The 12th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 10th April 2002
Category 1

Problem 1. Differentiable functions fi,..., f,: R — R are linearly
independent. Prove that there exist at least n—1 linearly independent

functions among f1, ..., f1. [10 points]

Problem 2. Let p > 3 be a prime number and n = (227 — 1)/3.

Show that n divides 2™ — 2. [10 points]
Problem 3. Positive numbers x1, ..., x, satisfy
! + ! +- 1+ ! =1
1+ 1+ 2o 1+,
Prove that

\/J:T+\/972+---+\/967z(ra—l)(\/f71 +\/%+--~+%%>.

(10 points]

Problem 4. The numbers 1, 2, ..., n are assigned to the vertices
of a regular n-gon in an arbitrary order. For each edge compute
the product of the two numbers at the endpoints and sum up these
products. What is the smallest possible value of this sum?

[10 points]



The 12th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 10th April 2002
Category 11

Problem 1. Find all complex solutions to the system

(a+ic)® + (ia +b)* + (=b +ic)® = -6,
(a+ic)?® + (ia +b)* + (=b+ic)> =6,
(1+1i)a+2ic=0.

(10 points]
Problem 2. A ring R (not necessarily commutative) contains at
least one zero divisor and the number of zero divisors is finite. Prove

that R is finite. [10 points]

Problem 3. Let E be the set of all continuous functions u: [0,1] — R
satisfying

t
u2(t)§1+4/ s|u(s)| ds, vt e [0,1].
0

Let ¢: E — R be defined by

o(u) = /0 (u*(z) — u(z)) dz.

Prove that ¢ has a maximum value and find it. [10 points]

Problem 4. Prove that

2

1
lim n2</ \’L/l—i—x”dx—l) :ﬂ—.
0

n—00 12

[10 points]



Problem j12-1-1/j12-I-4. Differentiable functions fi,..., fn: R — R are linearly indepen-
dent. Prove that there exist at least n — 1 linearly independent functions among fi, ..., f1.
(Eotvos Lorand University, Budapest)

Solution. Select a maximal independent set from the derivatives. Without loss of

generality, it can be assumed that this set is f1,..., f/ , where m < n. If m < n — 2, then
fI_1 and f/ can be expressed as a linear combination of fi,..., f/ ; hence, there exist real
numbers ai,...,dmy, b1,...,b,, such that

m m 4

Zaifi/ —fo1= (Z aifi — fn1> =0

i=1 1=1
and

S obifl—fr= <Zbifi - fn> =0.
1=1 i=1

This implies that functions >\, a; f; — fn—1 and >, b; f; — f, are constant. Eliminating
these constants, a linear combination of f1,..., f, is found which vanishes. 0O

j12-1-1/j12-1-4-1



Problem j12-1-2/j12-1-9. Let p > 3 be a prime number and n = 222*1. Show that
n divides 2™ — 2. (Jagiellonian University in Krakéw)

Solution. n = 22;—_1 = 4P=144P=24 ... 41, Hence, in the binary system, n = 1010...101
(number of 1’s is p). Therefore, in the binary system,

(%) 2" —2=1111...110 (number of 1’s is n — 1),
(%) 3n=1111...111 (number of 1’s is 2p).

Now if we prove that 2p divides n — 1, then by (x), (**) and by the rules of multiplication
in the binary system, we will get that 3n divides 2" — 2 — just what we need. But now

observe:
2p|(n—1) <= (nisoddf) <= p|(n—1) <

22 1 22P — 4
<:>p‘ 3 -1 <:>p’ 3 <—

< (p>3and prime) < p| (2% —4) <

22P — 4
<= (p > 3 and prime) <:>p‘< 1 > —

— p| (2% -1).
But now from Fermat’s small theorem (p prime and p does not divide a, then a?~% — 1

(mod p)), we have 2°~1 = 1 (mod p), hence (2P~1)? = 12 (mod p) and finally 2272
(mod p). O

1 The sentences in parentheses serve only as justifications of the stated equivalences here.
Thus, e.g., 2p| (n—1) & (nisodd) < p| (n—1) should be read as “2p divides (n — 1) if
and only if p divides (n — 1) because n is odd” and so on.

j12-1-2/j12-1-9-1



Problem j12-1-3/j12-11-59. Positive numbers 1, ..., x, satisfy

Lo L
1+.§Cl 1—|—$2 1+£Cn

=1 (1)

Prove that

\/3T1+\/972+~--+\/E2(n—1)(\/%+\/%+m+ \/%)

(University of Ostrava)

Solution. It is sufficient to prove that

(e gm) (e m) e m) e m )

or equivalently (see (1))

(1+x1+ +1+xn>< Lot )> < PR S > @)
.. DRI n —_— —_— .. .
x1 /Ty 1+ 2 1+2,/) — e /o /Tn
Consider the function f(z) = z + —= = £, z € (0,400). It is easy to check that the

Vo T VT
function f is non-decreasing on [1,400) and that

fla)=f(1) (3)

holds for each 2 > 0.
Further, it follows from (1) that only 27 can be less than 1 (i.e. xp > 1, k = 2,3,...)

1 _ 1 _ _T1
and TTas <1 7o = o Hence

1
> — 4

T2 =2 1 (4)
(a contradiction otherwise). It is now apparent directly (if 1 > 1) or from (3) and (4) (if
x1 < 1) that

fle) = f(55) < fla2) < - < flan).
Ve
the well-known Chebyshev’s inequality since the sequence {ﬁ }Zzl is decreasing.
The equality in (2) holds if and only if

This means that the sequence { }k is non-decreasing. Thus (2) holds according to
=1

1 1 1 14z 1+ 14z,
= = e e e or = = e e e s
1+ 2 1+ 29 1+, /1 /o /Tn
which implies ;1 = 29 = -+ = z,,. Then we obtain from (1) that x1 = 29 = -+ =z, =

n—1 04

j12-1-3/j12-11-59-1



Problem j12-1-4/j12-1-5. The numbers 1, 2, ..., n are assigned to the vertices of a regular

n-gon in an arbitrary order. For each edge compute the product of the two numbers at the

endpoints and sum up these products. What is the smallest possible value of this sum?
(Babes-Bolyai University, Cluj-Napoca)

Solution. Due to the (a—b)? = a® —2ab+b? identity, it is sufficient to find the maximum

of the sum
n

S (olk+1) —a(k)’

k=1

where o (k) denotes the number from the k" vertex and o(n + 1) = o(1). We will give an
inductive algorithm to find an optimal arrangement and so we can find the maximal sum
(or the minimal for the initial problem). Suppose we have an arbitrary arrangement with n
numbers and construct an arrangement with n + 2 numbers in the following way:

e Find the maximum of |o(k + 1) — o(k)|. For such a k, denote # = min{o(k +1),0(k)}
and y = max{o(k +1),0(k)}.

e Increase each number by 1.

e Insert the numbers 1 and n + 2 as in figure 1.

If we denote by s,t2 and s, the corresponding distance sums, we have:

anrg:sn—(ac—y)g-i-((n—i—l)—gc)2+(n—|—1)2+y2
=5, +2(n+1)% + 22y — 22 — 2na.

On the other hand, from the obvious inequalities x > 1 and n + 1 —y > 1, we have
z(n+ 1 —1y) > 1 and this implies 22y — 22 — 2nz < —2. Hence

Spte = Sn +2(n+1)% — 2n = 2n(n + 2).

If y,, is the maximal sum, we have y,+2 = y, + 2n(n+ 2) (because for n = 3 in the maximal
arrangement # = 1, y = 3 and in each step the maximal distance |o(k + 1) — o(k)| occurs
at x =1 and y =n). For n = 2 and n = 3, we have y» = 2 and y3 = 6 so from the obtained
recurrence relation we can deduce y2, =2+ §(n — 1)n(n + 1) and thus

23 i1 K2 —yon _ 4n® 4+ 6n® +5n—3
2 3

Ton =

where x,, denotes the minimal sum for the initial problem. Analogously we have

An® +12n% + 14n + 3
3 .

Toan+1 =

For n € {6, 7, 8, 9, 10}, we have illustrated the optimal arrangements on figures 2, 3, 4, 5
(in the exterior we have written the arrangement’s numbers, inside the circle the product of
any two adjacent number and in the inside circle the sum of these products).

Remark. For p > 1, the above arrangements will give the maximum of the sum
Sr_i(o(k+1) —o(k))”, and this can be proved by the same method using the inequality

m+1)P+n+1—-a)P+yP —(y—2)’ <nP 4+ (n+ )P +nP — (n—1)P.

j12-1-4/j12-1-5-1



Figure 4 Figure 5

j12-1-4/j12-1-5-2



Problem j12-II-1/j12-11-56. Find all complex solutions of the system

(a+ic)® + (ia + b)> + (=b+1ic)* = -6,
(a+ic)® + (ia + b)* + (=b+ic)* =6,
(I1+i)a+2ic=0.

(P. J. Safarik University in Kosice)
Solution. Let us notice that the third equation can be written as
(a+1ic) + (ia +b) + (—=b+1ic) = 0;
that is why a natural substitution is
T = a+ic, y=1ia+0, z=—b+ic.

Then, our system is )
2 +yP+ 2% =6
?+y +2°=6
z +y +z =0

Using symmetric polynomials, we get
T+Yy+z=o0y,
2+ 2% = (r+y+2)? 2@y +yz+az) =o0r — 209,
Pyt = (e y+2)°® 3wy +yz+az)(x+y+2) +3wyz = o) — 30102 + 303.
It is a well-known fact that x, y, z must be roots of the cubic polynomial
f(t) =13 — 01t? 4 oot — 03.
Since o1 = 0, J% — 209 = 6, 0? — 30109 + 303 = —6, we have
o1 =0, oy = —3, o3 = —2.

Rational roots of the polynomial f(t) = t3 — 3t 4+ 2 can only be from the set {—2,—1,1,2}.
Trying these, it turns out that t = 1 and ¢t = —2 are roots. Decomposition of the polynomial
then reveals that 1 is a double root.

Thus, we have

(z,y,2) € {(1,1,-2),(1,-2,1),(-2,1,1) }.

Returning back, we solve the system

a +ic=zx
ia+b =y
—-b+ic=z
Its determinant is
1 0 i
Al=]i 1 0|=i+1+#0,
0 -1 1

so for each (z,y, z) there is exactly one solution. It is easy to get the inverse matrix:
1 141 —-1—-1 —1-i
A—lz5 1—i 141 —1+i
—1-i 1—i 1—i
Multiplying this matrix by the vectors (z,y, z) gives three solutions (a, b, ¢):
(1+1,2—1i,-1), (1+i,-1—1i,—1),  (=2—2i,—1+2i,2).

One can easily verify that all three satisfy the system. O

j12-T1-1/j12-11-56-1



Problem j12-11-2/j12-11-52. A ring R (not necessarily commutative) contains at least
one zero divisor and the number of zero divisors is finite. Prove that R is finite.
(E6tvos Lordand University, Budapest)

Solution. Let m be the number of zero divisors and u,v € R two non-zero elements such
that uv = 0.

We generate more zero divisors in the following way. For an arbitrary x € R, the element
xu is either 0 or also a zero divisor, since (zu)v = z(uv) = 0.1

If zu = yu for some different elements x,y € R, then (z —y)u = 0, and x — y is a zero
divisor. This implies that 0 or an arbitrary zero divisor can be obtained at most m + 1 times
in the form zu.I

Thus, each of 0 and the m zero divisors is obtained at most m times and the number of
elements of R cannot exceed (m +1)2. O

1 The set {xu;x € R} is finite, its cardinality being < m + 1.

1 Define an equivalence relation: x ~ y iff zu = yu. In each class of equivalence, there
are (m + 1) elements at most. Finally, the number of the classes of equivalence is equal to
the cardinality of the set {zu;x € R}, which is finite.

j12-11-2/j12-11-52-1



Problem j12-11-3/j12-11-53. Let E be the set of all continuous functions u:[0,1] — R
satisfying

u?(t) < 1+4/ts}u(s)|ds, vt € [0,1].
0

Let ¢p: E — R be defined by

p(u) = /0 (v?(z) — u(z)) d.

Prove that ¢ has a maximum value and find it. (Babes-Bolyai University, Cluj-Napoca)
Solution. Let .
u(t) =1 +4/ slu(s)|ds, Vvt e [0,1].
0

We have
t
V' (t) = dtfu(t)| < 4t\/1 + 4/ s|u(s)| ds < 4ty/v(t)
0
50 t 1 t
Vo(t)—1= v'(s) ds < [ 2sds =1t?
0 24/v(s) 0
therefore

lu(®)| < Volt) < +1.
If we consider ¢, we have
[u?(t) — u(t)] = |u(®)|Ju(t) — 1] < (£ + 1)(¢* +2),

16

p(u)] < /Ol\u%)—u(t)!dts/01<t2+1)(t2+2)dt= 5

Equality can be achieved if
lu(t)| =t +1 and lu(t) —1| = * + 2.

This is the case of u(t) = —t? — 1, which belongs to E. [

j12-11-3/j12-11-53-1



Problem j12-11-4/j12-11-62. Prove that

2

1
lim nz(/ \"L/l—l—x"dx—l) = l.
0

n—00 12

(Sofia University St. Kliment Ohridski)
Solution. We will prove that

. , 1 . 00 (_1)1@71 2
lim n V1+azrde —1 :27:
0

n—00 k2 12°
k=1

Let a, = n? (fol YT+ a"de —1). It is widely known that (1 +)* = 3.7 ($)t* for
any t € [0,1] and a € (0,1). Moreover, |({)t*| = (=1)F71(2)tF and |({)t*| > |(§)t*T!] for
k>1,t>0and a € (0,1). Thus, the following inequalities hold:

2p a 2p+1 o
k « k
Z(k>t <A+ <y (k>t .
k=0 k=0

Let us put t = 2™ and o = % Integrating on [0, 1], we obtain

2p 1 2p+1
1/n 1 1/n 1
< [ Vi+ande< :
kz_:o(k:)nkz—i—l_/o e x_k_o(kz)nk—i—l

Hence,

2p
1/n 1 1/n 1
0<a,—n’ < n? . —
= "Z_:<k>nk+1—”(2p+1)n(2p+1)+1

A simple calculation gives the following estimation:

2( 1/n> 1 1
n < .
2p+1/n(2p+1)+1 ~ (2p+1)?

Consequently, as n tends to infinity,

n—oo

. 22 (—1)k 1
0 < limsup| a, — Z 2 < 1)

and

2 (1t !
< limi - < .
O—szﬂﬁgf(an 2 >—<2p+1>2

k=1

Letting p — oo, we obtain the desired result. [J

j12-T1-4/j12-11-62-1



The 13th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 2nd April 2003
Category 1

Problem 1. Let d(k) denote the number of all natural divisors of a
natural number k. Prove that for any natural number ng the sequence
{d(n* + 1)}20:% is not strictly monotone. [10 points]

Problem 2. Let A = (a;;) be an m x n real matrix with at least one
non-zero element. For each i € {1,...,m}, let R; = Z?:l a;; be the
sum of the i-th row of the matrix A, and for each j € {1,...,n}, let
C; = > | a;; be the sum of the j-th column of the matrix A. Prove
that there exist indices k € {1,...,m} and [ € {1,...,n} such that

ag >0, R, >0, C; >0,
or
ap <0, R, <0, C; <0.

[10 points]
Problem 3. Find the limit
lim \/1—|—2\/1+3\/-~-—|—(n—1)\/1—|—n .
[10 points]

Problem 4. Let A and B be complex Hermitian 2 x 2 matrices having
the pairs of eigenvalues (a1, ae) and (51, B2), respectively. Determine
all possible pairs of eigenvalues (1, y2) of the matrix C = A+ B. (We
recall that a matrix A = (a;;) is Hermitian if and only if a;; = @j; for
all 7 and j.) [10 points]



The 13th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 2nd April 2003
Category 11

Problem 1. Two real square matrices A and B satisfy the conditions
A2002 — B2003 — [ and AB = BA. Prove that A+ B+ 1 is invertible.
(The symbol I denotes the identity matrix.) [10 points]

Problem 2. Let {D;, Ds,...,D,} be a set of disks in the Euclidean
plane. (A disk is a set of points whose distance from the given centre
is less than or equal to the given radius.) Let a;; = S(D; N D;) be
the area of D; N D;. Prove that the inequality

n n
E E A5 TiT 5 Z 0
i=1 j=1

holds for any real numbers z1, xa, ..., Ty. [10 points]

Problem 3. Let {a,}22, be the sequence of real numbers satisfying

ap =0, a; =1 and
Qnp

Ap+2 = Ap41 + on

for every n > 0. Prove that

> 1
lim a, =1+ - .
n=o0 ; 2n(n=D/2TT¢_ (28 — 1)

[10 points]

Problem 4. Let f,g:[0,1] — (0,400) be two continuous functions
such that f and % are increasing. Prove that

Y fmar o M)
o JTema’ §2/o o) 1

[10 points]



Problem j13-1-1/j13-1-15. Let d(k) be the number of all natural divisors of a number
k € N. Prove that for any ng € N the sequence (d(n2 + 1)):;10 is not strictly monotone.
(Vilnius University)

Solution. Note that d(n? + 1) < n for all even n. Indeed, the number n? + 1 is not
square and so it is possible to split the set of all its divisors into pairs {d, (n?+1)/d } where
d < n and d is odd. The number of divisors in all such pairs does not exceed n.

