Bat dang thitc Cauchy va mot so tmg dung
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Bat dang thitc Cauchy va mot so tmg dung

MO PAU

1- Li DO CHON PE TAI :

Bét dang thirc 12 mot trong nhitng méang kién thirc khé nhat cta toan hoc phd
thong ma hoc sinh can phai nam dugc, boi ing dung cua bat dang thic xuyén sudt
chuong trinh toan hoc THPT. Pic biét phai ké dén mang tng dung , boi li do do
nén toi chon dé tai : “ Bat dang thic Cauchy va mét s6 ung dung *°. Dé tai ciing
gitip t61 hiéu sau hon vé phuong phap day bai tap bat dang thirc cho hoc sinh.

2- MUC PICH NGHIEN CUU :

Pé cho hoc sinh thdy dugc vai tro bat dang thitc Cauchy trong giai quyét bai
toan. Yéu cau dat dén d6i v6i hoc sinh 13 thdy rd, hiéu va biét cach van dung bt
dang thirc Cauchy trong thuc hanh giai toan.

3- POI TUQNG, PHAM VI NGHIEN CU'U :

Pbi tugng nghién ciru cia dé tai 1 van dung bat ding thirc Cauchy vao giai
quyét mot s6 bai toan lién quan trong cac dé thi HSG va tuyén sinh DH.

4- NHIEM VU NGHIEN CU'U :

Pua ra nhimng co s¢ 1i ludn vé bat dang thic Cauchy . Tir 6 mo ta phén tich dé
tim ra bién phap ddy cho hoc sinh cach van dung vao giai ton.

5- CAC PHUONG PHAP NGHIEN CUU CHINH :

Vi nén tang co s 1i luan vé phuong phap day toan hoc , thi doi hoi phuong
phép phan tich san pham , tong két kinh nghiém dé ut ra duoc 1i thuyét cho chinh
ban than nguoi day.

6- KET CAU CUA DE TAI :

Dé tai gdm 2 chuong :

Chuong 1: Cosoliluan.

Chuong2: Mot sb Gmg dung cua bat dang thire Cauchy.
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Chuong 1 : Co s¢ i luan
1.BAT PANG THUC CAUCHY

Cho ¢, €R,,i =1,n Tacé: Zn'a[ >n /ﬁai ,neNN0,1] (1)
i i4

Dau "="xayra © @, =a, =... =a,.
CM
e Voin=2tacd:a +a, =2\/a,a, (ludn ding).
1 k
—2.a
k
ks

cling dang v&i n =k +1. That vay , gia st

kg
> [a, Ta chimg minh (1)

i

e Giasu (1) ding v6i n =k, tlc la :

1 k
a, =a, =...=a, =a,,, = a,, ZzZai
i=

1 k
Dit x :Zzai’ a, =x+y,(y =0).
i=

IR k1 k + 1
Vi Zaf: L— a,’f+ak+1 = x+x y: X+——y
k+17 k+1 k3 k+1 k+1 k+1 k+1
- R R 8
Dodo: | — > a. = x+—— >4 1k
k+1§1 K+l K+l o
k+1
>x"(x+y) =] ]a, (ding).
i
Dau "="xayra < @, =a, =...=a,.

Viy theo nguyén 1y quy nap toan hoc bat dang thirc (1) dung Vn € IN \{ 0, 1} :
e Véi n =1thi hién nhién bat dang thuc (1) dung.

2. HE QUA BAT PANG THUC CAUCHY
+ He¢ qua 1:

—| xayra < a, =a, =... =a,,.

Néu Z a =S(const) thi Max(ﬁq ) —

+ H¢ qua 2:
Néu [[a =P (const) thi Min(Za,):nQ/E Xdyra < a, =a, =...=a,.
i=1 i=l
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Chuong 2 : Mot s6 tng dung cta b‘ét dang thirc Cauchy.
I.UNG DUNG BDT CAUCHY VAO CHUNG MINH BDT
Bai toan 1 (BDT Bernoulli)

Cho €R, ,x >- 1,khi d6 :

e a>l,taco: (1+x) =l+ax (2). Ddu" =" xayra < a =1 hoic x =0.
e 0<a<l,taco:(1+x)" <l+ax (3).Diu "="xayra © a =0 hodc x =1.
CM

e =1 .Trudc hét ta chimg minh €Q,
+ Vi a =1thi bdt (2) hién nhién ding .

