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1. Mé& dau
1.1. Li do chon d@ tai
Phép tinh tich phan va vi phan da duogc hai nha toan hoc ndi tiéng I. Newton
(1643 — 1727) nguoi Anh va G. Leibniz (1646 — 1716) ngudi Ptlic, sang tao ra
dong thoi va doc 1ap voi nhau va ho da giai quyét khéi lugng 10n cac bai toan
quan trong trong linh vuc toan hoc, dac biét 1a cac bai toan vé tich phan.

Cho dén ngay nay tich phan rat quan trong trong bo moén Giai tich toan hoc,
n6 ¢6 nhiéu ung dung nhu: Tinh dién tich hinh phang, thé tich vat thé, thé tich
khéi tron xoay..., chinh vi quan trong nhu vay di dua vao giang day chuong
trinh Giai tich 16p 12. Hon thé nita, trong mot s6 dé thi Pai hoc va dé thi hoc
sinh giodi toan c6 nhitng bai tich phan khéng dé dang chut nao, dé 1am duoc nd
ching ta phai c6 mot cai nhin that khéo 1éo va tinh té cong voi su hiéu biét cua
minh vé mot s tinh chat cia ham sb thi bai toan dugc giai quyét mot cach nhe
nhang.

Véi hy vong gitip hoc sinh hoc t6t hon phan tich phan, nhét 13 hoc sinh 6n thi
DPai hoc va thi hoc sinh gioi toan, t6i manh dan dé xuat sang kién ctia minh “Si
dung mot sé két qua “dep” ciia ham sé va tich phdn lién két dé tinh tich
phan”

1.2. Muc dich nghién ctru

Tim ra phuvong phap day hoc phu hgp véi hoc sinh vung cao va tao cho hoc
sinh c¢6 hig tht hoc tich phan, dic biét giup hoc sinh chu dong khi ding trudce
nhitng loai tich phan kiéu nay
1.3. Pdi twong nghién ciru

St dung mot s6 két qua “dep” clia ham so va tich phan lién két dé tinh tich
phan
1.4. Phwong phap nghién ciru

Trong qua trinh nghién ctru sang kién t6i da stir dung nhitng phuong phap sau:

+) Phuong phap nghién ctru li luan: Nghién ctru sach giao khoa, sach tham
khao va mot so tai liéu khac c6 lién quan dén de tai

+) Phuong phép su pham: Thong qua céc tiét giang day trén 10p

+) Phuong phéap quan sat: Quan sat day va hoc & Truong THPT Muong lat

2. Ndi dung sang kién
2.1. Co s li ludn ciia sang kién

Trinh bay mot sé két qua cta ham sé nhu: Ham s6 chan, ham s6 1¢, ham s
tudn hoan..., ma toi goi d6 1a két qua “dep’’ vao tinh mot sb bai toan tich phan 13
rat can thiét, s¢ di trong chuong trinh Giai tich 12 khong trinh bay nhiing két
qud néu trén vao vi¢e tinh tich phan, déi khi ta gdp nhitng bai toan tich phan ma
ham dudi dau tich phan 1a ham I¢ va can 1éy tich phan trén mot doan 1a tap ddi
xung, hay khi gap ham tuan hoan ma can ly tich phan qua strc tuong tuong (can
qua 16n) va ban giai quyét tich phan dé ciing phai mat vai trang gidy, loi giai
cong kénh chic gi di thanh cong. Hon nita viéc trinh bay nhitng két qua néu trén



1a viéc rat can thiét trong lic nay né gitp chiing ta tiét kiém dugc thoi gian dé co
thé giai nhitng bai toan d6 mot cach nhanh chong va ngan ngon

2.2. Thue trang véin dé truée khi ap dung sang kién

Khi day bai Nguyén ham tich phan t6i thiy phan 16n hoc sinh ndm bai chua
sdu, 1i do ¢ day cac em hoc phan dao ham ¢ 16p dudi chua thanh thao. Hon nira
dé tai ndy c6 rat it tai lidu viét vé nd va téi da quan tdm véi hy vong khong
nhirng c¢6 thém tai li¢u tham khéao cho hoc sinh ma con dugc gidng day ¢ Truong
THPT

Trong qué trinh day va hoc t6i luén quan tim day lam sao cho hoc sinh hiéu
bai tot nhat, véi sy dam mé va nd luc ciia minh dé tai nay da duoc cac em hoc
sinh kha gi6i ndng nhiét hudng tmg, d6 ciing 12 bude dau thanh cong cia toi.