Let us assume that starting from some ny € N, the sequence is strictly monotone. For
d(n? + 1) is always even, we get

d((n+1)>+1) >d(n* +1) +2

or, in general,
d((n+k)* +1) > d(n® +1) + 2k

for any natural numbers n > ng and k > 1. Let N > ngy (e.g., N = ng). Taking any
s> N —d(N?+1) (such that N + s is even), we get

d(N+5)?2+1) >d(N*>+1)+25> N +s,

which is a contradiction with d((N +s)? +1) < N +s. O

j13-1-1/j13-1-15-1



Problem j13-1-2/j13-1-19. Let A = [a; ;] be an m X n real matrix with at least one
non-zero element. For eachi € {1,...,m} let R; := 3_7_, a; j (the sum of the i-th row of A)
and for each j € {1,...,n} let C; := Y., a; ; (the sum of the j-th column of A). Prove
that there exist indices k € {1,...,m} and l € {1,...,n} such that

ag; >0, R, >0, ¢ >0,
or
ag; <0, R <0, C; <0.

(University of Zagreb)

Solution. Consider the following sets of indices (some of them may be empty):

I:={ie{l,...om} | R, >0},
I":={ie{l,....om}| R <0},
Jt={jef{l,....n} |C;>0},
Jo={je{l,....n} |C; <0}.
Suppose that the statement of the problem does not hold. Then (but not equivalently) we

have a; j <0 for every (i,7) € I x J* and we have a; ; > 0 for every (¢,7) € I~ x J~. Let
us write the sum Z(i Jyer-x+ Giyj in two different ways:

n

) ai; = ( ai;— am‘) => Ri— aij <0,
(6,§)€l-xJ+ iel— “j=1 jedJ- iel— (6,§) €I~ xJ~
m
> aij= ) ( aij— Y am’) =) G- > aij > 0.
(i,j)el—xJ+ jeJt+ Ni=1 ielt jeJt+ (i,4)eltxJ+t

Therefore, Z(i,j)e - xg+ @ij = 0 and we have only equalities in the two formulae above.
This is only possible if >3,.;- R; = 0 and 37, ;+ C; = 0,50 I~ =0 and J* = (,f which
means R; > 0foralli=1,..., mand C; <0 forall j =1, ..., n. Moreover, from

3
3
3
3
3

we conclude R; =0 fori=1,..., mand C; =0 for j =1, ..., n. Since A is a non-zero
matrix, there are indices k and [ such that a;; # 0, but R = 0 and C; = 0, which leads to
a contradiction with the assumption that the statement of the problem is false. [J

T If I~ # (), then Z(ij)el*xJ* aij <Y ;cr- Ri <0 — a contradiction. We can argue
similarly to show J+ = 0.

j13-1-2/j13-1-19-1



Problem j13-1-3/j13-1-9. Find the limit

lim \/1+2\/1+3\/m+(n1)m.

n—oo

(Dr. Moubinool Omarjee, Parist)
Solution. Let

um7n—\/1+m\/1+(m+1)\/~-+(n1)\/1+7n.

We have )
Um,n = 1+ MUm+1,n

Uy — (m + 1)2 = m(u7rz+1,n - (m + 2))

m,n

Using the equality |a — b| = |a® — b?|/]a + b| and inequality w, , +m + 1 > m + 2, we get
m
|um,n —m — ]-| < m+ 2|um+1,n - (m+ 2)|

We deduce that

i =3 < 32 | |
U2.n =45 n+1 Un—1,n nj,
6 1
-3 < — \/1 —1v1 — =0(—].
[ug,, — 3] < n(n—i—l)( +(n—-1DV1+n n) (n>

So we get
lim s, = 3.

n—0oo

1 This problem is formally proposed by the University of Ostrava.

j13-1-3/j13-1-9-1



Problem j13-1-4/j13-1-12. Let A and B be complex hermitian 2 x 2 matrices with pairs
of eigenvalues (aq,az) and (031, 2), respectively. Determine all possible pairs (v1,72) of
eigenvalues of the matrix C = A+ B. (A matrix A = [a, ;] is hermitian if and only if
a;,; =G, for all i,j.) (Charles University in Prague)

Solution. Recall that all eigenvalues of a hermitian matrix are real numbers and that
there exists an orthonormal basis consisting of eigenvectors of the matrix. As we can add a
suffitiently large multiple of the identity matrix to both matrices A and B, we can suppose
wlog that a1, as, 81,02 > 0 and also 1,72 > 0.

Let us also wlog suppose a1 > ao, (1 > P2, 71 > 72 and a1 — ag > (1 — B2. By easy
arguments, we can see

1+7=TrC=TrA+TrB=o+ a2+ b1+ Pa.

Further, it holds that
n<ar+b, 2 =a+t b

(The first inequality can be seen if we rewrite it slightly: v; = ||C|| < ||A]| + || B|| = a1 + (1.
The second inequality follows if we consider the equality above and the first inequality
together. — Alternatively, v; = max(Cz,z)/(z,2) < max(Ax,z)/(x,z) + max(Bz,x)/
(x,z) = a1 + 01 and 2 = min(Cx,2)/(z,z) > min(Az,z)/(z,z) + min(Bz,z)/(z,x) =
a9 + B2.) Later we will also prove the inequalities

M 2> oq + B, Yo < B1+ an

(in fact, it suffices to prove only the first one because the second one follows if we use the
equality given above).

From these inequalities, we can see that v1 € [a1 + B2,a1 + f1]. (The value of 5 has
to be “complementary” to obtain the right value of the sum 7; + 2. It also worths noting
that even if v = ay + (o, then still ;3 > ~9 = 61 + as. This follows from the assumption
a1 —ag > 1 — B2.) We will show that v; can assume any value from the given interval
[a1 + B2, 01 + B1]. Consequently, the set of all possible pairs (y1,72) of eigenvalues of the
matrix C = A+ B is

{(nm) ar+Bh<n<a+f.n+r=c+a+0+05}

To see this, let us put

(a1 O (B 0 _ cost sint
A_<O oz2>’ B_(O ﬂg)’ P(t)_(sint cost)'

The matrix A obviously has eigenvalues (a1, as). The matrix B(t) = P~1(t)BP(t) obviously
has eigenvalues (31, 32). If we note that P~1(t) = PT(t) and define the matrix C(t) =
A+ B(t), we have

_ _[(aat+p 0 o (a1t 0
C(O)_A+B_< 10 1 Ozz-l-ﬂz)’ 6(2)_( 10 i OZ2+51>.

The matrix C(0) has the eigenvalue v1(0) = ay + 1. (Note that v1(0) > 72(0) = as + S2.)
The matrix C(7/2) has the eigenvalue 1 (7/2) = a1 + B2. (Note that v1(w/2) > y2(7w/2) =
as + B1.) As both eigenvalues (y1,72) of a matrix C depend continuously on the coefficients
of the matrix, we deduce that 7 (¢) is a continuous function. Consequently, it assumes every
value from the interval [a; + (2, a1 + (1], which we wanted to demonstrate.

Now it only remains to prove the inequality y; > a7 + (2 for any two complex hermitian
matrices A and B. Let us recall that we still wlog suppose a; > as > 0, (1 > B2 > 0
and y; > 72 > 0. Let v; and vs denote the eigenvectors of the matrix A corresponding
to the eigenvalues a; and aw, respectively, and let w; and ws denote the eigenvectors of B
corresponding to the eigenvalues ;1 and fs, respectively. We can suppose that the bases

j13-1-4/j13-1-12-1



u11 ulz)

{v1,v2} and {wy,wy} are orthonormal. So there exists some unitary matrix U = (
’ i U21 U22

such that
U1 = u11W1 + U12W2, and w1 = U111 + U212,
Vg = U21W1 + U22W2, Wo = U201 + U22V2.

We will estimate 7; in the following way. First,
m = sup{ [|Cz|| : [z =1} > [|Cui

where ||| denotes the Euclidean norm. (Let us justify the formula. Recall that v =
max| ;=1 (Cz,z). Obviously, 7% is the greater eigenvalue of C?. Consequently, it follows
that vi = maxHIH:l(C2:c,a:). As C'is hermitian, we have (C?z,7) = 2*CCx = 2*C*Cz =
(Cz,Cx) = ||Czx||?.) Second,

Cvy = (A+ B)vy = aqvy + Bruniwy + faurpwz = (a1 + B2)vr + (81 — Bo)unwi =
= (o + B2 + (B1 — B2)urrunr)vr + (B — Bo)ur1lztve.

As the vectors v; and ve are orthonormal and (81 — 82)u11u17 > 0, we conclude

7 = [|Coi]| = \/’041 + B2+ (81— ﬁ2)u11Tn|2 + (81 — 52)%1@1}2 >

> \/’041 + B2+ (81— ﬁ2)u1115711|2 > ag + fa.

j13-1-4/j13-1-12-2



Problem j13-II-1/j13-11-51. Two real square matrices A and B satisfy the conditions
A2002 — B2003 — T and AB = BA. Prove that A+ B + I is invertible. (The symbol I
denotes the identity matrix.) (University of Belgrade)

Solution. Let (A + B + Iz = 0 for some vector z, i.e., (B + I)v = —Az. Then
we have —A%z = A(B + )z = (B + I)Ax = —(B + I)%z, and, continuing in this way,
(B+1)Fx = (—=1)kAkz. As A?92 = [ we get (B + I)?°%%z = 7, i.e.,

((B +I)2(]02 _ I)x — (BQOOS _ I).’L’ — O

(Recall B2993 = [.) In other words, taking that p(t) = (t + 1)2°°2 — 1 and ¢(t) = 299 — 1
are polynomials, we have just got

But, since 2003 is a prime, ¢(t)/(t — 1) is a primitive polynomial for all its roots, and
therefore none of them is a root of the another monic polynomial p(t) of degree 2002; further,
the remained root ¢ = 1 of ¢(¢) is not a root of p(¢), which implies that p(t) and ¢(t) are
coprime.T

Since there exist non-zero polynomials r(¢) and s(¢) such that r(¢)p(t) — s(t)q(t) = 1
(recall the Euclidean algorithm), we can conclude that « = r(B)p(B)x — s(B)g(B)z = 0,
and so A + B + I must be invertible indeed. O

1 The polynomials p(t) and ¢(t) are really coprime (i.e. relatively prime). Here is another
argument: Every polynomial (of degree > 1) can be written as a product of factors of

degree 1. In particular, p(t) = (t +1)2992 — 1 = iozof(t — 2zpk) and g(t) = 299 — 1 =
iozof’(t — Zq.k), Where zp 1, ..., zp o002 and zg 1, ..., Zq.2003 are the roots of the polynomial

p and ¢, respectively. Obviously, the polynomials p and q are relatively prime iff they have
no root in common.

It is easy to see that the roots of ¢ lie on the unit circle in the complex plane. Similarly,
it is easy to see that all roots of p are on the circle with radius 1 and its centre at the
point —1.

Thus, the intersections of the two circles,

V2 £i¥2 = cos 3 4isin+3 = (~1) + (cos T +isin£1),

are the only possible common roots of ¢ and p. But none of these two points is a root of ¢.
It follows that p and ¢ are coprime.
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Problem j13-11-2/j13-1-17. Let {D1, Ds,...,D,} be a set of disks (a disk is a circle with
its interior) in the Euclidean plane and a;; = S(D; N D;) be the area of D; N D;. Prove that
for any numbers x1,x2,...,x, € R the following inequality holds:

n n
E E Qi T 2 0.
=1 j=1

(Warsaw University)

Solution. Let xp :R* — {0,1} be the characteristic function of the set D;:

o) =\ () g o

We have:
XD;nDj = XD;XDj>

S(D;) = /Rz Xp,(z,y)dedy = /Rz XD, (z,y) dz dy,

S(D;N Dj) = /2 Xp,np, (T y) dedy = /2 Xp, (@ y)Xp,(z,y) dz dy.
R R

Thus,

S aygmia; = /R2 DO wixp, (@ y)zixp, (v.y) dedy =

i=1 j=1 i=1 j=1

2
=/ (z1xp, (#,y) + -+ anxp, (x,y)) dzdy > 0.
RQ

j13-11-2/j13-1-17-1



Problem j13-11I-3/j13-11I-70. A sequence (a,)2, of real numbers is defined recursively
by

a
2 n>0.

ag = 07 ay = 1; Up+2 = Gp1 + on ’ el

Prove that
1

o0
lim a, =1+ Z e .
nee n=1 272 : HZ:1(2]€ - 1)

(University of Zagreb)

Remark. In fact, we will prove the following:

(a) The sequence (a,)>2, is convergent.

(b) limy, oo ap =1+ 300 1/(2n(=1/2 TT0_ (2% — 1)).
(¢) The limit lim,,_,, a, is an irrational number.

Solution. (a) Obviously, a, > 0 for every n > 0. The sequence (a,)52 is increasing
since apt2 — Gnt1 = apn /2" > 0 for every n > 0. It suffices to show that (@) is bounded
from above. For each n > 0, we have a,12 < apt1 + any1/2" = apt1(1+ 1/2"). Using the
inequality between geometric and arithmetic mean, for every n > 1 we obtain

<f[ 14—1 Qﬁ 1—1—1 <2 ! +z”:1 n<2 n+1n<2e
a == - —|n - .
" ey 2" k=1 28] =\ n k=1 2" - " -

(b) Consider the power series > oo a,z". Since limsup,, o, {/]a,| < lim,_o ¥/2e =1,
its radius of convergence is R > 1. Therefore, on the open unit disc, with center at the
origin, it converges to a holomorphic function f(z) := > 7 a,z". Inductively, we obtain
Ao =1+> 7, ap /2% for any n > 0. So lim, oo a, = 1+ o ap/2F =1+ f(%) and we
have to find f(3).

Now we use the recurrent relation for (a,)3% to obtain a functional equation for f. We
multiply an42 = ani1 + a, /2" by 2"*2 and sum over all n > 0 to get

oo o0 o0

n+2 __ n+1 2 z\"
E Ap4272 =z E Ap+12 +z E an(§) R
n=0 n=0 n=0

that is
f2) =z = 2f(2) + 22 f(3),
or
(1=2)f(2) =2f(%) +2 for |z| < 1. (1)
We substitute z = 1/2" for n = 1, ..., N (where N > 1 is a fixed number) into (1), then

multiply the n-th equality by some constant s,, > 0 and finally sum up those N equalities:

(1-573) = @) +3. |51,

(1-DrE=@r@ +1. |- 52,

(1= 50)/(30) = (55) F () + 3 |- sns
(1= ger) f(goer) = (2"1+1)2 (gmrz) + gorr |- 8nt1,

(1= ) f(3h) = () F (zer) + 3 - |5

To obtain the given result (namely, to achieve cancelling of the terms with f(5%) for n =
2, ..., N), we had to choose the numbers s,, so that

(1= gsr)sner = () s forn>0. (2)

j13-11-3/j13-11-70-1



Let us put
so == 1. (2b)

It follows that s; = 2. Equalities (2b) and (2a) lead to

n—1 Sk n—1 (L)Q n—1 1 1
+1 ok
Sn = H = H T H k—1(ok = TaD -
paterd Sk 0 1-— SET paterd 2 (2 +1 _ 1) 9= —n Hk:1(2k . 1)

for every n > 1. Finally, we have

The first term tends to 0 when N — oo, so

oo

1\ 1
f(§) - nzjl 27,(7, 1) szl(Qk — 1) . (3)

(¢) The proof of lim,,_,c a, € R\ Q is based on the fact that the series in (3) converges
“very rapidly”. Suppose that its sum equals § for some positive integers p and q. For each
integer N > 1, denote

N
N(N 1)

N H ), b :CINZ = .

k=1 n= 1 Hk 1( - )

Obviously, py and ¢y are positive integers. We manage to estimate pgy — gpny. We have

N(N 1) N 2
qn [1e 2V
k=1
and - -
p PN 1 1 B
; - qu - Z ﬂ(" D] < Z "(" D n k—1
n:N+1 Hk 1( - ) n=N+1 272 Hk:l 2
oo o0
1 1 1 1
- Z D = Z om = oNZTIN-T < IN—Tgy
n=N+1 m=N(N+1)

Thus, 0 < pgy — gpn < sx=1,T 50 (PN — qpN)N>1 is a sequence of positive integers that
converges to 0. This is a contradiction and we are done. O

1 It is easy to see from the definition of the numbers py that the sequence (p g ) is strictly
increasing to the limit 2 7 Hence Z g < B ¢ 4Pn < PYN, and 0 < pgn — gpn- As the difference
is integer, we have even 1 < pqn — qpn-

j13-11-3/j13-11-70-2



Problem j13-11-4/j13-1-18. Let f,¢:[0,1] — (0,+00) be continuous functions such that
f and % are increasing. Prove that

ﬁ z d<2/fzdt

(University of Zagreb)

Solution. First, we estimate the expression inside the integral sign on the left side of the
given inequality. By the Chebycheff’s inequality for integrals applied to increasing functions
[ and % on the segment [0, z] (where z € (0,1] is fixed), we get

(;Kffayﬂ)(;(figgw)<giﬁwmwdu

Jy f@)dt x )
JTottyat = 7 a g, .

that is,

for every = € (0,1]. From the integral form of the Cauchy-Schwarz inequality on the segment

[0, x], we have
O ) O S = ([ v
4
7

or
1 T t2 f(t
— 2)
Jo 40 ar /0 o0 ¢

From (1) and (2) we obtain

JErwa _ 4 e
Jogtydt = x* o g(t)

dt. (3)
Finally, it remains to integrate (3) over z € (0, 1] and to reverse the order of integration.
t 1 xT 4 2 1 1 4 2
fo d < / (/ t3f<t) dt) dx :/ (/ tgf(t) daz) dt =
o Jogt)d o \Jo 2%9(t) o \Ji 23g(t)
/1 A2 £ (1) / dr\ . /1 arfe) 11 &
N gt . a8 B g(t) \2t2 2 N

)
o [T e [0,

(Remark. The constant 2 on the right hand side of the given inequality is optimal, i.e.,
the least possible. Consider f(t) := 1 and g(t) := t + ¢ for some fixed € > 0. Then

f(t)d ! 'd
fO dmf/ #dx:Q/ a =2In(l1+2¢) —2In2 —2Ilne
o Jy g(t)dt 0 322 tex 0 T+2e

IO g [ _n
/Owdt—/o <L =1 +e) — e,

The quotient of these two expressions can be made arbitrarily close to 2 since

and

. 2In(1+2¢) —2In2 —2Ine _ —In(#2) | 2 4y
lim =2 lim ne ne -9
eN0 111(1 + 5) —Ine N0 7111(1174»5) 1
ne

Therefore, the constant 2 is the best possible one.) O
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The 17th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 28th March 2007
Category 1

Problem 1. Can the set of positive rationals be split into two nonempty disjoint subsets
@1 and @2, such that both are closed under addition, i.e. p + q € Qy for every p,q € Qy,
k=1,2?
Can it be done when addition is exchanged for multiplication, i.e. p-q € Qy for every
D, q € Qk7 k= 1727
[10 points]

Problem 2. Alice has got a circular key ring with n keys, n > 3. When she takes it out
of her pocket, she does not know whether it got rotated and/or flipped. The only way she
can distinguish the keys is by colouring them (a colour is assigned to each key). What is the
minimum number of colours needed? [10 points]

Problem 3. A function f:]0,00) — R\ {0} is called slowly changing if for any t > 1 the

limit lim ];((tj)) exists and is equal to 1. Is it true that every slowly changing function has
Tr—00

for sufficiently large x a constant sign (i.e., is it true that for every slowly changing f there
exists an N such that for every x,y > N we have f(z)f(y) > 07) [10 points]

Problem 4. Let f:[0,1] — [0,00) be an arbitrary function satisfying

flx)+ f(y) gf(x+y)+1
2 2
for all pairs z,y € [0,1]. Prove that for all 0 <u<v <w <1,

w—v v—1U

fu) +

w—u w—u

f(w) < f(v) +2.

