céc dudng tiém can cla dd thi cac ham sb sau:

v - x+4

Y=

a) ’ .".': -4

xHx+2
T —
b) x - 2x+3

Loi giai.
a) ¥ =2 [3 tiém c4n dimg cua dd thi ham (khi X~ - 2" yakhi x— -2 ).
X =2 13 tiém cn dtg cta db thi ham (khi * = 27 vakhi ¥ = 27),

d6 thi ham khong c6 tiém can ngang.

Y =2X 13 tiém can xién ciia dd thi ham (khi ¥ = *% vakhi ¥ = =)

b) ¥ =1 1a tiém can ngang ctia dd thi ham (khi X = +%° va khi ¥ = - %),
dd thi ham khong c6 tiém céan xién.

Tim cac duong tiém can cua do thi cac ham so sau:

r=x+d+4fx7 - 3x+2
a) ¥ =2 444y - 3x

b) =3x+4fx" +4

Loi giai.
a) D =(- o 1] U[2:4).
Tur tap xac dinh cia ham $6 suy ra dd thi ham khong c6 tiém can dung.

Ta co thé xem tiem can ngang nhu la trueong hop dac biét cua tiém can xién khi a = 0,do do ta chi
can tiém can xién cua do thi ham,néu dwong tiém can co dang y = b thi do la tiem cdn ngang.

. ¥ .
lim==lim




. . j 2 .
lim(y-2x)=lim |x| 1+ Jl- =+ =-2|+4 =lim |x
e e . s
2 .l
- —+—-1 -3+
= lim | x a1 +4| =lim X +4| ==
e 3 2 S 3 2 2
- —+ = +1 1= =+ = +]
X X ] h X X
5
Y=+ ~ S +o0)
Vay duong thang 2 1a tiém cn xién cta d6 thi ham (khi * .
4 i 2
1+ —|-x1- —+ —
.V . | x| xoox .
lim — =lim = lim
er y aees N |
2
3= 11
' 3 2 = lim — +4 =
v v e —
llm ) __.,.IE'E x[1- fl- —+—|+4 - 2+ 4] =
X X
11

5 . ., Y=
Vay d6 thi ham s6 c6 duong thang 2 1a duong tiém cén ngang (khi ¥ — =)

Cach khac. Trong bai toan nay ta ap dung cach bién doi sau dé tim tiém can xién cua do thi ham

Jax® +bx +¢ :JE +aax® +bx+c- JE

Véia>0,tacod

Elx) :n.}ﬂ.'r: +hr+c- Jr?

b b
r+— I+ —
2a 2a

b
b
2a

lim £(x) =0

Dat thi ta ching minh dugc rﬁng T—m

J.‘r: = 3x+2 =|x- % +4Jx - 3x+2- [x- 5
Ta co - =
e(x) =fx7 - 3x+2-|x- =
bat =1,ta co:
.T:—3.T+E—‘.T:—3_T+jr‘ - I
lim £(x) =lim ' - = lim :
o o n,}.T:-3.T+E+.T—,} o ~J.~r3—3_~r+2+.~r—,jr
. 1
= lim- _ - =0.
e 3 2 3
4|-T| - —+ 5 +[- 5 y=x+d+|x- E‘I‘E‘I{.‘L‘}
x X 2x 3
' : Suy ra =

y=x+4+x- E+€|{.~|r} =2x +£+F|{x}
Khi ¥ = *+% thi 2 2

10



li_m[}-— (21—+§}] =lim £(x) =0 ¥ :2x+i

% 27 = nén dudng thang 2 1a tiém cén xién cua dd thi ham
(khi ¥ = **)
y=x+4- .‘r+§+€|[.'r} :u+ £(x)
Khi ¥ = -~ % thi 2 2
. 11 . 11
lim(y- —)=1lim &(x) =0 . y== .
Vi 27 e nén duong thang 2 13 tiém can ngang cta dd thi ham ( khi
xX— - -30)
b) Ta cé i +4 :|.‘I.'| +fx +4- |1.|
T e R .
. . - | e
lim £(x) =lim (ﬁ,il_‘u." +4- |1|) =lim % =lim _ 4 _
T L o
L ox )

= lim ———

. |.'r|‘ f1+2 41
. X

y=3x++x +4 =3x +|_1'| +£(x)

Khi X—= +© thi ¥ =3x+x+£(x) =4x+£(x)

- =0

Suy ra

Clim(y-4x)=lim e(x) =0
1 K= X—= &=
X — +0)

nén dudng thing =4x 13 tiém can xién cia do thi ham (khi

Khi X— -©th ¥ =3x- x+&(x) =2x+£(x)

lim(y=-2x)=1lim £(x) =0
Vi = o
X — -OO)

nén dudng thing =2x 1a tiém can xién cua do thi ham (khi

Db thi ham khéng c6 tiém can ngang.

