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10.1 Cac phwong phap tinh tich phan

10.1.1 Nguyén ham va tich phan bat dinh

Dinh nghia 10.1.1. Ham F(x) dwoc goi la nguyén ham cta ham

f(x) trén khodng nao dé néu F(z) lién tuc trén khoang d6 va kha vi



10.1. Cac phuong phap tinh tich phan

tai moi diém trong ctia khodng va F'(x) = f(z).

Pinh 1y 10.1.1. (vé su ton tai nguyén ham) Moi ham lién tuc trén

doan [a,b] déu cé nguyén ham trén khodng (a,b).

Pinh 1y 10.1.2. Cdc nguyén ham bdt ky cia cung mot ham la chi
khdc nhau béi mét hang s6 cong.

Khéc véi dao ham, nguyén ham cia ham so cdp khong phai bao
3N ~ N N M A N ’ N 2
gior cing 14 ham so cap. Chang han, nguyén ham cia cdc ham e,
) 1 cosz sinz
COS(Z‘2), sm(xZ), T )
Inx" =« x

... 1a nhirng ham khong so cap.

Pinh nghia 10.1.2. Téap hop moi nguyén ham cua ham f(z) trén
khoang (a, b) dwoc goi 1a tich phan béat dinh ctia ham f(z) trén khoang

/f(x)dx.

Néu F(z) 1a mot trong céc nguyén ham cia ham f(x) trén khoang
(a,b) thi theo dinh 1y 10.1.2

(a,b) va dwgce ky hiéu la

/f(:c)dx:F(x)—i—C, CeR

trong d6 C' 14 hing s tuy ¥ va dang thitc can hiéu 1a ding thite gitra
hai tap hop.
Céc tinh chat co ban cta tich phan bat dinh:

1) d< / f(:c)d:c) — f(a)da.
2) ([ flade) = rta).

3) [dfa) = [ £wre = siz)+

Tt dinh nghia tich phan bat dinh rit ra bang cdc tich phan co
ban (thwong dwoc goi la tich phan bang) sau day:
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1

xot
a—+1

I11. /:co‘d:c: YO, a4 -1

d
IV./%—]n]m[—i—C, x #0.
V./amdlecrtl—a+0(0<a7é1); /emdx:em—l—C.

VI. /sinxdx = —cosz + C.

VII. /cosxdx =sinx + C.

d
VIH./ * —tgx—i—C’,x#g—i—mr,neZ.

cos?z
X [P otert Cn £ €z
| gz = Coter , LA nmT,n .
d arcsinx + C,
X < —-l<z<l

. V1 —a? a —arccosz +C

arctgr + C,
XL /ﬂQ DS
42 —arccotgr + C.
XII /L—ln|x+Vx2i1|+C
W RVZES

(trong trwomg hop dau trir thi z < —1 hoac = > 1).

dx 1. 11 +2x
XIIL 7:—1) ) 1.
/1—3:2 g T ¢ el 7

Céac quy tic tinh tich phan bat dinh:
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1) /kf(x)d:c — k/f(a:)dx, k0.
2) [1r@) £ galde = [ fla)dat [g(o)ie

3

)
[

Vi du 1. Ching minh rdng ham y = signz c6 nguyén ham trén

Néu /f(a:)d:c = F(x)+ C va u = p(z) khad vi lién tuc thi
du=F(u)+C

CAC Vi DU

khodng bat ky khong chira diém x = 0 va khong c¢é nguyén ham trén
moi khodng chita diém x = 0.

Gidi. 1) Trén khoang bat ky khong chira diém x = 0 ham y = signx
13 hing s6. Chang han véi moi khodng (a,b), 0 < a < b ta c6 signz = 1

va do dé moi nguyén ham cua né trén (a,b) c6 dang
Fz)=24+C, CeR.

2) Ta xét khoang (a,b) ma a < 0 < b. Trén khoang (a,0) moi
nguyén ham cua signz ¢6 dang F'(z) = —x + C con trén khoang (0, b)
nguyén ham c6 dang F(z) = z + Cy. Véi moi cdch chon hang s6 C4
va Cy ta thu dwge ham [trén (a, b)] khong c6 dao ham tai diem x = 0.
Néu ta chon C = C; = C5 thi thu dwoc ham lién tuc y = lz| + C
nhung khong kha vi tai diém x = 0. Tir d6, theo dinh nghia 1 ham
signz khong c¢6 nguyén ham trén (a,b), a <0 <b. A

Vi du 2. Tim nguyén ham ctia ham f(z) = el*! trén toan truc so.

Gidi. Véix > 0 ta cé el®l = e* va do d6 trong mién z > 0 mot
trong cac nguyén ham la e®. Khi z < 0 ta c6 el*l = e=® va do vay
trong mién z < 0 mot trong cdc nguyén ham 14 —e % + C véi hang
s6 C bat ky.

Theo dinh nghia, nguyén ham ctia ham e/l phai lién tuc nén né
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phai thda man diéu kién

lim e’ = lim (—e*+C)

z—0+0 z—0—-0
ticlal=—-14+C=C=2.
Nhw vay
er néu x > 0,
Flz)=141 néu z = 0,

—e 42 néuxr<0

14 ham lién tuc trén toan truc s6. Ta chitng minh rang F(z) 14 nguyén
ham cta ham el trén toan truc s6. That vay, véi ¢ > 0 ta cb
F'(z) = e = €Il véi 2 < 0 thi F'(z) = e™® = el*l. Ta con cén phai

chitng minh rang F’(0) = e = 1. Ta ¢6

F(x)— F r—1
Fl0) = tim O -FO) o oL
x—040 x x—040 x
F — F(0 —e4+2-—-1
F'(0) = lim Pl)-FO) _ o, —e7+2-1
x—0—0 x x—0—0 x

Nhw vay F/(0) = F’(0) = F'(0) = 1 = el*l. Tr d6 ¢ thé viét:

e’ + C, x <0
/e'”'dm =F(z)+C =
—e " +24C, x<0. A
Vi du 3. Tim nguyén ham cé do thi qua diém (—2,2) d6i véi ham
1
f(l') = ;7 VIS (_0070>‘
Giai. Vi

1
In|z|)’ = — nén In|z| 1a mot trong cac nguyén ham cua
x

—

ham f(z) =
C € R. Hang s6 C dwoc xdc dinh tir dieu kién F(—2) = 2, titc 1a
In2+C =2= C =2-—1n2. Nhw vay

. Do vay, nguyén ham cua f la ham F(x) = In|z| + C,

SH R

F(z)=1In|z|+2—1n2 = ln’%’ +2. A
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Vi du 4. Tinh céc tich phan sau day:

e+l _ pr—l 2x + 3
1 T2 g 2 da.
) / T ) / 3z + 2"

Giai. 1) Ta ¢6

1= [ (i 5og)ae= [ 2(G) -5 () Jae
=2 [ () ar—g [ (5)

LB
1n<1) 5 Ins

2 1
55 5202 T c.

) L))
o 1

2 5 2
2 Bulos 2|0
3:c+9n:c+3+

Vi du 5. Tinh cac tich phan sau day:

1 2
1) /tg%dm, 2) /de, 3) /\/1 — sin 2zdz.

1+ cos2z

Gidi. 1)

.2 2
sin“ x 1 —cos*zx
tg’rdr = —dr = [ ————dzx
cos? cos?

d
:/ :s —/ x =tgr —x+ C.
cos? x
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/1+Cos:c /1—1—(:053: _1(/ dx —|—/d:c)
1 + cos 2z 2 cos? 2 cos?x
1
zi(tg:c—l—x)—i-C’
3)
/\/1—sin2xdx:/\/sin2x—25inxcos:c+0082xdx
:/\/(sinx—cosaf)Qd:c:/|sinx—cosx|dx

= (sinz + cosz)sign(cosx —sinz) + C. A

BAI TAP

Bang cac phép bién déi dong nhat, hay dwa cac tich phan da cho
vé tich phan bang va tinh céc tich phén de!

dx 1
[/ DS. -1 ‘ - =
1 /x4—1 (bS R oo arctgx)
14 222 1
2. \/mdl‘ (DS arctgx — ;)
211 1— .2
3. /\/:c il 1+ \/4 T da. (DS. arcsinz + In|z + /1 + 22|)
V1—a*t

Viz+1—+vV1— a2
Vart—1

o

dr. (BS. Injx ++v2? — 1] —Injz + Va2 + 1))

VTS !
239[: -1 629[:
6. dx. bS. — T+ 1
/el‘—l x ( 5 +e"+1)

'Pé cho gon, trong cac “Dap s&” clia chwong nay ching t6i bé qua khong viét

c4c hing s6 cong C.
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22r 1 2 127 .
7. de. (DS, 5|+ 27]
vz B gl )
dx 1 Inz
8. [ ———. bS. —arctg—
/:c(2+ln2:c) ( V2 g\/§>
8/ 3
1
9. / "% . (bS. §1n5/3x)
x b}
T 2z
10. /el e dx. (DS. —e® — 2In|e” — 1))
J— em
e’dx
11. . bS. In(1 + ¢*
JE5 msme)
] :
12. /sin2 %dx. (bS. 5%~ sn213:)
13. /coth:cd:c. (DBS. —x — cotgx)
14. /\/1 + sin 2zdz, x € (O, I). (DS. —cosx + sinz)

2

15. /ecosm sin xdx. (DS. —e®s7)
16. /em cose’dx. (DS. sine”)

1
17. /7dx. (bS. tgf)

1+ cosx 2
dz 1 r 7
s s Luf( )]
/smx—i—cosx ( \/ing 2+8 )
1 2
19. /ﬂd@«. (DS, — )
(x +sinz)3 2(z + sinx)?
in 2 1
20. [ —— . (DS. —=+/1 — 4sin®z)
V1 —4sin’z 2
sinx
21 (DBS. —In|cosz 4+ V1 + cos? z|)

. | ———dx.
V2 —sin’x
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. 1 .92
22. [ 2B g (DS. —arcsin (sm x))
V3 —sin*z 2 V3
tg3 1
23. /%dw. (bS. —garccoth?)x)
+ y/arctg2 1 1
24. /%dm (DS gln(l + 433'2) + garctg3/22x)
arcsinx — arccosx 1
25. dr. bS. =(arcsin? x 4 arc cos® x
Vie (55 5 )

26 :U+arcsin32xd (PS 1m+1 149 )

. T. . ——/1 —4x —arcsin® 2z

V1 — 412 4 8

o7 [T Farc (:053/23130131j (DS, —VT= 72 2 52 )

. . . —vV1— 122 — —arccos®“z

V1—z2 5
Ed
28. [ x|z|dz. (bS. T)
29. /(2:1: —3)|z — 2|dx.
2 7
——x3+§x2—6x+0, <2
(DS. F(z)={ .3 )
2.4 7,

2
30. /f(x)d:v,f(:v>— Lo s

1 —|z|, |z|>1.

:L'3 ~
x—g—i—C néu |z| < 1

xlz| 1. .
v — —= + esigne + C néulz| > 1

(bS. F(x) =

10.1.2 Phuong phap ddi bién

Dinh 1y. Gid si:
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1) Ham x = @(t) zdc dinh va kha vi trén khoang T vdi tap hop gid
tri la khodng X .

2) Hamy = f(x) xzdc dinh va cdé nguyén ham F(x) trén khoing X.

Khi @6 ham F(p(t)) la nguyén ham cua ham f(p(t))¢'(t) trén
khodng T .

Tir dinh 1y 10.1.1 suy rang

[ oo = o)+ c. (101

Flplt) +C = (Fa) + Oy, = [ S@e],_,

cho nén dang thitc (10.1) cé thé viét dwdi dang

[ @l = [ sew)e 0 (102)

Déng thitc (10.2) dwoc goi 1a cong thike ddi bién trong tich phan
bat dinh.
Néu ham z = @(t) ¢6 ham ngwoc ¢ = ¢ '(x) thi tir (10.2) thu

dwoc

[t@ar= [se@y o, ., 03

Ta néu mot vai vi du ve phép déi bién.

i) Néu biéu thitc dwdi dau tich phan c6 chita can Va2 — 22, a > 0
thi sit dung phép ddi bién x = asint, t € ( - g, g)

ii) Néu biéu thitc dwdi dau tich phan cé chira can Va2 — a2, a > 0
thi diing phép ddi bién = = ﬁ, 0<t< g hoic x = acht.

iii) Néu ham dwéi dau tich phan chita can thitc vaZ + 22, a > 0
thi c6 thé dat x = atgt, t € < — g, g) hoac x = asht.

iv) Néu ham dwdi dau tich phan 1a f(x) = R(e%,e*",....e") thi
c6 thé dit t = e* (& day R 1a ham hitu ty).
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CAC Vi DU

Vi du 1. Tl’nh/ do_
COST

Giai. Ta cé
cos xdx
(dat t = sinx, dt = cos xdx)

[z 50
cosxT 1 —sin’z )
dt 1. 11+t r 7
- -l o+ )| e
/1—t2 2n1_t +C ntg2+4 +C. A

3
Vidu2.T1’nhI—/xdx.
: 8 —2
Gidi. ta cé
1 V2 oot
Ly ()
- [4 _ 4 \V2
e (]
B W)
2
Dat t = — ta thu dwoc
. \/5 Y
4
[:_an@ _|_C. A
8 \/5—3;'4

Vi du 3. Tlnhl_/ du
V(2?2 4+ a?)?

. o adt
Giai. Dat x(t) = atgt = do = 5
cos“t

3tg2t - cos® tdt in®¢ dt

[:/a g7t - cos _/sm gt — ——/costdt
cost

a3 cos?t cost

t
= ln’tg(i + %)‘ —sint + C.
Vit= arctgf nén
a
1 r T ) z
I = ln’tg(—arctg— + Z)‘ — sin <arctg—) +C
= ————— +tInlz+ V22 +a?| +C.
\/:c2 +a? | |
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Thét vay, vi sina = cosa - tga nén dé dang thay rang

. T T
sin <arctg—) =

a \/:c2—|—a2.

Tiép theo ta cé

(1 r T T m ) x
sin <—arctg— + —) 1 —cos (arctg— + —) 1 4 sin <arctg—)
2 a _ a 2/ _ a

4
guoete +)  sin (areteT £ 5) - —cos (arcte)
Z Z 4 sin ( arctg— + — — cos | arctg—
cos<2arctga+4) ga B ga
T+ Va?+a?
a

va tir dé suy ra dieu phai chitng minh. A

Vidu 4. Tinh I = /\/ a? + z2dz.
Gidi. Pat x = asht. Khi dé

I= / \/a2(1 + sh®t)achtdt = a2/ch2tdt

o [ ch2t 41 a? <1 )
= ————dt = —(zsh2t +t) + C
a / 2 2 25 +1)+

a2
= E(sht ~cht+t)+C.

2 2 2
Vicht = V1 +sh% = \[1+ 2. et =sht+cht = =Y ETT g
a a
x+\/a2+x2’
a

¢ = m} va do d6

2
/Va2+x2dx: §Va2+x2+%ln|x+\/a2+x2| +C. A
Vi du 5. Tinh

241 3 4
) I, = T 4, 2 12:/ A
28 — Tzt + 22 V—x?+6x —38
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Giai. 1) Ta ¢6

1+— x——
d:c—/
[22 — 7+ / )
:ln|t—|—\/t2—5|—i—C:ln)x—;—l—w —7+

2) Ta viét biéu thitc dwdi ddu tich phan dwéi dang
3 —2x +6 1
fla) = -5 +13-
2 V—a2?+06x—38 vV—x?+6x — 8
va thu dwoc
. /f
1 d(:U — 3)
2® + 6z — 8) " 2d(—2® + 62 — 8 +13/
2 /< )7l ) 1 — (z —3)?
= —3V—22+6xr — 8+ 13arcsin(z —3)+C. A

Vi du 6. Tinh
dx sin x cos®
1 2) Ih= [ —dx.
) /sinx’ R /1—1—(:0523: v
Giai
1) Cdch I. Ta c6

.d:c _ sm;: dp — d(cosx) _ llnl T COST
sin x sin® x cosr—1 2 1l+4cosz

Cach IL
z z
/das _/ (3) _/ 1(3)
sine - T Lozt
51n2(3052 th cos 5
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2) Ta c6

I — / sinz cos x[(cos? x + 1) — 1] I

1+ cos?z

Ta dit t = 1 + cos?z. Tir d6 dt = —2cos xsin xzdx. Do d6
1 [ft—1 t
Lh=— | —dt=—=+Inlt| +C
2 2/ ; 5T n|t| + C,

trong d6 t = 1+ cos’z. A

Vi du 7. Tinh

e’dx e’ +1
1) [1: ﬁ’ 2) [2:/€m_1dx

Giai
1) bat e* =t. Ta c¢é e*dx = dt va

dt
11:/ =In|t + V2 + 5[+ C =1Inle® + Ve¥ + 5| + C.

V2 +5
y dt .
2) Twong tw, dat e” = t, e*dx = dt, dx = n va thu duwoc
t+1dt [ 2dt dt
t—11 t—1
=2lnle® — 1| —Ine® + ¢

=In(e” — 1) —2+C. A

2:

BAI TAP
Tinh cac tich phan:
1 / <~ (BS. —=(3¢* — 4)¢/(e" + 1))
. —Qax. . —
ver +1 21

Chi dan. Dat e* + 1 = t*.

- = 2In|t — 1| — In|t| + C
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dz
) Ver 1

€2a:
dx.
/el‘—l v

/\/1+lnxd
. | ————dx.
T

[\

w

[

/\/1—i—lnﬂ:daj

zlnx

(

Viter —1
Vel

(DS. e* + Inle® — 1])

ps. m’

(DS. % (1+ Inz)?)

(bS. 21 4 Inz — In|lnz| + 2In|v/1 + Inz — 1])

dx
6. _.
/em/Z + e

(DS. —z —2e73 + 2In(1 +€2))

arctg/r dx
7. . DS. 2
N (DS. (arctgy/x)?)
2
8. /\/ e’ + e2rdr. (bS. g(em +1)%/2)
2 1 2
9. /629& 2219 + 1)du. (bS. 56290 +2r—ly
10 do (DS. 2arctgy/e — 1)
. . . Z2arc e’ —
ver —1 &
11, [ (DS. Tln(e2 + Ve 1))
. —. . =In(e ede
verr 41 2
2%dx arc sin 2%
12. . S, —
V1 — 4= ( In2 )

13 /7@3
S+ va+T

(DS. 2[Vz + 1 —In(1 + vz +1)])

Chi dan. Dat x + 1 = 2.

z+1

—dx.
T/ T — 2 .

14.

dz
15. _—
/\/ax—l— b+m

r— 2

(DS. 2z — 2 + \/2arctg T>

(bS. %[\/ax +b—mln|vVaz + b+ m”)
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dx . 0l T —
16. /W (DS. 3¢z 4 3In|Jx — 1])
dx

17. /m (DS tg(arc Sin:L'))
Chi dén. Dt z = sint, t € (— g g))
dx 1. x
18. /m (DS ? S1n <arctga))
Chi dan. Dit x = atgt, t € <— g, g)
dx 1 o1
19. /m (DS —@, t = arcsin ;)
5 1
Chi dén. Dit 1= ——, — & <t <0,0<t<~.
sint 2 2

2 2 _ 2
20. / V@ =Pdr. (8. Saresin L+ YT

a 2
Chi déan. Dat x = asint.

2
21. /\/a2 + 22dz.  (DS. g\/aQ + 22 + %ln|x + Va2 + x?|)
Chi dan. Dat x = asht.
x? 1
22, | ——=dx. (DS. =|zva?+ 22 — a’ln(x + Va? + 22
| m=tr. ®5.5[av (@ + VaTF 7))
dx Va? + a?

23. _— PS. —
( a’x

2212 + a2

Chi dan. Dat © = 7 hoic x = atgt, hodc x = asht.

)

2d 2
24. /7% (bS. %arc sing — gx/aQ — z2?)
Chi déan. Dat x = asint.
1 a

dx .
25. /m (DS —aarCSIH ;)
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N 1
Chi dan. Dat x = o hoac x = Lt hoac x = acht.

Cos
1= 22 V1 = 22
26. /Txdx (bS. _Tx —arcsinx)
dx x
27. | —. DS, ———
/\/ (a? 4 x2)3 ( a’?yVx? + aZ)

dx 2 -9

28. m (bS. 0z )
29 /d—x (bS _#)

30. /xQ\/ a? — x2dzx.

- T, o 93 aQ\/ﬁ at oz
(bS. —Z(a —z%) +gava?—a —i—garcsmg)

31. /1 / T (bS. —Va? — ? —|—arcsin£)
a—x a

Chi déan. Dat x = acos 2t.

32./ =%

r+a
(BS. Va2 —a?—2an(vr —a+ Vx+a) néuz > a,
—Va? — a2+ 2aln(v/—z + a + V-2 —a) néu x < —a)

Chi déan. Dat x =

cos 2t

—1d 1 2-1
33. / ’ ° (bS. arccos — — L)

r4 122 x x

. 1
Chi din. Dt x = .

34 (DS. 2arcsin/z)
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Chi dan. Dat z = sin®t.

2 2
35. /Ldex. (DS. Va2 11— m)H— ”;’H))

36 /ﬂ (BS —x—Q\/z—xLé\/z—x?)
V2= "3 3

37. / 7”9;6:”2)2@. (PS. —M)

455

2?dx T a?
_rar o a S 5 2
38. /m (bS. 2\/3: a? + 21n|x—|—\/:c a?|)
1)d v
39. /M (DS. m) e |y
z(1 + xe®) 1+ ze®
Chi dan. Nhan tir s6 va mau s6 véi e® roi dit ze® = t.
dx 1 x ax
0 [ (o5 L artg g
/(x2 + a?)? ( 28 e, T + a? )

Chi dan. Dit x = atgt.

10.1.3 Phwong phap tich phan tirng phan
Phwong phép tich phan tirng phan dwa trén dinh 1y sau day.

Dinh ly. Gid si trén khoang D cdc ham u(x) va v(x) khd vi va ham
v(x)u'(x) cd nguyén ham. Khi dé ham u(x)v'(z) c¢é nguyén ham trén
D va

/u(x)v’(x)d:c = u(z)v(z) — /'U(x)u’(x)dx. (10.4)

Cong thire (10.4) dwoc goi 1a cong thire tinh tich phan tirng phan.
Vi o/ (z)dr = du va v'(x)dr = dv nén (10.4) c6 thé viét dwdi dang

/ud’u = uv — /'Udu. (10.4%)

Thirc té cho thiy rang phan lém cdc tich phan tinh dwoc bang
phép tich phan tirng phan c6 thé phan thanh ba nhém sau day.
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Nhém I gom nhirng tich phan ma ham dwéi dau tich phan cé chira
thira sO 14 mot trong cdc ham sau day: Inz, arcsinz, arc cosx, arctgz,
(arctgz)?, (arccosx)?, Inp(z), arcsin ¢(z),...

Dé tinh céc tich phan nay ta ap dung cong thire (10.4*) bang céch
dit u(z) bang mot trong cdc ham da chi ra con dv 1a phan con lai cia
biéu thitc dwdi dau tich phan.

Nhém II gom nhitng tich phan ma biéu thitc dwdi dau tich phan
c6 dang P(z)e™, P(x)cosbx, P(x)sin bz trong d6 P(x) la da thire, a,
b 13 hing so.

Dé tinh cdc tich phan nay ta d4p dung (10.4*) bang cach dat u(z) =
P(z), dv 14 phan con lai ctia biéu thite dwdi ddu tich phan. Sau moi
lan tich phan tirng phan bac cia da thitc sé gidm mot don vi.

Nhém III gobm nhirng tich phan ma ham dwdi dau tich phan ¢
dang: €™ sin bz, € cos bx, sin(Inz), cos(Inz),... Sau hai lan tich phan
tirng phan ta lai thu dwoc tich phan ban dau véi hé s6 nao dé. D6 1a
phwrong trinh tuyén tinh véi an 1 tich phan can tinh.

Dwong nhién 14 ba nhém vira néu khong vét hét moi tich phan
tinh dwoc bang tich phan tirng phan (xem vi du 6).

Nhan zét. Nho cac phwong phép doi bién va tich phan tirng phan
ta chimg minh dwoc cde cong thite thwong hay sir dung sau day:

dx 1 T
1) /m = aarctgg +C, a 7é O

2) /dix:iln’a—i_x’—i—C, a 0.

a?—22 20 la—=x

x
=arcsin—+C, a # 0.
a

) G

dz
4 ——— =Inlz+Vz2+a? +C.
)/\/incﬂ | |
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CAC Vi DU

Vi du 1. Tinh tich phan I = /\/Earctg\/fdx.
Gidi. Tich phan da cho thudéc nhém I. Ta dat

u(r) = arctgy/z,

dv = \/zdz.
1 2
Khi dé du — A 203 Do ds
l+x 2yx 3
2 1
I = gx%arctg\/f— §/ ] f_xd:c
2 1 1
= gx%arctg\/f— §/ [1 — 1+x}dx

\)

1
= 225 arctgy/T — g(x —Injl1+z|)+C. A

w

Vi du 2. Tinh [ = /arc cos® zdz.
Gidi. Gia stt u = arccos? z, dv = dv. Khi d6

du — 2arccosa:dx S
iz '

Theo (10.4*) ta c¢6

Tarc cos x
V1—2?
Dé tinh tich phan & vé phai dang thitc thu dwoc ta dit u

arccosx, dv = ﬂ Khi do

V1— a2

dx
du=———, v=— [dV]1—-2%)=—V1—-a2?2+C

N fa === 1
va ta chi can lay v = —v/1 — 22

Tarc cos T

—————dr = —V1 —xZarccosx—/dx

V21 — 22

= —+v1 — z2arccosx — x + Cs.

I = zarccos®x + 2 dz.
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Cudi cing ta thu dwoc

I = zarccos®x — 21 — z2arccosz — 2x + C. A

Vidu 3. Tinh [ = / 2% sin 3xdz.
Giai. Tich phan da cho thuoc nhém II. Ta dat

u(z) = 27,

dv = sin 3zdz.

1
Khi d6 du = 2xdx, v = —3 cos 3x va
1 2 1 2
I = —§x2 cos 3z + 3 /xcos?):cd:c = —§x2 cos 3z + gfl-
Ta can tinh I;. Dat v = x, dv = cos3xdx. Khi d6 du = 1ldz,
1
v = 3 sin3x. Tw do

= _Lp 3+2[1 in3e L '3d}
= 3.1' COS O 3337S1nx 3 S1n sxrax

1 2 2
— —§x2c053x+ §:csin3:c+ 2—7COS3£L'+C. A

Nhan zét. Néu dit u = sin 3z, dv = x?dx thi [an tich phan ting
phan thit nhit khong dira dén tich phan don gidn hon.
Vidu 4. Tinh I = /e‘w cosbzx; a,b # 0.
Gidi. Day la tich phan thuoc nhém III. Ta dat u = €™, dv =
1
cos bxdr. Khi d6 du = ae*dx, v = i sinbx va
1 1
I = Ee‘“” sin bx — %/e‘”‘” sin bxdx = Ee‘“” sin bx — %Il.
Dé tinh I; ta dit v = e®®, dv = sinbzdr. Khi d6 du = ae*®dzx,

V= ~3 cosbx va

1
I = —ge”m cos bx + % /e“m cos bxdz.
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Thé I, vao biéu thitc déi véi I ta thu dwoc

1 ) a a?
e cos bxdx = Ee‘“” sinbx + — cosbx — — | €** cos bxdzx.

b2 b2
Nhw vay sau hai Ian tich phan ting phan ta thu dwoc phwong

trinh tuyén tinh véi an 13 1. Giai phwong trinh thu dwoc ta cé

g @ COS bx + bsin bx

A
a?+ b2

/ e cosbxdr = e

Vidu 5. Tinh I = [ sin(In x)dz.

1
Giai. Pat v = sin(Ilnz), dv = dzx. Khi d6 du = — cos(Inz)dz,
x
v = x. Ta thu dwoc

I = zsin(Inz) — /cos(lnx)dx = zsin(lnz) — I4.
Dé tinh I, ta lai dit u = cos(lnx), dv = dw. Khi d6 du =

1
——sin(lnz)dz, v = x va
x

I, = z cos(Inx) + /sin(lnx)dx.
Thay I; vao biéu thitc doi v6i I thu dwoc phirong trinh
I = z(sinlnz — coslnx) — I
va tir d6
Z, .
I= §(sm Inz — coslnz) +C. A

Nhan zét. Trong céic vi du trén diy ta da thay rang tir vi phan da
biét dv ham v(z) x4c dinh khong don tri. Tuy nhién trong cong thirc
(10.4) va (10.4*) ta c6 thé chon v 1a ham bat ky véi vi phan da cho
dv.
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Vi du 6. Tinh

zdx dz
1) I= : 2) I,=[| ————, € N.
) / sinfz’ ) / (22 + a?)" "

Gidi. 1) RO rang tich phan nay khong thudc bat et nhém nao
dx

sin?

trong ba nhém da néu. Thé nhwng bang cich dit u = x, dv =
va ap dung cong thitc tich phan tirng phan ta cé

COS X

I = —zcotgr + /cotgmdaf = —zcotgr +/ dz

sin x

d(sinx) '
= —xcotgr + | ——— = —xcotgr + In|sinz| + C.
sin

2) Tich phan I,, dwoc biéu dién dwdi dang
s 1/3:2+a2—x2d 1[/ dx / x2dx }
n = — —_—aAr = — - - @
a2 (.1'2 + a2)n a2 (.1'2 + a2)n—1 (.1'2 + a2)n
1 I 1 / 2xdx
= — n— _— xi .
a2 1 202 (:c2 + a2)n

Ta tinh tich phan & vé phai bang phwong phép tich phan ting
2 2 2
vde _ d@TH0T) 6 du = do,
(.1'2 + a2)n (.1'2 + a2)n

phan. Dat v = z, dv =

1 \
veT (n—1)(a? + a?)"! e

1 2xdx —x 1
— €T = + [n—l
2a? (2 4+a®)  2a*(n—1)(22 4+ a?)" ! 2a%(n—1)

T d6 suy rang

JA . .
"2 T 22(n— D@2+ a2t 2a2(n—1)"

-1

hay la

T 2n —3
I, = I, 1. *
2a%(n — 1)(22 + a?)"1 * 2a2(n — 1) " ®)
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Ta nhan xét rang tich phan I, khong thuoc bat cit nhém nao trong
ba nhém da chi ra.
Khin =1 tacé

dx 1 x
[1 = / m = aarctgg + C

Ap dung cong thirc truy hoi (*) ta c6 thé tinh I, qua I; roi I5 qua
... A
Vidu 7. Tinh I = /xe” cos brdzx.

Giai. Dat uw = x, dv = € cos brdx. Khi d6 du = dx,

un @ COS b + bsin bx

vee a?+ b2
(xem vi du 4). Nhw vay
I = peerdC08 Zf j: Z:in br - i = /e“m(a cos bx + bsin bx)dx
a cos bx + bsin bx a
= xe™ 2 Ry /e‘“” cos bxdx
— _ZT_ 7 /e‘”‘” sin bxdzx.

Tich phan thit nhit & vé phai dwroc tinh trong vi du 4, tich phan
thit hai dwroc tinh twong tw va bang

ax @SINbT — b cos bx
a? + b?

/e‘”‘” sinbrdr = e

Thay céc két qud thu dwoc vio biéu thite doi véi I ta cé
e” a
I=—— [(:c — 7) a cos bx 4 bsin bx
a? + b? ) )

b
— m(asinbx — bcosb:c)} +C A
a

BAI TAP
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|
2. /xQe_md:c.
. /:1:36_9"’2033:.
(2% + x)e’d.
arcsin zdz.

zarcsin xdzx.

x2arcsin 2zdzx.

%

— S Y —

arctgrdr.

9. [arctg\/zdz.

10. /:cgarctg:cd:c.

11. /(arctgx)%dx.

12. /(arc sin x)%du.

13 arcsinx
. .
vr+1
14, /arc sin:cdx.
72
15 rarctgx

L —=dx.
V1+ 22

x2%dz. (bS.

2%(xln2 —1)
In? 2

)
(DS. —2%e™® — 2ze™® — 2¢77)

(PS. _%(ﬁ +1)e)

1 3. 31 3l
D__5m<3__2 ___)
O Gl e U T )

(DS. zarcsinz + V1 — 22)

1 1
(bS. 1(2372 — l)arcsinz + Z:c\/l — x?)

3 222 41
(bS. %arc sin 2x + x3; V1 — 422)

1
(DS. zarctgr — 3 In(1 + z?))

(BS. (1 + x)arctgy/z — /)

rt—1 o
bS. tgr — — + —
( arctgr — oo + 4)
211 1
(bS. T (arctgr)? — zarctgr + 5 In(1 + z?))

(DS. z(arcsinz)? + 2arcsinzy/1 — 22 — 21)

(DS. 2v/z + larcsinx + 44/1 — z)
arcsin x 1 14+ +v1— 22
_ n e —

x

T

(DS. — )

(DbS. V1 + z2arcrge — In(x + V1 4 22))
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arcsin/x :
16. ﬁda& (BS. 2(y/x — /1 — zarcsin/z))

17. /lnxdx. (bS. z(lnx — 1))

2 4 8
18. /\/Eln2 xdz. (bS. §x3/2<ln2x —3 Inz + 5))

19. /ln(a: + V16 + 2?)dsz. (DS. zIn(z + V16 4+ 22) — V16 + 2?)
zln(x + V1 + 2?)

20. de. (DPS. vV1+22In(x 4+ V1 +2?) —x

i (DS VL win v+ o) = o)
21. /sinxln(tgm)d:c. (bS. In <tgg) — cos x In(tgx))

3 3 2
+1)In(z+1) 2° 2* =

22. ({14 2)de. (@S, T

[eme o ; LT

1 — 222
23. /:c2 sin 2xdx. (bS. T cos2z + %sin 2x)
1
24. /:c3 cos(22?)dx. (bS. §(2x2 sin 222 4 cos 227))
25. / e*sinadr.  (DS. - (SlnxQ_ cos ),
i In3
26. /39"’ cos xdzx. (bS. sine  ( n2) cosx?)m)
1+1In"3
3x
27. /egm(sin 2x — cos2z)dx.  (DS. 61—3(sin 2z — 5cos2x))
28. /xe% sin bxdz.
(bS €2m[<2 —1—21) i 5x+( 53:—1—20)(:0553:})
. — (22 4+ =) sin — —
29 29 29

1
29. /x2em sin xdz. (bS. 3 [(2* = 1)sinz — (z — 1)? cos z]e”)
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(x —1)?*sinx + (22 — 1) cos x "
e
2

30. /33'2690 cos zdz. (bS.

3sinz(Inz) — cos(Inz)]z?

10 )

31. /x2 sin(lnz)dz. (bS. [

32. Tim cong thitc truy hoi doi véi moi tich phan I, dwoc cho dwdi
day:

1
1) I, = /x”e‘wdaﬁ, a#0. (bS. I,= axnem - g n—1)

2) I, = /ln” xdz. (bS. I, =xIn"x — nl,_q)

2 In" 2 n
a+1 a+1

x"dx 2" NWa24+a n—1

3) I, = /:1:0‘ In" zdz, a # —-1. (bS. I,, = I1)

NI =22 ps9 (PS. I, = - I
) Va2 +a " ( n n ¢ 2
ion—1 -1
5) I, = /sin” wdw,n>2. (PS. I, = 2120 L 0T )
n n
4 n—1 -1
6) I, = /cos” xdr,n>2. (bS. I, = e I 2)
n n
dx sinx n—2
) I, = n>2 (PS. I, = I
) /cos”:c " ( (n—l)cos”_1x+n—1 2)

10.2 Cac 1ép ham kha tich trong 16p céc

ham so cap

10.2.1 Tich phan cac ham htru ty

1) Phwong phap hé s6 bat dinh. Ham dang
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trong dé P, (x) la da thitc bac m, Q,(x) la da thitc bac n dwoc goi la
ham hitu ty (hay phan thie hitu ty). Néu m > n thi P, (z)/Qu(z)
dwoc goi 1a phan thitec hirtu ty khong thwe sw; néu m < n thi
P(x)/Qn(z) dwoc goi 1a phan thite htru ty thue sw.

Néu R(z) 1a phan thitc hitu ty khong thwe sw thi nho phép chia
da thitc ta c6 thé tadch phan nguyén W(x) 1a da thitc sao cho

_ Pula) Py(x)
() Qu(z)

trong d6 k < n va W (z) la da thicc bac m — n.

R(z) = W(z) + (10.5)

Tir (10.5) suy rang viéc tinh tich phan phan thitc hiru ty khong
thire s diroe quy vé tinh tich phan phan thitc hiru ty thue sw va tich

phan mot da thirc.

Dinh 1y 10.2.1. Gid st P, (x)/Qn(x) la phan thitc hitu ty thwce sw
va

Q)= (x—a) (v =0 @*+pr+q) (2 +rr+s)°

trong dé a,...,b la cdc nghiém thuc, x> +px +q,..., 2% +rx + s la

nhwng tam thitc bac hai khong co nghiém thwc. Khi do

Plo) Ao A B B
Q(x) (z—a) r—a (x—b)7  (z—b)!
Bl M,yl' + N'y Mll' + Nl
+ +— LSRR
x—>b (224 pxr+q) 2+ pr+q
Ksx + Ls Kix+ Ly
T e 10.6
(x2+m+s)5+ +:c2—|—m—|—s’ (106)

trong do A;, B;, M;, N;, K; va L; la cdc so thuc.

Céc phan thitc & vé phi clia (10.6) dwgc goi 1 cdc phan thite don
gidn hay cdc phan thitc co ban va dang thitc (10.6) dwoc goi la khai
trién phan thitc hitu ty thwe sw P(r)/Q(x) thanh tong cdc phan thitc
co ban véi hé s6 thue.

Dé tinh céc hé s6 A;, By, ..., K;, L; ta c6 thé 4p dung
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Phwong phdp 1. Quy dong mau sé dang thite (10.6) va sau dé can
bang cdc hé s6 cta liy thira cting bac ctia bién x va di dén hé phwong
trinh dé xdc dinh A;, ..., L; (phwong phdp hé s6 bat dinh).

Phatong phdp II. Céc hé s6 A;, ..., L; cing ¢ thé x4c dinh bang
cach thay = trong (10.6) (hoic dang thitc tirong dirong véi (10.6)) bdi
cdc sO dwoc chon mot cdch thich hop.

T (10.6) ta ¢

Dinh ly 10.2.2. Tich phan bat dinh cia moi ham hiu ty déu biéu
dién dvoc qua cdc ham so cap ma cu thé la qua cde ham hieu ty, ham
logarit va ham arctang.

CAC Vi DU
xdx
(x —1)(z+1)2

Vi du 1. Tfnh[—/
Gidi. Ta co
X . A X Bl X BQ
(z—1(z+1)2 -1 2+1 (z+1)?

T d6 suy rang
v=A(x+ 1)+ Bi(x — 1)(x+ 1)+ By(x — 1). (10.7)

Ta x4c dinh cdc hé s6 A, By, B, bang céc phwong phép sau day.
Phwong phdp 1. Viét dang thite (10.7) dwéi dang

Can bang céc hé s clia liy thira cling bac ciia x ta thu dwoc

A+31:O
2A+ By, =1
A— By —By=0.
1 1 1
T d6 A=, By =—=, By = —.
w do 47 1 47 2 9
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Phwong phdap II. Thay x =1 vao (10.7) tacé 1 =A-4 = A=
Tiép theo, thay * = —1 vao (10.7) ta thu dwgc: —1 = —By - 2 hay
L P . X
la By = 5 bé tim B ta thé gid tri z = 0 vao (10.7) va thu dwoc

| =

O:A—Bl—thayl?aBl:A—Bgz——

Do do

1/ dx 1/ dx 1/ dx

[ == S 4+ - [ —
4) -1 4) xz+1 2] (x+1)2

1 1 r—1
N
2(x+1)+4 *
VYdu2.TmhI:i/—E£ii—du
. x(1 4 x2)?

Gidi. Khai trién ham dwdi dau tich phan thanh téng cdc phan
thitc co ban
3r+1 A Bx+C Dr+F
c(1+22)2 2 1422  (1+a2)?

Tw do
3r+1=(A+ B)z*+Ca®+ (2A+ B+ D)a* + (C + F)x + A.

Can bang céc hé s6 clia cac liy thira cling bac cia x ta thu dwoc

e

A+B=0

C =0
2A+B+D=0=A=1,B=-1,C=0,D=—1,F =3
C+F=3

A=1.

\

T d6 suy rang

I—/d /xd:c _/ zdx +3/ dz
- 1+ 22 (14 22)2 (14 22)?

(14 2%)~ d(1+x2)+3/<1f%>2

N)I»—t

ln|x|—§ln(1—|—x)

1 1
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d . “.
Ta tinh I, = /73j bang cong thitc truy hoi thu dwoc trong
(14 22)2
10.1. Ta co
1 x 1 x 1 dz

[ = = — —I = — — —

2T T2 2(1+x2)+2/1+x2
x

+ Larctgr + €
= ———+ —arctgr .
21 +a2) 2708

Cudi cung ta thu dwoc

3 1 3
v + —arctgr +C. A

1

BAI TAP

Tinh céc tich phan (1-12)

xdx
' /<x+1><x+2>< 3)

1 2
(bS. Z |x—|—1|——ln|:c—i—2|—|— O|3:—3|)
20t + 522 — 2
2. —dzx.
/2:1:3—33—1 .

2
bS. % +1In|x — 1| 4+ In(22* + 22 + 1) + arctg(2z + 1))

/2x3+x2+5x+1 y
.
(24 3)(x2 —z+1)
1 x 2 2¢ — 1
PS. —arcte— + In(z? — x + 1) + —arct
NV ( ) JFrcte \/§>

4, .2
1
4./ vt dx.
x(z —2)(x + 2)
2 1

21 21
(bS. 7—Zln|x|—|—§ln|x—2|+§ln|x+2|)
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dx
> /x(x— D(z2—x+1)2

x—1 10 2r—1 1 22-—1
ps. 1 ) )— ¢ _Z
( T 3\/§arCg V3 3 —x+1>
6/ xr—x2+1 J
. X.
@~ D)2 + (2% - 2)
1 1 x—/2
PS. — —In ) )+—arct + m)
( 10 loz+1 &9 4+/2 x+\/§>

/ 3x2 4 bx + 12
x
(24 3)(x2 4+ 1)

5 3 ) 9
(bS. - 1 In(z? + 3) — £arctgi +3 In(z? + 1) + iarctgx)

2 V3
8/ (z* 4+ 1)dx
C ) a4t — 3 — a2
1 1 1 1
BS. Infz|+=+= ln|x—1|——ln|x—|—1|+—)
T

r+1
241

3 1 1
(bS. Zln|x — 1]+ Zln|x +1] — iarctgx)

4
T
10. /1 — x4d3:.

(DS. —x—l—ln’i_

11./ S
(22 + 22 +2)?

(DS.

1)+1 tgz)
7| T garcter

20 —1
2(x2 + 22 4 2)

+ arctg(z + 1))
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12.

13.

14.

15.

16.

17.

18.

/x4—2x2+2 J
(22 — 2x + 2)? -
3—x

/ 2420 +7 i
(x —2)(z2+1)3

3 3
(bS. gln|x2—2|——ln|x + 1]+ —

1—

— —alIctegxr
2411 5 s

x2
/(x+2)2(x+1)dx
S, — finfe 1))
)

241
/(:c 13z + 3)d‘”'

ms. - —1+ 3 +§4q

Az —12 8x—1) 32
dx
5 _ 22
1 (z —1)? 1 20 +1

1
bS. —4+-In——"~—+ —=arct
( x+6nx2+x+1+\/§arcg \/§)

/ 322 +38
—  dx
3 + 422 + 4z

(DS, 2In|z|+In|z + 2| +

xr—1
T+ 3

)

10
T+ 2

—)

dz.

/2:1:5 +62° +1
x* + 32
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dz.

1. /x3+4x2—2x—|—1
i+
lz|(x? —2+1) 2 2z — 1

+ —=arctg
V3

(bS. In TESE 7

)

20 / v-3
. x.
x4+ 1022 + 25

1 25 — 3z 3
bS. —In(z®+5)+ -
( 2 n( ) 10(z2+5)  10v5

Chi dan. z* + 102 4+ 25 = (2% 4 5)%.

tg—)
arctg——
& 5

NG

10.2.2 Tich phan mot s6 ham vo6 ty don gian

Mot s6 tich phan ham vo ty thiong gap cé thé tinh dwoc bang phwong
phép httu ty hdéa ham dwdi dau tich phan. Noi dung cia phwong phép
nay 13 tim mot phép bién ddi dwa tich phan da cho ctia ham vo ty ve
tich phan ham htru ty. Trong tiét nay ta trinh bay nhirng phép doi
bién cho phép hiru ty héa déi véi mot s6 1ép ham vo ty quan trong
nhat. Ta quy wéce ky hiéu R(xq,xs,...) hay r(z1,za,...) 1a ham hiru
ty doi véi moi bién xq, 29, . . ., Tp.

1. Tich phan cdc ham vé ty phan tuyén tinh. Tich phan dang

[l (G () e s

trong A6 n € N; p1,...,pp € Q; a,b,c € R; ad — bc # 0 dwoc htru ty
héa nhe phép dai bién

ar+b
cx+d
& day m 1a mau s6 chung ctia cdc s6 hitu ty pi, ..., Pn.

I1. Tich phan dang

/R(x, Var?+bx +c)dr, a#0,b* —dac #0 (10.9)
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c6 thé hitu ty héa nho phép thé Euler:
(i) Vaz? + bx + ¢ = £y/ax £ t, néu a > 0;
(i) Vaz? + bz + ¢ = +xt + /¢, néu ¢ > 0;
(ili) vVar? +bx +c= £(z —x1)t
Vaxr? +bx +c=+(x — o)t
trong dé x1 va xp l1a cdc nghiém thwe khdc nhau cia tam thire bac hai
az® 4+ nbx + c. (Dau & cic vé phai clia dang thitc ¢ thé 1dy theo to
hop tly ¥).
III. Tich phan cua vi phan nhi thite. DS la nhing tich phan dang
/xm(a:c” + b)Pdx (10.10)

trong ds a,b € R, m,n,p € Qvaa#0,b#0,n#0, p#0; biéu thirc
x™(za™ + b)P dwoc goi 1a vi phan nhi thikc.
Tich phan vi phan nhi thitc (10.10) dwa dwoc vé tich phan ham
htru ty trong ba trwomg hop sau day:
1) p 1a s6 nguyén,
m+1

2) 14 s6 nguyén,

m+1 < x .
3) —— + p la sO nguyeén.
n
Pinh 1y (Trebwsép). Tich phan vi phan nhi thitc (10.10) biéu dién
dugc dwdi dang hiru han nho cde ham so cip (téc la dea duoc vé
tich phan ham hiu t§ hay hiew tg hda dwoc) khi va chi khi it nhat mot

. m+1 m+1
trong ba so p, ——,
n

+ p la s6 nguyén.
n
1) Néu p la s6 nguyén thi phép hiru ty héa sé la

x=t"

trong d6 N 1 mau s6 chung ctia cdc phan thitc m va n.
. m-+1
2) Néu i

14 s6 nguyén thi dat

ax™ + b=t
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trong d6 M 1a mau so ctia p.
P 1
3) Néu mr

+ p 1a s6 nguyén thi dat
a+brm=t"
trong d6 M 1a mau so ctia p.

CAC Vi DU
Vi du 1. Tinh

B :1:'—1—\3/ﬁ—|—\6/3?31j B dz .
1>h‘/:m+%ad’ 2)&_/v@am%wﬁ

Giai. 1) Tich phan da cho ¢é dang I, trong dé p; = 1, py =

Y

W —

1 X ~ 9 N ’ v}
p3 = —. Mau s6 chung ctia py, p2, p3 1a m = 6. Do d6 ta diat z = t5.
Khi do:

10+t ¢ P+ +1
I:6/—i—i;ﬂﬁ:6/—i—i;ﬁ

#5(1 + 12) 1112
dt 3
:6/t3dt+6/m:§\%§+6arctg%+0

2) Bang phép bién ddi so cap ta cb

[_/32—:1: dz .
T V2rz2—a)2

D6 la tich phan dang I. Ta dat

2+

va thu dwoc
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Tw do

t3(13 + 1)dt 2+x
L=—12 | ———t— = —— = C. A
2 /16t6(t3+1 / \/ —3: E

Vi du 2. Tinh céc tich phan

aVal+a+ 17 (x—2)V—22 +4r -3’
3) [3:/ dx .
(z+D)V14+oz—2a2’

Giai. 1) Tich phan I; 1a tich phan dang I va a = 1 > 0 nén ta st

dung phép thé Euler (i)
Va+az+l=ac+t, *+z+1=a>+2c+1

t?—1 —t2+t—1
r=—" \/x2+x+1:x+t:+7

1— 2t 1— 2t
224+t —1)
dr = dt.
SN F R TE
Tir d6
[_2/ ’ ’1+x—\/:c2+:c+1 e
1= 1+t l—z+Ve2+z+1

2) Daéi vai tich phan Iy (dang IT) ta ¢
—2? 44 —3=—(v—1)(z - 3)

va do dé ta sit dung phép thé Euler (iii):

V—r?+4r -3 =t(x—1).

Khi dé
2 2 2 3—ux
—(z—=1)(z—=3)=t(zr—-1)°, —(z—-3)=t(x—1), t= T
x_
t2+3 2t
= Vet dr—3=tr—1) =
PR 2+ dx (x ) o

—4tdt

T = (2 +1)2
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va thu dwoc

dt 1—t Ver—1—+3—=x
L=2 —1 ) ) =1 C.
2 /t2—1 n1+t+ n\/x—1+\/3—x+

3) Doi véi tich phan I3 (dang IIT) ta ¢6 C = 1 > 0. Ta sit dung
phép thé Euler (ii) va

Vidzr—a2=ter—1, 14+z—2>=1t%2>—2x+1,
2t +1 t2+t—1
x = i \/1+x—x2:tx—1:+7,

R 241
1+V1+z—a? —2(t* +t—1)
t: s dx: 2 .
x (t2+1)2
Do d6
dt d(t+1)
I3=-2 ———=-2 | ———— = 2arctg(t+1 C
’ /t2+2t+2 /1+(t+1)2 arctg(f +1) +

+C. A

= —2arctg

l+2+vV1+z—2a2
x

Vi du 3. Tinh céac tich phan

1) 11:/%0%7 >0 2) 12:/\5(14/1—\/%_3)(13:;

dx
3) L= [ 2L .
) B /x2\3/(1+x3)5
Giai. 1) Ta ¢6
I = /x%(l + %) d,

1 1 x ~ ) N N
3 n = 3 p = —2, mau s6 chung cia m va n bang 6.
Vi p = —2 1a s6 nguyeén, ta ap dung phép ddi bién z = % va thu dwoc

t8 442 + 3
L=6[]———dt=6 <t4—2t2 3—7)6115
! / 1+ 22 / T Uy e

6 dt 2
= > — 43 + 18t — 18 —6 | ———dt.
5 + /1+t2 /(1+t2)2

trong d6 m =
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/ t2dt 1/td< 1 ) t +1 ot
—_ = — —arc
1+e)2 2 1+ 21+ 278

nén cudi cung ta thu dwoc

6 5/ 1/2 1/6 3'/0
[1:53’} —433' +18:L‘ +1+x1/3

— 2larctgz'/® + C.

2) Ta viét I dwdi dang

12:/ 2(1—a 2)4dx

1 3 1  .m+1 P Ao
5 = Q,p—ivaiz—llasonguyenvata
c6 trueong hop thit hai. Ta stt dung phép ddi bién

1
11— — =1t

Va3

2 8
Khi 6z = (175, do = (1 - t4=583dt va do vay

I2:§/ﬁdt g/td<1—1t4):§[1—tt4_/1i—tt2}

B 2t 1/[ 1 n 1 }dt
_3(1—t4) 3) L1—¢2 1+t2

— —arctgt +C,

édaym—

L
3(1—t4 _6 ’1—t

trong d6 t = (1 — z7%/2) e
3) Ta viét I3 dwdi dang

Iy = /x_2(1 +2%) " Fda.