[10 points]
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The 17th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 28th March 2007
Category 11

Problem 1. Construct a set A C [0, 1] x [0, 1] such that A is dense in [0,1] x [0, 1] and every
vertical and every horizontal line intersects A in at most one point. [10 points]

Problem 2. Let A be a real n X n matrix satisfying
A+ A =1,

where A denotes the transpose of A and I the n x n identity matrix. Show that det A > 0.
[10 points]

Problem 3. Let f:[0,1] — R be a continuous function such that f(0) = f(1) = 0. Prove
that the set
A:={he0,1]: f(z+h) = f(x) for some z € [0,1]}

is Lebesgue measureable and has Lebesgue measure at least 5. [10 points]

Problem 4. Let S be a finite set with n elements and F a family of subsets of S with the
following property:
Ae F,ACBCS—=— BeF.

Prove that the function f:]0,1] — R given by

f@) = Z ¢lAl(1 — p)ls\Al

AeF

is nondecreasing (|A| denotes the number of elements of A). [10 points]

28-Mar-2007 11:33



Category 1

Problem 1. Can the set of positive rationals be split into two nonempty disjoint subsets
@1 and @9, such that both are closed under addition, i.e. p+ q € Q for every p,q € Qp,
k= 1,27 Can it be done when addition is exchanged for multiplication, i.e. p-q € Qy, for every

P,q € Qr, k=1,27

Solution. (a) No. If g,g € Q. then of course psq% € Q. Adding n times % and m times T

gives W € Q. for all positive integers n, m, hence np+mr € Q) for all positive integers n, m.

So if 2—:, Z—i € Q we get that p1ps +rir2 € Q1 N Q2.
(b) Yes, for instance

le{%e(@+:(m,n):1and2|n} and Q2 =Q"\ Q1.



Problem 2. Alice has got a circular key ring with n keys, n > 3. When she takes it out
of her pocket, she does not know whether it got rotated and/or flipped. The only way she
can distinguish the keys is by colouring them (a colour is assigned to each key). What is the
minimum number of colors needed?

Solution. Clearly at least two colors are needed in any case to distinguish between at least
two keys. For three, four or five keys on the ring, we will show that three colors are necessary.
For six or more keys on the ring, we will show that two colors suffice. Choose one key and
denote it with k1. Order all other keys in natural order as they follow each other going from k;
around the ring in one direction. For 1 < i < n denote with ¢(k;) color of the key k;. Without
loss of generality let c¢(ky) = 1.

Suppose that two colors suffice for n = 3. Then there are two similar possibilities for coloring
the keys. Either c(k2) = c¢(ks) = 2 or ¢(k2) = 1. In the first case one can not distinguish between
keys ko and k3. In the second case one can not distinguish between keys k1 and ks. Hence for
n = 3 we need three colors.

Suppose that two colors suffice for n = 4. Then there are four possibilities for coloring the
keys. If c(ke) = c(ks) = c(ks) = 2, then kg and k4 can not be distinguished (rotation of the key
ring through the line across k1 and k3 interchanges ko and ky). If ¢(k2) = 1 and c¢(ks3) = c(kg) = 2
then there is a rotation that interchanges k; and ko and also interchanges ks and k4 (similar is
the case when c(ky4) = 1 and c(ka) = c(k3) = 2). If ¢(k3) = 1 and ¢(k2) = ¢(k4) = 2 then there is
a rotation that interchanges k1 and ks and there is also other rotation that interchanges ko and
k4. Hence for n = 4 at least three colors are needed. Consider the following coloring: c(k1) = 1,
c(k2) = 2, ¢(ks) = 3 and ¢(k4) = 1 (one possibility). Keys k1 and k4 have the same color, but
one can distinguish between them since ki has a neighbor colored with color 1 and a neighbor
colored with color 2, while k4 has also one neighbor colored with color 1, but the other neighbor
is colored with color 3. Hence three colors suffice for n = 4.

Suppose that two colors suffice for n = 5. Then there are two possibilities for coloring the
keys: all other keys than k; are colored with color 2 (the similar is the case when one key gets
color 1, only the roles of the colors are interchanged) or one of them gets color 1 and other
three get color 2 (the same is the case when two keys get color 2, only the roles of the colors are
interchanged). In first case one can not distinguish between keys ko and ks and also between
keys ks and k4 (there is a rotation of the key ring where keys in both pairs interchange, while
ky is fixed). When there is a key other than k; with color 1 we need to consider two subcases.
If ¢(ko) = 1 (similar is the case when ¢(k5) = 1) we can not distinguish between k; and ko (also
between k3 and ks). If ¢(k3) = 1 (similar is the case when ¢(ky4) = 1) we can not distinguish
between k; and k3 (also between k4 and ks). Hence for n = 5 at least three colors are needed.
Consider the following coloring: c(k1) = 1, c(k2) = 2, c(k3) = 3 and c(ks) = c(ks5) = 2 (one
possibility). Keys ko, k4 and ks have the same color, but one can distinguish between them
since ko is the only one between them that has a neighbor colored with color 1 and a neighbor
colored with color 3, while only k4 has a neighbor colored with color 3 and a neighbor colored
with color 2. Hence three colors suffice for n = 5.

For n > 6 consider the following coloring: c(k1) = 1, c¢(kn) = 2, c(kp—1) = c(kp—2) = 1 and
c(k;) =2 for 2 < i <n—3. Then k; is the only key of color 1 with both neighbors colored with
color 2. Keys kj,—1 and k,_2 both have neighbors of two different colors, but the distance (the
smallest of the two numbers: number of the keys lying between the two keys in one and other
direction) between k,_; and k; is one while the distance between k,_o and k; is two. Hence
one can distinguish between all three keys colored with color 1. Among keys colored with color
2 only k, has both neighbors colored with color 1. All other keys: k; for 2 < i < n — 3 have
either one or two neighbors colored with color 2. But any k;, where 2 <4 < n — 3, has a pair of
distances: distance between k; and k7 and distance between k; and k,,_o that is different from
any other pair of distances of some key k; # k; for 2 < j < n —3 . Hence we can distinguish
also between keys colored with color 2. =



Problem 3. A function f: [0,00) — R\ {0} is called slowly changing if for any t > 1 the

limit lim % exists and is equal to 1. Is it true that every slowly changing function has for
T—00

sufficiently large x a constant sign (that is — it is true that for every slowly changing f there
exists N such that for every x,y > N we have f(z)f(y) > 0?)

Remark. The assumption f(z) # 0 is only technical, to avoid explaining what does the limit
mean in the other case, and in reality changes nothing.

Remark. The reader is encouraged to try and solve the problem himself before reading the
solution. The author’s and the proposer’s opinion is that although the solution is simple, it is
not so easy to find it (both tried, both succeeded, but both spent some time on it before getting
the correct idea).

Solution. Take t = 2. Take such a N > 0 that for x > N we have J}(é‘:fc)) > 0. This means

2x) and f(x) are of the same sign for x > N. Suppose that for any x > N we have that
x) and f(N) are of a different sign. Let ¢ = {. Then ]}((t]]\y)) < 0, and by easy induction

< 0 for any k£ € N, which contradicts the assumption % — 1 when x tends to co. The

f(
f(
f(E2°N)

f(2EN)
contradiction proves the thesis. 0




Problem 4. Let f:[0,1] — [0,00) be an arbitrary function satisfying

f(w);rf(y) Sf(xTer) 1 (1)

for all pairs x,y € [0,1]. Prove that for all 1 <u <v <w <1,

w—v V—Uu

fu) +

w—Uu w—u

f(w) < flv)+2.

Solution. Let

Meww) = s (222 f) + 22 ) - 1))

vE(u,w) w—u w—u

we have to prove M (u,w) < 2. Note that M (u,w) is finite, because

w—v VvV—Uu

fu) +

w—Uu w—1u

flw) = flv) <1 flu) +1- f(w) = 0= f(u) + f(w).

Let € > 0 be an arbitrary positive real number. Choose v such that

w—v V—u

fu) +

w—u w—u

flw) — f(v) > M(u,w) —¢.

If v < % then apply (1) for 2 =u and y = u+ 2(v — u) = 2v — w:
fw) + f(2v —u)

5 < flv) +1;
M(uyw) =& < 222 f(u) + 2= f(w) - f(v)
R AR (L
_ ;(“} —B0 ) py g BT ) a0 —u)) 1
S%M(u,w)—i-l,

M(u,w) <24 2¢.
Otherwise, if HT"‘” <wv,apply z =w —2(w—v)=2v—wand y =v in (1):

f(2v —w) + f(w)

5 < flv)+1;
M(u,w) —e < w:vf(u)—i- U:Zf(w)—f@)
< o f(w) + —— f(w) - f(2v_u;)+f(w) +1
= (M B o) 41

1
éiM(uvw)_‘_la

M(u,w) <2+ 2¢.
In both cases we obtained M (u,w) < 24 2¢. This holds for all €, therefore M (u,w) < 2. 0O



Category 11

Problem 1. Construct a set A C [0,1] x [0,1] such that A is dense in [0,1] x [0, 1] and every
vertical and every horizontal line intersects A in at most one point.

Solution. Take «a, 8 ¢ Q such that % Z Q. Then

A= {({na},{nB}) :n € N},

where {x} denotes the fractional part of z, fulfills the assumptions. 0



Problem 2. Let A be a real n X n matrix satisfying
A+ A =1,
where A! denotes the transpose of A and I the n x n identity matrix. Show that det A > 0.

Solution. The assumption A + A* = I is equivalent to saying A = S + %I where S denotes
an arbitrary real skew symmetric matrix. In particular, there exists some orthogonal matrix T'
that diagonalizes S and for which D := T'ST contains the eigenvalues of S. They are either
zero or purely imaginary and pairwise conjugated, i.e. of the form

r1i, —r1l, ..., 7rsl, =11, 0,...,0

with 7, € R for all k =1,...,s. The determinant of A is evaluated as follows:
1 1
det A = det (S + 51) = det(D + 1)
since det(T'T) = 1 and with the notations from above this expression is

(5 TI(+i) (5 i) = (3) " TI( +49).

As all factors are strictly positive the result follows. 0



Problem 3. Let f:[0,1] — R be a continuous function such that f(0) = f(1) = 0. Prove
that the set
A:={he0,1]: f(z+h) = f(z) for some z € [0,1]}

has Lebesgue measure at least %

Solution. Let us observe, that if f is continuous then A is closed, thus A is Lebesgue
measurable. Moreover the set

B:={he0,1]:1-he A}

has the same Lebesgue measure as the set A. We show that AU B = [0, 1].
For any h € [0, 1] we define a function g: [0,1] — R by

g(z)=fx+h)— f(z) fx+h<1

and

gx)=f(x+h—-1)— f(z) fz+h>1.

From the assumption we have that ¢ is continuous. If f has its minimum and maximum,
respectively, in zg and z1, then g(z¢) > 0 and g(z1) < 0. From Darboux property we have that,
there exists x9 such that g(z3) = 0, therefore h € A or h € B. This completes the proof. 0



Problem 4. Let S be a finite set with n elements and F a family of subsets of S with the
following property:
Ae F,ACBCS= BeF

Prove that the function f: [0,1] — R given by

Ft) =Yt — )\

AeF

is nondecreasing (|A| denotes the number of elements of A).

Solution. Without loss of generality assume S = {1,2,...,n}. For each subset A and every

n .
t € [0,1] construct a set Iy 4 := [] It(J/)‘ in R"™, where
j=1 "

I

R [O,t) lfj cA

AT\ ifj¢A.

It’s clear that for any two different subsets A and B the sets I; 4 and I; p are disjoint. Since the
volume of I; 4 is equal to t/4!(1 — )4l we have that f(t) is equal to the volume of Uner Li,a-
So the claim will be proved if we prove that

U BaC U Ina forallo<ty <ty <1. (1)
AEF AEF
Take an arbitrary x = (z1,x2,...,2,) € Ij, 4 for some A € F. Construct a set B C S such that

j € Bifandonly if z; <t5. If j ¢ B then x; > t > t; which implies j ¢ A. So A C B and thus
B € F. Moreover, from the definition of B, we have « € I;, g. This proves (1) and the problem
is solved. 0



The 18th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 2nd April 2008
Category 1

Problem 1. Find all complex roots (with multiplicities) of the polynomial

2008
plaz) =Y (1004 — [1004 — n[)z™ .

=1
[10 points]
Problem 2. Find all functions f: (0,00) — (0,00) such that
FUf () +4f(f(2)) + f(z) = 6.
[10 points]

Problem 3. Find all ¢ € R for which there exists an infinitely differentiable function
f:R — R such that for alln € N and x € R we have

FOD (@) > f0 () +c.

[10 points]

Problem 4. The numbers of the set {1,2,...,n} are colored with 6 colors. Let
S = {(x,y,z) c{1,2,...,n}* 2 4+y+2=0 (mod n)
and x,y,z have the same color}
and
D = {(:my,z) c{1,2,...,n}* 2 4+y+2=0 (mod n)
and x,y, z have three different co]ors} .
Prove that
n2
|D| < 2|S|+ =

(For a set A, |A| denotes the number of elements in A.) [10 points]
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The 18th Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 2nd April 2008
Category 11

Problem 1. Find all functions f:7Z — Z such that
19f(z) =17/ (f(2)) = 2z
for all x € Z. [10 points]

Problem 2. Find all continuously differentiable functions f:[0,1] — (0,00) such that

%:eand
/1dx+/1f’(:c)2dx<2
o f@)? Jo -

[10 points]

Problem 3. Find all pairs of natural numbers (n,m) with 1 < n < m such that the
numbers 1, {/n and %/m are linearly dependent over the field of rational numbers Q.
[10 points]

Problem 4. We consider the following game for one person. The aim of the player is to
reach a fixed capital C > 2. The player begins with capital 0 < zo < C. In each turn
let © be the player’s current capital. Define s(x) as follows:

T ifz <1
s(x):=9 C—2 ifC—-2<1
1 otherwise.

Then a fair coin is tossed and the player’s capital either increases or decreases by s(x), each
with probability % Find the probability that in a finite number of turns the player wins by
reaching the capital C. [10 points]

2-Apr-2008 12:09



Problem j18-I-1. Find all complex roots (with multiplicities) of the polynomial

2008
plaz) =Y (1004 — [1004 — n[)z™ .

n=1
Solution. Observe, by comparison of coefficients, that

1003

2
p(z) =2z (Z x”)
n=0
1003 1004 _
Since ) 2" = £ L we conclude that p has the simple root 0 and the roots exp 205>

n=0
n=1,2,...,1003, with multiplicity 2. O

2-Apr-2008 ji8-I-1 1. 12:56



Problem j18-I-2. Find all functions f: (0,00) — (0,00) such that

U @) +4f(f(2) + f(z) = 6z

Solution. Let a € RT be arbitrary. Set ag = a, a, = f(an_1) for n > 0. Then we obtain
recurrence relation
Gn+3 +4anyo + any1 —6a, =0.