2.3. Cic giai phap da sir dung dé giai quyét van dé
2.3.1. Sir dung mot so két qua “dep” ciia ham so dé tinh tich phan

Két qua 1: Néu ham s6 /&) lién tyc va 1a ham 1€ trén |- a.a] thi _]f(x)dx =0
Chirng minh: Ta c¢o / =_aff(x)dx =_0j'f(x)dX+ :ff(x)dx ®

Vi tich phan _Off Geddx, ta ddi bién x =-1= dx =-dt

Khi o [7Ghis == [7C i =- [l =- [rGis @) (do /) 1 ham I¢)

Thay (2) vao (1) ta dugc £ = [£Cx =[G+ [7Gax =o.

Chii y: Ham sb /&) xac dinh trén |- @.a] va 1a ham s6 1& trén |- @.a] néu nhu
vOl moixel- a,al| tacd fC x)=- 1)

Vi du 1.1: Cho [fGdix=2016, néu /&) 1a ham 1¢ trén doan [- 1:1} Tinh

[ G

-1
Giai: Vi /&) 1a ham 1é trén |- 1:1] nén Vxe|- 11] ta ¢6: f¢ D= &)
Bang phép do61 bién x =-¢= dx =-dt

Khids [£GMs == [£C = [£C e == [f@r = [Cx =-2016
Vi du 1.2: Tinh tich phan 7 = Jln(x+\/x2 +1)z’x

Giai: Taco / Z(i[ln(Xh/xz +1)ix+ lJln(>c+\/x2 +1)1’x @

0
Vi tich phanJ/ = Jln(H\/xz +1)fx, ta ddi bién x =-t = dx =- dt.
-1



J = b reE el = ity
Khi do6 Jln t+~E +1 b = o
L2+ !

= n—dt— n;dt

[t2 +1 +¢ ¢ AP+ +¢
— lﬁn(\/z‘le+l)ﬁ =- ljln(q/xz +1 +x)ix (6))

Thay (2) vao (1), ta duge 1 =0.

Chu y: ljln(\/t2 +1+ t)it zljln(\/x2 +1 +x)z’x
0 0

Nghia 14 tich phan khong phu thudc vao cach ki hiéu bién 1ax hay ...
Nhin xét: Ham s6 G =mle++x7 +1) xac dinh trén R
VxER ta Céf(' )C)Zln(\,/x2 +1- x)ZIH; =-InWx* +1 +x)=— 7G)
’ VxT+1l+x
Do d6 /&) 1a ham 1é trén R ndi riéng 13 1 trén doan |- 1:1] .
Theo Két qua 1, suy ra / =0.

‘ 2
Vi duy 1.3: Tinh tich phan / = fcosxIn 5 Y
-1

- X

0 1
2 2
Giai: Taco / =fcosxlnﬁdx+ fcosxlnﬁdx (D)
-1 2‘ X S 2— X

0
reoLr A 2+x e 4
Vi tich phanJ = J'COS)Clnﬂdx, ta do1 bién x =-¢= dx =-dt.
-1

! 2+
fcos xIn
: N

T @)

0 1
2- 2
Khi 36 J =- fCOS(- Oin =" Lar =- J'cosrln g =-
; 2+t g 2-1

Thay (2) vao (1), ta dugc 1 =0.
Nhdn xét: Ham s6 &)= Cosxln 2

hen tuc trén doan |- 1] va vxel- 11},

ta coO f(- x) =cos(- x)ln -
2+ x

=- f&)= () 1a ham sb 1& trén |- 1:1]

=- cosxln
2_

Theo Két qua 1, suy ra 7 =0.

ENISY

Vi du 1.4: Tinh tich phan 7 = [x*'sin016x)ix

e

Giai: bat f(x) =x20° s1n(2016x) Vx e

,» taco

FE )=x"sinC 2016x) =- x**sin@016x) =- F(I= () [a ham s6 16 trén [ % ﬂ

Theo Két qua 1, ta dugc 1 =0
Nhdn xét: Véi bai toan trén néu ta st dung phuong phap tich phan ting phan
thi day qua 1a mdt bai todn rat kho chiu.

Vi du 1.5: Chimg minh rang / = fsin(sinx+nx)dx =0 Gen)
0



Giai: Doi bién X =m+t= dx =dt
Khido I = J%ln(mnx+nx)dx = fsm(— sint +nt +naddt =C 1) fsm(— sin t + nt )t

Ham so f(t)—sm(— sint +nt) lién tuc trén [ IT; JZJ va f( t)—sm( sin- £)- nt)
=sinGinz - nr) =- sm( sint +n)=- f@O= ) 1a ham 18 trén [ Jr,JrJ nho

Két qua 1 suy ra /=0

Nhdn xét: RO rang sy tién lgi cua Két qua 1 ma ta c¢6 thé ap dung cho mdt s6
bai todn tich phan ma cén cta né khong do61 xtrng.
Két qua 2: Néu ham s6 /&) lién tuc va 13 ham chén trén |- a.a] thi

[ Gux =2 [ G
Chiimg minh: Ta c6 = [k = [+ [rGhs ©
Véi tich phan _Ojf(x)dx, ta d6i bién x =-1= dv=-di
Khido [rGds == [1C = [rC i = [ = [l @) (do /6 Ia ham I¢)

Thay (2) vao (1) 1 = [fGax =2 [ Gedix.