; 5 1
Odéym:—Q,n:3,p:—§V?am+

Do vay ta cé trweong hop thit ba. Ta thwe hién phép doi bién

+ p = —2 1a s6 nguyén.

1+ 3= =1+2°=12>
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T doé
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BAI TAP

Tinh céc tich phan (1-15)

/\/233—1—333/23;—1'

3
(bS. u3+§u2+3u+31n|u—1|, ub =21 —1)

rdx
2 /(3::: — DBz —1

2 3z -2
bs. —
( 9\/333—1)
/ 1 —xdx
3. —.
l+z
1 —+1—2a?
(bS. —x—arcsinx)
x
4 / s/ +1
x—1x+1
1. (1-1)? 2 + 1 41
bS. —-ln——— t t=1y
( P T VANetET e /3 =1

\/x—i—l—\/x—ld
Ver+1++Vr—1

1
(bS. 5(3:2 —zva?—1+1In|z+ va? - 1))

6 / zdx
SNV 1=V +1

1 1 1 1 1 1
(bS. 6[§u9+§u8+?u7+6u6+gu5—|—1u4 ,ub =1z +1)
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1+z

dz.
1—:1:3j

7, /@;-2)

1

(bS. (1 - 53:) V1—2a2— garc sin )

8 /3/3:—1—1 dx
| r—1 (x—1)%

s 5 G2 -G

dz T —2
9. . bS. 2
/\/(x—1)3(a:—2) ( x—l)
Chi din. Viét \/(x —1)3(z —2) = (z — 1)(z — 2) x:2, dit
o r—1
NV ax=2
10/ dr
=12+ 1)
1 w+u+1 2u+ 1 3 x+1
(DS ilnm—ﬂarctgﬁ, u = 3;‘—1)
11./ do o (ps. e/t
Y+ D2 - D 2V a1
12./ do S (ps. 2e/r— L
V-G + 27 W2
13./ dz . (PS. 331'—53/1'-1-1)
{’/(1‘—1)7(1'4—1)2 16 x —1 z—1
14./ do S (Ps. —3¢t=0
V=T -5y =T
dz n T —0b
15. ,aF#b. bS. .
/V(m—a)”“(x—b)”—l 4 ( b—a :c—a>
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Vi+1l—+r—1
dr.

16.
Ve+1++vVr—1

2 pva?—1 1
(DS. %—%+§1n|x+\/x2—1|)

Stt dung céc phép thé Euler dé tinh cic tich phan sau day (17-22)

1+ —Va2+zx+1

17 / do (DS. 1 ) )
e . In
vt +x+1 l—x+Va2+ax+1
18 / e (DS. In \/x_l_\/?’_x))
(x —2)vV—22 + 4 —3 Ve —1+V3 -2
19 / d (DbS. —2arct Lret 1—1—:6—3:2)
s it —22 ' s P
20 / dz
=DV 41
(PS. ﬁln’ i )
3 3+3r+2y3(2+z+1)
91 / (x — 1)dz ® 1—1—23:)
“J (@ 420+ 21 V2?22
ox +4
22, | ——=dx.
VP2 +5

(BS. 5vVa?+2x+5—In|z+ 1+ Va?+2z+5|)

X ~ A [ 1
Chi dan. C6 thé doi bién t = 5(3:2 + 2z +5) =x+ 1.
Tinh céc tich phan cua vi phan nhi thite

23. /x_%(l — 2% dz.  (DS. 625 + 323 + 222 +61n }x% —1|)

24. /:c_%(l +23)3de. (DS, —g(l +23)72)

25. /x_

(Sl

1 4 1 1 1
(1+21) %z, (DS. §(1 + 1) — 5(1 + 27)78)
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27

28

29.

30

31

32

33.

34.

35

23
. /#d:c. (DS. 3(— -
V1+ Va2 5 3
2
2 1
. /x3(1 +20%) " 3dr. (DS. v
2v222% + 1

—+t), t =1+ 22/3)

d 1
. 334\/% (DS gx_3<2x2 — 1) :L'2 + 1)
dx 1 2
_ pS. ——z! 4)(2 373
/3:2(1—1—3:3)5/3 (bS g? (Bx +4)(2+2°)73)

dx s/, _3 9
/\/ﬁm (bS. —24/(z71 +1)?)

/ dz (S, — 3 )
C V(Y413 TPz 1)
3
/id:c
Vr+1
w3
(DS. 6(7—gu5—|—u3—u2, u2:e/5+1))
/ dz
2622 — 1
w o 2ud
(DS g—?‘i‘u, u:vl—x_Q)
/ dz
av/1+ x5
1w —2u+1] V3 2u+ 1
R s TRt /TR ST
(BS. gy |t e 5 w1+
./x7\/1—|—x2da:.
9 37 35 3
O TR
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dz
V1423

36.

w4 u+1 1 2u+ 1
PbS. -In|——| — —arctg——
( e 2wl BTl

5 u3:1—|—x_3)

dz

37. | —.
V14t
1 ’u—l—l

38. /\3/:1: — 23dz.

1
— 1’ - iarctgu, ut =1+z7")

1 212 1 1 2u — 1
(DS.L——IHU reut arctgu
V3

2w +1) 12 w@—u-+l 23
10.2.3 Tich phan cac ham luwong giac

,ut =22 1)

[. Tich phan dang
/R(sinx,cos:c)dx (10.11)

trong d6 R(u,v) 1a ham hitu ty clia cdc bién u ba v luon luén cé thé
hitu ty héa dirgc nho phép déi bién ¢ = tgg, x € (—m,m). Tr d6
2t 1—t 2dt

siny = —— COSL = —— T = —-"
142’ 14t 1+ ¢2

Nhwroc diém ctia phép hitu ty héa nay 1a né thiwong dwa dén nhirng
tinh todn rat phitc tap.

Vi vay, trong nhiéu truomg hop phép hitu ty héa cé thé thuce hién
dwroc nho nhitng phép déi bién khéc.

1. Néu R(—sinz,cosz) = —R(sinx,cosz) thi sit dung phép doi

bién

t=cosz, x€(0,m)
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va lic dé
dt
V1—1t2

I1I. Néu R(sinz, — cosz) = —R(sinz, cosz) thi st dung phép doi

de = —

bién

PR d dt €< T 7r)
=Simnx r = — €T — — — ).
’ V1I—t? 272
IV. Néu R(—sinz, —cosz) = R(sinx,cosz) thi phép hitu ty héa
T
SV e
sé la gr, T 53
. t 1 tot. d dt
SN = —F/——— COST = —————, & = arc , T = —.
V14t & 1+ ¢

V1t

V. Truomng hop riéng cia tich phan dang (10.11) 1a tich phan
/sinm:ccos” xdx, m,n€Z (10.12)

(i) Néu s6 m 1& thi dit ¢t = cosz, néu n 1& thi dit sinz = t.
(ii) Néu m va n 1a nhitng s6 chan khong am thi t6t hon hét 1a thay
sin? z va cos? x theo céc cong thirc

1 1
sin®z = 5(1 —cos2x), cos’x = —(1+ cos2x).

\)

(iii) Néu m va n chan, trong d6 c¢6 mot s6 am thi phép doi bién sé
la tgx =t hay cotgx = t.

(iv) Néu m +n = —2k, k € N thi viét biéu thirc dwdi dau tich
phan bédi dang phan thitc va tach cos? z (hodc sin? ) ra khéi mau sé.

d
g (hoac Sinfx) dwoc thay boi d(tgz) (hodc d(cotgr))

va 4p dung phép ddi bién t = tgx (hoic t = cotgw).
VI. Tich phan dang

Biéu thitc

/sino‘xcosﬂ xdr, a,0 € Q. (10.13)
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Bing phép ddi bién sin® z = t ta thu dwoc

1 a—1 —1
I= 5/tT(l — )= at

va bai todn dwoc quy vé tich phan cia vi phan nhi thitc.
CAC Vi DU
Vi du 1. Tinh tich phan

[_/ dx
n 3sinz +4cosx + 5
Gidi. Dit t = tgg, x € (=7, 7). Khi dé

dt
I=2 [ ———=2[(t+3)dt
/t2+6t+9 /(+>

2

2
= +C =~ —+C. A

Vi du 2. Tinh

g / dx
] (3+cosbz)sinbx
Giai. Dat 5x = t. Ta thu dwoc

1 / dt
J=-= .
5)J (34 cost)sint

va (trwomg hop II) do d6 bang cach diat phép doi bién z = cost ta cé
1 dz 1 A B C
5/(2+3)(22—1) 5/ P o

1 1 1 1
:g/[S(z—l) C4(z+1) +8(z+3)}dz
:l[lln|z—1|—lln|z+1|+lln|z+3|} +C

8 4 8

il ’(2—1)(24-3)
1

5
0T Gy +C

cos? x + 2 cos bx —
(cosbx + 1)2

:—n’ 3’+C. A

40
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Vi du 3. Tinh

/ 2sinx + 3cosx
J = T

sin?z cosz + 9cosd x
Gidi. Ham dwdi dau tich phan c¢é tinh chat 1
R(—sinz, —cosz) = R(sinz, cosx).
T
—,—). Chia tit s6
2’ 2)

S x [N z s . ’ A z
va mau so ctia biéu thitc dwdi dau tich phan cho cos® z ta cé

2tgr + 3 2t+3
J= | = Zd(tgx) = | S——dt
/tg2x+9 (ta) /t2+9

t
=In(t* +9) + arctg(g) +C

t
= In(tg’zr + 9) + arctg(%) +C. A

Do dé ta stt dung phép ddi bién ¢t = tgx, v € ( -

Vi du 4. Tinh

dz
o
sin® & + cos® x

Gidi. Ap dung cong thitc
2 1 .9 1 :
cos” x = 5(1 +cos2zx), sin“z = 5(1 — sin 2z)
ta thu dwoc
6 .6 1 2
cos’ x +sin’ x = Z(l + 3cos” 2x).
Dat ¢ = tg2z, ta tim dwoc
4
7 / dx _ 2/ dt
1 4 3cos? 2z t24+4

t tg2
= arctg§ +C = arctg% +C. A
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Vi du 5. Tinh
.3 1
J = /sm2 x cos2 xdx.
Gidi. Dat z = sin® z ta thu dwoc

1 1
J = 5 /21/4(1 — z) 4dx.

D6 1a tich phan cua vi phan nhi thite va

m+1 TR
+ —

_4 -
n PTTT T
Do vay ta thuc hién phép dai bién
1 dz 1
So1=¢t —Z =43dt, P =
2 ’ 22 - (t*+1)?

va do do

t2
= -9 ——dt.
J /(t4+1)2dt

1
bat ¢t = — ta thu dwoc
Y

Y
J=2 | ———dy.
/ T+
Thirc hién phép tich phan tirng phan bang cach dit
3
Y B B 1
Sdy = du=dy, v=———"7-

(I+yh)

y 1 dy
:2 R — J—
/ [ 4(1+y4)+4/1—|—y4}

u=vy, dv=

ta thu dwoc
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Dé tinh J; ta biéu dién tit s6 ctia biéu thitc dwdi dau tich phan

nhuw sau:

1= L+ 1)~ - 1)

va khi dé
1 [y*+1 1 [y?2—1
Jy == dy — = d
! 2/y4—|—1y 2/y4+1y

1/(1+y2)dy 1/(1y2)dy

2 1 2 1
vt o
1 1
d(v+) d(v+)
_1/—y_1/—y
B 1\2 1\2
SRR
y y
1 1
1 ym, g a2
= arctg y_ In y ’—i—C’.

1
2RI R PR

Cudi cung ta thu dwoc

1 1
J B S A S y+__\/§+c
= — : arctg — n’ ’
21+ 42 vaoosv2 Ll s
trong do6
1 1
y=-, t=4/-—1, z=sin’z. A
t z
BAI TAP

Tinh cdc tich phan bang cdch st dung cdc cong thitc hrong gidc
dé bién doi ham dwéi dau tich phan.
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3

1. /singxdx. (DS. —cosz + — 1)
3r  sin2z = sin4dx
2. tadz. bs. =
/cosxdx (88+4 32)
5
3. /sin5 xdz. (bS. gcos3x T cos )
3sin’ 7
4. /0057 xdz. (DS. sinz — sin®z + 51;1 S sm7 :c)
5 /cos%:sin2 xdx (bS S sin4x>
' ' 8 32
3 ) cos’x  cosPw
6. [ sin®xcos” xzdx. (bS. — )
) 3
sinz  sin®x
7. /cosgxsin5:cdx. (bS. - )
6 8
dx 1
. . DS. -1
8 /sian (BS 2 ntez])
d
9. /—xx (0S. 31n [tg(F + 2 )
cos — 46
3
10, [TELOT g s infrel| +mla( T+ 2)|)
' sm2w 2L B2
sin? x tg’r  tgdw
11. dz. bS. —+ =
/COS61' o ( 5 + 3 )

Chi dan. Dat t = tgz.

12. /sin?)xcosxdx

2
13. /sin z coS —xd:c.
3 3

3
10 (S5
sin” x

.3
sin® x

15./ 5 dz.
cos? x

(DS. —

(DS.

1
(bS. —g(cos 4dx + 2cos 2z))

3 1
(bS. B cos% — 5 cos x)

—— —sinx)
sinx

+ cos )
cos



10.2. Cdc I6p ham kha tich trong 16p cdc ham so cap

95

3 t o
16. /C?S5xd:c. (bS. _ o8 x)
sin® x 4
-5 2
sin® x 1 cos” x
17. dx. DS. 21 —
/cos%: . ( 20052x+ n|cosz| 2 )
tglr  tg?
18. /tg%d:c. (bS. % - % —In|cosz|)
Trong céc bai toan sau day hay ap dung phép dai bién
t=tgr, si 2 - Qarctgt, d
— — mnr = = xr = zZarc T =
x
2+ tg—
d 1
o [ s )
34+ bHcosx 4 19 _ tg=
2
dx 1 r
0. [P s Lufu(2eT)
/smx—i—cosx ( \/ﬁn & 2+8 )
1. /3s%n:c+2005xdx.
2sinx + 3cosx
1
(bS. E(le—5ln|2tgx—|—3] —5In|cosz|)
dx x
22. . ps. 1 )1 i —‘
/1—|—sin:c+cosx ( t +g2)
23 / dx
' (2 —sinz)(3 —sinz)’
bS. —arctg—=— — —arctg—=——
( BRI V2T )

Tinh céc tich phan dang
/sinmxcos” xdr, m,n € N.

1 1
24. /sin3 x cos® xd. (bS. gcosgzc ~ 5 cos® )

2dt
1+ t2
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25 !
' 16

1 1
sin? x cos* zdzx. (BS. —(z — —sindz + 3 sin” 2) )

4

26. sin® z cos® zdz.

/
/

1 1 3
(bS. ﬁsin&: — 2—Ssin4x + T sin® 2z + 2—83;)

sindr  sin’®2z

27. /sin4x0052 xdx. (bS. 1:6—6 ~ a1 T )
! 5 L. 2 .7 L.
28. [ sin” x cos’ zdz. (bS. - sin° 2 — —sin T+ g sin x)
.6 3 L. 7 L. 9
29. [ sin®zcos® xdx. (bS. -sin’z — o sin x)

Tinh céac tich phan dang

/sino‘alscos/j xdxr, o, € Q.

sin® 3 ool z
30. mdx (DS g CosS TV Ccos“x +

Chi dan. Dat t = cosx.

3
Jcosx

)

3(1 + 4tg?z)

. _8tg2x VATl

d
31. / = (PS
—1
Vsin'! x cos x
Chi dan. Dat t = tgu.

sin®

v cos?

3 3
33. /\/3 cos? z sin® xdx. (bS. —% cos®®x + I coss z)

32.

1
dz. (bS. 3\3/(:053:(? cos?x — 1))

dz
sin® x cos® x

.3
) )
35. \ss/l%dx. (bS. 1 coss  — 1 coss x)
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11.1 Ham kha tich Riemann va tich phan

xac dinh

11.1.1 DBinh nghia

Gia st ham f(x) xdc dinh va bi chan trén doan [a,b]. Tap hop hiru
han diém {xk}zzo:

Aa=20< 1< Tag <+ < Tp1<xp=2>0

dwoc goi 1a phép phan hoach doan [a, b] va dwgce ky hiéu 1a T'[a, b] hay
don gian la T.

Pinh nghia 11.1.1. Gid st [a,0] C R, Ta,b] = {a = 29 < 71 <
- <, = b} 14 phép phan hoach doan [a, b]. Trén moi doan [z;_1, ;]
j=1,...,n ta chon mot cdch tuy y diém &; va 1ap tong

S(f,T,€) = Zf (&)Az;, Azj=x;—xj4

goi 13 tong tich phan (Riemann) ctia ham f(z) theo doan [a, b] tirong
ttng v&i phép phéan hoach T va cdch chon diém &;, j = 1,n. Néu gidi

han

lim S(f,T§ (hm Zf (&)Ax; (11.1)

d(T)— (T

ton tai htru han khong phu thudc vao phép phan hoach T va cdch
chon céc diém &;, j = 1,n thi giéi han d6 dwoc goi 1a tich phan xac
dinh cia ham f(x).

Tap hop moi ham kha tich Riemann trén doan [a, b] dwoc ky hiéu
la Ra, b].
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11.1.2 Didu kién dé ham kha tich

Dinh 1y 11.1.1. Néu ham f(x) lién tuc trén doan [a,b] thi f € R|a,b].
Hé qua. Moi ham so cdp déu khd tich trén doan bdt ky nam tron

trong tap hop xdc dinh cia nd.

Dinh ly 11.1.2. Gid s¢ f : [a,b] — R la ham bi chan va E C |a,b]
la tap hop cdc diém gidn doan cia né. Ham f(z) khd tich Riemann
trén doan [a,b] khi va chi khi tap hop E ¢ dé do - khong, tic la E
théa man diéu kién: ¥Ye > 0, ton tai hé dém dwoc (hay hiew han) cdc
khoang (a;,b;) sao cho

%0 N

FE C U(ai,bi), Z(bz — ai) = lim (bz — ai) < E.
=1

N—o0
i=1 i=1
Néu céc diéu kién cta dinh 1y 11.1.2 (goi 1a tiéu chuan kha tich
b
Lobe (Lebesgue)) dwoc thoa man thi gia tri cia tich phan /f(x)d:c

khong phu thudce vao gid tri cia ham f(x) tai cdc diém gidn doan va
tai cdc diem d6 ham f(x) dwge bo sung mot cdch tity ¥ nhung phéai

bao toan tinh bi chan ctia ham trén [a, b].

11.1.3 CAc tinh chat co ban cia tich phan xac
dinh

1) /af(:c)d:c ~0.

2) /b fla)de = — / f(a)da.

3) Néu f,g € Rla,b] va a, B € R thi af + 39 € Rla,b].
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4) Néu f € Rla,b] thi |f(z)] € Rla,b] va

| / oo < / f@)lde, a<b.

5) Néu f,g € Rla,b] thi f(z)g(x) € Rla,b).

6) Néu fg € Dla,b] va e, d] C [a,b] thi f(z)g(z) € Rc,d].

7) Néu f € Rla,d], f € Rlc,b] thi f € Ra,b], trong d6 diém c c6
thé sap xép tluy ¥ so véi cac diém a va b.

Trong cdc tinh chat sau day ta luoén luon xem a < b.
b
8) Néu f € Rla, b va f > 0 thi /f(:c)d:c > 0.

9) Néu f,g € Rla,b] va f(x) > g(z) Yz € [a,b] thi

b

/ f(@)de > /b o(2)dz.

a

10) Néu f € Cla,b], f(x) =0, f(z) # 0 trén [a,b] thi IK > 0 sao
cho

11) Néu f,g € Rla,b], g(x) > 0 trén [a, b].

M =sup f(x), m = inf f(z)
[a,b] [a,b]

thi
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11.2 Phwong phap tinh tich phan xac
dinh

Gia st ham f(z) kha tich trén doan [a,b]. Ham
F(x):/f(x)dt, a<z<b

dwoc goi 13 tich phan véi can trén bién thién.

Dinh ly 11.2.1. Ham f(z) lién tuc trén doan |a,b] la c¢d nguyén ham

trén doan dd. Mot trong cac nguyén ham cia ham f(x) la ham
F(z) = /f(t)dt. (11.2)

Tich phan véi can trén bién thién dwoc xdc dinh d6i véi moi ham
f(z) kha tich trén [a, b]. Tuy nhién, & hAm F(z) dang (11.2) 1A nguyén
ham cta f(z) dieu cot yéu 1a f(z) phai lién tuc.

Sau day la dinh nghia m& rong vé nguyén ham.

Pinh nghia 11.2.1. Ham F(z) dwoc goi la nguyén ham ciua ham
f(x) trén doan [a, b] néu

1) F(z) lién tuc trén [a, b].

2) F'(z) = f(z) tai cac diém lién tuc cta f(z).

Nhan zét. Ham lién tuc trén doan [a,b] 1a trirong hop riéng cia
ham lién tuc tirng doan. Do d6 doi v&i ham lién tuc dinh nghia 11.2.1
vé nguyén ham la tring véi dinh nghia cu truede day vi F'(z) = f(x)

Va € [a,b] va tinh lién tuc ciua F'(z) dwoc suy ra tir tinh kha vi.

Dinh 1y 11.2.2. Ham f(x) lién tuc ting doan trén [a,b] la cd nguyén

ham trén [a,b] theo nghia cia dinh nghia md réng. Mot trong cdc
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nguyén ham la
F(z)= /f(t)dt.

Pinh ly 11.2.3. (Newton-Leibniz) Ddi véi ham lién tuc titng doan

trén [a,b] ta cé cong thite Newton-Leibniz:

/f(x)dx = F(b) — F(a) (11.3)

trong do F(z) la nguyén ham cia f(x) trén [a,b] véi nghia md rong.

Pinh 1y 11.2.4 (Phwong phdp ddi bién) Gid st

(i) f(x) zde dinh va lién tuc trén [a,b),

(ii) © = g(t) zdc dinh va lién tuc cing véi dao ham cia nd trén
doan [a, (], trong dé g(a) = a, g(B) = b va a < g(t) < b.

Khi do

b B8
/ f(2)dz = / Fla(t)g (t)dt. (11.4)

\

Pinh 1y 11.2.5 (Phwong phdp tich phan tirng phan). Néu f(z) va

g(x) ¢é dao ham lién tuc trén |a,b] thi

b
b
/f(il?)g'(ilf)dilf = f(x)g(x)], - /f'(»’l?)g(iv)dil?- (11.5)
CAC Vi DU
Vi du 1. Chitng t6 rang trén doan [—1,1] ham
1 voi x> 0,
flx) =signt =<0 véiz=0, ve€[-1,1]

-1 véixz <O
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a) kha tich, b) khong cé nguyén ham, ¢) c¢é nguyén ham mé rong.
Giai. a) Ham f(x) kha tich vi né la ham lién tuc tirng doan.
b) Ta chitng minh ham f(x) khéng ¢6 nguyén ham theo nghia ct.
That vay moi ham dang
—x+Cy khiz <0
z -+ Cy khiz >0

F(r) =

déu cé dao ham bang signz V. # 0, trong dé C; va Oy 1a céc so tly
y. Tuy nhién, tham chi ham “t6t nhat” trong sé cdc ham nay
F(z)=|z|+C

(néu Oy = Oy = () ciing khong ¢6 dao ham tai diem x = 0. Do d6
ham signz (va do d6 moi ham lién tuc tirmg doan) khong c¢6 dao ham
trén khodng bat ky chita diém gian doan.

¢) Trén doan [—1,1] ham signz c¢6 nguyén ham mé rong la ham
F(z) = |x| vi n6 lién tuc trén doan [—1,1] va F'(x) = f(x) khi x # 0.
A

Vi du 2. Tinh /\/a2 — 22dx, a> 0.
0

Gidi. Dat v = asint. Néu ¢ chay hét doan [O, a thi  chay hét
doan [0, a]. Do dé6

w/2 w/2

i 1 2t
/\/a2 — 22dx = / a® cos® tdt = a? / H%dt
0 0 0
a2 7r/2d ) w/2 ] a27r
= t+ — 2tdt = — - A
5 / + COS 1
0 0

Vi du 3. Tinh tich phan

~
I
o\§
[\
—_
+
8
U
8
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Gidi. Ta thwc hién phép doi bién = cost. Phép ddi bién nay
thda man céc diéu kién sau:
(1) x = ¢(t) = cost lién tuc Vt € R

~ oA A N ~ 2
(2) Khi ¢ bién thién trén doan [%, ﬂ thi x chay hét doan [O, g} .

T V2 T
b e(3)- 2 of) -0
B ely) =5 ¢35 -
(4) ¢'(t) = —sint lién tuc Vt € [Z’ 5}
Nhw vay phép dai bién théa man dinh 1y 11.2.4 va do d6

r =cost, dxr= —sintdt,

(Z) -0 (1)_£

P\lg)="% Y\7) =
Nhw vay

I= /cotg%(— sint)dt = /(1 + cost)dt

(M|
a3

V2

. . /2 T
—|:t+Slntj|ﬂ_/4—1+1—7 A
Vi du 4. Tinh tich phan
V3/2
[ / dx
V1 —x?
1/2

Gidi. Ta thuce hién phép doi bién
r =sint = dxr = costdt

va biéu thitc dwréi dau tich phan c¢6 dang

_costdt __ Jging M0

. > dt

smt\/m _'—t néu cost < 0.
S1n
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Céc can « va (8 cia tich phan theo t dwoc xde dinh bdi

L. f o o — s
5 = sin a=g,
\/§ . s
Y2 —sint=f=—-
5 sin 15} 3
~ ’ ~ ~ 57T N 27T 9 . \
(Ta cing c6 the lay a; = 5 V2 b1 = ?) Trong ca hai trwomg hop
g . M ~ 1 \/g ~ ~ ~ 9
bién x = sint déu chay hét doan [a,b] = [5, 7} Ta sé thay két qua

tich phan 14 nhw nhau. That vay trong trwong hop thit nhéat ta cé

cost >0 va

w/3 w/3
dt ¢ 2+4/3
I= | — =Intgz [ =In :
sint 2 3
w/6 w/6

Sr 2
Trong trwong hop thit hai t € [g, ?ﬂ} ta co cost < 0 va

2m/3
dt t
[ =— — = —Intg=
sint 2

2m/3

2+3
=1n .

51/6 3

5m/6
Vi du 5. Tinh tich phan

w/3

rsinzx
I = 5 dz.
Ccos? x

0

Gidi. Ta tinh bang phirong phép tich phan tirng phan.
it

u =1z = du=dr,

sin xdx 1
dv = - = U= .
cos? x CcoS T
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Do do
w/3

1 =/3 dz T r  mw\|7/3
=2 _ _ 7T_lntg(—Jr—)

coszlo cos 30055 2 47/ lo
—Q—W—lnt<z+z)+lntz—2—ﬂ—lnt5—ﬂ A
3 8\6 "1 51773 512

Vi du 6. Tinh tich phan
1

I= /x2(1 —x)dx.

[e=]

Gidi. Ta dit

1 — 4
du = 2xdx, ’U:—( ?)
4
Do d6
1—z)t 1—z)?
I:—xQ% /2:1:( ) dr =0+ 1.
0

|

Tinh I;. Tich phan tirng phan I; ta ¢

1

1
1 1 (1—2)51 1 [(1—z)
[:— 1— 4 = —— ]y — — -
1 /x( x)dx 5% & 0—1—2/ 3 dx

0

|

2
0
1 1 1

1 (1—2x)
:—:}[:—~
o 60 60

—0— —
10 6

Vidu 7. Ap dung cong thitc Newton-Leibnitz dé tinh tich phan

A

1007 1

1) L= / V1 — cos2xdzx, 2) Igz/exarcsin(e_m)dx.
0

0
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Gidi. Ta c6 /1 — cos2z = v/2|sinz|. Do d6

1007 1007

/\/1—cos2xdx:\/§/ | sin z|dz
0 0
T 2 3T
= ﬁ[/sinxdm—/sinxdm—i—/sinxdm—...
0 T 2
1007
—i—---—i—/sinxdm}
997

= —V2[2+2+ - +2] =200V2.

2) Thic hién phép déi bién ¢t = e, sau d6 4p dung phirong phap
tich phan tirng phan. Ta c6

arcsint
/e””arc sin(e”*)dx = —/ dt
12

1 0 / dt
= —arcsint — | ———
t tv1 —t2

1
= —arcsint + 1.

(3)

—1n<l+ l—1)—|—C.

dt
[ = — =
' /t\/l—t2 / ne_, t Ve
() -
Do do
arcsint 1 1
Zarcsin e de = 1(— (--1) C
/e arcsine X p + In t+ 2 +

= e"arcsine “ + In(e” + Ve — 1)+ C

Nguyén ham vira thu dwoc c¢é giéi han hitu han tai diem 2 = 0. do
dé theo cong thire (11.3) ta cé
1

/e””arc sine “dr = earcsine ! — g +In(e+vez—1). A

0
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Vi du 8. Tinh tich phan Dirichlet

w/2
in(2n — 1
[RE=D wen
sin x
0
Gidi. Ta c6 cong thire
n—1
sin(2n — 1)z
— 2kx =
+ ; cos 2kx S sin 1

w/2
T d6 va lwu v rang /cost:cd:c:O, k=1,2,...,n—1tacé
0

T A
sin x 2

w/2
in(2n — 1
/sm( n )xdx _
0
BAI TAP

Tinh céc tich phan sau day bang phwong phap ddi bién (1-14).
5

zdx
1. | —. bS. 4
V14 3x ( )
0
£ 2
2. _ bsS. —=
/e”f —e7 ( 2 )
In2
\/5( 3 1)d 7
z° + 1)dzx
3. [ ———. PS. — —1). bat x = 2sint.
1/1'2\/4— T2 ( 23 ). Bt
w/2
dx T
4. _ bS. —
/2—1—(:05:1: ( 3\/§)

0
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1
x2dx 1

5- /m. (DS. ﬂ)

0

In2

4 —7

6. /\/el‘—ldx. (bS. 5 )

0

V7 3
xr-axr
7. /7 (PS. 3)
3/ 2+1 2

Chi din. Dit t = 2% + 1.

R
8. /ﬂdaj. (DS. 0,8(2V/2 — 1))
X
1
Chi dan. Dat t =1+ Inux.

+V3 <1
9. /x2x/9 — z2dx. (bS. ?ﬂ)

-3

chi dan. Dat x = 3cost.

Chi dan. Dat = = 6sin®t.

™

5
11. /sin6 %dx. (bS. 1_76T>
0

Chi dan. Dat x = 2t.

w/4

8
12. "2xdx. bs. —
/cos xdx ( 35)

0

5 t
Chi dan. Dat z = B
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V2/2
14+ T V2
13. . bSs. —+1-——
3 /Hl—xdx (S4+ 2)

0
C’hz’ dan. Diat x = cost.

(x 3
14. d:c (DS. 8+ iw)
34+ /(x 2
Tlnh cac tich phan sau diy bang phwong phép tich phan ting
phan (15-32).
1

1
15. /:cgarctg:cd:c. (bS. 6)

16. /| Inz|dx. (bS. 2(1 —1/e))

1
17. /e sin xdx. (bS. i(e7r +1))

e+ 3

)

0
1

18. /xge%dx. (bS.
0/

arc sm:c
19. dz. DS. 2-4
T (DS. 7v2 —4)
/4
In2
20. /ln(l + tgx)dx. (bS. W; )
0
w/b
21. /e‘”” sin brdx. (bS. T—?—b?(eﬂ +1))
0
1

1
22. /e_“” In(e” + 1)dx. (bS. —
0
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23. [ sin2z - arctg(sinz)dx. (bS. g - 1)

O\%

1
24. [ sin(lnz)dx. (DS. sin(In2) — cos(In 2) + 5)

25. [ 2%sinzdz. (BS. 7% — 6m)

/
/

2
3

26. | dz. bS. 2 —

/:c ogyxdx ( 4ln2)

1

a7 3 141 33
o [t s MR

Va2 + 2 20
0

y 2
28. /\/a2 — z2dz. (bS. E)
0
T +sinx T
29. —dx. bS. —(1
9 /1—1—(:0531:613[j (BS 6( +\/§))
w/6

30. [ sin™xcos(m + 2)xdx. (bS. —

31. [ cos™xcos(m + 2)xdz. (bS. 0)

w/2
0/
w/2
0/
w/2

32. /cos:ccosZn:cd:c. (bS. —(=1)"71)

0
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2
33. Tinh /f(:c)dx, trong dé

0

T

x? khi 0
f(z) = :

<zl
2—x khil<z<2
bang hai phwong phédp; a) stt dung nguyén ham ctua f(z) trén doan

[0,2]; b) chia doan [0, 2] thanh hai doan [0, 1] va [1,2]. (DS. g)

34. Chirng minh rang néu f(z) lién tuc trén doan [—/,¢] thi

¢ ¢
(i) /f(x)d:c = Q/f(x)dx khi f(x) 1& ham chan;
—¢ 0

¢
(ii) /f(x)dx =0 khi f(x) la ham lé.
e

35. Chitng minh rang Vm,n € Z cic dang thitc sau day dwoc thoa

man:
i

(i) /sin ma cosnxdr = 0.

—Tr

(ii) /cos max cosnzdr = 0, m # n.

—Tr

™
(iii) /sin ma sinnxdr = 0, m # n.
—7

36. Chitng minh dang thitc

/bf(x)dﬂl?:/bf(a—i—b—x)dx.

Chi dan. Dat x =a + b —t.
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37. Chitng minh dang thikc

w/2 w/2
f(cosz)dx = | f(sinx)dz.
[

Chi dén. Dit t = g _

38. Chitng minh rang néu f(z) lién tuc khi z > 0 thi

2

a 1 a
P f(2?)dr = = | vf(x)dw.
[P

39. Chitng minh rang néu f(¢) 1a ham 18 thi /f(t)dt 14 ham chan,

tire la

]mf(t)dt - / F(t)dt.

Chi dan. Dat t = —z va biéu dién

]mf(t)dt = /a+]m

va st dung tinh chan 1¢ cua ham f.

Tinh céc tich phan sau day (40-65) bang cich &p dung cong thitc

Newton-Leibnitz.
5

xdx
40. | —. DS. 4
V1+3x ( )
0
In3 1
41. /dix. (ps. L2,
er — e % 2

In2
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42,

43.

44.

45.

46.

47.

48.

49.

50.

51.

V3

[

(23 + 1)dz
N

w/2

[

0

dz
2+ cosT’

In2

/

0

J

x3dx
/(22 +1)2

ﬁ\/( )

\4/1—|—lnxd

——dx
x

/

3
-3

/

ver — 1dx.

V9 — z2dz.

dz.

6—x

7
(S = 1)

D5 27

4 —7

(DS. )

(PS. 3)

(DS. 0,8(2v/2 — 1))

ms. 37

3(m —2)
(bS. T>

Chi dan. Dat © = 6sin®t.

4
/:c2—|—3
xr—2

3

-1

dz.

r+1
—dx.
/xQ(x—l) v

(22 + 3z)dx

/

0

(x+1)(a2+1)

11

(PS. 2n 2 — 1)
372

T

®s. )



11.2. Phuong phap tinh tich phan xac dinh

75

1
2
52 [ (PS.In 24 V5,
) V% 42w +2 1+V2
h d
x
93, [ ——F————. DS.2—-1In2
/1 ++v2r+1 ( n2)
0
2 1
ez 1 1
54. Ed:c. (bS. 5(6 —e7))
1
55. /LQ (Ds. 5)
z(1+In"x) 4

1

56. /Mdaa (DS. sin 1)
X

1
1

57. /xe‘xdx. (bS. 1 - g)

e
0
w/3 ( \/_)
xdx (9 —4v3
58. . S, ———— 2
/sian ( 36 )
w/4

3
59. /lnxdm. (bS. 3In3 —2)

1
2

60. /:c Inzdx. (bS. 2In2 — g)

1
1/2

arcsin zdx. (bS. 4 ﬁ - 1)

61.
12 2

—

0
62. /:c3 sin zdz. (BS. 7% — 6m)
0
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w/2

"9
63. /62”” cos xdx. (bS. ¢ E )
0

2
64. /|1 — zl|dx. (bS. 1)
0

b
65. /%d@« (DS. |b] - |a])

Tinh cac tich phan sau day
a/b

66 / dz .
) a2+ b2x  dab
0

9 64

1
x2dx
[ e 9 g
/\/4—1-21' 5 15
0

2

67

dz

1.5

68. [—— = _In-

/x2+5x—|—4 3y
0

1

dz 27
69. =
/x2 —z+1 33
0

1
2
1
70./<x+>dx:7r

71. /dix—l
1+ cosx

1
1
72. /\/3:2—1— lde = —
0

V2

%m(l +V2)
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7

1

3 2\3/2 _3_7T
73./(1 Va?) do = o
0

Dit = sin® .

r o fa— 2
74. /:c2 a4 xd:c:<z——)a2,a>0.
a—+zx 4 3
0

Dat © = acos p.

2

2a
75. /\/Qa:c — 22dx = %
0
Dit 2 = 2asin® .

1

In(1+ x) T
76. | ———"dr = —In2.
/ 1+ 2?2 e

0
Chi dan. Dat x = tgt roi 4p dung cong thitc

sint + cost = V2 cos <% - t)

™

7. /7““ P

1+ cos?x 4
0
™ /2 ™
Chi dan. Biéu dién / = /+ / roi thire hién phép déi bién trong
0 0 /2

tich phan tir 7/2 dén 7.
78. /\3/ sinzdx = 0

79. /eg"’2 sinxdx =0

—T
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w/2

80. / (cos® x + z? sinz)dr = g
—7/2
1
81. /(e”” + e “)tgrdr =0
.
pi/2 |
82. sinxsin 2z sin 3xdr = 6

0
83. /| Inz|dr =2(1 —e)
1/e
f T 2 3 T
84. [ e cos”xdr = g(e —1)
0

e

85. /(1 +1Inz)’dr =2e — 1
1

Chi dan. Tich phan tirng phan.

11.3 Mot s6 twng dung ctia tich phan xac
dinh
11.3.1 Dién tich hinh phing va thé tich vat thé

1 Dién tich hinh phing
17. Dién tich hinh thang cong D giéi han bdi dwong cong £ ¢
phwong trinh y = f(z), f(z) > 0 Vo € [a,b] vA cdc dwong thang
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x = a, x = b va truc Ox dwogc tinh theo cong thirc

b

SD:/f(:c)dx. (11.6)

a

Néu f(z) <0 Vz € [a,b] thi

Sp = —/f(x)dx (11.6%)

Néu ddy hinh thang cong nam trén truc Oy thi

Sp = /g(y)dy, r=g(y), y €lc,d.

[

27 Néu dwong cong L dwgc cho bdi phwrong trinh tham s6 z = (1),
y=1(t),t € [a, 4] thi

B
Sp = /w(t)go’(t)dt. (11.7)

3" Dién tich ctla hinh quat gi¢i han bdi dwong cong cho dwdi dang
toa do cuc p = f(p) va cdc tia p = @g va ¢ = ¢1 dwoc tinh theo cong
thire

Y1

S0 =3 [UrePde. (11.8)

¥0

47 Neumien D = {(z,y) :a <z < b; f1(z) <y < fo(z)} thi

SD=/ﬂ%0—ﬁ@Wm (11.9)
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2. Thé tich vat thé
1" Néu biét dirge dién tich S(x) ctia thiét dién tao nén bdi vat the
va mit phang vuong géc véi truc Oz tai diém cé hoanh do z thi khi

x thay doi mot dai lwong bang dx thi vi phan ctia thé tich bang
dv = S(z)dz,

va thé tich toan vat thé dwoc tinh theo cong thite

b

V= /S(x)dx (11.10)

a

trong d6 [a, b] 1a hinh chiéu vuéng géc ctia vat thé lén truc Ow.

2+ Néu vat thé dwoc tao nén do phép quay hinh thang cong gidi
han boi dwong cong y = f(z), f(z) > 0 Vo € [a,b], truc Oz va cac
dwong thang x = a, £ = b xung quanh truc Oz thi dién tich vdt thé

tron xoay d6 dwoc tinh theo cong thirc

b

V, ::wn/ff(xﬂ2dx. (11.11)

a

Néu quay hinh thang cong xung quanh truc Oy thi vat tron xoay
thu dwoc cé thé tich

Vy=m /[x(y)]Qdy, x=x(y); [e,d] = pro,V. (11.12)

[

3T Néu ham y = f(x) dwoc cho bdi cédc phwong trinh tham s6

y=y(t), tela/]
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théa man nhitng dieu kién ndo dé thi thé tich vat thé tao nén bdi

phép quay hinh thang cong xung quanh truc Oz bang

B
V, = w/y2(t):c’(t)dt (11.13)

o

4% Néu hinh thang cong dwoc gidi han bdi cédc dirdong cong 0 <
yi(z) < yo(x) Va € la,b], trong d6 y1(z) va yo(x) lién tuc trén [a, b]
thi thé tich vat thé tao nén do phép quay hinh thang dé xung quanh
truc Oz bang

b

Vo= [ @) - (), (11.14)

a

5% Dai véi vat thé thu diroe bdi phép quay hinh thang cong xung

quanh truc Oy va thda man mot s6 diéu kién twong tw ta cé

B
V, = ﬂ/xZ(t)y’(t)dt (11.15)
V= [ [(a))? ~ (o)) (11.10

CAC Vi DU

Vi du 1. Tim dién tich hinh phang giéi han bdi dwong astroid
T =acos’t, y = asin’t.

Gidi. Ap dung cong thire (11.7). Vi dwomg astroid ddi xtimg qua
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céc truc toa do (hay vé hinh !) nén

0
S =45 =4 / asin®t - 3a cos® t(—sint)dt
w/2
w/2
= 12a* / sin® ¢ cos® tdt
0
w/2

= ~a? /(1 — cos 2t)(1 — cos® 2t)dt

Vi du 2. Trén hypecbon x? — y* = a? cho diém M (xg,y0) o > 0,
yo > 0. Tinh dién tich hinh phang gi¢i han bdi truc Oz, hypecbon va
tia OM.

Gidi. Ta chuyén sang toa do cuc theo cong thitc o = rcosp,

y = rsing. Khi d6 phwong trinh hypecbon cé dang

2 2
9 a a

rT = - —= .
cos? p —sin?p  cos2p

bit tga = % 3 lwu y rang x3 — y2 = a® ta thu dwoc
Zo

1 2 1+t
s:_/ﬁd@:_/ BEELT
2 cos 2 1—tga

:a_21n<l'0+yo) :a_21n1'0+y0.
4 a? 2 a

O day ta da st dung cong thitc

dt

cost ln’tg( Z)}%—C. 4
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Vi du 3. Tinh dién tich hinh phang giéi han béi cdc dwong cé phwong
trinh 22 + 92 =2y, 2>+’ = 4dy; y = x vay = —.

Gidi. Dwa phwong trinh dwomg tron vé dang chinh tac ta co:
2+ (y—1)2=1vaz?+ (y—2)? = 4. D6 1a hai dwong tron tiép xic
trong tai tiép diém O(0,0). T dé mieén phang D gi¢i han bdi cic
dwong da cho doi xitng qua truc Oy. Loi gidi sé dwoe don gian hon
néu ta chuyén sang toa do cwc (véi truc cre tring véi hiréng dirong

cia truc hoanh):

2?2 +y? =4y = r = 4sin g,

r=reosg 2?2+ y? =2y = r =2sinp,
Yy =rsing

va

3
D = {(r,gp) : % << ZW;QSingo <r < 4sing0}.
Ky hiéu S* 13 dién tich phan hinh tron gigi han bdi dwong tron 2 +
3
y? = 4y (tikc 1a r = 4sin ) va hai tia p = % VA o = Zﬂ; S 1a dién
tich phan hinh tron gi¢i han bdi 22 + y? = 2y (tikc 1 r = 2sin @) va
hai tia da néu. Khi do6

w/2 w/2
1 1
Sp=5"—-85= 2[5 /(4sing0)2dg0 ~ 5 /(QSingo)ngp}
w/4 w/4
w/2
. 9 3m
=12 [ sin gpdgpz;—i—& A
w/4

Vi du 4. Tinh thé tich vat tron xoay tao nén do phép quay hinh
2 2

thang cong giGgi han bdi cac dwong y = +b, il 1 xung quanh
a
truc Oy.
Gidi. Do tinh d6i xtng clia vat tron xoay doi véi mit phang 20z

(ban doc hay tw vé hinh) ta chi can tinh nita bén phai mat phang Oz
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la dd. Ta cé

b b
V:2V1:27r/x2dy:27ra2/<1+g—2)dy
0 0

3 b 8
Y 2
=2 a2< —l——)’:—ab. A
T T a3l T 3"
Vi du 5. Tinh thé tich vat thé 1ap nén do quay astroid z = acos®t,
y = asin®t, 0 < t < 27 xung quanh truc O.
Glidi. Duomg astroid doi xitng déi véi cée truc Ox va Oy. Do dé

a a

Ve Zﬂ/y2dx:27r/y2dx
—a 0
y? = a%sint, dr = —3acos®tsintdt

t:gkhixzo, t =0 khiz = a.

Do do
a 0
V= 27r/y2dx = —6a’n / sin® ¢ cos? t sin tdt

0 w/2

0
= 6a’r /(1 — cos? t)? cos? t(— sin tdt)
/2
0
= 6a’r /(COS2t —3cos*t + 3cos’t — cos®t)(d(cost)
/2
32,

—_— i e e — — . A
105" ¢

Vi du 6. Tinh thé tich vat thé gi¢i han bdi hypecboloid mot tang
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va céc mat phang z = 0, z = h (h > 0).
Gidi. Ta sé ap dung cong thitc (11.10), trong dé ta xét cac thiét
dién tao nén béi cidc mat phang vuéng géc véi truc Oz. Khi dé (11.10)

c6 dang

V—/hS(z)dz,

trong d6 S(z) 1a dién tich ctia thiét dién phu thudce vao z. Khi cat vat
thé bdi mat phang z = const ta thu dwoc elip véi phwong trinh
2 2

ol Y
SN 2

slae(+2) #(1+32)
C C

z = const

2 2

T Y =1

|
_l’_
|
[N} | [N}

z = const

T d6 suy rang

(D) nm D)

14 cdc ban truc cia elip. Nhuwng ta biét rang dién tich hinh elip véi
ban truc ay, by 1a wa;b; (cé thé tinh bang cong thite (11.7) d6i véi elip
c6 phwong trinh tham s6 = = a; cost, y = by sint, t € [0, 27]).
Nhw vay
2

S(z) = mb(1 + 2—2) 2 e [0, h].

T dé theo cong thire (11.10) ta ¢
h
22 h?
V= /mb(1 55 )de =mabh(1+25). A
c? 3c?
0
Vi du 7. Tinh thé tich vat thé thu dwoc bdi phép quay hinh phang

giéi han bdi dwong y = 4 — 22 va y = 0 xung quanh dwong thang
x =3 (hay vé hinh).
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Gidi. Vat tron xoay thu dwoc c6 tinh chat 1a moi thiét dién tao
b&i mat phang vuéng gée véi truc quay déu 1a vanh tron gidi han boi
cac diromg tron dong tam. Xét thiét dién cach géc toa do khodng bang
y (0<y<4). Taco

S=rR*—qmrl=7[3+2)* -3 —2) =12rz = 127\/4 —y

vi z 14 hoanh do ctia diém trén parabon da cho. Khi y thay doi dai
lrong dy thi vi phan thé tich

dv = S(y)dy = 12w+/4 — ydy.

Do d6 thé tich toan vat bang

=0647. A

_127r/\/ ydy = 8m(4 — y)3/2

Vi du 8. Tirg théztfch vat thf gic’yzi han bdi cic mat 22 + y? = R?;
y=20,2z=0, E+E—1:0, 5—5—1:0.

Gidi. Do tinh ddi xttng (hay vé hinh) ctia vat thé d6i véi mat
phang = 0 nén ta chi can tinh thé tich phan nam trong géc phan
tam thit nhat. Moi thiét dién tao nén bdi cdc mat phang L Oz déu
12 hinh chtt nhat ABCD véi OA = z. Khi d6

h
S(z) = Sapcp = AB - AD = E(R_x). R2 _ 2.

Tw d6 thu dwoc

R
V:2/S =2
0

w/2
= 2hR? /(1 —sint) cos” tdt =

0

| =

R
/ — )V R? — 22dx (dat © = Rsint)
0

hR?(3m — 4)
6
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BAI TAP

Trong céc bai toan sau day (1-17) tinh dién tich céc hinh phang

giGgi han bdi cde dwomg da chi ra.

9
l.y=6x—2>-7, y=1z—3. (bS. 5)
2. y=6x—2% y=0. (PS. 36)

)
3. 4y =8r — 2% 4y = x + 6. (bS. SQ)
4. y=4—2% y =2 -2z, (bS. 9)
5. 6x = 1y® — 16y, 24z =y — 16y.  (DS. 16)
6. y=1—¢",2=2,y=0. (BS. e? — 3)

1
7.y=a?—6x+10,y =6z — 2% v = —1. (DS.21§)
8. y =arcsinx, y = ig, x=0. (bS.2)

—1)2
9. y=e",y=e ", x=1. (bS. M)
e
2 2 4
10. y* = 2pz, x° = 2py. (bS. gp)
11. 22+ > + 62 — 2y +8 =0, y = 2% + 62 + 10
3 2 9 — 2
(DS, S — “6+ L S=T)

12. z = a(t — sint), y = a(1 — cost), t € [0,27]. (DS. 3ma?)
Chi dan. Day 14 phirong trinh tham s6 ctia dwong xycloid.

3ra?

g )

13. x = acos’t, y = asin’®t, t € [0,27].  (DS.
14. z = acost, y = bsint, t € [0,27]. (DS. 7wab)
15. Puong lemniscate Bernoulli p? = a? cos2p. (PS. a?)
16. Duwong hinh tim (Cacdioid) p = a(1 + cos ).

3ra?
(s “o0)
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17* Céc dwomg tron p = 2v/3acos p, p = 2asin .
)
(DS a2<67r — \/§))

Trong céc bai todn sau (18-22) hay tinh thé tich vat thé theo dién

tich cdc thiét dién song song.

PN T 4
18. Thé tich hinh elipxoid = + 2 + 2= 1. (bs. gﬂabc)
19. Thé tich vat thé gidi han bdi mat tru 22 + y? = a2, y? + 22 = a®.
(bS. 1—??a3)

Chi dan. Do tinh déi xing, chi can tinh thé tich mot phan tdm
vat thé véi oz > 0, y > 0, 2z > 0 1a di. C6 thé lay céc thiét dién song
song v6i mat phang 20z, D6 1a céc hinh vudng.

20. Thé tich vat thé hinh nén véi ban kinh ddy R va chiéu cao h.
R%h
(s, =)

3
Chi dan. Dich chuyén hinh nén vé vi trf véi dinh tai goc toa do

va truc déi xiing 1a Oz. Thiét dién can tim 14 hinh tron véi ban kinh
() = 2 (7
r(z) = —x (7).
x
21. Thé tich vat thé giéi han bdi cdc mat nén

2 2

(z—2)* = % % va mit phang z = 0.
8m\/6
(DS. 7”f)
3
22. Thé tich vat thé giéi han bdi mat tru partabolic z = 4 — 2, cac
16
mat phang toa do va mat phang v = a.  (DS. Ta)

Trong céc bai todn sau day (23-34) hay tinh thé tich ctia vat tron
xoay thu dwgc bdi phép quay hinh phang D gidi han bdi dwong (céc

dwong) cho trwde xung quanh truc cho trudge

23. D :y? = 2px, v = a; xung quanh truc Oz. (DS. wpa?
)
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T 47
24. D: — + %) <1 (b < a) xung quanh truc Oy. (BS. ?a%)

a

T 47
25. D:— + v <1 (b < a) xung quanh truc Oz. (DS. ?azﬁ)

a

2

26. D : 2y = 2?; 2z + 2y — 3 = 0 xung quanh truc Oz. (DS. 18E7T>
27. D : 2> +y? =1; r + y = 1 xung quanh truc Oz. (bS. %)
28. D:2?+y? =4, x=—1, 2 =1, y >0 xung quanh truc Ox.