. . 2x
lim y =lim
x— tom x— fm 3
|.1'| 1+ —
C) X
lim y =lim ——— =1lim =2
K— T X— 3 K= & 3
al+ = [ — i —5 .
x x , suy ra duong thang ¥ =< 1a tiém can ngang cua dd
thi ham.

11



lim y =lim = lim - =-2
K= K— & 3 — 3

- x, [+ — I+ — . —.

x x , suy ra duong thang ¥ =~ < 14 tiém can ngang cua
do thi ham.
N 2
lim — = lim =0

* 4 TN +3 gy ra @b thi ham sé khong ¢6 tiém can xién.

Dang 2. Bai toin chira tham s6

x-2
_1' = 2 ’
Cau 18. (Chuyén Lé Hong Phong Nam Dinh 2019) Cho ham so mx = 2x+4 (Co tat ca bao nhiéu

gia tri cua tham sO ” dé do thi ham so6 c6 ding hai duong tiém can ( tiém can ding va tiém can

ngang)?
Loi giai
V= x-2 —=2=
Véi m=0;tacohamsd - 2x+4 Khong thoa man yéu cu bai toan.
. x=-2
lim — =0 =
Vi M #0 taco: T mxT - 2x+4 v =01y tiém can ngang cua dd thi ham sb.

Do thi ham sb c6 ding hai duong tiém can < d6 thi ham sd c6 dung 1 tiém can ding <
mx” = 2x+4 =0 ¢4 nghiém duy nhét hogc ™" - 2x+4 =0 (¢ haj nghiém phan biét trong d6 c6

mot nghiém * =2,
1

- e A=0=1-4m=0s m=—
mx” = 2x+4 =0 ¢4 nghiém duy nht '

mx” - 2x+4=0 o5 hai nghiém phan biét trong d6 c6 mot nghiém X =2,

C o 1
A=0 m<—
— — £
dm =0 =0
M= = m=0 khong théa man diéu kién.
Vay chi ¢6 mdt gia tri cua ' thoa man yéu cau bai toan.

_f3x+l+ar+b
(x-1)

Cau 19. Ham s khong c6 tiém can dung. Khi d6 hi¢u ¢~ b bang?

Loi giai

F)=3x+l+ar+b=(x- 1) g(x)

Do ham s6 khong c6 ti€ém cén ding nén .

. ( 3
£ bh+2 =l - _
fo=0 _ ”*; N S |
(1) =0 a+I:D h——E 2
Suy ra ' \ 4
y=2x+l- . o
Cau 20. Cho ham so x+2 ¢6ddthila(C). Goi M 1a mot diém bét ky thudce (C), qua M v

hai duong thang lan luot song song véi hai dudng tiém cin cia (C), hai duong thing ndy tao Vol
hai duong ti€ém can mot hinh binh hanh, chiing minh hinh binh hanh nay c6 di¢n tich khong doi.
Loi giai.

, I | o .
Ham s6 da cho xac dinh va lién tuc trén (omy- 2) U (- 2o )

12



Goi MNIP 13 hinh binh hanh tao boi hai tiém can ciia (C) va hai duong thang vé tir M 1an luot
song song voi hai tiém cén nay.

Me(C)= M| x,:2x, +1- ‘
| X, + 2 ]
(N eTCX ) !
{ — .""r'-f-"-'..-fj-"-'.. + |} = MN :lJ,',_r - _l'x.| =
| MN L Ox ' ' X, +2

Puong thaing MN qua M va song song v6i TCD nén c6 phuong trinh 1a:

x—x, =05 d(f._.-‘l»f.-"v'):|-3 - _T,.,| :|2 +.T..I|

Dién tich cia hinh binh hanh MNIFP .