Chii y: Ham s6 /&) xac dinh trén |- @.@] va 12 ham s6 chin trén |- @.a| néu
nhu véi moix€l- a.al, ta cd /¢ x)=rG)

Vi du 2.1: Cho [fG)dx=2016 vas() [a ham chdn trén doan [- 1:1} Tinh

[/ G

Giai: Vi /&) 1a ham chin trén |- 1:1] nén Vxe[- 11 taco: fC X)=7G)
Bang phep doi blen x=-t= dx =-dt

Khi d6 J'f(x)a’x— J'f( 1t = J’f( 1t = J‘f(t}iz J'f(x)dx =2016

3
Vi du 2.2: Tinh tich phan / = fCOS xdx

3

Giai: Ham sb fG)=cos’x lién tuc trén l %%} va Vx€|- % %} ta coO
fCx)= [cos( x)] =cos’x =f(x)= () 1a ham chan trén |- 3 %}

T /7

Theo Ket qua_ 2, ta co I = fos xdx 2fcos xdx 2J(cos )c)2 cos xdx

w|y

Wy



3 3
=2 J(l— sin? x)zd(sinx)=2 J(l— 2sin? x +sin? x)a’(sinx)
0 0

a
3

:2[ sin x - %sin3 X+ lsin5 xJ
3 5

J[V5 N3, 93| 175
2 4 32 16

0

2x° +3x° +x+1a’x

Vi du 2.3: Tinh tich phan / =

cos’ x

.
wye—— N

2x° +3x° +x dx

cos2 X

Giai: Taco I = dx +

cos’ x

Wy e— 1N
w\qtﬁ""‘:“

r

, taco

5 3
Dit f(x):2x+3—2x+x, Vyel-
’ Ccos™ x

z.
3

42
3
-2x°-3x - x 2x° +3x +x

7E )= =- : = ()= &) 1a ham s6 1€ trén [ % %}

cos’ x cos’ X

./7

2x° +3x° +x
Theo Két qua 1, ta duoc fvd x =0

'3

w3y

d); =tanx :2\/5
Ccos” x

Khido 1 =

:
m\q%“"‘\“‘

w|y

T

‘=23

0

1
Nhan xét: Ham f &) =—;
cos 3°3

T T
- —;—] = [ =2tanx

chan trén doan
X

+tanx

Vi du 2.4: Tinh tich phan /7 = f(

1 1
Y +tanx X
--;-: r I: dx: "‘
Giai: Taco Jl 11 _-fx2+1
tanx
Xét 1, —f

Do ham f(x)‘ le trén doan |- 1:1] nén tir Két qua 1 ta co 7, =0
X
g = /
Xet 2 _!x2+1 X

4

1
, X
|- 1:1] nén tir Két qua 2 ta c £, =2 f—xz dx
0

Do ham f()=—
x +1

1 4 1 4 1
Khid(’)]:[2:2‘]"f*d 2% J{xz-l+ L
+1 g 5 x-+1
3 1
—ZJ‘(x—l)dx+2*d ) IS | S N 2de
1 _3 0 x+1 3 x+l




Pdi bién x =tans = dx = +tan? 1 it

Khi d6 ; =- i,,z“fd, _7_4
37 72 3
Nhin xét: T Két qua 1 va Két qua 2 dan dén mot két qua “chung” sau day
Két qua 3: Néu /&) 13 ham lién tuc trén |- asal thi [fGddx = (7 G+ 7Gx
-a 0

Chiing minh: Taco [/Gdix = [rGlic+ (7Gx
DG6i bién x =-1= dx =-dt

Khido [rGdx = [1C dai = [rC dar = [rC s

Vay [£CMe =[G+ [ = [£C v+ [7Ce = [(F G+ 1€ ke

w| N

Vi du 3.1: Tinh tich phan 7 = [f(dx, néu fG+ f¢ D =2x+tanx

3

3 0 7
Giai: Taco [/Chx= [fGlx+ [rGix
N
Doi bién x =-1= dv =-dr

Khido [rG=- [1C dr= [1C i = [ xdix

3 3

JT ﬂ'

G = J(f(x)+ £C O = J(zx+tanx)dx - J[  Sinx

: Ccos X

B

dx

g»
w\qL—.a"lti

/T

—;dex— Jd(COQX) (xz—ln(cosx)% :F+ln2

COS X

Vi du 3.2: Cho ham sb /&) lién tuc trén R théa min G+ fG¢ x)=y2- 2cos2x.
3
2
Tinh 7 = [fGddx (PHSP Ha Néi 2, 1998)
x
2
Giai: Nho Két qua 3, ta c6 f G+ rC x)=v2- 2cos2x