—~

bS. 87)

7T2

29. D:y=sinz, 0 <z < 7, y =0 xung quanh truc Oz. (bS. 7)

2 2 4
30. D: — — o 1,y = 0, y = b xung quanh truc Oy. (PS. §7ra26)
a
2
31. D:y*+x—4=0, x =0 xung quanh truc Oy. (bS. 34—)

15
32. D:xy=4,y=0,z =1, z =4 xung quanh truc Oz. (DS. 127)

33. D:2%+ (y—0)?> < R? (0 < R < b) xung quanh truc Ox.
(DS. 27%bR?)
Chi dan. Hinh tron D cé thé xem nhir hiéu ctia hai thang cong
D, = {(:c,y) —R<rx<RO<Ly< —VR? —x2} va
Dy = {(:c,y) —R<rx< RO<Ly<+VR? —xQ}.
34*. D = {(z,y) : 0 <y < VR? — :c2} xung quanh dwomg thang
= R.
(bS. TR3)
Chi dén. Chuyén goc toa do vé diém (0, R).

/A

3mr—4

11.3.2 Tinh d6 dai cung va dién tich mat tron
xoay

1t Néu dwong cong L(A, B) dwogc cho bdi phwong trinh y = y(z),
x € [a,b] (hay z = g(y)) hodc bdi cdc phwong trinh tham sé = = ¢(t),
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y = 9(t) thi vi phan do dai cung dirge biéu dién bdi cong thike

d= 1+ (y,)?de = /1 + (z])*dy = x? + ytdt (11.17)

va do dai cua dwong cong L(A, B) dwgce tinh bdi cong thike

rp=—

((A,B) = / de:/g,/1+(x;)2dy

A=a
tp

= / \ iyt (11.18)
ta

Néu dwomg cong dirge cho bdi phirong trinh trong toa do cwe p = p(yp)
thi

2
dt = \/p*+ (p,) dy

va

(A, B) = / Vo2 + (o) de. (11.19)

27 Néu mit o thu dwgc do quay dwdmg cong cho trén [a,b] boi
ham khong am y = f(z) > 0 xung quanh truc Oz thi vi phan dién

tich mat

Y+ (y+dy)

ds =2
s T 5

dl = 7(2y + dy)dl ~ 2mydl

va dién tich mat tron xoay dwogc tinh theo cong thirce

b

Sy =27 / fx)/1+ (f1)%dx. (11.20)

a



11.3. Mot s6 1tng dung cua tich phan xdc dinh

91

Néu quay dwomg cong L(A, B) xung quanh truc Oy thi ds ~ 2wz (y)dl
va
YB
Sy = 27r/:c(y) 1+ (2))%dy. (11.21)

ya

Néu dwomg cong L( A, B) dwgc cho béi phwong trinh tham s6 x = o(t),
y=1() =0 (€ [o,f]) thi

B
S, = 27r/1/1(t)\/g0’2 + p2dt. (11.22)

o

Twong tw ta ¢

B
S, = 27r/g0(t)\/g0’2 +2dt,  p(t) > 0. (11.23)

CAC Vi DU

Vi du 1. Tinh do dai dwong tron ban kinh R.

Gidi. Ta cé thé xem dwong tron da cho cé tam tai goc toa do.
Phwong trinh dwong tron dwdi dang tham s6 ¢ dang @ = Rcost,
y = Rsint, t € [0,27]. Ta chi can tinh d6 dai ciia mot phan tw dwong
tron ng véi 0 < ¢t < g la did. Theo cong thire (11.18) ta c¢6

w/2
w/2
(= 4/ V/(=Rsint)? + (Rcost)?dt = 4Rt|  =2nR. A
0

0

Vi du 2. Tinh do dai clia vong thit nhat ctia dwong xoan dc
Archimedes p = ap.
Gidi. Theo dinh nghia, dwong xoin 6c Archimedes 13 diong cong

phang vach nén bdi mot diém chuyén dong déu theo mot tia xudt phat
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tlr goc-cwre ma tia nay lai quay xung quanh goc cwe vGi van tée goc
c6 dinh. Vong thit nhéit ctia dirdng xoan 6¢ Archimedes diroc tao nén
khi géc cuc ¢ bién thién tir 0 dén 27. Do d6 theo cong thite (11.19)

ta co
2m 2m
= / Va2p? 4 a’dp = a/ V2 + 1dp.
0 0
Tich phan tirng phan bang cdch dat v = /p? + 1, dv = dp ta ¢

K:a-gox/gzﬂ—irl

27
2 / 902 di|
- | T /09
0 J ,/@24—1
27
2 Wr+1-1

— [ /2+1 r -
ale\ ¢ 0 ) /902_’_1

1 1
igo g02+1+§ln(g0+\/g02+1)}

r 1
=a|rViar2 4+ 1+ 5(27r + VAT2 + 1)} A

dgo}

2w
0

Vi du 3. Tinh dién tich mat cau ban kinh R.
Gidi. C6 thé xem mat cau cé tam tai goc toa do va thu dwoc bdi
phép quay nira dwong tron y = v R2 — 22 xung quanh truc Oz.
Phuwong trinh dwong tron c6 dang 2% + y?> = R%2. Do d6 ¢/ =

L Theo cong thttc (11.20) ta c6

VR

R R
/ 2
SmZQﬂ'/\/R2—l'2' 1+%dx:27r/\/]%2—x2+x2dx
-
“R “R
R
—47R%. A

= 27TR.CL"
R

Vi du 4. Tinh dién tich mat tao nén bdi phép quay dwong lemniscat

p = ay/cos 2p xung quanh truc cuec.
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tic la khi
/4 (nhanh

Gidi. Bién p chi nhan gid tri thue khi cos2p >
—7/4 < ¢ < /4 (nhédnh bén phai) hay khi 37/4 < ¢ <

bén trdi). Vi phan cung ctia lemniscat bang

_asin2p
+ p%d a?cos2p + ( ) d
=[P+ pPde = \/ @ oo ¥

_ady

~ \/cos 2g0

Ngoai ra y = psin ¢ = ay/cos 2¢ - sinp. T d6 dién tich can tim bang

0
)

hai Ian dién tich ctia m#t thu dwoce bdi phép quay nhanh phai. Do dé
theo (11.20)
/4 /4
3_2.27{/de:471'/am'Sinw'ad@
Vcos 2

= 4r / a’sinpdp = 27a*(2 — V2). A
0
Vi du 5. Tim dién tich mat tao nén bdi phép quay cung parabon
P
x
Y= 5 0<z<V3 xung quanh truc Oy.
1
Gidi. Ta c6 ¢ = 2y, 2’ = ——. Do d6, 4p dung cong thirc

V2y
(11.18) ta thu dwoc

3/2 3/2
—27r/\/ 1/1+—dy—27r/\/2y+ 1dy
2 3/2,3/2
:Qﬂ.ﬂ _ U
3 0 3

Vi du 6. Tim dién tich mét tao nén bdi phép quay elip 22 + 4y* = 26
xung quanh: a) truc Ox; b) truc Oy.

Gidi. Nita trén cta elip da cho c6 thé xem nhw do thi ctia ham
1
—v/36 — 2%; —6 < x < 6. Ham nay khong c¢6 dao ham khi z = +6,

y:2
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con trén khodng (—6,6) dao ham khong bi chin. Do vay khong thé
tinh bang cong thitc (11.20) trong toa do Deé cdc dwoc.
Dé khéc phuc khé khan dé, ta dung phép tham s héa dwong elip:

r=06cost, y=3sint, 0<t<2m.

1™ Phép quay xung quanh truc Oz. Ta xét nira trén ctia elip tirong
tng v4i 0 < t < . Theo cong thire (11.22) dwédi dang tham so ta ¢6
S, = 27r/3sint- \/365in2t + 9cos? tdt.

0

2
Dat cost = —=siny ta co

V3

/3
S, = 24V/37 / cos® pdyp = 2V/3m (4w + 3V/3).
—x/3
2% Phép quay xung quanh truc Oy. Ta xét mra bén phai cla elip
(twong tmg véi t € [ — g, g} Twong tw nhw trén ta dp dung (11.23)
va thu dwoc
/2

1
Sy =21 / Gcost - v/36sin ¢+ 9cos? tdt <D§at sint = 7§shg0)

—m/2
arcshy/3

= 24/37 j/ ch’pdyp = 24v/37(2V3 + In(2 + V3)). A

—arcsh\/§

BAI TAP
Tinh do dai cung cta dwomg cong

P 8
1. y=2%2tr =0 dén v = 4. (DS. 2—7(10\/E— 1))
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. 1
2.y=a2—1trrx=—-1dnx=1. (DS.\/5+§ln(2+\/5))

Qr ote mtay s . a(e? — 1)
3.y:§(e/ +e /)tlr:czodenx:a. (bS. T>
. P T 1
4. y=Incosz tir x =0 dén = = 6 (bS. 51n3)

. 2
5. y = Insinx tir v = % den z = % (bS. In3)

6. z=ec'sint,y =e'cost, 0 <t < g (DS. v2(e™/? - 1))
7. x=a(t—sint), y = a(l — cost); 0 <t < 2m. (DS. 8a)

8. x =acos’t, y=asin®t; 0 <t < 2r. (DS. 6a)
Chi dan. Vi \/z}? +y> = 3T“| sin 2t| va ham | sin 2¢| ¢6 chu k¥ 7 /2
/2
nén€—4/d€.
0
9. 2 =celcost,y=elsint tirt =0dén t =Inw. (DS. V2(r — 1))
10. x = 8sint + 6cost, y = 6sint — 8cost tir t =0 dén t = g (bS.
5m)

11. p = ae® (dwong xoén dc loga) tir § = 0 dén 0 = T.
(DS. %\/1 TR (M - 1))

12. p=a(l—cosp),a > 0,0 < ¢ < 27 (dwong hinh tim). (DS. 8a)

~ 1 ~ oA 1 \ g ~
13*. pp =1 tr diem A<2, 5) den diem 3(5,2) - dwong xoan oc
hypecbon.

VG . 3+5
(DS.7+ln 5 )

Tinh dién tich cac mat tron xoay thu dwwgce khi quay cung dwong

cong hay dwong cong xung quanh truc cho trudée.

. 2
14. Cung cta dwong y = 23 tir 2 = —3 den x = 3 Xung quang truc

Ozx.
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2w 125
ps. 22(12 )
(S 27\ 27 )
15. Duomg = acos®t, y = asin®t xung quanh truc Ox.
12

(DS €7TG2)
22y

16. — + -5 =1, a > b xung quanh truc Ox.
a b?

(DS. 27b <b + Laresin 5), e la tam sai cua elip)
€
Chi dan. Dao ham hai vé phwong trinh elip roi rit ra yy =

b 2 ~ . ~ ’ A~ o N
Y con bidu thite dwéi ddu tich phan dwoc viét y/1 +y2dr =

=
VY + (yy')d.
17. Cung dwong tron z? + (y — b)?> = R (khong cat truc Oy) tir y;
dén y, xung quanh truc Oy. (BS. 27 R(y2 — y1))

Chi dan. Mat thu dwoc 1& déi cau.

18. y = sinx tir x = 0 dén x = 7 xung quanh truc Oz.

(BS. 27w [V2+ In(1 + V2)])

3
19. y = % tit = —2 dén x = 2 xung quanh truc Oz.

(bS. 734\/19_7 — 27r)

20. Cung bén trai dwong thang z = 2 cia dwong cong y? = 4 + z,
621

)
21. y = g(em/“—i—e_m/“) trx=0dén x =a (a > 0).

xung quanh truc Oz. (DS.

2
(DS. %(62 +4—e2)

. 56
22. y? = 4z tr z = 0 dén z = 3, xung quanh truc Ox. (DS. TW)

. T
23. v =elsint,y =elcost tir t =0 dén t = 5 Xung quanh truc Oz.

212
5

(DS. (e™ —2))
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24. r =acos’t, y = asin®t, 0 < t < 27; quay xung quanh truc Ox.
12
(DS g’ﬂ'a2)
Chi dan. Vi dwrdng cong cé tinh déi xitng qua céc truc toa do nén
chi can tinh dién tich tao nén bdi mot phan tw dwong thude géc I

quay xung quanh truc Ox.

25. © =t —sint, y = 1 — cost (dién tich dwgc tao thanh khi quay
mot cung); xung quanh truc Ox.

641
PS. —
(s, =)

26. y =sin2z tir x = 0 dén z = g; xung quanh truc Ozx.

(DS. g[z\/g +In(v/5 + 2)])

27. 3z% + 4y* = 12; xung quanh truc Oy. (DS. 27(4 + 31n3))
62
28. 12 =y + 4, y = 2; xung quanh truc Oy. (DS. TW)
29. Cung clia dwomg tron 22 +y? = 4 (y > 0) gitra hai diém c6 hoanh
do x = —1 va o = 1; xung quanh truc Oz. (DS. 87)

30. Duwong hinh tim (cacdiod) p = a(l + cos); quay xung quanh
truc cue.
32ra?
=)
31. Duwong tron p = 2r sin ¢; quay xung quanh truc cwe. (DS, 47%r?)

(DS.

32. Cung AB ciia dwong xicloid x = a(t — sint), y = a(l — cost);
2
quay xung quanh dwong thang y = a. (DS. 16\/5%)
Chi dédn. Ap dung cong thite

3

S —or / 2y(t) — )=} + ydt.

w/2
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11.4 Tich phan suy rong

11.4.1 Tich phan suy rong can vo han

1. Gia stt ham f(z) xdc dinh Yz > a va kha tich trén moi doan [a, b].

Néu ton tai giéi han hitu han

b
li 11.24
i [ oyt (11.24)
thi giéi han dé dwoc goi la tich phan suy rong cta ham f(x) trén
+oo
khoang [a, +00) va ky hi¢u la /f(:c)dx

Trong trwong hop nay nguoi ta con ndi rang tich phan suy rong
(11.24) hoéi tu va ham f(x) kha tich theo nghia suy rong trén khoang

+o00o
[a,+00). Néu giti han (11.24) khong ton tai thi tich phan /f(x)dx

dwoc goi la tich phan phan ky va ham f(x) khong kha tich theo nghia
suy rong trén [a, 400).
Twong tw nhw trén, theo dinh nghia
b b

/f(x)dx: lim [ f(x)dx (11.25)

a——00
a

+/Oof(a:)da: = / f(z)dz + +/Oof(x)dx, ceR. (11.26)

2. Cac codng thirc co ban déi véGi tich phan suy réng
+o00o
1) Tinh tuyén tinh. Néu cdc tich phan suy rong / f(x)dx va

+00 +oo
/g(:c)dx hoi tu Vo, 8 € R thi tich phan / (af(x) + Bg(z))dz hoi tu

a a
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va
+o00o +o00o +o00o
[ tar@)+ sg@yar=a [ saide+ s [ gy
2) Cong thitc Newton-Leibnitz. Néu trén khodng [a, +00) ham f(z)
lién tuc va F(x), x € [a, +00) la nguyén ham nao dé cua né thi

a

/ f(x)dz = F(2)| ™™ = F(+00) — F(a)

trong d6 F'(4o00) = ml_l)I_EIOO F(z).

3) Céng thitc doi bién. Gia st f(z), € [a, +00) 1a ham lién tuc,
o(t), t € [a, ] la kha vi lién tuc va a = p(a) < ¢(t) < tl}/gr_logo(t) =
+o00. Khi dé:

400 16}
/ﬂmmzfﬂﬂmwww (11.27)

4) Cong thikc tich phan tieng phdan. Néu u(z) vav(z), z € [a, +00)
1a nhirng ham kha vi lién tuc va lim (uwv) ton tai thi:

r—+400
+o0o +oo
/ud’u = uv};roo - /'Udu (11.28)
trong do6 uv};roo = lim (uwv) —u(a)v(a).

T—-+00

3. Céc didu kién hdi tu
+o00o
1) Tiéu chuan Cauchy. Tich phan / f(z)dz hoi tu khi va chi khi

Ve>0,3b=0b(e) = asao cho Vb >bvaVby >bta cé:

’/be(x)d:c’ <e.
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2) Ddu hiéu so sanh 1. Gia st g(z) > f(x) > 0Vx > a va f(x),
g(x) kha tich trén moi doan [a, b, b < +o00. Khi dé:
Yoo +oo
(i) Néu tich phan /g(:c)dx hoi tu thi tich phan /f(x)dx hoi tu.

+oo +o0o
(ii) Néu tich phan /f(:c)dx phéan ky thi tich phan /g(:c)dx phéan

a

k.
3) Ddu hiéu so sanh II. Gid st f(z) >0, g(z) >0Vx > a va
lim M = A\
S o)

Khi do:
+o0

+oo
(i) Néu 0 < A < +o0o thi céc tich phan /f(:c)dx va /g(:c)dx

a

dong thoi hoi tu hodc dong thoi phan ky.
+o00o
(ii) Néu A = 0 va tich phan /g(:c)dx hoi tu thi tich phan

a

+oo
/f(:c)dx hoi tu.

+o00o
(iii) Néu A = +oo va tich phan /f(x)dx hoi tu thi tich phan

+o0

/g(:c)dx hoi tu.

a

Dé so sanh ta thwong sit dung tich phan

+/Oodx y. hoi tu néu a > 1,

- (11.29)
TN phan ky néu o < 1.

a
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+o0
Dinh nghia. Tich phan / f(x)dx dwoc goi 1a hoi tu tuyét di néu
+o0 ‘
tich phan /|f(x)]dx hoi tu va dwoc goi 14 hoi tu ¢ diéu kién néu

+o0o +o0o
tich phan /f(x)dx hoi tu nhwng tich phan /|f(x)]dx phan ky.

Moi tich phan hoi tu tuyét doi déu hoi tu.
3) Ttr dau hiéu so sanh II va (11.29) rit ra
Déu hié¢u thwc hanh. Néu khi x — +oo ham dwong f(z) 1a vo

. 1
cung bé cap o > 0 so vdi — thi
x

+oo
(i) tich phan /f(x)dx hoi tu khi a > 1;

+oo
(ii) tich phan /f(x)dx phan ky khi o < 1.

CAC Vi DU
Vi du 1. Tinh tich phan
+o0o
[ / dx
) eVar -1
2
Glidi. Theo dinh nghia ta ¢6

400 b

/ dx . / dx
_ = 1m _
2/x2 —1 b=t ) 22y/a2 -1
2 2

1
bat x = o ta thu dwoc
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b 1/b 1/b
dz —dt
0= [ arm== [ — - [ A=
2 1/2 t2- 7} t_2 -1 1/2

= V112

1/b \/1 1 \/1 1
1/2 b2 4

2—3
2

Tir d6 suy rang [ = lim I(b) =

, . Nhw vay tich phan da cho
——+00

hoi tu. A

Vi du 2. Khao sat sw hoi tu cia tich phan

+o00o
/ 22?2 + 1
———dx
3+ 3x+4
1
Gidi. Ham dwdéi dau tich phan > 0Va > 1. Ta ¢6
1
fa) 222 + 1 2+
€Tr) = = .
3 3 4
0+ 3r +4 P

2 .
Véi x da 16n ham f(z) ¢ ddng diéu nhw —. Do d6 ta lay ham
x
1

o(z) = — dé so sanh va c6
x

tim L g G,

z——+00 (P :L') z—+too 2+ 3+ 4

dz o 1en [ . A ax
Vi tich phan / — phan ky nén theo dau hiéu so sanh II tich phan da
x
1
cho phan ky. A

Vi du 3. Khéo sét sw hoi tu cua tich phan

x
/ Va3 — 12
5
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Gidi. Ta c6 bat dang thitc

1 1
> — khix > 2.

Jar3—1 «x

OOd:l: .
Nhwng tich phan /— phan ky, do dé theo dau hiéu so sanh I tich
x
2
phan da cho phan ky. A
Vi du 4. Khao sat sw hoi tu va dac tinh hoi tu cta tich phan

+o0

sin x
dz.
T

1

Gidi. Dau tién ta tich phan tirng phan mot cach hinh thite

+o0 +o0 +o0

sin x cos x| too CoS T cos T
de = — ’ — 5 dr =cosl — 2dx.
T z 1 T T

1 1 1

(11.30)

—+o00
CcoS . 1 A .
Tich phan / 5 dx hoi tu tuyet doi, do d6 né hoi tu. Nhw vay
T

1
c hai s6 hang & vé phai (11.30) hitu han. T d6 suy ra phép tich

phan tirng phan da thwc hién 1a hop 1y va vé tréi ctia (11.30) 1a tich
phan hoi tu.

Ta xét sw hoi tu tuyét déi. Ta céd

b
2
/COS ® dw. (11.31)
1
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Tich phan thit nhat & vé phai cia (11.31) phan ky. Tich phan thi
hai & vé phai d6 hoi tu (dieu dé dwgc suy ra bang céch tich phan tirng
phan nhw (11.30)). Qua giéi han (11.31) khi b — +o00 ta ¢6 vé phai
cia (11.31) dan dén oo va do dé tich phan vé trdi cia (11.31) phéan
ky, titc 1a tich phan da cho hoi tu ¢é dieu kién (khong tuyét doi). A

BAI TAP

Tinh cac tich phan suy rong can vo han

o0

2 1
1. /xe‘”” dx (bS. 5)

0
T dz T
. . DS. —
O/x\/:cZ —1 ( 6>

T dz T—2
3- \/\m. (DS. 8 )
0

4. /x sin xdx. (DS. Phan ky)
0
[ 2zdz A 18
5. /:c2 1 (DS. Phan ky)

T 1
6. /e‘m sin xdz. (DS. 5)
0

+oo
1 2 2 1

. } bS. -+ =1
7 /<x2—1+(x+1)2)dx (bS 3+2n3)

2

T 5
8. /7”’” (bs. T¥2)

22+ 4x+9 5

—00
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+o0

xdx 1 .o .
V2
T 2 1
x .

10. [ —=S— (DS In(1+—2)). Chi din. Ditw = -,
l/x\/xQ—l—:c—i—l ( V3 ) i t
T In2

arctgx ™ n

11. . bS. — 4+ —
/ > dx (bS i 2)
1
o ts

T+
12. —dx. DS. Phan kjy
/:L~2+:>>;L~—10“j ( an ky)
3
137_‘””'603 >0 (bS b )
. [ e *sinbxrdr, a > 0. L —
’ a? + b?
0
+o00o
a

14. e bxd 0. bS. ——

/e cosbxdr, a > ( a2—i—b?)

0
Khao sat sw hoi tu cua céc tich phan suy rong can vo han

o0

15. /ex dv.  (DS. Hoi tu)

1

Chi ddn. Ap dung bat ding thirc ¢

<e Vo>l

+oo
xdx
16. —_—. DS. Phan ky
/ Vat+1 ( Y
2
Chi ddn. Ap dung bat ding thirc
x x
>
Vit+1 Va4 2t

V= 2.

+oo . 9
sin“ 3z

17. —dx.
vt + 1
1

(DS. Hoi tu)



106

Chwong 11. Tich phan xac dinh Riemann

—+o00
dz
18. _— DS. Phan ky
1/ Vir +Inx ( y)

In (1 + —)
19. / ——— L dg. (PS. Hoi tu néu a > 0)

xOé
1
+o0 d
raxr
20. [ -t DS. Hoi tu
0
"Feoss 7
21. /COS T e, (DS Hél tu)
X
1
+o0 d
raxr
22. [ 22 DS. Hoi tu
[y @S HEw
0
+o0 1
23. / _ VPR g (PS. Hoi tu)
1+ 2yx + 22
0
24 /L(el/m—l)dx (DS. Haéi tu)
1
[ ot vrrl
25./ CEVEE ge. (DS. Phan ky)
2+ 2vVat+ 1

1

26

(DS. Hoi tu)

' 3/\/:1:(:1: —df)(x —2)

27", / (32 — 2%)e " dux. (PS. Hoi tu)
0
+o00o
Chi dan. So sénh véi tich phan hoi tu /e_%dx (taisao ?) va ép

0
dung dau hiéu so sdnh II.
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+o0
. In(z — 2) N
5

Chi ddn. Ap dunng hé thirc
| | -2
im 2 Ve > 0= m 202

t——+oco t T——+00 T

=0Va>0.

+o00o
dz
T d6 so sanh tich phan da cho véi tich phan hoi tu /—, a > 1.
xOé
5

Tiép dén 4p dung dau hiéu so sanh II.

11.4.2 Tich phan suy rong ciia ham khéng bi chan

1. Giad sitr ham f(x) x4c dinh trén khoang [a, b) va kha tich trén moi

doan [a, ], £ < b. Néu ton tai giéi han hitu han

£
lim /f(x)dx (11.32)

£—b—0

thi giéi han d6 dwoc goi la tich phan suy rong cua ham f(x) trén [a, b)

va ky hiéu la:
b
/f(x)dx (11.33)

Trong trwong hop nay tich phan suy rong (11.33) dwoc goi la tich
phan hoi tu. Néu gi¢i han (11.32) khong ton tai thi tich phan suy
rong (11.33) phan ky.

Dinh nghia tich phan suy rong cia ham f(z) xac dinh trén khoang
(a,b] dwrge phét biéu twong t.

Néu ham f(z) kha tich theo nghia suy rong trén cdc khoang [a, c)
va (e, b] thi ham dwoc goi la ham kha tich theo nghia suy rong trén
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doan [a, b] va trong triromg hop nay tich phan suy rong dwoce xac dinh

/bf(x)d:c:/cf(x)d:c—l—/bf(:c)dx.

2. Cac cong thirc co ban

béi dang thite:

b b
1) Néu céc tich phan /f(x)d:c va /g(x)d:c hoi tu thi Vo, B € R

ta cé tich phan
b

/@ﬂ@+@@wwmmm

a

b

/[Oéf(ﬂf) + Bg(x)]dr = Oé/bf(x)d:wrﬁ/bg(x)dﬂf-

a

2) Cong thitc Newton-Leibnitz. Néu ham f(z), x € [a,b) lién tuc

va F(z) 1a mot nguyén ham nao d6 cua f trén [a,b) thi:

/ﬂmM=Fme=Fw—m—me

Fb—-0)= liinOF(x).
3) Cong thitc d6i bién. Gid st f(z) lién tuc trén [a,b) con ¢(t),
t € o, B) kha vi lién tuc va a = p(a) < ¢(t) < liénogo(t) = b. Khi
t—[—
do:
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4) Cong thire tich phan tirng phan. Gid st u(z), = € [a,b) va v(z),
x € [a,b) 1a nhirng ham kha vi lién tuc va lim (uwv) ton tai. Khi dé;

z—b—0

b b
/ud’u :uv}Z—/vdu

uv}z = ml_i)ir_lo(uv) —u(a)v(a).

3. Céc didu kién hoi tu

1) Tiéu chuan Cauchy. Gia st ham f(r) xéc dinh trén khodng
la, b), kha tich theo nghia thong thwong trén moi doan [a,&], £ < b
va khong bi chan trong lan cin bén trdi ctia diem z = b. Khi d6

b
tich phan /f(x)d:c hoi tu khi va chi khi Ve > 0, 375 € [a,b) sao cho

Vi, me € (1, 0) thi
72
’/f(x)d:c’ <e.
m

2) Dau hiéu so sdnh I. Gia st g(z) = f(x) > 0 trén khoang [a, b)
va kha tich trén moi doan con [a, &], € < b. Khi dé:
b b
(i) Néu tich phan /g(x)d:c hoi tu thi tich phan /f(x)d:c hoi tu.

a

b b

(ii) Néu tich phan /f(x)d:c phéan ky thi tich phan /g(x)d:c phéan
k}\/. a a

3) Ddu hiéu so sanh II. Gid st f

(
im M =
gy

x) >0, g(x) >0,z € [ab) va

Khi do:
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b b
(i) Néu 0 < A < +oo0 thi cdc tich phan /f(x)d:c va /g(x)d:c dong
thoi hoi tu hodc dong thoi phan ky.
b b
(i) Néu A = 0 va tich phan /g(x)d:c hoi tu thi tich phan /f(x)d:c

a
hoi tu.

b
(iii) Néu A = +oo va tich phan /f(x)dx hoi tu thi tich phan

b
/g(x)d:c hoi tu.
Dé so sanh ta thwong sit dung tich phan:

/b de /h(f)i tunéu o < 1
S (b= 2)" N phan ki néu a > 1

hoac

/b dr /h(f)itu néu a < 1

g (& —a)* N\ phan ky néu o > 1.
b
Dinh nghia. Tich phan / f(x)dx dwoc goi la hoi tu tuyét déi néu

b
tich phan /|f(x)]d:c hoi tu va dwoc goi 1a hoi tu ¢é dieu kién néu tich
a

b b
phan /f(x)d:c hoi tu nhwng /|f(a:)]d:c phan ky.

4) Twong tu nhw trong 11.4.1 ta cé
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Ddu hiéu thwc hanh. Néu khi z — b — 0 ham f(z) > 0 xdc dinh
thi

va lién tuc trong [a,b) 1a v cing 16m cép a so v6i ;
—x

b
(i) tich phan /f(x)dx hoi tu khi a < 1;

a

b
(ii) tich phan /f(x)dx phan ky khi o > 1.

a

CAC Vi DU
1

d
Vi du 1. Xét tich phan / I
1 — a2
0

Giai. Ham f(x) = T lién tuc va do dé né kha tich trén moi
—x
doan [0,1 — €], € > 0, nhung khi z — 1 — 0 thi f(z) — +o00. Ta c6

1—e
dz

l‘i—{% / N = li_r}rolarc sin(l —e) = asrcsinl = g .

0
Nhuw vay tich phan da cho hoi tu. A
Vi du 2. Khao sat s hoi tu cua tich phan

1
Vrdr
V1—at
0

Gidi. Ham dwéi dau tich phan cé gidn doan vo cling tai diém

x=1 Taco

NG o 1
N

Vzel0,1).

dz
V1—=x

1
Nhung tich phan / hoi tu, nén theo dau hiéu so sdnh I
0

tich phan da cho hoi tu.
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Vi du 3. Khéo sét sw hoi tu cua tich phan

1

dz
er —cosx

0
Gidi. O day ham dwdi dau tich phan cé gidn doan vo cung tai
diém x = 0. Khi x € (0,1] ta c6
1 1
- 2 i
et — cosx re
1
. : ) ~ 1 A s
vi rang xe > e” — cosz (tai sao 7). Nhwng tich phan /—dx phan ky
xe
0
nén tich phan da cho phan ky. A
Vi du 4. Khéo st s hoi tu cua tich phan
+oo

t
/ are gxdx, a > 0.

xOé

0

Glidi. Ta chia khodng lay tich phan lam hai sao cho khodng thit
nhat ham cé bat thuong tai diém = = 0. Chang han ta chia thanh hai
nira khoang (0, 1] va [1,400). Khi dé ta cé

400 1 +oo
t t t
/ are gxda: = / are gxdx -+ / are gxdx. (11.34)
x¢ x¢ x¢
0 0 0

1
Dau tién xét tich phan /

0

arctgx

xOé

dx, Ta co

_arctgr T 1

T (m:0) o po-l ()

f(z)
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1
Tich phan /gp(:c)dx hoi tu khi a — 1 <1 = a < 2. Do dé tich

0

phéan /f(x)d:c cting hoi tu khi o < 2 theo dau hiéu so sdnh II.

Xét tich phan /f(x)d:c Ap dung ddu hiéu so sanh II trong 1° ta

1
dat p(z) = — vacé
xOC

. fx) xarctgr
lim —~= lim — = —-
T—+00 (P :L‘) r—+00 T 2

Oodx
Vi tich phan /— hoi tu khi @ > 1 nén véi o > 1 tich phan dwoc
xOé

0
xét hoi tu. Nhw vay cd hai tich phan & vé phai (11.34) chi hoi tu khi
l<a<?2.
D6 chinh 14 diéu kién hoi tu cia tich phan da cho. A

Vi du 5. Khao sat s hoi tu cua tich phan

ln(l + \/_)
\/Esm\/_

Gidi. Ham dwdi dau tich phan khong bi chén trong lan can phéai
ctia diem z = 0. Khi z — 040 ta ¢

ln(1+\/_) V22 1 (2)
— = — = ().
Jzsinyz (2—040) T Jx 7

dz . 1en [ . A
Vi tich phan /? hoi tu nén theo dau hiéu so sanh II, tich phan
x

0
da cho hoi tu. A
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BAI TAP

Tinh cac tich phan suy rong sau.

6
1. /dix. (DS. 6¢/2)
/(4 — x)?
2
2
2. /dix. (DS. 6)
(x—1)?
0
3. / @ (pS. Phan ki)
rlnx
1
Fd
X
4. [ DS. Phan k3
/x2—4x+3 (bS an ky)

xlnazd. (bS. —0,25)

2
_rdr . - V/125)

(PS. Phan k)

3 16 .
vd (DS. ). Chi din. Dit @ = 2sint.

/
/
7. / o (DS Phani)
/
/

el/® 2
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1

el/m
11. / dr.  (DS.Phan k)

x3
0

1

dx
12. !m (bS. )
13. /\/x—a x);a<b. (bS. )
14. /xln xdz. (bS. i)

Khéao sat sw hoi tu cia céc tich phan suy rong sau day.

1
cos? x

15. —dx. DS. Hoi tu
3/1 — x2 ( v .)

0

16. /1H(1+\F . (PS. Hoi tu)

esinz
0

1

d
17. /eﬁx— - (DS. Hoity)
0
d
18. \F T (PS. Hoi tu)
esma} _ 1
0
zodx o
19. [——%C _ (DS. Phan k)
e
0
1 3d
20. [——2L__ . (DS. Phén k)

0
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1

d
21. /7”3 (DS. Phan k)
e’ —cosx
w/4
In(sin 2
22. / In(sin2z) . (bS. Hoi tu)
NET
1l
nx
23. [ —=dx. (DS. Hai tu)
\/_
C’hz dan. St dung hé thitc hH_}_ r%Inr =0Va >0 = cé thé ldy
1 |inx| 1
a:zchanghani \/5 <W'

1

24. / "PT4r.  (DS. Phan ky)

T2

0

dx
25, | ———. DS. Hoi tu
0/ Vo (DS el
(z —2) N
1
d
27. / % (DS. Hoi tu)
x(e* —e?)
0
16 + 24 .
28. / 6 :c4 (DS. Hai tu)
0
1
N
29. / S (DS. Hoi tu)
sin

0

/(1
30. / VI +2) 0 (pS. Phan k)

1 —-coszx
0
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12.4.3 Cong thirc Gauss-Ostrogradski . . . . . .. 162
12.4.4 Cong thirc Stokes. . . . . .. ... ... .. 162

12.1 Tich phan 2-16p

12.1.1 Truwong hop mién chir nhat
Gia st
D=la,b] x [c,d] ={(z,y) :a<z<bec<y<d}

va ham f(z,y) lién tuc trong mién D. Khi d6 tich phan 2-16p cua

ham f(z,y) theo mién chir nhat
D={(x,y):a<x<bc<y<d}

dwoc tinh theo cong thirc

&UﬂMWW:j“jﬂM@S (12.1)

// f(M)d:cdy:/ddy/bf(M)d:c, M = (z,y). (12.2)

Trong (12.1): dau tién tinh tich phan trong I(x) theo y xem z 14 hang
s0, sau d6 tich phan két qua thu dwoc I(x) theo z. Déi vai (12.2) ta
ciing tién hanh twong tw nhung theo thit tu ngwoc lai.

12.1.2 Trudong hop mién cong

Giad sit ham f(z,y) lién tuc trong mién bi chan

D={(z,y) :a<z<bpi(z) <y < pax)}
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trong d6 y = o1 () 1a bién dwdi, y = @o(x) 1a bién trén, hoac

D={(z,y):c<y<d;gi(y) <z < g2(y)}

trong d6 = = ¢1(y) la bién trai con x = go(y) la bién phai, & day
ta luon gia thiét cdc ham @1, @9, g1, go déu lién tuc trong céc khodng
twong ng. Khi dé tich phan 2-16p theo mién D ludén ludn ton tai.

Dé tinh tich phan 2-16p ta c6 thé 4p dung mot trong hai phirong
phap sau.

1™ Phwong phdp Fubini dwa trén dinh 1y Fubini vé viéc dwa tich
phan 2-16p vé tich phan lip. Phwong phap nay cho phép ta dwa tich
phan 2-16p vé tich phan 18p theo hai thit tuw khéc nhau:

//f(M)d;cdy:/ 7($f dy Z/dx 7m)f(M)dy, (12.3)
v ¢ el a e1(x)

d 92y 92(y)
é/f(M)dxdyzc/ gl(/y f(M dx dy—c/dygl(/y F(M)dz. (12.4)

Tir (12.3) va (12.4) suy rang can cia cdc tich phan trong bién thién
va phu thude vao bién ma khi tinh tich phan trong, né dwoc vem la
khong doi. Can cia tich phan ngodi luén luén la hang sé.

Néu trong cong thire (12.3) (twong ting: (12.4)) phan bién dwdi
hay phan bién trén (twong img: phan bién trai hay phai) gom tir mot
s6 phan va moi phan c¢é phwong trinh riéng thi mién D can chia thanh
nhitng mién con bdi cdc dwong thang song song véi truc Oy (twong
trng: song song vai truc Ox) sao cho mo6i mién con dé céc phan bién
dwéi hay trén (twong tng: phan bién trai, phai) déu chi dwoc bicu
dién bdi mot phwrong trinh.

2% Phwong phép doi bién. Phép dai bién trong tich phan 2-16p

dwoc thue hién theo cong thire

/ / F(M)dxdy = / / f[go(u,v),w(u,v)]’ggi:z;’dud’u (12.5)
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trong d6 D* 1a mién bién thién cia toa do cong (u,v) twong ing
khi céc diém (x,y) bién thién trong D: = = ¢(u,v), y = ¥(u,v);
(u,v) € D*, (x,y) € D; con

Oor Ox
D(x.y)  |ou ov
= = 12.
J D(u,v) @ @ 70 (12.6)
ou Ov

la Jacobién cia cdc ham x = ¢(u,v), y = ¥ (u,v).

Toa do cong thwong dung hon ca la toa do cuc (r,). Ching
lién hé véi toa do Décac bdi céc hé thite = rcosp, y = rsing,
0<r<+400,0< ¢ < 2r. Tk (12.6) suy ra J = r va trong toa do
cue (12.5) ¢6 dang

/ / F(M)dzdy = / / F(r cos @, rsin @)rdrdp. (12.7)

Ky hiéu vé phai ctia (12.7) 1a I(D*). C6 céc trwong hop cu thé sau

day.
(i) Néu cure ctia hé toa do cyre nam ngoai D thi
2 r2(p)
I(D*) = /dgp / f(rcosp,rsinp)rdr. (12.8)
®1 r1(p)

(ii) Néu cwe ndm trong D va moi tia di ra tir cwe cat bién D
khong qué mot diém thi
27 ()

I(D*)z/dgp/f(rcosgo,rsingo)?“dr. (12.9)
0

0
(iii) Néu cwe nam trén bién 9D cia D thi

(e

w2 )
[(D*)Z/dgo/f(rcosgo,rsingo)?“dr. (12.10)
®1 0
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12.1.3 Mot vai rng dung trong hinh hoc

1t Dién tich Sp ctia mién phang D dwoc tinh theo cong thite

Sp = // drdy = Sp = //Td?“dgo. (12.11)
D D*

2% Thé tich vat thé hinh tru thang ding cé ddy 1a mién D (thudc
mat phang Oxy) va gi¢i han phia trén bdi mat z = f(x,y) > 0 dwoc
tinh theo cong thirc

V= / / f(z,y)dady. (12.12)

3T Néu mit (o) dwgce cho bdi phwong trinh z = f(z,y) thi dién

tich ctia né dwoc biéu dién béi tich phan 2-16p

S, = / / U (72 4 (fy)dady, (12.13)

D(z,y)

trong d6 D(z,y) 1a hinh chiéu vuong géc ctia mat (o) 1én mat phang

toa do Oxy.

CAC Vi DU

Vi du 1. Tinh tich phan

//xyd:vdy, D={(z,y):1<z<21<y <2}
D

Giai. Theo cong thire (12.2):

2 2
// rydrdy = /dy/xyd:c.
D

1 1
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Tinh tich phan trong (xem y 13 khong ddi) ta cé

2

x?|2 1

I(x):/xydx:y? X

1

Bay gio tinh tich phan ngoai:

2

1 9
//xydxdyz/(Qy—iy)dy—Z~ A
D 1

Vi du 2. Tinh tich phan //:cydxdy néu D dwoc gigi han béi céc

dwomg cong y = x — 4, y? :%x.

Gidi. Bang cdch dung cdc dwong gitta cdc giao diem A(8,4) va
B(2,—2) ctia chiing, ban doc sé thu dwoc mién 1y tich phan D.

Néu dau tién 14y tich phan theo z va tiép dén 1y tich phan theo
y thi tich phan theo mien D dwoc biéu dién bdi mot tich phan boi

I—//xyd:cdy—/ydy/xdx

2/2
trong d6 doan [—2,4] 1a hinh chiéu ciia mién D lén truc Oy. Tir d6
4
4

4
Ty (L

—92 —2

Néu tinh tich phan theo thit tu khdc: dau tién theo y, sau d6 theo
« thi can chia mién D thanh hai mién con bdi dwomg thang qua B va
song song v4i truc Oy va thu dwoc

=[] [ ] e [ [

-

8
2,v2
:/:cd:c~0+/:c[y—
2 lz—a

0 2

dz = 90.
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Nhw vay tich phan 2-16p da cho khong phu thuoc thit tw tinh tich
phan. Do vay, can chon mot thit tw tich phan dé khong phai chia

mién. A

Vi du 3. Tinh tich phan //(y — x)dzdy. trong d6 mién D dwoc
D

: 1 7
gi¢i han bdi cac dwomg thang y =z + 1, y =2 —3, y = —gx + 3

1
y=—37 + 5.
Gidi. Dé tranh sw phite tap, ta stt dung phép doi bién v = —y — x;
1 R
v=1y+ 3% va ap dung cong thire (12.5). Qua phép doi bién da chon,

dwong thang y =  + 1 bién thanh dwong thang v = 1; con y =« — 3

bién thanh u = —3 trong m#t phang Ouv; twong tw, cc dwong thang
1 7 1 ~ < 7
Y= _§x+§’ Y= —§x+5 bien thanh céc dwong thang v = 3 v =>5.
> 3 N AN 7 X N ~
Do d6 mién D* trd thanh mién D* = [—3,1] X [g, 5}. De dang thay
. D 3
rang Dgz:z; =7 Do d6 theo cong thire (12.5):
1 3 3 3 \13
//(y — x)dzdy = // [(Zu + ZU) — <— Zut Z’l))} Zdud’u
D D*
5 4
3 3
= // Zudud’u = /dv/zudu =—8. A
D+ 7/3 -3

Nhan xét. Phép ddi bién trong tich phan hai 16p nham muc dich
don gidn héa mien 14y tich phan. Cé thé Iic d6 ham dwdi dau tich

phan tré nén phire tap hon.

Vi du 4. Tinh tich phan / / (2% + y*)dxdy, trong d6 D 1a hinh tron
D

giéi han bdi dwromg tron 22 + y? = 2z.

Gidi. Ta chuyén sang toa do cwc va dp dung cong thike (12.7).

Cong thite lién hé (z,y) véi toa do curc (r, ¢) véi cre tai diém O(0, 0)
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c6 dang
T =rcosp, Y =rsinp. (12.14)

Thé (12.14) vao phirong trinh dwomg tron ta thu dwoc 72 = 2r cos ¢ =
r = 0 hoac r = 2cos ¢ (day la phwong trinh dwong tron trong toa do
cwe). Khi dé

D = {(T,QO) . _g < ¥ < gao ST <2COSS0}
T d6 thu dwoc
w/2 2 cos
I= //(x2+y2)d:cdy = //ngrdgo = / dip / ridr
D D* —71'/2 0
w/2 A /2
2 cosp 3
— / <TZO )d(p:4\/\cos4(pf90:7ﬂ-~ A
—7/2 —m/2

Nhdn zét. Néu 1y circ tai tam hinh tron thi

r—1=rcosyp
Yy =rsing
D*={(r,p): 0<r<1,0< p< 27}

va do 22 + y? = 1+ 2rcos p + 72 nén

I_// (1+2rcos @ + r?)drdyp

3T
/dgo/r—irZr cos @ 4+ r¥)dr = >

Vi du 5. Tinh thé tich vat thé T gigi han bdi paraboloid z = 2%+ /2,

mat tru y = 22 va cdc mat phang y = 1, z = 0.
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Gidi. Hinh chiéu ctia vat thé T 1én mit phang Oxy 1a
D(z,y) = {(m,y) 1< <L, <y < 1}.
Do dé ép dung (12.12) ta c6

//zdxdy—//:c + 5 d:cdy—/dx/(:c + 4%)dy

D(a: y) D(z,y) -

1 88
dr = —.
m} Y7105

3

- [l %)

-1

Vi du 6. Tim dién tich mat cau ban kinh R véi tam tai gée toa do.

Gidi. Phwong trinh mat cau da cho c6 dang
2+t A= R
Do d6 phwong trinh nita trén mat cau la
JE—E

Do tinh déi xitng nén ta chi tinh dién tich mra trén la di. Ta cé

= 1427 1 dedy = D
/R2—l'2—y2

Mién lay tich phan D(z,y) = {(z,y) : 2* + y* < R?*}. Do d6

T =TCosp

drdy = |y = rsing

‘QX/V%T———— e

D(z,y)

rdr
=2R [ d ——
/SOO/\/R2—T2
0
—4rR| ~ V2= 7| | = 4n 2 A
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Vi du 7. Tinh dién tich phan mat tru 22 = 2z gi¢i han bdi giao
tuyén ctia mat tru dé véi cde mit phang x —2y = 0, y = 2z, © = 2v/2.
Gidi. Dé thay rang hinh chiéu ctia phan mit da néu l1a tam gidc
véi céc canh nam trén giao tuyén clia mat phang Oxy véi cadc mit
phang da cho. ,
T phwong trinh mat tru ta c¢6 z = %, do vay

%:x’ %:OedS:\/1+x2dl‘dy
ox dy

T d6 suy rang

2V/2 2z 2v/2
3
S = / v1+:c2dx/dy:§ /:c\/l—l—:chx: 13. A
0 x/2 0
BAI TAP

Tim can cta tich phan hai 16p //f(x,y)dxdy theo mién D gidi
D

han bdi cdc dwong da chira . (Déngin gon ta ky hiéu f(z,y) = f(—)).

l.z2=3,2=5,3r—2y+4=0,3xr—-2y+1=0.

(bS. /de 3_7tf()dy)
3 3z41

5

2.2=0,y=0,2+y =2

(bS. /2d:v 2/_mf(—)dy)
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0 rx—1
5.y > 2% y<4—22
2 4—g2
o8 [ [ sy
—\/2 x2
6. =L <
+2  3VA-a?
os. [ [ sy

8.y=x,y=2x, v+y=60.

(bS. /2dx7f(—)dy+/3d:c 6/_mf(—)dy)

Thay déi thit tw tich phan trong céc tich phan
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4

9. jdy/f(—)dx. (DS. jdxjf(—)dy)

Y

0 V1i—a?Z 1 y—1
10. /d / \dy. (S, /dy / F(=)da)
o1 0 i
1 y 2 V2—y
11/d/f . (DS./dy/fd:c—ir/dy/fdx)
0 o 0 1 0
2
12. /dy/fdx (bS. /da:/fdy—ir/d:c/fdy
1 1y /2 1z 1
Tinh cac tich phan lap sau
22
13. /d:c/(x—y—i— Ddy. (bS. %)
14. /dy/ dx. (DS. 6m)
0 y?
15. /dy/(m—i—Qy)dx. (bS. —11,2)
2 0
5  ba
16. /dx/ 44z +ydy. (DBS. %)
0 0
h / dy 25
17. g/dxl/(x—l—y)Q (bS ﬂ>

/ 344
18. /dx / (2 +y*)dy. (DS. —a?)
105
0
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2w a
19. /dgp / rdr.  (DS. %)
0 asingp

/dx / Vv 1—1a2—y2dy. (DS.%)
0
Tinh céc tich phan 2-16p theo cdc hinh chtr nhat da chi ra.

5
21. //(:v +y)dady; 2 <2 <3,1<y<2. (bS. 47)
2 5}
22. (x*+y)dedy; 1 <x<2,0<y< 1. (bS. 26)
23. //<x2 +y?)dedy; 0< 2 <1,0<y <. (PS. 2)

3y2d:cdy T
24. <r<1,0<y<1.  (DS. =
// T2 0S¢e Y (BS. )

25. //sin(m—i-y)dxdy; 0<z < g, 0<y<
1
26. //xemydxdy; 0<z<1, -1<y<0. (bS. -)

d 4
27. // dxy; 1<e<2,3<y<4  (PS.Ing)

Tinh cédc tich phan 2-16p theo mién D giéi han céc diromg da chi

1
28. //xyd:cdy; y=0,y=x,z=1. (bS. g)
D

1
29. // xydxdy; y = 22, v = 1> (bS. E>
D
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7
30. //xdxdy; y=a23r+y=22=0. (DS E>
D

31. // xdxdy; zy =6, x+y—7=0. (bS. 20%)

3

32. //y2;cdxdy; 7?2 +y2 =4, x+y—2=0. (DS. 15)

)
33. //(5’7 +y)dedy; 0 <y <7, 0<z<siny.  (DS. Zﬂ)

34. // sin(x 4+ y)dedy; x =y, x +y = g, y=0. (bS. =)
35. // e V' dxdy; D 1a tam gide véi dinh 0(0,0), B(0,1), A(1,1).

1 1
(bS. —2—€+2)

36. // rydxrdy; D 1 hinh elip 422 +y* < 4. (DPS. 0)

4 5
37. // v*ydrdy; y =0, y = 2ax — 2. (DS. L)

)
dzd 1
38. //;f_; y=xz,x=2x=2y. (bS. g—Qarctgi)
2
39. / VvV +ydxdy; x =0,z4+y=1 (DS 5)

4
40. //x— Ydxdy; y =2 — 2% y=2x—1. (PS. 415)

1
41. //(x +2y)dwdy; y =x, y=2x, v =2, v =3. (DS. 255)
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9
42. //xd:cdy;x:2+siny,x:0,y20,y:27r. (DS. 77T>

D

4

43. // rydrdy; (x — 2)* +y? = 1. (bS. §)
D

dxdy .

44. —————; D la hinh tron ban kinh @ nam trong goc vuong I
/ / B — 7 g g g
D

P . . 8
va tiép xuic véi cde truc toa do. (PS. ga\/ 2a)

45. // ydxdy; v = R(t —sint), y = R(1 —cost), 0 < t < 27 (la mién
D

)
gi¢i han bdi vom cua xicloid.) (DS. §7TR3)

Chuyén sang toa do circ va tinh tich phan trong toa do méi

1
46. //(x2 +y?)daxdy; D2+ 32 < R?, y>0. (DS. %)
D

47. // e Wdrdy; D a + 2 <1, 520,y > 0. (DS. %(e - 1))
D
48. // eV dady; D2 +y* < RE. (DS, 2m(ef — 1))
D
1 4
49. / V1—22—yidedy; D2 +y> <z (DS Z(ﬂ'—g))

D
1—1‘2—y2 ) )
o0 // mdxdy;l):x +92< 1, 2>0,y>0.
D
7r(7r—2))

(bS. ==
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1 2 2
51. // W YY) oy D 1< a? 142 <e. (DS. 2r)

x? 4 y?
D

52. //(x2 + y*)dxdy; D giéi han bdi cdc dwong tron

D
2 2 2 2 om

Chi dan. Dat x — 1 =rcosp, y = rsinp.
Tinh thé tich ctia vat thé giéi han bdi cdc mat da chi ra.

1
53. x=0,y=0,2=0,z4+y+2z=1. (DS.é)

1
54. 1=0,y=0,2=0,2+y=1, 2 = 22 + > (DS.E)
88

55. z = x? 2y=22y=1,2=0. bS. —
z x+y7y x7y 72 ( 105)

2
56. z = /a2 +y2, * +y*=a?* 2=0. (DS gmﬁ)

4
57. =22+ y* 2 +y*=a% 2=0. (bS. E)

2
43
58. z=uw, 2> +y*=a* 2=0. (DS. %)
1
59. z=4—a?—y? w=tly=*l  (DS.13])
60.2—2—y—22=0,y=2*y=ux (DS £)

61. 22 +y*> =4, 2 =1z, 2 = 2. (DS. 4m)
Tinh dién tich cdc phan mat da chi ra.