. o n ., ,
+Vo1r a>1, dat o =—,(n,m) =1, n>m. Khiddtacod:
m

m (1 + ax)"'ﬁﬂ"’ﬂ"ﬂﬂ'l >ni(l+ax)" o

n=m

m(+ax)+(-m) (s ax)’

n

o G+1) 20+ax) o U+ >0 +ax)= Q+x) 2 +ax.)

Dau " =" xayra © x =0.
+Véi a€l,, gia st @ 1as6 vo ty tuy v . Khi d6 vi Q14 tap tri mat trong R
~ /‘\ . ~ /( ~ ? 0 \ 1 —

nén ton tai day sb hiru ty (o, )n L0, >1 ma imea, =a

Véimoin,taco: (1+x)" =1+ ax. chuyén qua gidi han ta co :

lim(Q +x)" =lim (1 + Otnx) hay (1+x)" =1+ ax. Nhuvay BDT (2)

duoc chung minh tron ven.
e 0<a<l,ceqQ,
+ Véi a =0, thi bdt (3) hién nhién ding.

+Véi O<a<1,dit @ =2 (o,m) =L,m <n,(m,neN’).
n

Taco: mU+x)+ G- m) Zn\"/(1+x)m =

n

mx +n

>(1+x)"

n

o (l+ax) 20+x) @ (+x) <(+ax)e (+x) <l+ax
Dau " =" xay ra < x =0.
Giast @ lasd voty tuyy, vi Q tri mat trong Rnén El(an ):0:] hiru ty ,

0<a, <1 malime, =a
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VneNN, taco: A+x)" <1+ ax . Chuyén qua gi6i han , thi dugc :
lim AQ+x)" <lim(1+a,x) hay (1+x)" <1 +ax.

Nhu vay bdt (3) dugc chirng minh hoan toan.
Baitoan2: Cho @, €R, a >0,i =1k, (n,k€Z). Taco :

1 & 1 & .
—>a' = —)a.
PR P

(4). Dau " =" xayra < a, =a, =... =q,.

CM
1 &
Dét S :EZ(JI.
e k =1, thi BPT (4) hién nhién ding.
e k>1,4p dung BDT cauchy cho 1 s6 @ va (n-1)s6 5" ta duoc :
a'+(n-1)S" =nS"".a,Vi

k k k
Dodé : Ya +k(n-1)S" 2nS"'Ya =knS" < Ya' =kS",
i= i i=

.Dau" ="xayra < a, =a, =... =a,.(dpcm) .

1 & 1 &
o —N>a'=8"=|—>Na
'Sa [kg:,

Chii y : + Ta c6 thé chimg minh BDT (4) nho BDT Bernoulli nhu sau :

Pit SZEZai.Khidé: @) ok<¥ k?a

n

, | ka ka - S\ ka - S
Vi,taco: | —-| =|1+— >l +n—
£ ka | ks - ks (ka |
Dodo : Y| — Zk+n[ ]@Z L =k,
i=l S S i= S
. ka - S —
Dau “="xayra < 4 =0,(i =L,k) © a, =a, =... =a,

+ Néu thay diéu kien ISR bing didu kién 7 =1, 7€R thi cach
ching minh tht 2 hop 1i hon. ‘ 7 ‘
+ Cac BDT (2), (3), (4) déu co6 thé chung minh bang dao ham.
Bai toan 3: Cho x,7,z>0va m,n€IN . Chitng minh rang:

X" zZ" ,
—+£+;ZX'””+)/M+ZW.Dﬁu“=”Xéyra@ X=y=2

y Z
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Bat dang thitc Cauchy va mot so tmg dung

CM
Ap dung BDT CauChy cho (7 +mMm+nm’) s ,tacod:

X oY iz wwz)/m
nfy+nﬂz+nx12(nf+nﬂ+nz) V7R

(i +m+m)" "X =(n7 + e+ m) X"

Zm 2)(" 2 n
Tuong ty ta co : n‘f§+mv;+n 72(rﬁ+n”n+n )y’”

va n'f—+nﬂ—+n Z >(m +mMm+m)z""
Cong vé voi vé 3 bat dang thL'rc trén va rat gon ta dugc diéu phai ching minh.