3T 37 37 3x

Khi d6 7 = zjf(x)dx = fmdx = Nm =2 ]sin b

T2



3z
z 2
=2 fsin xdx - fsin xdx | =2

0 T

37

Ed 2
+Cos x
(1]

=6

- COS X

T

Nhin xét: Néu chiing ta khong biét dén Két qua 3 thi viéc tinh tich phan trén
vo cung kho khin vi gia thiét chua du dé xac dinh duoc ham s6 /&) Hon nira sy

tién loi cia nd la tinh [ Geddx ma khong cén biét dén ham /&)
Két qua 4: Néu ham s6 /&) lién tuc va 13 ham chén trén |- a.a] thi
I :ff—(’C)d :T[f(x)ix k>0

"f(x) f(x) “ fG)
_ak*+1 _Jk‘ Jk‘ ™ ©

Chirng minh: Taco /=

7G)
Vi tich phan f—dx ta 461 bién x =-1= dx =-dt

" &) 7G4 j(z) j(x)
Khido Jp ™= —dk +1 fk , fk (do ORT!
ham chén)

f(x) JA f(x) A

Thay (2) vao (1) I = —d = jf(x)dx. (dpcm)

Vi du 4.1: Tinh tich phan 7 = f—dx

2

Giai: Ta c6 1—f3x x—fy +6|”3x G ©

2

Vi tich phan f—dx ta doi bién x =-1= dx =-dt

x t 3 t2 1 3.rx2
- = = :f'
Khi d6 _»lfs»*+1 * ;[3"+1 f lr J3f+1dt ™ @) (/012 ham
3f
chin)
1 xz 13_xx2 2d 3 1 1
3 I = 1—dx = — == | =_
Thay (2) vao (1), ta duoc u]|'3 L Jﬂ o *dy = J’x =" =3

Nhdn xét: Ham fG)=x*1ién tuc va 13 ham sb ch'fm trén |- l,lJ nén tir Két qua

1 311 l
[=[dv =2 =
4 suy ra Of 31, =3

/5 xz‘sinx‘
12016741

2

Vi du 4.2: Tinh tich phan 7 =



Giai: Ham /G)=x’[sinx| lién tyc va la ham chan trén nén tir Két qua 4

T
272

J Ja

2 2
suy ra 7 = (x?|sin x|dx = [x? sin xdx
Jlinde =

- u=x du =2xdx
Bat [(Iv =sinxdx: {v =-cosx
4 4
2 2
Khi @6 7 =- x> cosx| +2 fxcosxdx =2 fxcosxdx
(0]

0 0

SEl

=g [u=x du =dx
Dat dv =cosxdx  |v=sinx
at |

T

IR

7T

2 2
Khi d6 7 =2xsinx| - 2fsinxdx =7 +2cosx| =mz-2
0 ]

0]
Z
*sin® x + cos® x

Vi du 4.3: Tinh tich phan / = |

4

dx

eae \ . ‘A NTEN ~ A T A n A )
Giai: Him /G)=sinx+cos®x 1ién tuc va 1a ham chan trén [ Z;Z] nén tur Két qua

g
4 4 )
4suyra j = J@in6 x +cos’ x)dx z.l{@in2 X +cos’ x) - 3sin® xcos’ x@in2 X +cos’ x)}dx
0 0

| =

i i )
= ((1- 2sin? 2x |ax = l-g[w dx
. 4 ¢ 4 2
% Z
= J‘[écos4x+§]dx :[isin4x+§x] L
JU8 8 32 8 Jlo 32

Nhdt xét: RS rang sy tién loi ctia Két qua 4 1am cho bai toan trd nén nhe
nhang hon

sin xsin 2xcosSx
e’ +1

Vi du 4.4: Tinh tich phan 7 =

dx (DH Bdch Khoa, 1999)

NM;;““\“

e \ . . o TR 4 ~ T I ~ \ X
Giai: Ham /() =sinxsin2xcos5x lién tuc va la ham chan trén [ 5;5} nén tu Két

; ) ) 1
qua 4 suyra j = J.'smxsm 2x cos Sxdx :E J(cosx - cos 3x)cos Sxdx
0

0

cosdx +cosbx - cos2x - cos8x Mx

COSXCOS5x - cos3xcosSxHx 2;

e, oy
=1 N

SIEY

zi lsin4x+lsin6x— —sin2x - lsin&\c =0
4\ 4 6 8 0



Két qua 5: Néu ham /&) lién tuc trén doan la:5) thoa man f&)=rG+5- x) thi

Jor G =222 [ G

Chirng minh: Doi bién x =a+b- t= dx =-dt
b

Khido for G = [la+b- b= e = fasb- OO

a

a0 [F Q- fr O =Cas b [ G- [of Gl

b

2
Nhin xét: Néu ta chon @ =06 =7 vi f() [3 fGinx) thoa mén

f(sin x) =f(sin(0 +7- ) thi ta nhan duoc két qué ]]xf(sin x Yx =% }f(sin xhx @)