I
5 =MN.d (I, MN) :‘ v, +2| =l
x, +2 N z
. (hang s0).
. Y =mt— . . .
Cau21. Tim M €Rdé ham s6 X ¢6 cuc tri va khoang cach tir di€ém cuc ti€u cua ham so da cho
2

dén duong tiém can xién cua nd bang v 7.
Loi giai.
\ A 1~ , . PP n = ooy 0 ), oo
Ham s6 da cho xac dinh va lién tuc trén (-e;0)u (0 ).

yv'=m- —,x #0
Ta co: x

Pé ham s d3 cho co cuc tri thi phuong trinh y'=0 c6 hai nghiém phan biét khac 0,

1 1 1
= - — == x =- [ =
v m>0 3 ! =0 m 1': 0 . JE{IE 'JE NPy <2 ) \ A 1
Vi thi : va diém cuc tiéu cia ham so la

1
A‘ ——2m
| Jm )

lim l =lim I— =0

Vi x—-m = +x y nén (d):l =N

X A iA
la duong can xién.

1
N
mﬂ“m_ﬁ‘ﬁ@_ﬁ

-
— =
Jﬁ \-“m: +1 Jﬁ Nmt +1 \-"ﬁ

d(4.(d))=

1
JITm =2ym" +1 = 4m - 1Tm+4 =0 = m =4 hoac " _Z.

2
v=1- X

Cau22. Cho ham sé X ¢o dd thi 1a (C). Tim cic diém M thuoc (C) sao cho
d (M, 7CP) =\2d (M, TCX).

Loi gidi.
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Cau 23.

Cau 24.

Ham s da cho xac dinh va lién tuc trén (-2 0) U (0; +:0)

. ) |
Me(C)le M .-,,.--.-,.,+_‘. d(M:TCX) = , d(M,TCB) =|x,
<) | o™ X x, | , JE.‘L‘;, | |
Ta co:
| . x, =1, y, =0
d (M, 7CP) =\2d (M, TCX) & |x,| =2 e o ¥ =le | .
2x, xr, =1,y =

A , .2 A N M ﬂ,O
Vay, cac diém can tim la M( ).

_x+2

y =

Chohamsd  x-3 ,¢6 do thi la (C) Tim tat ca cac diém M thuoc () sao cho khoang cach

tir M dén tiém can dung bang S 1an khoang cach tir M dén tiém can ngang.
Loi giai.

Ham s da cho xac dinh va lién tuc trén (-o5;3)U(3; 400)
; s )
M| x:1+ 3 ‘ (C)
Giasi ' %) ladiém thude dd th 7, Yo 73
. ’ 5 J4 \ M A <A A , \ d] :|Y,0' 3‘
Khi d6 khoang cach tu den tiém céan dung la
b=
Khoang cach ttr M &n tiém cén ding 1a |x“ ‘
25 >
Py %= 3| =——= = (x,- 3) =25
Theo gia thiét “1 ~~“2 hay |'1" ) | , phuong trinh nay c6 2 nghiém
X, ==2 hodic 0 =8
Viy, M(-2:0). M(&2) 1a toa d6 can tim.
2
y=2x-1- . i
Cho ham s6 2x-1 ¢4 @6 thi 13 (C). Tim hai diém thudc hai nhanh khéc nhau cua (C)

sao cho khoang cach gitta hai diém d6 nho nhat.
Loi giai.
(1 .
- o — I._J‘ —
\ K g~ , . TR A~ 2
Ham s6 da cho xac dinh va lién tuc trén ' <! -

1 L
M| —+a:2a- —|,a=0

M thuoc nhanh phai cia (C),suyra 2 a)

N é h.:-zm'_‘ . b>0
N thudc nhéanh trai cua (C), suyra ' = b

MN® =(a+b) +

2a+b)+| '_+'_‘ =(a+5)’| 3+'_‘
\a b | ab |

14



Cau 25.

£'4ab‘4+i+ 1 ‘ —16ab++16 =2 ’Iﬁa.ﬁ.iﬂﬁ =32
| ab a'b | ab ab

(a=b (a =b I
MN =42 = 4 =4, l=a=h=
T I ﬁﬂlﬁ = a =— E_
= MN 242 i
1 1 ‘ 1 I ‘
M| —+—=:10| N|—-—=:0
Viy hai diém can timla 2 27 o 2 27
v = 3- 2x

Chohim sd ¥ €040 thi 14 (C). Tim cc diém trén (C) 6 tong cac khoang cach tir d6 dén

hai truc toa d6 nhé nht.
Loi giai.