MOT SO BAI TOAN TUONG TU:
- k
1. Cho @ €R, a >0,i =1,k ,m =n; k =22; m,n,k€IN'. Bat S ZZa,," .

ﬁ? k k a}n k m-n
Chu h > m-n
ng minh ring : Z_;S a k-12°S - 1§

2. Choa €R,a >0,i =1,n, Vk,! €N. Chirng minh ring :

I’la'k
B

24 N i34 N

3. Cho a. €R,i =l,n,n€IN_. Chu’ng minh rang :
Za <— Za“ ,(m, [ eN), trong do Zl =a (chin).
n i<

4. Cho x €R, x, >0,i =1,k ,k >2. k,m,n€IN". Ching minh rang :

1 n
{k%a

k 1

<Z— ,trong d6 S =X a’
i=l

=

m m

[1

j=

, trong d6 x,,, =x,.
i= le i=

Chu y : Véi viée st dung héng dang thire sau :
m" - n* =(m- n)(m*' +m"’n+...+mn*> +n*') Tasécomotloi giai
bang BPT Cauchy that dep cho bai 4 .
5. Cho X, Y,z >0.Chting minh rang néu k,m,n € Z thoa man diéu kién

\ y my” ymZ" me” m+n-k m+n-k m+n-k
k> >m.n,thitaco : - — =X +y +z
z* X Y
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IL. UNG DUNG BPT CAUCHY VAO GIAI PT , BPT ,HPT, HBPT.
1. UNG DUNG BPT CAUCHY VAO GIAI PT, BPT.
Vidu 1. Giaiptsau:
x'-3x*- 8x+40 =8Y4x +4.
‘ Loi giai

biéukién 4X+4>0< x=>-1. Taco:
S

x'- 3x7- 8x +40 =8/4x +4 :4'\4/(x+1)4.4.4 <x+1+4+4+4

o (x+3)(x-3) <0 x =3.

Vay x =3 1a nghiém duy nhit ctia phuong trinh da cho.
Vi du 2 . Giai phuong trinh sau :

J27x" - 5x° +:/864 =0

101 giai
Do X =0 khong 14 nghiém cua pt , nén chia ca 2 vé cho ¥27x° ta dugc :
s 5 864 1 L 2 5
5 =ex' +—=———

xt- + —
27 27 x° ' 27

@i—3£+2i>55 x—43 L2— )
27 T3 T x° 27
Déu“=”xéyra®x?=—6© X" =3 x =H3.
x

Vay phuong trinh da cho ¢6 2 nghiém 1a y ==+/3.
Vi du 3 . Tim nghiém x, y ciia bat phuong trinh sau :

2002 1
PEHETN 2002 e+ ! e’ (1)
2003 2003
Loi giai

2002 1
bita =——,——=b= a+b =1= b =1- a. Khi d6 phuong trinh( 1) trd

2003 2003
thanh : € >ae" +be’ =ae" +(1- a)e’ o ¢ >ge™ +1-a (2)
Gia su (xo A )1a nghiém ctia BPT (2) , diéu nay ciing c6 nghia 14 nghiém cia
BPT (1)

Tucla: e > ge +1- g (*)

Mat khac theo BDT Bernoulli , ta lai ¢6 :
"t =[1 + (ea("“"’”) - 1)] "<l+a (e“(x“"’“) - 1) =(1- a)+ae” " mau thuin véi (%)

Vay BPT da cho v6 nghiém.
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Vi du 4 . Chiig minh rang cac BPT sau khong c6 nghiém nguyén duong:
a) x' +y" <I (1)
b) (x+y) +(y+z) +(x+z) <2 (2)
Loi giai
a)Tu(1)suyra 0<x,y <1, Gidsu (xo,yo) 1a mot nghi¢m ctia BPT (1), tic 1a :
Xty =<l
Theo BDT Bernoulli , ta ¢6 :

X0 _ Xo X — Xy

%o _xé""“ _[1+(x0- 1)]]"”‘ 21+(1- v,)(x, - 1)_x0+y0- X,V
Yo
Xo+ Vo= XYy
X, N Y, o %5ty
X, ty,-xy, X, ty,-xy, X, ty,-Xx),

‘ X,
Va V' =

>1

Dodo: X, +y,' =

Mau thudn (*) suy ra diéu gia sir 12 sai. Vay BPT (1) v6 nghiém.
b) lam tuongtyya.