2 [ G =+ [ U= i G =92

Ta cod T[f(sin xMx = Zuff(sin x Mx + /]'f(sin x Mx

2
D01 bién x =7-t = dx =-dt

T

Khi do ]'f(sm xMx = }f(sin xMx = ]‘f(sin xMx :2}f(sin xdx (@)

2

T JT

Bang phép d6i bién x =§- . talai 06 [fGinxky = [flosxdix G)

Vi du 5.1: Tinh tich phan 7 = fxsin’ xdx
0

Giai: Him /&) =sin’x lién tuc trén doan |0:7]
Tacod fa+b- x)=f(r- x)=sin’(z- x)=sin’ x = 1 (&)

& : I =l7xsin3 xdx zzisin” xdx =2 ({1~ cos® x)sin xdx
Theo két qua 5 suy ra 6[ 3 Of 3 j(l

0

S

1 s
COSX - ECOS X

=z Jﬁ— cos® x M cosx)=-
2 2 0 3

4 7 , A % - .. 2016
Vidu 5.2: Tinh tich phén ;= S * ”

- 201 201
6’511’106 016

x+cos 0 x
ene X e JT

Giai: Do1 bién x == dx =- dt

T

et %

2 gr = [ cos

7016[£_ t] Jsin®" 1 +cos

= 2016
0 sin

Khi d6 1 =- Jl‘
781

2016t

dt

2016
. 2016 t

J[ Fa
n —- t|+cos
2




T

2 2016

r COS X
2016 2016

)= dx
Jsin™"" x +cos

N

T

2 . 2016 2016
‘.sm X + COoS X

= 2] =
Jsin2016x+0082016

2
dx=fdx:£@ 121
F 2 4

Nhin xét: Nho dang thirc (3) ta dé dang chimg minh bai todn tong quat sau

= =
1_2[. cos” x 2. sin"x

de =
5lsm”x+cos"x Jsm x+cos" x

dx =% (neRr)

Vi du 5.3: Tinh tich phan / = [ sin xcos” xdx (Hoc vién Ngan hang, 1998)
0
Giai: Taco = fxsinxcosz xdx = fxsinx(l - sin? x)ix
0 0

Xem ham fGinx)=sinx(l- sin®> x) nho déng thirc (1) ta nhan duoc

Fi g i T

ga
- 2 Jr ) - ﬂ' 2 Jr ';
1= J'xsm xcos” xdx 25 J'COS“ xsin xdx =- 7 J'cos“ xd (cosx) =- gcos‘ x| =
0

Wy

7 ./7

Vi du 5.4: Chirng minh rang fsm xdx fCOS xdx (eN)

e e e JT
Giai: Ddi bién x =5 t= dx =-dt

Jl'

Khi d6 J‘sm xdx =- J'sm

2

Két qua 6: Néu ham /&) lién tuc trén doan |a:b] thi [fGlx = [fla+b- xix

T

2

3
"tdt = " xdx.
] J'os J'cos xdx

Chirng minh: D6i bién x =a+b- t= dx =-dr
Khido [fCx == [fG+b- ke = [la+b- e = [£la+b- i
a b a a

T

Vi du 6.1: Tinh tich phan ; :}n(tanx +1dx
0

e e Req o A T
Giai: Doi1 bién x = t= dx =-dt

0 H i
T 1- tant 2
Khi @6 { =- |In|tan| —-¢|+1|dt = |In +1|dt = [In dt
1do :Jl Oﬁ 1+tant ] Jl I +tant
N

T

]l 2dt - J]n(tanr+1)dt J]nZdt [= 21 =tIn2

0

= 2o 1 ="In2
4 8

0




T

Vi du 6.2: Tinh tich phan ; = (280X~ 4€0SX \  Dai hoc GTVT, 2001)

—aj(sinx+cosx)3

e e Req o A JT
Giai: Doi1 bién x =5 t= dx =-dt

a g
0 . 5 . 5 )
. cost- 4sint “Scost- 4sint “5cosx- 4sinx
Khi @6 { =- J‘S. gdf:_]‘s‘ ;dt:_]rs. —dx
£(s1nt+cost) ¢ (sint +cost) b (sin x +cos x)
2
kil z x
ol . bl . 2 .
“Ssinx - 4cosx “Scosx- 4sin ‘. sinx+
Suy ra 27 =J15_ i + st_ S = [T TEOST gy
5 (sin x + cos x) e (sinx + cosx) 0(s1nx+<:osx)
B 3 T
dx dx 1 |2 1
:Jr . ZJF =—tan x-] =le [ =—
0(smx+cosx)2 : > 7| 2 4 )lo 2
2cos | x- Z