Ham s6 da cho xée dinh va lién tuc trén 2001 (042
3
AE(C)= Alx,:v,) Yo _-2+T_ d(A,Ox) :|1- | d(A4,0op) :|1- |
ool yai S0 P Sal e T —a

T =d(A4.0x)+d(4,0y) =|y, | +|x,]

Néu 4 thudc nhanh trai caa (C) thi Yo<-2 khido T > 2 Mat khac giao diém cua (C) véi truc Ox

3
E| 2:0 d(E,0x)+d(E.0p) =2 <2

, Vi 2 ,suy ra diém can tim thuoc nhanh phai caa (C).

la

Nhu vay ta chi can xét cac diém 4 thudc nhanh phai cua (C) (x0 >0 ).

=2+ i
X

T =|yy|+x =
Khi @6

+.x,

A 1o - X SA a1y £ A (0; 40
Lap bang bién thién ctia ham s6 I’ trén ( )

- 2x, ' 3
—2+i =0 = 3- 2% ::Dﬁ.r,:,e‘ D;% T=-2+—+x
* Néu x, X, |2
— <0 X, €[ 0;=
0 vO1 moi

Ta cé:

3
2+ — =0 = -T.;.E

3 ' 3
_._+q.-‘ r=2-2+x
e 3
* Néu %o

2 thi %o

3
T':7+|}U X, €

o vO1 moi

, +00
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Cau 26.

Cau 27.

Cau 28.

&0

(3 (3 )
T " - ;&T" i ‘ 3
2 2 A 2 A A .
vi ' ' nén khong ton tai.
Bang bién thién ctua ham s6 T.
X | - 2 o0
T - +

N

, 3 3 3
minT == X, =— S E{E; 0]
Suy ra 2 dat duoc khi 2, Vay diémcantimla '
2x" +3mx- m+2
.ll =
Tim gid tri tham s6 ” sao cho x-1 co tiém can xién tao va&i hai truc toa dd mot
tam giac co dién tich bang 4.
Loi giai
=2x-4

Vé6i M ==2 ham sb da cho suy bién thanh dudng thing nén khong ¢ tiém can. Do

A - B A 3~ I A “ A N ' :2 - 4 + 2
vy, M #-2 ham s da cho c6 tiém can xién 1a ¥ == 3m

A.- 3m+3:0'

S

B(0:3m+2)

Gia su tiém can xién cat truc hoanh tai va cdt truc tung tai

S —4 Gm+2) =16 = m=
408 =7 trc OA.OB =8 pay

m +1
y=2mx+m+2-

Tim gia tri tham s0 ” sao cho x+1 ¢otiém can xién cach gbc toa do & mot
1

khoang bang V17 .
Loi giai.
SR (O F 2mx- y+m-1=0, m =0
Tiém can xién la -

i m- 1] |

d (o) =

— =
. . m=—
V17 -J:hn' +1 VI7 hay 13m”~ - 34m+10 =0 = m =2 pozc 13
mx 4+ x+1
p=—
Cho ham so x+1  Xac dinh " @& ham sb co cuc dai, cuc tiéu va tiém cén xién, tiém

~ , ) RN AN 7 \ \ A .y ~ r oA P 0
can dang cia do thi ham so cung véi truc hoanh tao thanh mét tam gidc vudng c6 mot goc 60"
Loi giai.
véi >0 ham s6 d cho co diém cuc dai, cuc ti€u va tiém can xién c¢6 phuong trinh:

mx- y+1-m=0 (m=0) .. . ., , X — n A A ea
- , tiém can ding c6 phuong trinh X + 1=0 Tiém can xién va tiém can
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ding cung véi Ox tao thang mot tam giac vudng c6 mot goc la 60 khi va chi khi tiém can xién
NG

m=—
hop véi OX goc 460° hozc 130” . Ta tim duoc ™ =3 hodc 3 thoa.

Céau 29. Tuy theo gid tri 7 hay tim cac tiém can ctia ham sd.