Characteristic equation is
Yy -4y +y—6=0

with roots —2, —3 and 1. The general solution of recurrence relation is
an =A(=3)"+B(-2)"+C.

If A or B are not equal to 0, we have a contradiction because in range of f we could find
negative values. So the only possible solution is a,, = C. Because of ag = a we have a, = a
for all n € Ny. Substituting n = 1 we obtain

f(a) = f(ap) = a1 = a,

so for all a € R* we have f(a) = a.
The only solution of the equation is f(z) = x, what can be easily checked. O

2-Apr-2008 ji8-I-2 1. 12:56



Problem j18-1I-3. Find all ¢ € R for which there exists an infinitely differentiable function
f:R — R such that for alln € N and x € R we have

FU @) > f™ (@) + e (1)

Solution. For ¢ < 0 we can take f(z) = e**. Then f("+1(z) = 27+1e?® > 2ne?* =
F ().

For positive ¢ no function satisfies (1). We begin with two simple lemmas.
Lemma 1. If f satisfies (1), then for any x € R there exists an y < x such that f(y) < —5.

Proof. If f(t) > —% on (—o0, ], then f'(t) > £ for any t < x, thus
) =@ - [ < 1@ - - v}

for any y < z, thus for sufficiently small y we have f(y) < 0, a contradiction. o

Lemma 2. If f satisfies (1), then for any x € R such that f(x) < § we have f(y) < § for
any y < x.

Proof. Suppose that there exists a y < z such that f(y) > —5. Let z := sup{t <zx:
f(t) = —%}. By the continuity of f (f is differentiable, thus continuous) we have f(z) > —%.
By the assumption upon z we have z # x. However by (1) we have f'(z) > §, thus f’ is
positive on [z, z 4-¢] for some € > 0, f is increasing, thus f(t) > f(z) > —§ for t € [z,2 + €],
a contradiction with the definition of z. Thus by contradiction the thesis is proved. o

Now if f satisfies (1), then obviously f’ also satisfies (1). Thus by Lemmas 1 and 2, there

exists an o such that f'(t) < —§ on (—o0, o). This, however, means f(t) > f(zo)+(zo—1)$§
for t < g, so for sufficiently small ¢y < o we have f(tg) > —3¢ > f/(ty) — ¢, which is a

contradiction with (1). Thus no such f exists. O

2-Apr-2008 j18-I-3 1. 12:56



Problem j18-I-4. The numbers of the set {1,2,...,n} are colored with 6 colors. Let
S:={(z,y,2) €{1,2,...,n}* 12+ y+2=0 (mod n)
and x,y, z have the same color}

and
D:={(z,y,2) €{1,2,...,n}* 12+ y+2=0 (mod n)

and x,y, z have three different co]ors} .
Prove that
n2
N
(For a set A, |A| denotes the number of elements in A.)

Solution. Denote by n1,na, ns, ng, ns, ng the number of occurences of the colors. Clearly
ni + ...+ ng = n. We prove that

6

1

D SR DT (1)
u=1 1<u<v<6

For arbitrary u,v,w € {1,2,...,6}, denote by N, the number of triples (z,y, 2),
satisfying  + y + z = 0 (mod n) and having colors u,v and w, respectively. For any u,v we

6
obviously have > Ny = nyn, and therefore
w=1

6
|S|7%|D|:2Nuuu* Z Z Numu
u=1

1<u<v<6 w#u,v

6
= Z(ni — Z Nuuv) — Z (nunv — Nywvw — Nuv'u)
u=1

vEU 1<u<v<6
6
2
= g n, — g Ny Ny -
u=1 1<u<v<6

Now, applying the AM-QM inequality,

6 6
|S;D7;nﬁ Z nunv; nif%(znuy

O

Second solution. We present a different proof for the relation (1). We use the nota-
tion Nypw as well.
For every u = 1,2,...,6, let C, be the set of those numbers from {1,2,...,n} which

have the uth color and let f,(¢) :== > t*.
QCECU

Let € := e>™/". We will use that for every integer s,

1 is 1 if s=0 (modn)
1 e}

n < 0 if s#£0 (modmn).
Then, for arbitrary colors u, v, w,

n—1

Nuvw = Z Z Z %Zc?j(z—i_y-i_z)
=0

ze€Cy yeCy z€Cy  j

- if( Z gjr> ( Z sjy> ( Z gjz) — i%fu(e?j)fv@j)fw(f?j)
=0

j=0 zeC, yeCly 2€Cy,

2-Apr-2008 j18I-4 1 12:56



and

1
S|— =|D| =
5] = 5IP|

The first factor is 0 except

iZ(Z HEORERD SN ACITACITHCD)
=0 ‘u=1 u<v<w

in_l(i R (X AE) - X )

S (3 26 - A e)

=0 " a=1 u=t =

if 7 = 0. Hence,

6 6
81— 3101 = 3" 7200 = X L) = 3om2 = Y mame.
u—l u=1

2-Apr-2008

u<v u<v

j18-1-4 2.,
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Problem j18-II-1. Find all functions f:7 — Z such that

19f(x) = 17f(f(x)) = 2z (1)

for all x € Z.

Solution. Suppose that there exists a function f:7Z — Z satisfying the above equation.
Then define a function g: Z — Z by

g(x) =z — f(x). (2)

Taking into account (1) and (2), we get

179(f(x)) = 29(x). ®3)

Let us fix y € Z and let a := ¢g(y). Define a sequence (x,,)n>0 as follows

xo =y, x1:=f(xo), ..., Xpn:i=f(Tn-1),
for any n € N. Now substituting z,, into (3) in turn, we get

17 1m

a=g(zo) = 5 g(@1) = ... = 5-g(wn)

for any n > 0. Consequently, we infer that
2" =17"g(xy)

for any n > 0. Since 2 and 17 are relatively prime, we deduce that 17" | a for any n > 0
and therefore a = 0. Moreover, since y was arbitrary, it follows that g(y) = 0 for any y € Z.
Thus y — f(y) = 0 for any y € Z and hence f(y) = y for any y € Z. This implies that only
one function satisfies the equation (1). So, this completes the solution. O

2-Apr-2008 j18-II-1 1. 13:39



Problem j18-11-2. Find all continuously differentiable functions f:[0,1] — (0,00) such

that £} = e and - 1
/0 ij—i—/o Fl(z)?de < 2.
Solution. First, we note that if f is such function, then
0< /Ol(f’(x) - ﬁ)de - /Olf'(x)de—2/01 *’;((f; dx+/01 f?jf)z
= /Olf’(x)de - 2/01(11110@))/(1:5+/01 f(d;”)Q
_ /Olf’(x)2dx—21njzg(1)§ +/01 f?;)Z dr <0,

. 1 da 1
since % =eand [, ﬁ + [y f'(x)? dz < 2. Therefore

/Ol(f’(x)—f(lx))dezo. (1)

Since f is continuously differentiable function on [0, 1], the equality (1) is equivalent to

f@)f(x)=1 Vzel0,1]. (2)

All positive solutions of the differential equation (2) are in the form f(z) = 2z + C for

some C' > 0. Since % =e, we have C = ﬁ, and thus

fla) =20+ 5o

is the unique function satisfying the conditions from the statement. [

2-Apr-2008 j18-1I-2 1. 13:39



Problem j18-1I-3. Find all pairs of natural numbers (n,m) with 1 < n < m such that the
numbers 1, {/n and %/m are linearly dependent over the field of rational numbers Q.

Solution. The answer is n = 2, m = 4.
We begin with the following

Lemma. The minimal (over Q) polynomial f(X) for {/n equals X* — ({/n)*, where k is the
minimal satisfying ({/n)¥ € N.
Proof. {/nis aroot of X" —n = 0. So there is some nonempty subset A of {0,1,...,n—1}

such that
FX) =TIx =Y,
leA
where ¢ = cos(%”) + isin(%ﬁ).
The free term of f(X) has an absolute value equal to ({/n)l4l. Hence ({/n)d&/(X) is
integer, and deg f(X) > k follows (k is as in the lemma). But, clearly {/n is a root of
XF — (3/n)*, which has integer coefficients. o

Let us assume that 1, {/n, %/m are linearly dependent over Q, i.e. there are rational
a,b, ¢ not all equal 0 such that a + b/n+ ¢ ¥/m = 0.

Case a # 0. Then, as {/n is irrational, we have b,c # 0. But a + b{/n = —c ¥/m has
the same degree of a minimal polynomial as {/n, and as %/m. Let k be the degree of the
minimal polynomial for %/m. Then y = {/n satisfies

(a-+by)* = (m)"

but y* and ({/m)* are rational, and as a,b # 0 we obtain that there is a nonzero polynomial

with rational coefficients vanishing {/n of degree smaller than k, a contradiction.
i
m’”.

Case a = 0. Hence -2 is rational, and this is equivalent to is a mn-th power of

m
a rational. Let p be any prime, and p® || n, p® || m. So we must have mn | am — bn. But
am—bn < am < mn, in view of a < logy n < n. In a similar way one obtains am—bn > —mn.

So we must have am = bn, the relation independent of the choice of prime p. Thus

m/n

n=m ,

and /n = %/m follows. As the function ¢z has maximum at & = e, we see that ¢/n = /m
holds only forn =2,m=4. O

2-Apr-2008 j18-1I-3 1. 13:39



Problem j18-1II-4. We consider the following game for one person. The aim of the player
is to reach a fixed capital C > 2. The player begins with capital 0 < xo < C. In each turn
let = be the player’s current capital. Define s(x) as follows:

T ifzx <1
s(z) =8 C—z ifC-x<1
1 otherwise.

Then a fair coin is tossed and the player’s capital either increases or decreases by s(z), each
with probability % Find the probability that in a finite number of turns the player wins by
reaching the capital C.

Solution. Let us denote by f(x) the probability that player wins with starting capital x.

If x < 1, then he loses if loses the first turn, and if he wins the first turn, he has
capital 2z. Thus f(z) = 1 f(22).

If z > C' — 1 the player wins if he wins the first turn, and has 2z — C' in other case, thus
f@) =35+ 32z -0).

In all other cases there is f(z) = 4 (f(z — 1) + f(z + 1)).

We will prove that this 1mpheb f(x)=&.

Let us define g(z) = f(z) — £. It is bounded on [0, C] (as f(x) € [0,1]), and we have
1f(22) — £ = 1(f(2z) — &) = 1g9(22) for z <1,
Hfle 1)+ e 1) - 2

o) = =1(fl@—1) - + f(z+1) — =)
=39tz —=1) +g(x+1))
1+if(2-C)-%
zé(f(Zx—C')—%):%g(Qx—C’) forz > C —1.

forx € (1,C - 1),

Obviously g(0) = g(C) =0. Let K = sup f(t) € [0,00). Denote ng =[C] —1> 1.
t€[0,C]

We will prove for any natural 0 < n < ng and = € (n — 1,n] there is g(z) < 27;;11(.

If 2 € (0,1] there is g(z) = $g(22) < £.

Assume, that for x < n — 1 and take Z € (n — 1,n]. There is g(z — 1) < QZ,LII K as
Z—1e(n—-2,n—-1],and g(Z+1) < K. Thus

(2”*1 -1

oz -1 +o+1) < (2o

as required.
g(z) <= %g(?x -0)< % forx>C—1.

Now take z € (ng, C'—1) (it is empty set for integer C'). We have proved that g(;v 1)<
205K (asz— 1€ (ng— 1,ng)) and g(x +1) < & (241> C —1). Thus g(z) < 222101](

270
Thus we have proved, that g(z) < Z2=LK for every z € [0, C], which means that K = 0.

2m0

Similarly one can prove, that i[rolfc] f(t) =0. Thus g(x) =0,s0 f(x) = &. O
te(o,

2-Apr-2008 j18-11-4 1. 13:39



The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 1

Problem 1 Let ABC be a non-degenerate triangle in the euclidean plane. Define a sequence (Cy,)2, of points
as follows: Cy := C, and C,,41 is the center of the incircle of the triangle ABC,,. Find lim C,.

n—oo

[10 points]

Problem 2 Prove that the number
92" =1 _gk _

is composite (not prime) for all positive integers k > 2. [10 points]

Problem 3 Let k and n be positive integers such that k <n—1. Let S :={1,2,...,n} and let Ay, Aa, ..., Ay
be nonempty subsets of S. Prove that it is possible to color some elements of S using two colors, red and blue,
such that the following conditions are satisfied:

(i) Each element of S is either left uncolored or is colored red or blue.
(ii) At least one element of S is colored.

(iii) Each set A; (i =1,2,...,k) is either completely uncolored or it contains at least one red and at least one
blue element.
[10 points]

Problem 4 Let (a,)32, be a sequence of real numbers. We say that the sequence (a,)5%, covers the set of
o0

positive integers if for any positive integer m there exists a positive integer k such that > af = m.
n=1

a) Does there exist a sequence of real positive numbers which covers the set of positive integers?

b) Does there exist a sequence of real numbers which covers the set of positive integers?
[10 points]

31-Mar-2009 19:39



The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 11

Problem 1 A positive integer m is called self-descriptive in base b, where b > 2 is an integer, if:

i) The representation of m in base b is of the form (agpay . ..ap—1)p
(that is m = agb®~* + a b*~2 + - + ay_2b+ ay_1, where 0 < a; < b — 1 are integers).

ii) a; is equal to the number of occurences of the number i in the sequence (agay . ..ap—1).

For example, (1210)4 is self-descriptive in base 4, because it has four digits and contains one 0, two 1s, one 2
and no 3s.

a) Find all bases b > 2 such that no number is self-descriptive in base b.

b) Prove that if x is a self-descriptive number in base b then the last (least significant) digit of = is 0.
[10 points]

Problem 2 Let E be the set of all continuously differentiable real valued functions f on [0, 1] such that f(0) =0
and f(1) = 1. Define

1
1) = [ @) e
0
a) Show that J achieves its minimum value at some element of E.

b lculate mi .
)Cacuaegcnel]rﬂlJ(f)

[10 points]

Problem 3 Let A be an n x n square matrix with integer entries. Suppose that pzAPQ = qQAQQ + 721, for
some positive integers p, q,r where r is odd and p? = q® + r%. Prove that |det A| = 1.
(Here I,, means the n X n identity matrix.) [10 points]

Problem 4 Let k, m,n be positive integers such that 1 < m < n and denote S = {1,2,...,n}. Suppose that
Ay, As, ..., Ay are m-element subsets of S with the following property: for every i = 1,2,... k there exists a
partition S =51, U S2,; U---US,,; (into pairwise disjoint subsets) such that

(i) A; has precisely one element in common with each member of the above partition.
(ii) Every Aj, j # i is disjoint from at least one member of the above partition.

Show that k < ("_%). [10 points]

31-Mar-2009 19:39



The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 1

Problem 1 Let ABC be a non-degenerate triangle in the euclidean plane. Define a sequence (Cy,)%2, of points
as follows: Cy := C, and C,,41 is the center of the incircle of the triangle ABC,,. Find lim C,.

n—oo
[10 points]
Solution If « is the angle at A, 3 the angle at B, then the limit is the point on the side AB dividing it in the
ratio a : 8. Let «; and (; be the angles at A and B in ABC}, respectively. Since the center of the incircle is
the intersection of the angle bisectors, we have a;11 = - and B = %, so the limit point will obviously lie
on AB; furthermore, % = % =: ¢ for all 4. Thus, if K; is the circumcircle of ABC};, S1,; and S3; the arcs over

AC; and BC}, respectively, then Ig;} = ¢ for all i. Now, as the C; approache AB, the arcs converge to the

corresponding sides of the triangle. Hence, the result follows. O




The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 1

Problem 2 Prove that the number
92" =1 _ gk _

is composite (not prime) for all positive integers k > 2. [10 points]

Solution Denote
M=29%-1_9k_1,

If k is even then 3 | M, and M is composite, since M > 3 for k > 2.
Suppose k is odd. Then

aM =22 -1 - (2 1) = (227 1) (227 1) (22 ) - (25 ).

Let k + 1 = 2%q with positive odd integer ¢ and a > 1. Then (22a + 1) ’ 2M. Indeed, (22a + 1) ‘ (2’”‘1 + 1)

and a k—1 k—2 1
(22 +1) ’ (22 +1) (22 +1)...(22 +1) ,

since a < k —1 for k > 2. O



The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 1

Problem 3 Let k and n be positive integers such that k <n—1. Let S :={1,2,...,n} and let Ay, Aa, ..., Ay
be nonempty subsets of S. Prove that it is possible to color some elements of S using two colors, red and blue,
such that the following conditions are satisfied:

(i) Each element of S is either left uncolored or is colored red or blue.
(ii) At least one element of S is colored.

(iii) Each set A; (i =1,2,...,k) is either completely uncolored or it contains at least one red and at least one
blue element.
[10 points]

Solution Consider the following system of k linear equations in n real variables x1,xo, ..., Ty,:

daj=0, i=12.. k.

JEA;

Since k < n, this system has a nontrivial solution (21,2, ...,,), i.e. a solution with at least one nonzero x;.
Now color red all elements of the set {j € S : x; > 0}, color blue all elements of the set {j € S : z; <0}, and
leave uncolored all elements of {j € S : z; = 0}.