62. Phan mit phang 6z + 3y + 22 = 12 nam trong géc phan tam I.
(bS. 14)

63. Phan mit phang = +y + 2z = 2a nam trong mat tru z2 4 3? = a?.

(DS. 2a%V/3)
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64. Phan mat paraboloid z = 22 +y? nam trong mét tru 22 +y? = 4.
(DS. %(17\/17 — 1))

65. Phan mat 2z = 22 + y? nam trong mit tru 22 + y? = 1.

2

(DS. g(2\/5— 1))

66. Phan mat nén z = /22 + 42 nam trong mat tru z? + y? = a?.
(DS. ma?V/2)

67. Phan mat cau 22 +y? + 22 = R? nam trong mat tru 224 y? = Rz.
(BS. 2R (7 — 2))

68. Phan mat nén 2% = 22 + y? nam trong mat tru z? 4 y? = 2x.
(DS. 2v/27)
69. Phan mait tru z? = 4z nam trong géc phan tam thi I va gidi han

4
bdi mit tru y? = 4r va mat phang x = 1. (DS. §(2\/§ - 1))

70. Phan mit cau 22 + 9% + 22 = R? nam trong mit tru 22 4 y? = a?

(a < R). (PS. 4ma(a — Va? — R?))

12.2 Tich phan 3-16p

12.2.1 Trwong hop mién hinh hép
Gid st mien D C R3:
D =la,b x[e,d] x [e,g] ={(z,y,z) ;a<z<bec<y<de<z<g}

va ham f(z,y, z) lién tuc trong D. Khi d6 tich phan 3-16p ciua ham
f(x,y,z) theo mién D dwoc tinh theo cong thike

///f(x’y’z>dxdydzz/b{/d [/gf(xay,z)dz}dy}dx

a c €

- /bdx/ddy/gf(M)dx. (12.15)

a c
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T (12.15) suy ra céc giai doan tinh tich phan 3-16p:

(i) Dau tién tinh I(z,y) = /f(M)dz

d
(ii) Tiép theo tinh I(x) = /I(x,y)dy;

[

b
(iii) Sau cung tinh tich phan I = /I(x)dx.
Néu tich phan (12.15) dwogc tinh theo thit tir khdc thi cdc giai doan
tinh van twong tw: dau tién tinh tich phan trong, tiép dén tinh tich

phan gitra va sau cung la tinh tich phan ngoai.

12.2.2 Trudong hop mién cong
1" Gia stt ham f(M) lién tuc trong mién bi chan
D= {(l’,y,Z) AT S ba 901(];> < Yy < 902(x>7gl(x7y> <z < g2(x7y>}

Khi d6 tich phan 3-16p ctia ham f(M) theo mién D dwoc tinh theo

cong thirc

w2(x)  g2(z,y)

/D//f(M)d:cdydz/b{ / [ / Fydr]dy}de (1216

a  pi(z) g1(z,y)

hoac
92(z,y)
///f Ydzdydz = // dxdy / M)dz, (12.17)
D(z,y) 91(z,y)

trong d6 D(x,y) 1a hinh chidu vuéng géc ctia D 1én mit phang Oxy.
Viéc tinh tich phan 3-16p dwoc quy veé tinh lién tiép ba tich phan thong
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thwomg theo (12.16) tir tich phan trong, tiép dén tich phan gitra va
sau cung la tinh tich phan ngoai. Khi tinh tich phan 3-16p theo cong
thite (12.17): dau tién tinh tich phan trong va sau dé cé thé tinh tich
phéan 2-16p theo mién D(z,y) theo cdc phwong phép da cé trong 12.1.

2% Phwong phép doi bién. Phép dai bién trong tich phan 3-16p

dwoc tién hanh theo cong thitc

/// f(M)dzdydz = ///f[go(u,’u,w),q/;(u’v’w)’X(u’v’w)}x

(z,y,2)

D
—_— 12.1
X ‘D(u,’u,w) ’dud’udw, (12.18)

trong d6 D* 14 mién bién thién ctia toa do cong u, v, w tirong tng khi

cdc diém (z,y, z) bién thién trong D: z = o(u,v,w), y = ¥ (u,v,w),

D
z = x(u,v,w), % la Jacobién ctia cdc ham o, v, x

9 ¢ Oy

( ) ou Ov Ow

D(z,y, 2 oy oY Oy
J=—"-=|2 L L 0. 12.19
D(u,v,w) ou Ov Ow 7 ( )

Ox ox Ox

ou Ov Ow

Truomg hop dic biét cia toa do cong 1a toa do tru va toa do cau.
(i) Buée chuyén tir toa do Décéc sang toa do tru (r, ¢, 2) dwrge thire
hién theo céc hé thitc © = rcosp, y = rsinp, 2z = 2; 0 < r < +o0,
0< <21, —00 < z< +oo. T (12.19) suy ra J = r va trong toa

do tru ta cé

/ / / F(M)dzdydz = / / / flrcos,rsing, z]rdrdedz,  (12.20)

trong d6 D* 1a mién bién thién cta toa do tru twong tng khi diém

(z,y, 2) bién thién trong D.
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(i) Bwde chuyén tir toa do Décdc sang toa do cau (r, ¢, ) dwoc
thwe hién theo cac hé thitc x = rsinfcosy, y = rsinfsing, z =
rcosf, 0 < r < 400, 0 < p <2m, 0 <6 < 7. T (12.19) ta ¢

= r2sinf va trong toa do cau ta cé

///f Jdadyd: =

:///f[rsin@cosgo,rsin@singp,rcos@}vﬁsin@drdgod@, (12.21)

trong d6 D* 1a mién bién thién cla toa do cau twong tng khi diém

(z,y, 2) bién thién trong D.

12.2.3

Thé tich ctia vat thé chodn hét mien D C R? dwoc tinh theo cong

thire
Vp = /// dxdydz. (12.22)
D

12.2.4 Nhan xét chung

Bang céch thay doi thit tw tinh tich phan trong tich phan 3-16p ta sé
thu dwoc cdc cong thite twong tir nhwr cong thite (12.16) dé tinh tich
phan. Viéc tim can cho tich phan don thong thwomng khi chuyén tich
phan 3-16p vé tich phan lap dwoc thwe hién nhw doi véi trieomg hop
tich phan 2-16p.

CAC Vi DU
Vi du 1. Tinh tich phan lap

1 1 2
I:/dx/dy/(4+z)d:c
120
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Gidi. Ta tinh lién tiép ba tich phan xdc dinh thong thwomg bat
dau tir tich phan trong

2

2.2
2z

(2, y) /( + 2)dz z}0+ =, 0;

0

1 1
I(x) :/[(x,y)dy: 10/dy: 10(1—:1:2);

1 / 40

I:/[(Z')dl':/l(](l—ajz)dx:?. A

Vi du 2. Tinh tich phan

I= ///(:c—l—y—l—z)d:cdydz,

trong d6 mién D dwoc giéi han bdi cdc mat phang toa do va mit
phang z +y+ 2z = 1.

Gidi. Mién D da cho 14 mot tit dién c6 hinh chiéu vuong géc trén
mat phang Ozy 13 tam gidc giéi han bdi cdc dwong thang z = 0,
y =0, z+y = 1. Rorang la z bién thién tir 0 dén 1 (doan [0, 1] 1a
hinh chiéu ctia D lén truc Oz). Khi ¢6 dinh z, 0 < < 1 thi y bién
thién tir 0 dén 1 —xz. Néucddinhcdzvay (0<2<1,0<y < 1—1x)
thi diém (z,v,z) bién thién theo dwomg thang dimg tir mit phang
z = 0 dén mit phang z + y + 2 = 1, titc 1a 2z bién thién tir 0 dén
1 — 2 —y. Theo cong thirc (12.16) ta cd

1 1—x l-x—y

I:/dx/dy / (x+y+ 2)dz.

0 0 0
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Dé dang thay réng

1
/2—3:c+:1: da:—g A

Vi du 3. Tinh [ = /// d:cdydz , trong d6 mién D dwoc gidi
(x+y+2

han bdi cdc mat phangx—l—z—B,y—Q,x:O, y=20,z=0.

Gidi. Mién D da cho 1a mot hinh ling tru cé hinh chiéu vuong
géc 1én mat phang Ozy 1a hinh chit nhat D(z,y) = {(z,y) 0 <
v < 3,0 <y <2} Véidiem M(z,y) ¢6 dinh thuoe D(z,y) diém
(z,y,2) € D bién thién trén dwong thang ding tir mat phang Oxy
(z = 0) dén mat phang = + z = 3, titc 1a z bién thién tir 0 dén 3 — a:
0<z<3—2x Twds theo (12.17) ta c¢6

=3—z

/X/f <MQMZ_/7QxyZ (x+y+z+1)3dz

D(z,y) z=

// x+y+z+U

D(z,y)

4ln2 -1
8

}dxdy:---z

Vi du 4. Tinh tich phan / / / (z® 4 y* + 2?)dxdydz, trong d6 mien

D
D dwoc giéi han boi mat 3(2? + y?) + 22 = 3a®.
Gidi. Phwong trinh mat bién ctia D c6 thé viét dwdi dang
2 .2 2
x z
—+2+ =1

b2 (av/3)?
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D6 1a mat elipxoid tron xoay, tirc la D la hinh elipxoid tron xoay.
Hinh chiéu vuong géc D(x,y) ctia D 1én mat phang Oxy 1a hinh tron
2?2 4+ y? < a® Do dé ép dung cdch lap luan nhw trong cdc vi du 2
va 3 ta thiy rang khi diem M(z,y) € D(z,y) dwoc ¢ dinh thi diém
(z,y, z) cia mién D bién thién trén dwomg thang ding M (xz,y) tir
mat bién dwdi ciia D

2= —/3(a? — 2% —y?)

dén mat bién trén

2= 4+/3(a% — 22 — 92).
T dé theo (12.17) ta cé

@)

I= // dxdy / (2® +y* + 2%)dz

D(z,y) —/3(a2—z2—y2)
= 2a>V/3 // Va2 — 22 — y2drdy = |chuyén sang toa do curc|

22492 <a?
2m a
= 2@2\/5// Vva? —r?rdrdy = a2\/§/dg0 /(a2 — ) 2y
r<a 0 0

4dra®

V3

Vi du 5. Tinh thé tich ctia vat thé gigi han bdi cdc mit phang
r+y+z=4r=3,y=2,z=0,y=0, 2=0.

Gidi. Mién D da cho 1a mot hinh luc dién trong khong gian. N6
c¢6 hinh chiéu vuéng géc D(z,y) 1én mat phang Oxy 1a hinh thang
vuong giéi han boi cdc dwomg thang x =0, y =0, 2 = 3, y = 2 va
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x4y =4. Do d6 ap dung (12.17) ta c6

VD—///dxdydz—//dxdy / dz—// —a — y)dady

D(z,y) D(z,y)
3

:/dy/(4—x—y)dx+/dy/(4_x_y>dx

0

= [{la-ve=5] e [ {fu-na=5]), o
=/<12—5—3y)dy+%/(4—y)2dy=%~ A

Vi du 6. Tinh tich phan

I= ///z\/aﬂ + y2dxdydz,
D

trong d6 mién D giéi han bdi mat phang y =0, 2 = 0, 2 = a va mit
trua®?+y? =2z (x >0,y >0, a>0).

Gidi. Chuyén sang toa do tru ta thay phwong trinh mat tru a2 +
y? = 2z trong toa do tru c¢é dang r = 2cos p, 0 < ¢ < g (hay vé hinh
1). Do d6 theo cong thire (12.20) ta cé

/2 2cos a w/2 2cos
Iz/dgp/ 2dr/zdz—%/dg0/r2dr
0 0 0 0 0
w/2
4a 8
do=—a>. A
5 cos® pdp = 9

0
Vi du 7. Tinh tich phan

I= ///(x2 + y?)dxdydz,
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néu mién D 1& nira trén ctia hinh cau 22 + y? + 22 < R?%, 2 > 0.
. . ~ ~ AN . . PN ’ A
Gidi. Chuyén sang toa do cau, mieén bién thién D* cia céc toa do

cau twong ttng khi diém (x, v, 2) bién thién trong D 1a c6 dang

D' :0<p<2m, 0<6< g 0<r <R
T dé
21 w/2 R
I = /// r?sin 6 - 1% sin fdrdpdd = /dgp/sin3 9d9/7“4d7“
D* 0 0 0
4 s
BAI TAP

Tinh cac tich phan lap sau

1 Vv 2—2z |
. . DS. —
/d:c/ydy / dz. (DS 12)
0 0 1=
a a—y

./ydy/hdx/dz. (PS. %)
3/dy/
(N

dz In2 5

4. [de [ d ps. B2 2

/x/y/ TTororp OS5 3%
0 0

S/dz
0

—

[\

xdx/ dz. (PS. 30)
0

St~

dy/x +y? 4 ). (DS (“gc( 2+62+c2)))
0
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a a—x a—x—y
5
6. /dx/dy / (2* +y* + 2%)dz.  (PS. ;_O)
0 0 0

Tinh cdc tich phan 3-16p theo mién D gidi han bdi cdc mat da chi

ra.
7. ///(m—i—y—z)dazdydz;x:—l,le;y:O,yzl;
D

z=0,z=2. (DS. -2)

1
///xydxdydz r=1Lr=2y=-2,y=—-1;,2=0, 2=

(DS. ——)
/// v r=lLr=2%y=Ly=2z2=12=2
(x 4y + 2)?
128
§3) 1,12
5 3 Inig5)

10. ///:c+2y+3z—|—4)dxdydz r=0,2=3,y=0,y=2;
z—O z=1. (bS. 54)

1
11. ///zdxdydz;x:(),yzo,z:o;x—i—y—i—zzl. (DS. ﬂ>
D
1
12. ///xdmdydz;xzo.y:O,z:O,yzl;x—l—z:l. (bS. 6>
13. ///yzdxdydz; ?2+y*+22=1,2>0. (PS.0)
D

14. ///xydxdydz;x2+y2:1,z:0,z:1(x}O,y}O).

(DS. —>

///myzdmdydz r=0,y=0,2=0,22+y>+22=1

1

o
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1
(x>0,y>0,22>0). (DS. @)

16. /// Va2 + yidadydz; 2 +y? = 2% 2=0,2=1. (PS. 7/6)
D

17. ///(:c2—|—y2—|—z2)d:cdydz;x:O,x:a,y:O,y:b,
D

b
z2=0,2=c. (DS %(aZ—i—bZ—l—cZ))

wh*

18. /// ydedydz; y = Va2 + 22, y=h, h>0. (bS. T)
D

Tinh céc tich phan 3-16p sau bang phwong phap ddi bién.

At R®
=)

19. ///(:c2 +y? + 2%)dadydz; 2* + y? + 22 < R%. (BS.
D

20. ///(x2 +y*)drdydz; z = 2? +y% 2 =1. (DS. %)
D

2

—

. /// Va2 +y? + 22dedydz; o + ¢ + 22 < B2 (DS, nRY)
D

2

[\

. ///z\/:cQ—iry?d:cdydz; 2y =22,y=0,2=0, 2z =3.
D
(DS. 8

)
23. //zdxdydz;x2+y2+22<R2,x20,y20,z20.
D
R

(DS. =)

16
24. ///(m2 —yH)drdydz; 2® +y* =22, 2 =2.  (DPS. Tﬂ)
D

2

(S

. ///z\/xQ +y2dxdydz; y? = 3w — 2%, 2 =0, 2 = 2. (DS. 24)
D
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Tinh thé tich clia cdc vat thé gidi han bdi cdc mat da chi ra.
26. t=0,y=0,2=0,z+2y+2—-6=0. (bS. 36)

27. 2 +3y+42=122=0,y=0,2=0. (PS.12)

abe

Ty oz
28. - +-+-=1,2=0,y=0, 2=0. bS. —
oyt =lae=0y=02 (bS. =)
ma?
29. az =y*+ 2% r =a. (bS. 7)
30. 2z = 2%+ y% 2 =2. (DS. 4m)

3l. =2+ 2 +y* +22=2. (bS. %[8\/_—7])

32. 2= /a2 +y* z=2+y% (DS %)

33. 2 +y?—2=1,2=0. (bS. g)

81
34. 2z =2 +y* y+2=4. (DS TW)
22 2 2 4
35. o + 2 + == 1. (bS. gﬂabc)

12.3 Tich phan dwong

12.3.1 Céc dinh nghia co ban

Gia st ham f(M), P(M) va Q(M), M = (x,y) lién tuc tai moi diém
ctia dwong cong do dwoc £ = L(A, B) véi diem dau A va diém cudi B.
Chia mot cdch tuy ¥y L(A, B) thanh n cung nhd véi do dai twwong ting
la Asg, Asy, Asg, ..., As, 1. Ddt d = max (As;). Trong moi cung

0<i<n—1
nho, 14y mot cdch tuy y diém No, Ny, ..., N,_1. tinh gid tri f(N;),
Xét hai phwong phép lap tong tich phan sau day.
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Phuwong phdp I. Lay gid tri f(IV;) nhan v6i do dai cung As; twong
ng va lap tong tich phan

o1 = Z f(Ni)As;. (*)

Phwong phdp II. Khic véi cdch 1ap tong tich phan (%), trong
phwong phédp nay ta lay gia tri P(N;), Q(N;) nhan khong phdi vdi
dé dai cia cdc cung nhé ma 1a nhan véi hinh chiéu vuong géc ciia céc
cung nhd dé trén cdc truc toa do, tikc 1a lap tong

n—1
Op = ZP(Ni)Axi; Ax; = proosAs;,
i=0

n—1
Oy = ZQ(M)A%; Ay; = prooyAs;.
=0

Moi céch lap tong tich phan trén diy sé dan dén mot kiéu tich

phan dwong.

Pinh nghia 12.3.1. Néu ton tai gi¢i han hitu han clli—r>rol o1 khong phu
thuoc vao phép phan hoach dwomg cong £ thanh cédc cung nhd va
khong phu thuoc vao viéc chon céc diém trung gian N; trén moi cung
nho thi gigi han dé dwoc goi la tich phan dwong theo do dai (hay tich
phan dwong kiéu I) ctia ham f(z,y) theo dwong cong £ = L(A, B).
Ky hieu:

/f(x, y)ds. (12.23)

L

Pinh nghia 12.3.2. Phét biéu tirong tw nhw trong dinh nghia 12.3.1:

n—1

1. clliHOl Op = }lir% P(N;)Az; = / P(x,y)dz
=0 L(A,B)

(12.24)
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goi 1a tich phan dwomg theo hoanh do (néu (12.24) ton tai hiru han)

n—1
+ . T ) L
2", timr, = i 3~ QA= [ Qey)dy
=0 L(A,B)
(12.25)

goi 1 tich phan dwomg theo tung do (néu (12.25) ton tai hiru han)
Thong thirong nguoi ta lap tong tich phan dang

n—

1 n—1
i=0 0=0
va néu 3 Cllir% Y thi gidi han d6 dwoc goi la tich phan dwong theo toa
do dang tong quat:

P(z,y)dx + Q(x,y)dy. (12.26)

|y
Cha

Pinh ly. Néu cdic ham f(z,y), P(x,y), Q(z,y) lién tuc theo duong
cong L(A, B) = L thi cdc tich phan dwong (12.23) - (12.26) ton tai
hiweu han.

Tt dinh nghia 12.3.1 va khai niém do dai cung (khong phu thudc
hwéng clia cung) va dinh nghia 12.3.2 va tinh chat cia hinh chiéu cia
cung (hinh chiéu déi dau khi d6i hwéng clia cung) suy ra tinh chat
quan trong cua tich phan dwomg: tich phan dwong theo do dai khong
phu thudc vao hwdng cia duwong cong; tich phan dwong theo toa do

aoi ddu khi doi hwdng dudong cong.

12.3.2 Tinh tich phan duwong

Phwrong phap chung dé tinh tich phan dwong la dwa viéc tinh tich
phan dwong ve tich phan xdc dinh. Cu thé la: xuat phat tir phwong
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trinh ctia diromg 14y tich phan £ = £(A, B) ta bién ddi biéu thire dwdi

dau tich phan dwong thanh biéu thitc mot bién ma gid tri ciia bién dé

tai diém dau A va diém cudi B sé 1a can ctlia tich phan xdc dinh thu

duwoc.

1t Néu L(A, B) dwogc cho bdi céac phwong trinh tham s6 x = (1),
y=1(t), t € [a,b] (trong d6 ¢, ¥ kha vi lién tuc va ¢ + ¢/ > 0) thi

ds = \/@'? +dt
|t / Fl(), v + vt

L(A,B)
va

/ P($,y)dl~+Q(l‘,y)dy:

L(A,B)
b

- / [Pp(8), 0 (0) ¢ (1) + Q(p(#), () ¥/ (1) dt.

a

27 Néu L(A, B) dwoc cho bdi phwong trinh y = g(z), = €

(trong d6 g(z) kha vi lién tuc trén [a, b]) thi

ds = /1 + ¢g*(x)dx

/ f:vde—/f:vg 1+g’2( )dzx.
L(A,B)
va
b

| pinsQay = [ [Pla.gw) + Qe gl )] ds.

L(A,B) a

(12.27)

(12.28)

[a ]

(12.29)

(12.30)
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3T Néu L(A, B) dwoce cho dwéi dang toa do cue p = p(p) a < ¢ <
3 thi
ds = \/p? + pl dy
/ f(z,y)ds = /fpcosso,psmw]\/p + pde. (12.31)
L(A,B)

4%+ Tich phan dwong theo toa do cé thé tinh nho cong thitec Green.

P . 0Q 0P n
Néu P(z,y), Q(z,y) va cic dao ham riéng a—Q, 5y Cing lién tuc
T Y
trong mieén D giéi han bdi dirdng cong khong tw cat tron tirng khic
L = 90D thi
0 8P
fpdx +Qdy = // —Q - d:cdy. (12.32)

Cong thire (12.32) goi la cong thire Green, trong d6 f la tich phan

L+
theo dwomg cong kin ¢6 hwéng dwong L.

Hé qua. Dién tich mién D gidi han boi dwdong cong L dwoc tinh
theo cong thitc

1
Sp = 5 fxdy — ydz. (12.33)

c

5t Nhan xét vé tich phan dwdong trong khong gian. Gid sit L =
L(A, B) 1a dwong cong khong gian; f, P, @, R 1a nhitng ham ba bién
lién tuc trén £. Khi d6 twong tw nhu trieomg hop duwong cong phang
ta c6 thé dinh nghia tich phan dwong theo do dai j{ f(z,y,2)ds va

L(A,B)
tich phan dwong theo toa do

/ x,y, 2 /Q x,y, z)dy, /R(x,y,z)dz

L L
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va
/de + Qdy + Rdz.
c

Vé thwe chat ky thuat tinh céc tich phan nay khong khdc biét gi

so véi trwong hop dwong cong phang.
CAC Vi DU
Vi du 1. Tinh tich phan dwong ffds, trong d6 £ la cung parabon
Yy

C
y? = 2z tir diém (1,/2) dén diém (2,2).
Gidi. Ta tim vi phan do dai cung. Ta ¢6

1
=2z, ':—,
Y Y= o

Vit
=\/1+y?dx = 1+ d Ty
vV 2x

Tw do6 suy ra

1+2:1: 1
7{ Zds _/\/ﬁ T :6[5\/5—3@. A

Vi du 2. Tinh d6 dai ctia dwong astroid z = acos®t, y = asin®t,
t €0, 2m7].
Giai. Ta ap dung cong thire: do dai (£) = fds. Trong trwomg
c

hop nay ta cé

3a
¥’ = —3acos’tsint, 3y =3asin’tcost, ds= 5 sin 2tdt.

Vi dwdmg cong déi xitng véi cée truc toa do nén
w/2

3
do dai(L) = 4 / 7" sin 2tdt = Ga[

w/2
=6a. A

— CoS Zt}
2

0
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Vi du 3. Tinh f(x — y)ds, trong d6 L : 2? + y* = 2ax.

z

Gids. Chuyén sang toa do cuc x = rcosy, y = rsiny. Trong toa

T T

do cuwc phwong trinh diromg tron cé dang r = 2a cos ¢, —3 << —.

2
Vi phan do dai cung

ds = \[r2 + 1! 2dp = \/ 4a? cos? p + 4a?sin” pdp = 2adyp.

Do d6
/2
I = f(x —y)ds = / [(2a cos ) cos ¢ — (2asin @) sin | 2ady
L —7/2
/2
= 4a? / cos? pdp = 2ra®. A
—x/2

Vi du 4. Tinh tich phan f(3x2 +y)dx + (z — 2y*)dy, trong d6 L 1a

C
bién cta hinh tam gidc v4i dinh A(0,0), B(1,0), C(0,1).

Glidi. Theo tinh chat cua tich phan dwomng ta ¢

f-f-4f

L AB BC CA

a) Trén canh AB ta c6y =0 = dy = 0. Do dé

1
f:/B:chx: 1.
AB 0

b) Trén canh BC'tac6x+y=1=y=—x+1, dy = —dz. Do d6

%:/0[3x2+(1—x)—x+2(1—:c2)]dx:—g~
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c¢) Trén canh CA ta cé 2 =0 = dx =0 vado d6

) 2
=— [ 2%dy == -
f /hyy 3
1

5 2
—1-242=0 a
% 373

L

Nhw vay

Vidu 5. Tinh tich phan f(x—i—y)dx— (x —y)dy, trong d6 L la dwong

L

2 y2

ehp — + ok 1 ¢6 dinh hwéng dwong.
Gzaz 1* Ta c6 thé tinh trirc tiép tich phan da cho bang cic phwong
phap da néu (chang han bing cich tham s6 héa phwong trinh elip).

2% Nhung don gidn hon ca la sit dung cong thire Green. Ta ¢é
P=x+y, Q=—-(r—y) = —— =—-2.

Do d6 theo cong thirc Green ta c6

f / | (-2pdsdy = —2rab

<

vi dién tich hinh elip bang wab. A

Vi du 6. Tinh tich phan fQ(JL"2 +y?)dx + z(4y + 3)dy, trong d6 L 13
C

dwomg gap khic ABC véi dinh A(0,0), B(1,1) va C(0,2).

Gidi. Néu ta néi A véi C thi thu dwoc dwong gap khic kin L£*
giéi han AABC'. Trén canh C'A ta c6 x = 0 nén dr = 0 va tir dé

7{ 2(z* 4+ y?)dx + 2 (dy + 3)dy = 0.
CA
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Do do

Ap dung cong thirc Green ta cé

f: //[(4y+3) —4y]dxdy:3//dxdy

AABC AABC
=35aaBc =3. A

BAI TAP

Tinh cac tich phan dwong theo do dai sau day

—

]{(:c + 1)ds, C 1a doan thang ndi A(9,6) véi B(1,2). (DS. 36v/5)

c
2. y{xyds, C la bién hinh vuong |z| + |y| = a, a > 0. (DS. 0)
c
3. f(x + y)ds, C la bién cua tam gidc dinh A(1,0), B(0,1), C(0,0).
c
(DS. 1++2)
d J e z:
4. ]{ i , C 1a doan thang néi A(0,2) véi B(4,0). (BS. v51n2)
r—y

(S

c
. f\/aﬂ + y2ds, C 1a dwomg tron 22 +y% = ax.  (DS. 2a?)
c

*

]{(372 +9%)"ds, C 1a dwong tron 2%+ 92 = a?.  (DS. 2ma®"+1)

c

J

. ]{ eV *¥ s C 1a bién hinh quat tron
C
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{(r,gp):Oéréa,Oggog

}.

(BbS. 2(e*—1) +

N

mae®
1)

8. %xyds, C 13 mot phan tw elip nam trong géc phan tw 1.
C
ab a*+ab+b?

DS.
( 3 a+b

)

Chi dan. St dung phwong trinh tham s6 cia dwong elip: © =
acost, y = bsint.

% ds
9. ¢ ——
/] /x2+y2+4

, C 14 doan thang néi diém O(0,0) voi A(1,2).

V543

(bS. In
4

)

10. y{(ﬁ + v + 2%)ds, C 1a cung dwomg cong x = acost, y = asint,
c
z=b;0<t<2m,a>0,b>0.

2
(DS. —ézx/a24—b2(3a2-+-4ﬂ2b2))

11. j{xst, C la duwong tron
c
2+ y*+ 22 =a? 2ma’
Y (ps. ¢
T4+y+z2=0 3

)

Chi dan. Chitrng to rang 7{362033 = %y2ds = %22033 va tir dé suy

c c c
ra

I= j{(:cZ +y® + 2°)ds.

c

W
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12. 7{(3: +y)ds, C 1a mot phan tw dwong tron
c

2+ y* 4+ 22 = R?
y=x
nidm trong géc phan tdm 1. (DS. R%y/2)

13. Tinh j{xyzds, C 1a mot phan tw dwong tron
c

:c2—|—y2+z2 = R?
R?

2 2

¥ +y =T

nam trong géc phan tdm I.
Tinh cac tich phan dwong theo toa do sau day

14. j{y2d:c + 2%dy, C 1a dwong tir diém (0,0) dén diém (1,1):

c
1) C 1a doan thang.
2) C 1a cung parabol y = z2.
3) C la cung parabol y = /.
2 7

7
— -3
10 )

0
15. %y%ix — 2%dy, C 1a dwomg tron ban kinh R = 1 va c¢6 huéng

c
ngwoc chiéu kim dong ho va:

1) v6i tam tai goc toa do.
2) v6i tam tai diem (1,1).
(bS. 1) 0; 2) —4n)

16. y{xdy — ydz, C 1a dwong gap khiic dinh tai cdc diém (0,0), (1,0)
c
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va (1,2).  (PS. 2)
17. ¢ cosydr — sinxzdy, C 1a doan thang tir diém (2, —2) dén diém
—2,2). (DS. —2sin2)

18. @ (2? +y?)dx + (2* — y*)dy, C 1a dwong cong y =1 — |1 — |,

- S O%e

4
2 2
19. r .Y

b2
bs. 0)

20. ¢ (2a — y)dx + zdy, C 1la mot vom cudn cia dwong xicloid

“\S\ O

r=a(t —sint), y=a(l —cost), 0 <t < 2r. (DS. —27a?)

dx + d
7{| 7 i y , C 1a bién ¢é hwéng dwong ctia hinh vuong véi dinh
z

tal diém A(l,O), B(0,1), C(—1,0) va D(0,—1). (bS. 0)

22. j{(aﬁZ —y?)dx + (2 + y*)dy, C 1a elip c6 hwéng dwong

C
2
a? oy
StE=l (050

[\

23. ¢ (2 + y*)dx + 2ydy, C 1a cung clia dwong y = e” tir diém

“\S\

s LA 362 1
(0,1) dén diem (1,e). (bS. Ve + 5)

24. ¢ (2* — y*)dx + zydy, C 1a cung clia dwomg y = a® tir diém

g

1 i 1,a). bS. - 4+—4+——-
(0,1) dén diem (1,a). (DS 4+ 5 + g

)

25. Qy’de 4+ xdy, C 1a vom thit nhét ctia dwong xicloid

SN

(x + y)dx + (z — y)dy, C la elip ¢6 hwéng du*ong — t5 =1L
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x =a(t —sint), y = a(l — cost), a > 0 c¢6 dinh hwdng theo hwéng
tdng cta tham s6.  (DS. a7 (5 — 27))
Ap dung cong thitc Green dé tinh tich phan dwong

4
26. f:c;fdy — 2%dx, C 1a dwong tron x2 +y? = a®. (DS. %)

2 2
(x +y)dx — (x — y)dy, C la elip R ) (DS. —2mab)
a

27. 2tz

f
28. %e‘q’jﬂﬂ (cos 2xydx + sin 2xydy), C 1a dwong tron x? + y? = R2.
c
(
c

C la dwong tron 22 +y? =2z, (BS. —m)
30. j{(l + xy)dz + y*dy, C 1a bién clia nita trén clia hinh tron
c
7r
P4y <2 (y=0). (DS —3)

31. ¢ (2% +yHdr + (2* — y*)dy, C 1a bién cla tam gidc AABC véi

Sg

A=(0,0), B=(1,0), C = (0,1), Kiém tra két qua bang cach
tinh true tiép. (DS. 0)

32. %(Qxy — 2% dx + (z +y*)dy, C 1a bién clia mién bi chan gidi han
bdi ﬁai dwong y = 22 va y?> = 2. Kiém tra két quad bang cdch tinh
trwee tiép. (DS. %)

33. 7{690[(1 —cosy)dr — (y — siny)dy|, C la bién cia tam gidc ABC

voi A — (1,1), B =(0,2) va C = (0,0). (PS.2(2—¢))
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34. %(my +x +y)dr + (vy + x — y)dy, trong d6 C la

C
Lo g
a) ehp ?4-6—2:1,
ma’
b) dwong tron 22 + y* = ax (a > 0). (PS. a) 0; b) —?)
2 2 S A 9, 9 9 TR
35. Qry“dr — x*ydy, C la dwong tron z* + y* = R*. (DS. T>

C

36. ]{2(3:2 + y*)dx + 2(4y + 3)dy, C la dwong gip khiic véi dinh

c
A =(0,0), B=(1,1), C = (0,2). Kiém tra két qua bang cdch tinh
triee tiép.  (DS. 3)

Chi dan. B6 sung cho C doan thang dé thu dwoc chu tuyén déng.
37. Hay so sanh hai tich phan

L = 7{ (z+y)2dr — (x —y)*dy va I, = f (z +y)’dr — (x —y)*dy
AmB AnB

néu AmB 1a doan thang néi A(1, 1) véi B(2,6) va AnB la cung parabol

qua A. B va goc toa do. (BS. I} — I, = 2)

38. Tinh [ = f (x + y)dz — (z — y)dy, trong A6 AmB la cung

AmBnA
parabol qua A(1,0) va B(2,3) va ¢é truc doi ximg la truc Oy, con

AnB 1a doan thang néi A véi B.

1
(DS. —3)

Chi dan. Dau tién viét phwong trinh parabol va dwomg thang, sau

do ap dung cong thirc Green.

39. Chitng minh rang gié tri cia tich phan f(Q:L“y — y)dx + 2*dy,

c
trong d6 C 1a chu tuyén déng, bang dién tich mién phang véi bién 1a

C.
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40. ]{ (z +y)*dr — (2* +y*)dy, C 1a bién ctia AABC véi dinh

c
2
A(1,1), B(3,2) va C(2,5). (BS. —465)
41. f(y — 2%)dz + (z + y*)dy, C 1a bién hinh quat ban kinh R vi
c

gécp (0< < =). (DS.0)

bo| 3

42. j{y2d:c + (z + y)*dy, C 1a bién cta hinh tam gidc AABC véi
c
2a®

A(a,0), B(a,a), C(0,a). (bS. ?)

12.4 Tich phan mat

12.4.1 Céc dinh nghia co ban

Gia st cdc ham f(M), P(M), Q(M) va R(M), M = (x,y, z) lién tuc
tai moi diém M ctia mit tron, do dwoc (o) (mit tron 1a mit cé mét
phang tiép xic tai moi diém ctia né). Chia mot cich tiy ¥ mat (o)
thanh » manh con og, o1,...,0,_1 v6i dién tich twong ting la ASy,

ASy,...,AS,_,. Dit dy = diamoy; d = max dj. Trong mo6i manh
0<k<n—1

mat ta lay mot cach tity y diém N;. Tinh gi4 tri clia cdc ham da cho
tai diem N;, i = 0,n — 1. Ta ky hiéu cos a(NN;), cos B(N;) va cosy(N;)
14 cdc cosin chi phwong clia vecto phap tuyén 7i(N;) tai diem N; clia
mat (o).

Xét hai cach lap tong tich phan sau.

(I) Lay gid tri f(V;) nhan véi cde phan tie dién tich mat AS,
ASy,...,AS,_, va lap tong
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(IT) Khéc véi cdch 1ap tong tich phan trong (1), trong phirong phap
nay ta lay gid tri P(NV;), Q(NV;) va R(N;) nhan khong phai v4i phan
ti dién tich AS; clia cdc manh mét o; ma 1a nhan véi hinh chiéu cia
cac manh dé 1én cdc mit phang toa do Oxy, Oxz va Oyz, tikc 1a lap

cac tong dang

n—1

0oy = D P(NJm(0%,), m(0%,) = proos, (o)
=0
n—1 A

Ozz = Z Q(NZ)m(U;:z>7 m<0;:z) = Proozz (Uz>;
=0

n—1
0. = > R(N)m(ai,), m(ol.) = prooy.(o:).
1=0

Pinh nghia 12.4.1. Néu ton tai gi¢i han htru han

n—1
lim 2 F(N))AS; (12.34)

khong phu thuoc vao phép phan hoach mat (o) thanh cdc manh con
va khong phu thudc vio cich chon céc diém trung gian N; € o; thi

gidi han dé goi la tich phan mat theo dién tich.

Ky hiéu : // f(z,y,2)dS.
()

DPinh nghia 12.4.2. Céc tich phan mat theo toa do diroc dinh nghia
bdi

n—1
def .. A i
//P(M)dxdy = Clll_I)Iol EO P(N;)m(oy,) (12.35)
() -

n—1
/ / QMdrdz < Tim S~ Q(Njml(o.) (12.36)
(o) i=0

n—1

/ / R(M)dydz < lim »~ R(N)m(o],) (12.37)
()

1=
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néu cac gidi han & vé phai (12.35)-(12.37) ton tai hitu han khong phu
thudc vao phép phan hoach mit (o) va cdch chon diém trung gian N;,
1=0,n—1

Tich phan mat theo toa do dang tong quat

/ / P(M)dady + Q(M)dadz + R(M)dyd=
(o)

la tong ctia céc tich phan mit theo toa do (12.35), (12.36) va (12.37).

Néu (o) 1a mat déng (kin !) thi tich phan mat theo phia ngodi cia

né dwoc ky hiéu // hoac don gian la // néu néi ro (o) 1la mit nao;
(o)t ()

con tich phan theo phia trong dwrge ky hiéu / / hoac don gian la / /

(o)~ (o)
khi da néi r6 (o) la mat nao.

12.4.2 Phwong phap tinh tich phan mat

Phwrong phép chung dé tinh tich phan mit ci hai dang 1a dwa ve tich
phan hai 16p. Cu theé 1a: xudt phat tir phwong trinh ctia mit (o) ta
bién déi biéu thitc dwdi dau tich phan thanh biéu thitc hai bién ma
mién bién thién ctia chiing 13 hinh chiéu don tri clia (o) 1én mat phang
toa do twrong tng véi cdce bién dé.

1T Néu mat (o) c6 phwong trinh z = o(x,y) thi tich phan mat
theo dién tich dwoc bién d6i thanh tich phan hai 16p theo cong thitc

dS = \/1+ ¢.% + ¢ *dudy
[ s@vzas = [[ floowlyfre o+ otady 239
(o)

D(z,y)

trong d6 D(x, ) 1a hinh chiéu vuéng géc cta (o) 1én mat phang Oxy.
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Néu mat (o) c6 phwong trinh y = ¢ (z, z) thi

// f(z,y,2)dS = //f[x,z/}(x,z),z]\/l + 2 o Pdedz,  (12.39)
(o)

D(z,z)

trong d6 D(z, 2) = proo..(o).
Néu mit (o) c6 phwong trinh z = g(y, z) thi

// f()dS = //f[g(y,Z),y,Z]\/l+g;,2+g;2dydz, (12.40)
(0)

D(y,2)
trong d6 D(y, z) = prooy. (o).

2% Gia thiét mat (o) chiéu diroc don tri 1én cdc mat phang toa do,

titc la mat c6 phwong trinh dang

z:go(x,y), (l‘,y) ED(Z‘,y);
y:w@j’z)’ (.%‘,Z) ED(Z‘,Z);
r=g(y,z), (y,2)€ D(y,z).

Ta ky hiéu e, eq, e3 12 cdc vecto co s& clia R? va cos a( M) = cos(77/,\€1),
cos (M) = COS(T?/,\@), cosy(M) = cos(77/,\€3). D6 1a cdc cosin chi
phwong ctia vecto phdp tuyén véi mit (o) tai diém M € (o). Khi d6
cdc tich phan mat theo toa do 14y theo mat hai phia dwoc tinh nhw

sau.

)
+//P(x,y,g0(:c,y))dxdy néu cosy > 0;

// P(M)dzxdy = D)
(o)

—//P(x,y,go(:c,y))dxdy néu cosy < 0

\ D(may)

(tikc 1& dau “+” twong timg v4i phép tich phan theo phia ngoai (phia
trén) cua mat, con dau “—” twong ng vGi phép tich phan theo phia

trong (phia dwdi) ciia mat.
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Twong tw ta co

//Q ,z)dxdz mnéu cosf3 > 0,

([ )/ Q(M)dadz = D(f o

\ D(z,2)

// 9(y,2),y, z)dydz néu cosa > 0
/ / R(M)dydz = { """
(o) // dydz

\ D(y,z)

néu cos 3 < 0;

~
neu cosa < 0.

Nhan zét. Tich phan méat theo toa do 14y theo phan mdt tru véi duwong
sinh song song véi truc Oz 1a bang 0. Trong cdc trirdong hop twong

tw, cadc tich phan mat theo toa do x, z hay y, z cing = 0.

12.4.3 Cong thirc Gauss-Ostrogradski

Do la cong thire
P OR
/ / / a aQ +3 )dxdydz _ / / Pdydz + Qdedz + Rdxdy.
z

N6 xdc 1lap moi lién hé gitra tich phan mat theo mat bién 0D ctia D

v6i tich phan 3-16p 1ay theo mién D C R3.

12.4.4 Cong thirc Stokes
Do la cong thirc

dex + Qdy + Rdz = // @ — a—P)dzlsdy—l— (@ — @)dydz
dy dy 0z
c
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N6 xéc lap mai lién hé gitra tich phan mat theo méat (o) véi tich phan
dwong lay theo bo L cia mat (o).

Ta nhan xét rang s6 hang thit nhit & vé phai ciia cong thite Stokes
ciing chinh 1 vé phai cong thitc Green. Hai s6 hang con lai thu dwoc

tir d6 bdi phép hodn vi tuan hoan céc bién x,y, 2 va cac ham P, Q, R:

T P

/N VAN
Z — R «— @

CAC Vi DU

Vi du 1. Tinh tich phan //(63: + 4y + 32)dS, trong d6 (o) la phan

(o)
mat phang = + 2y + 32 = 6 nam trong géc phan tam thit nhat.

Giai. Mat tich phan la tam gidc ABC tronng dé A(6,0,0),
B(0,3,0) va C(0,0,2). St dung phwong trinh ctia (o) dé bién doi
tich phan mat thanh tich phan 2-16p. Tt phwong trinh ctua (o) rit
ra z = %(6—x—2y). Tw d6

V14
dS = /1 + 2, + 22 dedy = ——ddy.
Do d6

3
(62 + 4y + 5(6 —x — 2y)|dzdy

6—2y

0A
3
/dy / (bx + 2y + 6)dx
0
3
0/

5 6—2
{ [ixZ + 2zy + 63:} ‘ y}dy =54V'14. A
0
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Vi du 2. Tinh / V 1+ 422 4+ 4y2dS, (o) 1a phan paraboloid tron

xoay z =1 — 2% — y nam trén mat phang Oxy.

Gidi. Mit (o) chidu dwgce don tri 1én mat phang Oxy va hinh tron
2?4+ y? < 114 hinh chiéu cta né: D(z,y) = {(z,y) : 2* +y* < 1}. Ta
tinh dS. Ta c6 z, = =2z, 2, = =2y = dS = V1 4x? + dy2dady.
Do vay

//:/ V1 +4x2 + 42 - /1 + 422 + dg2dxdy

D(z,y)

// (1 + 42? + 4y?)dzdy.

2+y2 <1

v , 2 ~ /
Bang cach chuyén sang toa do cuwc ta co

21 1
I= /dgp/(1+4r2)7“dr =37 A
0 0

Vi du 3. Tinh tich phan //(y2 + z2dxdy, trong dé (o) 1a phia ngoai
(o)
clia mat z = /1 — 22 gi¢i han bdi cdc mit phang y =0, y = 1.

Gidi. Mt (o) 1a mta trén cia mat tru 22 + 22 =1, 2 > 0. Do d6
hinh chiéu ctia (¢) 1én mit phang Ozy 14 hinh chit nhat xéc dinh bdi
cac dieu kien: —1 <2< 1,0<y < 1. Do d vi z = /1 — 22 nén
cosy > 0 va

//y + 22 dxdy—//y + (V1 = 22)dxdy

D(a: Y)

:/dx/(y2+1—x2)dy:2.A
10
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Vi du 4. Tinh tich phan //dedy + ydrdz — 2*zdydz, trong d6 (o)

(o)
14 phia trén ctia phan elipxoid 422 + y2 + 422 = 1 nam trong géc phan

tam L.

Gidi. Ta viét tich phan da cho dwéi dang

1= 2// dzxdy + // ydydz — // w2 2dydz.
(o) (o) (o)

va st dung phiong trinh clia mit (o) dé bién doi moi tich phan. Liru
y rang cosa > 0, cos 3 > 0, cosy > 0.
(i) Vi hinh chiéu ctia mat (o) 1én mit phang Ozy 1a phan tw hinh

2 42
elipﬁ—i—?glnén
L= // dxdy = // dxdy = g (vi dién tich elip = 2m)
(o) D(z,y)

(ii) Hinh chiéu ctia (¢) 1én mat phang Ozz la phan tw hinh tron
42 + 422 <4 & 2% + 2% < 1. Mit khéc tir phirong trinh méat it ra

y=241—2%2—y?>vadodd

I, = // ydrdz = 2// V1 — 22 — 22dxdz = |chuyén sang toa do cuc|
(0’) D(may)
w/2 1
—2/dg0/\/1—7“%d7"=%~
0

0

(iii) Hinh chiéu cta (o) 1én mat phang Oyz 1a mét phan tw hinh

3
elip yz +22<1(y >0, z>0). T phwong trinh mit (o) it ra
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2

Y . R foax s .
— 2~ — 22 161 thé vao ham dwéi dau tich phan cia Is:

I3 = //:c zdydz = // zZ)dydz

D(y,z)

1 2W1—22 )
Yy 2 4
— 1— 2 — — .=
/dz / z( 1 z)dy B

0 0
Nhue vay [ = 21, + Iy — I — T A
e e AT

Vi du 5. Tinh // ydydz, trong dé (o) la mat cua tir dién gidi han
2 (0)_ 2

bdi mat phang x +y+ 2z = 1 va cdc mat phang toa do, tich phan dwoc

l1ay theo phia trong ctia tit dién.

Gidi. Mat phang x +y + 2z = 1 cit cdc truc toa do tai A(1,0,0),
B(0,1,0) va C = (0,0,1). Ta ky hiéu goc toa do 1a O(0,0,0). Tir d6
suy ra mat kin (o) gom tir 4 hinh tam gidc AABC, ABCO, AACO
vad AABO. Do vay tich phan da cho la tong ctia bon tich phan.

(i) Tich phan I; = //yd:cdz. Rt y tir phwong trinh méat (o) D

ABC
AABCtacby=1—x—2zvado dd

1
//1—x—zda:dz—/dx/:c—|—z—1 5

ACO

(Lwu ¥ rang cos 8 = cos(7, Oy) < 0 vi vecto 7i 1ap véi hwedng dwong
truc Oy mot gdc th, do db trwde tich phan theo AACO xuét hién dau

(ii) // ydrdz = // ydrdz =0

(BCD) (ABO)

trir)
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vi mat phang BCO va ABO déu vuong géc véi mit phang Ozz.

(i) [ [ wisaz = [ [ vaziz 0.

(ACO) ACO
Vay I ! A
ay I = ——.
Yy 6
Vi du 6. Tinh tich phan I = //xgdydz + y*dzdr + 2 dxdy, trong
(o)

dé (o) 1a phia ngoai mat cau 22 + y? + 22 = R2.

Gidi. Ap dung cong thite Gauss-Ostrogradski ta 6

// - 3///(:1:2 +y® + 2%)drdydz
(o) D

trong d6 D C R?® 1a mién véi bién 1a mit (o). Chuyén sang toa do

cau ta cé
2m g R
3///(372 +y* + 2?)dwdydz = 3/dg0/sin0d9/7"4dr
D 0 0 0
B 127 RP
5
127 R®
Vay I = ZR A

Vi du 7. Tinh tich phan %nygdx + dy + zdz, trong d6 L la dwong

c
tron 22 + y?> = 1, 2 = 0, con mat (o) 1a phia ngoai clia nira mit cau

22+ y?+ 22 =1, 2> 0 vd L c¢6 dinh hwéng dwong.
Gidi. Trong trwromg hop nay P = 2%y%, Q =1, R = 2. Do d6

0Q 0P OR _9Q _ 0P _OR _

—————3x22, 7= - 7

or Oy 4 oy 0z = 0z Ox
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va do d6 theo cong thirc Stokes ta co

%: —3//x2y2dxdy: —g~ A
L (o)

BAI TAP
Tinh cac tich phan mat theo dién tich sau day
1. //(:c—i—y + 2)dS, (X) la mat 1ap phwong 0 <z < 1, 0 << 1,
)
1. (bS.9)

0<z<
2. //(2x+y+z)d$, (¥) 14 phan mit phang x +y+ 2z = 1 nam trong
()

2V/3

géc phan tam I. (DS. T)
4 N 2
3. // <z + 2x + gy)dS, (3J) 1a phan mat phang 6z + 4y + 3z = 12
(=)
nam trong géc phan tdm I. (DS. 41/61)
4. //\/xQ + y2dS, (X) 1a phan mdt nén 22 = 22 + 9% 0 < 2 < 1.
()

2/ 21
7 )

(bS.
5. //(y + 2+ Va? — 22)dS, () la phan mit tru 22 + y? = a® nam
(=)
gitta hai mat phang z = 0 va z = h. (DS. ah(4a + 7h))
6. //\/yZ — 22dS, (¥) 1a phan m&t nén 22 = 22 4 y? nam trong mat
(=)

8 3
tru 22 +y* =a®  (DS. %)
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7. //(:c +y + 2)dS, (¥) la nika trén clia mat cau 22 + y? + 22 = a?
()

(DS. 7a?)
SR R R T 8ma®
8. Va?+y2dS, (¥) la mat cau 2° + y* + 2° = a®. (DS. 3 )
()

as .
9. //7, (3J) 1a bién cua tit dién xdc dinh bdi bat phwong
(1+z+vy)
(=) .
trinh z+y+2 <1, 2>0,y >0,z > 0. (bS. 5(3—\/§)+(\/§—1) In2)

10. //(x2 + y%)dS, (¥) 1a phan mit paraboloid 22 + 3? = 2z dwoc
()

55+9\/§)
' 65

11. // 1 + 422 + 492dS, () 1a phan mat paraboloid z = 1—2%—y?
()
g1 han béi cde mit phing 2 =0 vi 2 = 1. (DS. 3m)
12. //(x2 +y%)dS, (¥) 1a phan mit nén z = /22 + y2 nim gitra
()
™2

cdc mat phang z = 0 va z = 1. (DS. T>

cat ra bdi mat phang z = 1. (DS

13. //(xy + yz + zx)dS, (¥) 1a phan mit nén z = /22 + y2 ndm
()

64a*\/2 )
15

14. //(x2 + 9% + 2%)dS, (¥) 1a mat cau. (DS. 4r)
()

trong mat tru x? + y* = 2ax (a > 0). (DS.