2.UNG DUNG BPT CAUCHY VAO GIAI HPT, HBPT
Vidu 1. Gidi hé phu:0’ng trinh sau :

1
=t \f \/—‘3‘f (1)

x+y+z=l (2)

A

Xy + yz +zx :% +2xyz (3)

Loi giai
Diéu kién X, y,z >0

Ta (D)= 3W3 = \/— \/* \/— /\/1— S xyz >3\/xyiz o xyz >21_7 (4)

1
Te Q) = 1 =x+y+z=33xyz © xyz SE (5)
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11
Déu =" & (4) va (5) xdy raddng thoi = {Vx y Vzex=y=z
X=y=z

1
Thay vao (1) = x =y =z :5 thod man (3) .

. 1
Vay HPT da cho c6 nghiém duy nhatla x =y =z =—.

3
Nhan xét : , ‘ q
® Thay vily luan dau “="" & (4) va (5) xay ra dong thoi, ta c6 thé lam nhu
sau :

1 . 1
Tu (@) va(s) = xyz :E (6) thé vao (3) ta duogc : xy + yz +zx :29_7 :g (7)

Tu (2), (6),(7) va theo dinh li Vi-ét thi x, y,z 1a 3 nghiém cua phuong trinh sau :
3
X3-X2+1X- 1 =0©X=l©x=yzzzl.
3 27 3 3
e Vi cach lam & trén thi phuong trinh (3) 1a khong can thiét .
e Ta ciing c6 thé trinh bay 15i giai bai toan trén theo cach sau :
Vi vai trd X, Y, Z 1a nhu nhau. Khong mat tinh tong quat ta gia st

=0 o

x-1
3

1
x2y=2z20.Taco3z<x+y+z=1=>0<3z<l= 0<z <—.

3)e % =xy+yz+zx- 2xyz =xy(1- 2z)+z(x + y) <

2 2
+ 1-
su(l- 22)+z(x+y):( 4Z) (1-22)+z(0- 2)
I N | U|(z+z+1-22) | 7
—Z(-Zz +z +1)—Z[z.z(1- 22)+1] SZ 3 +1 _E

— X =Yy
. X =y . 1
Dau " =" xay ra © And 1 Thé vao (2) ta dugc x =y =z =— thoa
z=1-2z z =— 3
3
1
man phuong trinh (1). Vay x =y =z =— la nghiém cua hé da cho.

W |

Binh luin : Véi cach 1am trén ta thdy phuong trinh (1) chi can thay bang gia
thiét x,, 2 >0 1a du.
Vidu 2 . Tim m dé hé sau c6 nghiém duong :
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x+y+z=l
Xy + yz+zx =9m
Xyz =m
Loi giai
e Gia su hé c6 nghiém nguyén duong x, >0,y >0,,z, >0, ticla:
x,+y,+z, =1 (1)

xOyO + yOZO + ZO'xO :9m (2)

XoYoZ, =m )
1
Taco: 1 =x,+y, tz >33 X,VoZ, :3{/% S m SE (4)
1
Mit khac : 9m =x,y, + y,z, + z,x, 233/(x,y,z,)" =3Im* @ m=—  (5)

27

|
T (4) va (5 m=—.
u(4)va(5)suyra 7

1
e V61 m =—,thitaco:
27

x+y+z=1

1
1 Xy +yz+zx :E = X, ),Z ]a 3 nghiém (phan biét hoac trung nhau) ctia phuong

N
Y
; , 1 1
trinhsau: X - X +—-X- — =0
3 27
@[X—l] :O<:>X:1<:>x:y:z:1.
3 3 3

1
Vay véi m :E , thi ycbt dugc thod man.

10
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Vidu 3. Tim a,b € Z, thoa man :
ab +bJa <12 (1)
aJa +b\b =28 (2)

Loi giai
Tir (1) taco : 12 Za/b +bJa =2:/(ab)’ = ab <63/6<63/8 =12

Doab€Z = ab <11 (3).
Tr2)taco: 28° <(av/a +bb) <(a* +b*)a +b)
<(a+b) (a+b)=(a+b)
o a+b>28>9= a+b =10 (4)

Giast a <b,ttr (3)suyra ab <lle a’ <l1= a <3.
e V¢i2<a=3,thitt(4) = b=T7T= ab=2.7=14>11
(mau thuan (3) )
e Voi a =I, tir (4)suyra b >9 két hop véi (3) ta duge b =9;10;11.
D& dang kiém tra thay chi c6 cap (1 ; 9) 1a thoa mén.
Vay nghiém cta hé BPT di cho 1a (a,b) Z[ (1;9),(9;1)} .