Since the solution is nontrivial, at least one element is colored. If A; contains some red element j € S then
zj >0, and from >, 4 z; = 0 we see that there exists some j’ € A; such that z;; <0, i.e. j* is colored blue.
Thus A; must have elements of both colors. Analogously we argue when A; contains a blue element. Therefore
we see that the above coloring satisfies all requirements. O



The 19** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 15 April 2009
Category 1

Problem 4 Let (a,)32, be a sequence of real numbers. We say that the sequence (a,)52, covers the set of
(&)

positive integers if for any positive integer m there exists a positive integer k such that > af = m.
n=1

a) Does there exist a sequence of real positive numbers which covers the set of positive integers?
b) Does there exist a sequence of real numbers which covers the set of positive integers?
[10 points]

Solution The answer to the second question is positive.
First we shall prove that for any n there exists a finite sequence (J;i)fgl of real numbers such that

kn
Zm?mﬂ =0 for0<m<n
i=1
and
kn
Zx?mﬂ #0 form>n.
i=1

For the simplicity of notation we shall write S,,(x;) for Zf;l x

upon n. For n = 0 the appropriate sequence is 1 = 1.
Assume the thesis for n. For n + 1 consider the sequence

2m—+1

%

. We shall prove the thesis by induction

(yi)3kn = (=21, —@9, ..., —Tp,, 1, AT, . . ., ATy, , L1, AT, . . ., AL, )
where v = 271/ A S, (2;) = 0 for m < n, we also have S,,(y;) = 0. We also have
Sn(yi) = =Sn(x;) + 2718, (x;) + 2718, (2;) = 0.

For m > n we have
Sm(yz) — (1 9. 2—(2m+1)/(2n+1))Sm(xi) 7& 0.

Thus the induction step is finished, and the thesis is proved. Moreover it is easy to notice that |z;| < 1 and the
length of the sequence is 3™. Denote by z(n) the sequence of length 3™ with S, (z(n)) =0 for m < n.

Now to give the required sequence (a;). Our sequence will be a concatenation of multiples of the finite
sequences x(n) given above. We begin with a; = 1 (that is we begin by taking x(0)). In the n-th step we
assume that we have some finite sequence a;, with S,,(a;) = m + 1 for m < n. We also assume that the
elements added in the n-th step will be no larger than %

To pass to the (n + 1)-st step let ¢ = n 4+ 2 — S, 41(a;), and let d = Sp41(z(n + 1)). Take an integer
N > ‘% et a = S5, ol < ﬁ We add N copies of the sequence ax(n + 1) to the end of a;. This does
not change Sy, (a;) for m <n+1 (as Sy, (z(n+ 1)) =0, and after the addition we have S, 11(a;) =n+ 2. Also
all the added elements are of absolute value no larger than n%_l

Now to prove that for this series we have Gaop11 = k+ 1. As S,,(a;) = m+ 1 after every step, no other limit
is possible, we only have to check convergence. Note, however, that after the n—th step we only add sequences
x(m) for m > n, which in turn are concatenations of sequences x(n), with some coefficients. Thus every 3"—th
partial sum in the series ) a?”“ is going to be exactly equal to n+ 1. The partial sums “in the middle” cannot
differ from this value by more than % times the value of the maximal element |a;| in the appropriate interval,
and this converges to zero. Thus for any n we do, in fact, have convergence.

For the first question, obviously the same series suffices.

For the last question, the answer is negative. As a; are positive, we may rearrange them in decreasing order.
Take ko to be the first k for which Gy, is finite. For Gy, to be finite, we have to have a; convergent to zero, thus
only a finite number of terms is larger than 1, assume these are the first n terms. Note that as for i > n we

have a; < 1, we also have that a¥ decreases with k, and thus Z;’in 41 af decreases with k, and thus is bounded

by C := Zfin 41 afo. As Gy are assumed to attain unbounded values, we have to have terms larger than 1,
thus n > 0.
Assume the first m terms of a; are equal, 1 < m < n. Then for k > ky and | < k we have

Glgma’f—i—naﬁlﬂ—i—(}’.



On the other hand G; > ma'l€+1 for [ > k. For sufficiently large k, however, we have
mai*t > ma¥ +nal, . +C+2,

which means that there is an integer number between moa’fJrl and ma¥ + nak, 11 + C which is not the value of

Gy, for any k. a
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Problem 1 A positive integer m is called self-descriptive in base b, where b > 2 is an integer, if:

i) The representation of m in base b is of the form (agpay . ..ap—1)p
(that is m = agb®~* +a b*~2 + - + ay_2b+ ay_1, where 0 < a; < b — 1 are integers).

ii) a; is equal to the number of occurences of the number i in the sequence (apay . ..ap—1).

For example, (1210)4 is self-descriptive in base 4, because it has four digits and contains one 0, two 1s, one 2
and no 3s.

a) Find all bases b > 2 such that no number is self-descriptive in base b.

b) Prove that if x is a self-descriptive number in base b then the last (least significant) digit of = is 0.
[10 points]

Solution

1. For b > 7 it is easy to verify that the number of the form (b—4)b*~! +2b*=2 4-b*=3 4 b* is a self descriptive
number (it contains b — 4 instances of digit 0, two instances of digit 1, one instance of digit 2 and one
instance of digit b — 4), and numbers 212005, and 20204 are self-descriptive numbers in bases 5 and 4,
respectively.

It remains to show that for bases 2,3 and 6 no self descriptive numbers exist. First note, that a self-
descriptive number (in any admissible base) contains at least one instance of the digit 0. If it does not,
then the first digit is 0, which is a contradiction.

It is easy to prove the claim for b = 2, 3.
Let us prove it for b = 6. Assume there exists x = (boblbgbgb4()5)(6)7 where z is a self-descriptive number.

We observe the following about x:

(a Z?:obi:6
(b) bo #0

)
)

() 30—y bi = [{bs b # 0, > 13| +1
)

(d) Other than the first digit, the set of all other non-zero digits consists of several 1’s and one 2.

Observation 1d implies that all but one of the digits b3, by and b5 are 0, now it is easy to check, that no
such number is self-descriptive, which is a contradiction. Therefore base b = 6 contains no self-descriptive
numbers.

2. Assume that there is in fact a self-descriptive number x in base b that it is b-digits long but not a multiple
of b. The digit at position b — 1 must be at least 1, meaning that there is at least one instance of the digit
b—1in x. At whatever position a that digit b — 1 falls, there must be at least b — 1 instances of digit a in
x. Therefore, we have at least one instance of the digit 1, and b — 1 instances of a. If a > 1, then = has
more than b digits, leading to a contradiction of our initial statement. And if a = 0 or a = 1, that also
leads to a contradiction.

3. These numbers are: 1210, 2020, 21200, 3211000, 42101000, 521001000, 6210001000. That these are the
only such numbers, follows from previous observations.
O
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Problem 2 Let E be the set of all continuously differentiable real valued functions f on [0, 1] such that f(0) =
and f(1) = 1. Define

J(f) = / (14 22)(f'(2))* da.

a) Show that J achieves its minimum value at some element of E.

b lculate mi .
)CacuaelfnellrﬂlJ(f)

[10 points]
Solution By the fundamental theorem of Calculus, we have
1
=17 W) = PO =] [ ) da].
0
Next, by using the Cauchy-Schwartz inequality, we obtain
V1422
//
| el =| | e
1/2 E | 1/2
< 2 " 2
< (/O (14 22)(f" (2))? dz) (/O )
1 1/2 1/2
= (/0 (1+2%)(f"(x))? d:b) (arctanx‘(J)
! 1/2\/m
— ([ a+aur@pran) YT
0
Hence
! 2 " 2 4
inf 1 de > —.
it [+ @) > 2
Finally, let
4 xz
r)i=— arctant d¢
f - d
0
for z € [0,1]. Then f'(z) = Zarctanz (by the fundamental theorem of Calculus) and f”(z) = %ﬁ, for

x € [0,1]. Consequently, we deduce that f € E and

1 1
4 1 2 16 1 16 = 4
(f) /0( +a7) r1tz2) TR o 1+a2 TR T

which proves that J attains its minimum on E. This completes the solution. (Il
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Problem 3 Let A be an n x n square matrix with integer entries. Suppose that p?AP" = ¢ A% + 121, for
some positive integers p, q, 7 where r is odd and p? = ¢*> + r2. Prove that |det A| = 1.
(Here I,, means the n X n identity matrix.) [10 points]

Solution Consider the function f: R — R.

f@) = p*a® — ga? — 2. (1)

Fa)=ptar (o7 - (2)").

4
The roots of equation f/(z) = 0 are 7 = 0 and zo = (%)  (r#0and q #1). From f(0) = —r? < 0 and
4
f((f;) ) < 0 we obtain

Observe that

-1 ifx<1,
sgnf(x)=<¢0 ifz=1, (2)
1 ifx>1.

So & = 1 is the only real root of equation f(z) = 0.

Since the matrix A verifies f(A) = O, some eigenvalue A € op(A) satisfies the equation f(A) = 0. Let
A1, A2, ..., A, be eigenvalues of the matrix A. We show that |Ag| < 1 for all k. The fact f(\) = 0 can be written
as

PPN = ?A7 402, (3)
Passing the relation (3) at modulus we obtain p?|A[P" < ¢2[A|7" + 72 or

fAD <0. (4)

From (2) and (4) we obtain 0 < [A| < 1or 0 < |\| <1forall k=1,...,n. Because f(0) = —r? # 0, it results
that Ay # 0 for all k.

Hence
0<|A| <1 forallk=1,...,n. (5)
From det A = A1 \g - -+ \,, we obtain
[det Al = |A1 A2 Anl = [A][A2] - [An] < 1. (6)
From (5) and (6) we obtain
0<|detA| <1. (7)

Since A € M,,(Z), it follows that |det A| € N. From (7) we obtain the conclusion that |det A| = 1. O
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Problem 4 Let k,m,n be positive integers such that 1 < m < n and denote S = {1,2,...,n}. Suppose that
Ay, As, ..., A are m-element subsets of S with the following property: for every i = 1,2,... k there exists a
partition S = S1,;,US2,; U---U Sy, (into pairwise disjoint subsets) such that

(i) A; has precisely one element in common with each member of the above partition.
(ii) Every A;j, j # i is disjoint from at least one member of the above partition.

Show that k < ("~%). [10 points]

n—
m—1
Solution Without loss of generality assume that 1 € S%i) for all i = 1,2,...,k, because otherwise we simply

rename members of each partition.
For every ¢ = 1,2, ...,k define the polynomial

m

Pi($2,$3,...,.’L‘n>ZH< E .TS)
=2 5es®
and regard it as a polynomial over R in variables zs, x5, ..., z,.

Observe that P; is a homogenous polynomial of degree m — 1 in n — 1 variables. Also observe that all
monomials in P; are products of different x’s, i.e. there are no monomials with squares or higher powers. The
last statement follows simply from the fact that Séi), ceey qui) are mutually disjoint. Such polynomials form a
linear space over R of dimension (:1:11) and polynomials P; belong to that space. If we prove that polynomials
P;,i=1,2,...,k are linearly independent, the inequality k < (;;__11) will follow from the dimension argument.

For any i = 1,2, ...,k let x; be the characteristic vector of AN{2,3,...,n}. In other words, x; € {0,1}"*
where the j-th coordinate of y; equals 1 if j + 1 € A, and 0 otherwise.

For every ¢ we know that each A; N Sl(i) has exactly one element and therefore

1=1.

s

Pi(xi) =[] 1Ain 8| =
=2 l

I|
S

On the other hand, if j # ¢ then either some A; N Sl(i)7 1> 21is empty, or all A; N Sl(i), [ > 2 are nonempty but

AN S%i) = (). In the latter case we must have |4; N Sl(i)| = 2 for some [ > 2. In any case we have at least one
even factor in the following product, and so

Pix;) =]]14,05”1=0 (mod 2).
=2

Therefore all diagonal entries in the matrix [Pi(Xj)]i,j:1,2 ,,,,, r are odd, while all non-diagonal entries are
even. Consequently, its determinant is an odd integer, in particular it is not 0, and thus the matrix is regular.
If polynomials P; were linearly dependent, we would conclude that rows of [P;(x;)]ij=1,2...k are also linearly
dependent, but this is not the case. Therefore P;, 7 = 1,2, ..., k must be linearly independent and this completes
the proof. O
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Problem 1

a) Is it true that for every bijection f: N — N the series

=1
,; nf(n)

is convergent?

b) Prove that there exists a bijection f: N — N such that the series

o0

1
25 )

n=1

is convergent.

(N is the set of all positive integers.) [10 points]

Problem 2 Let A and B be two complex 2 x 2 matrices such that AB — BA = B2. Prove that AB = BA.

[10 points]
Problem 3 Prove that there exist positive constants ¢; and co with the following properties:
a) For all real k > 1,
1
C1
’/o V1—a? cos(kx)dx’ < e
b) For all real k > 1,
1
‘/ V1—a? Sin(kx)dx’ > 2
0 k
[10 points]

Problem 4 For every positive integer n let o(n) denote the sum of all its positive divisors. A number n is
called weird if o(n) > 2n and there exists no representation

n=dy+de+--+d,

where r > 1 and dy, ..., d, are pairwise distinct positive divisors of n.

Prove that there are infinitely many weird numbers. [10 points]

25-Mar-2010 7:28
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Problem 1 Let a and b be given positive coprime integers. Then for every integer n there exist integers x,y
such that
n=axr+by.

Prove that n = ab is the greatest integer for which xy < 0 in all such representations of n. [10 points]

Problem 2 Prove or disprove that if a real sequence (a,,) satisfies a,+1 —a, — 0 and ag, —2a, — 0 asn — oo,
then a, — 0. [10 points]

Problem 3 Let A and B be two n X n matrices with integer entries such that all of the matrices
A, A+B, A+2B, A+3B, ..., A+ (2n)B

are invertible and their inverses have integer entries, too. Show that A + (2n + 1)B is also invertible and that
its inverse has integer entries. [10 points]

Problem 4 Let f: [0,1] — R be a function satisfying

|f(z) = f(W)] < |z -y

for every x,y € [0, 1]. Show that for every € > 0 there exists a countable family of rectangles (R;) of dimensions
a; X b;, a; < b;, in the plane such that

{(z, f()): 2 €]0,1]} C URZ- and Zai <e.

(The edges of the rectangles are not necessarily parallel to the coordinate axes.) [10 points]

25-Mar-2010 7:29
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Problem 1

a) Is it true that for every bijection f: N — N the series

=1
,; nf(n)

is convergent?

b) Prove that there exists a bijection f: N — N such that the series

> 1
P ey 0

is convergent.

(N is the set of all positive integers.) [10 points]

Solution a) Yes. Applying the inequality, if 0 < a1 < --- < ap, and 0 < by < --- < b, and o: {1,...,n} —
{1,...,n} is a permutation, then

for every n we get

Since the sequence (2?21 %) is increasing and bounded, it converges.
b) No. We will construct a permutation f: N — N such that the series

> 1
2w

is convergent. Let f: N — N be given in the following way: f(1) =4 and for [(n!)2 + 1, ((n + 1)")?] NN we put

f()?+E) =[n+2)2P—(k—-1) if 1<k<[n+D]?>-1- ni(—l)j[(n — D2
j=0
and -1
F(n+ D=k =[(n-DP+k+1 if 0<k<1+ Y (-1)[(n—4)">
=0

Then

e (n+ D)2 — (n))? (n1)? — [(n — 1)

j—(nz!)2+1 n+ f(n) = M2+ [(n+2)12+1 + (n+DPP+[(n-D12+1

1 1
(n+2)? + (n+1)%

A

Thus we show that the sequence (377, ﬁ) is bounded. Since it is increasing, it converges. O
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Problem 2 Let A and B be two complex 2 x 2 matrices such that AB — BA = B2. Prove that AB = BA.
[10 points]
Solution We may conclude that AB = BA if and only if 2 # 0 in F' (that is, char F' # 2).

IfcharFQ,takeB(l 1),A <(1) 8)

0 1
_fa b o (a*+bc bla+d) 9 B
Assume that char F' # 2. Let B = (c d)’ then B* = (c(a d) d4be ) We have a* 4 d° + 2bc =

trace B? = trace AB — trace BA = 0. If B is invertible, then A = B(A + B)B~!, hence

trace A = trace(B(A + B)B™!) = trace(A + B) = trace A + trace B,

so trace B = 0, d = —a, trace B2 = 2(a? + bc) = 0. Since char F' # 2, it implies a? + bc = 0, hence B? = 0 and
AB = BA. If B is not invertible, then det B = ad — bc = 0, so (a +d)? = a®> +d*>+2bc =0,a+d =0, a = —d,
a? +bc = —ad+bc=0, so B2 =0. O
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Problem 3 Prove that there exist positive constants ¢; and ce with the following properties:

a) For all real k > 1,

’/ V1 =22 cos(kx dx‘<—

k3/2°
b) For all real k > 1,

1
‘/ V1—2a2 sin(kx)dx‘ > 2
O k

[10 points]
Solution Put f(z) =+v1—z2.
1. Integrating by parts, we have
1
/ f(z) - coskxdr = {f( ) fsmkx / f(x fsmkxdx.
0
The first term is 0 — 0 = 0. The second term is (—1/k) times
V1-1/k 1
fl(x ~sinkxdx—|—/ f(x) - sinkx dx. 1)
/0 ) V1-1/k (
Here the first term equals
1 V1-1/k 1-1/k 1
{—f/(x) it coskw} + / " (x) - = coskxdz,
k 0 0 k
whose absolute value is
2 24/1
< Pk =NV R 2
The absolute value of the second term in (1) is
! 1
< "(z)|dx = — =
< [ ol @l = U =
Thus, we may choose ¢y =241 = 3.
2. Integrating by parts, we have
1
/ f(x)-sinkxdx:—{f( ) - *CObkﬁ.r / f(x fcoskxdm.
0
The first term is 1/k. The second term is (1/k) times
Vi-1/k L
f'(z) -coskxdx—l—/ f(x) - coskxdx. 2)
/0 V1-1/k (

Here the first term equals

[f/(m)-;sinkzx}m /m . 1

0 0

whose absolute value is
2
< *Ef/(v 1-1/k) =

The absolute value of the second term in (2) is



Thus,
/lf()s'kd>1(1 3)
x)-sinkrde > —(1—— ).
0 k vk

This proves the desired claim for k > 3.
The integral has a positive lower bound for k < 37 as well, since

1 — coskx

1 1
/Of(:c)ﬁinkxdx:/() (—=f'(2)) de>0.