15. //a:ds, () 1a phan mit dwoc cat ra tir partaboloid 10z = y?+ 22
(=)
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: 50 —
béin@tmgngx::ux(Ds.j§{1+25¢@)
St dung cong thitc tinh dién tich mat S(X) = //dS dé tinh dién
(=)

tich ctia phan mat (X) néu
16. (¥) 1a phan mit phang 22 4 2y + z = 8a nim trong mit tru
?+y*=R%. (DS. 37R?)
17. (¥) 1a phan mit tru y + 22 = R? nam trong mit tru
?+y*=R%. (DS. 8R?)
18. (X) la phan mat paraboloid 22 4+ y* = 62 nam trong mit tru
r?+y*=27. (DS. 427)
19. (¥) 1a phan mit cau x? + y? + 2% = 3a? nam trong paraboloid
22 +y*=2az. (DS. 27a?(3 — V/3))
20. (¥) 1a phan mit nén z? = 2y nam trong géc phan tam I gitra
hai mit phang x = 2, y = 4. (DS. 16)
21. (¥) 1a phan mit tru 22 + y* = Rx nam trong mat cau
2 +y*+ 22 =R’ (DS. 4R?)
Tinh cac tich phan mat theo toa do sau:
22. //dxdy, () 1a phia ngoai phan mit nén z = /a2 + y? khi
(=)
0<z<1 (DS. —n)
23. //ydzda:, (¥) la phia trén cta phan mit phang 2 +y + 2 = a
(=)

a3

(a > 0) ndm trong géc phan tam 7. (DS. E)
24. //:cdydz +ydzdr + zdzdy, (¥) 1a phia trén clia phan mét phang

(=)
4+ 2z —1 =0 nam gitta hai mat phang y = 0 va y = 4 va thudc vao

géc phan tdm 1. (DS. 4)
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25. // — xdydz + zdzdz + 5dxdy, (X) 1a phia trén cla phan mat
(=)

phang 2z + 3y + z = 6 thuoc géc phan tdm 1. (DS. 6)

26. //yzdydz + xzdxdz + rydzdy, (X) 1a phia trén ciua tam gidc tao

(=)
béi giao tuyén ctia mat phang « + y + 2 = a véi cdc mit phang toa
4

do. (DS. %)

27. //x2dydz + 2%dxdy, (X) 1a phia ngoai ctia phan mat nén
(=) A
P4y’ =2%0<z2<L (B8 )

28. //:cdydz + ydzdz + zdxdy, () 1a phia ngoai phan mat cau
(=)
2+ y?+22=a% (DS 47wa?)
29. //x2dydz — y?dzdx + 2*dxdy, () 1a phia ngoai clia mit cau
()
. mat
2?2 4+ y* + 2% = R? thuoc géc phan tam 1. (DS. ?)
30. //dedy + ydzdr — x?zdydz, (¥) 1a phia ngoai ctia phan mit
(=)
4

“ L. 4
elipxoid 4z?% + y? + 42% = 4 thuoc géc phan tam 1. (DS. ?ﬂ — E>

31. //(y2 + 2%)dxdy, (X) 1a phia ngoai clia mit tru 22 = 1 — 22,
(=)
7

32. //(2 — R)*dzdy, (¥) 1a phia ngoai clia nita mat cau
()
4+’ +(2-R?*=R) R<z<2R. (bS. ——)
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33. //x2dydz + y?dzdx + 2*dxdy, () 1 phia ngoai clia phan mit

(®)
3rat

)

cau 2 + y? + 2% = a? thudc géc phan tam I. (DS.

34. //z2dxdy, (o) la phia trong ctia mat elipxoid
(=)
2 +y* 4222 =2. (PS.0)
35. //(z + 1)dzdy, (X) 1a phia ngoai clia mat cau
(=)

47 R3
2?4?42 = 2 (DS. —

7 )

36. //x2dydz + y*dzdr + z*drdy, (X) 13 phia ngoai clia mit cau
(=)

(r—al+ (g — b+ (2 — o = B2 (Bs. T

(a+b+c))
37. // y*zdxdy, (¥) 1a phia trong clia nita dwdi mit ciu

2r R

= R2. (DS.
2?2 +y? 4 22 ( 108

)

38. //:czd:cdy + xydydz + yzdxdz, (¥) 1a phia ngoai cia tir dién tao
(=) )

bdi cdc mat phang toa do va mat phang z +y + 2z = 1. (DS. g)
Chi dan. St dung nhan xét néu trong phan ly thuyét.

39. //yzdydz + xzdxdz + xydzdy, (X) 1a phia ngoai ciia mat bién

()
tit dién 1ap bdi cdc mat phang © =0, y =0, 2 =0, 2 +y + 2 = a.

(DS. 0)

40. //x2dydz + y2dzdx + 2*dxdy, (X) 1a phia ngoai clia nia trén
(=)
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. R
mat cau 22 + y* + 22 = R? (2 > 0). (bS. %)

Ap dung cong thitc Gauss-Ostrogradski dé tinh tich phan mat theo
phiangoai ctia mit () (néu mat khong kin thi bo sung dé né trd thanh
kin)

41. //x2dydz + y?dzdx + 2*dxdy, () 14 mat cau
(=)
(z—a)+(y—b2+(z— )2 = R. (PS. %”(a b bt o) RY)

42. //a:dydz + ydzdr + zdzdy, (¥) 1a mat cau 22 + y? + 22 = R2.
(=)
(DS. 47 R3)
43. / / 4o’ dydz + 4y*dzdr — 62°dxdy, (¥) 1 bién ciia phan hinh
(=)
truz? +y? <a®, 0<2<h.  (BS. 6ma?(a® — h?))
44. //(y — 2)dydz + (z — x)dzdx + (x — y)dzdy, () la phan mat

(o)
nén 22 +y* =22 0< z < h. (BS.0)

Chi ddn. Vi (X) khong kin nén can bo sung phan mit phang z = h
nam trong nén dé thu dwoc mat kin.
45. //dydz + zzdzdr + zydzdy, (X) 14 bién cia mién
(=)
{(z,y,2) : 2> +9y* < a®,0< 2 < h}. (PS.0)
46. //ydydz + zdzdx + zdzdy, (X) 1la mat cia hinh chép gidi han
(=)
béi céc mat phang
r+y+z=a(a>0),z=0,y=0,2=0. (bS.0)
47. //xgdydz + yPdzdr + 2dedy, (X) 1a mat cau 22 +y? + 22 = 2.
(=)
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(DS. 7)

48. //xgdydz +y*dzdr + 2Pdxdy, (X) 1a mat cau 22 +y? + 2% = a2
(=)

12745
(DS, —2

)

2 e 1 2?2yt 22
49. z%dxdy, (X) la mat ehpxmd — + v + = 1. (bS. 0)
G
Chi dan. Xem vi du 10, muc III.

2 2 52
50. //xdydz—i—ydzdx—l—zd:cdy, (3) la mat eth01d —+ 22 + Z— = 1.
(=)
(Ds. 4mabe)

51. //:cdydz + ydzdx + zdxdy, (X) 14 bién hinh tru 2% + y? < @,

(%)
—h<z<h (DS 6ma’h)

52. //x2dydz + y?dzdx + 2*dxdy, () 1a bién ctia hinh 1ap phrrong

(%)
0<2<a,0<y<a,0<z<a (DS 3a?)

Dé 4p dung cong thitc Stokes, ta lwu y lai quy wéc

Huwémg dwong clia chu tuyén 9% cia mat (X) dwoc quy wde nhw
sau: Néu mot ngwdi quan trac dirng trén phia dwoc chon ctia mat (tire
1a hwdng tir chan dén dau tring véi hwdng cia vecto phap tuyén) thi
khi ngurdi quan sat di chuyén trén % theo hiréng dé thi mat (X) luon

luén nam bén trai.
Ap dung cong thitc Stokes dé tinh céc tich phan sau
53. j{xyd:c + yzdy + x2dz, C 1a giao tuyén ctia mat phang 2z — 3y +

c
4z — 12 = 0 v6i céc mat phang toa do. (DS. —7)
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54. fyd:c—irzdy—l—:cdz, C la dwomg tron 2?+y*+22 = R?, 2+y+2 =10

c
c6 hiréng ngwoce chieu kim dong ho néu nhin tir phan dwirong truc Oz.

(BS. —V37R?)
55. 7{(9 —2)dx + (2 — x)dy + (v — y)dz, C la elip 22 + y* = a?,

c
Z % =1 (a >0, h > 0) c6 hwéng ngroe chiéu kim dong ho néu
a
nhin tir diém (2a,0,0). (DS. —27a(a + h))
56. f(y—z)dx—l—(z—x)dy—i—(:z:—y)dz, C 1a dwong tron 22 +y%+2? = a?,
¢ m
y=uxtga, 0 < a < B c6 hwéng ngrroc chiéu kim dong ho nhin tir

diém (2a,0,0).  (DS. 2v/27ma’sin <% —a))

57. f(y—z)dx—l—(z—x)dy—i—(:c—y)dz, Claelipa®+y? =1, 2+2z=1

c
c6 hiréng ngwroc chiéu kim dong ho néu nhin tir phan dwong truc Oz.

(bS. —4r)

58. f (y* — 2%)dx + (22 — %) dy + (2> — y*)dz, C 13 bién ctia thiét dién

c
ctia lap phrong 0 < 2 < a, 0 < y < a, 0 < z < a véi mit phang

r+y+z= g c6 hiréng ngwoc chieu kim dong ho néu nhin tir diém

(24,0,0). (DS, —7a?)

59. %emd:c + 2(2? + y?)32dy + y2idz, C 1 giao tuyén cia mat z =

c
/2?2 + 2 véi cde mat phang 2 =0, 2 =2,y =0, y = 1.
(bS. —14)
60. fSy\/ (1 — 22 — 22)3dx + xy>dy +sin zdz, C 1a bién ctia mot phan
c

tw elipxoid 422 + y? + 42? = 4 nam trong géc phan tam thit I.
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13.1 Chudi s6 duwong

13.1.1 Céc dinh nghia co ban

Gia st cho day s6 (a,,). Biéu thitc dang

a1+a2+...+an+...zzan22an (13.1)
n=1 n=>1
dwoce goi 1a chuoi s6 (hay don gian 1a chuo6i). Céc s6 ai, ..., an, ...

. N ’ X . . N A ’
dwoc goi 1a cde s6 hang clia chudi, s6 hang a,, goi 14 sé hang tong qudt

X ~ M oA X . N ~ A
ctia chuoi. Tong n s6 hang dau tién cia chuoi dwoc goi 1a tong riéng

that m ctia chudi va ky hiéu 1a s, titc 1a
Sp=a1+as+ -+ ay.

o X 18 A ~ s ~ oA X o ~
Vi s6 s6 hang ciia chuoi 14 vo han nén cdc tong riéng ctiia chuoi lap

S ~ ~ ’ ~ N
thanh day vo han cac tong riéng s1,s2,..., 8, ...

Pinh nghia 13.1.1. Chuoi (13.1) dwoc goi 1a chuoi hdi tu néu day
cdc tong rieng (s,) clia n6 ¢d gidi han hitu han va giéi han d6 dwoc
goi 1a tong ctia chudi hoi tu. Néu day (s,) khong ¢ gidi han hitu han
thi chudi (13.1) phan ki.

Dinh ly 13.1.1. Piéu kién can dé chuoi (13.1) héi tu la s6 hang tong

qudt cia né dan dén 0 khi n — oo, titc la lim a, = 0.

Dinh 1y 13.1.1 chi la diéu kién can chir khong la dieu kién du.
Nhwng tir d6 cé thé rit ra dieu kién di dé chudi phan ky: Néu
lim a, # 0 thi chuéi > a, phan ki.

n—oo n>1
Chudi Y. a, thu dwoc tir chuodi Y a, sau khi cat bd m s6 hang
nz>2m+1 n>1
dau tién dwoc goi la phdan du thit m ctia chudi Y a,. Néu chuoi (13.1)
n=1
hoi tu thi moi phan dw cta né déu hoi tu, va mot phan dw nao do

hoi tu thi ban than chudi ciing hoi tu. Néu phan dw thitr m ctia chuoi
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(13.1) hoi tu va tong ctia né bang R, thi s = s, + R,,. Chudi hoi tu
¢6 cac tinh chat quan trong la

(i) V6i s6 m c6 dinh bat ky chuoi (13.1) va chudi phan dw thit m
ctia né dong thoi hoi tu hodc dong thoi phan ky.

(ii) Néu chudi (13.1) hoi tu thi R, — 0 khi m — oo

(iii) Néu céc chudi > a, va > b, hoi tu va «, 3 1a hang s6 thi
n=1 n=1

Z(aan + Bb,) = aZan —|—Ban.

n=>1 n=>1 n=>1

13.1.2 Chubi s6 duong

Chuoi s6 > a, dwoc goi 1a chuoi s6 dirong néu a, > 0 Vn € N. Néu
n=1
a, > 0 Vn thi chuoi dwoc goi 1a chudi s6 dirong thire sir.

Tiéu chudn hoi tu. Chudi s6 dwong hoi tu khi va chi khi day tong
riéng ctia né bi chan trén.
Nho diéu kién nay, ta cé thé thu dwoc nhitng dau hiéu di sau day:

Ddu hiéu so sdnh I. Gia st cho hai chudi s6

At an, a,=0YneN va B:» b, b,>0YneN

n=1 n=1

va a, < b, Vn € N. Khi do:

(i) Néu chuoi s6 B hoi tu thi chuoi s6 A hoi tu,

(ii) Néu chudi s6 A phan ky thi chudi s6 B phan ky.

Déu hiéu so sdnh II. Gia stt cdc chudi s6 A va B 1a nhitng chuoi
s0 dwong thwe sy va 3 lim I a (ro rang 1a 0 < A < +00). Khi
do: e

(i) Néu A < oo thi tir sir hoi tu ciia chudi s6 B kéo theo sw hoi tu
ctia chuodi s6 A

(i) Néu A > 0 thi tir sy hoi tu ctia chuoi s6 A kéo theo s hoi tu

ctia chuoi s6 B
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(iii) Néu 0 < A < +oo thi hai chudi A va B dong thoi hoi tu hoic
dong thoi phan ky.

Trong thwe hanh dau hiéu so sanh thwong diroc st dung dwdi dang
“ thwc hanh” sau day:

Déu hiéu thuc hanh. Néu doi véi day s6 dwong (a,,) ton tai cic s6

C . p
p va C' > 0 sao cho a,, ~ ﬁ,neoothichuéi > a, hoi tunéup > 1
n=1
va phan ky néu p < 1.
Céc chuoi thwong dwoc ding dé so sanh 1a
1) Chuoi cép s6 nhan Y aq", a # 0 hoi tu khi 0 < ¢ < 1 va phan
n=0

ky khi ¢ > 1.

. 1
2) Chuoi Dirichlet: Y — hoéi tu khi @ > 1 va phéan ky khi a < 1.
n>1 N°
. 1 5
Chuoi phan ky > — goi la chuoi diéu hoa.
n=1
Tir ddu hiéu so sdnh I va chudi so sdnh 1) ta rit ra:

Ddu hiéu D’Alembert. Néu chudi a; +ag + -+ +apn + ..., a, >0
Vn co

. Qp41
lim - —p

n—oo  (y

thi chuoi hoi tu khi D < 1 va phan ky khi D > 1.
Dédu hiéu Cauchy. Néu chudi a; +ag +---+ap+...,a, =0Vn
co

lim Va, =C

n—oo

thi chuoi hoi tu khi C < 1 va phan ky khi C > 1.

Trong trwomg hop khi D = C = 1 thi ca hai ddu hiéu nay deu
khong cho cau tra 1oi khang dinh vi ton tai chudi hoi tu 1an chudi
phan ky véi D hoiic C bang 1.

Déu hiéu tich phan. Néu ham f(z) xdc dinh Vo > 1 khong am
va gidm thi chuoi Y f(n) hoi tu khi va chi khi tich phan suy rong

n=1
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/f(x)d:c hoi tu.
’ 1
Tir ddu hiéu tich phan suy ra chuoéi > — hoi tu khi a > 1 va
n>1 ne
phan ky khi 0 < o < 1. Néu o < Othldoan:—%()khloz 0 va
n — oo nén chudi da cho ciing phan ky.
CAC Vi DU

Vi du 1. Khao st si hoi tu ciia céc chuoi

1
Z / 2> Z Inn ’
n>1 n + 1 n=7 n
Gidi. 1) St dung bat dang thikc hién nhién

1 1
> .
nn+1) n+1

14 phan dw sau s6 hang thit nhat ctia chuodi diéu

Vi chudi Y
n>1 T
hoa nén né phan ky.
Do dé theo dau hiéu so sanh I chudi da cho phéan ky.

1 1
2) Vilnn >2Vn>T7nén — < — Vn>T
nttoon

Do chudi Dirichlet > — hoi tu nén suy ra rang chuodi da cho hoi
n>7 T
tu. A
Vi du 2. Khao st sw hoi tu clia cic chudi:
(n—1" 2 _—\/n
D D 2) Y nfeVm
n=1 n=1

Gidi. 1) Ta viét s6 hang tong quét clia cdc chudi dwdi dang:

(n—-1)" :1(1_£)”.

nntl n n
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. s Iyr 1 1
Ta biet rang lim <1——) =-néna, ~ —

n—00 n e n—oo Nne ’

< 1 <
Nhung chuoi > — phéan ky, do dé chuoi da cho phan ky.
n—oo NE

2) Ro rang 1a dau hiéu D’Alembert va Cauchy khong gidi quyét
dwoe van de vé st hoi tu. Ta nhan xét ring e~ V™ = 0(n~%) khin — oo
(@ > 0). Tir do

Yo=Y as

n>1 n>1 1?2
hoi tu néu ag > 6. Do vay theo dau hiéu so sanh I chudi 3 n?e~v®
n=1
hoi tu. A
Vi du 3. Khao st sw hoi tu ctia chuoi
2" 4+ n? (n!)?
1 2 .
EDIE )2

n=1 n=1

Giai. 1) Ta c6:

ani1 2"+ (n+1)2  3"+n 9 n
e X = X 5
an 3l 4 (n41) = 2" +n? n+1 n?
3+ 14+ —
3n n
\ z . an+1 2 N . 2 N 9 . ~ N
T d6 suy ra lim = —va lim Va, = 3 Va ca hai dau hiéu
n—0oo (U, n—o0 N
Cauchy, D’Alembert déu cho két luan chudi héi tu.
2) Ap dung d4u hiéu D’Alembert ta cé:
n 1)? 1
D= lim 2 = i (17 1

n—co A noo 2n+2)2n+1) 4

Do d6 chudi da cho hdi tu.
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Nhin zét. Néu ép dung bat dang thite

(&) <m<e(2)

thi

S 2
do d6 lim /a, < <Z) < 1 va khi d6 dau hiéu Cauchy cung cho ta

n—oo

két luan.
Vi du 4. Khéo sdt sw hoi tu cia chudi
2n 1
| o 2 ——_p>0
) ;nZ—i-l ) n;nlnpn b

2n
n?+1

ta thay n bdi bién lién tuc x va ching to

Giai. 1) Ta ¢6 a, = = f(n). Trong biéu thitc clia s6 hang

tong quat cla a, = ————
) n?+1
rang ham f(z) thu dwoc lién tuc don diéu gidm trén nira truc dwong.

Ta cd:
“+o0 A
2r ) 2z ) 9 A
/l'2+1dx_AEI—fr—loo x2+1dx:AETooln(x +1)1
1 1

= In(4o00) —In2 = oo.

Do d6 chudi 1) phéan ky.

2) Nhuw trén, ta dat f(r) = ———, p >0, z > 2. Ham f(r) thoa
x

x In
+oo
man moi diéu kién ctia dau hiéu tich phan. Vi tich phan /

2
tu khi p > 1 va phan ky khi p < 1 nén chuéi da cho hoi tu khi p > 1

v phan ky khi 0 < p < 1- A

dz

—— hoi
rim x
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N x n 4+ 2
Vi du 5. Chitng minh rang chuoi —— thda man diéu kién
' : 8 chull o o v -
can hoi tu nhung chu6i phan ky.
Gidi. Ta co
2 1
nt — = lim a, = 0.

Up = ————m  ~
Tiép theo Vk =1,2,...,n ta cé

k+2 1
g =—""-+>—

(k+1)Vk VEZ Vi

-

va do dé
1 .
sn:Zak2n~%:\/ﬁ—>+oo khin — oo
va do d6 chudi phan ky. A

BAI TAP

Trong céc bai todn sau day, bang cich khdo sit giéi han cta tong

riéng, hay xdc 1ap tinh hoi tu (va tinh tong S) hay phan ky ctia chudi

1 3
1. ZBR_I. (BS. §=7)

2. ZS—?”. (PS. %)

3. (-1t (DS. Phan ky)
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1 1

§(a+n)(a+n+1)’ > 0. <DS'04—|—1)
7. Zn21_4. (PS. %)

2n+1
8. gm (PS. 1)
9. Z(\/n—i—Z—l\/n—i- +/n). (PS. 1 —/2)
73
g n—|—3 (n+6) S TL

. A AN ~ ’ . ’ X A X
Stt dung diéu kién can 2) dé xdc dinh xem cdc chuoi sau day chuoi

nao phan ky.

11> (=1 (PS. Phan ky)

n>1

2n —1

12. . DS. Phan kj

;Bn +2 ( i ky)
13. > (/0,001 (PS. Phéan ky)

n>1
14. ZL\/Q_ (DS. Dau hiéu can khong cho cau tra 1oi)

n>1 n

2n e ia . ~ AT

15. P (DS. Dau hi¢u can khong cho cau tra 1o1)

n>1 3

1

16. > ——. (PS. Phan ky)

= V0.3

1 s

17. —. (DS. Phan ky)

1 n!

1

18. > n’sin—————.  (PS. Phan ky)

n24+n+1
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1\ 72
(1+,)

19. ~ n/Z . Phan k3
> - (PS. Phan ky)
n>1

2n2 + 1\
20. <7) . PS. Phan ki
2n2 +3 ( an ky)
n—i—%

(PS. Phan k)

21. )

1\’
n>1 <n+—)

2 > ~ A RN
22. Z nx . (PS. Dau hiéu can khong cho cau tra 1o1)
~ (n+1)y/n
1
23. n + 1)arctg——. DS. Phan ky
St ety S5 )

Trong céc bai toan sau day, hay dung dau hiéu so sdnh dé khao

sat sw hoi tu cua céc chuoi da cho

1
24> —. (PS. Phan ky)
n=1 \/ﬁ
1 .
25. —.  (DS. Hoi tu). Chi dan. n" >2"Vn > 3.
n>1 n
1 x x.
26. o (DS. Phan ky). Chi dan. So sénh véi chuoi diéu hoa.
nn
n>1
1 .
27. ann_l. (bS. Hoi tu)
n>1

1
28. ) . (PS. Phan ky)
= vn +1

1 n
29. E 1 (DS. Hai tu)
n>1
n
30. E —. DS. Hai t

n>1
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31.

(DS. Hoi tu)

Z\/n—i—Q n2+1)

2572 —3n+10

32. _
5
1 3n® +2n + 17

(DS. Hoi tu)

54+ 3(—1)"
33. ZM. (DS. Hoi tu). Chi ddn. 2 <5+ 3(—1)" < 8.

on+3
n>1
Inn ~ N ) X
34. —. (DS. Phan ky). Chi dan. Inn >1Vn > 2.
n>1
Inn .
35. — (DS. Hai tu)
n>1

Chi dan. St dung hé thitc Inn < n® Va > 0 va n di 16n.

1
36. Y L (DS. Phan k)

n>1

n® ..

37. Zﬁ (bS. Hoi tu)

n>1
38. Z— sm — (bS. Hoi tu)

n>1

An? +1

39. Z% (DS. Hoi tu)

n>1
40. ) n*({/a— "+/a),a>0. (DS. Phan ky Va #1)

n>1
41. ) (V2- "V2). (PS. Hoi tu)

n>1

1
42. Z1+an’“>0' (DS. Hoi tu khi @ > 1. Phan ky khi 0 < a < 1)

n>1

43. (DS. Hoi tu)

Zsmn2f+n+1

n>1
Trong céc bai todn sau day, hay xdc dinh nhirng gia tri cua tham

s6 p dé chudi da cho héi tu hoac phan ky:
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p ~
44. E <sin I) , p> 0. (DPS. Hoi tu néu p > 1, phan ky néu p < 1)
n

n>1

7T ne . A N .
45. Ztgpn——i—Z’ p> 0. (DS. Héi tu khi p > 1, phan ky khi p < 1)

n>1

o1 1
46. Zsmﬁmgﬁ,p>0, q > 0.

n>1
(DS. Héi tu khi p 4+ ¢ > 1, phan ky khi p+ ¢ < 1)
1
47. <1 —cos—),p> 0.
T

1
(DS. Hoi tu khi p > 7, phan ky khi p <

)

N | —

48. S (Va1 - vapm 2t

n>1 on+3
(DS. Héi tu khi p > 0, phan k¥ khi p < 0)

Trong cdc bai toan sau day, hay khao sat swr hoi tu cta chuoi da
cho nh¢ dau hiéu da D’Alembert

49. Zzﬁn (DS. Hoi tu)
n>1
2n—1
50. —. (PS. Héi tu)
n>1
>
5.y ———. (PS. Héi tu)
= (n—1)!
3 n (DS. Phan k)
52. - . . Phan ky
1
4™n) o
53. ) ——. (PS. Phan ky)
n>1
54. ) . (PS. Phan ky)
n n

n>1
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Z1~3~-~(2n—1>. (DS. Hoéi tu)

et 3nn!
ZnQ sin ;—n (bS. Hoi tu)
n>1
1
Z”(Lj) (DS. Hoi tu)
n>1 3
73n
' (PS. Hai tu)
; (2n — 5)!
1)!
Z%: ') . (DS. Hai tu)
= n!
on — 1)!!
Zw (DS. Phan ki)
e n!
1(2n + 1)!
Zw (DS. Hoi tu)
= (3n)!
n' sin P
S ——2°  (PS. Phan ky)
= n!
S . (DS. Hoi ty)
= nl3

1,m
S a#e a>0. (PS. Hoitukhia < e, phan ky khia > ¢)

n )
n>1

Trong cdc bai todn sau day, hay khao sat sw hoi tu cia chuoi da

cho nho dau hiéu di Cauchy

65.

66.

67.

;(an 1)n. (DS. Hoi tu)

1\n

E (arc sin —) . (DS. hoi tu)
n

n>1

Z%ﬂ(”“)n. (DS. Héi tu)

n
n>1
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68.

69.

70.

7

—

72.

73.

74.

75.

76.

7.

78.

79.

80.

3n 4 2\"
> nx ) (DS Hoi )
dn + 3
n>1
n 2 n?
> on ) (”+ )" (DS Phan k)
n+95 n+3
n>1
n!
Z—ﬁ. (DS. Phéan ky)
n}ln

Chi dan. St dung cong thirc Stirling n! ~ (ﬁ) V21, n — oo
e

— 1\ n(n-1)
. Z(” 1) . (PS. Hoi tu)
e n -+
2 3 n3+1
S (5 i ) (s Hoi )
S +4
> )” (DS. Phan k)
~ n+1
VIt 2
S arctg Y2 (DS, Phan k)
a>10 vn+1

() a0

n>1

,n/Oé

(PS. Hoi tu khi 0 < @ < 1, phan ky khi a > 1)

= [In(n+ 1))

5 —1)"
et

n>1

ZQ(—U"-F”.

n>1

D o,

n>1

5— (=1
P

n>1

a > 0. (DS. Héi tu V)

(PS. Héi tu)
(PS. Phan k)

(DS. Hoi tu)

(PS. Phan k)
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5+ _1 nin .
81. Z% (bS. Hoi tu)
n>1
82. Zw (DS. Hoi tu)
n>1
4 _1\n]n
83. 3 2 [\/ngn( D' (bs. Hoi tu)
n>1 4
24+ (-1 .
84. 275 1) . (DS. Hai tu)
n>1

13.2 Chudi hoéi tu tuyét déi va hoi tu
khéng tuyét déi

13.2.1 Céc dinh nghia co ban

Chudi véi céc s6 hang ¢é dau khac nhau

a1+a2+...+an+.-~zzan (13.2)

n>1

dwoc goi 1a chudi hoi tu tuyét déi néu chudi s6 diong

Jar] + laz| + -+ +lan] + - =)y (13.3)

n>1

hoi tu. Chuoi (13.2) dwoc goi 1 chudi hdi tu cé dicu kién (khong tuyét
ddi) néu né hoi tu con chuoi (13.3) phan ky.

Pinh ly 13.2.1. Moi chudi héi tu tuyét doi déu hoi tu, titc la su hoi
tu ciia chuoi (13.3) kéo theo sw hoi tu cia chuoi (13.2).

Chudi hoi tu cé diéu kién cé tinh chat rat dic biét 1a: néu chudi
(13.2) hoi tu c6 didu kién thi véi s6 A C R bat ky luon luon cé thé

’ . ’ X . ’ ~ X ’ ~ N
hodn vi céc s6 hang ctia chuoi d6 dé chuoi thu dwoc ¢é tong bang A.
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13.2.2 Chubi dan diu va diu hiéu Leibnitz

Chuoi dang

Z(—l)”_lan =a;—agtaz—ag+ -+ (=1)"ta, +...,

n=1

a, 20VneN (13.4)

dwoc goi 1a chudi dan ddu.
Dédu hiéu Leibnitz. Néu lim a, = 0 va a, > anp1 > 0Vn € N thi

n—oo

chuoi dan déu (13.4) hoi tu va
1S — S,| < any1 (13.5)

trong d6 S 1a tong ctia chuoi (13.4), S, 14 téng riéng thit n clia né.

Nhw vay dé khao sét sw hoi tu clia chudi dan dau ta can kiém tra
hai diéu kién

i) ap = apy1 >0 VneN,

ii) lim a, = 0.

n—oo

Hé thitc (13.5) chitng t6 rang sai s6 gap phai khi thay tong S ctia
chudi dan dau hoi tu bdi tong ciia mot s6 s6 hang dau tién cia né 1a
khong vwot qud gia tri tuyét doi ciia s6 hang thit nhat cia chuoi dw
bi cat bd.

Dé zdc lap su hoi tu ciia chudi véi cic s6 hang c¢é dau khic nhau ta
c6 thé st dung cac dau hiéu hoi tu ctia chudi dwong va dinh 1y 13.1.1.

Néu chudi > |a,| phan k¥ thi sw hoi tu cia chuéi > a, tré thanh
n=1 n=1

van dé dé md ngoai trir triromg hop st dung dau hiéu D’Alembert va
dau hiéu Cauchy vi cac dau hiéu nay xéc lap sw phan ky ctia chuoi
chi dwa trén sw phd vo dieu kién can.

Nhan xét. Chuoi dan dau thda man dau hiéu Leibnitz goi 14 chudi
Leibnitz.

CAC Vi DU
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Vidu 1. Khéo sét s hoi tu va ddc tinh hoi tu ciia chuoi > ﬂ
’ a1 VN

Gidi. Day s6 (\/iﬁ) don diéu gidm dan dén 0 khi 7 — oo. Do dé
theo dau hiéu Leibnitz né hoi tu. Dé khao sat dic tinh hoi tu (tuyét
doi hay khong tuyét doi) ta xét chuoi dwong > Ln Chudi nay phan
ky. Do vay chuoi da cho hoi tu cé dieu kién.ni1

Vi du 2. Khao sat sw hoi tu va dic tinh hoi tu clia chuoi

n=1

g In®
Gidi. Dé khao sat dang dicéu cua day <ﬂ) ta xét ham ¢(x) =
n
In’ 1
2L Ro rang la lim ¢(z) =0 va ¢'(x) = n—;c(Q —Inz). T dé suy
x 200 x
In’ .
ra khi z > €? thi ¢/(x) < 0. Do d6 day (a,) = " théa man ddu
~ n ~ ~
hiéu Leibnitz véi n > 2. Vi vay chudi da cho hoi tu. Dé dang thay
2
rang chuoi s6 dwong > nn phan ky nén chudi dan dau da cho hoi
n=1
tu c6 diéu kién. A

Vi du 3. Cing hdi nhw trén véi chuoi

CoOSNno

n=1

Gidi. Day 1a chudi doi dau. Xét chudi dwong
| cos na N
> o (*)
n=1
| cos an)|
i LB
I

va do vay chuoi da cho héi tu tuyét ddi. A

1 o en , x. .
< o~ Vn € Nnén theo dau hiéu so sénh chuoi (*) hoi tu
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Vi du 4. Cing hdi nhw trén déi v6i chuoi

(="
;}1 n(n + 1) .

Gidi. Dé dang thay rang day don diéu gidm dan dén 0
n

1
(n+1)
khi n — oo. Do dé theo dau hiéu Leibnitz né hoi tu. Ta xét sw hoi tu

. 1
cta chuoi dwong >

— . Chudi nay hdi tu, chang han theo dau

hiéu tich phan

A 1
% d<l‘+—) A
/(dix—lim/—Qzlimln x =In2.
X

7—>oo 12 1 —00
/ r+1) A4 / <x+)_1 A r+1h

Do d6 chudi da cho hoi tu tuyét déi. A

S ~ N ~ b X o 1 ~ ~
Vi du 5. Can ldy bao nhiéu s6 hang ctia chudi ) (—1)"' = dé tong
n>1 n
ctia chiing sai khéc véi tong ctia chudi da cho khong qué 0,012 0,001 ?

Gidi. 17 Chudi da cho 1a chudi Leibnitz. Do dé phan dw ctia né

thda man diéu kién

1

R, <ap1 = |R)) < ——-
|| < tna [ Bl (n+1)2

Dé tinh tong ctia chudi da cho véi s sai khac khong qué 0,01 ta can
doi héi 1a

|R,| < 0,01 = 5 < 0,01 & n > 10.

(n+1)
Nhw vay dé tinh tong ctia chudi véi sai s6 khong virot qué 0,01 ta chi
can tinh tong muoi s6 hang dau 14 du.

2+ Dé tinh tong clia chudi véi sai s6 khong virot qué 0,001 ta can

tinh tong 31 s6 hang dau 1a du (tai sao ?) A
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Nhan zét. Ta thay rang chuoi Leibnitz 13 cong cu tinh todn tién

s X < N, ~ X .
hon so véi chudi dwong. Chang han dé tinh tong cua chuoi —
n>1 T

v6i sai s6 khong virot qué 0,001 ta can phai 1dy 1001 s6 hang mdi du.

That vay ta cé thé 4p dung dau hiéu tich phan. Ta cé

7 f(x)dx < R, < ]Of(x)dx

n+1
Tw do

rd 1
Ro< [ 5 =—
xr xr

|

n n

~ 1 “ 9. ~ ~ Ao s ’
Tim n de — < 0,001. Giai bat phwong trinh doi véi n ta ¢cé n > 1000,
n
titc 1a Rygo1 < 0,001. Vay ta can lay 1001 s6 hang dau dé tinh tong
mai ¢6 dwoce sai s6 khong qud 0,001.
Vi du 6. Chitng td rang chuoi

5 7 10 26 n2+1 nd-1
2 <_ N _) <_ N _) o ( N ) T *
+ 4 8 + 9 27 tot n? n3 * ()

hoi tu, con chudi

2+§ Z—FE %_i_ +n2+1 n3—1
4 8 9 27 n? n3

Yo ()

thu diroc tir chudi da cho sau khi bé cdc dau ngoic don 14 chudi phan
K.
Gidi. S6 hang tong quat ctia chudi (*) c6 dang
n?4+1 nP-1 n+l
-T2 T3 T T

an

Do d6 Vn > 1 taco
n—l—l_l 1

2

n3 n n3
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< 1 N
va do chuoi ) — hoi tu Va > 1 nén chuoi da cho hoi tu.
n>1 T

Bay gio xét chuoi (**). Ro rang s6 hang tong quat cta (**) khong
dan dén 0 khi n — oo, do d6 chudi (**) phan ky. A

BAI TAP

St dung dau hiéu Leibnitz dé chitng minh céc chudi sau day hoi

tu cé diéu kién

1. Z )n+1 6. Z "lnn
n>a VT —dn+1 n>1
n+1 9 m +1
2. 3 7. Yoy 2L
e vn?20 —i— 4n3 + w1 n(n+1)
(=1)"n —1)" T
3. Z (—1)™ cos
(n+1)Vn+2 8. ) -
n>1

(1@
oSy % > (-1"(¥2-1)

n>1 n>1
1
5. 2 (1) 10. S (-t ]
; vn ;< ) n+1%n
Khéo sat sw hoi tu va dac tinh hoi tu cia cdc chudi
2 1
1. 3 (-1 <3ZJ_F ) . (PS. Hoi tu tuyét déi)
n>1
n 3n+ 1 5n+2 R R
12. 3 (-1) <3n . 2) . (PS. Phan k)
n>1
2+ (-1
13. 1) . S y
> (-1 - (PS. Phan ky)
n>1
-1 n—1
14. Z< 2 sin n\ﬁ. (DS. Hoi tu tuyét ddi)
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n+1 (TL + 1) ~e ~ e
15. ; m (DS. Héi tu tuyét doi)

Chi dan. St dung bat dang thirc In(n +1) < v/n+ 1, n > 2.

16. > (~1 Hli. (DS. Hoi tu ¢6 diéu kién)

w1 n—In*n
Trong céc bai toan sau day hay xdc dinh gid tri clia tham s6 p dé
chudi s6 hoi tu tuyét ddi hoac hoi tu c¢6 dieu kién

172 ,p>0

n>1

(DS. Hoi tu tuyét déi khi p > 1; hoi tu c6 didu kién khi 0 < p < 1)

PR 2 .. A 1en : 2
(DS. Hoéi tu tuyét doi khi p > 3 hoi tu ¢6 diéu kién khi 0 < p < §)

m+1
19. —1)" Lsin? ——, p>0.
;< ) nZy/n + 3 b

PR 2 .. A 1en : 2
(DS. Hoéi tu tuyét doi khi p > 3 hoi tu ¢6 diéu kién khi 0 < p < §)

< n+3) 50
1 , P .

A . 1 A . 7 N - A .
(DS. Hoéi tu tuyét doi khi p > ot hoi tu ¢6 dieu kién khi 0 < p <

1

202 )"

n>1

)

| —

Khéo sat dic tinh hoi tu ctia cdc chuoi (21-32):

(—p+t N o
21. —_ DS. Hoi tu tuyét d
; ni/n (DS. Hoi tu tuyét di)
1
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_ 2n 4+ DN ) )
23. —1) ! ( . DS. Héi tu tuyét do
n;( ) 2‘5'8"‘(377/_1) ( Ql u uye Ol)
T
24. § (=1 (1 — cos —) (DS. Hoi tu ¢6 divu kién)
(—1)"sin i

25. ) ———" (DS. Hoi tu tuyét doi)

n>1 n
26. ) (=" (DS. Héi tu ¢ diéu kién)

1 vn+ 2
27. Zﬂ (PS. Phéan ky)

n>1 \/ﬁ
28 Z(_Unﬂ (DS. Hoi tu c6 dieu kién)

. . . 01 tu CcOo dieu Kien
= n—Inn T ’
(_1)71—1

1 T W S A—

;(n + 1)a?"

(DS. Hoi tu tuyét doi khi |a| > 1, hoi tu ¢6 dieu kién khi |a| = 1,
phan ky khi |a| < 1)

(_1)” N ~ N

30. . DS. Hoi tu tuyét doi

;(n—l—l)(\/n—l—l—l) ( S )

1\n
(~1 1 (2+ )

31. ) N2 (DS. Hoi tu tuyét ddi)

n>1 D
32. Z(—U%ggin. (DS. Hoi tu tuyét doi)

n>1

Trong céc bai todn sau day, hay tim so s6 hang ctiia chuoi da cho
'S ~ ~ z N ~) X z . 7
can lay dé tong cia ching va tong cia chuoi twong tng sai khdc nhau

mot dai lwrong khong viot qud so § cho truede

1
33. Z(—m”—l? §=0,0. (BS.No=7)

n>1
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34. ZCOSW), §=0,001. (DS. No=>5)

n!
n=1

vnZ+1’

36. Y T 51075 (DS. No=15)

-1 n—1
35. Z< " 510 (PS. No = 109)
n=1

n>12”(n—|—1)’
—1)"2
37. ZM, §=0,17;6 =0,01? (DS. No=2, No=3)
“—~(4n+1)5"
—1)"
38. 3 5= 0,1 6= 0,0017 (DS. No =4, No =)
n=1

13.3 Chudi lay thira

13.3.1 Céc dinh nghia co ban

Chuoi liiy thira doi véi bién thwe z 1a chudi dang

Zanx”:a0+a1x+a2x2+--~+anx”+... (13.6)
n=0
hay
Zan(x—a)” =at+am(r—a)+-+a(x—a)"+... (13.7)
n=0
trong d6 cdc hé s6 ag, a1, ..., an, ... la nhitng hang s6. Bang phép doi

bién x bdi x — a tir (13.6) thu dwoc (13.7). Do dé dé tién trinh bay
ta chi can xét (13.6) 1a du (titc 1a xem a = 0).

Chudi (13.6) luén hoi tu tai diem x = 0, con (13.7) hoi tu tai z = a.
Do dé tap hop diém ma chudi liy thira hoi tu luon luon # (.

Déi v6i chuoi liy thira bat ki (13.6) luon luon ton tai s6 thiee
R :0 < R < +00 sao cho chuoi d6 hoi tu tuyét déi khi x| < R va
phan ky khi x| > R. S6 R d6 dwoc goi 1a bdn kinh hoi tu clia chudi
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(13.6) va khoang I(R) = (— R, R) dwoc goi 1a khodng hoi tu ctia chudi
liy thira (13.6).
Ban kinh hoi tu R ctia chudi liy thira cé thé tinh thong qua céc

hé s6 clla né bdi mot trong cde cong thike

R lim 1%L (13.8)

hoac

(13.9)

néu giéi han & vé phai cua (13.8) va (13.9) ton tai.

Pinh nghia 13.3.1. Nguwoi ta néi ring ham f(z) khai trién dwoc

thanh chuoi Iy thtra Y a,z™ trén khoang (—R, R) néu trén khoang
n=0
d6 chudi da néu hoi tu va tong ctia né bang f(x), tire 13

flz) = Zanx”, r e (—R,R).

n=0

Dinh nghia 13.3.2. 17 Chudi liy thira dang

/x0 n) Zo
f(xo)—l—f(1!>(x—xo)+~-~+f(7f! )(:c—xo)”—i—...
(n) T
:Zf n(‘ )(x—:co)” (13.10)

dwge goi 1a chuoi Taylor clia ham f(z) véi tam tai diem zg (& day

0l =1, fO(zg) = f(x0)).

2% Céc hé s6 ctia chudi Taylor

_ ['(xo) IARED)

TR .

apg = f(l'o), aq (1311)

dwoc goi la cdc hé s6 Taylor cia ham f(z).
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3% Khi zg = 0, chudi Taylor

1| x+...+ n' x +...:

£(0) +

dwoc goi 1a chuoi Maclaurin.

13.3.2 Diéu kién khai trién va phwong phap khai
trién

Pinh 1y 13.3.1 (Tiéu chuan khai trién). Ham f(x) khai trién duoc
thanh chuoi liy thira

E a,r"

trén khoang (—R, R) khi va chi khi trén khodang dé ham f(z) cd dao

ham moi cdp va trong cong thite Taylor

/ (n)
f@) =)+ 20 O )

1! n!

phan du R,(x) — 0 khin — oo Va € (—R, R).
Trong thwre hanh ngwodi ta thwomg stit dung dau hiéu da nhw sau.

Dinh 1y 13.3.2. HE ham f(x) khai trién dwoc thanh chudi iy thita
Z anx"”, —R,R)

diéu kién di la trén khodng dd ham f(x) ¢6 dao ham moi cdp va cdc
dao ham do bi chan, titc la AM > 0 : Vn = 0,1,2,... va Vx €
(—R,R) thi

f™ (@) < M.

Ta néu ra day hai phwong phép khai trién ham thanh chudi liy
thira
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1. Phwong phdp I (phwong phdp trire tiép) gom cdc bwde sau:

a) Tinh cdc hé s6 theo cong thire (13.11)

b) Chiimg t4 rang Tim R, (x) = 0.

Nhwoc diém ctia phwong phép nay 14 tinh todn qud cong kenh va
sau nira la viéc khao sat giéi han R,(x) — 0 (n — oo) lai cang phitc
tap hon.

2. Phwong phdp II (phwong phdp gidn tiép) 1a phwrong phap duwa
trén bang céc khai trién “cé san” (hay Khai trién bdng) cung véi céc
phép tinh déi v4i chuodi iy thira.

2 n n

x T T
I.e :1+$+§+'“+H—"'ZRZ>OH,ZCER.
) 3 D p2ntl
H.smx:x—§+5—~u+(—1) 7(272—}—1)!4_“.:
x2n+1
= —1)'— =,z € R.
nz;o( S ey
III.COS$:1—§+1_...+(_1) (2n)!+“ —
x2n
= —1)"—— x e R.
%V e
IV.
ala—1 ala—1)---(a—n+1
(1+:c)°‘:1+a:c+%x2+...+ ( ) n‘< )xn+
Q
:1—|—Z< ):c”, —-l<z<l,
n=1 n
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Khi o« = —1 ta c¢é

1
=1- 2 (=D)L
T T+ + (=1)"2" +
= Z(—l)”x”, -l<z <l
n=0
1
—:1+:c+:c2+--~+:c”+--~:z:c”, -l<z <l
11—z
n=0
V.
In(l+2x)==x x2+x3 + ( 1)”‘1xn+ l<z<l1
n r)=r——+——--+ (- —+.. =
2 3 n
x? "
nl-z)=—2———-++-— — — o, <o <L
n(l —x) T = - , x
CAC Vi DU

Vi du 1. Tim mién hoi tu cta chuoi liy thira
Z(—l)”_lnx”.
n=1

Gidi. 17 Ta sé 4p dung cong thitc (13.8). Via, = (—=1)""'n va

an+1 = (—1)"(n + 1) nén ta c6

Nhwr vay chuodi hoi tu béi —1 < z < 1.
2+ Ta con can khao sit sw hoi tu ctia chudi tai cdc dau mut cia
khoang hoi tu.
Véiz=—1taco
YD1t =) ()7 =) (—n).
n>1 n>1 n>1

Do d6 chuoi da cho phan ky tai diém 2 = —1 (khong théa man dieu

kién can !)
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Véiz=1taco

> (=1)"'n = lim (~=1)"'n khéng ton tai

w1 n—oo
Do dé chudi phan ky tai diém z = 1. Vay mién hoi tu ctia chudi 1a
(—1,1). A
Vi du 2. Tim khoang hoi tu clia chuoi
3 (=D)"(=z—2)"
nn
n=1

Giai. Trong trwong hop nay ta sit dung cong thire (13.9) va thu

dwoc

1 1
R=Ilm —=lim ——
n—00 "/|an| n—oo (_1)71

nn

= lim n = 4+o00.

n—oo

bieu d6 c6 nghia 1a chuoi da cho hoi tu v4i moi gid tri x, tikce 1a
I(R) = (—00, +00).

Vi du 3. Tim khodng hoi tu ctia chuoi

Zn!x”, ol =1.

n=0
Gidi. Ap dung cong thire (13.8) ta 6

Vay R = 0. Diéu dé c6 nghia rang chudi da cho héi tu tai diém z = 0.
A

~ 1 X . ~ N . A A~ oA
Vi du 4. Khai trien ham 1 thanh chuoi luy thira tai lan can diem
-

7o = 2 (cing titc 1a: theo céc liy thira cia hiéu z — 2 hay chuoi liy

thira v4i tam tai diém xg = 2).
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Gidi. Ta bién doi ham da cho dé c¢é thé ap dung khai trién bang:

1
— = ", —1<t<l.
1—1 Z )

n=0
Ta cé
1 _1 1
4-z 2, =—2
2
Xem t = == ta co:
2
1 _1[1+<x—2)+(33—2)2+ +(:c—2)n+ }
4—z 2 2 2 2
1 1 n
:>4—3:: 2n+1(:c—2) )
n=0

Khai trién nay chi ding khi

’x—2

- )<1<:>|x—2|<2<:>—2<x—2<2<:>0<x<4.A

Nhan zét. Ban doc ciing dé dang thu dwoc khai trién trén day
bing phwong phap tric tiép.
2 N . X N x. P
Vi du 5. Khai trién ham f(z) = sin % thanh chuoi Taylor véi tam
tai diem g = 2.
Gidi. Ta bién doi ham da cho nhw sau

sin %x = sin%(x —2+2) =sin [%(:c —2) + a = cos%(x —2).

Xem %(x —2) =t va 4p dung khai trién bang I1I ta c6

infa= S U (e-a)”




206 Chwong 13. Ly thuyét chuoi

B 1
Vi du 6. Khai trien ham f(z) = In N e

1+z
—x

thanh chudi Maclaurin.

Giai. Ta c6 In =In(1+ ) — In(1 — ). Mat khéc

2

ln(l—i—x):x—%+--~—|—(—1)”_1x——|—..., —l<az<l;
n
z? "
n(l-2)=-2———-+— — — —1 1.
n(l —x) T = - ; <z <
T d6
223 220 2721
In(1 —In(l—2)=2 —_—+—+--
n(l+xz)—In(l —x) T L v
—l<z<l A
BAI TAP

St dung céc khai trién bang dé khai trién ham thanh chudi liy
thira véi tam tai diém x¢ = 0 va chi ra ban kinh hoi tu ctia chudi
u

n=0 n:
1 on 1
2 =1 . PS. Z .n _ =
f(z) nT—— (Snglnx,R 2)
3 (—1)rgdntl
fl@) =l +3) ( ngl g, O V/3)
4. f(z) = ¥1T—4x. (PS.1— -z + 5---(3n —4) 5
3 n>2 3n - n!
R=1)
5. f(x) = sinbx (bS. > Mx%ﬂ—l_ R = +o0)
' N . . n>0 (2n + 1)! P
z? (—1)nan
. = —_— D . N ) _
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Béng céch bién ddi (trong trieomg hop can thiét) sao cho c¢6 thé ap
dung cdc khai trién bang dé khai trién ham f(x) thanh chudi liiy thira
véi tam tai diém zo. Hay chi ra ban kinh hoi tu cia chudi

T —c a0, (ps.e0y SN 1)

n=0 2n

, R =+00)

In" 2

8. f(x)=2" zo=a. (DS.2° '
n>0 T

(x —a)", R=+00)

ANC
In -
9. f(x)=2"3"",20=0. (DbS. > @x”, R = +400)

n>0 n!
n2n
10. f(z) =2 20=0. (DPS. 3 (L)%t 3" R = 400)
n>0 n!
2 n+1
11. f(x) = (2 +z)e* L, 2o = —2. (DS. —3 > u’ R = +00)
€7 n>0 n!

12. f(z) =sin(a + ), o = 0.

—1)" 1 2n+1
sinaz( 2>n!x —i—cosaz>7aj R = +400)

= (2n+ 1)’

13. f(z) =sinx cos 3z, xo = 0.

1 (=)™ (4z)* 1 )" (2x)n !
ps. - _ = -
8. 32 (2n + 1)! 2Z 2n+1  R=oo)
n=0 n=0
cosz — 1 240
14. f(z) z ; o =0
0, =10
(-1 ()
DS. R = +o0
S5 e )
T 2n—1
15. f(z) = cosx, xg = s (bS. Z(—l)”@ R = +00)
’ 2 n>1 (277, — 1)‘ ’

16. f(x) =sin*zcos?x, v = 0.
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(_1)n+1 . 24n—3
(bS. nz>1 )

17. f(z) = In(2® + 3z + 2), 79 = 0.

%", R = +00)

n

(DS, W2+ > (~1)" 1+ 2—”]% . R = +00)

os. ) Y[ L) e <

) S [E - LE ey ey <)

| 4 20 5n
x 4 aex 1 1 1
Chi dan. Biéu dien f(z) = Z[x—?) — x—i—l}'
2+r+1
20. = =0.
@) = e Dm T ™
2n+1_(_1)n .
21. f() = -
. a —x2+4x+,<7,l'0;2
nx—i—Q n
08, % (- =V

St dung phirong phap dao ham hodc tich phan ctia chuoi liy thira
dé khai trién ham f(z) thanh chudi liy thira véi tam xg = 0 va chi
ra ban kinh hoi tu.

3 (—1)rz2n

22. f(z) = arcctgz. (DS. gx TR

<1
3 51 T ;] <1)
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Chi dan. Khai trién arctgr va st dung hé thitc arcctgr =

arctgr.

1 1
23. f(x) = 1= (bS. 5 go(n +1)(n+2)2", R=1)
24. f(z) =arcsinz. (DBS.z+ >, (n — 1ta™™ R=1)

25.

26.

27.

28.

29.

chudi liy thira véi tam tai x¢ va chi ra ban kinh hoi tu ctia chudi

30.