Nhin xét: Bang phép d6i bién x =%- t va lam twong tu Vi du trén ta dé dang

. 2 . .
chung minh du’QC ‘as1nx+bcosxdx lacosx+bsmxdx

J Ginx +cosx)’ ¢ Ginx +cosx)’

(SIS

T

Vi du 6.3: Tinh tich phan 7 ='f__Yeosx
5Jx/sinx +4+/cosx

e ' K JT
Giai: Doi bién x =" t= dx =-dt

cos > . Z .
, _ 0‘. _p  +sint _p  Alsinx
Khi do - dt = | —=dl = | ——dx
Ja/cost +4/sint §a/cosx +4/sin x

g
deJ'dx:E@ IZE
: 2

Suy ra 27 2‘. AJcosx 2 /sin x
4

= dx+ [-
J\/sinx ++/cosx g,h/cosx+\/sinx

Két qua 7: Néu ham s6 /() lién tuc trén R va tudn hoan v6i chu ki Tthi
a+T T

ff(x)deIf(x)dx (weRr)

Chirng minh: Ta c6 / =a+ff(x)dx = [rGx + [ G + Mff(x)dx ®

P&i bién x =t +T = dx =dt
a+T a a

Khido [/Ghix = [7G+ T =[O =[x @)

Thay (2) vao (1) suyra 7 = ff(x)dx + ff(x)dx + }f(x)dx = ff(x)dx.
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4
Vi du 7.1: Tinh tich phan / = [V1+sinxdx
0
Giai: Ta c6 /G =Vi+sinx 1a ham lién tuc va tudn hoan v&i chu ki 7 =27 nén

theo Két qua 7 ta co: [/ Gl = [ Gox

=7 :4}f(x)dx :2j“f(x)dx +4j'f(x)dx :22]'f(x)dx :22}1/1 +sin xdx

—2f sm—+cos— +
2 2

dx =2 VﬂSinx+cosxdx :2\/5 » sin x
0 2’ 2’ o

ax

3z

2 X 7 “ (x
:2\/5 sin| —+— |dx- [sin| —+—|dx
ol ol
2
3/1
2
:2«/5-2cos e +2cos L —8\/_
2 4o 2 4

2
20167

Vi du 7.2: Tinh tich phan / = [V1- cos2xdx
0

Giai: Ta c6 rG)=vi- cos2x 13 ham so0 lién tuc va tuan hoan véi chu ki T =7 nén

theo két qua 7 ta co: [/ Cdx = [r(dx == [rGdix = [1 G

mj'} Gedetx —J‘j(r)cbc+ jj Coddx +... +ﬁmj'}(x)cbc mj‘}(x)dx _2016J‘j(x)dx

20141 20157

:2016 \/1- cos 2xdx :2016 x/2sin2 xd :2016ﬁfsinxdx
0

=- 2016ﬁcosx =4032+/2

4z - 9 10
, y . M Im xCcos Xx
Vidu 7.3: Chimg minh rang / = Js—dx =0

5 1+cos®16x
JT

sin’ xcos'" x
1+cos 16x

Giai: Ta co f(x) = 13 ham tudn hoan véi chu ki 7 =27 nén tir Két qua

7 /= in” xcos'" x » _"sin” xcos' x » _"sin” xcos™ x

Suy 1a J 1+cos®16x 5’ 1+ cos®16x _:,J[l+cosgl6x
Ngoaira f (x) 1a ham s 1é trén doan |- 7:7| nén tir Két qua 1 suy ra 7 =0.
Bai tap twong tu: Tinh céc tich phan sau

: 2+x
I=[x"1
1) _-lfx n2-x

dx

dx Ps: 1=0

13



%
2) 1= J'cosxln(x2 +4/x° +1)1x (HVKT Mat ma, 1999)

Huéng dan: DE thiy /() =cosx 13 ham chén trén [ %% va nbe+vx? +1) 13
JT JT
ham 1¢ trén |- 5;%] nén cosxinly ++/x>+1) 1a ham 1¢ trén [ 5;%]
Theo Két qua 1, ta duoc 1 =0
1
2 . .ox |, 1+x
3) 1= J‘[cos2x+smxsm§ lnl—dx Ps: 1=0
! -x
2
3
4) 1= J(tan2015 2x +sin 2" x Mx Ps: 1=0

T
4

5) 1 :c}nginx+\/a2 - x° )z’x(a>0)

Hudng dén: Sir dung Két qua 1 va Két qua 2 suy ra 7 ="
3
{ 4
6) I = fcosxmdx (PH Mé bia Chdt, 1999) Ds: IZE