The 20** Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 25" March 2010
Category I

Problem 4 For every positive integer n let o(n) denote the sum of all its positive divisors. A number n is
called weird if o(n) > 2n and there exists no representation

n=di+ds+--+d,

where r > 1 and dy, ..., d, are pairwise distinct positive divisors of n.
Prove that there are infinitely many weird numbers. [10 points]
Solution The idea is to show that given a weird number, one can construct a sequence of weird numbers
tending to infinity.

We claim that for weird n and p a prime greater than o(n) and coprime to n, the number pn is also weird.
In fact, if 1 = dy,ds,...,dr = n are the positive divisors of n, the ones of pn are dy,ds,...,ds,pdy, ..., pdr and
they are pairwise distinct as (p,n) = 1. Suppose now that we have

= diy - di - pldy, ot dy)

with g, j; € {1,...,k}. Then we have

diy - +di, =p(n—dj, —---—dj,).
Note that n ¢ {d;,,...,d;,} as the representation must have more than only one summand and the assumption
that n is weird implies n — d;;, — ... —d;, # 0. Hence as the right hand expression is divisible by p and non

zero, so must be d;, + --- + d;. which is impossible as p > o(n).

It remains to find a weird number. A possible reasoning could be: look for a number n with o(n) = 2n + 4
that is not divisible by 3 and 4. Then the smallest possible divisors are 1,2,5 so that it will be impossible to
represent 4, and hence n, as a sum of pairwise distinct divisors of n. Checking for numbers with three distinct
prime factors 2, p, q yields

o(2pq) =3(p+1)(¢g+1) =3pg +3p+3q+3

and hence we need
3pg+3p+3¢+3=4pg+4 <= (p—3)(¢—3) =8.

This equality is solved by p = 5 and ¢ = 7 which yields the weird number n = 70. O
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Problem 1 Let a and b be given positive coprime integers. Then for every integer n there exist integers x,y
such that
n=axr+by.

Prove that n = ab is the greatest integer for which xy < 0 in all such representations of n. [10 points]

Solution The greatest such integer is a - b.
If ab = ax + by, then a | y and b | 2. Thus if z > 0, then 2 > b and by = ab —ax < ab—ab =0, s0 y < 0.
Now let n > ab. Let n = ax + by be the representation such that x is positive and as small as possible. Then
since n = a(x — b) + b(y + a) is another representation of n, x — b must not be positive and therefore z < b.
Hence by =n —ax >n —ab>0,s0y > 0. a
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Problem 2 Prove or disprove that if a real sequence (a,,) satisfies a,+1 —a, — 0 and ag, —2a, — 0 asn — oo,
then a,, — 0. [10 points]

Solution The proposition is true.
From the condition a1 —a, — 0 we conclude by Cesaro’s lemma that “7" — 0. Since the sequence as, —2a,,
must be bounded, we know that
C := sup{|azn — 2a,| : n € N} < 00.
Considering the identity

m
Qn Ay .2m+1 Ay .ok Ay .2k+1
n_n.Qerl_Z n-92k  p.ok+l

k=0

we conclude by letting m — oo and n fixed that

[e's)

QA Z ( Ay, .0k Ay 0k+1 )

n n-2k  p.2kt1/0
k=0

Now from
an,

n

< i Ay, .0k Ay .0k+1 < i C - C
= n-2k L2kl T Lap okl T o

we infer that |a,| < C, i.e. the sequence (a,,) must be bounded.
Now suppose that (a,) does not converge to 0. Then, by Bolzano’s theorem, there must exist a subsequence
(an,, ) converging to some number a # 0. From the hypothesis we conclude in turn that

Qon, — 20,

a4nk - 4Cl,

which would result in an unbounded set of accumulation points a,2a,4a, ... of (a,) in contradiction to (a,)
being bounded. O
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Problem 3 Let A and B be two n X n matrices with integer entries such that all of the matrices
A, A+B, A+2B, A+3B, ..., A+(2n)B

are invertible and their inverses have integer entries, too. Show that A + (2n + 1)B is also invertible and that
its inverse has integer entries. [10 points]

Solution Suppose that the n x n matrix M has integer entries and M has inverse matrix M ~! with integer
entries. Then M - M~! = [ implies det M - det M~1 = 1. Thus det M =1 or det M = —1. Set M(t) = A +tB.
The determinant of the matrix M ()

det M(t) =det (A+tB)=detA+---+t"det B

is the polynomial of degree n in ¢. The polynomial det M (t) takes values 1 or —1 at points t = 0,1,2,...,2n.
Hence det M (t) takes the value 1 or the value —1 at least n + 1 times. This implies that det M(t) is a
constant polynomial: M(t) =1 or M(t) = —1 for all t. Consequently, det M (2n + 1) = +1. Hence the matrix
A+ (2n+ 1)B is invertible. By Cramer’s formula, the inverse matrix has integer entries, since the determinant
is equal to 1 or —1. O
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Problem 4 Let f: [0,1] — R be a function satisfying
[f(z) = f)l < [z =yl

for every x,y € [0, 1]. Show that for every € > 0 there exists a countable family of rectangles (R;) of dimensions
a; X b;, a; < b;, in the plane such that

{(z, f(x)): 2 €]0,1]} C URZ- and Zai <e.

(The edges of the rectangles are not necessarily parallel to the coordinate axes.) [10 points]

Solution Assume without loss of generality that f(0) = 0, thus |f(z)| <1 for z € [0,1].

First notice that if C' C [0, 1] is a set of Lebesgue measure no larger than €/3, then it can be covered by a
countable family of intervals I; of total measure at most /2, and thus {(x, f(x) : € C} is covered by rectangles
I; x [-1,1], and their total width is at most /2.

Notice that as we are interested in only one dimension of the rectangle, and the graph we are to covered is
bounded, we may as well think in terms of covering with strips instead of rectangles.

For now on fix ¢ > 0. We shall introduce a few definitions. Let z,y € [0,1]. We say that the interval [z, y]
is covered, if |f(z) — a(z)| < e|x — y| for all z € [z, y], where « is the linear function meeting f at « and y. The
inclination of an interval [z,y], denoted i(x,y), is the number |f(z) — f(y)|/|x — y|.- Notice the inclination of
any interval cannot be larger than 1 as f is 1-Lipschitz.

Now we prove the following lemma.

Lemma There exists a constant 6 > 0 such that the following holds. Consider any interval [x,y] C [0,1]. Then
either [x,y] is covered, or there exists a subinterval [z',y'] C [x,y] of length |y’ — x| > §|x — y| and inclination
at least i(x,y) + €.
Proof The proof is pretty simple. If [z, y] is not covered, then there exists a point z € [z, y] with |f(2) —a(z)] >
elz — y|. Without loss of generality assume f(z) < f(y) and f(z) — a(z) > €|z — y|. The interval [z, z] in this
case has inclination

—flz oz —z)— f(x 7f(y):£(w)2—$ -
i(2,9) = (@)~ Fla - o = LIS e vy = fle) T m el ey o)
WOE CINET S

The cases of f(z) > f(y) and (or) f(z) — a(z) < —¢|z — y| are similar. Moreover we have

f(2) > a(z) +elz —y| = f(2) i(z,y)(z —2) +e(y —2).
Thus
2z =z = [f(2) = f@)| +i(z,y)z — 2| = f(2) = f(z) £ ilz,y)(z — 2) > elz —y],
thus |z — x| > @, which finishes the proof of the lemma with 6 = /2. o

Take a constant n > 1/e. If begin with an interval [x,y] and apply the lemma n times, we end up with
an interval of length at least |z — y|0™, which is either covered, or has inclination at least ne — the second
is impossible, however, as the inclination of any interval is at most 1. Thus for any interval we can find its
subinterval of length at least 6" times the length of the original, which is covered. Thus we have the following
corollary: for any interval [z,y] C [0, 1] there exists a covered subinterval [2/,y] of [z,y] of length at least
clx — y| for some fixed constant c.

Now we are ready to solve the problem. We shall construct a family of disjoint intervals C; C [0, 1], with
the Lebesgue measure of [0,1] \ |JC; no larger than . Each of these intervals will be covered, and thus we
shall be able to cover the whole graph of f by rectangles — each interval is covered, and thus the appropriate
piece of the graph is contained in a rectangle of width at most 2¢, while the remaining part can be covered by
a countable family of vertical rectangles of total width at most 2¢. As € was arbitrary, this will end the proof.

The construction of C;s follows directly from the corollary — we choose Cy = [z, yo] to be the interval given
by the corollary for [0,1], then C; and Cy the intervals for [0, x| and [yo, 1] respectively, then (in the third
step), Cs, Cy, C5 and Cj are given for [0, 1], [y1, 0], [yo,z2] and [ys, 1] respectively, and so on. In each step a
constant fraction of measure is removed, thus after sufficiently many steps no more than € measure remains. [J
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Problem 1

(a) Is there a polynomial P(x) with real coefficients such that

(-t

for all positive integers k?

(b) Is there a polynomial P(x) with real coefficients such that

P(%) - 2kl+1

for all positive integers k?

Problem 2 Let (a,)%2,; be an unbounded and strictly increasing sequence of positive reals such that the
arithmetic mean of any four consecutive terms a,, Gn+1, Gnt2, Gnt+3 belongs to the same sequence. Prove that
the sequence a,y1/a, converges and find all possible values of its limit.

Problem 3 Prove that

oo

> e = L
— g2k+2)2 (1 — ak+1)2
=0

for all x € (—1,1).

Problem 4 Let a,b,c be elements of finite order in some group. Prove that if a~'ba = b2, b~ 2¢b?> = ¢? and

¢ 3ac® = a? then a = b = ¢ = e, where e is the unit element.

30-Mar-2011 18:53
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Problem 1 Let n > k and let Ay, ..., Ay be real n X n matrices of rank n — 1. Prove that

Al A #£0.

Problem 2 Let k be a positive integer. Compute

o o9} oo 1
Z Z Z nlnz"'nk(n1+"‘+nk+1).

7l1:1 ’I’L2:1 ’I’Lk:1

Problem 3 Let p and q be complex polynomials with degp > degq and let f(z) = ZE Suppose that all

q(2)

roots of p lie inside the unit circle |z| = 1 and that all roots of q lie outside the unit circle. Prove that

degp — degq
gllfglf’(z)l > %g‘fglﬂdl-

Problem 4 Let Q[x] denote the vector space over Q of polynomials with rational coefficients in one variable .
Find all Q-linear maps ®: Q[z] — Q|x] such that for any irreducible polynomial p € Q[x] the polynomial ®(p)
is also irreducible.

(A polynomial p € Q[x] is called irreducible if it is non-constant and the equality p = q1q2 is impossible for
non-constant polynomials q1,qs € Q[z].)

30-Mar-2011 18:53
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Problem 1

(a) Is there a polynomial P(x) with real coefficients such that

(-t

for all positive integers k?

(b) Is there a polynomial P(x) with real coefficients such that

P(%) - 2k1+1’

for all positive integers k?

Solution (a) YES. It suffices to define a polynomial W (z) as follows
W(z) =2z + 1.
(b) NO. Suppose that such a polynomial W (z) exists. Define a polynomial F'(x) as follows

F(z)=(z+2)W(z) — z.

() (o) Lo

for all k£ € N. Hence, the polynomial F(x) admits infinitely many zeros. Consequently,

Then

(x+2)W(z) —2z =0,

for all x € R. But this implies that

for all x € R — a contradiction.
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Problem 2 Let (a,,)22, be unbounded and strictly increasing sequence of positive reals such that the arithmetic
mean of any four consecutive terms a, Gn+1, Gnt2, Gnt3 belongs to the same sequence. Prove that the sequence
an+1/a, converges and find all possible values of its limit.

Solution Since a,, < ant1 < apya < apny3, one has

1
A < z(an + ap+1 + apyo + (In+3) < Ap43,

thus (ap + ant1 + ant2 + ant3)/4 € {ans1,an2}. Hence for any n € N precisely one of the two identities
ap + Apt1 + Apy2 + Gpy3 = 4an+1 (1)

or
ap + ap41 + Ap+-2 + Ap43 = 4an+2 (2)

holds. Let A be the set of indices n € N for which (1) holds and let B be the set of indices n € N for which (2)
holds. Clearly, AUB =N, AN B = (). We shall prove that one of A or B is finite. Indeed, suppose the contrary,
that both A and B are infinite. Since A and B partition N, there exists a positive integer k, such that k € B,
k+1¢€ A. From (1) and (2), it follows that

O + Qg1 + Qg2 + Qg3 = dagpo and Q11+ Qg2 + Qpy3 + apga = dagpo.

Hence a = ag14, which contradicts the fact that a,, is strictly increasing. We now consider two cases.
Case 1) The set A is infinite, the set B is finite. By (1), the sequence a,, satisfies a linear recurrence
Gp — 3Ap41 + Apy2 + apys = 0 for all n > ng. The characteristic polynomial of the linear recurrence

AN =X+ A2 =3+ 1=\ —1DA\+21 1)
hasroots A\y =1, Ao = —1 — \@, A3 = —1 4+ /2. Hence
an2014-02(—1—\/5)"4-03(—1-‘1-\/5)", C,C5,C3 €R, n > ng.

Observe that Ay < —1, 0 < A3 < 1. If Cy # 0, then lim,,_, |a,| = co and a,, alternates in sign for n sufficiently
large which contradicts the monotonicity property. If Cy = 0, then the sequence a,, is bounded, which leads to
the contradiction again. Thus we reject the case one.

Case 2) The set A is finite, the set B is infinite. By (1), the sequence a,, satisfies a linear recurrence
Gp + Gpt1 — 3ap+2 + ants = 0 for all n > ng. The characteristic polynomial of the linear recurrence

AN =X =3 N+ A+1=0N-1)\ =22 -1)
has roots A1 =1, Ao =1 — \/i, A3 = 1 + /2. Hence
an:C’1+C’2(1f\f2)n+C’3(1+\@)", Cl,CQ,Og ER, n > ng.

Note that —1 < Ay < 0, A3 > 1. If C3 < 0, then the sequence a,, is bounded from above. Hence C5 > 0 so
an ~ C3AY as n — oo . The standard limit calculation now shows that b,, converges and has limit value

lim b, = lim 2L — g =142,

n— 00 n—0o Gy
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Problem 3 Prove that
2h+2 0o k
Zxk 1+z :Z(fl)kxi
— 2k 42)2 (1 — 2k+1)2
k=0

for all x € (—1,1).

Solution We use the binomial series

to get
s 1 4 g2k+2 oo 0o o
ka 2h+2)2 Zx 14 2%k+2) Z (j+ 1)a?k+2) = Z Z (1 4+ 226+2)(j + 1)2@R+2) =
=0 o 3=0 7=0 k=0
o0 o )
— 2 2k+2 2k x B
=2 G+ Da ]Zx L 2?2228 =y + 1) < Y EE) 1—x2j+3>_
j=0 k=0 7=0
Z m2g+1 Z :C2]+1 Z 1— 1_2]+1 = _a Zlog(l — x? )
j=0 j=1 j=0 =0
and
0o o N\k 0o 0o 0o 0o ) ] j
S s = S S e = S g Yt = 3 T
k=0 k=0 j=0 s = =

d j+1
=% Zlog(l +aT).

Jj=0

The proposition now follows by logarithmic differentiation of the classical identity

oo 1 oo
I i = L0+,
n=0 n=1

which can be proved as follows:

10_;j[1+x 1_‘[1_1.271:1_‘[201(1_1,270: Hzol(l_an) :ﬁl 1

ookt 1—2zn Hn 1(1 _ 1‘”) Hn 1(]_ _ $2n) Hzozl(l _ x2n71) ottt p2n—1’




The 215¢ Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 315 March 2011
Category I

Problem 4 Let a,b,c be elements of finite order in some group. Prove that if a='ba = b?, b=2¢cb? = ¢? and

c3ac® = a2, then a = b = ¢ = e, where e is the unit element.

Solution Let r(g) denote the rank of g € G. Assume that the assertion does not hold. Let p be the smallest
prime number dividing r(a)r(b)r(c). Without loss of generality we can assume that p | 7(b) (if p | r(a) or
p | r(c), then the reasoning is the same). Then there exists k such that r(b) = pk. Let d := b*. Then r(d) = p.

Lemma For any m € N, a~™da™ = d*".

Proof First we prove that
atda = d.