- +1
a. x+m
- dx+m
yp=—
b. x+2
Giai
\ A g - A fem!
a. Ham so0 xac dinh trén R\ {-m}
l-m’
y=m+
Ta cod Xx+m

+Néy l-m” =0= m ==l

s oar \ A s < A = 4
Khi d6, ham s6 c6 dang suy bién Y H
Vay dd thi ham s6 khong co tiém can.
+Néy l-m* #0 = m =4

lim y =0

Khi @6 «—-=
Vay ¥ =M 3 tiém can ding cua do thi ham so.

limy =m

x—ron

Vay ¥ =™ 3 tiém can ngang ctia @6 thi ham s6.

b. Ham sb xéac dinh trén R\ {-25 .
+12
y=x-0+ mr
Ta cod x+2

+Néy m+12=0=m =-12

. 7 \ A J (¥4 J=X-
Khi d6, ham s6 c6 dang suy bién ¥ = 6

Vay d6 thi ham s6 khong c6 ti¢m can.
+Néy m+12#0= m#-12

lim y =0

Khi @6 -2
Vay X = 213 tiém can dung ctia do thi ham so.

-
lim[y - (x- 0] zli!n& =0

= x+2

V=

Vay ¥ =X~ 6 13 tiém can xién cta db thi ham sé.

17



x - 2x+5
p=— - -

Cau 30. Chohamsd =1 (0

a. Chimg minh rang tich s cac khoang cach tir diém M bat ky trén d6 thi

(C) cua ham s6 dén hai dudng tiém can cuia nd 1a hang so.

b. Tim nhitng diém trén (€) sa0 cho tirng khoang cach tir diém d6 dén 2 tiém can 1a nho nhét.

Giai:
Ham s6 xac dinh trén RT3 .

lim y =+ocz lim p =- =

Taco =1 a1
Vay x=1(a) 1a tiém can dtmg cta dd thi ham sd.
y=x-1l+—
Mit khéc x-1
lim[ y- (x-1)] =lim =0
Suyra “ 7 —rx-
Vay Y =7 L hay x=y-1 :D(&z) 14 tiém cén xién cta dd thi ham sd.
4
v (x,, v, )EC Yo =% - I+
a.Goi = U0 . Khi @6 Yo~
Khi do
d, =d(M,A) =|x, - 1]:
4
|.T,., -y, - I| X - ] _ 4

d, =d(M,A,) =

NN SR YR

4 4
d, d, =[x, - || = =
Suy ra ﬁh"' = 2 1a hang s6.
4 4 4
d +d, =|x, - ||+—3_=2J|_r,., ==
b. Ta co ﬁhﬂ - \E|-T.-. -1 2
4
d +d [~ =m
Vay “1 772 dat gi4 tri min khi < %
: 4
(-Tq - I)_ =
Suy ra 2
2 1 2 | 2 i3

18



Do d6 cac diém can tim la:

| ) 3 1 3

M1+ 2 w23 .-.-wﬁ||-;.

R R s
J‘_2m-x

Cau 31. Cho ham sb: x+m ¢ dd thila

(c,)

I_ﬁ- E-fE.

€D cno 4O 4 7 13 tam déi xtmg. Tim 7 dé trén

t6n tai diém B sao cho tam giac 4B/ vuong can tai 4.
Loi giai.

Vo By o TN
2m- b e(C,) = 4B :‘ b m-2b
b+m | ' m+h |

B‘h‘ Ly
ot | I(-m;-1)= Af ZI{-HI;-E}.

X .Taco

ru Ny uE)

AB.AI =0
AR =Ar°

A=

Tam gidc 4B vuong can tai

- 2h r

m- 2 )

mb +2 -0 m-2b bim
m+h - m+h 2

(m- 25| 2
) - | m-2 , . m
m +4=h +‘ ‘ < 4
| m+h

(2)e= mi (b7 -4)+4(F -4 =0= (B - +4) =0, p> 40 p =0

m- 4

* b =2 thay vao (1) ta duogc: m+2

=-me= m +3m-4 =0
= m=lm=-4

m+4d

* b=-2 thay vao (1) ta dugc: M- 2

=me< m -3m-4=0
= m=-1Lm=4

~ =4, =+ .. ~ T YR
vay " H, m= la nhitng gié tri can tim.