Chi dan. f(z) =

=2n)l2n+1)

fla) = / Sy s,y U )

) t a1 (2n+ D)!(4n +2)’

fla) = / Mg s S oy
/ S

flz) = j#dt. (DS. gl% R = +00)
!

fla) = / g(t)dt, g(z) = 1(1;3;) zfz

(PS. Z(—w—li—z, R=1)
f(z) =In(x + Va2 +1).
(bS. z + Z(—l)”(Qn - 1)!!x2”+1 R=1)

T

dt
) V1+12

Ap dung cdc phwong phap thich hop dé khai trién ham f(z) thanh

(z —4)"

fl@y=e"1 zo=4. (DS.e* > oy

n=0

, R = +400)
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3 — 9(—1)"

31. f(z) =e3 —2e7% 2o=0. (DS. > ", R = +00)
n>0 n:
1 In8)"
32, fla) = — o= —1. 08,325 W 4 R = o)
23z—2 "0 n!
In2+41)"
33. f(x) =2%""1 zo=1. (DS. 2 %(m —1)" R=400)
n=0 :
, T
34. f(x) =sin3z, g = Ve
92 —_1)» 2n m
(PS. ﬁz%(x_ I)
2 & (2n)! 1
n32n+1 7 2n+1
__Z 2n +1)! <x_1) = +o0)
x 7r
35. f(x) = cos 5 T0=—73.

(DS. fz ><x+3)

22n+1

(_1)n < ﬂ-< 7T)2n+1 B
+;<2n+1>!(2%+1 vt ooty , R=+00)

36. f(r) =cos’x, xg =

=] 3

2n—1
(_1)n4n—1 <l‘— z)
+ ; (on — 1)!4 , R = +00)

(DS.

N | —

37. f(z) =sinxcos’z, 1o = 0.

BS. > 1(1(_22) (143> Hp* R = +00)

38. f(x) = coszcos2x, xg = 0.
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39. f(x) =xlnz, 2o = 1.

ps. 3 e

n>1 n>1

40. f(z) =In(2x + 3), xo = 4.

n+1

o2yt 1 Lol
(DS. 1n11+n§>:1(—1) <ﬁ) e R= )
41. f(z) =In(3 —4x), zg = —2
A\ (z+2)" ~19 3
08, mil=3 () o e e [ g)
42. f(z) = arctg ,90=0

(_ 1)n+1 20+l

m

(bS. _Z+ ST 2n+1’R:3>

n>0

) X ! 3 TL+1 x2n \ 7
Chi dan. f'(z) = e nz>0(—1) il T d6

m (D™ [ o
[ st = sty - 100 = - [

0 n=0 0

13.4 Chudi Fourier

13.4.1 Céc dinh nghia co ban
Hé ham
1 T . T nrr . NTT
5 €08 S, cos —7—, sin ——, .
dwoc goi 1a hé lwong gidc co s&. D6 1a hé truc giao trén doan [—¢, /]
(tite 1a tich phan theo doan dé cia tich hai ham khéc nhau bat ky cta
hé bang 0).

(13.13)
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Pinh nghia 13.4.1. 1) Chu6i ham dang

—|— Z <an cos 2L by, sin ?), (13.14)

trong d6 £ > 0; ay,, b, 1a cdc hang s6 (goi 1a hé s6 cia chuoi (13.14))
dwroc goi 1a chudi lrong gidc.

2) Chuoi lwong gide (13.14) dwoc goi 1a chudi Fourier ctia ham
f(x) theo hé lwong gidc co s& (13.13) (goi tat 1a chudi Fourier) néu
cdc hé so clia né dwoc tinh theo cong thire

L

/f(:c)cosn;fxdx, n=0,1,...

|

(13.15)

1
bn:z/f(:c)sin$d:c, n=12,...

Céc hé 6 ay, b, dwoc tinh theo cong thire (13.15) dwoc goi la hé s6

Fourier cia ham f theo hé lwong gidc co sé.

Gia sir ham f(z) théa man divu kién / f(2)|dz < +oo. Khi dé
luén luon xéc dinh dwoc céc hé s ay,, b, theo (13.15) va lap chuoi
Fourier déi vi ham f(z) va viét

—|— Z <an cos 2 by, sin ?) (13.16)

& day dau “~” dwoc dung khi dang thitc chira dwoc chitng minh (va

dwoc goi la dau twong ing).

13.4.2 DA&u hidu dd veé sw hdi tu cia chudi Fourier

DAu twong ttrng “~” trong hé thitc (13.16) c¢6 thé thay bang dau dang
thitc néu ham f(z) thda man dau hiéu di sau day vé khai trién ham

thanh chudi Fourier.
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Pinh 1y Dirichlet. Gid st f(x) la ham tudn hoan chu ky T (goi la
ham T-tudn hoan), f(z) va f'(x) hodc lién tuc khdp noi hodc lién tuc
tirng khic (tite la chi ¢é mot s6 hiew han diém gidn doan loai I trong
moi chu kj)).

Khi d6 chuoi Fourier ciia ham f(z) héi tu véi moi x dén tong S(x)
va

1) Tai moi diém lién tuc ciia ham f(x), chudi hoi tu dén chinh
ham f(z) titc la S(z) = f(x).

2) Tai moi diém gidn doan, chudi hoi tu dén mia tong cde gidi
han mot phia bén trdi va bén phadi cia ham, tic la
f(zo 4 0) + f(xo — 0)

2 )

3) Néu f(x) lién tuc khdp noi thi chuoi Fourier ciia né hoi tu tuyét

S(zg) = xo la diém gidn doan.
doi va deu.
C6 hai trwong hop dac biét sau day:
1) Néu f(x) 1a ham chan, tic 1a f(z) = f(—2) Yo thi b, = 0

Vn > 1 va chuoi Fourier ctia né chi chita cdc ham cosin:

n=1

‘
2
:%4—2@”605?, ”:Z/f cos—dx n=20,1,2,...
0

2) Néu f(z) 1a ham 1, titc 1a f(x) = —f(—x) Vo thi a, = 0

Vn =0,1,... va chuoi Fourier ctia né chi chita cdc ham sin:
¢
2
E bsm ”:Z f(z sm—dx n=12,.
n>1 0

Néu ham f(z) chi xdc dinh trén doan [a,b] C [/, (] va khong x4c
dinh trén [—£, €] \ [a, b] thi ¢6 thé dung ham phu F(x) sao cho
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trong d6 g(z) 1a ham kha tich tuy y.

Sau d6 gid thiét F(z + 2¢) = F(x) Vz € R va thu dwoc ham tuan
hoan F'(z) ¢6 chu ky 2¢. Phép dung ham F(z) nhw vay dwoc goi la
phép thac trién tuan hoan f(z).

Ham f(z) dwoc cho trén [0, £] cé thé théc trién tiy ¥ sang khodng
ke [—£,0] va do vay né dwoc biéu dién bdi cdc chudi Fourier khac
nhau (ma thwomg gap 1a chudi Fourier chi chita hodc cdc ham cosin
hodc cdc ham sin).

Ta xét hai trweong hop dac biét sau day:

1) Chudi Fourier theo céc ham cosin thu dwroc khi théc trién chan
ham da cho trén doan [0, /] sang khodng ké [—¢, 0]. Trong trwomg hop
nay do thi ctia ham F(z) déi xitng qua truc tung.

2) Chuoi Fourier theo cdc ham sin thu dwoc khi théac trién 1& ham
da cho sang khodng ké [—/,0). Trong triwomg hop nay do thi cia ham
F(z) 1a doi ximg qua goc toa do.

Gia stt ham f(z) lién tuc trén doan [—¢, f] va f(—¥) = f({) va ay,
an, by, n € N 1 cdc hé s6 Fourier ctia ham f(x). Khi dé ta c6 dang
thite

4
%/fZ(x)d:c = % + ) (a2 +52). (13.17)

“ n=1

Dang thikc (13.17) dwoc goi 1a dang thikc Parseval.
CAC Vi DU

Vi du 1. Khai trién han f(z) = signr, —7 < x < 7 thanh chudi

. N . - A ~ AN ~) X . . .
Fourier va stt dung khai trién ay dé tim tong cua chuoi Leibnitz

(="
2 on+1

n=1
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Giai. Vi ham f(z)lénén a, =0, n=0,1,... va

™

2 / . . 2 CoSNT
b, = — | signzsinnxdxr = —( —
7r

™

n
0

)
4 & 2 1
9 ——— néun=2m-—
= 2 ([1 —cosnx]) = { T(2m —1) , meN.
nim o
0 neu n = 2m

Do d6 vé61 —m < z < 7 ta cd

. 4 sin(2m — 1)z
LD D

2 o 7T NN x. . ,
Neu dat x = 5 thi tir chuoi Fourier thu dwoc, ta co

[\}

S

_l’_

—_
N

Vi du 2. Tim khai trién Fourier ctia ham f(z) = 2% + 2? — 2 + 1,
x e [-1,1].

Gidi. Nhw vay ta phai khai trién ham da cho theo hé co s&

{1,cosmz,sinmx, cos 2wz, sin 27w, ... }.

Ta co
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bn

.%'3

Vax
Vi

1
= /(x3 + 2% — x — 1) cos nrrds

21
1
1
= — [( 2 — 1)sinmm:}1_1 - Q/xsinnmcd:c}
nm
21
1

2 4
= [:ccosmr:c}l_l — /cosnmcd:c} = (-D)", n=1,2,...

m2n2 m2n2
-1
1

= /(x3 + 2% - — 1) sinnrodr =

-1

12

m3n3

Vi ham f(x) kha vi trén khoang (—1, 1) nén ta ¢

2 2 4 (=D" 3(=1" .
+r'—r—-1=—-+— [ cosnmx + sinnmzx|,
3 7w = n? mn3
€ (—1,1).
du 3. Khai trién ham f(z) =z, z € [0, (]:

1) theo cdc ham cosin;
2) theo cdc ham sin.

Gidi. 1) Dé khai trién ham f(z) thanh chu6i Fourier theo cdc ham

cosin, ta thie hién phép théc trién chan ham f(z) =z, x € [0, 1] sang
doan ké [—/,0] va thu dwgc ham f*(z) = |z|, x € [, ¢]. Tt d6 thac
trién 2/-tuan hoan ham f*(x) ra toan truc s6. Hién nhién ham f*(x)
lién tuc Vo € R. Ta co:

L

\)

ao 7 / X s
0
i . .
2 / nt 0 neu n chan,
ap = — [ xcos —dr = A¢ .
£ ] £ — néu n lé.

n2m?
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Tw d6 ta thu dwoc

g e 0sese
n>1

2) Dé khai trién ham f(z) theo cdc ham sin, ta thiwc hién phép
thac trién 1& ham f(x) = z, z € [0, {] sang doan ke [—¢, 0] va thu dwoc
ham f*(z) = x, x € [—£,(]. T d6 thac trién 2/-tuan hoan ham f*(z)
ra toan truc s6. Ham da dwoc théc trién théa man dinh 1y Dirichlet.

Do vay tacé: ag=0,a,=0,Vn=1,2,...

2 / . nTT 2 xl nmx|t L f nmwT

b, = —/xsm—dx = —[— —cos —| + —/COS—dZ}

14 14 14 nm ? lo nm 14
0

20
= (-1 n+1.
—(=1)

[e=]

Vi du 4. Khai trién ham

» i
0 neux§§
f(x) = 2] T . T
) =3 neu§<|x|<7r

va f(z +2m) = f(x), z € R thanh chuoi Fourier.
Gidi. Ham f(z) 1a ham chan nén né khai trién dwoc thanh chudi

Fourier theo cidc ham cosin. Ta co

™

aozg/wf(x)dx:%/<x—g)dx—%,
0

w/2
2 [ 2 [
an:—/f(:c)cosnxdx:—/ <x—z) cos nxdr
s U 2
0 w/2
nm
2 rcosn Cos o~
:_[ 27T— 22}, n € N.
Ll n n
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Tir d6 suy ra rang véi x € (—m, )

nim
COS —

cos nm 2
E T — 5| cosnx
n

2 -1)" 1 -1)"
g—i_;Z( 2> cosm:—z—z( ) cos 2nx,

f(z)

trong do6 ta da st dung céc hé thire

nmw
COS7
cosnr =0 voin=2m-—1
n2
nmw
CcOS — m
2 (=1)

- COSNxT =
n

S cos2mz, n=2m. A
m
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BAI TAP

Khai trién ham thanh chudi Fourier trén doan (khodng) da cho va
trong mot s6 truwong hop hay st dung khai trién thu dwoc dé tinh
tong ctia chuodi so:

sin nx
L f@) =2 we@2m). (0s. 2—y
n>1
6 ntul<z<1
2. f(x) = )
3r neu?2<x<A4.
(bS g—irg[cosﬂ +lcs3wx+ics5w—x+ }
2 2 2 9 2 25 2
6 | 27 1 3rx

cosSNT + nsinne
. .

(-1

4. f(z) = 2%, x € [-m, 7). Tinh tong cdc chudi sd 5 va
n>1 n
1
(DS. 2% = — — 42 ICOS o . Thay z¢ = 0, ta thu dwoc
n=1
2 1 7.‘.2
=—.Th = 7 thu d — = —
g ay ¥ = 7 thu u’Q’c;n2 6)

5. f(x) =a? v € (0,7), f(x) = f(x+ pi).

2 T
- ~cos2nx — “sin2 )
3 g( cos 2nx nsm nx )
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6. f(z)= cosg, z € (0,2n], f(z) = f(xz+ 2m).

T n sin nx

8
(DS, cosg =2 ; G —DEnt 1)

0 néu —3<zx<2 . | . 1
7. f(x) = Tinh tong cia chuoi ) ————.
r néul<x<3. ns1 (2n —1)
(2n—1
(bS. © — = _2
) e Syl
n>1 o

2
~ X v ™ ;.
tong cua chuoi bang g voizo = 0)

8. f(z) =asinz, z € [—m, 7.

COS X ™ cos n:c
(PS. +2 Z

n>2

~ . oA ’ N A N X . ’ N
Hay khai trién cac ham sau day thanh chuoi Fourier theo cac ham
sin hoac ham cosin

p . 4n? 4+ 1
9. f(x) =xcosx, z € (0,7). Tinh tong chuoi %
n>0 (477, — 1)

2 4 4n? +1
(DS. 1) zcosx = —;—l—%cos:c— ;Zlﬁcos%m.

>

sin x
2 __ 2% (-
) zcosx . + (

nz=2

4n? +1 72 1 .
3 ———=—+—- (thex=0vaol
>;(4n2—1) 13 (thé x = 0 vao 1))

10. f(z)=x(mr—x),0< x <, f(z) = f(z+m).

2

n
1smnx 0<z <.

T an)
— — COoS ——
6 n?
n=1

(DS.
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T , -
11. f(z) = cosz, z € [O’ 5}‘ Tih S = 2 G T 1)

nCOS2nx| _l_z . B

n>1 n>1
271 i —1
(bS ;[5 + ; = Cosnx},al = 5
: I
khi xy = 0; 0'2:—§VO‘1£L':7T)
13. f(x) =|cosz|. Tinh
n 1 . 1
$i=2 (V'garzy v %= ooy
n>1 n>1
2 4 (_1)n+1
(bS. — + = n; 1 cos 2nx;

T—2 . 1. . s
51: 1 khll‘QIO, S2:§khlx0:§)

14. f(z) =|sinz|, x € [-m,nw]. Tinh S = > 7(%_1)1(2”“).
n>1

2 4 cos 2nx 1
bS. —— — S = — khi =0
(BS. 2 ﬂ;@n—l)@n—i—l)’ 3 Khi 2o =0)

15. f(x) =sign(sinz). Tinh S = (—1)1

4 —sin(2n — 1)z (-t 7r
DS. - = — A _
( 2 m—1 ’ZQn—l 7 Voiwe=73)

™
n=>1 n=>1
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16. f(z) = x — [z] = {x} - phan thap phan cia s6 z.

1 1 sin 2nwx
(BS. {2} =7~ ;ZT)

n=1

—x néu — 1< <0

17. f(z) = 42 )
— neul<x <.
7r
oT 3(-1)"—1 .
(bS Dl ; { g COSTE — (20 =177 sin(2n — 1)3:})

2 nrr (=1 nrx
+§:®_ﬂ@n—93m32 e s ))

19. f(z) ==z, 2z €[3,5. (DPS. 4+ > i(—l)”“ sinnmx)

Chi dan. Ta hiéu khai trién Fourier ctia ham f(z) = x trén khoang
(3,5) 1a khai trién Fourier ctia ham tuan hoan véi chuky 2 = 5—3 = 2
trung v4i ham f(z) trén khoang (3, 5).

20. f(x) =sin2x + cosbz, z € [— g, g}

(PS 2 4 sin2 +_m)§: CU" g9 )

. ——+sin2z+ — ) ————cos2nx
o 7r 4n? — 25

n=1

T
21 f(2) =wsin2e, v € | = 2 0]
f(z) = xsin2zx, x 11

1 —1)nt
(bS.— + 8 Z E)n cos 4nzx)

T 7 in? — 1
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0, —-rT<zr<0 )
22. f(x) = trén doan [—m, 7).
sinz, O<z<m

1 1 2
(DS —+ 5 sinx — Z m COS QTL.Z')

nz

m
23. f(z) = 2 trén doan [—, 7.

1
bs. —+= - 2
( — o8z ;7(4”2_1) cos 2nx)
cos T, T € [O q
24. f(x) = 24 trén doan [0, 7).
—CosT, T €& <— }
2’
coS an
ps. [ -
( S i)

25. Gia st S,(f,z) = % + " (ax cos kx + by, sin kz) 13 tong riéng thit
k=1

n cta chuoi Fourier ctia ham 27-tuén hoan f(z). Chimg minh rang

1
j sin (n+ =) (t — x)
S.(0.0) =1 [ £ rrg)ton,

t—x
94
e sin 5

Chi dan. St dung cdc cong thire tinh hé s6 Fourier ctia ham f(z)
va hé thite
. 1
1 Sin (n + 5)04
—+cosa+cos2a+ - +cosna = ——pm— -

2 24i o
sm2
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14.1 Phuwong trinh vi phan cap 1

Trong muc nay ta xét cdc phwong trinh vi phan thwong cép 1, tike 1a
phwong trinh dang F(x,y,y’) = 0 hodac dwdi dang giai dwoc véi y 1a
y' = flz,y).

Ham kha vi y = ¢(x) dwoc goi la nghiém cia phwong trinh vi
phan néu khi thay né cho an ham cia phwong trinh ta sé thu dwoc
dong nhat thitc.

Nghiém tong qudt ctia phwong trinh vi phan cip 1: ¥ = f(z,y)
trong mién D C R? 1a ham y = p(z, C') thda man céc tinh chat sau:

1T N6 1a nghiém cia phwong trinh da cho V C' thudc tap hop nao
do;

27 V&i moi diéu kién ban dau y(xg) = yo sao cho (zo,y0) € D chi
c6 mot gid tri duy nhat C' = Cy lam cho nghiém y = ¢(z, Cp) thoa
man diéu kién ban dau da cho.

Moi nghiém y = ¢(x,Cy) nhan dwoc tir nghiém tong quit y =
o(z,C) dng véi gid tri cu the C = Cy dwoc goi 1a nghiém riéng.

Bai todn tim nghiém riéng cia phwong trinh ' = f(z,y) thoa man
diéu kién ban dau y(zo) = yo dwoc goi 1a bai todn Cauchy.

Tuy nhién, ta con gap nhirng phwong trinh vi phan c6 cac nghiém
khong thé thu dwoc tir nghiém tong quat véi bat et gid tri C' nao.
Nghiém nhw vay goi 1a nghiém ky di (bt thwong!) Chang han phwong
trinh ¢/ = /1 — y2 ¢6 nghiém tong quat y = sin(x +C) va ham y = 1
cling 13 nghiém nhwng khong thé thu dwoc tir nghiém tong quét véi

bat cit gid tri C nao. D6 1a nghiém ky di.
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14.1.1 Phwong trinh tich bién
Phwong trinh vi phan cép 1 dang
P(z,y)dr + Q(z,y)dy = 0

dwoce goi 1a phwong trinh tdch bién néu cidc ham P(x,y) va Q(z,y)
phan tich dwoc thanh tich céc thira s6 ma moi thira s6 chi phu thuoc

vao mot bién:
f1(@) f2(y)dz + @1 (2)2(y)dy = 0. (14.1)

Dé tich phan phwong trinh nay ta can chia 2 vé clia phwong trinh
(14.1) cho fo(y)e1(x) # 0 va thu dwoc

fi(z) P2(y)
dz + dy =0 14.2
@™t Rl 42
va tlt d6 thu dwoc tich phan tong quat
fi(z) ©2(y)
dx + dy = C. 14.3
o™ R (143)

Trong phép chia dé c¢é (14.2), c¢6 thé lam mAit nghiém cla céc
phwong trinh fi(y) = 0 va ¢1(x) = 0. Do vay dé thu dwoc toan bo
nghiém cia (14.1) ta cin hop nhét vao (14.3) cdc khong diém clia ham
fily) va o1 ().

Nhan zét. Phwong trinh dang

dy

D — flaz + by),

trong d6 f(axz + by) ham lién tuc, c6 thé dwa vé phwong trinh tach

bién
la+bf(t)]de —dt =0

b&i phép ddi bién t = ax + by.
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CAC Vi DU

Vi du 1. Giai phwong trinh /y? + ldx = zydy.
Gidi. D6 1a phwong trinh dang (14.1). Chia hai vé cho tich
x/y?+ 1 ta co

dx ydy 20
- - —% x
xT 1/y2—|-1

va tir do
dx ydy
— = | ——+C=hnz| —-Vy*+1=C.
xT A\ /y2 +1
Nhw vay, moi nghiém ctia phwong trinh da cho la

Injz| —vy2+1=C, va x=0. 4

Vi du 2. Giai phwong trinh (22 — 1)y’ + 2zy? =0, y(0) = 1.
Gidi. Dau tién ta tim nghiém tong quat ctia phwong trinh. Ta cé

d 2xd
y+ xdx

— — 0.
y2 .%'2—1

(2% — Ddy + 2zy*dr = 0 =

T d6 thu dwoc
1 2
——+4+Injz*=1]=C. (14.4)
Y
Do vay moi nghiém cua phwong trinh da cho la
1 5 .
——+Injz*=1]=C, va y=0.
Y

Tw tap hop moi dwong cong tich phan thu dwoc ta tim dwong
cong qua diém (0,1). Thay z =0 va y =1 vao (14.4) ta c6 C = —1.
Nhw vay ham

1

y= 1+ 1In|z2 -1
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la nghiém cua bai todn Cauchy da cho. A

Vi du 3. Giai phwong trinh (1 + e*)yy’ = €, y(0) = 1.

Giai. Ta c6

dy e*dx y?
1 Ny—= =¢" dy = =— =In(1 * C. 14.5
(I +ey-— = e’ = ydy [ Ter = 9 n(l+e") + (14.5)

Thay x = 0 va y = 1 vao (14.5) ta thu dwoce nghiém riéng

1 4 %y 2 14+ e\ 2
y2:1+ln< —;e) :>y:i\/1+ln< —;e).

T dicu kién ban dau suy rang y > 0 (y‘a;:o =1 > 0) do vay truwéc

dau céan ta lay dau +. Nhw vay nghiém riéng can tim 1&

14 e7\2
y:\/l—l—ln( —;e )

Vi du 4. Giai phwong trinh

d
0 cos(z + ).

dx
Gidi. Ap dung nhan xét da neu, ta dat z =z + y. Khi do6 ta cé
dz dy
i I
dx + dx
va tir d6 phwong trinh da cho c6 dang
d dz
—z—1+cosz:> = :>/ /dx—l—C
1+ cosz 1+ cosz
:>/ —:U+C:>tg—::c—l—C:>z:2[arctg(:c+C)+mr].
2(:052 2

Vi khi giéi phwong trinh ta da chia hai vé cho 1 + cosz. Do vay,
can kiém tra xem cé mat nghiém hay khong. Vil +cosz =0 < 2, =
(2n + 1)7, n € Z. Thé z, vao phwong trinh ta thiy z, 1a nghiém cia

phwong trinh da cho. Trd veé bién cii ta c6 nghiém:

y = —x + 2arctg(z + C) + 2nm,
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va

y=—c+2n+1)w. A

BAI TAP
Giai cac phwong trinh sau
(14 y?)dx + (1 + 2%)dy = 0. (DS. arctgz + arctgy = O)
(1+y?)dx + zydy = 0. (DS. 2*(1 +y?) = C)
(1+ y?)dz = zdy. (bS. y = tglnCx)
e/ T+ +yy'Vi+a2=0. (DS. VI+a2+/1+y2=0C)
eV(l4+y)=1. (PS.e*=C(1—eY))
y=a"t(0<a#1). PS.a"+a¥=0C)
V(1 + 23 dy — 22(1+ e¥)dz = 0. (PS. 1+ ¢¥ = C(1+ z?))

® N S Nk W b=

y?*sinxdz + cos? rlnydy = 0. (DS. (1 + Cy+ Iny)cosz)

)

©

e’sin®y + (1 +e*)cosy - y'. (BS. arctge” = ——
2sin“y

10. ¢ =sin(z —y). (DS.z+C = Cotg(y ; N %))

11. ¥/ = cos(y —x). (PS. 2z — cotg% =C,y—x=2km, kcZ)

12. y—y' =22 -3. (bS.y=1-2z+ Ce")
Chi dan. Daéi bién z = y + 22 — 3.
1 1
_ _C
=2 a@yip =Y

14. (Vzy+Vx)y —y=0. (BS. 2\/y+Inly| -2z =C)

13. (z+1)3dy — (y — 2)?dx = 0. (bS.

2)%‘

2 187¥

15. 209 4 30-2y/ — .DS.<3—— !
5 + 3 y =0.( 5 N )
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16. (y+zy)de + (xr — zy)dy = 0. (DS. z —y+In|ay| = C)
17. yy +xz=1. (BS. (z — 1) +y? =C?)
18. 1+ (1+9y)e?=0. (BS. (e? +1)e* =C)
19. ¢y = %[cos(x —y) — cos(z +y)].
(BS. y = 2[arctg(Cre™ =" + nr])

d
20. 3etgydr + (2 — em)cos:gy =0. (bS. tgy — C(2 —¢e®)3 =0)

Tim nghiém riéng cia cdc phwong trinh théa man céc diéu kién

ban dau da chi ra.

21. ydx + cotgzdy = 0, y(%) =—1. (bS. y=—2cosz)

22,y  + 2% =0,y(-1)=1. (BS. z +y =0)
23. 2(1+ e*)yy' = e*, y(0) = 0. (DS. 2¢¥" = &* + 1)

24. 2y +y=19% y(1) ==. (BS. 4ay(l —y) —1=0)

25. y'sinz = ylny, a) y(%) =e, b) y(—) = 1.
(DS. a)y=e™2 b)y=1)

26. y'sinx —ycosx =0, y(%) =1. (bS.y=sinz)

27. ylnydr +xzdy =0, y(1) = 1. (BS.y=1)
28. xy/1 —y?dx + yv1 — 22dy = 0, y(0) = 1.
bS. v1i—a22+1—-y2=1 y=1)

2 1 1
29. (22 + 1)dy + y*dz =0, y(4) = 1. (BS. In <§x + §) = 2<§ — 1))

30. (1+y*)de —zydy =0, y(2) =1. (BS. 2% =2+ 2y?)

1
. (PS. y =2sin*z — 5)

1
31. ¢y = (2y + 1)cotgz, y(%) =3
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™

32. y’tgx—yzl,y(Q) =1. (bS.y=2sinz—1)
: , s
33. sinycos zdy = cosysinydzx, y(0) = Ve (DS. cosx = v/2cosy)

34. y'sinx = ylny, y(g) =1. (bS.y=1)
35. xydr + (14 y?)V1 + 22dy = 0, y(v/8) = 1.

DS. 2V1+a2+Iny? +y*=7)

14.1.2 Phuong trinh ding cip

1. Trwée hét lwu ¥ rang ham f(x,y) dwoc goi 1a ham ddng cdp cap m
d6i v6i cac bién ciia né néu né thda man dong nhat thire f(tw,ty) =
" f(x, y).

Phwong trinh vi phan Z—i = f(x,y) dwoc goi 1a phrrong trinh dang
cdp doi v6i cac bién o va y néu ham f(x,y) 13 ham dang cap cip 0
doi véi céc bién cilia né.

Phwong trinh dang cap luén luon cé thé biéu dién dwéi dang Z—i =
o)

Nho phép déi bien

u =

y
x

ta dwa dwoc phwong trinh ding cap ve phwong trinh tach bién da biét
céch giai:

xd—u— (u) —u
dr 7 '

Néu u = ug 1& nghiém cia phwong trinh p(u) — u = 0 thi phwong
trinh ddng cap con c6 nghiém 1a y = ugz.

2. Cdc phwong trinh dwa dwoc vé phwong trinh dang cdp
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i) Phwong trinh vi phan dang

B <a1x +by+ac

), a; = const, b; = const,i = 1,2.  (14.6)
asx + by + ¢

¢ thé dwa dwoc ve phwong trinh ding cap néu

b
“ ! = a162 — a261 7£ 0.

az 02

AN LN s v N N
bé lam viée d6, ta dit x = v+, y = v+ 8 va chon « va 3 sao cho vé

b
phai cia phwong trinh (14.6) c¢6 dang f<w) Néi cach khac

asu + bov
a va ( la nghiém cta hé phwong trinh

aa+ b+ =0,
(14.7)
asa + ba B+ co = 0.

Tim nghiém téng quat ctia phwrong trinh

d_’U B <a1u + bw)
du asu + bov

10i thay u bdi o — o, thay v bdi y — 3 ta thu dwoc nghiém tong quat
cia (14.6).

. b
11) Néu “ ! = a162 — a261 =0 thi a1xr + bly = )\(agl' + bgy),

az 02
A = const. Trong trwomg hop nay phwong trinh (14.6) dwa dwoc veé

phwong trinh tach bién bang cdch dit z = asx + byy.
CAC Vi DU
Vi du 1. Gidi phwong trinh 22°dy = (22 + y?)dz.

Gidi. Chia hai vé ctia phwong trinh cho z2dx ta thu dwoc

2
2d—y—1+<9).
dz T
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bat y = ux = ¢y = xu’ + u va thu dwoc

d 2d d
2xu'—|—2u:1+u2:>2:c—y:u2—2u+1:>7/&:_37.
dx (u—1)2 =z

Tich phan phwong trinh nay ta cé

2 2 .
——:ln|x|+lnC’:>——:lnC:c:> C’:c:e_y%c
X

Khi thire hién viéc chia cho x va u—1 ta can xem x # 0 va u # 1.
Kiém tra trirc tiép ta thdy 2 = 0 va u = 1 (titc la y = ) clng 1a
nghiém cua phwong trinh da cho. Vay

2z
Vi du 2. Giai phwong trinh
xy = y(l +1In g), y(l) = e 1.
x

Gidi. Trong phwong trinh dang cap iy = Y <1—|—ln y) ta dat u = y,
x x x

y' = u + xu’. Ta thu dwoc phirong trinh tach bién

du du
u—i—x——u 1+lnu):>xd——ulnu
T

/ /—+ln0:>ln|lnu| In|z|+InC
ulnu

= lnu = Czx.

Thay u bdi Y tacé
x

In? = Oz =y = 2",
x

D6 1a nghiém téng quat. Thay didu kién ban dau y(1) = e ta ¢6

)
C = —3 va do dé nghiém riéng can tim 1A y = xze™2. A
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Vi du 3. Giai phwong trinh (x +y — 2)dx + (z —y + 4)dy = 0.

Gidi. Phirong trinh da cho thda man diéu kién a1by — asb; = —2 #
Ta tim céc s6 « va 3 bang cach giai hé

r+y—2=0

Sa=x9g=—1,8=y=3.
x—y+4—0} 0 B=wo

Thue hién phép ddi bien ¢ = u — 1, y = v + 3. Khi d6 phwong
trinh da cho tré thanh

(u+v)du + (u—v)dv = 0. (14.8)

Phirong trinh (14.8) 1a phwong trinh dang cip. Dat v = zu ta thu

dwoc
(u+uz)du + (v — uz)(udz + zdu) = 0,
(1422 — 2%)du +u(l — 2)dz = 0,
du 1—=2
— 4+ ————dz=0
w 142z 2077
1
ln|u|—|—§ln|1—|—22—22|:ln0
hay la

w1422 — 2%) =C.
Trd vé bién ci x va y ta cb

p y—=3 (W-3_
12— @rnz -9

hay la

2?20y —y* —dx +8y=C. (C=C1+14). A
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Vi du 4. Giai phwong trinh

(x+y+1)dx + (22 4+ 2y — 1)dy = 0.

Glidi. RO rang 14 déi véi phwong trinh da cho ta ¢ ;’ = 0, tic
la hé
THy+1 = 0}
20 +2y—1 =0
vo nghiém. Trong trwong hop nay ta dat
r=z+y, dy=dz—dx
va
(2—2z)dr+ (22 —1)dz =0=dz — 2;__21dz =0

=z —2z—3Injz—-2|=C.

Tré vé bién ci ta c6 x + 2y +3In|r+y—2|=C. A

BAI TAP
Giai cac phwong trinh sau
1. (z —y)de +2dy=0. (BS.y=2(C—Inx))
vy =y(lny —Inz). (DS. y = zel*)
(22 + y¥)de — xydy = 0.  (DS. y* = 2*(Inz — C))

oW N

xy’cosg:ycosg—x. (DS. sing—i—lnx:C)
x x x
5.9 =er + g (DS. InCx = —e %)
x

6. 2y =yln g (DS. y = xeft)
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7. 2%dy = (v* — xy + 2%)dr.  (PS. (z —y)InCx = )

8. vy =y+Vy2—a2  (DS.y+y2—a2=Cr?y=u1)
9. (4r — 3y)dx + (2y — 3x)dy = 0. (DS. y*> — 3y + 22% = C)
10. (y—x)dz + (y+x)dy=0. (PS. 2? + 22y — 2* = C)
11. 2 =y(1 +Iny —Inz). (PS. y = xe)

12. y—xy = ylng. (DS. y = xe)

13. y—ay =z +yy @Sam%%+m0vgfﬁpzm
14. ydy + (x — 2y)dz. (DS.z=(y —2)InC(y — x))

15. ydxr + (2\/zy —x)dy = 0. (DS. x4+ /yInCy = 0)
16. a:y’cosg :ycosg—:c. (bS. sing—i—lnx:C)
x x x

1
17. (y+ /22 + y2)dx — xdy = 0. (PS. y = %(:ﬂ _ 7))
18. (z+y)de+ (x —y)dy=0. (PS. 2%+ 22y —y? = CO)

Giai cdc phwong trinh vi phan dwa diroc ve phirong trinh dang cap

sau

—2y+5 —x—3
LT d5 g y—r=3 o

20 —y+4 (y+az+1)3
20. 2z —y+1)de + 2y —x — 1)dy = 0.

BS. 2?2 —zy+y*—z—y=0C)
2 -1

21y = — YV Y .

dr +2y +5
(bS. 10y — 5z 4+ 71In(10z + 5y + 9) = C)

19. ¢/ =

22. (x+y+2)dx + (22 +2y — 1)dy = 0.
BS. z+2y+5Injz+y—3=C)

23. (x —2y+3)dy + 2x +y— 1)dz = 0.
DS. 22 +ay—y*—x+3y=0C)

24. (z —y+4)dy+ (v +y — 2)dx = 0.
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(BS. 2?2 + 22y — y? — 4o + 8y = O)

Tim nghiém riéng cta cic phwong trinh dang cip hoiic dwa dwoc
ve dang cap sau
25. zdy — ydx = ydy, y(—1) = 1. (BS. 2z = —y(1+1Inlyl|))
26. zydr + (y? — 2*)dy =0, y(1) = 1. (BS. 22+ y*(Iny? — 1) = 0)
y T
27. xy —y = xt (—) =",
vy —y=atg( ) y(l) = 5

28. 22 —y? +2zyy’ =0, y(1) = 1. (DS. 22 + 2z +y* = 0)

(DS. y = zarcsinz)

14.1.3 Phuong trinh tuyén tinh
Phwong trinh dang

dy

2+ Py = QM) (14.9)

trong d6 P(z) va Q(x) la nhirng ham lién tuc, dwoc goi la phwong
trinh vi phan tuyén tinh cdp 1. Tinh chat tuyén tinh & day cé nghia
la an ham y va dao ham 3’ clia né tham gia trong phwong trinh 13
tuyén tinh, titc 14 ¢é bac bang 1.

Néu Q(z) = 0 thi (14.9) dwoc goi la phwong trinh tuyén tinh thudn
nhdt cap 1. Néu Q(z) # 0 thi (14.9) dwoc goi la phwong trinh tuyén
tinh khong thuan nhat.

Phatong phdp giai. Hai phwong phép thwong dwoc siv dung la

17 Phuong phdp bién thién hang sé.

bau tién tim nghiém cta phwong trinh thuan nhat

dy

—+ P =0. 14.10

Wi Py (14.10)
Sau dé trong cong thitc nghiém tong quat ctia (14.10) ta xem hang
s0 C' la ham kha vi cia z: C = C(z). Ta thu dwgc ham C = C(z)

tit phwong trinh vi phan tdch bién sau khi thé nghiém téng quét
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cia (14.10) vao (14.9). Phwong phép vira néu goi la phwong phap
Lagrange.

2+ Phuong phap doi bién con goi 1a phwong phap Bernoulli.
Dé gidi (14.9) ta tim ham y dwdi dang tich ctia hai ham chwa biét
cia z: y = u(x)v(x). Thé y vao (14.9) ta cb

v[u' 4+ P(x)u] + v'u = Q(x). (14.11)

Vi y 1a tich ctia hai ham nén mot trong hai ¢ thé chon tly ¥, con
ham kia dwoc xdc dinh bdi (14.11). Thong thwong ta chon u(x) sao
cho biéu thitc trong dau ngodc vuong bang 0, tirc 1a v’ + P(z)u = 0.
Dé c6 dieu dé ta chi can 14y u(r) 14 nghiém riéng ctia phwong trinh
v + P(x)u = 0. Giai phwong trinh nay ta thu dwoc u(x). Thé u(z)
vao (14.11) ta cé

v'u = Q(x)

va thu dwoc nghiém tong quat v = v(z, C). Nhw vay y = u(z)v(z, C)
13 nghiém tong quét cta (14.9).

Trong nhiéu trueomng hop phwong trinh vi phan cdp 1 khong tuyén
tinh déi véi y ma 1a tuyén tinh di véi x, tike 1a phirong trinh c6 thé

dwa vé dang

dz

@ T W =R). (14.12)

Viéc giai phwong trinh (14.12) twong tu nhw giai phwong trinh (14.9)

véi chd ¥ 1a: y 14 d6i 86, z = x(y) 14 an ham.
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CAC Vi DU

Vi du 1. Giai phwong trinh 3y + 3y = e**.

Gidi. Ta sé gidi phirong trinh da cho bang phwong phép bién thién
hang s0.

bau tién gidi phwong trinh thuan nhét

d
y’+3y=0:>?y——3dx.

Tw d6 thu dwoc:
In|y| = =3z + In|Cy| = y = £Cre** = Ce™™".

Nghiém tong quat ctia phwong trinh khong thuan nhat da cho sé
dwoc tim dwdi dang y = C(z)e 3%, Lay dao ham ¢’ 16i thé cac bicu

thitc cia y va y' vao phwong trinh da cho ta cé
1
C'(z)e™ =e* = O'(x) =™ = C(z) = 3659"’ + Cy

trong d6 C5 13 hang s6 tuy y. Tir d6 thu diroc nghiém téng quét cua

phwong trinh da cho

1 1
y=C(x)e ™ = <ge5m + C’g) = 365” + Che 3. A

Vi du 2. Gidi phwong trinh trong vi du 1 bang phwong phap déi
bién.
Gidi. Dat y = wv. Khi dé 3/ = «'v 4+ v'u. Thay vao phwong trinh
ta thu dwoc
u'v 4+ uv' + 3uv = e** = u[v' + 3v] + u'v = e*. (14.13)

Tir d6 ta c6 hai phwong trinh dé tim u va v:

v+ 3v =0, (14.14)
vu' = e**. (14.15)
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Tw (14.14) suy ra
dv 30

—=—dr=>v=e¢"
™ rT=v=e

Thé v = e73% vao (14.15) ta dwoc

1
e3mu/:€2m_>u/:€5m:>u:g€5m+c

va do do

1 1
y = 6—39[: <g€5m 4 C) — g629[: 4 06_390.

RO rang 14 cA hai cach gidi déu cho mot két qua. A
Vi du 3. Giai phwong trinh

dy 1

dr  xcosy -+ asiny

(14.16)

Gidi. Phwong trinh da cho khong phai 1a phwong trinh tuyén tinh
dsi véi y. Tuy nhién, bang phép bién déi don gidn ta bién ddi né ve
phwong trinh tuyén tinh déi véi x va 2':
x :
— — X Ccosy = asin2y.
dy
dz dv du

biat z = u(y)v(y) = & = u@ + v@. Thé x vao phwong trinh vira

thu dwoc ta cé hai phwong trinh dé xdc dinh u va v

d

%—ucosy:(), (14.17)

ud—v = asin 2 (14.18)
0 y. .

Gii phwong trinh (14.17) ta thu dwgc u = e5™¥. Thé két qua nay vao
(14.18) dé tim v. Ta c6

ooodv .
MY — = qsin 2y

v(y) = Qa/sinycos ye Sy + C

= —2a(siny + 1)e ¥"Y + C.
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Tir d6 thu dwroc nghiém tong quat

z(y) =u-v =" —2a(siny + 1)e” ¥ 4 C]
= —2a(siny + 1) + Ces™¥. A

Vi du 4. Giai bai toan Cauchy
vz —Dy+y=2"2x—-1), y2) =4
Gidi. Tim nghiém tong quat dwdi dang
y=u(z)v(z) =1y =vv+vu.

Thé y va 3 vao phwong trinh da cho ta sé c6 hai phwong trinh dé xdc
dinh u(x) va v(x):
z(x — 1) +v =0, (14.19)
z(z — Vo' = 2*(2x — 1). (14.20)

Gidi (14.19) ta thu dwqczjzz——gli.’Thé‘véo(14;20)taJcé

W =2r—1=u(x)=2>-z+C.

Do dé nghiém tong quat cé dang

9 x Cx 9
y=uv=(2"—z+ )x_1:>y ——{*t*®

va st dung diéu kién ban dau ta thu dwoc
2 2 2

Nhw vay nghiém ctia bai todan Cauchy la y = 22, A

BAI TAP



242

Chwong 14. Phwrong trinh vi phan

8.
9.

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

Giai cdc phwong trinh sau

LY —y=¢". (DS. y = (x + C)e”)

Ly +2y=e"  (DS.y=Ce? +e77)

LY =T+ (bS.y=Ce”" -z —1)
ac3
Ly +aty=22 DS .y=1+Ce )
C
Lay +y=3. (DS.y:?)—l—;)
e’ +C
ay +y=en. (bS. y = )
4 20y = 2ze ™ (DS. y = (2> + C)e™™)
Yy — 2ay = 2xe”. (DS. y = (x4 C)e®)
Y+ 2xy =e " (DS. y = (x4 C)e ™)
1
.y +y=cosz. (bS. y=Ce™™ + i(cosx +sinz))
C — cos?2
y'cosz —ysinx =sin2z. (PS.y = ﬂ)
2cosw
xy' — 2y = 2% cos z. (BS. y = C2? + 2%sinx)
C
xy +y=Inx+ 1. (bS.y=lnz+ —)
x
2 e C—e
e pS. y—
lnCth
Yy — ytgr = cotgz. bS.y=1+ 2
cos T
yrlnr —y = 32%In 2. (BS. y = (C + 2*)Inx)
y' 4 ycosx = sin 2. (BS. y = 2(sinz — 1) + Ce™ %)
2 Pl —2
y ——y= w. (BS. y = Cz? + %)
x x
’ 2 —x2 —x2 233'3
Y+ 2y = 22%e” . (DS.y:eQC(?—l—C))
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Gidi cdc phwong trinh tuyén tinh déi véi x sau day

20. y’=2ylnyy’+y_x. (DS.xz%—l—ylny)
21. (e‘% — zy)dy — dx = 0. (bS. z=(C+ y)e‘é)
22. (sin®y + zcotgy)y’ = 1. (BS. 2 = (—cosy + C)siny)
23. (v +y*)dy = ydx. (BS. z=Cy+y? y=0)
24. (2¢¥ —x)y’ = 1. (bS. x =Ce ¥ 4 ¢Y)
25. (y*> — 6x)y’ + 2y = 0. (bS. x = %yf + Cy?)
26. y =2y + ' Iny. (bS.2=Cy—1—1ny)
27. (#*Iny —2)y =y. (bS. z = m)
28. (2zy + 3)dy — y?*dx = 0. (BS. z = Cy? - é)
4

29. (y*+22)y' =y.  (DS.z=Cy+ %)
30. ydz + (z + 2*y*)dy = 0. (bS. z = m)
31. e‘””j—i —e " =eV. (bS. eV =Ce ™ — %em)

Chi dan. Dat z(z) = e7V.
32. 3dy + (1 4+ )z = 0. (DS. y = —% In(C + ) - 5)

Chi dan. Dat z(z) = e,
Giai cac bai todn Cauchy sau

|
33. ydzr — (32 + 1+ Iny)dy = 0. y(— —) ~ 1.
-4 1

— 2]
5 3 ny)

Chi dan. Xem z 1 an ham.

(bS. z =

34. 2’ +ay =y, y(1)=0. (BS.y=2x—12?%
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35. y'cosx —ysinz =2z, y(0) =0. (DS.y= )
cos T
1 sinx
36. v —ytgr = ———, y(0)=0. (DS.y=
Y —yter = ——— y(0) DS.y=—5")

37. y+ycosx =cosz, y(0)=1. (PS.y=1)
38. 1—2)y+y) =" y2) =0 (DS. —e*In|l —z|)

2
. (PS. y = cos3z[1 — 3 cos 3z])

Wl

39. y' + 3ytg3z = sin 6z, y(0) =

40. y'sinz — ycosx = 1; <g) =0. (bS. y = —cosz)

T

41. y — ytgr = ,y(0)=1. (bS.y= +1)
COS T COS T
42. Yy + 22y =22 y(2)=1. (PS.y=1)
1 1 2
43. y — y— S _Sinx’y<f):1+\/_.
SIN T COS T sin @ 4 2

(DS. tgx + cosx)
44. y +ycosz =sinzcosx, y(0) = 1. (DS. y =275 ginx — 1)

14.1.4 Phwong trinh Bernoulli

Phwong trinh dang
/ «
y + P(x)y = Q(z)y*, «o=const,a #0,a#1, (14.21)

trong d6 P(x) va Q(z) la nhimg ham lién tuc, dwoc goi la phwong
trinh Bernoolli.

Ciing giong nhw phwong trinh tuyén tinh, phwong trinh Bernoulli
dwoe giai nho phwong phép

a) doi bién y = u(z)v(x),

b) bién thién hang sd tuy ¥.

Phwong trinh (14.21) c¢é thé dwa vé phwong trinh tuyén tinh bdi
phép dai bién
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CAC Vi DU
Vi du 1. Giai phwong trinh z%y%y + zy3 = 1.
Gidi. Chia hai vé cho z%y%:

/ Y -2 1
CANEPYS 14.22
U B (14.22)

D6 1a phwong trinh Bernolli. Thay y = uv vao (14.22) ta co:

, , uv 1
U+ vU+ — = ———,
T x*utv

=u'v + ( "+ U) !
vvtulv+—) = —5=-
x x2ulv?
Tir d6 dé tim u va v ta c6 hai phwong trinh
v 1
1) V+—-=0; 2) v = ———-
) x ) x2uv?

1
Phwong trinh 1) cho ta nghiém v = — va tir d6
x

Ul 1 2 2

— = =uu =z = udu = xdr

T u

:>u3 x2+C:> 33$2+C
3 2 3 2

Do vy nghiém téng quat ctia phwong trinh da cho cé dang

= Uuv = Si—i—g A
y 2¢ a3

Vi du 2. Giai phwong trinh 3 — 22y = 323y
Gidi. D6 1a phirong trinh Bernolli. Chia hai vé ctia phwong trinh

cho 3%
y 2y — 2zy~ = 243,
bit z =y ' — —y 2y = 2. Do dé

242wz = —22°.
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Giai phwong trinh nay ta thu dwoc
z=Ce ™ +1—2°

va do dé nghiém tong quét ciia phwong trinh da cho 1a

1
T Ce? £1—2a2

Y A

Vi du 3. Giai phwong trinh 2y’ + y = y*Inz.

Gidi. Phwong trinh da cho 1a phirong trinh Bertnoulli. Ta sé bang
phwong phdp bién thién hang sd.

1* Nghiém tong quat ctia phirrong trinh thuan nhat twong ting 13
Y= T

2+ Nghiém tong quat ctia phwong trinh khong thuan nhat sé dwoc

tim dwéi dang y = —x, trong d6 C'(z) 1a ham méi chwa biét. Thay
x

C
Yy = (z) vao phwong trinh da cho ta thu dwoc
T
Inz dC Inz
1 Inz 1 x
——=—4+—-+4+C=Ckx)=———
:>C(:c) PR (z) 1+ Cr+1Inx

va do dé nghiém tong quét clia né 1a

1

y= 1—|—Cx—l—ln:c.

BAI TAP

Giai cac phwong trinh Bernoulli sau
1
1+ Cemg)
2. 3zy?y — 2y° = a3, (BS. y3 = 23 + Cz?)

1. o + 22y = 229, (bS. y =
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3. (¥ +e¥)y = 32 (DS. 2%V = C +y)
4.y + 2oy = 2. (DS.y= —
Y+ 2ry = y?e (BS. y C—x>
1
5 ~yPcosz.  (PS.y=
Y Yycosx Yy cosT ( Y Ce—sinz _ 1>

6. 2y’ sinz + ycosz = y¥sin*z.  (DS. y*(C — z)sinz = 1)
St dung phép déi bién dwa cic phwong trinh phi tuyén sau day
vé phwong trinh tuyén tinh hodc phwong trinh Bernoulli. Giai céc

phwong trinh do.

7.y —tgy =e” (BS. siny = (x + C)e”.

cos y
Chi dan. Dit z = siny.
8.y =yle*+Iny). (BS.Iny=(x+C)e")
Chi dan. Dat z = Iny.
9. ycosy+siny=xz+1. (DS.siny=x+ Ce™™)
Chi dan. Dit z = siny.

2
Y

10. yy +1=(z—1De 7. DS.2—2+Ce®=¢7)

M)

Chi déin. Dit z = ez

2

11. o/ + zsin 2y = 2ze™* cos?y. (DS. tgy = (C + 22)e™")

Chi dan. Dat z = tgy.

14.1.5 Phwong trinh vi phan toan phan

I. Néu trong phwrong trinh vi phan cap 1
P(z,y)dx + Q(z,y)dy = 0 (14.23)

cdc hé so P va Q thoa man diéu kién
09 _or

= — 14.24
Jor Oy ( )
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thi vé trai clia né la vi phan toan phan ctia ham V(x,y) nao dé va
trong triwromg hop nay phwong trinh (14.23) dwoc goi la phwong trinh
vi phan toan phdn (ptvptp) va

P(z,y)dz + Q(z,y)dy = dV (z,y) =0 (14.25)

3}
Phwong trinh (14.23) 1a ptvptp khi va chi khi cdc ham P, @, 8—Q’
x
oP " i < o e n
— lién tuc trong mién don lién D C R? va thda man dieu kién
Y

(14.24).

Néu dV (z,y) = 0 thi nghiém tong quét cta (14.25) c6 dang

V(z,y)=C,

trong d6 C' 1a hing s6 tly v va dwoc tim theo cdc phwrong phép sau.
1+ Tich phan biéu thite dV (z,y) theo dwomg L(A, M) C D bat ky
gitta hai diem A(xg,yo) va M(x,y) va thu dwoc nghiém ctia ptvptp:

()
Viz,y) = / Pdxr + Qdy = C.

(z0,%0)

Thong thwong 14y L(A, M) 1a dwong gap khiic véi cde canh song song
véi truc toa do A(zo,y0), B(z, yo), M(z,y)):

T

V(z,y) = /P(t,yo)dt—l— /Q(:c,t)dt =C.