2

7) 1= [1GXix, néu £C O+ /D=\o- ¢ Ds: [ =%

2
4 dx
I= -
8) !coszx(neb) Ps: =1
4
= X . =_
) _110X+1 S. 2
10) I = P OSY Dg: 7 =713
J3+sin” x ]
1) 7=f—1 an2Gino|ax (Todn hoc tuéi tré 1/2008)  Ps: 1:%
p cos>(cosx)
12) ¢ :zjln(1+°°SX)+S'nxdx Ds: [ =2In2- |
8 1+sinx
S
6. sinx
13) I = |——dx Bs:I:—\zg
T1+9 2

14



20207

14) 1 = J‘sinzmg xdx Ps: 1=0
2.3.2. Sir dung tich phén lién két dé tinh tich phan

b
Nhiéu khi viéc tinh tich phan 7 = [f(ix gip nhiéu kho khan, ta di tim mot

b
tich phan J = fg(x)dx sao cho viéc tinh hai tich phan a/+pJ va /- f,J don

cx, I + [ 3, . T — 4

gian. Khi do6 vi¢c tinh I hoac/ béng cach giai hé (oo,
Nguoi tandi [ va J 1a hai tich phén lién két véi nhau

4

Vi du 1: Tinh tich phan ; = o sinx dx

JISll’l X +Ccosx

H
Giai: X¢ét tich phan ; = f cosx

1nx+cosx

[N

&~

Jga
: 1nx+cosx 4 T
Tacd 7+ = JS :f z
sin x +cos x 4

[

T

IS

Jsmx cosxdx . z[d(sinx+cosx)

I-J=[= = =-ln|sinx+cosx|4
Jsin x +cos x J sinx+cosx
= ny2 =- 22 (@)
2
a In2

Tu (1) va(2) suyra / e

a7 In2

Nhin xét: Néu bai toan yéu cau tinh tich phan J ta ciing c6 J = ot .

X

Vi dy 2: Tinh tich phan 7 = [~
. ge +e

=X

1
Gidi: Xét tich phan J = [~
Je +e

- X

1
+e-x dx Zfdx =1 ©
+e’ P

1
Taco [+J =

oo x 1 x -x 1 2
PR SN LT N =n< @

Je*+e'x 5] e +e

-Xx

e +e

e’ +1
2

Tur (1) va (2) suy ra / :%m

sin? x

Vi du 3: Tinh tich phan ; = dx

z
3
(;lsmx+ 3cosx

L4
3

2
Giai: Xét tich phan j - 5 ¥ dx
0 smx + \/ECOS)C

15



Tacd 7-37 = ‘sm x- 3cos’ x

= dx=[
Jsmx+ 3cosx g,J sinx ++/3 cosx

Ja

3J(sinx- \/gcosx){x =- (cosx+\/§sinx*3 =1 @

Jg@inx+«6cosxkinx- «gcosx)dx

3 3
T4 = Jsm x+;os X = ;J‘. dx :; J‘. dx
sin x ++/3 cos x °—s1nx+—cosx sinl x4+
2 2
T T JT
3 sdtan| —+—
_1]« dx _l]« 6
25 tan| 4 T |cos?| T+ | 20 tan| 47
2 6 2 6
:llntan{£+£] ’ lln3 @)
2 2 6o
\ \ 3In3 1
Tu(l)va(2)suyra / = T 2
B .2 B 2
sin” x cos” x
Nhan xét: I—J dXVaJ—J
asinx +bcosx asinx +bcosx

két v&i nhau

%
Vidu 4: Tinh tich phan ; = fcosz x cos 2xdx
0
%
Giai: Xét tich phﬁl’l J = fSil’lz xcos2xdx
0

.7{ F4

ISE

sin2x

@

1
I+J = [\sin” x+cos” x)cos 2xdx = [cos2xdx = =—
Taco j(s j' =5

:r T ff

[-J= J(cos x-sin” x)costdx—fcos 2xdx = w
s 2

5\4

2 8

x sindx
==+

_1 @)
8

0

4
Tir (1) va (2) suy ra 1 ="

Wy

tan x

;[tanx +cotx
6

Vi du S: Tinh tich phan / = dx

dx

dx ]a hai tich phan lién

16



3 cotx
Giai: Xét tich phan J dx

;fanx+c0tx
6

W[y

anx+cotx

| |
—
-

SN0
6

z

3
Taco 1+J f
E anx+cotx

6

SR

rtanx- cotx 3

I-J= SIN XCOS X

.2 2
7SN X- COS™ X

dx =

Sy

1

Sin xcos x

Jtanx +cotx
6

oy

T

sin2x |3

Cos 2xdx =- _0 )