Indeed, multiplying the equation a~'ba = b? k-times with itself we get
(a™ba)(a"tba) - -- (a" ba) = b2b? - - - b

and hence
a—lbka _ (b2)k — (bk)Q_

Now, the assertion of the above lemma follows from the following calculations:

d=ad*a! = alad?*a™1)?a™ = a?d¥a % = zzz(acl2¢fl)22(f2 =d3d¥a 3 = =gmd¥ 0. (1)

Observe that Fermat’s little theorem implies that 27 = 2 (mod p). Consequently,
a Pda? = d*" = d?® = a 'da. (2)
Since ged(r(a),p — 1) = 1, there exist integers r and s such that
r-r(a)+s-(p—1)=1 (3)

From (2) we get
a~ =D ggtr=1 = g

for all [ € Z (see the calculations in (1)). Finally, putting [ := s, we obtain
d = a—s(p—l)das(p—l) (i) arr(a)—lda—rr(a)+1 — a_lda — d2

which implies that d = e, a contradiction. (Il
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Problem 1 Let n > k and let Ay, ..., Ay be real n X n matrices of rank n — 1. Prove that
Ay - .- A #£0.

Solution Consider two linear operators V 2% V 2, V of an n-dimensional vector space V. If Ker(f) C Im(g),
then dim (Im (fg)) = dim (Im(g)) — dim (Ker(f)) . But we have the inequality

dim (Im(fg)) > dim (Im(g)) — dim (Ker(f))

in the general case. Applying the correspondence between linear operators and matrices, we obtain the inequality

rank (AB) > rank B — (n —rank A) for every two matrices A and B. The inequality rank (A; ...  Ag) >
(rank (A1) + ...+ rank (4;)) — (k — 1) n can be deduced from the inequality rank (AB) > rank A + rank B — n
by the simple induction. We obtain the inequality rank (A; ... - Ax) > k(n—1) — (k—1)n = n — k in our

case. Thus, if £ < n then rank (A; -...- Ax) > 1 and the product A; -...- A can not be equal to zero. O
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Problem 2 Let k be a positive integer. Compute

oo oo o0

1
nlz:1n2221 nkzzlnlm'”nk(nl+"'+nk+l).
Solution
e — ce. - €T X =
= = ning...ng(ng + ... +nkp+1) = imneeng Jo
1 o0 o0 0 xn1+.‘.+nk 1 S
= / Z Z —dx = / (—log(l—z))fdx = [l—z =e %] = / uFe ™ du = I'(k+1) = k!
0 ning ... Nk 0 0

=

ni=1ng=1 ne=1

O
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Problem 3 Let p and q be complex polynomials with degp > degq and let f(z) = pEZ; Suppose that all
q(z

roots of p lie inside the unit circle |z| = 1 and that all roots of q lie outside the unit circle. Prove that

d —d
max |f/(z)] > eP e84

max | f(2)].
lz]=1 2 |z|:1‘ (2)]

Solution Without loss of generality we can assume that the maximum of |f| is attained at 1.

Let p(z) = a ]_i (z—ck) and q(z) = b ﬁ (z — d¢) where ny = degp and ny = degq. Then
k=1 =1

o) S~ 1 - 1
f(z)_kz:;z—ck ;z—dg'

Since |cx| < 1 and |dg| > 1 for all k and ¢, we have

1 1
Re 1-— Ck 5
and . )
Re 1— dk < 5
Therefore,
|f ()] (1) 1 1 degp—deggq
O IR IO T R A
e () degp — d
/ / o egp —degq max
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Problem 4 Let Q[z] denote the vector space over Q of polynomials with rational coefficients in one variable
z. Find all Q-linear maps ® : Q[z] — Q[x] such that for any irreducible polynomial p € Q[z]| the polynomial
®(p) is also irreducible.

(A polynomial p € Q|x] is called irreducible if it is non-constant and the equality p = q1q2 is impossible for
non-constant polynomials q1,q2 € Q[z].)

Solution

The answer is ®(p(z)) = ap(bx + ¢) for some non-zero rationals a,b and some rational c¢. It is clear that
such operators preserve irreducibility. Let’s prove that any irreducibility-preserving operator is of such form.
We start with the following

Lemma 1 Assume that f,g € Il are two polynomials such that for all rational numbers ¢ the polynomial f 4+ cg
is irreducible. Then either g = 0, or f is non-constant linear polynomial and g is non-zero constant.

Proof Let g(zp) # 0 for some rational zy. Then for ¢ = —f(x0)/g(xo) we have (f + cg)(zg) = 0, so the
polynomial f + cg is divisible by « — zg. Hence f + c¢g = C(z — zo) for some non-zero rational C. Choose
21 # xo such that g(x1) # 0. Then for ¢; = —f(z1)/g(x1) # ¢ (since f(x1)+cg(x1) = C(x1 —x0) # 0) we have
f4+c1g = Ci(x—x1). Subtracting we get that (¢; —¢)g is linear, hence g is linear, hence f too. If f(z) = ax 410,
g(z) = a1z + by, then a # 0 (since f is irreducible) and if a; # 0, then for ¢ = —a/a; the polynomial f + cg is
constant, hence not irreducible. So a; = 0 and we are done. o
Now denote g = ®(x").
Lemma 2 gq is non-zero constant and ¢, is non-constant linear function.

Proof Since z+c is irreducible for any rational ¢, we get that g1 +cgo is irreducible for any rational ¢. By Lemma
1 we have that either go = 0 or gg is constant and g¢; is linear non-constant. Assume that go = 0. Note that for
any rational a one may find rational 3 such that 2% + ax + 3 is irreducible, hence gy + ag; = ®(2% + ax + j3) is
irreducible for any rational «.. It follows by Lemma 1 that g; is constant, hence not irreducible. A contradiction,
hence gy # 0 and we are done. o

Denote go = C, g1(x) = Az + B. Consider the new operator p(x) — C~'®(p(A~'Cz — A~'B)). This
operator of course preserves irreducibility, consider it instead .

Now go = 1, g1(z) = = and our goal is to prove that g, = 2™ for all positive integers n. We use induction by
n. Assume that n > 2 and gy (z) = 2* is already proved for k = 0,1,...,n — 1. Denote h(x) = g, (z) — 2" and
assume that h is not identical 0. For arbitrary monic irreducible polynomial f of degree n we have ®(f) = f+h,
hence f + h is irreducible aswell. Choose rational xg such that h(zg) # 0, our goal is to find irreducible f such
that f(xg) = —h(zo) and hence f + h has a root in z.

There are many ways to do it, consider one of them, via Eisenstein’s criterion. Recall it.

Eisenstein’s criterion Assume that f(z) = a,a™+---+ag is a polynomial with rational coefficients and p is a
prime number so that ay, = by /cy, with coprime integers by, i such that by, is divisible by p fork =0,1,...,n—1,
both b,, and ¢, are not divisible by p and by is not divisible by p?>. Then f is irreducible.

Without loss of generality, zop = 0 (else denote x — xy by new variable). Then we want to find an irreducible
polynomial f(x) = 2" + a, 12"~ +--- + a;z — h(0). Denote —h(0) = u/v for coprime positive integer v and
non-zero integer u. Take L = 6uv and consider the prime divisor p of the number vL"/u — 1. Clearly, p does
not divide 6uvL. Then consider the polynomial (z + L)® — L™ 4+ u/v. If vL™ /u — 1 is not divisible by p?, then
we are done by Eisenstein’s criterion (with new variable y = x + L). If vL™/u — 1 is divisible by p?, then add
px to our polynomial and now Eisenstein’s criterion works.

Unless h(z) = —z™ +. .., the polynomial f + & is not linear and so is not irreducible. If n > 3, then we may
add px? or 2pz? to our polynomial f and get non-linear f + h (but still irreducible f). Finally, if n = 2, and
h(x) = —2% 4+ ax + b, then choose irreducible polynomial of the form f(x) = 22 — ax + ¢ and get f + h being
constant (hence not irreducible).

The induction step and the whole proof are finished. O
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Problem 1 Let f: [0,1] — [0,1] be a differentiable function such that |f'(x)| # 1 for all x € [0, 1]. Prove that
there exist unique points «, 8 € [0,1] such that f(a) =« and f(3) =1— 8.

Problem 2 Determine all 2 x 2 integer matrices A having the following properties:
1. the entries of A are (positive) prime numbers,

2. there exists a 2 x 2 integer matrix B such that A = B? and the determinant of B is the square of a prime
number.

Problem 3 Determine the smallest real number C' such that the inequality

x 1 + Y 1 n z 1 <C
Vyz x+1  zx y+1 ey z4+1 "

holds for all positive real numbers x, y and z with

1+1+1_1
r+1 y+1 z+1

Problem 4 Find all positive integers n for which there exists a positive integer k such that the decimal
representation of n* starts and ends with the same digit.

30-Mar-2012 11:07
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Problem 1 Let f: [1,00) — (0,00) be a non-increasing function such that

. ferh 1
limsup ———% < —.
FAL O BN

Prove that

/loof(x)dx<oo.

Problem 2 Let M be the (tridiagonal) 10 x 10 matrix

-1 3 0 - e ... 0
3 2 -1 0
0 -1 2 -1

0 -1 2 -1

0 -+ «oe v 0 =1 2

Show that M has exactly nine positive real eigenvalues (counted with multiplicities).

Problem 3 Let (A,+,-) be a ring with unity, having the following property: for all x € A either x*> = 1 or
x™ =0 for some n € N. Show that A is a commutative ring.

Problem 4 Let a,b,c,x,y, 2,t be positive real numbers with 1 < x,y,z < 4. Prove that

x n Y " z >y—|—z—x Zt+r—vYy T+Y—2=2
(2a)" © (20)"  (20)" 7 (bt (cta)  (atD)t

30-Mar-2012 11:07
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Problem 1 Let f: [0,1] — [0,1] be a differentiable function such that |f'(x)| # 1 for all x € [0, 1]. Prove that
there exist unique points «, 8 € [0,1] such that f(a) =« and f(3) =1— 8.

Solution Existence: Since f is derivable in [0,1], then f is continuous in [0,1]. Considering the functions
g(x) = f(z) —x and h(x) = f(z) — (1 — z) that are continuous in [0, 1] and applying Bolzano’s theorem we get
that exists o € [0, 1] such that g(a) = 0 and § € [0, 1] with h(5) = 0. That is, there exist «, 8 € [0, 1] for which
f(0) = a and f(8) =1 4.

Uniqueness: Suppose that there exist a, o’ € [0, 1], @ < @) such that f(a) = a and f(a’) = o’. On account
of Lagrange’s theorem, there exists 6 € (a,a’) C [0, 1] such that

P O [ R

o —« o —«

contradiction. Likewise, if we assume that there exist 5,8 € [0,1], (8 < B’) such that f(8) = 1 — 3 and
f(B')=1—p'. On account of Lagrange’s theorem, there exists 8’ € (8, 5’) C [0,1] such that

pon - LEI0)_0-p-0-p

contradiction. This completes the proof. O
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Problem 2 Determine all 2 x 2 integer matrices A having the following properties:
1. the entries of A are (positive) prime numbers,

2. there exists a 2 x 2 integer matrix B such that A = B? and the determinant of B is the square of a prime

number.
A= (Pl PQ) - B2,
P3  Pa

and d = det(B) = ¢* with p1, p2, p3, s, q¢ € P; here P denotes the set of positive prime numbers.
By Cayley-Hamilton Theorem,

Solution Let

B? = tr(B)B — det(B)E,

where FE is the 2 x 2 identity matrix. Without loss of generality, we assume that tr(B) > 0, otherwise, replace
B by —B. The equality

+d pg
tr(BYB=B?+dE = A+dE = (P*
x(B) * * (p3 patd

implies that tr(B) divides the numbers ps and ps. Moreover,
(tr(B))* = tr(tr(B)B) = p1 +ps +2d >2+2+8 =12 = tr(B) > 3.
It follows that
tr(B) =p2 =p3, and B= ﬁ (p1p-;-d p4pj_ d) = <(1l 2)

for some positive integers a and b. Hence,

2
2 f(a*+1 a+b
A=B _<a+b b2+1)'

The numbers a? + 1,b? + 1,a + b cannot all be odd, thus, one of them equals 2. Since ab=d+1=¢*+1>5
we have max(a,b) > 3. Hence, a+b>3+1> 2.

Now we assume that a2 +1 < b* 4+ 1. Then a2+ 1 =2 and ¢ = 1. Note that d = ab—1 = b— 1 and
O<pr=a+b=b+1=d+2=¢*4+2. If¢#3theng’?=1 mod3 = p, =0 mod3 = py, =3 = ¢ =1,
which is impossible. Hence, g=3,b=p, —a=32+2—-1= 10,

(11 e (2 1
B_<1 10)’ and A=B _<11 101)'

Similarly, if a® +1 > b 4+ 1 we obtain the matrix
101 11
A= ( 12 ) '

2 11 101 11
A(n 101)’ and A(n 2)'

Answer:
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Problem 3 Determine the smallest real number C' such that the inequality

T 1 + Y 1 n z 1 <
Vyz x+1  Vzx y+1 ey z+1 7
holds for all positive real numbers x, y and z with

1 N 1 N 1
r+1 y+1 z+1

Solution In what follows we shall deal with the harder version of the problem only.

1. We consider the case x = y =t. Then

R S
t+1 z+1
that is
2
Tioa
Thus the inequality under consideration becomes
2
2t o1 = i 1 <C
R R R A
t—1

that is
V2t E—1 2 <o

t+1 tt+1) —

Letting here t — oo leads to C' > v/2.

2. We are now going to prove that always

T 1 + Y 1 + z 1 <A
Vyz r+1 zx y+1 Jzy z+1 '

In order to achieve this goal we make use of the following transformation

1 1 1
a= , b=——, c¢c= .
z+1 y+1 z+1
Then the three new variables satisfy a, b, ¢ € (0;1) and are subject to the condition a + b+ ¢ = 1.
Furthermore
1—a 1-b 1—c
= ) y=—7>" z =
a b c

that is (due to 1 —a = b+ ¢, etc.)

b+c c+a a+b
T = y z

yield for the claimed inequality

(a + b)Vab (b+ c)vbe (c+a)\/ea
Jotoera Jetautrh  Jarhbro va.

Upon clearing fractions this inequality becomes

(a+b)y/ab(a+b) + (b+¢)/be(b + ¢) + (c + a)y/cala + ¢) < \/2(a +b)(b+¢)(c +a).



We smuggle the condition 1 = a + b+ ¢ into the inequality and get

(a+b)/ab(a+b) + (b+ c)\/be(b+ ¢) + (¢ + a)y/cala + ¢) < \/2(a+b)(b+c)(c+a)(a+b+c).

Next, we deal with the right-hand expressions. For them we have

V(a+b)(b+c¢)(c+a) = +/abla+ b) + be(b + ¢) + ca(c + a) + 2abe

and

V2(a+b+c)=+v2(a+b+¢)2=+(a+b)?2+ (a+c)2+ (b+ )2+ 2(ab+ bc+ ca)

But, employing the Cauchy-Schwarz inequality yields for our inequality

(a+b)v/abla+b)+ (b4 c)\/be(b+¢) + (c+ a)y/cala+¢) <
V(a+b)2+(b+e)?2+ (c+a)? abla+b) + acla+ ¢) + be(b+ ¢).

This together with the two previously stated equations completes the proof. It is also evident that there
cannot exist any triples (a, b, ¢), and thus also (z, y, 2), yielding equality.
O
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Problem 4 Find all positive integers n for which there exists a positive integer k such that the decimal
representation of n* starts and ends with the same digit.

Solution The number n* ends with zero whenever n is divisible by 10 and starts with nonzero digit. We show
that the claim is true for all other n’s.
It can be easily shown that all the numbers
n,n’,n’, ... n*mt (1)
ends with the same digit. In fact, n® —n = n(n —1)(n+ 1)(n? + 1) is even and for each possible reminder of n
modulo 5 there is a factor divisible by 5 in this product. Thus n® — n is divisible by 10 and in the same fashion
we can show this for n® —n® n!3 —n? ...
Now it suffices to show that for any nonzero digit ¢ there is a number in the sequence (1) which starts with
c. For any nonnegative integer m put d,, = n*™*1/10', where [ is the greatest integer for which 10" < np4m+1,
Thus 1 < d,,, < 10 and |d,, | is the first digit of n*™*1. Clearly all the d,,’s are different, since for m’ > m we
have , , ,
s nam +1/10l n4(m —m) )
a - n4m+1/1ol - 1ov-t 7
(the numerator is not a power of 10 for n not divisible by 10).
The sequence (d,,)5°_; has the following property: If dy,+i = d - g, then dpy0; = dp, - ¢® - 10°, where
e € {—1,0,1}. This is true since when

A =110, dygy = 0 107 and  dyygy = 0t 20 /107
we have ¢ = dpi/dm = n* /10"~ and so
dm+2i/dm — nsi/lol’bl _ q2 . 1021’7171” — q2 .10°

for some integer €. But d,, d,, - ¢, dp, - ¢* - 10° € [1,10), i.e. € € {—1,0,1}.

Since all the terms of the sequence (d,,,)2_; are different and all lie in the interval [1,10), there have to
be two terms d,, and d,, such that |d,, — d,| < 1—10. Without loss of generality let m’ > m. There are two
possibilities.