Zo

2t Vi dV(z,y) = d,V(x,y) + d,V(z,y), trong d6 d,V va d,V la
cdc vi phan riéng ciia V (x,y) nén bang cach tich phan riéng biét moi
biéu thitc d6, ta c6 V (z,y) biéu dién bdi hai dang sau

1) V(z,y) = [ Pdz + ¢(y), xem y la khong doi,

2) V(z,y) = [ Qdy + ¢(z), xem x khong doi.
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bén day, hodc xuat phét tir 1) ta tim p(y) dwa vao dieu kién 1a

ov

5y Qz,y) = </de); +¢'(y) = Q(z,y)

va tir d6 thu dwoc p(y).

Hodc tim ¢ (z) dwa vao diéu kién 1a

ov

- =Plzy) = </Qdy); +1/(z) = P(z,y)

va tir d6 thu dwoc ¢(x).

II. Thita s6 tich phan

Néu phwong trinh (14.23) khong 14 ptvptp nhwng ton tai ham
p = u(z,y) # 0 sao cho sau khi nhan hai vé cia (14.23) véi p ma
phwong trinh thu dwoc trong két qua 14 ptvptp thi ham p(x,y) dwoc
goi 1a thira s6 tich phan. Ta chi han ché xét hai trirdng hop sau.

1T Néu (88—]; — %) /Q 1a ham chi cia bién z thi phwong trinh
(14.23) ¢6 thira so tich phan p = u(z) chi phu thuoc z va dwoe xdc
dinh bdi phwong trinh

oP  0Q
dlnp 8—y - ox
_ . 14.26
o 0 (14.26)
. 100 oP .
2+ Twong tw néu (% . a_y) /P 13 ham chi ciia bién y thi (14.23)

6 thira s6 tich phan g = p(y) chi phu thuoce y va dwoe tim tir phwong
trinh

9@ _ob
dinpg  dr Jy

N > (14.27)

CAC Vi DU
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Vi du 1. Giai phwong trinh
(z+y+ 1)dr + (x — y* + 3)dy = 0.
Gidi. O ddy P=z+y+1,Q=2—32+3 W
oP | oQ
oy =~ Oz

nén vé trdi cla phrrong trinh da cho 1a vi phan toan phan cia ham
V(z,y) nao db va

8_V
ox
oV
2) —=x—y*+3.
) o

=z+y+1

T 1) thu dwoc

Xﬂ—/P@wammo—/@+y+Um+¢@)
%Q—Fy:c—l—:c—l—go(y). (*)

Dé tim o(y) ta can sit dung 2) va két qud vira thu dwoc

0 /a2

ay<7+yx+x+go(y)) —r—y*+3=>¢(y)=—y* +3

3

j@@):/kﬂﬂ+$@F$¢@%:—%+3y+CL

Thé bieu thitc ¢(y) vao (*) ta thu dwoc

22 %
Viz,y) = E—l—xy—l—x—?—i—By—i—Cl.
Phwong trinh da cho ¢6 dang dV (z.,y) = 0 va nghiém tong quat ctia
né dwoc xac dinh bdi phwong trinh
2 3

X
V(e,y)=Cy hay T +ay+o—"0+3y+C=Co
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bit 6(Cy — C;) = C - hang s6 tuy ¥ va thu dwoc nghiém tong quat

ctia phwong trinh da cho la
322 +6xy +62 —2y° +18y =C. A
Vi du 2. Giai phwong trinh

(1+zv2?+y*)de + (=1 + /22 + y?)ydy = 0.

Gidi. Dé kiém tra rang phwong trinh da cho 1a ptvptp. That vay
L OP _0Q Ty

Ty T on T g

phwrong trinh da cho 1a ptvptp. Nghiém téng quét clia né cé thé viét

lien tuc khip noi trong mit phang nén

dwdi dang tich phan dwong
(z,y)

[Pdx + Qdy] = C.
(%0%0)

Chon dwomg tich phan 14 dwong gap khic ¢é céc canh song song véi
truc toa do MNK, trong dé M (xg,y0), K(z,y0), N(x,y) va thu dwoc

T

/ P(t, yo)dt + /y Qla, t)dt = C.

o

Trong trwomg hop nay ta chon M(0;1) va cé
P(z,1) =1+ava?+ 1 Qz,y) = (~1+ V22 +y?)y.

Do d6 tich phan tong quét c6 dang

x Yy
/[1 +tV12 + 1]dt + /[—1 + Va?+2tdt = C
0 1
hay la
1 2
T+ g(:cQ + 1y — % =C.
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Néu ta chon M 1a diém khéc ctia mit phang thi thu dwoc két qua khéc
két qua trén bdi dang clia hang s6 tiy v. A

Vi du 3. Giai phwong trinh
(z + y?*)dx — 2zydy = 0.

Gidi. O day P = x + y%, Q = —2zy. Ta thiy ngay phwong trinh
da cho khong la phwong trinh vi phan toan phan. Ta cé
oP 0Q
dy Ox _2y+2y 2

Q —2zy x

va do vay

dinp 2

1
. ——;:>ln,u:—21n|:c|:>,u:p~

Phwong trinh

x+y2
72

Yy
dr — ZEdy =0

1a phrrong trinh vi phan toan phan. Vé trdi ctia né cé thé viét dwdi
dang

y2

e 2wydy —1%d
=S 0= a(mfal - L) =0,
X

T 2

Tir d6 thu dwoc tich phan tong quat
z=Ce¥/*. A
Vi du 4. Giai phwong trinh
2wy Inydr + (22 4+ y>\/y? + 1)dy = 0.

Gidgi. O day P = 2zylny, Q = 2%+ y>\/y2 + 1. Ta c6

0Q 0P
T oy 22 —2z(1 1 1 dl 1
Or oy _2ov—2x(ny+1) 1 np_ 11
P 2zyIny Y dy Y Y
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1 . . .
Nhan g = — véi hai vé cua phwong trinh da cho ta thu dwoc phwong
trinh vi phan toan phan

2zy Inydx N 2+ Ay + 1dy _9
) )

hay la

1
d(z*Iny) + y/y2 + 1dy = 0 = 2°Iny + g(y2 +1P32=C. a

BAI TAP
Giai cac phwong trinh sau
1. (322 + 6xy?)dz + (62%y + 49%)dy = 0. (DS. 23 + 32%y* + y* = C)
3zevdr + (23¢¥ — 1)dy = 0. (DS. 23e¥ —y = C)
eVder+ (1 —ze¥)dy=0. (DS.y+xze¥=0C)
2z cos? ydx + (2y — 2?2 sin 2y)dy = 0. (PS. 2% cos’y +y* = C)
(322 + 2y)dzx + (22 — 3)dy = 0.  (DS. 2® + 22y — 3y = C)

@ ok 8N

(3z2y — dwy?)dw + (2 — 42y + 12y%)dy = 0.
(BS. 23y — 222y + 3y = O)
22 cos 2y

7. (xcos2y + 1)dr — z%sin2ydy = 0. (DS. — = C)

8. (3x?%e¥)dx + (z3¢¥ — 1)dy = 0. (DS. 23e¥ —y =)
9. 2y — 3)dx + (2z + 3y?)dy = 0.  (DS. 22y — 3z +4* = C)

10. (z + In |y|)dx + <1 +24 siny)dy = 0.
z? !
(bS. 5 +xlnly|+y —cosy = C)

11. (32%y* + 7)dz + 223ydy = 0.  (DS. 2%y* + 72 = C)
12, (e¥ +ye® + 3)dx = (2 — xe¥ — e")dy.
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(DS. ze¥ + ye* 4+ 3z — 2y = C)

13. sin(z + y)dx + x cos(x + y)(dzx + dy) = 0.
(bS. zsin(zx +y) = C)

14. e Vde + (1 —ze ¥)dy =0. (DS.ze ¥V +y=20C)
15. (122 4 5y — 9)dx + (5 + 2y — 4)dy = 0.

(DS. 622 + 5oy + y? — 9z — 4y = C)
16. (3zy? — 2?)dz + (322y — 6y* — 1)dy = 0.

(DS. 6y + 12y3 — 922y? + 223 = C)
17. (Iny — 2z)dz + (E — Qy)dy =0.

)
(BS. zlny — 22 —y? = C)

. 2 . 2
18. <Sm * —i—x)dx—i— (y - Sm2x)dy —0.
y y
e o e

Y 2
19. (32% — 2z — y)dz + (2y — x + 3y*)dy = 0.
DS. 2?2 +y® — 22 —ay +y? = C)

2

=

. (siny + ysinx + i)d:c + <xcosy —cosT + i)dy =0.
(DbS. zsiny —ycosz + In|zy| = C)

Tim thira s6 tich phan dé giai cdc phwong trinh

21. (1 — 2%y)dx + 2*(y — x)dy = 0.

(BS. xy? —22%y —2=Cux, p= %)

22. (2% + y)dr — xdy = 0, p = p(z).
Y 1

pS. -2 -0 u=——

DS.z-==C u=-—>)

23. (v +y?) — 2zydy = 0, p = p(x).
1

(BS. zIn|z| —y* = Cx, p = ?)

24. (22%y + 2y + 5)dx + (223 + 2x)dy = 0.
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1

(DS. barctgr + 2xy =C, 2 =0, p = T

)
25. (z'lnz — 2zy3)dx + 3x2y>dy = 0.
1
BS. PP+ 23(lnx—1)=C, 2 =0, u= F)
26. (z + sinx + siny)dx + cos ydy = 0.
(DS. 2¢” siny + 2e*(x — 1) + e*(sinx — cosz) = C, u = €*)
27. (2zy? — 3y?)dx + (7 — 3zy?)dy = 0.
7 1
(BS. 2° — -~ =3xy =C, p= =)
Y Y
Giai cdc bai toan Cauchy sau
28. 2z +ye™)dx + (1 4+ ze™)dy = 0, y(0) = 1.
(DS. 2* +y + e = 2)
29. 2z cos? ydx + (2y — 22 sin 2y)dy = 0, y(0) = 0.
(DS. 2y% + 22 cos 2y + 22 = 0)

30. 3z2%e¥ + (2%e¢¥ — 1)y =0, y(0) = 1. (DS. 23¢¥ —y = —1)
2udr  y? — 3a®
5T 1

Y Y

31. dy=0,y(1)=1 (bS.y==x)

14.1.6 Phwong trinh Lagrange va phwong trinh

Clairaut

Phwong trinh vi phan dang

y = xpo(y’) + () (14.28)

dwoc goi la phwong trinh Lagrange, trong d6 ¢(y') va ¥ (y') 1a cac ham
da biét ctia /.
Trong trwomg hop khi ¢(y') = ¢’ thi (14.28) ¢ dang

y =y +() (14.29)
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va dwoc goi la phwong trinh Clairaut.
1" Phuwong phap giai phuwong trinh Lagrange
a) Gidi phirong trinh (14.28) ddi véi i (dé tim biéu thitc 3’ qua
va y) néu phép gidi d6 thwe hién dwoc. Tiép dén 1a giai phwong trinh
vi phan y' = f(x,y).
b) Phwong phdp dwa tham sé. Pwa vao tham so
dy
dr =p

va thu dwoc hé thite thit nhat lién hé z, y va tham so p:

y = zp(p) + ¥ (p). (14.30)

Dé c6 hé thite thit hai can thiét dé xdc dinh z va y ta l1dy dao ham hai

. - d \
vé cua (14.30) roi thay d_y = p vao:
x

d d
p=p) + o' () + V)

p—o(p) = [0 (p) + /()] L. (1431)
- o) = ¢ (0) + V') (1432

Day 1a phirong trinh tuyén tinh déi véi an ham z. Gidi (14.32) ta cé
x =W (p,C). Nhw vay nghiém cta phwong trinh Lagrange 1a
x=Wi(p,O),
y =xe(p) + ¥ (p).
Nhdn zét. Chd y rang khi chuyén tir (14.31) dén (14.32) ta can
d ~ oA S \ N ~ d
chia cho d—p va khi d6 bi mat cac nghiém ma p la hang so <d—p = 0).
x x
Do dé néu xem p khong ddi thi (14.31) chi thda man khi p 1a nghiém

ctia phwong trinh

p—(p) = 0. (14.33)
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Do vay phwong trinh Lagrange con chita nghiém bat thwomg dang

y = zp(a) + ()
trong d6 a 14 nghiém ctia (14.33). D6 1a phrrong trinh dwong thang.

2% Phuong phdp giai phuong trinh Clairaut
bat ¢ =p tacod

y =xp + Y(p). (14.34)

Lay dao ham dang thitc nay theo z ta c6

d d
p=p+asl+v(p)h —

dz dz
S PR L =0
dp =0« p=const = C, (14.35)
dz
z+(p) = 0. (14.36)

Trong trwomg hop (14.35) tir (14.34) ta c6
y=Czx+yC

la nghiém tong quét ctia phirong trinh (14.29).
Trong triromg hop (14.36) nghiém cua phwong trinh Clairaut dwoc

xac dinh boi

x =—¢'(p).

Phwrong trinh Clairaut c6 thé cé nghiém bat thwong thu dwoc bdi
viéc khir p tir (14.37).
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CAC VI DU

Vi du 1. Giai phwong trinh y = 22y’ + Iny/.
Gidi. Dat y' = p = dy = pdr va y = 2xp + Inp. Liy dao ham ta

co
d d 1
pdx:dex—ierdp—i——p :>p—glj = —2r— —
P dp P
hay la
dx 2 1 N C 1
—_— = ——r — — rT=———"-
dp p P P

Thay gid tri z vira thu dwoc vao biéu thitc doi véi y ta cé

c 1 2C
rT=—— =, y=lnp+——2. A
p p p
Vi du 2. Giai phwong trinh y = zy' + Qiy’ (a = const).
Gidi. PBat y' = p ta co

L8
= —_—
Y D %

Lay dao ham dang thitc nay r6i thay dy bdi pdx ta cé

a a
pdxr = pdx + xdp — ﬁdp = (3: — ﬁ)dp =0
a) dp = 0 = p = const = C' = nghiém téng quat ctia phwong
trinh la y = Cz + 5.
b) x—;? =0=uz= %. Khit p tir hai phwong trinh x = %
a . .
vay=2xp+ 2 ta c6 y? = 2ax. D6 1a nghiém bat thwong. A
p
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J

Qo

BAI TAP

Giai cac phwong trinh sau

cy=z(1+y)+y>

.y =2xy +siny'.
C cosp sinp 2C"  2cosp
p p p p p

—sinp, y = 0)

(BS. 2 =2(1-p)+Ce ™, y=[2(1—p)+CeP|(1+p)+ p?)

Y

ANy 14 ay —y=0.
(bS. y=Cx+V1+C?,
, 2 p—Inp+C
. = . PS. =y =
y+y=ay”. (BS. a—pr Y

2
cy=ay + vy (DS.y:C:c—i—CQ,y:—xZ
2 ’ ’ _ _ c-1 2 _
Yyt —yy —y +1=0. (DS.y—C’x—?,(y—i-l) = 4xr)

)

=)

_x/2_l
LY =1y e
(DS x:C’pQ—i—Qp—l y:Cp2+2p—1_1
2p%(p—1)? 2(p -
.y:xy’—i—i. DS.y:C’x+i,4y3:27ax2
y/2 2

N

1—p2’ )
pxr + /1 4+ p?.
xp —p°)

14.2 Phuwong trinh vi phan cap cao

Phwong trinh vi phan cap n 14 phwong trinh dang

F(I, y’ y/7 ctt 7y(n)> = O

(14.38)
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hay (néu né giai dwoe ddi véi dao ham y™):
y " = fl,y. 9 y" ). (14.39)

Bai todn tim nghiém y = ¢(z) ctia phwong trinh (14.39) thoa man

dieu kién ban dau
y(z0) = yo, ¥/ (x0) = ¥y - .,y " V(o) =y (14.40)

dwoc goi 1a bai todn Cauchy doi véi phwong trinh (14.39).

Nghiém téng qudt cia phwong trinh vi phan cap n (14.39) 1a tap
hop moi nghiém xdc dinh bdi cong thic y = o(z,Cy,Csy, ..., C)
chita n hang s6 tuy ¥ Oy, Cs, ..., C, sao cho néu cho trude céc dieu
kién ban dau (14.40) thi tim dwoc céc hing s6 C1,Cy, ..., C, dé y =
gp(x,é’l, . ,é’n) la nghiém cua phwong trinh (14.39) thda man céc
dicu kien (14.40).

Moi nghiém thu dwoc tir nghiém tong quét véi cac gid tri cu thé
ctia cdc hang s6 tuy y C1,Cs, ..., C, dwoc goi 1a nghiém riéng cla
phwong trinh vi phan (14.39).

Phwong trinh dang ¢(z,y,Cy,Cs,...,C,) = 0 xéc dinh nghiém
tong quat ctia phwong trinh vi phan dwdi dang an dwoc goi 1a tich

phan tong qudt cia phwong trinh.

14.2.1 Céac phwong trinh cho phép ha thap cap

Dang I. Phurong trinh dang y™ = f(x).
Sau n Ian tich phan ta thu dwoc nghiém tong quét

n—l xn—l
Yy = / /f dl‘—i-Cl( _1> +sz+'“+0n_1l'+cn.

Vi du 1. Tim nghiém riéng ctia phwong trinh

(3) _ Inz

Y
x
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Gidi. Tich phan 3 Ian phwong trinh da cho ta c6

1 1 1
y,,:/n_jdx:_ﬂ__wh
x x x

1
y = —51n2x—lnx+01:c+02,
2
T T
Y= —§1H2ZC+C15+02$+03.

St dung céc diéu kién ban dau ta cé
C
71 +Cy+Cy =0 ,
01+02 =1 :>01:3702:_27C3:§'
-1+ C4 =2
Tt dé suy ra nghiém riéng can tim la

x 3 1
= —ZIn? S ) F R
Y 2nx+2x :1:—|—2A

Dang Il. Phwong trinh (14.38) khong chita 4n ham va dao ham dén
cap k — 1:

F(x, y(k), y(k+1), . ,y(”)) = 0.
Khi d6 bang cach dat

(k)

y" = p(x)

cap cua phwong trinh sé ha xuéng & dom vi.

Vi du 2. Gii phwong trinh zy® — y® = 0.
Gidi. Phwong trinh da cho khong chita an ham va cédc dao ham
dén cdp 3. Do dé ta dat

(4)

I
i
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va thu dwoc

d
xﬁ—szip:Clxiy(‘l):Clx.

Tich phan lién tiép ta cé

.fL'2
y =015+ G

:L.3
y® = Crie + Cor + G,

4 2

e e
"= 0=+ Oy + Csz + C
Yy 124+ 22 + Csx + Cy,
x° 3 x2
=Cie + Ca =+ G5 C
Y 01120+026+032+C4l'+ 5
= C12° + Cyx® + Csz? + Cyx + Cs;
— 4 — Cy — Cs
= — = — C - — . A
¢ 120’ s 6> 3 2

Dang Ill. Phwong trinh (14.38) khong chita bién doc lap
F(y, o,y ...,y™) = 0. (14.41)
Khi d6 bang céach dat
Yy =D

(trong d6 p dwoe xem 1a ham cia y : p = p(y)) cép cta phwong trinh
ha xuéng 1 don vi.

Dé giai ta can bicu dién cdc dao ham v',y”,...,y™ qua cic dao
ham cua ham p = p(y). Ta ¢
) dy
Yy = dr b,
,_dp _dp dy _ dp

Cdr  dy dx 7pdy’
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Thé céc két qua nay vao vé trdi cia (14.41) ta thu dwoc phwong trinh
cap n — 1.
Vi du 3. Giai phwong trinh y” 4 3> = 2e7Y.

Gidi. Day 1a phwong trinh khong chita bién doc lap x. Dat iy =

d
p=1y" = pd—p va thu dwoc
Y

d
p—p +p* =2e7Y,
dy

D6 1a phwong trinh Bernoulli. Bang phép doi an ham p? = z ta thu
dwoc phwong trinh tuyén tinh

d
9= 47V, z=1y"
dy

N6 ¢6 nghiém tng quét 1a z = 4e™¥ + Cre~2Y. Thay z bdi ' ta thu

dwoc

d
YW i 1 Cre.

dz

Téch bién va tich phan ta cé

1
:C+C2=:|:§ 4e¥ + C

= eV +C1 = (z+ Co)?, 51:%'

D6 1a tich phan tong quat ctia phwong trinh da cho. A

BAI TAP
Giai cac phwong trinh sau
1. y® =6022. (DS.y=a"+ 01%2 + Cyz + Cs)
2. (z =3y —y' =0. (BS.y=Ciln|x— 3|+ Cy)

1
3.y =2+ cosz. (DS.y= ;—4 —sina + C1a? + Cox + Cs)
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y'=xe®; y(0) =9'(0) =0. (DS.y=(x—2)e"+x+2)
zy’ =y. (DS.y=Ci2?+ Cy)
" +y =0. (BS.y=Cilnljz|+ Cy)

zy” = (1+22%)y.  (DS.y=Cie” +Cy)
3
8. zy' =y +2% (BS.y= % + C12? + Cy)

NS ok

9. 2y® —y" =0. (DS.y=C12°+ Cox + C3)

10. v =97 (DS.y=Cy—In|Cy — z|)

11. " =1+y? (DS.y=Cy—In|cos(z+ Cy)|)

12. 4"+ ¢y +2=0; y(0) =0, ¥ (0) = —=2. (DS.y = —22)

14.2.2 Phuwong trinh vi phan tuyén tinh cap 2 véi
hé s6 hang

I. Phrong trinh tuyén tinh thuan nhat
Phwong trinh vi phan dang

y'+ay +ay =0 (14.42)

trong dé ai, as 1a cdc hang so, dwoc goi 1a phwong trinh tuyén tinh
thuan nhat cip 2 véi hé s6 hang.

yi(z)
y2(z)

1. Néu y; va yz 1a cdc nghiém riéng cia (14.42) sao cho
const thi y = Cy; + Cays 12 nghiém tong quat cia (14.42).

2. Néu y = u(z) + iv(z) 1a nghiém cta (14.42) thi phan thwe u(x)
va phan 4o v(z) cung la nghiém.

Dé xdc dinh céc nghiém riéng y;(z) va yo(z) dau tién can giai

phwong trinh dic trung (ptdt) thu dwoc bang cich dit y = e

N+ aiA+ag = 0. (14.43)
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Hién nhién ta luoén xem boi clia nghiém cia (14.43) 1a r = 1 (don)
hodc 2 (kép). Ta cling quy wée boi r = 0 néu A khong 1a nghiém cia
(14.43). Ta c6 bang tém tat sau

Nghiém rién Nghiém tong quét
Nghiém ctia ptdt e & ghIe &4

clia (14.42) clia (14.42)
Y1 = eklma A A
I. )\1,)\2€R, )\17&)\2 A y:Cle 17 1 Ohyer2®
Yo = e7?"
— AT — C Az C Az
LAM=X=AcR nees v +Care
Y2 = xe™” = e (Ch + Cax)
III. A, A2 € C Y1 = e** cos fx y = e**(C cos Bz
A=a=xif Yo = e**sin S +Cy sin )

Vi du 1. Tim nghiém tong quat ctia phirong trinh
y'+y —2y=0.

Gidi. Tim nghiém trong dang y = e*®, ta c6 ' = e, iy’ = \2e).

Thay vao phwong trinh ta thu dwoc phwong trinh dac trung

Moo=

)\2+)\—2:0<:>[
Ny = —2.

Ca hai nghiém A, Ay € R va khéc nhau nén theo treomg hop I & bang
ta cé y; = €%, yp = e 2 va do dé

y=Cre” +Coe . A
Vi du 2. Cung hdi nhw trén doi véi phwong trinh

y'+ 2y +y=0.
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Gidi. Phwong trinh dac trung twong timg cé dang
)\2—2)\+1:O<:>)\1:)\2:1.

Céc nghiém ctia phwong trinh dic tring thie va bang nhau nén y; =
e, Y2 = xe®. Do dob
y = Cre” + Coxe® = e*(C1 4+ Cox). A
Vi du 3. Tim nghiém t6ng quat ctia phwong trinh
y" — 4y’ + 13y = 0.
Gidi. Ptdt twong tng c¢6 dang
) A =2+ 3,
N oA +13 =0 | .
Ao =2 — 3i.

Céac nghiém phitc nay twong ttng véi cac nghiém riéng doc lap tuyén
tinh 1& y; = e?* cos 3z, 12 = €**sin3z. Do dé nghiém téng quavt cé
dang

y = C1e*” cos 3z + Coe®” sin 3z
= e?*(Cycos 3z + Cysin3x). A

II. Phuong trinh tuyén tinh khéng thuan nhat
Phwong trinh dang

y'+ay +ay = f(z) (14.44)

trong d6 a1, as 1a nhirng hang s6 thwe, f(z) 1a ham lién tuc dwoc goi
1a ptup tuyén tinh khong thudn nhat véi hé sé hang.

Dinh ly. Nghiém tong qudt cia (14.44) la tong cia nghiém tong qudt
ciia phwong trinh thuan nhat twong #ng va mot nghiém riéng nao dé
cta phwong trinh khong thudn nhat (14.44).
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Tir I va dinh 1y vira phét biéu suy rang bai toan tim nghiém tong
quét cta (14.44) dwoce dwa ve bai todn tim nghiém riéng ¢ ctia né. N6i
chung phép tich phan (14.44) luon luén c6 thé thire hién nho phirong
phdp bién thién hing s6 Lagrange.

Néu vé phai c6 dang ddc biét ta cé thé tim nghiém riéng ctia (14.44)
nhd Phwong phdp chon (phwong phép hé s6 bat dinh khong chira qua
trinh tich phan). Ta c6 bang tém tét sau trong d6 P,(z), Qm(z), ...

1a cdc da thire dai s6 bac twong tng.

Vé phai cia (14.44)  Nghiém cta ptdt  Dang nghiém riéng

I S6 0 la nghiem  § = Q,(z)a"

f(x) = P,(2) boi r ctia ptdt @, can dwoc
xac dinh

I1. SO a la nghiém  gz"Q,(x)e*™

f(z) = e**P,(x) boi r clia ptdt  Qn(x) can dwoc
xac dinh

1. f(x) = S6 phite i3 1a g = 2" (Acosfx

a cos Bx nghiém boi r +Bsin fz); A,

+bsin Bz ctia ptdt B - can x4c dinh

IV. f(z) = e S6 a+if3 1a g =x"e*x

[P, (x) cos P+ nghiém boi r (Q1(x) cos fz+

Qm(z) sin Bz cla ptdt Q2(z) sin Bz],
Q1 va Q2

la da thitc bac

s = max(m,n)

V. V& phéi ctia phwong trinh 1a tong ctia hai ham

Y+ a1y +agy = fi(x) + fo(w).
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Khi d6 nghiém riéng cé thé tim dwdi dang
Y=1u+1

trong dé ¢; 1a nghiém riéng cia phwong trinh y” + a1y’ + asy = fi(x),
con 7, la nghiém riéng ciua phwong trinh y” + a1y’ + asy = fo(x).
Vi du 4. Giai phwong trinh ¢y’ — 2y’ +y =z + 1 (dang I)

Gidi. Nghiém tong quét ctia phirong trinh thuan nhat twong tmg
c6 dang Y = e*(Cy + Cax). Vi A\; = Ag = 1 nén s6 0 khong 1a nghiém
ctia ptdt va do dé r = 0 va nghiém riéng cua phwong trinh da cho

(trwomg hop 1) can tim dwdi dang
§ = 2°(Az + B)

trong d6 A, B la nhitng hang s6 can xac dinh. Thé ¢ va ¢/, §” vao
phirong trinh va so sdnh cdc hé s6 clia céce Iy thira ctiing bac cia x ta
thu dwoc A=1, -2A+B=1=A=1,B=3. Dovayy=xz+3 va

y:g+Y:3+£L‘+€m(Cl+Cgl') A

Vi du 5. Giai phwong trinh y” — 4y’ + 3y = ze® (dang II).

Gidi. Nghiém tong quét clia phwong trinh thuan nhat twong tmg
c6 dang Y = Cre” + Cye®®. Vi vé phdi f(z) = ze” nén (xem II) ta
c6 P,(r) =z, « =1 va nhw vay s6 a = 1 la nghiém don cia phwong

trinh dic trung; » = 1. Do vay nghiém riéng can tim dwdi dang
gy = (Az + B)ze”®

SN . - 1
Tinh ¢, §” roi thé vao phwong trinh da cho ta thu dwoc A = e
1
B = ~1 va tir dé

1
y=y+Y = —Z(:c + 1)ze” + Cre” + Cye™

1
= Cre” + Coe” — Z:c(x +1)e”. A
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Vi du 6. Giai phwong trinh y” + y = sinx (dang III).

Gidi. Phwong trinh dic trung A2 +1 = 0 c6 nghiém \; = i,
Ay = —i. Do dé nghiém tong quét ctia phwong trinh thuan nhat 13
Y =Cicosz+Cysinz. Vi f(z) =sinz = 0-cosx+1-sinx nén a = 0,
b=1, 06 =1 Viif =i la nghiém don cta phwong trinh dac trung

nén r = 1 v nghiém riéng can tim dwdi dang
g = (Acosz + Bsinz)z.

P . 1 s
Theé g vao phwong trinh ta thu dwoc A = —5 B =0va

1
y=—5co8T + Cicosx+ Cysinz. A

Vi du 7. Xét phwong trinh y” + y = sin 2z (dang III).

Gidi. Twong tw nhw trong vi du 6 ta cé
Y =Cicosx+ Cysinz.

Phwong trinh da cho ¢6 § = 2. Vi i = 2¢ khong la nghiém cua

phwong trinh dac trung nén r = 0 va

y = Acos2x + Bsin2x

< - s . RO . 1
Thé g vao phwong trinh da cho cung véi ¢, 5" tacé A =0, B = —3
Do d6

1
y=y+Y = —gsin2x+01cosx+023inx. A

Vi du 8. Giai phwong trinh y” — 2y’ + y = sinz + e~ * (dang V).

Gidi. Phwong trinh dic trung ¢6 nghiém A; = Ay = 1. Do vay
nghiém tong quét ctia phwong trinh thuin nhat twong ing cé dang
Y =e"(Cy + Cox).
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Vi vé phai clia phwong trinh da cho 1a tong clia hai ham sinz va
e~® nén nghiém riéng can tim dwéi dang § = 1 + 92, trong dé 7; 1a

nghiém riéng cua

y' =2y +y=sinz (14.45)
con 7o la nghiém riéng cua phwong trinh

y' =2 +y=e" (14.46)

Tim ;. Vi f(x) = sinz = 3 = 1. Tiép d6 vi i3 = i khong la
nghiém ctla phirong trinh dic trirng nén r = 0 va nghiém riéng ¢ can

tim dwdi dang 3 = Acosx + Bsinx.

1
Thay 91, 71, y{ vao (14.45) ta thu dwgc A = 5 B=0:
1
G = 5 cosa.

Tim go. Vé phéi f(z) = e~ (xem II). S6 o = —1 khong 1a nghiém
clia phwong trinh dic trung nén r = 0 nén nghiém riéng can tim dwdi

dang
gg = Ae %,

1
Thay 92, 75, 74 vao (14.46) ta thu dwgc A = 1 va do vay

U
ygzze .
o~ 1 1 .
thvayy:yl—i—yg:icos:c—irze_mva
. 1 L
y:y—i—Y:icos:c—l—Zem—l—e””(Cl—l—ng). A

BAI TAP
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Giai cdc phwong trinh vi phan sau
1.y =5y +4=0. (DS.y=Cie™™ + Coe'®)
y'— 6y +9y=0. (DS.y=e3*C)+ Cox))
'+ 8y +25y=0. (DS.y=e*(C)cos3z + Cysin3z))
' =3y +2y=0. (DS.y=Cre” + Cae®)
y'— 4y +4y=0. (PS.y=e**(C + Cox))

@ ¢k 8N

y' =2y +2y=0. (DBS.y=e*(Cicosx+ Cysinx))
Giai cac bai todn Cauchy sau

7.y + 4y + 5y = 0; y(0) = =3, y'(0) = 0.
(BS. y = —3e **(cosz + 2sinx))

8.y — 4y +3y =0;y(0) =6, y(0) =10. (DS. y = 4e” + 2¢%)
9. 9" =2/ +2y=0;y(0)=0,y(0) =1 (DS.y=e"sinz)

10. v =2y +3y =0; y(0) =1, ¢'(0) = 3.
(bS. y = e*(cos V22 4+ /2 sin \/ix))

11. " + 4y = 0; y(0) =7, y/(0) =8. (DS. y =9 —2e1)
12. " +4y =0; y(0) =0, ¥'(0) =2. (DS. y =sin2x)
Giai cdc phwong trinh khong thuan nhat sau
13. "+ 2y +y=¢€". (DS.y=(Ciz+ Cyle ™+ ie“”)
14. v =3y +2y =¢®.  (DS. y = Cre* + (Cy — 1)e”)
15. "+ o' — 2y =622, (DS. y = Cre® + Che™ — 3(x® + 2+ 1,5))
16. "+ 3y =92. (DS. y =) + Coe ™ + g:cZ — )
17. o — 2y = ze ®. (DS. y = C1e™2 + Che ™2 — (x — 2)e ™)
18. ¢y — 4y = 8z%. (DS. y = C1e*® + Coe™2® — 223 — 3)

19. y" — 5y’ + 6y = 13sin 3.
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1
(DS. y = C1e** + Cye®® + 6(5 cos 3x — sin 3z))
3
20. y" + 4y = 3sin2z. (DS. y = Cy cos2x + Cysin 2z — Z:c cos 2x)

1
21. ¢y +4y = sin2z. (DS. y = Cycos2z + Cysin 2z — 7 cos 2x)

22. y"+y==xcosz.
1

1
(DBS. y = Cicosx + Cysinz + Z:c cos T + Z:c2 sin )
23. ' — 2y + 3y = e *cosx.
e—m

(DS. y = e*(C cos V2z 4 Cysin v21) + 1

(5cosx — 4sinx))

24. y" — 3y + 2y = e3%(2? + ).
3x
(DS. y = Cre® + Coe®™ + %(xZ — 2+ 2))

25. " +y=x+2e". (DS.y=Cicosx+ Cysinz + x + %)
26. v — 2y +y=3e"+x+ 1

(bS. y = ge%Z + 2+ 3+ e (Cra + Cy))
27. y" — 6y + 8y = e® + %"

(bS. y = %em — %xe% + C1e** + Coe'?)
28. y" 4+ 9y = e” cos 3.

(DS. y = Ccos3x + Cysin 3z + g—;(cos 3z + 6sin 3z))
29. ¢ — 4y + 4y = xe*. (DS. y = (Ci1x + Cy)e*® + éx%%)
30. vy +y=4cosz + (2% + 1)e”.

(DbS. y = Cicosx + Cysine + 2zsinz + e*(1 —z + %xZ))
31. y" — 6y + 9y = 25e" sin .

(DS. y = (C + Caz)e3® + e®(4cosx + 3sinx))
32. vy + 2y + by = e *sin2x.
(DS. y = (C4 cos 2z + Cysin 2x)e™ — ixe‘”” cos 21)
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33. ¢y +y =42%”. (DS.y =01+ Cee™ + (22 — 62 + 7)e")

34. y" + 10y + 25y = 4e7>*. (DS. y = (C} + Cow)e™ + 2x%e757)

14.2.3 Phuwong trinh vi phan tuyén tinh thuin

nhit cdp n (ptvptn cdp n) véi hé sd hing

Phwong trinh vi phan dang
Liy) = y™ +aiy®™ D+ +any +ay =0 (14.47)

trong d6 ay, as, . . ., a, 1a nhitng hang s6 thire dirge goi 1a phwrong trinh
vi phan tuyén tinh thuan nhat cap n (ptvptn cap n) véi hé sé hang.
1. Néu yi(z) va yo(z) 14 nghiém cta (14.47): Ly = 0 thi y =
Ciy1(z) + Coya(x) cung la nghiém cta nd;
2. Néu y(x) = u(z) + iv(z) 1a nghiém cta (14.47) thi phan thuec

u(z) va phan 4o v(x) clia né cing la nghiém cta (14.47).

Lwgc do gidi phwong trinh (14.47)

Xuat phat tir ptvptn
Ly) =y™ +ay™ Y+ +ay =0
ai,as,...,a, € R

Lap phwong trinh dac trung
PA) =N Fa N A+ A, =0

Tim nghiém cua phwong trinh dac trung
©=0:A1,Aa, ..., A\

!




274 Chwong 14. Phuong trinh vi phan

Tim nghiém riéng doc lap tuyén tinh (d¢tt)

(), ya(2), -, yn(2)
cia ptvptn:L(y) = 0

Nghiém tong quit ctia phwong trinh L(y) = 0
y = Cu(x) + Coyz(a) + -+ + Cryn()
C1,Cs, ..., Oy, 1a cdc hing s6 tuy v

Gia st tim dwoc cdc nghiém A, Ao, ..., \, cua phwong trinh dac
trung doi v4i phwong trinh (14.47). Khi dé tuy thude vao ddac tinh
ctia nghiém A1, ..., A\, ta viét dwgce cdc nghiém riéng dltt cia (14.47).

1T Néu \; € R, \; # \; Vi # j thi moi \; sé twong tng véi nghiém
riéng cua phwong trinh (14.47) la

Mt i=Tn

va nghiém tong qudt cla (14.47) sé 1a
y = C1eM” + Coe™™ + -+ 4 Cpe™?. (14.48)

2+ Néu phwong trinh dic trung cé nghiém boi chang han A\, =
Mo ==X\ =Avan—k nghiém con lai déu khdc nhau thi céc
nghiém rieng dltt se la

va nghiém tong quat cé dang

Yy = C’le;\m + C’gxe;\”” 4k Ckxk_le;\m + Ck+1e’\’“+1m + o4 Cpe®,
(14.49)

3% Néu phirong trinh dic trirng ¢é nghiém phite xuat hién tirng cap
lien hop, chang han dé xédc dinh ta gia thiét \; = a+i3, \» = a — 10,
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A3 = y+1id, \y = 7—10 va cdc nghiém con lai déu thire thi cdc nghiém
rieng dltt la
e cos Bz, e sin B, % cos ox, €’ sin dx, €%, ..., e’M®

va khi d6 nghiém tong quét c6 dang

y = C1e*" cos B + Coe™ sin fx + Cze? cosox
+ Cye™ sin bz + C5e™* 4 - -+ + Ce™™. (14.50)

4% Sau ciing néu \; = a + i3 14 nghiém boi k£ ctia phirong trinh
dac trung (k < g) thi Ay = a — i/ cting la nghiém boi k£ ciua né. Céc
nghiem dltt se la

e cos fx,e* sin fx, xe** cos fx, xe**sin fx, . . .,

2F71e% cos B, ¥ e sin B, e et
va tir d6 viét dwoc nghiém tong quét.
CAC Vi DU
Vi du 1. Tim nghiém tong quat ctia phirong trinh
y® — 2y — 3y = 0.
Gidi. Lap phwong trinh dac trung
©(A) =N =2\ —3) =0.

Phwong trinh dac trung cé ba nghiém khac nhau la Ay =0, Ay = —1,
A3 = 3. Khi d6 4p dung (14.48) ta thu dwoc nghiém tong quat

y=0C1+ Coe ™ 4+ C3e3®. A
Vi du 2. Cung hdi nhw trén véi phwong trinh

y® +2y" +y =0.
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Gidi. Phwong trinh dic trung cé dang
N 4202 + A= 0.

T d6 suy ra Ay = Ay = —1, A3 = 0. Céc nghiém nay déu thuc va

A = —1 la nghiém kép nén ap dung (14.49) ta thu dwoc
y=Cre "+ Core ™ +C5. A
Vi du 3. Cung hoi nhw trén doi véi phwong trinh
y® 4+ 4y@ £ 13y = 0.

Gidi. Phwong trinh dic trung A3 4+ 4A\? + 13\ = 0 ¢6 cdc nghiém
A =0, =—2—3i, \3 = —2 + 3i. Do d6 nghiém tong quat ctia né

c6 dang
y=Cy 4+ Coe *cos3z + Cse **sin3z. A
Vi du 4. Xét phwong trinh
y® — 2@ 42y _ 4y ) 2y — 0.
Gidi. Phwong trinh ddc trung
A —2X 4203 — AN+ A —2=0

c6 cac nghiem: A\ = 2 - nghiém don; Ay = +7 la cap nghiém phitc lién

hop bdi 2. Khi d6 nghiém téng quét ciia phwong trinh ¢ dang

y = C1e*® + Cycosx + Csxcosx + Cysinx + Csasinx
= (1% + (Cy + C3z) cosz + (Cy + Csz) sinz. A

Vi du 5. Giai phwong trinh

Y@ 4+ 4y® 4 8y 4 8y + 4y = 0.
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Gidi. Lap phwong trinh dac trung
M AN +8N + 8 +4=0& (\ +2\+2)* =0.

N6 ¢6 cac nghiem kép phitc Ay = Ao = —1—14; A3 = Ay = —1 4+ 1. Do

d6 tir 41 suy ra nghiém tong quat ctia né sé 1a

y=Cre " cosx + Coe “sinx + Csxe “cosx + Cyre “sinx

= e "[Cy + Csz|cosx + e [Cy + Cyx]sinz. A

BAI TAP

Giai cac phwong trinh sau
1. y® + 6y + 11y +6y =0. (DS. y = Cre™ + Che 2 4 Cze™%7)
y® —8y =0. (DS.y = C1e*® 4 e *(Cycos 3z + Cysin v/31))
y W —y=0. (DS.y=Cre® + Coe™ + Cycosz + Cysinx)
y® —3y —2y=0. (DS.y =e(C) + Cha) + Cze*)
2y —3y@ 4o/ = 0. (DS. y = C) + Coe® + C3e®/?)
y® — 6y + 13y =0. (DS. y = C) + €**(Cycos 2x + C3sin 2z))

NS gk » Db

y@® + 13y + 36y = 0.
(DS. y = Cy cos2x + Cysin 2z + C cos 3z + Cy sin 3x)

Giai cac bai todn Cauchy sau day
8. y" + 4y + 5y = 0; y(0) = =3, y'(0) = 0.
(BS. y = —3e **(cosz + 2sinx))
-y 4 3y® + 3y +y =0, 9(0) = 1, y(0) = 2, y"(0) = 3.
(BS. y=e"(3z% +z—1))

©

10. y® —3y® + 3y —y =0; y(0) = 1, ¥(0) = 2, 3"(0) = 3.
(bS. y=¢€"(1+x))
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11y 4y =0, y(0) = 1, y'(0) = 0, y"(0) = 1.
(bS. y=z+¢7")

Bay gio xét phwong trinh vi phan tuyén tinh khong thuin nhat

cap n véi hé s6 hang:
y(n) + aly(”—l) R an_1y' + any = f(x) (14.51)

Twong tir nhw treong hop phwrong trinh cap 2 véi hé s6 hang bai
todn tich phan phwong trinh (14.51) dwoc quy vé tim mot nghiém
riéng nao dé ctia (14.51). Trong triromg hop tong quat phép tich phan
phwong trinh (14.51) ¢ thé thwe hién nho phirong phap bién thién
hang s6 tiy y. D6i véi mot s6 dang dic biét clia vé phai nghiém riéng
cia (14.51) dwgc tim bdi phwong phap don gian hon: dé 1a phwong
phép chon. Dang tong quét ctia vé phai (14.51) ma phwong phap chon

c6 thé ap dung dwoc 1a
f(z) = e™[Py(x) cos Bz + Qu(z) sin fz]

trong dé Py(z) va Qn(x) 1a nhitng da thite bac ¢ va m twong tng.
Trong tridong hop nay nghiém riéng cta (14.51) can dwoc tim dwdi

dang
j = 2"e**[Py(x) cos Bz + Qi (z) sin Bz

k = max(¢,m), P, v Q, 1 nhitng da thitc béc k ciia = dang téng quat
véi cée hé so chwra dwoc xdc dinh, r 1& boi clla nghiém A\ = o+ i3 cuia
ptdt (néu A = a £ i3 khong 1a nghiém cia phwong trinh dic trung
thi r = 0).

Noi dung ctia phwong phap bién thién hang s6 Lagrange doi véi
phwrong trinh vi phan cép cao 1a nhw sau.

Gid st y1(x), y2(), . .., yn(z) 12 hé cdc nghiém riéng doc 1ap tuyén

tinh clla phwong trinh thuan nhat twong ng cia (14.51) va

Y(z) = Ciyi(x) + Coya(x) + - - + Cry)n(x)
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14 nghiém téng quat ctia né, trong dé Cy, Oy, . .., C,, 13 nhitng hang s6
tuy y.
Ta s¢ tim nghiém cua (14.51) dwdi dang

y = Ci(x)y1(x) + Co(z)ya(x) + - -+ + Cn(@)yn(2) (14.52)

trong d6 Cy(z), ..., C,(z) 1a nhitng ham tam thoi chwa biét clia bién

x. Dé xéc dinh ching ta lap hé

(14.53)

Vi y1,...,y, la dltt nén dinh thitc cua hé (Wronskian) luén # 0
va hé c6 nghiém duy nhat:

dx

= pi(x) = Ci(z) = /gpi(x)dx +C;, i=1,n. (14.54)

trong d6 C; 1 hing s6 tiy y. Thé (14.54) vao (14.52) ta thu duwoc
nghiém tong quat cta (14.51).
Nhdn zét. Doi vi phwong trinh cép 2 hé (14.53) ¢6 dang

(14.55)

<
=
&
Q
&
+
<
S
S
2
&
I
p
&

Bang tém tat cdc dang nghiém riéng

twwong tmg véi mot s6 dang vé phai khéc nhau cta (14.51)
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NO

Vé phéi clia phwong  Nghiém ctla phwrong

trinh vi phan trinh dac trung

Céac dang

nghiém riéng

1. S6 0 khong phai
la nghiém cua
phwong trinh

dac trung

2. S6 0 la nghiém
boi s cua phwong

trinh dac trung
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Vé phéi clia phwong  Nghiém ctia phirong

o

trinh vi phan trinh dac trueng

Céac dang

nghiém riéng

SO « khong phéi 1a

nghiém cua phwong

trinh dic trung P, (x)e*”
IT P, (x)e*”
2. S6 « 1a nghiém
boi s cuia phwong
trinh dic trung 2 Py (1) e
1. 86 +if3 khong Py(z) cos B+
phai 13 nghiém Ox(x) sin Bz,
cia phwong trinh k& = max(m,n)
dac trung
111 P,(x) cos fx+
Qm(z) sin Sz
2. S6 +if 1a nghiém  x°[Py(z) cos Bz
boi s clia phwong @k(:c) sin fx],
trinh dic trung k = max(m,n)
1. S6 v+ i3 khong [Py () cos S+
phii 1a nghiém  Qx(x) sin Ba]e?,
cia phwong trinh k& = max(m,n)
dac trung
IV e*®[P,(z) cos Bz
+Qm () sin fx]

2. S0 a+if la
nghiém boi s
ctia phwong trinh

dac trung

2°[Py(z) cos B+
Qx(x) sin Bx]e®,

k = max(m,n)
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Nhan zét. Neéu f(x) = fi(x) + fo(x) + -+ + fi(z), trong d6
fi,..., fm la cdc ham dang I-IV & bang va 41, U2, . . . , ¥m 1a cdc nghiém

riéng twong tng véi fi(x), i = 1, m thi
Y=t +y+- o+ Un

la nghiém riéng cia phwong trinh (14.51). Day cung chinh 1a néi dung

ctia phwong phdp chong nghiém.

CAC Vi DU
Vi du 1. Giai cdc phwong trinh
D) y® —y® 4y —y =2+
2) y® —y@ = 1222 + 62.
Gidi. 1) Phwong trinh dic trung A3 — A2+ X —1 = 0 ¢6 cdc nghiém
khac nhau A\; = 1, \; = i, A\3 = —i. Do dé phwong trinh thuin nhét
tirong ng véi 1) ¢é nghiém tong quat 1a

Y =Cie*+ Cycosz + Cssinx

(& day s6 a = 0). Viso a = 0 khong 14 nghiém ctia phwong trinh dac
trueng nén theo triromg hop 1. 2, ta c¢6 § = A1x? + Ayx + As, trong
dé Ay, Ay, As la nhitng hé s6 can dwoc xdc dinh. Thé nghiém riéng §

vao phwong trinh 1), ta thu dwoc
—A1$2 -+ (2A1 — AQ)J,' -+ (A2 — 2A1 — Ag) = .1'2 -+ Z,

tir do suy rarang A; = —1, Ay = —3, A3 = —1. Dod6§ = —2?—3z—1
va nghiém tong quat cé dang

y:Y‘i‘g:01€m+02COS$+03SiHl'—l'2—31‘—1.

2) Phwong trinh dic trung A* — A2 = 0 ¢6 nghiém A\ = Ay = 0,
A3 = 1. Do d6 nghiém téng quat ctia phwong trinh thuan nhat twong

ung véi 2) c6 dang

Y = Cl -+ Cgl' -+ Cg@m.
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Vi s6 o = 0 14 nghiém kép cua phwong trinh dic trung nén theo
trweong hop 1. 2, ta co

7= 2?(A1x? + Agw + A3) = Ayt + Aga® + Aza®.
Thé § vao phwong trinh 2), ta thu dwoc
—12A,2% 4 (244, — 6Ay)x + (6Ay — 2A3) = 1222 + 62
va tir d6 Ay = —1, Ay = =5, A3 =—15va
§ = —at — 53 — 1522
Nhw vay
y=Y +7=C + Chx + Cye” — 2 — 52 — 152>, A
Vi du 2. Giai phwong trinh
y®) —2y?) 4 2y = 4cos z cos 3z + 6sin’ z.

Gidi. Ta sé 4p dung nhan xét da néu ra sau bang tém tit nghiém

riéng. Trudc tién ta bién doi vé phai ciia phwong trinh. Ta cé
4 cos x cos 3x + 6sin® x = 2cos 4 — cos 2z + 3.
Khi do
y® — 2y 1 92y = 2cosdx — cos 2z + 3.

Nghiém tong quét ctia phwong trinh thuan nhat twong ng la
Y =C 4 (Cycosz + Cysinx)e”.

Dé tim nghiém riéng, ta sé 4p dung nhan xét da néu: Ta can tim
nghiém riéng cua ba phwong trinh

y® — 2@ 4 2y = 2cos 4z,
y® —2y@ 4 2y = — cos 2,
y® — 2y 9y = 3.
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Dé dang thay rang

_ 1( 4 7,4> _ 1(1.2 20): § 3
S — —sin : = —(=sin2z — cos2x); = —zx.
Do do
7= G+ G+ s = —(cosdz — © sindz) + (L sin 2 — cos22) + -
Y=y + Y y3—65 cos4dx 4sm T 10 2sm T — cos2x 23:.

Ti d6 suy ra rang

1 7
y=Y +3§=C+ (Cycosx + Cssinz)e” + %(00543: — Zsin4x)

3
— COS 23:) + 53: A

1 <sin 2x
10 2

Vi du 3. Tim nghiém téng quat ctia phwong trinh
y® 4y = tgr.

Gidi. Dé dang thay rang nghiém tong quét cta phwong trinh
thuan nhat twong tng y® +¢' =0 1a

Y =C;+Cycosx+ Cssinz.

Ta tim nghiém riéng ctia phwong trinh khong thuan nhit bang
phwrong phap bién phan hang s6. Truwdc tién, ta lap phwong trinh dé

xéac dinh cac ham Cj(x), i = 1,3. Ta ¢6

Ci 4+ Cicosx + Cisine =0,
—Cysinz + Chcosz =0,

—Chcosz — Cisine = tgz.