O\\hig Wy

Tur (1) va (2) suyra I =

.7[

sin x

Vi du 6: Tinh tich phan 7 =

T

3
. 2 2
dx =J(S1n‘ X- cos” x)dx

6

,7

COS X

Giai: Xét tich phan J =
J(smx +\/§cosx)3

f[

TaCO I+\/—J— Sll’lx+\/_COSX

_ngnx+\/§cosx);

dx (HSG Todn 12 Thanh Hoa, 2011)

dx

dx =
(s1nx+\/§cosx) @1nx+\/§cosx)Z

COS)C \/7s1nx

Ja
X=- —

6

1
=—tan

]_4

(Slnx+\/7COS)C)

J- fl_ dx—

(Smx "'\/7COS)C)i

_ 1
- Z(Sinx + x/gcosx)Z

Tu (1) va(2) suyra 1 :g

R
o 3

6)

(Smx "'\/_COS)C)i

Nhdn xét: Sy tién g1 cua tich phan lién két 1a ta co thé tinh duoc hai tich
phéan cung mdt luc mdc du dé bai khong yéu cau

Bai tap twong tu: Tinh céc tich phan sau

2r

1)1:}

¢sinx -

cos2x

dx Ds: 1 =-

3cosx

3+\/§
2

17



2) 4 4sinx dx Ps: 1 :Q
(;J(smx+cosx)3 2
2 T
3) 1 ZJ'COSZ 3xcos” 6xdx Ds: 1 )
0
% A r 1 2
4) 1= & (DH Hong Dirc, 2000)  Ds: 1=+ =
O1+tanx
% .3 a+1
5) I :J’I— S x dx BS: I = 4
Jsinx +cosx

2.4. Hiéu qua sang kién

Hi¢u qua thir nghiém sang kién dau nam hoc 2015 — 2016 t6i d& chon nhém
20 hoc sinh ¢6 hoc lyc tir trung binh, kha dén gi6i Truong THPT Muong lat, dé
thue hién dé tai budc dau hoc sinh chua c6 himg tha hoc va két qua thu dugc
nhu sau:

Nhom G161 Kha Trung binh

20 hoc sinh 3 15% 7 35% 10 50%

Két qua thir nghiém dén cudi thang 4 nam hoc 2015 — 2016, hoc sinh hiéu
duoc bai va ham hoc tim td1 mot so bai toan co6 lién quan to1 bai hoc. Qua doé toi
da thu dugc két qua nhu sau:

Nhom G101 Kha Trung binh

20 hoc sinh 7 35% 9 45% 4 20%

R rang tir bang két qua thu duoc qua mot nam thyc hién dé tai nay, két qua
1a hoc sinh hoc phén tich phan qua dé tai “Si dung mét sé két qua “dep” ciia
ham so6 va tich phén lién két dé tinh tich phdn” c6 tién bo 1o rét.

3. Két luan
3.1. Két luan

Nhu cau can thiét cta nguoi hoc toan la biét van dung va tiép thu nhitng nd1
dung va phuong phap giai toan hay, qua thoi gian nghién ctru va thuc hién dé tai
t61 da thu duoc nhitng két qua sau:

+) Giai quyét dugc mot sd bai toan tich phan dién hinh lién quan dén dé tai

+) Trinh bay mot sb bai toan téng quat sau mdi Vi du cu thé

+) Str dung tich phan lién két dé giai toan

Pbi v6i cac ham s dudi diu tich phan c6 cac tinh chat dic biét nhu da trinh
bay & trén thi viéc lua chon phuong phap giai 1a rat quan trong, chinh vi vay ma
dé tai nay tac gia dd dan dic cac em hoc sinh c¢6 cai nhin sau hon vé nhiing bai
tich phéan kiéu nay.
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Péi véi tich phan lién két: Dé lua chon mot tich phan lién két véi mot tich
phan cho trudc phu thudc vao dac diém ctia ham dudi dau tich phan va can cua
chung. Do dic thi cta cac ham sd luong giac nén ta thuong dung tich phan lién
két dbi v6i cac ham luong giéc.

3.2. Kién nghi

Pé tai nay t6i mong rang can gidi thiéu cho hoc sinh va gido vién giang day
bod mon Toan, dac bi¢t 1a gido vién 6n thi hoc sinh gidi va hoc sinh thi Pai hoc
cao dang, du toi da cb gang rat nhiéu nhung ciing khong tranh khoi nhimng thiéu
sot nhat dinh, rat mong quy doc gia gop y cho lan dé tai sau dugc hoan chinh
hon. T6i xin thanh that cam on

Y KIEN CUA THU TRUONG | Thanh Héa, ngay 20 thang 4 nim 2016

DPON VI T6i xin cam doan diy la SKKN do t6i
nghién ctru va thuc hién, khong copy
cua nguoi khac.

P4 Pinh Bing
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