Vidu 4. Tim nghi¢m duong cia HBPT sau :
a2000 + b2000 + CZOOO :3 (1)
{az +b+¢* >3 (2)
’ Loi giai
Ap dung BDT cauchy ta ¢6 :
a” +999.1 >1000"Va™.1 =1000a°

Tuong tu, tacod :

b™ +999.1 210005 va ¢ +999.1 =1000¢’
Do d6 : @™ +bp™+c™™ +3.999 >1000(a’ +b* +¢?)

= (a&* +5* +¢*).1000 <3.(1+999) =3.1000

=>a +b’+c" <3 (3) .

T (2)va(3)suyra a’ +b* +c¢’ =3 .Dau“=“xayra © g =b =c =1. Vay
nghiém cia HBPT dachola: a =b=c=1 L

11
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MOT SO BAI TAP TUONG TU.

1.Tim x &

T o 20
0:7 | thoaman: sin"x+cos’x =2 " ,n€N\[0,1].
2.Giai phuong trinh sau :
16 |
+
Jx-1986  \Jy- 2002
3.Tim GTLN ctia tham s6 a dé BPT sau c6 it nhat mot nghiém :

=10- (Vx- 1986 +/y- 2002)

\/;(x- 1) + ( Ja y = s1n—
-1
4.Giai cac HPT , HBPT sau :
X Yy _ X, y,x,t >0
a)<\/; Jx b) {x+y+z+¢t =12
X _8(xy)2°°5 Xy + yz+zx+xt+ yt +zt =xyzt - 27
Xy =9 6x°vx' - 6x+5 =(x* +4)(x* +2x- 6)
3x+y =6
x+— >]+—
5 {4X+y'1+3.42y'1 <2 (x- 1) (y- 2) 7t° =1024
X+3y=z2-log,3 f) {4 +Z +16y+t° =8x+ 76

x=>1y>2,z>0;t=0

12
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II1. UNG DUNG BDPT CAUCHY VAO TIM GTLN - GTNN .
1.KY THUAT CHON DPIEM ROI TRONG BPT CAUCHY

Gia su ta can chung minh, BDT sau :

S(a,,a,,...a )=C _const (*)

hoic S(a,,a,,...,a ) <C _const
1.1. Truong hop 1 : S(a,a,,...a ) 1a mot biéu thic ddi xtmg cia cic
a,li =l,—n .Ta du doan dau “ ="’ trong BDT (*) xay khi @, =a, =... =a, . Kiém
tra lai duy doan néu dung thi két hop véi diéu kién xay ra dau “ = >’ trong BDT

cauchy , ta s€ tim dugc cac hang so trong cac danh gia gia dinh. Tu d6 dua ra 101
giai cua bai toan .

Vidu 1:
a,b,c>0
Cho 3 Chang minh rang :
a+b+c <—
2
s ., 1 1 1_15
S=2( +bP* +)+—+—+-—>—,
a b ¢ 2
Loi giai

15 . 1 .
Du doan S :7 khi a =b =c 25. Do d6 ta can chon & sao cho :

2a° =2b° =2¢°

1 1 1 = 2 =—= a =4. Tu d6taco 10i gidi sau :
= = (04
aa ab «ac

S = 2a3+2b2+2cz+L+L+L+L+L+L]+l LI
da 4b 4c 4a 4b 4c 2la b ¢
224.1 3 1 224.2.—1 3 15
2 2 abc | 2 2a+b+025+§.2=3.

. 1
Dau “ =" xay ra khi @ =b =C :E (dpcm).

13
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Vidu?2:
Cho a,b,c >0 . Chimg minh rang :
a’ b’ c’ a+b+c
+ + = .
a+ab+b® b +bc+c cHac+a’ 3

Trudce tién ta xét danh gid gid dinh sau :
3

>aa+ b
a’ +ab+b’ p

o (- a)a’ - pb’ =(a + Blab(a +b)
1_O(cz3+ i b’ >ab(a+b) (¥
a+ 3 a+f}
Mat khac , talaico :
a’+b =(a+b)a - ab+b’) >(a +b)(2ab- ab) =ab(a +b) Va,b >0.