Nhan phwong trinh thit hai véi sin z, phwong trinh thit ba véi cos x
.92

we A . . N sSi- r Y

roi cong lai, ta thu dwoc C) = —sinz. Twr d6 Cf = — . Tiép dén,
COS

cong phwong trinh thir nhat véi phwong trinh thit ba, ta ¢6 Cf = tgz.
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Tir cdc két qua nay suy ra rang C; = —In|cosz|, Cy = cosz, C3 =

sinz — In ’tg(% + %) ‘ va do dé nghiém riéng can tim c6 dang

§ = —In|cosz|+ cos® x + sinx(sinx —In )tg(% + %)D

: T X
= —lIn|cosz|+1 —smxln)tg(z + 5)‘

Ti § va Y ta thu dwoc nghiém tong quét ctia phirong trinh da cho

y=Y +3y=0C1+ Cycosx+ Czsinx

, 7r
—In | cos z| —smxln’tg(z + —)‘ +1. A

Vi du 4. Giai phwong trinh

2x

y//_4y/+5y: .
COS ™

Gidi. Dau tién tim nghiém téng qudt ctia phwong trinh thuan
nhat. Dé thiy rang
Y = Ce** cosz + Che* sin .
e2a:
Vivé phdi f(z) =
phai f(z) = ——

da xét & trén, nén viéc chon nghiém riéng theo vé phai va nghiém cia

khong thudc vao nhéom cac ham dang dac biét

ptdt nhw & trén la khong thwe hién dwoc. Trong trwomg hop nay ta
stt dung phwong phdp bién thién hiang s6 Lagrange. (Lwu y rang dé
1a phwong phép tong quét cé thé 4p dung cho phwong trinh véi vé
phai lién tuc bat ky f(z)).

Ta 1ap hé phwong trinh dé tim C/(z) va Ch(z):

Ci(x)cosz + Cy(x)sinz = 0,
1

COS ™

Cl(z)(2cosz — sinz) + Cy(x)(2sinx + cosz) =
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Tw d6 suy ra Cj(x) = —tgz, Ci(z) = 1 va do dé
Cy(x) = /—tgxdx = In|cos x|+ C4,
Cy(x) = /dx =2+ C,.
Thay C(z) va Cy(x) vao biéu thitc clia Y ta cé nghiém téng quat
Y = [ln | cos x| + 51} e cosx + (:c + 02)6290 sin z,

trong d6 Cy, Cs 1a nhitng hing s6 tiy v. A
Vi du 5. Giai bai todn Cauchy doi v4i phwong trinh

1
1 4er

y' -y , y(0)=1, y'(0) =2
Gidi. Nghiém tong quat ctia phwong trinh thuan nhat 13

Y = Cl + Cgem.

bit ) = Ci(x), Cy = Cy(x). Ta lap hé phwong trinh dé xac dinh
C1(x) va Ch(x). Ta cé

Ci(z) + Cy(x)e* =0,

1
C/ x —
s()e 11 er
(Viyi(z) = 1= yi(z) = 0; yo(x) = €* = y4(z) = €”). Gial hé nay ta
thu dwoc
1 -
Ci(z) = Tre = Ci(z) = —z+In(l+¢")+C
) — _ = e — g+ 1In(l+e) + O,
Cy(z) em(1+€m):>02(x) e r+In(l +e") + Cy

Tir d6 thu dwoc nghiém tong quét

y:—a:—i—ln(l—l—e””)—i—em[—e_“”—x—l—ln(l—i—em)—i—é’g}—l—é’l.
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Thay = = 0, y = 1 vio nghiém tong quét ta cé
1=2In2—1+4Cy+ ().
Tinh /(x) roi thay 2 = 0 va y'(0) = 2 vao ta ¢

N Cy, =3—1n2
2= 14+C,+In2= .2 "
01 =—In2-1.

Sau cinh nghiém riéng can tim c6 dang

=10+ )In(l+e")+e*(3—In2—2z)—(2+mn2+z). A

BAI TAP

Hay xdc dinh dang nghiém riéng ctia cdc phwong trinh sau

1. y® +y=2. (DS j= A + Ayx)

2. yB®) 49/ =2 (DS. §= Ar)

3. y® 9@ =3 (DS.§= Az?

4.y —y=1. (DS.j=A, A= const)
5.y —y =2 (DS. j= Ax)

6. y —y@ =3 (DS.j=Ar?

7. yW —9B®) =4 (DS. § = Az?)

8.y 42y 1y =t (DS, § = Ae')
9.y 42y 4 y@ === (DS. j = Az?e®)

10. y(4) + 2y(3) + y(2) = ge 7. (DS. Y= (A1x2 + A2x3>€—m>
11. y@W 4 4y® + 4y =sin22. (DS. § = A; cos 22 + Ay sin 22)
12. y® + 4y® + 4y = 2 sin 2.



288 Chwong 14. Phuong trinh vi phan

(DS. § = (A1 + Asz) sin 2x + (By + Bax) cos 2x)

Gidi cdc phwrong trinh tuyén tinh khong thuan nhat sau
2
13. y® 4 y@ = 1. (DS.y = Cy + Cox + Cye™ + %)

33'3

14. 3y(4) + y(g) = 2. (DS Yy = 01 + Cgl' + 031'2 + 046_% + 3)

15. y@ —2y®) 12y — 2/ 4y = 1.
(DBS. y = Crcosx + Cysinz + (Cs 4+ Cyzx)e” + 1)
16. y® —y@ 4o/ —y = 2?4+ 1.
(BS. y = Che” + Cycosx + Cysine — (22 + 3x + 1))
17. y@ +y@ =22 4 2.
4 43

(bS. y:01+szc+03cosx+04sinx—|—E+€_x2)

18. y™ — 2y 4y = cosu.
1
(DS. y = (C1 + Cox)e™ + (C3 + Cux)e ™ + 7 608 x)
19. y©® — 3y £ 3y —y = e®cosz.

T

(DS. y = (C1 + Coz + C322)e” — % sin 22)
20. y@ — 3y» = 922,

4
(DS- y=C1+ Cox + C’ge\/gm + 046—\/390 _ % _ x2)

21. 4y® + 4 = 3e® + 2sin g

3
(bS.y =4 +CgCOS%+CgSiH%+ gem —xsing)
22. y®) 4+ 42 = 1222,
(DS. y = 2t — 423 + 1222 + O + Chx + Cse?)
23. y©®) — 5@ 1 8y — 4y = e2*.

1
(DBS. y = C1e” + (Cy + Czz)e** + 5:1:262“”)
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Tim cdc nghiém riéng thoa man céc diéu kién ban dau da chi ra.
24. y® —y' = —22;9(0) =0, y'(0) = 1, y"(0) = 2. (DS.y = shw+2?)
25. y@ —y =8e" y(0) = —1, ¥'(0) = 0, y?(0) = 1, yP(0) = 0.

(DS. y =cosz + 2sinz + e * + (2z — 3)e”)

26. y) —y = 8e”; y(0) =0, y'(0) = 2, y?(0) =4, y®(0) = 6. (PS.
y = 2ze”)

Gidi cdc phwong trinh sau bang phwong phdp bién thién hang so.

27. y" +y = tgz; y(0) = y(%) = 0.

3
(DS.y:\/7_1n3~sinx—cosx-lntg<g+%))
1 . .

28. yV'+y=—— (BS. y=(Cy —x)cosz + (Cy + In|sinz|)sinz)

sin z
29. ¥y +y= ! (bS. y =Cycosz + Cysine — c052x>

cosdx’ ’ 2cosx

" 2 . cos 2x

30. ¥y +y=——=5—. (DS.y=Cicosz + Cysinw 4 — )

sin® x sin z

31. ' — 2 +y=—. (DS. y = Cie® + Coe® — z¢® + e® In ||)
X

1
32. 23y —y)=2*—2. BS. y = Cre” + Che™™ — ;)
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14.3 Hé phwong trinh vi phan tuyén tinh
cap 1 véi hé s6 hang

Hé phwong trinh vi phan dang

dl‘l )
— = fi(t,x1,...,%n),
L= it )

dl‘g

dx,

— = [t 21, ., Tn),
dt falt, 21 ) J

trong d6 1,2, ..., 7, 1a cic an ham cia bién doc 1ap ¢, dwoc goi 1a

hé chudn tdc.

Tap hop n ham z1 = p1(t), ..., z, = p,(t) xdc dinh trén khoang
(a,b) dwoc goi 14 nghiém ciia hé chuan tiac (14.56) néu khi thé ching
vao cdc phwong trinh (14.56) thi cdc phwong trinh nay trd thanh dong
nhat thitc.

Bai toan Cauchy doi véi hé (14.56) 1a bai toan tim nghiém x; =

x1(t),. .., 2, = x,(t) clla hé d6 thda man diéu kién ban dau
1(to) = 27, wa(to) = 23, ..., walto) = 1y,
trong do to, 2%, ..., 2% 1a nhirng s6 cho truwde

Tap hop n ham

I :gol(t,Cl,...,Cn),
T2 IQOQ(t,Cl,...,Cn),

(14.57)
Tn = @u(t,Ch,...,Ch)
phu thudc vao t va n hang s6 tiy ¥ C1, Co, . .., C,, dwroc goi 1a nghiém
tong quat ctia hé (14.56) trong mién D nao dé néu:
1T Véi moi gid tri cho phép ctia céc hang s6 Oy, Cs, ..., C, céc

ham nay la nghiém cua hé (14.56);
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27 Trong mién D céc ham (14.57) 1a nghiém ctia moi bai toén
Cauchy doi v6i hé (14.56).

Cdc phwong phdp gidi

I. Phrong phap khir. No6i dung ctia né 1 dwra hé da cho vé mot
phwong trinh cdp n déi véi mot an ham.

I1. Phuong phap té hop kha tich. Trong phwong phép nay, biang
cac phép todn s6 hoc, tir cdc phwong trinh ctia hé ta lap dwoc céc t6
hop (goi 1 t6 hop khd tich) ma viéc tich phan sé dwrge thire hién dé
hon.

[I1. Phwong phdp bi€n phan hang s6 (Phwong phép Lagrange).
Bang cdch xudt phét tt hé nghiém co sé ctia hé thuan nhat va véi
viéc 4p dung phwong phdp bién phan hang s6 tlty v ta sé thu dwoc
nghiém cta hé (14.56).

IV. Phwong phap Euler. Phwong phap nay chi dp dung dwoc cho
hé vdi hé s6 hang.

Ta sé trinh bay phwong phép Euler va phwong phap Lagrange dé
giai hé phwong trinh tuyén tinh véi hé s6 hang. Trwéc hét ta trinh
bay phirong phap Euler. Dé tién trinh bay ban chat ctia phwrong phép,

ta xét hé ba phwrong trinh véi ba an ham

dx n n

— =a11r+a a13z

di 11 12Y 13%,

dy

P 21X + QoY + A232, (14.58)
dz n n

— =a31x+a as3z.

di 31 32Y 33

Ta sé tim nghiém riéng cua hé dé dwédi dang

T = aek?,
y = BeM, (14.59)

z = yer®,
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trong d6 ta can phai x4c dinh cdc hang s6 «, 3,y va k sao cho (14.59) 1&
nghiém ctia (14.58). Thay (14.59) vao (14.58) va gidn wée cho ek #£ 0
ta cé

ka = ana + a2f + aisy,
kB = ana + agnfB + asy,
ky = asio0 4 ase3 + assy,

hay la

(@11 — k)a+ a2 + a13y = 0,
ano+ (a2 — k)G + aszy =0, (14.60)
az1a + ase + (a33 — /f)”)/ = 0.

Hé (14.60) 1a hé phwong trinh tuyén tinh thuan nhat. Né cé
nghiém khac 0 khi va chi khi

an —k a2 ais
a91 a99 — k 23 =0. (1461)
a31 a32 ass — k

Dang thitc (14.61) 14 phirong trinh bac ba déi véi k va né dwoc
goi la phwong trinh dac trung ctia hé (14.58).

Ta chi han ché xét triwomg hop khi (14.61) c¢6 céc nghiém khéc
nhau ki, ko va ks.

Déi véi moi nghiém vira thu dwoc ta thay vao (14.60) va xdc dinh
dwoc

aq, 517 715 2, 527 V25 (3, 537 3-

Néu ky hiéu cdc nghiém riéng ctia hé twong ng véi cdc nghiém
ctia phwong trinh dac trung la:
1) d61 véi kli T1,Y1, 2135

11) d61 vl kgi T2, Y2, 22;
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111) d61 véi kgi T3, Y3, 23
thi nghiém tong quat ctia hé (14.58) c6 thé viét dwdi dang
x(t) = Croy + Coxg + Cars,
y(t) = Ciyr + Caya + Csys,
2(t) = Ci21 + Cozg + Cs2s,
hay la

z(t) = Crage®’ + Chanef? 4 Cyaze®™,
y(t) = C11eM" + Cofaet?t + CaBzeks, (14.62)
Z(t) — Cl")/leklt + 02,.)/261621? + Cg")/gekgt.

Ta xét mot vi du minh hoa.

Vi du 1. Tim nghiém tong quat ctia hé

dx

— =2z -3
dt x y?
@ __,
a7

Gidi. Lap phwong trinh dac trung

—2—-k =3
-1 0—k

ko = —3,

©k2+2k—3:0<:>[
ky = 1.

Nghiém riéng cta hé dwoce tim dwdi dang

Ty = gl

kit
Y1 = ﬁle o
Ty = apef?!,

Yo = [aet?.



294 Chwong 14. Phuong trinh vi phan

Lap hé (14.60)

(2= (=3)las =361 =0,
—a1+[0—(=3)]51 =0,

hay la

a1 — 351 = O,
—ay + 361 =0.
Hé nay c¢6 vo s6 nghiém. Chang han ta cho 3; = 1. Khi d6 oy = 3.

Nhw vay véi nghiém k; = —3 cua phwong trinh dac trung ta c6

cac nghiém riéng

T = 36_3t,

Yy = e 3,

Do véi nghiém k = 1 cia phwong trinh dic trung ta cé

—3ag — 352 =0,
—ay — 32 = 0.

Ta c6 thé 1y ap = 1, 3y = —1. Khi d6 twong tng véi k = 1 ta ¢

Ty = €t,

Yo = —e.

Nghiém tong quit ctia hé da cho (theo (14.62)) c6 dang

2(t) = 3C e + Cye!,
y(t) = Cre 3t — Oyet. A

Ta sé minh hoa ndéi dung phwong phap Lagrange (phwong phép

bién thién hang s6) trén vi du hé ba phwong trinh khong thuan nhat.
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Gia st cho hé

x + anc + apy + aizz = fl (t)>
Y + a1 + asy + azz = fo (), (14.63)
2+ as1x + asey + assz = f3(t).

Ta gia thiét rang nghiém tong quét ctia hé thuan nhat twong tng da

dwoc tim dudi dang

T = 011'1 + 021'2 + 031'3,
y = Cry1 + Caya + Csys, (14.64)
Z = 0121 + 0222 + 0323.

Ta tim nghiém cia hé thuan nhat (14.63) dwdi dang

x = Ci(t)x1 + Co(t)zy + Cs(t)xs,
y = CiOyr+ Co(t)yz + Cs(t)ys, (14.65)
z = C1(t)z1 + Ca(t)za + Ca(t)zs,
trong d6 C1(t), Ca(t), Cs(t) 1a nhitng ham con chwra biét.

Thé (14.65) vao (14.63). Khi d6 phwong trinh thit nhat cia hé
(14.63) c6 dang

C{l‘l + 051'2 + C;;l'B
+ C1(%] + anwy + a2y + ai321)

+ Co(xy + a11x2 + a12ys + ai322)
+ Cg(l‘é + a;1x3 + ai12ys3 + algzg) = f1 (t) (14.66)

Céc tong trong cdc dau ngodc don déu = 0 vi (14.64) 1a nghiém cta

hé thuan nhat twong ng. T d6 va (14.66) ta ¢
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Twong tw nhw vay sau khi thé (14.65) vao (14.63) tir phwong trinh
thit hai va thit ba ctia hé ta ¢
Ciyr + Cayp + Cays = fo(1),
(14.68)
C{Zl + 0522 + Céz;g = fg(t).
Hé phwong trinh gom (14.67) va (14.68) 1a h¢ phwong trinh tuyén
tinh doi v6i Cf, C va C%. Hé nay c¢6 nghiém vi dinh thikc

r1 T2 XT3
y1 Y2 y3| #0
21 R2 %3

(do tinh doc 1ap tuyén tinh cia cdc nghiém riéng cia hé thuan nhat
twong uing).

Sau khi tim dwoc Cf(t), C4(t), CL(t) ta sé tim dwoce Cy(t), Ca(t)
va C3(t) bang phép tich phan va do d6 thu dwoc (14.65).

Vi du 2. Giai hé phwong trinh

dx
O or Ay =144t
dt y

dy 3 5
Yy —y=2¢2
T
Gidi. Dau tién ta gidi hé thuan nhat twong ing
x4+ 2x+4y =0,
(14.69)
v +x—y=0.

T phwong trinh thit hai cua (14.69) ta ¢cé x =y — ¢’ va do d6
x/ — y/ _ y//
Thay biéu thitc d6i véi o va 2’ vao phwong trinh thit nhit cia (14.69)

ta thu dwoc

Py dy
CY LY ey =0, 14.70
az tar %Y (14.70)
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Nghiém tong quéat cta (14.70)c6 dang
Yy = 01€2t + Cge_gt.

d
Viz=y— d_? = 1 = —C1e? + 4Ce %,

Nhw vay, nghiém téng quat cia hé (14.69) 1a
x = —Cre* + 4Ce 3,
Yy = 01€2t -+ Cge_gt.

Ta sé tim nghiém cia phwong trinh da cho dwdi dang

r=—Cy(t)e* +4Cy(t)e ™,
(14.71)
Yy = Cl(t)€2t -+ Cg(t)e_gt.

Sau khi thé (14.71) vao phwong trinh da cho ta thu dwoc

—Ci(t)e* + 405 (t)e ™" = 1 4 4t,
3

Ci(t)e* + Ch(t)e ™ = 5t

T do6 suy ra

, 6t2 — 4t — 1)e~2
e = Ve

(3t2 + 8t + 2)e¥
Cy(t) = n :

Bang phép tich phan ta thu dwoc

Cut) = —é(t +32)e 4 Oy,
(14.72)

1
Cg(t) = E(Qt + t2)€3t -+ 02,
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trong d6 C; va Cy 1a nhitng hang s6 tiy y. Thé (14.72) vao (14.71)

ta thu dwroc nghiém tong quét cia phwong trinh da cho
x=—C1e® +4C,e 3 + 1% + t,
1
y = Cre* + Cye 3 — 51%2. A

Vi du 3. Giai cdc hé phwong trinh bing phwong phdp t6 hop kha
tich

vy e _ o
BT Loy
x Tty dt ¢ '
Gidi. 1) Cong vé v6i vé hai phwong trinh cta hé, ta dwoc
d(z +y) 1
A A

C ~ . ~ . \ ) A ’
Tw ddoz+y = 71 Trir vé véi ve hai phwong trinh cua hé, ta ¢

dlz—y) 1
T d6 x — y = Cyt. Tir hé phwong trinh
1y=9
x = —
) P
x —y = Cyt,
ta thu dwoc
1/Cy
= (5H+ o)
T 2( y + Cat ),
Ch

1
=S (5-ca).
Y 2< t
2) Nhan hai vé ctia phirong trinh thit nhat véi y, clia phirong trinh
thit hai véi z, roi cong céac phwong trinh thu dwoc, ta cé

dx dy wy d oy
Vattu T T T a™ T
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Tw d6
xy = Chit (14.73)

Thé biéu thitc xy = C;t vao phwong trinh thit nhat, ta dwoc

dx
— = (Cqtx.
dt 1

N 2
T dé & = Cee“r 7.

Tir (14.73) v6i Cy # 0 ta c6

— @ — ﬁte—clé_
X 02

Ngoai ra néu z = 0 thi tir phwong trinh thit hai ta dwoc y = Ot
va néu y = 0 thi tir phwrong trinh thit nhat ta cé 2 = C. A

BAI TAP

Gidi céc hé phrong trinh vi phan sau bang phwong phap khit an

ham:
dr 9
1 a7 (DS x = 3C, cost — 3C, sin 3t,
' d_y — . y = Cscos3t + C;sin 3t.
dt ’
dx B
2 E 7y+t7 (DS €T :Clet_02€_t+t—1’>
' dy . . Yy = C’let -+ Cge_t —t+ 1.
— =x—t
dt
d d
e A sint,
3. dat  dt (DS.
@ + 1y = cost
at Y ‘

r = Cre7t + Che ™, )
y = Cie ™t +3Che 3" 4 cost.
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10.

11.

(o
é{it x = (Cy—Cy)cost+ (Cy + Cy)sint,
i -z, (DS. ¢y = C;sint — Cycost + Csel, )

dt
d z = (Cicost+ Cysint + Cyel.

— =—Ir+=z
\ dt

e

dz
— +3 4y =0
dt+ T + 4y ,

dy
—Z 422 +5y =0
o 2045y =0,

(z(0) =1, y(0) = 4.

(dz it
—— = Ismt, — —cost
dt s T TG
d_y y = Cit+ Ch.
\ dt
(dx n
— =av+y,
dt Ds. { "
Yy

d
\d_? = —T + ay.
( dx

t— = —x+uyt, r = C1+ Cst,

dt (DS. C, )
t2d_y Yy :T+202,t7£0
N dt

Gidi cac hé sau bang phwong phip t6 hop kha tich

(DS r=—2e"t+ 36_7t,>
ly=et+ 37

— l‘eCOSt

e (Cy cost + Cysint),
e (—Cysint + Cycost).

= —2z + yt.

(dx 5 9 1
—-— =X +y s 017
dt (s. { TV )

dy
— = 2uxy. —— +t=0Ch.
\ dt Y x—y+ 2

(dx 1 _t
dt y’
dy
L dt
(dx
dt
dy
L dt

\
Rle <R 8-
|
|
|
Q
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’d_:c Y
a0 2 _ 220
dy r r—y+t=Ch
\ dt x—y

(. dx

t

1
€ — N —
13.{ & / (DS. {y =G, )
T

12.

Ldy Ciz? =Cy — 2et.
e —_

\ dt
(d x
i sin z cos ¥, tg Ty Ciet,

14. { (DS. 2 )
d_y = Cos T sin tgaj ¥ _ Cyel

\dt v '
(o
dt
15. d—y
dt
dz

\dt

=Yy —z

=z?+y,

= 2%+ 2.
r = Cget + 01,
(DS Yy = —012 + (20102t + Cg)@t + 022€2t, )
z = —Cget + (20102t + Cg)et + 022€2t — 012

Gidi cdc hé phwong trinh vi phan sau bang phwong phap Euler:

(dx B
16 E a Sy N x’ (DS r = 201€3t - 4026_3t7>
| dy . Ny = Ciedt + Cre
dt v
(dx B
17 a Y (DS xr = Cl + 02€t7)
— =y —2x.
\ dt
(d
=2y,
dt z =0
18. { d bS. -
| z(0) =y(0) =0.
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e

Do
— =2 ,
dt y T o= 2t _ o3t
d Y
19. d_? —ay— 2, (bS. y = 2€3t.)
((0) =0,y(0) = —1.
(d
d_f =T — 2y7
r =el —2e%
20. < dy bs. ’
& =3z + 4y, ( {y :—€t+3€2t.>
(z(0) = —1,y(0) = 2.

Gidi cdc hé phwong trinh vi phan khong thuan nhat sau bang

phwong phap bién phan ham sé.

dz 8
pr + 27—y = —e*, - r = —e? 4+ 20 et + Che?,
21. DS.
9
% + 3z — 2y = 6e?. y = §€2t +3C1e" + Cae™.
dz
7 = +y — cost,
d
22. d_i = —y — 2z + cost + sint, (bS.
x = (1—1t)cost — sint,
y = (t—2)cost+tsint.
(9 g
93, dt =y+tgit—1, (BS. T :C’lcost—i-C'gsint—l—tgt,)
dy ot tgt y = —Cysint + Cycost + 2.
\ dt '
(dx ot
y N = 3r + 2y + 3e*, -~ T :Clet+202€4t_€2t’>
B [ 2y + e |y = O+ Cae™ =€
\ dt
(dx o
25 dt “lrty et (PS r = 2e*+ Ciel + Coe, )
| —3x + 2y + 6¢2* |y =9e +3Ce + Coe ™.
\ dt ’
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(dx 1t
o —roytL z =Cre 4+ Che™ + -+ -,
26. 9 4 (DS. 9.3,
= =y — =201t —2C5e3 + — + =
7 =Y 4o +t. Y 1€ 2€ +9+3
(dx Lot
— =ux-— e
dt y )
27. dy
& 3t
W =z —4y +e’. .
— 4t
x = Cie t + Ched + ———e¥,
(bS. 16
y =2C1et —20%e% + el + g(l + 4t)e.
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Cap cao nhat ctia dao ham riéng hién dién trong phwong trinh
dwoc goi 14 cdp cia phwong trinh. Mot phwong trinh vi phan dao
ham riéng bao gior cling phai chita it nhdt mot trong cdc dao ham
riéng ctia an ham.

Mot ham c¢6 cdc dao ham riéng tirong tng (véi gia thiét ching lién
tuc) ma khi thé vao phwong trinh dao ham riéng thi phwong trinh d6
trd thanh dong nhat thite dwoc goi 1a nghiém clia phwong trinh dé.
Quad trinh tim nghiém cua phwong trinh dao ham riéng dwoc goi 1a
phép tich phan phwong trinh dao ham riéng. Thong thwong viéc tich
phan mot phwong trinh dao ham riéng sé cho phép thu dwoc mot ho
nghiém phu thuoc vao cdc ham tuy 1 chit khong phai cdc hang s6 tiy
y nhw trong trirong hop phwong trinh vi phan thwong.

Néu phwong trinh chita an ham z chi phu thudc hai bién doc lap
x va y thi nghiém z = z(z,y) cua né twong ng véi moét mat nao
dé trong khong gian (z,y, z). Mat nay dwoc goi la mat tich phan cua
phwong trinh da cho.

Déi véi trirong hop khi an ham phu thudc hai bién doc lap céc
phwong trinh sau day dwoc xem la nhtrng phwong trinh co ban:

1™ Phwong trinh truyén séng

Pu 0%

_— a —_—

ot? Ox?’
(day 1a phwong trinh dang hypecbolic).

2% Phwong trinh truyén nhiét
ou  ,0%

ot~ " o2
(phwong trinh dang parabolic)
3% Phwong trinh Laplace
Pu  Pu

R

(phwong trinh dang eliptic).
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Phwong phép thwong ding dé gidi cdc phwong trinh trén day la
phwong phap Fourier.

Dau tién, tim céc nghiém riéng ciia phirong trinh da cho dwéi dang
tich cdc ham ma moi ham chi phu thuéc mot déi s6. Sau dé xuat phat
tir cac diéu kién goi 1a diéu kién bién nguoi ta xac dinh céc gid tri cia
cac hang sO tiy ¥ chita trong cdc nghiém riéng dé. Sau cling nghiém
can tim (thda man phwong trinh va cdc diéu kién bién) thu dwoc dwdi

dang chudi 1ap nén tir cdc nghiém riéng dé.

15.1 Phuwong trinh vi phan ciap 1 tuyén
tinh déi véi cdc dao ham riéng
Gia st xét phwong trinh
0z 0z

Xi—+Xo—=R 15.1
18:C+ 23y ; ( )

trong d6 X1, Xo, R 14 cédc ham cta x,y, 2. Néu bién z khong tham
gia trong X7, X5 va R =0 thi (15.1) dwoc goi 1a phwong trinh thuan
nhit. Trong trwomg hop ngwoc lai (15.1) goi 1a phwong trinh khdng
thudn nhat.
Trong trirdong hop thuan nhat
0z 0z

Xi—+Xo— =0 15.2
18:C+ 23y ( )

thi (15.2) ludn luén cé nghiém 2 = C' 1a hing s6 bat ky. Nghiém nay
dwoc goi 1a nghiém hién nhién.

Dé gidi (15.1) dau tién ta giai so bo phirong trinh vi phan thwong

dr dy dz

— = = 15.3
Xy X9 R ( )

. N A~ , , . . , < 7
Gia st nghiém cua hé dé dwoe xdc dinh bdi cac dang thite

wi(z,y,2) =Cr, wax,y,z) = Ch.
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Khi d6 nghiém tong quat ctia (15.1) c6 dang
Olwi(x,y, 2),wa(x,y, 2)] = 0.

trong d6 ®(wy,ws) la ham kha vi lién tuc tuy .

Néu trong phwong trinh véi hai bién doc lap

0z dy
P — = = 15.4
(:v,y)aerQ(:v,y)ay 0 (15.4)
thi hé (15.3) ¢6 dang

dx dy

P(r,y)  Qx,y)

Néu 9 (z, y) 1a tich phan ctia né thi nghiém tong quat cta (15.4) 1a

z=F((z,y))

trong d6 F' 1a ham kha vi lién tuc tuy y. Trong trwong hop phwong
trinh (15.4) v&i hai bién doc lap bai todn Cauchy cé ndi dung nhw

sau: Tim nghiém z = f(z,y) sao cho z(xg) = ¢(y).
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CAC VI DU

Vi du 1. Tim nghiém t6ng quat ctia phwong trinh

0z 0z
2+ y?) = + 20y— = 0.
(z +y)8x+ xyay
Giai. Ta lap hé
dr  dy
w2 +y? 2y
Stt dung tinh chat cua ty 1é thite ta cé
de+dy  dr—dy :>d(:c+y)_d(x—y)
P2y oty -2ay (v +y) (v - y)?
1 1 1 1
> =—+0C= - =
(x+y) rT—vy r—y T4y
2y Y
:>:U2—y2:C:>:c2—y2:Cll

Mat khéc dz = 0 = 2z = Cy. Nhur vay nghiém tong quat c6 dang

Y
F(m,Z) =0

hay la

c=G( 1) A

22 — )2
Vi du 2. Tim mat théa man phwong trinh

0 9,
xa—i+(y+x2)a—;—z; z=y—4khiz=2.

Gidi. Lap hé phwong trinh twong timg
d_x dy  dz

T y+ar oz
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T dy
Tw ph trinh — = —~— suy ra
tr phwong trin . v y
y — 2 y — 2
y:l‘(01+l'):> =Cy =Y = .
d
T phwong trinh o _ 2= suy ra
T
z z
—202:>1/12:—'
T T

Do dé nghiém tong quat ctia phwong trinh da cho 13

F<y_m’i)_0
X X

hay la

2

z:xf<y ;x ) (15.5)

Dé tim nghiém (m&t !) thda man dieu kién da cho ta thé z = 2

vao ¥y va ¥y ta cé

~ —x — ~
wlzy S =y = ) +4
X r=2 2
~ Z Z ~
Yo=—| =o=2=2p
X lz=2 2

Thé y, z vao dieu kién z = y — 4 va thé ¢y, ¥y bdi ¥ va 1y ta b

2

- - 2 —x
2¢2=2¢1+4—4:>1/12:1/11:>;:y .

hay 1a z = y — 2% Nghiém nay thu dwoc tir (15.5) khi f(t) =t. A

BAI TAP

Tich phan cdc phwong trinh sau *

Trong cac dap s6 ta bd qua cum tir“. .. trong d6 1, ¢, ... la nhitng ham kha

vi lién tuc tuy y.”
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0z 0z Y
1. z— — = z. Lz = z
xax—l—yay z.  (bS. z xzb(x))
0z 0z
2. Yzt wre =y, 22 =g 2_ g2
y28x+x28y zy. (DS. 22 = 2"+ ¢Y(y* — 2?))

3. Tim mat thda man phwong trinh
10z 10z
—_ - = 4
xOxr yOdy
va di qua parabon 3% = z, x = 0.
(DS. Paraboloid tron xoay z = x? + y?)

0z 0z

4. (1423 = +ay— = — 2.
<+x>8x+xy8y 0, 2(0) =y
2 2
_ Y LY
(BS. z_w<1+x2)’z_1+x2)
0
5 yza—z—l—xza—z——Qxy

(B8, @+ 5 =1(a’ - y?)

0z 0z Y
6. x%—za—y =0,z>0. (bS. F(z,lnx—i—;) =0)

Chi dan. Day khong la phwong trinh thuan nhat vi hé s6 cia z,

c6 chira z. Dau tién can gidi dz = 0 = z = O sau thé z = C; vao hé

dr _dy _ dy

T —z —C]

15.2 Giai phwong trinh dao ham riéng
cap 2 don gian nhat



15.2. Giéi phurrong trinh dao ham riéng cap 2 don gian nhat 311

Vi du 1. Tim nghiém téng quat ctia phwong trinh dao ham riéng
(ptdhr)

9%z(x,y)

or2 0

trong d6 z(x,y) 14 An ham cta bién doc 1ap.

Giai. Ta c6

2
% B aa;c(gj;) =0

0
T do6 suy ra a—z khong phu thuoc . Do do6
x
0z
“_0
5, — 1),
trong d6 C1(y) la ham tuy y ciua y. T phwong trinh nay thu dwoc

Aawz/kuwm=xaww4mw

trong d6 C1(y), Ca(y) 1a nhitng ham tuy ¥ ctia y. Néu ham thu dwoc
2

hai lan kha vi theo x thi 92 = 0, do vay ham thu dwoc la nghiem
x
can tim. A
Vi du 2.
822(]}, y) 2

0xdy Ty

Gidi. Viét phirong trinh da cho dwéi dang

9 92\ 9z [, , o Y
8y<8x>x y:>ax/(x y)dy = x%y 2—1—01(3:).

Tir d6 1ay tich phan biéu thitc thu dwoc theo z ta cé

2 x3 y2x .
o) = [ [ty =%+ @) do = 2 = B4 C1(0) + ol
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trong d6 Cj(z) = [ Ci(z)dr. Nhw vay nghiém tong quét ctia phwong

trinh da cho la
?y oy *
z(x,y) = 3 5 T Ci(z) + Ca(y)
trong dé Cf(x) va Cy(y) 1a nhitng ham tuy y va C;(x) 1a ham kha vi.
A
Vi du 3. Giai phwong trinh

02z _2%
oxdy Oz

(15.6)

Gidi. Ta viét phwong trinh (15.6) dwdi dang

Tich phan ding thitc nay ta cé

0z
a—y — 2z = Cl(y)

0 P
Trong phwong trinh nay dao ham riéng 8_2 c6 the xem nhw dao ham
Y

thong thwomg theo y, con z dwoc xem la tham s6

2= Cily) = 2o, y) = o [ Cof) + / Ci(y)e 2y

= Ca(z)e™ + C1 (y).

2(x,y) = Cy(x)e* + Ci(y)

trong d6 Cs(z) va CF(y) la nhirng ham tuy y. A

BAI TAP
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Giai cdc phwong trinh sau.
0z

1. e 1. (DS. z =2+ ¢(y))
02z 5
02z
. — . D . g
3 Gwdy " (DS. 2 = o(z) +¥(y))
4 0z =1. DS. z=zy+ p(x)+9Y(y))
" ox0y AT 4
0%z 5 zt ya?
5. 92 = ¢ +y. (BS.z= E+7+x01(y)+02(y))
02 2%y xy?
6. D0y =zr+vy. (DS z = 7+7+01<$)+02<y))
0?2z
TS = et (DS 2= 1 yCi(@) + Caly)
0%z 10z 1
8. 900y + = 0. (BS.z=0C(x)+ ;Cg(y))
0%z 0z 2
= — — K
9. 900y 2y8x (BS. z = Ci(x)e?” + Ca(y))
10 0z =2 (DS. z = 2y + Ci(y) + Ca(x))
axay—l‘ L=y 1\Y 2

2

07z Cwyt

15.3 Céc phwong trinh vat ly toan co ban

Déi véi triromg hop khi an ham phu thuoc hai bién doc lap cdc phwong
trinh vat 1y todn sau day dwoc xem la nhirng phwong trinh co ban.

1T Phwong trinh truyén séng

Pu 0%

Ou _ 07U 15,
oz~ ¢ or2 (15.7)
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2% Phwong trinh truyén nhiét

ou 0*u
3* Phwong trinh Laplace
0’u  0%*u
@ + a—y2 = 0. (15.9)

Thong thwong nguwoi ta khong tim nghiém tong quat ma la tim
nghiém riéng cia phirong trinh thda man nhirng diéu kién nao dé goi

1a dieu kién bién va dieu kién ban ddu.

15.3.1 Phwong trinh truyén séng

Bai toan co ban. Tim nghiém riéng ciua phwong trinh (15.7) thda
man cdc dieu kién bién va diéu kién ban dau sau:
i) Dieu kién bién: (1) u(0,t) = 0; (2) u(f,t) = 0.
) T Tt A . Ou(z,0)
ii) Dieu kién ban dau: (1) u(z,0) = p1(z); (2) 5 va(x).
Gidi. Ap dung phwong phap Fourier dau tién ta tim nghiém riéng

ctia phwong trinh da cho dwdi dang tich hai ham ma mot ham chi phu

thuoc x, con ham kia chi phu thudc ¢:
u(z, t) = X()T(t). (15.10)

Thay u(x,t) vao phwong trinh da cho ta thu dwoc

X// T//
XT// _ ZTX// — i X
¢ "X T e

Vé trai cta (15.11) khong phu thuoc ¢, vé phai khong phu thuoc z.

(15.11)

Didu dé6 chi xay ra khi ca hai vé ctia (15.11) khong phu thudce cd z 1an

t titc 1a bang mot hang s6. Ky hiéu hang s6 dé 14 —\2. Ta thu dwoc

X//
> = M= X"+ MX =0= X = Acos\z + Bsin Az, (15.12)
T//
T = N =>T"+a*’T =0=T = Ccosalt + Dsinalt,
a

(15.13)
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trong d6 A, B, C, D 1 nhirng hang s6 tuy y. Tt (15.12), (15.13) va
(15.10) suy rang

u(z,t) = (Acos Ax + Bsin Az)(C cosalt + D sin at). (15.14)
Ap dung didu kién bién
u(0,t) =0, wu(l,t)=0
cho (15.14) va sau khi da don gian cho T'(t) # 0 ta ¢

0=Acos0+ Bsin0 = A=0,
0= Acos A\ + Bsin M = sin\l =0 (vi B # 0 khi A =0).

Tir d6 ta xéc dinh dwoc tham s6 A = n77r’ n=1,2,... la tham so tuy
y. Lwu ¥ rang néu trong (15.12) va (15.13) thay cho —\? ta lay +\?
thi X = Ae ™ + Be  va doi véi ham X dang nay cac diéu kién i) va
ii) chi dwgce thoa man khi X = 0.

Nhw vay moi gid tri A (hay n) déu twong tng véi nghiém riéng

dang

nmwx

14

t t
U, = X, 1), = <Ozn cos (mTﬂ + [, sin angr ) sin

trong d6 o, = B,C,,, 3, = B,D, 1a cic hang s6 tuy ¥.
Vi phwrong trinh da cho 1 tuyén tinh va thuan nhat nén téng cac

nghiém cting 1a nghiém. Do d6 tong clia chudi

t t
u(z,t) = Zun = Z <Ozn cos anmt + B, sin anm ) sin nre

14 14 14
n=1 n=1

(15.15)

ciing 13 nghiém cia phwong trinh da cho va né thda man cdc dieu kién

bién.
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Dé xdc dinh a, va 3, ta sé d4p dung cac diéu kién ban dau: khi
t =0 thi u(x,t) = ¢1(x) nén

o1(z) = ; Q, Sin m%c (15.16)

T (15.15) ta con ¢

ou anm anmt . anwt\ . nmx
Ef27<ﬁncos / — @, Sin / )sm /

n=1

va do dieu kién uj(z,0) = ¢o(x) nén

pa(z) =" azﬂﬁn sin ngx : (15.17)
n=1

Céc dang thitc (15.16) va (15.17) 1a khai trién ctia cdc ham ¢y (x) va

©o(x) thanh chudi Fourier trong khoang (0, ¢). Cac khai trién niy chi

chita ham sin. Céc hé s6 ctia khai trién dwoc tinh theo cong thite

2
nam

apy =

N

wa(z) sin ?da&

S —

l
[ er@ysin"Taz; 5, -
0

(15.18)

Nhw vay nghiém riéng thda man céc dieu kién da néu 1a ham
(15.15) v6i céc hé s6 ay, va (3, dwoc tinh theo cong thire (15.18). A

BAI TAP
Tim nghiém cta phwong trinh

Pu 0%

Ou _ 0% 15.1
oz~ ¢ or2 (15.19)

thda man céc diéu kién ban dau va dieu kién bién
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1. (i) Céc diéu kién ban dau

T 14
3 V0’10<x<§,
u(z,0) = f(z) = ¢ °4 /
——(z =10 Véi§<x<€
ou(z,0)

5 = ¢2)=0

(ii) Céc dieu kién bién u(0,t) = 0, u(¢,t) = 0.

40 1 mant . wNT
bs. =— > (- i
(bS.  wu(z,t) 3 n>1( 1) on =172 cos —,—sin —; )
Ou(z,0)

Y

2. (i) u(z,0) =0,
(i) w(0,t) = u(¢,t) = 0.

20 1 . 2n—1 . (2n— D)7z
DS. = At
(bS.  wu(z,t) = nE>1 1) sin — mat sin 7 )

3. Cung hdi nhw trén déi véi phwong trinh

Cu_ o
o2 Ox2
va cdce diéu kién:
4
(i) ul,0) = sin ==, uj(x,0) = 0;
(i) u(0,¢) = 0, u(3,t)=0.

8nt . 4
(bS.  wu(z,t) = COS% sin %x)

15.3.2 Phuong trinh truyén nhiét
Bai toan co ban. Tim nghiém cta phwong trinh

ou _ ,0%u
ot~ ¢ 922
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thda man céc dieu kién
1) u(x,0) = ¢(x)
2) u(0,t) = u(l,t) = 0.
Glidi. Ap dung phwong phép Fourier, ta dat

u(z,t) = X(x)T(t)

va phwong trinh da cho trd thanh

X// T/

2
X a7 A

va thu dwoc hai phwong trinh

X"+ XX =0= X = Acos \x + Bsin Az,
T +a®\T =0=T = Ce ¥,

Do do

u(z,t) = e‘“g’\Qt[

acos \x + 3 sin )\x}
trong d6 o = AC, 3 = BC la nhitng hang s6 tiuy .
Ap dung dicu kién 2) ta 6

0 =acos0+ Fsin0

Yo a=0,Aa="" n=1,23,...
0 =acos\ + (Bsin A\l l

Cung nhw trong 11, moi gia tri A (hay n) twong ng v4i nghiém riéng

_a2n27r2t . nmx
Uy = Ppe 2 sin——

14

va tong ctia ching ciing 1 nghiém clia phwong trinh

u(z,t) = Zﬁne_a T sin (15.20)

n=1 ¢
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Bay gitr 4p dung dieu kién 1) ta ¢6: u(z,0) = o(x):
Z [ sin @

n>1

D6 1a khai trién Fourier ctia ham ¢(z) trong khoang (0,¢). Do d6 ta
co
‘
B = %/gp(aﬁ) sin ?dw. (15.21)
0

Nhw vy tong chudi (15.20) véi hé s6 tinh theo vong thire (15.21) 1a

nghiém riéng thda man céc diéu kién da cho. A

BAI TAP
1. Giai phwong trinh
0 0?
a?: a* xu (15.22)
l
() -
vGi x < 5
—x voi - <x <
= u(l
46 n—1 1 _7r2a2(2n—1)2t . w(gn_l)m
(bS. u= — ;(—1) 2n =12 1)26 2 sin” ¢ )

2. Giai phwong trinh (15.22) véi cde dieu kién
u(z,0) = f(x);u(0,t) = A,u(¢,t) = B; A, B — const.
Chi dan. Dwa vao an ham mdéi

v(z,t) =u(x,t) —
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. s O O
Khi d6 (15.22) trd thanh 57 = @ g VO céc diéu kién v(0,t) = 0,
x
B—-A B-A
v(l,t) =0, v(z,0) = u(z,0) — r— A= f(x)— 7 r—A=
g(z). D6 1a bai todn da biét cdch giai.
. . ; 0w Pu
3. Tim nghiém u(z,y) cua phwong trinh 90— 92 thoa man cac diéu
Yy x

kién bién u(0,y) = u(mr,y) = 0 va diéu kién ban dau u(z,0) = 3sin 2z.
(BS. w(x,y) = 3e " sin 2z)

15.3.3 Phwong trinh Laplace

Ham u(z,y) dwoc goi 1a ham diéu hoa trong mién phang D néu né
c6 cac dao ham riéng lién tuc cap 2 trén D va trén D ndé thda man
phwong trinh
2 2
Au = % + g—;; = 0. (15.23)

Tap hop céc ham diéu hoa - chinh 14 tap hop moi nghiém cua
phwong trinh Laplace. Cung nhw déi véi phwong trinh vi phan
thwong, dé tach mot nghiém xac dinh ctia phwong trinh Laplace nguoi
ta phai cho nhitng dieu kién bo sung. Da6i véi phirong trinh Laplace
nhitng dieu kién bo sung dé dwroc phét biéu dwdi dang dieu kién bién,
titc 1a cho nhirng hé thitc ma nghiém can tim phai théa man trén bién.
Dicu kién don gidn nhdt trong s6 dé 1a cho gid tri clia ham diéu hoa
can tim tai moi diém bién ctia mien. Ngwdi ta goi bai todn nay 1a bai
toan bién thit nhat hay bai todn Dirichlet.

Bai todn bién cta phwong trinh Laplace dwoc dat ra nhw sau. Gia
stt mien D C R? véi bién 0D 1a dwong cong déng. Hay tim ham
u(z, y) lién tuc trong D = D U dD sao cho

a) Thoa man phwong trinh Laplace trong D.

b) Thda man diéu kién bién

u<x’y)}(m,y)eaD = [(z,9),
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trong d6 f(x,y) la ham dwogc cho trén bién 0D.
Bai toan vira néu con dwoc goi la bai todn Dirichlet. Trong gido

trinh nay ta chi xét bai todn Dirichlet doi véi hinh tron.

’

B6 dé 1. Trong toa do cuc (r,¢) phwong trinh Laplace (15.23) c6
dang

u 1 0% 10u

—t —— 4+ - =0. 15.24
or? +7"28g02+7“87" ( )

Lot gidi cia bai todn Dirichlet déi v6i hinh tron (cling tite 1a loi
gidi ctia phwong trinh Laplace (15.23) hay (15.24)) véi diéu kién bién
cho trwée dwge mo ta trong dinh 1y sau day.

Dinh ly. Gid si S la hinh tron don vi mé vdéi tam tai géc toa do va
gid s trén bién 0S cho ham 2m-tudn hoan lién tuc f(0), trong dé 0
la géc cuc cia cdc diém bién cia OD.

Khi d6 trong mién S = S + S ton tai ham duy nhat u(z,y) lién
tuc trén S va diéu hoa trén S sao cho u(x,y)}(m’y)eas = f(0). Trong

toa dé cuc (r,0) ham u(r,0) biéu dién dvoc dwdi dang chudi

u(r,0) = % + Z " (ay cosnf + by, sinnd)

n=1

trong do

-t o e

—Tr

la cdc hé sé Fourier cia ham f(6).
Ham diéu hoa c6 tinh chat dic biét 1a thda man Dinh Iy vé gid tri

trung binh

BDinh ly. Néu ham u(x,y) lién tuc trong hinh tron déng tam O(0,0)

va bdn kinh R va diéu hoa trong hinh tron dé thi gid tri cia ham
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u(x,y) tai tdm hinh tron bang trung binh cong cdc gid tri cia nd trén

dwong tron, tic la

Vi du 1. Chitng t6 rang ham u(z,y) = a(x?* — y?) + bxy trong d6 a, b

14 cdc hang s6 tly v, 1a ham diéu hoa.

Giai. Ta co
0 0?
L= 2ax + by, gu_ 2a;
ox 0x? -
5 = Au=0. A
ou %y + b 0°u 5
— =—-2a r, — = —2a

Vi du 2. Chitng minh B6 de 1.

Giai. Xét u(z,y) = u(rcos p,rsing). Ta cd

@ = %—i- in %
ar ¥y TP w@y’ N
Ou = —rsin %—l—rcos o
dp w@x w@y
or P r Op’
(15.25)
ou . Ou cosypdu
—— = sIn +

dy Yor r %
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, . 82 62
Ap dung (15.25) dé tinh a—;; va 8—;; Ta c6
0%u 0 < Ou singp 8u> sinp 0 < Ou singp 8u)
— =cosp—|( cosp— — — ) = — | cospp— — —
0x? Yor Y or r Oy r Oy Y or r Oy

5, Pu _sinpcosp 9Pu sin’p 0%u

= cos” p —

or? r ordy r2  Oy?

2sin@cosp du  sin’ p u
| SPMpLospy ou pou
r? Oy r or
Pu in? 9082u N 2sin pcos 0%u N cos? p 0%u
0y? or? r ordp r2  0p?
2sinpcosp Ou  cos?  Ou

r? Oy ror
T d6 suy rang

Pu  *u  d%u 10u 1 02

Au = = Z —_Z .
U= 82 * oy?  Or? * ror * r2 0p?

A

Vi du 3. Hay tim gid tri ctia ham diéu hoa u(z,y) tai tam hinh tron
2% + 9% < R? néu

u(x>y>‘$2+y2:Rz =zy+o—1

Gidai. Ap dung dinh 1y trung binh da phét biéu & trén ta cé

u(0,0) = ﬁ / u(z,y)ds.

24y2=R?2

Chuyén sang toa do circ: & = Rcos ¢, y = Rsin ¢ ta thu dwoc
u =10 ds = Ry
va do d6

2

u(0,0) = / F(@)de.

2
0
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Theo gia thiét

R?sin 2
f(go)chosgszingp—l—Rcosgp—l:y-k]%cosgp_l
va do dé
2m
1 R?sin2¢p
0,0) = — <7 _1)
u(0,0) 27r/ 5 + Rcosp dp
0
1 R?

—[— Zcongo—i—Rsingp— go}iw =—1. A

T or
Vi du 4. Tim ham u(x,y) diéu hoa trong hinh tron z? + y? < R? va
trén bién hinh tron né nhan cac gia tri
1

_ 2 2
u}mz_f_yz:Rz =T -y +§y

Gidi. Bai toan dat ra 14 bai toan Dirichlet doi véi hinh tron.

Chuyén sang toa do curc ta cé

. L.
u}m2+y2:R2 = u(R, p) = R*cos® ¢ — R*sin® ¢ + §R sin ¢

R
= R*cos2p + 3 sin . (15.26)

Trong 1y thuyét phwong trinh Laplace nguoi ta da chitng minh
rang néu gid tri cia ham dieu hoa u(r, ) trén dwong tron ban kinh
R c6 khai trién Fourier dang

u(R, ) = f(p) = Z R" (A, cosny + B, sinny)
n=0
thi trong hinh tron ta cé

u(r,p) = Z " (A, cosny + B, sinngp) (15.27)

n=0

- 1
Ap = — dp, A, = :
o= 5r [ foxde, Au=— [ () cosmods

1
By = — / f(p) sinnpdep.
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Tt dieu kién bién (15.26) thu dwoc

1
u(R, ) = R? cos 2p + iR sin
= Z(R”An cosny + R" B, sinny)
n=0
’ ’ A ~ 9 S . 2 2 1
So sanh cac hé so cua cos2¢ va sin g ta thu duwoc R® = R° A, §R =
1 ~ 9 , XN RN v ~
R-B;. Dodb Ay, =1, B, = 5; tat ca cac so con lai deu bang 0. The
céc gia tri tim dwoce nay vao (15.27) ta thu dwoc nghiém
2 L. 20 .2 .2 L.
u(r, ) = rcos2p + grsing =r (cos” p —sin” p) + 57 sine

1 1
= x2—y2—|—§y:>u(x,y):xZ—y2—|—§y. A
BAI TAP
Chitng minh rang ciac ham da cho 14 nhirng ham diéu hoa

1 s
1. u=In—. Chi dan. Ap dung vi du 2.

r
2. u=1r"cosny, v=r"sinnp.
3. u—a® — 3y’x.
4. u=/x + /22 +y2 Chi dan. Dat t = x + /22 + 32
5. u = arctg?.

Tim gid tri ciia ham diéu hoa u(x, y) tai tam hinh tron 224y < R?

néu trén bién hinh tron né nhan céc gid tri chi ra:

6. u(z,y) = %. (DS. u(0,0) = %)

7. u(z,y) = R+ x. (DS.u(0,0)=R)
4R

8. u(z,y) = |z| + |y|. (DS. u(0,0) = —)

™
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9. u(z,y) =2+ 3y. (BS. u(0,0) =2)

Gidi bai todn Dirichlet d6i véi hinh tron 22 + y? < R? néu cho céc
diéu kién bién dwdi day (10-11):
3 3 3
Ex. (DS. u(r, ) = Rreose = Ex)
11. u‘r:R =3—-5y. (BS.u=3—->5y=3—>5rsiny)

10. u| _, =
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