(1]
Ciu32. (Binh Giang-Hai Dwong -2019) Cho ham sé * =/ () licn tuc trén ™~ '\U va ¢6 bang bién thién
nhu sau:
x —0 0 1 +oo
Sf(x) + 0 - -
-1, +a
£(x) P
- ’ “ulk i i 0
e I
YT e
bo thi 21 (x)+3 c06 bao nhiéu duong ti€ém can ding?
Loi giai
y=g Llj:ﬁ
Dit “SMIES o tir s 1a 10 VXER
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2 F()+3=0e f(x)=

b | L

Ta cod (1).
X —o 0 1 +m
f(x) * 0
He
f(x)
0
1
.-’F h
-2 h

Tir bang bién thién c6 phuong trinh (1) ¢6 2 nghiém phan biét: % €(-:0), x, €(0:1) .

YO

Do d6 d6 thi ham s c6 2 duodng tiém can dung.

p=f(x)=ax’ +bx" +cx+d

Ciu 33. (THPT Minh Khai 2020) Cho ham s6 - ¢6 d6 thi nhu bén dudi.

o (.".': - 2.".')\1"2- X
! C(x- 3)[}': (x)- f(m)]

Hoi d6 thi ham sb ¢6 bao nhiéu dudng tiém can ding
Loi giai

, v () =3ax’ +2bx +¢
Taco .
Dua vao d thi ham sd, ta théy ham s6 dat cyc tri tai * =0, X =2 Do dé, ta c6 hé

’}'(U):I

(d =1 (a =1
}'(3)2-3 - =0 h=-3
y(©0=0 7 l13q+4p=0 ~ |c=0
y(@)=0  |8a+4b=-4 |d=I

Vay y=fx)=x"-3x" +1 .

- (- 3.1')4'3— x _ (- 2x)2- _ (x*-2x)2-x
i _(.".'- 3)[_3": (x)- f('«)] _(.T - 3](1‘3 - 3x + I)(f - 3.1':) x (- 3): (.1'3 -3x" + |).

Khi do
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Cau 34.

x =0

x =3
= | x =x, el- I;D)
x :.‘L':E(U.fl)
G- (0 -3 +1) =0 |x=xe(2:3)
Ta cod ] : _
(1: - "1)\||"?— X
4 -3 = 3x° +| :_..-}'-_I[,_,_i
Ham s6 © (e 3) (- 3 )cotapxacdmh ( T--~] |[1..1.-..1:!.
I (13_'}1)\|I"1_1 . v(e- 2)2- » i (1_1)m
m

=lim
x=0" gt (1-3)’(1 - 3’ +|) x=0" gt (1—3) (1 - 3x° +I) s 0 1(1—3)’(1 - 3x° +|)

Suy ra ¥ =0 13 duong tiém can dung.

(.T: - 3.1')@ (T: - "T)JTT

lim T =+ lim =*
= x7 (x- 3 (37 - 327 +1) ’ L (- 3Y (- 307 +1) .

X=X X=X, \ \ A A , 5 X 1 1a e
Suy ra I'va 2 cling 1a cac duong tiém cén dung ctia do thi ham so.

=f ()

(Chuyén Lé Quy Pén - Pién Bién - 2021) Cho ham sb - xéc dinh trén R | ¢6 bang bién

thién nhu hinh vé.

il 0 e
y + 0 -
0 0

1
fix)-m

V=
Tim gia tri cia 7 thi d6 thi ham so c6 tong sO duong ti€ém can ngang va ti€ém can
dtimg bang 3.
Loi gidi

1 1
Moy=jn FG)-m -m W lim F(x)=0

Ta co Do d6:

1
TR
Néu 7 =0 thj @ thi ham sb Sl m khong c6 tiém can ngang.

fFlx)-m=0e f(x)=0

Mait khac phuong trinh - v6 nghiém nén d thi ham sb khong co tiém
can ding.
Néu m 70 thi dd thi ham s &) m c6 mot tiém can ngang la -m
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+m<0. Phuong trinh f7(x)- m =0 v6 nghiém v6 nghiém nén d6 thi ham s6 khong c6 tiém can

dung.
. f(x) —Jm
Flx)m=0= __
+m>0. A (.T):-JE

h f(x)=- J;

Doa A
v nghiém véi Ym >0,

h F)=dm

Dua vao bang bién thién ta thdy phwong trin

Vay d6 thi ham s6 c6 3 dudng tiém cén khi va chi khi phuong trin
phan biet = 0<m<I

c6 hai nghiém

V=

vay 0<m <l thi dd thi hamsé 7 -m g tiém can.
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