Do d6 (*) ludn dung néu ta chon duoc &, B thoa mén :

(1- )
=1 o =—
a+p 3
< = < .
-/)) =1 ﬂ :-—1
a+p | 3
Khi nay , ta c6 101 giai sau :
) a’ 2 1 b’ 2 1
Tacod: >—q- — >—h- —c
a+ab+b®> 3 3 b>’+bc+c® 3 3
‘ c’ 2 1
va =>—Cc- —dad

c+ac+a’ 3 3
Cong vé v4i vé 3 BDT trén ta duoc PPCM L

Vidu 3 : Cho a,b,ceR, t/m abc =1. Ching minh ring :
1 1 1 3
+ + >=
ab+c) b(c+a) c(a+b) 2

Trude tién ta du doan ddu “= > xay rakhi @ =b =c =1.
1 1 2 _b+c

Khidd (pso) 2 4 apc - Podo:

14
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1 +b+c>\/ 1 b+c_1_ 1 1 1[1 !
7(b+0) e Nab+o) dbc a ab+o) a 4alb ¢
1 1 1(1 1 1 1 11 1
Tuongteta e 10y *h 4l c a) U Ca+h) ¢ 4la b
Cong vé voi vé 3 BDT trén ta dugc:
1 1 1 1/ 1 1 1 3 111 3
Z(b+0) blc+a) cla+h) z[a b c)"2\abec 2

1.2. Truong hop 2 : Trong biéu thirc S(a1 ,az,...,an) cac a,,i =1,n khong co
tinh ddi xtng . Khi ndy viéc du doan ddu “ =" trong BDT (*) cho mét 16p bai toan
la rat kho. Két qua cta vi¢e nay chu yéu dya vao kinh nghiém va truc quan toan
hoc ctia mo1 nguoi lam toan.

] a,b,c>0 , S
Vidu1: Cho 2 +2b 43¢ 220 Chtrng minh rang :
S=a+b+c+§+i+izl3.
a 2b c

Trudc tién , ta du doan S =13 , khi a,b,c >0 vathoamin g + 2b + 3¢ =20
Biéu dién S dué6i dang sau :

S=laa+—|+ /515-+i +
2b

a

+(1-a)a+U- Bb+A- y)c

yc+—
C

Nhu vay ta can chon céac sd @, 3,y thoa man céc diéu kién sau day :
1'0{:1'/3):1'3/:]{>0 fazl‘k (1)
b2 3 B=1-2k (2)

la= 2 o ly=1-3k (3

3 2

= ,C =—F

287y

a+2b+3c =20 \F+6+6=2O (4)
Ne 28 Jy

Thé (1),(2),(3) vao (4) ta dugc :
3 N 6 N 6
1-k ~2-4k 1-3k

=20 (5)
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Bat dang thitc Cauchy va mot so tmg dung

Ta can chon 0 < k <1 sao cho thay vao (5) thi ta khai can duoc ¢ cac biéu thirc ¢6

chtra ddu can. D@ thay k IZ dap Gmg duoc yéu cau d6. Khi nay ta c6 mot 1oi giai

dep nhu sau :
LG
Taco:
4 1 1 1 1 1 1
S—E — { 9]06 —a+ b+c

o 8§22 \/; \/7 \/07+ (a +2b+3c)

bl
>3+3+2+——13
4

< S >13.Ddu“=“xayra © a =2,b=3,c=4 L

Vidu2: Cho X,y >0,x+y =1. Chtng minh rang :

9 48
P =51x+23y+—+— >68.
XY
Trudc tién ta dy doan P =68 ,khi X,y >0 va x+y =1,
Ta biéu dién P dudi dang sau :

P=lax+—|+ ﬁy+ﬁ +(51- a)x+(23- B)y
X Ty
Nhu vay , ta can chon &, 8 >0 thoa mén cac diéu kién sau :
r51-0(:23-/)’ (o =28+ (1)
<x:%,y=4% SNX= 28:)’—\/7()
x+y =1 x+y—1