Let d,,,; > d,,. Then we have d,,, < d,, + %. Thus

d 1
m+10:1+ 1 §1+T10-

1 = ’ _—
<@ = dme fdm < == 10d,,,

By previous remark d,, -¢? lies in the studied sequence, whenever it lies in the interval [1,10). Repeating this idea
we have the numbers d,y,, dp, - ¢, dim - @2, dm - @2, . . ., dym - ¢ all lying in the studied sequence and after overrunning
the value 10 we have the numbers d,, - ¢**1/10,d,, - ¢"*2/10,... in the sequence, and so on. Computing the
difference of two consecutive terms in this recurrence we get

dm~qj+1fdm~qj:dm~qj(qfl) <dm~qj-% <1 for 5 < 4,
A - @10 —dp - 7 /10 = dyy - ¢ (¢ — 1)/10 < d, - ¢7 /10 5 <1 for j > i
and for the first term after overrunning 10 we obtain
A - ¢ /10 =dp, - q'/10 - ¢ < 10/10 - (1 + 15) = 15 < 2.

Since the difference is less then 1 and after overrunning we jump into the interval [1,2), we must get at least
one dy,4j(m’—m) in the interval [c,c + 1) for every nonzero digit c.
Let d,,,; < d,,. Then we have d,,, < d,,,v + % Thus

ds + 35
i <1+4.

1<q:dm/dm/< d, 10d, =




In the very similar way as in the previous case (new terms are generated by dividing instead of multiplying by
q) we obtain the new sequence of terms with consecutive differences less then 1 and after underrunning 1 we
jump to

) ) 10
dm/q 10 =dp/q" - 10/qg > 1- — =109
1+ 15
Thus also in this case we must obtain some d, 4 j(m/—m) in the interval [e,¢+ 1) for every nonzero digit c.
This ends the proof.
Answer. Integers satisfying the given conditions are all integers not divisible by 10. O
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Problem 1 Let f: [1,00) — (0,00) be a non-increasing function such that

f@r

1
limsup ———= < —.
s (27 T2
Prove that o
/ fl@)de < 0.
1
Solution Since
) 2n+1f(2n+1)
imsup ——————~
27 f(27)

then by ratio test we obtain that the series

<1,

> 22"
n=1

converges. Using Cauchy condensation test we obtain that

> fn)

converges. Now, by integral test for convergence we have

/100 f(z)dz < cc.
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Problem 2 Let M be the (tridiagonal) 10 x 10 matrix

-1 30 e e e 0
3 2 -1 0
0 -1 2 -1

M = 0 -1 2 0
-1 0
0 -1 2 -1

Show that M has exactly nine positive real eigenvalues (counted with multiplicities).

Solution Let 27 = (0,21, ...,79). Then the direct calculation shows that
et Mz = af + (2 — 21) + - + (zg — 28)* + 3. (1)

Let Amin := min{\ | A € (M)} (recall that if a matrix M is symmetric then (M) C R). Moreover, since M is
symmetric, there exists an orthogonal matrix C' such that CT MC = diag{Amin, A\1.-., Ao }. Hence we infer that
Y ' (Aminl — M)y <0 for y € R1%. Let y7 = (1,-1,0,...,0). Then 2\, < y?* My = —5. Thus Apin < 0.

Let Vi = {(0,21,...,m9) | #; € R} C R, Then, in view of (1), we have

y"My >0 (2)

for any y € Vi and T My = 0 if and only if y = 0.

Suppose on the contrary that M admits at least two nonpositive eigenvalues A1, Ay € o(M). Consequently,
there exist y1,y2 € R such that y; L y2, yfy1 = yZye = 1 and My; = Njy; (i = 1,2). Put Vo := span{y;, 42}
Then for any y = ayy1 + asys € V5 one has

yTMy=a? A\ +a2 X <0. (3)

Finally, we obtain that
dimV; +dim Ve =9+ 2 =11 > 10.

Therefore V, NVa # {0}. Take 0 # y € ViNVa. Then, in view of (2), y” My > 0. But (3) implies that y” My <0
— a contradiction. (I
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Problem 3 Let (A,+,-) be a ring with unity, having the following property: for all x € A either x> = 1 or
™ = 0 for some n € N. Show that A is a commutative ring.

Solution Denote by U(A) the multiplicative group of units of the ring A (U(A) = {z | « is invertible}). Note
first that (U(A),) is commutative, because if z,y € U(A), (zy)> =1 = xy-zy = 1, and multiplying by z to
the left and by y to the right and using also the fact that 22 = 1 = 32, we get that

Ty = ya. (1)
We now show that if
x ¢ U(A) then 1 —x € U(A).
Assume, by contradiction, that
Jx¢U(A)soy=1—a ¢ U(A). (2)

By hypothesis,
dnand m € Nsoz" =0; y™ =0

and as

zy=z(l—z)=z—2°>=(1—-z)z =y

we get that
(@+y)"tm =Y China'y’ =0,

i+j=n+m

Note that whenever i + 7 = n +m we have
i>mnorj>mandsoz’ =0ory =0;

So
l=z+y¢U(A),

which is a contradiction; thus (2) is proved.
Commutativity in A follows now from (1) and (2) with a case by case analysis: z,y € A,

1. ifx € U(A), y € U(A) then (1) = 2y = yz;
2. ifxeU(A),y ¢ U(A) then (2) = 1 —y € U(A) and from (1) we have 2(1 —y) = (1 —y)z = zy = yz;
3. ifx ¢ U(A (A)
4. iffz ¢ U(A (A)

);
);
), y € U(A) analogous to the case 2 and

),y ¢ U(A) then (2) = 1—z,1—-ye U(A)

and using
l-2)l-y=01-y(l-2a)el-c-—ytay=1—-y—c+zy < zy=yz.

Now cases 1 — 4 above show that A is a commutative ring. (]
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Problem 4 Let a,b,c,x,y, z,t be positive real numbers with 1 < z,y, z < 4. Prove that

x Y z yt+z—x z+r—y TH+y-—=z
+ + .
(2a0) ~ (20)"  (20) = (b+c)  (c+a) = (a+Db)

Solution We will use the following variant of Schur’s inequality.
Lemma 1 For arbitrary A, B,C > 0,

2(A—B)(A—C)+y(B—A)(B - C)+2(C — A)(C — B) > 0.

Proof Without loss of generality we can assume A < B< C. Let U =B — Aand V =C — B. Then

LHS =aU{U+V) —yUV 4+ 2(U+ V)V >UU+V) —4UV + (U + V)V = (U - V)? > 0.

Lemma 2 For every p > 0,

11 /°° b1 —pt
— = = t" e PN L.
Pk F(k) 0

Proof Substituting u = pt,

o 1 [ I'(k
/ th=le=Ptdt = —/ uF e du = L(k) )
0 0

k

p

at
7

Now, applying Lemma 1 to A = e~

0

IN

T Y z Yy+z—x z4+x—y T+y-—=z
FW(( 2k (b+oF  (c+a)f  (a+bF )

B =e7" and C = e, the statement can be proved as
o0
/ tk_l (x(e—at _ e—bt)(e—at _ e—ct) 4 y(e—bt _ e—at)(e—bt _ e—ct) + z(e—ct _ e—at)(e—ct _ e—bt)) dt
0

o)
/ -1 (xe_Qat + ye—2bt + se—2ct _ (y 42— x)e—(b+c)t _ (z +x— y)e—(c+a)t _ (x +y— m)e_(a+b)t> dt
0
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Problem 1 Let f: [0,00) — R be a differentiable function with |f(z)] < M and f(z)f'(z) > cosz for
x € [0,00), where M > 0. Prove that f(z) does not have a limit as x — oc.

Problem 2 Let A = (a;;) and B = (b;;) be two real 10 x 10 matrices such that a;; = b;; + 1 for all i, j and
A% = 0. Prove that det B = 0.

Problem 3 Let S be a finite set of integers. Prove that there exists a number ¢ depending on S such that for
each non-constant polynomial f with integer coefficients the number of integers k satisfying f(k) € S does not
exceed max(deg f, ¢).

Problem 4 Let n and k be positive integers. Evaluate the following sum
z’“: (k>2(n+2k—j)
= j 2k

n!
k! (n—kK)!"

where (Z) =

12-Apr-2013 18:13
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Problem 1 Let S, denote the sum of the first n prime numbers. Prove that for any n there exists the square
of an integer between S, and Sj,+1.

Problem 2 An n-dimensional cube is given. Consider all the segments connecting any two different vertices
of the cube. How many distinct intersection points do these segments have (excluding the vertices)?

Problem 3 Prove that there is no polynomial P with integer coefficients such that P(/5 + ¥/25) =5 + V5.

Problem 4 Let F be the set of all continuous functions f: [0,1] — R with the property

/O /;%dt'gl for all z € (0,1].

Compute sup
feF

/01 f(z)dx

12-Apr-2013 18:13
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Problem 1 Let f: [0,00) — R be a differentiable function with |f(z)] < M and f(z)f'(z) > cosz for
x € [0,00), where M > 0. Prove that f(z) does not have a limit as x — oc.

Solution Consider a function F': [0,00) — R given by
F(z) := f*(z) — 2sin .
Then:
o |[F(z)| < f?(x) +2Jsinx| < M + 2.
o F'(z) =2f(z)f'(x) —2cosz > 0.
Hence we infer that F' is increasing and bounded. Let

R if n=2%k-—1,
"+ if n=2k
Then (F(z,)) is increasing and bounded and hence convergent. Assume on the contrary that lim f(x) exists.
T—>00

In turn, this implies that lim f?(x,) exists. Thus the sequence F(x,) — f%(x,) is convergent. But
n—oo

F(x,) — f*(xn) = —2sin(z,) .

Consequently we get that the sequence (sin(x,)) is convergent. This contradicts the fact that (sin(z,)) is not

convergent since
sin(z,) = 0 if n=2k-1,
"l 1 i n=2k.
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Problem 2 Let A = (a;;) and B = (b;;) be two real 10 x 10 matrices such that a;; = b;; + 1 for all i,j and
A% = 0. Prove that det B = 0.

Solution Let H be the matrix 10 x 10 consisting of units. Then A = B + H. As A% = 0 then
B3 = (A - H)3 = A% + a sum of 7 matrices of the rank < 1.

Therefore rank B2 < 7. Since B is of size 10 x 10, B is degenerate. ]
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Problem 3 Let S be a finite set of integers. Prove that there exists a number ¢ depending on S such that for
each non-constant polynomial f with integer coefficients the number of integers k satisfying f(k) € S does not
exceed max(deg f, ).

Solution For each set T' C Z let N(f,T) denote the number of distinct integers k for which f(k) € T. Suppose
that the cardinality of S is at least 2 and suppose for some two elements s; # sy of S the equations f(x) = s;
and f(x) = so both have integer solutions, say, ¢ = k1 and x = ko, respectively. (Otherwise, we immediately
obtain N(f,S) < deg f.) Put d = d(95) for the difference between the largest and the smallest elements of S.
We claim that then N(f,S) < 4d(S).

Indeed, if for some k € Z we have f(k) = s € S, where s # s; (and so k # ki), then k — k; divides the
integer f(k) — f(k1) = s — s1. Thus |k — k1| < |s — s1] < d. Clearly, there are at most 2d of such integers k
(since k # k1), so N(f, S\ {s1}) < 2d. By the same argument, we must have N(f, S\ {s2}) < 2d. Since S is
contained in the union of the sets S\ {s1} and S\ {s32}, we deduce that

N(f,5) < N(f, 5\ {s1}) + N(f, 5\ {s2}) < 2d + 2d = 4d.

Therefore, N(f,S) < max(deg f,4d(S5)). O
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Problem 4 Let n and k be positive integers. Evaluate the following sum
k

S0 (87)

n!

where (};) = B (n—k)"
Solution We show that

SOC)-Cry :

Multiplying equation (1) by (n(zf)k';l"k' we get
k . k .
D' (n+2k—j)! (2k)!In! k n! (n+ 2k — 5)!
Z( ) 7 = ot T -2 () s o

-2() (?) (57) ®

On the right side in the formula (1) after multiplying we obtain

() o= () ()

("= 06"

T

S(OZ()) ”

By changing the order of summation in formula (3) putting s = r + j we get

%@@i@ﬁ@@

2(] 9 o1 [ @

Once again by changing the order of summation in formula (4) it follows
k 2k L (k\ (n\ [n—j
()2 G)0)
On account of the Cauchy identity we have

(506

S

Applying Cauchy identity

to formula (2) we have
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Problem 1 Let S, denote the sum of the first n prime numbers. Prove that for any n there exists the square
of an integer between S, and Sj,+1.

Solution We have
Ve<m< . Jy=z<m?<y,

so if \/y — v/ > 1, there is certainly a square between 2 and y.
We have

Vi—Vz>1=y—x>1+2x,

hence it suffices to prove
Sn+1 -85, >14+2/5,.

For n = 1,2, 3,4 the assertion can be seen directly. For n > 5, we use
Sn<14+34+5+...4pn,

where the sum contains all odd integers up to p,,. Their sum equals 1/4(1+p,)?, so it follows that 21/S,, < 1+p,.
AS pp4o is at least p, + 2, we get Sp41 — S > 1+ 24/5, as desired. O
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Problem 2 An n-dimensional cube is given. Consider all the segments connecting any two different vertices
of the cube. How many distinct intersection points do these segments have (excluding the vertices)?

Solution We may think that every vertex of the cube has a view (g1, ...,&,) wheree; € {0,1} fori =1,2,...,n.

A cross-point of two segments has a view (a1, ..., a,) where «; € {0, %, 1}. For example, if A = (0,0,0,1,1),
B =(1,0,0,0,1), C = (1,0,0,1,1), D = (0,0,0,0,1) then ABNCD = (%,0,0, 3,1). However a row containing
less than 2 of % may be not a cross-point. Therefore, there are exactly 3" — 2" — n2"~! of cross-points. (]
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Problem 3 Prove that there is no polynomial P with integer coefficients such that P(/5 + /25) = 5 + /5.
Solution First we prove two lemmas.
Lemma 1. There is no polynomial w(x) = ax + b with integer coefficients such that w(~/5 + ¥/25) = 5 + V/5;

Proof Assume on the contrary that such a polynomial w(z) = ax + b exists. Since V/5 and /25 are irrational,
it follows that a # 0 and a # 1. Furthermore, one has

a(V54+V25) +b=5+ V5= (a — )V5+aV25€Q
— ((a- D)V +aVB) Q= (a- 1?2 +50*V5 € Q

5 2
— ﬁ ((a —1)V5+ a\3/25) n ((a ~1)2/25 + 5a2 \3/5) €Q
—a
-1 3 _ 5 3
— <(a()1)a> V325€Q:> \3/%6(@,
a —
which contradicts the fact that v/25 € nQ, where Q and nQ denote the set of rational and irrational numbers,
respectively. This completes the proof of the lemma. O

Lemma 2. There exists exactly one polynomial w(x) of degree two and rational coefficients such that w(</5 +
V25) =5+ V/5;

Proof Consider a polynomial w(x) = az? + bz + ¢, where a,b,c € Q. Then

w(V/5 + V/25) =5+ V5 <= a(V5 + V/25) + b(V5+ V25) +c=5+ V5

a+b = 0 a = 1/4
<~ ba+b =1 << b = -1/4
10a+c¢ = 5 c = 10/4

This implies that there exists only one polynomial w(z) with the required properties, i.e.,

1 1 10
w(x):1x271x+zandw(%+ V25) =54 V/5,

which completes the proof of the second lemma.
Now we are ready to solve the problem. Let zo := /5 4+ /25. Then

23 = (V5 + V/25)% = 5 + 3V/51 + 3V/55 + 25 = 30 + 15¢/5 + 15¢/5 = 1520 + 30.

We put Q(z) := 23 — 15z — 30. Then Q(x¢) = 0. Assume on the contrary that such a polynomial P(x) exists.
Then there exist two polynomials R(z) and w(x) with integer coeflicients such that

P(z) = Q(z)R(x) + w(z),
where the degree degw(x) of w(z) is less than or equal 2. Consequently we obtain
54 V5= P(V5 4 V25) = Q(V/5 + V25)R(V/5 + V/25) + w(V/5 + V/25) = w(V/5 + V/25).

From this it follows that there exists a polynomial w(x) of degree less than or equal 2 with integer coefficients
such that

w(V/5 + V/25) =5 + V5,

a contradiction with Lemma 1 and Lemma 2. This completes the solution. (Il
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Problem 4 Let F be the set of all continuous functions f: [0,1] — R with the property

/O \/J;(tf)tdtlgl for all x € (0,1].

Compute sup

1
sup /0 f(z)dx

Solution We will use the following lemma.

Lemma For every functions f € L0, 1],

L)L

Proof Changing the order of integration then substituting ¢t = —1 + 2%,

[ ) == </ ﬁ)dt
1 1 1
= [ (/ﬁ)d/ ;

0
Now, by Lemma, for all f € F C L]0, 1] we have
1 1) 1
/fgl/ / fodt| de gl/ dr 2
0 ™ Jo 0 r—1 1—=z ™ Jo 1—=x ™
oy 1] <3
For the functi = —— h
or the function g(z) e we have
/f” gt)dt 1/1 a
o Ve—t mJo Jtlx—t) '
1
Define a sequence f1, fa,... of [0,1] — R functions as f,(xr) = ——=——=. Then f, € C[0,1] and 0 < f < g, so
/o +

n
2
=.

1
Hence, sup . » ‘ IN f‘ =2 O

fn € F. As f(z) — g(z) pointwise, we have fol fn — fol g=