] . 42 =1

D& thay f# =21 thoa mén (4) , thay vao (1) ta dugc @ =49 .
Khi nay , ta c6 101 giai sau :
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Bat dang thitc Cauchy va mot so tmg dung

P = 49x+2 + 21y+ﬁ +2(x+y)
X 7y
< £ 42 . . 3 4
>4 + 24 +2 =68, Dau dang thuc xay ra khi x :7 Y :7E

2. UNG DUNG VAO TIM GTLN - GTNN..
Vidul: Cho X,V,z >0. Tim GTNN cua biéu thirc sau :

(c+y+z)

2_3
Xy'z

S =

LG
Do X,Y>Zkhong c6 mbi quan hé rang budc niao . Nén dé tim MinS ta ¢ 2 cach sau

Cach 1. Sir dung BDT Cauchy ngugc ta co : xp°z° <a(x+ y+ z)

6

1 1 (6(x+y+2z)
Taco: xy'z' =——(6x.3y.37.22.2222) <
acod: xy'z 423xyyzzz 3 .
< xy’z’ Si(x+y+z)6 .Do d6 :
432
S:(“J’Z*f) > l(x”’”) —432.
Xy z — (x+y+z)
s

Vay MinS =432 khi x :ly :lz>o C
2 3

Cach 2. St dung BDPT Cauchy thuan ta c6 :(x +y + z) >oxy’'z’.
6

6 1 1 1
Tacdt (x+v+2z) =|X+-vVH+-—vy+-z+-z+-7
aco ARTY AN

cs Xy2Z3 ‘ ) s ,
>l 6 108 =432xy°z . Do d0, ta c6 két qua nhu céach 1.
0<x<3
Vidu 2 : Cho Tim GTLN cua :
0<y<4
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Bat dang thitc Cauchy va mot so tmg dung

S =(3- x)4- y)2x+3y),
LG
Nhan xét : RS rang voi diéu kién di cho thi 3- x =0,4- y =0. Mit khac ,

theo hé qua cua BPT cauchy thi (H a ) < Ya =C _const. Viy ta can chon
i= i=

min

a, 3 sao cho :
Ba- ax)+@4p- fy)+(2x+3y) =C _const.
Dé dang thdy @ =2, =3. Khi d6 ta c6 10i giai sau :

S :%(6- 2x)(12-3y)Q2x+3y)

6 3
Vay MaxS=36 , khi x =0,y =2 C

21[(6- 2x) +(12- 3y)+<2x+3y)]3 <36,

Vidu3: Cho a,b,c,d > 0. Trong tit ca cic nghiém duong (X,y,7,t) cta
phuong trinh :

a b c . .2
—+—+—+—=1 Hay chi ra nghiém v&i tong :
X y z t

=x"+y"+Z" +t" nhonhitvéi n€IN".

Loi giai
Pat A =a" + b +¢c" +d" .
X+ EAM 4+ EAT (1) A
KD omoo® D

n_so

y" +nEAn+1 >(n+1)VYb’ A’

Theo BDT cauchy , ta co :

y
C
7 +n- A" >(n+1)Yc" A"
v4
d
Va t" +n?An+l >(n+1)Yd A"
n n n n n+l a b C d
Dodé : X" +y +Z" +t"+nA" | —+—+—+—| >
X y z t
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Bat dang thitc Cauchy va mot so tmg dung

2(1’1+1)An(n{/ain+n+lbn +n+lcn +n@)

>(n+1)A™ .
n+l
Vﬁy S :Xn +yn + Zn + tn ZAnH :(n#an-e-l + n{y‘bn-ﬂ + n{ycn-ﬂ + "f\ydw) )
[ a b c d
Xn :_An+ljyn :_An+l’Zn :_An+l’tn :_An+l
. X y z t
Dau “=*“xayra <
a b ¢ d
—+—+—+—=1
X y z t

\

x =%aA , y =/bA
=

z =3/cA ,t =¥dA
vay MinS_ =(/a” +</o" +/c” +/d") ", dat duoc khi c6 ().

*)

MOT SO BAI TAP TUONG TU :
X,y; Z > O X30 30 Z30
1. Cho .Tim GTLN ctia : P =—+ y21 t— .
X +y +z =2004 y. 7z X

2. Tim gia ti nho nhat ctia ham so:

y=9¢1+ X +13¢41- X, (X <1)

3. Véi 0 <x <2002 . Tim GTLN cua y =x (2002 - x™).

a=>1
bcva-1+cavb- 2 +ab+/c- 3

4. Cho {b =2 Tim GTLNcia S =
abc

c=>3
Tim GTLN , GTNN ctia ham s6 : Y :X(\/1999- X’ +1997).

IV.UNG DUNG BPT CAUCHY VAO CM TiNH CHAT NGHIEM
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Bat dang thitc Cauchy va mot so tmg dung

. . 1
Vi du 1 : Ching minh ring néu phuong trinh x™" +—- 4 =0 (1) c6 nghiém
X

duong X,, thi x, <2 (n >2).
Loi gidi

Gia sir X, >0 1a nghiém ctia (1) thita c6 :

+ 1 + 1
X" +—-4=0e 4 =x""+—=2x]
XO XO
& X, <V/2.Dau “ =" xdy ra
2n+l 1
o X" =—ex, =1,
X

0
Nhung X, =1 khéng thoa man (1). Do dé x, </2 L
Vi du 2 : Chirng minh rang phuong trinh :
x'-ax’+a’x’- a’x+a’ =0 , a >0 khong thé c6 4 nghiém khong
am.
Loi giai
Gia st phuong trinh da cho ¢6 4 nghiém X,,X,,X,,X, =0.
X, +X, +X,+X, =a

4

X, X,X,X, =a

Mat khac theo BDT Cauchy , ta lai ¢6 :

4 <X1+X2+X3+X4
YX XXX, <

4

@ngﬁasialsl (voly).
4 4 4

Theo dinh 1y Vi-et ta co : {

Vay diéu gia st 1 sai , tirc 1a phuong trinh da cho khong thé c6 4 nghiém khong
am L
Vidu3: Cho P(x)=x"+ax"' +..+a x+1 a >0 ,i=In-1va

P(x)=0 con nghiém thuc . Chitng minh ring P(m) >(m +1)",m,n€N".
Loi gidi
Via =0 ,1=Ln-1val>0néntrong nnghiém cua P(x)=0 khong co

nghiém nao duong . Gia st d6 1a ., i =1,n . Khi nay P(x) c6 dang :
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Bat dang thitc Cauchy va mot so tmg dung

PG =]1(x- o) =[] +B,) (voi B, =- 0, >0,i =L,n )

Theo dinh Iy Vi-et thi [ [, =(- 1) [or, =¢- 1) (1) =1,
Ap dung BDT Cauchy ta duoc :
P(m) :f[(m +B.)=>(m+1) ny HB =(m+1)".

= P(m)=(m+1) L
KET LUAN

Nhu chung ta d4 biét, bat dang thic Cauchy 1a mot bat dang thirc kha ndi tiéng
boi pham vi tmg dung rong rii cia nd. Ngoai viéc duge van dung dé ching minh
cac bat dang thirc dai sd thi bat dang thire Cauchy con duoc st dung trong cc cac
bai chtimg minh bat dang thirc lwong gidc hay cac bai toan cuc tri hinh hoc. Tuy
nhién, do thoi gian nghién ctru khong nhiéu nén trong chuyén dé nay nhitng van dé
tha vi d6 van chua dugc dé cap dén.

Trén day 1a mot s6 kinh nghiém cé duoc trong qua trinh day hoc, tim toi tu boi
dudng nghi¢p vu chuyén moén. Cac vi du dugce suu tam va chon loc ki ludng tu dé
thi dai hoc cac nam va dé thi hoc sinh gioi cac tinh trong ca nudc. Mac du da cb
gang song kinh nghiém con rat khiém t6n. Mong nhan dugc sy gop y chan thanh
cua quy thay o va cac ban dong nghiép vé ca nodi dung va hinh thirc trinh bay dé
chuyén dé duoc hoan thién hon.

Toi xin chan thanh cam on !

Mé Linh , ngay 10 thang 05 nam 2011

Gi4o vién

Tran cong Vian
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Bat dang thitc Cauchy va mot so tmg dung

TAI LIEU THAM KHAO
1. Bat dang thirc ( Phan P Chinh).
Chuyén dé bat dang thirc va tmg dung trong dai s6 (Nguyén Purc Tan).

B4o toan hoc va tudi tré.

el A

B4o toan tudi tho.
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